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ABSTRACT 

The existence of fixed points for monotone maps on spaces of measures is established. 

The case of monotone Markov processes is analyzed and a uniqueness and global stabili

ty condition is developed. A comparative statics result is presented and the problem of 

approximation to the invariant distribution is discussed. The conditions of the theorems 

are verified for the cases of Optimal Stochastic Growth and Industry Equilibrium. 



Section 1. Introduction. 

A problem that is arising with increasing frequency in economic analyses is the study of 

invariant distributions for time-invariant Markov processes. These arise in at least two classes 

of problems. The first is when the object of the research is an eqUilibrium distribution of 

agents indexed by some economic characteristics such as income, ass·et holding or employment 

status. Examples of such applications are the equilibrium search and unemployment studies of 

Lucas and Prescott(1974) and of Jovanovic(1979), the asset holding problems of Lucas(1978) 

and Manuelli(1986) and the entry-€xit model of Hopenhayn(1986). 

The second class are the Markov processes that arise as solutions to dynamic stochastic 

optimization problems. Examples of these are the optimal stochastic growth model studied by 

Brock and Mirman(1972) and Donaldson and Mehra(1983) and the multi-capital good general

ization of Marimon(1984). There, the question is whether the sequence of predictive probabili

ty distributions of future states has a limit and whether this limit is independent of the initial 

state. 

Such analyses have not proven easy. They require considerable investment in specialized 

mathematics and often considerable ingenuity in verifying conditions of the available theorems. 

In this paper we develop some easily verifiable conditions for the important class of Markov 

processes that are monotone in the stochastic sense, that is if the current state is larger, the 

conditional distribution of tomorrow's state is stochastically larger. 

Unlike the Feller-type conditions approach(1), our approach does not require continuity 

of the process. This is useful when there are nonconvexities that result in a discontinuous opti

mal policy function. Majumdar, Mitra and Nyarko(1985) prove for an important class of 

growth models with nonconvexiteB in the production technology that the optimal policy func

tion is increasing and consequently our theorems can be applied~') 
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Our existence argument applies mO:re generally to the existence of fixed points for mono

tone mappings of a compact set of measures into itself. The mapping need not be linear and 

measure preserving as is the case for the Markov process. Besides an existence result a unique

ness condition is developed for monotone Markov processes. It requires only that the process 

be such that there is some point in the state space with the property that for any initial state 

the probability of staying strictly above it for ever or strictly below it for ever is less than one. 

In section 2 we develop the main fixed point theorem. In section 3 the theorem is ap

plied to Markov processes. Section 4 provides a sufficient condition for the fixed point of the 

monotone Markov process to be unique and for the sequence obtained by succesive approxima

tions to converge to this fixed point. Section 5 presents two examples of economic applications 

of the theorems. 
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Section 2. A fixed point result 

In this section we present our key fixed point result which is of more general interest. 

Loosely speaking, we will show that monotone maps defined on certain spaces of measures have 

fixed points. The following definitions will allow us to make the above statement precise. 

The underlying structure is an ordered space (S,~), Le. a space with a relation ~, called 

an order, that satisfies the following properties: 

a) reflexivity: SES implies s~s. 

b) transitivity: If s,t,and u are in S , s~t and t~u imply s~u. 

c) antisymmetry: If sand t are in S, s~t and t~s imply t=s. 

We say that the order ~ is closed in S if gr(~)={(S,S')ESxS:S~s'}, the graph of ~ on S, is a closed 

subset of SxS. If S is a metric space, as it will be in our case, ~ is closed on S if and only if for 

every pair of sequences {sn} and {s~} in S with sn ~s~ , sn -+ s and s~ -+ s' imply s~s'. 

An upper(lower) bound for McS is an element SES with s'5s (s~s') for all s'EM. The supremum 

of M, if it exists, is an upper bound for M which is a lower bound for the set of all upper bounds 

of M. A chain C on S is a subset of S for which all pairs of elements are comparable; Le. for all 

Rand R' in C, S~R' or R'~R. 

Let A< be tIl(' set that incl1ldes all demcnts in S that are smaller than some element in 

A. Le. A~ = {s'tS : s'~s for some stA}. Define in the analogous way the set A~. We will say 

that A is a decreasing (increasing) set if A=A< (A=A». The set A is said to be monotone if it 

it is either decreasing or increasing. 

A mapping f from an ordered space (S,~) to and ordered space (T,~) is said to be a 

monotone function if for any two elements s,s' in S, s~s' implies f(s) ~ f(s'). 



Our first basic assumption on the structure of our construction is: 

Assumption I. (S,~) is an ordered space were S is a compact metric space and ~ a closed order. 

The measure space considered in this paper will be (S,8) were 8 is the a-algebra generated by 

the open sets on S, i.e. the Borel a-algebra (3). 

Let Ji(S) be the space of finite measures on (S,8). To define monotonicity we need to 

provide an order to Ji(S). For this purpose we will define a relation ton Ji(S) in the following 

way: 

Definition of the stochastic order. For any pair of elements J.L and J.L' in Ji(S) , we will say that 

J.LtJ.L' if for every monotone, measurable and bounded function f:(S,~)-+ R+ 

Whenever J.LtJ.L' we will say that J.L stochastically dominates or is stochastically greater 

than J.L'( 4). When J.L and J.L' are probability measures this coincides with the familiar notion of 

stochastic dominance used in economics and finance. In particular, when S is a subset of the 

real line it is simple to show that IL'c.J.L' if and only if F J.L(s) ~ F J.L,(s) for every SES, where F J.L and 

F J.L' are the distri bution functions of It and It', respectively. (If S is a subset of Rn where n> 1, 

however, F J.L(s)~F J.L,(s) does not imply J.L'c.J.L'. Only the converse is true). 

