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On Efficiency of Methods of Simulated Moments

and Maximum Simulated Likelihood Estimation of Discrete Response Models

by

Lung-Fei Lee*

1. Introduction

McFadden [1989] has proposed a method of simulated moments for the estimation of discrete
response models. The method of simulated moments uses Monte Carlo draws from some specific
distributions to construct (asymptotically) unbiased estimates of conditional choice probabilities. |
The method of simulated moments avoids computation of complicated multivariate probability
functions and is computationally tractable even for models with many choice alternatives. Mc-
Fadden’s method is different from the method of Monte Carlo integration in Lerman and Manski
[1981]). Lerman and Manski {1981] has emphasized on the accuracy of estimating conditional re-
sponse probabilities for each observation. Lerman and Manski [1981] has found out that a large
number of Monte Carlo draws is required to provide accurate approximation to multivariate probit
probabilities. McFadden’s simulated method of moments has emphasized on the estimation of
unknown parameters. The number of Monte Carlo draws to construct unbiased conditional choice
probabilities for each individual observation does not need to be large. For each sample obser-
vation, only a fixed number of independent Monte Carlo draws is needed. McFadden [1989] has
proposed several approaches to construct the (asymptotically) unbiased estimates of conditional
choice probabilities. His estimators are all consistent and asymptotically normal. Since the number

of draws for each observation is fixed and independent with sample size, the estimators derived

* I appreciate having financial support from NSF under grant no. SES-8809939 and SES-9010516
and computing grant support from the Minnesota Supercomputer Institute for my research. I would
like to thank Hide Ichimuara, Michael Keane, Steven Stern and Scott Thompson for their useful
comments. Amy J.L. Lee has provided valuable assistance on the simulation study in this article.
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from the method of simulated moments are statistically less efficient than the classical method of
moment estimator. Empirical applications of the method of simulated moments can be found, for

examples, in Pakes [1986], Haijivassiliou and McFadden [1987] and Keane [1989].

In this article, we will consider the method of simulated moments based on smooth moment
simulators. We point out that, given the same Monte Carlo draws, it is possible to improve
asymptotic efficiency of estimators by slightly modifying the method of simulated moments of
McFadden [1989]. Monte Carlo draws for each observation are exchangeable across observation and
hence all of them can be used to construct unbiased estimates of conditional choice probabilities for
each observation. These estimates are computationally more expensive as they involve many more
terms for summation. But these simulated moments have smaller errors than the ones based on
a smaller number of Monte Carlo draws. Thus if we used these unbiased estimates in the method
of simulated moments, there might be statistical efficiency gain. However, potential efficiency
gain might not be rea.li‘zed as the simulated moments are now dependent across observations. In
this article, we will investigate the efficiency issue. Based on V-statistics theory, we show that
the modified estimator is- indeed asymptotica.lly: more efficient than the corresponding estimator
in McFadden [1989] inspite of dependency. In addition to the method of simulated moments, we
will consider also a simulated likelihood estimation method. This method provides an alternative
estimation method without restricting ourself to the estimation of only moment equations but yet
it will use the same number of Monte Carlo draws as in the method of simulated moments. Our
modified method of simulated moments and simulated likelihood method can also be regarded as
generalization of Pakes’ simulation methods in Pakes [1986] to disaggregated data with smooth

simulators !.

1 For aggregated data, since sample frequencies are sufficient statistics, our modified method
of moment, McFadden’s method and Pakes’ method of moment will all coincide. In a time series
content, simulated method of moment estimation similar to Pakes [1986] but with smooth simulated
moments can be found in Lee and Ingram [1989].
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This article is organized as follows. In Section 2, we present the modified method of simu-
lated moments. Asymptotic properties and relative efficiency of the modified moment estimator
will be investigated in Section 3. Section 4 presents a simulated likelihood estimation method.
Its asymptotic properties are investigated. Section 5 will investigate an adding up property for
moment simulators. This property has an interesting implication on the asymptotic distribution
of the simulated likelihood estimation. In Section 6, we clarify the efficiency issue of dependently
simulated moments versus independently simulated moments. Some Monte Carlo results on the
finite sample performance of the proposed estimators are reported in Section 7. Conclusions are

drawn in Section 8. Useful propositons for our anlysis are collected in an appendix.



2. Methods of Simulated Moments for Estimation of Discref.e Response Models

McFadden [1989)] has proposed a method of simulated moments for estimation of discrete
response models. A typical discrete response model is a model with several choice alternatives.
Let C = {1,---, L} be a set of mutually exclusive and exhaustive alternatives. For each alternative
l € C, the associated value is

w=2za (2.1)

where a is a vector of individual weights distributed randomly in the population and z; is a vector
of measured attributes of alterntive I. Response j is observed if u; > u,; for all / € C. Assume that
the distribution of a is known except for a vector of parameters § of dimension k. Let z denote

the vector consisting of all distinct explanatory variables in z,,---,zy. Define
n = (“1 — ULy Ul — ULy Uiy — Uy oo, UL — ul)

and let g;(v]|d,z) denote the density function of v; conditional on z. The response probability
P(l]8, z) for alternative [ is

P(l|9,z) = / a(slp, )i (2.2)

v<

Let d;; denote a response indicator for individual i, equal to one for the observed response, zero

otherwise. The conventional method of moments estimation is
m‘in(D - P(6)) W'W(D - P(8)) (2.3)

where D—P(8) is the nL vector of residuals d;;— P(1|9, z;) stacked by observation and by alternative
within observation and W is a matrix of instruments of rank K > k. The method of simulated
moments of McFadden [1989] avoids the computation of P(#) by replacing it with a simulator f(8)
that is (asymptotically) conditionally unbiased, given W and d, independent across observations

and “well behaved” in §. McFadden’s method of simulated moments is
min(D ~ f(8))W'W(D = £(8)). (29
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Both the articles of McFadden [1989] and Pakes and Pollard [1989] provide powerful asymptotic
techniques which establish consistency and asymptotic distribution for a broad class of simulators
which include both smooth and nonsmooth simulators. Consider, for example, the smooth simula-
tors in McFadden [1989] based on importance simulation technique 2. Let y(v) be a density chosen

for the simulation that has the negative orthant as its support. Let

g“v|9,z!

<0
hi(v,z,0) = O 2.5
(v, 2,0) { 0 , otherwise. (2:5)
Then, (2.2) can be rewritten as
P(l|9,z) = / ha(v, 2, 8)7(v)dv. (2.6)

The density v(v) is usually chosen so that h; is dominated by a function H independent of
with [ Hydv finite. Averaging hi(v,z,0) for an observation, using one or more Monte Carlo
draws from y(v) that are taken independently across observations and fixed for different @ gives a

smooth unbiased estimator of P({|#,z). Suppose there are r Monte Carlo draws from v(v) for an.

(9

observation. Let v;”, j = 1,---,r be the draws for observation ¢. Define
1 ;
fi(8,2:) = - 3 (), 2:,0). (2.7)
=1

Conditional on z;,
E(f(8,2)12) = [ hu(o,2:,0)1(0)dv
= P(l|9,z;)
and hence fi(8,z;) is an coﬁdjtionally unbiased simulator. McFadden’s estimator s of 8 is derived

from

min(D ~ f(8))'W'W(D - £(6)) (2.8)

2 Importance simulation technique has useful applications in Bayesian inference in econometrics.
For such applications, see, for example, Geweke [1989].
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where f(6) = (f'(8,21),--, f'(6,z4)) and f'(6,2:) = (f1(8,2i),*, fL(8, z:)) stacked with the
simulated moments in (2.7).

