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Abstract 

This paper continues the study of Bayesian learning processes for general finite

player, finite-strategy normal form games. Bayesian learning was introduced in an earlier 

paper by the present author as an iterative mechanism by which players can learn Nash 

equilibria. The main result of the present paper is that if prior beliefs are sufficiently 

uniform and expectations converge to a "regular" Nash equilibrium, then the rate of con

vergence is exponential. 



1. Introduction 

This paper continues the study of Bayesian learning processes for general finite

player, finite-strategy normal form games. Bayesian learning was introduced in Jordan 

(1990) as an iterative mechanism by which players can learn Nash equilibria. Initially, 

each player is presumed to know his own payoff function but not the payoff functions of 

the other players. The initial strategies are determined as a Bayesian Nash equilibrium of 

the incomplete information game in which each player's private characteristic is his payoff 

function. These strategies are then observed by all players, causing a revision of beliefs. 

The new beliefs determine a new Bayesian Nash equilibrium and so on. Assuming that 

the common prior distribution of payoff functions satisfies independence across players, it 

was proved in Jordan (1989, Theorem 3.2) that the conditional distributions on strategies 

converge to a subset of the set of Nash equilibria with probability one. Under a further 

assumption that the common prior distributions are sufficiently uniform, convergence to 

the set of Nash equilibria was proved for every profile of payoff functions, that is, for 

every normal form game (Jordan (1989, Theorem 3.8)). If a game has multiple Nash 

equilibria, the sequence of expect.ations may contain subsequences converging to different 

Nash equilibria, which is why the two convergence results only assert convergence to a set 

of Nash equilibrium set. 

The focus of the present paper is the rate at which expectations converge. Our main 

result, Theorem 3.6, states that if a subsequence of expectations converges to a "regular" 

N ash equilibrium, the rate of convergence is exponential, again under the assumption that 

prior beliefs are sufficiently uniform. This result is in contrast with the behavior of learning 

by "fictitious play" (Robinson (1951)) and somewhat similar that learning mechanisms 

studied recently by Fudenberg and Kreps (1988), Milgrom and Roberts (1989), and others, 

which converge, if at all, at a rate no faster than t- I . 

The rate of convergence of a learning mechanism is directly relevant to the interpre-
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tat ion of equilibrium. Since a Nash equilibrium requires considerable coordination among 

the players, one would not expect the equilibrium conditions to hold exactly in any infor

mationally decentralized setting. However, the existence of a learning mechanism which 

converges to equilibrium fairly rapidly provides some theoretical justification for interpret

ing the Nash equilibrium concept as a good approximation. 

Of course, the comparatively rapid convergence of Bayesian learning should not be 

interpreted as an assertion of computational superiority. In fact, since each iteration of a 

Bayesian learning process is a Bayesian equilibrium of an incomplete information game, 

each iteration is computationally more difficult than solving for the Nash equilibrium di

rectly. Instead, the conclusion to be drawn from the exponential convergence result appears 

to be that if players make substantial use of deductive reasoning in forming expectations, 

convergence may be much more rapid than if expectations are formed in a quasi-statistical 

inductive fashion. 

The exponential convergence result also depends on the abspnce of "noise". If the 

players' payoff functions or strategy choices were subject to random perturbations each 

period, then Bayesian learning would necessarily proceed more slowly. 

The remainder of the paper is organized as follows. Section 2 gives the definition of 

regular Nash equilibrium, and Section 3 defines Bayesian strategy processes and gives the 

statement and proof of the main result. Since Bayesian strategy processes are discussed in 

Jordan (1989), only the necessary definitions are provided below. The reader is referred 

to the earlier paper for examples and motivation. However, Section 3 below describes 

an abstract example which motivates the exponential convergence result. A number of 

analytical results needed in the proof are collected in an appendix to this paper .. 

2. Regular Nash Equilibrium 

2.1 Definitions: There are n players, n ~ 2, indexed by the subscript p. For each 
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1 ~. P ~ n, let Sp be a finite set, and let S = II;=1 Sp. For each p, let S_p = IIq¥pSq, 

with generic element s_p = (SI, ... , Sp-l, Sp+l,.·., sn). Each player p is characterized 

by a payoff function 7r p : S ~ R. The space of possible payoff functions for each player 

is the unit ball in RS, that is, B = {7r E R S : (L:SES7r(s)2)t ~ I}. Given the strategy 

sets SP' a normal form game is completely specified by an n-tuple of payoff functions 

(7rp)p E Bn, so let G = Bn denote the space of all games, with generic element (7rp)p. 

