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Very often unemployment doesn't mean not being able 

to find work at all. It means not being able to find 

the kind of job you think you deserve. 

- Andy Rooney 



I. Introduction 

A major recent advance in economics has been the 

development of theories describing how individuals should 

and do behave when imperfectly informed of their environ

ment, and therefore of the consequences of their actions. 

In models with perfect information, individuals will only 

buy/sell at the lowest/highest currently available price 

(net of transportation costs, etc.). When it is not known if 

or where a satisfactory bargain can be struck, buyers and 

sellers face interesting search problems. 

of these problems dates back only to 

Formal analysis 

George Stigler's 

seminal 1961 study of the economics of information, and is 

still, from a scientific perspective, in its infancy. 

Nevertheless, the prospects for its usefulness in macroeco

nomic theory and policy analysis seem very bright indeed. 

I n particular, one of the most important and 

challenging phenomena that macroeconomics seeks to address 

is unemployment. Static classical macro models entail only 

voluntary unemployment (in addition to structural unemploy-

- ment arising from market power on the part of unions or 

large employers, minimum wage laws, etc.). In the 

equilibria of these models unemployment results from the 

preference by some individuals for leisure over labor at 

going wage rates. Keynesian models, on the other hand, do 
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imply the existence of involuntary unemployment at certain 

prices due to a hypothesized downward stickiness of nominal 

wages. In such disequilibria, there will be individuals 

"willing and able to work (more) at the going wage rate" but 

who cannot find employment. The central policy implication 

of Keynesian models, which distinguishes them sharply from 

classical models, is that predictable inflationary demand 

policy, by reducing the real wage while leaving the nominal 

wage intact, will reduce unemployment 

increase output. l 

and therefore 

But exactly what is the phenomenon that Keynesian 

theory is supposed to be explaining? Not long-run unemploy

ment, which almost certainly is not the result of downward 

rigidity in the money wage. Reason tells us that disequili-

brium would not persist indefinitely, because of forces 

tending to reduce wages over time in the presence of excess 

supply (i t is to the advantage of both the unemployed and 

prospective employers to undercut the wages of overpaid 

workers). Yet static macro models are simply not suited to 

the study of short-run, or frictional, unemployment. Fric-

tional unemployment is characterized by time consuming 

search through an uncertain environment for a satisfactory 

lAs a matter of fact, this was how Keynes defined involun
tary unemployment (on p. 15 of The General Theory). 
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new job; as such it is intrinsically dynamic and invol ves 

imperfect information. To sayan individual is willing and 

able to work at the going wage rate is meaningless in these 

circumstances; there is no "going wage rate", but a vast 

distribution of jobs wi th many di fferent characteristics, 

including wages, that an unemployed agent has to shop around 

and choose from. The goal of search theoretic models of 

frictional unemployment is to study individual and aggregate 

behavior in just this context. 

It is clear that frictional unemployment is important, 

in a sense, everyone out of work is "between jobs" and 

therefore frictionally unemployed. Search theory would seem 

to be a topic that all students of economics should be 

introduced to. However much of the literature in this area 

is rather technical and only the most informal discussion 

has reached the textbook level. This paper is a theoretical 

exposi tion of some basic search models and their implica-

tions, by design accessi ble to undergraduates even wi thout 

calculus. 2 There is also presented a simple algorithm for 

- actually computing optimal search strategies numerically, 

and several examples and exercises are provided. One of the 

main goals will be to develop a model which admits steady-

state equilibria with positive rates of aggregate frictional 

20ther than algebra, the only mathematical prerequisi
tes are the formula for the sum of a geometric series 
and an elementary knowledge of probability. Some necessari-
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unemployment. Another will be to examine the empirical cor-

relations between nominal and real variables over the busi-

ness cycle (the Phillips curve) in a search theoretic con

text, and to discuss the policy implications. Finally, 

several extensions of our basic framework will be men-

tioned. 3 

ly technical issues, including rigorous justification of 
several results appealed to in the text, are contained in an 
appendix intended for the more advanced reader. 

3The models we will work with in Sections II and III are 
versions of those employed by Sargent, although I am not a
ware of any reference to the algorithm for computing reser
varion wages in the literature. Section IV mimics the style 
used by Wallace in a different theoretical context to exem
plify how unemployment cycles can develop and the care that 
must be observed in proposing policy based on empirical cor
relations, a message originally put forth by Lucas (1976). 
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II. A Simple Search Model 

In order to master some of the basic concepts we initi-

ally study a relatively simple model. Consider an unem-

ployed agent looking for work, and for definiteness suppose 

he is confronted with one offer per period. For simplicity 

we assume that agents do not engage in search while 

employed. We summarize the vector of characteristics that 

make up any given job (xl' x2' Xn), representing such 

things as nominal renumeration, status, vacation time, per-

sonal satisfaction, etc., by a variable w = W(x I , x2""x n), 

Often w will be referred to as the wage, although it gener-

ally is meant to reflect more than simply hourly compensa-

tion, and higher values of ware always preferred. Job 

characteristics are distributed randomly over the employers 

our agent will be sampling from, so w is a random variable 

that we assume is positive, bounded, and governed by a 

probabili ty law that he knows and is constant over time. 

Offers are independent over time. If turned down, an offer 

is withdrawn and search continues, rejected offers cannot be 

recalled. If accepted, an offer may be retained unchanged 

forever - there are no forced separations. 4 

Agents are interested in maximizing their expected dis-

4Forced separations are studied in Section III. Some 
changes in the other hypotheses are explored in exercises 
and in Section V. The assumption of no recall is usually 
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counted stream of future hearningsh from employment plus any 

unemployment benefi ts they may recei ve. Observe that on 

the sea s sump t ion s , i fan 0 f fer i sac c e pte din 0 n e per i 0 d 

(since his relevant circumstances are unchanging over time) 

there is no reason to expect an agent to reject the same 

offer and voluntarily quit at some future date. 5 Thus, if 

a job is acceptable now it will be acceptable for all time. 

Faced with an offer of w he has two choices I accept it and 

receive the implied stream of benefits, or reject it and 

receive unemployment compensation c plus a new offer next 

period. Compensation could include a government transfer or 

the imputed per sonal value of leisure time, for example. 6 

Obviously offers below c will be rejected, but some offers 

above c may also be passed over in the hope of coming upon 

an even better offer later. 

Define the "optimal value function" V(w), sometimes 

unrestrictive, it can be shown that in the situations we 
shall initially study (although not in all possible 
situations) the agent should behave the same with or without 
~he recall option (see, e.g., Sargent). Also, we may 
interpret him as receiving several offers per period but 
considering only the best of the bunch. 

5In particular, he does not get "lazy" after long periods 
of high pay and re-evaluate his attitudes towards work. In 
Section IV agents will sometimes accept an offer and later 
quit, as they aquire information on the quality of the job. 

6Either of which could conceivably be negative, in par
ticular, agents could be "punished" for being out of work. 
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simply called the value of the offer w, to be the maximum 

expected discounted stream of earnings (from wages plus com

pensation) for an agent with an offer of w in hand. In oth

er words, given w,V(w) represents the best the agent can do. 

