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Part I

Introduction

Among the possible reasons for how people vote in democratic regimes, the mag-

nitude of taxes and their potential redistribution effect would seem to be a first

order issue for most voters. We think that a better understanding of the conflict of

preferences over collective objects like taxes represents an important subject in the

public economics area. Moreover, it is reasonable to think that the tax’s properties

would be potentially affected by the assumptions on the politico-economic process.

Thus, even though the spirit of every democratic institutional design is to approxi-

mate the true preferences of society in the best possible way, different institutional

designs would in general imply different levels and stochastic properties for different

kind of taxes (which do not necessarily correspond to the society’s preferences). In

addition, properly including all the relevant details involved in any particular insti-

tutional design, if possible, may render a model quickly intractable. In spite of this,

most of the work that analyses inefficiencies due to political constraints has followed

the route of making ex ante assumptions about the forms of institutions.

The last approach typically requires making very specific assumptions about the

institutions that are used to generate policies (e.g., specific game theoretic models

of voting over a restricted set of tax instruments) along with a variety of other

imperfections. This makes it hard to interpret the results since it is not clear if
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the properties of the policies singled out as equilibria are chosen due to the spe-

cific institutional arrangements assumed or due to the imperfections added. This

leaves too much room for the researcher to choose, arbitrarily, which are the key

components of the institutions to be considered. In addition, minor variations in

the components chosen or its main characteristics could have an important impact

on the conclusions.

An alternative path, more in the tradition of classic Public Choice literature,

is to appeal to The Median Voter Theorem. This is a useful device to aggregate

preferences that delivers a simple and strong result: the equilibrium policy is the

most preferred by the median voter (Condorcet winner). Unfortunately, it is well

known that the Median Voter Theorem only holds under very specific assumptions

that are not satisfied in general, as discussed in Kramer (1973). Because of these

restrictions, only a few results are available in the public economics literature. In

general, such results arise from assumptions that imply indirect preferences over

policies being single peaked. However, when the result holds its policy implications

are robust. 1 Mainly motivated by these issues we consider that following the

last path could prove to be a fruitful and important approach to analyzed Political

Economy problems in Macroeconomics.

In this thesis we focus on the voting decisions of heterogeneous agents about

redistributive fiscal policy that is also used to finance a stochastic stream of gov-

1In the sense that it is easy to find a variety of institutional designs that would implement the

prescribed policy

2



ernment expenditures. In Chapter 2, they vote at time zero (once and for all) on a

sequence of lump-sum transfers (or payments) and also on marginal taxes on both

capital and labor income, while in Chapter 3 they vote sequentially. Disagreement

of individual preferences over capital income taxes will be motivated by differences

in initial wealth levels. The conflict over labor taxes is introduced through a kind of

heterogeneity that we think is particularly important in the real world: people are

born with different abilities to turn effort into input. In all other aspects, the envi-

ronment analyzed borrows their main components from the Stochastic Neoclassical

Growth Model with complete markets. Thus, we build on the work of Bassetto and

Benhabib (2006) (henceforth B&B) adding leisure decision and labor skills hetero-

geneity.

Since people are heterogeneous with respect to different economic variables, dif-

ferent agents will eventually disagree about the size of specific taxes and the extent

of the redistribution. Furthermore, agents decide their vote based, among other

things, on a ”package” of taxes. That means people with different characteristics

will disagree not only about their best choice of a specific tax, but also about the

package including all taxes. In this type of economy in which redistribution is al-

lowed, it is reasonable to think that poor households endowed with low labor skills

will prefer a package including high taxes on both labor and capital income. On

another hand, rich individuals endowed with high skills will prefer a package having

low taxes. But is there a specific fiscal policy that can not be defeated by any other
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policy through majority voting? If such policy does exist, what are capital and labor

income taxes? In addition, how does individual heterogeneity shape such a policy?

Chapter 2 answers the above questions when agents are constrained to vote only

once, at the beginning of period zero, and never again. Specifically, in Proposition

1, assuming balanced growth preferences, we give two different sets of sufficient

conditions for the existence of a Condorcet winner. The first part of Proposition 1

assumes that there is no heterogeneity in labor skills, although agents value leisure.

In this case, we show that for every distribution of initial endowments, the best

fiscal policy for the agent with the median endowment is preferred to any other

policy by at least half of the individuals in the economy. The second part of the

proposition considers heterogeneity in both labor skills and initial wealth. Then, if

the distribution of initial capital endowments is an affine function of the distribution

of labor skills, again the most preferred time path of policies is preferred by a

majority.

Regarding the characterization of the Condorcet Winner, and under the assump-

tions of Proposition 1, it follows that given any fiscal policy the indirect utility for

the median agent can be decomposed into two parts: a redistributive component

and an efficiency component. The redistributive component depends directly on the

skewness of the distribution of skills and it is increasing in the distortions yielded

by both capital and labor taxes. The efficiency component is given by the value of

the mean agent’s indirect utility and it is decreasing in any positive distortion. The

4



most preferred tax schedule for the median type balances these two components.

As in B&B, we show that capital income taxes will be either zero or at the upper

bound in any period and state, with at most one period in between. In addition,

Proposition 3 shows that marginal taxes on labor income depend directly on the

absolute value of the distance between the median and the mean value of the labor

productivity distribution in the economy.

Finally, we test the theory of Chapter 2 empirically. A calibrated version of the

model without initial wealth inequality is used to account for the observed increasing

trend in both labor income inequality and average tax on labor in the U.S. in the

last decades. The model does a good job of fitting both the increasing trend and

the levels of labor, and also of matching some short run co-movements. The model

accounts for twice the growth in labor taxes observed in the period 1962-2001. It

also yields correlations between labor taxes and other aggregate variables with the

right sign and similar magnitudes.

The results of Chapter 2 were derived under the strong assumption that agents

vote only once. Are those results still true when agents can vote in every period? (i.e.

when they can revise their past decisions). This is important because the equilibrium

capital income tax of Chapter 2 is time inconsistent. That is, it prescribes the

maximal possible tax rate in the initial period and then converges to zero over time.

Thus, if agents have the possibility to choose again, when zero capital taxation

should be in effect, they would revise their decision and again choose the highest
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possible capital income tax. Chapter 3 deals with this problem. Specifically, it

analyzes the role of reputation in influencing political outcomes about fiscal policy.

In each period society decides the current fiscal policy according to a variation of

the majority voting concept in Bernheim and Slavov (2009). The basic feature

of this equilibrium concept is that current choices of both taxes and individual

decisions imply different continuation policies. The first result is the existence of

a Dynamic Condorcet Winner which coincides with the preferences of the median

voter, the agent holding the median wealth at time zero. The second result is

a characterization of equilibrium outcomes when preferences are logarithmic, the

production function is Cobb-Douglas and there is full depreciation of capital. The

most preferred competitive equilibrium for the median type with commitment can

be sustained as an equilibrium outcome for high enough discounting.
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Part II

Heterogeneous Labor Skills, The

Median Voter and Labor Taxes2

3 Introduction

Even though a great extent of work has been done to analyze the characteristics of

taxes determined by politico-economic process, little is known about the properties

of labor taxes. One way to construct a positive theory about fiscal policy is to

assume that agents optimally choose the policies that will take place in the future.

This optimal choice may, in part, be motivated by a first order issue in elections:

the redistributive effects of the different policies. Following this idea, we study a

class of dynamic model economies with heterogeneous agents where the only political

institution is the pursuit of consensus. Agents vote, once and for all, at the beginning

of time on sequences of redistributive taxes on capital and labor. Building on the

work of Bassetto and Benhabib (2006) (henceforth B&B), we derive a median voter

theorem for this class of economies. We use this theorem to describe the properties

of the equilibrium tax sequences. The theorem gives one, precise, statement of the

form that redistribution considerations take in determining policy.

As in B&B, we add fiscal policy that allows for redistribution in the standard

2This chapter is coauthored with Anderson Schneider
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neoclassical growth model. We go beyond their paper by adding leisure choice and

stochastically evolving labor productivities. Along with this, we also add to their

framework marginal taxes on labor income. Individual’s disagreement over capital

income taxes is motivated by differences in initial wealth levels. The conflict about

labor taxes is given by heterogeneous labor skills: agents have different abilities to

turn effort into effective labor, which is rented to firms in the market. Although we

do not model any voting process explicitly, consider the following situation: at time

zero, before the economy starts, all possible sequences representing different fiscal

policies are analyzed, and a consensus should be reached through sincere majority

voting. By sincere we mean an agent would vote for fiscal policy A against policy

B if she prefers A to B. A natural question then arises: is it actually possible to

reach such a consensus? Or in other words, is there any policy that precludes the

existence of Condorcet cycles when sincere voting is in place? If such a policy does

exist, what are the capital and labor income taxes implied and how does individual

heterogeneity shape this policy?

In proposition 1, assuming balanced growth preferences, we give two different

sets of sufficient conditions for the existence of a Condorcet winner in this type of

environment. The first part of proposition 1 assumes that there is no heterogeneity

in labor skills, although agents value leisure. In this case, we show that, independent

of the distribution of initial endowments, the best fiscal policy (consisting of a full

time path of both labor and capital income tax rates) for the agent with the median
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endowment is preferred to any other policy by at least half of the individuals in the

economy. The second part of the proposition considers heterogeneity in both labor

skills and initial wealth. If the initial capital endowment is an affine function of

labor skills, then again, the most preferred time path of policies is preferred by a

majority.

The proof of the consensus result relies on a characterization of indirect prefer-

ences over fiscal policies that is of independent interest. Although proposition 1 can

be thought in terms of fiscal policies, it is actually stated in terms of implementable

allocations: those that can be decentralized as a competitive equilibrium. Under

complete markets, if agents have the same balanced growth utility function, individ-

ual allocations can be expressed as a constant share of their aggregate counterparts.

These shares are functions of both types and aggregate allocations. Moreover, the

indirect preferences, as a function of types, inherit the properties of these share

functions. Then, we show that for any two fiscal policies for which a competitive

equilibrium exists, the indirect preferences can cross at most once in the space of

types, delivering the result.

Our second contribution concerns the characterization of the Condorcet Winner.

It follows that the indirect utility for the median type over any fiscal policy can be

decomposed into two parts: a redistributive component and an efficiency one. The

redistributive component depends directly on the skewness of the distribution of

skills and it is increasing in the distortions yielded by both capital and labor taxes
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(together with bigger transfers). The efficiency component is given by the value of

the mean type’s indirect utility and it is decreasing in any positive distortion. The

most preferred tax schedule for the median type balances these two components.

As in B&B, we show that capital income taxes will be either zero or at the upper

bound in any period and state, with at most one period in between.

In addition, Proposition 3 shows that marginal taxes on labor income depend

directly on the absolute value of the distance between the median and the mean

value of the productivity distribution in the economy.

The results are extended to the case that skills evolve stochastically over time

keeping constant the ranking among agents. Again labor taxes depend directly on

the skewness of the distribution. However, the final outcome is ambiguous - this

relationship could be either increasing or decreasing. We study a numerical example

and show that the model without capital accumulation can generate either procycli-

cal or counter-cyclical taxes, depending on how the dispersion of the distribution of

individual productivities changes along the business cycle. This may offer an answer

to the question posed by Alesina, Campante and Tabellini (2008), related to the em-

pirical observation that fiscal policy is often procyclical in developing countries and

counter-cyclical in developed ones.

Finally, a calibrated version of the model without initial wealth inequality is

used to check if the theory can account for the observed increasing trend in both

labor income inequality and average tax on labor in US in the last decades. The
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calibration for the skill process is done using data on wages from Eckstein and

Nagypal (2004). The model does a good job on fitting both the increasing trend

and the levels of labor taxes in the last decades, and also on matching some short

run co-movements. The model accounts for twice as much of the growth in labor

taxes observed in the period 1962-2001. It also yields a negative correlation between

taxes and aggregate labor, in line with the data.

We view the results regarding labor taxes as a neat characterization of an impor-

tant component of fiscal policy. Most of the work that analyzes inefficiencies due to

political constraints, has followed the route of making strong, ex ante, assumptions

about the forms of institutions. The difficulty with this approach is that it typically

requires making very specific assumptions about the institutions that are used to

generate policies (e.g., specific game theoretic models of voting over a restricted set

of tax instruments) along with a variety of other imperfections. This makes it hard

to interpret the results since it is not clear if the properties of the policies singled

out as equilibria are chosen due to the specific institutional arrangements assumed

or due to the imperfections added.

As we mentioned before, our model gives an extension to the median voter result

presented in Bassetto and Benhabib (2006).3 Other than the already highlighted

differences in the characteristics of the physical environment, our results depend

3Important contributions on median voter results and its connection with fiscal policy include

Meltzer and Richard (1981), Alesina and Rodrik (1994), Persson and Tabellini (1994), among

others.
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on the assumption of balanced growth preferences defined over consumption and

leisure. On the other hand, although B&B do not consider leisure choice, a more

general class of Gorman aggregable preferences is analyzed.

Besides the work by Bassetto and Benhabib (2006), five other papers deserve

special mention. Werning (2006) considers the same physical environment as here

and analyzes the Ramsey outcome when the government uses fiscal policy for redis-

tribution and to finance an exogenous stream of expenditures. The possibility of non

distortionary taxation is not ruled out ex-ante, nevertheless distortions emerge in

the decentralized solution, regardless of the welfare weights used by the government.

We find similar results, although we obtain a more specific characterization of labor

taxes. This feature comes partially from the fact that the median voter solution

uses welfare weight equal to one for the median type. In the case that agents have

stochastic labor skills, a numerical exercise in his paper shows that the implied labor

taxes from a Utilitarian Ramsey problem comove with the distribution of skills. The

author does not provide a numerical solution calibrated to the US economy.

Azzimonti, De Francisco, and Krusell (2008) also analyze majority voting over

marginal taxes on labor income. Since their environment does no consider both

aggregate uncertainty and capital accumulation, the best sequence of labor taxes

for each type in the economy can be characterized by two numbers (taxes in the

first two periods). A median voter result is provided in the case where either there

is heterogeneity in the initial wealth only or in the labor skills.
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Krusell and Rios-Rull (1999) consider an environment similar to ours but voting

takes place periodically, taxes on capital and labor income are constrained to be

equal and only future taxes can be changed. A Markov stationary equilibrium is

solved numerically. The stationary equilibrium exhibits positive distortions. As in

this paper, the level of income taxation depends on the skewness of income distri-

bution. Since their paper consider a marginal tax on income, results about labor

taxes are not provided.4

Regarding the empirical results, Chari, Christiano, and Kehoe (1994) analyze

the quantitative implications of optimal fiscal policy in a dynamic model with ho-

mogenous agents. We emphasize that they consider the same class of balanced

growth preferences. Using different calibrated versions of the model, they found

that labor taxes are essentially constant over the business cycle, although labor

taxes inherit the stochastic properties of the exogenous shocks (productivity and

government spending). Finally, Corbae, D’Erasmo, and Kuruscu (2009) use a re-

cursive political economy model, as in Krusell and Rios-Rull (1999), to evaluate how

much the increase in wage inequality in the period 1979-1996 can account for the

relative increase in both transfers to low earnings quintiles and effective tax rates

for higher quintiles. They assume idiosyncratic labor skills shocks and incomplete

markets. The paper uses a median voter result by checking numerically that prefer-

4Azzimonti, De Francisco, and Krusell (2008) provide an analytical characterization of time-

consistent Markov-perfect equilibria in an environment similar to Krusell and Rios-Rull (1999), but

individual heterogeneity is restricted to initial wealth.
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ences over one period income taxes (on and off-path) are single-peaked. They found

that the model predicts about half of the increase in redistribution to lowest wage

quintiles, and also it overpredicts the average effective tax rate.

The Chapter proceeds as follows. Section 2 describes the environment. Section

3 characterizes the competitive equilibrium given a fiscal policy. In section 4 we

construct the proof for the consensus result. Section 5 characterizes the Condorcet

winner, while section 6 considers stochastic skills. Section 7 solves numerically the

model without capital accumulation, and the last section concludes.

4 The Economy with Constant Skills

There is a continuum of agents indexed by the labor skill parameter � ∈ Θ ≡ [�, �]

with � > 0. Later we relax this assumption, allowing for stochastic labor skills. The

distribution of � is represented by the p.d.f. f(⋅) and the median type is denoted by

�m ≤
∫

Θ �f(�)d� = 1 by assumption.5

Uncertainty is driven by the public observable state st ∈ S, where S is finite.

