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Abstract 
The methods of Shub and Smale [SS93] are extended to the class of multihomogeneous systems 

of polynomial equations, yielding Theorem 1, which is a formula expressing the mean (with respect to a 

particular distribution on the space of coefficient vectors) number of real roots as a multiple of the mean 

absolute value of the determinant of a random matrix. Theorem 2 derives closed form expressions for the 

mean in special cases that include: (a) Shub and Smale's result that the expected number of real roots 

of the general homogeneous system is the square root of the generic number of complex roots given by 

. Bezout's theorem; (b) Rojas' [Roj96] characterization of the mean number of real roots of an "unmixed" 

multihomogeneous system. Theorem 3 gives upper and lower bounds for the mean number of roots, where 

the lower bound is the square root of the generic number of complex roots, as determined by Bernstein's 

[Ber75] theorem. These bounds are derived by induction from recursive inequalities given in Theorem 4. 

* I have benefited from numerous discussions with Maurice Rojas, and I am grateful for comments 
by seminar participants at the University of Minnesota, the AMS Meeting at Temple University in April 
1998, and the conference on polynomial system solving at the Mathematical Sciences Research Institute 
in September 1998. -



The Expected Number of Real Roots of a 
Multihomogeneous System of Polynomial Equations 

1. Introduction 

The study of the distribution of real roots of a polynomial with random coefficients, 
which traces back at least to [BP32], has recently been developed in the direction of 
multivariate systems. (This literature is ably surveyed, and extended, by Edelman and 
Kostlan [EK95].) Kostlan [Kos93] shows that, for a homogeneous polynomial equation of 
degree d in n + 1 variables, a particular inner product on the space of coefficient vectors 
is distinguished by invariance under the natural action of O(n + 1) and orthogonality 
of monomials. He goes on to show that, for the system of n such equations, when the 
coefficient vectors for the various equations are independent random variables, with each 
one distributed according to the central normal distribution associated with this inner 
product, the mean number of projective roots in n-dimensional real projective space is 
dn / 2 , which is the square root of the generic number of complex roots given by Bezout's 
theorem. 8hub and 8male [8893] extend this result to the general homogeneous system 
of n homogeneous polynomial equations of degrees d1 , ... , dn , showing that the mean is 
Jfl di , which is again the square root of the Bezout number. Rojas [Roj96] studies 
unmixed(l) systems of multihomogeneous equations, arriving at a closed form formula for 
the mean number of roots in the cartesian product of projective spaces that is the natural 
root space for such systems. 

This paper studies the more general case of mixed multihomogeneous systems. Theo
rem 1 is a formula expressing the mean number of real roots of a random multihomogeneous 
system as the product of the mean absolute value of the determinant of a random matrix 
times an expression composed of evaluations of Euler's function r at multiples of 1/2. The
orem 2, which is a corollary, gives a closed form formula for this mean, for a smaller class 
of systems that includes both the general homogeneous system and the unmixed systems 
as special cases, so that the results of [8893] and [Roj96] described above are corollaries. 
Theorem 3 generalizes the "square root of the Bezout number" result by giving upper and 
lower bounds on the mean number of roots, where the lower bound is the square root of 
the maximal number of roots for the associated "demultihomogenized" system, as given 
by Bernshtein's [Ber75] extension of Bezout's theorem to sparse systems of polynomial 
equations. These bounds follow from recursive inequalities given in Theorem 4. 

The author's interest in this topic is motivated in part by concepts of noncoopera
tive game theory(2). The concept of a totally mixed Nash equilibrium for a normal form 
game amounts to a root, all of whose components must be positive, of particular sort of 

(1) Sparse systems of polynomial equations are described in Section 2. Roughly, such a system is 
unmixed if all polynomials have the same collection of monomials with nonzero coefficients, and otherwise 
it is mixed. 

(2) This is not the place to give a general introduction to noncooperative game theory; Fudenberg and 
Tirole (1991) is a standard text. For the internal logic of this paper the description of quasiequilibrium 
(Section 2) is sufficient. For the connection between this notion and the standard concepts of Nash 
equilibrium and totally mixed Nash equilibrium see [MM97, McL97). 
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multihomogeneous system. McLennan and McKelvey [MM97] give a method for construct
ing normal form games· that have as many regular (real) totally mixed Nash equilibria as 
are permitted by Bernshtein's theorem. The conceptual import of this result is that the 
maximal number of Nash equilibria is large, at least compared to most game theorists' 
prior intuition. Games that have the maximal number of equilibria are thought to be very 
atypical, and there arises the question of whether the set of equilibria is not only poten
tially large, but also large on average. McLennan [McL97] investigates the application, 
to this problem, of the results developed here, using Theorem 3 to show that the mean 
number of Nash equilibria can grow exponentially with various measures of the size of the 
game. Among other things, this analysis involves the extension of our work here to systems 
consisting of a multihomogeneous system, of the sort studied here, to which additional mul
tihomogep.eous polynomial inequalities have been appended, with the generalized formula 
being the one given here times a factor that may be regarded as the "probability" that a 
root of the system of equations also satisfies the inequalities. 

In connection with speculation concerning whether analogues of Theorem 3 might 
hold for more general classes of sparse systems than the multihomogeneous ones, we recom
mend [Roj], which gives an extension to general sparse systems of the model of a random 
system studied here, and which presents results and conjectures along these lines. It is 
interesting to note that multihomogeneous systems are potentially special insofar as they 
can have as many real regular roots as are permitted by Bernshtein's theorem. (This is 
proved in [McL98] by pointing out that the argument in [MM97], which establishes this 
claim for the systems arising in game theory, is actually valid for any multihomogeneous 
system.) 

