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1. INTRODUCTION 

Recently in an interesting paper, Khan-Majumdar [15] proved an approxi

mate version of the well-known Fatou Lemma, for a separable Banach space. 

The purpose of this paper is to provide another approximate version of 

the Fatou Lemma which includes as a special case the result of Khan

Majumdar [15] (a more detailed comparison with their work is given in 

Section 5). Moreover, with additional assumptions than those of Khan

Majumda~an exact version of Fatou's Lemma in infinite dimensional spaces 

is also established. 

The Fatou Lemma (see for instance Dunford-Schwarz [8, p. 152]1 in 

addition to its significance in mathematics, has played an important role 

in mathematical economics. In particular, it was used by Aumann to prove 

the existence of a competitive equilibrium for an economy with an atomless 

measure space of traders and a finite dimensional commodity space. Different 

versions of the Fatou Lemma in n-dimensions have been obtained by Aumann 

[2], Schmeidler [18],Hildenbrand-Mertens [10] and Artstein [1]. These results have 

found very interesting applications in economic theory (see for example 

Hildenbrand [9]). 

Recently however, work in economies with a measure space of traders 

and infinitely many commodities necessitated an infinite dimensional version 

of the Fatou Lemma (see for instance [20, Remark 6.5]). More specifically, 

the desirable theorem was an infinite dimensional version of Schmeidler's 

extension of the Fatou Lemma. Khan-Majumdar [15] tackled this interesting 

problem by employing some results of Khan [13]. They first obtained an 

approximate version of the Fatou Lemma for a separable Banach space. The 
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approximate nature of their result arises from the fact that the Fatou 

Lemma is false in infinite dimensions. In particular, Uh1's [19] counter

example (see also [5, p. 262]) on the failure of the Lyapunov Theorem in 

infinite dimensional spaces can be easily modified to indicate this 

as shown in Rustichini [17]. In this paper we build on Khan's recent 

work on integration in Banach spaces to provide an alternative approxi

mate version of the Fatou Lemma. In particular, our Main Theorem is an 

approximate version of the Fatou Lemma for a separable Banach space or a 

Banach space whose dual has the Radon-Nikodym Property (RNP). Moreover, 

with additional assumptions we show that an exact version of the Fatou 

Lemma can be obtained. Our Main Theorem enables us to prove easily that 

integration preserves upper-semicontinuity, i.e., if a correspondence from 

a measure space into a separable Banach space is upper-semicontinuous 

(u.s.c.) so is its integral. 

The paper is organized as follows: Section 2 contains notation and 

definitions. The Main Theorem and its proof are given in Section 3. In 

Section 4 we show that integration preserves upper-semicontinuity. 

Finally, in Section 5 a comparison of our work with that of Khan and 

Majumdar [15] is given. 
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2. NOTATION AND DEFINITIONS 

2.1 Notation 

2A denotes the set of all subsets of the set A. 

conA denotes the closed convex hull of A. 

If ACX, where X is a Banach space, ctA denotes the norm closure of A. 

~ denotes the empty set. 

If Y is a linear topological space, its dual is the space y* of 

all continuous linear functionals on Y, and if pE y* and x E Y the value of 

p at x is denoted by <p,x>. 

Finally if Y is a Banach space and F , (n=1,2, •• ) is a sequence of 
n 

nonempty subsets of Y we will denote by LsF the set of its weak limit 
n 

superior points, i.e., LsF ::w-llmF = {yEY: y=w-limYk' ykEF , k=1,2, •• }. 
n n~ n ~ 

2.1 Definitions 

Let X and Y be sets. 
y 

The graph of the correspondence ~ : X ~ 2 is 

denoted by G<t> = {(x, y) E X x Y : yE~ (x)}. Let (T, T, lJ) be a complete finite 

measure space,(i.e., lJ is a real-valued, non-negative countably additive 

measure defined on a complete a-field T of subsets of T such that lJ(T) < 00) 

and Y be a Banach space. Y The correspondence ~ : T ~ 2 is said to have a 

measurable graph if G~ E T e CD (Y), where (B(y) denotes the Borel a-algebra 

on Y and €) denotes a-product field. The correspondence ~ 

said to be lower measurable if for every open subset V of Y the set 

{tET : ~(t) nV f: ~} is an element of T. 

