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SPECIFICATION TESTING WHEN SCORE TEST 

STATISTICS ARE IDENTICALLY ZERO: THE 

EXTREMU.\{ TEST 

Lung-Fei Lee and Andrew Chesher 

1. INTRODUCTION 

Score or Lagrange multiplier test @ao (1947), Silvey 

(1959» and their generalisation, the C(a) test (Neyman 

(1959), Moran (1970» have been used widely in econometrics 

as specification tests. In many models they are easily 

computed and they have optimal asymptotic power properties 

against local alternatives. 

In certain models, when certain sorts of misspecification 

are considered, the score test statistic is zero for all data 

configurations. Silvey (1959) noted that such cases might 
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arise but provided neither examples of models and hypotheses 

generating identically zero scores nor a means of handling 

the difficulty. Cox and Hinkley (1974, pp. 117-118) provide 

two examples in which the score test statistic is identically 

zero and show that in their examples re-parameterisation 

solves the problem. 

Models and hypotheses in which score test statistics are 

identically zero arise in econometrics, for example in testing 

for selectivity bias (see Lee (1981», and in stochastic 

production function-models (see Waldman (1982». 

Since it seems difficult to find a suitable reparameterisation 

for many of these problems we develop a new test: the extremum 

test that can be regarded as a generalisation of the score 

test. 

The remainder of this paper is organised as follows. 

In Section 2 we consider in detail some models and hypotheses 

for which the score test statistic is identically zero. In 

Section 3 we develop the extremum test and apply it to 

the examples of Section 2. Finally in Section 4 we investigate 

Cox and Hinkley's method of reparameterisation in models involving 

mixtures of distributions. 
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2. Zero score test statistics in Econometric Models 

2.1 Models with selectivity 

Consider first the two equation selectivity models examined 

by Lee (1981), 

y. = x!8 + u. 
111 

y~ = Z!y - E. 
111 

i=l .. N 

(2.1) 

(2.2) 

in which xi (klxl) and zi(k2xl) are values of exogenous variables 

and the vectors (ui,E i ), i=l .. N are mutually independently 

normally distributed N(O,O, 0
2 , 1, p). The variate y~ is not 

1 

observed but drives the binary indicator I., related to y~ by: 
1 1 

1.=1 if and only if y~>O, 
1 1-

-1.=0 if and only if y~<O. 
1 1 

The variate y. is observed only when y~>O, i.e. when 
1 1-

1.=1. This model was originally formulated by Gronau (1974) 
1 

and has beeri used in the study of female labour supply by 

Heckman (1976) and Nelson (1977). Maddala (19~3) provides 

examples of applications. 
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The data on y. are censored and least squares estimators 
1. 

of S obtained using the observed y. data suffer from selectivity 
1. 

bias when p, the correlation between u. and €. is non zero. 
1. 1. 

2 When p = 0 the model has a simple structure and p, y and 0 

are efficiently estimated by applying ordinary least squares 

to (2.1) and probit analysis to (2.2). To test whether there 

is selectivity bias we examine the hypothesis Ho:p=O. 

The score test for this hypothesis, which has been considered 

in Lee (1981) and Melino (1982), breaks down in certain special 

cases. 

The log likelihood function under the alternative Hl:p#O 

is: 

lnL = L:~=l {(I-Ii) ~n(l-<P(ziY» - H i m(21T0
2

) -

1 Il.'(Yl.'-Xl.!8)2 + I.~·n<P[(z!y -.e. (y.-x!8»/11- p2]}.(2.3) 
-- 1. 1. 1. 1. 
202 0 

where <P is the standard normal distribution function. 

The first order derivatives are: 

a InL 
a8 

31nL = 
a0 2 

1 

20
2 

(y._X!8)2 - 1 + 
l. 1. p( y. -x! (3) } 

1. l. A. 
~ 1. 

o/l-p'" 

(2.4) 

(2.5) 
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(2.6) 

a1nL N 
ay = Ei=l 1.A. - (I-I.) 