The proof of Theorem 1 parallels the analysis in [8893] and [BC898] rather closely, 
and is thus a descendant of the methods of [Kac43]. The incidence variety is the set of 
coefficient vector-root pairs. It is a submanifold of the cartesian product of the space of 
coefficient vectors and the root space, and the projection of it onto the root space is a 
fibration. The roots of the system at a particular coefficient vector are the preimages of 
the projection of the incidence variety onto the space of coefficient vectors, and an integral 
formula [8893, p. 273; BC898, p. 240] is used to reexpress the mean number of roots as 
a double integral, where the outer integral is over the root space and the inner integral is 
over the fibre of the projection onto the roots space at the root in question. Invariance 
is used to show that the inner integral does not depend on this root, so that the double 
integral is the volume of the root space times the inner integral, evaluated at a point in the 
root space which may be chosen at whim. For a particular choice it is possible to simplify 
tIre inner integral by transforming variables in a way that eliminates variables that do not 
enter the integrand, and from this Theorem 1 emerges. 

The algorithms used by [MM97] to compute maximal numbers of Nash equilibria 
are based on recursive formulas for the Bernshtein number that extend directly to general 
multihomogeneous systems. Below (see also [McL98]) we describe how these formulas can 
be seen as the consequence of expressing the Bernshtein number for such a system as the 
permanent (e.g. [Eg096]) of a matrix, after which the recursions are obtained by expanding 
along a row or column. In investigating whether the mean number of real roots is greater 
than the square root of the Bernshtein number, as asserted by Theorem 3, it is natural to 
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guess that the squares of the mean numbers of real roots obey the corresponding recursive 
inequalities, which is the assertion of Theorem 4, since then Theorem 3 follows from induc
tion. Using Theorem 1, Proposition 7.1 restates these inequalities as recursive inequalities 
for the mean absoute values of the determinants of certain random matrices. The proof 
of Proposition 7.1 is, perhaps, rather surprising insofar as it depends on properties of nor
mal random variables that seem quite distant from the geometric starting point of these 
investigations. 

The remainder has the following organization. Section 2 describes multihomogeneous 
systems as a certain type of sparse system. Section 3 specifies an inner product on the 
space of coefficient vectors of a multihomogeneous equation that is uniquely characterized 
by invariance and orthogonality of monomials. The central normal distribution with re
spect to this inner product is our model of a random equation, and our random systems 
have the coefficient vectors of the various equations distributed independently according 
to these distributions. Section 4 states Theorem 1, and in Section 5 we discuss those 
systems for which it is possible to reduce the formula in Theorem 1 either to closed form 
or to an expression involving the formula applied to smaller systems. Section 6 defines 
mixed volume, states Bernshtein's theorem precisely, and shows how the generic number 
of complex roots of a multihomogeneous system may be computed recursively. Section 7 
proves Theorems 3 and 4, and presents a result giving upper and lower bounds for the 
mean absolute value of the determinant of a random matrix. Sections 8-11 present the 
proof of Theorem 1. 

2. Multihomogeneous Systems 

In stating Bernshtein's theorem we will need to consider general sparse systems, so 
we describe multihomogeneous systems as a specialization of this concept. A sparse system 
of n polynomial equations in .e variables is 

f(x) = (h(x), ... , fn(x)) = 0, 

where x = (Xl, ... , Xi) and, for each i = 1, ... , n, there is a nonempty finite Ai C Ni 
such that fi (x) = 2:aEAi fiaXa for some system of coefficients fia. (Here x a denotes the 
monomial X~l X~2 ••. X~l .) The general approach of the theory of sparse systems is to hold 
the n-tuple of supports (AI, ... , An) fixed while treating the coefficients fia as variables, 
f{)r instance in the sense of studying properties that are generic in the space of vectors of 
coefficients. Such a system is said to be unmixed if Al = ... = An; otherwise it is mixed. 
Identifying a polynomial with its vector of coefficients, we regard Hi := IRA; \ {O} as the 
space of polynomials with real coefficients whose supports are nonempty subsets of Ai' 
Let 

The system is multihomogeneous if the variables in x are divided into k groups, 
so that x = (YI,"" Yk) where Yj = (YjO, Yjl, ... , Yjnj)' and each equation is homo
geneous of degree 6ij as a function of Y j, for any given values of the other variables 
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(YI, ... , Yj-l, Yj+l,···, Yk). More precisely, we require that there are nonnegative inte-
gers Oij (i = 1, ... , n, {= 1, ... , k) such that 

Ai = Ail X ... X Aik, where Aij = {a E Nnj+l : ao + al + ... + anj = Oij }. 

When Ii is multihomogeneous, the truth value of the proposition 'Ii(x) = 0' is unaffected 
if each block of variables is multiplied by a nonzero scalar, so that, in effect, there are f - k 
degrees of freedom. We work only with systems that are, in this sense, exactly determined: 
f = n + k, so that nl + ... + nk = n. An instance of the type of system studied here is 
specified by the vector n and the n x k matrix 0 := (Oij). 

Four particular types of multihomogeneous system figure in our discussion: 

(a) When k = 1 we have the general homogeneous system, for which the problem studied 
here was analyzed in [8893]. In inductive constructions it will be convenient to allow 
the numbers of variables in some blocks to be zero, and we will use the phrase' general 
homogeneous system' to describe any multihomogeneous system with nj = n for some 
j, in which case we must have nh = 0 for all h =1= j. 

(b) The unmixed multihomogeneous systems studied in [Roj96] are described by the 
condition that all equations have the same support: there are integers el, ... , ek 
such that 

Olj = ... = Onj = ej (j = 1, ... ,k). 

(c) Generalizing (a) and (b) are the systems for which there are numbers dl , ... , dn and 
el, ... ,ek such that Oij = diej for all i and j. 