It potentially affects the efficient production frontier. Let st = (s0, ..., st) be the

history of shocks up to time t and Pr(st) its marginal probability. Assume that

Pr(s0 = s) = 1 for some s ∈ S.

The output at time t is produced by competitive firms using capital and efficient

labor. The resources constraint for each pair (t, st) is

5The median voter result presented later does not depend on this skewness assumption.
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C(st) +K(st) ≤ F
(
L(st),K(st−1), st

)
+ (1− �)K(st−1) (1)

where the function F (⋅) is assumed to be homogeneous of degree one in both capital

and labor for all st.

Remark: We could consider an exogenous stream of government expenditures with-

out changing the main results. But since our concern is mainly related to redistribu-

tion, the restriction of zero government consumption avoids dealing with valuations

of the benefits of positive marginal taxes net of the distortions in financing govern-

ment expenditures. In the numerical exercise presented later we consider exogenous

government spending.

Each agent has an endowment of one unit of time in each period and state. Using

l/� units of its time agent type � produces l units of efficient labor that is rented to

the firms. If agent type � consumes the stream {ct, 1− lt/�}∞t=0 of consumption and

leisure, then its total discounted utility is given by:

∞∑
t=0

�tu

(
c(st, �), 1− l(st, �)/�)

)

where we assume balanced growth preferences, i.e., u(c, 1 − l) ≡ [c�(1−l)1−�]
1−�

1−� if

� ∕= 1, or � log(c) + (1− �) log(1− l) if � = 1.

In the initial period, agent type � is endowed with W−1(�) ≡ k−1(�) > 0 units

of wealth consisting of capital stock. Later we shall impose conditions on the initial

wealth distribution.
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In each period the government levies an affine tax schedule on labor income given

by �l(s
t)w(st)l(st; �) +T (st), where w(st) are the wage payments and the lump-sum

tax T (st) is potentially used for redistribution. Notice that the tax schedule is not

individual specific.

The government taxes capital returns net of depreciation at rate �k(s
t) ∈ [0, � ].

For the type of wealth distribution that we analyze later, the lower bound will never

bind. The upper bound on capital taxes is a technical condition required in order

to guarantee that the best allocation for the median type exists. In order to reduce

the arbitrariness of such an exogenous upper bound, we choose � = 100%. In this

way the maximum levy corresponds to a loss of the full return net of depreciation.

Profit maximization by the firms determines the rental prices. Given a tax

sequence, prices, and initial endowments, under complete markets agent type �

chooses his individual allocation in order to maximize utility subject to the budget

constraint:

∑
t,st

p(st)

(
c(st; �)+k(st; �)

)
≤
∑
t,st

p(st)

(
(1−�l(st))wt(st)l(st; �)+R(st)k(st−1; �)

)
−T

(2)

where T ≡
∑

t,st p(s
t)T (st) is the present value of the lump-sum taxes and R(st) ≡

1 + (1− �k(st))(r(st)− �).

Under the complete markets assumption the government budget constraint can
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be written as:

−T ≤
∑
t,st

p(st)

(
�l(s

t)w(st)L(st) + �k(s
t)(r(st − �))K(st−1)

)
(3)

The usual definition for a competitive equilibrium follows:

Definition 1. A competitive equilibrium given a tax schedule {�l(st), �k(st), T (st)}t

is a sequence of prices {w(st), p(st), r(st)}t, individual allocations {c(st; �), l(st; �), k(st; �)}t

and implied aggregate allocations {C(st), L(st),K(st)}t such that:

1. Given after-tax prices, {c(st; �), l(st; �), k(st; �)} maximizes utility subject to

(2);

2. C(st) =
∫

Θ c(s
t; �)f(�)d�, L(st) =

∫
Θ l(s

t; �)f(�)d� and K(st) =
∫

Θ k(st; �)f(�)d�;

3. Factor prices are equal to the marginal products;

4. The government budget constraint (3) holds; and

5. The resource constraint in (16) holds for every st

5 Equilibrium Characterization

Here we characterize the economy given a fiscal policy for the log utility case. We

use a characterization strategy similar to Werning (2006) and it will be very useful

to prove the consensus result
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6

The first order conditions with respect to individual consumption and output

yields:

��tPr(st∣s0)

c(st; �)
= p(st)�(�) (4)

(1− �)�tPr(st∣s0)

� − l(st; �)
= p(st)(1− �l(st))wt(st)�(�) (5)

Let '(�) ≡ 1/�(�), and E(') ≡
∫

Θ '(�)f(�)d�. Then integration over types in

the expressions above yields the following equations determining after-tax prices:

p(st) =
E(')��tPr(st∣s0)

C(st)
(6)

p(st)(1− �l(st))wt(st) =
E(')(1− �)�tPr(st∣s0)

1− L(st)
(7)

We normalize p0 = �/C0. This makes E(') = 1. Then individual allocations

can be written as:

c(st; �) = '(�)C(st) (8)

1− l(st; �)/� = '(�)�−1[1− L(st)] (9)

The other conditions for optimization in the problem faced by individual � are

p(st) =
∑
st+1

R(st+1)p(st+1), and lim
t→∞

∑
st

p(st)k(st; �) = 0

6It turns out that the characterization in the logarithmic case is much simpler than in the

general case (balanced growth preferences). All the proofs in the general case are shown in the

Appendix A
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Replacing the two conditions above, CE prices, and individual allocations ex-

pressed as a share of aggregates in the budget constraint for agent � yields:

'(�) = (1− �)

⎡⎣W̃0(�, T, �k0) + �
∑
t,st

�t Pr(st)

[
(1− �)

(1− L(st))

]⎤⎦ (10)

where W̃0(�, T, �0) ≡ (�/C0)R0k−1(�)− T .

Since for each type the expression for '(⋅) depends on the aggregate allocations

and the tax schedule, the function can be rewritten as '(Z; �) ∈ ℝ+ where Z ≡

({C(st), L(st),K(st)}t≥0, T, �k0). Let Z∞ be the set of such sequences.

One can see from the construction of (10) that '(Z; �)/(1−�) represents the total

value of expenditures on consumption and leisure expressed in efficient units for type

�. In equilibrium, this value should be equal to the value of the initial endowment

plus the maximal present discounted value of his labor income, as equation (10)

shows. If for some � ∈ Θ the value of '(Z; �) is equal to zero, then this individual

can afford only zero consumption and zero leisure in all periods and states.

Remark: For future use, it is straightforward to replicate the computations above

for the case in which the heterogeneity is only restricted to the initial endowments.

In this case we would have individuals indexed by the initial capital endowment

distributed according a pdf f(⋅) on [k, k]. The labor skills are given by the constant

function �(k−1) = 1 ∀ k−1 ∈ [k, k]. In this case one can find that '(Z; k−1) =

(1− �)[W̃0(k−1, T, �0) +
∑

st �
t Pr(st)(1− �)/(1− L(st))].

Then, as in Werning (2006), we have the following:
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Lemma 1. Z ≡ ({C(st), L(st),K(st)}t≥0, T, �k0) is the aggregate allocation se-

quence (together with T and �k0 ≤ �) in an interior CE if and only if:

1. Z satisfy the resources constraint in (16) for all st;

2. 1
C(st) ≥ �E

[
1+(1−�)(Fk(st+1)−�)

C(st+1)
∣st
]

for all st;

3. Evaluated at the aggregate allocations, the function ' : Z∞ × Θ → ℝ+ given

by (10) is such that '(Z; �) ∈ (0, 1
1−L(st)) for all st, � ∈ Θ, and L(st) ⊂ Z.

Furthermore, E(') = 1.

Proof: Necessity comes from the reasoning above. Sufficiency is shown in the ap-

pendix.

The second condition comes from the upper bound on the capital tax rates. The

last condition comes from the nonnegativity of consumption and the fact that leisure

is bounded by the unit. It replaces the usual implementability conditions found in

the Ramsey literature.

Depending on the restrictions on the distribution of the initial endowment, we

could relax the third condition in the Lemma above to '(Z; �) ≥ 0. For example,

this would be the case if initial endowments are non-decreasing in the skill level,

making '(⋅; ⋅) strict increasing in �.

Because preferences are homothetic, Lemma 1 imples that, given taxes, two

economies having different distributions of productivity types with the same mean

and the same initial aggregate capital stock will have the same aggregate outcomes
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in equilibrium. Clearly, the distribution of ' in the economy will indeed depend on

the distribution of skills and the assumptions on the initial endowments. Also notice

that the distortions generated by marginal taxes are enclosed in the aggregates that

determine the function '.

As Chari and Kehoe (1999) have pointed out, the non-arbitrage condition p(st) =∑
st+1

p(st+1)R(st+1) does not uniquely pin down the stochastic process for the

capital tax rate.

Next we give a more intuitive representation for the function '. Using (10) and

the fact that E(') = 1, the constant of proportionality can be rewritten as:

'(Z; �) = 1+(1−�)

[(
W̃0(�, T, �k0)− E(W̃0(�, T, �k0))

)
+ (� − E(�)) ⋅ UL(Z)

]
≥ 0

where UL(Z) ≡
∑

t,st �
t Pr(st)

[
(1−�)

(1−L(st))

]
.

Therefore individuals that are wealthier than the average will have both in-

dividual consumption and leisure (measured in inefficient units) higher than the

respective aggregates.

6 The Consensus Result

Let Ξ be the set of elements Z ≡ ({C(st), L(st),K(st)}st , T, �k0) that satisfy the

conditions in Lemma 2.

We begin by analyzing preference orderings over elements of Ξ. As we have

pointed out, all distortions generated by marginal taxes are already enclosed in the
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aggregate allocations. Given any Z ∈ Ξ, we can express the present discounted

utility for each individual when aggregate allocations are given by Z. For agent type

�, denote this value by V (Z; �). Then we have:

V (Z; �) =
1

1− �

[
log

(
'(Z; �)

)
− (1− �) log(�)

]
+

∑
t

�t Pr(st)
[
� log(C(st)) + (1− �) log(1− L(st))

]
(11)

The share of each individual can be rewritten as '(Z; �) = Bk−1(�) + C� + D,

where B,C, andD are values that depend on Z ∈ Ξ. For a given Z ∈ Ξ and

associated '(⋅), with some abuse of notation, let J'(�) and J(Z) be respectively the

first and second term of (11).

Agent � weakly prefers the allocation Z to Ẑ if and only if

V (Z; �) ≥ V (Ẑ; �)⇐⇒ J'(�) + J(Z) ≥ J'̂(�) + J(Ẑ)

Let SZ,Ẑ =
{
� : J'(�)− J'̂(�) ≥ J(Ẑ)− J(Z)

}
, that is, the set of agents that

prefers Z to Ẑ.

As mentioned before, in this section we state the results for the logarithmic case.

The proof for the more general Cobb-Douglas class of utility functions is shown in

Appendix A. The general strategy of the proof presented below is similar to the one

used to prove proposition 2 in Benhabib and Przeworski (2006).

Proposition 1. : Assume balanced growth preferences and consider any Z, Ẑ ∈ Ξ.
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1. Let heterogeneity be restricted only to the initial endowments, distributed ac-

cording pdf f(⋅) on [k, k] with mean K−1. Denote km−1 be the the agent with the

median wealth. If km−1 ∈ SZ,Ẑ , then either [k, km−1] ⊆ SZ,Ẑ or [km−1, k] ⊆ SZ,Ẑ .

2. Let agents be heterogeneous with respect to both labor skills and initial endow-

ment. Also suppose that the initial endowment is an affine function of the

skills. If �m ∈ SZ,Ẑ then either [�, �m] ⊆ SZ,Ẑ or [�m, �] ⊆ SZ,Ẑ .

Proof. Due to its simplicity, we present here the proof for the logarithm case. In

Appendix A we show the proof for the general case.

Take any Z, Ẑ ∈ Ξ; we shall show that J'(�m)− J'̂(�m) ≥ J(Ẑ)− J(Z) implies

J'(�)− J'̂(�) ≥ J(Ẑ)− J(Z) for at least 50% of the agents. A sufficient condition

for this to happen is the function J'(�)− J'̂(�) being monotone.

We start with the first statement. Given the remark after (10), heterogeneity

only with respect to initial endowments allow us to write '(Z; k−1) = Bk−1 +C+D.

Moreover, condition 3) in Lemma 1 implies '(Z; k−1) = 1 +B(k−1 −K−1).

Given Z and Ẑ, without loss of generality assume B > B̂. If km−1 ≥ K−1, then

J'(km−1) ≥ J'̂(km−1) and J'(k−1) ≥ J'̂(k−1) for all k−1 ≥ km−1. If km−1 ≤ K−1, then

J'(km−1) ≤ J'̂(km−1) and J'(k−1) ≤ J'̂(k−1) for all k−1 ≤ km−1. This proves the first

statement.

Next, consider the case with heterogeneous labor skills: '(Z, �) = Bk−1(�) +

C� + D. We use the fact that the initial endowments are an affine function of the
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skill level, k−1(�) = �1 + �2�. Then:

∂(J'(�)− J'̂(�))

∂�
=

1

1− �

⎡⎣”constant” +
[
[B�2 + C][B̂�̂2 + Ĉ]�

]
−
[
[B̂�̂2 + Ĉ][B�2 + C]�

]
[Bk−1(�) + C� +D][B̂k−1(�) + Ĉ� + D̂]

⎤⎦
Therefore the sign of the derivative does not depend on �

There is an obvious abuse of notation in Proposition 1, since the set of imple-

mentable allocations are different depending on the type of heterogeneity in the

economy.

Next we highlight the key factors behind the proof of Proposition 1. First, as

mentioned before, because homothetic preferences, interior individual allocations of

consumption and leisure are proportional to the counterpart aggregates. Therefore

when comparing allocations Z and Ẑ, what is key is the ratio of the proportionality

factors '(�)/'̂(�). Moreover, under the full insurance assumption, the proportion-

ality factors are constant over time and are given by the value of the after tax total

wealth that individuals would have if they would sell the full amount of labor to

the firms. Under the assumption on the affine tax schedule for labor income, the

after tax human wealth is linear in the productivity type. If there is no initial

wealth inequality the function '(�)/'̂(�) is monotone in the productivity type, and

therefore if the median type �m prefers Z to Ẑ then at least half of the remaining

types will also agree on the ordering over these two allocations. In the case of ini-

tial wealth heterogeneity, one way to ensure that the result holds is to assume that

initial endowments are an affine function of the skills.
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It is important to emphasize that the role of the affine tax schedule assumption

is central to the above construction. In particular, it is key the fact that the after

tax human wealth is linear in the productivity type. Certainly this would not be

true for a general class of nonlinear tax schedules.

Next, we briefly discuss another environments in which the consensus result can

be replicated. First, it is challenging to relax the assumption on the homotheticity of

preferences. The main reason is that small perturbations on preferences would make

the whole distribution of after-tax wealth in the economy to matter significantly.

It is possible to relax the complete markets assumption slightly. We can prove

that the median voter result still holds if there is limited enforcement as in Kehoe and

Levine (2001). Specifically, in an environment in which agents can buy one-period

state contingent bonds (but cannot borrow), it can be shown that this additional

constraint does not prevent the individual decisions from being a constant proportion

of the aggregate allocations. Of course, the set of implementable allocations under

complete markets is strictly bigger than the set under limited enforcement.

Proposition 1 also would be true in an environment in which there is no lump-

sum component in the fiscal policy, but the government collects the taxes revenues in

each period and redistributes it trough a public good gt. In this case, the utility v(gt)

that individuals get from gt should enter additively in the period utility function.7

Given the linearity restriction imposed in the Proposition 1, we shall assume the

following.

7The linearity condition does not mean that the initial distribution of capital is linear itself.
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Assumption 1: The initial endowments are an affine and increasing function of

skills among types: k−1(�) = k + (K−1 − k) ⋅ � with 0 ≤ k ≤ K−1.

Finally, without a restriction on the value of the lowest type �, Proposition 1 es-

tablishes the consensus result only for fiscal policies that support interior equilibria.

Without any such restriction, for some fiscal policies there will be aggregate alloca-

tions in which the decentralized competitive equilibrium exhibits a positive measure

of agents supplying zero labor in equilibrium. Usually such aggregate allocations

have the feature that the lump-sum component of the tax schedule is too large (a

positive transfer), making too costly for the lowest types to work. These types will

better off not working at least in some periods. For more details see Piguillem and

Schneider (2007). In order to avoid considering economies in which non-interior

allocations exist, we present a lemma that will be used to impose a lower bound on

the value of �.8

Lemma 2. Consider any Z satisfying conditions (1)-(2) in Lemma 2 and having

both aggregate labor sequence bounded away from zero and W̃0(�, T, �0)/� > 0.There

exists �̂ < 1 such that '(Z; �) ≤ 1
1−L(st) for all st, � ≥ �̂, and L(st) ⊂ Z.