By defini tion, any strategy which achieves V( w) will be an 

optimal strategy. Since there are only tw6 possible actions 

to take with respect to any offer (accept or reject), by a 

strategy we simply mean a rule for deciding which offers to 

accept. Letting A(w) and R(w) denote the value of accepting 

and rejecting w, respectively, we have the following rela-

tionship. 

yew) = max{A(w), R(w)} 

To develop this further, suppose earnings one period 

hence are discounted 7 by the factor 8, where 0 ~ 8 < 1. We 

then have. 

A(w) = w + 8w + 82w + ••• = 
w 

1 - S 

R(w) = c + 8EV(w') 

where EV(w') is the expected value of the next offer (often 

7The case of 8 = 0 represents an individual who is not 
concerned with the future and hence is willing to accept any 
job if w > c, unwilling if w < c. This corresponds to the 
labor supply decision in a static model. The essence of 
search models is that agents may care about the future and 
hence may forego employment at wages above c to invest their 
time looking around. 
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abbreviated Ey).8 We can now write: 

Y( w) = max [ 1 ~ S , c + SEY] 

Notice that [1] does not actually provide a defini tion of 

the function yew), since EY appears on the right hand side, 

and of course the expected value of Y depends on Y. Thus, 

[lJ "defines" yew) in terms of itself. It turns out that 

there will be exactly one function yew) satisfying [D, but 

we do not verify this here (see appendix). Rather, by ex

ploiting certain rather obvious properites of [lJ we will be 

able to characterize optimal search strategy. To this end, 

observe that A(w) = w/(l - S) is a linear function of 

w, while R(w) = c + SEY(w') is simply a constant since 

neither compensation nor the expectation of the value of the 

next offer depends on the current offer. 9 Hence we may 

easily graph yew) as in figure 1. 

Next comes a crucial stepz define w to be the (unique) 

wage satisfying A(w) = R(w), i.e. w/(l - S) = c + SEY. We 

may now express yew) in terms of w as follows. 

80 ur assumptions are sufficient to guarentee that Y is in
tegrable and R(w) < 00 (see appendix). 

9This is a consequence of the hypothesis that the true 
distribution of w is known so that no learning takes place, 
and that offers are independent over time. 
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yew) __ {lwWS = max [1 ~ a, 1 ~ a ] 
1 - S 

if w ~ W 

-if w < w 

It should now be apparent that a strategy that achieves yew) 

- that is, one that maximizes the expected discounted stream 

of earnings for an agent with offer w in hand - is to accept 

if w ~ wand reject if w < w. Assuming he accepts w = w is 

merely a convention, since an offer of exactly w yields the 

same value whether accepted or rejected. We shall call w 
the reservation wage, and the strategy of holding out for an 

offer above w the reservation wage strategy. 

V(w)=max{A(w),R(w)} 

fig.l 

-w w 

We have not yet completely solved our problem, however, 

since we do not know the actual value of w. From the defi-

nit ion we do know that w = (l-S)(c+SEV), but EV depends on V 
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which depends on w (see [2]). Nevertheless, this informa-

tion gives us a method of checking whether or not some arbi-

trary "guess" at the reservation wage is correct. Thus con-

sider a candidate for reservation wage, wI. In terms of wI' 

define a function Vl(w) as follows (compare with [2]): 

{ 
w 

1 - S if w 2: wI 
Vl(w) = 

wI 
if w < wI 

1 - S 

Notice that wI = w means that VI = V. Next, knowledge of the 

probability distribution of wages allows us to compute 

explicitly the expectation EV I • Using this, calculate 

w 2 = (1 - S) (c + SEV 1) • 
-Observe finally that if wI = w, 

then from the definition of w we have w2 = wI' and that if 

w2 = wI' then they indeed satisfy the definition of w. 
Hence we have a foolproof method for a~swering the 

question, II Is wI the reservation wage?" Furthermore, dis-

covering the answer generates a new candidate w2 ' and we can 

~heck w2 

date wn ' 

in the same 

defines 

Vn(w) = 

way. In 

{ 
w 

1 - S 

wn 

1 - S 

general, given the nth candi-

if w ~ wn 

if w < wn 
... [3J 
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-If wn+1 = wn then we have found WJ otherwise proceed to 

wn+2 · It is a matter of fact (see the appendix) that the 

sequence of candidates (w 1,w 2 ' ) generated in this 

fashion will necessarily converge to w, that is, we can 

approximate w to any degree of accuracy one might desire 

simply by repeating the procedure defined by [3] enough 

times. We demonstrate this with a simple example. 

Suppose that a = 3/4, c = 5/4, and w takes on the 

values (0,1,2,3) each with probability 1/4. Let us arbi-

trarily choose wI = 1 (not really a good guess, by the way, 

since 1 < c). This implies: 

{ 
w 

1 - a = 4w if w ~ 1 
V1(w) = 

wI 
4 if w < 1 = 

1 - a 

With the simple probability law governing w it is easy to 

calculate EV 1, as follows-

1 1 1 1 

= ~V(O) + ~V(l) + ~V(2) + ~V(3) 
1 

= ~ [4 + 4 + 8 + 12] = 7 

Now w2 = (1 - a)(c + aEV 1) = 13/8 I wI' so we conclude 

wI I w. Proceeding according to [3J with w2 = 13/8, we have-
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if w ~ 13/8 

if w < 13/8 

1 
EV 2 = ~[13/2 + 13/2 + 8 + 12J = 8.25 

w3 = (1 - S)(c + SEV 2 ) ~ 1.859 

Without reproducing all of the details, we report 

w4 ~ 1.947, w5 ~ 1.980, w6 ~ 1.993. In fact the sequence is 

converging to w = 2, as may be verified directly by using 

W = 2 in [2] I 

{ :w 
if w ~ 2 

yew) = 
if w < 2 

1 
8 + 12] EV = ~ [8 + 8 + = 9 

w = (1 - S)(c + SEV) = 2 

Hence we conclude that using a reservation wage strategy 

with w = 2 maximizes the expected discounted stream of earn

ings. 10 

Of course, if c or S or the probability distribution 

qoverning w was different the value of w would generally be 

different, also. For example, we can alter the value of c 

in the above example so as to guarantee w = 1. 

observe that w = 1 implies 

To do so, 

lOWe also know that the expected value of yew) is EV = 9. 
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if w ~ 1 

if w < 1 

1 
E V = it [4 + 4 + 8 + 12] = 7. 

w = (1 - B)(c + BEV) = c/4 + 21/16 

Hence w = 1 here if and only if c = -5/4. This is an exam-

pIe of the general result (proven in the appendix) that 

8 c > 0 => 8 W ~ 0 

Hence, higher values of unemployment compensation result in 

the unemployed being more discriminating about which jobs 

they will accept, and therefore longer average durations of 

unemployment (see below). Another result (also proven in the 

appendix) is 

This means that a higher discount factor (one that weighs 

the future more heavily - i.e. a lower interest rate) leads 

to more search time. This is because when the future be-

comes more important to individuals, current reductions in 

- earnings that result from rejecting marginal offers are less 

significant relative to the potential long-term benefits 

from a more thorough search. 