(d) The systems arising, in game theory, from the concept of quasiequilibrium ([MM97]) 
of a finite normal form game, have, for each j = 1, ... , k, nj equations that are 
homogeneous of degree one in Yh for all h =1= j, and are homogeneous of degree zero 
in Y j. Formally these systems can be characterized as follows: 

!< .. _ {O ifq(i) =j, 
UtJ -

1 otherwise, 
(1) 

where q : {l, ... , n} ~ {1, ... , k} is the function defined implicitly by the inequality 

nl + ... + nq(i)-l < i :::; nl + ... + nq(i). 

3.- An Invariant Inner Product 

Fix a pair (n,o). 8ince nl + ... + nk = n, we may index the components of an 
exponent vector a E Nn+k by the pairs (j, h) for j = 1, ... , k and h = 0, ... , nj. For such 
an a let 
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We endow each Hi with the inner product 

(Ii, IDi := L 17(a)/iaIIa' 

Let /I . /Ii be the norm derived from (-"k 
Consider the product group 

aEAi 

G := O(nl + 1) x ... x O(nk + 1). 

There is the obvious component-wise action of G on IRn1 +1 X ... x IRnk +1, and for Ii E Hi 
and 0 E G, Ii 00- 1 is easily seen to be a polynomial function that is multihomogeneous for 
the same numbers Jij , so Ii 00-1 is an element of Hi. Thus the formula 0 Ii := Ii 00-1 

defines an action from the left of G on Hi. The following generalizes [Kos93, Th. 4.2]' 
which is the case k = 1. 

Lemma 3.1: The inner product (4) is the unique (up to multiplication by a scalar) 
inner product on Hi that is invariant under the action of G and with respect to which the 
monomials are pairwise orthogonal. 

Proof: Let (Ii, IDi = l:aEAi 17* (a)/ialfa be an invariant inner product with all monomials 
orthogonal. We wish to show that 17*(a)/''l*(a') = 17(a)/17(a') for all a, a' E Ai' Fixing 
arbitrary a E Ai and j = 1, ... ,k, it suffices to establish that this formula holds for those 
a' E Ai with aRh = a~h whenever f # j, and this folloW's from [Kos93, Th. 4.2] applied to 
the subspace of Hi spanned by such a'. 

To see that (-, ')i is invariant under the action of G observe that, by [Kos93, Th. 4.2], 
it is invariant under the action of any group element 9 with only one component 9j different 
from the identity in O(nj + 1), and that such group elements generate G. • 

Following [Kos93, EK95, Roj96], in our model of a random multihomogeneous sys
tem the coefficient vectors of the various equations are statistically independent, with the 
coefficient vector of the ith equation centrally pormally distributed in Hi relative to (-, . k 
Concretely this means that the coefficients lia are independent Gaussian random vari
ables with mean 0 and variance 17(a)-I. In the setting of arbitrary sparse systems [Roj96] 
presents a definition and motivation of these variances that is geometric and general, in 
the sense that it pertains t9 any sparse system. Let J.1,i be the probability measure on Hi 
that is the distribution of Ii, and let 

J.1, := J.1,1 X ... x J.1,n 

be the distribution of i := (iI, ... , in). 
In the calculations used to prove Theorem 1 we also consider the model in which 

the coefficient vectors II, ... , In are statistically independent, with each Ii uniformly dis
tributed in the unit sphere (relative to II . Iii) of Hi. The distribution of roots depends 
only on the distribution of the normalized coefficient vectors IdllJilli, so standard facts 
concerning the multivariate normal distribution imply that, from our point of view, the 
two models are equivalent. 
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4. The Central Formula 

We count roots in the k-fold product of projective spaces 

P:= PI x ... X Pk 

where, for j = 1, ... ,k, Pj := pnj (JR) is nrdimensional real projective space. In the usual 
way, the equation h () = 0 is meaningful for h E Hi and ( E P even though h is not a 
function defined on P. Our central concern is the expected number of roots 

E(n, 15) := E(#({( E P: j() = O})), 

but in fact _we completely characterize the distribution of roots. 
Let Z be a random n x n matrix with rows indexed by the integers i = 1, ... , n, 

columns indexed by the pairs jh for j = 1, ... , k and h = 1, ... , nj, and entries ifh that 
are independently distributed normal random variables with mean zero and variance t5ij . 

Let f(s) := Jooo exp( -t)ts - 1 dt be Euler's function. 

Theorem 1: 
(a) 

k r(!) 
E(n,t5) = 2-n/2 . (IT n~I)· E (I det ZI)· 

j=1 f(7) 

(b) The induced distribution of roots is uniform: for any open W C P, 

- vol(W) 
E(#({( E W: f() = O})) = vol(P) E(n, 15). 

(2) 

This will be proved in Sections 8-11. The argument does not require concepts introduced 
in the next three sections, which describe the consequences of this result. 

5. Reduction to Closed Form 

In certain circumstances the RHS of (2) can be reexpressed in closed form or in terms 
of the expressions derived from application of this formula to systems that are, in certain 
senses, smaller. Insofar as f(~) = .fir, f(l) = 1, and f(s + 1) = sf(s) for all s > 0, the 
evaluations of f in (2) will be regarded as being in closed form already, so the problem is 
to reduce the term E (I det ZI). 

We begin by considering systems in which there is a subset of the variables that are 
determined by equations involving only those variables. Specifically, suppose there is some 
integer k' between 1 and k such that t5ij = 0 for all i, j such that q( i) ::; k' and k' < j, 
where q(.) is the function defined at the end of Section 2. Set n' := nl + ... + nk'. Then 
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where 611 ,621 , and 622 have dimensions n' x k', (n - n') x k', and (n - n') x (k - k') 
respectively. Then (with probability one) 2 has an n' x (n - n') block of zeros in its 
upper right corner, so its determinant is the product of the determinants of the n' x n' 
submatrix in the upper left and the (n - n') x (n - n') submatrix in the lower right. In 
particular, E (I det 21) does not depend on 621 . Consequently (2) implies that E(n, 6) is also 
independent of 621 . When we set 621 = 0 we have a cartesian product of two independent 
systems, and our assumed distribution of coefficients for the combined system is the product 
measure of the assumed distributions for the subsy~tems. For any particular coefficient 
vector for the combined system, the number of roots is the product of the numbers of roots 
of the subsystems, so the following is a consequence of the fact that the mean of a product 
of independent random variables is the product of the!r means. Computationally, it follows 
immediately from the fact that the determinant of Z is the product of the determinants 
of the submatrices. 

