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Abstract 

A multivariate regression model with some of the dependent variables 
doubly truncated normal is specified. A recursive relation for the 
moments of the truncated multivariate normal distribution is derived. 
Based on the recursive relations, some computationally simple and 
consistent instrumental variables estimation procedures are proposed. 
The asymptotic distribution of the estimators is analyzed. 
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CONSISTENT ESTIMATION OF A MULTIVARIATE DOUBLY 
TRUNCATED OR CENSORED NORMAL TOBIT MODEL 

1. Introduction 

* Lung-Fei Lee 

Amemiya [1974] extended Tobin's model [1958] to the Multivariate 

Regression and Simultaneous Equation models when all the dependent variables 

are singly censored. Subsequent works of Sickles and Schmidt [1978] and Lee 

[1979] extended the models to the case where only some of the dependent 

variables are singly censored. Applications of those models in economics 

can be found in Sickles, Schmidt and Witte [1979], Goldfeld and Quandt [1975] 

(see also Lee [1976]) and Waldman [1981]. As the likelihood functions for the 

models are quite complicated, maximum likelihood methods are not attractive. 

Fortunately, computationally simple and consistent estimators for those models 

are available as in Amemiya [1974], Sickles and Schmidt [1978] and Lee [1979]. 

These consistent estimators are instrumental variables estimators which are 

derived from the relationships between the first two moments of the singly 

truncated multi-normal distribution. Subsequent generalization of the Tobit 

model is in Rosett and Nelson [1975]. They extend the single equation Tobit 

model to allow d9uble censoring and have studied the maximum likelihood estimation. 

In this article, we generalize the above models to the multivariate 

regression models with both singly and doubly truncated or censored dependent 

variables. We will derive some recursive formulae for the moments of the 

truncated normal distribution and suggest a consistent instrumental variable 

estimator for this general model. The derivations of the recursive formulae 

are very simple and are readily applicable to many truncated or censored 

non-normal multivaria.te distributions. 
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2. The Model 

The multivariate regression model with N multivariate normally 

distributed disturbances is 

y* '" ax + €:t 
t t 

t = 1, ... ,T (2.1) 

where xt is a k x 1 exogenous variable vector, Y~ is a N x 1 vector of 

underlying unobservable dependent variable. a is a N x k matrix of unknown 

coefficients and €:t 'V Li.d. N(O, 'E) where 'E .is a positive definite matrix. 

The y~, t=l, ••• ,T, are not completely observed since there is censoring. 

The observed vectors of the dependent variables Yt,t=l, ••• ,Tl where Tl < T 

are censored samples. The sample Y
t 

is observed and Y
t 

= Y~ if and only if 

it satisfies the conditions (i) and (ii): 

(i) 0 < Y~j,t < kG+j' j=l, ••• ,J; 

(ii) 

o < J < N. 

o < y* < 00, 
G+J+R., t 

t = 1, •.• ,N-G-J 

If any conditions in (i) or' (ii) are not satisfied, Y* is 
t 

unobserved. The upper truncation points kG+j and 

the lower truncation point 0 are known constants in the model.!/ To justify 

the asymptotic properties of the estimator, we assume the following regularity 

conditions: (1) the parameter space H is compact and constains the true 

parameter vector, vec(a, 'E), as an interior,!1 (2) the exogenous variables 

vectors x t have bounded range, a~d the empirical distribution functions of 

x defined by the counting measure converges to a limiting distribution as T goes 

to infinity, and (3) lim! 'ET XtX
t
' is positive definite. 

T t=l 
T-+<» 
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This general model contains the singly truncated multivariate regression 

models in Amemiya [1974] and Lee [1979] as special cases. When G = 0 and 

J = 0, all the dependent variables in Yt are singly truncated and it is the model 

in Amemiya [1974]. When J = 0 and 1 < G < N, it corresponds to the model 

in Lee [19791. 

The above model is specified for the censored sampling design in which all 

the T observations on x t are available and we know that T - T1 samples on 

* Yt of the T random samples are censored out. There is another sampling situation, 

namely the truncated sampling design, in which the T random samples are drawn 

from the populations in which all the conditions (i) and (ii) are always 

satisfied. For the truncated samples, all the observations x
t 

and Y
t 

are 

available, Tl = T but the disturbances E
t 

in 

Y = a.x + E 
t t t 

t=l, ••• ,T 

will be distributed as truncated normal with density function 

defined on - a.ix < Ei < k i - a.ix, i = G + 1, ••• ,G + J and - a.jx < E
j 

< ~ 

for j = G+J+1, ••• ,N, where 

p(X) = 
~ CD 

I· · .. 1 

1 
-a.~ 

kG+J-<lG+.r 
1 
-a.G+.r 

~ 

The censored samples and the truncated samples cases are apparently different 

in their likelihood functions. However, for the instrumental variable 

estimation procedures that we will be considered, they are applicable to 

both cases. 1l 
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3. Differential Equations and the Truncated Moments 

