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ON THE SPECIFICATION OF 
MULTI-MARKET DISEQUILIBRIUM ECONOMETRIC MODELS 

by 

Lung-Fei Lee(*) 

1. Introduction. 

September 1984 

When prices or wages are rigid, markets may be in disequilibrium in the 

sense that the Walrasian demands and supplies of goods are not equal. There is a 

relatively large volume of theoretical works on the study of such problems, see, 

e.g., Clower (1965), Dr~ze (1975) and Benassy (1982). For empirical analysis, 

econometric disequilibrium models for single markets have been specified in Fair 

and Jaffee (1972), Maddala and Nelson (1974), Goldfeld and Quandt (1975) and 

Bowden (1978). The two survey articles by Maddala (1980) and Quandt (1982) sum-

marize the econometric development and the empirical studies. Single market 

models do not account for spillover effects from other markets which are in dis

equilibrium. This motivates the formulation of multi-market disequilibrium 

models in Quandt (1976), Ito (1980) and Gourieroux, et al (1980). However, the 

formulations in these articles are different in the specification of effective 

demand. Effective demands are hypothesized actions or demands of agents ex

pressed on markets when they face quantity rationing; see Benassy (1982, pp. 28-

29). However, there are different opinions on the specifications of effective de

mands, see, e.g., Clower (1965), Dr~ze (1975), Malinvaud (1977), Benassy (1977) 

and Svensson (1980). The specification of effective demand in Gourieroux, et al, 

for the two markets model follows Malinvaud's suggestion. Ito's specification 

of effective demand differs from Gourieroux, et ale Ito (1980, p. 103) 

criticizes the effective demand in Gourieroux, et al, as unwarranted behavior. 

(*) Financial support from the National Science Foundation, Grant SES-8441561 is 
gratefully acknowledged. 
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On the other hand, Portes (1977, p. 15) criticizes Ito's effective demands. 

Both the econometric modeling in Ito and Gourieroux, et al, have adopted the 

Clower demand concept, Clower (1965). Quandt (1982) points out the disadvantage 

of the Clower demand in that Clower demands need not satisfy the budget con

straint. Svensson (1980) argues that the choice theoretic foundations of Clower 

demand are weak. All these potential conflicts are due to the fact, as pointed 

out in Portes and Quandt, among others, that so little about behaviors of agents 

under rationing are known and there does not exist an empirically relevant 

general theory of rationing. These arguments cloud the validity of the various 

formulations in the specification of the multi-market disequilibrium market 

models. 

In this article, we suggest a more basic approach on the specification of 

multi-market disequilibrium models which take into account spillover effects but 

without a priori hypotheses about how effective demands are determined. Our 

approach demonstrates that, while the effective demand theories may be interest

ed in theoretical inquiry, the explicit emphasis on the interpretation of effec

tive demands are unnecessary for econometric model formulation and estimation. 

Our approach utilizes the basic concept of fixed price equilibria defined in the 

theoretical literature and is built on a well specified microeconomic founda

tion. Our approach will also justify the compatibility of the approaches of 

Ito and Gourieroux, et al, from the mathematical point of view and it points out 

once again its nonnecessity on the interpretation of effective demands as actual 

behavior of agents for the formulation of multi-market disequilibrium models. 
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2. Fixed Price Equilibrium, Its Characterization and Spillover Effects. 

The study of fixed price equilibria, their existence and efficiency have 

drawn much attention in the theoretical literature, e.g., Dreze (1975), Laroque 

(1978), Nayok (1980) and Benassy (1982), among others. The concept of equilib

rium when prices are fixed has been established in Dreze (1975). The Dreze 

article has emphasized the exchange economy but its concept can be straightfor

ward extended to economies with production, see, e.g., Laroque (1978). A fixed 

price equilibrium is defined as a set of transactions that fulfill the following 

properties: (i) transactions balance on each market; (ii) transactions are the 

utility or profit maximizing ones, taking all constraints into account; and 

(iii) one does not find rationed demanders and rationed suppliers simultaneously 

in any market. 