The total number of Monte Carlo draws from ¥(v) is nr. Instead of dividing the nr random
draws into n independent groups with r draws in each group, it seems possible to use all the nr

draws to construct simulated moments for each observation. Define

1 nr
fna(0,2i) = P Z; hi(vj,z;,0). (2.9)
J=

The simulator f, (8, z;) is apparently unbiased and has smaller variance than f;(4,z;) in (2.7) for
the estimation of the reponse probability P(I|8,z;). With these simulated moments, a possible

modification of McFadden’s simulated method of moments can be
moin(D —fa(8))W'W(D ~ fu(6)) (2.10)

where fi(0) = (fi(0,21),--+,fh(0,2,)) and fi(0,2;) = (fn1(0,2:)y -, fa,r(0,2;)) from (2.9).
Since the number of random draws used in (2.9) is proportional to the sample size n, f, (9, z;) is
a consistent estimate of the response probability P(I|8,z;). The simulated moment formulation in
(2.9) captures the idea of simulated frequency in Lerman and Manski [1981]. However, the number
of draws in Lerman and Manski [1981] has no specific relation with sample size and the draws may
not even be ﬁxed as @ varies. The estimation method in (2.10) differs from McFadden’s method
only in the formulation of simulated moment. The Monte Carlo draws and sample observations
provide the same data base for estimation. The computation of f,; in (2.9) will involve summation
of much more terms than the computation of f; in (2.7). However, f, is a more efficient estimate
than f;. The reduction of variance in f,; might provide more efficient estimate for §. On the
other hand, thjs modified method of simulated moments violates an “independence” condition in
McFadden’s formulation in that fy i(9,2;) are statistically dependent across observations as the
simulated moments f;, ;(8, z;) for each i contain the same set of random numbers. Such dependence

6




might render the estimator to be less efficient. The relative efficiency of these estimators will be

investigated in subsequent sections.



3. Asymptotic Properties and Relative Efficiency
To simplify notation, let us consider the case that r = 1, i.e., one Monte Carlo draw for each
observation. For observatic;n i, let d; = (di1,-+-,d;L) be the vector of choice indicators and w; a
K x L matrix of instrumental variables. Furthermore, let h(v,z,8) = (h(v,z,8),---,hr(v,z,0)).
To justify our a.symptétic analysis, the following regularity conditions are assumed for our model:
ASSUMPTION 1.
1. The sample observations (d;,z;,w;), i = 1,:--,n are i.i.d.
2. The parameter space O is a compact covex subset of a k dimensional Euclidean space and the
true parameter vector 8, is in the interior of ©.
3. The choice probability vector P(8,z) is twice continuously differentiable in 8.
4. P(0,z) and its first and second order derivatives in 8 are dominated by a vector of integrable
functions G(z) which is independent with 8 such that E(jwG(z)|) < oo.
5. The second moments of the instrumental variables in w exist and are finite.
ASSUMPTION 2.
1. The matrix of instruments W has rank K > k.
2. E(w2E{(+2)) has full rank.
3. Efw(P(8,,z) — P(0,z))] = 0 only at 8 = 0,.
AsSSUMPTION 3.
1. The random vector v is simulated independently with z and w.
2. The simulated moment function h(v,z,#) is continuously twice differentiable in 6.
3. h(v,z,0) is a conditionally unbiased estimator of the choice probability P(8,z) conditional on
z and w, for each 8 in O.
4. h(v,z,0) and its first and second order derivatives in 4 are dominated by a vector of integrable
functions H(v, z) which is independent with @ such that E(jwH(v,z)|) < oo.
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5. The second moment of wh(v,z,0,) exists and is finite.

The regularty conditions in Assumption 1 are basic regularity conditons for the discrete choice
model. Assumption 2 are rank conditions and identification condition for §,. These conditions
are standard conditons for estimation with the conventional method of moments. Assumption
3 are regularity conditions for the simulation design. Detailed discussion on such design can
be found in McFadden [1989]. The domination conditions in Assumptions 1 and 3 guarantee
that Lebesgue dominated convergence (LDC) theorem can be applied to interchange limiting,
differentiation and integration operations. The domination conditions are also needed for uniform
laws of large numbers to apply. The existence of second moments in Assumptions 1 and 3 are needed
for central limit theorems to apply. Unbiased moment simulators are assumed in Assumption 3(3).
This assumption can be relaxed to include appropriate asymptotically unbiased moment simulators
with proper modification of our subsequent analysis 3.

Since W = [wy,- -+, wy)],

1
LD - 1) = LS wildi - 10,20

t—l

3 EZw.(d — h(v;,z,6))

i=1 j=1

(3.1)

is a V-statistic (Serfling [1980]). Under our regularity conditions, the uniform law of large numbers

for V-statistics in Proposition 1 of Appendix implies that

1
n?

Y. wildi = h(v;,2,8)) L E[w(P(6s,2) - P(8,2))] (32)

i=1 j=1

uniformly in § € ©, where P(8,z) = (P(1/0,z),---,P(L|8,z)). Hence

-nl—z(D ~ fa(0)) W'W(D ~ fu(6)) = || E[w(P(Bo,2) - P(6,2))]]? (3.3)

3 Asymptotic analysis with smoothing parameters can follow the analysis of semiparametric
estimation in Ichimura and Lee [1988] and Lee [1989].
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uniformly in 8 € ©. Since P(0, z) is continuous in 6 by Assumption 1, the LDC theorem implies that
E(wP(0,z))is continuous in . Under the identification condition that E{w(P(8,,z)~ P(8,z))] =0
only at 6 = 0, in Assumption 2, the estimator 4 derived from (2.10) is consistent.

By a Taylor series expansion,

0= a_f’,.‘Qi.).W’W(D - fn(éd))

= 2l _ 1,(6,) - { 2alOyry 2a0) (34
>118). . L eRE).
- [BESwwo - @, SDwwo - 1.@)] Y- 00

where @ lies between 8, and 8. Since

1,,00(0) _ 14~ 0fa(6:2:)
n oy n Wi N

=1

1 o~ R 9) 3.5)
Vi, T,
PSS
=1 j=1
and
E Oh(v, z, 0)| _ OE(h(v,z,0)|z)
o \»V) = o' (3.6)
__ 0P(8,z) '
T
the uniform law of large numbers for V-statistics implies that
= Oh(vj,2:,0) » 8P(0,z)
n2 E Z agl — E ao: (3-7)

i=1 j=1

uniformly in § € ©. Since E (wa—’:,%’ﬂ) is continuous at @, by the LDC theorem, and @ is a

consistent estimate of 6,,

Ly 2D 2. ak(oo,z))
nW 50 Elw 50 . (3.8)
Similarly, since
1 6’fn(0)_ 1 = azh(v,-,z.-,O)
=" 9006, ‘Fg;;"" %008, (39)
and
82h(v,z 0) _9*P(8,z)
E( 2098, | )‘ 96'56; " (3-10)
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we have

Ly@1®) 5 p (w_____azp(o,,,z)) (3.11)

n  06'36, 06'966,
which is finite. On the other hand, the asymptotic distribution of 71=W(D — fn(85)) can be derived

from the central limit theorem for V-statistics in Serfling [1980] (see Proposition 2 in Appendix).

