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Abstract 

In this paper, I analyze private school formation and composition, when a student's 
educational achievement depends upon the student's type and the school's peer group 
and per student expenditures. I develop applied general equilibrium techniques to find 
equilibrium consumption and schooling structure, in the presence of peer group effects. 
I find that, depending upon the specification of the technology which converts these 
inputs into educational achievement, a variety of outcomes can arise in equilibrium. 
For example there can be segregation or mixing across schools, or a combination of 
both. Lastly, I consider the welfare and distributional effects of three policy changes. 
I show that equalizing expenditures across schools reduces the range and the standard 
deviation of the distribution of human capital, as does forcing certain forms of integra
tion. Both policies imply a welfare loss. I also study a voucher system. Implementing 
such a policy is welfare improving, given the specification of the utility function chosen 
here. 
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1 Introduction 

Statistics confirming the poor and declining performance in education in the United States 

abound. SAT scores fell dramatically in the 1970's. Average verbal scores fell over 50 points, 

while average mathematics scores fell almost 40 points. High school graduation requirements 

have shifted from college based to elective oriented. In 1983, remedial mathematics courses 

in public four year colleges constituted one-quarter of all math classes taught in those in-

stitutions. American students are continually outperformed internationally. According to a 

recent Department of Education study, almost half of all adult Americans are functionally 

illiterate. 

Given this "crisis" in education, it's hardly surprising that numerous educational 

reforms have been proposed. Some have suggested shifting from community based funding 

to more centralized and egalitarian state based funding at a level considerably in excess of 

that currently spent in poorer districts. Many states have moved in this direction. Others 

have proposed reforms that are almost diametrically opposite. Several states are considering 

enacting or have enacted educational voucher plans, which give students money to attend 

private schools. 

In order to evaluate these proposals, a framework is needed which incorporates the 

factors important to educational outcomes. Along with family background and educational 

expenditure, many empirical studies have also found the peer group significant to educational 

achievement. However, peer group effects have largely been ignored in studies that predict 
-

the consequences of alternative educational reforms. This neglect is primarily due to the 

difficulties that surround modeling the peer group, and not to a lack of interest or the view 

it lacks importance. Consider a change in educational policy, for example adopting a voucher 

system. Such a switch would not only affect educational expenditures, but also the school 
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a student chooses to attend, and hence a school's peer group. Therefore, it is essential to 

have a theory that endogenizes school formation, in order to understand the consequences 

of alternative educational proposals. 

In this paper, I analyze school formation and composition, when an individual's 

educational achievement depends upon his or her school's peer group and educational ex

penditures, and own type. I find that, depending upon the specification of the technology, 

which converts these inputs into educational achievement, a variety of outcomes can arise in 

equilibrium. For example there can be segregation or mixing across schools, or a combination 

of both in equilibrium. 

There is a rich empirical literature that presents some strong evidence that the peer 

group is important to educational achievement. The principle finding of the 1966 Coleman 

Report, Equality of Educational Opportunity, is that a student's educational achievement 

is strongly and positively related to the educational background and aspirations of his or 

her classmates. In that exhaustive study, in which almost 20,000 school teachers distributed 

surveys in their classrooms, this relationship is found to be much stronger for disadvantaged 

students. In other words, a disadvantaged student benefits more from an increase in the 

ability of his or her peer group than does an advantaged student. Summers and Wolfe 

(1976), use data from the classroom level. They conclude that the peer group effect plays a 

significant role in educational outcomes. Using Canadian data, Henderson, Mieskowski, and 

Sauvageau (1978) also find strong evidence that the peer group is an important input in the 

educational process. But, they conclude that the effect the peer group has on educational 

achievement is similar across students of differing ability. Strong students gain from an 

increase in the quality of the average student in the class, as do weak students. 

The theoretical literature on peer group effects is sparse. Epple and Romano (1993) 

construct a static model with students differing over ability and income. They constrain the 
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number of schools operating in equilibrium, and do not include educational expenditures in 

the human capital production function. They find that under a voucher system the achieve

ment gains of those who switch from the public schools to a private school, and hence a 

better peer group, are great, while the losses of those left behind are small. However, the 

number of students falling into the latter category is much greater. Benabou (1996) con

siders the effects of communities stratifying or integrating over individual types, when there 

are community complementarities in education and global complementarities in production. 

However, when studying the effects of variations in education finance, the only community 

level complementarity that he considers is a Tiebout type pecuniary spill over. Commu-. 

nity composition is exogenous in his model. de Bartalome (1990) constructs a model of 

school districts and schools with peer group effects, and shows that there exists an inefficient 

equilibrium with heterogeneous schools. This inefficiency arises because the school system 

is public, implying that the peer group externality cannot be priced. Consequently, when 

an individual migrates, the social loss or gain includes the effect the migration has on the 

relative peer groups, but the individual simply takes into account the private loss or gain. 

The model has only two types of individuals. 

The principle contribution of this paper is technical. I develop applied general equi

librium methods to find equilibrium consumption and schooling structure, in the presence of 

peer group effects. The framework used here is general equilibrium with clubs, and is based 

upon Cole and Prescott (1996). It has three key features. First schools have the power 

to- price discriminate given a student's type. This allows schools to charge tuition based 

upon a student's ability. Second, there is a randomizing mechanism that results in convex 

preferences. With convex preferences attention can be, and is, restricted to type identical 

allocations. Third, a student's educational achievement depends not only upon own type, 

but also upon the the school's student body composition and per student expenditure. 
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Finding an equilibrium in this framework is a difficult problem. Standard compu

tational methods are not always successful, due to the effects of the peer group and the 

linearity of the utility function over schooling. Because of the randomizing mechanism, an 

excess demand method is not a suitable approach in this environment. An alternative is to 

find a pareto optimal allocation that can be supported as a competitive equilibrium with 

no transfers. In this paper I investigate two such approaches. The first, a standard Negishi 

method, is based on a mapping from the set of individual weights on the utilities of individ

ual types to the set of transfers that support the corresponding pareto optimal allocations as 

competitive equilibria with transfers. The second method is a modified Mas-Colell approach. 

I create a mapping from the set of relative individual utilities over schooling to the set of 

transfers that support the corresponding pareto optimal allocations as competitive equilibria 

with transfers. Given the mapping, a competitive equilibrium is then found by searching 

over the domain to find a point where the associated transfers are zero. The corresponding 

pareto optimal allocation and price system is a competitive equilibrium. 

Due to the linearity of utility over schooling in this environment, both the Negishi 

and the modified Mas-Colell mappings are correspondences. This complicates the process 

of searching for a competitive equilibrium. If the competitive equilibrium falls within a 

multivalued region of the correspondence, standard Newton methods will fail to converge. 

Therefore, a more general algorithm that can deal with correspondences is needed. The 

method used here is based on Scarf (1973), and is applied to the Negishi mapping discussed 

earlier. Given a finite grid of points on the simplex of weights on the utilities of individual 

types, the algorithm starts with a set of these points and determines whether an approximate 

competitive equilibrium is a convex combination of this set of points. If not, one point in 

the set is removed and another nearby point is brought into the set. The process continues 

until an approximate competitive equilibrium is found. The key to this algorithm is that it 
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cannot cycle. This combined with the fact that the grid is finite, implies that the process 

terminates with an approximate competitive equilibrium in a finite number of steps. 

Examples given in Section 4, illustrate the richness of this environment. Many differ

ent types of schools can be operating in equilibrium. Schools not only differ on expenditure 

levels, but also on student body composition. The framework used here is general enough 

to incorporate various interpretations of the peer group, and how it might affect educational 

outcomes. The kinds of mixing and the levels of expenditure are shown to be sensitive to 

how peer group effects are specified in the human capital production function. 

In Section 5, I consider how changes in educational policy affect efficiency and next . 

period's distribution of human capital. The first two policy exercises entail restricting the 

possible school types in some form. In the first exercise, all schools are constrained to spend 

the same amount per pupil. Many people feel that if expenditures are equalized across 

schools, educational outcomes will be equalized as well. If the peer group effect matters 

in educational achievement, then this is also an instrument that can be used in equalizing 

outcomes. In the second exercise, not only are expenditures constrained, but some forms of 

integration (student body composition) are required. Both policies entail a welfare loss, but 

also a gain through the reduction of the standard deviation and the range of next period's 

distribution of human capital. The third exercise investigates the ramifications of a voucher 

system. A parent's income is taxed proportionally and refunded in the form of a lump sum 

voucher, which must be spent on education. Given the specification of the utility function 

chosen here, this policy is welfare improving. Although the range of the distribution of 

human capital falls, the standard deviation of the distribution rises. 