We pause here to point out a slight problem of the op

timal strategy not being necessarily unique. That is, there 
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will typically exist other strategies "similar" but not 

identical to the one we have characterized which also maxi-

mize the expected discounted stream of earnings. An exam-

pIe should clarify this. It is easily verified that in 

the above example with c = 0 we have w = 1.5. However it is 

obvious that using a reservation wage of, e.g., 1.4 or 1.6 

would yield exactly the same outcome I offers of 2 and 3 

will be accepted, 0 and 1 will be rejected. We should ex-

pect, of course, that changing behavior in situations that 

occur with probability zero should be of no practical con-

sequence. In any case, our procedure will allow us to 

study ~ (if not the) optimal strategy, and any other optimal 

strategy will be similar in this sense. ll 

To close out this section we will analyze the duration 

of frictional unemployment explicitly. Let a. denote the 

probability of an unemployed agent accepting any given job 

offer. If he is behaving optimally then a. will simply be 

the probability of receiving an offer above WI a. = pew ~ W). 

The lower is w the higher is a.. Obviously the probability 
-

of an agent rejecting a job offer is (1 - a.) = pew < W). 

Define the random variable d to be the duration of fric-

tional unemployment, I.e. number of rejected offers. Now, 

lIThe value of w as we have defined it is unique. 
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the probability of being unemployed for n periods will be 

the probability of getting n offers in a row below w, and 

the (n + l)th offer above w. Since the offers are indepen-

dent, we have (letting wt denote the tth offer)a 

P(d = 0) = P(w 1 ~ w) = a 

P(d = 1) = P(w l < w, w2 ~ w) = (1 a)a 

The formula P(d = n) = a (1 - a)n allows us to compute 

the probability of an agent being out of work n periods for 

any given values of nand a. Perhaps more interesting is 

the expected (average) duration of unemployment, given by 

E(d) = 0 . P(d = 0) + 1 . P(d = 1) + 2 . P(d = 2) + ••• 

= 2: n 
n=O 

• P(d = n) = 2: n a (1 _ a)n 
n=O 

In exercise 8 you are asked to verify the (perhaps surpri-

sing) fact that I n a (1 - a)n = (1 - a) / a. This yields 

the attractively simple result 

1 - a 
E(d) = a 

Notice that an increase in a (the result of a decrease in 
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w) increases the denominator, and decreases the numerator 

in this expression, unambiguously reducing the average dura

tion of frictional unemployment. 
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Exercises: 

1. Suppose you are an unemployed agent searching for work. 

Let the distribution of offers be given by 

w = (0,1,2,3,4) each with probability 1/5 

and the optimal value function be described by 

yew) : max [1 ~ S. C + SEV(W')] . 

a) Graph V(w) and argue that a reservation wage strategy is 

optimal. Express V(w) in terms of the reservation wage w. 

b) Assume a = .8, c = 2.2. Argue directly that offers of 0, 

1 and 2 will be rejected. Verify that w I 4 and that w = 3. 

c) 
1 

Now assume a = 2. What value of c is compatible with 

w = 2? With w = 3? (Answers, 1.4, 2.8) 

d) Assume c = O. What value of a is compatible with w = 2? 
10 15 

With w = 3? (Answers. T3, Tb ) 

2. How will the graph of V(w) (see figure 1) change when c 

is increased? When a is increased? (Caution. EV(w·) may 

change with changes in c and a). 

3. Given the distribution of exercise 1 and the values 

a = .8, c = 0, genera te the first 3 terms in a sequence 

{w n} starting 

r e 1 a t ion [3]. 

-with wI = 0 and converging to w as implied by 

(Answer, 2, 1.28, __ , ••• ) 
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4.* (Starred exercises are more difficult, this one re

quires knowledge of integral calculus). Reconsider exer

cises !Cc), !Cd) and 3 with w being determined by the con

tinuous probability density function: 

P(W=X)={~ for 0 ~ x ~ 1 

otherwise 

5. Given the distribution of exercise 1 and supposing c, B 

are such that w = 2.5, what is the value of a, the probabi

lity that an offer will be accepted? 

6. Using the information in exercise 5, calculate P(d = 2) 

and P(d = 5), where d is the duration of frictional unem

ployment. What is the average duration, E(d)? 

7. In general, a higher value of c implies a higher reser

vation wage, a lower value of a, and therefore a longer ex

pected duration of frictional unemployment. Does this mean 

the unemployed agent is worse off when c is higher? Is "the 

economy" worse off? (We shall return to these questions in 

I_a ter sect ions. ) 

8.* (Requires knowledge of differential calculus). Use the 

fact that the sum of the probabilities must be identically 

equal to 1, 
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co co 

1 P(d = n) = 1 ex 
n=O n=O 

to prove the relation 

00 

1 n ex (1 - ex)n = (1 - ex) / ex. 
n=O 

• •• (* ) 

(Hint. differentiate both sides of (*) with respect to ex). 

9. Search when the distribution is unknown (example by M. 

Rothschid). Suppose that an agent does not know the distri-

bution of wages, but knows that one of two possible distri-

but ions prevails, 

either w = 2 with probability 1 

or w = (3, 10) with probability (.001, .999) 

Will a reservation wage strategy necessarily be optimal for 

him? (Hint. what is likely to happen if he samples 2? If 

he samples 3?) 

10. Price search (buyer's problem), Consider an individual 

in the market to buy 1 unit of a commodity and sampling once 

per period from a known distribution of prices without 

recall. There is a cost of x per price quotation, which 

might include the cost of doing without the commodity for 

another period. Seeking to minimize the expected' buying 
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pr ice pI us any search costs incurred, the optimal value 

function for the agent with a current price quotation p 

(assuming he does not discount the future) satisfies. 

yep) = min {p, x + EV(p')} 

a) Graph yep) and argue that a reservation price strategy 

(buy if p S p, reject and search again if p > p) is optimal. 

Express yep) in terms of p. 

b) Assume p = (1,2,3) with probability (1/4, 1/4, 1/2) and 

that x = 1/2. Verify that p = 2.5 (so that a quotation of 

1 or 2 will be accepted). 

11. Employer search. Suppose you are interviewing prospec

tive employees from a large collection of applicants for a 

job paying wage w per period, at a cost of ~ per interview. 

Once hired, a worker contributes z units of output per 

period forever, where z is random across applicants. Assume 

no recall. if you reject an applicant he is lost forever. 

a) Facing a current applicant with productivity z, argue 

that your optimal value function will satisfy the relation 

V(z) = max [~ = ;, BEV(z') - ~] 
and that a reservation hiring strategy (hire if -z ~ z, 

reject and interview another if z < z) is optimal. 
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b)* How is z affected if w is changed for a given distribu

tion of z? How about if 0 is changed? 
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III. Separations and the Aggregate Rate of Unemployment 

We now embellish the model of Section II by assuming 

that each period there is a fixed probability A, where 

o ~ A ~ 1, that the employee-employer relationship will "go 

bad" • This will show up in the data as a quit, firing, 

layoff or some other phenomenon that we refer to generically 

as a separation. 12 We argued previously that as long as the 

parameters of the worker's problem did not change he would 

never voluntar ily ini tiate a separation, but this does not 

mean that it could not be officially recorded as a quit. 

In any case, our goal in this section is not to analyze !hY 

separations occur (although this is obviously of 

considerable importance), but to study how the possibility 

of separations affects optimal search strategy and 

consequently frictional unemployment. 

