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ABSTRACT 

An equilibrium in a game theoretic setting a la Debreu [8] and Shafer
Sonnenschein [33] with broader structure is prov;d-.- In particular, our frame
work is general enough to encompass both the Aumann [2,3] economy of perfect 
competition and the nonordered preferences setting of Mas-Colell [25]. More
over, since the dimensionality of the strategy space may be infinite it con
tains BeWley-type [5] results and may be useful in obtaining existence results 
for economies with a measure space of agents and infinitely many commodities. 
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1. INTRODUCTION 

The classical model of exchange under perfect competition is the 

Arrow-Debreu-McKenzie model. The existence of an equilibrium for this 

model was proved in Arrow-Debreu [1] and McKenzie [23]. 

The heart of the proof of the Arrow-Debreu equilibrium result is an 

equilibrium theorem for an abstract economy given in Debreu [8], which in 

turn is a generalization of the Nash [28] noncooperative equilibrium 

result. The prominent features of the classical model are: First, 

its finiteness, i.e., both the set of agents and the number of commodities 

are finite. Secondly, agents behave in a transitive and complete 

fashion, i.e., agents' preferences are assumed to be transitive and com

plete and consequently are representable by utility functions. 

Three major extensions of the Arrow-Debreu-McKenzie model have been made. 

The first is a generalization of the set of agents to a measure space of 

agents by Aumann [2, 3]. Aumann argued that the Arrow-Debreu-

McKenzie model is clearly at odds with itself as the finitude of a~ents 

means that each agent is able to exercise some influence. Aumann resolves 

this problem by assuming that the set of agents is an atom1ess measure 

space, and consequently the influence of each agent is "negligible." In 

this sense the Aumann model, captures precisely the meaning of perfect 

competition. Bewley [5] provides the second major extension of the Arrow

-Debreu-McKenzie model. Bewley amends the classical model to permit the 

dimensionality of the commodity space to be infinite. This extension is 

of great importance since infinite dimensional commodity spaces arise very 

naturally in general equilibrium analysis. In particular, an infinite dimen

sional commodity space may be desirable in problems involving infinite time 
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horizons, uncertainty about an infinite number of states of the world, or 

infinite varieties of commodity characteristics. The third important 

contribution is a substantial improvement of the Arrow-Debreu-McKenzie 

model made by Mas-Colell [25]. In particular, Mas-Colell [25] builds 

~ on an idea of Sonnenschein [34] and shows that even if preferences are not 

, 
I 

transitive or complete (i.e., preferences need not be ordered), still an 

equilibrium exists. This result of Mas-Colell has been further improved by 

Shafer-Sonnenschein [33] and subsequently by Borglin-Keiding [6], Gale-

Mas-Colell [13], Kim-Richter [20], McKenzie [24] and Shafer [32] among 

others. 

The purpose of this paper is to prove the existence of an equilibrium 

in a game theoretic setting (abstract economy), ~ la Debreu [8] and Shafer-

Sonnenschein (33) with a broader structure. In fact, our setting is general 

enough to include the three major extensions of the classical model mentioned 

above. It encompasses both the Aumann [2, 3) economy of perfect competition 

and the nonordered preferences setting of Mas-Colell (25). Moreover, since 

the dimensionality of the strategy space may be infinite it contains Bewley-

type [5] results and may be useful in obtaining existence results for 

economies with a measure space of agents and infinitely many commodities. 

Our generalization of the Debreu-Shafer-Sonnenschein existence of an 

equilibrium result for an abstract game or economy with a measure space of 

agents has several implications. First it extends the Aumann (3) and Schmeidler 

[31] results, to allow agents' preferences to be both nonordered and inter-

dependent (i.e., it allows for externalities in consumption). 
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Secondly, it may be seen as a first step in providing a synthesis of 

the Aumann [3] model of perfect competition with the Bewley [5] model of 

an infinite dimensional commodity space. Finally, our result extends 

Schmeidler's [30] theorem on the existence of Nash equilibrium with a 

continuum of players to a more general class of games where agents' pref

erences need not be ordered, and therefore need not be representable by 

utility functions; it also extends the Khan-Vohra [18] equilibrium in 

abstract economies result to infinite dimensional strategy spaces. 

The paper is organized in the following way. Section 2 contains some 

notation and definitions. The main existence theorem of the paper as well 

as its relationship with the literature is given in Section 3. Several 

technical Lemmata and Facts needed for the proof of the main existence 

theorem are concentrated in Section 4. The proof of the main result is 

given in Section 5. Finally, some concluding remarks are given in Section 6. 
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2. NOTATION AND DEFINITIONS 

2.1 Notation 

2A denotes the set of all subsets of the set A 

m denotes the set of real numbers 

m~ denotes the ~-fold product of IR 

conA denotes the convex hull of the set A 

c~A denotes the closure of the set A 

\ denotes the set theoretic subtraction 

If ~ : X + 2Y is a correspondence then ~Iu : U + 2Y denotes the 

restriction of ~ to U 

proj denotes projection 

2.2 Definitions 

Let X, Y be two topological spaces. A correspondence ~ 

is said to be upper-semicontinuous (u.s.c.) if the set {xEX ~(x) c V} 

is open in X for every open subset V of Y. The graph of the correspondence 

~ X + 2Y is denoted by G~ "" {(x,y) E X x Y : yE ~(x)}. The correspondence 

~ X + 2Y is said to have a closed graph if the set G~ is closed in X x Y. 

Y A correspondence ~ : X + 2 is said to be lower-semicontinous (l.s.c.) if 

the set {xE X : ~(x) n V f. q,} is open in X for every open subset V of Y. 

