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ABSTRACT 

This paper explores the extent to which standard, general equilibriun 
analysis of optima and competitive equilibria in the linear space containing 
lotteries can be applied to environments with moral· hazard and adverse 
selection problems. Techniques for characterizing optima as solutions to 
linear prograns are found to be useful and nice and appear to be broadly 
applicable. But existence and optimality of competitive equilibria seem to 
require that agents with characteristics which are distinct and privately 
oberved at the time -of initial trading enter the economy-wide resource 
constraints in a homogeneous way; subsequent heterogeneity is not critical. 
The homogeneity condition is satisfied for a dynamic private-infonnation 
securities economy and a moral hazard insurance economy, but not for the 
well-known and interesting signaling and adverse-selection insurance 
economies. For the latter, heterogeneity introduces an externality of some 
kind. 
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1. Introduction 

The purIXJse of this paper is to explore the extent to which standard 

general equilibriun analysis of optima and competitive equilibria can be 

applied to environments with moral hazard and adverse selection problems. 

In these environments the information structure is explicit but private. Of 

particular interest are the Rothschild-Stiglitz [1976], Wilson [1978] 

insurance environment, in which each agent observes a paraneter indicating 

the probability of suffering a loss, that is, whether he is a high risk or 

low risk agent; the Spence [1974] signaling environment, in which each agent 

observes a paraneter indicating his inherent productivity as well as the 

disutility of sane completely unproductive activity, and the moral hazard 

insurance env ironment in which agents can take an unobserved action 

determining the probability of suffering a loss. 

In an earlier paper, Prescott and Townsend [1979J, we established that 

standard general equilibriun analysis of optima and competitive equilibria 

could be applied to a pure exchange securities economy with private shocks 

to preferences: in the linear space containing lotteries we established the 

existence of optima and canpetitive equilibria, that every competitive 

equilibriun is an optimun, and, apart from an exceptional case, that every 

optimun can be supported as a competitive equilibriun. In the present paper 

we exanine the extent to which these results can or cannot be extended. 

Both the successes and the failures are revealing. 

In our approach, and consistent with general equil ibriun model ing, we 

are careful to distinguish the environment itself from the equilibrium 

notions we employ. We do this notwithstand ing the fact that the insurance 

and Signaling environments are intimately associated with specific 

equilibriun notions. Thus we avoid the use of exogenous, free-entry-
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motivated, zero-profit conditions and exogenous marginal productivity 

conditions. The general environment is described in section 2. Consistent 

with the use of lotteries, the commodity space is a (finite-dimensional) 

real linear space. A convex subset of this space is the common consumption 

set for the agents. There are a finite number of agent types, but each 

agent's type is pri v ate information. Each agent type has preferences as 

defined by a (linear) utility function on the common consumption set. There 

is also a common endownent. Implementable consumption allocations are 

defined by a finite set of linear resource constraints and by certain ~ 

ante incenqve-canpatibility conditions. In section 2 it is established 

that the Rothschild-Stiglitz-Wilson insurance environment, the Spence 

signaling env ironment, the Prescott-Townsend private-information securities 

environment and the moral hazard insurance environment are all special cases 

of this general structure. 

In the context of a tightly specified, general equilibrium environment 

Pareto optimal allocations can be defined in the usual way. It is 

established, in section 3, that optima generally do exist and can be 

determined as solutions to concave prograrrming problems. This technique is 

used to characterize the set of Pareto optima for both the insurance and 

signal ing env ironments. In the process it is established that the 

Rothschild-Stiglitz separating equilibrium is optimal in the space of 

lotteries under exactly the sane conditions which make it optimal in the 

space of (apparently) deterministic allocations. For the signaling 

environment it is established, generally, that optima do not involve 

complete separation of agent types. We also recall that optima for the 

private-information securities environment involve nontrivial lotteries. 

Section 4 begins an attack on questions of equilibrium. In the Spence 

signaling environment informationally consistent p-ice functions are not 
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unique and in many cases are nonoptimal. Rothschild and Stiglitz adopt a 

more strategic equilibrium notion, a set of contracts offered by firms such 

that (i) no contracts make negative expected profits, and (ii) no other 

potential contract \-.QuId make !3 (Xlsitive profit if offered; the equilibriun 

is Cournot-Nash in as much as each firm assunes that the contracts its 

competitors offer are independent of its own actions. Rothschild and 

Stiglitz give us more nonstandard results--an equilibrium may not exist, and 

if it exists, it may not be optimal. Wilson's equilibriun is even more 

strategic, each firm taking into account the reaction of its competitors. 

This and the equilibrium notions of subsequent authors yield existence in 

some cases. Riley [1977J offers key insights on the equilibriun notions of 

this literature. 

In our approach we return to standard, general equilibriun, competitive 

analysis. Thus our approach is nonstrategic. Given the envirol'1l1ent, we 

define a price system, and optimal actions are defined relative to these 

prices. In equilibrium, (i) each consuner chooses a utility maximizing 

element in his budget set, (ii) each firm chooses a profit maximizing 

element in a well-defined production set, and (iii) markets clear. This 

competitive equilibriun notion is less realistic in a descriptive sense. 

But the intent of this research is to discover the implications of private 

information alone for the operation of competitive markets; we seek to do 

this by employing a standard competitive equilibriun notion rather than 

equilibriun notions from imperfect competition. This is also the intent of 

the note by Hahn [1974J, but we arrive at somewhat different conclusions. 