1 1 1 
(2.7) 

where A.=cp[(z!y - p (y._x!8))//1_p2]/~[(Z!Y - p (y.-x!8» 
1 1 0 1 1 1 0 1 1 

//1_p 2], CPi = cP (ziY), ~i=~(ziY) and cP is the standard normal 

density function. Evaluated at p=O, the derivatives are 

;nnL 1 N 1. x. (y.-x!8) (2.8) ar = 2 Ei=l 1 1 1 1 H 
0 0 

a1nL 1 N 
I. {<yo_X!a)2 } (2.9) = t i =l 1. 1 -1 -2- H 20 2 1 2 ao 0 0 

a1nL 

IHo 

= - 1 N I. <Iii (y i-xi S) (2.10) 
ap - Ei =l 1. 0 

~i 

a-lnL = EN 
cpo ( 1. -<I>. ) z ! (2.11) 1 

-aY Ho i=l ~.(1-q,.) 
111 

1 1 

and the information matrix is: 
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1 N <l>.x.X! 0 0 -1 E~=l<j>iXll 
0

2 Ei=l 1. 1. 1. -
° '" 2 

N <Pi 0 
0 E i = 1 <l>. ( l-<l> . ) Z i Z i 0 

1. 1. 

0 0 
1 N 0 ;;r L:i=l<l>i 

1 N 
0 N <P~ - Ei=l<P i x i 0 Ei=l ° 1. 

r. 1. 

2 where 6=(S: y: 0, p)~ Consider the case in which z is scalar 

and equal to 1. In this case, <j>.=<j>(y) and <l>.=<l>(y) are constants 1. 1. . 

and not dependent on zi. The constrained maximum likelihood 

estimator (MLE) of S is the least squares estimator 6 which 

satisfies the normal equation a;~Ll Ho = O. E~ 11. (y. _Xl. S)x!=O. 0.., 1.= 1. 1. 1. 1. 

When S contains a constant term the derivative alnL/" evaluated 
a p Ie 

" " " "2 at the restricted MLE 0=(S, y, 0, 0) I is identically zero and 

the scoring test procedure breaks down. ~e see that in this 

example, a feature of the problem is the linear dependence 

of the component a~nL~ h L. is the likelihood for a were 1 

p H 
o 
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single sample observation, on the remaining components 

alnL
i 

where W=(SI, yl, 0
2 ): for all w in the parameter space. (1) 

aw H 
o 

The information matrix EH falnL alnLj is therefore necessarily 
o [ de ael] 

singular. 

The information matrix can be singular and the score olnL 
pp 

still be non zero. So a singular information matrix does 

not always lead to a breakdown of the score test. Silvey 

(1959) has recommended using a generalised inverse to 

I e 

construct the score test in such cases. We note tha~ a. singular 

information matrix does provide a warning signal, and when 

closed form expressions for the information matrix cannot 

be obtained it is useful to check the functional independence 

of the components of the score vector. 

In the model considered in this section, the parameter 

p is identifiable, the conditional distribution of u i given 

1.=1 being positively or negatively skewed depending on the 
l. 

sign of p. 

The failure of the scoring test here is related to the 

failure of the two stage estimation of the equation in (2.1) 

as noted in Melino (1982) and Lee (1981). Using the noncensored 

observations y., the two stage procedure estimates Sand op 
l. 

in the equation 

y . =x . S - 0 p<p ( z ! y) / <P ( z ! y) + n. 
l. l. l. l. l. 

(2.13) 
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'" where y is the probit MLE. The score test for p=O is 

asymptotically equivalent to the "t-statistic" associated with 

the coefficient, crp, of ~(ZiY)/~(ziY). The coefficient 

crp is not estimable by the two stage method if ~(z:y)/~(z!Y) 
l. l. 

is constant over i, e~g. when zi contains only a constant 

term. More generally, apis not estimable if ~(z.y).lb(z.y) l. IT ]. 

is a linear function of the components of xi for in this case 

the "regressors" in (2.13) are perfectly collineur. This 

latter case occurs if z. contains only dummy variables and 
l. 

x. includes the same set of dummy variables and their 
l. 

interaction terms. In this situation, the score vector 

evaluated at the restricted MLE is identically zero. 