Proof: See Appendix A.

The lemma above provides a minimum value for � such that, even for the maxi-

mum feasible level of transfers −T > 0 (in a competitive equilibrium with aggregate

8The analysis would be much more complicated in this case. To date, we can show only that

the median voter result holds if we consider non-interior equilibrium in a one period economy.
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labor bounded away from zero), the lowest type will work a positive amount in

any period and state of nature. It also imposes a restriction on the variance of the

distribution of skills.

By assumption 1, equation (10) states that individual labor supply is a monotone

function in �. Notice that the condition W̃0(�, T, �0)/� > 0 implies that individual

labor is minimum for the lowest type � in all periods and states.9

Assumption 2: � ∈ [�̂, 1).

7 Characterization of the Condorcet Winner in the log

case

The characterization of the Condorcet winner comes from the maximization of the

utility for the type �m given that the agent has to pick a sequence of aggregate

allocations, an initial tax on capital and lump-sum transfers that can be supported

as a competitive equilibrium. Lemma 1 gives us the sufficient implementability

conditions that should be satisfied. Assumption 1 implies that is sufficient to check

only the non-negativity constraint for the lowest type �.

9One may ask what could happen in cases in which W̃0(�, T, �0)/� < 0. We believe that in such

cases the labor supply will be strictly positive for the highest type. In this case we can show there

exist �̃ > 1 such that the upper bound constraint in Lemma 2, part 5, will never bind. Furthermore,

for the type of distribution that we analyze in the next section, the median voter will indeed prefer

−T ≥ 0.
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Then we shall partially characterize the solution for the following problem:

P(M) : max
{C,L,K,T,�0}

{
1

1− �
log

(
1 + (1− �)

[(
W̃0(�m, T, �k0)− E(W̃0(�, T, �k0))

)

+ (�m − 1) ⋅ UL
])

+
∑
t,st

�t Pr(st)
[
� log(C(st)) + (1− �) log(1− L(st))

]⎫⎬⎭

s.t. =

⎧⎨⎩

C(st) +K(st) ≤ F
(
L(st),K(st−1), st

)
+ (1− �)K(st−1) ∀st (RC);

1
C(st) ≥ �

∑
st+1

Pr(st+1∣st) [1+(1−�)(Fk(st+1)−�)]
C(st+1) , ∀st (UB);

1 + (1− �)

[(
W̃0(�, T, �k0)− E(W̃0(�, T, �k0))

)
+ (� − 1)UL

]
≥ 0 (NN);

1 = (1− �)[E(W̃0(�, T, �k0)) + UL] (MKT);

�k0 ≤ � , K−1 given

If some agent were given the power to choose an implementable allocation, she

would care about her own proportion of the aggregate allocations and also about

the utility for the mean type. Those are the two parts in the objective function

of the (median voter) problem. The ”proportional part” basically depends on the

difference in after tax total wealth between the mean and the median type. As the

proof of Lemma 3 below shows, this share will be higher (lower) than �m if the tax

schedule includes positive lump-sump transfers (taxes).

Remark: Since in the constraint set of P(M) the lump-sum term appears only in

the equality condition MKT, clearly that constraint will not be binding. Notice also

that if T ≤ 0 then using constraint MKT one can see that constraint NN will not

bind.
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Next we state the first result relating the size of taxes and the distance between

the median and the mean type. Basically, if the distance is zero, and if fiscal policy

has only redistribution concerns (zero government spending), then taxes are zero in

all periods and states.

Proposition 2. Suppose �m = E(�) = 1. Under Assumption 1, the most preferred

allocation for the median type is the solution to a version of the Neoclassical Growth

model in this environment with a representative agent having labor productivity equal

to the unity and endowment K−1. The implied taxes are given by �l(s
t) = �k(s

t) = 0

for all st.

Proof. First, by assumption we have E[W̃0(�, T, �k0)] = W̃0(�m, T, �k0). But then

the objective function reduces to:

max
C,L,K

∑
t,st

�t Pr(st)
[
� log(C(st)) + (1− �) log(1− L(st))

]
Next, by the remark above we know that MKT is not binding. Finally we show that

maximizing the above objective function subject to the RC constraint only satisfies

all the remaining constraints, i.e., UB, and NN. As it is well known the solution

for the above problem implies no taxation. Since there is no government debt by

assumption, we get that T = 0. This immediately implies that constraint NN is

satisfied. But since �k(s
t) = �l(s

t) = 0 ∀ st we have that UB is not binding

The only way that the median voter can take advantage of nonzero marginal

taxes is through the difference between the value of his wealth (initial wealth and
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the market value of labor endowment) and the mean wealth. When such a difference

does not exist, marginal taxes are always zero. In the case where there is a sufficiently

small process for government spending, the chosen fiscal policy will use only lump-

sum taxes to finance the stream of expenditures. We refer to a sufficiently small

process because otherwise the poorest individual in the economy may not afford the

payment of the lump-sum tax.

Other than the result about taxes, the claim above adds a new interpretation to

the Neoclassical Growth Model with homothetic preferences. That is, its solution

can be thought also as the aggregate competitive equilibrium allocation that would

be chosen by majority voting at time zero in an economy having heterogeneous labor

skills drawn from a non-skewed distribution.

Next we turn the case where �m ∕= E(�). Lemma 3 will be important later. It

states that constraint NN will never bind in the solution to P(M).

Lemma 3. If �m < 1 then T ≤ 0 in any solution to P(M).

Proof: See Appendix A.

The intuition for Lemma 3 is simple. The main objective of the median voter

is to achieve some degree of redistribution in her favor. This occurs only when the

agent receive more resources than she pays. That is, because all the distortive taxes

are linear and since �m < E(�), she always pays (receives, if taxes are negative) less

than the average agent. On the other hand, given that all agents receive (pay) the
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same transfer, the only way for her to get some benefit from redistribution is to set

the revenues from linear taxation at a positive value (pay less than the average) and

the lump sum at a negative value (receiving the same as the average). When there

is no government spending the difference is a net gain for the median agent.

Next we state a lemma which will be used later in Proposition 3. The result is

an extension of the capital tax result in Bassetto and Benhabib (2006).

Lemma 4. (The Bang-Bang Property) In the solution for the median voter’s

problem, if there exists st̃ such that the implied tax �k(s
t̃) < � then

1

C∗(st)
= �

∑
st+1

Pr(st+1∣st)
[1 + F ∗k (st+1)− �]

C∗(st+1)
∀ st > st̃

and therefore �k(s
t) = 0 for all st > st̃.

Proof: See the appendix.

In the lemma above, the notation st > st̃ is supposed to be understood as the

histories that immediately follow st.

Remark: Notice that the proof above depends on the return function in P(M)

being increasing in the utility of the mean type. In the general case (� ∕= 1), this

may not be true, as Bassetto and Benhabib (2006) shows. When the return function

is decreasing in the utility of the mean type, the proof can be adapted to show that

the constraint UB is always binding.
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Next we show that, when � = 0 and heterogeneity in the initial distribution of

capital is sufficiently small, taxes on capital will be zero for any period t ≥ 2.

Lemma 5. (Capital taxes) Suppose �m < E(�) = 1. Under assumption 1, if

� = 0 and (K−1 − k) is arbitrarily close to zero, then the implied capital taxes in

the solution to P(M) are:

�k(s
t) =

⎧⎨⎩

� = 1 for t = 0

0 < �k(s
1) ≤ �̄ for all s1

0 for all st such that t ≥ 2

Proof: See appendix.

If the value of K−1− k is not small enough, then the Lemma must be modified

slightly. Instead of having �k(s
t) = 0 for all t ≥ 2 it would be true for all st > st̃

given some finite t̃. This is a very well known result dating from the original work

of Chamley (1986). It follows from the fact that, otherwise, the solution would

exhibit U∗ct = �Et[U
∗
ct+1

] ∀t. Since any solution should have U∗ct(s
t) < ∞ ∀ st, and

therefore E(U∗ct) < ∞ for all t, it follows by the law of iterated expectations that

U∗ct = limT→∞ �
TEt[U

∗
ct+T

]. Since it can be shown that {U∗ct}t is a submartingale,

we can use Dobb’s convergence theorem to show that this limit exists and is equal

to zero. This leads to a contradiction since the constraint set is compact in the

product topology. As we have pointed out in the remark right after Lemma 4, for

the general Cobb-Douglas utility function the constraint UB may bind always.
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Now consider the labor income tax. From the competitive equilibrium we know

FL(st)(1− �l(st)) = 1−�
E(�)−L(st)

C(st)
� . Therefore 1− �l(st) = (1−�)

E(�)−L(st)
C(st)
FL(st)� . Then

we have the following.

Proposition 3. (Labor Tax) Suppose that �m < 1. Then in the solution to P(M)

there exists a history st̂ such that, for all st > st̂ the implied labor taxes are:

1. 0 < �l(s
t) < 1.

2. �l(s
t) depends on st only through L(st):

�l(s
t) =

(1− �m)

'(Z∗; �m)(1− L∗(st)) + (1− �m)

3. ∂�l(s
t)

∂(1−�m) > 0.

Proof. The existence of a history st̂ in which UB stops binding was justified in the

previous paragraph.

Recall from Lemma 3 that (NN) is not binding. Let �(st) be the lagrange

multipliers associated with (RC). Then the first order condition with respect to

aggregate labor is:

[
(1− �)(�m − E(�))�t Pr(st)

'(�m)[1− L(st)]2

]
− (1− �)�t Pr(st)

[1− L(st)]
+�(st)FL(st) = 0 for t ≥ 1 (12)

The implied tax on labor is given by:

1− �l(st) =

[(
(1− �m)

'(�m)

)
1

1− L(st)
+ 1

]−1

(13)
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Let H = (1−�m)
'(�m) > 0. Then (13) can be rewritten as:

0 < �l(s
t) =

H

1− L(st) +H
< 1 for t ≥ 1

or

�l(s
t) =

1[
1

1−�m − (1− �)
(
�R0(K−1−k)

C0
+ UL

)]
[1− L(st)] + 1

It is straightforward to check that ∂�l(s
t)

∂(1−�m) > 0

Corollary 1. ( Extending B&B) Suppose that heterogeneity is restricted only to

the initial wealth distribution, that is, individuals are indexed by the parameter ! ∈

[!, !] distributed with p.d.f. g(⋅), the labor skill is given by �(!) = 1 ∀ ! ∈ [!, !],

and K(!) = k + (K0 + k)!. Then there exists st̂ such that the Condorcet winner

has �l(s
t) = 0 for all st ≥ st̂.

Lemma 5 and Proposition 3 provide some explanation of how heterogeneity

shapes the Condorcet winner when agents have log preferences. First, as the median

voter’s problem illustrates, her payoff depends positively on the payoff obtained by

the mean type. This implies that nonzero taxes benefits the voter only to the extend

to which she can manipulate her share '(�m) through the lump-sum transfers. The

mean type always prefers zero taxes, and the share '(�m) depends on the difference

in after tax wealth between the median and the mean type.

Since positive capital taxes reduce the payoff for the mean type, Lemma 5 implies

that the first two periods in the economy are sufficient to obtain full benefits from
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positive taxes on capital if the initial heterogeneity of capital endowments is small.

On the other hand, labor taxes are always positive since the heterogeneity in labor

income never disappears.

Also we find a smoothing effect on labor taxes similar to Werning (2006). Since

distortions decrease the utility for the mean type, concavity implies that labor taxes

should be higher in states in which aggregate labor is higher.

In Appendix A, the results about taxes in the general case (� ∕= 1) are extended.

As Bassetto and Benhabib (2006) point out, depending on the magnitude of �,

capital taxes may be always at the upper bound. 10. Taking this into consideration,

we find a condition on the size of � such that the capital taxes eventually go zero.

This helps to characterize taxes on labor.

The results presented in the appendix are very close to the results in the last

section with slight modifications. Instead of results for every t ≥ 2 we have results

for all t > t̂, for some t̂ ≥ 2. In addition, the results statements are weaker in

the sense that they depend on � being smaller than (1 − �m)−1. The main role of

the condition is to make sure that the objective function is increasing in aggregate

consumption and decreasing in aggregate labor, as Lemma 9 shows.

The results are summarized as follows. Provided that the inequality in skills is

not too large or, alternatively, � ≤ (1− �m)−1, capital income taxes will eventually

be zero. Labor income taxes are always positive, increasing in inequality and state

10We omit this proof in the environment considered here because it is an extension of the

reasoning presented in Bassetto and Benhabib (2006)
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dependent. For all histories after which the upper bound constraint on capital taxes

is not binding, labor taxes are given by

�l(s
t) =

(1− �m)

(�m − 1)[(1− �)(1− �)− 1] + [1− L(st)][(1− �) + ��(Z, �m)]

where �(Z, �m) resembles the proportionality factor '(Z; �) in the log case.

8 Stochastic Labor Skills

For simplicity we consider an economy without capital accumulation. Types are

fixed but labor skills evolve stochastically over time. We work with log preferences,

but what follows below holds for the more general Cobb-Douglas class of utility

functions.

The resource constraint is given by C(st)+g(st) ≤ A(st)L(st). As before, at time

zero there is no aggregate uncertainty. Productivity types are initially distributed

according to a skewed distribution F (⋅) on Θ = [�, �], with mean E(�) = 1.

In t = 1 and later, skills of each type i evolve stochastically, and are correlated

with the aggregate state . For each history st, skills are given by: �i(st) = (st) +

�(st)�i0, with �(st) > 0 for all st. This function allows us changes in the distribution

of skills while the ranking remains constant. In addition, �(st) and (st) may be

chosen such that the changes are a mean preserving spread of any particular state

st. For example, let �
B,N

=
�B
�N

, where �s is the productivity of the least skilled
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type in state s. Similarly define �B,N = �B
�N

. Then it can be shown that if

�(B) =
�N�B,N − �N�B,N

�N�B,N (1− �N )− �N�B,N (1− �N )

and

(B) =
�N�N (�B,N − �B,N )

�N�B,N (1− �N )− �N�B,N (1− �N )

then state B is a mean preserving spread of state N.

Under complete markets, as before, individual allocations are proportional to

aggregate allocations. In this economy the constant of proportionality is given by:

'(Z; �i0) = (1− �)

[
−T �

C0
+
∑
st

�it(s
t)UL(st)

]
(14)

where UL(st) ≡ (1−�)�tPr(st)
Est (�)−L(st) .

Again, we can find the set of implementable allocations and let the agents vote

at time zero. Let Ξ̃ be the set of implementable allocations in this environment, and

SZ,Ẑ be the set of types that weakly prefer Z to Ẑ. Then the following id true:

Claim: Let �m0 be the median of the initial types. Let Z ∈ Ξ be the best allocation

for the median type, and consider some arbitrary Ẑ ∈ Ξ̃. Then either [�, �m0 ] ⊆ SZ,Ẑ

or [�m0 , �] ⊆ SZ,Ẑ .

The reasoning of the claim above is the following. We can expresses the payoff

for type i as the sum of the proportional part J'i plus the aggregate part as in (11).

As in the proof of proposition 1, we can calculate
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∂(J'i(�
i)− J

'̂i
(�i))

∂�i
=

�(1− �)

'̂(�i0)'(�i0)

∑
t,st

�(st)

(
T̂

Ĉ0

UL(st)− T

C0
ÛL(st)

)

Clearly, the sign of the derivative above is independent of the type.

The best marginal tax on labor income for the median type is given by:

�l(s
t) =

(1− �m0 )�(st)

'(�m0 )(1− L(st)) + (1− �m0 )�(st)
(15)

Since the ranking among types is preserved, the larger the distance between

the median and the mean type, the higher the labor tax on that state for a given

aggregate labor quantity. The final effect on taxes is ambiguous. As equation (15)

shows, the result depends on two factors. First, there is a tax smoothing effect: the

larger the aggregate labor allocation, other things constant,the higher the tax. This

is closely related to concavity and the fact that the median’s utility depend on the

utility of the mean type. The other effect is related to how the skills’ distribution

changes over the business cycles (its correlation with aggregate shocks). An increase

in the distance between the mean and the median agent increases the gains of

redistributive policies for the median voter, and therefore call for higher taxes. The

opposite is true if the distance between the median and the mean decreases.