In this section we will show that if T is a monotone map from Ji(S) into itself, T has a 

fixed point if and only if there is a measure J.La in Ji(S) such that T(J.La)tJ.La. Since t is reflexive 

(as will be shown) necessity is immediate. 

The proof of sufficiency will be based on the following theorem due to Knaster-Tarski 

(for a reference see Dugundji and Granas, 1982). 
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Theorem (Knaster-Tarski). Let (P ,~) be an ordered space and F:P-+P a monotone function. 

Assume that there is a bEP such that both 

i. b5F(b) and 

ii. every chain in {xEP:x~b} has a supremum. 

Then the set of fixed points of F is not empty and among them there exists at least one llil- . 

dominated fixed point (i.e.a '\EP such that F('\)='\ and no other fixed point '\'-1='\ with ,\'~,\ 

exists). 

In order to use the above theorem it is necessary to show that t is an order and that 

condition i. above is satisfied (5) ... For the latter it will be convenient to consider JI(S) as a topo

logical space by giving it the relative weak* topology ( which in probability theory is known as 

the topology of weak convergence of measures). With this topology JI(S) is a metric space (6). 

With the weak* topology a sequence( or net) of measures J.tn in JI(S) converges to the 

measure J.t if and only if ffJ.tn(ds)-+jfJ.t(ds) for every continuous and bounded f:(S,S)-+R. To ex

ploit this fact we would like to be able to restrict the set of functions that determine the sto-

chastic dominance order to the class of nonnegati ve, continuous and bounded monotone func-

tions. The next two propositions show that this can be done without loss of generality. Before 

doing so, we will need to introduce some additional notation. 

Let M = {f:S-+R+ such that f is monotone, continuous and bounded}. For any J.tEJI(S) 

let U(J.t) be the space of J.t-integrable functions on S with norm given by IIf llJ.t = f IflJ.t(ds). 

We will denote this norm by IIfll when the measure J.t is understood. A set DcU(J.t) is L1(J.t) 

dense in the set ACL1(J.t) if DcA and if for every function g in A there is a sequence {f
n

} with 

fnED such that IIfn-gll-+O or equivalently, for any {>O t.here exists an fED with IIg-fll<L 
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Proposition 1. For any ItEJI(S), M is Ll({t) clense in the class of monotone; nonnegative and 

bounded measurable functions on S. 

Proof. Step 1: Monotone indicator functions are contained in the closure of M. Let g be a mo

notone indicator function. Then g=% A for some set AES. Fix (>0. Since S is a metric space, {t 

is a regular measure (see, for example, Parthasarathy, 1967). Thus there exists sets CcS and 

DeS closed such that CcA c, DcA and {t(CUD»{t(S)-f. 

The set c~ contains C (by reflexivity) and, as we now show, is closed. Let {s~} be a se

quence in C~ converging to some element S'ES. Then there exists a sequence {sn} in C with 

s~~sn' Since C is a closed subset of a compact space it is compact and there is a subsequence 

{s } of {s } that converges to some element SEC. But then sn' ~s and sn' converges to st. 
nk n k nk k 

Cpnsequently s'~s and thus S'EC<. This proves that C< is closed. Similarly one can establish 
- -

that D) contains D and is closed. Also C <nD) =tP since otherwise there would be elements SES, 
- - -

aEC and bED with a~s~b, so a~b.·· But aECcA c and bEDcA so g(a)=O < l=g(b), a 

contradiction to the fact that g is monotone. 

Since S is compact and ~ is a closed order, (S,~) is a compact ordered space (Nachbin, 

1965). Hence by Theorem 4 of §3 and Theorem 1 of §2 in Nachbin (1965) there is a continuous 

and monotone function f on S such that f(s)=O for SEC< ' f(s)=l for sED) and O~f(s)9 for 
- -

SES~. In consequence, 

IIg~fll = f Ig(s)-f(s) Ilt(ds) 

~ f Ig(s)-f(s) I {t(ds) + f· g(s){t(ds) <f. 

CUD 

Step 2: Monotone simple functions are contained in the closure of M. Let 
n 

g(s)=. E c/ A~s) be a monotone simple function. Without loss of generality we can assume 
1=1 1 

Ci~Cj whenever i~j and AinAj=tP for i*j. Write 
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n i 
g(s) = ~ ( ~ a.)J' A (s), where a;. = c·-c·_l and c = O. 

i=l j=l J i J J J 0 

Let f>O. For each i=l, ... ,n let gi(x) = ~lI.A" Let y EJ'YiAJ' and y~x. 
J ~\ J -

Then g(x)~g(y) and thus x Ej~iAj' So the functions gi are monotone. Also, 

By case 1 there exist continuous and monotone functions fi:S-+[O,lj with 

n 
IIg\·-fl·1I < ncf . Let f = ~ a.f .. Since a.>O , f is monotone, continuous and non-negative. . 1 I I I-n 1= 

Finally 

IIg-fll = II f.aig i -f.aif i II = II f.a i (gi-fi) II 
< f.a ·lIg· -f ·11 < nc _f_ = f . 
- 1 lIn nCn 

Step 3: M is L1(U) dense in the class of nonegative, monotone, bounded and measur

able functions. By the standard proof of denseness of simple functions in L1(It,S) (see for 

theorem 1.5.5 in Ash, 1972), g can be approximated by a monotone simple function. This, 

together with the results for case 2, establishes that g can be approximated by a continuous, 

monotone and nonnegative function D. 

