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Abstract 

vVe extend the Second Fundamental Theorem of Welfare Economics in several 
directions. 

For pure exchange economies, we drop all insatiability requirements on pref
erences. 

For economies with production, we use a concept of directional optimality to 
provide necessary and sufficient conditions for a given allocation to be compet
itive. This enables us to show, for example, that not all consumers need to be 
locally nonsatiated, if the economy is "connected." (An example due to Stanley 
Reiter shows that such extra conditions are unavoidable.) 

vVe use weak assumptions on feasibility sets, allowing, but not requiring, 
short sales and a very general form of disposability. We do not require that 
preferences be reflexive, transitive, total, or negatively transitive; and we replace 
full continuity of preferences by a semicontinuity condition for strict preferences. 

This provides decentralization results extending some of Arrow's original re
sults [1], as well as those in Arrow and Hahn [2, Theorem 4, pp. 93-94]' Debreu 
[6, Theorem 6.4, p. 95], [4, p. 281], and elsewhere. 

* We owe special thanks to Stanley Reiter (Northwestern University) for pointing out an 

error in an earlier version of this paper by providing a most instructive counterexample. 

In working on the note [11] Hurwicz benefited from conversations with Frank H. Page 

(University of Alabama), Jim Jordan (Pennsylvania State University), Jan Werner (Univer

sity of Minnesota), and Charles Zheng (Northwestern University), as well as from Kenneth 

Arrow's (Stanford University) more recent comments related to irreducibility. 

This is a revision of a paper presented at the NBER-NSF Decentralization Conference, 

Northwestern University, Evanston, Illinois, April 2001. 



I Introduction 

Our initial goal in undertaking this work was to relax, or dispense with, insa
tiability assumptions in the Second Fundamental Theorem of V/elfare Economics. (1) 

In the process, we have also obtained results (our Theorem 2) going beyond the 
framework of the usual second theorem. \Vhile the traditional theorem gives 
sufficient conditions for any Pareto optimal allocation to be supported as a com
petitive equilibrium, we provide a necessary and sufficient condition for any (not
necessarily-Pareto-optimal) allocation to be supported. It is thus a criterion for 
existence of equilibrium at any particular allocation. 

There is a basic difference in supportability between pure exchange economies 
and those with production, when insatiability requirements are relaxed. 

Pure exchange economies 

In pure exchange economies, we obtain a result that is completely free of 
insatiability assumptions, and weakens some other conventional assumptions as 
well. The result does not strengthen any other conventional assumptions, and 
allows either inclusion or exclusion of free disposal, and inclusion or exclusion of 
short sales. 

In particular, our Theorem 1 asserts that every Pareto optimal allocation in 
a pure exchange economy is a competitive allocation, if it satisfies a conventional 
non-minimal-wealth condition. Theorem 1 does not assume local nonsatiation, 
so it does not rule out thick indifference curves. Nor does it exclude bliss points. 

One reason Theorem 1 achieves greater generality is that, unlike many proofs 
in the literature, it does not go through the intermediate stage of a "quasi
equilibrium." Instead it uses a weaker intermediate concept, "pseudo-equilibrium." 
Also, the form of Theorem 1 's balance condition has considerable generality, al
lowing either free disposal for some commodities, or excluding such disposal. 

(1) Some earlier steps toward this are discussed in Appendix B. 
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Economies allowing nontrivial(2) production 

The supportability question is very different when nontrivial production is al
lowed. Then some of our conclusions go beyond what is covered by conventional 
versions, but only by strengthening conditions other than local nonsatiation. As 
two examples (not covered by existing results), we show that Pareto optima are 
supportable when at least one agent has monotone preferences and a 'connec
tivity' condition holds, or when constant returns technology of a special form 
prevails. 

In theorems allowing production, we make explicit the assumption that the 
Pareto optimal production (input-output) point is on the boundary of the aggre
gate production set. Since this condition is necessary for the conclusion of the 
Second Theorem, to hold, no apologies are called for. (In fact, this condition is 
implicit in the usual local nonsatiation hypotheses.) 

The narrow concept of free disposal (requiring that the aggregate produc
tion set include the non-positive orthant, with the disposal activities maximizing 
profits(3)) leads to the common conclusion that prices of commodities in free 
disposal be nonnegative and that these prices must actually be zero if the com
modity is in excess supply. A wide definition (simply allowing that demand 
may be less or greater(4) than supply) does not require such nonnegativity or 
zero price properties. 

Special difficulties in economies with production 

Boundary production. It was already known(5) that, in an economy with 
production, local nonsatiation could not simply be dropped from the usual ver
sions of the Second Theorem. Without local nonsatiation, production might 
lie in the interior of the production possibility set, and thus could not be sup
ported by profit-maximizing producers under a non-zero price vector. So, for 
supportability, the Pareto optimum must be required to lie on the boundary of 
the production set. 

(2) By nontrivial we mean economies in which the aggregate technology set is neither the 
singleton origin {O}, nor the weakly negative orthant IR~. (The former is consistent with pure 
exchange without free disposal, and with fee disposal in the wide sense described below. The 
latter represents pure exchange with free disposal in the narrow sense.) 

(3) Cf. Arrow [1, section 7] and Debreu [6, pp. 42(h), 47 (para. 1)]. 

(4) Cf. [22]. 

(5) See the example in Mas-Colell, Whinston, and Green [13, p. 575 (16.D.2)] (cf. Hara, 
Segal, and Tadelis [1997, p.16-3, Ex.16.D.2]). 
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Directional optimality. Even the boundary condition is not enough to guar
antee supportability. It became clear from examples based on Reiter's example 
[21] that more is needed - a 'directional optimality' property. 

Connectivity. Even the boundary condition and nonsatiation of one consumer 
is not enough to guarantee supportability. Reiter's example demonstrated that 
more is needed when there can be "thick indifference sets" for other consumers. 
The reason for this failure of the Second Theorem seems due to the 'discon
nection' between the locally nonsatiated consumer and consumers with thick 
indifference sets: even by giving up some resources, the locally satiated con
sumer may be unable to raise the level of satisfaction for the locally nonsatiated 
consunlers. 

On the other hand, when we strengthen the assumptions on the locally non
satiated consumer(s) (e.g., by postulating strictly monotone preferences), we are 
able to obtain a version of the Second Theorem, even without local nonsatia
tion for other consumers. The strengthened assumption provides 'connectivity' 
between consumers. As noted in Appendix B, there may be a close relation
ship between the connectivity concept and the irreducibility notions in Gale [9, 
p. 267], McKenzie [15], [16], and .Moore [17, p. 386]. 

Existence. The study of the Second Theorem for economies with production 
has yielded another interesting result, going somewhat beyond the traditional 
framework. The Second Theorem can be viewed as a variety of an equilibrium 
existence theorem with two special properties: i) the equilibrium must occur at 
a particular resource allocation, and ii) the allocation must be Pareto optimal. 
This raises the question of what allocations are supportable if we drop the second 
requirement. We might, for example, want to know whether various mechanism 
outcomes are supportable as competitive equilibria. Or we might be interested in 
circumstances under which a given non-optimal allocation becomes a competitive 
allocation, thus serving as an example of a "market failure." 

It turns out that there is a property of a resource allocation ('directional 
optimality') which, in the presence of certain conditions, is both necessary and 
sufficient in order that a given allocation be supportable as a competitive equi
librium. Sufficiency is established in Theorem 2 and necessity in Theorem 3. 

To obtain both new and old versions of the Second Fundamental Theorem it 
is natural, then, to use directional optimality as an hypothesis. We do this in two 
stages: First, 'transition' theorems guarantee that, under specified conditions, 
Pareto optimality of an allocation implies Theorem 2's directional optimality 
hypothesis. Then Theorem 2's conclusion guarantees that the allocation is sup
portable as a competitive equilibrium, or at least a pseudo-equilibrium. 

As one example of a transition theorem, we show that in an economy with 
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production and connectivity (via monotonicity of at least one consumer) Pareto 
optimality implies directional optimality. (See Appendix A.) 

Another transitional example provides alternative ways to prove our The
orem 1 for pure exchange economies. Viewing them as production economies 
with trivial production, Pareto optimality implies directional optimality, so The
orem 2 yields supportability of Pareto optima. (See the Demonstration proof in 
Appendix A.) 

Relaxing the regularity conditions 

Modifying the usual convexity and continuity conditions allows us to dis
pense with the requirements of reflexivity, totality, transitivity, and negative 
transitivity for preference relations. (6) 

Generalizing the balance condition 

Our form of the balance condition is consistent with inclusion or exclusion of 
free disposal (wide or narrow), and inclusion or exclusion of short sales. 

Pure production and core 
Two other applications of our results and methods are worthy of mention. 