Thus, if inequality and employment are positively correlated, the effects reinforce

each other and labor taxes are unambiguously higher. However, if inequality rises in

periods of low employment (inequality and employment are negatively correlated)

both effects act in opposite directions, turning the sign of the correlation between
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employment and labor taxation ambiguous. This is showed next by the use of a

numerical example.

8.1 A Numerical Exercise

Consider an economy without capital accumulation and where skills evolve stochas-

tically as in the previous section. Assume that there are only two possible states

in the economy, S = (Higℎ, Low). The stochastic process for the states is i.i.d

(allowing for persistence will not affect the qualitative results), with �H = 0.6 and

�L = 0.4. The initial state is s0 = H

Technology is linear, Y (st, L(st)) = A(st)L(st), with the aggregate productivity

parameter being AL = 1.25 and AH = 0.95. Government consumption in each state

takes on the values GH = GL = 0.08, which makes government consumption being

about 17% of output. Preferences are logarithmic (� = 1). We also set � = 0.3 and

� = 0.95.

The initial distribution is skewed, with the mean normalized to one and �m = 0.9.

In addition, we assume that in the high state the distribution of skills is always the

same as the distribution at the initial period (�(H) = 1 and (H) = 0). In the low

state, the distribution of skills is a mean preserving spread of the distribution at the

initial state (�(L) > 1 and (L) < 0 with �(L) + (L) = 1).

In order to analyze the impact of the changes on the distribution of skills on the

cyclical properties of the fiscal policy, we consider two economies: in Economy 1 the

distribution of skills has low variability. The economy parameterized by �1(L) = 1.02
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and 1(L) = −0.02. In Economy 2, the skills distribution is more volatile than

Economy 1. We achieve this by setting �2(L) = 1.05 and 2(L) = −0.05. Figure

1 shows for the two economies the distribution at time zero and the distributions

when aggregate state is s = low.

0 0.5 1 1.5 2 2.5
0

0.01
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0.03

0.04
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0.07
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0.09

0.1

Theta

Skills' distribution in different states

Period 0
s=low, Econ. I
s=low, Econ  II

Figure 1: .

Next we show the calculated taxes for each state.
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τ L τ L

High

Low

State

0.28     0.30

0.285  0.28

0.279 0.30

0.278 0.285

Economy I Economy II

Table 1: Aggregate labor and marginal labor tax in each state.

Labor taxes will be either procyclical or counter-cyclical, depending on how the

distribution of heterogeneity changes in the low state. In Economy I, the smoothing

effect predominates: higher aggregate labor implies higher taxes. In Economy II,

the larger distance between the median and the mean type causes the labor tax be

higher for states in which aggregate labor is lower.

The example illustrates the potential ability of the model to explain differences

in the business cycles properties of labor taxes. If rich countries have sufficiently

smaller dispersion in the skill distribution during bad times than poor ones, then

rich countries will exhibit counter-cyclical labor taxes, while poor countries will have

pro-cyclical labor taxes.

9 Quantitative Results

Several papers like Eckstein and Nagypal (2004), Heathcote, Storesletten, and Vi-

olante (2008), among others, have reported the increasing trend in labor income

inequality in the U.S. in the last decades. Regarding labor income taxation, Mc-
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Daniel (2007) constructs average taxes for the U.S. (and OECD countries) for the

period 1950-2003 and it finds an increasing trend.

In this section we show two quantitative results of the model. First, through

equation (??), we calculate both a lower and an upper bound on how much of the

increase in labor taxes observed in the data can be accounted by the model. Second,

we numerically solve the median voter’s problem using a simple calibrated version

of the model with stochastic labor skills. Then we compare the correlation between

labor taxes and labor allocations (and GDP growth) from the model with the data.

Since the model does not have consumption taxes, we follow the same method-

ology as in Ohanian, Raffo, and Rogerson (2006). We compare the labor taxes from

the numerical solution with 1 − 1−�lt
1+�ct

from the data. Figure 2 shows the trends in

the data.

9.1 Data and Calibration

We take the average taxes on both labor and consumption for the US economy in

the period 1950-2003 from McDaniel (2007).

Uncertainty is described by a Markov chain with 4 states. Both TFP and labor

skills shocks are assumed to take two possible values: A(s) ∈ {AL, AH} and �(s) ∈

{�L, �H}. The data for the macroeconomic aggregates are from NIPA, in billions of

chained 2000 dollars covering the period 1960-2006. Since in the model we normalize

the endowment of time to be equal to one, we construct a new labor series as the
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Inequality and Labor Taxes
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Figure 2:

ratio between the total average weekly hours worked from BEA and the potential

number of hours (5200 times population of 16 and over).

The production function is Cobb-Douglas with capital share � = 0.3, a usual

value found in the literature. The technology parameter A(s) is calibrated by using

GDP from NIPA and labor as the total average weekly hours worked. The skill

distribution parameters �H and �L are calculated from the wage inequality data in

Eckstein and Nagypal (2004).11 We take mean and median wages as a proxy for

mean and median individual skills respectively. One drawback is that the data refers

11The authors use data from the Current Population Survey covering the period between 1961

and 2002.
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to weekly earnings, and therefore it does not account for the effects of cross section

variation of hours worked. But since we only need data about mean and median

wages, and also given that aggregate hours worked in US has been quite stable over

the last decades, we think this issue is not very critical for our purposes.

We calibrate the transition matrix over the possible four states by filtering both

the TFP and the ratio median to mean wages. Then we calculate the probabilities

using the frequency of the states observed in the data. The matrix below show the

calculated probabilities over S={s1 = (AH , �H), s2 = (AH , �L), s3 = (AL, �H), s4 =

(AL, �L)}.

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.438 0.125 0.375 0.062

0.286 0.286 0.142 0.286

0.455 0.0 0.091 0.454

0.20 0.20 0.30 0.30

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Transition matrix.

We consider AH = 1 + "H and AL = 1− "L. We choose "H and "L such that the

unconditional mean is equal to one and the process matches the variance of GDP

growth in the data. In this way we set "H = 0.004 and "L = 0.0064.

The depreciation rate is set to the usual value of 0.06. We use log preferences.

The parameter � is set to match, on average during the period considered, the

first order conditions in the median voter’s problem. Using this criterion, we find
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Parameter Description Value

(�, �) preference parameters (0.38,1)

� intertemporal discounting 0.96

� capital share 0.3

� depreciation 0.06

(AH , AL) TFP shocks (1.004, 0.9936)

�m median skill 0.79

(�H , �L) skill parameters (1.054, 0.945)

Table 2: Summary of the calibrated parameters.

� = 0.38.12

Taking into account the average ratio median skill to mean skill equal to 0.79,

we calibrate �H and �L such that we have the unconditional mean equal to one and

the variance of the ratio median to mean wages matches the data. The values for

�H , �L and the remaining parameters are summarized in Table 2 below.

We do not consider initial heterogeneity in wealth. Such strong restriction on

the initial wealth distribution is imposed in order to avoid additional complications

12Since the first order conditions contain the share of the median type coming from the solution

of his problem, the calibration for � is done in two steps. In the first step, we guess a value for the

share and then calculate the average �. In the last step, using the calculate value for �, we check

if the resulting share is the one that was guessed in the previous step.
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related to the inequality constraints in the Euler equations. From the theory we

know that if �k(s
1) < �k, then �k(s

t) = 0 for all t > 1. Since our main concern is

about labor taxes, we think that initial wealth heterogeneity would add little content

to the discussion at a large cost in terms of computational issues. Since the problem

is not recursive, we solve it using a two-step algorithm that explores the recursive

property of the Lagrangean. For more details see section A7 in the appendix 1.

The main finding of the calibrated model is a good fit of the trend in labor taxes.

We assume that the conditions of Proposition 3 holds, so that labor taxes are given

by (using the extension of the stochastic labor skills case):

�l(s
t) =

�(st)(1− �m0 )

'(Z∗; �m)(1− L(st))) + �(st)(1− �m0 )

Assuming that �t(1− �m0 ) is the actual realization of �(st)(1− �m0 ), we can calculate

both an upper and a lower bound on the process for labor taxes. These bounds

come from the proof of Lemma 3 in the appendix 1: in the solution to the median

voter’s problem, his share is less than the unit and larger than the initial realization

in skills. In order to minimize the effects of the choice of the initial period, we set

0.79 ≤ '(Z∗; �m) < 1, where the lower bound is given by the average value of skills

in the data.

In Figure 3 we show the bounds on the process for labor taxes. Since we do

not use the numerical solution of the model to calculate these boundaries, we have

chosen to set the aggregate labor allocation equal to its values calculated in the

data. If instead we set the aggregate labor allocation to be equal to the average
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Figure 3:

value in the data, the picture would be very similar.

Upper Lower
Original Taxes Modified Taxes Bound Bound

1962-2001 66 33 63 68
1962-2003 43 20 67 72

0.66 0.33 0.63 0.68
0.43 0.20 0.67 0.72

Data
Growth (%)

Table 3: Increase in labor taxes accounted by the model.

If we consider the period 1962-200113, the model accounts for about two times

the growth of labor taxes observed in the data. In appendix 3 we show the same

13This specific period does not include the significant decrease in average labor taxes between

2002 and 2003.
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picture, but for the case where � = 2.

Next we highlight some statistical properties of the calibrated economy. More-

over, we compared some properties in the data with two specifications of the cal-

ibrated model. In the first specification, labor skills are constant over time. The

second specification is the one with stochastic labor skills. As one can see in Table

3 below, the model with constant skills yields almost zero variation in labor taxes,

in line with the findings in Chari, Christiano, and Kehoe (1994). When we feed in

the model the variation in skills to match the variance of the ratio median to mean

wages, the economy matches the signal of the comovements between taxes and the

relevant aggregates. The discussion in section 6 points out that the model without

skills shocks should yield a correlation between labor and taxes equal to one. Since

in the data the correlation between inequality of wages and TFP is negative, a priori

the sign of the correlation between labor and taxes is ambiguous. The net effect in

the calibrated model changes the correlation between labor and taxes to negative.

Calibrated Exercise - Labor taxes

Other parameters: β = 0.96, δ = 0.06, α = 0.45 (to match
aggregate labor).

St.Dev. ΔY St.Dev. L
Mean 
Tax St.Dev. tax τ-ΔY τ-ΔL τ-L

Data 0.02 0.01  0.26 0.02    -0.4               -0..1        - 0.7

Model Fixed Types 0.02 0.002         0.26            0.001               0.7               0.2               1

Model Changing Types 0.02 0.006          0.26           0.009              -0.6              -0.2              -1     

τ :    Labor income tax
Y:   Aggregate output
L:   Aggregate labor

CorrelationsStatistics

21 / 22

Table 4: Selected statistical properties of the model, � = 1.

Finally, it turns out that the signal of the correlations presented in Table 4 are
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sensitive to the chosen value for �. Table 5 shows the correlations when � = 2 and

the appropriate change in the values for (�H , �L) is done.

Calibrated Exercise - Labor taxes

Other parameters: β = 0.96, δ = 0.06, α = 0.45 (to match
aggregate labor).

St.Dev. ΔY St.Dev. L
Mean 
Tax St.Dev. tax τ-ΔY τ-ΔL τ-L

Data 0.02 0.01  0.26 0.02    -0.4               -0..1        - 0.7

Model Changing Types 0.02 0.005         0.26            0.01                 0.7                0.2             0.9  
 
 
τ :    Labor income tax
Y:   Aggregate output
L:   Aggregate labor

Correlations Statistics

21 / 22

Table 5: Selected statistical properties of the model, � = 2.

10 Conclusion

In this paper we show how heterogeneity shapes redistributive fiscal policy when

individuals have balanced growth preferences and are heterogeneous with respect to

both labor skills and initial wealth.

We show that the best tax sequence for the type with the median labor produc-

tivity cannot be defeated by any other policy. If only one dimensional heterogeneity

is considered, i.e., either labor productivity or initial capital heterogeneity, no addi-

tional assumption regarding the distribution of types is needed. When both types of

heterogeneity are taken into account simultaneously, a linear restriction about the

initial wealth is required.

Regarding the characterization of the most preferred allocation by the median

type, we show that if her skill is less than the mean, labor taxes are state dependent
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and always positive. Using a partial derivative argument at the solution, we show

that labor taxes are increasing in the distance between the mean and median labor

productivity. The results regarding the capital taxes are the same as in Bassetto

and Benhabib (2006): taxes are always either zero or at the upper bound.

Through most of the paper we assume that skills are constant, which implies

that inequality is independent of the economy’s aggregate state. When skills evolve

stochastically over time, but preserve the ranking among agents, a temporary in-

crease in inequality could imply either higher or lower labor taxes, depending on

the sign and level of the correlation between inequality and aggregate labor. In an

economy without capital accumulation, we present a numerical example where both

cases can occur.

A numerical solution for the model without capital accumulation is provided.

We found that labor taxes inherit too much the changes in inequality measure by

the distance between mean and median of wages in US.

The findings presented here may be useful for economies in which voting occurs

sequentially over time. Also the strategy of the proof for the median voter result

may be used in economies in which agents decide over objects other than taxes, but

preferences are homothetic.
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Part III

Sequential Voting and Time

Consistent Redistribution14

11 Introduction

This Chapter analyzes the role of reputation in influencing political outcomes about

fiscal policy. We consider a class of dynamic economies populated by agents that are

heterogeneous with respect to initial wealth and vote sequentially over possible fiscal

policies. This fiscal policy is restricted to redistributive linear taxes on accumulated

wealth and labor income. In each period society decides the current fiscal policy ac-

cording to a variation of the majority voting concept in Bernheim and Slavov (2009).

The basic feature of this equilibrium concept is that current choices of both taxes

and individual decisions imply different continuation policies. The first result is the

existence of a Dynamic Condorcet Winner which coincides with the preferences of

the median voter, the agent holding the median wealth at time zero. When agents

have balanced growth preferences one can replace the majority voting criterion by

the following condition about the equilibrium candidate: after any history of taxes,

the median voter should prefer the outcome path generated by the candidate equi-

librium to any other possible path, holding individual’s decisions fixed. The second

14This chapter is coauthored with Anderson Schneider
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result is a characterization of equilibrium outcomes when preferences are logarithm,

production function is Cobb-Douglas and there is full depreciation of capital. The

most preferred competitive equilibrium for the median type with commitment can

be sustained as an equilibrium outcome for high enough discounting.

12 Economy

There is a unit measure of agents in some interval I⊆ ℝ. Each agent is indexed by the

initial capital stock ki0 ∈ [k0, k0]. The distribution of initial capital is represented

by the c.d.f. F (⋅) with mean K0 and median denoted by km0 ≤ K0, unique by

assumption. Let �i ≡ ki0
K0

represents the proportion of type i in the initial wealth.

Also consider Θ = {�i∣∃ ki0 ∈ [k0, k0] with �i ≡ ki0
K0
}.

Time is discrete and the economy lasts forever. At each point in time there are

three goods in the economy: consumption good, capital and labor. The output at

time t is produced by competitive firms using a Cobb-Douglas production function.

The aggregate resource constraint is given by:

Ct +Kt+1 ≤ F (Lt,Kt) + (1− �)Kt (16)

Each agent has an endowment of one unit of time in each period. If agent type

�i consumes the stream {cit, 1 − lit}∞t=0 of consumption and leisure, then its total

discounted utility is given by:
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(1− �)
∞∑
t=0

�tu(cit, 1− lit)

where we assume balanced growth preferences, i.e., u(c, 1 − l) ≡ [c�(1−l)1−�]
1−�

1−� if

� ∕= 1, or � log(c) + (1− �) log(1− l) if � = 1.

Firms rent labor and capital from households paying rental prices wt and rt

respectively. In each period the government levies marginal taxes on both labor and

capital income that are used for redistribution. The sequence of budget constraints

is given by:

cit + ait+1 ≤ rt(1− �kt)ait + +wt(1− �lt)lit + Tt

where Tt = FktKt�kt + FltLt�lt and ait ∈ Ai ≡ [ai, ai] is the bond holdings of agent

i. The bounds [a, a] are chosen to be large enough such that the constraint is never

binding when rt(1− �kt) > 0.

We use the following notation to denote the distribution of wealth in the econ-

omy at the beginning of time t: Δat ≡ (ait)∣{i∈I}.

13 Dynamic Condorcet Winner Equilibria

Next we proceed in order to define an equilibrium. The definition is similar to

Bernheim and Slavov (2009) in an economy having a state variable. It is not exactly

53



equivalent since we do not constraint the analysis to one shot deviations only.