2.2 Stochastic Production Frontier Models 

Here we consider testing for the presence of a one 

sided error in the stochastic production frontier model of 

Aigner, Lovell and Schmidt (1977). The stochastic production 

frontier is specified by: 

i=l .. N, t=l..T (2.14) 

where the components u. which represent failure to attain 
l. 

the frontier are independent ly distributed over (_00,0]. 'l'he 

u. 
l. 

are usually assumed to be half normal with density: 

2 

{-2:
u

22 ] h(u) = exp u<O (2.15) 

121T 2 
cr u 
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The component Vit is iid normally distributed and vit and 

uit are independently distributed. 

This model has been used to examine technical inefficiency 

using cross-sectional production data and time series data 

(see, Meeusen and Broeck (1977), Lee and Tyler (1978». The 

model has also been applied to the cost frontier by Schmidt 

and Lovell (1979). Pitt and Lee (1981) applied the model 

to panel data. 

To test that all units are efficient we examine H : a 2=0 o u 

and note that this hypothesis is on the boundary of the 

parameter space. For convenience, 

2 2 2 
a =a + Tau' We write: v 

let \=a I a and u v 

T 
xi.=~t=l Xit and define \ as a Txlvector of ones. The log 

likelihood function is: 

lnL = Nln2 

N \2 
~. 1 (y. -X. (3) , ( 1",- 2 \ \ ' )(:Y. - X. (3) 

1= 1 1 & l+T\ 1 1 

(2.16) 
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The first order derivatives are: 

alnL 
---as 

= l+TA2 

2 
o 

<p. 
1 

I-ct>. 
1 

x. 
1. 

alnL 
---ax- = NT(T-l) A + 1 EN {A(Y. -x. '6)2 

1+TA 2 a i=l 0 1. 1. 

- TACY.-X.8)'(Y.-X.6) -
--- 1 1 1 1 o 

alnL = - N'l' 

7 202 

( Y. -x. 8) + 
1 1 

.A<P • 
1 

I-ell . 
1 

(y. -x! 6)} 1. 1. 

(y.-x!6) 
1:. 1· 

(2.17) 

C2.18) 

C2.19) 

The first derivatives of the log likelihood func~ion 

evaluated under Ho: A=O, are: 

= 1 

0
2 

NT 

20
2 

+ 

X! (Y. -X. 8) 
1. 1 1 

(2.20) 

(2.21) 

1 
;(I 

N E
1
. __ 1 (Y.-X.8)'(Y.-X.8) (2.22) 

1 1 1 1 



- 11 -

The constrained MLE's are the least squares estimators 

6 = (E~=l XiXi)-l E~=lXiYi and &2 = N~ E~=l(Yi-XiB)'(Yi-XiB). 
As Xit contains a constant term, it is clear that the score 

a~~Lle evaluated at the restricted MLE e = (6~ ~~ 0) is 

identically zero for all data configurations. The failure 

of the score test is due to the functional dependence of 

alDLil on the other components of the score(2). 
aA Ho 

3. THE EXTREMUM TEST 

Let G = (a', 8)' be the k+l element parameter vector in 

the parameter space n. The null h~pothesis is Ho: 0=0. Let 

-1 
L(G) = plim ~(G) where LN(G) = N 

N+oo 

N 
E LnLi is tbe average 

i=l 

unrestricted log likelihood. When score testing H . 0 = 0 we are o' 

essentially asking whether for some a o ' G = (ao ' 0)' locates the

maximum of L(G). The score testing procedure attacks this question 

" "-by asking whether at the restricted MLE G = (a, 0) the average 

log-likelihood ~(~) has significantly non zero gradient. When 

it does we are led to reject Ho: 0 = 0 since by moving from 

o = 0 we can achieve higher values of" the log likelihood. Clearly 

the score test is exploiting the first order derivative test 

for a maximum. This suggests that when the score test statistic 

is identically zero one should consider extremum tests based on 

higher order deriviates. 
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Consider the matrix of second order derivatives evaluated 

at 0: 

a2~(e) d2LNC G) 

aaaa' aaao' 
a2LN(0) = a2LN(G) (3.1) 