Corollary 1: Suppose there is some 1 ::; k' < k such that 6ij = 0 whenever q(i) ::; k' < j, 
and let 611 and 622 be as above. Then 

A second general principle results from the effect on the determinant of multiplying 
a row or a column by a scalar. 

Corollary 2: If there are nonnegative integers d1, ... ,dn and e1, ... ,ek such that 6:j = 

di · ej . 6ij , then 

E(n,8') = ~ t1 Ii; . ~ D eji . E(n, 8). 

Consider now the particular case of k = 1 and 611 = ... = 6n1 = 1. This corresponds 
to a system of n linear functionals in n + 1 variables, and there is exactly one projective 
root for almost all coefficient vectors. In view of (2) we must have: 

Proposition 5.1: The mean absolute value of the determinant of a random n x n matrix 
whose entries are independently distributed normal random variables with mean zero and 
unit variance is 

2n/2. r(~) 
r(~) 

Combining the last two results with Theorem 1 yields 

Theorem 2: If there are nonnegative integers d1, .. ·, dn and e1,"" ek such that 6ij 
d· . e· then 

~ J' 
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The Shub-Smale formula is the special case k = 1, and Rojas' formula for unmixed systems 
is obtained when dl = ... = dn = 1. 

There is a class of systems for which E(n, 8) can be computed exactly by combining 
Corollaries 1 and 2 with Proposition 5.1. I know of no case outside this class in which the 
expectation E (I det .2'1) evaluates to a closed form expression. For the systems arising from 
normal form games we are able to evaluate in closed form only when k = 2, which corre
sponds to a game with two players. Applying ideas similar to those underlying Corollary 
1 yields: 

Corollary 3: In the case of the game equilibrium system given by (1), if k = 2 then 

E(n,8) = {~ ifnI = n2, 

otherwise. 

6. The BKK Bound for Multihomogeneous Systems 

This section explains the consequences of Bernshtein's [Ber75] theorem for multiho
mogeneous systems. Let f(z) = (h(z), ... , fn(z)) be a general sparse system of n equa
tions in the n variables ZI, ... , Zn, where Ii has support Ai C Nn. The Newton polytope 
of Ii is the convex polytope Qi = con(Ai). The mixed volume of QI,"" Qn, which was 
first defined and studied by Minkowski, and which we. denote by MV(QI,"" Qn), may 
be defined to be the coefficient of the monomial Al ... , . An in the polynomial(3) vol(QA) 
where 

QA = AIQI + ... + AnQn. 

Theorem: ([Ber75]) Let C* := C \ {o}. Let HC = Hf x ... x He;: where Hf = CAi 

is the space of complex polynomials with support Ai. For systems f in the complement, 
in HC , of an algebraic set of positive (complex) co dimension, there are MV( QI,·' .. , Qn) 
roots in (c*)n. 

The maximal number MV(QI,"" Qn) of roots is often referred to as the "BKK bound" 
of the system in recognition of closely related work [Kus76, Kov78]. 

We apply this result to the "demultihomogenized" system obtained, from the given 
multihomogeneous system, by setting YIO = .,. = YkO = 1. In comparing the roots of 
the latter system, in (C*) n, with the roots, in P, of the given multihomogeneous system, 
tliere is the possibility of roots in one of the coordinate subspaces (in the projective sense) 
along which one of the variables vanishes, but invariance under the action of G quickly 
implies that generic systems do not have such roots, or roots at projective infinity. Thus, 
generically, there is a one-to-one correspondence between the roots of the given multiho
mogeneous system and of the demultihomogenized system. The Newton polytope of the 
ith demultihomogenized equation is Qi = nj:nj>08ij~(nj), where 

~(nj) := {(Zjl,"" ZjnJ E IR~jo : Zjl + ... + Zjnj :::; I}, 

(3) See [Ewa96] for a proof that vol(Q,\) is, in fact, a polynomial function of A. 
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and the generic number of complex roots of the system is 

BKK(n,6) := MV( II 61j~(nj), ... , II 6nj~(nj)). 
j:nj>O j:nj>O 

Our analysis of this quantity employs the following concept. The permanent (e.g., 
[Eg096]) of an m x n matrix D with entries dij is 

per D:= L (IT diU(i)) 
uESm,n ~=l 

where Sm,n is the set of one to one functions from {1, ... ,m} to {1, ... ,n}. Since there 
are no such functions when m > n, in this case per D is automatically zero. Note that 
multiplying any row of D by a scalar has the effect of multiplying the permanent by that 
scalar, and that we may expand by minors along any row: for each i = 1, ... , m 

n 

per D = L dij . per Dij 

j=l 

where Dij is the (m - 1) x (n - 1) matrix obtained from D by eliminating the ith row 
and the lh column. When m = n the permanent of D agrees with the permanent of its 
transpose, and these comments hold with rows and columns reversed. 