Let ℎt = (�0, �1, ..., �t) be the histories of previous policies, with �t ∈ [−� l, � l)×

[0, �k]. Let H−1 = ∅ and Ht = ([−� l, � l)× [0, �k])
t.

Definition 2. A fiscal policy (FP) program is � = {�t}t≥0 with �t : Ht−1 →

[−� l, � l]× [0, �k] for all t ≥ 0.

Let Π be the set of FP programs. For each ℎt, letAit(ℎt) ≡ (cit(ℎ
t), lit(ℎ

t), ait+1(ℎt)).

Definition 3. An allocation mapping is A ≡ (Ai)∣i such that Ai = {Ait}t≥0 with

Ait : Ht → ℝ3 for all t ≥ 0.

A pair (�,A) generates a unique outcome path {�t,At}t≥0 from the history

ℎ−1 = ∅ : �0 = �0(ℎ−1), (ci0, l
i
0, a

i
1, k

i
1) = Ait(�0(ℎ−1)) and futures fiscal policy and

allocations are generated inductively by ℎt = (ℎt−1, �t(ℎ
t−1)).

A FP program � and an allocation mapping A induces after history ℎt−1 ∈ Ht−1

a continuation (�,A)∣ℎt−1 . For all s ≥ 0, ℎs ∈ Hs:

�∣ℎt−1(ℎs) = �t−1+s(ℎ
t−1, ℎs)

A∣ℎt−1(ℎs, �) = At−1+s(ℎ
t−1, ℎs, �)

Definition 4. For every ℎt−1 ∈ Ht−1, the continuation of a FP program � is

�c(ℎt−1) = (�t(ℎ
t−1), �t+1(ℎt−1, �t(ℎ

t−1)), ...), i.e., the continuation history induced

by �.
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For every ℎt−1 ∈ Ht−1, denote A(�c(ℎt−1)) the unique outcome path of individ-

ual allocations generated by �∣ℎt−1 through the allocation mapping A.

Given ki0∣i and a pair � = (�,A), we say that the policies and allocations gener-

ated by (�∣ℎt−1 ,A∣ℎt−1) is a CE at time zero if there exists a sequence of rental

prices {rt, wt}∞t=0 and transfers {Tt}∞t=0 such that:

1. Given prices, taxes and transfers generated by �∣ℎt−1 , the sequence of alloca-

tions generated by (�∣ℎt−1 ,A∣ℎt−1) solves the household’s problem.

2. Rental prices solve the firm’s problem.

3. Aggregate resource constraint holds.

Given (ai1(ℎ0), ki1(ℎ0) from a CE starting at time zero, a CE starting at history

ℎt can be defined recursively. For each ℎt, there exists an associated distribution of

wealth Δat(ℎ
t).

Finally, given a pair � = (�,A), a history ℎt−1 and associated distribution of

wealth Δat let U i(Δat, �∣ℎt−1) be the utility attained by household type i under the

allocation generated by (�∣ℎt−1 ,A∣ℎt−1):

U i(Δat, �∣ℎt−1) ≡ (1− �)
∞∑
s=t

�s−tui(cis, 1− lis/�i) (17)
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Definition 5. Given a pair (�,A) and an alternative FF program �̂, if in history

ℎt−1

�

{
i

∣∣∣∣U i(Δat, �∣ℎt−1) ≥ U i(Δat, �̂∣ℎt−1 ,A∣ℎt−1)

}
≥ 1/2

we say that the continuation �∣ℎt defeats by majority the continuation �̂∣ℎt given

A∣ℎt−1 and we express (�∣ℎt−1 ,A∣ℎt−1) રM (�̂∣ℎt−1,A∣ℎt−1).

Notice that the continuation (mapping) �∣ℎt is different from �c(ℎt) (a linked

sequence of taxes).

Definition 6. Let � be a FP program and A an allocation mapping. We say that

� = (�,A) is a dynamic Condorcet winner equilibrium (DCWE) if:

(i) ∀ ℎt−1 ∈ Ht−1 with respective Δat, and for all �̂0 ∈ [−� l, � l]× [0, �k], let (�̂ , q̂)

be generated by �∣(ℎt−1,�̂0) . Then q̂ ∈ Γ(Δat, �̂).

(ii) ∀ ℎt−1 ∈ Ht−1 with respective Δat, and ∀ �̂∣ℎt−1 ∈ Π :

(�∣ℎt−1 ,A∣ℎt−1) રM (�̂∣ℎt−1,A∣ℎt−1)

Given a DCW equilibrium �, let is value Ψ(Δk0, �) de given by:

Ψ(Δk0, �) = U i(Δk0, �)∣i

Clearly, the continuation of a DCWE equilibrium is itself a DCW equilibrium.
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Given an initial distribution of wealth Δk0, the set of equilibrium payoffs is given

by:

V = {Ψ(Δk0, �)∣ � is a DCWE }

14 Competitive Equilibira Characterization

The characterization of competitive equilibria turns out to be crucial for the results

in this paper. In Lemma 13 we state the standard characterization in the Ramsey

literature.

Lemma 13: A sequence {cit, ait, lit}t≥0 with interior labor and consumption is a CE

allocation if and only if:

1. evaluated at the aggregate allocations, Ct +Kt+1 ≤ F (Kt, Lt) holds.

2. (1− �̄k)�Fkt+1u
i
ct+1
≤ uict ≤ �Fkt+1u

i
ct+1

3.
∑

t≥0 u
i
ctc

i
t = uic0(1− �k0)Fk0k

i
0 +

∑
t≥0 u

i
ct[(1− �lt)Fltlit + Tt]

4. 1−�
�

Lt
1−Lt

Ct
(1−)F (Kt,Lt)

∈ [1− �l, 1− � l]

where Tt = �ktFktKt + �ltFltLt

Proof: In Appendix B.

In the next Lemma we show that the each agent consumes a fixed proportion

of the aggregates. The proportion for each individual is given by the (after-tax)

present value of his endowments.
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Lemma 14: The necessary and sufficient conditions (1)-(4) in Lemma 13 are equiv-

alent to the existence of a function 'i : Θ→ ℝ+ such that:

1’ Ct +Kt+1 = F (Kt, Lt) with [cit, �
i − lit] = 'i[Ct, 1− Lt]

2’ (1− �̄k)�Fkt+1uct+1 ≤ uct ≤ �Fkt+1uct+1

3’ 'i = (1−�)
[
�
C0

(1− �k0)Fk0k
i
0 +

∑
t≥0

��t

Ct
((1− �lt)Flt ⋅ 1 + Tt)

]
and

∫
I '

idF (i) =

1

4’ 1−�
�

Lt
1−Lt

Ct
(1−)F �lt

∈ [1− �l, 1− � l]

where Tt = �ktFktKt + �ltFltLt

Proof: In Appendix B.

Because preferences are homothetic, Lemma 14 implies that, given taxes, two

economies having different distributions of initial wealth but with the same mean

will have the same aggregate outcomes in equilibrium. Clearly, the distribution

of ' in the economy will indeed depend on the distribution of the initial endow-

ments. Also notice that the distortions generated by marginal taxes are enclosed

in the aggregates that determine the function '. The next Lemma shows that in

any point in time the wealth of individual i is an affine function of his initial share �i.

Lemma 15: In any competitive equilibrium, ait = Kt − St + St�i for some St.

Proof: The necessary and sufficient conditions in Lemma 14 generate the following

wealth levels:
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��t

Ct
(1− �kt)rtait =

�t

1− �
'i −

∞∑
s=t

�s
�

Cs
[(1− �ls)Fls + Ts]

Since ki0 = �iK0, 'i is affine in �i and therefore ait is affine as well . Because∫
Θ a

i
tdF (i) = Kt, we have that ait = Kt − St + St�i for some St

Later we will show how St evolves over time.

For the next Lemma, it is worth to explicitly express 'i as a function of the

aggregates and the type itself. Given a interior CE, let Zt ≡ {Ct,Kt, Lt}. Then we

can express the individual share for type i as '({Zt, �t}t≥0, k
i
0).

Define:

'({Zt, �t}t≥n, ain) ≡ (1− �)

⎡⎣ �

Cn
(1− �kn)Fkna

i
n +

∑
t≥n

��t−n

Cn
((1− �ln)Fln + Tn)

⎤⎦

Since competitive equilibria are recursive, in the sense that a continuation of a

equilibrium is itself a competitive equilibrium, the following result it is not surprising:

Lemma 16: Given � = {�t}∞t=0, let "∗ = {{ci∗t , li∗t , ai∗t }i, C∗t , L∗t ,K∗t )}∞t=0 be an inte-

rior CE allocation. Then:

'({Z∗t , �t}t≥0, k
i
0) = '({Z∗s , �s}s≥n, ai∗n )

Proof: In Appendix B.
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Lemma 16 states that the continuation of a CE yields the same share for type i

when the economy starts at any time t > 0 with initial distribution of wealth Δat.

We use Lemma 4 to find a law of motion for St. Since the share of each type at time

zero is equal to the share at t evaluated at ait, we have:

�

C0
(1− �

k0
)r0K0(�i − 1) =

�

Ct
(1− �

kt
)rtSt(�i − 1)

Notice that the ”slope” of wealth distribution at time zero is K0.

Since ait = (Kt − St) + St�i, the share of individual i in the aggregate wealth at

time t is given by:

�it ≡
ait
Kt

= 1 +
St
Kt

(�i0 − 1)

Therefore, under the assumptions on primitives, the value of the median share

potentially changes over time, but the identity of the individual holding the median

share is constant over time.

15 Characterization of DCW Equilibria

We start this section by showing a version of the consensus result over sequences of

taxes presented in Chapter II. Roughly, the result says that, as long as heterogeneity

is one-dimensional and the individual shares are an affine function of that individual

characteristic, if the median voter prefers a sequence of taxes {�s}∞s=t̂ to {�̂s}∞s=t̂ ,

then at least 50% percent of the population also prefers {�s}∞s=t̂ to {�̂s}∞s=t̂.
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More precisely, suppose that the economy starts at date t with Δat given.

Consider also the endowment ait being an affine function of the characteristic �i0.

Under the assumptions on primitives, the previous characterization of competi-

tive equilibria shows that each individual share is affine in the characteristic �i0

as well. Using the notation of the previous section, given a sequence of taxes, let

Zt ≡ {Ct,Kt, Lt} be the outcome aggregate allocations at time t in the competitive

equilibrium. Then we can express the individual share for type i as '({Zs, �s}s≥t, ait).

Let V i({Zs, �s}s≥t, ait) be the present discount value of utility for type i in a compet-

itive equilibrium starting at time t, characterized by {Zs, �s}s≥t, when he has initial

endowment given by ait. The difference V i({Zs, �s}s≥t, ait) − V i({Ẑs, �̂s}s≥t, ait) can

be expressed as:

V i({Zs, �s}s≥t, ait)− V i({Ẑs, �̂s}s≥t, ait) = log

(
'({Zs, �s}s≥t, ait)
'({Ẑs, �̂s}s≥t, ait)

)
+

+ (1− �)
∞∑
s=t

�s−t
[
� log

(
Ct

Ĉt

)
+ (1− �) log

(
1− Lt
1− L̂t

)]
(18)

Agents in this economy evaluate the difference above by comparing the difference

in the (log of the) individual shares to the second term, which is not individual

specific. The next proposition shows that, for every {Zs, �s}s≥t and {Ẑs, �̂s}s≥t , the

following single-crossing property holds:

Proposition 5: Let Ξ the space of sequences {Zs, �s}s≥t that satisfies the conditions

in Lemma 14. Suppose that ait is an affine function of the individual specific
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characteristic �i0. Then, given any {Zs, �s}s≥t , {Ẑs, �̂s}s≥t ∈ Ξ, the functions

log
(
'({Zs, �s}s≥t, ait)

)
and log

(
'({Ẑs, �̂s}s≥t, ait)

)
cross exactly once at ait = Kt,

where:

'({Zs, �s}s≥t, ait) = 1 + (1− �)
�

Ct
(1− �

kt
)rta

i
t

Proof: See proof in Chapter II.

Using Proposition 5 and Lemma 15, we have the following characterization of

dynamic Condorcet winner equilibria.

Proposition 6: Take a pair (�,A) consisting of a allocation mapping and a FP

program. Then (�,A) is a DCW if and only if:

1. ∀ ℎt−1 ∈ Ht−1 with respective Δat , and for all �̂0 ∈ [−� l, � l] × [0, �k], let

(�̂ , q̂) be generated by �∣(ℎt−1,�̂0) . Then q̂ ∈ Γ(Δat, �̃).

2. ∀ ℎt−1 ∈ Ht−1, and ∀ �̂∣ℎt−1 ∈ Π :

Um(Δat, �∣ℎt−1) ≥ Um(Δat, �̂∣ℎt−1 ,A∣ℎt−1)

Proof: (If) Consider some arbitrary history ℎt−1. The outcome path of �∣ℎt−1

is a competitive equilibrium and, by Lemma 3, it yields a distribution of wealth

Δat which is affine in �i0. Given Δat, then by the single crossing property , if

Um(Δat, �∣ℎt−1) ≥ Um(Δat, �̂∣ℎt−1 ,A∣ℎt−1) we have that U i(Δat, �∣ℎt−1) ≥ U i(Δat, �̂∣ℎt−1 ,A∣ℎt−1)

either by all �i ≤ �m or all �i ≥ �m. This implies (�∣ℎt−1 ,A∣ℎt−1) રM (�̂∣ℎt−1,A∣ℎt−1).
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Since the history ℎt−1 was arbitrary, conditions 1 and 2 in the statement imply

that (�,A) is a DCW.

(Only If) Let {Zs, �s}s≥t be the outcome path of taxes and aggregates generated

by �∣ℎt−1 and {Ẑs, �̂s}s≥t the respective outcome generated by �̂∣ℎt−1 ,A∣ℎt−1 .Suppose

that (�,A) is a DCW and that condition 2 does not hold at some history ℎt:

Um(Δat, �∣ℎt−1) < Um(Δat, �̂∣ℎt−1 ,A∣ℎt−1)

This can be rewritten as:

log('({Zs, �s}s≥t, amt ))− log('({Ẑs, �̂s}s≥t, amt )) > V ({Ẑs, �̂s}s≥t)− V ({Zs, �s}s≥t)

By the single-crossing property, since the median type prefers one to the other,

more than the majority supports the alternative path, which contradicts (�∣ℎt−1 ,A∣ℎt−1) રM

(�̂∣ℎt−1,A∣ℎt−1)

Proposition 6 simplifies to a great extent the task of checking the requirements

for a DCW. In particular, condition 2 in the definition of a DCW can be replaced

without loss of generality in this economy by the second condition in Proposition

6. Therefore the condition that the continuation �∣ℎt defeats by majority any other

plan, given the individual decisions of agents, is replaced by a time-consistent re-

quirement. Moreover, time-consistency is evaluated at the median’s allocation on
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the outcome path given the distribution of wealth after any history of taxes.

As a byproduct of Proposition 6, DCW equilibria in the economy considered here

is equivalent to sustainable equilibrium (as in Chari and Kehoe (1990) and Phelan

and Stacchetti (2001)) in which the government sets redistributive fiscal policy and

assigns welfare weight equal to one to the median type.

In the last section of the appendix we show that the aggregate allocations are

bounded in any competitive equilibrium. Given discounting, this fact allow us to

restrict attention to one shot deviations from the candidate equilibrium � ∈ Π.

Definition: A FP program �̃∣ℎt−1 ∈ Π is an one-shot deviation (OSD) from program

�∣ℎt−1 ∈ Π at ℎt−1 ∈ Ht−1 if:

1. �̃t∣ℎt−1 ∕= �t∣ℎt−1 ; and

2. �̃s−1∣ℎt−1(ℎs) = �s−1∣ℎt−1(ℎs) for all ℎs, s > t.

Definition: A one-shot deviation (OSD) �̃∣ℎt−1 ∈ Π is profitable at ℎt−1 ∈ Ht−1 if,

by holding A∣ℎt−1 fixed, we have:

Um(Δat, (�̃∣ℎt−1 ,A∣ℎt−1) > Um(Δat, �∣ℎt−1 ,A∣ℎt−1)

Corollary In a DCWE, condition 2) is equivalent to:

∀ ℎt−1 ∈ Ht−1, does not exist a profitable OSD �̂∣ℎt−1 ∈ Π from �∣ℎt−1 at ℎt−1 ∈ Ht−1
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16 Existence of Equilibrium - Log case and full depre-

ciation

We will show an equilibrium in which, for all ℎt−1, �t(ℎ
t−1) = (�kt, �

∗
l ) for some

�∗l . Moreover, the assumptions that both utility is logarithm and full depreciation

allow us to get close form solutions. In order to show this equilibrium , first we

characterize CE for policies in which �kt = �k ∀t.

