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ABSTRACT 

Some similarities between the simultaneous equation Tobit model and the 

consumer demand and production systems with limited dependent variables are 

addressed. Such systems have their distinctive features for parameter 

identification. We consider the identification of some consumer demand and 

production structures without price variations across samples. The linear 

expenditure system and translog indirect utility function for consumers demand 

and the translog profit function for production economics with binding non-

negative constraints are analyzed. The presence of binding nonnegative con-

straints has effects on the identification of all the parameters in the non

homothetic translog indirect utility function and the translog profit function 

but not the linear expenditure system. 
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1. Introduction 

IDENTIFICATION OF CONSUMER DEMAND AND PRODUCTION 

SYSTEMS WITH LIMITED DEPENDeNT VARIABLES 

by 

Lung-Fei Lee(*) 

June 1984 

Consumer demand and production systems have been studied extensively in both 

the theoretical and empirical economics literature; see, for example, Theil [1975, 

1976], Deaton and Muellbauer [1980] and Phlips [1983], among others. The traditional 

empirical studies with aggregated data do not consider the presence of binding 

nonnegative constraints. Several recent household budget surveys from both the 

developed and developing countries contain detailed information on the" demand for 

disaggregated commodities; see, Deaton and Irish [1982], Wales and Woodland [1983], 

Pitt [1983a, 1983b] and Strauss [1983]. A common attribute of these data sets is 

the presence of nonconsumption of certain commodities for some households. Such 

samples contain limited dependent variables in that zero expenditures on some goods 

occur with finite positive probabilities. 

As is well known, a system of demand equations is the result of utility 

maximization subject to a budget constraint. The specification of demand systems 

with limited dependent variables must also be compatible with demand theory. This 

issue has been addressed in the articles by Wales and Woodland [1983] and Lee and 

Pitt [1983, 1984]. The Wales and Woodland's approach is a direct random utility 

approach in which the Kuhn-Tucker inequalities determine the zero demanded quantities. 

Lee and Pitt [1983, 1984] provide a general framework based on the concept of 
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virtual prices in which both the direct and dual utility approaches can be used. 

In this article, we point out the similarity of the structures of consumer 

demand and production systems with the structures of the conventional Tobit model 

(Tobin [1958J) and the simultaneous equation Tobit model (Amemiya [1974J). The 

simultaneous equation Tobit model has some special identification features that differ 

from the conventional simultaneous equation models; an example has been pointed out 

in Lee [1976J. This motivates the investigation of the possibility of identification 

of some consumer demand and production systems when there are no price variations 

across samples in cross sectional data. Since parametric identification depends on 

the specification of functional forms of the systems, our analysis will focus on some 

specific systems. For the consumer demand analysis, the linear expenditure system 

and the demand system, derived from the indirect utility function, are analyzed. 

For the production analysis, the translog profit function will be analyzed. These 

systems are analyzed either because of their simple functional form or their 

flexibility and popularity in empirical studies. 
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2. Consumer Demand, Production Structures and Tobit Models 

The econometric models of consumer demand and production structures with binding 

nonnegative constraints set out in Wales and Woodland [1983J and Lee and Pitt [1983J, 

have structural differences but also similarities with the familiar Tobit model 

(Tobin [1958J) and the simultaneous equations Tobit model of Amemiya [1974J. 

As in traditional demand theory, the demand for goods is a function of prices 

p and income M; 

(2.1) q. = D.(p, M) , , i = 1, ..• ,K 

which are defined on p > 0 and M > 0, where K is the number of goods and p 

is a K dimensional price vector. These equations are derived from utility 

maximization subject to a budget constraint py = M. 

corresponds to the solution of the traditional problem 

(2.2) max {U(y) I py = M, Y ~ O}. 
y 

When q. > 0 for all , - i , it 

When some of the vector q in (2.1) are negative, the corresponding nonnegativity 

constraint problem (2.2) will have a boundary solution. Zero consumption of 

certain goods can occur only if the utility function does not possess the interior 
1/ 

property.- Therefore, we can assume that the utility function U is not only we11-

defi~ed on the nonnegative commodity space, but can also be extended mathematically 

into regions with negative quantities such that the equations (2.1) are the 

unique solutions of the problem: 

(2.3) max {U(y) I py = M}. 
Y 

The equations (2.1) are the solutions to the utility maximization problem without 

nonnegativity constraints (2.3), and are referred to as notional demand equations. 
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The notional demands qi are latent variables which provide the underlying 

structure as in the Tobit model to determine the limited observations. 