Since
1 1 n n
7 = Jn == i(d; — jaLiy ’ 3.12
WD 10) = 02 33wl hiey21,8) (3.12)
the kernel associated with this V-statistic is
W(zi, zj) = wi(d; — h(vj,zi,0,)) (3.13)

where z = (w,z,d,v). The kernel ¥ can be rewritten as

¥(2iy2;) = wi(di — P(0o,2:)) — wi(h(vj, i, 00) — P(8o,2:))- (3.14)
Since
E(y(2i,2j)|zi) = wi(di = P(6o,25)) (3.15)
and
E(¥(2j,2i)|2:) = —E[w(h(vi, z,00) — P(8,,2))|vi], (3.16)

the central limit theorem for V-statistics implies that

1

WD = fn(6:)) 2, N(0,9) (3.17)

where

Q4 = E{ [w(d - P(80,2)) - E(w[h(v,2,80) = P(86,2)]|v)]
- [w(d - P(60,2)) ~ E(ulh(v,2,6) = P(8o,2)]lv)]'}
(3.18)
= E{w(d - P(0,,2))(d — P(8,,z))' w'}
+ E{ E(u[h(v,2,80) ~ P(80,2)]|0) E(w[h(v,2,85) = P(8o,2)]|v)'}
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The latter equality in (3.18) follows because v is simulated independently with z and w. It follows

from (3.4) and the above asymptotic results that

Vn(8s - 8,) 2 N(0,Z4) (3.19)
where
.E(wap(ao:,,,z)),ﬂ E(w apg;.,',z)){E( apg;.,l,z))E( apgz,,l,x))} :

The asymptotic covariance matrix of the estimator 84 can be compared with the asymptotic

covariance matrix of McFadden’s estimator . From McFadden [1989], we know that

V(fy = 65) = N(0,Zp) (3:21)
where
Sw = { By, 222 -
' E(wapgs;,,,z) )'QME(wan;;,’z) )Z{E(wan:;,,z) ),E(wano;’,z) )}—1
and |
Qu = E {w(d — P(8,,2))(d — P(fo,2))w'}
(3.23)
+ E {w[h(v, z,8,) — P(8,,z)][h(v,z,8,) — P(6,,z)]'w'}.
By projection,
E {E[w(h(v,z,80) — P(60,2))|v] E[w(h(v,2,8,) — P(,,2))|v]'}
(3.24)

< E {w(h(v,z,0,) — P(6,,z))(h(v,2,0,) — P(85,2)) w'}.
Hence, the estimator 64 from (2.10) is asymptotically efficient relative to McFadden’s estimator
6pr form (2.8).
The above analysis can be generalized to the case with r Monte Carlo draws for each obser-
vation. For each individual i, let v{,---,v! be r draws. The results will follow by replacing the

12



function h(vj,z;,0) with 3: i1 h(vi,'z;,O) in the above analysis. For this general case, the esti-
mator 64 will be asymptotically N(6,, 1%4,.) where T4, is the matrix in (3.20) with Q4 replaced
by the matrix Qg ,:

Q4,r = E{w(d — P(80,2))(d — P(8,,2))w'}

1 (3.25)
+ ;—E {E{w(h(v,2,0,) — P(8,,2))|v} - E[w(h(v,z,8,) — P(b,,2))|v]'}.

The asymptotic covariance matrix of the correspohding McFadden’s estimator will be %Z M,r Where
L um,r is the matrix in (3.22) with Qas replaced by the matrix

Qur,r = E{w(d — P(0,,z))(d - P(8,,2z))w'}
) (3.26)
+ ;-E' {w(h(v,z,8,) — P(8,,2))(h(v,2,0,) — P(6,,2))w'}.

Comparing (3.25) with (3.26), the estimator 64 is asymptotically efficient relative to the estimator
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4. Maximum Simulated Likelihood Estimation
In the method of simulated moments of McFadden [1989], the instrumental variables w are
independent with the Monfe Carlo draws for the simulated moments. As implied by the method of
maximum likelihood for discrete reponse models, the optimal instrument vector is w = %&‘-ﬁl.
In McFadden’s method, to approximate the optimal instrument with simulated moments, the
random numbers used to compute f(#) in (2.8) are independent of any simulation used in the
construction of the instruments. Such design is needed in McFaddens’ method to guarantee that
the moment equations have zero mean. For our modified method, the simulated moments f,(8,z)
are consistent for each observation. Therefore it might be possible to use the same Monte Carlo
draws to compute both the simulated moments and the instrumental array. As the optimal moment
equations are derived as the first order conditions for maximizing the likelihood function, it will be
convenient to consider the likelihood method directly. In this section, we will analyze asymptotic
properties of a maximum simulated likelihood method for the discrete choice model.
The log likelihood function for our discrete choice model is
n L
£(8) = dilnP(l6, ). (4.1)
i=1 =1
By replacing the response probabilities with simulated moments, we are working with a pseudo
likelihood function. Without loss of generality, consider the simulated moments in (2.9) with r = 1.
The log pseudo likelihood function is
n L
LO) =) diln fou(9,2:). (4.2)
i=1 I=1
This estimation method can be regarded as a generalization of the simulated maximum likelihood
method in Pakes [1986] (see also Pakes and Pollard [1989]) to disaggregated data with smooth
simulator. For aggregated data, because the exogenous variables vector z is constant across ob-

servation, f,,; will simply be a simulated smooth probability estimator and -,‘; Y d;; will be the
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observed sample frequency for the alternative /*. This simulated likelihood approach may have
computational advantage over the method of simulated moments in (2.10) when the number of
choice alternatives L is large. For the method of simulated moments, for each observation, the
simulated moments f, (8, z;) need to be computed for all the alternatives I,/ = 1,.--, L. For the
simulated likelihood method, only the simulated moment corresponding to the chosen alternative
needs to be computed for each observation. This estimation method will be of particular interest
for estimation of panel data models where the total number of choice patterns over time can be

quite large . To justify our subsequent analysis, in addition to our assumptions 1 and 3, we assume

that
ASSUMPTION 4.
1. The support X of z is a compact set.
2. The choice probability vector P(#,z) is continuous in (8,z) € O x X.
3. The conditional second moments of k(v,z,0,) and Pﬂ%"“l conditional on z exist and are
uniformly bounded on X.

ASSUMPTION 5.

1. 6, is the unique minimizer of the function E(Z:fj__l P(l16,,z)1n P(1]0, z)).

2. The matrix E [2{;1 P16, z)2 ng' ) Oln Pa—(;-l,o' ”)] is nonsingular.

Assumption 4 guarantees that the choice probabilities P(I|8,z), | = 1,---,L are strictly
bounded away from zero on @ x X which is needed to establish uniform convergence properties of

the derivatives of In f, j(0,z) with 8. The moment conditions are also needed for similar purpose.

4 In Pakes [1986), the proposed simulated moment estimator is a simple frequency estimator.

5 The difficulty of applying the method of simulated moments to panel data model has been
pointed out in Keane [1989]. An possible alternative method of simulated moments have been
suggested in Keane’s article. McFadden [1989] has pointed out that for such models the use of
simple frequency simulator instead of smooth simulator for the method of simulated moments may
be more desirable. However, such method will involve nonsmooth function for minimization.
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Assumption 5 are identification and rank conditions for the classical maximum likelihood estimation
of discrete choice model. The identification condition can usually be justified with some other
regularity conditions on choice probabilities via Jensen’s inequality.

Let 6, denote the maximum simulated likelihood estimator. The asymptotic properties of
consistency and asymptotic normality depend crucially on asymptotic properties of the simulated
moments. Since the support X of z and the parameter space © of  are compact sets, the uniform

law of large numbers in Amemiya [1985] implies that
sup ||f»(8,2) — P(8,z)|| = 0. (4.3)
OxX

Since P(#, z) is bounded away from zero on © X X by Assumption 4, it follows from (4.3) that
1 1 n L
sup |=L(6) — - di;1n P(116, z;)| 2 0. 44
SR 1L L0) = 5 323 dula P, =) (49)
The uniform law of large numbers in Amemiya [1985] implies also that
1 n L L
sup |~ 3" diiln P(1|8,2:) - E(D_ P(i|80,2) In P(1}6,2))] > 0. (4.5)
& "izii=1 I=1
Since 1 L(8) converges in probability uniformly to the limit function E‘(E,"=1 P(l|8,,z)In P(116,2))

on © and 4, is the unique minimizer of the limit function by Assumption 5, é. is consistent.