A probability distribution a on S is a product distribution if a = al X ... X an, 

where each ap is the marginal distribution on Sp- That is, a(s) = al(sd··· an(sn) for 

each S E S. A Nash equilibrium for a game (7r p)p EGis a product distribution a* on S 

such that for each p, a; maximizes L:sp ap(sp) L: s_p 7rp(sp, s_p) a:p(s_p) over the set of 

probability measures a p on SP' where 7r p( SP' S_p) = 7r p( SP' ... , Sp-l, SP' Sp+l, ... , Sn), 

and a:p is the distribution IIq¥pa; on S_p. For each (7rp)p E G, let N((7rp)P) denote 

the set of Nash equilibria. 

2.2 Remarks: It might seem more natural to normalize payoff functions to the unit 

sphere, since the extra dimension present in B is redundant, but the convexity of the 

unit ball simplifies some of the analysis. The space of unnormalized payoff functions, R S , 

is also convex, but the compactness of B is also convenient. Of course, the Theorem is 

independent of the normalization. 

The definition of "regular Nash equilibrium", below, is fairly intuitive. In a Nash 

equilibrium, the strategies which have positive probability are characterized by equations. 

All strategies sp with ap(sp) > 0 must yield the same expected payoff to player p. 

Hence it is natural to require that these equations, as polynomial equations in these positive 

probabilities, have full rank. This ensures the local uniqueness of the positive probabilities. 

The strategies which have zero probability are characterized by inequalities, that is, they 

yield lesser expected payoffs, so it is natural to require that these inequalities be strict. 

This ensures the local uniqueness of the zero probabilities and thus the local uniqueness of 
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regular Nash equilibria. These two requirements are embodied in conditions (a) and (b), 

respectively, below. 

2.3 Definitions: Let (7r p)p E G and let (7* be a Nash equilibrium for (7rp)p- For each 

p, let Lp ~ #Sp and suppose that Sp is indexed as {sip}7=s{, where (7;(Sip) > 0 if 

i ~ Lp and (7;(Sip) = 0 if i > Lp- For each p and each i ~ # Sp, define the function 

-. . rrn RSq -+ R by' "tp' q=1 _ 

for all (7 E rr;=1 RSq, where 

for each 

S ~n #S 
Define h: rr;=l R p -+ R~P=l P by 

#Sp 

h ( (7) = (( g p ( (7 ) ) {p : L p > 1 }, ((7 i p ) { i, p : i > L p } ), (1 - L (7 i p ) ;= 1 ) . 

i=1 

The Nash equilibrium (7* is regular if 

a) D h( (7*) is nonsingular; and 

b) 7rip((7*) < 7rlp((7*) for all p and all i > Lp. 

2.4 Remarks: Since (7* IS a Nash equilibrium, h((7*) = O. The nonsingularity of 

D h( (7 *) enables us to consider h as a local coordinate system near a regular Nash 

equilibrium. 
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3. The Main Result 

3.1 Definitions: Suppose that X and Yare metric spaces and Z is the product 

space, Z = X x Y. Let 'P be a Borel probability measure on Z. The support of 'P, 

written "supp 'P", is defined to be the smallest closed subset G C Z with 'PeG) = 1. 

The support of the marginal probability distribution on X is the smallest closed subset 

G C X such that 'P( G x Y) = 1. If x E X, the statement "x E supp 'P" will be 

understood to mean that x is in the support of the marginal distribution on X. If E is 

a Borel subset of X, 'P(E x Y) will often be written simply 'P(E), and if x E X, 'P(x) 

denotes 'P({x}), that is, ",({x} x Y). 

For each 1 ~ t < 00, let st = rr~=1 5, with generic elements st = (SI,' .. , St) 

and let 5 00 = rr;:C;1 s. We topologize each st and 5 00 as products of the discrete 

space S. Let G have the Euclidean topology, and let 'P be a Borel probability measure 

on G x 5 00
• For each p, t, each st E supp 'P, and each sp ESp, let 'Pp(splst) be 

the probability that Spt+l = sp conditional on st, that is, 'Pp(splst) = 'P(st, sp)/'P(st). 