Continue to denote the optimal value function by V(w) = 
max {A(w), R(w)}. The value of rejection is still R(w) 

= c + SEVe w' ), however the value of acceptance will be 

altered by the fact that employment is no longer necessarily 

r-egarded as permanent. We see that a job paying w today 

yields EV(w') next period with probability A , and w again 

next period with probability (1 - A). The following proba-

12When a separation occurs 
immediately confronted with 
allowing the possibility of 

we assume that the agent is 
a new offer to consider, thus 
changing jobs without ever 
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bility tree represents the many possible outcomes of accept

ing an offer w. Notice that entries at the end of successive 

branches are successively multiplied by the discount factor 

13 because these entries are to be rece i ved progressi vel y 

further in the future. 

I3EV 

fig. 2 

13 3w ---------+ 

The expected value of accepting w will be the sum of 

all entries in the tree multiplied the respective probabili-

ties of those entries being achieved. The probability of 

achieving I3 nw is the probability of going n periods without 

suffering a separation, or (1 - :>..)n. The probability of 

achieving I3 nEV is the probability of working (n - 1) 

periods and then suffering a separation in the nth period, 

or ).(1 - ).)n-1. Summing, 

A( w) = w + AI3EV + (1 - ).)l3w + (1 - ).)).132EV 

+ (1 - ).)2132 w + (1 - ).)2).13 3EV + ••• 

= (w + ).I3EV) [1 + (1 - ).)13 + (1 - ).)2132 + •• J 

spending time searching or being recorded as unemployed. 
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w + AaEV 
= 1 - (1 - A)a 

Observe that A(w) is a linear function of w with intercept 

AaEV/(l - (1 - A)a) and slope 1/(1 - (1 - A)a). Furthermore, 

A ~ 1 implies 1 - a ~ A - Aa, and so 1 - (1 - A)a ~ A. 

Hence, 
AaEV 

aEV ~ 1 - (1 - A)a 

and by assuming c is not too large a negative number (see 

appendix) we can guarantee c + aEV lies above the intercept 

of A(w), and so w will be positive. 

yew) 

V(w)=max{A(w),R(w)} 

fig. 3 
c +aEV I--_-_-_-_----_~_~_~_~;.:::., _________ _ - R(w) ---AaEV - - - A ( w) 

1-(1-A)a-

w w 

In figure 3 we use these facts to graph the value func-

tion, which we now write as 

yew) = max 
+ AaEV 
( 1 - A)a c + aEV 1 
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As in section II, let w be the wage where A(w) and R(w) in-

tersect; i.e. 

w + ).BEV 
1 -(1 - ).)B = c + BEV 

Simplifying this expression yields 

w = (1 ( 1 ).)B)(c + BEV) - ).BEV 

= (1 - (1 - ).)B)c + (1 - ).)(1 - B)BEV 

As figure 3 demonstrates, the reservation wage strategy of 

accepting only offers above w will be optimal (will allow 

the agent to achieve the maximum expected stream yew)). In-

troducing the possibility of separation, then, does not 

qualitatively change the optimal search strategy. In fact, 

all of the results of section II are a special case of the 

current analysis, with), = o. 

Generalizing [2J, we now have 

{ 

w + ).BEV 
1 (1 - ).JB 

V ( w) = -1--:..;..---r-:,-:-:.:;:.=..;~ -;- w + ).BEV 
- (1 - ).)B 

if w ~ W 

-if w < w 

As earlier, we can use the expression for w derived above 

to check whether any candidate wI is indeed the reservation 

wage. And as before we can generate a sequence (w 1,w2' .•• ), 

which is guaranteed to converge to w, by the formulae 
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w + AaEV n 

1 - ( 1 - A)a 
yew) = 

wn + Aa EV n 
1 - ( 1 - A)a ••••• [5J 

Wn+1 = (1 - (1 - A)a)C + (1 - A)(1 - a)aEVn 

Approximating w is only slightly more complicated in this 

context, and further exploration is left to the reader (see 

exercise 3). 

In addition, the effects of al ter i ng the parameters c 

and a carryover from Section II. These are reproduced here 

along with a new result (also proved in the appendix) about 

variations in A (note that typically - see appendix - the 

inequalities on the right hand sides will be strict). 

~ c > 0 => ~ w ~ 0 

~ a > 0 => ~ w ~ 0 

~ A > 0 => ~ w s 0 

Earlier comments about the first two predictions remain 

valid, the new result may be interpret ted as follows. An 

increase in the probability of a separation (a decrease in 

job security) implies that unemployed workers will be less 

choosy, because the benefits of holding out for a superior 

offer are reduced when the chance of keeping the job for any 
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length of time is reduced. 

The main point of introducing separations is to develop 

a simple model of aggregate frictional unemployment. Consi

der now an economy with a large, fixed number of agents each 

of whom, when unemployed, independently samples offers from 

the same known distribution and, when employed, independent

ly faces the same probability of a separation, A. All have 

identical values of c and of 8, and we assume 0 .s A .s 1, 

c ~ 0, 0 .s 8 < 1. Each faces the problem described at the 

start of this section. The advantage of giving everyone the 

same parameters is that we may suppose that they all choose 

the same reservation wage wand so have the same probability 

of acceptance, a = pew ~ W). The idea behind assuming a 

large number of agents is that the proportion of the popu

la tion wi th a certain character istic (such as being 

unemployed) will be (approximately) equal to the probabili

ty of anyone agent having that characteristic. 

Denote by ut the rate of frictional unemployment (the 

proportion of the population looking for work) at date t, 

and the employment rate by (1 - ut ). At each point in time 

ut will consist of two components, unemployment carried over 

from the previous period and newly created unemployment. 

The former will be the fraction of the population unemployed 

last period multiplied by the fraction of those who did not 
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receive an acceptable offer, (1 - 0.)u t _1. The latter will 

be the fraction of the population who were employed last 

period multiplied by the fraction who suffered a separation 

multiplied by the fraction of those who did not accept their 

first available offer, ).(1 - 0.)(1 - ut _1). 

together: 

ut = (1 - o.)Ut_l + ).(1 - 0.)(1 - Ut-l) 

= ).(1 - 0.) + (1 - ).)(1 - 0.)u t _1 

Putting these 

This is a linear relation between ut and Ut_l. Since 

). and 0. are between 0 and 1, the slope (1 - ).)(1 - 0.) and 

the intercept ).( 1 - 0.) are also between 0 and 1, as shown 

in figure 4. Given any initial unemployment rate uo' equa

tion [6J determines u1 ' u2' u3' ..• and so we might call it 

the law of motion for the economy's (frictional) unemploy-

ment rate. As figure 4 indicates, there will exist a unique 

value u* in between 0 and 1 such that if ut = u*, then 

ut +1 = u* also. We call u* the steady state equilibrium un

employment rate, since (as long as the underlying parameters 

of the model do not change) once the economy reaches u* it 

iill remain there indefinitely. Furthermore, u* is a stable 

equilibrium in the sense that if we start out at some other 

uo' Ut will eventually converge to u* (see exercises 5,6). 
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fig. 4 A(1-a) 

u* 1 

To solve explicitly for the steady state equilibrium we 

set ut = Ut-1 = u* in [61. 

u* = A (1 - a) + (1 - A)(1 - a)u* 

A(1 - a) 
=> u* = 1 - (1 - A)(1 - a) 

As long as A > 0 and a < 1, u* will be strictly positive. 