Y A correspondence ~ : X + 2 is said to have open lower sections if for each 

yE Y, the set ~-l(y) = {xE X yE ~(x)} is open in X. If for each xE X, 

~(x) is open in Y, ~ is said to have open upper 

sections. Let (T,T,~) be a complete finite measure space, i.e., ~ is a real-

valued, non-negative, countably additive measure defined in a complete a-field 

~ 
T of subsets of T such that ~(T) < 00. Ll(~JR) denotes the space of equiva-

~ ~ 
lence classes ofm -valued Bochner integrable functions f : T +m normed by 

, 

I 
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lifO J IIf(t)nd~(t). 
T 

Q, 

A correspondence ~ : T ~ tR is said to be integrably bounded if there 

exists a map g E Ll (~) such that for almost all t E T, sup {lxl : x E ~(t)} ~ g( t) • 
Q, 

The correspondence ~ : T ~ tR is said to have a measurable graph if 

G~ E T ®~ORQ,). where ~ORQ,) denotes Borel a-algebra and ® denotes a-product 

field. A correspondence ~ : T ~ 2X is said to be lower measurable if the set 

hE T : ~(t) n V ;. !f>}E T for every open subset V of X. NoUce that, 

if T is a complete measure space, X is a complete separable 
X 

metric space and if the correspondence ~ : T ~ 2 has a measurable graph, 

then ~ is lower measurable. Moreover, if ~ is closed valued and lower 

measurable then ~ has a measurable graph, (see [7, Theorem 111.30, p. 80 

or [15, Proposition 4, p. 6l}). 

Let now X be a topological space and Y be a linear topological space. 

Y Let ~ : X ~ 2 be a nonempty valued correspondence A function f X~Y 

is said to be a continuous selection from ~ if f(x) E ~(x) for all x E X, 

and f is continuous. Let T be an arbitrary measure space. Let ~ : T ~ 2Y 

be a nonempty valued correspondence. A function f : T ~ Y is said to be a 

measurable selection from ljJ if f(t) E ~(t) for all tE T, and f is measurable. 

We now define the concept of a Caratheodory-type Selection which 

roughly speaking combines the notions of continuous selection and 

~asurable selection. Let Z be a topological space and ~ : T x Z ~ 2Y 

be a nonempty valued correspondence. A function f : T x Z ~ Y is said to 

be a Caratheodory-type selection from ~ if f(t,z) E ~(t,z) for all (t,z) E T 

x Z and f(·,z) is measurable for all zEZ and f(t,·) is continuous for all 

tET. 
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3. THE MAIN THEOREM 

3.1 Abstract Economies and Equilibrium 

Let (T,T,~) be a finite, positive, complete measure space. For any 
t 

correspondence X : T ~ tR , Ll(~'X) will denote the subset of Ll(~~t) 
t consisting of those x E Ll (lJ~ ) which satisfy x(t) E X(t) for almost all 

t in T. Following the Debreu [ 8], Arrow-Debreu [1 ] and Shafer-Sonnenschein 

[33] setting, we define an abstract economy as follows: 

An abstract economy r is a quadruple [(T,T,lJ), X,P,A], where 

(1) 

(2) X T ~ 

(3) P T x 

is a measure space of agents; 
t 

fR is a strategy correspondence; 
t 

Ll(lJ,X) ~ tR is a preference correspondence such that 

P(t~x) C X(t) for all (t,x) E T x Ll (~,X); 
t 

(4) A: T x Ll(~'X) ~ fR is a constraint correspondence such that 

A(t,x)CX(t) for all (t,x)CT x Ll(~'X), 
t 

Observe that since P is a mapping from T x Ll(~'X) to fR , we have 

allowed for interdependent preferences. The interpretation of these pref-

erence correspondences is that yEP(t,x) means that agent t strictly prefers 

y(t) to x(t) if the given strategies of other agents are fixed. Notice 

that Ll(~'X) is the set of all joint strategies. As in [30] and [18] we 

endow Ll(~'X) throughout the paper with the weak topology. This signifies 

a natural form of myopic behavior on the part of the agents. In particular, 

an agent has to arrive at his decisions on the basis of knowledge of only 

finitely many (average) numerical characteristics of the joint strategies. 

An equilibrium for r is an x*ELl(~'X) such that for almost all t in 

T the following conditions are satisfied: 
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(i) x*(t)EA(t,x*), and 

(ii) P(t,x*)nA(t,x*) = <P. 

3 .2 The Main Theorem 

We can now state the assumptions needed for the proof of the main 

theorem. 

1 
(A.l) (T,T,~) is a finite, positive, complete, separable measure space. 

~ 
(A.2) X: T ~ tR is a correspondence such that: 

(A.3) 

(A.4) 

(a) it is integrably bounded and for all t E T, X( t) is a 

(b) 

A : 

(a) 

~ 
nonempty, convex, closed subset ofIR ; 

for every open subset V ofIR~, {tET : X(t)nV" <p}ET. 
~ 

T x Ll(~'X) ~ tR is a 

for each tE T, A(t,o) 

correspondence such that: 
9-

: Ll(~'X) ~ tR is continuous; 

(b) for all (t,x) E T x Ll (~,X), A(t,x) is convex and 

(c) 

P : 

(a) 

(b) 

(c) 

nonempty; 

9-
for every open subset V of IR , {(t,x) E T x Ll (~,X) : 

A(t,x) n V ,,<p} E T ® ~w(Ll (~,X», where~(Ll (~,X» is the 

Borel a-algebra for the weak topology on Ll(~'X). 
9, 

T x Ll(~'X) ~ tR is 

for each t E T, 

Ll (~, X) x IR9,; 

a correspondence such that: 
9-

P(t,o) : Ll (~,X) ~ tR has an open graph in 

x(t) e conP(t, x) for all x E Ll (~, X) for almost all t in T; 

9-
for every open subset V of IR , {(t,x) E T x Ll (~.X) 

We can now state our main theorem. 
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Theorem 3.1: Let r = [(T,T,~), X,P,A1 be an abstract economy satisfying 

(A.I) - (A.4). Then r has an equilibrium. 