To leave aside delicate aggregation problems, we follow Ito and Gourieroux, 

et al, to consider an economy with two represented agents, a consumer and a pro

ducer. There are n markets and m (m > n) commodities. Without loss of 

generality, let m = n+l. The m!h commodity is always in equilibrium without 

constraint and the n markets are referred to the remaining n goods. Let 

U(xl, ... ,xm) be the utility of the consumer which is assumed to be continuously 

differentiable. Some of the commodities may be labor supply quantities which 

have disutility. Without loss of generality, the first t goods are assumed to 

be such commodities. Therefore, the utility function is strictly decreasing for 

the first t goods and strictly increasing for the remaining goods. Further

more, U possesses some concavity properties which guarantee the existence of 

a unique solution of utility maximization on any convex set. Given the prices 

Pi' i=l, ... ,m with Pm = 1, and endowed income M, the notional demand 

functions 

(2.1) i=l, ... ,m 
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are solutions of the following utility maximization problem of the consumer, 

max {U(xl,···,xm)1 - Plxl - ... - PtXt + Pt+1Xt+l + ... 
(2.2) xl'""xm 

+ Pm-lxm-l + ~ = Ml. 

On the other hand, the producer possesses the production technology F(xl , ... , 

xm) = O. In general, F can be a multiple inputs and multiple outputs tech

nology which will be assumed to be continuously differentiable, strictly quasi

concave, increasing function of outputs and decreasing functions of inputs. The 

notional derived demand and supply functions 

(2.3) i = 1 , ••. ,m 

are solut.ions of the profit maximization problem of the producer, 

where the first t goods are inputs purchased from the consumer and the remain

ing goods are outputs. However, with rigid prices, the notional demands and 

supplies of (2.1) and (2.3) are not necessarily equal. Given the setting, a 

fixed price equilibrium is defined as the traded quantity vector Q, 

Q = (Ql, ... ,Qm)' such that it satisfies the following two properties: 

(I) the traded quantity vector Q is a constrained-optimum for both the 

consumer and producer in the sense that 

(2.5) U(Q) = max {U(x)lp!x = M, 
X 

x. < Q., 
1 - 1 

for all i=l, ... ,nl 

and 

(2.6) p~Q = max {p~xIF(x) = 0, x. < Q. for all i=l, ... ,nl 
x 1 - 1 
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where x = (xl,··.,xm)1 and p* = (-Pl' ... '-P~'P~+l, ... ,l)l; 

(II) for each market i, i=l, ... ,n, the consumer and the producer will 

not be simultaneously rationed. 

For econometric practice, these two requirements need to be characterized 

by some equivalent but operationally convenient conditions. This can be done 

with the concept of virtual prices originated in Rothbarth (1941) in the micro

economic literature. The virtual price concept has been shown to be a valuable 

tool for the analysis of household behavior under quantity rationing, Rothbarth 

(1941) and Neary and Roberts (1980), and for microeconometric modeling for con

sumer demand under rationing, Deaton (1981), and with limited dependent vari

ables, Lee and Pitt (1984). Consider the consumer constrained utility maximiza-

tion problem, 

(2.7) max {U(x)lp!x = M, xi ~ Qi' i=l, ... ,n}. 
x 

That the vector Q is the optimal solution of the constrained problem (2.7) can 

be characterized by the Kuhn-Tucker conditions: 

(2.8) 

aU(Q) = ~~+ p.A - <p. 0, <p. _> 0, i=l, ... ,~; 
aX i " , 

aU(Q) 
ax. 

J 
aU(Q) 

aXm 

p!Q = M 

= 0, 4>. > 0, j=R,+l, ... ,n 
J -

where A and <pIS are Lagrangean multipliers. Define 

/;i = - aU{Q} / aU(Q} i=l, ... ,JI.; ax· aXm 
(2.9) 1 

/;j = aU{Q} / aU{Q} j=JI.+l, ... ,n aXj aXm 
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which are the prices which support the quantity vector Q as the unconstrained 

utility maximization solution satisfying the budget constraint, i.e., 

(2. 10) i=l, ... ,n 

where C = M + ~~=l (Pi-~i)Qi + ~j=2+1 (~j-Pj)Qj' The prices ~i are known as the 

virtual prices at Qi and the income C is known as the corresponding virtual 

income. The Kuhn-Tucker conditions in (2.8) can be written equivalently as 

(2.11) 
P· > ~. , - , 
~. > p. 

J - J 

i=1, ... ,2; 

j=2+1, ... ,n 

given that Q has already satisfied the budget constraint. 