(This division assumes, of course, that A and a are not both 

equal to 0, if a = A = 0 then Ut = Uo for all t.) Hence the 

search theoretic models deliver (as promised) equilibria 

with positive rates of unemployment. Note that an in-

crease in a reduces the numerator and increases the deno

minator in [7J, resulting in a lower value of U*. There-

fore economies with larger values of c or B can expect 
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(because reservation wages will be higher and there fore the 

probability of acceptance lower) to have a larger equili

brium unemployment rate. On the other hand, the conse

quence of different values of A is not so straight

forward. For a while an increase in A increases u* directly 

(the numerator in [7] increases proportionately more than 

the denominator), an increase in A will also lower wand 

hence increase a. 

followsl economies 

security) will have 

The economic interpretation is as 

with higher values of A (less job 

more separations but shorter average 

durations of frictional unemployment, and so the net impact 

of a higher value of A is ambiguous (see exercise 8). 



31 

Exercisesl 

1. Consider the distribution 

1 
W = (0,1,2,3) each with probability ~ 

and the values a = .5 and c = 7.5/4 

-= ° implies w = 2.1 a) 

b) 

Verify that ). 

Verify that ). = 11/13 implies w = 1.9 (Hint. 

{ w + i.BEV 
= 1 - ( 1 - ).)a if w ~ - 1.9 v(w) w = => 

1.9 + ).aEV 
1 - ( 1 - ).)a if w < 

1.9 

1.9 

1 [1. 9 + ).a E V + 1. 9 + ).a E V + 2 + ).a E V + 3 + ).a E V ] 
=> EV = ~ 1 - (1 - ).)a 

Simplifying, EV = 4.4. Now use w = (1 - (1 - ).)a)c + 

(1 - ).)(1 - a)aEV.) 

c) For which value of ). is the agent worse off and by how 

much? (Hint. compare EV across cases). 

2. How does figure 3 change when we increase c? When we 

increase a? When we increase ).? (Recall exercise 2, 

. section II). 

3. Suppose w = (0,1,2) each with probability 1/3, and 

a = 1/2, c = 0, ). = 1/4. Generate the first three terms of 
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a sequence {w n} starting at wI = 0 and converging to w as 

imp 1 i e d b Y reI a t ion [5]. V e r i f Y w = 1. ( An s w e rIO, 3/4, 

, ... ) 

4. What is happening to the values of EV n in question 3? 

5. Use the specification of exercise 1 with A = 0 to derive 

the law of motion for the aggregate unemployment rate, as in 

e qua t ion [6]. W hat will bet h est e a d y s tat e f ric t ion a 1 u n

employment rate in this example? Why? (Answer, u* = 0). 

6. Repeat exercise 5 with A = 11/13 • (Answer, u* = .495) 

7.* Show that ut must converge to u* in equation [6]. 

au* 
8.* Show aA > 0 if and only if the elasticity of a with 

aa . A 
respect to A, aA a, is less then the probability of re-

jection, (1 - a). 

9. Discuss the relationship between frictional unemployment 

and welfare. In particular, does a lower value of u* neces-

sarily mean that individuals are better off? 

10. Consider a model similar to the one in this section but 

with one exception. if fired, a worker must si t out one 

period (receiving c) before commencing search for a new job. 

Thus, if fired he receives c + SEV. 
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a) Show that his value function yew) satisfies 

[ 
w + AB (c + BE V ) ] 

yew) = max 1 - (1 - AJB ,c + BEV . 

(Hint: Draw the probability tree depicting the possible 

outcomes of accepting w.) 

b) Argue that as long as c is not too negative (so in par

ticular, if c ~ 0) there will exist an optimal reservation 

wage strategy with W = (1 - B)(c + BEV) ~ o. 
c) Compute W using the data in exercise 3, and compare with 

w. Now set A = 3/4 in exercise 3 and recompute Wand w. 
What do you notice? 

d) Derive the law of motion for the unemployment rate and 

its steady-state equilibrium. (Answer. 0 = A/(A + a), note 

this is not directly comparable with u* = A(l - a)/[(l -

(1 - a)(l - A)J since a will be different). 

11. Try to develop a model of employer search along the 

lines of exercise 11, section II where, once hired, there is 

a probability 8 ~ 0 that a worker will quit (or drop dead). 

Investigate the implications for hiring policy, and for the 

aggregate vacancy rate over time and in steady-state. 
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IV. Cyclical Unemployment and Economic Policy 

Although the model of section III provides much insight 

into why unemployment exists (and persists) in dynamic equi

librium, it does not display the cyclical patterns in unem

ployment that characterize actual economies. In particular, 

we have so far failed to address one of the most intriguing 

features of the business cycle, an apparent positive corre

lation between the absolute (dollar) price level (or its 

rate of change) and the level of real economic activity, as 

measured by one minus the unemployment rate say. In this 

section we attempt an elementary search theoretic explana

tion of this phenomenon. It should be emphasized from the 

outset that there is an important sense in which the model 

presented here is incomplete, since the results depend cri-

t icall y on unexpl ai ned pr ice shocks. Nevertheless, it is 

able to qualitatively mimic actual unemployment time series 

quite well, and does serve to make precise an important dis

tinction between short run and long run price effects. 

We begin by identifying a job by its constant over time 

real wage X. The key assumption is that job offers are 

quoted in dollars, so that, if the current aggregate price 

level is P, an agent has only the money wage observation 

w = PX on which to evaluate a sampling from the job distri-

bution. At each date t, we assume P is a random var iable 
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whose value is not known until t + IJ also assume that P is 

independent over time and independent of X. Of course, P 

will be positively correlated with w because when prices are 

high the nominal wage distribution shifts up. Hence an un

employed agent evaluating w must decide how much of this 

offer is due to him finding a good job and how much is due 

to general price inflation. Since we are assuming that P is 

observed with a one period lag, he will know with certainty 

the value of X after working at the job for one period. 

To describe the decision problem analytically it is 

useful to specify two value functions. let V(w) be the maxi

mum expected discounted stream of real earnings for an unem

ployed agent with offer w, and let Ve(X) be the maximum ex

pected discounted stream of real earnings for a worker em

ployed at a known real wage of X. Once X is known a worker 

may stay on or quit, and in an obvious notation we write 

Ve(X) = max {SeX), Q(X)}. 

If he stays he receives X immediately and next period (dis

counting by S) with probability A he is fired and receives 

SEV, while with probability (1 - A) he is not fired and re

ceives SVe(X), thus 

seX) = X + ASEV + (1 - A)SVe(X). 
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If he quits he receives 

Q (X) = c + 8E V . 

Hence, 

This may equivilantly be written 13 

[ 
X + 18EV ] 

Ve(X) = max 1 - (1 - 1)8, c + 8EV 

To specify yew) = max {A(w), R(w)} we first observe 

that if an offer is rejected the worker receives R(w) = 

c + 8EV. On the other hand, if w is accepted he immediately 

receives the expected value of X conditioned on observing w, 

E[X I w], and next period with probability 1 he is fired and 

receives 8EV while with probability (1 - 1) he is retained 

and receives the (discounted) expected value of Ve(X) condi

tioned on observing w, 8E[Ve(X) I wJ. Hence A(w) = E[X I w] + 

18EV + (1 - 1)8E[Ve I wJ. Summarizing, we have 14 

v(wl = max[dx I w] + AaEV + (l - AlaE[ve I w], c + aEv] •• [8] 

13Ve (X) = [X + 18EV + (1 - 1)8Ve (X)] implies Ve(X) = 
(X + 18EV)/( 1 - (1 - 1)8). 