Following Diestel-Uhl [ 5] we define the notion of a Bochner integrable 

function. Let (T,T,lJ) be a finite measure space and Y be a Banach space. 
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A function f : T + Y is called simple if there exists Yl'Y2' ••• 'Yn in 
n 

Y and ~,~, ••• ,an in T such that f -

x '1 (t) = 0 if t ~ a i . A function f : 

r y.X , where 
i=l ~ a i 

T + Y is said to 

x ( t) - 1 if tEa and a
i 

i 

be measurable 

if there exists a sequence of simple functions f : T + Y such that 
n 

HmDf (t)-f(t)1I = 0 for almost all tET. A measurable function f : T + Y is 
~ n 

said to be Bochner integrable if there exists a sequence of simple functions 

{f }, (n=l,2, •• ) such that 
n 

tim f If (t) - f(t)ld~(t) = o. 
~ Tn 

In this case we define for each EE T the integral to be f f(t)d~(t) = 
E 

lim f f (t)d~(t). It can be shown (see Diestel-Uhl [5, Theorem 2, p.45]) 
n-+oo E n 

that, if f : T + Y is a measurable function then f is Bochner integrable if and 

only if f Bf(t)ld~(t) < ~. 
T 

We denote by Ll(~'Y) the space of equivalence 

classes of Y-valued Bochner integrable functions x : T + Y normed by 

Ixl = f Bx(t)lal-f(t). 
T 

As was noted in Diestel-Uhl [5, p. 50], it can be easily shown that 

normed by the functional 1·1 above, Ll(~'Y) becomes a Banach space. 

A Banach space Y has the Radon-Nikodym Property with respect to the 

measure space (T,T,~) if for each ~-continuous vector measure G : T + Y 

of bounded variation there exists gE Ll (~, Y) 

such that G(E) = J g(t)d~(t) for all EE T. A Banach space Y has the 
E 

Radon-Nikodym Property (RNP) if Y has the RNP with respect to every finite 

measure space. It is a standard result (see for instance [5, p. 98 or 6, 

* p. 112)] that if y* has the RNP then (L1(~'Y» = L~(~,y*). 
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Let (T,T,~) be a finite measure space and Y be a Banach space. The 

Y correspondence ~ : T ~ 2 is said to be integrably bounded if there exists 

a map gELl(ll) such that for all t in T, sup{lxl : xE~(t)} ~ g(t). We 

denote bY'~ the set of all Y-valued Bochner integrable selections of 

~ : T ~ 2
Y

, Le., 1~ = {xELl(ll,Y) : x(t)E~(t) for almost all t in TL 

Following Aumann [2] the integral of the correspondence ~ is defined as 

follows: 

It is a standard result (see for instance Himmelberg [11]) that if 

T is a caaplete finite measure space, Y is a separable Banach space and 

Y T ~ 2 is a nonempty-valued correspondence with a measurable graph, 

(or equivalently ~(.) is lower measurable and closed valued), then ~(.) 

admits a measurable selection, i.e., there exists a measurable function 

f : T ~ Y such that f(t)E~(t) for almost all t in T. By virtue of this 
and provided that ~ is integrably bounded, 

result !we can conclude that l~ f:. ~ and therefore f ~(t)dll(t) f:. ~ • 
T 

Finally we wish to note that Diestel's theorem (Diestel ([4]) 

tells us that if K is a nonempty, weakly compact, convex subset of a 

separable Banach space Y (or more generally if K : T ~ 2
Y 

is an integrably 
see [16, p. 570]), 

bounded, nonempty, weakly compact convex valued correspondence I then f.K 

is weakly compact in Ll(~'Y)' Diestel's theorem (which is an easy con-

sequence of James's Theorem as Khan [14] showed) will play an important 

role in the sequel. 
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3 • THE MAIN THEOREM 

3.1 An Approximate Version of the Fatou Lemma in Infinite Dimensional Spaces 

Below we state the main result of the paper, i.e., an approximate 

version of the Fatou Lemma in infinite dimensional spaces. 