For a given vector of prices p, the observed demand quantities vector x is 

the (nonnegative) solution to (2.2). If some of the xi are zero, the vector x 

may not necessarily equal D{p, M) = (Dl(p, M), ... ,DK(p, M))~. There are many 

possible patterns of consumed and non-consumed goods. Each pattern constitutes a 

single demand regime. In Lee and Pitt [1983], the concept of virtual prices in the 

quantity rationing literature {Rothbarth [1941] and Deaton [1981]} is used. Each 

observed demand vector x can be supported by a virtual price vector which provides 

justification of structural change in each regime. The virtual prices replace the 

actual prices of those goods which are not consumed. For example, the vector of 

virtual prices p* corresponding to the regime with zero quantities demanded for 

the first L goods and positive quantities for the· remaining K-L goods is 

characterized by Pi* = Pi for i = L+l, ... ,K, and 

{2.4} 

(2.5) 

xi = Di{Pl*,···,PL*' PL+l,· .. ,PK' M} 

o = Di{Pl*,···,PL*' PL+l' ... ,PK' M} 

i = L+l, ... ,K 

i = 1, ... ,L. 

The virtual prices Pl*, ... ,PL* can be solved from (2.5) and are functions of 

the observed prices PL+l, ... ,PK and income M, i.e., 

{2.6} . 

where p = (PL+l, ... ,PK)~' The observed positive demand quantities can be rewritten 

as 

(2.7) i = L+l, ... ,K. 

The notional demand equations and virtual prices provide, also, the conditions to 
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characterize the occurrence of the different consumption regimes. The regime, for 

which the demanded quantities of the first L goods are zero and the quantities of 

the remaining K-L goods are positive, is characterized by the conditions 

Dl(Pl' E;12(Pl' P, M),···,E;lL(Pl' p, M), p, M) ~O 

D2(E;21(P2' p, M), P2' E;23(P2' p, M),···,E;2L(P2' p, M), p, M) < 0 

(2.8) 

i = L+l, ... ,K 

where E;j(P, M), j = 1, ... ,L are the solutions to (2.5) and the virtual prices 

E;12(Pl' P, M),···,E;lL(Pl' P, M) are the solutions to the equations 

(2.9) i=2,3, ... ,L 

and the other E;'s are similarly defined. For econometric analysis, the notional demand 

equations are specified with a finite unknown parameter vector e and stochastic 

components E, i.e., 

(2.10) q. = D.(p, M; e, d , , i = 1, ... ,K. 

The stochastic components reflect random preferences or other unexplained factors in 

consumer decision, not observed by econometricians. 

The similarity of this system and the Tobit model can be first illustrated in 

the two goods case. The notional demand equations for the two goods case are 

and 

The two equations are functionally dependent because they satisfy the budget 
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constraint Plql + P2q2 = M. There are three different regimes for the observed 

quantities x = (xl' x2); 

Regime 1: Both xl > 0, x2 > O. The positive demand equations are 

xl = 0l(Pl' P2' M; a, 8) and x2 = 02(Pl' P2' M; a, 8). The regime 

conditions are 0l(Pl' P2' M; a, 8) > a and 02(Pl' P2' M; a, 8) > O. 

Regime 2: xl = a and x2 > o. The positive demand equation is 

x2 = 02(~1' P2' M; a, 8) = M/P2 and the regime condition is 

0l(Pl' P2' M; a, s) ~O. 

Regime 3: xl > a and x2 = O. The positive demand equation is 

xl = 0l(Pl' ~2' M; a, 8) = M/Pl and the regime condition is 

02(Pl' P2' M; a, s) ~ O. 

Because of the budget constraint, the condition 02(Pl , P2' M; a, 8) ~ a is 

equivalent to the condition 0l(Pl' P2' M; a, 8) ~ M/Pl and the condition 

Dl(Pl' P2' M; a, 8) ~ a is equivalent to the condition 02(Pl' P2' M; a, £) ~M/P2. 

The three regimes can be combined into a switching equation model and we have 

xl = M/Pl if 01 (Pl' P2' M; a, s) ~ M/Pl 
(2.9) = O(Pl' P2' M; a, s) if M/Pl > °1 (Pl ' P2' M; a, s) > a 

= a if 0, (Pl' P2' M; a, s) ~O. 

The model (2.9) is, in effect, the two-limit Tobit model of Rosett and Nelson [1975]. 

If good 2 was always consumed in some positive amounts, we have a standard Tobit 

model. In the general case, consumer demand equations are more closely related to 

the multivariate and simultaneous equations Tobit models of Amemiya [1974]. As an 

example, consider the case where one of the commodities is always consumed, say, 

xK > O. Following Wales and Woodland [1983], the Kuhn-Tucker conditions for utility 
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maximization are 

and 

PKUi(X; e, e) - PiUK(x; e, e) ~ 0, 

Plxl + ... + PKxK = M 

xi(PKUi(x; e, e) - PiUk(x; e, e)) = 0, 

i = 1, ... ,K-l 

i = 1, •.. , K-1 

After substituting xK = (M - ~~:~ Pixi)/PK into the remaining equations, these 

conditions can be rewritten as 

i = 1, ... ,K-l 

xi = 0 if Fi(xl, ... ,xi _l , 0, xi+l' ... 'xK_l ; e, d > 0; 

F i (xl' ... , xK_ 1; e, d = 0, otherwi se. 