14An argument similar to the proof of Proposition Al (ap
pendix) guaI~tees the existence of a unique integrable 
function V satisfying this relationship. In the examples 
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To keep things as simple as possible from here on in we 

proceed by way of example. Suppose X = (1,2) with probabi-

lity (1/2,1/2) and P = (1,2) with probability (1/2,1/2). 

This entails w = PX = (1,2,4) with probability (1/4,1/2,1/4) 

Price uncertainty is present because w = 2 results both when 

X = 2, P = 1 and when X = 1, P = 2. By assuming 1 < c < 2 

we know an employee would quit if X = 1 , stay if X = 2. 

Thus, if we consider the parameter values B = 5/6, A = 1/5 

we have 

{ : + BEV = c + 5/6 EV if X = 1 
Ve(X) = 

X + ABEV 
- ( 1 - A)B = 6 + 1/2 EV if X = 2 

Notice that w = 1 implies X = 1 with certainty, and so 

E[V e I w = IJ = c + 5/6 EV. Similarly, w = 4 implies X = 1. 

and E [vel w = 4J = 6 + 1/2 E V • Finally, w = 2 implies 

X = (1,2) with probability (1/2,1/2) and so 

. Using these results in equation [8J, we arrive at 

we employ, a reservation nominal wage strategy will be opti
mal, but this is not the case for arbitrary distributions of 
P and X. More generally there will exist a set of money 
wages which are acceptable and a set which are not. For the 
emplQyed worker, a reservation real wage strategy (quit if 
X < X) will always be optimal in this environment. 
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c + 5/6 EV 

yew) ={maX{7/2 + c/3 + 11/18 EV, c + 5/6 EV} 

6 + 1/2 EV 

if w = 1 

if w = 2 

if w = 4 

Now it is not too di fficul t to ver i fy (see appendix) 

that a reservation nominal wage strategy for the unemployed 

agent (accept w ~ w, reject w < w) is optimal here, and 

that. 

c > 1.625 => W > 2 

c < 1.625 => w < 2 

Consider an economy where a fraction of the labor force 11' 

has c > 1.625, and the remainder (1 - 11') has c < 1.625. The 

high compensation group accepts only offers of w = 4 and 

hence their probability of acceptnce ah depends on the cur

rent price level as follows. 

P = 1 => ah = 0, P = 2 => ah = 1/2 

For the low compensation group, offers of 2 or 4 are accep

ted and so their probability of acceptance is given by aI' 

where 

P = 1 => al = 1/2, P = 2 => al = 1 

Observe that when P = 2, although a low compensation agent 

accepts X = 1 (since w = 2) one period later he will realize 
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his "error" and quit to re-engage in search. 

Figure 5 displays a sample time series for this economy 

with a large number of agents, derived by starting out at 

arbitrary initial unemployment levels and choosing a P 

sequence at random. The two features of the equilibria of 

this model which remind us of actual data are the persis

tence (serial correlation) of aggregate unemployment, and 

the negative correlation between unemployment and P • 
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Figure 6 plots the relation between P and the aggregate 

probability of rejecting an offer, 1 - a, where a = nah + 

(1 - n)al • (Clearly (1 - a) will be a good proxy for aggre

gate unemployment averaged over time.) Notice 

P = 1 => 1 - a = 1/2 + n/2 

P = 2 => 1 - a = n/2 < 1/2 + n/2 

A point whose importance cannot be overemphasized about the 

correlation depicted in figure 6 is that it has been derived 

for a given distribution of P, and is not invariant to 

changes in that distribution. Thus, a naive observer may be 

led to suggest that, since higher P is correlated with lower 

(1 - a), it would be desirable to raise P on average. But 

this is simply wrong. When faced with the alternative dis

tribution P = (2,4) with probability (1/2,1/2), for example, 

the decision rules of the unemployed workers change so that 

the curve in figure 6 shifts due north and the time path of 

unemployment is unchanged (see exercise 1). 

This provides one characterization of the distinction 

between the long and short runs, for a given distribution 

of P, higher values of P are associated with lower values of 

(1 - a), the relationship between P and (1 - a) is not in

variant, however, to a change in the distribution of P. As 

another example, consider the case P = 2 with probability 1 
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(no price uncertainty); it is not the case that this will 

lead to 1 - a = TI/2 as figure 6 might suggest. Indeed with 

no price uncertainty, say P = p* with probability 1, w = 

(P*,2P*) with probability (1/2,1/2), and with 1 < c < 2 we 

know p* < w < 2P* and 1 - a = 1/2 at each date. 1S All of 

this is just one aplication of the message in Lucas (1976), 

that decision rules change with changes in the environment 

agents operate in. 

We conclude this section by briefly considering the 

question, "what can policy do to affect unemployment?" It 

has been demonstrated that in the short run there is a trade 

off between P and 1 - a (as depicted in figure 6), or bet

ween P and aggregate unemployment (as depicted in figure S). 

This suggests a possibility of attempting to exploit such 

a relationship in the actual economy. While we cannot con-

sider all facets in the debate over this issue, one example 

may be illuminating. Suppose TI = 0 (all agents have w < 2), 

then at any point in time, if we could guarantee P = 2 in-

stead of P = 1 we could reduce unemployment, essentially by 

. fooling some agents into accepting work at a real wage they 

do not desire to be employed at. 16 Although it is generally 

lSNotice that as long as TI < 1, 
naive application of Figure 6 
decline in average 1 - a. 

1 - a = 1/2 > TI/2. Hence 
leads to overpredicting the 

160n the other hand, if TI > 0 then when P = 1 some agents 
(those with c > 1.62S) reject offers of jobs they would 
readily accept if not for the price uncertainty. The gener-
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accepted that reducing unemployment is a worthwhile policy 

goal one must wonder if this trickery is desirable or justi

fiable. Consider the comments of Santomero and Seater (1978) 

(see also exercise 2): 

[This] policy is effective [in reducing unemploy
ment] only in as much as it causes people to make 
suboptimal decisions because of imperfect infor
mation. If the people who are supposedly to be
nefit from active policy prefer to avoid the 
consequences of the policy, it indeed seems that 
such policy must be suboptimal, at least in a de
mocratic society where policy choices presumably 
are based on the preferences of the citizenry. 

Finally, consider the proposition that reducing c will 

lead to lower values of wand therefore lower levels of un-

employment. It should be clear that this is not necessarily 

desirable, either. For in any economy wi th real changes 

(such as our exogenous separations) occuring over time, wor-

kers will periodically have to relocate and it is simply not 

efficient to have every unemployed person accept the first 

available opening. Time spent (invested) in search activity 

leads to an improved allocation of employees over firms, and 

in the healthiest of changing economies unemployment should 

not approach zero. It will generally be in the interest 

of efficiency (not only equity) to have some type of unem-

ployment compensation scheme to support those between jobs. 

al message is that noisy price signals can result in misal
locations. 