Main Theorem: Let (T,T,~) be a complete finite atomless measure space and 

Y be a separable Banach space whose dual Y*. has the RNP. Let ef> : T -+ 2Y, 
n 

(n=1,2, •• ) be a sequence of nonempty closed valued correspondences such 

that: 

Then, 

(3.i) For all n, (n=1,2, •• ),ef> (t)CX(t) forallt E T,whereX:T-+2Y 
n 

is an integrably bounded, weakly compact, convex, nonempty 

valued correspondence, and 

(3.ii) Lscf> (0), (n=1,2, •• ) is lower measurable. 
n 

---Ls1 ef> (t)d~(t) C cR.f LEtt> (t)d~(t). 
TnT n 

Proof: Let x E LsI ef> (t)d~(t), we will show 
T 

that xE cR.I Lsef> (t)d~(t). 
T n 

Now x E LsI ef> (t)d~(t) implies that there exists 
T n 

~ E f ef> . (t)d~(t) such that 
T~ 

~ converges weakly to x. By the definition of the integral there exists 

fk Fief> such that ~ = I fk(t)d~(t). Notice that lef> C f X and by 
~ T Y ~ 

assumption the correspondence X : T -+ 2 is integrably bounded, nonempty, 

weakly compac t and convex valued. Hence, by Diestel' s Theorem, 1 X is 

weakly compact in Ll(~'Y). Consequently, without loss of generality we 

may assume (otherwise pass to a subsequence) that fk converges weakly to 

fEl X. Therefore, x = I f(t)d~(t). We now show that f(t)ECOiiLs{fk(t)} 
T 

for almost all tET. Notice that fk converges weakly to f implies that 
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* <p, f
k

> converges to <p, f> for any pE (Ll (lJ, Y» IE Loo(lJ, Y*). Since 

<p,fk> = I <p(t),fk(t» dlJ(t). and <p,f> = I <p(t),f(t»dlJ(t) we conclude 
T T 

that I <p(t),fk(t»dlJ(t) converges to I <p(t),f(t»dlJ(t). Define the functions 
T T 

~ : T ~lli and h : T 4lli by hk(t) = <p(t),fk(t» and h(t) <p(t),f(t» 

respectively. Since fk lies in a weakly compact set, ~ is bounded and 

uniformly integrable. Moreover, hk converges weakly to h. To see this let 

* gE (Ll (lJ» = Loo(lJ) and let M a Dgloo. Then, 

II g(t)(~(t) - h(t»dlJ(t)I 'Mil (~(t) -h(t»dlJ(t)I 
T _ __ _ -- T 

(3.1) 

= Mil «p(t), fk(t» <p(t), f(t»)dlJ(t) I, 
T 

and (3.1) can become arbitrarily small since I <pet), fk(t»dlJ(t) converges to 
T 

I <p(t),f(t»dlJ(t). By Proposition C in [1], for almost all tET, h(t) = 
T 
<p(t),f(t»EconLs{~(t)} = conLs{<p(t),fk(t»}CCOiiLs{<P(t),fk(t»} = 

<p(t),ConLs{fk(t)}>. Hence for almost all tET, <p(t),f(t» E<p(t),conLs{fk(t)}> 

and so, 

(3.2) f(t)EconLs{fk(t)} for almost all tET. 

It follows from (3.2) that, f(t)ECo'ii~ (t) for almost all tET and 
n 

consequently, x = I f(t)dlJ(t) E I coIiLs/> (t)dlJ(t). Since by assumption 
T T n 

Ls~ (.) is lower measurable and (T,T,lJ) is a complete finite atomless 
n 

measure space, it follows from Theorem 1 in [13J that l 

I conLs~ (t)dlJ(t) = ctl Ls~ (t)dlJ(t). 
TnT n 

Therefore, xEcti Ls~ (t)dlJ(t) and this completes the proof of the Main Theorem. 
T n 

Remark 3.1: The assumption that y* has the RNP was only used to ensure 

= L (lJ,Y*) and consequently for fELl(lJ,Y) and pEL (lJ,Y*) we 
00 00 
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can write <p,f> - f <p(t),f(t»d~(t). However, the Main Theorem remains true if Y is 
T 

an arbitrary separable Banach space. In particular, in this case as 

Khan-Majumdar [15J noted p can be represented by a function W : T ~ y* 

such that <1jJ,y> is measurable for every yEY and .",IEL (~), (Dinculeanu [6, 
00 

p.112]). Hence, <p,f> = f <W(t)t(t)>d~(t) and the argument of Main Theorem 
T 

2 used to prove that h converges weakly to h remains the same. 
n 

3.2 An Exact Version of the Fatou Lemma in Infinite Dimensional Spaces 

We now show how our Main Theorem can be used to obtain an exact version 

of the Fatou Lemma in infinite dimensional spaces. We will first need the 
! 

following lemma. 