Pure production. A planner allocating fixed commodity totals among pro-
duction activities, faces a problem isomorphic to allocating commodities among 
consumers in a pure exchange economy: productivity plays the role of prefer
ences, and production efficiency plays the role of Pareto optimality. Dropping 
insatiability assumptions in pure exchange models corresponds then, to drop
ping "positive productivity" assumptions, and our second welfare theorem again 
yields implicit prices for efficient allocations. 

Core equivalence. The same techniques we use in proving our second wel
fare theorem for pure exchange, allow us to prove the Debreu-Scarf core equiva
lence theorem without local nonsatiation, continuity, and several other preference 
properties that are usually assumed. 

We begin with a flexible framework for describing our results, and then we 
state a general Second Welfare Theorem. 

(6) Cf. [17, p. 374-387]. 
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II Framework for Pure Exchange 

Definitions. 

For each i = 1, ... ,m, let there be a consumption set Gi ~ IR
n

, and an 
asymmetric binary relation (strict) preference on Gi . eWe do not assume 
negative transitivity or even transitivity for ~.) We write ~= (>-, ... ,>- ). 

l 1 m 

Although it is convenient for us to work with strict preferences, we could 
equally well start with "weak" preferences: given a strict preference >-, the 

i 
relation >r defined by: 

Xi >r i {::} -, Wi ~ xi, 
w i 

generates ~ as its asymmetric part: 
i 

Xi ~ Wi {::} xi >r wi & --, Wi >r xi; 
i 

(1) 

(2) 

conversely, given any relation >r, its asymmetric part ~ is asymmetric. When 
l i 

we mention weak preferences, we mean any preference that generates, as its 
asymmetric part, the strict preference under consideration. They need not be 
transitive or total, or even reflexive. (7) 

We say that the strict preference ~ is convex if: for all xi E Gi, the "strict 
l 

upper contour set of xi ," i.e. the set {wi E Gi : wi >- xi}, is convex. 
l 

We say that a strict preference >- is non-retrograde if:(8) for all wi, xi E Gi 
i 

and all positive t < 1, 

Wi ~ Xi =:} --, xi ~ twi + (1 - t)Xi. (4) 
l l 

We say that a strict preference >- is upper-open with respect to Gi if for 
l 

all xi E Gi , the strict upper contour set of xi, i.e. the set {wi E Gi : Wi >- xi}, is , 
a relatively open subset of Gi :(9) for all Xi E Gi , 

(7) A strict preference >- can always be obtained as the asymmetric part of a weak 
i 

preference that is irreflexive: 

x >r w ¢} x =f w & & ..., w >- x. 

(8) If a generating >r is convex in the usual sense, then >- is non-retrograde. 
i 

(3) 

(9) This would be equivalent to lower semicontinuity if the >r were total; that in turn 

would be weaker than the usual full continuity assumption. 
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if wi ~ Xi, then there exists an c > 0 and an open c-ball 
z 

Be (wi) about wi in which everything that is also in Gi 
is strictly preferred to xi: 

w iii 
vV v'EB,,(w')nc; v ~ x . 

z 
(5) 

We do not use nonsatiation or non-saturation concepts in our theorems. For 
comparison with other results, however, the following definitions are useful. 

\Ve say that a strict preference ~ is locally nonsatiated if, for all xi E Gi , 
and for all c > 0, there exists an open c-ball B,,(xi) about xi such that Wi ~ xi 

z 
for some wi E BE(Xi) n Ci . 

Following the slightly weaker concept of Koopmans [12, p. 47], we say that 
a strict preference ~ is locally non-saturated if the same is true for non-bliss , 
points; i.e., for each xi E C i that is not a bliss point, there exists an open c-ball 
B,,(xi) about Xi such that wi ~ xi for some wi E B,,(xi) n Gi . , 

By the set of allocations we mean the set IRnm = IRn x··· x IRn (m times). 
By the balance set we mean a set B ~ IRnm. Intuitively, this specifies the 

allowed deviations - if any - between aggregate demand and aggregate supply. 
As a special case, if we have a fixed endowment e = (e l

, ... ,em) E IRnm
, then 

the traditional no-free-disposal pure-exchange Edgeworth box, allowing no such 
deviations, would correspond to the balance set: 

m m 

B = {x E IRnm
: 2.:.:: xi = 2.:.::ei}. (6) 

i=l i=l 

At this point, however, we do not make any special assumptions about B: it 
need not be bounded below, or above, or at all. (The feasibility idea behind the 
term "balance" will be clear from assumption (ii) in Theorem 1 below.) 

We say that an allocation x = (Xl, ... ,xm) E IRnm is feasible if: 

xEB 

xi E Gi for all i = 1, ... ,m. 

(7a) 

(7b) 

The feasible set for a traditional no-free-disposal Edgeworth box would corre
spond to the balance set (6), as restricted by Gl = IR~ and G2 = IR~. 

Given two allocations w = (wI, ... ,wm) and x = (xl, .. . ,xm) E IRnm , we 
say that: w Pareto dominates x if w is feasible and for some k = 1, ... ,m we 
have w k ~ xk, and for all i = 1, ... ,m we have --, xi >- wi. We call the allocation 

k i 
X Pareto optimal if it is feasible and no allocation Pareto dominates it. 

Since Arrow's [1] and Debreu's [6], proofs of second welfare theorems are 
usually broken into two stages: first establishing a weak notion of equilibrium, 
and then applying lower semicontinuity of preferences and a minimum wealth 
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condition to guarantee competitive equilibrium. The usual intermediate notion 
is often called quasi-equilibrium. It requires each consumer to achieve its Pareto 
bundle as cheaply as for any bundle as good. (10) 

But quasi-equilibrium is too strong a concept for our purpose of avoiding 
insatiability assumptions, since it rules out supportability of many Pareto optima 
in Edgeworth boxes with "thick" indifference curves. An extreme example gives 
each consumer a flat preference, i.e. all bundles indifferent: no quasi-equilibrium 
can exist,P1) even though every price vector yields competitive equilibria(12) at 

every Pareto allocation. For this reason, we introduce a weaker intermediate 
equilibrium concept. 

For any p E IR n and feasible allocation x, we say that (p, x) is a pseudo
equilibrium for (x, >-) relative to the price system p if: (13) for each 

consunler i = 1, ... ,m, 

Wi >- xi '* pwi ~ pXi. (8) 
" 

If (p, x) is a pseudo-equilibrium, we say that (p, x) satisfies the minimum 
wealth condition for a price system p and allocation x, if, for each i = 

1, ... ,m, there exists a wi E C i such that pwi < pxi. 

Whenever p =I- 0 the minimum wealth condition on (p, x) is implied by 
the following interiority condition : for all i = 1, ... ,m, 

Xi E relative interior(Ci ). (9) 

Suppose that p E IRn
, that x is a feasible allocation, and that endowments 

e = (e 1 , ..• ,em) E IRnm. (14) Then we say that (p, x) is a private ownership 
competitive equilibrium for (e, >-) if: for every consumer i = 1, ... ,m, 

pxi ~ pei 

wi >- xi '* pwi > pei . 

(10) Thus a quasi-equilibrium requires 

wi >,:= xi =} pwi ~ pxi. 

(10) 

For the concept, if not the term, cf. Arrow [1, Theorem 4c] and Debreu [5, (5.1)], [6, pp. 93-94]. 

(11) Without free disposal in the wide sense. 

(12) With or without free disposal in the wide or narrow senses. 

(13) This usage of the term "pseudo-equilibrium" is not necessarily the same as may 
appear elsewhere in the literature. 

(14) We do not require that e i E Ci (cf. [6, p. 78], [18], et al.). 
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III Market Decentralization in Pure Exchange 

We begin with pure exchange and no insatiability assumptions. 

Theorem 1 (Second Welfare Theorem for Pure Exchange). 
Suppose that: 

i) x E mnm is Pareto optimal; 
ii) (Balance) for all wE mnm: 

m m 

L wi = Lxi :::} WEB; 
i=1 i=l 

iii) Ci is a convex set for each i = 1, ... ,m; 
and that the strict preference >- is: 

ivY convex 
v) non-retrograde 

for all i = 1, ... ,m. 
Then: 

i 

(11 ) 

a) There exists a nonzero p E mn such that (p, x) is a pseudo-equilibrium 
for the economy(15) (x, >-) relative to the price system p. 

b) If also: 
vi) >- is upper-open for each i = 1, ... ,m 

i 
vii) a pseudo-equlibrium (p, x) satisfies the minimum wealth 

condition, (16) 

then there exists an e = (e1, ... ,em) E mnm with e E B, such 
that (p, x) is a private ownership competitive equilibrium for the 
economy (e, >- ). 

All the assumptions (i) to (vi) are implied by the assumptions of the usual 
(finite dimensional) versions of the second welfare theorem; see the Remarks 
section below. 

