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1. Introduction 

SPECIFICATION TEST FOR POISSON REGRESSION MODELS 

by 

Lung-Fei Leeli 

May 1984 

For the analysis of counted data, Poisson distribution has played an important 

role. Recently, the model has been extended and formulated into regression frame

work and has been used to the study of effects of research and development expend

itures on patients issued to the firms in Hausman, et al [1981J and Hall, et al 

[1983J. Many other potential applications to economic problems have been pointed 

out in Hausman, et al [1981J. The Poisson regression model has also been used for 

the analysis of experimental and medical counted data; see, e.g., McCullagh and 

Nelder [1983J. There are recent developments on the analysis of counted data with 

nonlinear regression methods in both the statistical and econometric literatures. 

Wedderburn [1974J, McCullagh [1983J and Gourieroux, et al [1984J. Nonlinear re-

gression models have specified the mean regression function and/or the variance 

function and therefore are relatively robust against distributional assumptions. 

However, they do not capture the discrete and nonnegative nature of the counted 

data. Furthermore no inference can be drawn on the probability of event occur

rence. The specification of specific probability models such as the Poisson dis

tribution captures such features of the counted data and provides relevant infer

enGe on the probability aspects of the events. The Poisson model has its simple 

structure and can be easily estimated. It is an important member of the general

ized linear models (Nelder and Wedderburn [1972J). The generalized linear models 

are regression-type models which utilize the one-parameter exponential family of 

distributions and a common estimation methodology, namely the iterative weighted 

least squares. It provides a general framework for the analysis of various models 
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with continuous, discrete, duration or counted data. The general framework of the 

generalized linear models is developed by Nelder and Wedderburn [1972J and 

McCullagh and Nelder [1983J. However, the reliability of the Poisson distribution 

or any specific distributions for the fitting of empirical data need to be valua

ted. While it is known that the regression coefficients may be consistent as long 

as the mean regression function is correctly specified; see Wedderburn [1974J and 

Gourieroux, et al [1984J, the estimated probabilities of events are not. There

fore, it will be useful to provide distributional tests for the Poisson regression 

models. 

The specification of the Poisson models will be tested against some general 

models for the analyses of counted data. We will consider the test of Poisson 

models against negative binomial distribution, general family of discrete distribu

tions based on Pearson's difference equation and series expansion of distributions. 

Information matrix test developed by White [1982J will also be considered and will 

be compared with our test statistics. 
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2. Poisson Regression Model and Maximum Likelihood Estimation 

Counted data is characterized by the properties that the sample space of ran

dom variate Vi is the set of non-negative integers and there may be no finite 

upper limit on the values that may be observed. The Poisson probability distribu-

tion for V. is , 
-A. y. 

(2.1) ) " P (V. = y. = eA. / y.! 
" " 

Yi=0,1,2, ... 

where Yi denotes the realized value of the random variate Vi' The mean of Vi 

is Ai' Given a vector xi of k exogenous variables for sample i, a popular 

link function is the log linear functio~ 

This Poisson regression model has been specified in Hausman, et a1 [1981J and 

McCullagh and Ne1der [1983J. The variance function, var(Yi)' 

since the variance of the Poisson distribution equals the mean. 

x·s 
is var(y.) = e ' 

1 

Given an independent sample of size N, the log likelihood function is 

(2.3) 

Since the score vector is 

(2.4) 
L N x. S 
~ = E x,-: (Y,. - e ' ), 

d S i=l 

-
the maximum likelihood estimate (MLE) S of s is the solution of the following 

moment equations: 

(2.5) 
N N x. S 

~ x~ y - ~ x-: e ' . 
~i=l i i - ~i=l , 

The second-order derivative matrix is 
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(2.6) 

which implies that the log likelihood function is concave. Under the regularity 

assumption that L~=l Ai xixi is positive definite for all S, the log likelihood 

function is strictly concave and the MLE is unique. The MLE can be derived by an 

iterative weighted least squares procedure which is also the method of scoring and 

the Newton's method for this instance because the second-order derivative matrix 

is a constant. Let ~i (n) = eXiS(n), where 8(n) is the estimate of S at the 

~ iteration, be the weights at the n+1 th iteration. The estimate of S at 

the n+1!h iteration is 

(2.7) 