The corresponding Kuhn-Tucker conditions that characterize the vector Q 

as the optimal solution of the quantity constrained profit maximization problem 

of the producer, namely, 

(2.12) 

are 

(2.~3) 

max {p!xl F(x) = 0, xi ~ Qi' i=l, ... ,n} 
x 

-po - ,aF(Q) _ ~. = a ~. > a ,'-1 n 
, 1\ ax. u, ,u, _, - , ... ,,,, , 

P. - AaF(Q) _ w· = 0, w· > 0, j=2+1, ... ,n 
J aXj J J -

1 - A aF(Q) = a 
aXm 

F(Q) = O. 

Define the virtual prices for inputs at Q as 

n. = _ aF(Q) / aF(Q) 
, aX i aXm 

i=1, ... ,2 
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and the virtual prices for outputs at Q as 

_ aF(Q) / aF(Q) 
nj - aXj aXm j=~+l, ... ,n. 

These virtual prices support the quantity vector Q as the unconstrained profit 

maximization solution and hence 

(2.14) i=l, ... ,n. 

Given that the vector Q is on the production function, the Kuhn-Tucker condi

tions (2.13) can be rewritten equivalently as 

(2.15) 
n· > p. 

1 - 1 

p. > n· 
J - J 

i=l, ... ,t; 

j=~+l, ... ,n. 

Hence the optimality of Q in (I) is characterized by the inequalities 

bewteen the virtual prices and the fixed market prices, 

i=l, ... ,~; 
(2.16) 

j=~+l, ... ,n. 

Consider the inequality Pi ~~i in (2.11). If the strict inequality 

Pi > ~i holds, it implies obviously that the corresponding Lagrangean multiplier 

is strictly positive in (2.8) and the quantity constraint Xl' < Q. 
- 1 

is 

strictly binding at Qi' The consumer is rationed in the market i under this 

situation. On the other ha"nd, if Pi = ~i in (2.11), the traded good Qi is 

just binding and the quantity constraint xi ~ Qi for the i~ good is not 

effective. The consumer is not rationed in the market i for this case. 

Similarly, the producer is rationed in the corresponding market i if and only 

if ni > Pi' Hence the property (II) for the fixed price equilibrium simply 
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means that either Pi = ni or p. = ~. 
1 1 but never ni > Pi > ~i for any i, 

i=l, ... ,t; and never ~j > Pj > nj for any j, j=t+1, ... ,n. The property (II) 

has implications on market efficiency. Denote the indirect utility function as 

V(p,M). Given that Q is the optimal solution of (2.7), 

V(~l , ... '~n,l ,C) = max {U(x) I p!x = M, xi < Q., i=l, ... ,nl 
- 1 

(2. 17) x 

= max {U(x)lp!x = M, xi = Q., i=l, ... ,nl. 
x 1 

For the producer, let 1T(p) = max {p!xIF(x) = Ol be the profit function. We have 
x 

1T (n 1 ' ... , nn ' 1 ) = max {p!xIF(x) = 0, xi < Q., i=l, ... ,nl 
- 1 

(2.18) x 

= max {p!xIF(x) = 0, Xi = Qi , i=l, ... ,nl. 
x 

Consider for example one of the t goods, say the ith good, i E {1 ,oo. ,tL 
dV(~19'" '~n' 1 ,C) 

it imp 1 i es > o. 
aQi 

By Theorem 1 in the Appendix, if Pi > ~i' 

On the other hand, for the producer, ni > Pi implies a1T(n1, ... ,nn,1)/aQi> O. 

Hence if n. > p., i E {l, ... ,tl, the producer can increase his profit by 
1 1 

using more input Xi than the quantity Qi with adjustment on xm such that 

the input and output quantities are on the production function with the other 

quantities kept at the level Q1,···,Qi-1,Qi+1,···,Qn' Meanwhile, if Pi > ~i' 

the consumer can increase his welfare by increasing the supply of good i than 

Qi 'with adjustment on xm such that the budget constraint is satisfied. 