In fact, Theorem 1 extends the usual result. The simplest way to see that is 
to consider an Edgeworth box with U 1 == 0, U 2 == 0: all our assumptions hold 
at any interior Pareto optimum, so Theorem 1 guarantees such optima are com
petitively supportable; yet none of the usual theorems guarantee supportability 
since they typically have local nonsatiation, absence of bliss points, or minimum 
wealth assumptions. Figure 1 following provides a rogue's gallery of some other 

(15) Page 8. 

(16) Page 8. 
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thick 

curve of 
Consumer 2 

examples for which our Theorem 1 guarantees competitive supportability while 
the usual theorems do not. The three cases differentiate among several earlier 
results. 

thick 
indifference 

--~~-----=::~\~\,~.\F¥\~,~--. it l 

a) The diagonal line repre
sents the price p > O. Here 
x is Pareto optimal and (p, x) 
is a competitive equilibrium 
for (x, >-), even though nei-

ther consumer satisfies local 
nonsatiation at x. 

Although (p, x) is also a 
pseudo-equilibrium for (x, >-

), it is not a quasi-equilibrium 
for (x, >-). Indeed, no price 

vector supports both of the 
weak upper contour sets at x. 

b) The diagonal line repre
sents the price vector p < 0, 
so Consumer l's budget set is 
indicated by the striped area 
above the price line, rather than 
by the usual triangle. 

Again x is Pareto opti
mal and (p, x) is a competi
tive equilibrium for (x, >-), even 

though there are two bliss points 
within the Edgeworth box, cor
responding to w for Consumer 1, 
and x for Consumer 2. 

Figure 1 

c) The diagonal line represents 
the price p > o. Again x is 
Pareto optimal and (p, x) is 
a competitive equilibrium for 
(x, >-), even though each con-

sumer is at the common bliss 
point corresponding to x. 

Although Theorem 1 follows as a corollary of Theorem 2 below,(17) a direct 
proof is instructive. 

Proof of Theorem 1. For each individual, we consider the trades preferred 
to no-trade, and we form the convex hull S of all such trades over all individuals. 
Because Pareto optimality excludes the origin from S, there exists a hyperplane 
weakly separating S from the origin. Then we show that any normal to such a 
hyperplane supports the Pareto optimum as a competitive equilibrium. 

(17) See Appendix A. 
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Proof of part (a). 

For each i = 1, ... m, let 5 i be the set of trades strictly preferred by i to i;i: 

5 i = {vi : i;i + vi E Ci & i;i + vi ~ i;i}. (12) 
2 

If all 5 i are empty, we are clearly done. So without loss of generality, let 
51, ... ,51' (1 ~ r ~ m) be the nonempty 5 i . 

Let 5 be the convex hull of the union of all the nonempty 5 i : 

5 = con(51 u··· U 51') 

= {til ViI + ... + ti" vi" : k ~ 1 & ViI, ... ,vi" E 51 U ... U 5r 

& til'.·· ,ti" ~ 0 & til + ... + tih. = I} (13) 

= {tl VI + ... trvr : VI E 51 & ... & vI' E 51' & tl, ... tr ~ 0 & 

In particular: 

5i ~ 5 

tr + ... tr = I} (by (iv)). 

for all i = 1, ... ,m. (14) 

We will obtain a non-zero vector p E IRn by applying a standard separating 
hyperplane theorem to separate the origin 0 from the convex set 5. First, Pareto 
optimality of i; implies 0 'i 5. Otherwise by (13): 

o = tl VI + ... + trvr 

for some VI E 51, ... ,vI' E 51' 

and some tl, ... ,tr ~ 0 with some ti > 0, 

= VI + 72V2 + ... + 7r Vr 
(15) 

without loss of generality assuming tl > 0 is maximal 

among the ti, and defining 7i = ti/tl, hence 0 ~ 72, ... ,71' ~ 1, 

and we obtain the following contradiction. 
Since VI E 51, consumer 1 is made better off by the trade VI. And consumers 

k = 2, ... ,r, are no worse off under the trade 7k v k , which achieves the bundle 
i;k + 7kVk = (1 - 7k)i;k + 7k(i;k + v k ), which is no worse than i;k by (15) and (v). 

Assigning zero trades to consumers i = r + 1, ... ,m leaves them also no worse 
off than at i;i. 

Furthermore, these net trades yield feasible allocations: 

( AllAm m) B 
X + 71 V , .•. ,X + 7 m V E (by (15) and (ii)) (I6a) 

Xi + 7iVi E C i for all i = 1, ... ,m (by (iii) and definition of 5 i )(I6b) 

So the allocation (i;1 + 71 vI, ... ,i;m + 7 m v m ) Pareto dominates i;, contradicting 
the Pareto optimality assumption (i). Therefore 0 'i 5. 
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It follows by standard separating hyperplane theorems(18) that there exists a 
nonzero p E lRn such that: 

pv ;;;: 0 for all v E S. (17) 

So if u i :>- Xi, then pui ;;;: pxi follows by (14). Thus (p, x) is a pseudo-equilibrium. , 

Proof of part (b). Let e = x, and let p be as in part (a). Suppose that: 

for some i = 1, ... ,m. 

By part (a) and our definition e = x we only need to show that: 

pui =I pii. 

By the minimum wealth condition: 

(18) 

(19) 

(20) 

So if pui = pxi , then convexity of C i (iii) ensures there are such cheaper points 
arbitrarily close to u i , hence (by the upper-openness assumption for each :>-) , 
strictly preferred to xi, contradicting part (a). QED 

IV Remarks on Theorem 1 

Preferences. We begin with remarks about our preference assumptions. In 
contrast to other pure exchange versions of the Second Welfare Theorem known 
to us, we have not assumed any insatiability - local or global, explicitly or im
plicitly - for the weak preferences i,::. (19) In [6] and [12], by contrast, Koopmans' , 
local non-saturation is implied by their "convexity" definitions. (20) At the same 

(18) E.g. Berge [3, p. 162 (Lemma 2)J. 

(19) For pure exchange Hurwicz [llJ dispensed completely with Koopmans' local non
saturation; but it did not totally dispense with insatiability, because it inherited from Debreu 
[7J and Werner [24J [25]' this assumption: there exists, for each individual i and for each xi 
in the projection of the feasible set into Ci, a bundle yi in Ci that is strictly preferred to xi. 
We call this last condition "global nonsatiation." 

(20) Their "convexity" condition is stronger than ours. We call their condition 'steepness' 
to prevent confusion: 

w >- x & 0 < t < 1 =:- tx + (1 - t)w >- x, 

for all w, x, and t. 
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time, we did not assume reflexivity, transitivity, totality, or negative transitivity, 
and we did not assume any continuity properties for weak preferences. 

In general, convexity of weak preferences >;= does not imply convexity of the , 
corresponding strict preferences >:"". The implication would hold, however, if we , 
adopted totality and transitivity assumptions on the >;=.(21) Conversely, simple , 
examples also show that convexity of strict preferences >- together with the non-, 
retrograde property do not imply convexity of the generating weak preferences 
>;=. 

The use of upper-openness, rather than full continuity, to pass from an inter
mediate equilibrium to a full competitive equilibrium is common in the literature 
(though the fact that semicontinuity, rather than full continuity, suffices is often 
only implicit). (22) 

Weakening the assumptions on preferences generalizes the second welfare 
theorem, and includes the classical result as a special case. 

Feasibility. Our feasibility definitions enter in two ways: individually (7b), 
and in the aggregate (7a), and the corresponding feasibility assumptions are (iii) 
and (ii). 

For individual Ci-feasibility we assumed only the convexity of the individual 
consumption sets Ci, as in [6], [18]. In particular, as in [6, p. 94], we did not 
require that the individual consumption sets Ci be bounded below, so we allow 
what [19], [20] call "short sales." 

For aggregate B-feasibility, we use a more general definition of balance than 
found in most other second welfare theorems. Our condition (ii) on B only 
requires that, if an allocation w has the same aggregate 2::'1 wi as the initial 
(feasible) Pareto optimal allocation x, then w is feasible in the aggregate sense: 
wEB. This does not require (though it allows) that there be some aggregate 
x E IRn such that the aggregates x E IRn of feasible allocations must add up to 
x, i.e. x = x, or must add up to no more that x, i.e. x ;; x.(23) Indeed, it even 

(21) Cf. Debreu's equivalence statement [6, p. 59]. 

(22) See, for example, Debreu and Scarf's proof of their Theorem 3 in [8]. While their 
paper assumes full continuity throughout, they use only lower semicontinuity in their proof 
of Theorem 3. While our application of openness only appears in proving that a pseudo
equilibrium is a true competitive equilibrium, they used lower semicontinuity in both stages. 