Lemma 3.1: Let (T,T,~) be a complete finite measure space and Y be a separable 

Banach space. Y Let ~ : T ~ 2 be a nonempty, norm closed, convex valued corre-

Y spondence such that ~(t) C X(t) for all tE T, where X : T ~ 2 is an 

integrably bounded, nonempty, weakly compact, convex valued correspondence. 

Then, 

d.J ~(t)d~(t) = f ~ (t)d~(t). 
T T 

Proof: Notice that ~ C ~X and the latter set is weakly compact in 

Ll(~'Y) (recall Diestel's Theorem). Since ~(.) is norm closed and convex, 

so is !~. Hence, l~ is a weakly closed subset of Ix and consequently 

tcp is weakly compact. 3 Define the mapping W : L1 (~, y) ~ Y by W(x) = 

J x(t)d~(t). Certainly, W is linear and norm continuous. By Theorem 15 
T 

in Dunford-Schwartz [8, p. 422J, W is also weakly continuous. Therefore, 

\j,( l~) = {W(x) : x E lcp}= J ~ (t) d ~ (t) is weakly compac t and we can conclude 
, T 

that ctJ ~(t)d~(t) = J ~(t)d~(t). 
T T 
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Remark 3.2: The assumption that <P : T -+ 2Y is convex valued cannot 

be relaxed from the above Lemma. In particu1ar,Rustichini [17] has 

shown that without convex va1ueness of <P, Lemma 3.1 is false. 

Combining now the Main Theorem with the above Lemma we can now obtain an 

exact version of the Fatou Lemma in infinite dimensional spaces. 

Theorem 3.1: Let (T,T,ll) be a complete finite atomless measure space 

and Y be a separable Banach space. 
Y Let <p : T -+- 2 , (n=1,2 •• ) be a 

n 

sequence of nonempty closed valued correspondences such that assump-

tion (3.i) of the Main Theorem is satisfied. M:>reover, suppose 

that Lst> (.) is norm closed and convex valued. Then, 
n 

LsI <p (t)dll(t) C I Lst> (t)dll(t). 
TnT n 

Proof: It follows from the Main Theorem and Remark 3.1 that, 

Since Lst> (.) is norm closed and convex by virtue of Lemma 3.1 we have that 
n 

LsI <p (t)dll(t) C cR.I Ls<P (t)dll(t) = I Lst> (t)dll(t). 
n TnT n 

This completes the proof of the Theorem. 4 

Remark 3.3: Notice that the counterexample of Rustichini [17] on 

the failure of the Fatou Lemma in infinite dimensional spaces does not 

upset Theorem 3.1 since it does not satisfy the assumption that Lst> (.) is 
n 

convex valued. 
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4 • INTEGRATION PRESERVES UPPER-SEMICONTINUITY 

If X, Yare topological spaces we will say that llJ has a closed graph, if 

G llJ is closed in X x Y. In our setting below, X is a metric space and Y is 

a Banach space. In this latter setting llJ : X ~ 2Y is said to have a weakly 

closed graph if GllJ is closed in the product topology X x Y, where Y is 

endowed with the weak topology. Following Aumann [3] we will say that the 

Y correspondence llJ : X ~ 2 is weakly u.s.c. if llJ has a weakly closed graph. 

Let T be a measure space, P be a metric space, Y be a Banach space 

Y ~ and ~ : T x P ~ 2 be a nonempty valued correspondence. For Y =IR 

Aumann (2) showed that if for each fixed tET, ~(t,-) is u.s.c. so is 

J ~ (t, -)dlJ(t) •. Aumann [21 -proved this result by m~ans of the Fatou Lemma 
T 

in several dimensions (a similar result can also be found in Hildenbrand 

[9, p. 73]). An alternative elementary proof of the same result was also 

given by Aumann [31. Below we show that an infinite dimensional version 

of the above fact follows directly from our Main Theorem. 

Theorem 4.1: Let (T,L,lJ) be a complete, finite, atomless measure 

space, P be a metric space and Y be a separable Banach space. Let + : 

Y T x P ~ Z be a nonempty convex valued correspondence such that: 

(4.i) Por each fixed tET,~(t,-) is weakly u.s.c. 

(4.ii) for all (t,p)ET x P, ~(t,p) C X(t), where X : T ~ ZY is a 

integrably bounded, weakly compact, convex, nonempty valued 

correspondence, and 

(4.iii) for each fixed pEP, Lsj>(-,p) is lower measurable. 