= (L~ ~.(n) x~x.)-l L~ ~.(n) x~~~n) 
1=1 1 1 1 1=1 1 1 1 

" " 
." (n)" . Xi Sen) xi S(n) 

where zi = xiS(n) + (Yi - e )Ie can be regarded as the dependent 

variable at the ~ iteration in a weighted least squares procedure. The 
N " .. -1 . A 

(L. 1 A. xl; X. ) W1 th A. = 
1 = 1 1 1 

as~ptotic covariance matrix can be computed as 
x. S 

e 1 • This iterative weighted least squares procedure can be generalized for the 

estimation of all generalized linear models in McCullagh and Nelder [1983]. 
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3. Specification Test of Poisson Model Against a Broad Class of Discrete 
Distributions 

A special feature of the Poisson model is that the variance and the mean are 

exactly equal. To test this restriction, it is of interest to consider a simple 

system defined by the following difference equation: 

P j+ 1 = A + yj 
P. l+j 

J 
(3.1) j=O,1,2, ... ;A>O, y<l, 

where Pj denotes the probability that Y=j, with Pj +r = 0 for all r > 0 

whenever A + yj < O. The discrete distributions implied by (3.1) have been 

studied in Katz [1963]. The mean ~ of this system of distribution is 

(3.2) ~ = 1 - y 

and the variance 0
2 is 

2 A 
o = -~-~ 

(1 _ y)2 
(3.3) 

(see, Johnson and Katz [1969], pp. 36-41). The variance mean ratio is (1 _ y)-l 

which is equal to 1 if y=O and may be greater than or less than 1 if y;O. 

Indeed, when y=O, the distribution is Poisson with parameter A. If 0 < y < 1, 

it is a negative binomial distribution with parameters A/y, y/(l-y) and 

(3.4) j=O,1,2, .... 

The negative binomial distribution has variance mean ratio greater than 1, and 

is an often used alternative for Poisson distribution to capture over dispersion 

of the data. When y < 0 and (-A/Y) is an integer, it is a binomial distribu

tion with parameters -A/y and -y/(l-y) and 
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(3.5) j=0,1,2, ... 

where the variance mean ratio is less than 1. If (-A/Y) is not an integer, 

there is some other distribution with less than unit variance mean ratio. This 

broad class of distributions is of interest because there are no restrictions on 

the value of the variance mean ratio and contain the Poisson distribution and some 

interesting alternatives as special cases. 

To generalize the system to incorporate regressors and contain the Poisson 

regression model as a special case, we adopt the link function (2.2) for A and 

assume that y is a constant parameter. This implies that the variance (3.3) is 

heteroscedastic but the variance mean ratio is constant. To test the Poisson 

distribution in this framework, it is equivalent to the test of y=O. Hence the 

null hypothesis is HO: y= O. We will consider the score test of Rao [1965J. 

Equation (3.1) implies 

j (" .) 
P
J
'+

l 
= (IT A + r~J-l:)p 

i=O 1 + J - 1 a (3.6) j=0,1,2, ... 

where Po = 1 - Lj=l Pj . It follows that 

tn Pj+l = L~=O [tn(A + y(j-i)) - tn(l + j - i)J + tn Po 

and 

(3.7) 
atn Pj+l = j j-i atn Po 

ay Li=O A + y(j-i} + ay j=0.1,2, .... 

atn P 
The derivative ay a can be derived by the following general procedure. Con-

sider the following general equation: 

(3.8) f(j) j = 0, 1, 2, ... 
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where f(j) is a function of j. Equivalently, it is 

(3.9) 