Of course Debreu and Scarf avoided convexity assumptions on preferences, since they 
relied on the convexifying effects of large numbers. Although their paper makes strict convexity 
and insatiability assumptions, they do not use them in proving their Theorem 3. 

(23) This inequality corresponds to free disposal in a wide sense. 
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allows x ;;; x as a feasibility condition. (24) A few examples show the generality 
of our feasibility condition. 

With appropriate choice of the C i and B sets, the feasible sets F of the usual 
Edgeworth boxes can be covered, without or with free disposal in the wide sense 
(with Ci = JR~):('25) 

F = {(Xl, x2) E JRn2 : xl ::;; 0 & x 2 :c:: 0 & Xl + x 2 = x} or 
(21) 

F={(XI,X2)EJRn2 :XI;;;O & x2 :c::O & XI+x2~x}. 

So are "aggregate short sales" (with C i = JRn): 

F = {(xl, x2) E JR n2 : Xl + x 2 = x}, (22) 

or more complicated types of modified short sales: 

F = {(Xl, x 2) E JRn2 : x - a ~ xl + x 2 ~ X + b}, (23) 

for any a, b E JRn with a ~ b. 

This generalization of aggregate feasibility admits the usual assumptions as 
special cases, so it yields a more general second welfare theorem. 

In some writings, "pure exchange with free disposal" refers to something dif
ferent from we have labeled "pure exchange" in the preceding sections. Their 
notion involves - somewhat paradoxically - production and profit maximiza
tion, explicitly or implicitly. We call it free disposal in the narrow sense. Because 
it involves production, our Theorem 1 does not apply; and we discuss it in the 
next section, where production and profit are introduced. 

Finally, we note that the Pareto optimality hypothesis (i) is stronger than 
necessary for the competitive equilibrium conclusion (b) of Theorem 1. For sup
portability as a pseudo-equilibrium, it can be replaced, and the non-retrograde 
condition (v) can be dropped, if we substitute for them the directional optimal
ity condition discussed below in part V. In the context of our other assumptions, 
that condition is both necessary and sufficient for the existence of prices that 
support a given allocation as a competitive equilibrium. 

(24) The sign of the inequality is not an intrinsic economic property, but depends on the 
choice of coordinate representation. Cf. [22]. 

(25) Page 3. 
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V Framework for Production 

\Ve extend our definitions to allow production. 

Definitions. 

By an allocation we mean an element (x, y) E IRnm x IRnq, where x = 
(Xl, ... ,Xm) E IRnm represents the consumption bundles xi of the consumers 
i = 1, ... ,m, and where y = (yl, ... ,yq) E IRnq represents the input-output 
bundles yj of the producers j = 1, ... ,q. 

D.1) For each j = 1, ... ,q, let there be a production set Tj ~ IRn. The 
aggregate production set is T = 2:]=1 Tj . 

We interpret any bundle yj = (YI, .. , ,y~) E IRn as an input-output bundle 
for producer j: positive components represent quantities output by producer j, 
and negative components represent quantities input by producer j. 

D.2) The technologies Tj exhibit free disposal in the narrow sense 
if T ~ IRr:.... Then the input-output bundles y E IR~ ~ Tare 
interpreted as disposal activities. 

D.3) The technologies Tj constitute a pure exchange technology if 
T = {O} or T = IR~. In the latter case we call it a pure exchange 

technology with free disposal in the narrow sense. (26) 

We interpret any bundle xi = (xi, ... ,x~) E IRn as a consumer input
output bundle for consumer i; positive components represent quantities used 
by consumer i, and negative components represent quantities provided by con
sumer i. Sets Ci are defined as in Section II, and sets Si are defined as in (12). 

D.4) By the productive balance set we mean a set B ~ IRnm x IRnq. 

D.5) We say that (x, y) = (Xl, ... ,xm, yl, ... ,yq) E IRnm xIRnq is feasible 

if: 

(x,y) E B 

Xi E C i for all i = 1, ... ,m 

y3 E Tj for all j = 1, ... ,q 

(24a) 

(24b) 

(24c) 

D.6) Given two allocations (x, y) = (Xl, ... ,xm, yl, ... ,yq) and (x, y) = 
(Xl, ... ,xm, yl, ... ,yq» in IRnm x IRnq, we say that (x, y) Pareto 

dominates (x, y) if (x, y) is feasible and for some k = 1, ... ,m 
we have xk >- xk, and for all i = 1, ... ,m we have -, xi >- Xi. We 

k i 

(26) Cf. p. 3. 
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call an allocation (x, y) Pareto optimal if it is feasible and no 
allocation Pareto dominates it. 

D.7) Given two allocations (x,y) = (Xl, ... ,xm,yl, ... ,yq) and (x,y) 
(Xl, ... ,xm

, yl, ... ,yq)) in IRnm x IRnq , we say that (x, y) direc
tionally improves (x, y) (27) if (x, y) is feasible and if xi = xi for 

all i = 1, ... ,m, except for some i l , ... ,ik (with 1 ~ k ~ m) for 
which there exist: 

ViI E Sil' ... ,vi, E Sik 

til' ... ,tik > 0 

zj E IRn with yj + zj E Tj 

such that: 

(j=l, ... ,q) 

XiI = XiI + til ViI & ... & xik = xik + tik v ik 

til ViI + ... + tik vi, = Zl + ... + zq 

til + ... + ti, ~ 1. 

(25a) 

(25b) 

(25c) 

(26a) 

(26b) 

(26c) 

Property (26a) says that the movement from x to x, while not 
necessarily an improvement, is in the direction of an improvement, 
for each of the consumers i l , ... ,ik. Property (26b) indicates that 
the directional movements tin vin are "technologically feasible." 

We call an allocation (x, y) directionally optimal if it is feasible and 
no allocation directionally improves it. 

In general, directional optimality does not imply Pareto optimality. (28) 

Nor is directional optimality implied by Pareto optimality. Thus in 
Figure 2 following, (x, y) is Pareto optimal (and on the boundary 
of the production set) but not directionally optimal, and cannot 
be supported as a competitive equlibrium allocation. (29) 

(27) We also say that (x, j) is directionally superior to (x, y). 

(28) For example, in a classical Edgeworth box economy with no free disposal, if U 1 == 0 
and U 2 (Xl' X2) = XIX2, then any interior point is directionally optimal, but not Pareto optimal. 

(29) This example is a modification of one by Stan Reiter [21], for a slightly different 
purpose. 
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Figure 2 In this one-consumer, one-producer economy, the allo
cation (x, x) is Pareto optimal, but cannot be supported as a com
petitive equilibrium. The allocation (w,w) is directionally superior 
to it because it is feasible and Wi »- x. 

However, if we assumed Debreu's 'steepness' condition [6, p. 60(b)],(30) 
then property (26a) above would imply that Xih >- xih for h = 

h 
1, ... ,k, in which case (x, y) would Pareto dominate (x, y); so 
Pareto optimality would imply directional optimality. (The con
verse is not true, however: even with the non-retrograde property, 
directional optimality need not imply Pareto optimality.) Pareto 
optimality would also imply directional optimality if the >- were 

2 

upper-open, convex, and locally nonsatiated. (Again, the converse 
is not true.) 

As mentioned in Section II's pure exchange discussion, we break with tradi
tion by using a weaker intermediate notion of equilibrium.: 

D.8) For any p E IRn and (x, y) E IRnm x IRnq, we say that (p, (x, y» is a 
pseudo-equilibrium for (x,»-) relative to the price system 

p if:(31) 

i) (x, y) is feasible. 
ii) For each consumer i = 1, ... ,m and each vi E Gi , 

vi >- xi ~ pvi ~ pxi . 
2 

iii) For no producer j = 1, ... ,q is there a w j E Tj with 
pwl > pyj. 

(30) Footnote 20 above. 

(31) Again, consumers need not minimize the cost of obtaining the equilibrium preference 
level. We would obtain the stronger notion of quasi-equilibrium if we strengthened hypothe
sis (ii) or (iii) to that in footnote 10. 
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Our earlier definition of pseudo-equilibrium for the pure exchange case is a special 
case of the present definition, obtained when q = 1 and T1 = {O}. 

D.9) Suppose that p E IRn and (x, y) E B, that allocation (x, y) is feasible, 
that endowments e = (e 1, ... , em) E IRnm

, (:12) and that profit 

shares e = (e 1, ... ,em) E IR~m with 2:z:,1 ej = 1 for all j = 
1, ... ,q. 

Then we say that: (p, (x, y)) is a private ownership cOlllpetitive 
equilibriulll for (e, »-, e) if: 

for every consumer i = 1, ... ,m, 
i) pxi ~ pei + 2:J=l e;pyj 

ii) Wi »- xi =} pwi > pei + ",q eipyj 
i 6)=1) , 

and for every producer j = 1, ... ,q, 
iii) w j E Tj =} pw ~ pyj. 