In future work, I will use modifications of techniques developed here to, more seriously, 

explore the effects of various educational policies on student body composition and per 

student expenditures. As is shown in Section 5, changes in student body makeup and 
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expenditure levels can have welfare and distributional ramifications. I will investigate the 

policy exercises of Section 5 further, by increasing the number of types of students and by 

calibrating the model. I also plan to consider extensions of these policies. 

The next section develops the basic structure of this environment. In Section 3, the 

computational methodologies considered and those used to find the equilibrium are outlined. 

Section 4 contains some examples. Policy exercises are summarized in Section 5, and Section 

6 concludes. 

2 Basic Structure 

The purpose of this section is to specify my model of endogenous school formation. The 

key feature of the model is the technologies available to groups of individuals to jointly 

produce human capital. The human capital that an individual acquires depends upon three 

factors. First, it depends upon the individual's characteristics, including family background 

and innate ability to learn. These characteristics are referred to as an individual's type. 

Second, the human capital acquired by the student depends upon the per student input of 

resources, or expenditures. Lastly, the human capital obtained be the student depends upon 

the relative numbers of the various types of students attending his or her school, or student 

body composition. This is the peer group. Thus a school type is characterized by its per 

student expenditures and its student body composition. 

Because it simplifies the analysis, I can and will consider schools that have been 

normalized to one student, since I permit the number of schools of a given type to vary. An 

alternative and equivalent approach is to have one school of each type, and allow its scale 

to vary. This follows because schooling displays constant returns to scale in appropriately 

specified inputs and outputs. 
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There are a finite number of school types that a child can attend. If the parent 

were to choose the school type his or her child attended, preferences would not be convex, 

since school membership would be discrete. Consequently, there could be mutually beneficial 

gambles, as in Rogerson (1988). Therefore, a parent instead chooses the probability his or 

her child attends each school type. This convexifies preferences and ensures all gains from 

trade are exhausted. 

The purpose of this paper is to incorporate peer group effects into the process of 

school formation. These effects enter into the analysis through the technology. A first 

issue is how these effects enter the technology. As discussed in the introduction there is 

an empirical debate on how and when peer group effects enter the production function. A 

principle conclusion of the Coleman report (1966) is that a disadvantaged student's human 

capital depends upon his or her peer group, but they find little evidence that an advantaged 

student's achievement is related to his or her classmates. Henderson, Mieszkowski, and 

Sauvageau (1978) find that the peer group effects are similar for students of differing ability. 

Hence all student's human capital depends upon his or her peer group in the same manner. 

The framework developed here is general enough to allow for various specifications of 

these peer group effects within the human capital production function. For example, follow

ing Coleman (1966), the technology could be such that advantaged students aren't affected 

by their peer group, while disadvantaged students are. Or, as in Henderson, Mieszkowski, 

and Sauvageau (1978), the peer group could affect all students in the same manner. 

A second issue is what defines the quality of the peer group. Initially I assume that 

the quality of the peer group, in a school, is measured solely by the mean of the inherited 

learning efficiency of those attending that school. This assumption can easily be relaxed to 

incorporate such possibilities as allowing the variance of learning efficiency within a school 

to matter, or defining the school's peer group by the best or the worst student. 
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2.1 The Environment 

There are I types of people (parents), endowed with varying levels of learning efficiency and 

human capital. For simplicity, initially, a one-to-one relationship between human capital and 

wage is assumed. The initial endowments of human capital (or wage) and learning efficiency, 

are given by hi, i = 1, ... , I, and ai, i = 1, ... , I, respectively. There is a continuum of type i 

people of measure Ai > 0, and Li Ai = 1. A person has one child, who must attend school, 

where he or she accumulates human capital according to some technology. The child inherits 

the learning efficiency of the parent, and this information is known. A parent cares about 

consumption and the human capital the child receives. 

There are a finite number school types. Because the choice to attend a specific school 

is exclusionary, in the sense that attending one school precludes a student from attending 

another, a randomizing mechanism is introduced to convexify the problems facing the par

ents. With convexity, attention can be and is restricted to type identical allocations. This 

is illustrated in Section 2.3. Therefore, parents randomize over the finite set of schools by 

choosing the probability that their child attends each school type, s, in order to maximize 

expected utility, E{ u( c) + v(h')}. 

2.2 The Economy 

Commodity Space 

Using the additive separability of the utility, the commodity space is L = R1+#s+#s ... +#s, 

where S is the set of possible schools a child can attend. An element of the commodity space 

is denoted by x = (c, 7r 1 , 7r 2 , ... , 7r I ), where c is personal consumption, and the 7r
i are vectors 

of probabilities associated with each possible outcome in S. Therefore, 7r; refers to the 

probability a child of a type 1 parent attends school type s. The consumption possibilities 
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set for type i is, 

Xi = {x E L+: L1I"i = 1,1I"j = 0, Vj =1= i}. 
s 

Consumption is non-negative and the probabilities, 11"~ satisfy, 0 ~ 11"~ ~ 1, Vi, s. A type i 

parent has 1I"j = o. For example, a type 1 parent has, 11"; = 0, Vs. 

Preferences 

Utility, Ui : Xi -+ R is defined as, 

Ui(x) = u(c) + L v:1I":, 
s 

where u is strictly concave, monotone, and u'( c) -+ 00 as c -+ O. Here, Va is the utility a 

parent receives if his or her child attends school s. This utility is a function of the human 

capital the child acquires from school s. A parent receives utility from the consumption good, 

and from the type of school his or her child attends. The parent's endowment is given by 

wi = (hi, 0, 0, ... , ° ) E L+. Hence the parent is endowed only with units of the consumption 

good. 

Technologies 

There are a finite number of school types, S. Each school s in S, is defined by the fraction of 

each type in attendance, n~, i = 1, ... , I, and its per pupil expenditures, es. Recall a school is 

normalized to a size of one student and the measure of each school type, s, is Zs. Therefore, 

th~ set of possible school types, S, is exogenous, while the measure of each school type, Za, 

is endogenous. The aggregate production possibility set is then: 

y = {y E L: :3z s.t. L eaza + Yc ~ 0; y: = zsn:, Vi, s}. 
s 

Note, Es eszs is the total expenditures on schooling, so Yc is the amount of consumption 

good used as an input to schooling. The fraction of children of type i parents in school s is 
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n~ and Zs is the measure of type s schools, therefore y! is the mass of students, with type i 

parents, attending school s. 

Resource Constraint 

The resource constraint IS Ei Ai(xi - wi) = y. This implies that 7r~ n~zs W' d ,x, , vS,Z, an 

chooses match the measures the schools choose. The last constraint is the consumption 

resource constraint. 

2.3 Competitive Equilibrium 

Prices 

The price system is pEL. The value of a commodity point, x, is p' x. Let c be the numeraire. 

Therefore, prices are in terms of the consumption good. Since the output good is the 

numeraire, the resource input to schooling is simply referred to as per student expenditures. 

Definition of Equilibrium 

A type identical competitive equilibrium is a price system p and an allocation [y*, {xi*} 1 such 

that: 

1. x i* maximizes Ui(x) subject to xi E Xi and p. (xi - wi) ~ 0, i = 1, ... 1, 

2. y* maximizes p' y subject to y E Y, and 
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Type Identical Allocations 

As mentioned previously, I restrict my attention to type identical allocations. If an equilib-

rium exists where individuals of a given type are consuming different allocations, then there 

is also an equilibrium where everyone of that type consumes identical allocations. These are 

the type identical equilibria which I consider. 

Proposition 1 If there is an equilibrium with x differing across individuals of the same 

type, then an equilibrium exists such that: 

i -i - 1 J i ( ')d' W' 
X = X = Ai X J ro, vZ, 

with p and y the same. 

Proof: If xi(j) E Xi, Vj, then by the convexity of X, x' E Xi. Therefore, x IS in the 

commodity space. 