This system, which relates the dependent variables xl, ... ,xK_l in a direct interactive 

way, is similar to the formulation of the simultaneous equation model with limited 

dependent variables in Amemiya [1974], even though the equations in the latter model 

are usually expressed in linear form and the former system may not have the conventional 

meaning of simultaneity. The strict quasi-concavity of the utility function implies 

a unique solution to the above system and therefore is analogous to the coherency 

condition requirement in Amemiya's model. 

ihe problem of corner solutions can also occur in production economics with 

microeconomic data. It may be optimal for economic reasons for the firm to choose 

certain inputs but not others, or, in the case of a multiple output technology, 

nonproduced outputs. The approach for the consumer demand can be extended to the 

production analysis. The detail is referred to in Lee and Pitt [1983b]. The derived 

inputs and outputs equations are also related to the Tobit models. Consider, for 
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example, the profit maximization of firms with production function f(x1, ... ,xm) 

where XiS are inputs, i.e., 

max rf(x) - P"'x 
x 

subject to x > 0 

where x = (x1, ... ,xm)"', r is the ouptut price and p is the vector of input 

prices. The Kuhn-Tucker conditions are 

and 

r af(x) - p. 2. 0, 
aX i 1 

x. = 0, 
1 

if raf(x) - p. < o· 
ax. 1 ' 

1 

raf(x) _ p. = 0 otherwise 
ax. 1 ' 

1 

i = 1,2, ... ,m 

vJith stochastic elements introduced into the system, it is related to the simultaneous 

Tobit models in Amemiya [1974]. 

Simultaneous equation models with limited dependent variables have special 

structures which differ from the traditional simultaneous equation models. They 

have also distinctive identification properties which have been illustrated in a 

simple two equation model in Lee [1976]. This motivates the investigation of the 

possibility of identification of the consumer demand and production systems with 

limit~d dependent variables and without price variations in cross sectional micro

economics data in the subsequent sections. It is hoped that the zero consumption of 

certain goods creates spillover effects to the consumption of other goods and helps 

identification of the parameters in the system. 
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3. Identification of The Linear Expenditure System for Consumer Demand 

The linear expenditure system has been used extensively in empirical works 

(see, e.g. Stone [1954]). This system is attractive because of its linear structures 

in expenditures, even though it is restrictive in that the implied Engel curve is 

linear. The linear expenditure system is specified as 

(3.1) p.x. = p·S· + a.{M - ~~ 1 S.p.) + E· 
1 1 1 1 1 J= J J 1 

i = 1, ... ,K 

where E. are additive disturbances and are assumed to be multivariate normal 
1 

N{O, ~). K The system implies that ~i=l ai = 1 and ~~=1 Ei = O. Without price 

are (known) constants across samples. variations, the prices Pi' i = 1, ... ,K, 

However, for cross sectional data, income 

sample. Denote 

(3.2) C • = P Q .~K Q P 
1 i~i - a i j=l ~j j 

M will, in general, be varied in the 

i=l, ... ,K 

which are constants. K It is noted that ~i=l ci = O. Equation (3.1) can be 

rewritten as 

p.x. = c. + a.M + E· 
1 1 1 1 1 

i = 1, ..• ,K 

First, consider the interior regime where all the goods are consumed. The 

conditions that determine the occurrence of this regime are 

Ei > -(c. 
1 

+ a.M) 
1 

; = 1, ••• ,K 

or equivalently, 

E. > -(c. + a.M) 
1 1 1 

i = 1, ... ,K-1 

K-1 K-1 + {1 K-l a· )M ~. 1 E· < - ~. 1 c. - ~. 1 J= J J= J J= J 

Conditional on the subsamp1es corresponding to this interior regime, the observed 
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expenditure equations Plxl, ... ,PK-lxK-l will be a multivariate truncated normal 

Tobit model with a likelihood function consisting of products of truncated multi

variate normal density functions (e.g., Hausman and Wise [1977]). The parameters 

ci ' ai' i = 1, •.. ,K and ~ can be identified from the truncated distribution, 

given that the incomes M are varying across samples. A detailed argument for the 

identification of such parameters is provided in the appendix. Given the identi-

fication of a and c, it remains to identify the K parameters Si' i = 1, ... ,K. 

Since ~~=1 ci = 0, the K equations in (3.2) are functionally dependent. 

There are more unknown parameters Si than the number of independent equations, 

and hence the parameters Si' i = 1, ... ,K cannot be identified from (3.2) 

without additional information. 

Consider now the information contained in the regimes with only one nonconsumed 

good. Without loss of generality, consider the regime that xl = 0, 

i = 2, ... ,K. The virtual price ~1 for good 1 at zero ;s 

(3.4) a, K E1 
~l = - l'(l;---al"'""')Sl (M - ~j=2 PjSj) - (l-a,)Sl 

and the remaining positive expenditure equations are 

(3.5) p.x. = p.S. 
" " 

= p·S· , , 

K 
+ a,.(M - ~lSl - ~. 2 p.S.) + E· J= J J 1 

ai K a. a. 
~ p Q + -'- M + + ' -.,-::a;- j=2 jf.>j l-a, E; '-al El 

Denote the constants as 

(3.6) 
a i K 

cli = PiSi - 1-a, ~j=2 PjSj i = 2, •..• K. 