\Vhen T ~ IR'::.., so the T j constitute a pure exchange technology with free 
disposal in the narrow sense, then the competitive equilibrium property (iii) 
requires that the disposal activities also be profit-maximizing. 

VI Market Decentralization Allowing Production 

\Ve now want to extend our pure exchange result, Theorem 1, to allow produc
tion. 

In the production context, Debreu proves that every Pareto optimal alloca

tion is supportable as a quasi-equlibrium (either without free disposal or with 
free disposal in the narrow sense) under some feasible assignment of consumer 
endowments of commodities and ownership shares [6, p. 95 (Theorem 6.4)]. In 
doing this he assumes a strong "convexity" condition on the »- that implies 10-, 
cal nonsatiation. (33) We will explore the extent to which we can drop the local 

nonsatiation assumption. 
We cannot drop local nonsatiation, as simple examples show.(34) If we have 

any hope of obtaining a positive result, we must confine ourselves to Pareto 

(32) We do not require that the e i E C i (cf. [6, p. 78], [18], et al.). 

(33) He also assumes that the >- are generated by reflexive, transitive and total preferences 

that are also fully continuous. 

(34) Consider a single consumer who is indifferent between all consumption bundles, and 
a production-consumption allocation that puts the producer in the interior of the production 
technology set. Such an allocation is clearly Pareto optimal, but the producer cannot be 
maximizing profit with any nonzero price vector. Cf. [13, p. 554], [10] 
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optimal allocations (x, y) where the aggregate production for y is in the boundary 
of the aggregate technology set. 

But even that is not enough, as Figure 2 showed. To obtain a second wel
fare theorem without local nonsatiation, then, we assume a new "directional 
optimality" notion (D.7).c:~5) One reason for introducing it here as a sufficient 
condition is that nothing weaker would suffice for support as a competitive equi
librium. \Ve will also show below(3G) that Pareto optimality implies directional 

optimality under suitable additional assumptions. So that implication together 
with Theorem 2 can be used to obtain new as well as standard second welfare 

theorems. 

Theorem 2 (An Extension of the Second Welfare Theorem Allowing 
Production). 
Suppose that: 

i) (x, y) E IRnm x IRnq is directionally optimal. 
ii) For all (x,y) E IRnm x IRnq: 

m q m q 

Lxi - Lyj = Lxi - I)j =? (x,y) E B; (27) 
;=1 j=l i=1 j=l 

iii) 
iv) 

C; is a convex set for each i = 1, ... ,m; 
>- is convex for all i = 1, ... ,m. 
; 

Suppose that the technologies satisfy: 
v) T is a convex set; 

vi) 2:;=1 yj is in the boundaryofT. 
Then: 

a) There exists a nonzero p E IRn such that (p, (x, y» is a pseudo-equilibrium 
for (x, >-) relative to the price system p. 

b) If also: 
vii) 

viii) 

>- is upper-open for each i = 1, ... ,m 
i 
the pseudo-equilibrium price p and consumption com-

ponent x satisfy the minimum wealth condition, 
then there exists an e = (e1, ••• ,em) E IRnm with e E B, (37) 

and there exist e = (e1
, .•• ,em) E IR'tm with 2:::1 ej = 1 for all 

j = 1, ... ,q, such that (p, (x, y» is a private ownership competitive 

equilibrium for (e, >-, 1i). 

(35) Page 16. 

(36) In Remark 4 following Theorem 2. 

(37) As with the ei in footnote 32, we do not require that the ei E C i . 
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A proof sketch follows on page 23. 
The directional optimality assumption is not too strong, in view of the fol

lowing converse. 

Theorem 3 (Competitive Allocations Are Directionally Optimal). 
Suppose that: 

i) p E IRn and (x,y) E B, 
ii) endowments e = (el, ... ,em) E IRnm

, 

iii) profit shares e = (e l
, ... ,em) E IR~m with 2:7~1 ej 1 for all j 

1, ... ,q. 
Then: 

if (p, (x, y)) is a private ownership competiti've equilibrium for (e, >-, e), then 

(x, y) is directionally optimal. 

Theorem 3 encompasses pure exchange as special cases with trivial production: 

T = {O} (wide sense disposability) or T = IR':... (narrow sense disposability). 

Proof of Theorem 3. 
We sketch a proof that, if an allocation is a competitive equilibrium relative to 

itself as endowment (xi = ei ), then the allocation is directionally optimal. 
Our proof will mimic the usual proofs of the First Welfare Theorem, but is even 

simpler - being more like proofs that competitive equilibria are "weakly Pareto 
optimal." (This is because our directional improvement notion, unlike the usual 
Pareto improvement notion, requires that consumers who are not made strictly 
better off do not change their consumption.) 

Suppose that (p, (x, y» is a competitive equilibrium, but that (x, y) is not direc
tionally optimal. We will obtain a contradiction from this. 

Since (x, y) is not directionally optimal, by Definition D.7 there exists an allo
cation (x, y) that directionally improves (x, y). So we can suppose (without loss of 

generality) that: 

i = 1, ... ,k 

i = k + 1, ... ,m 

. {yj + zj E Tj j = 1, ... , r 
yJ = . 

yJ j = r + 1, ... , q 

tl VI + ... + tkvk = ZI + ... + zr 

tl>O & ···tk>O 

tl + ... + tk ;; 1 

Xk+1 = Xk+1 & ... & xm = X m , 

for some k with 1 ;; k ;; m and some r with 1 ;; r ;; q. 
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Because we assumed that (p, (x, y)) is a competitive equilibrium, it follows 
from (27a) that: 

p. VI > 0 & .,. & p. v k > 0, (28) 

so by (27c,d) we have p . ;;J > 0 for some j = 1, ... ,T', which contradicts that the 
competitive equilibrium production yj was profit-maximizing for firm j. QED 

Remarks on Theorem 2. 1) All the assumptions (i)~(v) and (vii), (viii) are 
implied by the usual versions of the second welfare theorem; but the converse is not 
true in general. 

2) The boundary property (vi) is implied by the optimality condition (i) except 
in the special case when each consumer is at a bliss point. And then it is unavoidable: 
Since '2:3=1 iY E T (by (i)), if it were not in the boundary of T, then a movement 

from '2:3=1 f)j to some point in T would increase aggregate profit py, hence some 

individual profit pyj would increase, contradicting property (iii) of definition D.8. (38) 

The usual second welfare theorems obtain our hypothesis (vi) implicitly, from 
local nonsatiation assumptions on preferences. Indeed, local nonsatiation for even 
one consumer clearly guarantees (vi). But without local nonsatiation, we generally 
have to assume it explicitly. In one special case, however, it holds automatically. 
Recall that there are two common methods for viewing pure exchange economies 
as special cases of production economies. One uses the trivial production technol
ogy T = {O} (this allows, but does not require, free disposal in the wide sense), 
so (vi) clearly holds automatically. The other method specifies T = IR":..., allowing 
what we have called free disposal in the narrow sense. For this case, the boundary 
condition (vi) does not necessarily hold without nonsatiation or other special as
sumptions; in fact, Pareto optima may fail to be supportable as competitive or even 
pseudo-equilibria. (39) 

3) Theorem 1 is a special case of Theorem 2, with T = {O}, as shown in both 
part (4.ai) below and in the Demonstration proof in Appendix A. 

4) Because it is sufficient for pseudo-equilibrium support, the directional optimal
ity approach would allow us to prove the usual (finite dimensional) second welfare 
theorems as special cases of ours. 

(38) In a somewhat different context, [13, p. 554], [10] point out that their Second Welfare 
Theorem would be false if their local nonsatiation assumption were dropped. However, as the 
present result shows, it can be dropped if we substitute the weaker boundary condition. 