Let ~(n, 6) be the n x n matrix whose first nl columns are the first column of 6, 
whose next n2 columns are the second column of 6, and so forth. The computation 

has the following immediate implication: 

Proposition 6.1: ([McL98]) 

The next result enumerates consequences of the elementary properties of the perma-
nent, applied to this result. For i = 1, ... , n let 6- i be the (n - 1) x k matrix obtained by 
eliminating the ith row of 6. For j = 1, ... ,k let ej be the jth standard unit basis vector 
of IRk. In the recursive formulas below we are adopting the convention that 

BKK((O, ... , 0), (0) = E((O, ... , 0), (0) = 1, 

where 60 is the 0 x k matrix. This means that the "null system" with no variables and no 
equations has one root. 
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Proposition 6.2: ([~cL98]) 
(a) For all i = i, ... , n, 

BKK(n, c5) = L c5ij · BKK(n - ej, c5- i ). 

j:nj>O 

(b) For all j = 1, ... , k such that nj > 0, 

(c) Suppose there is some 1 ::; k' < k such that c5ij = 0 whenever q( i) ::; k' < j, 
and let c5 11 , c521 , and c522 be as in Section 4. Then 

(d) If there are nonnegative integers d1, ... , dn and e1, . .. , ek such that c5~j = di . 

ej . c5ij , then 

n 

BKK(n, c5') = (II di ) . ( II e;j) ,. BKK(n, c5). 
i=l j:nr>o 

The recursive formulas (a) and (b) give obvious algorithms for computing BKK(n, c5) 
that have computed values of BKK on the order of 1021 . (Cf. [MM97].) 

In preparation for Theorem 3, we ask when it is the case that BKK(n, c5) can be 
computed by repeated applications of (a) in which the RHS has only one nonzero term. We 
say that the pair (n, c5) is simply reducible if the following inductive definition is satisfied: 
there is some i for which there is at most one j with nj > 0, c5ij > 0, and BKK(n-ej, c5- i ) > 
0, and if n > 1 we require that for this j, (n - ej, c5- i ) is also simply reducible. This will 
clearly be the case when repeated applications of (c) reduces BKK(n, c5) to a product of 
instances of the general homogeneous system. In fact this is the only way that (n, c5) can 
be simply reducible, as we shall see in the next section. 

We will need the following technical result. Let A be an m x n matrix of O's and 
l'sm where n 2: m. We say that an m x n matrix D = (dij ) is A-sparse if dij = 0 whenever 
aij = O. 

Lemma 6.3: The following conditions are equivalent: 
(i) there is an integer 1 ::; k < m such that, after relabelling of rows and columns, 

A has a k x (n + 1- k) block ofO's. 
(ii) per A = 0; 

(iii) all A-sparse matrices have row rank less than m. 

Proof: Clearly (i) implies (ii). The meaning of (ii) is that for each one-to-one (J' : 

{I, ... ,m} --+ {I, ... , n} there is some i such that aiO"(i) = 0, which implies that all 
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A-sparse matrices have no m x m submatrices of full rank, so (ii) implies (iii). Assuming 
that (iii) holds, by reordering rows we may assume without loss of the generality that the 
first k rows of A are minimally linearly dependent: for a generic A-sparse matrix D their 
span agrees with the span of any (k - I)-element subset. Reordering columns, we may 
assume that, for generic D, the projection of the span of the first k rows onto the space of 
the first k - 1 columns has full rank. Now the upper right hand k x (n - (k - 1)) block 
of A must vanish, since otherwise it is straightforward to construct an A-sparse matrix D 
whose first k rows are linearly independent. • 

7. The Mean Exceeds the Square Root of the Maximum 

Let ~t(n, b) be the n x n matrix whose (i,jh)-entry is vr:;. This section establishes 
the following generalization of the Shub-Smale formula. 

Theorem 3: 

These inequalities hold with equality when (n, b) is simply reducible and not otherwise. 

Theorem 3 will follow by induction from the following stronger result. 

Theorem 4: For all i = 1, ... , n, 

'"' ~. E(n - e· b- i
) > E(n b) > '"' b··· E(n - e· b- i )2 ~ V Vij J' - ,- ~ ZJ J" 

j:nj >0 j:nj >0 

These inequalities hold with equality if and only if there is at most one j with bij > 0 and 
E(n - ej, b- i ) > o. 
Proof of Theorem 3: The asserted inequalities follow from an induction on n that 
begins with the convention that E(n, b) = BKK(n, b) = 1 when nI = ... = nk = o. The 
induction step is a matter of comparing (a) of Proposition 6.2 and the analogous formula 
for per ~l (n, b) with the inequalities in Theorem 4. Moreover, Theorem 4 implies that 
e.ither of the inequalities in Theorem 3 holds with equality if and only if there is at most 
one j with E(n - ej, b- i ) > 0, and E(n - ej, b- i ) also satisfies the inequality with equality. 
In particular, it follows from induction that E(n, b) > 0 if and only if BKK(n, b) > 0, so 
either of the inequalities in Theorem 3 holds with equality if and only if (n, b) is simply 
reducible. • 

Remark: We can now give a direct characterization of simple reducibility. Applying 
Theorem 3 to the situation laid out in Corollary 1 and (c) of Proposition 6.2 shows that 
(n, b) is simply reducible if and only ifboth ((nI, ... , nk'), ( 11 ) and ((nk'+ll ... , nk), ( 22 ) are 
simply reducible. Thus it suffices to characterize simple reducibility when the hypotheses 
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of (c) of Proposition 6.2 are not satisfied: there is no 1 ::; k' < k such that (after any 
reordering of rows and" columns) 8ij = ° whenever q( i) ::; k' < j. The inequality of 
Theorem 3 cannot hold with equality unless all instances of the inequality in Theorem 4 
hold with equality, so we see that if (n,8) is simply reducible, then for any i = 1, ... , n 
there is at most one j with nj > 0, 8ij > 0, and BKK(n - ej, 8- i ) > 0, with (n - ej, 8- i ) 

simply reducible if n > 1. If there is some i for which there exist distinct j, j' with nj > 0, 
nj' > 0, 8ij > 0, and 8ij' > 0, then either BKK(n-ej,8-i ) = ° or BKK(n-ej',8- i ) = 0, 
in which case Proposition 6.1 and Lemma 6.3 imply that ~(n-ej,8-i) or ~(n-ej',8-i) 
has a block of zeros, as per (iii) of Lemma 6.3, and this implies that the hypotheses of 
(c) of Proposition 6.2 are satisfied by (n, 8), contrary to assumption. For each i there is 
consequently at most one j with nj > ° and 8ij > 0. If there is more than one j with 
nj > ° it.is again easy to show that the hypotheses of (c) of Proposition 6.2 are satisfied 
by (n, 8), so nj = n for some j. That is, we have the general homogeneous case. 