For each s_p E S_p, let 'P_p(s_plst) be the probability that S-pt+l = s_p conditional 

on st, that is <p_p(s_plst) = <pest, s_p)/<p(st). If t = 0, we adopt the convention 

that (st, sp) = sP' (st, s_p) = s_p, and cpp(splst) (resp. <p_p(s_plst)) represents the 

unconditional probability that Spl = sp (resp. S-pl = s_p). Finally, for each t ~ 1, and 

each st E sUPP'P, <p(slst) denotes the probability that St+l = s conditional on st, with 

the analogous convention for t = o. 

3.2 Bayesian Strategy Processes: For each p, let f.lp be a Borel probability distri

bution on G, and let f.l denote the product measure, f.l = f.ll X •.. x f.ln on G. A Borel 

probability measure 'P on G x 5 00 is a Bayesian strategy process (BSP) for f.l if 

i) the marginal distribution on G agrees with f.l; 

ii) for each p, each t ~ 0, and each (11" p; s t, s p) E su pp <p, s p mruClffilzes 

L:.,_,.1I"p(" s_p)cp_p(s_plst) on Sp; and 
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iii) for each st E supp 'P, 'P(·lst) is a product distribution, that is, 

'P(·lst) = 'PI(·ls t ) x ... X 'Pp(·lst) X ••• x 'Pn(·ls t ). 

3.3 Remarks: Before stating the exponential convergence result, we record a useful pre

liminary result which is proved in (Jordan 1989, Proposition 3.6). As mentioned in the 

introduction, the exponential convergence result is stated for subsequences of expectations 

since different subsequences can converge to different N ash equilibria. Moreover, an iter

ation in one subsequence may yield no information relevant to another subsequence, so 

convergence to equilibrium is exponential only in the number of iterations along a given 

subsequence. 

3.4 Definitions: Let m denote Lebesgue measure on B. For 1 ~ p ~ n, the notation 

J.lp < < m states that J.lp is absolutely continuous with respect to Lebesgue measure. For 

each p, we will write J.lp "" m if there is some number a > 0 such that for every Borel 

set E C B, a m(E) 2.: J.lp(E) 2.: m (E)/a. 

3.5 Proposition: Suppose that J.lp« m for each p and that 'P is a BSP for 

J.l. Let st E sUPP'P with t 2.: 1, and for each p, define Cp(st) = {7rp E B: for 

each T < t, S~T+I maximizes ES _ p 7rp(·, s_p)'P_p(s_plsT) on Sp, where ST < st}, 

and define C;(st) = {7rp E B : for each T < t, S~T+I is the unique maximizer of 

E S _
p

7rp(·, s_p)'P_p(S_pIST), where ST < st}. Then for each p, 

i) Cp(st) is a compact convex set, and C;(st) is a convex set which is open relative 

to B; 

ii) J.lp(Cp(st)\C;(st)) = m(Cp(st)\C;(st)) = 0; 

iii) {7rp E B: (7rp, st) E supp 'P} C Cp(st); and 

iv) 'PCst ) = J.lI(CI(St)) X .•. x J.ln(Cn(st)). 

3.6 Theorem: Suppose that J.lp "" m for each p, and that 'P is a BSP for J.l. Let 
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((7l";)p, s=) E supp <p, and let aObe a regular Nash equilibrium for (7l";)p, and suppose 

there is a subsequence indexed by {t(u)}~1 such that <p('lst(u») ~ aO. Then there are 

positive constants k and J{ such that 11<p(·lst(u») - a011 < K(l + k)-U for all u. 

3.7 Remarks: The proof of the Theorem is rather long, but the essential insight is 

contained in the following transparent mathematical problem. Suppose that a real variable 

7l" is distributed on the interval (-1, 1) according to a probability measure J.l which has a 

density function which is bounded and also bounded away from zero. First, 7l"0 is drawn 

from this distribution and remains fixed throughout the following process. Next, a number 

!.pI E [0, 1] is chosen according to the equation 

!.pI = J.l( {7l" : 7l" > <pd ). 

After <PI is chosen, we find out whether or not 7l"0 > c,ol, and then choose c,02 according 

to the same equation but with the probability conditioned on the new information, and so 

on. :More precisely, define 

and for each t, let 

if 7l" > c,o 
otherwise; 

where the right hand side is a conditional probability. Of course, the information 

s( 7l"0, c,ol), • .. , s( 7l"0, c,ot) simply reveals that 7l"0 lies in the interval between the largest 

c,oi with s(7l"°, c,oi) = 1 and the smallest c,oi with s(7l"°, c,oi) = 0. If S(7l"°, 'Pi) = ° for 

all i::; t, then the left endpoint remains -1, or if s( 7l"0, c,oi) = 1 for all i::; t, then the 

right endpoint remains 1. 