We are now prepared to show that in defining the stochastic order there is no loss in 

generality by restricting at.t.ention to t.he set of continuolls and monotone functions from S to 

Proposition 2. For any two measures It and IJ in .l/(S), IttlJ if and only if fflt(ds)~ffv(dS) for 

all fEM, the set of continuous, nonnegative and bounded real valued functions on S. 
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Proof. Necessity is immediate by definitiol1. Suppose g is a monotone, bounded and measur

able function from S to R + . By Proposi tion 1 there exists a sequence {fn}, fn EM with lim 
n-+oo 

"g-fn" = O. Noticethat since fn are positive and bounded, IIg-fn llJ.L and IIg-fnllv converge 
(J.L+v) 

to zero as n-+oo. Suppose f gJ.L(ds)<f gv(ds). Then there exists some N such that for n~N 

ffnJ.L(ds)<ffnv(ds), contradicting the fact that ffJ.L(ds)~ffv(ds) for all fin M D. 

Having established this result, we next show that t inherits from ~ the properties of a 

closed order. In proving that t is an order, it is necessary to show that tis antisymmetric; that 

is, given two measures J.L and v in Jl(S) with J.Ltvand vtJ.L , we need to verify that J.L=V. (This is 

equivalent to saying that the class of monotone, nonegative, bounded measurable functions is 

separating in .I/(S)). This result, which does not seem obvious to us, is established in Proposi

tion 3. In order to do so, we develop four lemmas. Loosely speaking, these lemmas imply that 

the monotone sets generate the topology of S in such a way that if two measures coincide on 

the monotone sets they do so on all Borel sets. 

Lemma 1. If S is compact and ~ a closed order, the monotone subsets form a subbase for the 

topology. 

Proof. See Theorem 5.§3 in Nachbin(1965). 

Lemma 2. Let B be a subclass of S such that (i) B is closed under the formation of finite inter

sections and (ii) each open set in S is a finite or countable union of elements of B. Then B is 

convergence determining and hence separating. 

Proof. See Theorem 2.2 in BiIIingslcy( 1968). 

Lemma 3. If the measures It and v in .I1(S) agree on monotone sets, then they agree on finite 

intersections of monotone sets. 
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Proof. If A is a decreasing set then AC is increasing, since if aEA c and a'~a, then a'EA implies 

aEA, a contradiction to aEA c. Similarly, if A is an increasing set, A c is decreasing. 

We will next show that the measures agree on finite intersections of monotone sets. So 

if A and B are two monotone sets, we need to show that tt(AnB)=v(AnB). If A and B are both 

increasing(decreasing), then AnB will clearly be increasing(decreasing). Hence assume A is a 

decreasing set and B an increasing set. 

Note that B\(AnB) is increasing since if sEB\(AnB) and s'~s , then s'~A; otherwise 

sE(AnB), so S'EB\(AnB). BC was shown to be a decreasing set. AnB = [Bc U B\(AnB)f. Thus 

(AnB)=tt(S)-[tt(Bc)+tt[B\ (AnB)]. 

But S, BC and B\(AnB) are monotone sets so 

v(AnB) = v(S)-[v(Bc)+v[B\(AnB)] 

= tt(S)-[tt(Bc)+tt[B\(AnB)] = tt(AnB). 

Any finite intersection of monotone sets can be easily be checked to be an intersection of two 

monotone sets o. 

Lemma 4. The stochastic dominance relation ~ is antisymmetric,Le. if tt and v are two 

measures in J{(S), then tt~V and V~tt imply tt=v. 

Proof. If A is a monotone set, then J' A' the indicator function of the set A, is monotone and 

thus tt(A)=/J' Att(ds)=/J' Av(ds)=v(A). Consequently by Lemma 3, tt and II coincide on finite 

intersections of monotone sets. Since by Lemma 1 monotone sets form a subbase for the 

topology, tt and v coincide on a base for the topology, which we will denote by B. Since S isa 

compact mC'tric space it has a countable base (see Theorem 1.6.19 in Dunford and Schwartz, 

19.58). Hence, by the LindelOf covering theorem (see theorem 15 of chapter I in Kelley, 1955), 

any Opt'll S(~t in S ("all he pxpress£'d as a countahle union of members of B. 
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But then B satisfies the assumptions of Lemma 2 and since It and v agree on B we may conclude 

that p=V o. 

Proposition 3. The relation!:: defined on ,I{(S) is a closed order. 

Proof. Reflexivity and transitivity of !:: are immediate. By Lemma 4, !:: is antisymmetric and 

hence an order. To show that!:: is closed, let {Pn} and {vn} be two sequences in ,I{(S) such that 

pn!::vn for all n, Pn -Ip and vn -IV, where p and v are in M(S). For fEM, JfPn( ds)~Jfvn(ds) for all n, 

JfPn(ds)-IJfp(ds) and Jfvn(ds)-IJfv(ds) since f is continuous and bounded. But then Jfp(ds)~

Jfv(ds). Since f was chosen arbitrarily, we can conclude that p!::v and hence!:: is a closed order 

o. 

We have established that!:: is an order. To apply the Knaster- Tarski Theorem we also 

need to establish that every chain in M(S) has a supremum. This is not true unless we further 

restrict the space of measures considered. For this purpose we introduce the following assump

tion. 