It remains to prove Theorem 4. For the random matrix Z of Theorem 1, let Zjh be 
the determinant of the (n - 1) x (n - 1) minor obtained by eliminating row i and column 
jh. Observe that, by Theorem 1, 

so, applying Theorem 1 again to express E(n,8) in terms of E (I det ZI), we quickly find 
that the assertion of Theorem 4 is equivalent to: 

Proposition 7.1: For all i = 1, ... ,n, 

These inequalities hold with equality if and only if8ijE(IZ;11) > ° for at most one j. 

The proof of this will be our goal for the remainder of the section. The next result 
describes the source of the inaccuracy of the approximation. 

Lemma 7.2: If x is a lR?:o-valued random variable for which E (x) is defined, then 

m 

L E (IXhl) ~ E (lixII) ~ liE (x) II· 
h=l 

The first inequality holds with equality if and only if the support of the distribution of x is 
contained in the union of the coordinate axes. The second inequality holds with equality 
if and only if the support of the distribution of x is contained in a single ray emanating 
from the origin. 

Proof: Since I:hE(lxhl) = E(I:h IXhl), the first inequality follows from I::=llxhl ~ 
IIxII, and it holds with equality if and only if, with probability one, I::=1 IXhl = IIxll. The 
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second inequality follows from Jensen's inequality, and it holds with equality if and only if 
11(1- a)xo + aXIl1 = (I"- a)llxoll + allxlll for any xo, Xl in the support of the distribution 
of i and any 0 :S a :S 1. • 

We will need the following technical fact. 

Lemma 7.3: Let E = (EI,"" Em) where EI,"" Em are independent identically dis-
tributed normal random variables with mean zero and unit variance. Then 

_ y'2. f(mtl) 
E(lkll) = f(~) . (3) 

Proof: We compute that 

The asserted formula is now obtained from the formula (e.g., [Fed69, p. 251]) 

(4) 

the change of variables t := r2/2, the fact that f( ~) = Vi, and the definition of f(·). • 

The next result expresses the central idea of the method, which exploits a special 
property of random normal variables, in its simplest form. Random matrices have been 
studied extensively [Gir90, Meh91, Mui82] but there seems to be little prior work on mean 
absolute values of random determinants. 

Proposition 7.4: Let E be an n x n matrix whose entries Eab are independently 
distributed normal random variables with mean zero and variance O'~b' For 1 :S a, b :S n 
let Eab be the determinant of the (n - 1) x (n - 1) minor of E obtained by eliminating 
row a and column b. Then for any a = 1, ... , n: 
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Proof: The expansion of the determinant by minors along row a is 

n 

detE = L(-l)a+bfabEab. 
b=l 

For any numbers Eal, ... ,Ean, elementary properties of Gaussian random variables imply 
that L:~=l (_1)a+bfabEab is a normally distributed random variable with mean 0 and vari
ance L:~=l (J'~b(Eab)2. Since (fal,"" fan) and (Eal, ... , Ean) are statistically independent, 
Fubini's theorem and (3) in the case m = 1 yield 

- J2 ( E(ldetEI) = r(~)E 

Recalling that r( ~) = Vi, the claim follows from Lemma 7.2. • 

Let I:I be the n x n matrix with entries (J'ab, and let I:2 be the n x n matrix with 
entries (J'~b' By an induction on n we now have: 

Corollary: 

The upper and lower bounds in Lemma 7.2 correspond to the extreme cases in which 
the distribution of x is concentrated on the coordinate axes or on the ray through E (x) . 
When the distribution of x is known to be invariant under the action of a group, it can be 
possible to show that it is far from these extremes. In the specific case we have in mind 
the group 

acts on the space of n x n matrices Z by simultaneously acting on each row of Z, where 
each row is viewed as an element of IRn1 x .. , x IRnk. Then, because the determinant 
of a linear transformation between inner product spaces is invariant under composition 
with orientation preserving orthogonal transformations of the domain or range, we have 
det('T]Z) = det Z for all 'T] E H and all n x n matrices Z. 

Let Z}h denote the determinant of the (n - 1) x (n - 1) minor obtained from Z by 
eliminating row i and column j h. Define the function Ci from the space of n x n matrices to 
IRn by letting Ci(Z) be the vector with components c1h(Z) = (_l)i+nl+ ... +nj -l+hZ}h' (Of 

course Ci (Z) is independent of the ith row of Z, and is called the cross product (cf. [Spi65], 
pp. 84-5) of the remaining n - 1 rows.) 

Lemma 7.5: Ci is equivariant: Ci('T]Z) = 'T]Ci(Z) for all n x n matrices Z and all'T] E H. 