Then, J +(t,-)dlJ(t) is weakly u.s.c. 
T 
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Proof: Let p , (n-1,2, •• ) be a sequence in P converging to p. We 
n 

must show that Ls!<p (., p ) C !<p (., p). Since by assumption, for each fixed 
n 

tET, <P(t,-) is weakly u.s.c. we have that for all tET, Lst>(t,p )C<P(t,p). 
n 

Therefore, 

(4.1) ! Ls<P(t,p )dlJ(t) C f <P(t,p)dlJ(t). 
TnT 

By virtue of Lemma 3.1, (4.1) can be written as: 

cR.! LsP(t,p )dlJ(t) C! <P(t,p)dlJ(t). 
TnT 

It follows now from the Main Theorem that, 

LsJ 4>(t,p )dlJ(t)CcQ,! Lst>(t,p )dlJ(t)C/ <P(t,p)dlJ(t). 
TnT n T 

This completes the proof of the Theorem. 

Remark 4.1: It should be noted that in the case that instead of corre-

spondences we deal with functions, i.e., <p : T x P ~ Y is a function such 

that <p is integrab1y bounded and for each fixed t€ T, <p (t,·) is continuous, 

then we can automatically conclude (by virtue of the Lebesgue Dominated Convergence 

Theorem [5, p. 45]), that f <P(t,·) dlJ(t) is also continuous. 
T 

Remark 4.2: Results similar to Theorem 4.1 have been obtained in 

Khan [12] and Yanne1is [20] (among others). In particular, in the above 

works it has been shown that if a correspondence is u.s.c., then the set 

of its integrable selections is also u.s.c. 
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5. RELATIONSHIP WITH THE KHAN-MAJUMDAR WORK 

Our Main Theorem, as well as the idea of the proof,were both inspired 

by reading the work of Khan [13, 14] and Khan-Majumdar [15]. The contribu-

tion of our paper is to simplify and slightly generalize the theorem of 

Khan-Majumdar by integrating three major results: Diestel's Theorem 

on weak compactness, Artstein's Lemma, and Khan's approximate version pf 

the Lyapunov-Richter Theorem. In particular, the following Corollary of 

our Main Theorem is the infinite dimensional version of the Fatou Lemma 

proved by Khan-Majumdar. 

Corollary 5.1: Let (T,T,~) be a finite, complete, atomless measure 

space and Y be a separable Banach space. Let f , (n=1,2, •• ) be a sequence 
n 

of functions from Ll(~'Y) such that for all u,fn(t)EK for all t in T, 

where K is a nonempty, weakly compact, convex subset of Y and suppose that 

the weak limit, w-Lim J f (t)d~(t) exists. Then for all E > 0 there exists 
n-+oo T n --

fELl(~'Y) such that: 

(5. i) 

(5.ii) 

Proof: 

f(t) E Ls{f (t)} for almost all t in T, and 
n 

If f(t)d~(t) - w-Lim J f (t)d~(t)D < E. 
T n+oo T n 

It follows directly from the Main Theorem by setting <p (t) = 
n 

{f (t)}, (n=1,2, •• ) for all t in T and X(t) = K for all t in T.One only 
n 

needs to use Lemma 4.1 in Dsosu-Shaozhong [7] in order to show that 

Ls{f } is lower measurable and thus to conclude that assumption (3.ii) 
n 

of the Main Theorem is satisfied. 

Notice that Corollary 5.1 remains true if Y is a Banach space whose 

dual y* has the RNP (recall footnote 2). 
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FOOTNOTES 

1. It should be noted that Theorem 1 of Khan [13] is true in separable 

Banach spaces and Banach spaces whose dual have the RNP. 

2. The Main Theorem also remains true if Y is a Banach space whose dual 

y* has the RNP, provided that (3.i) is replaced by 

(3. i) , For all n, 4> (t) C X for all t E T when X is a weakly compac t, 
n 

convex. nonempty subset of Y. 

In this case~x is still weakly compact (see Dieste1 [4] or Khan [14D and 

the proof of the Main Theorem remains unchanged. 

3. Recall that it is a consequence of the separation theorem that the 

norm and weak topologies coincide on closed convex sets. 

4. It should be noted that since Ls4> (e) is convex valued, f L54> (t)d~(t) = 
n T n 

f conLs 4> (t)d~(t), and in this case Khan's approximate version of the 
T n 

Lyapunov-Richter Theorem is not needed in the proof of the Main Theorem. 

Therefore, Theorem 1.1 remains true without the p.on-atomicity .assUt:lption 

on the measure space. 
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