U(x(j)) = U, Vj. By the linearity of U, U(x) = U. Therefore, x is yielding maximal 

utility. 

Since x is a convex combination, and p and yare the same, under x school's are still 

maximizing profits, the budget constraints hold, and the resource constraint is satisfied. 

Therefore x along with p and y is a type identical competitive equilibrium. 

o 

The remainder of this section contains propositions that are used in the computation. I first 

verify that an equilibrium exists, and then show that the Second Welfare Theorem holds. 
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Existence of an Equilibrium 

Proposition 2 An equilibrium allocation, [y*, {xi*}], and price system, p, exist in this en

vironment. 

Proof: If the following conditions hold, then according to McKenzie (1959), an equilibrium 

exists. 

Cl. For each i, the consumption set Xi is closed, convex, and bounded. 

C2. For each i, Ui is strictly convex and continuous 

C3. Y is a closed convex cone. 

C4. ynn = {O}, where n = {x E Rmlx ~ O} .. 

C5. Xi n Y has an interior point 

C6. No consumer is satiated at p. 

<> 

The Second Welfare Theorem 

Because my computational methodology is based on finding the pareto optimal allocation 

that can be supported as a competitive equilibrium with no transfers, it is crucial that the 

Second Welfare Theorem hold. I show that in this framework, there exists a price system, 

p, that supports each pareto optimal allocation as a quasi-competitive equilibrium with 

transfers. Once I construct a price system, I can then verify that there is a cheaper point 

in the consumption possibility set. This implies that the quasi-competitive equilibrium is in 

fact a competitive equilibrium. 
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Proposition 3 There exist prices, p, that support each pareto optimal allocation as a quasi

competitive equilibrium with transfers (Second Welfare Theorem) 

Proof: If the following conditions hold, then according to Stokey and Lucas, with Prescott 

(1989), p. 455, the Second Welfare Theorem holds. 

Cl. For each i, the consumption set Xi is convex. 

C2. For each i, if x, x' E Xi, Ui(x) > Ui(x'), and 0 E (0,1) then Ui[Ox + (1- O)x'] > Ui(x'). 

C3. For each i, Ui is continuous. 

C4. The aggregate production possibility set, Y, is convex. 

C5. The commodity space, L, is finite dimensional. 

C6. At least one person is not satiated at the pareto optimal allocation. 

C1 follows from the randomizing mechanism. C2 follows from the strict concavity of 

ui . C6 follows from monotonicity of ui . 

<> 

3 Computing an Equilibrium 

In" this section I discuss the computational subtleties encountered when trying to find a com

petitive equilibrium in this environment. I consider the social planner's problems that weight 

different types of individuals differently. Solutions to these problems are pareto optimal allo

cations, and by the Second Welfare Theorem they can be supported as competitive equilibria 
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with transfers. Any set of weights for which the transfers are zero, implies a competitive 

equilibrium allocation. 

I construct a mapping from the set of weights on the utilities of individual types in 

a social planner's problem to transfers that support the corresponding pareto optimal allo

cations as competitive equilibria, with transfers. This is referred to as the Negishi mapping. 

Given a vector of weights, I begin by finding a pareto optimal allocation. This is a straight

forward computation based on the weighted social planner's problem. I then construct a 

price system, which is used to calculate the transfers necessary to support the pareto alloca

tion as a competitive equilibrium with transfers. This completes the mapping from the space 

of individual weights to the space of transfers. Unfortunately this mapping is a correspon

dence. Standard Newton methods applied to mappings that are correspondences sometimes 

fail to converge to a competitive equilibrium. 

To avoid working with a correspondence, I developed a second mapping. The modified 

Mas-Colell is based on a mapping from the relative utility over schooling space to the transfer 

space. First, given a vector of relative utilities over schooling, I find an associated pareto 

optimal allocation. Second, I calculate the transfers required to support this pareto optimal 

allocation as a competitive equilibrium. This is accomplished by constructing a supporting 

price vector. Therefore, there is a mapping from the relative utility over schooling space 

to the transfer space. However, the modified Mas-Colell mapping is also a correspondence. 

Problems, similar to those encountered with the Negishi mapping, arise when using standard 

Newton methods to find a competitive equilibrium. 

In order to consistently find a competitive equilibrium, a method of search that can 

be applied to correspondences is needed. I return to the Negishi mapping, because the space 

of weights on the utilities of individual types can be thought of as a simplex, and I use a 

grid search algorithm based on Scarf (1973) to find a competitive equilibrium. 
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In the remainder of this section I outline how each mapping is constructed (the details 

of the modified Mas-Colell mapping are contained in the appendix). I then discuss what 

causes these mappings to be correspondences, and I show how and when standard Newton 

methods applied to these mappings can breakdown and fail to converge to a competitive 

equilibrium. Lastly, I illustrate my methodology for circumventing these problems by using 

Scarf's algorithm. 

3.1 The Negishi Mapping 

The Negishi method of finding the competitive equilibrium is based on a mapping from 

a vector of individual weights in a social planner's problem to a vector of transfers that 

support the corresponding pareto optimal allocations as competitive equilibria. Creating 

this mapping entails finding a pareto optimal allocation that corresponds to a given vector 

of weights, and then constructing the transfers that would support this allocation as a 

competitive equilibrium. 

To find a competitive equilibrium, I make use of the O-weighted planner's problem. I 

first show that a solution to the O-planner's problem exists. I then prove that the solutions 

to the planner's problem are indeed the set of O-pareto optimal allocations. I next make 

use of the Second Welfare Theorem to show that for each O-pareto optimal allocation there 

exists a set of prices that support it as a competitive equilibrium with transfers. Given 

the O-allocation, I establish a procedure for finding a set of equilibrium prices. Given these 

prices, when the transfers are zero, the corresponding pareto allocation and prices constitute 

a competitive equilibrium. To find a competitive equilibrium, I search over 0, until I find a 

O-allocation where transfers are zero. 
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Finding a pareto optimal allocation 

The planner's problem: 

s.t. Li ).iCi + Ls eszs = Li ).ihi , 

Lsn~zs = ).i, Vi. 

(1) 

Here the Oi weights are nonnegative and sum to one. First, I show that a solution to the 

planner's problem exists for each set of weights, O. I then verify that the solutions to the 

planner's problem are in fact pareto optimal. 

Proposition 4 As long as the constraint set is nonemptYJ there exists a solution {z( 0), c( O)} 

to the O-planner Js problem. 

Proof: The proposition follows from the continuity of the objective function and the 

compactness of the constraint set. The constraint set is compact because it is bounded, 

closed, and finite dimensional. Consumption and expenditures on schooling are bounded by 

the resource constraint, and the probabilities are bounded by zero and one. The constraint 

set is closed due to the weak inequalities that define the set. 

o 

Proposition 5 For each OJ the solutions to the planner's problem is pareto optimal. 

Proof: When all Oi > 0 this is true. It is not so clear when one or more Oi = o. 

However, when some Oi = 0, the O-allocation cannot be a competitive equilibrium. Everyone 

must do better in competitive equilibrium than in autarky. Since each type begins with a 
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positive endowment, they will always be better off consuming their endowment when zero 

weight is placed upon them. Hence, I can ignore the case of some (Ji = o. 

<> 

To find a pareto allocation computationally, I rewrite the planner's problem by moving 

the consumption resource constraint into the objective. Note, r is the lagrange multiplier 

on the consumption resource constraint. 

maxz,c Li (}i).iu(ci) - r(Li ).i(ci - hi ))+ 

Ls Zs[(Li (}in!v!) - res] (2) 

The first order condition with respect to c yields, (}i).iu'(ci ) - r).i = O. Therefore, r implies 

ci
, Vi. So, given the r, the problem is linear in z. Consequently, given r, this problem can 

easily be solved for Z using linear programming techniques. The algorithm I use to find a 

pareto allocation given (}, begins with choosing the lagrange multiplier on the consumption 

resource constraint, r. Given rand (}, individual consumption, ci , immediately follows from 

the first order condition with respect to individual consumption. I then solve the above 

planner's problem for z using a linear program. I next check if the resource constraint holds. 

If not, I adjust the lagrange multiplier, using a bisection method, and repeat the process, 
. 

until the consumption resource constraint is satisfied. This allocation is a (}-pareto allocation. 