The estimator 8y, satisfies the first order condition:

sz Oln f, ,(01,,::.) 0. (4.6)
a==1 =1
By a Taylor expansion, ‘
n L a n L
A 1 0 n f, (0, z; dln f, (0., z;
V(0 - 6,) = - {; 2 ;du-—afago(,—)} 7n ;‘Z;dh f '( ) (4.7)

where 0 lies between él, and 6,. By the uniform law of large numbers in Amemiya [1985],

dfni(0,2) 9P(l)0,z)
-5 50 (4.8)

sup ="
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and
?fni(8,z) 08%P(l)9,z)

- LN
sup 1 =600 g000 || — 0 (4.9)
forall{=1,---,L. It follows that
ln for(8iz) _ 1 8faul(8,2)
00 T fau(8,2) a0 4.10
., dln P(l|6,z) (4.10)
00
and
62 In fn,l(ov Z) — 1 azfﬂ,l(o’z) _ 1 afn,l(09z) afn,l(o, z)
0606’ " fau(8,z) 8606 fﬁ,,(o,z) 08 oo (4.11)
_» 8*ln P(ll4,2) ’
8004

uniformly in (,z) € © x X. Since 1 37", 1L=1 d,ga—j’%ln P(1]0,,z) converges in probability to

E(d,a—g;T,; In P(l]6,,z)) and 8 is a consistent estimate of ,, (4.11) implies that

Ly O In fni(6,20) », & 1n P(l|6,,2)
"gxgdh 0606' E{Zd —oeo8 (4.12)

It is well known that

L
8% 1n P(1|6s, ) dln P(l|0°, z) 81n P(I|6s,z)
E{§ e~ 1 = -E[Z P(6e, ) 20 )

(4.13)

The first order term in (4.7) can be analyzed with Taylor series expansion. By a Taylor

expansion up to the second order,

n L
1 9
..\/.._; E E d(i%lnfn,l(007zi)
i=1

=1 ) (4.14)
1 « In P(1|6,,2;)
=—ﬁ;§d,.———+Ln+Rn
" where
1 e 1 8fni(80,2;) Oln P(l|8,,z,)
Ln= nggdl'P(lloo,z.)[ T ) f""(0°”")] (4.15)
and
1 & 1, 0fni(80,zi) OP(i|0o,2;)
Rn=—— dl'_" : - n aoyi-P10°9i
n.-=1§ ul f,l(,.)( =0 22 (80, 0) = P(1l60,2:)) -
1 afn I(')
+ == fﬁ,z( Y 90 (fn 1(0,,2:.) - P(I|0.,,z.)) ]

17



where f, 1(2) lies between f, 1(8o,2;) and P(|0,,2;), and —35— 8"“(') lies between A'—(ﬂ—'l and
—P(%%'—’ﬂl. Since P(0o,z) is bounded away from zero on X, (4.3) implies that f;, ;(i) is bounded

away from zero on X in probability Hence

1l 05(1) oz 30 3l et _ Pz 17, 2.y pa, 20

i=1 =1

(4.17)
+Os(1): \/—szhvm(oo,z.) P(ll60,2:)".

=1 |=1

Since X is compact, and var(hi(v,z,0,)|z) and var(Fhi(v,z,0,)|z), I = 1,---,L are uniformly

bounded on X by Assumption 4,
1
sup B((fnl8o,2) = P(ll8s,2))*|2) = - sup var(hi(v,z,8,)|z)

2 (4.18)
=0(;)
and 8fni(80,z) OP(I|6o,2) 1 Ohi(v, z,05)
n,i\%o, T oy T _ 1 (v, z,
sup B((=54 5= ~ a9, )le) = = sup var (—————I z) 1)
=0(2)
for each component 8; of . By Markov inequality and (4.18),
P (\/_ sz,,u,.,(o,, i) = P(l|60, ;)| > e)
c—l =1
<Ly S Elfnil00®) Pl )Y
(4.20)
f L
=z Zj {El(fnl80,2) - (8o, 2))?I2]}
= 0(%).
Similarly, for each component 8; of 8, by Markov and Cauchy inequalities
1 & O fn ,(0,,::.) 0P(l|0,,z;)
Pl— dl n ooa i ) 100, [
(n§§z| 5. Bl nil00,20) = PU z)|>e)
VA S~ g1 0fni00,2) _ OP(1l8o,2) o o) — P(Ilg
< € ; (l 30_, 0 i I If'l l( 0,3) (I Oaz)|) (4.21)
VA [ o 0fai(80,2)  OP(I)8,,2) ' ¥
s e Z; {E( 99; T 06 ) E(fnal00,2) - P(l|0°,z))2}
= 0(52)
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Equations (4.17), (4.20) and (4.21) imply that R, —= 0.

It remains to analyze the first two terms in (4.14). Define a kernel

o1n P(1|d,, 2, 1 Ohi(oj,zibe) _ Ol P,
“’(z"zf)‘zd{ om0}

(4.22)

where z = (z,d,v). We have

1 K& Oln P(Ilf,2:)
'ﬁ;;dh '_ao — n\/—;g¢(znz1) (4'23)

The asymptotic distribution of (4.23) can be derived from the central limit theorem for V-statistics.

As hi(vj,z;,0,) is a conditional unbiased estimate of P(l|6,, z;),

81n P(1]6,,z;)

E(¢(zi,27)| ) = Zd R Tha (4.24)
and
. L v z
B(#(as, )l = 3 £ { Pef) L B PCRoDy (o0 pu. (29
=1 )

The central limit theorem for V-statistics implies that

1 n n
—= EZMz.,zJ) = N(0,9y) (4.26)
i=1 j=1
where
81n P(1|6,,z) 31n P(|0,,
Q -E[Zp(qo.,,) 2 Pll1e,2) 9o PLs, 2)y
hi(v,z,0, In P(1]6.,
+E{ZE[6 ‘(':9’ ) Ol ‘gJ Z) hy(o, 2, 80)l0] (4.27)
l=1

Ohi(v,z,0,) dln P(1]6,, !
ZE[ l(vaoz ) _gn éol z)hl(v,z,oo)lv] }‘

=1

Finally, (4.7), (4.12), (4.14), (4.23) and (4.26) imply that

V(b - 8,) 2> N(0, S) - (4.28)

19



where

BL = ZmQLEm (4.29)

and

5. { [E P,z )8lnP(I|0°,z)BlnPa(;l'Oo,z)l} ' (4:30)

The classical maximum likelihood estimator from (4.1) is asymptotically efficient with asymptotic

covariance matrix X,,. Since

0h;(v z,0,) 3ln P(l]6,,z)
08

ZL=Zm+Zm E{EE[
=1

hl(v, z, oo)lv]

L (4.31)
. ZE[ah,(v,z,&,) _ d1n P(l}6,,

002 b, 2,00)1] Y 2o

1=1

the maximum simulated likelihood estimator 6 is asymptotically inefficient as the second term in
(4.31) does not vanish in general as sample size increases. This term reflects the error introduced
in the simulated likelihood function. Comparing the asymptotic distribution of 4z, in (4.28) with
the asymptotic distribution of ; with the optimal instrument w; = 9%(:'—"3 in (3.19) (as if
it were completely observable), the difference appears only in the matrices Q7 and Q4. With the

optimal instrument, Q4 in (3.18) becomes

81n P(l)6,,z) 81n P(l1|8,,
0y -E[ZP(!loo,) 2 F0e.2) 010 P 2),

E[al"P ("0°"")(h,( ,2,8,) — P(1|60,z))|v] (4.32)

(2P0 2) (10,2, 00) ~ P(H0a, )]’}

+E{2L:
iE

Since

Ohi(v,z,8,) 9ln P(l|6,,2)

M=

E| 90 59 hi(v,z,00)|v]
i=1
L. Oh(v,z,0,) OP(l|8,,z), 8lnP(l|8,,z) (4.33)
= E E[( o9 - FY) ) - 99 (hi(v,z,00) — P(1|6,,7))|v],

-
[
-
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the component E,l;l E( 8"‘(;’,':’0‘1 - a{’yg:. %) |y) may be interpreted as the additional error intro-
duced in the simulation of instruments.