3.3 Comparisons with Related Results 

It may be instructive to compare our assumptions with those of Shafer-

Sonnenschein [331. First notice that (A.2)a implies that X(t) is a compact 

~ 
subset ofIR for almost all t in T. Assumptions (A.3) a, band (A.4) a, b 

are the same as those of Shafer-Sonnenschein [331 and consequently, are 

the corresponding Shafer-Sonnenschein [33] assumptions in a measure theoretic 

framework. Assumptions (A.2)b, (A.3) c and (A.4) c are the measurability 

conditions and are natural in models with a measure space of agents; they 

constitute no real economic restriction. 

Let us now compare our assumptions with those of Khan-Vohra [181. 

Apart from the measurability assumptions, all other conditions are identical. 

In particular, Khan-Vohra [181 assume that the correspondences X, A, P 

have measurable graphs rather than assuming lower measurability. Therefore, 

our main existence theorem is closely related to theirs but the methods of 

proofs are different. Specifically, the Khan-Vohra [18] approach follows 

the Shafer-Sonnenschein [33] construction of a utility indicator. Our 

proof is based on selection-type arguments given in Yannelis-Prabhakar [37]. 

The approach adopted by Khan-Vohra [18] does not extend to infinite dimen-

sional strategy spaces. It fails due to the fact that the convex hull of 

an u.S.c. correspondence in an infinite dimensional strategy space need 

not be u.S.c. (see [29, exercise 27, p. 72]). In contrast our selection-

type arguments can be directly extended to separable Banach strategy spaces 

(see Remark 6.4 in Section 6). 
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We now compare our assumptions with those of Khan-Papageorgiou 

[19] and Kim-Prikry-Yannelis [21]. Our continuity assumption (A.4) a, 

on the preference correspondence P,are stronger than those in [19], [21] 

which require that P have open upper and lower sections. In particular, 

it is known that if a preference correspondence satisfies 
open 

(A.4) b and it has/upper and lower sections,it may not have an open graph. 

However, our assUMptions (A.3) a, b on the constraint correspondence 

A are weaker than those in [19] and [21]. In particular, in [19], [21] it 

is assumed that: 2 

(i) for all tET, A(t,·), is u.s.c.; 
~ 

(ii) there exists a correspondence B : T x Ll(~'X) ~ tR such that: 

(a) dB(t,x) = A(t,x) for all (t,x) E T x Ll (~,X); 

(b) B has open lower sections; and 

(c) B is convex, nonempty valued. 

We now show that (i) and (ii) a, b, c are stronger than (A.3) a, b. 

More formally we can prove the following proposition. 

Proposition 3.1: Assumptions (i) - (ii) a, b, c imply (A.3) a, b, but 

the reverse need not be true. 

Proof: We first show that (i) - (ii) a, b, c - (A.3) a, b. Since B 

~ -1 
has open lower sections, i.e., for each (t, y) ET XIR ,B (t,y) = 

{xE Ll (~.X) : yE B(t,x)} is weakly open in Ll (~.X). it follows from Propo

sition 4.1 in [36, p. 237] that for each tET, B(t,·) is 1.s.c. By Fact 4.3 

(see next Section) for each tET, c~B(t,·) is l.s.c. Since c~B" A 

and for each tET. A(t,·) is u.s.c. it follows that for each tET. A(t,·) is 
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continuous. Since B is convex nonempty valued so is A. 

To show that the reverse need not be true we construct the following 

simple counterexample. Suppose that there is one agent. 1 
Let XClR and for 

each xEX, let A(x) = {x}. Notice that A satisfies (A.3) a, b. However 

X 
there does not exist mapping B : X ~ 2 satisfying (ii) a, b, c. Indeed, 

the only mapping B which is convex, nonempty valued, c~B = A and c~B is 

u.s.c., is A itself. 
-1 

However, A (y) == {x : yEA(x)} = {y} is not open for 

every y E X. The proof of Proposition 4.1 is now complete. 

Apart from the above differences we may also note that in [19] it was assumed 

that the measure space is a locally compact subset of a metric space with a 

countably generated a-field. The latter assumption is stronger than (A. 1). 

Moreover, the measurability assumptions in [19] and [21] were made on the 

graphs of the correspondences X, P, A. Furthermore, notice that our 

main existence result extends the equilibrium theorems for abstract economies 

in Toussaint [35] and Yannelis-Prabhakar [36, 37] to a measure space of agents. 

Also, it generalizes Schmeidler's [30] result to nonordered preferences. 

Finally, it should be noted that a different approach to equilibrium in 

abstract games with a continuum of agents has been followed by Green [14] 

and Mas-Colell [26]. 

We can now turn to SOme technical Lemmata needed for the proof of our 

main result. 
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4 • LEMMATA AND FACTS 

Fact 4.1: Let X be a linear topological space. 

(i) If ACX is open in X and a ~ 0 is a real number then aA is open 

in X. 

(ii) If AC X is open in X and B is any set in X then A + B is 

open in X. 