Finding the transfers 

According to the Second Welfare Theorem, prices that support each pareto optimal allocation 

as a quasi-competitive equilibrium exist. It is standard to return to the consumer's problem 
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to construct equilibrium prices. However, that method doesn't work in this framework 

because prices constructed from the consumer's problem depend upon the lagrange multiplier 

on the probabilities summing to one constraint. Unfortunately it is not obvious what this 

lagrange multiplier is. But, turning to the social planner's problem, there is an underlying 

relationship between the lagrange multipliers on the probability constraints in the consumer's 

problems, and the lagrange multipliers on the adding up constraints, Ls zsn~ = Ai, in the 

pareto problem. Consequently, combining the optimality conditions from the pareto problem 

and the consumer's problems, with zero profit conditions, yields a system of prices. The 

method is outlined below. 

Proposition 6 Given the solution to the f)-pareto problem, {z( f)), c( f))}, price system, 

supports {z( f)), c( f))} as a quasi-competitive equilibrium, where the pi's are the lagrange mul

tipliers from the f)-pareto problem. 

Proof: Begin by rewriting the f)-pareto problem: 

(3) 
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Note, r is the lagrange multiplier on the resource constraint. If zs( 0) > 0, the first order 

condition with respect to zs(O) > 0 is: 

L On~v~ - r( O)e s - L J.lin~ = o. 
, 

If school s is operated, zero profits imply I: n~p~( 0) = es. Substitute this into the first order 

condition, to get, 

L n:[Oiv: - r(O)p~(O) - J.li(O)] = o. 
, 

From the first order conditions with respect to consumption, we know that r( 0) = Oiu'( ci ). 

Therefore we have: 

L n:[Oiv: - Oiu'(ci(O))p:(O) - J.li(O)] = o. 
, 

Therefore, a candidate price system when zs( 0) > 0, is: 

If a school is not operating, zs(O) = 0, and the first order condition with respect to zs(O) is: 

If zs( 0) = 0, profits of school s are nonpositive, 
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Therefore, es 2: I: n~p~( B), and es 2: I:i n~[Bv~ - pi - Bu'( ci
( B) )]. So a candidate price system 

for schools that are not operating, zs( B) = 0, is: 

which has the same structure as the price system for operating schools. 

The next proposition establishes that this price system is one which supports each B-pareto 

optimal allocation as not only a quasi-competitive equilibrium with transfers, but as a com-

petitive equilibrium with transfers. This is an extension to the Second Welfare Theorem 

discussion in Section 2.3, and is commonly referred to as the Remark. 

Proposition 7 If for each person there is a point cheaper than the pareto optimal allocation, 

in their consumption possibility set, then the price system p, supports each B-pareto optimal 

allocation as a competitive equilibrium with transfers (Remark) 

Proof 

This follows from the fact that everyone will always be consuming positive amounts c > 0, 

so that c = 0 will be cheaper, holding Zs fixed. 
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Prices are easily constructed as described in proposition 6. Transfers are then, 

ti(O) = hi - Ci(O) - LP:(O)zs(~:n~, i = 1, ... ,1. 
s 

Finding a competitive equilibrium 

A mapping has been constructed from the space of individual weights to the space of trans-

fers. The last step of this computational procedure is to search over the space of weights 

for a vector of weights which results in a zero transfer vector. This vector of weights gives 

rise to a pareto optimal allocation that can be supported as a competitive equilibrium with 

no transfers. This allocation, along with the corresponding price system, is a competitive 

equilibrium. 

3.2 The Modified Mas-Colell Mapping 

The second mapping is a modified Mas-Colell method, which is based on a mapping from 

the relative utility over schooling space to the transfer space. I start in the relative utility 

over schooling possibility space, and create a mapping from a vector of relative utilities over 

schooling to a vector of transfers that support the associated pareto optimal allocations as 

competitive equilibria. This mapping is more involved computationally than the Negishi 

mapping. Given a vector of utilities over schooling, I first construct an associated pareto 

optimal allocation. The optimal schooling structure is found by solving the linear program-

ming problem of minimizing total school expenditures, subject to utility and attendance 

constraints. The optimal consumption allocation then arises from the resulting marginal 

utilities over schooling. If this allocation is not feasible, I then scale the initial utility over 

schooling vector up or down by a constant, until the corresponding allocation is feasible. 

Once I have the pareto optimal allocation, I next construct a price system. Given the 
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price system, I calculate the transfers which support the pareto allocation as a competitive 

equilibrium with transfers. The details of this mapping are discussed in appendix A. 

3.3 Complications 

Both the Negishi and the modified Mas-Colell mappings are correspondences. This can cause 

a standard Newton algorithm to fail to converge. If the equilibrium falls within one of the 

multivalued regions, difficulties arise. However, if the equilibrium falls on a section of the 

mapping that is a function, there is convergence. 

3.3.1 The Negishi mapping 

With the Negishi mapping the correspondence arises because for some (), the planner's prob

lem (1) does not have a unique solution. Total consumption stays constant, and this to

gether with the relationship between () and individual consumption, implies that individual 

consumption is constant. Total resources used in schooling is also constant. However, the 

way in which these resources are allocated varies. This difference implies that for some () 

there is a continuum of associated transfers. 

Imagine a utility space as in figure 1 with two types of people. Given (), a ()-pareto 

allocation is the point of tangency between a line with slope (), and the utility possibility 

frontier. Notice that the utility possibility frontier is linear between points A and B. For 

some (), all convex combinations of A and B are pareto optimal allocations. Suppose one of 

those allocations is a competitive equilibrium. As the Newton algorithm converges from the 

right, transfers to type 1 are negative and converging to what they are at A. Corning from 

the left, however, transfers to type 1 are positive and converging to their value at B. The 

algorithm will oscillate from side to side, failing to converge to the equilibrium. 
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figure 1 

It is important to understand when there will be convergence and when there won't be 

convergence. Consider figures 2 and 3. In figure 2, the competitive equilibrium falls within 

a multivalued region of the mapping, and Newton does not converge. In figure 3, the com

petitive equilibrium is on a section of the mapping that is a function. The Newton method 

will bypass the multivalued regions and converge to a competitive equilibrium. Problems 

would only arise if the algorithm somehow landed in one of the multivalued regions. This is 

virtually computationally impossible. 

t' 

a' 

figure 2 
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figure 3 

3.3.2 The modified Mas-Colell mapping 

Similar problems arise with the modified Mas-Colell mapping for similar reasons. Returning 

to figure 1, the reason for developing this approach is the apparent one to one relationship 

between a utility vector and a pareto allocation. Specifically, each of the pareto allocations 

between A and B, which are all associated with one (), would be associated with a unique 

utility vector. Computationally, however, it is virtually impossible to create a mapping 

from the utility space to transfers. Given a utility vector there is no obvious way to know 

how much of it comes from consumption and how much is due to schooling. One could 

guess a vector of individual consumptions, solve a linear programming problem to construct 

schooling structure given the implied utility over schooling, and then check if total utility is 

matched. This would entail searching over an I dimensional space, just to find one pareto 

allocation. The Newton method then repeats this calculation I - 1 times each iteration, 

to pick the next vector of utility. So each iteration would consist of searching over an I 

dimensional space I times. As the number of types increases, this is clearly infeasible. 

Therefore, I developed a modified Mas-Colell approach. Instead of working from the 

utility space, I use the utility over schooling space. Unfortunately, this does not avoid the 

correspondence problems encountered with the Negishi mapping. The correspondence here 

arises because, given Us, there can be multiple solutions to the cost minimization problem 
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(6). All of these solutions yield the same utility over schooling, and total expenditures on 

schooling. Therefore they also all have the same total consumption. However, the way 

in which consumption is allocated across individuals varies. This causes the continuum of 

pareto optimal allocations associated with a single Us vector to have different transfer vectors. 

Therefore the mapping from the utility over schooling space to transfers is a correspondence. 

Suppose that we have two types, as in figure 4, and that point A is associated with 

a continuum of pareto allocations. Also suppose that one of those pareto allocations is a 

competitive equilibrium. As the Newton algorithm converges from the right, transfers to 

type 1 are negative and converging to the most negative transfer in A. Converging from. 

the left, transfers to type 1 are positive and converging to the most positive transfer in A. 