Assumption II. For the remainder of this section we will restrict the space of measures to a 

compact subset of M(S) which we will denote by A(S). 

Some examples of compact subsets of M(S) encountered in economic problems are the 

following: 

a) The space of uniformly bounded measures, i.e. {pEM(S) such that p(S)$ m} where m is 

an upper bound fixed for all p (8). 

b) Any closed subset of the above, e.g. the space of probability measures. 

c) Intervals of measures in the stochastic order, i.e. given to measures Pa~~' the set 

[Pa'~] = {pE,I{(S): Pa~P~Pb}· This is clearly a closed set by Proposition 3. Since the constant 

function f=1 is monotone, it is easy to see that P(S)$ttb(S). Hence [Pa'~] is a closed subset of 
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a uniformly bounded set of measures ... 

d) Given a continuous function p:S-IR and two real numbers a and b, the set of measures 

that satisfy a~Jp(s)JL(ds)~b is closed. If, further, p(S)~f>O then JL(S)~m=~, and the above set 

is compact. 

In the next Proposition we will use the notion of a generalized sequence or net. This is a 

generalization of the notion of sequences by allowing the index set, called a directed set, to be 

of more general nature than the integers. In particular, a chain is a net directed (indexed) by 

itself and all the notions that will be used below are the familiar notions corresponding to se-

quences where instead of saying 'there exists an N such that for all n~N .... ' we say 'there exists 

some JL' in the chain such that for all JL in the chain 'after' JL', i.e. JL'c.JL' , ... ' (For a good reference 

see Kelley, 1955). 

Proposition 4. Every chain C in the compact set of measures 1\(S) has a supremum. Further

more, the chain converges to the supremum. 

Proof. Since 1\(S) is compact, there exists a sub net C' that converges to some element JL* in 

1\{S). We will now show that JL* is the supremum of C. 

We show first that JL* is an upper bound for C. For this purpose let VEC. Let C" = 

{JLEC': JL'c.v}. C" is a subnet of C' so it also converges to JL*. Since 'c. is a closed order, as 

established in Proposition 3, we can conclude that JL*'c.v. 

We will now show that JL* is the least upper bound. Suppose to the contrary that 11* is 

another upper bound and that there exists some fEM with Jf1l*(ds)<JfJL*(ds). Since C' conver

ges to JL*, there exists some measure JLEC' with Jf1l*(ds)<JfJL(ds). This contradicts 11* being an 

upper bound for C. 

Finally, we show that C converges to f..L*. Suppose, to the contrary, that it did not con

verge. Then there exists an open set U. such that tt*EU and for every f..L in C there exists some 
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JJ'in C with tt''>:.tt and tt'EUc. Let c'=cnuc: Set C' is a subnet of C. Again using compactness, 

C' has a further subnet that converges to some element JJ'E1\(S). As seen previously JJ' is a sup 

for C, and thus JJ''>:.JJ* and JJ*'tJJ'. Thus, by anti symmetry of'>:. (Lemma 4) JJ'=JJ*, contradicting 

the definition of C' o. 

We now present the main result of this section. 

Theorem 1. If T:1\(S)-+1\(S) is monotone relative to 't , where Sand 1\(S) satisfy Assumption I 

and Assumption II, then T has a fixed point if and only if there exists a measure JJa in 1\(S) 

such that TJJa>:.tta. 

Proof. Since'>:. is reflexive, necessity is immediate. To prove sufficiency we apply the Knaster

Tarski theorem. We have proved that'>:. is an order (Proposition 3) and that any chain in 1\(S) 

has a supremum (Proposition 4). Hence TJJa'>:.tta implies that there exists a fixed point for T o. 

A natural question that arises is what happens if Tn (the composition of Tn times with 

itself) rather than T, satisfies the hypothesis of Theorem 1. In that case there is a fixed point 

for Tn. If, additionally, T is linear, then it has a fixed point: 

Corollary 1. If T:1\(S)-+1\(S) is a linear mapping, if Tn is monotone and TnJJa'>:.tta for some 

measure tta in 1\(S), and if Assumptions I and II are satisfied, then T has a fixed point. 

Proof. Since Tn satisfies the assumptions of Theorem 1, it has a fixed point, say JJ
o

. Let JJk = 

k 
T JJo; then TJJk=~+1 for k=O,I, .. n-1. 

1 n-l 1 n-l 1 11 1 n-l 
Let JJ = - E ~. Then TJJ =- E TJJl = - E JJk = -n E u. since JJn=tto. 

n k=O n k=O ( n k= 1 k=O' K 

Thus T JJ=tt and the proof is complete o. 
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Let 1'(S) be the set of probability measures on S, i.e. 1'(S)= {ttE,lI(S):tt(S)=l}. This will 

be the space of measures considered in the applications to Markov Processes of the next section. 

The following corollary will prove very useful. 

Corollarv 2. If T:1'(S)-I1'(S) is monotone and S has a minimum element, (I.e. there exits aES 

such that s~a for all SES) and Assumptions I and II are satisfied, then T has a fixed point. 

Proof. Let 0a be the measure that assigns probability one to the point set {a}. Then for all 

p,E1'(S), P,'toa. Hence for any monotone mapping T:1'(S)-I1'(S) it is the case that TOa't0a. Thus 

in this case any monotone map has a fixed point D. 