A = a0a0 '. a0a0' 
2 A 2 " a LN(0) a CL--(0) 

N 
aa'ao I) 

dO" 

" Since a is the constrained MLE of a, under general regularity 

conditions, the matrix a2L
N

CG) is negative definite for 

aada' 
sufficiently large sample size N. Therefore, the second 

2 "-
order derivative matrix a LN(0) is not negative definite 

daae' 

DN( e) = d 2~{ (e) 

a0 2 

This can be easily seen as follows. For any partitioned 

matrix E, 

E = [: :] 

with the determinant IAI10 the determinant of E is 

I E I = I A IID-cA -IS I. For a symmetric matrix E wi th C=B', E is 

negative definite iff the principal minors of E alternate in 

sign with IAI<O if k is odd, and IAI>o if k is even. Since 

A is negative definite, E is negative definite iff IEI>o 

if k is odd and IEI<o if k is even. Hence E is negative 

definite iff ID-CA-lsl<O. 

I 
1-
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If plim DN(§»O, it is obvious that the limit value plim LN(§) 
N+oo N+oo 

is not a maximum of the fun'ction L( 0) and 0 fO. Thus if 
o 

DN(e) is not less than or equal to zero with probability one 

under the alternative hypothesis as N goes to infinity, a 

useful test statistic can be constructed from the random 

variable IN DN(~). From the above argument, it is apparent 

that a one sided test is appropriate. The critical region 

will be determined from the asymptotic distribution of 

IN DN(e), under the null hypothesis Ho. The derivation of 

the asymptotic distribution of ~.2) is straight forward. 

For instance using the a-method (Rao (1973». 

If DN(0) is identically zero, it is necessary to investigate 

the third derivatives of the log likelihood evaluated at 8. 
A 

DN (0)=0 implies tilat the last column of the matrix (3.1) 

and the remaining columns are linearly dependem. In this case 

there exists a vector s,with last component unity, such that: 

Consider the vector 0 = ~ + ~s where ~ is a scalar constant. By 
jJ 

a Taylor series expansion, 

(3A) 



where LN(G) = 1 ",N 1 
N t.. i=l nL i · 

a2~(e) s = 0 from (3.3), 

aGaG' 

1 
3T 
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A 

Since a~(e) = 0 and 

3 all 

a0 

A 

(3.5) 

3 A 

If plim d LN(G) 
N-+oo 

all3 
inflection point 

f 0, the value plim LN(0) corresponds to an 
N-+<x> 

of ~(G) and hence corO. Since d 2 LN(0) 

dGdG' 

is non-positive definite with rank k and s is an eigenvector 
A 

corresponding to the zero eigenvalue, the direction s from 0 

provides the direction of steepest ascent. So it is sufficien~ 

to look at the behaviour of L1/GN) along the direction of 

s. Hence if plim a3~(e)rO under the alternative hypothesis, 
N-+<x> d1:l3 

a useful test statist1c can be constructed from the random 

variable 1 

IN 
d3LN(e~ 

3 
dll 

Equation (3.5) provides a relation between the third 

order derivatives and the likelihood ratio. The use of the 

determinant DN(§) in (3.2) is also related to the likelihood 
A A 

ratio in a particular direction from G. Define 6 N(0 ) as 

A 

d 2LN (6) [a 2L:i< e)] -1 d 2LN(8) 6 N(G) = 
dcaa' dada' dadc 

Then the second order derivative matrix in (3.1) can be 

rewritten as 



a2
LN(G) = AN + BN 

a0a0' 

where 

a2~(8). 
aa.'ao 

and 

BN = 

[: DN~0 l] 

- 15 -

(3.6 ) 

,.. 
Ll

N
(0) 

The matrix AN is non positive definite with rank k. Let s 

be the eigenvector corresponding to the eigenvalue 0 of 

AN with unit value in the last componen t~ 3) I t follows for 

this case that: 

(3.7) 

Thus DN(~) is related to the likelihood ratio along the direction 

of s from 0. In the event that the third order derivative 

is also zero, nigher order derivatives term along the direction 

of s can be considered. This approach can be regarded as a 

statistical application of the classtcal nth derivative test, 

for a relative extremum in optimisation theory. 
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4. Applications of the Extremum Test 

In this section we apply the procedure developed in 

Section 3 to tile examples given in Sections 2.1 and 2.2. 