The asymptotic behavior of c,ot depends on whether 7l"0 is positive. If 7l"0 E (0, 1), 

then 'Pt ~ 7l"0, and it is fairly obvious that the convergence is exponential. Since 

7l"0 E (0, 1), it is clear that 'Pt is bounded away from both ° and 1. Since c,ot is a 
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conditional probability, and since the density function for J.l is bounded and bounded 

a\vay from 0, t..pt must split the revealed interval into fractions which are bounded away 

from 0 and 1, so the revealed interval decreases exponentially to the single point 71°. This 

cases is analogous to the convergence of a BSP to a mixed strategy equilibrium. 

If 71° ~ 0, then t..pt ~ 0 exponentially, but the reason for exponential convergence is 

more subtle. In this case, t..pt decreases monotonically to zero. Because of our assumption 

on the density function for J.l, the conditional probability J.l( {7I : 71 > t..pt+l} 171 ~ t..pt) IS 

bounded above by a constant multiple of the conditional Lebesgue measure, 

CPt - t..pt+d/(l + t..pt), so for some k > 0, t..pt+l ~ k[( t..pt - t..pt+d/(l + t..pdl. If we write 

'Pt+l = Ott..pt, it follows that 0t ~ k/(l + k) < 1, so t..pt ~ 0 exponentially. This case is 

analogous to the convergence of a BSP to a pure strategy equilibrium. 

This example indicates the role of our assumption that J.l is sufficiently uniform. In 

the example, the function 'Pt I---T 71° - 'Pt plays the role of the function h, so regularity is 

satisfied automatically. The proof of the Theorem involves additional complications caused 

by a multidimensional nonlinear coordinate system and equilibria which may be neither 

completely mixed nor completely pure, so the two types of asymptotic behavior described 

above occur simultaneously and interactively. 

Proof of the Theorem: For each t, let O"t-l = 'P( ·lst
-

1
), and, to conserve notation, 

suppose that the subsequence {O"t{u)} is the sequence {O"t}t itself. We will now apply 

the technical results contained in the Appendix. LetxO = 0"0, and for each player p and 

each t, let Cpt = Cp(st-l), as defined in Proposition 3.5, and let Xpt = t..p_p(·ls t - 1 ). 

\Ve will use a subscript p to denote an object derived from Cpt and Xpt in the same 

fashion as the respective object is derived from C t and Xt in the Appendix; e.g., 8pt (·) 

is derived from Cpt and Xpt just as 8t(·) is derived from C t and Xt in the Appendix. 

Given p, we have to verify that the sequences {Cpt, xptl satisfy assumptions A.4 

(i - v). \Ve will simply assume, until the last step of the proof, that Xpt =1= XO for all 
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t. Proposition 3.5 implies that the sequence {Cpt, xpt} satisfies assumptions A.4 (i) and 

(ii). As in the definition of regularity, index Sp so that for some Lp:::; # Sp, 

{i : O';(Sip) > O} = {I, ... , Lp}. Then, for t sufficiently large, O'ipt = <,.?p(siplst) > 0 

for all i:::; Lp. Since /-Lp '" m, Proposition 3.5 implies that A.4 (iii) is satisfied for large 

t. Assumption A.4 (iv) is implied by Proposition 3.5 also. Since 7r; E ntCpt , bpt(i, j) ;::: 

(7rip - 7r'Jp)x pt, so regularity condition (b) implies Assumption A.4( v). 

For each p and each t, let 

if Lp = 1; and 

if Lp > 1. 

*"s Then (h pt );=l is simply a permutation of the coordinates of h(O't). Also L.i={ O'ipt = 1 

for all p, t, so the last coordinate of hpt is always zero. By Lemma A.S, there is some k~ 

such that O'ipt:::; k~bpt(i, jet)) for all i, and all i, p with i > Lp- For any p, t and any 

1 :::; i, j :::; L p, (7r;i - 7r;j)x pt :::; bpt(i, j), and since 7r; E Cpt+1 , (7r;j(t) - 7r;i)X pt ;::: 0 

for all i:::; # Sp. Hence, for all 1:::; i, j :::; Lp, (7r;i - 7r;j)x pt :::; bpt(j(t), j). Also, 

by Lemma A.5(4), there is some k~ such that bpt(j(t), j) :::; k~bpt(j, jet)) for all 

j :::; L p, j =I jet). Therefore IIgp(O't)lI:::; k~ max{bpt(i, jet)) : i :::; Lp} if Lp > 1. Hence 

IIhptll :::; kpb;t, where kp = max{k~, k~}. For each t, let b;* = max{kpb;t : 1 :::; p:::; n}. 