Lemma 17: Suppose that utility is logarithm, � = 1 and �kt = �k ∀t. The CE given

{�kt, �lt}∞t=0 and initial distribution Δk0 is given by:

1. Cit = 'iCt, 1− lit = 'i(1− Lt)

2. Ct = (1− �(1− �k))F (Kt, Lt)

3. Kt+1 = �(1− �k)F (Kt, Lt)

4. Lt is the unique solution to Lt
1−Lt = �(1−)(1−�lt)

(1−�(1−�k))(1−�)

5. 'i = 1 + (1− �)[ �Ct (1− �kt)FktSt(�
i − 1)]

where St evolves according �
C0

(1− �
k0

)Fk0K0(�i − 1) = �
Ct

(1− �
kt

)FktSt(�i − 1).

Next, consider some history ℎt with (Kt,St) given. Imagine the situation of the

median type choosing her best current tax on wealth and a sequence of constant
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taxes on labor given that future taxes on wealth are given by �k (and that the

continuation of the allocation plan is given by the rule in Lemma 6 above with

�ks = �k ∀s > t and labor taxes constant).

Given that the continuation of both the FP program and the allocation, labor

is fixed over time. Then the problem reduces to:

max
�kt,�l

log

(
1 + (1− �)

�

Ct
(1− �

kt
)FktSt(�m − 1)

)
+(1−�)

[ ∞∑
s=t

�s−t� log(Cs) + (1− �) log(1− Ls)

]

s.t.

⎧⎨⎩

Ls = L =  
1+ ∀s ≥ t,  ≡

�(1−)(1−�l)
(1−�(1−�k))(1−�)

Ks = [�(1− �k)L1− ]1++2+...+s−1
Ks

t

Cs = [1− �(1− �k)]F (Kt, Lt)

Kt, St given

In the problem above, the choice of �kt only affects the share for the median

type. The choice of �l implies a choice for labor Ls = L for all s ≥ t. Using the

constraint set, the return function becomes (up to a constant):

log

(
1 + (1− �)

�(1− �k)

1− �(1− �k)

St
Kt

(�m − 1)

)
+

[
�(1− ) log(L) +

��(1− )

1− � log(L) + (1− �) log(1− Ls)
]

The best choice of �kt is to set wealth taxes at the upper bound. The (constant)

labor tax that maximizes the return function is � triggerl = −�k�
1−� . Notice that � triggerl
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corrects the intratemporal distortion completely when capital taxes are set in the

upper bound.

Now consider a slightly different problem given history ℎt ((Kt,St) given): choose

(�kt, �lt) given that future taxes are (�k,�
trigger
l ) in all periods in the future.

The return function(up to a constant) is given by:

log ('m)+(1−�)
[
� log(L1−

t ) + (1− �) log(1− Lt)
]
+�[� log(K

t+1)]+�2[� log(K
t+2)]+...

where

Kt+1 = [�(1− �k)KtL
1−
t ]

Kt+2 = [�(1− �k)]K
t+1L

1−
t+1 = [�(1− �k)]1+K2

t L
(1−)

t L1−

Kt+2 = [�(1− �k)]1++3K3
t L

(1−)
2

t
t L(1−)1+

where L is determine by � triggerl

Then we can rewrite the return function as:

log ('m)+(1−�) [�(1− ) log(Lt) + (1− �) log(1− Lt)]+�
∑
s≥t+1

�s−t[log((L1−
t )

s−(t+1)
)]

or after some little work:

log ('m) + (1− �) [�(1− ) log(Lt) + (1− �) log(1− Lt)] + log(Lt)�
[
�(1− ) + �2(1− ) + �3(1− )2 + ...

]
log

(
1 + (1− �)

�(1− �k)

1− �(1− �k)

St
Kt

(�m − 1)

)
+

[
�(1− ) log(L) +

��(1− )

1− �
log(L) + (1− �) log(1− Ls)

]

as before. Therefore, given future taxes and allocations driven by the ”expecta-

tion” than taxes will be (�k,�
trigger
l ) in all periods in the future, the best choice for

the median type at time t is indeed (�kt, �lt) = (�k,�
trigger
l ).
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Lemma 18: The following �trigger is a DCWE:

∙ Fiscal Policy Program �trigger: ∀ ℎt−1 ∈ Ht−1, �kt(ℎ
t−1) = �k and �lt(ℎ

t−1) =

� triggerl ≡ −�k�1−� .

∙ Allocation planAtrigger: ∀ ℎt−1 ∈ Ht−1, given inherited Δat,∀ (�̂l, �̂k) ∈ [−� l, � l]×

[0, �k] :

1. Lt(ℎ
t) solves L

1−L = �(1−)(1−�̂l)
(1−�(1−�k))(1−�)

2. Ls(ℎ
s) solves L

1−L =
�(1−)(1−� triggerl )

(1−�(1−�k))(1−�) for all s > t

3. Ct(ℎ
t) = [1− �(1− �k)]F (Kt(ℎ

t), Lt(ℎ
t))

4. Kt+1(ℎt) = �(1− �k)F (Kt(ℎ
t), Lt(ℎ

t))

5. cit(ℎ
t) = 'iCt(ℎ

t), 1− lit(ℎt) = 'i(1− Lt(ℎt))

6. 'i = 1 + (1− �) �
Ct(ℎt)

(1− �̂k)FktSt(�i − 1)

Proof: We use the OSD result.First, given future policies and allocation plan, we

just have shown above that the best choice for the median type, after any history,

is to set (�kt, �lt) = (�k,�
trigger
l ). Therefore there is no profitable OSD evaluated at

median’s utility. Finally, for all (�̂l, �̂k) ∈ [−� l, � l] × [0, �k], the continuation of the

allocation plan is a CE given taxes generated by �

Given �trigger and history ℎt−1 with (Kt,St)(ℎt−1), denote by V m,trigger(Kt,St)

the value of the utility for the median type under �trigger∣ℎt−1 .
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Proposition 7: Let x∗ = {Ct, Lt,Kt,St}∞t=0. Then x∗ is the outcome of a DCWE

if:

1. x∗ is a CE at time zero.

2.
∑∞

s=t(1− �)�s−tum(xs) ≥ V m,trigger(Kt,St) for all s ≥ 0.

Proof: Suppose we have such a sequence x∗. Then we construct a equilibrium that

sets x∗ as the equilibrium path (taxes calculated from x∗ as usual) and that calls for

reversion to �trigger if a deviation occurs in any history. Using the condition, such

a sequence is the outcome of a DCWE.

17 Commitment Solution is an Outcome of a DCW

Neglecting the bounds on labor tax, under commitment the best tax sequence for

the median type is given by:

max
�k0,C,L,K

1

1− �
log

(
1 +

�

C0
(1− �)F (K0, L0)(�m − 1)

)
+

∞∑
t=0

�t[� log(Ct)+(1−�) log(1−Lt)]

s.t.

⎧⎨⎩
Ct +Kt+1 ≤ F (Kt, Lt)

Ct+1 ≥ �(1− �k)Fkt+1Ct t ≥ 0

Let �t and  t be the multiplier associated with the first and second constraint

respectively .

Lemma 19: Let L =
�(1−� l)

(1−� l)+(1−�)� l
. If
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(1− �k)(1− �m)
�(1−L)

(1−�)L
+ (1− �k)(1− �m)(1− �(1− �))

< �k

then  t = 0 for all t in the solution to the problem above.

Proof: In Appendix B.

Using the lemma above, we have that the sequence of taxes {�∗t }t≥0 in the

commitment solution is:

1. �∗k0 = �k, 0 < �∗k1 =< �k, �
∗
ks = 0 s ≥ 2

2. �∗l0 < 0, �∗ls = 0 s ≥ 1

The aggregates in the CE generated by {�∗t }t≥0 are:

1. C0 = 1−�
1−��∗k1

F (K0, L0), K1 =
�(1−�∗k1)
1−��∗k1

F (K0, L0)

2. Cs = (1− �)F (Ks, Ls), Ks+1 = �F (Ks, Ls) s ≥ 1

3. L0 solves L0
1−L0

=
�(1−)(1−�∗l0)

1−�
1−��∗

k1
(1−�)

4. Ls solves Ls
1−Ls = �(1−)

(1−�)(1−�) for s ≥ 1.
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Claim: In the outcome path of the commitment solution, under condition of Lemma

19, we have:

S1

K1
=

(1− �k)(1− ��∗k1)

1− �∗k1

,
St
Kt

= (1− �k)(1− ��∗k1)

Proof: Along the path of any CE we have:

�(1− �k0)Fk0K0

C0
=
�(1− �kt)FktSt

Ct
∀ t

Given the characterization of aggregates above we get the claim

Proposition 8: If preferences are logarithm and � = 1, there exists �∗ ∈ (0, 1) such

that the solution to the median voter’s problem under commitment is the outcome

of a DCW.

In order to check that the commitment solution is an outcome of a DCW, we

use Proposition 7. For t ≥ 1, Ltrigger = L∗t and:

Vm(K∗
t ,S∗t )− Vm,trig(K∗

t ,S∗t ) = log

(
'm

'm,trigt

)
+ � log

(
1− �

1− �(1− �k)

)
−

��

1− �
log(1− �k)

Also 'm,trig1 > 'm if � < 1, with equality if � = 1. The last term in the

expression above, g(�), is such that g(0) = 0 and g′(�) > 0. Therefore ∃ �̂ < 1

such that the difference is positive. Similar reasoning remains for the condition 2)

in Proposition 7 at t = 2.
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Part IV

Appendix A: proofs of Chapter II

17.1 Proof of Lemma 1:

Here we prove the sufficiency of conditions (1)-(3). First, use the function '(⋅) and

Z to construct the individual consumption and labor allocations.

Set after-tax prices as:

p(st) = �tPr(st)UCEc (st) = �tPr(st)E(')�/C(st), p(s0) = �/C0

p(st)w(st)(1− �l(st)) = �tPr(st)E(')(1− �)/(1− L(st))

And

r(st) = Fk(s
t), w(st) = FL(st), p(st) =

∑
st+1

p(st+1)R(st+1)

If 0 < '(�)
E(') ≤

�
1−L(st) for all st, then one can check, using the solution to the static

problem, that the following necessary first order conditions are met for all st and

l ∈ [0, 1]:

[
Ul(c

∗(st; �), 1−l∗(st; �)/�)+Uc(c∗(st; �), 1−l∗(st; �)/�)
(
w(st)(1−�l(st))

)]
[l−l∗(st; �)] ≤ 0

The transversality condition (Tvc) limt→∞
∑

st p(s
t)k(st; �) = 0 is satisfied because

it can be shown that individual capital allocations are an affine function of the ag-

gregate capital stock. At the equilibrium prices, the Tvc is met, since the aggregate

allocations are bounded in the product topology. Finally, using 10, we can get the
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budget constraint back. Condition (2) in the competitive equilibrium definition is

satisfied by construction. As usual, the government budget constraint can be re-

covered using a version of the Walras’ law. Taxes on capital can be constructed in

many ways, and taxes on labor are constructed using the definition of prices and

w(st) = FL(st) ■

17.2 Proof of Lemma 2:

Let Ξ̃ be the set of allocations Z ≡ ({C(st), L(st),K(st)}t≥0, T ≤ 0, �k0) with ag-

gregate labor allocation bounded away from zero, the resources constraint satisfied

for all periods, and the Euler equation satisfied with weak inequality.

For any Z ∈ Ξ̃, let L(Z) ≡ inf{L(st)}t≥0 and define �(Z) to be the solution to:

inf � s.t.

⎧⎨⎩
� ∈ [0, 1]

'(Z; �) < 1
1−L(Z)

Claim: �(Z) is bounded away from 1 for all Z ∈ Ξ̃.

Proof of the claim: Because of the linearity of '(⋅) in types, it follows that '(Z; � =

1) = 1. {L(st)}t≥0 is bounded away from zero, and therefore 1
1−L(Z) ≥

1
1−� for some

� > 0. The claim follows.

Define �̂ ≡ sup {�(Z) : Z ∈ Ξ̃}. Because of the claim above, �̂ < 1. Then it is

straightforward to check that �̂ has the property stated in the Lemma. In particular,

if �(Z) satisfies the second constraint in the inf problem above, then it satisfies that

constraint for all L(st) ⊆ Z) □
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17.3 Proof of Lemma 3:

If the statement is not true, then in the solution to P (M) we have T ∗ > 0. The

value of the program P (M) can be written as:

P (M) =
1

1− �
log('(Z∗, �m)) + V (Z∗)

where '(Z∗; �m) and V (Z∗) are given by (10) and the last part of (11) respectively,

evaluated at Z∗.

Now fix T̂ = 0. For any Ẑ ∈ Ξ with T̂ = 0

'(Z; �m) = (1− �)�m
[
�

Ĉ0

R̂0
(k)

�m
+

�

Ĉ0

R̂0(K−1 − k) + ÛL

]
= �m + "(Ẑ)

for some "(Ẑ) > 0. The last line comes from the constraint (MKT), �m < 1 and

k > 0.

Next, define the feasible allocation Ẑ ∈ Ξ with T̂ = 0 as:

Ẑ ∈ argmax{C,L,K,�k0}V (Z)

s.t. =

⎧⎨⎩

C(st) +K(st) ≤ F
(
L(st),K(st−1), st

)
+ (1− �)K(st−1) ∀st (RC);

1
C(st) ≥ �

∑
st+1

Pr(st+1∣st) [1+(1−�)(Fk(st+1)−�)]
C(st+1) , ∀st (UB);

(1− �)
[
�
C0
R0k−1(�) + �UL

]
≥ 0 (NN);

�k0 ≤ � , K−1 given

Clearly, the constraint NN will never bind. Therefore the value of Ẑ in terms of
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utility is given by:

P̂ (Z) =
1

1− �
log(�m+"(Ẑ))+

{
max

{C,L,K,�k0}∈(RC,UB,�k0≤�)
V (Z)

}
=

1

1− �
log(�m)+V (Ẑ)

Then, since Z∗ solves P (M), we have that:

P (Ẑ)−P (M) =
1

1− �

[
log(�m + "(Ẑ))− log

(
(1− �)

(
�

C∗
0

(R∗
0(k + (K−1 − k)�m))− T ∗ + �mUL∗

))]
+

+ V (Ẑ)− V (Z∗) ≤ 0

By definition of Ẑ it must be the case that V (Ẑ)− V (Z∗) ≥ 0. In addition notice

that �m > (1 − �)
(
�
C∗

0
(R∗0(k + (K−1 − k)�m))− T ∗ + �mUL∗

)
. If not, we would

have

�m ≤ (1− �)(
�

C∗0
(R∗0(k + (K−1 − k)�m))− T ∗ + �mUL∗)

or

�m
[
1− (1− �)UL∗ − (1− �)

�

C∗0
R∗0(K−1 − k)

]
≤ (1− �)

[
−T ∗ +

�

C∗0
(R∗0k)

]

Condition (4) in Lemma 2 implies that (1−�)( �
C∗

0
(R∗0(k+(K−1−k))−T ∗+UL∗) =

1. Replacing this condition in the inequality above yields:

�m(1− �)(−T ∗) ≤ (1− �)(−T ∗)

But since T ∗ > 0 the above inequality implies �m ≥ 1, a contradiction. There-

fore, �m > (1 − �)
(
�
C∗

0
(R∗0(k + (K−1 − k)�m)− T ∗) + �mUL∗

)
. This last strict

inequality implies P (Ẑ)− P (M) > 0, a contradiction ■
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17.4 Proof of Lemma 4:

Proof. The following slightly modifies the proof in Bassetto and Benhabib (2006).

If the claim is not true, then {C∗(st),K∗(st)}st>st̃ does not satisfy the first order

conditions in the following problem:

max
{C(st),K(st)}

st>st̃

∑
st>st̃

�t Pr(st)
[
� log(C(st)) + (1− �) log(1− L(st))

]

s.t. =

⎧⎨⎩

C(st) +K(st) + g(st) ≤ F
(
L(st),K(st−1), st

)
+ (1− �)K(st−1) for all st > st̃

1
1−� = E(W̃0(�, T, �k0)) �

C0
+ UL

K∗(st̃), K−1, T ∗, �k0 and {L∗(st)}st>st̃ given

Then it follows there must be an alternative allocation {Ĉ(st), K̂(st)}st>st̃ satisfying

the constraints above that yields a higher value for the return function.