Therefore if n. > p, > ~., 
1 1 1 

both the welfare of the consumer and the producer 

can be improved upon and the trade would be inefficient. The property (II) 

assumes that the agents can always eliminate such inefficiency. In summary, the 

fixed price equilibrium Q is characterized by the conditions, 
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Pi = ni' i=l, ... ,t; 

~. > p. > n·, p. = ~J' or PJ' = nJ., j=t+l, ... ,n. J - J - J J 

When the consumer or the producer are rationed in some markets, there will 

be spillover effects to the other markets. This is the important nature of the 

multi-markets model. In our framework, the spillover effects are captured in 

the differences between the virtual prices and the market prices. For the con

sumer, if he is not rationed in the market i, the virtual price ~i will be 

equal to the market price Pi; otherwise, they are not equal. Suppose, for 

example, the consumer is rationed in the first k markets, k < n. His demand 

system will be 

i=l, ... ,n 

where C = M + Ek" __ l (~.-p.)Q. where Q. = Q. for i=t+l, ... ,n and Q. = -Q. ", " , , 
for i=l, ... ,t. The spillover effects of the rationed markets to the remaining 

markets are captured by the terms E1 in 

Q. = D.(p,M) + E~ " , i =k+ 1 , ... , n 

where 

For the producer, if he is rationed on the markets k+l, ..• ,n, the spillover 

effects to the markets l, .. o,k will be captured by the terms E~ in 

Q. = S.(p) + E~ " , i=l, ... ,k 

where 
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3. Clower Demands and Minimum Conditions. 

The specification of the multi-market disequilibrium models in both Ito 

(1980) and Gourieroux, et al (1980) has used the concept of Clower demands. The 

Clower demands have been interpreted as effective demands and have behavior 

interpretations. Much of the controversy occurs around their behavior inter

pretations. In this section, we will point out its role in our framework and 

justify the specification of Ito's and Gourieroux, et al's approaches from the 

mathematical point of view. 

Consider the ith utility optimization with the quantity constraints on 

all the goods except the ith one, 

max U(x) 
x 

(3.1) subject to p~x = M 

and Xj = Qj' j;i, j=l, ... ,n. 

The optimal solution of (3.1) for the i~ good, ~1, is a conditional demand 

function, 

(3.2) 

The Clower demands are obtained by solving optimization problems of the type in 

(3.1) for all i, i=l, ... ,n. The Clower demand vector is formed by the vector 

which has, as its ith component, the ith component of the ith optimization 

problem. It is apparent that the Clower demand vector need not satisfy the bud-

get constraint. Such a vector, however, can be used to provide equivalent 

characterization conditions for the fixed price equilibrium Q. 

As we have already shown in the previous section, the traded quantity vec

tor Q as a constrained optimum for the consumer is characterized by conditions 
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p. >~. for i=1, ... ,2 and ~. > p. for j=2+1, ... ,n. By Theorem 1 and , - , J - J 

Theorem 2 in the Appendix, it is apparent that Pi ~ ~i' i=1, ... ,2 are equiv-

alent to Di(p,MIQj' j~i, 

equivalent to Dj(p,M1Qk' 

j=l, ... ,n) ~ Qi; and 

k~ j , k= 1 , ... , n) > Q .. 
- J 

~. > p., j = 2 + 1 , . . . , n are 
J - J 

Hence the optimality of Q 

for the consumer tan be characterized by the following inequality conditions in 

terms of the Clower demand vector: 

(3.3) D.(p,MIQ·, j~i, j=l, ... ,n) > Q,., 
'. J -

for all i, i=l, ... ,n. By the same theorems, we show that Pi = ~i is equiv

alent to Qi = Di(P,MIQj' j~i, j=l, ... ,n). Similar analysis is applicable to 

the producer. Denote the optimal solution for the ith constrained profit max-

imization problem, 

max p~x 
x 

(3.4) subject to F(x) = 0 

and Xj = Qj' j~i, j=l, ... ,n 

for the i1!!. good as 

(3.5) 
-s x. = s.(pIQ., j~i, j=l, ... ,n). , , J 

By Theorem 3 and Theorem 4 in the Appendix, the optimality of Q for the pro

ducer can be characterized by the following inequalities: 

(3.6) s,(pIQ., j~i, j=l, ... ,n) ~Q,., , J i=l , ... ,n. 

Furthermore, Pi = ni is equivalent to Qi = Si(pIQj' j~i, j=l, ... ,n). Hence 

the fixed price equilibrium can be characterized by the conditions: 

i=l, ... ,n. 
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This analysis justifies Ito's specification and the use of Clower's demand vec

tor without behavior interpretations on effective demands. 