Proof: Trivial. 

Lemma 4.1: Let X, Y be any two linear topological spaces and ~ : X ~ 2Y 

be a correspondence such that G~ = {(x,y) E X x Y : y E ~ (x)} is open in 

X x Y. Define ~ : X ~ 2Y 
by ~(x) = con ~(x) for all x EX. Then G~ = 

{(x,y) E X x Y : y E ~(x)} is open in X x Y. 

Proof: Let (x ,y ) E GIll; 
00'1' 

we must show that there exist A open in X 
o 

and Bo open in Y such that (xo ' Yo) E Ao x Bo C G~. Since (xo ' Yo) E G~, 

there 
n 
E a i i=l 

X x Y 

exist Yl'··· 'Yn in ~(x ) and 
0 n 

= 1 and y = E a i
y i. Thus, 

0 i=l 
there exist Ai open in X and 

n 

reals al, •.• ,a
n 

such that a i > 0, 

(xo ' Yi) E G~ and since G~ is open in 

Bi open in Y such that (xo ' Yi ) E Ai x 
n 

Bi C G~. Define A .. ()A and B 
0 i=l i 0 

= E aiBi • Then A is open in X and by 
i-I 0 

Fact 4.1, Bo is open in Y. Note that (xo ' Yo) E Ao x Bo. To complete the 

proof we must show that Ao x Bo C G~. Let (x, y) E Ao x Bo' then y = 
n 

. E aizi where zi E Bi for all i = l, .•• ,n. 
i=l 

Since x EA , x E A and so (x,zi) E 
o i 

Ai x Bi • Since Ai x Bi C G~, zi E ~(x) for all i = l, •.• ,n and so y E ~(x), 

i.e., (x, y) E G~. Hence (xo ' Yo) E Ao x Bo C G~. This completes the 

proof of the Lemma. 
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Lemma 4.2: Let X, Y be any topological spaces, and ~ 

$ X ~ 2Y be correspondences such that 

(i) 

(li) 

G = {(x,y) E X x Y : y E ~(x)} is open in X x Y 
~ 

$ is 1.s.c. 

Then the correspondence 8 
Y X ~ 2 defined by 8(x) ~(x) n $(x) 

. 1 3 1.S .S.C. 

Proof: Let V be an open subset of Y and K be the set {x EX: 8(x) 

Let x EK, we must find an open set U in X such that 
o 

Xo € U C K. Since e(xo) n V " <P we can choose Yo E e(xo) n V. Thus, 

(xo ' Yo) E G~ and since G~ is open in X x Y there exist A open in X and 

B open in Y such that (xo ' Yo) EA x B C G~. Since $ is 1.s.c. the set 

E {x EX: $(x) n B n V " <p} is open in X and Xo E E since Yo E $(xo) n B n V. 

Let U = A n E. Then U is open in X and x E U. To complete the proof we 
o 

must show that U CK. Let z E U, then z E E and z EA. Since z E E, 

ljJ(z) n B n V F <P. Choose w E ljJ(z) n B n V. Then (z ,w) E A x B C G~ and 

so w E ~(z). Hence, w E ~(z) n ljJ(z) n V, i.e., z E K. Consequently, 

x E U C K, and this completes the proof of the Lemma. 
o 

Remark 4.1: Michael [27, Proposition 2.5, p. 366] has proved the 

following related result: 

Let X, Y be two topological spaces and ~ 
y 

X ~ 2 be corre-

spondences such that: 

(i) ~ is 1.s.c. and for all x E X, ~(x) is open in Y, 

(ii) ljJ is 1.s.c., 

(iii) for all x E X, ~(x) n ljJ(x) F <P. 

Then the correspondence 8 : X ~ 2Y defined by e(x) ~(x) n $(x) is 1.s.c. 
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However, we will show in Section 6 (Remark 6.3) by means of a counter-

example that in Lemma 4.2 assumption (i) cannot be replaced by the assumption 

that $ is l.s.c. and open valued. 

Fact 3.2: Let A, B be nonempty subsets of a topological space X. 

Suppose that A is open in X. Then A n B # ~ if an only if A n c~ B # ~. 

Proof: Trivial. 

Fact 3.3: Let X, Y be two topological spaces and $ Y X -+ 2 be a 

l.s.c. correspondence. 
Y Then c~$ : X -+ 2 is l.s.c. 

Proof: We must show that the set A = {x E X : d $(x) n V # ~} is open ---
in X for every open subset Vof Y. By assumption the set E = {x E X 

cf>(x) n V # ~} is open in X for every open subset V of Y. Let x EA, Le., 
0 

d$(x ) n V # ~. By Fact 3.2 d$(x) n V # ~ if and only if cfJ(x ) n V # ~. 
0 0 0 

Hence, x E A * x E E, i.e., A = E. Consequently A is open in X for every 
o 0 

open subset V of Y and this completes the proof of Fact 3.3. 

Fact 3.4: Let (T,T,~) be a measure space, and X be any topological 

The correspondence cP : T -+ 2X is lower measurable if and only if space. 

c~$ : T -+ 2X is lower measurable. 

Proof: The proof is trivial. Simply notice that by virtue of Fact 3.2, 

for every open subset V of X, {tET : cf>(t) n V #~} = {tET : d$(t) n V #~}. 

We now state a Caratheodory-type selection result whose proof can be 

found in Kim-Prikry-Yanne!is [22, Theorem 3.2]. 
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CaratheodorY-Type Selection Theorem: Let (T,T,~) be a complete measure 

space, Z be a complete, separable metric space. Let 
~ 

~ : T x Z ~ tR be a convex (possibly empty) valued correspondence such that: 

(i) ~(o,o) is lower measurable, 

(ii) for each tE T, ~(t, 0) is l.s.c. 