K We note that ~i=2 cli = O. The regime conditions for this regime are 

El < -(c, + a 1M) 
a i a. 

Ei + l-a, E1 > - (c li + '-~l M), i=2, ... ,K. 

x. > 0 for , 

i=2, ... ,K. 
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Conditional on the subsamples of this regime, the truncated multivariate density 

function will provide the identification of the parameters cli ' i = 2, ... ,K 

given the identification of the a, ~ and c from the interior regime. The 

remaining question is whether the identified constants cli ' i = 2, ... ,K in 

addition to ci ' i = 1, ... ,K can provide the identification for S. Unfortunately, 

the answer to this question is negative. This is so because cli ' i = 2, ... ,K are 

linearly dependent on the constants ci ' i = 1, ... ,K. This can be shown as follows. 

Consider the equations (3.2) and (3.6), 

cl 
c2 

= A. 
C
K
_
l 

1 

cli 

where 

o 

Sl 
S2 

SK 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. -al PK- 1 

............................................. 
. 

(l-aK_l)PK_l -aK-1PK 

a. 
1 

--l-P K -a l 

The matrix Ai can be rewritten as 
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where 

° B1 = 

° a,. , 
1-a,1 

and 

° a,. 
B3i= 

[ -, 
. 1-a,1 P1' 

° 
0, ... ,0, Pi' 0, ... ,0, -PKL 

1 

The matrix B1 + B2i is invertible and the inverse is 

[1 1 .... 1]. 

The determinant of A. can be evaluated by the following formula (see, e.g. Dhrymes , 
[1978], p.38), 

where the constant 0i is 

O. = 1 , 

= 0, 

Pi' 0, ... ,0, 

a,. 
( -'- a, + a,. 1-a,1 1 1 

a,. 
_ -' ) 

1-a,1 
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Hence the matrix A. is singular. It is easy to see from A
1
. that it is of rank 

2/ 1 

K-l in general.- Therefore, cli ' i = 2, ... ,K are linearly dependent on 

cl, ... ,cK and provide no additional identification information for the identification 
3/ 

of f3.-

It remains to consider the information in the other regimes with more than one 

nonconsumed good. Without loss of generality, consider the regime where the first L 

goods are not consumed. The virtual prices sl"",sL can be derived from the 

following equations: 

(3.8) 

and the remaining positive expenditure equations are 

(3.9) _ (K L 
p.x. - p.f3. + Ct.-. M - ~. L+l PJ·f3J· - ~J'=l S·f3·) 1 1 1 1 1 J= J J 

Summing over the equations in (3.8), we have 

+ E:., 
1 

L 
~j=l E:j 

L 1 - ~. 1 Ct.. J= J 

i = 1, ... ,L 

i = L+l, ... ,K. 

It follows that the positive expenditure equations can be rewritten as 

Ct.. Ct.. L (3.10) + 1 M + E:. + 1 p.x. = cLi L L ~j=l E: . 
1 1 1 1 1 J - ~. 1 Ct.j - ~. 1 Ct.. J= J= J 

i = L+l, ... ,K 

where 

(3.11) 
Ct.i K cLi = p.f3. - ~j=L+l p.f3. 

1 1 1 L J J - ~. 1 Ct.. J= J 

i = L+l, ... ,K. 

This regime will identify the constants cli ' i = L+l, ... ,K. Consider now the 

linear equations, 
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c1 81 
c2 82 

= Ali 
c
K
_
1 

cLi 13 K 

where 

with 

c = 1 

L 1 - ~. 1 a.. 
J= J 

and 

a 
a.,. a.,' 

. [ L Pl'.... L PL' 0, ... ,0, Pi' 0, ... ,0, -PKJ· 

O· 1 - ~. 1 a.. 1 - ~. 1 o.
J
. 

J= J J= 
1 

The inverse of C1 + C2i is 

[1 1 ... 1]. 

The determinant of ALi is 



where 

, = 1 + Ai 

= 1 -
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ai ai 
(L P1'···' --:-L--=-- PL' 0, ... ,0, Pi' 0, ... ,0, -PK)· 
l-~j=l aj l-~j=l aj 

(C 1 + C2i )-1(0, 0, ..• ,0, 1)'" 

L 
-1 l-~. 1 aj a· L ai 

+ J= ( 
, 

+ a· ) PKP K ~. 1 a. 
aK( 1-~1=1 a· )-a. L J= J , L 

1-~. 1 aj 1-~. 1 a· J , J= J= J 

a· )-a. J , 

L L (a,' ~. 1 a· + a.(l-~. 1 a.) - a.) J= J , J= J , 

Hence the matrix ALi is singular. The cLi ' i = L+1, ... ,K are linearly dependent 

on ci ' i = 1, ... ,K. This regime does not provide additional information for the 

identification of the SiS. 