The algorithm will oscillate between these two endpoints of A, failing to converge to the 

equilibrium. As with the Negishi method, the Newton algorithm applied to the modified 

Mas-Colell mapping can converge. If the competitive equilibrium falls on a section of the 

mapping which is a function, Newton will converge. 

figure 4 
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3.4 Scarf's Algorithm 

The method I use to find a competitive equilibrium, when Newton methods fail to converge, 

is an algorithm based on Scarf (1973). This algorithm is general enough to incorporate 

mappings which are correspondences. It uses the Negishi mapping of section 3.1, and searches 

over the simplex of weights for a vector of weights that gives rise to a pareto allocation that 

can be supported as a competitive equilibrium with no transfers. The idea is to search in 

such a way that only a small fraction of the grid must be considered. The algorithm starts 

with a subsimplex and searches by removing one vertex and replacing it with another. This 

process continues until an approximate competitive equilibrium is found. 

(1.0.0) (0.1.01 

-ti ~",rc 5 

Imagine there are three types of people. The weight simplex would be as in figure 

5. If the simplex is divided into subsimplices as shown, the grid is then made up of points 

of the form (mt/S, m2/S, m3/S), where ml, m2, and m3 are nonnegative integers that sum 

to S. There is necessarily a subsimplex where any convex combination of its vertices is an 
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approximate competitive equilibrium, and Scarf's algorithm gives a method for finding this 

subsimplex in an efficient manner. 

Each vertex in the simplex is given a vector label, L(()i) = ti + e, where ti E T(()i) 

and e is a vector of ones. Here T is the Negishi correspondence. Scarf's algorithm is based 

on the fact that there exists a subsimplex such that: 

m 

L Qi(t i + e) = e. (4) 
i=l 

If 2:i Qi = 1, then 2:i Qiti = o. Therefore, any convex combination of the vertices () is 

an approximate compet}tive equilibrium. This approximation becomes closer to the true 

competitive equilibrium as the grid becomes finer. 

Proof 

Rewrite 4 as: 

Take the lh row of the above system: 

Sum over j: 

LQiLt~ = m(l- LQi). 
i j i 
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Since Lj t~ = 0: 

<> 

It is important to understand how the algorithm moves through the simplex. As 

previously mentioned, every grid point in the simplex is given a label L( ()). The labels for 

the sides of the simplex, (()i, .. . ()m), are as follows: 

()l -t (1,0, ... ,0) 

()2 -t (0,1, ... ,0) 

(5) 

()m -t (0,0, ... , 1). 

Construct a matrix A containing all of the label vectors: 

1 0 o L1,m+! 

o 1 

A= 

o 0 

The first m columns correspond to the labels for the weights on the sides of the simplex, 

(()l, ... , ()m), and the last m + 1 through k columns correspond to the labels for the weights 

in the simplex, (()m+! , ... , ()k). 

Given a vector e = (1, ... , 1), the vector of interest is a = (ah ... , ak), with ai 2: 0, Vi, 

such that Aa = e. Scarf's algorithm makes use of the fact that if the set of non-negative 

solutions to Aa = e is bounded, then there exists a subsimplex (()j, ... , ()j+m) such that the 
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columns j through j + m of A form a feasible basis for An = e. The idea is that a subsimplex 

of m vectors can be chosen from (f)1 , ... , ()k), such that the vector e is contained in the convex 

hull of their images. 

The subsimplex which can be used to approximate a competitive equilibrium is 

reached through a series of linear programming pivot steps. The algorithm begins with 

a subsimplex made up of the vectors (()2, ... , ()m, ()j), and a feasible basis consisting of the 

labels (£1, ... , Lm). The label Lj is brought into the feasible basis and a pivot step is per

formed on this new column. A unique column in the feasible basis is then eliminated. The 

corresponding vector in the subsimplex is removed and a new vector is introduced to the. 

subsimplex. This process continues until either L1 is removed from the feasible set or ()1 

is introduced to the subsimplex, which implies that the columns of the subsimplex and the 

feasible basis coincide. The proof that a pivot step can always be carried out and the con

ditions under which the vector to be eliminated is unique are contained in chapter 4 (Scarf 

1973), along with the proof that a subsimplex exists with labels that form a feasible basis. 

Scarf's algorithm must converge to an approximate competitive equilibrium in a finite 

number of steps. This is due to the fact that the grid is finite and that the algorithm cannot 

cycle (Scarf (1973) pp. 45-48). One weakness of the algorithm is that the closeness of 

the approximation depends on the size of the grid, but the finer the grid, the slower the 

algorithm. However, there have been many advances in this area. Arrow and Kehoe (1992) 

contains a review of more efficient versions of Scarf's algorithm. I intend to make use of 

these in the future. 
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4 Examples 

This section contains several examples illustrating the richness of this environment. The first 

two examples show equilibrium school composition and individual consumption when there 

are two types of parents. One example results in complete segregation across schools, while 

the other has some integrated schools. This difference in student body composition is due to 

the different ways peer group effects can be interpreted in the schooling technology. In the 

last example the number of types of parents is increased from two to four. There are two 

income levels and two learning efficiency levels, yielding wealthy, efficient learners; wealthy, 

inefficient learners; poor, efficient learners; and poor, inefficient learners. In equilibrium 

there is a mixed school with the wealthy, inefficient learners subsidizing the poor, efficient 

learners to such an extent that the poor are paying nothing to attend the school. 

4.1 Functional Forms 

I choose the following functional form for utility: 

s 

f; is the human capital of a type i's child who attends a type s school. A type i parent gets 

f; utility if the child attends school s. 

The production function for human capital is a function of a type specific, learning 

effi.ciency parameter, the peer group, and per pupil expenditures. In all of the examples 

here, the peer group is measured as the average learning efficiency in a school, L:i n~ai. The 

functional form of the technology varies in the following examples. 
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4.2 Two Types 

Suppose we have two types of parents, poor and rich. Since there are only two types, the 

distribution of earnings is approximated by a two point distribution. Suppose that 80% of 

the population is poor and 20% of the population is rich. Taking data from the 1992 census 

on money earnings of full time workers in the United States, we see that if the earnings 

of the poor are normalized to 1, the earnings of the rich must be 3.6. Therefore,).1 = .8 

and ).2 = .2, and hI = 1 and h2 = 3.6. The learning efficiency parameter is assumed to be 

identical to the human capital parameter. So, a1 = 1 and a2 = 3.6. The next two examples 

illustrate the different outcomes that arise under different assumptions about how peer group· 

effects enter the schooling technology. 

Example with Complete Segregation 

Henderson, Mieskowski, and Sauvageau (1973) find that peer group effects affect students of 

differing abilities in the same way. Here we incorporate that assumption into the schooling 

technology in the following manner: 

f; = (ait(L: n~aip(esrjJ, Vi. 
t 

The parameter ¢ is chosen to be .1, this follows Card and Krueger (1992). The other two 

parameters are chosen so that if everyone's learning efficiency parameter is scaled up by a 

constant, human capital outcomes increase by the same constant. Therefore, a + I = 1. I 

choose I = .6 and a = .4. Lastly, the grid of possible school types is chosen so that there 

are over 300 school possibilities. 

As you can see in Table 1, there are two schools operating in equilibrium. The first 

school is composed entirely of type 2, the rich. The expenditures are .9 per student, and the 

price of attending is exactly .9. The human capital acquired by the students attending this 
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Table 1: School Characteristics 

School (z) Exp Type 1 (p) Type 2(p) 

1 (.2) .9 1 (.9) 

2 (.8) .1 1 (.1) 

school is 3.56. The second school is made up entirely of type 1, the poor. The per student 

expenditures are .1, and the price covers that at .1. The human capital acquired by these 

students is .79. Notice that since there is complete segregation, when these children grow 

up and become parents, there will still only be two types. 

Table 2: Consumption Expenditures 

Expenditure Type 1 Type 2 

Consumption .9 2.7 

Table 2 show what equilibrium personal consumption is for the parents of each type. 

Rich parents are consuming more in absolute terms than the poor parents. However, the 

rich spend relatively more of their incomes on education than the poor parents. 