The specification in Gourieroux, et al (1980) differs slightly from Ito's 

specification. In their article, only a two market model has been explicitly 

specified, but that can be extended to the n market case with appropriate 

care. It differs from Ito's specification in the construction of conditional 

demand and supply functions in some regimes. The demand system for the consumer 

is (2.10): 

(3.8) i=l, ... ,n. 

The virtual prices ~ can be solved from (3.8) and are functions of p, M and 

Q, i.e., 

(3.9) i=l, ... ,n. 

Without loss of generality, consider the regime where the consumer is rationed 

in the first k markets, k~ n, and the producer is rationed in the remaining 

markets. For this regime, we have ~i = Pi for i=k+l, ... ,n and the remaining 

~'s can be solved from the following equations: 

i=l, ... ,k. 

The solutions of ~i' i=l, ... ,k, are effectively only functions of p, M and 

Qp '" ,Qk' i.e., 

Similarly, for the producer, ni = Pi for i=l, .•. ,k and 
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for this regime. From the theorems in the Appendix, p. :> ~. for i in , - , 
{l , ... ,Q.}, or Pi ~ ~i 

j1i, j=l, ... ,k);:.Qi' 

for i in· {Q.+l, ... ,n} is equivalent to Di(P,M!Qj' 

Furthennore, p. < n· for i in· {l, ... ,Q.}, or , - , 
Pl' ;:. n,' for i in· {Q.+l, ... ,n} is equivalent to S.(p!Q., j=k+l, ... ,n) > Q .. , J - , 

Hence this regime can be equivalently characterized by the conditions that 

Q. < D.(p,M!Q., Hi, j=l, ... ,k) , -, J 

for i=l, ... ,k; and 

Q. = D. (p,M! Q • , j = 1 , ..• , k) , , J 

for i=k+l, ... ,n. These conditions are equivalent to the following conditions 

from (3.7) for the characterization of the occurrence of this regime: 

Q. < D.(p,M!Q., j1i, j=l, ... ,n) , -, J 

for i=l, ... ,k; and 

Q. = D.(p,M!Q., Hi, j=l, ... ,n) , , J 

Q. < S.(p!Q., j1i, j=l, ... ,n) , -, J 

for i=k+l, ... ,n. Thus both the specifications by Ito and Gourieroux, et al, 

are consistent. They are equivalent ways to characterize the fixed price equi-

1 i bri urn Q. 
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4. Econometric Specification. 

For econometric implementation, stochastic elements will be introduced. 

The basic structures for the consumer are the demand functions 

(4.1) i=l, ... ,n 

where e is a finite dimensional parameter vector and u is an n-dimensional 

vector of random variables. For the producer, the derived demand and supply 

equations are 

(4.2) i=l, ... ,n 

where 0 is a finite vector of parameters and v is an n-dimensional vector 

of random variables. Given the exogenous price vector p, the observed depend-

ent variables are the traded quantities Qi' i=l, ... ,n in the n markets. 

For econometric implementation, the vector Q needs to be the unique equilib

rium for given p. The traded quantities satisfy the following system of equa-

tions: 

(4.3) ;=l, ... ,n 

and 

(4.4) j=l, ... ,n 

. 
where the virtual prices SiS and n's satisfy the conditions (2.19). Each 

regime corresponds to a pattern of market rationing on the consumer and the pro

ducer. For each market, either the producer or the consumer but not both is 

rationed. With n markets, there are totally 2n number of regimes. To sim-

p1ify notations, define s*i = ~S;t n*; = -ni for i=l, ... ,t, and s*j = Sj' 

n*j = nj for j=t+1, ... ,n. It follows that (2.16) can be rewritten as 

~*' > p*. > n*· J - J - J for all j, j=l, ... ,n. For each regime, the system of 
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equations (4.3), (4.4) and (2.19) determine a set of 2n endogenous variables, 

namely, the n traded quantities and the n virtual prices. Consider the 

regime where the first L markets are rationed for the consumer and the remain

ing n - L markets are rationed for the producer. For this regime, 

(4.5) Q = 0 (t' t' P P ,M + ~~ 1 (t' ._p.)i'i. ,·s ,u) i i "'l""''''L' L+l"'" n "'J= "'J J 4 J 
i=l, ... ,n 

and 

(4.6) j=l, ... ,n. 