Let U = {( t, x) E T x Z 
t 

~(t,x) ;. t/>} and for each tET, let U 

(t,x)EU} and for each xEZ, let U = {tET : (t,x)EU}. 
x 

Then there exists a Caratheodory-type selection from ~Iu' i.e., there 

exists a function f U ~ m.~ such that f( t, x) E ~(t, x) for all (t, x) E U and 

for each xEZ, f(o,x) is measurable on U and for each tET, f(t,o) is con
x 

tinuous on Ut • Furthermore, f(o,o) is jOintly measurable. 

Lemma 4.3: Let (T,T,~) be a finite positive complete separable measure 
~ 

space, and X : T ~ tR be an integrably bounded correspondence with measurable 

graph, such that for all t E T, X(t) is a nonempty, convex, closed subset 

~ ofm.. Then Ll(~'X) is nonempty, convex, weakly compact and metrizable. 

Proof: 
m..1 

Since the correspondence X : T ~ 2 has a measurable graph, 

Aumann's measurable selection theorem [4 ] assures that Ll(~'X) is nonempty. 

Since X(o) is convex valued, Ll(~'X) is convex. Notice that since X(o) 

is integrably bounded Ll(~'X) is bounded and uniformly integrable. Hence, from 

Dunford's Theorem [10, p. 76 and p. 101] it follows that Ll(~'X) is a relatively weakly 

~ 
compact subset of Ll(~~). Since Ll(~'X) is convex and norm closed by 

Theorem 17.1 in [16, p. 154], it is weakly closed. Therefore, Ll (~,X) is a 

~ 
weakly compact subset of Ll(~~ ). It follows from Theorem 3 in Dunford-

Schwartz [11, p. 434] that Ll(~'X) is metrizable. This completes the proof 

of the Lemma. 

Remark 4.2: Lemma 4.3 remains true if the correspondence X maps points 

from T into Y, where Y is a separable Banach space, provided that X is convex, 

nonempty, weakly closed valued with measurable graph and for all t E T, X(t) CK, 

where K is a weakly compact subset of Y. 
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Lemma 4.4: Let (T,T,~) be a complete finite measure space, and Y be a 

separable Banach space. 
Y Let X : T ~ 2 be an integrably bounded, nonempty, 

convex, weakly closed valued correspondence with measurable graph such 

that for all t E T, X( t) C K where K is a weakly compact subset of Y. Let 

Y 4 
2 be a correspondence such that 4>( t, x) C X( t) for all 

(t,x)ET x Ll(].l,X) and for each xELl(].l,X), 4>(o,x) has a measurable graph, 

and for each tET, 4>(t,o) is u.s.c. in the sense that the set {xELl(].l,X) : 

4>(t,x)CV} is weakly open in Ll(].l,X) for every norm open subset V of Y. Then 

the correspondence ~ : Ll(].l,X) ~ 2Ll (].l,X) defined by 

4>(x) {yELl(].l,X): for almost all tET, y(t)E4>(t,x)} 

is nonempty valued and weakly u.s.c. 

Proof: Several proofs of this Lemma have been given in [17], [18], 

[19], [21], [30]. The proof given below is based on an argument given in 

[19] and seems to be the simplest. Notice first that nonempty valueness 

of 4> is a direct consequence of the Aumann measurable selection theorem [4], 

(simply observe that for each xE Ll (].l,X), 4>(o,x) has a measurable graph). We now 

show that 4> is u.s.c. Denote by B the closed unit ball in Y. Since by Lemma 

4.3 and Remark 4.2~Ll(].l,X) with the weak topology is compact and metrizable, 

it suffices to show that the graph of 4>, i.e., G4> is closed. To this end 

let (x , y ) be a sequence converging weakly to (x,y) where (x .y ) E G"" i.e., n n n n 'l' 

y E4>(x). 
n n 

y (t) E 4>(t, 
n 

We must show that yE 4>(x) • 

x ) for almos t all t E T. 
n 

Since y E 4>(x ), we have that 
n n 

By Corollary 17.2 in [16, p. 154] , 

there exists z (o)Econ U Yn Co ) such that z (0) converges in norm to 
n n;>.n 0 n 

o 
yeo). Without loss of generality we may assume that z (t) converges in norm 

n 

to y( t) (otherwise p.ass to a subsequence) for all t E T \ S where S is a negligible 

set of agents. Fix an agent t in T \S. Since 4>(t,o) is u.S.c. for every 

small positive number £ there exists n such that for all n ~ n we have that 
o 



~(t.x ) C ~(t.x) + EB. n -
o 

that z (t) E ~(t.x) + EB 
n 
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But then con U ~(t.x ) ~ ~(t,x) + EB which implies 
D~n n o 0 

and so y(t)E~tt.x) + EB. Therefore. y(t) E~(t,x) 

by letting E converge to zero. Since t is any arbitrary agent in T \S, 

y( t) E~( t. x) for almost all t in T, i.e., y E~(x). Hence. G~ is closed, 

as was to be shown. This completes the proof of the Lemma. 
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5 • PROOF OF MAIN TIIEOREM 

Q. 