From the above analysis, we conclude that the presence of corner solutions and 

their spillover effects do not provide additional information on the identification 

of the linear expenditure system that can be provided without the corner solutions. 
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4. Identification of The Translog Indirect Utility Function 

The translog indirect utility function for consumer demand analysis was 

introduced by Christensen, Jorgenson and Lau [1975]. The translog indirect utility 

function has a flexible functional form and the implied Engle curve is not necessarily 

linear. With stochastic elements which capture the differences in individuals' 

preferences, introduced in the additive terms, the translog indirect utility function 

is 

(4.1) 

where v = p./M are income normalized prices, i 1 

vector of multivariate normal variables N(O,~) 

i ,j = 1, .•• , K. For normalization, K 
~. 1 CI.. = -1 

1 = 1 

share equations derived from Roy's identity are 

K 1n v. + Cl.i + ~. 1 S .. Ei 
s. = J= lJ 1 

1 -1 K K 
Stj 1n v j + ~t=l~j=l 

(4.2) 
K 1 n p. - 1n M + CI.. + ~. 1 S .. Si· E· 

= 1 J= lJ J 1 

-1 K S .1np.- 1n M + ~. 1 S .. J= . J J 

is a K-dimensional 

and S .. = S .. for all lJ J 1 
K and ~i=l Ei = O. The notional 

i = 1, ... ,K. 

where si 

symmetry. 

= _ KKK 
Pix;lM, Si· - ~j=l Sij' S .. = ~i=l~j=l Sij and S'j = Sj. by 

We consider the case where the prices are constants but the incomes M 

vary across samples. Denote 

i = 1, ... ,K. 

The interior regime will provide identification of some parameters. All 

goods are consumed in some positive amounts in this regime. The regime conditions 

are 
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(4.3) e;. < 13 .. 1nM- o. 
1 1 1 

i = 1,2, ... ,K. 

Equivalently, these conditions are 

(4.4) i = 1,2, ... ,K-1 

(4.5) 

Conditional on the subsamp1es in this regime, the truncated normal density function 

implied by the K-1 independent share equations in (4.2) will identify the 

covariance matrix ~ and the constants 

(4.6) , O. 
1 

i = 1, ... ,K. 

It remains to consider the identification of the individual parameters a. and 
1 

13··, i,j = 1, ... ,K. 
lJ 

Consider now the regime with only one nonconsumed good. Without loss of generality, 

consider the regime where the first good is not consumed. The virtual price of good 

one at zero quantity is 

The remaining positive shares are 

o. + 13'1 (1 n f;1 - 1 n P1) - 13·. 1 n M + e;. 
1 1 1 1 

Si = K 
-1 + ~j=l l3' j 1n Pj + 13· 1(1nf;1- lnP1) - 13 .. 1nM 

i = 2, ... ,K. 

Since 

(4.8) i=2, ... ,K. 
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It is necessary to make a distinction between the case K = 2 with the cases K > 3. 

For the case K = 2, this regime provides no additional identification since s = 1 
4/ 2 

and the regime condition is simply £1 ~ -(01 - a1· 1nM).- For the cases K ~ 3, 

we have 0 < s2 < 1 and there is additional identification information. The regime 

conditions for the cases K > 3 are 

£1 ~ -(01 - a1· 1n M) 

(4.9) ail ail 
£i - all £1 < all (°1 - a1· 1nM) - (oi - ai ·1nM) i=2, ... ,K. 

Given the identification of ~ and ai ., 0i' i = 1, ... ,K, the truncated multi

variate density function implied by the shares s2, ... ,sK_1 will identify the 

ratios 

(4.10) i = 1, ... ,K. 

With similar arguments, for the case K ~ 3, the information in the regime that 

the jth good is not consumed will provide the identification of the ratios 

(4.11) 
a· . 
.:J.1. 
a· . JJ 

; = 1, .•.• K. 

Given the identification of the ratios in (4.10), by the symmetric property 

aij = aji , the ratio 

a· . a· 1 a·· 
-=.J..L = _J_:J..J.. 
all all a1j 

is identifiable and therefore the identification of the ratios in (4.11) is 

equivalent to the identification of the ratios 

(4.12) i = 1, ... ,K. 

Hence we can conclude that, for K ~ 3, the information in all the K regimes with 

only one nonconsumed good will provide the identificaiton of the parameter ratios ). .. ; 
lJ 
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S· . 

".. = -=-:!1. 
1J 13" 
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i,j = 1,2, ... ,K. 

Since SiD = ~f=l Sij' 

for some i, and therefore 

_ K 
it follows that 1311 - l/S i · ~j=l "ij if SiD F a 
13 11 will be identifiable. It follows then that all 

the parameters 13·· and 0.
1
., 

1J 
i,j = 1, ... ,K are identifiable. The condition 

SiD F a for some i holds if the trans10g indirect utility is nonhomothetic. 

Hence, we conclude that for the consumer demand model with more than two goods and a 

nonhomothetic trans10g indi'rect utility function, the presence of corner solutions 

for each good will provide enough information to identify all the unknown parameters 

in the indirect utility function. 

The homothetic trans10g indirect utility function implies SiD = a for all 

i = 1, ... ,K and the expenditure shares are constants and not dependent on incomes. 