Generalization of the above analysis to the case with r Monte Carlo draws for each. ob-
servation is straightforward. The results will follow by replacing the function h(vj,z;,8) with
Ly i h(vi,zi,0) in the analysis. With r Monte Carlo draws for each observation, the estimator

8. will be asymptotically N (8o, 1%.,r) where

ah,(v z,0,) OlnP(l|f,,7)
a0

TLr=Zm+= 2 E{EE[
i=1

hz(v,a:,oc)lv]
(4.34)

L
Ohi(v, z,0, dln P(1|6,,
. ZE[ 1 20 ) _ (§9| )hl(v,z,oo)lv]'}zm

21



5. Simulators with Adding Up Property

As we have pointed out in the previous section that the asymptotic covariance of the maximum
simulated likelihood estimator 8y, from (4.1) differs from the asymptotic covariance of the modified
simulated moment estimator 54 with instruments w; = 8'—”%(:—'&1 in that an additional error
component Z,L:I E(ﬂ‘%‘;—’ﬁ'-)- - Eua%'ﬂh:) has been introduced. However, this additional error
can vanish if Z{;l hi(v,z,8,) = 1. Functions h; with this property imply that the simulators
fn (8, z) from (2.9) have an adding up property Fha.t 2,’;1 fa,1(0,2) = 1. This adding up property
is intuitively desirable as f, (6,z) are estimates of probabilities. Eventhought this adding up
property does not seem to play an explicit role in McFadden’s method of simulated moments,
it has an important implication for our method of simulated likelihood estimation. Maximum
simulated likelihood estimators derived from simulators with adding up property have the same
limiting distribution of the estimator derived from the modified method of simulated moments
with instruments w; = M;—g’-ﬂ)- as if they were completely observable. Simulated moment
estimators with adding up property have been introduced in McFadden [1989] and Stern [1987].

Stern’s simulated moment estimator is appealing for models with error components.

Simulators derived from the importance sampling technique, in general, may not have the
adding up property since h; is simply ratios of densities. Adding up property can always be
satisfied by normalizing the orignial simulators. Adding up property is satisfied for the normalized
moment simulators f, ;(6,z)/ Zf;l fai(0,z). This suggests the maximum simulated likelihood

estimation with the following function :

n L

fn 1(0,2;')
L(8) = di;l ' : >
@ ; lg; w 2?:1 fn.]’(o’z") -

Let 8, be the maximum simulated likelihood estimator derived from (5.1). Consistency of 6 is
apparent from arguments in the previous section. Asymptotic distribution of L remains to be
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investigated. By a Taylor expansion, -

i n (L i) PTE fuiz)))
V(8L - 6o) = - {% 3 (Zdua lnéf;‘ggf’ zi) _ nzg;a;.:( z ))}

. L (5.2)
. _1_2 Zd alnfn 1(00,2‘,) aln Zj:l fn'j(OQ,zi)
n L T o8 98 '
i= I=1
It follows from (4.11) that
0%1n 21-1 fn(0,2) », 01 E,_ P(ll6,z)
8606 0600’ (5.3)

=0
uniformly in (8,z) € © x X. Hence

0*In foi(8,2;) O*ITI_| fa,(8,2) 0 1n P(1|8o, z)
_E(gdu 2000 000 —E Ed" ooog [~ O

=1

The remaining term in (5.2) can be analyzed with a similar expansion in (4.14) and (4.23):

N E(Z 4,210 fni(022) _ 01n2f=1fw'(”°vzf))

n & | & 00 00
. = A (5.5)
=== Hzir25) +0p(1)
i=1 j=
where
L
R ) BlnP(lloo,z,-) 1 3’11(‘0]‘,2;,00) dln P(lloo,z.-) o
zirz) = Ed"{ * P(z|o°,z.-)[ 06 oo u(vizibe)l}
_ E ahz('v,,z,,oo
(5.6)
It is apparent that
dln P(1|6,,z;)
E(¢(z,3;)|2) = Ed g e
and
L
d1n P(1|6,,z;)
B(@(zp k) = = 3 B { PTG e, 0.
Therefore
Vr(fL - 8,) 2 N(0,Zn Q) . (5.7)
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where I,, is the matrix in (4.30) and €4 is the matrix in (4.32). This estimator has the same
limiting distribution as the estimator derived from the modified method of simulated momemts
with instruments w; = 2'—"—}—’10&&1 as if they were completely observable. Adding up property has

a

indeed an interesting implication on the asymptotic property of our simulated likelihood estimators.
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8. Dependent and Independent Simulated Moments

The estimator §; derived from the method of simulated moments with fna(8,z;) in (2.9) is
not asymptotically efficient relative to the conventional method of moment estimator 6, derived

from (2.3). The conventional moment estimator is asymptotically normal and
Va(be - 8,) = N(0, £.) (6.1)

where
-1
_ dP(6,,z)\’ 8P(0°,z))
Y. = {E (w——-—aa' ) E (w———-—ao'

(2 e (+225) o (o205 2) o (w2202 | (6'2’

and

Q. = E{w(d — P(8,,2))(d — P(6o,z)'w'}

(see McFadden [1989]). The estimator 8, is not asymptotically efficient because the second term
of Q4 in (3.18) (or in (3.25) with r draws) does not vanish asymptotically. The loss of efficiency is
due to dependency of f,(#, z;) across observation.

To nlarify this issue, consider a different simulator constructed with n independent Monte
Carlo draws for each observation. The total number of random draws from 7(v) is n%. Let

(9
J

, J=1,---,n be the n draws for observation i. Define
- 1 - [
fn,l(07zi) = ; Z: hl(v'(,‘ ),:L',',O). (63)
i=1

Let 87 denote the estimator derived from

min(D — f3(8))W'W(D - £2(6))- - (6.4)
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Since

~W(D - £2(0)) = wilds = (1P, 2:,0)), (65)

1 n
= 1

n? 4

n
1 =

1j

the uniform law of large numbers in Proposition 3 of the appendix implies that
1 .
“W(D - £7(8)) 2+ E[w(P(6o,z) - P(8,z))] (6.6)

uniformly in @ € ©. Under the identification condition.of Assumption 2, 6 is consistent. Similarly,

Proposition 3 implies that for any consistent estimate 8 of 8,

L 2 o202
and
%Wa;{,—'gg) 2 E (w%;(,—g’(;l’)) . (6.8)
On the other hand, the central limit theorem in Proposition 4 of the appendix_implies that
ZZW(D - £2(0) -2 N(0, Elu(d - P(8.,))(d - P(0,))w]). (6.9)
Hence, it follows from a Taylor series expansion similar to (3.4) that
Vvl - 8,) 2 N(0, E.). (6.10)

The estimator ; is asymptotically efficient as the conventional moment estimator §.. This esti-
mator ; is asymptotically efficient relative to §;. However, the efficiency gain is obtained at the
expense of taking much larger number of Monte Carlo draws.

Similar conclusions hold for the maximum simulated likelihood estimation with the simulated
moments in (6.3). Proposition 4 implies that the corresponding term similar to L, in (4.15) will
now converge in distribution to zero and hence converge in probability to zero. The corresponding

simulated likelihood estimator is asymptotically efficient.
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7. Some Monte Carlo Simulations

In this section, we report some limited Monte Carlo results on the finite sample performance
of our estimators. We have experimented with two discrete choice models. The first model is a
binary choice model and the second model is a dynamic discrete choice panel data model.