43 

Of course, too generous a scheme potentially leads to exces

sive search. One of the attractions of dynamic, stochastic 

theories is that they allow - indeed, force - us to con

front these issues. Static models which explained unemploy

ment as excess supply suggested that it was always wasteful 

and that reducing the unemployment rate was always welfare 

improving. As Lucas (1978) points out, "Whether any parti

cular level of unemployment compensation is too high or too 

low is a difficult issue in practice, but it is one that 

cannot be resolved simply by observing that other, unemploy

ment reducing, compensation levels are feasible." 
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Exercises: 

1. Argue that for the price distribution P = (P*, 2P*) with 

probability (1/2,1/2), p* arbitrary, an optimal strategy for 

an unemployed worker is to accept w ~ w, reject w < w, where 

-c > 1.625 => w > 2P* 

c < 1.625 => w < 2P* 

Verify that the "Phillips curve" depicted in figure 6 is un

changed except for a change of scale on the vertical axis. 

2. The numerical values for the equilibrium unemployment 

path depicted in figure 5 but with TI = 0 (i.e. c < 1.625 for 

all agents) are 

ut = {.1, 0, .05, .12, .15, .16,0, .08,0, .14, .•• }. 

Compute the path of ut assuming now there is no price uncer-

tainty (P = p* with probability 1), starting at Uo = . 1. In 

which of these situations is unemployment lower? In which 

are agents better off? (You may wish to compare EV across 

cases.) How does this relate to the quotation by Santomero 

and Seater? 
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3. An influential economist of the 1970's suggested that 

each one point reduction in the basic inflation rate must 

lead to a ten percent reduction in annual GNP and therefore 

a huge increase in unemployment, something he inferred by 

~inspect[ing] six macroeconomic Phillips curves of recent 

vintage~ (circa 1978). How does the economic theory pre

sented here bear on such inferences? You should consider 

the explicit distinction between the long and short runs 

that we have defined, as well as the comment in footnote 15. 
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v. Extensions 

In this section we discuss briefly some possible alter

ations and extensions of the basic search models we have 

been studying. We begin by noting that Stigler's original 

analysis assumed that before embarking on search, the agent 

had to decide how many offers to solicit, say n, and then 

after seeing all n he could go back and accept the best. 

Wi th the problem posed in this way he need only make one 

choice (the value of n) at the start of his search. However 

this formulation is odd, as the following example demon

strates. Suppose that n > 1, but what if you are lucky 

enough to happen upon the best offer in the distribution on 

your first try? The Stigler model says to solicit (n-I) 

more offers before making a commi ttment, which clearly is 

wasteful. The class of models we have been studying avoids 

this problem because the models are sequential. after each 

offer the agent pauses to consider his state of progress 

(the latest offer) before deciding what'to do next. 

The remaining topics in this section are discussed in 

more detail in the articles by Lipman and McCall and the 

references contained therein, we will only touch upon them 

here. First, if the agent's unemployment benefits and/or 

wealth decline over time spent searching, or if the number 

of productive periods left in his lifetime is limited 
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(fini te), then his optimal strategy will still ha ve the 

reservation wage property but the reservation wage may not 

be constant over time. 17 The reservation wage may also 

change over time if he is learning about the true distribu-

tion of offers while he searches, and in some cases learning 

will imply that a reservation wage strategy is not optimal 

at all. 18 Furthermore, in all of these cases the recall 

option may turn out to be important. Reservation wages can 

al so decl i ne over time if we allow for sel ect i ve search, 

where the most promising prospecti ve employers (based on 

prior beliefs) are sampled first. 

Search models may be extended to study the effects of 

risk. If we consider two distribtuions of wages with the 

same mean but the first more risky (in a precise sense, see 

Sargent, for example), then the first will be preferred by 

the searcher, al though his reservation wage will be higher 

and so his expected duration of unemployment will be longer. 

On the other hand, if two individuals who are searching from 

the same distribution have different attitudes towards risk, 

then the more risk averse will typically adopt the lower 

reservation wage and, on average, search less. The model s 

17At each date t he will accept only offers above the re
servation wage wt ' but Wt may decline over time. 

18Recall exercise 9, Section II. Rothschild has shown that 
optimal search strategies when the distribution is unknown 
do possess the reservation wage property when learning takes 
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may also be extended to allow for the possibility of on-the-

job search, and there will result a reservation wage for 

accepting work and another for quitting and changing jobs. 

Of course, to make things interesting we must make on-the

job search more difficult or impose a penalty (say, loss of 

benefits) on quitters, for otherwise all unemployed would 

simply take any offer above c and all employed would simply 

quit at the first offer above their current wage. 

Finally, the impact of cyclical variation in the 

distribution of wages (a business cycle?) on search strate

gies has been studied. 19 It turns out that, at least in cer

tain technical set-ups, the reservation wage will increase 

when the economy is in a .. boom" (the distr ibution of wages 

is high), but the average duration of unemployment may rise 

or fall. In fact, in booms employed workers may quit to re-

engage in search. This does correspond to the data which 

actual business cycles seem to generate, where fewer qui ts 

occur during recessions. On the other hand, some care needs 

t~ be exercised in interpretting such data. For one thing, 

whatever the frequency of separations, it is a fact that the 

place in a particular way. 

19This is to be differentiated from the study of how search 
behavior impacts upon (generates or propogates) cycles in 
real and nominal economic variables, as in Section IV. 



49 

nature of a given worker-firm relationship (including wages, 

position, etc.) can change over the cycle. This is 

something which probably merits further investigation both 

empirically and in terms of extending the existing search 

theoretic models. The impact of cycles on search behavior 

as well as the impact of search on the business cycle are 

only beginning to be understood, and many issues remain wide 

open at this date. 
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VI. Summary 

How is search theory useful? There is probably Ii ttle to be 

gained by anyone currently on the job market from learning the tech

niques described here (unless, of course, he is on the job market as 

a macroeconomist). Furthermore, the reservation wage strategy often 

does not seem to be what people are using in actual economic searches. 

The point of this theory, at its present stage, is not to suggest im

proved ways of selling labor, buying cars, etc. The point is to exhi

bit a class of artificial economies within which frictional unemploy-

ment ar ises endogenously. Arti f icial though these model economies 

may be, by analyzing them we are lead to new insights about actual 

economies. 

The reservation wage property is not the key prediction of search 

theory. the example in Section IV can easily be rigged up so that the 

reser vation wage property fail s. 20 Al though the resul t ing Phill ips 

Curve may look a little different, the observations or policy would 

remain valid. The main implication of search theory can be emphasized 

by the following analogy (suggested by Ed Prescott). At any point in 

time, some fraction of the apartments in Minneapolis are "unemployed" 

(Le. vacant). Two things should now be clear. this is neither evi

denc~ of "disequilibrium" in the housing market, nor is it necessarily 

inefficient. Studying labor and apartments using dynamic, stochastic 

techniques like those described here is a major step forward from 

using only static supply and demand models. 

20 Consider X=(1,2) with probabilit Y[(1(2
1

1/2) and P=(1,2,3) with pro
bability (1/3,1/3,1/3). Note that E X W will not be a monotinic in
creasing function of W in this case. 
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Appendix: 

Here we substantiate two sets of claims made in the 

text: that our approach in characterizing the optimal value 

function and the reservation wage, as well as our algorithm 

for approximating them, is valid; and that the assertions 

about the relationships between wand (c, 8, A) are true. 

Since the analysis of section II is a special case of sec-

tion III (with A = 0) we need only verify the results for 

the latter. We also verify relation [9] of Section IV. We 

begin by presenting a simple but powerful tool. 