The summation of (3.9) over j is 

"" aPj+~_ "" f(')P 1 aPO "" 
Lj=O oy = Lj=O J j+l + Po ay Lj=O Pj +l · 

aPO aPe 
Since Po = 1 - Lj=l Pj , it follows that ay = -Lj=l ~ and hence 

(3.10) 
atn Po 

ay = -Lj=O f(j)Pj +l · 

Define f(i) = 0, whenever i < o. The expectation of f(i-l), i = 0, 1, 2~ ... , 
atn PO. 

is E(f(i-l)) = L;=_l f(t)P t+l and therefore ay = -E(f(1-1)). It follows 

that equation (3.7) can be rewritten as 

(3.11) 
a 1 hPJ' + 1 . .. 1 1 i. -1 _ ft 

- _t;J J-l E(r- s.) 
ay i-O ).ty{j-i) - 1-0 A+y(j-l-t) 

Under the null hypothesis HO: y = 0, 

(3.12) j=0,1,2, .... 

It is well known that the summation of the arithmetic progression series is 

Therefore, equation (3.12) is simply 

(3.13) 
3tn Pj 

3y 
= -21 (j -1)j - ~ E ( (i -1);) 

HO A ~A HO 
j=0,l,2, .... 

It is well known that the ~ factorial moment of Poisson distribution is 

EH (y(y-l) ... (y - r+l)) = Ar 
o 

Therefore, equation (3. 13) becomes 

r= 1, 2, .... 
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) 

atn P j _ 1 . . 2 
ay - H - 2f [(J -l)J - A ]. 

a 
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With an independent sample of size N, the efficient score vector evaluated 

under HO follows from (3.13 1
): 

(3.14) a tn L 1 N 1 [ ( ) 2J ay HO = 2 Li=l Ii Yi - 1 Yi - Ai . 

1 "N 1 "2 The score test is based on the random variate ~ ~ -- [(y l)y - A] where l'N i=l" i - i i 
" x. S "Ai 
A. = e 1 evaluated at the Poisson MLE s. This test s~atistic is to compare the 

1 

estimated weighted sample factorial moment of the second order with the theoretical 

second factorial moment implied by the Poisson regression model. The power of the 

test is due to the fact that the second factorial moment of the general Katz system 

is A(A+y)/(1-y)2 which differs from the second factorial moment of the Poisson 

model when y ~ O. To complete the test statistic, one needs to derive the asymp

totic covariance matrix of the random variable i, which is defined as 1 atn L I" 7N ay s, 

i . e. , 

(3.15) " 1 N 1 "2 
T = rN L l' = 1 .,....- [(y. -1)y. - A. ] • Ai 1 1 1 

" The asymptotic distribution of this random variable T under HO depends on the 
" 

asymptotic distribution of the Poisson MLE S because EH [(yo - A.)((y, - l)y. -a 1 1 1 1 
A~)] = 2A~. It is well known for test score statistics that the covariance matrix 

of the limiting distribution of j= a~n L Is under HO is lim ~ EH (a~n L a;n ",L 
a2tn L (a 2tn L -lltn L) N • y, . N-+oo a y y 
ayas'" asas"') aeay'" . So a stra1ghtforward procedure 1S to evaluate the above 

matrix. However, for this model, it is possible to follow some simple alternative 

procedures and to use equivalent quantity that will be asymptotically independent 

with the asymptotic distribution of the restricted MLE. 

As usual, we assume that the exogenous variables vector x contains a constant 
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A 

term. Therefore ~~=1 (Yi - ~i) = O. An equivalent form for T in (3.15) is 

A 1 N .1 A2 A 

T = -:= E. 11."'- [(y. - 1) y. - A. J - 2 (y. - A.)}. 
vN 1= Ai 1 1 1 1 1 

1 N 
The random variable ~ Ei=l {t- [(Yi - l)Yi - A~J - 2(Yi - Ai)} is asymptotically 

1 1 2 
independent with /N{S - B) 

2{y. - A.)J = 2A. - 2A. = O. 1 1 1 1 

under HO since EHO{(Yi - Ai)[Ii ({Yi - l)Yi - Ai) -

Furthermore,3/ 

EH {.J- [(y. - 1) y. - A ~ J - 2 (y. - A.)} 2 
a I\i 1 1 1 1 1 

2 (y. - A.) y. - A. 2 
= E {1 1 1 _ 1 1} 

Ho Ai Ai 

= 2. 