The above analysis shows that the interior regime and all the regimes with only one 
. . 

nonconsumed good will provide 'information for the identification of the covariance 

matrix !:, o. and 
1 " .. 1J 

for i,j = 1,2, ... ,K. It remains to show whether other 

regimes wi" provide additional identification information. Consider the general 

regime with zero consumption on the first m goods. The joint virtual prices for 

the goods at zero are 

1 n ~1 -1 K Sl·lnp. 13" 1312 13 1m 0.1 + ~. +1 + 8 1 J=m J J 

(4.14) 1 n ~2 
K 13 2 , 1n p. - - 13 21 13 22 13 2m 0.2 +~. +1 + 8 2 J=m J J 

1n ~m 
K 

Smj 1n Pj Sm1 13m2 Smm o.m +~. +1 + 8 J=m m 

The remaining minus share equations for goods m+1, ... ,K are 

(4.15) 
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= 8i (Ail Ai2 A. )A- l (81 ... 1m 8)"'+e:. m 1 

( Ai 1 \2 A. )A-l(e:
l e:2 ... e: } ... i = m+ 1 , ••• , K 1m m 

where 

1 A12 Alm 

A= A21 ~2 ~m 

Iml 1m2 >mm 

The first regime condition for the occurance of this regime is that, conditional on 

goods 2, ... ,m being zeros, the notional demand for good one is negative (see (2.8)). 

The joint virtual prices for goods 2, ... ,m are 

(4.16) 

The first regime condition is 

(4.17) 

-1 
13 2m 

Equivalently, after the substitution of (4.16). into (4.17), it becomes 

~2 ~3 
(4.16) 

Imm 

Similarly, the remaining regime conditions can be derived. A common feature of these 

conditions and the share equations in (4.15) is that the parameters involved are in 
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the form of Aij and 0i. Hence it provides no additional identification for 

parameters that have not been identified. Hence, we conclude that for a homothetic 

indirect translog utility funtion, the presence of corner solutions and their spill 

over effects does not provide enough information to identify all the parameters in 

the utility function. This is so because income variations do not have effects on 

the expenditure shares. 

Even though not all the parameters are identifiable for the homothetic translog 

indirect utility function, the presence of corner solutions does provide additional 

identification information as compared to the situation with no corner solutions. With 

no corner solutions, only the covariance matrix ~ and the constants 0i' i = 1, ... ,K 

can be identified without price variations. With corner solutions, it is possible to 

identify the ratios Bij/Bll , i,j = 1, ... ,K in addiiton to the parameters ~ and 

OIS. Indeed if one extra piece of information were available to identify one of the 

Bls, all the parameters would be identifiable. For example, if one of the prices does 

vary across samples, say, Pt' the parameters Blt , B2t , ... ,B Kt will be identifiable 

from the interior regime and it follows from the above analysis that all the parameters 

will be identifiable. This will be the case if the model is on the study of joint 

labor supply and demand for commodities since the wage rate is varying across 

individuals. 



-22-

5. Identification of The Translog Profit Function 

The above identification analysis can be extended to the analysis of models of 

production economics with limited dependent variables. The observed values of profit 

will provide an additional piece of information for identification. Consider the 

translog profit function 

(5.1) KKK K lnrr = aOO + l:'·=l a·Olnp. + 1/2l: . ..l:. 1 a .. lnp.lnp. + l:. 1 E:,.lnp,. + E:O , , ,= IJ= 'J , J ,= 

where K is the total number of inputs and outputs, aij = aji for all i,j = 1, ... K 

and E: = (E:O' E:l' ... 'E:K)~ is assumed to be multivariate normal N(O, Q). Linear 

homogeneity of the profit function in prices implies the constraints l:~=l aiO = 1, 
K K l:j=l aij = a and l:i=l E:i = O. This specification is quite general in that it allows 

for single output as well as multiple output technologies. We assume that profits 

are not zero.in the samples so that the revenue shares and expense shares of profit 

are well-defined. The Hotelling and McFadden lemma implies that the notional 

(negative) expense shares and the revenue shares of profit from (5.1) are 

(5.2) K s,. = a,. a + l:. 1 a.· 1 n p. + E:. J= 'J J , i = 1, ... ,K. 

The goods are assumed to be arranged in a way such that the first m goods correspond 

to inputs and the remaining K - m goods correspond to outputs. For single output 

technology, the last good will be the output commodity. For practical reasons, it 

is interesting to consider only the cases K > 3. Denote 

(5.3) K c,. = a,'O + l:. 1 a .. lnp. J= 'J J 
i = 1, ... ,K. 

All the inputs will be used with some positive amounts and all the outputs will 

be produced in some positive amounts in the interior regime. The regime conditions are 

(5.4) -c. > E:., , , i = l, ... ,m; 
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(5.5) R, = m+l, ... ,K. 