(39) Consider, for example, a two-commodity economy with a single consumer having 
flat preferences on JR2, i.e. U l (Xl, X2) = 0, and with a single producer having technology set 
T = R=-. The allocation (x, f) = (( ~ 1, ~ 1), ( ~ 1, ~ 1» is clearly Pareto optimal; but it cannot 

be supported, since it is not profit maximizing for any nonzero price vector. 
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More generally, it encourages us to look for situations in which Pareto optimality 
implies directional optimality. Although neither the Pareto nor directional notions 
imply the other, there are interesting cases in which the implications do hold. We 
will mention a few in which Pareto optimality implies directional optimality 

a) The first example includes several special cases. \Ve say that an aggregate 
technology set T is expandable at point yET if feasible changes can be expanded 
in this sense: for every real s > 1 and for;; with y + ;; E T, 

y + ;; E T =} Y + sz E T. (29) 

It is easy to see that for non-retrograde preferences and for technology expandable at 
y, Pareto optimality optimality at (x, f) implies directional optimality at (x, y).(40) 

a.i) A first instance is pure exchange, where we can consider the aggregate pro
duction set T to be the singleton T = {O} (allowing pure exchange with free disposal 
in the wide sense). Then the Pareto optimality and non-retrograde hypotheses of 
Theorem 1 imply directional optimality under pure exchange. (4l) For if a Pareto 
optimum x were not directionally optimal, then directional dominance would yield 
something like 0 = tl vI + ... + tk vk hence 0 = VI + T2V2 + ... + TkVk with xi + Vi >- xi , 
for i = 1, ... ,k; by the non-retrograde assumption we would also have xj +TjVj >- xj 

J 
for j = 2, ... ,k, contradicting the Pareto optimality of x. So a Second Theorem 
applies, even without local or global nonsatiation. An alternative direct proof of 
Theorem 1 from Theorem 2 is given in the Demonstration in Appendix A. 

a.ii) A second instance applies when local nonsatiation holds to only a limited 
extent. While failure of local nonsatiation invalidates the Second Welfare Theorem 
for general economies with production, Propositions A and A' in Appendix A show 
that supportability of Pareto optima will hold when there is a limited degree of local 
nonsatiation, if sufficient connectivity holds in the economy. The proof there shows 
that, under those conditions, Pareto optimality implies directional optimality, so 
Theorem 2 can be applied. 

a.iii) A third instance occurs when the aggregate technology exhibits linear, 
constant returns to scale: 

T = {y E JR2 : y = sy & s E JR}, (30) 

for some y E JR2
• Although that violates a common irreversibility assumption,(42) 

we can obtain a version of the Second Theorem for constant returns to scale by 

(40) See Proposition B in Appendix A. 

(41) The converse is not true, and the statement fails when nontrivial production is 
allowed. 

(42) Except when T = {O}. See [6 pp. 40, 84] for the irreversibility requirement Tn( - T) <:;; 
{O}. 
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bounding consumption sets from below. For example if: 

T = {y E JR2 : y = sy & s > O} (31 ) 

for some y = ([;1, Y2) with Y1 < 0 and Y2 > 0, and if C1 is the bounded-below set: 

Cl={(X1,X2)EJR2:X1~i & X2~0} (32) 

for some real i. Then, for non-retrograde preferences, Pareto optimality implies 
directional optimality, and again a version of the Second Theorem holds without 
excluding satiation. 

b) There are other interesting examples in which the Pareto notion implies the 
directional notion. When there is sufficient "connectivity" in the economy ~ for 
example, when it is possible for consumers to benefit other consumers by making 
feasible transfers, then Pareto optimality may imply directional optimality. (See 
Proposition A in Appendix A.) 

5) Another application of the directional optimality notion would be as a test for 
supportability of any other optimality notion by a price system. To prove support
ability, one might verify directional optimality, and to prove non-supportability one 
could demonstrate demonstrate directional nonoptimality; for directional optimal
ity is necessary for competitive supportability, and sufficient for pseudo-equilibrium 
supportability. 

6) As with pure exchange (cf. (21), (22), (23», Theorem 2 holds regardless of 
whether or not free disposal or short sales are permitted. 

Proof sketch for Theorem 2. Our proof is almost the same as that for 
Theorem 1, except for using the directional condition (i), and separating (an en
largement of) S from the aggregate production set T = 2:]=1 T j , rather than from 
the origin O. 

Proof of part (a). 

a.l) Define Si as in the proof of Theorem l. 

a.2) Define Y = 2:]=1 fjj. 
If all Si are empty, it is easy to find a pseudo-equilibrium price: Since Y E bdry(T) 

by hypothesis (vi), and since T is convex, there exists a hyperplane supporting T 
at y, say with nonzero normal p such that 

pz ~ py for all Z E T, (33) 

hence: 

pzj ~ pyj for all j = 1, ... ,q (34) 
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for all (;;1, ... ,;;q) with 2:J=l;:;1 = z. It follows that (p, (x, fj)) is a pseudo-equilibrium 
(in fact, a competitive equilibrium). 

a.3) \Vithout loss of generality, then, we can suppose that Sl, ... ,S,. are the 
nonempty Si, where 1 ~ r ~ m. Then we define S as the convex hull of the 
individual preferred sets as in (13): 

S = con(Sl U··· U Sr), (35) 

so S is nonempty, convex, and contains each Si. Let 1{ be the relative interior of 
the convex hull of S and the origin {O}. 

a.4) 'Ve define the set of technologically feasible production changes: 

(j = 1, ... ,q) (36a) 

(36b) 

Thus yj + Zj = Tj , so y + Z = T, and Z = T - y. The convexity of T (from (v)) 
therefore implies that Z is convex; and the nonemptiness of T (from (i)) implies 
that Z is nonempty. 

a.5) We will obtain a non-zero "price" vector p E mn by applying a standard 
separating hyperplane theorem to separate the convex set Z from the convex set K. 
To prepare for that, we now show that directional optimality of (x, fj) implies: 

ZnK = 0. (37) 

If the intersection were nonempty, then by (12) and (36) there exist zj E mn with 
yj+zj E Tj, and (renumbering if necessary) vi E Si and ti > 0 with t1 + .. ·+tk ~ 1, 
such that: 

q 

". 1 k ~ zJ = t1 V + ... + tkv . (38) 
j=l 

Since we also have: 

(
A1 t 1 Am t m A1 1 Aq q) B 
X + 1V, ... ,X + mV ,y +Z , ... ,y +Z E (39a) 

(by (38) and the feasibility properties of (i) and (ii)) 

xi + tivi E C i for all i = 1, ... ,m (39b) 

(by (iii) and definition of the Si), 

the directionally improving trades tivi are feasible, contradicting directional opti
mality (i). Therefore Z n K = 0. 

24 



a.6) Because Z and K ~ S are nonempty disjoint convex sets, standard separat
ing hyperplane theorems(43) yield a nonzero p E IRn such that: 

pv ~ 0 for all v E S 

pz ;;;; 0 for all Z E Z. 

(40a) 

(40b) 

(The hyperplane includes the origin, which is in both Z and the closure of K.) 

Now the pseudo-equilibrium property D.8.(ii) follows from (40a) since Si ~ S, 
and property D.8.(iii) follows from (40b). 

Proof of part (b). For any i = 1, ... ,m suppose: 

(41) 

By part (a), pu i ~ pxi. Indeed, pu i > pxi , since otherwise, exactly as in our proof 
of part (b) for the pure exchange case, we could use the minimum wealth condition 
and (vii) to obtain a contradiction of part (a). 

"Ve follow Debreu [6, pp. 93-94] in defining: 
-i _ Ai 1 ",q Aj c 11' - 1 e - x - m 6j=1 PY lor a z - , ... , m. 

OJ = ~ for all j = 1, ... ,q and all i = 1, ... ,m. 
for all i = 1, ... ,m. It easily follows that: 

q 

pxi ;;;; pf} + L e;pyj 
j=l 

q 

ui >- xi =? pui > pxi = pf} + L e;pyj, 
j=l 

so «x, y),p) is a competitive equilibrium. QED 

(42) 

Remark. As noted in item (6) of the previous Remarks, it follows from the 
form of Theorem 3's balance hypothesis (ii) that the theorem applies regardless 
of whether or not free disposal for various commodities is allowed - in either the 
narrow or wide sense. (44) 

(43) E.g. Berge [3, p. 163 (First separation theorem)]. 

(44) Page 3. 
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VII Appendix A 

Second Welfare Theorems Allowing Production 

As mentioned in part (c) of Remark (4) following Theorem 2, a sufficient degree 
of "connectivity" in the economy may guarantee that Pareto optimality implies 
directional optimality. We illustrate this in the following proposition in which the 
connectivity among consumers guarantees that each consumer can benefit some 
other consumer by feasible transfers. In this case, we only need a limited degree of 
monotonicity and steepness(45) for some individuals in order to prove that Pareto 
optimal allocations are supportable as competitive equilibria. Our proof is based on 
the notion of directional optimality. 

For any bundle x E IRn, we denote by x[ ~ 1 the result of replacing the r-th 
component of x by the number Q:. 

For any consumer i, we say that commodity r is i-useful if there exists a bundle 

x E IR and numbers Q:,/3 E IR such that x[~l ~ x[~l. We say that a commodity is , 
useful if it is i-useful for some consumer i. 

We write E /\ r = O[~l = (0, ... ,0, E, 0, ... ,0), where E appears as the r-th 
component. 