Example with some Integration 

The Coleman Report (1966) finds that although socioeconomically disadvantaged students 

benefit from an increase in the quality of their peer group, socioeconomically advantaged stu

dents perform well in any environment. To incorporate the hypothesis that the advantaged 

students aren't affected by their peer group, I introduce another human capital production 
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function. Suppose children of type 1 parents still have technology, 

f1 = (a1Y'(L:n!aip(eS )"', 

t 

while the children of type 2 parents have technology, 

f: = (a2t(L: n!a2p(eS )"'. 

t 

Instead of the peer group measure of average learning efficiency, children of type 2 parents 

always have a peer group measured by their higher learning efficiency. The parameters "p", 

and Q are chosen as before. And the grid of possible school types is identical to the one 

above. 

Table 3: School Characteristics 

School (z) Exp Type 1 (p) Type 2(p) 

1 (.24) .8 .3 (.93) .7 (.74) 

2 (.05) .7 .3 (.91) .7 (.61) 

3 (.71) .1 1 (.1) 

As you can see in Table 3, there are now three schools operating in equilibrium. The 

first two are mixed schools and the last is a segregated school. The first two schools have 

.3 of type 1 students and. 7 of type 2 students. They differ on expenditure levels, with the 

first school spending .8 per pupil, while the second school spends .7 per pupil. As you can 

see type 1 parents are subsidizing type 2 parents, to allow their children to benefit from 

the positive peer affect of type 2's higher learning efficiency. The human capital a type 1 

student receives is 1.64, from the first school, and 1.62 from the second school. A type 2 

student acquires 3.10 from the first school, and 3.06 from the second school. The last school 

is composed entirely of type 1 students. The per student expenditures are .1, and the price 
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covers that at .1. The human capital acquired by these students is .79. As opposed to the 

case of complete segregation above, this example will give rise to a next generation with 

essentially three types of parents, hI = .79, h2 = 1.64, and h3 = 3.10. 

Table 4: Consumption Expenditures 

Expenditure Type 1 Type 2 

Consumption .81 2.88 

Table 4 shows what equilibrium personal consumption is for the parents of each type. 

Notice that the poor parents are spending more of their income on education here than in 

the previous example, while the rich, having schooling subsidized, spend relatively more on 

consumption. 

4.3 Four Types 

Now suppose there are four types of parents, those endowed with low human capital and 

low learning efficiency, those endowed with low human capital and high learning efficiency, 

those endowed with high human capital and low learning efficiency, and those endowed with 

high human capital and high learning efficiency. I will refer to these as types 1, 2, 3, and 

4, respectively. I will continue to suppose that 80% of the population is poor and 20% of 

the population is rich. I assume that half of the poor and half of the rich are endowed with 
. 

high learning efficiency. Therefore, .xl = .4, .x2 = .4, .x3 = .1, and .x4 = .1. Human capital 

and learning efficiency endowments are as before, hI = 1, h 2 = 1, h3 = 3.6, h4 = 3.6, and 

a l = 1, a2 = 3.6, a3 = 1, a4 = 3.6. 
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The technology is the same for all types: 

And the parameters are as in the previous example, Q' = .4, I = .6, and 'ljJ = .1. There are 

over 3000 possible school types. 

Table 5' School Characteristics 

School (z) Exp Type 1 (p) Type 2 (p) Type 3 (p) Type 4 (p) 

1 (.1) .9 1 (.9) 

2 (.5) .3 .8 (0) .2 (1.5) 

3 (.4) .1 1 (.1) 

Table 5 contains the equilibrium schooling structure. Three schools are being oper

ated. The first is composed entirely of the rich, efficient learners. Expenditures at that school 

are .9, and the price reflects that. The human capital acquired by the children who attend 

this school is 3.56. The last school is composed entirely of the poor, inefficient learners. 

Per student expenditures and price are.1. The human capital acquired by these students 

is .79. The second school is a mixed school. It is composed of rich, low efficiency learners, 

and poor, high efficiency learners. The per student expenditures are .3. The rich, inefficient 

learners subsidize the poor, efficient learners to such an extent that the poor pay nothing 

to.attend school. Their price is 0, while the rich, inefficient learners pay 1.5. The human 

capital acquired by the efficient and inefficient learners is 2.91 and 1.74, respectively. 

Table 6 contains equilibrium consumption for all four types of parents. Recall that 

the first two types and the second two types have the same income level. However, type 2 

consumes more than type 1. This is because type 2 parents don't have to pay for schooling, 
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Table 6: Consumption Expenditures 

Expenditure Type 1 Type 2 Type 3 Type 4 

Consumption .9 1.0 2.1 2.7 

therefore they spend their entire income on consumption. Type 4 parents consume more than 

type 3 parents, because type 3 parents are spending so much more on schooling subsidizing 

the poor, 1.5 as opposed to .9. 

5 Policy Exercises 

In this section I take the example with four types of parents in the last section, and consider 

the effects a variety of policy changes have on welfare and the distribution of human capital. 

The purpose of performing these exercises is to illustrate how this environment can be used 

to answer policy questions, and to give a sense of what kinds of policy questions can be 

addressed in this environment. I do not make policy prescriptions, on the basis of these 

exercises, at this time. In future work, I plan to increase the number of types of parents and 

calibrate the model. This will allow for a more serious study of education policy. 

I make use of the fact that in this environment, I can constrain the set of possible 

school types without adjusting the computational method. This means that a school's per 

student expenditure levels can be limited or fixed, and various restrictions can be placed on a 

school's student body composition. The first two exercises consider second best outcomes, by 

restricting the set of possible schools. The third exercise involves a redistribution of income 

through a voucher policy. In that case, the set of possible school types isn't restricted, 

but the parents are restricted to spending the voucher on education. This is a bit more 
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complicated computationally. 

To reduce inequality, it has been suggested that per student expenditures be equalized 

across schools. In the first exercise, I do just that. I suppose all schools must spend the 

same amount per pupil. Given that parents have single peaked preferences, the expenditure 

level preferred by the median voter is the one which would win by majority vote. I restrict 

the set of possible schools to those with this level of spending, and I then find the resulting 

competitive equilibrium. I compare the second best outcome with the efficient case in Section 

4. There is obviously a welfare loss, but there is also a reduction in both the range and the 

standard deviation of next period's human capital distribution. Here, welfare is measured 

as the weighted sum of utilities, where the weights are those that yield a pareto optimal 

allocation that can be supported as a competitive equilibrium with no transfers. 

If peer effects are important, then student body composition is another instrument 

which can be used to equalize outcomes. In the second exercise, if the rich inefficient learners 

mix with the poor efficient learners, I force them to also mix with some poor inefficient 

learners. This allows some of the poor inefficient learners to benefit from a better quality 

peer group. I continue to constrain expenditures, but now the level of expenditures preferred 

by the median voter falls. I compare the second best results to the first best case of Section 

4. Once again there is an efficiency loss, but now due to the reduction in per student 

expenditures, there is also a loss in the average human capital acquired. Gains are made in 

the reduction of both the range and the standard deviation of next period's human capital 

distribution. 

The last exercise investigates the consequences of a voucher system on welfare and 

inequality. The income of the parent is taxed proportionally, and the revenues are returned 

in the form of a lump sum educational voucher. It becomes a transfer from the rich to the 

poor, which must be spent on education. 
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a e T bl 7 C om Ban sons 0 clency t Effi' 

Case Welfare Mean h Std h Range h 

Efficient 1.1705 2.01 1.139 2.77 

Constrained Expenditures .9933 2.01 1.039 2.30 

Forced Integration .9929 1.93 .955 2.21 

5.1 Constraining School Expenditures 

Several states are trying to equalize per student expenditures across districts. Many expect . 

that by equalizing expenditures, human capital outcomes will be more equal. In this exercise 

I evaluate the implications of such a policy on efficiency and on next period's distribution 

of human capital, when the peer group matters. Suppose that all schools are required to 

spend the same amount per student. In this environment that entails restricting the possible 

schools to those with a certain level of expenditures. I continue to allow for all kinds of 

mixing across individual types. 

Table 8: School Characteristics 

School (z) Exp Type 1 (p) Type 2 (p) Type 3 (p) Type 4 (p) 

1 (.1) .3 1 (.3) 

2 (.5) .3 .8 (0) .2 (1.5) 

3 (.4) .3 1 (.3) 

The expenditure level that is chosen is the one that would win in majority voting. 