Then II hpt II :::; b;* for all t. Since O't ~ 0'0 and 0'0 is a regular equilibrium for 7r 0
, 

there is some c > 0 such that II 0' t - 0'0 II :::; cb;* for all t. By the definition of x pt, we 

can choose c so that IIXpt - XO II :::; cb;* for all p, t as well. 

We will prove the Theorem by showing that b;* ~ 0 exponentially. Since 

II x pt - XO II :::; cb;* for all p, t, Lemma A .12 implies that there are positive constants 

T, J{ such that for all u > t > T, b:* < J{ b;*. Then we can choose J{ sufficiently large 

so that we can set T = 1. We will now prove the following: 

Claim: Either b;* ~ 0 exponentially, or there is a subsequence indexed by {t( v)} ~1 
. 

such that for some p, some i:::; # Sp, j :::; Lp, and some dp E Dp, 
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i) o;tv) = Opt(v)( i, j) for all Vj 

ii) dpt - dpj and 

iii) lim supo;tv+l)/o;tv) 2: 1. 

To prove the Claim, fix c > 0 and 0 < r < 1. We say that u succeeds t if u > t and 

ii') Ildpt - dpull < c. 

\""e will show that either 0;* - 0 exponentially or there exist u and t such that u 

succeeds t and 

For each p, the unit sphere in which Dp lies can be covered with a finite number of open 

balls of radius c /2, so there is some number b such that for any to > 0, we can find a set 

of indices {tk H:l' with tk increasing in k and tko :::; to, such that tk+l succeeds tk 

for each k and P ~ W /b], where [z] denotes the largest integer less than z. Suppose 

that whenever u succeeds t, 0**/0** < r. Then OU < our[t
O 
/b]-l < J{o**r[tO /b]-l 

u t - tko - tl 1, 

and for any t > tko, 0;* < J{2oi*r[tO /b]-l. Choose J{' > J{20i* /r and r 1/ b < r' < 1. 

Then K'(r,)t > J{20i*r[t/b]-1 for large t. Hence 0;* < J{'(r,)t for large t. Hence 0;* 

converges exponentially. Therefore, if 0;* does not converge exponentially, we can find t 

and u satisfying (i' - iii'). Letting c - 0 and r - 1 provides a subsequence satisfying 

(i - iii), thus proving the claim. 

Lemma A.9 implies that any subsequence satisfying (i) and (ii) must violate (iii), so 

0;* - 0 exponentially. This proves the Theorem under the assumption that Xpt =I XO 

for all p and all t. 

It only remains to consider the case in which for some p, t, Xpf = x;. Of course, 
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to prove the Theorem it suffices -to consider only large values of t, so it suffices to 

consider the case in which Xpt = XO infinitely often. By Proposition 3.5( iii), if for some 

u > t, xpu = Xpt, then cpp(sptISU-1) = 1 (loosely speaking, player p revealed in period t 

that he plays Spt against xpu = Xpt). Therefore, if for some v > u > t, xpv = Xpu = Xpt, 

then Xqv = Xqu for every player q, and a v = au is a pure strategy Nash equilibrium 

for every game (7rq)q with ((7rq)q, sU-l) E suppcp. In particular, if Xpt = x; infinitely 

often, then at = aO infinitely often and aO is a pure strategy Nash equilibrium. Suppose 

by way of contradiction that, in addition, at =I aO infinitely often, since the conclusion 

holds trivially if at = aO for all large t. Then there is some p with Xpt =I x; and 

cpp('ls t- 1) =I a; infinitely often. Let j ~ Lp denote the strategy with a;(sjp) = 1. 

Since aO is a regular pure strategy Nash equilibrium for (7r~)q and at -+ aO, regularity 

condition 2.3(b) implies that Spt = Sjp for all large t. Also, since Xpt = XO infinitely 

often, it follows that for all large t, (7rip - 7rjp)x; ~ 0 for all i and all 7rp E Cpt. 

Thus, along a subsequence with Xpt =I x;, the hypothesis of Lemma A.13 is satisfied, so 

8;tlllxpt - X; II -+ O. Therefore, along any subsequence with at =I aO, 8;tlllat - aOIl -+ 0 

for all p. Then, by Lemma A.S, along such a subsequence, lIat - aO II I lIat - aO II -+ O. 