The binary choice model in the simulation is specified as
Y =P+ Pz +e (7.1)

where y* is a latent dependent variable which sign determines the observed indicator d as d = 1
if y* > 0 and d = 0, otherwise. The disturbance ¢ is generated by a standard normal variable
N(0, 1). The exogenous variable z is a truncated normal N(0, 1) variable with support on’
[-2, 2]. The true parameters in the simulation are §; = 0 and 8; = 1. This model is a simple
probit model. As the model can easily be estimated by the classical maximum likelihood method,
the probit MLE provides the ideal estimator in comparison with estimators derived from methods
of simulated moments. Throught the experiment, simulated moments are derived from importance
sampling technique. Random numbers for the construction of simulated moments are drawn from
the standard exponential distribution. The exponential distribution is desirable for models with
normal disturbances because it satisfies easily the domination condition in Assumption 3.

Table 1 reports the finite sample performance of the probit MLE, the maximum simulated
likelihood estimates (MSL) and the maximum simulated likelihood estimates based on normalized
~ simulated moments (Normalized MSL). Data of various sample sizes, namely 25, 50, 100 and 200,
are considered. Conjugate gradient routine in Press et al [1986], pp.305-306, is used to implement
the maximum simulated likelihood estimation. Table 1 reports summary statistics of mean (Mean),
standard deviation (SD) and root mean square error (RMSE) of estimates based on 200 repetitions
for each case. The first column block reports the probit MLE. The second and third column blocks
report the MSL estimates with one Monte Carlo draw (r=1) and two Monte Carlo draws (r=2) for
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each observation respectively. The estimates of the Normalized MSL reported in the last column
block are based on r=1. Comparing the estimates with the true parameters, all the estimates of the
intercept term J3; have rather small biases. The biases of the estimates of 3; are more severe but
are decreasing as sample size increases. The standard errors of all the estimates are also decreasing
as sample size increases. For the estimation of the intercept teim, there are not much substantial
differences across the different estimators. However, except for the very small sample of size 25,
there is a ranking across the different estimators of the regression coefficient 8,. In most cases, the
probit MLE have the smallest biases and variances. The second best estimation procedure is the
Normalized MSL and the worse one is the MSL with r=1. As expected, MSL estimates with more
random draws (r=2) are better than MSL estimates with one random draw (r=1). The interesting
observation from this simulation is that the Normalized SML performs even better than the MSL
procedure with r=2. It performs also favourably in comparison with the probit MLE estimates. As
a measure of relative efficiency (RE) of a simulation estimator in comparison with the probit MLE,
we can consider the ratio of the RMSE of a probit estimator over the RMSE of the corresponding
simulation estimator. For the sample size 100, the RE of the MSL (r=1) of 3; is about 69%. It
increases to 75% for the MSL with r=2.. f‘or the sample size 200, the efficiency of the MSL (r=1)
is only 62% and the efficiency of the MSL (r=2) is 72%. With both sample sizes, the efficiency
of the Normalized MSL is 97%. It is interesting to note that for very small sample of size 25 the

several simulation estimators may perform well as the probit MLE.

Table 2 reports simulation resuits on estimates derived from various methods of simulated
moments. For the simple binary choice model, natural instrumental variables are w; = (1,z;).
With these instruments, McFadden’s estimator from (2.8) can be derived from the solution of the
equations:

3" widi - £i(8,2:)) = 0. (7.2)

i=1
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Estimators for the modified method of simulated moments can be derived with the proper simulated
moment of P(1]8,z) replacing f; in (7.2). Table 2 reports the estimates from McFadden’s method
of simulated moments (McFadden’s SM), the modified method with dependent simulated moments
(SM with deﬁ. moments) as well as the method with independent simulated moments (SM with
indep. moments). Probit MLE are again the ideal estimates for comparison. For McFadden’s
method, we have experimented with simulated moments based on different numbers of draws,
namely r=1, 10 and 50. As expected, as sample size increases from 100 to 200, biases and variances
of the various SM estimators decrease. As the number of draws r increases, the variances of
McFadden’s SM estimator as well as their corresponding RMSE decrease. With one random draw
for each observation, i.e., r=1, the relative efficiency of McFadden’s SM estimator for 8; with
sample size 100 is only 21% and it increases to 24% with sample size 200. The relative efficiency
of the SM estimator of 3; based on dependent moment is 72% with sample size 100 and it is 63%
with sample size 200. Relative efficiency of McFadden’s SM estimator increases as the number of
draws r increases. The SM estimator based on dependent moments with r = 1 is still more efficient
than McFadden’s SM estimator with r = 10. On thé other hand with » = 50, McFadden’s SM
estimator becomes much more efficient. The SM estimtor based on independent moments with
r = N is compared favourably with the probit MLE. Comparing the estimates across Tables 1 and
2, the MSL with r=1 and the SM with dependent moments are compatible. The Normalized MSL
is compatible with the SM estimator with independent moments.

In Table 3, we report some Monte Carlo results on the estimation of a dynamic discrete choice

panel data model. The model is specified as follows:
Vit = Bxie + Mdi o1 + uie : (7.3)

and
Uit = pUig-1 + €, t=1,---,n5t=1,.--,T } (7.4)
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where d;; is the observable dichotomous indicator of the latent variable y,. The disturbances ¢;;
are i.i.d normal N(0,0?). In order to normalize the variance of u to be unity, o2 is set to equal to
1 — p?. To capture possible correlation of the regressor z;; over time, z;; is specified to possess an

error component structure:

Tit = int + \/B—ID.' (7.5)

V2

where z;; arei.i.d. truncated normal N(0, 1) variables with support {-2, 2] and w; are independent
uniform variates with support on [—%, %] The variance of z is about 1 and its correlation coefficient
over time is about 0.5. To start the dynamic process, the initial condition is specified as d;o = 0
for all i. The true parameters in the model are § = 1.0, A = 0.2 and p = 0.4. With T time
periods, the product of T independent univariate standard exponential densities is chosen as the
T-dimensional multivariate importance sampling density for this model. Table 3 reports MSL
estimates with dependent moments and MSL estimates with independent moments. The estimates
tend to underestimate the regression coefficient 3 and the serial correlation coefficient p but tend
"to overestimate the dynamic coefficient A of this modei. As sample size increases, the biases of
the MSL tend to decrease and their variances and RMSE decrease monotonically. With adding up
property, the Normalized MSL estimates have smaller biases as well as smaller variances than the
MSL estimates with the same sample size. The biases of the Normalized MSL for the regression
coefficient 3 is remarkly small. The MSL with independent moments do not necessarily have smaller
biases as compared with the MSL with dependent moments, however their variances are smaller.
The MSL with independent moments have smaller RMSE than the MSL with dependent moments
for the data with the same sample size. The RMSE of the MSL with independent moments are also
smaller than the RMSE of the Normalized MSL except for the estimation ;)f p. The above estimates
are derived for panel data with 4 time periods. With longer panel T=6, the MSL estimates have
smaller variances but larger biases than the corresponding MSL estimates with shorter panel T=4.
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For panel data with T periods and N cross sectional units, the total number of sample points is

NT. We might expect that for longer panels the variances of the estimates would decrease as the

sample sizes have increased. However, the number of different choice patterns in longer panels is

much larger than the number of choice patterns in shorter panels. For T=4, the total number ‘
of choice patterns for the binary choice dynamic model is 16 but the number increases to 64 for

T=6. With many choice alternatives, the choice probabilities are in general more difficult to be

estimated. These features might explain the above Monte Carlo findings. Anyhow, in terms of

RMSE, longer panel data is still preferable to short panel data.