It is of interest in many economic applications to analyze how changes in some underly

ing parameters of the economy result in changes in the set of invariant distributions corre

sponding to these economies. For this purpose, Corollary 3 provides a useful result which, 

loos~ly speaking, establishes that if the mappings T and T' on A(S) are '.ordered', the set of 

invariant measures corresponding to them will also be 'ordered'. To make this statement 

precise, we will say that T' dominates T if for all ttEA(S), T'tt't.Ttt. 

Corollary 3. If T' and T are two mappings on A(S) that satisfy all the assumptions of Theorem 

1 and T' dominates T, then for every fixed point tt of T(tt' of T') there exists a fixed point tt' of 

T' (p, of T) such that p,''tp,. 

Proof: Let p, be a fixed point for T. Let A'(S)={tt'EA(S}:tt''tlt}. This is a closed subset of 1\(S) 

and hence it is compact. For any p,'EA'(S), T'p,''tT'p,'tp, and hence T':A'(S)-IA'(S). By Theorem 

1. T' has a fixed point in A' (S). .for any fixed point p,' of T' the existence of a fixed point p, of 

T with p,~p,' can be established in the same way D. 

This result is particularly useful when the fixed points of T and T' are unique. 



Section 3. Applications to Markov Processes. 

In many economic applications, it is of interest to know if the variables that describe the 

state of the economy at each point in time (state vector) have an invariant distribution, when 

the state vector follows a stationary Markov process. 

In the next corollary we present conditions on the transition function for the Markov 

Process that guarantee the existence of a stationary distribution. Before that we need to define 

the mapping T:1'(S)-+1'(S) induced by the Markov process. 

Let P:Sx$-+[O,l] be a transition function describing the Markov Process. We will say 

that P is increasing if P is increasing in its first argument in the stochastic order sense, i.e. s 

and s' in S and s~s' imply P(s,.)tP(s',.). 

The transition function P induces a mapping T:1'(S)-+1'(S) defined by 

T~(A) = fp(s,A)~(ds). 

Corollary 4. If S is a compact metric space with a minimum element and P:Sx$-+[O,l] is an in

creasing transition function, then the Markov Process corresponding to P has a st.ationary dis

tribution, i.e. there exists a fixed point for the mapping T induced by the process. 

Proof. By Corollary 2, it suffices to show that T is monotone. For this purpose, let ~ and ~' be 

in 1'(S) and suppose ~'t~. Let f be any monotone, nonnegative, bounded and measurable 

function. Since monotone indicator functions are dense in the monotone functions of U(T~) 

and Ll(T~') we may assume without loss of generality that f=1 A' a monotone indicator 

function. For s'~s, and since A is an increasing set and P is increasing, it is immediate that 

P(s' ,A)~P(s,A). Hence P( .,A) is a monotone, nonnegative, bounded and measurable function 
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too. Then if /-t't/-t , 

j f T/-t'(ds) = T/-t'(A) = jP(s,A)/-t'(ds) 

~ jP(s,A)/-t(ds) = T/-t(A) = j f T/-t(ds). 

Hence T/-t'tTJj so T is monotone and the proof is complete o. 

In many economic applications the Markov process that the state vector follows is gene

rated in the following manner: 

Given a state space S and a random variable f defined on a measure space (E,£) with 

distribution 1/J, the evolution of the state is described by a mapping g:SxE~S with the following 

interpretation: If at time t the state vector is St and if the realization of f is ft , then 

St+1=g(St,ft ). This structure induces a mapping P:SxS~[O,lJ defined by 

(1) P(s,A) = 1/J{ f:g(S,f)EA }, 

which under appropriate conditions is a transition function for a Markov process. The follow

ing lemma provides such conditions. 

Lemma 5. If f is measurable in SxE (with the product (i-algebra), then the function P des~ 

cribed in (1) is a transition function for a Markov process. 

Proof. Measurability of P(.,A) for each AES follows directly from a special case of Lemma 5.5 

in Futia[1982J. For AES, recall that P(s,A) = 1/J{ Cg(S,f)EA}. Since 1/J is a probability func-

tion and g( s,.) is measurable, and given that taking inverses under g( s,.) preserves the set the-

oretic operations, P(s,.) is a probability function o. 
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We can now state and prove our last result in this section. 

Corollary 5. Suppose the function g in (1) is jointly measurable and monotone in its first ar-
-

gument, and S is a compact metric space with a minimum element. Then the induced Markov 

process has a stationary distribution. 

Proof. By Corollary 4 it suffices to show that the induced transition function P is increasing. 

For this purpose let s'~s and suppose A is an increasing subset of S. Then it suffices to show 

that P(s' ,A)~ P(s,A). Let As={ fEE:g(S,f)EA} and define As' similarly, so As is the section of 

g -1(A) at s. It suffices to show that AsCAs'. Pick fEAs; then g(S,f)EA. But then 

g(S,f)Sg(S' ,f)EA since A is an increasing set o. 
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Section 4. Convergence to the Uniquelnvariant Distrihution 

In this section we provide a simple easily verified condition under which the invariant 

distribution for the process is unique and globally stable. An algorithm for successively approx

imating the invariant distribution is also provided (9). 

Theorem 2 Suppose P is increasing, there is a greatest element b in S, i.e. b ~ s for all seS, 

and the following condition is satisfied: 

Monotone Mixing Condition: There exists a point S*ES, an f > 0 and an N such that 

pN(b,[a,s*]»f and pN(a,[s*,bj»L 

Then there is a unique stationary distribution >'* for process P and for any initial mea

sure J.t, TnJ.t = Jpn(s,)J.t(ds) converges to >.*. 