4.1 Testing for Selectivity Bias 

"-

Under H , the constrained MLE e of e, 
o 

e = «(31, 2 
cr, y~ 

is obtained by solving the normal equations derived from 

A(3 ~N -1 
(2.8), (2.9) and (2.11). Explicitly, = ("i=l Iixixi) 

EN "2 N ,,2 N 
i=l IixiYi' cr = Ei=l I i (Yi-x i(3) jEi=l Ii and y is the probit 

MLE. Suppose the score for p evaluated at e is identically zero 

The second order derivative matrix can be derived from (2.4) 

" -(2.7). Evaluated at e, the second order derivative matrix 

H§ is: 



'M ,-... 

X 'M r-I 
'M H 

H ~ 
r-I '-" 

r-I \I 
\I Z'M 

Z'M W 
W 

0 0 ~ 

-,- '~_' <;-<;-
'-" '-" < <;-
-e- eo '-" '-" - I -e- eol r-I 
r-II <0 I 

'M 
...... 
C\I 
'-" 

r-I 
.If 

Z'M 
W 

-<;-

+ 
0 0 0 

~-<;-<;-
'-" '-" 

eo 
......." 

~-( (;-
'-" '-" 

eo 

'M 
OJ 

.,..; 
X 'M 
'M H 

1-1 

r-I 
r-I II 
\I Z'M 0 0 

Z'M W 
W 

r-II70 l~ r-I <~ 

'M 
'M -

-'M OJ X 
X 'M 

'M 'M 0-4 
X X 

'M 'M r-I 
~ 0-4 \I 

Z'M 
r-I r-I W 
II II 0 <ca 

Z'M Z'M -'M 
W W 

~-
X 

< < ;-
......." ......." 

r-IIC\I r-II~ eo 
<0 I <0 'M 

;::., 
r-Il<o 

-1 II 

'M 
OJ 

OJ 
\I H 

OJ 
<CD ..c 

::::: ~ 
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This matrix is singular as the last and first columns 

are linearly dependent. The eigenvector corresponding 

to the zero eigenvalue is s =(a ~ , 0, 1)' where ° is 
<I>( y ) 

a vector of zeros. Therefore, we need to examine the third 

order deri vati ves in the direction s. Now from (2.3): 

" ~(y) 

{ 

N e. 3 e.} 
~.-1I. (-2:...-3 _..2.) 
l.- l. " " 30 0 

= 31iil (1-(1iil + 
~(y) ~(y) 

(1 - (-~J.il +y X2tLi2. + y»} 
~(y) ~(y) 

y)(2~ + y» 
~(.y) 

(4.3) 

To test Ho= =0, our suggested test statistic is asymptotically 

equivalent to a test of skewness constructed from the random 
1 

. Rf N 3 ..... 3 
varl.able v~ ~i=l Iie i /30 This statistic is intuitively 

appealing since if prO, the disturbance I.u. 3 has non-zero l. l. 

mean and the distribution of u. conditional on 1.=1 is not l. - . l. 
(4) 1 N . 3 ,,3 

symmetric . The random variable -~. 1 I.e. /30 has the IN l.= l. l. 
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1 3 

same limit distribution as ,;N [~=l Ii ui - ui under 

Ho' ~ r! -1 1. [ui 3 - Ui~ is asyrnptotic:~:y no:rnal distributed 
1. - 1. ----g -0 

30 
2 wi th zero mean anQ. variance 3<P( y) . Hence the statistic 

1 1 _N 3 ,,3 " 
~ ~ L1=1 Ii e i /(0 <P(y» is ~symptotically N[O, 1] 

under Ho ' The constrained MLE e gives an inflection 

pOint in the log likelihood fUnction with probability one 

under the alternative hypothesis as N goes to infinity. 