Proposition A (A Second Welfare Theorem Allowing Production). (46) 

Suppose that: 
i) (x, y) E IRnm x IRnq is Pareto optimal. 

ii) For all (x,y) E IRnm x IRnq: 
m q m q 

Lxi - Lyi = Lxi - Lyj =? (x,y) E B; (43) 
i=1 j=1 i=1 j=1 

iii) C i is a convex set for each i = 1, ... ,mi 
and that ~ is: 

iv) convex 
v) non-retrograde 

vi) upper-open 
for all i = 2, ... ,mi 

and that ~ is: 
1 

vii) strictly monotone in all useful commodities 

(45) Footnote 20. 

(46) We could generalize the connectivity described in (ix) to allow transfers benefitting 
another consumer not just directly, but also (or: only) by contributing an input to a firm 
producing a consumer good. 
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viii) steep. (47) 

Assume also that: 
ix) for each i = 2, ... ,m there is some i-useful commodity, numbered Si, and 

some Ei > 0 such that xi - Ei 1\ Si E C i . 

Suppose that the technologies Tj satisfy: 

Then: 
x) The aggregate technology set T = T1 + ... + Tq is a convex set. 

a) There exists a nonzero p E IR" such that (p, (x, f)) is a pseudo-equilibrium 
for (x, >-) relative to the price system p. 

b) If also: 
xi) a pseudo-equilibrium price p and consumption component 

x satisfv minimum wealth condition, (48) 

then there exists an e = (el
, ... ,em) E IRnm with e E B, and there 

exist 0 = ((f1, ... ,(fm) E IR~m with L;:l OJ = 1 for all j = 1, ... ,q, 

such that (p, (x, f)) is a private ownership competitive equilibrium for 

(e, >-,0). 

Because Proposition A is agnostic as to whether T ~ IR"!..., it applies equally to 
economies with or without free disposal in the wide sense, as well as to economies 
with free disposal in the narrow sense. 

Proof of Proposition A. It suffices to show that the hypotheses of Theorem 2 
hold. Theorem 2's (vi) follows from the Pareto optimality of (x, f) and the mono
tonicity of >-. So it only needs to be shown that the Pareto optimality of (x, f) 

1 
implies its directional optimality. (Indeed, we know from Theorem 3 that to obtain 
support as a competitive equilibrium, we have no choice but to establish directional 
optimality. ) 

For a proof by contradiction, we suppose that (x, f) is not directionally optimal. 
Defining y = L]=l fj, this means there exists an allocation (x, fj) = (xl, . .. ,x"', fj1, ... ,yq) 
in IR""' x IRnq, that directionally improves (x, f); i.e., (x, y) is feasible and for each 
j = 1, ... ,q there exist zj E IRn such that: 

yJ=yJ+ZjETj 

so 
q q q 

L yJ = L yJ + L zj E Y + z ~ T, 
j=1 j=1 

(47) Footnote 20. 

(48) Page 8. 

j=l 
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and for some k = 1, ... ,m (without loss of generality), one of these cases three cases 
holds: 

1) there exist vI = Xl - xl E Sl, v2 = x 2 - x 2 E S2, ... , vk = xk - xk E Sk 

and there exist t l , t2, ... , tk with 0 < t l , ... ,tk ;; 1 such that: 
q 

I? k """'" tlv + t2v- + ... + tkv = ~ z} E Z; 
j=l 

2) VI = xl - Xl E Sl and there exists a t1 with 0 < tl ;; 1 such that: 

q 

tlvl=LzjEZ; 
j=l 

(45a) 

(45b) 

3) v2 = x 2 - x 2 E S2, ... , vk = xk - xk E Sk and there exist t2, ... ,tk with 
o < t2, ... ,tk ;; 1 such that: 

q 

2 k """' " t2v + ... + tkv = ~ z} E Z. 
j=l 

\Ve will obtain a contradiction of Pareto optimality in each case. 

Case 1. We have: 

Xl + tl VI >- Xl (by steepness of >- (viii)) 
1 1 

--, xi >- Xi + ti vi (since >- is non-retrograde, by (v)) 
i , 

i = 2, ... ,k. 

(45c) 

(46a) 

(46b) 

Since the changes tivi and zj from (x, fj) are feasible (by (45a)), this contradicts the 
Pareto optimality of (x, fj). 

Case 2. Again we have: 

Xl + tl VI >- xl, (by steepness of >- (viii)), 
1 1 

(47) 

which with the feasibility property (45b) contradicts the Pareto optimality of (x, fj). 
Case 3. Since Vi E Si, for each i = 2, ... ,k, we have, by definition: 

Xi + vi >- xi, (48) , 
so by hypothesis (ix) we have: 

Xi + tivi - Ei 1\ Si E Ci (49) 

for small enough positive E;. From the openness of the Si (vi) and the non-retrograde 
hypothesis (v) we have: 

(50) 

28 



Thus it is feasible (in view of (45c)) to make a transfer of E2/\ 82 + ... + Ek /\ 8k to 
Consumer 1, which does not lower the preference position of >- or·', or>- (by (50)), 

2 k 
and it increases the preference position of >- (by (vii)). This contradiction of Pareto 

1 
optimality completes our proof that Pareto optimality implies directional optimality. 
QED 

[Generalized] Proposition A' (A Second Welfare Theorem Allowing Pro
duction). 
Let there be two types of consumers, Type I and Type II. Suppose tha.t: 

i) for each consumer i E I, the preference >- is steep; 
2 

ii) for each commodity k = 1, ... ,n, there is some consumer i E I for which 
>- is monotone in that commodity; , 

iii) for each consumer i E I I, there is some i-useful commodity 8i and some 
Ci such that Xi - Ci /\ 8i E Gi ; 

iv) >- is non-retrograde, for each consumer i E II. 
i 

For each consumer i E I U I I: 
v) Ci is a convex set for each i = 1, ... ,m; 

vi) >- convex; , 
vii) >- is upper-open. 

i 
Suppose that: 

viii) (x, y) E IRnm x IRnq is Pareto optimal; 
ix) for all (x, y) E IRnm x IRnq: 

m q m q 

Lxi - Lyi = Lxi - Lyj =? (x,y) E B. (51) 
i=l j=l i=l j=l 

Suppose that the technologies satisfy: 
x) T is a convex set. 

Then: 
a) There exists a nonzero p E IRn such that (p, (x, y)) is a pseudo-equilibrium 

for (x, >-) relative to the price system p. 

b) If also: 
xi) the pseudo-equilibrium price p and consumption component 

x satisfy minimum wealth condition,(49) 

then there exists an e = (e1 , ••• ,em) E IRnm with e E B, and there 

exist e = (el, ... ,em) E IR~m with 2::1 ej = 1 for all j = 1, ... ,q, 

(49) Page 8. 
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such that (p, (x, y)) is a private ownership competitive equilibrium for 

(e, >-,8). 

Proof of Proposition A'. It suffices to show that the hypotheses of Theo
rem 2 hold. Theorem 2's (vi) follows from the Pareto optimality of (x, y) and the 
monotonicity properties of the >- for i E I. So it only needs to be shown that the , 
Pareto optimality of (x, y) implies its directional optimality. (Indeed, we know from 
Theorem 3 that we have no choice but to establish directional optimality.) 

For a proof by contradiction, we suppose that (x, y) is not directionally optimal. 
D fi · - ""q thO tl . t 11 t' (- -) (-1 -m -1 -q) e nlng y = ~j=l' IS means lere eXls s an a oca lOn x, y = x , ... ,x ,y, ... , y 

in IRnm x IRnq, that directionally improves (x, y); i.e., (x, y) is feasible and for each 
j = 1, ... ,q there exist zj E IRn such that: 

yj = yj + zj E Tj 

so 
q q q (52) 

L yj = L yj + L zj E iJ + Z ~ T, 
j=l j=l j=l 

and for some k = 1, ... ,m (without loss of generality) VI = Xl - Xl E S 1, v 2 = x2 -

x 2 E 52, ... , v k = xk _xk E Sk and there exist t l , t2, ... , tk with 0 < t l , ... , t2 ~ 1 
such that: 

(53) 

These exhaust the ways this can happen: 
1) all of the consumers i = 1, ... , k are of Type I; 
2) some of the consumers i = 1, ... , k are of Type I and some are of Type II; 

without loss of generality, suppose: 

1, ... ,h E I 

h + 1, ... ,k E II; 
(54) 

3) all of the consumers i = 1, ... ,k are of Type II. 
We will obtain a contradiction of Pareto optimality in each case. 

Case 1. \Ve have: 

xi + ti vi >- xi, (by steepness of >- (viii) for i E 1)), 
i , 

(55) 

which contradicts the Pareto optimality of (x, y), in view of the feasibility condi
tion (53). 
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Case 2. Again define K = tl + ... + tk; then: 

, i t i ' i ( . 1 h) x + iV >- X z = , ... , (by steepness of >- for i E I (i» (55b) , , 
..., xi >- xi + tivi (since >- is non-retrograde, for i E II (ivo» (55e) 

i , 

i = 2, ... ,k, 

which contradicts the Pareto optimality of (x, y), in view of the feasibility condi
tion (53). 