The virtual prices satisfy the following inequalities: 

~*' > p*. 1 - 1 
i=l, ... ,L 

and 

p*. > n*, J - J 
j=L+l, ... ,n 

Given the joint distribution of (u,v), it implies through the transformations 

(4.5) and (4.6) a joint density for the 2n endogenous variables which will be 

denoted as f(Ql, ... ,Qn'~*l""'~*L,n*L+l, .•. ,n*n)' The contribution of an ob

servation from this regime to the likelihood function is 

g(Ql , ... ,Qn) 

= fP*n ... JP*L+l (Joo ... foo f(Ql, ... ,Qn'~*l""'~*L,n*L+l' 
_00 -~ P*L P*l 

... ,n*n~d~*l,···,d~*L)dn*L+l,···,dn*n· 

Without sample separation information, the likelihood function for one observa

tion Qt is 
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where gc denotes the likelihood function for Qt in regime c, and the sum

mation has taken over all the possible regimes. The lik:lihood function for the 

whole sample without serial correlation is L: 

The uniqueness of the fixed price equilibrium will guarantee that the like

lihood function L is well defined. Convexity properties for the utility and 

the production functions are not enough to guar~ntee that the equilibrium is 

unique. This has been clearly demonstrated in Ito and Gourieroux, et a1. Suf-

ficient conditions for uniqueness have been derived in Ito (see also Gourieroux, 

~t a1 (1980b)) for the linear expenditure system. Unfortunately, there are no 

general analyses on the uniqueness of the fixed price equilibrium in the litera

ture, except Schulz (1983). The theoretical literature on this topic has esta

blished so far the existence of the fixed price equilibrium. However, if the· 

traded quantity vector Qt is in the neighborhood of the unique competitive 

equilibrium for each t, the analysis with contraction mapping theorem in Ito 

(1980, pp. 122-123) or the analysis in Grouieroux, et al, can be extended to 

provide sufficient conditions to establish the uniqueness equilibrium in the 

neighborhood of the competitive equilibrium. A rigorous analysis on the local 

uniqueness of the fixed price equilibria can be found in Laroque (1981). Con

ditions for the global uniqueness of fixed price equilibria are derived in Schulz 

(1983). However, both the articles of Laroque (1981) and Schulz (1983) have 

considered only the pure exchange economy and have left out the production 

activities. The main condition for global uniqueness of Schulz is closely re

lated to the macroeconomic condition that the marginal propensity to consume 

is less than one. 
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5. Conclusions. 

In this article, we have considered fixed price disequilibrium market 

models. The specifications of such models in the econometric literature have 

been clouded by the different notions of effective demands and their behavioral 

interpretations. We point out that for econometric analysis and estimation it 

is unnecessary to emphasize the validity of effective demands as behavior 

responses to disequilibrium in the markets. The basic notion is on the concept 

of fixed price equilibrium. We consider the fixed price equilibrium concept 

introduced by Dreze. Econometric analysis can be proceded with the equilibrium 

concept. The technique used is based on the concept of virtual prices introduced 

in the microeconomic literature of quantity rationing. Microeconomic foundation 

can therefore be provided for the specification of multi-market disequilibrium 

models. We have also demonstrated that the specifications in Ito and Gourieroux, 

et a1, are compatible and consistent with our approach. Their differences are 

in the different but mathematically equivalent ways to characterize the occur

rence of different regimes of disequilibrium. 

The models can be extended to incorporate price adjustment equations in 

some ways. Such generalizations can be rather straightforward to be incorporat

ed into the econometric specification and will not be considered in detail here. 
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Appendix 

Indirect Utility Function and Profit Function Under Rationing 

Some useful theorems on indirect utility function and profit function under 

quantity rationing will be derived in this appendix. Consider the following 

utility maximization of the consumer with quantity rationing: 

(A.l) 

max U(xl' ... ,x ) 
x m 

and x. = XO , i' i=l, ... ,m-l. 

We note that the analysis in the appendix is applicable to ~ being a vector. 