Proof. Choose Nand f > 0 satisfying the above condition. Let Os indicate the probability· 

measure that concentrates all the mass on the point set { s}. We will prove that the following 

inequality holds: 

(1) 

For this purpose, let f denote an arbitrary element of M. Then 

s<s * s~s * 

Given that f(a)~f(s*) and jTNOa(ds»f, this in turn implies 
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ff(s)TNOa(dS) ~ f(a) (i-E) + f(S*)E 

= f f (s){ (l-E) 0 a + EO s*}( ds) . 

This establishes the left hand side inequality; the right hand side can be proved in the 

same way. Since T is increasing, by induction Tk, the composition of T with itself k times, is 

increasing for k = 1,2, ... In particular, TN 0a ~ TN 0b' which establishes (1). Using the mono

tonicity and linearity of Tk we obtain: 

(2) (l-f)TkOa + fTkOs* ~ Tk+N 0a ~ Tk+N 0b ~ (I-f)TkOb + fTkOs* 

for any positive integer k. 

By Proposition 4, the monotone sequences { TkOa } and { TkOb } converge. Let these 

limits be Aa and Ab respectively. Since the stochastic order has closed graph (as established in 

Proposition 3), we obtain: 

Since S is compact, the space of probability measures on (S,S) is compact so there exists 

a converging subsequence of {Tk+N 0s*}, whose limit will be denoted by A*. Hence 

(I-f) /\a + E A* ~ Aa ~ Ab ~ (l-f) /\ + f A*. 

For f E M, the above inequality implies 

f f Aa(ds) ~ (I-f) f f Aa(ds) + f f f A*(ds) 

or that 
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This in turn implies /.\ ~ 1\*. Similarly 1\ ~ 1\* so that 

Using the transitivity and antisymmetry of this order (as established in Proposition 3), 

(3) and (4) imply 

We will now show that A* is the unique invariant measure and that from any initial 

measure the process converges to A*. By Theorem 1 there exists a probability measure A such 

that TA=A. Since 0ajAjOb and Tk is monotone, TkOajTk A=AjTkob. Taking limits this yields 

A*jAjA*, or A=A*. Consequently the fixed point for T is unique. 

This same argument can be applied to any initial probability measure p" obtaining TkOa 

~ TkJ.L j Tkob . Suppose TkJ.L did not converge to A*. Then there would be a subsequence con

verging to some probability measure A/A*. But given that t is a closed order, and that TkOa 

and TkOb converge to A*, it must be the case that A*jAjA*. But since the stochastic order is 

antisymmetric, A=A* o. 

We have established that a monotone Markov process that satisfies the Monotone 

Mixing Condition will converge, from any initial distribution, to its unique invariant measure. 

Furthermore, there is a sense in which the invariant distribution can be successively 

approximated. From equation (2) and given that 0btoa the following can be deduced: 

For any nondecreasing, nonnegative, bounded and measurable function g, 
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Combining (5) and (6) we obtain 

Thus if { and N were known, for any given monotone function we could obtain an ap

proximation as close as desired to the expectation of the function with respect to the invariant 

distribution. 
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Section 5. Applications. 

Lucas and Prescott(1971) analyze the dynamic stochastic competitive equilibrium of an 

industry. The inverse demand function D(qt,zt) is assumed to be continuous, decreasing in qt 

and increasing in Zt' where qt is output and ZtE[~,Z] are persistent demand shocks. The Zt pro

cess is a time invariant monotone Markov process which satisfies the Monotone Mixing Condi

tion of Theorem 2. Points ~ and z are in the support of the invariant distribution of the Zt pro

cess. The interest rate is constant at r. 

There are constant returns to scale with output qt constrained by capacity, Le. if kt is 

the capacity at time t and qt the output, then qt~kf The cost of increasing capacity in one 

period from kt to kt+l is given by kth(kt+1/kt ), where h is assumed convex, nonnegative and 

increasing, with h(l»O. Assume that D(q,Z)~O for some finite q (10), so that there exists some K 

such that if kt ~K, then kt+ 1 ~K, and assume that h' (00) <D( O,~ so that kt does not remain at 

zero forever. 

As there are constant returns, only the industry aggregate capacity matters and not the 

distribution of capacity over firms. In consequence, only the case of a single price taking firm 

needs to be considered. The firm ma.ximizes its expected present value. 

Let 

k 

s(k,z)= f D( q,z)dq 

o 
be the area under the inverse demand curve. Let m=s(K,z). Then the surplus function 

s:[O,K)x[~,Z]-+[O,m] is strictly concave in k, strictly increasing and continuous in both its 

arguments, positive and bounded. 

Lucas and Prescott(1971) show that the competitive equilibrium allocation solves the 

program 
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The state space for this problem is S=[O,K]x~,Z]. It is straightforward to verify by using 

now standard dynamic programming techniques that the optimal policy is generated by a sta

tionary plan kt+l =g{kt,zt), whereg is strictly increasing and continuous. Further, the (gross) 

growth rate of capacity, namely g(k,z)/k, is strictly decreasing in k and increasing in z. 

Existence of an invariant distribution is an immediate application of Corollary 5 since 

the Markov process generated by g is monotone and S is a compact metric space with minimal 

element (O,~. A stronger result can be obtained, namely that Theorem 2 applies to this case. 

We will now check that the Monotone Mixing Condition is satisfied. 