In Amemiya Il974] and Lee Il979] for the singly truncated multivariate 

normal distributions, explicit expressions for the first two moments around 

zero are derived and the relationship between these two moments are then 

developed. The arguments involved are complicated and will involve tedious 

generalizations. In this section, we adopt other arguments which are 

rather simple, allow us to derive a very simple relationship between moments 

of any orders for our general model, and are easily extended to a variety 

of multivariate distributions. Our analysis will proceed for the censored 

sampling case, but the final results are applicable to both censored and 

truncated samples. 

Consider a N-multivariate normal random variable u with density function 

f(u) 

1 

2 exp{-! (u _ ~)'E-l(u _ ~)} 
2 (3.1) 

It follows immediately from (3.1) that the density function is characterized 

by the differential equations, 

:u (~nf(u» -1 = - E (u - ~). (3.2) 

Let at be the ith column of r-l and u. be the ith component of the vector 
~ 

u, i=l, ••• ,N. It follows that 

a i' 
-- f(u) = -a (u - ~)f(u) au. 

~ 

(3.3) 
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£ Premultiplying each side by the £th power u. of u., we have 
~ ~ 

£ af(u) 
u . .., 
~ aU. 

i' £ 
= - cr (u - u) u. feu) 

~ 
(3.4) 

~ 

and hence 

b
l 

b
N £ af(u) i' R, £ 

(3.5) f f u. dUN· •. du1 = - (J (E*(u.u) JJE*(u i » 
~ au. ~ al aN ~ 

£ b
l 

b
N £ f(u)duN"· .dul , etc., denote the incomplete where E*(u. u) - f C> II e f u. u 

moments. 

we have 

~ ~ al ~ 
Since, by the integration by parts, 

b b i 
i £ af(u) £ I f u i au. dUi = u i feu) 

a. ~ 
~ u.=a. 

~ ~ 

b i R,-l 
- £ f u. f(u)du

i
, a

i 
1. 

£ R, 
b. Fi(b.) - a i F.(a.) 
~ 1. ~ 1. 

tE*(U~-l) (3.6) 

where F. (c) 
~ 

b. 1 b. 1 
f ~- f ~+ 
a

i
_l a

i
+l 

dUi_ldui+l ••• d~. It follows from the expressions in (3.5) and (3.6) that 

for £ = O,l,2," •• ,~ and i=l, ••. ,N. These simple recursive formulae provide 

(3.7) 

the basis for the relationships of the moments of the truncated distribution. 

Let the probability, 

be the moments of £ 
u. 
~ 

with density function 

b. R, 
f ~ Fi(c)dc, be denoted by F and E(u.) 

a
i 

~ 

and 

feu) 
F 

u~u respectively of the truncated distribution 
~ N 

defined on X Ia.,b.]. It follows 
i=1 ~ ~ 
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immediately, from the definitions, that E*(u~) = F, E(u~) 
1 1 

1, 

t t E(u.u) = E*(u.u)/F. From (3.7), we 
1 1 

have the following recursive formulae for the moments of the truncated 

normal distribution, 

i' t 
a E(u.u) 

1 

t 
i' ttl a.F.(a.) 

= a ~ E(u.) + tE(u.- ) + 1 1 1 
1 1 F (3.8) 

For the model of (2.1), ~ = ax and (3.8) can be divided into three 

categories: 

(1) iE{l, ••• ,G}. For these equations, a
i 

= ~ and b
i 

= ~, and 

and 

the terms a~ Fi(ai ) and b~ Fi(b i ) vanish for all ~ = 0,1,2, ••.• 

Thus (3.8) becomes 

i' i' 
a E(Y) = a ax t = 0 

i' ttl = a ax E(Y.) + tE(Y - ) 
1 i 

(2) iE{G+J+1, ••• ,N}. In this case, a i = 0 and b
i 
=~. Here 

(3.8) is 

i' i' Fi(O) 
a E(Y) = a ax + F ~ :::a 0 

and 

i' ~ ~ 1 = a ax E(Y.) + R.E(Y - ) 
1 i 

(3.9) 

(3.10) 

(3.11) 

(3.12) 



-7-

(3) idG+l, ... ,G+J}. In this case, a. 
1 

o and b. 
1 

k., and correspond-
1 

ingly (3.8) is 

. , i' F.(O) F. (k.) 
d

1 
E(Y) = o c:x + ~1:....-.._ 

F 
1 1 

F 
t = 0 (3.13) 

and 

i' 
CJ C1X 

n F. (k.) 
k'" 1 1 

i F 

In contrast to models with single truncations,. the terms 

t = 1,2 •.••• 

in 

(3.14) do not vanish. However. the equations (3.14) do obviously imply 

the following recursive relationship: 

(3.14) 

l = 2,3, ••. , (3.15) 

which will be used to derive instrumental variable estimators. 