Under some regularity assumptions, for example, the samples are independent, the 

parameter space is compact, the regressor vectors Xi are uniformly bounded and 

N
1im ~ E~=l Ai xixi is positive definite at the true parameter BO' one can show 

-+00 

with the Liapunov-Centra1 Limit Theorem that 

1 N 1 A2 
(3.16) - ~·-1 ~ [(Y1· - 1)Y1· - A1·J /2N 1- Ai 

is asymptotically normal N(O, 1) under HO' This provides a rigorous test 

statistic for the testing of Poisson distribution. This statistic is computation

ally simple and is intuitively appealing. 

The statistic has utilized the second-order factorial sample moments. It is 
. 

possible to generalize the above model and approach to utilize some higher order 

moments in addition to the second-order moment to test the Poisson distribution. 

A more broad system of discrete distributions can be generated by Pearson differ

ence equation (see Ord [1972J, Ch. 5). The distributions that are of interest 

for our purpose are generated by the following difference equation: 
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(3.17) 

This system reduces to the Katz system when Y2 = O. The null hypothesis for the 

Poisson model is HO: Yl = 0 and Y2 = O. With similar arguments, one can show 

that 

(3. 18) ~ = -2 E'=l ~ [(yo - l)y. - A.] atn L I 1 N 1 2 
aYl nO ' I\i ' , , 

(3.19) 

A 

The score test statistic can be based on the following random variables Tl and 

TA = 1 EN _1 [(v 1) A2] 
1 iN i=l ~i "i - Y i-Ai ' 

T2 = ~N EN"=l {""""-3
1 [y.(y. - l)(y. - 2) - ~~] + (L - J.)[y.(y. - 1) - ~~]}. • Ai" , , Ai c.. , , , 

A 

The quantity Tl is the same one as in (3.15). The asymptotic distribution of 

T2 depends also on the asymptotic distribution of ~(s -s). However, it can be 

easily shown that the random variable T2, 

- 2(y. - A.)} , , 
in addition to Tl , 

1 N 1 2 
T, = 0N Ei=l {Ai [(Y; - l)Yi - Ai] - 2(Yi - Ai)} 

are both asymptotically independent with ~ E~=l xi(Yi - Ai) under HO' The co-
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variance matrix of the limiting joint distribution of Tl and T2 under HO is 

1 . 1 N 
~ = 1m -N E1·=1 ~. 

N +"" 1 

where 
1 
2\+2 ] 
1 2 8 
2 Ai + '3 Ai + 2 

Hence we can use the test statistic 

~ 

where ~i is evaluated at S, for the test of the Poisson model. This statistic 

is asymptotically chi-square distributed with two degrees of freedom under HO and 

has utilized the third-order sample factorial moments in addition to the second

order sample factorial moment. 
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4. Test for Poisson Model Against Negative Binomial Distribution as a Compound 
Distribution 

A popular alternative model instead of the Poisson distribution is the negative 

binomial distribution model. Negative binomial distribution can be generated by 

Poisson distributions with heterogenous population. If the parameter A in the 

Poisson model is random across population and is distributed as a gamma random 

variable with parameters (a, 0) and density function 

(4.1) a > 0, 0 >0 

where rea) is the gamma function, the Poisson-Gamma compounded distribution is a 

negative binomial with probability function, 

(4.2) 
P(Y = y) = 

Y -A 
[A e ]dA 

y! 