The observed shares are 

(5.6) s. = c. + E· 
1 1 1 

i = 1, ... ,K. 

and the corresponding profit function is 

(5.7} ln II = (loa + 1/2 ~i~l (liO ln Pi 
K 

K K + 1/2~. 1 (l·0 + L 1 (l .. ln p.) ln p. 
1= 1 J= 1J J 1 

+ ~. 1 E· 1 n p. + EO 1= 1 1 

K where Co = (loa + 1/2 ~i=l (liO ln Pi· The truncated multivariate normal density 

function of the K - 1 share equations sl, ... ,sK_l and the observed log profit 

function will identify the parameters co' ci ' i = 1, ... ,K and the covariance 

matrix Q. 

Consider now the regimes where only one of the inputs in the multiple inputs 

technologies is not used or only one of the outputs in the multiple outputs 

technologies is not produced. Without loss of generality, consider the regime 

where the first input is not used. The virtual price vector for this input in log 

scale is 

(5.8) 

and the nonzero shares are 

(5.9) K 
si = (liO + (lil ln ~l + ~j=2 (lij ln Pj + Ei i=2, ... ,K 

(lil (lil 
= ci - (lll cl + Ei - (lll El 

The first regime condition is 
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(5.10) 

and the remaining conditions are 

(5.11) i=2, ... ,m; 

(5.12) Q, = m+l, ... ,K. 

The truncated multivariate normal density function implied by the shares s2, ... ,sK 

will provide identification of the ratios 

(5.13) i=2, ... ,K 

given the identification of nand ci ' i = 1, ... ,K from the interior regime. 

The corresponding profit function will also provide additional information for 

identification. The profit function for this regime is 

1 n II 

= cO+l/2alO(ln~1-lnpl)+1/2(cl +all(ln~l-lnpl))ln~l 

(5.14) K K 
+ 1/2 ~i=2(ci + ail (In ~1 - ln Pl) )In Pi + ~i=l Ei ln Pi + EO + El (l n ~l - 1n Pl) 

Since ln~l-lnpl = -l/all (cl + E1), it follows that 

(5.15), K K 1 2 1 n II = Co + 1 /2 ~. -1 c. 1 n p. + ~. -1 E· 1 n p. + EO - -2 - (cl + El ) 
1 - 1 1 1- 1 1 all 

Given the identification of the parameters co' ci ' i = 1, ... ,K, n and ail/all' 

i = 2, ... ,K, the truncated density function of ln II of this regime will provide the 

identification of all' It follows that all the parameters ail' ; = 1,2, ...• K. 
K K are identifiable. Furthermore, ala = cl - ~j=l alj ln Pj = cl - ~j=l ajl ln Pj is 

also identifiable. 
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With similar arguments, the information in the regime with the jth good being 

zero will provide the identification of 

i = 1,2, ... ,K. 

We note that the identification of all the parameters aiO' aij , i,j = 1, ... ,K 

requires that there are K-l different regimes, in each of them one of the goods is 

zero, instead of K such regimes. This is so because the constraints ~~=l aiO = 
K and ~. 1 a·· = 0 will identify the remaining parameters. This observation is 
J= J 1 

important because for the single output technology, the output will be, in general, 

produced for all the firms in the samples and only different inputs may not be 
K utilized. Finally aOO = Co - l/2~i=1 aiO ln Pi is identifiable given the 

identification of Co and aiO' i = 1, ... ,K. Hence, we conclude that all the 

parameters in the translog profit function can be identified. 
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6. Conclusion 

Consumer demand and production systems with binding nonnegative constraints for 

the analysis of microeconomic data are related to the multivariate and simultaneous 

equation Tobit models. These systems have distinctive identification properties. 

The identification of the parameters in the linear expenditure system, the 

translog indirect utility function and the translog profit function are analyzed 

when there are no price variations across samples. The zero consumption of certain 

goods will create spillover effects to the consumption of other goods. The spillover 

effects are captured in the differences between the virtual prices which support the 

demanded quantities and the market prices. These create structural changes across 

different consumption or production regimes. The information in each regime will 

identify some sets of parameters. If each of the commodities is not consumed by 

some individuals in the samples, all the parameters in the nonhomothetic indJrect 

utility function can be identified for the cases with more than two commodities. 

For the two goods model with binding nonnegative constraints, it is simply a single 

equation Tobit or two limit Tobit model and the presence of limited dependent 

variables does not help identification. On the other hand, not all the parameters in 

the homothetic indirect utility function can be identified because the expenditure 

shares are constant and are not functions of incomes. Similar phenomenon occur for 

the linear expenditure system which implies linear Engel curves. The presence of 

limited dependent variables does not help the identification of the linear expenditure 

system without price variation. Finally, all the parameters in the translog profit 

function for production analysis are identifiable because of the observability of the 

profit function. 