Proof: Let Zi denote the ith row of Z. Then for any 'T] E H we have 
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Since Ci (Z) and Ci (ryZ) are independent of Zi, and this holds for all Zi, it must be the case 
that Ci (ryZ) = ryCi (Z) fo"r all n x n matrices Z and all "1 E H. • 

Proof of 7.1: As in the last proof, we write det(Z) = Zi . Ci(Z). For j = 1, ... , k let 
IIj : JRn -+ JRnj be the projection 

and let ~ij := IIj(ci(Z)). As in the proof of Proposition 7.4, elementary properties of 
normal random variables and Fubini's theorem imply that 

Combining this with Lemma 7.2 yields 

k 

L 6ijE (lI~ij II) 2. (5) 
j=I 

Clearly IIj is equivariant: IIj(ryz) = ryj(IIj(z)) for all Z E JRn and "1 = ("11, ... , ryk) E 

H. Therefore IIj 0 Ci is equivariant. By virtue of elementary properties of the multivariate 
normal, the distribution of the random matri~ Z on the space of n x n matrices is invariant 
under the action of H, so the distribution of ~ij is invariant under the action of SO(JRnj). 

If x is any JRnj-valued random variable whose distribution is invariant under the 
action of o (JRnj ), for each h = 1, ... , nj the ratio E (Ixhl) /E (1Ixll) must agree with the 
mean absolute value of the first component of a random vector that is uniformly distributed 
on the unit sphere in JRnj. In particular, by Lemma 7.3 we have 

E (11~ij II) 
E(IIZ1

I
II) 

E(IIEII) 

E (lEI I) 

f(¥)/f(¥) 
f(1)/f(~) 

when EI, ... , Enj are i.i.d. normal random variables with mean zero and E = (EI, ... , EnJ. 
The asserted inequality follows from substituing this into (5). 

With respect to conditions under which the inequalities hold strictly, if the vector 
(11~iIII,· .. , II~ikll) has two components that are nonzero with positive probability, then both 
inequalities in (5) hold strictly, by Lemma 7.2, and otherwise they do not. • 
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8. A Reformulation 

This and the following three sections constitute the proof of Theorem 1. We now 
reformulate the problem in a framework that is more amenable to calculation, and which 
allows the application of the methods of [8893J and [BC898J. Let Mi C tti be the unit 
sphere defined by (., .) i, and let 

M := M1 X ... x Mn. 

As a submanifold of tt, M inherits a measure corresponding to the intuitive notion of 
volume which we denote by vol(·) or (in integrals, when no confusion is possible) M. 
The unilorm distribution on M is UM(-) := vol(·)/vol(M). The analogous notation will 
occur in connection with other manifolds as well. The roots of lEtt depend only on 
UdllfIll, ... ,ln/ll/nll), and the random system (idlli111, .. ·, in/llinll) is uniformly dis
tributed in M, by virtue of standard facts concerning the multivariate normal distribution. 

We regard Pj as the space of unordered pairs [(j J = {(j, -(j} of antipodal points in 
Nj, where N j is the unit sphere in lRn 

j + 1 . Let 

For each root [(J E P of lEtt there are 2k corresponding roots in N. 
For each i let (}i : N -+ tti be the function with components (}ia(() := TJ(a)-l(a. Let 

F : M x N -+ lRn be the evaluation map with components 

The incidence variety is V = F-1(O). Let 7r1 and 7r2 be the projections from V to 1\1 and 
N respectively. We now have 

(6) 

In preparation for the result of the next section we discuss some technical matters. 

Lemma 8.1: Each (}i is equivariant with respect to the actions of G on Nand tti: 
(}i (00 = O(}i (() for all ( E Nand 0 E G. The image of (}i is contained in the unit sphere 
of.tti· 

Proof: We have 

Here the first equality is the invariance established in Lemma 3.1, and the other three 
equalities are essentially matters of definition. For given ( this holds for allJi, so (}i (00 = 
O(}i((). Consequently lI(}i(O()II = II(}i(()11 for all ( and O. Clearly (}i(() is a standard basis 
vector of tti if (1, ... ,(k are all standard basis vectors in lRn1 +1, ... ,lRnk+1 respectively, 
so the second claim follows from the fact that the action of G on N is transitive. • 

- 16 -



The equation Ii () = 0 means precisely that Ii and (Ji () are orthogonal, so for 
(j, () E V we may construe (Ji() as a tangent vector in TfiMi, and clearly 

8Fi W(j, ()(O, ... , (Ji' (), ... , 0) 

is nonzero according to whether if = i. Thus (j, () is a regular point of F, and 0 is a 
regular value of F, so the regular value theorem (e.g., [GP65]) implies: 

Lemma 8.2: V is a Coo submanifold of M x N with dim V = dimM. 

Abusing notation, we let V( denote both of the "fibers" 

over a point ( E N, with the appropriate interpretation to be inferred from context. For 
each i let V(,i be the set of Ii E Mi with Ii () = o. As the intersection of Mi with a 
hyperplane, this set is a subsphere of Mi of codimension one. Thus V( = V(,l X ... X V(,n 
has a simple topology that is independent of (, and, as one might expect: 

Lemma 8.3: 7r2: V ---t N is a Coo fibration. 

As usual, to argue this point in detail would be a longwinded and mundane affair, and 
we shall not do so. It is, perhaps, worth mentioning that the "group" of the fibration may 
be taken to be the group G introduced in Section 3, and that a suitable atlas of coordinate 
functions(4) is given by the following maps: given (0 E N, a neighborhood WeN of (0, 
and a Coo map h : W ---t G satisfying h()(o = ( for all ( E W, let 1> : V(o x W ---t 7r21(W) 
be given by 1>(1, () := (h()I, (). 

9. An Integral Formula 

Sard's theorem implies that almost all points of M are regular values of 7r1, so we 
need only consider such points in computing the average number of roots. Consider a 
regular point (j, () of 7r1. Since T(f,() V is mapped surjectively onto TfM by D7r1 (j, (), 
the restriction of DF(j, () to T(N c TU,()(M x N) must be nonsingular, else (j, () 
would not be a regular point of F. The implicit function theorem implies that there is a 
neighborhood U C M of I for which there is a smooth G : U ---t N with G(j) = ( whose 
g.J"aph is contained in V. The condition matrix at (j, () is the matrix of DG(j) which, by 
the implicit function theorem, is 

This linear transformation gives a description of the way polynomial systems I are asso
ciated with roots near (j, (). Let C*(j, () : T(N ---t TfM be the adjoint of C(j, (). 