= r (a + y) (l)a ( 0 )y 
r(a)r(y + 1) 1 + 0 1 + 0 . 

To test the Poisson distribution in this structural framework, it is to test that 

the distribution of A is degenerate. 

For regression-type models, there are different ways to incorporate regressors 

in the model. Two specifications have been considered in Hausman, et al [1981]. 

One of the specifications is to assume that the parameter ai in the gamma den

sity function of Ai is a function of xiS. specifically, 

and the parameter 0 is a constant. The mean function of Ao 
1 

is aio and the 

variance function is For this negative binomial regression model, the mean 

regression function 11 0 = E (y 0 I x . ) 
1 1 1 

is 
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and the variance function cr~ = var(Yi1xi) is 

(4.5) cr~ = 0(1 + o} exp(xis). 

This specification implies that the variance mean ratio of the negative binomial 

regression model is a constant (1 + 0). To test the Poisson model within this 

structure, it is convenient to reparameterize the model. o Define w = 1 + 0 and 
o n = a l + o' The probability function (4.2) in terms of wand n is 

r (.!l + y) nl w 
P (Y = y) = w (l-w) wY. 

r(.!l)r(y+l) 
(4.2' ) 

w 

The mean of A is n(l-w)-l and the variance is n(1-w)-2w. The link function is 

now specified as 

(4.6) ni = exp(xis) 

for sample i and w is an independent parameter. As w goes to zero from the 

right, the variance of Ai tends to zero and the mean tends to exp(xis). It 

follows that a test for the Poisson model is to test HO: w = O. 

Equation (4.2 ' ) implies that 

P(Y. = y. + 1) n. + wy. 
--;~1T;---,-1--.~ = -...;..1 -,-_~1, 

p(Y. = y.) , + y. ' 
1 1 1 

n· > 0, a < w < 1 
1 

which belongs to the Katz difference equation system (3.1) with a < w < 1. The 

difference between this structure with that of the general Katz system is that the 

parameter w = a for HO is now a boundary point on the parameter space (0, 1) 

of w instead of an interior point on (_00, 1). This suggests that the one-sided 

test should be more powerful when the alternative distribution is negative bi-
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nomial. The test statistic is the one in (3.16), i.e., 

(4.7) 
1 N 1 A2 
- I. -1 -;:- [(y. - 1) y. - L ] I2N ,- Ai ' , , 

which is asymptotically normal N(O, 1) under 
'2 

(y. - L) 1 

1 2 
HO· As ~ [(Yi - l)Yi - Ai] = , 

'A. ' - 1 + (2 - ~)(Yi - Ai)' under Hl , 
, 2 ' 

1 2 E(;--[(y. -l)y. - LJ) = 
I\. • , , , , 

(y. - L) 
E(' ') - 1 = ±- eXP(Xi S)(1-w)-2 - 1 = 1 2 - 1 which is positive as 

Ai i A (l-w) 
o < w < 1. The Poisson MLE S is solved from the moment equation (2.5). Under 

Hl , sin~e the mean function Pi of Yi is (l-w) exp(xis), one can show that 
x·s 

plim e' = Pi' Therefore, under Hl , 
N+ro 

1 . 1 N 
P ,m N Ii=l 
N+oo 

1 [( 1) - ~~J r. Yi - Yi , 
, A 2 

=plimlI~ 
N+ooN ,=1 

(y. - A.) 1 A 

{-'-A ' - 1 + (2 - -;:-) (y. - A.)} 
, . ',' , , 
/\"A 2 I\. 