Let st ⊁ st̃ with t > t̃ denote a history st that does not follow the history st̃.

Since the utility for the median type is increasing in the value of the utility for

the mean type, it follows that {Ĉ(st), K̂(st)}st>st̃ and K−1, T ∗, �k0, {L∗(st)}t≥0,

{C∗(st),K∗(st)}t<t̃ and {C∗(st),K∗(st)}st⊁st̃ is a feasible allocation for the median

voter’s problem that improves the objective function, a contradiction

17.5 Proof of Lemma 5:

Proof. By Lemma 4 constraint (NN) can be disregarded. Let � be the multiplier

associated with the constraint on �k0. Then the Foc for �k0 generates:

(1− �m)

'(�m)
= �

C0

�(K−1 − k)
1

(Fk0 − �)
(19)
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Therefore � > 0, which implies that there is a corner solution for �k0. Next, define

R0 = 1 + (1 − �̄)(Fk0 − �). The first order conditions without considering the

conditions in (UB) imply:

1

C2
0

R0(K−1 − k)
(1− �m)

'(�m)
+

1

C0
= �E

[
1− � + Fk(s

1)

C(s1)
∣ s0

]
Constraint (UB) at s0 is satisfied when:

1

C2
0

R0(K−1 − k)
(1− �m)

'(�m)
− E

[
�(Fk(s

1)− �)
C(s1)

∣ s0

]
≤ 0 (20)

Because of the log utility function on consumption, any solution will have C∗0 > 0

regardless the size of K−1−k ≥ 0. From Lemma 3 we have that �m < '(Z∗, �m) <

1. Therefore the above holds when � = 0 and K−1−k is arbitrarily close to zero.As

it is well known from Chari and Kehoe (1999), the process for taxes on capital

income as a function of implementable allocations is not uniquely determined. In

particular, as in Werning (2006), one such process can be constructed by:

1 + (1− �k(s1))(Fk(s
1)− �)

1− � + Fk(s1)
=

Uc(s0)

Vc0(�m, Z)

Vc1(�m, Z)

Uc(s1)
for all s1

where V (⋅) stands for the objective function in the median voter’s problem. Then

using (19) the expression yields:

1 + (1− �k(s1))(Fk(s
1)− �)

1− � + Fk(s1)
=

1/C0[
� R0
�C0(Fk0−�)

]
+ 1/C0

for all s1

Clearly, the above equation implies that 1+(1−�k(s1))(Fk(s
1)−�) < 1−�+Fk(s

1),

and in turn that �k(s
1) > 0 for all s1. This proves the second line.

Finally, the Foc’s without considering UB satisfy the constraint for all t ≥ 2.

Furthermore, the implied taxes on capital returns are zero
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17.6 Median Voter Result and Characterization in the General

Case

As in the main part of the paper, set '(�) ≡ 1/�(�), where �(�) is the multiplier

related to the present value budget constraint of type �.

Working with the first order conditions with respect to individual consumption

and labor yields:

c(st, �) =
�

−(1−�)(1−�)
� '1/�(�)∫

Θ �
−(1−�)(1−�)

� '1/�(�)f(�)d�
C(st) = !c(�)C(st)

1− l(st, �)

�
=

�
�(1−�)−1

� '1/�(�)∫
Θ �

−(1−�)(1−�)
� '1/�(�)f(�)d�

[1− L(st)] = !L(�)[1− L(st)]

and

p(st) = �Φ�[C(st)�(1− L(st))1−�]−�
[

C(st)

1− L(st)

]�−1

p(st)w(st)(1− �l(st)) = (1− �)Φ�[C(st)�(1− L(st))1−�]−�
[

C(st)

1− L(st)

]�
where Φ =

∫
Θ �

−(1−�)(1−�)
� '1/�(�)f(�)d�.

Let UCE(C(st), L(st);') =
[C(st)�(1−L(st))1−�]

1−�

1−� . As in the logarithmic case,

replacing prices and individual allocations in the budget constraint for each agent �

yields:

∑
t

�tPr(st)!c(�)�(1− �)UCE(C(st), L(st)) = UCEc0 W̃0(�, T, �k0)

+
∑
t

�tPr(st)(1−�)
[
C(st)�(1− L(st))1−�

]−� ( C(st)

(1− L(st))

)�
�
[
1− !L(�)

(
1− L(st)

)]
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Let UL =
∑

t �
tPr(st)u

(
C(st), 1− L(st)

)
(1−�)(1−�)

1−L(st) , then we can write

(1− �)!c(�)
∑
t

�tPr(st)UCE(C(st), L(st)) = UCEc0 W̃0(�, T, �k0) + �UL

Where we have used the fact that !c(�) = �!L(�), then

(1− �)
'(�)1/�

Φ
�

−(1−�)(1−�)
� V (Z) = UCEc0 W̃0(�, T, �k0) + �UL

where V (Z) =
∑

t �
tPr(st)UCE(C(st), L(st)).

Therefore

'(�)1/�

Φ�
−(1−�)(1−�)

�

=
[UCEc0 W̃0(�, T, �k0) + �UL]

(1− �)V (Z)
≥ 0 (21)

The utility of any agent in a particular competitive equilibrium is given by:

V (Z; �) =

∑
t �

tPr(st)
{

[!c(�)C(st)]�[!L(�) (1− L(st))]1−�
}1−�

1− �
=

(
!c(�)

�!L(�)1−�
)1−�

Φ�
V (Z)

but notice that
(
!c(�)

�!L(�)1−�)1−� = '(�)
1−�
�

Φ1−� �−
(1−�)(1−�)

� . So we have:

V (Z; �) =
'(�)

1−�
�

Φ
�−

(1−�)(1−�)
� V (Z) (22)

Finally, substituting (21) into (22) generates

V (Z; �) =
[UCEc0 W̃0(�, T, �k0) + �UL]1−�

�(1−�)(1−�)[(1− �)V (Z)]1−�
V (Z) (23)
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Given two competitive equilibrium allocations Z, Ẑ ∈ Υ, type � prefers Z to Ẑ iff

V (Z; �) ≥ V (Ẑ; �), or alternatively, log(V (Z; �)/V (Ẑ; �)) ≥ 0.

Equation (23) can be used to compute the ratio V (Z; �)/V (Ẑ, �) as

V (Z; �)

V (Ẑ; �)
=

(
[UCEc0 W0(�, T, �k0) + �UL]

[ŨCEc0 W0(�, T̂ , �̂k0) + �ÛL]

)1−� (
Φ̂V (Z; �)

ΦV (Ẑ; �)

)�
Proposition 1.1: (MVT - Inequality in both labor skills and initial wealth)

Suppose the initial wealth is an affine function of skills, i.e., k0(�) = �1 + �2�.

Consider any Z, Ẑ ∈ Ξ. If �m ∈ SZ,Ẑ , then either [�, �m] ⊆ SZ,Ẑ or [�m, �] ⊆ SZ,Ẑ .

Proof. W0(T̂ , �̂k0) can be written as W0(T̂ , �̂k0) = a + R�2�. Then consider the

following derivative

∂ log
(
V (Z;�)

V (Ẑ;�)

)
∂�

= (1− �)

[
UL+ �2RU

CE
c0

[UCEc0 W0(T, �k0) + �UL]
− ÛL+ R̂�2Û

CE
c0

[ÛCEc0 W0(T̂ , �̂k0) + �ÛL]

]

= (1− �)

[
âÛCEc0 (UL+R�2U

CE
c0 )− aUCEc0 (ÛL+ R̂�2Û

CE
c0 )

[UCEc0 W0(T, �k0) + �UL][ÛCEc0 W0(T̂ , �̂k0) + �ÛL]

]

Therefore, as in the log case, the sign of the derivative does not depend on �.

17.6.1 Characterization

The objective function for the median voter problem is given by:

V (Z, �m) = V (Z)

{
uc0[W̃0(�m, T, �k0)− E[W̃0(�, T, �k0)]] + (�m − 1)UL+ (1− �)V (Z)

[(1− �)V (Z)]

}1−�

(24)

where V (Z) =
∑

t �
tPr(st)UCE(C(st), L(st)) and UL =

∑
t �

tPr(st)u

(
C(st), 1 −

L(st)

)
(1−�)(1−�)

1−L(st) .
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In the general case, problem P(M) becomes:

max
{C,L,K,T,�0}

V (Z, �m)

s.t.

⎧⎨⎩

C(st) +K(st) + g(st) ≤ F
(
L(st),K(st−1), st

)
+ (1− �)K(st−1) (RC);

Uc(s
t) ≥ �

∑
st+1

Pr(st+1∣st)Uc(st+1)[1 + (1− �)(Fk(st+1)− �)] (UB)

UCEc0 [W̃0(�, T, �k0)− E[W̃0(�, T, �k0)]] + (� − 1)UL+ (1− �)V (Z) ≥ 0 (NN)

(1− �)V (Z) = UCEc0 E[W̃0(�, T, �k0)] + UL

�k0 ≤ �

The return function in the problem above can be written as V (Z, �m) = [�(Z, �m)]1−�V (Z),

where �(Z, �m)1−� is the first part of (24):

�(Z, �m) ≡ Uc0[W̃0(�m, T, �k0)− E[W̃0(�, T, �k0)]] + (�m − 1)UL+ (1− �)V (Z)

(1− �)V (Z)

It can be shown that the partial derivatives are given by:

V̂C(st) = �tPr(st)[�(Z, �m)]1−�
{

(1− �)

�(Z, �m)

[
(�m − 1)(1− �)

1− L(st)
+ 1

]
+ �

}
Uc(s

t) (25)

V̂L(st) = �tPr(st)[�(Z, �m)]1−�
{

(�m − 1)[(1− �)(1− �)− 1]

[1− L(st)]�(Z, �m)
+

1− �
�(Z, �m)

+ �

}
UL(st) (26)

With some abuse of notation, let:

a(st) = [�(Z, �m)]1−�
{

(1− �)

�(Z, �m)

[
(�m − 1)(1− �)

1− L(st)
+ 1

]
+ �

}
, b(�m) =

−(�m − 1)

(1− L(st))�(Z, �m)

Lemma 9: If �m < 1 then in any solution to P(M) we have �m ≤ �(Z, �m) < 1.

Proof. Clearly �(Z, �m) < 1 when �m < 1, so we only need to show that �m <

�(Z, �m). First, without lost of generality assume that b0(�) = 0∀�. ThenW0(�, T, �k0) =
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k + (K0 − k)� − T because R0 = 1 at the optimum. As in the proof of Lemma

4, in the solution to median voter problem (with �m < 1) we have T ≤ 0. Then it

must be true that:

0 ≤ Uc0 [−(�m − 1)k + (�m − 1)T ]

= Uc0 [(�m − 1)(K0 − k)− (�m − 1)K0 + (�m − 1)T ]

= Uc0 [W0(�m, T, �k0)− E[W0(�, T, �k0)]]− (�m − 1)Uc0E[W0(�, T, �k0)]

= Uc0 [W0(�m, T, �k0)− E[W0(�, T, �k0)]]− (�m − 1)
[
Uc0E[W0(�, T, �k0)] + UL

]
+ (�m − 1)UL

= Uc0 [W0(�m, T, �k0)− E[W0(�, T, �k0)]]− (�m − 1)(1− �)V + (�m − 1)UL

Where (1 − �)V = Uc0E[W0(�, T, �k0)] + UL from the MKT constraint. The

last inequality can be written as

Uc0 [W0(�m, T, �k0)− E[W0(�, T, �k0)]] + (�m − 1)UL ≥ (�m − 1)(1− �)V

or,

Uc0 [W0(�m, T, �k0)− E[W0(�, T, �k0)]] + (�m − 1)UL

(1− �)V
+ 1 ≥ �m

But the left hand side of the last inequality is simply �(Z, �m).

Lemma 10: If �m < 1 and 1 < � ≤ 1
1−�m , then in any solution to P(M) we have

a(st) > 0 for all st.

85



Proof. First, consider the case � > 1. a(st) is greater than zero as long as:

(1− �)

�(Z, �m)

[
(�m − 1)(1− �)

1− L(st)
+ 1

]
+ � > 0

or

(�m − 1)(1− �)

1− L(st)
+ 1 <

��(Z, �m)

� − 1

Since (�m−1) < 0 the inequality above is indeed true as long as � ≤ 1
1−�(Z,�m) . But

since by Lemma 9 1
1−�m < 1

1−�(Z,�m) , � ≤ 1
1−�m is a sufficient condition

Lemma 11(The Bang-Bang Property:) Assume 1 < � ≤ 1
1−�m . In the solution

for the median voter’s problem, if there exists t̃ such that the implied tax �k(s
t̃) < �

for all st̃ then

UC(st) = �
∑
st+1

Pr(st+1∣st)UC(st+1)[1 + F ∗k (st+1)− �] ∀ t ≥ t̃

and therefore �k(s
t̃) = 0 for all t ≥ t̃.

We omit the proof here, since it uses the same reasoning as the proof of Lemma

5. The key element of the proof is that the return function in the median voter’s

problem is increasing in both aggregate consumption and leisure when 1 < � ≤

1
1−�m .

Lemma 12:(The Capital Tax Result) Suppose 1 < � ≤ 1
1−�m , �m < E(�) = 1,

k0(�) = k + (K0 − k)� with K0 − k > 0, and b0(�) = b̂0 ∀ � ∈ Θ. Then there
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exists t̂ > 1 such that

�k(s
t) =

⎧⎨⎩

� = 1 for t < t̂

0 ≤ �k(st) < �̄ for t = t̂

0 for all st such that t > t̂

The proof is standard, dating from the original work of Chamley (1986). The

condition 1 < � ≤ 1
1−�m ensures that the median voter’s value function is increasing

in aggregate consumption, and therefore it cannot be the case that the constraint

UB is always binding when there is discounting. Otherwise the standard reasoning

would not apply.

Proposition 4. (Labor Tax Result) Suppose � ≤ 1
1−�m and �m < E(�). Then

there exists t̂ > 1 such that, for t ≥ t̂:

1. 0 < �l(s
t) < 1.

2. �l(s
t) depends on st only through L(st).

3. �l(s
t) is strictly increasing in [1− �m].

Proof. Case 1: 1 < � ≤ 1
1−�m

Because of Lemma 12, and since (NN) is not binding, the first order condition

with respect to labor is (for t ≥ t̂):

−VLt(Z; �)

Vct(Z; �)
= FL(st) (27)
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¿From the CE we know that

1− �l(st) = − UL(st)

FL(st)Uc(st)

Combining the last two equations and using (25) and (26) generates

1− �l(st) =
a(st)

a(st) + b(�m)

Thus, if 1 < � ≤ 1
1−�m , by Lemma 10 we have a(st) > 0, and therefore 0 <

1− �l(st) < 1 for all st.

Case 2: 0 < � < 1.

Suppose that the constraint UB is not binding for all t ≥ t̂. Later we will check

that constraints. We can write �l(s
t) as:

�l(s
t) =

−(�m − 1)

(�m − 1)[(1− �)(1− �)− 1] + [1− L(st)][(1− �) + ��(Z, �m)]
(28)

Which implies that �l(s
t) > 0 when 0 < � < 1. In this case, �l(s

t) < 1 follows from

the intratemporal first order condition in the competitive equilibrium. Otherwise,

the marginal productivity of labor should be negative.

Next we claim that, if �m < 1 and 0 < � < 1 then a(st) > 0 for all st.

First, notice that �l(s
t) < 1 implies that a(st) and a(st) + b(�m) must have the

same sign. b(�m) > 0 with �l(s
t) > 0 implies the claim. Finally, since a(st) > 0 for

all t ≥ t̂, constraint UB is not binding for high enough t
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17.7 Numerical Algorithm

We numerically approximate the solution to the following problem:

max
!c(�m),C,L,K

(
!c(�

m)

�m1−�

)1−�∑
t,st

�tPr(st)

[
C(st)�(1− L(st))1−�]1−�

1− �

s.t.

⎧⎨⎩

!c(�
m) ≤ 1 +

(�m−1)
∑
t,st �(st)UL(st)

(1−�)V (Z)

Resource constraint

non-negativity constraints

L(st) ≤ 1

where

UL(st) ≡ �tPr(st)

(
C(st)�(1− L(st))1−�

)1−�
(1−�)

1−L(st)

and

V (Z) ≡
∑
t,st �

tPr(st)
[C(st)�(1−L(st))1−�]1−�

1−� .