This contradiction proves that if, for some p, Xpt = x; infinitely often, then at = aO for 

all large t. • 
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Appendix 

This appendix contains most of the proof of the Theorem. The definitions and results 

below concern a decreasing sequence of compact convex sets C t which result from the 

successive partitioning of B by hyperplanes determined by vectors Xt. This appendix is 

self-contained, and makes no reference to game theory. However, when these results are 

applied to prove the Theorem, the set C t will be the set of payoff types for some player 

p which are associated with a history st-1, and Xt will be player p's expectations 

'P-p( ·lst- 1). Player p's strategy set will be split into strategies i ~ L which have 

positive probability in the limit, and strategies i > L which have zero probability in 

the limit. The results below focus on the relation between the asymptotic behavior of 

the distribution 'Pp(-!st-1) of player p's responses, and the rate of convergence of the 

expectations 'P_p('!st-1), although the appropriate Lebesgue measure is used as a proxy 

for 'Pp(·ls t- 1). 

It should be noted that all of the assumptions and results on the sequences C t and 

Xt apply equally to subsequences. 

A.I Definitions: Let AI, N ~ 2 and let B denote the unit ball in JRMN. A generic 

element of B is written 7r = (7rj)j, where 7rj E JRN for each 1 ~ j ~ M. Let m 

denote the Lebesgue measure on JRM N. 

Remarks: An AI x N matrix 7r represents the player's payoff matrix and each 

7rj represents the row associated with strategy j. The following lemma establishes an 

important relation between the expected payoff differences between strategies and the 

relative Lebesgue measure of payoff matrices, or "types", which prefer given strategies. 

A.2 Lemma: Let C be a compact convex subset of B with intC nonempty, and let 

x E JRN with x '# o. For each i, j ~ M, let 8(i, j) = max{O, (7ri - 7rj)x : 7r E C}, 

and let Cj = {7r E C : (7rj - 7ri)X > 0 for all i '# j). Given i, j with i '# j, define 
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C~" = {7l" E C : (7l"i - 7l"j)X > O} and C;; - {7l" E C : (7l"i - 7l"j)x < O}. Assume that 

c0 i= 0 and C;j i= 0. Then 

1) 8(i, j)MN /{[8(j, i) + 8(i, j)]MN - 8(i, j)MN} ~ m(C~)/m(Cij); and 

2) m(Cj)/m(C) ~ m(Ct;)/m(Cjj) ~ m(C)/m(Cj ). 

Proof: Since C j C Cij and C j C ct;, (2) is clear. Let CO = {7l" E C : (7l"i -7l"j)x = O}. 

Let 7l"0 E ct; with (r.i - 7l"j)x = 8(i, j), and let ]{+ = {A7l" + (1 - A)7l"° : 0 ~ A < 1, 

and 7l" E CO}. Let ]{ = {A7l" + (1 - A)7l"° : 0 ~ A < 1 + [8(j, i)/8(i, j)] and 7l" E CO}. 

Then ]{+ C ct;. For any 7l"' E Cjj, 0 > (7r: - 7l"j)x ~ -8(j, i) so ,7r0 + (1- ,)7r' E CO 

for some 0 < , ~ 8(j, i)/[8(j, i) + 8(i, j)], which implies that 7l"' E K. Therefore 

C;; C K\]{+, so m(C~)/m(C;;) ~ m(K+)/m(K\K+). Let mO denote Lebesgue 

measure on the ( M N - 1) - dimensional space {7l" E IRM N : (7l" i - 7l" j)x = O}, and let 

a = max{(7l"i - 7l"j)x : 7l" E B}. Then we have the following volume measurements: 

m(I{+) = 8(i, j)mO(CO)/A1N; and 

m(K) = {([8(i, j) + 8(j, i)]MN /8(i, j)(MN-I))mO(CO)/aMN; so 

m(K+)/m(K\K+) = 8(i, j)MN /([8(j, i) + 8(i, j)]MN - 8(i, j)MN}, 

which proves (1). • 

A.3 Definitions: Let XO E IRf. with XO i= 0, and let {Xt}~l be a sequence in IRf. 

converging to xo, with Xt i= XO for all t. For each t, let C t be a compact convex 

subset of B, and for each i, j with i i= j, let 8t(i, j) = max{O, (7l"j - 7l"j)Xt : 7l" E Cd. 

For each i, let Cit = {7l" E Ct : (7l"i - 7l"j)Xt > 0 for all j i= i}. Let L ~ M, and let 

{j( t)}~l be a sequence in {I, ... , L}. 