1· 1 N = P ,m N Ii=l 
N+oo 

(y. - A.) l' 
{' , - 1 - -;:- (y. - \.)} 

Xi Ai" 
.1 N 1 2 A A2 

= pl,m -N I. 1 {,.- [(yo - A.) + 2(y. - L)(A. - A.) + (A. - A.) ] 
N + 00 ' = Ai ., A ' "" , 1 

y. - L A. - A. 
1 -' , '" '} 

Ai Ai 

= P 1 i m ~ I ~ = 1 ~ (y i-A i ) 
2 

- 1 
N+oo , 

= 1 1 2 -
(l-w) 

which is positive for all w, 0 < W < 1. Hence the one-sided normal test should 

be used. With significance level a and critical value c, c > 0, the null 
a a 

hypothesis HO is rejected if ~ I~=l Ii [(Yi-l}Yi - \~J > Ca· 

Another regression type specification is to assume that the parameter Ai in 

the Poisson model is a function of observed exogenous variables vector xi and un

observable variable vi with 
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(4.8) A. = exp(x.B + v.) 
1 1 1 

= exp(xiB) . ui 

where u. = exp(v.) and is independent with Xl" The specification in Hausman, 
1 1 

et al [1981J assumes that ui is gamma distributed. It is convenient to standard-

ize the random variable ui to have unity mean. 

1_ 2 
ui

o exp(-ui(l-o)/o) 
g (u

l
·) = --=----...----=----

1 1 
o 6" - 1 

(1-0) r(-6" - 1) 

The density function of u. 
1 

is 

with var(ui ) = l~o' The null hypothesis is HO: 0 = O. It follows that Ai has 

a gamma distribution with mean function exp(xiB) and variance function 

l~n exp(2xi s). The mean regression function ~i for Yi is ~i = exp(xis) and 

the variance function cr? is cr? = exp(x.s)[l + 10~ exp(xl.B)J. The variance mean 
1 1 1 -u 

ratio is a function of xi' The probability function of Yi for given xi 

1-0 
(4.9) 

r(¥+Yi) 1 -0-
---'------::-

y. 
1 

r ( 1 ~ 0 
) r (y i + 1) 

Suppressing the index i 

o 
where 8 = 1-0' and 

and denoting 

_0_ eXf3 
1-0 

1 + _0_ eXf3 
1-0 

o xiS 
1 + 1-0 e 

P. = P (Y = j), 
J 

(4.10) j eXB . 1 + 8(j-R.))p 
PJ' + 1 = (II 1+ j - R. X 8 0 . 

R.=O 1 + 8e 

it impl ies that 

is 

The null hypothesis for the Poisson model is HO: 8=0 and the alternative hypothesis 
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with this structure is H1: 8 > O. This also suggests a one-sided test. Similar 

to the derivation of equations (3.8)-(3.13), one has 

(4.11) 
3 Q,n P. 1 . (. 1) 1 2 
_~J,-+_ = JJ+. _ (j+ 1 )eXS + _ (eXS ) 

38 HO 2 2· 

With an independent sample of size N, the score vector with respect to 8 
h 

evaluated at the Poisson MLE S is 

(4.12) 3Q,n L /h _ ~N {Yi(Yi - 1) ;,. + ~ ~2,.} 
38 S - L.i=l 2 - Yi 1\ Co 

h 

where Ai = exp(xis). 
N h 

The latter equality holds because Ii=l (Yi - Ai) = o. Under HO' 

EH {(y. - A.)[ (y. - A.) 2 - A. - (y. - A.)]} = EH (y. - A.) 3 - EH (y. - A.) 2 = 
0' , , , , " 0" 0" 

2 2 2 
Ai - Ai = 0, and EHO {(Yi - Ai) - Ai - (Yi - Ai)} = 2Ai· Hence the test 

statistic 

(4.13) 
N h 2 h / N h2 

I,·-_l [(yo - A.) - A.] / 12 I. 1 A. , , , ,=, 
is asymptotically normal N(O, 1) under HO. Since the mean function of Yi is 

h 

exp(xis), the Poisson MLE S is still consistent under Hl (see Gourieroux, et 

~ [1984]). Hence 

1 N x. S 2 xiS xi S" xi S h 2 
= p1im - I. [(Y,. - e ' ) + 2 (y,. - e )(e - A,.) + (e - A,.) 

N-rooN ,=1 

- ~.J , 
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1· 1 N (2 ) = 1m N 2:i=l cr· - A. 
N-+oo 1 1 