(4) This terminology, and the definition of "fibration" we are appealing to, are from [Ste51, §2]. 
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Proposition 9.1: ([BQS98, p. 240]) For any open U C V, 

r #(1fl1(f)nU)dM= r r det(C(f,()C*(f,())-1/2dV(dN. 
JM JNJvynu 

Lemma 9.2: If (f, () E V is a regular point of 1f1, then 

det (C(f,()C*(f,())-1/2 = ·ldetDI(()I. 

n 

= L(</>i, v/Ji(())i = (</>, (V1{Jr((), ... , VnBn(())). 
i=l 

This means precisely that the map v r-+ (V1Bl((), ... , VnBn(()) is the adjoint ~j (f, ()* of 

~F (f, (), and in particular ~j (f, () ~t (f, ()* is the identity on TolRn. Since the matrix 
0'1 the adjoint of a linear transformatIOn is the transpose of the transformation's matrix, 
substituting the definition of the condition matrix leads to 

( )

-1/2 

det (C(f,()C*(f,())-1/2 = det(~~ (f,()-1(~~ (f,()-1)*) 

8F 
= Idet 8( (f,()1 = IdetDI(()I· • 

Combining the last two results, for any open U C V we have 

(7) 

10. Invariance 

Combining the actions of G on the various tii (recall Section 3) we obtain an action 
of G on ti given by 

a I := (flo 0-1, ... , In 0 0-1). 

We will exploit this symmetry to further simplify the RHS of the formula above. 
Each Mi is invariant under the action of G on tii, of course, so M is an invariant 

of the action of G on ti, and the restriction of this action to M is an action of G on M. 
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Of course N is invariant under the usual action of G on TI~=l IRnj+l. Combining these 
actions, we derive an action of G on M x N given by O(j, () := (Of, O(). For any 0 E G, 
f E M, and ( E N we have Of(O() = f 0 0-1(0() = f((), so: 

Lemma 10.1: V is an invariant of the action of G on M x N: OV = V for all 0 E G. 
Consequently (for either interpretation of the symbol V() O(Vd = VO( for all ( and O. 

Proposition 10.2: The quantity Jv( IdetDf(()ldV( is independent of(. 

Proof: Observe that 

D(OJ)(O() = D(j 0 0-1)(0() = Df(() 0 0-1 

so that I detD(OJ)(O()1 = I detDf(()I· We now have the calculation that 

. { IdetDf(O()ldVo( = { I detD(Of)(O()1 dV( = { IdetDf(()ldV(. JVO( Jv( Jv( 
Here the first equality is an application of the change of variables formula with the change 
of variables function an isometry, so that the Jacobean is identically one. The claim now 
follows from the fact that the action of G on N is transitive. • 

Applying this to (7), for any open WeN and any ( E N we have 

(8) 

Clearly (b) of Theorem 1 follows directly from this. The remaining task is to prove (a) of 
that result. 

11. The Final Calculations 

Fixing (E N, let i( = (i(,l, ... ,i(,n) be the orthogonal projection of i onto the 
subspace of polynomial systems for which ( is a root. For each i, Ili(,ill and i(,dlli(,ill are 
statistically independent, and the normalized vector is uniformly distributed in V(,i, so 

n --

{ I detDi«(()1dJL = { (Illli(,ill) ./detD( ~(,l , ... , ~(,n )(()/dJL 
Jll Jll i=l Ilf(,lll 11!(,nll 

= (ITE(lli(,ill)) ildetDf(()ldUv(' 
i=l v( 

Combining this with (6) and (8), we now obtain 

E(n, £5) = 2-k vol(N) ~ vol(V(~ ( I detDi«(()1 dJL. 
vol(M)· TIi=l E(llf(,ill) Jll 
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The formula (4) for sphere volume gives 

and Lemma 7.3 yields 
_ J2 . r ( dim Hi ) 

E(llh,ill) = r(dim~j:l) 

Since vol(M) = vol(Ml ) x ... x vol(Mn), and similarly for Nand V(, we now have 

k r(.1) 1 
E(n,6) = 2-n

/
2

• (II ~). IdetDi((()ldll. 
j=l r( 2) H 

(9) 

In the further evaluation of this quantity we are free to let ( be any convenient point 
in N. We will compute at (0 = (elO, ... , ekO) E N where, for 1 ::; j ::; k, ejO, ejl,··., ejnj 
are the standard unit basis vectors of JRnj +1. For each i and j let a?j = (6ij, 0, ... , 0) E A ij , 
and for each i let a? = (a?l' .. ·' a?k) E Ai. Since (8' = ° for all a E Ai other than a?, 

o 
and (;i = 1, for each i V(o,i := {Ii E Mi : liaO = o}. For i and j such that 6ij > ° and 

each h = 1, ... , nj, let a{h be a? with a?j repla~ed by (6ij - 1,0, ... ,0,1,0, ... ,0) (the '1' 
is component h). Then T(oN is spanned by the n vectors 

b jh := (0, ... ,ejh, ... ,0) 

and elementary calculus yields 

if 6ij > 0, 
if 6ij = 0. 

In this way we obtain a description of D i(o ((0) as an n x n matrix with rows indexed 
by iI, ... , In, columns indexed by the pairs (j, h), and this (i,jh)-entry. Recalling from 
Section 3 that the variance of haj h is 6ij, we see that the matrix of D i(o ( (0) has the same , 
distribution as Z. In view of (9) this observation completes the proof of Theorem 1. 
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