Remarks: The vector Xt represents the player's expectation of the probability distri-

but ion over the (n - 1) - tuples of strategies to be played by the other players in period 

t. The set C t represents the set of payoff types consistent with the player's previous 

strategy choices. The strategy j( t) is the strategy which the player actually chooses in 
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period t. The strategies 1, ... , L are the pure strategies which have positive probability 

in the player's limiting mixed strategy, and the pure strategies L + 1, ... ,M are inferior 

in the limit. This interpretation is formalized by the following assumptions. 

A.4 Assumptions: \Ve assume that for each t, 

(i) CHI C C t ; 

(ii) int C t is nonempty and int CHI C Cj(t)t; 

(iii) for each i ~ L, m( Cid > 0; 

and assume that 

(iv) for each i ~ L, lim inf m(Cit)/m(Ct) > 0; and 

(v) for each i ~ L and each j > L, lim inf bt(i, j) > o. 

Remarks: In the proof of Theorem 3.6, the results of this Appendix will be applied to 

subsequences of expectations. Hence, in this Appendix, t+1 should be broadly interpreted 

as some period subsequent to t. Thus int CHI may be only a small subset of Cj(t)t 

because intervening strategy choices may further reduce the set of payoff types which are 

consistent with all choices made prior to period t + 1. 

A.S Lemma: Assumptions (i - iv) imply 

3) bt(i, j) > 0 for all t, all i ~ L, and all ); 

4) lim inf bt(j, i)/bt(i, j) > 0 for all i, j ~ L; and 

5) lim bt ( i, j) = 0 for all j ~ L and all i. 

Proof: Assertion (3) follows directly from Assumption (iii). Let i, j ~ L with i =1= j, 

and for each t, let rt = bt(j, i)/bt(i, j). By (3), rt is well-defined, and by (1) and (2) 

[(1 + rt)M N - 1]-1 ~ m( Ct)/m( Cjt) 
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for"all t. Therefore Assumption (iv) implies that lim infrt > 0, which establishes (4). 

To prove (5), let j :::; L and for any i, let 7rt E Ct with (7r; - 7rj)Xt = 5t( i, j) for 

each t. We need to show that (7r; - 7rj)Xt -+- o. Taking a subsequence, if necessary, we 

can assume that 7rt -+- 7r for some 7r E ntCt, so it suffices to show that (7ri -7rj)XO = o. 

For each t, (7rj(t) - 7ri)Xt ~ 0, so it suffices to prove the preceding equality for i such 

that i = jet) infinitely often. If it were the case that (7ri - 7rj)XO > 0, then (4) would 

imply the existence of some 7r' E ntCt with (7r~ - 7rj)XO < o. However, since i = jet) 

infinitely often, (7r~ - 7rj)x t ~ 0 infinitely often, so (7r~ - 7rj )XO = o. • 

A.6 Definition: For each t, let dt = (Xt - xO)/IIXt - xOIl, and let D denote the set of 

cluster points of the sequence {dd. 

A.7 Lemma: Assumptions (i - iv) imply that 

6) lim inf{min{(7rj(t) - 7ri)dt : 7r E Cd} ~ 0 for all z. 

Proof: Suppose by way of contradiction that for some i, (6) is false. Taking a subse

quence, if necessary, we can assume that jet) = j :::; L for all t, and that dt -+- dE D. 

Then since {Cdt is a decreasing sequence of compact sets, there exists 7r E ntCt such 

that (7rj - 7ri)d < o. By (5), (7rj - 7ri)XO ~ o. Therefore, since dt -+- d, we can find t 

arbitrarily large such that (7r j - 7ri)Xt < o. However, Assumption (ii), together with the 

convexity of each CHI, implies that (7r j - 7ri)Xt ~ 0 for all t. • 

A.8 Lemma: There is some constant k such that for each i > L, m(Cit)/m(Ct) < 

k5 t ( i, j (t)) for all t. 

Proof: Let i > L. By (1) and (2), 

(8.1) [(5t (j(t), i) + 5t (i, j(t)))MN - 5t (j(t), i)MN]/5t (j(t), i)MN ~ m(Cit)/m(Cd 

for all t. By Assumption (v), liminf5t(j(t), i) > 0, and by (5), 5t (i, jet)) -+- o. Since 
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the left hand side of (8.1) is differentiable, the result follows. • 

A.9 Lemma: Suppose that 

a) j(t) = j :::; L for all t; 

b) d t --+ d ED; and 

c) for some i, liminfot(i, j)/IIXt - x011 > O. 