4.2 Test for Frontier Efficiency in Stochastic Production 

Frontier Models 

Let e = (8,' 07 A)' be the unconstrained parameter 

vector. The second derivative matrix follows from the first 

order derivatives (2.17)-(2.19), Evaluated at the restricted 

MLE e = (8,' cr~ 0)', the second order derivative matrix He is 

1 N [T I 0 1: A EN ET 72 Ei=l t=l Xi t Xi t " 7T i=l t=l Xit 
0 0 

He 0 
NT 0 (4.4) = 4 
28 

1: ft E~ ET Xit 0 2 
°N·NT -- NT + a 7T 1.=1 t=l 7T 

where 

" 2 [! .l.. N 1 T " 2 (4.5) DN = (1--) [i=l (if [t=l (Yit-xi\8» -1] 7T N ,,2 
0 
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We note that when T=l 6N=0~5) " However, when T~2, DN is 

not necessarily zero. We suppose that T is fixed and let 

0: denote the variance of ui in (2.15). Under general 

regularity conditions, 

plim DN = (T-l)(l-;) 
N-+oo 

Under H . 2 =0, 2 =0 and plim D =0 expected. However, a 0* as o· u N N-+oo 

under the alternative hypothesis HI: 
2 2 and plim au 'fO, 0* >0 

N+oo 

DN>O. So a useful statistic can be based on the random 

variable ~2 (i E~=l (¥ E~=l (Yit-X{tS»2_a2). A one sided 
o 

test is appropriate. The variate IN (T N 
&2 N Ei=l 

",2 
-0 ) has the same limiting distribution as 

2 -ll: T v. 
T t=l lt 

under Ho ' whicn is 

asymptotically normally distributed with zero mean and variance 

1 
2(1-T)' Hence under tlo' the test statistic)N ./If. 

2(T-l) ;2 

normally distributed. This test statistic is a well known 

statistic for testing the existence of an error component 

in normal linear error components models, Searle (1971). 
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For the case T=l, it is necessary to examine third 

deri v atives. The eigenvector corresponding to the zero 

eigenvalue is S=(&~, 0, 1). As shown in Waldman (1983) 
"-

the third order derivative of lnL(e+~s) with respect to ~, 

evaluated at ~=O, is 

e. 3 
1 

3&3 

, "-
where e.=y.-x.8 is the least squares residual. Since the null 111 

hypothesis 0 2=0 is on the boundary of the parameter space 
u 

2 and the alternative hypothesis is 0 >0, a one sided test is 
u 

indicated. Under Ho ' 

3 
plim 1 N e. = ° 1 

N-+oo N E. 1 "-3 1= 30 

but under the alternative hypothesis, 

plim 
N+oo 

1 
N = 

3 
(TI-4)<O. 

TI 

N 3 Indeed, when Ei=l e i <0, the likelihood is increasing in the 

direction of s from e. (Waldman (1982». This suggests a 

left sided test constructed from the random variable 

1 N 
E. 1 1= IN 

The statistic N 3 
Li=l e i is asymptotically 

normally distributed under Ho' 
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5. The Method of Reparameterization and Mixtures of Distributions 

Cox and Hinkley (1974, pl17) suggest that if the score vector 

is identically zero then reparameterization is often indicated. 

They illustrate this method using an example which concerns 

testing for homogeneity of disturbances. Let WI ... , wN be 

given positive constants and let YI' ... , YN be independently 

normally distributed with zero mean and with 

var (y.) = l+w.A 2 
J J 

The null hypothesis is A=O and the alternatives are A>O. The 

score, a InLI . is identically zero. tIowever, if the model is 
aA A=O 

2 reparameterized in terms of n, n=A , the score alnL is --an n=O 

non-degenerate and provides a test statistic. For this example, 

the derivative aclnL vanishes because 2..!l\ = O. 
aA A=O aA A=O 

The 

reparameterization has effectively changed the curvature at A=O 

in the reparamet.erized parameter space. The approach depends 

cruicially on the selection of an appropriate reparameterization. 