Since preferences are single peaked, the expenditure level preferred by the poor efficient 

learners wins. This expenditure level is .3. The equilibrium schooling structure is shown in 
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Table 8. The mixing across schools is identical to that under efficiency, however expenditures 

are all constrained to .3. Once again the rich inefficient learners are subsidizing the poor 

efficient learners, this is reflected in their respective prices of 1.5 and o. The two segregated 

schools are charging .3, which reflects the expenditure constraint. 

Table 9: Next Period's Human Capital 

Human Capital Accumulated Fraction of Individuals 

3.19 .1 

2.91 .4 

1.74 .1 

.89 .4 

Table 9 shows next period's distribution of human capital. Recall that under efficiency 

the children of the rich efficient learners acquire 3.56 units of human capital, and the children 

of the poor inefficient learners acquire. 79 units of human capital. Those attending the mixed 

school accumulate the same amount of human capital under efficiency as under this policy, 

since in both cases the expenditure level is .3. Therefore, the distribution of human capital 

under this policy has a smaller range. 

Table 7 contains a comparison of this policy, of constraining expenditures across 

schools, with efficiency. The efficiency loss is 15%, but the range of the distribution of 

human capital is reduced 17% and the standard deviation is reduced by almost 9%. There is 

a trade off between efficiency and equality. The question then is, does this policy accomplish 

it's proponents goals? If the peer group matters, restricting expenditures is only one part 

of equalizing outcomes. Obviously, social policy can do nothing to affect innate ability or 

learning efficiency, but it can be used to engineer peer groups. So the more important 
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the peer group is, relative to expenditures, in human capital accumulation, the less simply 

constraining expenditures will help equalize future incomes. 

5.2 Forced Integration 

In this exercise I use the peer group as an instrument to equalize educational outcomes, or 

human capital accumulation. This is done by forcing certain types of mixing within schools. 

If a school is admitting a mix of rich inefficient learners and poor efficient learners, as in the 

previous example, they must now admit some poor inefficient learners. This forces the rich 

inefficient to not only subsidize the poor efficient learners, but the poor inefficient learners 

as well. The expenditure level preferred by the median voter is now .2. 

Table 10: School Characteristics 

School (z) Exp Type 1 (p) Type 2 (p) Type 3 (p) Type 4 (p) 

1 (.1) .2 1 (.2) 

2 (.2) .2 1 (.2) 

3 (.33) .2 .1 (.69) .6 (-.43) .3 (1.30) 

4 (.37) .2 1 (.2) 

The equilibrium here is displayed in Table 10. There is a completely segregated school 

that all of the rich efficient learners attend, and another with 92% of the poor inefficient 
. 

learners. The mixed school now includes the remaining 8% of the poor inefficient students, 

due to the new policy. At this school, which contains 40% inefficient learners and 60% 

efficient learners, the rich inefficient learners are subsidizing both types, paying 1.3. The 

sense in which the rich inefficient learners are subsidizing the poor inefficient learners is that 

the poor inefficient learners wouldn't be willing to, on their own, pay the amount required 
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by the poor efficient learners to mix. Here the rich inefficient learners are subsidizing the 

poor inefficient learners by helping them subsidize the poor efficient learners. The poor 

inefficient learners pay .69 to attend the school, which is still higher than the .3 per student 

expenditures, but much lower than the 1.3 that the rich inefficient learners pay. The poor 

efficient learners actually get paid -.43 to attend this school. Recall that under efficiency the 

mixed school was free for the efficient learners, here it must be even cheaper because the 

average learning efficiency of the peer group is lower, and so are the expenditures. Lastly, 

there is a school which contains only the poor efficient learners. This school arises because 

the poor efficient learners are not only getting worse outcomes in the mixed school, but they 

now have some extra money from their stipend that they can spend on a segregated school. 

Table 11: Next Period's Human Capital 

Human Capital Accumulated Fraction of Individuals 

3.06 .3 

2.50 .2 

1.50 .13 

.85 .37 

The distribution of human capital is shown in Table 11. Because the expenditure level 

is only .2, there is a reduction in the human capital acquired at most levels, as compared to 

efficiency. However, there are more people in the highest category and fewer in the lowest. 

From Table 7, notice the spread between the highest and lowest levels of human capital is 

20% smaller under a forced integration policy. The standard deviation of the distribution 

is 20% less here than under efficiency. But there is a trade off. The average human capital 

acquired falls 4%, and there is an efficiency loss of 15%. 

41 



5.3 Voucher System 

Several states have implemented or are considering implementing educational voucher sys

tems. Depending upon the specific plan, those who qualify receive a voucher which can be 

applied towards educational expenditures. In this exercise, there is a proportional tax on the 

parent's income which is refunded to the parent in the form of a lump sum voucher. Parents 

are constrained to spend the voucher on their children's education. 

Table 12: School Characteristics 

School (z) Exp Type 1 (p) Type 2 (p) Type 3 (p) Type 4 (p) 

1 (.1) .9 1 (.9) 

2 (.18) .3 .5 (-.75) .5 (1.35) 

3 (.1) .4 .9 (.20) .1 (2.20) 

4 (.22) .5 1 (.5) 

5 (.4) .2 1 (.2) 

The proportional tax is 10% which corresponds to a voucher of size .152. Returning 

to the four type example of Section 4, notice that both types of poor choose to spend less 

than this amount before the voucher system. Table 12 contains the competitive equilibrium 

schooling structure under this voucher policy. The rich, efficient learners are not affected by 

the change in so far as schooling. Obviously, their income falls under the voucher policy, but 

this only affects consumption. The poor, inefficient learners still attend a segregated school, 

but this school has a higher per pupil expenditure level than previously. This increase reflects 

the voucher. 

There are two mixed schools where the rich, inefficient learners subsidize the poor, 

efficient learners. Expenditures are .3 and .4, and the percent of efficient learners is .5 and 
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.9, in these two schools, respectively. The first mixed school has a pricing structure such that 

the poor are being paid. 75 to attend, while the rich pay 1.35. The second mixed school is of 

higher quality than the first, hence the poor pay .2 and the rich pay 2.2. Because the poor 

efficient learners are receiving the voucher now, they have the funds to form a segregated 

school with higher per student expenditures of .5. 

Basically the voucher takes consumption away from the rich and transfers it to the 

poor in the form of educational expenditures. There is a slight affect on the educational 

expenditures of the rich inefficient learners. Their expenditures fall from 1.5 to 1.4. As 

noted previously the rich efficient learners spend the same amount on education as they did . 

before the voucher system was implemented. And now, post voucher system, both types of 

poor are spending more on education. Under a voucher policy, total educational expenditures 

rise from .28 to .374. 

Table 13: Next Period's Human Capital 

Human Capital Accumulated Fraction of Individuals 

3.56 .1 

3.36 .22 

3.14 .09 

2.44 .09 

1.88 .01 

1.46 .09 

.85 .4 

Table 13 contains the resulting distribution of human capital and Table 14 contains 

welfare and some measures of the distribution of human capital under the voucher system. 
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Table 14: Welfare and Human Capital Distribution Measures 

Case Welfare Mean h Std h Range h 

Voucher 1.3490 2.09 1.160 2.71 

The standard deviation rises, while the range falls, as compared to the case of no voucher 

system. The average human capital acquired under the voucher system is higher. There 

is a rather large gain in welfare, a 15% increase. Because this change is sensitive to the 

specification of the utility function, I hesitate to place much value on this outcome at this 

stage. As mentioned previously, I plan to increase the number of types and calibrate the 

model. 

6 Conclusion 

In this paper I develop a framework for applied general equilibrium analysis when there are 

peer effects. The techniques are illustrated in the context of schooling, where peer effects 

are viewed as important. I analyze school formation and composition, when a student's 

educational achievement depends upon the school's peer group and educational expenditures, 

and the student's type. I find that, depending upon the specification of the technology 

which converts these inputs into educational achievement, a variety of outcomes can arise in 

equilibrium. For example there can be segregation or mixing across schools, or a combination 

of both in equilibrium. Lastly, I consider the welfare and distributional effects of three policy 

changes. I show that equalizing expenditures across schools reduces the range and standard 

deviation of the distribution of human capital, as does forcing certain forms of integration. 