Let x* = (xl, ... ,x~_l'x~)' be the optimal solution of (A.l); ~i' i=l, ... ,m-l 

and fl. m-l 
C, C = M + ~i=l (Pi-~i)xi + ~i=fl.+l (~i-Pi)xi' be the corresponding virtual 

prices and virtual income. To simplify notations, denote XO = (xi, ... ,x~_l) and 

€ = (~l""'~m-l)' We note that € = €(p,M,xO) and C = C(p~M,xO) are func

tions of p, M and xc. Let 

V(p,M) = max {U(x)lp~x = M}, 
x 

where p* = (-Pl, ... ,-Pfl.,Pfl.+l, ... ,Pm)' be the indirect utility function. It 

follows by the definitions of virtual prices and virtual income that 

For the subsequent analysis, the price vector p and income M are fixed param

eters and will be suppressed in the function € and C to simplify the nota-

tions. 



and 

that 

(A.3) 

(A.4) 

and 

(A.S) 
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i=l, ... ,Q.; 

j=Q.+l, ... ,m-l. 

Proof: 
av(€,Pm,C} m-l aV(€'Pm,C) a~j aV(€,Pm,C) ac 

aX
i 

= Lj=l -~a-'~J';';"" - aX
i 

+ aC -ax-
i

' i=l, .. "m-l. 

aV(€,Pm,C) aV(€,Pm,C) 
Roy's identity imDlies that a~. = xi aC for , i=l,.",Q. 

aC _ 
ax. - Pi , 

aC 
ax. = ~i , 

-x~ 
J 

for all j=Q.+l, ... ,m-l. Hence, it follows 

aV(~'Pm'C) Q. 0 a~; m-l a~j aC 
= (L x ~ - L x~ - + -). aC j=l j ax. j=Q.+l J ax. ax· , " 

it follows that 

Q. o ~ + m-l a~. 

- ~. o -=:J.. 
- Lj=l Xj ax. Lj=Q.+l x. a ' , J x. , , i=l, ... ,Q.; 

Q. o a~ j m-l a~ . 
o .=..:l. - p. - L. 1 Xj ax. + Lj=Q.+l x. a ' , J= J x. , , i=Q.+l, ... ,m-l. 

The results follow immediately from (A.4) and (A.S), which are substituted into 

(A.3). Q.E.D. 

As the marginal indirect utility of income is always positive, i.e., 
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aV(~'Pm,C)/aC > 0, the marginal change in the value of the indirect utility as 

the level of rationing is changed depends on the difference between its virtual 

price and its market price. 

For the commodities with disuti1ity, if we define zi = -Xi' i=l, ... ,t 

and denote 

u* will be an increasing function of all its arguments. The indirect utility 

function V in (A.2) as a function of the rationed goods will preserve some 

convexity properties of the direct utility function. This property will be use

ful for the proof of a subsequent theorem. 

Lemma 1: The indirect utility function V(~(xO),Pm'C(xO)) is (strictly) 

quasi-concave with respect to any rationed good xi' i=l, ... ,m-l if the direct 

utility function U*(zl"",Zt'xt+1"",xm) is (strictly) quasi-concave. 

Proof: Without loss of generality, consider the rationed good 1. Consider 

V(~(xO)'Pm'C(xO)) as a function of xl with other variables, namely, Pm and 

xi, i=2, ... ,m-l, as fixed parameters, and denote it as V(xl ). Let xl(O) 

and xl(l) be two different quantities of good 1, and suppose that V(xl(l)) 

~ V(xl(O)). Consider any A E (0,1) and xl(A) = Axl(l) + (l-A)xl (O). As in 

(A.2), let x~(O) and x~(l) be defined from the following relations 

In terms of U* defined in (A.6), we have 



-21-

and 

Define the convex combination Xm(A) = AX~(l) + (l-A)x~(O). By the quasi

concavity of U*, U*(zl(A),z2, ... ,z~,x~+1, ... ,x~_1,xm(A)) ~ V(xl(O)). By the 

optimality of the indirect utility function, 

and therefore V(Xl(A)) ~ V(xl(O)), i.e., V is a quasi-concave function of 

Xl. If U* is trictly quasi-concave, we have a strict inequality. Q.E.D. 

Consider a modified utility optimization with one of the quantity con~ 

straints deleted, say 

max U(xl' ... ,xm) 
xi,xm 

(A.7) subject to -Plxl - ... - p~x~ + P~+lx~+l + ... + Pmxm = M 

and - 0 • .".. x.-x., Jrl, 
J J 

j=l , ... ,m-l . 