University of Minnesota 
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Appendix: Identification of Truncated Multivariate Normal Distribution of Share 
Equations 

Consider the share equations without price variation 

(A.l) s. = c. + e:. 
1 1 1 

i = 1, ... ,K 

K K where ci' i = 1, ... ,K, are constants, ~i=l si = 1, ~i=l e:i = a and (e:l, ... ,e:K) is 

multivariate normal distribution N(O, n). The regime that will be considered is the 

interior regime in which all the goods are purchased, i.e., si > a for all i, 

i = 1, ... ,K. Since the sum of the shares is unity and e:K is linearly dependent 

on the remaining shares e:l, ... ,e:K_l , the denslty function of the shares can be 

written in terms of K-l shares as 
K-l 1 

(A.2) 
-,- -Y 1 1 

f(y) = (2rr) 2 I~I exp{ -y(Y-11)"~- (y-11)} 

where y = (sl, ... ,sK_l)", 11 =' (cl, ... ,cK_l ) .. and ~ is the covariance matrix of 

y which is the submatrix of n with the last row and column deleted. The 

occurrence of the interior regime is determined by the conditions sl > O, ... ,sK_l > a 
K-l and ~i=l si < 1. The occurance probability of this regime is therefore 

(A. 3) j l jl-Yl fl-~~:~ y i 
P = ... f(y)dYK_l" .dYl 

a a a 
and the conditional density function is f(y)/P. The identification problem is to 

identify the parameters ci ' i = 1, ... ,K-l and the covariance matrix ~ from the 

sample information in this regime. In the following paragraph, we will show that all 

the unknown parameters can be identified from the moments of the conditional density 

function f(y)/P. 

The normal density function (A.2) satisfies the following differential 

equation 
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(A.4) 

where cr K- l is the K_l th column of ~. Consider the equation 

r m ( K-1 ) R- a () (K-l ) , ( ) r m ( K-l ) R- ( ) (A.5) YjYK-l l-~i=l Yi ay f Y =- cr Y-ll YjYK-l l-~i=l Yi f Y 
K-l 

for r ~ 0, m ~ 1, R- ~ 1 and j r K-l. By the integration by parts, 

K-2 

fl-~i=l Yi m K-l t a 
YK-l(l-~i=l Yi) ay-- f(y)dYK_l 

o K-l 
K-2 

K 1 l-~. 1 y. 
= ym . (l-~.= y. )R-f(y) 1= 1 

K-I 1-1 1 Y =0 
K-l 

K-2 

il-~i=l Yi[ m-l( K-l )R- m ( K-l )R--l] ( ) 
- mYK_l l·~i=l Yi - R-YK_l l-~i=l Yi f Y dYK_l o 

and hence (A.5) implies 

K-l ( ) where YK = l-~i=l Y i = sk and the expectations are taken with respect to the 

truncated density f(y)/P. As every good can be named the K_,th commodity, the 

equa~ion (A.6) can be generalized as 

(A.7) ( r m £- 1 ) ( r m-1 R- ) R- E y. y. YK - m E y. y. YK J 1 J 1 

for j r i, i ,j = 1, ... , K-l. r ~ 0, m > 1 and R- > 1. Denote 

(A.8) i = 1, ••• , K-1 . 
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When r = 0, t = m = 1, equation (A.7) implies that 

(A.9) i = 1, ... ,K-1 

and therefore 

(A. 10) i = 1, ••• , K- 1 • 

For r = 0, t = 1 and m = 2, we have 

(A.11 ) i = 1, ... ,K-1. 

On the other hand, when r = t = m = 1, 

(A.12) E(Y·Y·) - E(y·yK) = E(y·y·yK)a. - E(yJ.y,.yKy")cri, i;j;i,j = 1, ... ,K-1. J , J J" 

Let ej = (0, ... ,0, 1,0, ... ,0)" be the K-1 unit vector with one at the jth 

entry. Equations (A.11) and (A.12) can be combined into 

(A.13) i = 1, ... ,K-1 

Substituting ai in (A.10) into (A.13), cr
i can be solved as 

(A. 14) i 1 
cr = {E(YKYi yy .. ) - E(YKYi y) E(YKYi y")/E(YKYi)} - . 

{E(YK(Y+Yi ei )) - E(Yi y) + (E(Yi) - E(YK))E(YKYi Y)/E(YKYi)} 

i = 1, ... ,K-l 

which is a function of some moments of this regime. Similarly, substituting (A.14) 

into (A.10), ai is also a function of some moments. As these moments can be 

estimated by the sample moments from this regime, all the parameters a. , 
i=1, ... ,K-1 are identifiable from the sample information in this regime. 

i and cr , 

From 

(A.8), ]..I = ~a where a = (a1"" ,aK-l)" is identified. Hence ]..I and ~ are 

identifiable. 
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The above analysis can be generalized to the cases with regressors. For those 

cases, moments involving y and the regressors will be used. The analysis can 

obviously be modified for models with expenditure equations instead of share 

equations. 
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Footnotes 

(*) I appreciate having financial support for my research from the National Science 

Foundation under grant SES-8441561 to the University of Minnesota. 

1). This refers to the property that the utility for a commodity combination in 

which one or more quantities is zero is lower than for any combination in 

which all quantities are positive. This property implies that the demand for 

all goods will be positive for all positive price vectors. 

2) The submaxtix of Ai with the last row and column deleted is nonsingular. 

3) For example, 

i = 2, ••• , K- 1 • 

and o. = -1, 
1 

4) When K = 2, the model is a single equation Tobit or two limit Tobit model. 
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