The above Monte Carlo simulations are performed by a Cray-XMP machine in Minnesota
Supercomputer Institute. While different machines have different functions and computing speed,
it may still be worthy to report the CPU times in computing some of the egtimates. For the
estimation of the panel data model with N=100 and T =4, it took 204.44 seconds of CPU to compute
the 200 MSL estimates with dependent moments reported in Table 3; 398.83 seconds to compute
the MSL estimates with independent moments and 2441.73 seconds to compute the Normalized
MSL estimates 6. These computing times do not include time cost to draw random numbers for the
construction of simulated moments. The computational cost of the MSL with independent moments
is about 2 times more in this case because it involves the computation of N? different numbers
of importance sampling density functions instead of just N different importance densities for the
case with dependent moments. The CPU time cost of the 200 Normalized MSL estimates is almost
12 times more expensive than the computation of the MSL estimates with dependent moments.
For the MSL estimates with dependent moments, only a single choice probability needs to be
computed for each cross sectional unit while for the Normalized MSL, all 2T choice probabilities

need to be computed for normalization purpose as adding up property does not hold for the

6 Starting initial estimates for iteration are set at (0, 0, 0). We have experimented with initial
estimates set at the true parameter vector. Convergence with the latter estimates are only sightly
faster.
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original simulators. With 200 cross sectio?al units, the CPU time for the computation of 200
MSL estimates with dependent moments increases to 646.01 seconds which is about 3 times more
than the computation of the MSL with 100 units. McFadden’s methods of simulated moments use
independent moments and therefore are similar in the MSL estimation with independent moments
in this aspect. The number of random draws r in McFadden’s method does not need to tie with
sample size. With M=50, the computation time of 200 MSL estimates with independent moments
for the model with N=100 and T=4 is 220.21 seconds and it reduces to 148.30 seconds when
M=30. In this example, the computation cost with M=50 is larger than the cost of the MSL with

dependent moments but its cost is 27.5% less when M=30 7.

7 We note that the computational cost of McFadden’s method of simulated moments depends
on the number of moments used in the estimation. For the above comparison, it corresponds
essentially to the use of a single moment equation.
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Binary Choice Model: Maximum Simulated Likelihood and Probit Estimates

Table 1.

True parameters: ) =0, G2 =1

Probit MLE MSL (r=1) MSL (r=2) Normalized MSL
N Mean SD RMSE Mean SD RMSE RE Mean SD RMSE RE Mean SD RMSE RE
25 5, 0.0134 .3098 .3038 0.0072 .2970 .2911 1.04 0.0171 .3281 .3219 .94 0.0138 .3188 .3127 .97
B2 1.2449 .6956 .7242 1.1809 .7342 .7418 .98 1.2230.7211.7409 .98 1.2519 .6780 .7105 1.02
50 5 -0.0020 .2276 .2253 -0.0089 .2402 .2380. .95 -0.0003 .2313 .2290 .98 0.0039 .2263 .2241 1.01
B2  1.0928 .3889 .3960 1.1341 .5609 .5712 .69 1.0844 .4525 .4558 .87 1.0992 .3967 .4050 .98
100 8; -0.0150 .1400 .1401 -0.0144 .1400 .1400 1.00 -0.0136 .1419 .1418 .99 -0.0142 .1401 .1401 1.00
B>  1.0338 .2134 .2150 1.0443 .3099 .3115 .69 1.0470 .2846 .2870 .75 1.0371 .2189 .2209 .97
200 5, -0.0001 .0993 .0991 -0.0010 .1021 .1018 .97 0.0004 .1020 .1017 .97 0.0006 .0999 .0997 .99
B2  1.0069 .1469 .1467 1.0254 .2356 .2364 .62 1.0186 .2035 .2038 .72 1.0080 .1509 .1507 .97
Table 2.
Binary Choice Model: Methods of Simulated Moments and Probit MLE
True parameters: §; =0, ;=1
Sample Size N=100 Sample Size N=200
Method Mean SD RMSE RE Mean SD RMSE RE
Probit ML B -0.0150 .1400 .1401 1.00 -0.0001 .0993 .0991 1.00 -
B2 1.0338 .2134 .2150 1.00 1.0069 .1469 .1467 1.00
McFadden’s SM r=1 p/y  -0.0218 .2019 .2021 .69 0.0014 .1582 .1578 .63
B2 1.1565 1.0319 1.0386 .21 1.0917 .6177 .6229 .24
r=10 B -0.0116 .1831 .1826 .77 0.0120 .1352 .1354 .73
B2 1.0635 .4104 .4133 .52 1.0575 .3172 .3216 .46
r=50 B -0.0128 .1451 .1449 .97 0.0003 .1023 .1020 .97
B2 1.0377 .2367 .2385 .90 1.0078 .1586 .1584 .93
SM with indep. moments r=N g, -0.0163 .1393 .1396 1.00 -0.0010 .0990 .0988 1.00
B2 1.0345 .2207. .2223 .97 1.0061 .1487 .1485 .99
SM with dep. moments r=1 S 0.0098 .1779 .1773 .79 0.0088 .1203 .1203 .82
B2 1.0339 .2980 .2984 .72 - 1.0248 .2319 .2326 .63
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‘Table 3.

Panel Data Model and Maximum Simulated Likelihood Estimation
True parameters: 3 =1, A=02, p=04

Method T N r B A P
Mean SD RMSE  Mean SD RMSE  Mean SD RMSE
MSL(dep. moments) 4 50 1 9147 .1948 .2109  .2715 .2680 .2748  .2757 .2478 .2750
4 100 1 .9436 .1521 .1615  .2460 .1955.1999  .3138 .1853 .2035
4 200 1 (9687 .1158 .1197  .2496 .1333 .1419  .3243 .1263 .1470
Normalized MSL 4 100 1 1.0006.1185.1179 .2229 .1645.1653  .3549 .1469 .1530
MSL(indep. moments) 4 100 N  .9481 .0875 .1014 .2548 .1404 .1501 2751 .1182 .1716
MSL(dep. moments) 6 100 1 .9009 .1124 .1494  .2463 .1435.1501  .2591 .1307 .1917
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8. Conclusion

In this article, we have considered a modified method of simulated moments for the estimation
of discrete choice models. Similar to McFadden’s method of simulated moments, excessive number
of Monte Carlo draws are unnecessary for the simulation estimator of the parameters in the model
to be consistent asymptotically normal. As in McFadden’s simulation design, for each observation,
only one or a few random numbers from a speciﬁc distribution will be drawn. It differs from
McFadden’s method only in the way of constructing simulated moments with the generated random
numbers. As the random draws are exchangeable across observation, all of them can be used
in the construction of simulated moments for each observation. Such simulated moments will
involve summation of much more terms than McFadden’s simulated moments. The computational
cost will be more expensive but the simulation estimator of the parameters is asymptotically
efficient relative to McFadden’s estimator. This design can easily be adapted to other estimation
methods without restricting our attention to the selection of moment equations. One of such other
methods that have been considered in this article is a maximum simulated likelihood method.
The maximum simulated likelihood estimator is shown to be consistent asymptotically normal.
Adding up property of probability simulator plays an interesting role in the maximum simulated
likelihoo& estimation. With adding up property, the maximum simulated likelihood estimator is
asymptotically equivalent to the estimator derived from the modified method of simulated moments
with optimum instruments suggested from the classical maximum likelihood method as if they were
completely observable. The maximum simulated likelihood method may be of particular interest for
panel data models where the total number of choice patterns over time can be large. These proposed
estimation methods can also be regarded as generalizations of the simulation estimation methods
in Pakes [1986] (Pakes and Pollard [1989]) to disaggregated data. It differs from the Monte Carlo
integration approach in Lerman and Manski [1981] in two important aspects. As in McFadden’s
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approach, our estimation method has emphﬁa.sized on estimation of unknown parameters instead
of choice probabilities and the total number of Monte Carlo draws does not need to be excessive
large. As the number of random draws for each observation is fixed, the derived estimators are in
general not statistically efficient. Statistical efficient estimators can be derived only at the expense
of much more Monte Carlo draws. Our estimation methods will be useful if excessive number of
Monte Carlo draws is impractical or undesirable.