Both policies imply a welfare loss. The last exercise investigates a voucher system, which 
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given the specification of the utility function, is welfare improving. 

Finding an equilibrium in this environment is a difficult problem. Standard compu

tational methods, such as Newton, are not always successful, because the Negishi mapping 

from the weights on individual types to transfers is a correspondence. This correspondence 

arises from the linearity of the utility function over schooling. Therefore, at times, a more 

general search algorithm, one which can deal with correspondences, is needed. The method 

employed here is based on Scarf (1973). 

In future work, I plan to use the techniques developed in this paper to further explore 

the welfare and distributional ramifications of alternative methods of educational finance and. 

policy, when there are peer group effects. I intend to calibrate a model, with more than just 

four types, to allow for such policy comparisons. I will also consider more policy exercises. 

Aside from extensions of those contained in Section 5, I would like to see what happens 

when learning efficiency is private information. The computational methodology developed 

here can be modified to determine not only the welfare implications of such policies, but 

also their affects on student body composition and per student expenditure, and hence 

educational outcomes and future income, when there are peer effects. 
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A The Modified Mas-Colell Mapping 

Finding a pareto optimal allocation 

Here I discuss the methodology used to find a pareto optimal allocation, (C(Uh), Z(Uh))' given a 

vector of utilities over schooling, Uh. This vector is relative, in the sense that all scaled versions of 

Uh give rise to the same pareto allocation. Each scaled Uh vector yields a schooling and consumption 

allocation that satisfies optimality conditions. However, only one of these allocations also satisfies 

feasibility. Given a Uh vector, the process begins by choosing an initial scalar a. The corresponding 

optimal consumption and schooling structure is then constructed. If the allocation is infeasible, 

then the utility vector is scaled down by decreasing a, if not all resources are being used, then the 

utility vector is scaled up by increasing a. Given Uh, there is a unique a which yields a pareto 

optimal allocation. This is shown in proposition 12. 

The first step in constructing the allocation, given a, entails finding the pareto optimal 

schooling structure. This is done by solving the following problem: 

i = 1, ... , I, 

(6) 

where v! = v~(f;(n!, ... , n~, es )). 

Total expenditures over schooling are minimized subject to 21 constraints. The first I constraints 

are utility constraints, while the last I constraints are attendance constraints. The attendance 

constraints formalize the assumption that every child must attend some school. The solution to 

this problem yields the optimal schooling structure, z(a), and a set of 21 lagrange multipliers, or 

dual solutions, Il~(a), i = 1, ... , I. 
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Proposition 9 There exists a solution to (6), z(G). 

Proof: The Theorem of the Maximum is used to establish an optimum exists. First, the constraint 

set is closed and bounded. Second, the objective function is continuous. And third, the v~ are 

chosen so that for some s, v! = 0, and for some s, v~ is very large, therefore the constraint set is 

nonempty. 

<> 

Proposition 10 The solution, z(G), to the expenditure minimization problem (6), is an optimal 

allocation of resources over schooling, given G. 

Proof: Expenditure minimization implies utility maximization, which in turn implies optimality. 

To find the vector of individual consumption, c(G), which corresponds to the optimal school-

ing allocation, z( G), consider the following problem: 

(7) 

Notice the lagrange multipliers on the I constraints of this problem are, f..L~ = ul(c') ' i = 1, ... , I. 

Pareto optimality requires that the first I lagrange multipliers in problem (6) are equivalent to the 

lagrange multipliers in problem (7). Recall, the dual solution of problem (6), is known. Therefore, 

optimal consumption, (G), can be constructed from, f..L~(G) = ul(c') ' i = 1, ... , I. 

Proposition 11 If (c(G), z(G)) is a pareto optimal allocation, then f..L~(G) 

where f..L~(G), i = 1, ... , I, are the dual solutions of problem (6). 
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Proof: I"~ is the marginal resource cost of ui, and I"~ is the marginal resource cost of u~. If I"i =J I"~ 

resources can be rearranged to make person i better off, hence the allocation wasn't pareto optimal. 

o 

Given z(a) and c(a), feas(a) = Ei ).ihi_ Ei ).ici(a)_ Es zs(a)es, is calculated. If feas < 0 

(f eas > 0), then a is decreased (increased), and the process of finding the optimal allocation is 

repeated. The procedure continues until, feas = o. Once feasibility holds, the corresponding 

consumption and schooling allocation, z( Uh) and c( Uh), is pareto optimal. 

Proposition 12 For each Uh vector, there exists a unique scalar, ii, which corresponds to a pareto 

optimal allocation. 

Proof: First I show that total feasible consumption as a function of a, Cf (a) is decreasing. I 

then establish that the optimal total consumption as a function of a, CO(a) is weakly increasing. 

Therefore, there is only one a, where total consumption is optimal and feasible. 

Let S(a) be the solution to (6). S(a) is increasing in a. Total resources H = Ei ).ihi , is 

constant over a. Therefore, total feasible consumption, Cf (a) is decreasing in a. 

Notice that the first I lagrange multipliers, or dual solutions to problem (6), are the marginal 

resource costs of Uh, while S(a) is the total resource cost of Uh. Hence we have: 

If ~(ci) = log(ct then optimality implies I"i(a) = ci(a). So: 

S(a) = ~ 1° ci(t)dt. 
t 

Since ci(a) is continuous, the integration and the summation can be interchanged. Therefore, the 

following relationship between S(a) and total optimal consumption CO(a) is established: 
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The Fundamental Theorem of Calculus implies: 

So: 

S"(a) = COl (a). 

Since S(a) is convex, S"(a) ~ O. Therefore, CO(a) is weakly increasing. 

Because the optimal total consumption CO(a) is weakly increasing, and the feasible total 

consumption Cf (a) is decreasing, there is a ~nique a which corresponds to a pareto optimal 

allocation. 

<> 

Finding the transfers 

In order to find the transfers which support a pareto optimal allocation as a competitive equilih-

rium, a price system is needed. The Second Welfare Theorem, which ensures the existence of a 

price system which supports each usc-pareto optimal allocation as a competitive equilibrium with 

transfers, has been shown to hold. Therefore, such a price system exists. 

Proposition 13 Given the solution to the Uh -pareto problem, {z( Uh), c( Uh)}, price system, 

i () i ( ) i + i+I ( ) \.J' Ps Uh = f..lh Uh Vs f..lh Uh, vZ,S. 

supports {zs( Uh), xc( Uh)} as a quasi-competitive equilibrium, where the f..l~ 's are the lagrange mul-

tipliers from the Uh -pareto problem. 
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Proof 

I construct a price system from the non-positive profit condition of each school, and the first order 

condition, from the expenditure minimization problem, for each school. Returning to problem (6), 

notice that if a school is operated (Zs(Uh) > 0), then, 

I I 

es - LJL~(Uh)n~v~ - LJL~+I(Uh)n~ = o. 
i=l i=l 

Note, for all s, with zs( Uh) > 0, zero profits implies, 

Therefore: 

Ln~[p~(Uh) - JL~(Uh)V~ - JL~+I(Uh)] = 0, "Is Zs(Uh) > O. 
, 

So a candidate price system is, 

Turning to those schools which are not operated (Zs(Uh) = 0), the first order condition from problem 

(6) is, 
I I 

es - LJL~(Uh)n~v~ - LJL~+I(Uh)n~ > O. 
i=l i=l 

If Zs (Uh) = 0, profits of school s are negative, so, 

es > Ln~p~(uh). 
t 

Therefore: 

So a candidate price system is, 

which has the same structure as the price system for operating schools. 

o 
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The next proposition establishes the price system as one which supports each uh-pareto optimal al-

location as not only a quasi-competitive equilibrium with transfers, but as a competitive equilibrium 

with transfers. 

Proposition 14 If for each person there is a point cheaper than the pareto optimal allocation, in 

their consumption possibility set, then the price system p, supports each Uh -pareto optimal allocation 

as a competitive equilibrium with transfers (Remark) 

Proof 

This follows from the fact that everyone will always be consuming positive amounts c> 0, so that 

c = 0 will be cheaper, holding Zs fixed. 

Prices are easily constructed from the solution to problem (6). Transfers are then, 

i( ) hi i() '" i( )zS(uh)n~. I t Uh = - c Uh - L..JPs Uh Ai ,z = 1, ... , . 
s 
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