Define 1jJ : T x Ll (ll,X) .... f:R by 1jJ(t,x) = conP(t,x) for all (t,x) E T x 

By Lemma 4.1 for each tET, 1jJ(t,-) has an open graph in Ll(ll,X) xm. 

where Ll(ll,X) is endowed with the weak topology. Moreover, it follows from 
Q. 

assumption (A.4)c that 1jJ is lower measurable. Define e : T x Ll(ll,X) .... f:R 
by e(t,x) = A(t,x) n 1jJ(t,x) for all (t,x)ET x Ll(ll,X). Then e is convex 

valued and it follows from Lemma 4.2 that for each tET, e(t,-) is l.s.c. 

Q. 

in the sense that the set {xELl(ll,X) : e(t,x) n V ~ ~} is weakly open in 

Q. 
Ll (ll,X) for every open subset V of m. Since de(t,x) = cQ.(A(t,x) n 1jJ(t,x» = 

A(t,x)ncQ.1jJ(t,x), it follows from Proposition 111.4 in [7] that c~e(o,o) is lower 
Q. 

f:R is lower measurable as well. measurable. By Fact 3.~ e : T x Ll(ll,X) .... 

Let U = {(t,x)ET x Ll(ll,X) : cj>(t,x) ~ ~}. For each 

U = {t E T : e(t,x) ~ ~} and for each tE T, let U
t = 

x 

x E Ll (ll,X) , 

{x E Ll (ll, X) 

let 

e ( t ,x) i: ~}. 

It follows from the Caratheodory-type selection theorem that there exists a 

Q. 
function f : U .... m. such that f(t,x) E e(t,x) for all (t,x) E U and for each 

xELl(ll,X), f(o,x) is measurable on U
x 

and for each tET, f(t,o) is continuous 

t on U. Furthermore, f(o,o) is jointly measurable. Notice that for each 

xELl(Jl,X), 

{(t, x) E T x 

Q. 
Ux = {tE T : e(t,x) ~~} = {t E T : e(t,x) n IR i:~} = projT 

Q. 
Ll (ll,X) : e(t,x) n IR i: ~}. Since e(o,o) is lower measurable, 

it follows from Theorem 11 in [IS, p. 44] that for each xEL1(ll,X), U is a 
Q. x 

measurable set. Define the correspondence cj> : T x Ll(ll,X) .... fR by 

{f( t, x) } if (t,x) E U 

cj>(t,x) '" 

A( t, x) if ( t , x) f1 U. 
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t Since for each tET, 8(t,·) is l.s.c., for each tET, the set U = 

{xEL1(].I,X) : 8(t,x) 1= I/>} = {xEL1(].I,X) 8(t,x) n IRQ, 1= I/>} is weakly 

open in Ll(].I,X). Hence, by Lemma 6.1 in [36, p. 241] ~(t,·) is u.s.c. 

~(t,x) C V} is weakly open in in the sense that the set {x E Ll (].I, X) 

Q, 
Ll (ll,X) for every open subset V of IR Since A is closed valued it follows 

from (A.3)c that for each xEL1(ll,X), A(-,x) has a measurable graph. It 

can be easily seen that for each xEL1(].I,X), ~(·,x) has a measurable graph. 

In fact, for all XEL1(ll,X), G~(.,x) = {(t,y)ET xIRQ, : yE~(t,x)} = CUD 

where C = {(t,y)ET xIR Q, : yEf(t,x) and tEU} and D = {(t,x)ET xlRQ, : 
x 

Y E A( t, x) and tEl U }. 
x 

Since C, D are in "[ ® ~([RQ,), we have that CUD 

G~(.,x) is in "[ @GD([RQ,). Obviously ~ is convex and nonempty valued. 

~: Ll(].I,X) -+-2Ll (1l,X) by ~(x) = {yEL1(].I,X) : for almost all tinT 

y(t)E~(t,x)}. By Leuma 4.4,~ is nonempty valued and weakly u.s.c. 

Define 

Since 

~ is convex valued so is~. Moreover by Lemma 4.3,L
l

(].I,X) is nonempty, 

convex and weakly compact. Hence, by Fan's fixed point theorem [12, Theorem 

1, p.122]) there exists x*EL1(].I,X) such that x*E~(x*), I.e., x*(t)E~(t,x*) 

for almost all t in T. Suppose that for a non-negligible set of agents S, 

(t, x*)EU for all tES. Then by the definition of ~,x*(t) = f(t,x*)E8(t,x*)C 

conP(t,x*) for all t E S, a contradiction to (A.4) b. Therefore, (t,x*) Et U 

for almost all t in T and consequently for almost all tET~x*(t)EA(t,x*) 

and 8(t,x*) = conP(t,x*) n A(t,x*) = I/> which implies that P(t,x*)nA(t,x*) = 1/>, i.e., 

x* is an equilibrium for r. This completes the proof of the main theorem. 
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6. CONCLUDING REMARKS 

Remark 6.1: Our main existence theorem can be used to prove directly 

the existence of a competitive equilibrium for an economy with a continuum 

of agents whose preferences may be interdependent and need not be transitive 

or complete (see for instance Khan-Vohra [18, Theorem 3, p. 137]). There-

fore, an extension of the Aumann [3] and Schmeidler [31] results to 

economies with non-ordered and interdependent preferences can be obtained. 

Remark 6.2: Notice that in the Aumann [3 ] model the convexity 

assumption on preferences is not required, since the Lyapunov theorem 

convexifies the aggregate demand set. However, without transitivity and com-

pleteness the convexity assumption on preferences cannot be relaxed (see 

Mas-Colell [25, p.243]). MOreover, even if preferences are 

transitive, complete, and interdependent, the convexity assumption still 

cannot be relaxed. In fact, as Khan-Vohra [18] pointed out, with 

externalities in consumption there is no convexifying effect on aggregation. 
it appears that 

Therefore,/the convexity assumption (A.4)b cannot be relaxed in models 

with a continuum of agents and interdependent preferences. 