In the article, we have considered only smootﬁ simulators. Statistical analysis with such
simulators is much simpler than nonsmooth simulators. However, with the recent development
of empirical process theory in Pakes and Pollard [1989] for simulators and U-statistics empirical
process theory in Nolan and Pollard [1987, 1988], we expect that our method could be generalized to
cover nonsmooth estimators. Such possible generalization will be investigated in separate articles.
We expect also that our methods can be generalized to the estimation of limited dependent variable

models.
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Appendix
Proposition 1. (A Uniform Law of Large Numbers for V-statistics)
Let {y;} be a randbm sample. Let g(yi,,¥i,,0) be a measurable function of (y:,,yi;) for each
0 € O, which s a compact subset of a Euclidean space, and is a continuous function of 6 € © for

each (¥i,,¥i,). Suppose that Esupyee |9(¥iy, iy, 0)| < 00 for all 1 < ¢y,i; < 2. Then

1 n n
= 2 D 9(¥iasins8) = E(9(31,32,6))
1=113=1

uniformly in § € O.

PROOF: A law of large number for U-statistics is available in Serfling ([1980], p.206). It states
that for any kernel A, if E|h(y;,¥2)] < oo, the associated U-statistic U, with kernel h will converge
in probability to E(h(y1,y2)). The V-statistic V, with kernel h is closedly related to the U-statistic
Un. If Elh(yi,,¥i,)| < 00 for 1 < iy,iy < 2, then E|U, — V| = O(L) (see Serfling {1980], p.206).
Hence V,, will converge in probability to E(h(y1,y2)) also. With this law of lafge numbers for
V-statistics, the uniform convergence property in the proposition can be proved with exactly the
same argument in Amemiya ([1985], Theorem 4.2.1).

Q.E.D.

Proposition 2. (A Central Limit Theorem for V-statistics)

Let {y;} be a random sample and g(yi,,yi,) be @ measurable vector value function of (y;,,yi,)

with zero mean. Suppose that E|g(yi,,¥i,)|> < 0o for all 1 < iy,iy < 2. Then

A L L Av) 2 N, D)
f1=1143=1
where
T = E{[E(9(y1,v2)ln1) + E(g(y2, v1)ly)I[E(9(y1, ¥2)|1) + E(9(y2, 31)|1)]'}-

PrOOF: This central limit theorem can be found in Serfling {1980], p.192 and p.206.
Q.E.D.
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Proposition 3. Suppose {vg-‘)} are independently and identically distributed sequences of
random variables. {z;} is a sequence of i.i.d. random variables which are independent with vgi),
for all i,j. Let g(v,z,0) be a measurable function of (v,z) for each 8 € ©, which is a compact
subset of a Fuclidean space, and is a continuous function of 8 € © for each (v,z). Suppose that
E supyeg |9(v,,0)|? < o, then

1 n n ;
=203 9(vf,2:,0) £+ Eg(v,2,6)
i=1 j=1

]

uniformly in 0 € O.
Proor: For any square integrable function h(v,z), by independence,
11, (& 1 1
var(~ Z[; S (), 2)]) = —var(~ Y h(vj,2)).
=1 i=1 i=1

Since h(v,z) is square integrable, it follows that var(E[h(v,z)|z]) and E{var(h(v,z)|z)} are all
finite. Let z, = L 3°0_, h(v;,2). The variance of 2, is

var(za) = E(> Y h(05,2) = E(h(o,2)2))? + E(E(h(v,2)l2) = E(h(v,2))) o
i=1 Al

E{var(h(v,z)|z)} + var( E[h(v, z)|z]).

S|

It follows that by Chebyshev’s ineqality
1 = () »
= g;h(vj ,z;) -2+ E(h(v, z)).
With this law of large numbers, the uniform convergence property in this proposition follows from
the argument in Amemiya ([1985), Theorem 4.2.1).
Q.E.D.
Proposition 4. Suppose {vfi‘)} are independently and identically distributed sequences of
random variables. {z;} is a sequence of i.i.d. random variables which are independent with vg-i),
Jor all i,5. Let g(v,z) be a measurable function. Suppose that there ezists a square integrable
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function h(z) such that |g(v,z)| < h(z) for all v, then

% > =3 ool 2) = Eg(v,2)) 2+ N(0, var(E[g(v,2)J2])).
i=1 = j=1

Proor: Denote z,; = + 37, g(vy),z.-). Under our independency assumptions, zn1,-

are mutually independent. E(z,;) = E(g(v,z)) = p is a constant. The variance of zy;
1
var(zns) = = E{var(g(v, 2)[z)} + var(Elg(v, )]z
is a constant independent of i, which converges to var(E[g(v, z)|z]). Since the sequence

1 .1
772G

=1 j=

n

i 1 <
lg(vﬁ- )2i) - p) = 75 (i = H)

i=1

**y2nn

is a double array sequence, a central limit theorem of double array will be needed. The central

limit theorem of double array in Chung [1974] can be applied if Lindeberg condition is satisfied,

i.e., for any € > 0,

E[I((2ni — p)* > €nd})(2ni — p)*] = 0

where &2 is the variance of z,;. Let (2 X X,v x £) be the common probability space that (v, z)

lives on. Denote fu(w,z) = (2 X7, 9(vj(w),2) — u)?. It follows that
E[I((2ni — u)? > €nd2)(2zni — p)?]

= /A fulw, 2)dv(w)dE(z)

(A.2)

where 4, = {(w,z)|(% T}, 9(vi(w),2) — u)? > endl}. Lindeberg condition will be satisfied if

(A.2) converges to zero. By Chebyshev’s inequality

(v X E)XAn) = P(I= 3" g(05,2) = l > Vensn)
i=1 '

1 1 9
< - . —
< ma%E(n;g(v,,Z) 1)
-1
- &n

39



which converges to zero. For each z, the strong law of large numbers for i.i.d. variables implies
that %Z;-'__,l 9(v;,z) 3" E(g(v,z)|z). Hence fn(w,z) — f(z) = (E(g(v,z)|z) — u)?, a.e.[v x £] on
2 x X. The following lemma completes the proof.
Q.E.D.

The following lemma generalizes the familiar result for an integrable function (see, e.g. Royden
[1963], Chapter 4, Proposition 13) to a sequence of integrable functions.

Lemma 5. Suppose that f,(z) is a sequence of nonnegative integrable functions with measure
v. Iflimp o0 fn(z) = f(2) a.e.[v], and there ezists an integrable function h(z) such that | fo(z)| <
h(z) for all z, then for any € > 0, there ezist § > 0 and ng such that for all measurable subset A
with v(A) < 8, [, fa(z)dv(z) < € for alln > no.

PROOF: Suppose not, there exists an € > 0 such that for any § > 0 and n, one can find A
and m, with ¥(A) < §, but [, fim_(z)dv(z) > €. In particular, there exist A, with ¥(A,) < 7=
and fA. fma (2)dv(2) > €. Let gn(2) = fm.(2)14.(z). The functions g,(z) converge weakly to 0

except z in the set ;- Ui, Ai. Since

(O UarsUar<s sy o

n=1t=n i=n =n i=n

converges to zero as n goes to 00, gn(z) — 0>, a.e. Let hp(2) = fn (2)—9n(2) = fm, (2)[1=14,(2)]
{hn}is a sequence of nonnegative functions. Furthermore, h,(z) — f(z) a.e. By Fatous’s lemma

and LDC theorem,
/f(z)du(z) < H'ng/hn(x)du(z)
< Jim, [ fn.(@)d(2) - limin [ gu(a)ev(z)
= [ He)ao(a) - timint [ fm,(@a(z)
Ag ‘
< [f@yv(a) -«

which is a contradiction.

Q.E.D.
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