-
The optimal solution of xi in (A.7) is a conditional demand function, i.e., 

(A.8) Xi = Di(P,Mlxj, j;i, j=l, ... ,m-l). 

The following theorem provides information about the location of the desirable 

demand quantity for good i with quantity rationing on the other m-2 goods 

and the location of the rationed quantity xi. 

and 
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for all i=l, ... ,m-l. 

Proof: To prove this theorem, we will prove the following equivalent 

properties: 

(a) aV(~(xO)'Pm,C(xO))/axi = 0 implies xi = xc. 
i ' 

(b) aV(~(xO)'Pm,C(xO))/axi > 0 implies x. , > x~; , 
and (c) aV(~(xO)'Pm,C(xO))/dxi < 0 implies x. , < x~, , 
where x. , is defined in (A.B). Under the condition in (a), Theorem 1 implies 

that ~i(xO) = Pi and hence xi = xi. To prove (b), we use counter-arguments 

and suppose ~i ~ xi. Under the condition in (b), there exists quantity x~ for 

good i such that x~ > xi and V(x~) > V(xi) where V was similarly defined 

in the proof of Lemma 1. Since 

and 

V(~i) = max {U(x)lp~x = M, 
x 

V(x~) = max {U(x}\ p~x = M, 
x 

x. = x~, j~i, j=l, ... ,m} 
J J 

x. = XO 
J j' j=l '0 •• ,m 

it is necessary that V(~.} > V(x~}. As x,' < x~ < x~, V(~.) > V(x~) and , - , ,-" - , 
V(xi } is quasi-concave with respect to xi from Lemma 1, it implies that 

V(xP ~ V(x~), which is a contradiction. Property (c) can simila.rly be proved. 

Q.E.D. 

For the producer, consider the following profit maximization problem with 

quantity rationing: 
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(A.9) subject to F(xl, ... ,xm) = 0, 

and xi = xi, i=l, ... ,m-l. 

Suppose that the optimal output m in (A.9) exists and is denoted as x~, the 

optimal value of profit ~R· as a function of input and output prices and the 

fixed quantities is a restricted prtfit function: 

where XO = (xl, ..• ,x~_l)" Without restrictions on input and output quantities, 

the profit maximization problem, max {p~xIF(x) = a} will imply an unrestricted 
x 

profit function ~u: 

~u = n(p). 

Let n = (nl, ... ,nm_l)' be the virtual price vector at the rationed quantities 

xo. The restricted profit function is related to the unrestricted profit func

tion via the virtual price vector: 

(A.10) 

The following result is an analogy to Theorem 1, which relates the marginal re

str.icted profit function with respect to the rationed quantities to the differ

ences between the virtual prices and their market prices. 

Theorem 3: for the input i, i=l, ... ,t; 

and for the output j, j=t+l, ... ,m-l. 

Proof: From (A.10), we have 
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for i=l, ... ,~. By the Hote11ing-McFadden duality theorem, an(n,Pm)/anj = -xj 

for input j; j=l, ... ,~ = x~ 
J 

for output j; j=~+1, ... ,m-1. 

Hence it follows that 

Similarly, we can prove that an(plxO) = p. - n.(xO) holds for the outputs 
aXj J J 

j=~+l, ... ,m-1. Q.E.D. 

Analogously to Lemma 1, we have 

Lemma 2: The restricted profit function n(plxO) is (strictly) quasi-

concave with respect to anyone of the rationed input or output i, i=l, ... ,m-l 

if the production possibility set {xIF(x) ~ a} is (strictly) convex. 

Consider the modified profit maximization problem (A.9) with the ; quantity 

rationing constraint deleted: 

max {p!xIF(x) = 0, Xj = xj, j~i, j=1, ... ,m-1} 
x 

-
and denote its optimal solution xi as Si(plxj, j~i, j=l, ... ,m-l). An 

analogous result to Theorem 2 is the following theorem. 

and 

Theorem 4: (i) an~i~xO)~o if and only if Si(plxj, Hi, j=l, ... ,m-l)~xi , 
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( 00) arr(plxO) 0 Of d 1 Of S ( I 0 °4° ° 1 1) 0 11 axo ~ 1 an on y 1 i P xj , Jr 1 , J= , ... ,m- ~xi 
1 

for all i=1, ... ,m-1. 

The proofs of this theorem and Lemma 2 are similar to the consumer analysis 

and are omitted. 
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