Remark 6.3: Assumption (A.4) at i.e., for each t E T, P( t,·) has an 

open graph in Ll(~'X) xIR~ cannot be relaxed to open upper and lower sections 

in our framework. In particular if (A.4)a is weakened to open low-
R, 

er and upper sections, the correspondence e : T x Ll (~,X) -+- tR defined 

in Section 5 by e(t,x) - A(t,x) n conP(t,x), need not be l.s.c. in x. Hence, 

Lemma 4.2 fails, and the proof of the main existence theorem does not go 

through. The following simple example illustrates this. 
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Example: Consider the following mappings: 

IR if x ~ 0 

P(x) = 

IR \ {x} if x > 0 

and A( x) = {x}. Note that for any x E IR, P (x) is always open in IR and 

for any -1 E y.EIR, P (y) = {x : y P(x)} is open in IR. Further, P is 1.s.c. 

since the set {x: P(x) n V F tf>} = IR is open in IR for every V open subset 

of IR. Also, A is continuous, I.e., U.s.c. and 1.s.c. However, the corre-

spondence e(x) = P(x) n A(x) is not l.s.c. Indeed, note that for V = IR 

the set {x : e(x) n V -; tf>} = {x : _00 < x ~ O} = (_00, o} is not open inIR. 

Remark 6.4: We now indicate how our main existence theorem can be 

extended to separable Banach strategy spaces. One must modify assumptions 

(A.2) and (A.3)b as follows: 

(A. 2) , Y The correspondence X : T -+ 2 ,(where Y is a separable Banach 

space) is integrably bounded, nonempty convex, weakly closed valued, lower measurable 

and for all t E T, X(t) C K where K is a relatively weakly compact subset 

of Y. 

(A.3)b' For each (t,x) E T x Ll (lJ,X), A(t,x) is convex and has a non

empty interior in X(t) • 

Note from (A.2)' it follows that Ll(lJ,X) is weakly compact (Diestel 

_ [ 9, Theorem 2 and Remark, p. 89]). Hence the argument used to prove 

weak compactness of Ll(lJ,X) in Lemma 4.3, becomes redundant. Notice that 

all other Lemmata and facts in Section 4 are true for a separable Banach 

space Y. Moreover, the Caratheodory-type selection result is true 

for any separable Banach space provided that the correspondence 

~ : T x X -+ 2Y has a nonempty interior for all (t,x)EU (see [22, 

Theorem 3.2]). The proof of the main existence result remains the same. 

t 

i 
f· , 
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One only needs to check that from assumption (A.3)b' it follows that the 

correspondence S : T x L (~,X) + 2Y (defined in Section 5) has a nonempty 
1 

interior in X(t) and consequently a trivial modification of our Caratheodory-

type selection theorem assures that there exists a Caratheodory selection 

f : U + Y from Slu. The rest of the proof remains unchanged. 

Remark 6.5: In a subsequent paper we hope to show how the main exis-

tence result of this paper can be used to obtain a generalization of Bewley's 

[5] result to economies with a measure space of agents. The fact that the 

abstract economy approach can be used to prove Bewley's existence result 

(recall that the set of agents in the Bewley model is finite) has been 

already demonstrated in Toussaint [35]. 
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FOOTNOTES 

1. The reason we assume that (T,T,~) is a separable measure space is that 

we want Ll(~) to be separable. 

2. The work in [19] and [21] follo~closely the Borglin-Keiding [6] 

abstract economy setting rather than Shafer-Sonnenschein [33]. It is 

exactly for this reason that the results in [19] and [21] do not 

generalize Shafer-Sonnenschein [33]. In contrast, Khan-Vohra [18] 

and the present paper, constitute direct generalization of the 

Shafer-Sonnenschein [33] result. 

3. Green [14] has proved a related Lemma [14, Lemma 3, p. 984]. His 

result is implied by ours. 

4. Ll(~'X) will not denote the subset of Ll(~'Y) consisting of those 

xE~(~,y) which satisfy x(t)EX(t) for almost all tET. Notice that 

following the previous notation Ll(~'Y) denotes the space of equiva

lence classes of V-valued Bochner integrable functions. 



23 

REFERENCES 

[1] Arrow, K. J. and G. Debreu, "Existence of Equilibrium for a Competitive 
Economy," Econometrica 22, (1954), 265-290. 

[2] Aumann, R. J., "Markets with a Continuum of A~ents," Econometrica 32, 
(1964), 39-50. 

[3] Aumann, R. J., "Existence of Competitive Equilibria in Markets with a 
Continuum of Agents," Econometrica 34, (1966), 1-17. 

[4] Aumann, R. J., "Measurable Utility and the Measurable Choice Theorem," 
La Decision, C.N.R.S., Aix-en-Provence (1967), 15-26. 

[5] Bewley, T., "Existence of Equilibrium with Infinitely Many Commodities," 
Journal of Economic Theory 4, (1972), 514-540. 

[6] Borglin, P. A. and H. Keiding, "Existence of Equilibrium Actions and 
Equilibrium: A Note on the 'New' Existence Theorems," Journal of 
Mathematical Economics 3,(1976), 313-316. 

[7] Castaing, C. and M. Valadier, Convex Analysis and Measurable Multi
functions, Lecture Notes in Mathematics No. 480, (1977), Springer
Verlag: New York. 