It is unlikely that a systematic procedure to achiev~ such a 

repanuneterization in all situatiors can be developed. However, for 

the problem of testing for mixtures of distribution this approach 

can be used. 



- 22 -

Following Chesher (1983, 1984) the problem of testing for mixtures 

of distributions can be set up as follows. Let Yl .. Yn be 

independent realisations of a variate y with pdf's f(yiIS, u i ) 

where B is a vector of fixed parameters. Under the null 

hypothesis u. is fixed and equal to ~ for all i but under the 
1 , 

alternative u. is a random variable, independently distributed over 
1 

i with de~sity function h(u i ) which is assumed to be a member of 

the symmetric location-scale family so that h(u.) can be written; 
1 

h( u. ) 
1 \ >0 

(5.1) 

Note that g(.) does not depend on the parameter A. As A~O, 

Lim h(u.) is assumed to be a Dirac delta function with mass 
A~O 1 

concentrated at u.=~. The null hypothesis is H :A=O and the 
1 a 

alternative Hl:A>O. 

This problem has special interest in the context of 

testing for neglected heterogeneity in the analysis of duration 

and other cross-sectional data, Chesher (~982, 1984). The log 

likelihood function for this model is 

lnL = E~=l lnL
i 

(5.2) 

where 

L. = £: f(Y1' Is, u) 1 
1 I g [U~~J du (5.3) 

= foo fey. Is, ~+AW) g(w) dw 
_00 1 

On differentiating InL with respect to A, we obtain 
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a lnL = N 1> af(y·ls, ]..l+Aw) g(w)dw 
~ Li=l 1 

au 

00 

L 
f(Yi 1s, ].1+ "AW) g( w) dw (5.4) 

and 

alnL N 
af(Yi ls , ].1 ) E(w)/f(y·ls, ].1) = Li=l ar H 1 

0 au 

= E(w) N a lnf( y. ! B , ].1) (5.5) 
L. 1 1 1= 

a].1 

The score alnLI evaluated at the restricted MLE (S,G) is 
aA no 

identically zero because E(w)=O and because B,~ satisfy the normal 

equation N alnf(Y1'!S,~) = O. 
Li=l 

a].1 

2 Instead Qf working with A, consider the reparameterization n=A , 

for the cases that E(w)=O~6) Obviously, 1,.=0 if and only if 

n=O. In terms of n, the likelihood function 

L. = [fCYiIS, u) 1 
g [~]..lJ du 1 rn 

= J:f(Yi IB , J.l+/Tlw) g(w) dw 

L. in (5.3) is 
1 

(5.6) 

It follows that the first derivative of lnL with respect to n 

is 



dlnL = 
----an 
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af(Yi I B, lJ+/ri w) J(w) dw 

au 

/ [ f(Yils, ~+/n w) g(w) dw (5.7) 

This derivative is not defined at n=O but it can be defined as 

the limiting value of alnL as n goes to zero. As n goes to zero 

lim 
n+O L:~ 1=1 

r 
an 

af(Yi ls , \.1+/n w) g(w) dw 

au 

which is zero since E(w) = O. By L'Hopital's rule, 

lim alnL(B,\.1,n) = ! lim alnL(S,\.1,n) + 
n+O an n+O an 

and it follows that 

(5.8) 

lim alnL(B,\.1,n) = E(w ) t"N a f(y·ls, \.1) f(y·IS,lJ) (5.9) 
2 "i- 1 1 2 2 / ] n+O an 2 a \.1 

So, adopting the parameterisation n=A2 we obtain the test 

statistic given by Chesher (1982), based on the random variable 
! N 2 

N- L: ~(Yili3,D)/f(YiI6,0). In this case, unlike the cases 
i=l 2 a \.1 

considered earlier the choice of parameterisation is obvious, 
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It is interesting to see how the statistic produced using 

2 the parameterisation n=A compares with the extremum test 

statistic introduced earlier. 