1 · 1 N (2) = e 1m N 2:i=l exp xiS 
N-+oo 

which is positive under Hl . This suggests that the one-sided normal test should 

be used. With ex level of significance and critical value c, c > 0, the 
ex ex 

Poisson specification is rejected within this framework if 

N A 2 A / N A2 
2:. 1 [(y . - A.) - A. ] > c 12 2:. 1 A •• 1= 1 1 1 ex 1= 1 

This statistic has compared the estimated sample variances with the estimated 

Poisson variances. This statistic (4.13) is different from the statistic (4.7) 

which compares the weighted sample second-order factorial moment with the Poisson 

second-order factorial moment. The differences reflect the different sources of 

unobservable heterogeneity. When there are no exogenous variables in the model, 

the two specifications are apparently identical and the two test statistics are 

the same. 
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5. Series Expansion With Poisson Distribution 

In the previous sections, we have considered the test of Poisson models 

against the negative binomial distribution and some broad classes of discrete 

distributions. All the derived test statistics have utilized the second-order 

moments or factorial moments and compared them with the hypothesized Poisson mo-

ments. A common feature of these alternative distributions is that the variance is 

not equal to the mean. Thus the derived test statistics with second-order sample 

moments will not necessarily be consistent if the true alternative distribution 

has the same first two moment functions as the Poisson regression model. For this 

situation, it is useful to consider the alternative distributions which can be 

represented by series expansion with discrete orthogonal polynomials around the 

Poisson model. 

Based on the Poisson distribution with parameter A, the orthogonal poly

nomials are known as the Charlier Type B polynomials with the forms 

where i(j) = i(i-l) ... (i-j+l) and Gk(i) is a discrete polynomial of order k. 

A series expansion of a discrete distribution PCY = y) around the Poisson dis-

tribution is 

where 

( )-1 k (k)( )j k-j (5.3) ak = k! Ej=O j -1 A ~(j) 

with ~(j) being the j~ factorial moment about the origin (see Ord [1972], p. 

111). As usual, we will be interested in the first few terms. The truncated 

series 
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has the same first r moments of (5.2) since E;=O Gk(~)P~ = akk!. It1s obvious 

from (5.3) that, when the first k factorial moments ~(j)' j = l, ... ,k, equal 

the first k factorial moments of Poisson distribution, i.e., ~ -, j 
~(j) - 1\ , 

zero. Hence we can impose a priori moment restrictions on the series expansion and 

test some of the remaining restrictions implied by the Poisson model. From (5.3), 

it is apparent that al = A - ~l where ~l is the mean of the series expansion 

distribution. As there is no restriction imposed on the mean, al can be set to 

zero. Hence (5.4) becomes 

To test the Poisson regression model, we assume, for simplicity, that the ak, 

k = 2, ... ,r, are constants and are not dependent on xi' Hence the null hypothesis 

in this framework is HO: a2 = a3 = ... = ar = O. The log likelihood function is 

It fo 11 ows tha t 

(5.7) j=2, ... ,r 

and 

(5.8) j=2, ... ,r. 

In particular, for j = 2, 

(5.9) a~n L I E~ {E~ (~}A~-j(-l)jyP}} 
aa2 HO = 1=1 J=O J 1 1 

= E~ 1 { [ (y. - A.) 
2 - A. ] - (y. - A.)} 1= 1 1 1 1 1 



-20-

and for j = 3, 

(5.10) 

N 3 2 = r. l{-[(Y. - A.) - A.] + 3[(y. - A.) - A.] + (3A. - 2) ,= , , , " , , 
.(y. - L)}. , , 