4. Consistent Instrumental Variables Estimator 

With the relations (3.10). (3.12) and (3.15), the instrumental variables 

estimation procedure first appearing in Amemiya I1974] can be extended to our 

general model. For the equations i, i€{l, ••• ,G}U{G+J+l, ••• ,N}, the relations 

in (3.10) and (3.12) imply that the conditional means of the disturbances 

n~!) in the following equations are zero: 

t = 1,2, ••• , 

t = 1, .•• ,T
l 

O. For the equations i. i£{G+l •..• ,G+J}, we have 

2,3, ... ,; 

t = 1, ... , Tl 

(4.1) 

(4.2) 



where E(n~~~ = O. Thus, double truncation amounts to the appearance of 

additional terms in ~-l and ~-2 powers of Y .. 
lt 

if il iN 
Let a = (a , ••. ,a ). For the convenience of estimation, the equations 

(4.1) and (4.2) can be rearranged as follows: 

.2. == 1,2, ... ,; 

(4.1)' 

i "'" 1, ••• ,G,G+J+1, ••• ,N 

( k ) 2 1 ( ki(2-1~y2i-t2 1 if ( k ) 2-1 Y it - i Y i t = ii 2 Y it - .LII + ii a ax Y i t - i Y i t 
a a 

1 "" 2,3, ••• ,; 

i "'" G+1, ••• ,G+J 

To derive an instrumental variables estimator, consider separately each 2 

for the equations i, i€{l, ••• ,G} U {G+J+1, ••• ,N} and the corresponding 

2+1 for the remaining equations with 1 > 1.!! For example, for 1=1, 

(4.2) , 

we are consideTing the estimation of a and r from the following equations: 

and 

1 
= --

ii 
a 

1 N ij 
- l·i ~J·.J.l· a (Y·t-k.)Y. Y. a T 1 1 It Jt 

(4.3) 

i = 1, ••• ,G,G+J+1, ••• ,N 

+ 1 (2) 
ii nit 

a 

i = G+1, ••• ,G+J 

(4.4) 
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To simplify the notations, let us write 

_1_ U- i(i-l) i(i+1) iN i' , 
0i = ( ii) (-0 , ••• ,-0 ,1., -0 •••• ,-0 • 0 CL) 

o 

For each 1. 1 > 1, define 

for i=l ••••• G,G+J+l, •••• N 

and 

Then we have 

= 

= yR.+l 
it 

for i=G+1 •••• ,G+J 

for i=1, ••• ,G,G+J+1, ••• ,N 

for i=G+1, ••• ,G+J. 

i=l, ••• ,N t=l, ••• ,T
l 

(4.5) 

where ~(R.) are the corresponding disturbances. As suggested in Amemiya [1974], 
it 

the instrumental variables ;i!) can be constructed by regressing each Yit 

t=1, ••• ,Tl on xt and certain higher powers of the elements of xt and 

substituting the least squares predictor Yit 

strumenta1 variable estimator of 0i is then 

(R,)')-l 
Zit 

in 
( t) 

z. 
l.t. 

The in-

(4.6) 
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for each i. Under the previous assumptions and the assumption 

1 Tl A (Q,) (Q,)', 
that plim T Lt=l Zit Zit 18 non singular for the censored sampling case or 

T-+oo 

,IT AU,) (Q,)' 
pl1m T Lt=lZit Zit for the truncated sampling case, the consistency and 
T-+oo 

asymptotic normality follow as in Amemiya [1973]. The disturbances 

~ (Q,) b' d 
~it are 0 vlously heterosce astic and the explicit expressions will depend on 

the high moments and the joint multivariate normal probability. The analytical 

asymptotic covariance matrix is thus quite complicated to be computed as the 

computation of the multivariate normal probability involves numerical mul-

tiple integrals. This difficulty, however, can be overcome if we USe the 

sample moments as an alternative. It is easy to show by lemma 2 in Amemiya 

([1973], p. 1002) that, under the specified regularity conditions, the asymp-

totic covariance of 
A(Q,) 
O. 