Then Xt --+ XO exponentially and Ot(i, j) --+ 0 exponentially. 

Proof: For each t, let 1rt E Ct satisfy (1r! - 1rj)Xt = Ot(i, j). Then for each t 

(9.1) (1r; - 1rj)Xt = (1r; - 1rj)XO + IIXt - xOII(1r; -1rj)d + (1r; - 1rj)Zt 

where IIZtll/llXt - x011 --+ 0 by (b). Since 1rt E Ct C Cjt-I, (a) implies that (1r!-

1rj)Xt-1 :::; 0, so 

(9.2) 

Hence, by (c), there is some k > 0 with 

(9.3) 

for all t sufficiently large. By Lemma A.7, limsup(1r! - 1rj)d :::; 0 so (c) implies that 

(1r! - 1rj)XO > 0 for large t. Therefore (9.3) can be written 

(9.4) 

By (9.2), (1r! -1rj)XO IIiXt-1 - x011 is bounded above, so (9.4) implies that liminf IIXt-1 -

xOll/llxt-xOIl > 1, so Xt --+ XO exponentially. Since (1r;-1rj)xO/lixt-I-Xoll is bounded 

above and Xt --+ XO exponentially, (9.1) implies that Ot(i, j) --+ 0 exponentially. • 

A.I0 Lemma: For any £ > 0, there exists T> 0 such that for all u, t with u > t > T 

and all i, 

ou(i, j(u)) < Ot(j(t), j(u)) +211Xt - x011 + £lIxu - xOIi. 
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Proof: By Lemma A.7, we can choose T sufficiently large that for all 7r E Cu and all 

i> L, we have (7ri - 7rj(u»)du < c if u > T. Then 

(7ri - 7rj(u»)xu = (7ri - 7rj(u»)XO + IIxu - xOII(7ri - 7rj(u»)du 

< (7ri - 7rj(u»)XO + cllxu - xOII. 

Since (7ri - 7rj(u»)XO < (7i"i - 7rj(u»)Xt + 211Xt - xOIl, and 

the result follows. • 

A.II Definition: For each t, let 8; = max{8t (i, j(t)): i ~ N}, and let 

A.12 Lemma: For any c > a there is some T > a such that for any u, t with 

Proof: Let c > a. By Lemma A.1a, there is some T > a such that for all z and all 

u > t > T, 

(12.1) 

Therefore, if c8u(i, j(u)) > Ilxu - xOIl, then IIxu - xOIl/c < 3~t + Ilxu - xOII/4c, so 

Ilxu - xOIl < 4c~t. Then by (12.1) 8u(i, j(u)) < 4~t. Since ~u < 8: + Ilxu - xOII, the 

result follows. • 

A.13 Lemma: Suppose that for some j ~ L, j(t) = j for all t, and for some t, 

(7rj - 7r j )XO ~ a for all i and all 7r E Ct. Then 

Proof: Fix i ~ Al, and a subsequence, if necessary, so that 8t (i, j)/IiXt -xoll converges 

to its limsup, and dt converges to some dE D. Then for each t we can write 
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where Ilzt II/llxt - XO II -+ o. Since eu C Ct for all u > t, (7l"j - 7l"j )XO ::; 0 for all 7l" E Ct 

for all large t. Let c > 0, and suppose that u > t and that u and t are sufficiently 

large that IIZtll/IIXt-xOil < c, Ilzull/llxu-xoil < c, and (7l"j-7l"j)xo::; 0 forall 7l" E Cu. 

Let 7l" E Cu with bu(i, j) = (7l"i - 7l"j)x u > o. Then we have 

Since C u C C t +1 C C t and j = jet), we also have· 

(13.2) 

Then (13.2) implies that 

(13.3) 

because IIZtll / Ilxt - x011 < c and 7l" E B. We can assume that u is sufficiently larger 

than t that II Xu - xOIl ::; IIXt - xOII. Then, since (7l"j - 7l"j)XO ::; 0, it follows from (13.1) 

that 

(13.4) bu(i, j) ::; (IIxu - xOIl / IIXt - x011) {(7l"j - 7l"j)XO + IIXt - xOIl(7l"j - 7l"j)d} 

+ 2cllxu - xOll· 

Finally, (13.4) and (13.3) imply 

(13.5) 

Since i and c were chosen arbitrarily, the result follows. • 
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