Hence if we use r = 2, we have a test statistic based on the comparison of the 

second-order moments which is exactly the same test statistic in (4.13) except that 

one shall use the two-sided test here. For r = 3, the test statistic will be 

based on the gradients in (5.9) and (5.10) evaluated at the Poisson MLE s. If 

there are a priori information that the first two moments are equal, a2 will be 

zero and the test statistic can be based on the distribution of 1 31n L I;. iN 3a3 J..> 

Under HO' we have 

(5.11) 3 2 
EHO{(Yi - Ai)[-«Yi - Ai) - Ai) + 3«Yi - Ai) - Ai) + (3A; - 2)(Yi - Ai)]} 

2 = -(A. + 3A.) + 3A. + (3A. - 2)Ao , , , , , 
= a 

which implies that the limiting distribution of ~ ~ln L I~ does not depend on 
A N a3 J..> 

the asymptotic distribution of !N(B - e). Furthermore, 

3 2 2 
EHO {-[(Yi - Ai) - Ai] + 3[(Yi - A;) - Ai] + (3A; - 2)(Yi - Ai)} 

_ 3 
- 24Ai· 

Hence the test statistic 
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(5. 12) 

N A 

1 ~ i = 1 { 3 Ai (y i -

124 

A ""'2 A "3 .... 
A.) + 3[(y. - A.) - A.] - [(yo - A.) - A.]} 

1 11 1 11 1 

(L~=l ~f) 1/2 

is asymptotically normal N(O, 1) under HO' 

All the above statistics are derived from the efficient score procedure. 

There are other diagnostic test procedures that may also be of interest. White 

[1982] has derived a chi-square test based on the comparison of the cross product 

of the gradient vector of the restricted log likelihood function with its cor

responding second-order derivatives. White's specification test is known as the 

information matrix test. For the Poisson model, the information test will compare 

the matrix ~ ~~=l (Yi - ~i)2 xixi with the second-order derivative matrix 

N
l ~~ 1 ~. x~x .. Since the basic difference between the two matrices is the dif-

1 = 1 1 1 

ference (Yi - ~i)2 - ~i for all i, the information test (using the first diagonal 

element only) is exactly the test statistic (4.13) using the estimated second sample 

moments. The information test procedure will be inconsistent against alternatives 

in which the first two moments are correctly specified as in a Poisson regression 

model. This is so because under those alternatives E(~ ~~=l (Yi - Ai)2 xixi) = 
1 N N ~i=l Ai xixi · This phenomenon occurs not only for the quasi-Poisson likelihood 

function but also for a general class of (quasi) exponential family distributions 

(see Weddenburn [1974]). The test statistic derived from series expansion distribu-

tions will overcome this problem. 
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6. Conclusion 

In this paper, we have considered the specification test of the Poisson re

gression model for the analysis of counted data. The Poisson regression model is 

an important member of the generalized linear models and can be estimated by 

iterative weighted least squares. However, there are strong structures imposed by 

the Poisson distribution on the variance function. The variance function is exact

ly equal to the mean function. We have considered the test of the Poisson regres

sion model against the negative binomial distribution and some broad classes of 

discrete distributions. These test statistics have all utilized some estimated 

second-order sample moments and compared them with the corresponding Poisson mo

ments. These specification tests are basically some formal residual analysis 

statistics. We have also considered the use of series expansion of distributions 

with orthogonal polynomials. The convenience of the latter approach is that one 

can impose a priori moment restrictions on the expansion and test some of the re

maining moment restrictions imposed by the Poisson distribution. 
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Footnotes 

1. I appreciate having financial support for my research from the National 

Science Foundation under grant SES-8441561 to the University of Minnesota. 

2. A link function is defined in McCullagh and Ne1der [1983J as a function 

g which relates the linear function ni = xiS to the mean ~i of Yi' i.e., 

~i = g(xis). 

3. For the evaluations above, the recurrence relation among central moments 
a~ 

of the Poisson distribution, ~r+1 = AYV r _1 + AaA
r where ~r = EHO(Y - A)r. 

is very useful. 
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