1 
can be estimated by 

(4.7) 

where ~'l~tt) = q(Q,) - 8~t) Z~tt) ,11 Similarly, the asymptotic covariance of 
it 1 1. 

A (Q,) 
and O. can be estimated by 

J 

Tl A(t) (Q,)')-l Tl A(Q,) A(Q,) Tl (t) , "(t»-l 
(4.8) O:t=l z. Zit Et=l ~it ~jt O:t=l Zjt Zjt lt 

Since there is a one to one correspondence between the parameter vector 

o = Co i' ... , o~) , and the parameter vector vec (a,E) where the symmetry 

in E are not imposed. Thus one can derive a consistent estimator (~(t) ,~(Q,» 

C ) Th . i f C:CQ,),;(Q,» for a,E. e asymptotlc covar ance 0 ~ ~ can then be derived 

from (4.7) and the transformation between 0 and vec (a,E) as follows. 



Let O •• 
1.J 

follows that 

1: 
-1 

= 
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be the jth component of 

1 
021 

011 - °22 
. . 

°12 1 . . ---
°11 °22 

. 

0 

0., j=l, .•. ,N 
1. 

. 

. 

°Nl 
- °NN 

°N2 ---
°NN 

1 

°NN 

and 
, . 

1. 
= a. a • It 

Substituting the estimates 

C~)Ct) of the matrix 1:-1 

ACt) 
O •• 

1.J 
for 0ij' we have a consistent estimate 

To simplify notations, we will suppress 
A 

the superscript Ct) in this paragraph. The inverse of 1:-
1 provides an 

estimate 1: of 1:. Let Since 

consistent estimate of a. To derive the asymptotic 

covariance matrices of 1: and a. • it is convenient to derive the asymptotic 

covariance matrix of 
~ 1: first. Let ~ = (Oil""'OiN)' be the sub

vector of 0i consisting of the first N components. Furthermore, let 

, ~)t. By the Taylor expansion, 

(4.9) 

where ~ means that the expressions on both sides multiplied by ~ 

have the same asymptotic distribution. With some tedious algebras, it 

is straightforward to show that 
-1 a vec(l: ) 

a 0' 
is a block diagonal matrix; 
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-1 Al ° a vec(1: ) 
A, say, dO' Az . --

° ~ 

where 

A. = - -?- L + -2
1 

(e!@o.-e!®e.),i=1, •.• ,N; 
~ u.. ~ ~ ~ ~ ~ ~ 

~~ u •• 
~~ 

I 
N 

is the N x N identity matrix and e. = (a, ... ,0,1,0, ... ,0) 
~ 

ith unit vector of the N dimensional Euclidean space. Since 

vec(E) - vec(E) ~ a vec(1:) (vec(E~) - vec(1:-1» and 
a vec(E-l), 

a vec(E) 
-1 a vec(E ) 

= -(1:' 5J 1:), it follows 

vec(E) - vec (1:) ~ -(1:' (f) 1:)A(8 - §) 

is the 

(4.10) 

Let be the asymptotic covariance matrix of as appropriately con-
... 

structed from (4.7) and (4.8). The asymptotic covariance matrix of vec(E) 
A 

A -1'" 
is 0:' (j E)An8A' 0: <2Sl E '). Since a = (E )' o~ , the asymptotic covariance 

matrix of a can be derived as follows. By the Taylor expansion, 

where 

C
A

,) ( ') D __ a v~;(,a') (; _~) vec a - vec a . au u u 

Since veda ') 

a vec(a') 
ao' 

-1 
= (I iO. 0 ) it vec (E ) 

N ~ * ao' 

Furthermore, we can show that 

(4.11) 

+ 
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= 

and 

(A
1

,Q') 0 
-1 a vec(E ) (A

2 
.Q') 

B, dO' = = say; 

0 (~.Q') 

where 0 denotes the zero matrix of dimension k x N. 

Hence 

Let be the asymptotic covariance matrix of o. The asymptotic co-

" variance matrix of vec(a') is 

[(IN ~ o*)B + (E-
l

' aP ~)(~ ~ [.Q,Ik])]n~[B' (~®!O~) + 

(~dP [-~J )(r-l@~)]. 