A straightforward extension of Lemma 9 in order to allow for stochastic labor

skills shows that, in the solution to the problem above, !c(�
m) ∈ [�m, 1). Let �

be the multiplier related to the first constraint above, which clearly binds in the

solution. Let �(st) be the multiplier on the resource constraint at history st. Then

the Lagrangean is given by:

ℒ =
∑
t,st

Pr(st)�t

[(
!c(�m)

�m1−�

)1−�
U(C(st), L(st))

]
+�

[
(�m−1)

∑
t,st

�(st)UL(st) + (1−�)V (Z)(1−!c(�m))

]
+

∑
t,st

�(st)

[
F

(
L(st),K(st−1), st

)
+ (1− �)K(st−1)− C(st)−K(st)− g(st)

]

where U(C(st), L(st)) ≡ [C(st)�(1−L(st))1−�]
1−�

1−� .
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We then can rewrite ℒ as:

ℒ =
∑
t,st

Pr(st)�t

[(
!c(�m)

�m1−�

)1−�
U(C(st), L(st)) +

�(1− �)U(C(st), L(st))

(
1− !c(�m) + �(st)(�m − 1)

1− �
1− L(st)

)]
+

∑
t,st

�(st)

[
F

(
L(st),K(st−1), st

)
+ (1− �)K(st−1)− C(st)−K(st)− g(st)

]

Taking � and !c(�
m) as given, there exists a functional equation problem (FEP)

with a modified return function that solves ℒ above. Such return function is given

by:

Û(C(st), L(st);�, !c(�
m)) ≡(

!c(�m)

�m1−�

)1−�
U(C(st), L(st)) + �(1− �)U(C(st), L(st))

(
1− !c(�m) + �(st)(�m − 1)

1− �
1− L(st)

)

Denote V (K;�, !c(�
m)) the unique function solving the FEP. Using the product

topology in the problem in question, we can apply Theorem 3 in Milgrom and Segal

(2002). By setting ∂V (K;�,!)
∂!c(�m) = 0 we get

!c(�
m) = [�(1−�)(1−�)�]−1/�

The numerical solution then uses a two step algorithm. First, for a given �, and

therefore !c(�
m) from the equation above, we solve the FEP using value function

iteration for a grid of 300 points for the capital stock. In the second step, for

each capital stock, we do a grid with 100 points for � and find �∗(K) that attains
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∂V (K;�,!)
∂� = 0. Because � and !c(�

m) are related by an equation and !c(�
m) ∈

[�m, 1), we can reduce the size of the grid for �′s in a great extent.

We check the numerical solution by evaluating the analytic first-order conditions

from the original problem.
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Part V

Appendix B: proofs of Chapter III

17.8 Proof of Lemma 13

(Only If) Let ãit+1 ≡ ait+1−a. The necessary conditions for the maximization of the

individual’s problem are :

uict = �it, u
i
lt = �itplt, (�it − �it+1(1− �kt+1)rt+1)ãit+10

and the following TVC condition:

lim
t→∞

ait+1�
i
t = 0

Using the both the TVC and the Foc’s we get the present value budget (3) for

each i. The other conditions are trivial. Notice that the Foc’s can be manipulated

such that individual allocations of labor and consumption can be expressed as shares

of the aggregates. Moreover, (1− �lt) = 1−�
�

Ct
1−Lt

1

F �l
.

(If) Set (1 − �lt) = 1−�
�

Ct
1−Lt

1

F �l
, rt = Fkt . Rental prices for labor and bond

prices are given by wt = Flt .

Taxes on capital are given by 1 − uict
uict+1

rt+1
. By setting �it = uict the foc’s are

met. The TVC for bonds holds because the bounds on borrowing and lending.

By construction the foc’s are met. Construct total wealth levels such that the

budget constraint is satisfied with equality in each period:
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�it(rt(1− �kt)ait) =
∞∑
s=t

�is[(1− �ls)wslis + Ts − cis]

The resource constraint is met by integrating the budget(which holds with equal-

ity) over types in each period.

17.9 Proof of Lemma 14

Suppose (1)-(4) characterize a CE. Then set 'i = [�it]
−1[�t �Ct ] and [cit, 1 − lit] =

'i[Ct, 1− Lt]. Then using these expressions, we get (2). Moreover, using these ex-

pressions in (3) we get the expression 'i in (3’). It remains to show that
∫
I '

idF (i) =

1. The construction of prices and taxes from the foc’s(which are satisfied using 'i)

gives:

(1− Lt)(1− �lt)Flt =
1− �
�

Ct

Then:

ct = �[(Ct − FltLt) + �ltFltLt + (1− �lt)Flt]

ct = �[(−Kt+1 + FktKt)± �ktFktKt + �ltFltLt + (1− �lt)Flt]

ct = �[−Kt+1 + (1− �kt)FktKt + Tt + (1− �lt)Flt]

�t = �t
�

Ct
[−Kt+1 + (1− �kt)FktKt + Tt + (1− �lt)Flt]

Notice that we have used the fact that Tt = �ktFktKt+�ltFltLt. Since the final ex-
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pression above is true in each period, we have (using
[
��t

Ct
− ��t+1

Ct+1
(1− �kt+1)Fkt+1)

]
Kt+1 =

0):

1

1− �
=

�

C0
(1− �k0)Fk0K0 +

∑
t≥0

�t
�

Ct
[(1− �lt)Flt + Tt]

or

1 = (1− �)

⎡⎣ �

C0
(1− �k0)Fk0K0 +

∑
t≥0

�t
�

Ct
[(1− �lt)Flt + Tt]

⎤⎦
But this is equivalent to

∫
I '

idF (i) = 1.

The converse is clearly true by setting �it = ��t

'iCt

17.10 Proof of Lemma 16

By induction. Here we show only that '({Z∗t , �t}t≥0, k
i
0) = '({Z∗t , �t}t≥1, a

i∗
1 ).

Let ('i ≡ '({Z∗t , �t}t≥0, k
i
0)). Using the foc’s in a CE at time zero (in particular:

�
C0

= � ��C1
(1− �k1)r1):

��

C1
(1− �

k1
)(ai1) =

�

C0
[(1− �

k0
)Fk0k

i
0 + (1− �l0)Fl0(1− 'i(1− L0)) + T0 − 'iC0]

=
�

C0
[(1− �

k0
)Fk0k

i
0 + T0 + (1− �l0)Fl0]− �'i − �(1− �l0)Fl0'

i(1− L0)

C0

=
�

C0
[(1− �

k0
)Fk0k

i
0 + T0 + (1− �l0)Fl0]− �'i − (1− �)'i

where in the last line we use the intratemporal foc.

Then we can write '({Z∗t , �t}t≥1, a
i∗
1 ):

94



�'({Z∗
t , �t}t≥1, a

i∗
1 ) = (1− �)

⎡⎣� �

C1
(1− �k1)(Fk1a

i
1) +

∑
t≥1

��t

Cn
((1− �ln)Fln + Tn)

⎤⎦
= (1− �)

⎡⎣ �

C0
(1− �k0)Fk0k

i
0 +

∑
t≥0

��t

Cn
((1− �ln)Fln + Tn)− '(�i, {Z∗

t , �t}t≥0, k
i
0))

⎤⎦
= '({Z∗

t , �t}t≥0, k
i
0))− (1− �)'({Z∗

t , �t}t≥0, k
i
0))

= �'({Z∗
t , �t}t≥0, k

i
0)) ■

17.11 Proof of Lemma 19

We first assume that, in the solution, the implied taxes on capital are less then the

upper bound at t=1. Then by a known result all future taxes on capital are zero

and therefore all multipliers associated with the second constraint are zero. Later

we will use the condition in the Lemma to show that indeed �k1 < �k.

The Foc’s assuming  t = 0 ∀ t yield:

�

C0

[
1− 

C0

(1− �k)F (K0, L0)(�m − 1)

'm

]
= �0 =

��

C1
Fk1

This implies: 1 + 
C0

(1−�k)F (K0,L0)(1−�m)
'm = 1

1−�k1 , or:

�k1 =
(1− �k)F (K0, L0)(1− �m)/C0

1 + (1− �k)(1− �m)(1− �(1− �))/C0

or

�k1 =
(1− �k)(1− �m)

C0
F (K0,L0) + (1− �k)(1− �m)(1− �(1− �))
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Also from the Foc’s, assuming  t = 0 ∀ t, we get:

1− �
1− L0

+
�(1− �k)(1− �m)Fl0

C0'm
=

�

C0

{
1 +

(1− �k)F (K0, L0)(1− �m)

C0'm

}
Fl0

which simplifies to:

1− �
1− L0

=
�

C0

{
1 + (1− �k)(1− �m)

[
F (K0, L0)

C0
− 1

]}
Fl0

or

C0

Fl0
=
�(1− L0)

1− �

{
1 + (1− �k)(1− �m)

[
F (K0, L0)

C0
− 1

]}
>
�(1− L0)

1− �

Since Fl0 = F0(1−)
L0

we have:

C0

F (K0, L0)
>
�(1− L0)

(1− �)L0
(1− )

Since Lt ≤ L for some L (derived bellow), we have:

C0

F (K0, L0)
>
�(1− L)

(1− �)L
(1− )

and then the result follows.

Auxiliary Result: In any CE, for all t Lt ≤ L ≡ �(1−� l)
(1−� l)+(1−�)� l

.

In any CE, the shares are:
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'i = (1− �)

[
�(1− �k0)Fk0

C0
+
∑
t

��t

Ct
[(1− �lt)Flt + Tt]

]

Market clearing implies:

∑
t

��t

Ct
Flt[1− �lt(1− Lt)] =

1

1− �
− �(1− �k0)Fk0

C0
−
∑
t

��t

Ct
�ktKtFkt >

1

1− �

Since in a CE we have �
Ct
Flt(1− �lt) = 1−�

1−Lt , it follows that:

∑
t

�t
1− �
1− Lt

[
1− �lt(1− Lt)

1− �lt

]
>

1

1− �

Again form the CE condition �
Ct
Flt(1− �lt) = 1−�

1−Lt , the Cobb-Douglas assump-

tion implies:

�(1− )kt (1− �lt) =
(1− �)Lt

1− Lt
[K

t L
1−
t −Kt+1]

Holding the intertemporal decisions fixed, we have that Lt is a decreasing func-

tion of labor taxes. Therefore for any t, labor is maximum when �lt = −� l. Using

this finding in the last inequality above we get:

1− �
1− L

[
1− � l(1− L)

1− � l

]
1

1− �
>

1

1− �

or L ≡ �(1−� l)
(1−� l)+(1−�)� l
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17.12 Bounded Allocations

Here we show that, in any CE:

1. ∃ K such that ∀K0 ∈ [K,K] and all feasible sequences of fiscal policy, Kt ≥

K0 ∀t in any CE.

2. Given K0 ∈ [K,K], in any CE we have Lt ∈ [L,L] with L > 0 and L < 1.

In the proofs bellow, Fk(K,L) = (L/K)1− will denote the marginal product

of capital.

Lemma AA:∃ K such that ∀K0 ∈ [K,K] and all feasible sequences of fiscal policy,

Kt ≥ K0 ∀t in any CE.

Proof: If not, ∀ K0 > 0 ∃ K0 ≥ K0 and a sequence of feasible FP such that Kt < K0

for some t. Since the continuation of a CE is a CE, wlog assume t=1.

Hence consider a decreasing sequence {Kn
0 }∞n=0 with limn→∞K

n
0 = 0 and for all

n there exists Kn
0 > Kn

0 and a sequence of feasible policies �n such that the CE of

Γ(Kn
0 ∣�n) has Kn

1 < Kn
0 .

Fact 1: For t = 0 or t = 1, there does not exist a subsequence such that limns→∞ L
ns
t =
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0 and limns→∞ L
ns
t /K

ns
t <∞.

Proof of Fact 1:If there exist such a sequence, then the marginal disutility of working

for the mean type converges to −(1−�). Now consider an alternative plan at t: the

mean type works a little and consumes immediately the labor income. The change

in utility coming from increasing his consumption is ucnst plnst ≡
�
Cnst

(1−)(1−�nslt )Kns
t


Lnst
 .

If limns→∞ L
ns
t = 0 this change goes grows arbitrarily large (hence it contradicts

optimality for the mean type) unless Kns
t → 0. If, indeed, Kns

t → 0, then:

ucnst plnst =
(1− )(1− �nslt )

[Kns
t
Lnst

1− + (1− �)Kns
t −Kns

t+1](Lnst /K
ns
t )

=
(1− )(1− �nslt )

Lnst + [(1− �)Kns
t −Kns

t+1](Lnst /K
ns
t )

Since Kns
t → 0, this Cauchy sequence is such that, for any � > 0, there exists N

such that for all ns ≥ N :

∣(1− �)Kns
t −Kns

t+1∣ = ∣(1− �)Kns
t − (1− �)Kns

t+1 + (1− �)Kns
t+1 −Kns

t+1∣

≤ (1− �)∣(Kns
t −Kns

t+1)∣+ �∣Kns
t+1∣

< (1− �)�+ �� = �

Therefore unless limns→∞ L
ns
t /K

ns
t =∞, the denominator of ucnst plnst above goes

to zero. Either case it is a contradiction. Lnst /K
ns
t → ∞ contradicts the initial as-

sumption, while ucnst plnst → ∞ contradicts the optimality of the plan for the mean
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type. This finishes the proof of Fact 1.

Next, since Kn
1 → 0, Ln1/K

n
1 → ∞. Otherwise Ln1/K

n
1 → L/K < ∞ would

imply Ln1 → 0, contradicting Fact 1. Therefore Fk(K
n
1 , L

n
1 )→∞.

Fact 2: lim supn→∞K
n
0 = 0.

Proof of Fact 2:We have two cases.

Case 1: lim infn→∞(1 + Fk(K
n
0 , L

n
0 )− �)Kn

0 > 0.

Notice that this is the capital income of the median type after transfers in equi-

librium. In this case Cn0 would be bounded away from zero and Fk(K
n
0 , L

n
0 ) becomes

arbitrarily large. This means that the mean type could improve on the original plan

by saving a little at period 0 and consuming the additional income in period 1.

Notice since Cn0 ≥ � > 0, the marginal utility lost in period 0 is bounded. This

improvement on the original plan is a contradiction.

Case 2: Fk(K
n
0 , L

n
0 )→ 0. Since Kn

0 → 0, Fk(K
n
0 , L

n
0 )→ 0 is only possible if Ln0 → 0.

But using Fact 1 this would imply Fk(K
n
0 , L

n
0 )→∞. This finishes the proof of Fact

2.

100



Since Kn
0 → 0, Ln0/K

n
0 →∞ from Fact 1. Then we have:

Cn0 ≥ Fk(K
n
0 , L

n
0 )Kn

0 + (1− �)Kn
0 −Kn

1

≥ Fk(K
n
0 , L

n
0 )Kn

0 −Kn
1

> (Fk(K
n
0 , L

n
0 )− 1)Kn

1

≥ 0

where the strict inequality comes from Kn
1 < Kn

0 and the last line comes from

Fk(K
n
0 , L

n
0 )→∞. Since Fk(K

n
0 , L

n
0 )→∞ and consumption is bounded away from

zero, again this leads to a contradiction: for n large enough the mean type would be

better of by saving a little more and consuming the additional income in the next

period ■

Lemma BB: Given K0 ∈ [K,K], there exists (L,L), potentially dependent on K,

such that any CE has Lt ∈ [L,L] with L > 0 and L < 1.

Proof: We start by showing Lt ≥ L > 0. Towards a contradiction, suppose that

there exists a subsequence {tn} with Ltn → 0.Using exactly the same reasoning as

in the proof of Fact 1, it can be shown that Ltn → 0 implies Ltn/Ktn → ∞. But

this is possible only if Ktn → 0, which contradicts Lemma AA.

Next we show that Lt ≤ L < 1. Towards a contradiction, suppose that there ex-

ists a subsequence {tn} with Ltn → 1. Then the marginal disutility from labor goes
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to −∞. The following alternative plan will improve his utility: for tn large enough,

work a little less and the decrease the consumption by the amount in which his labor

income diminishes. His change in consumption is �
Ctn

(1− )(1− �ltn)(Ktn/Ltn) →

R < ∞ unless Ctn → 0. But indeed Ct is bounded away from zero because the log

preferences and the fact that income from capital is bounded away from zero (from

Lemma AA) ■
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