As shown above a InLI evaluated at the restricted idLE a" Ho 

a = (~,~)' of a = (~,S')' is identically zero. For the 

mixture model (5.3), it is straightforward to show that: 

af(yila) af(Yi 1a ) 

aa afJ . 

a 21nL t 
a"a~ 1..=0 

= E(w) E~ 1=1 

(5.12) 

(5.13) 

(5.14) 

2 a fey. la) 
1 

(5.15) 

These imply that the average second order derivative matrix 

(3.7) can be written as 
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2 " 
d LN(8) = AN + BN ( 5. 16 ) 

daae' 

where 8 = (f.j, S', A)', 

AN = d2 LN(e) d2 L
N

(e) 

dada' dadA 
E{w) 

d 2LN<El ) d 2LN( e) E(w) (5.17) 
dAda' dAdf.j 

and 

o 
(5.18) 1 N 1 

var(w)N Ei =l 
fey· I a) 

). 

The matrix AN is singular since the last column of AN is zero. 

Therefore 

" 
°N(e) = 1 var(w) N 

var (w) 

E(W~) 

2 "-
N 1 df(Y·la) 

). 

Ei=l f(Yi 1ci ) 2 df.j 

1 lim dlnL(a, n) in (5.9) . The 
IN n-+o d~2 

test statistic derived by the method of reparameterisation is therefore 

the same as the extremum test based on the random variable 
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6. Conclusion and Remarks 

In this article, we have investigated the problem that 

arises with the scoring test procedure of Rao (1947) when 

the score vector evaluated at the restricted MLE is identically 

Zero. Several econometric examples are provided in which 

identically zero score test statistics arise. The examples 

include the test of selectivity bias and the test of efficiency 

in the stochastic frontier function models. A general 

test procedure is proposed when the score is identically 

zero. 

Our test procedure is based on the theory of optimization 

and can be regarded as a statistical analogue of examining 

nth-derivatives to determine the nature of relative extrema 

in calculus. We have also considered the device of 

reparameterization suggested by Cox and Hinkley (1974). 

The difficulty with this approach is the lack of a systamatic 

procedure for finding a suitable reparameterization. As a 

generalization of the example in Cox and Hinkley, we have 

considered a general class of models with mixtures of 

distributions. For th~se models with mixtures of distributions, 

the scoring test after appropriate reparameterization is the 

same as the extremum test based on the determinant of the 

second order derivative of the log likelihood function. The 

proposed test procedure is thus a very general procedure. 
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The test procedure utilizes only the restricted MLE 

under the null hypothesis and generalizes the principle of 

the score test. For many practice applications, it will 

have computational advantage over the maximum likelihood 

ratio test or the Wald test. 

Many theoretical problems in the likelihood ratio test 

and the Wald test may occur when the score test procedure 

breaks down, as we have shown that when the score test 

breaks down, the information matrix under the null hypothesis 

is always singular. The asymptotic chi-square distribution 

of the likelihood ratio test and the Wald test is derived 

under the assumption that the information matrix under H 
o 

is invertible, see, e.g. Rao (1974) and Moran (1970, 1971). 

The asymptotic behaviour of the likelihood ratio test and 

the Wald test in this irregular situation need to be investigated. 

It is not clear whether they are asymptotically Chi-square 

distributed. 

University of Minnesota 

and 

University of Bristol. 



FOOTNOTES 

( *) Lung-Fei Lee appreci a tes having f i nanci 011 sup par t from 

( 1) 

an NSF grant for this research. 

In fact dlnL~is only 

dP 
o 

component of dlnL. 
1 

dW Ho 

linearly dependent on tne first 

which is the derivative of InL. 
1 

with respect to the intercept parameter in B. 

(2) The same situation occurs as in footnote 1. 

(3) Such an eigenvector exists because the last column is 

linearly dependent on the other columns. 

(4) We note that Ii=O corresponds to Yli being censored and 

hence L~=l I i e i
3 

is eff ctively only summing over the 

estimated residuals e. for the noncensored observations 
1 

~2 IN· 2 
(5) This follows because 0 =NLi=l (Yi-xi~ for T=l. 

(6) We note that this excludes the stochastic frontier production 

models because there E(w)~O. 

(7) The constant var(w) and E(w2 )/2 will disappear when the 

random variable is divided by its standard deviation to 

construct the test statistic. 
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