Definition: A mapping T from metric space (X, dx) into met

ric space (V, dy ) is a contraction if there exists K < 1 

such that for any Xl' x2 € X 

Theorem (Contraction Mapping Theorem). If (X, dx) is a com

plete metric space and T. X + X is a contraction then there 

exists a unique x € X such that Tx = x. Furthermore, for any 

. Xl € X the sequence defined by Xn+l = TXn = TnXl (n = 1,2,.) 

converges and lim Xn = X. 

Proof. See, for example, Naylor and Sell, p. 126-127. 

Proposition Ala For any real number c and any 8 € [0, 1), 

and A € [O,U, and for any non-negative bounded random vari-
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able w, there exists a unique continuous, bounded real func-

tion yew) satisfying the functional equation 

max [ 1 
w + A8EV 

c + 8EV 1] yew) = - (1 - A)8, 

Proof: Define a mapping T from the space W of continuous 

bounded functions defined on the interval [0, sup(w)] by 

[ 

w + A8EV 1 ] 

TV l (w) = max 1 - (1 - A)8, c + 8EVI 

Since VI is continuous and bounded on [0, sup(w)] it is 

integrable (see, e.g., Rudin, theorem 6.10), EV I < 00 and 

T is well defined. We note that the function space W with 

the metric d(v l ,v2) = suplvl - v2 1 is complete (see, e.g., 

Naylor and Sell, p. 115). 

Now choose VI' V2 € Wand write (for i = 1,2). 

w + A8EV i 

1 - ( 1 - A)8 

wi + A8EV i 

1 - (1 - A)8 

by letting wi = (1 - (1 - A)8)c + 8(1 - A)(l - 8)EV i . Assum

ing without loss of generality that 



52 

we have (see figure A .1) 

d(TV 2 - TV 1) = SIE(V2 - VI) I ,!i; S d(V 2 - VI)· 

We conclude T is a contration, and so there exists a unique 

V such that TV = V. This completes the proof. 

Q.E.D. 

TV 

c+SEV 2 

., 
c +SE V 1 t-----",,~-.... ---__,,1"'I"i 

... " ASEV 2 "".... ",,"" 
1-( l-A)S ... ..../"" , .... 

..... 
ASEV 1 " 

1-(I-A)S 

w 

figure A.l: 

SE(V 2 - VI)' as used in the proof of Proposition AI. 

Corollary_ EV ~ max 
[ Ew 

1 - S, 1 c S ] 

max [ 
W + ASEV 

c + SEV] Proof: yew) = 1 - (1 - A)S, 

w + ASEV 
~ 1 - (1 - ).)S 

Taking expectations of both sides, 
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Ew + ASEV 
EV ~ 1 - (1 - A)S 

Simplifying yields EV ~ Ew/(1 - S). A similar procedure en-

tails EV ~ c/(1 - S). 

In particular, EV ~ Ew/(1 - S) implies 

ASEV 
c + SE V ~ 1 - ( 1 - A ) S 

(1 - A) SE w 
if c ~ - 1 - (1 - A)S 

Q.E.D. 

This allows us to make precise the statement in Section III 

that c + SEV will lie above the intercept of A(w), and so W 

will be positive, "as long as c is not too large a negative 

number." We now verify that the algorithm for approximating 

w works. 

Proposition A2a Under the conditions of Proposition AI, for 

any initial value wI the sequence 

converges to -w, where EV n is obtained by integrating 

w + ASEV n 

1 - ( 1 - A)S 

wn + ASEV n 

1 - (1 - A)S 

Proofa Define a mapping of (the complete space) R+ into it-
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self by 

Tw = (1 - (1 - A)S) c + S(l - A)(l - S)EV 

where (letting F(x) = pew ~ xJ) EV satisfies: 

w w + AS E V CD x + AS E V 
EV = I 1 - (1 - A)S dF(x) + I 1 - (1 - A)S dF(x). 

o w 

Simplifying this last expression, 

w CD 

( 1 - S)EV = I wdF(x) + I x dF (x). • •• ( * ) 
0 w 

Choose wI' w2' e: R+ and assume without loss of genera-

lity w2 ~ wI· Then (*) implies 

ITW 2 - TW11 = Is( 1 - A)( 1 - S)E(V2 - v1)1 

wI w2 

= S(l - A)I I (w2 - wI) dF (x) + I (w2 - x) dF (x) I 
0 wI 

wI w2 

~ S(l - A)I I (w2 - wI) dF (x) + I (w2 - wI) dF (x) I 
0 wI 

w2 
~ S(l - A) II (w2 - wI) dF (x) I 

0 
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= S(1 - A) F(w2 ) IW2 - w11 

Since S(1 - A)F(w2 ) < 1, we conclude T is a contraction and 
n -so T wI = wffi ,+ w. 

Q.E.D 

Notice, as our examples demonstrated, that w may occur 

with probability D. 

wand (c, S, A). 

Next we shall confirm the results on 

Proposition A3. w is increasing in c, S and decreasing in 

Proof. Relation (*) in the proof of (A2) allows us to write 

w = H(w, c, S, A), where 

w 00 

H(W,C,S,A) • (1-(I-A)S)c + S(I-A)[!wdF(x) + !xdF(x)] 
o w 

Since w is unique and since H(O, C,S,A) = (1 - (1 A)S)C + 

S(1 - A)Ew ~ 0 (as long as c is not too negative, so in par-

ticular as long as c ~ 0), when graphed as a function of w, 

the continuous function H must cut the 45 0 line from above 

and so a shift north of H implies ~ w > 0 (see figure A2). 

Hence we need only observe that H is differentiable in 

(c, S, A) and, evaluating derivatives at w, 

aH 
ac = (1 - (1 - A)S) > 0 
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aH w 00 

ae = (1 - A) [ ! w-dF (x) + L x dF (x) - cJ 
0 w 

00 

~ (1 - A) [ ! wdF(x) cJ 
0 

= (1 - A)(W - c) ~ 0 

aH w ar = 8 [c - ! w-dF(x) 
o 

00 

::; 8 [ c - ! W d F ( x )] 
o 

= 8 (c - w) ::; 0 

00 

! xdF (x)] 
w 

Furthermore, at 'least one inequality will be strict in the 

aH aH 
last two chains of expressions, and so aa > 0 and [f < 0, 

unless c ~ w with probability 1. 

Q.E.D. 

H 

figure A2 H(w) 

H(O) 

w w 
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Finally we verify some claims made in Section IV. The 

fact that a reservation wage strategy is optimal in the ex

ample we studied follows because w = 1 (= 4) is obviously 

rejected (accepted), and so whatever happens at w = 2 we 

know that if an offer is acceptable then a higher offer is 

also acceptable. To substantiate [9J, we have. 

Proposition A4: In the example of Section IV, 

c > 1.625 => W > 2 

c < 1.625 => w < 2 

Proof. Suppose A(2) ~ R(2), that 

7/2 + c/3 + 11/18 EV 

Then EV ::; 63/4 - 3c, and 

{ 
c + 5/6 EV 

yew) = 7/2 + c/3 + 

6 + 1/2 EV 

is 

~ c + 5/6 EV 

11/18 EV 

if w = 1 

if w = 2 

if w = 4 

which implies EV = 15c/13 + 9. Putting these together, 

15c/13 + 9 ::; 63/4 - 3c 

=> c < 1.625 

We conclude that whenever c >1.625 we must have R(2) > A(2), 



which means w > 2. 

manner. 
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The other result is proved in the same 

Q.E.D. 
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