Let k(z) be the function that for each z gives the k which satisfies 

k{z)=g[k{z),z] 

or, equivalently, the growth rate equals one, i.e. 

g[k(z),z]/z=l. 

The growth rate is a continuous function of k and z, strictly decreasing in k and increasing in z, 

and goes to infinity as k goes to zero and to zero as k goes to K. In consequence the function 

k(.) can be shown to be well defined, continuous and strictly increasing. 

We now show that the point s*=(k*,z*), where k*=(k+K)/2 and z*=(~+Z)/2 must satis

fy the Monotone Mixing Condition of Theorem 2. For k=k and z=~ the growth rate is one. 
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For any larger k and z=~, the probability of reaching any neighborhood of k is positive. Thus 

even if so=s=(1<,z) the probability of reaching the set {SES:S~S*} is positive. By a similar ar

gument, if So =~=(k,~) the probability of reaching the set {SES:S~S*} is also positive. Hence by 

Theorem 2 there is a unique invariant distribution for the state s=(k,z) and pn(s,.) converges 

to it for all s. 

Another economic problem to which the theorems can be applied is the stochastic 

growth model (Brock and Mirman, 1972). The problem is: 

00 t 
max E { E 13 u(ct )} where 0<13<1, 

t=O 

subject to 

kt+1 +ct$ztf(kt ) 

and ct ,kt+ 1 ~O for all t. 

The utility function u:R+ -+R+ is strictly increasing, strictly concave and differentiable 

with u'(O)=oo. The production function f:R+ -+R+ is strictly increasing, concave and differenti

able. The Zt are Li.d. random variables with support [l,Z] and probability distribution 'I/J. For 

some 1<>0 and maximal shock Z, it is also assumed that l<=zf(l<). Finally ,8£'(0) is assumed to 

be greater than 1 and f(O»O.(I1) 

The optimality equation corresponding to thiR recursive problem is: 

(7) v(k,z)=sup{ u[zf(k)-y] + 13Jv(y,z')'I/J( dz') 

subject to 

O$Y$zf(k). 
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Some standard results for this prohl<~m are: 

(i) A unique, concave, continuous function v: [O,Kjx[l,Z)-+R exists that solves the functional 

equation (7) and it is the optimal return function for the problem above. 

(ii) There is a unique policy function g:[O,Kjx[l,Z) such that kt+l =g(kt,zt) attains the supre

mum in (7) and it generates the optimal plan. The function is increasing in both its arguments 

and continuous. 

(iii) The consumption function c(k,z)=zf(k)-g(kz) is increasing in both its arguments. 

(iv) The value function is differentiable in k with 

8v(k,z )=u' [c(k,z )]zf' (k). 
lk. 

For this problem the state space is S=[O,Kjx[l,Z), a compact set. Given the monotonici

ty of g and the independence of Zt' the Markov process on the state is monotone. As S has a 

minimal element, by Theorem 1 the process has an invariant distribution. 

Let s*=(k*,z*), where 

z*=/z'I/J(dz) 

and let k* be the solution to ~ = z*f' (k*). 

We now show that s* satisfies the Monotone Mixing Condition of Theorem 2. 

Let {kn} be the sequence obtained from the optimal policy rule g(kn,l) starting at 

ko =1<; i.e the sequence of capital stocks starting at the maximal sustainable capital stock and 

provided thereafter the productivity shock is at its minimum. By monotonicity of the optimal 

policy rule g, the sequence {kn} is decreasing and since it is bounded kn -+bE[k,Kj. Further, con

tinuity of g implies b=g(b,l). For any 15>0, ¢([1,1+t5))>0, since {I} is in the support of ¢. 

This, together with the continuity of g imply that the probability of eventually being in any 
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neighborhood of b is positive. 

The first order condition in the optimization problem if s=( b,l) is 

u'[c(b,l] = f3j!filb,z')1f;(dz') = f3f'(b)j u'[c(b,z')]z'1f;(dz') 

as under the optimal plan b=g(b,l). But u'[c(b,z')]~u'[c(b,l)] with strict inequality if z'>l 

given that u is strictly concave and c is strictly increasing in z. Thus 

u'[c(b,l)] < i3f'(b)u' [c(b,l)]j z'1f;(dz') 

or 

~ < z*f'(b). 

But since f was assumed to be strictly concave and ~=z*f'(k*), b<k*. 

By an analogous argument, the limit of the sequence generated from ko =0 and 

kn+l =g(kn,z), denoted by a, must exceed k*. Thus starting at ~=(O,l), the probability that kt 

eventually is in any neighborhood of a is positive and therefore the probability of reaching the 

set [k*,K] is positive as well. As 1f;([z*,z)) and 1/J([l,z*]) are both positive, the Monotone Mixing 

Condition is satisfied. 
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NOTES 

1 By the Feller type conditions' approach we mean the approach which requires for any 
continous and bounded function f, 

,', 

Tf(s)= Jf(s' )P(s,ds') 

to be a continuous and bounded function. The mapping of the space of measures into itself 
induced by P is identified to the adjoint operator of T, and standard fixed point arguments 
are thereof applied. Rosenblatt(1971) has a section devoted to this approach. Other 
references can be found in Futia(1982). Criteria for uniqueness of the invariant measure 
within this framework are discussed in Sine(1968) and Jamison(1964 and 1965). 