The estimation,described above provides a consistent estimate 

"'(R.) .... (R.) 
(a • t ) of (a,L) for each R., R. ~ 1. In practice, it is sufficient 

to use several R. of low orders for the estimation purpose without loss of 

much information. The instrumental variables estimation in Amemiya [1974] 

corresponds to the case that uses only R. = 1. Suppose we have used the 

equations in (4.5) for R. = l, •.• ,m and derived the corresponding estima-

tes for each R. , it is possible to pool the esti-

mators so as to derive a more efficient one. A relatively simple pooling 
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procedure is to use the generalized least square (mixed estimation) procedure. 

The set of estimates 
~ 0,) e 

-, 
e (1) \ 

r 
I 

I 

I . I 

a(m) J 
I I 
: . j 

1 
i I ! L -' 

where 8 = (a', vec(E) ')' 

e 

= 
(A (,q,) , 
a , 

~ (Q,) , 
vec(E »' can be rearranged as 

r 
i 

: t;1 
j 

+ 1 . (4.13) 

I : 
I 

IF;: 
I m i 
L.... -" 

and ~. = sCi) - 8. The asymptotic covariance 
1. 

matrices of the F;'s can be derived in a similar fashion as described in 

previous paragraphs. The generalized least squares procedure is then applied 

to (4.13). 

Finally, it should be noted that since the above estimation procedure does not 

impose positive-definiteness property on E, the derived estimates of L need 

not be positive definite. This difficulty will not create problems if the 

main interest is to estimate the vector of coefficients vec(a). Some 

discussions on this problem are in Amemiya [1974]. 

5. Remarks 

The approaches described in this article are ready to be generalized 

to other models where the distributions are characterized by differential 

equations in the form where and Q2(u) 

are finite order polynomials. Apparently, this includes the family of 

multivariate distributions of van Uven which generalizes the univariate 

Pearson family of distributions to the multivariate case. The multivariate 

normal distribution is an important member of the van Uven family. Many 
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other popular multivariate distributions also belong to this family, see, 

e.g. Elderton and Johnson [19&9J. 

Finally, it is useful to point out some related works in the litera

ture. For the univa~iate Pearson family of distributions, Pearson (see the 

citations in Elderton and Johnson [1969], p. 36 and Johnson and Kotz [1970], 

pp. 9-15) derived the recursive relations of the complete moments and sug

gested the use of the method of moments to estimate the parameters. Sub

sequently, Cohen [1951, 1953] derived the recursive relations for the trun

cated Pearson distributions. The main concern in those articles is to esti

mate the unknown parameters and the distribution. Amemiya [1973, 1974] is 

apparently the fi~st one to suggest the use of instrumental variables method 

to estimate the truncated normal regression model. In a recent article of 

Hartley and Swanson [1980], for the doubly truncated univariate normal re

gression model of Rossett and Nelson 11975], they notice the recursive 

formulae and suggest an instrumental variables estimation. In Lee [1981], 

based on recursive formulae for the truncated Pearson family of distribu

tions, non-linear two stage least squares estimations are developed for the 

Tobit models with Pearson family of distributions. The potential usefulness 

of the recursive formulae of moments in other fields such as decision 

sciences can be found in Winkler et a1 [1972]. 
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Footnotes 

(*) An earlier preliminary version of this article was presented at the 
CEME Conference on Qualitative Decision Theory and Discrete Data 
Analysis at Harvard University on April 2-4, 1981. I appreciate 
receiving valuable comments from Jeff Dubin, Dale Poirier and Jim 
Adams. Financial support from the National Science Foundation under 
grants SES-800648l to the University of Minnesota are gratefully 
acknowledged. Any errors are of my own. This article was partly 
completed during my visit to the Center for Econometrics and Deci
sion Sciences, University of Florida, Gainesville, 1980-1981. 

1. More general specification of the model can allow the truncation 
points to be varying across samples. Our estimation procedure is 
applicable to this situation with slight modifications. 

2. vec(a,E) denotes the operator 'vee' applied to the block matrix 
la,E], i.e., arrange the columns of the matrix la,E] into a large 
column vector. 

3. This is so, since the estimation method will utilize the same subset 
of sample information in both models. 

4. Theoretically, one can set up a system of equations from (4.1)' and 
(4.2)' and estimate the parameters by the generalized three stage 
least squares procedure. The difficulty in this procedure is the 
computational complication in the evaluation of the covariance matrix 
of the system. One can easily show that the covariance matrix in
volves the evaluation of the multivariate normal probabilities F. 
Unless the probability F is of lower order, the computation is 
rather complicated. 

5. This sample covariance matrix is valid for both censoring and trun
cated sampling designs, even though the explicit analytical expressions 
for the covariance matrices of the limit distributions of 

If (6(1) - 5.) for the different sampling designs are different. 
i 1 
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