Case 3. Since vi E Si, for each i = 1, ... ,k, we have, by definition: 

Xi + vi >- xi, , 
so by hypothesis (ix) we have: 

xi + tivi - Ei /\ Si E C i 

(56) 

(57) 

for small enough positive Ei. From the openness of the Si (voii) and the non
retrograde hypothesis (iv) we have: 

..., xi >- xi + tivi - Ei /\ Si. 
i 

(58) 

Thus for each consumer i = 1, ... ,k it is feasible (in view of (53» to make a transfer 
of Ei /\ Si + ... + Ek /\ Sk to some consumer i' of Type I, which does not lower the 
preference position of >- (by (58» - or of any other consumer; and it increases , 
the preference position of >-; (by (vii». This contradiction of Pareto optimality , 
completes our proof that Pareto optimality implies directional optimality. QED 

Next, we show that Theorem 1 is a corollary of Theorem 2. 

Demonstration: A Proof of Theorem 1 from Theorem 2 
We begin with a pure exchange economy [ satisfying the hypotheses of Theo

rem 1. Then we extend [ to an "artificial economy" A with trivial production. Next 
we show that A satisfies the hypotheses of Theorem 2, so the conclusions of Theo
rem 2 hold. Finally, we translate our pseudo- and competitive equilibrium results 
for the "artificial economy" A back to the pure exchange economy [, obtaining the 
conclusions of Theorem 1. 

1) Let [ be a pure exchange economy satisfying all the hypotheses of Theorem 1. 
We extend [ by defining a trivial production set T, representing a single firm: 

Tl = T = {O}. (59) 

Then hypotheses (ii) and (v) of Theorem 2 clearly holds, and hypothesis (vi) follows 
immediately from hypotheses (ii) of Theorem 1. 

2) We now show that the directional optimality hypothesis (i) of Theorem 2 
holds. 
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2.a) Theorem l's Pareto optimality assumption (i) for x in economy [ clearly 
implies that (x,O) is Pareto optimal in the economy A. 

2.b) Suppose that (X,O) is not directionally optimal in A; we will obtain a con
tradiction. 

The directional non-optimality implies existence of a directional improvement 
over (x,O). So there exist individuals i = 1, ... ,k (with 1 ;;:; k ;;:; m) and Vi and ti 

with ° < ti and L~ ti ;;:; 1 such that: 

k q 

xi + vi >- xi & L tivi = L zj = 0. , (60) 
i=1 j=1 

Without loss of generality, suppose that tl is maximal among the ti; then defining 

Ti = t;jtl we have Tl = 1 and Ti > ° (i = 1, ... ,k) and: 

k 

LTiVi = ° (by (60». (61) 
i=1 

Since ° E T, the directional movements TiVi are technologically feasible, and since 
they are clearly within the consumption sets Ci by Theorem 1 's assumption (iv), 
they are feasible. Since Tl = 1, Consumer 1 is made better off by the movement 
T1 VI = VI, and since the other ° < Ti ;;:; 1 for the other Ti it then follows from 
Theorem l's non-retrograde assumption (v) that Consumers 2, ... ,k are not made 
worse off. This contradicts the Pareto optimality statement (2.a) above. 

Thus Theorem 2's directional optimality hypothesis (i) holds. 
2.c) Since all the hypotheses of Theorem 2 hold for the "artificial economy," It 

follows from Theorem 2 that there exists a price vector p that supports (x, fj) = (fj,O) 
as a pseudo-equilibrium for the "artificial economy" A. It is easy to see that the same 
price p supports x as a pseudo-equilibrium in the original pure exchange economy 
[ of Theorem l. 

And if also Theorem 1 's assumptions (vi) and (vii) hold, then clearly Theorem 2's 
assumptions (vii) and (viii) also hold, and (p, (x, 0» is a competitive equilibrium in 
the artificial economy A, so it is easy to see that (p, x) is a competitive equilibrium 
in the pure exchange economy [ of Theorem 1. QED 

We now show that when production is expandable at the Pareto optimum and 
preferences are non-retrograde, then Pareto optimality implies directional optimal

. ity, hence hypothesis (i) of Theorem 2. As we saw in part (4,a) of the Remarks 
following our proof of Theorem 3, there are many applications of this implication. 
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Proposition B (P.o. + non-retrograde + expandability =} d.o.). 
Suppose that: 

i) (x, f;) E IR nm x IRnq is Pareto optimal 

ii) C i is a convex set for each i = 1, ... ,m 
iii) >- is non-retrograde for all i = 1, ... ,m 

i 

h') T is expandable at LJ=l f;j.(50) 

Then (x, f)) is directionally optimal. 

Proof. For a proof by contradiction, suppose that (x, f)) is Pareto optimal, but 
not directionally optimal. The failure of directional optimality implies that there 
exist Vi E Si and positive real ti ;:: 1 and Z E Z such that: 

(62) 

for some k ;:: m. Without loss of generality, we can assume that tl is maximal 
among these ti, so dividing by tl yields: 

Z 12k 
- = V + T2V + ... + TkV 
tl 

(63) 

with t2,." ,Tk ;:: 1. Since the technology is expandable at LJ=l f; (iv), we have 

zitI E Z. Since the Ci are convex (ii), the changes Vi, T2V2, i ... , TkVkV k keep the 
consumers in the C i sets. So the changes are feasible. Since the changes Vi E Si, 

they improve >-, and (by the non-retrograde property (iii)) do not worsen the other 
1 

>-; so they lead to a Pareto improvement of (x, f;), contradicting our hypothesis (i). , 
QED 

VIII Appendix B 

Removing Local N onsatiation Assumptions via Existence Theorems 

Some earlier steps toward removing nonsatiation assumptions from second welfare 
theorems were based on existence theorems. 

Pure exchange A "revealed preference argument" was pioneered by Maskin 
and K. Roberts [14, pp. 328-329], and used more recently in texts by Varian [23, 
pp. 328-329, 347-348] and Mas-Colell, Whinston, and Green [13, p. 589]. 

In that approach, the point of departure is a competitive equilibrium existence 
theorem, rather than the usual separating hyperplane theorem. In Hurwicz [11] 

(50) Cf. (29). 
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this approach was used to dispense with local nonsatiation (but not with global 
nonsatiation) conditions. 

A convenient point of departure is \Verner's [24, p. 1414] Theorem 2, asserting 
the existence of a competitive equilibrium in a pure exchange no-free-disposal econ
omy with a finite number of goods, when the following assumptions are satisfied 
by every agent:(51) i) the consumptions sets Xi are closed, convex, and bounded 

below; ii) each consumer's weak preference relation on Xi is reflexive, total, and 
continuous; iii) weak upper contour set of each preference is convex; iv) there are 
no feasible bliss points; and v) the initial endowment ei of each consumer is in the 
relative interior of the consumer's consumptions set Xi. 

The argument in Hurwicz [11, Proposition C] proceeds as follows. Assuming 
"Verner's conditions, we conclude that there exists a competitive equilibrium from 
e, say (p, x) with x = (Xl, ... ,xn ). By the definition of competitive equilibrium, 
for each consumer i, the bundle x is at least as good as e. On the other hand, if 
e is Pareto optimal (an hypothesis of the Second Welfare Theorem), then x cannot 
be Pareto superior to e. So e is Pareto equivalent to x. Since ei is in Consumer i's 
budget set for each i, it follows that e is also a competitive equilibrium from e. This 
establishes the Second Welfare Theorem for exchange economies satisfying Werner's 

assumptions. 
Note that the [11, Proposition C] result is weaker than Theorem 1 of the present 

paper, in which we dispense with the following assumptions (that [11, Proposition C] 
inherited from its argument based on \Verner's or Debreu's existence theorems): 
absence of bliss points, boundedness of consumption sets from below, the reflexivity, 
transitivity, or totality of preferences. Also our Theorem 1 significantly weakens the 
balance condition, thus allowing free disposal, at least in the wide, inequality sense. 

Production Hurwicz's note [11, Proposition B] attempted to weaken the nonsa
tiation assumptions for production economies as well. However, Reiter [21] provided 
a counterexample to the claim. 

Propositions A and A' in Appendix A above, as well as the generalization men
tioned in footnote 46 show that certain "connectivity" assumptions guarantee di
rectionaloptimality, as required for competitive supportability (Theorems 2 and 3). 
These connectivity conditions seem related to the "irreducibility" assumptions in 

D. Gale [9, p. 267] L. McKenzie [15] [16], and J. Moore [17, p. 386] but we have 
not analyzed this relationship. 

(51) A similar theorem can be obtained as a special case from Debreu's theorem in [7]. 
Alternative versions of Werner's Theorem 2 [24] are found in his communication [25]. 
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