2 A fixed point argument based on stochastic dominance ordering is presented in Green, 
~Kelvey and Packel, 1981. They develop a technique for proving existence and obtaining 
bounds for the concentration of a stationary distribution for a given Markov process on the 
basis of comparisons, via stochastic dominance, with a different Markov process, having a 
known stationary distribution. Their argument also requires a continuity condition on the 
Markov process and the existence of an invariant distribution for the referential process. 

~ 

3 All the results in this section holM if S is a complete, metric,separable space (Polish 
space). In particular, Propositions 1 and 2 and lemma 4 hold for S Polish, since if J.tjs a 
finite measure on (S,8), where 8 is the Borel O'-algebra of subsets of S,then J.t is tigQt ,i.e for 
any f>O thefe is a compact subset of S, Kf' such that J.t(S\Kf)<f, and thus the 

approximation procedures used in these propositions extend to Polish spaces. Since the 
theorems in the paper we require compactness of the set of measures and given the strong 
connection there is between compactness of sets of measures and compactness of the 
underlying measure space, we have decided to restrict our attention to compact metric S. 

4 This ordering does not give Jl(S) a lattice structure. To see this consider the following 
example, provided to us by N. Stokey: 

Let S = [a,l]x[O,l] and define the measures J.t and v by 

and 
J.t{(o,a)} = J.t{(l,l)} = + 
v{(O,l)} = v{(l,O)} = +. 

For A to be an upper bound, for {J.t,v} it is necessary that: 

i) A( {(l,l)} )~~ 
and ii) A(F) = 1 where F={ (x,y) : x+y~l}. 

Let Al ({ ( 1 ,0) } ) = ,\ I ({ ( 1 , 1 ) } ) = ~ an d 

A2( {(a,l)} )=A2( {(I,I)} )=~. 
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Clearly, A1 and /\2 are upper bounds for {p,v}. 

Suppose A is an upper bound for {p,v} and A~A1. Then it must be the case that A 
concentrates its mass in {l}x[O,l] since otherwise A~A1 would be violat(!d by the monotone 

function f(x,y)=x But if A({(l,O)}f~ a similar argument would show that A cannot be a 

lower bound for A1. Hence A=p. 

This same argument shows that the only upper bound for {p,v} that is a lower bound for 
A2 is A2. But A1 and A2 are not comparable under t, so there is no lower bound for the set of 
upper bounds of {p,v}. 

5 Kamae, Krengel and O'Brien (1977) have an interesting paper in which they show, 
using a theorem from Strassen (1965) that the stochastic ordering is a closed ordering and 
that an increasing sequence in this ordering converges. This is basically what we need and 
we could have taken their result as given and proved directly Proposition 4. We have 
followed an alternative more constructive approach and thought convenient to make it 
explicit. We believe that it may aid the intuition in the study of monotone Markov 
processes and that some intermediate approximation results obtained may be useful by 
themselves. To the interested reader we highly recommend the above mentioned papers. 

6 Let {fn} be a countable set in C(S) including the unit function. A metric corresponding 
to the weak* topology of JI( S) is defined by 

00 I ff.d!:! - [f·d!:!1 
P(IL'V)=.~ 1+ II·aIL - II·apl . 

p1 J J 

7 The construct when Sc Rn is a rectangle, i.e S={s£Rn:a~s~b} for some elements a and 

bin Rn is illustrative of the way this 

function is obtained. For any SfS let g(s)=p(s,C<), where p is the Hausdorff distance. let 

f(s)=min{l'p(ng(C))}. Note that f is continuou~ since g is continuous in s. For s£C< ' 
>, < -

g(s)=O, so f(s)=O. For Sf D) g(s)~p(D),C<) and hence f(s)=1. If s~s', then f(s)~f(s') trivial-

ly if s£D> or s' fC<. If this is not the case; we will show that for any uC<, we can find z' in 

C$ such that p(s' :z')$p(s,z). So let uC$ Let J={jf(1,2, ... ,N}:Sj$zj}. Define z' by 

zj=min{zj,sj}. Since a$z'~z, Z'fC$. Then 

') 1/,) 1/ p(s' ,z,) = ( E (s~-z.)~) U $ ( E (S.-z.)2) 2 ~ p(s,Z). 
j~J J J j~J J J 

This shows that p(z' ,C<) ~ p(z,C<), and thus f(s)~f(s'). 
- -

8 If S is compact, by the Riesz· representations theorem (see Dunford and Schwartz,1958 
IV.6.3.)the dual space of the set C(S) of continuous and bounded functions on S can be 
identified with the space of measures on (S,S). The space of all measures uniformly bounded 
by m is closed in the weak* topology and bounded in the strong topology. By the 
Banach-Alaoglu theorem (see Corollary VA.3. in Dunford and Shwartz) this set is compact. 

9 Similar res~tlt.s were obtaine.d by D~biI:s and F!-"eedman [1966] but restricting the state 
space to. the umt Interval and WIth contInUIty requIrements on the process. In their paper 
they defIne a metric on the space of measures which gives a topology stronger than the 
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weak* topology, and use a contraction mapping argument. This result was extended to a 

rectangle in Rk by Bhattacharya and Lee, 1986. 

10 If there is a variable input that enters in fixed proportion, with p~'oportionality factor 

>., into production, then this assumption could be replaced by D(q,z)->,q~O. 

11 The assumption f(O»O simplifies the uniqueness argument. If f(O)=O then the 
measure which concentrates all the mass in the point set to} will also be an invariant 
distribution and, under general conditions, there will exist only one invariant distribution 
besides this .trivial one. Monotonicity arguments can still be applied. 
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