[8] Debreu, G., "A Social Equilibrium Existence Theorem," Proceedings of 
the National Academy of Sciences of the U.S.A. 38, (1952), 886-893. 

[9] Diestel, J., "Remarks on Weak Compactness in Ll(J..l,X)," Glasgow 
Mathematical Journal 18, (1977), 87-91. 

[10] Diestel, J. and J. J. UbI, Jr., Vector Measures, Mathematical Surveys 
No. IS, (1977), American Mathematical Society: Rhode Island. 

[11] Dunford, N. and J. T. Schwartz, Linear Operators: Part I, (1958), John 
Wiley Publishing Co.: New York. 

[12] Fan, Ky, "Fixed Points and Minimax Theorems in Locally Convex Spaces," 
Proceedings of the National Academy of Sciences of the U.S.A. 38, 
(1952), 121-126. 

[13] Gale, D. and A. Mas-Colell, "An Equilibrium Existence Theorem for a 
General Model without Ordered Preferences," Journal of Mathematical 
Economics 2, (1975), 9-15. 

[14] Green, E., "Continuum and Finite-Player Noncooperative Models of 
Competition," Econometrica 52, (1984),975-993. 

[15] Hildenbrand, W~, Core and Equilibria of a Large Economy, (1975), Prince
ton University Press: Princeton, NJ. 

[16] Kelley, J. and I. Namioka, Linear Topological Spaces, (1963), Springer
Verlag: New York. 



24 

[17] Khan, M. Ali, "On Extensions of the Cournot-Nash Theorem," in Advances 
in Equilibrium Theory, (1985), Eds., C. D. A1iprantis, et al., Springer
Verlag. 

[18] Khan, M. Ali and R. Vohra, "Equilibrium in Abstract Economies without 
Ordered Preferences and with a Measure of Agents," Journal of Mathe
matical Economics 13, (1984), 133-142. 

[19] Khan, M. Ali and N. Papageorgiou, "On Cournot-Nash Equilibria in Gen
eralized Quantitative Games with a Continuum of Players," University 
of Illinois, (1985). 

[20] Kim, T. and M. K. Richter, "Nontransitive Nontotal Consumer Theory," 
Journal of Economic Theory, (to appear). 

[21] Kim, T., K. Prikry and N. C. Yanne1is, "Equilibria in Abstract Economies 
with a Measure Space of Agents and with an Infinite Dimensional Strategy 
Space," University of Minnesota, (1985). 

[22] Kim, T., K. Prikryand N. C. Yannelis, "Caratheodory-Type Selections 
and Random Fixed Point Theorems," University of Minnesota, (1985). 

[23] McKenzie, L. W., "On Equilibrium in Graham's Model of World Trade and 
Other Competitive Systems," Econometrica 22, (1954), 147-161. 

[24] McKenzie, L. W., "The Classical Theorem on Existence of Competitive 
Equilibrium," Econometrica 44, (1981), 819-841. 

[25] Mas-Colell, A., "An Equilibrium Existence Theorem without Complete or 
Transitive Preferences," Journal of Mathematical Economics 1, (1974), 
237-246. 

[261 Mas-Colell, A., "On a Theorem of Schmeidler," Journal of Mathematical 
Economics 13, (1984), 201-206. 

[27] Michael, E., "Continuous Selections I," Annals of Mathematics 63, 
(1956), 361-382. 

[28] Nash, J. F., "Non-Cooperative Games," Annals of Mathematics 54, (1951), 
286-295. 

[291 Schaefer, H.H., Topological Vector Spaces, (1971), Springer-Verlag: 
Berlin. 

[30] Schmeidler, D., "Equilibrium Points of Nonatomic Games," Journal of 
Statistical Physics 7, (1973), 295-300. 

[31] Schmeidler, D., "Competitive Equilibria in Markets with a Continuum 
of Traders and Incomplete Preferences," Econometrica 37, (1969), 
578-585. 

[32] Shafer, W., "Equilibrium in Economies without Ordered Prefererences 
or Free Disposal," Journal of Mathematical Economics 3, (1976), 135-137. 



25 

[33] Shafer, W. and H. Sonnenschein, "Equilibrium in Abstract Economies 
without Ordered Preferences," Journal of Mathematical Economics 2, 
(1975), 345-348. 

[34] 

[35] 

Sonnenschein, H., "Demand Theory without Transitive Preferences with 
Applications to the Theory of Competitive Equilibrium," in J. Chipman, 
et al., eds., Preferences Utility and Demand, (1971), Harcourt Brace 
Jovanovich, Inc.: New York. 

Toussaint, S., "On the Existence of Equilibrium with Infinitely Many 
Commodities and Without Ordered Preferences," Journal of Economic 
Theory 33, (1984), 98-115. 

[36] Yanne1is, N. C. and N. D. Prabhakar, "Existence of Maximal Elements 
and Equilibria in Linear Topological Spaces," Journal of Mathematical 
Economics 12, (1983), 233-245. 

[37] Yannelis, N. C. and N. D. Prabhakar, "Equilibrium in Abstract Economies 
with an Infinite Number of Agents, an Infinite Number of Commodities 
and without Ordered Preferences," University of Minnesota, (1983). 

• ~ 

I 
! • 
I 

i 
I 

! 


	umn53632
	umn53633
	umn53634
	umn53635
	umn53636
	umn53637
	umn53638
	umn53639
	umn53640
	umn53641
	umn53642
	umn53643
	umn53644
	umn53645
	umn53646
	umn53647
	umn53648
	umn53649
	umn53650
	umn53651
	umn53652
	umn53653
	umn53654
	umn53655
	umn53656
	umn53657