The natural specification of the competitive equilibrium notion 

(described in section 4) is a set of prices, one price for each point in the 

commodity space, a consunption allocation for each agent type, and a 

production allocation which satisfy the three equilibriun properties of the 
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previous paragraIi1. This specification was highly successful for the 

env ironment of Prescott-Townsend [1979]; both existence and optimality of 

competitive equilibria were established. And we establish here that these 

results carryover to the classicial moral hazard insurance environment. 

But a difficulty emerges in using this specification in environments with a 

fundanental adverse-selection problem. The difficulty is that a natural 

specification of the production set involves the proportion of agent types 

in the population. But market clearing along with this natural production 

constraint is not sufficient to ensure that the resource constraint is 

satisfied. For the signalit:1g env ironment there happens to ex ist a 

competitive equilibrium in which resource constraint is satisfied, but it is 

the optimum without signaling. For the adverse selection insurance 

environment, such an equilibrium does not exist. This nonexistence is 

related to the nonexistence of a pooling equilibrium in the 

Rothschild-Stiglitz analysis. 

The general inconsistency of a production set, market clearing, and the 

resource constraints for standard competitive analysis seems to imply a kind 

of externality. Section 5 makes precise the nature of this externality for 

the signaling environment. A competitive equilibrium in an extended 

commodity space is defined and is shown to involve externalities in 

production, standard externalities in general equilibrium terms. (In 

contrast to Hahn, the externality does not seem to involve information 

trammission.) We also establish that all the Spence signaling equilibria 

are included in the competitive equilibria of the extended commodity space. 

These mayor may not be optimal. 

These results motivate the approach adopted in section 6, that of 

"stacking" the commodity point. This approach makes the production set 

consistent with market clearing and the resource constraints and avoids 
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externalities. It is supposed every agent type in the population must 

choose a vector of allocations, one component per agent type (on an as if 

basis), subject to an incentive compatibility condition, which makes the 

ordering operational. The optimality of such an equilibrium can be 

established. It is also established, apart from an exceptional case, that 

optima may be supported as competitive equilibria of a certain type, but 

with same unusual additional constraints on the maximization problem of the 

consumer. These constraints require that each agent type not choose a 

vector with a component for same other agent type which makes that agent 

type worse off than in the optimal allocation. Thus this competitive 

equilibriun notion fails to decentralize the economy in the usual way; the 

preferences and assignments of others must be taken into account by the 

maximizing individual. In sane envirorunents it is possible that these 

additional constraints might be deleted, and so a more standard competitive 

equilibrium might exist. But in the signaling and adverse-selection 

insurance env ironments it is established that no equilibrium without such 

additional constraints exists, at least if the optimum (in utility space) is 

not unique. This is due to the fact that in the signaling and insurance 

envirorunents all the supporting competitive equilibria have the same price 

system. 

We reserve for the concluding section a brief discussion of the major 

results of this paper. 

2. The Economies 

Basic Mathematical structure 

There are a finite nunber of agent types i= 1, ... ,I and a continuun of 

each type. The fraction of agents of type i is denoted by \. The 

commodity space is a linear space L and the (common) consunption possibility 



set for each agent type, X 

of each agent of type i, ui 
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L, is closed and convex. The utility function 

X + R, is concave (and frequently linear). 

The endownent of each agent is E; e: L, the sane for all agent types. Each 

agent's type is private information. 

Let Xi £ L be a consumption allocation to each agent of type i. Let 

r ik be a real-valued linear function on L, k:1,2, •.• ,K, i:1,2, ... ,I. Then 

society is subject to resource constraints of the form 

k: 1, ••• , K. 

An I-tuple x : (xi) of elements belonging to L is implementable if 

(2.1) 

(2.2) 

(2.3) 

x. £ X 
1 

u.(x.) > u.(x.) 
1 1 - 1 J 

LA.r·k(x. - E;) < 0 
. 1 1 1 
1 

all i 

all i, j 

all k. 

The first requirement is that the consumption vector belong to the 

individuals' consumption possibility set. The second is that each 

individual of type i weakly prefer Xi to all the other x j . Thus it is not 

in the interest of any agent to claim to be of some other type. These are 

the ex ante incentive-compatibility constraints. Certain ex post incentive-

compatibility constraints are loaded into the common consumption. 

Justification for restricting attention to the class of allocations 

satisfying the incentive compatibility constraints can be found in Harris 

and Townsend [1977], [1981] and Myerson [1979]. The third condition is 

again the set of resource constraints in this pure exchange economy. 
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In much of this paper L is assuned to have finite dimension. The 

assunption that L has finite dimension simplifies the presentation without 

the loss of anything essential. Then, if both the ui (.) and r ike .) are 

linear, we use the dot product to represent them; that is 

and similarly 

where R. indexes components of xi €: L. (Limiting argunents such as those 

used in Prescott and Townsend [1979J may be used to establish the results of 

this paper if L is not finite dimensional.) 

We now demonstrate how the well-known insurance and signaling 

env ironments can be represented in this frame\oX)rk as well as the dynamic 

securities economy with private information that we considered previously. 

Adverse Selection Insurance Economy: E1 

Consider the following insurance env ironment that was considered by 

Rothschild-Stiglitz [1976J and Wilson [1978J. There is a continuun of 

agents, say the set of agents is the unit interval. Each agent of type i 

receives a random endowment z: 

z = 
Zo with probability 9i 

z1 with probability (1 - 9 i ). 
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Here 0 < Zo < z" so when Z = Zo an agent is said to suffer a loss. This is 

public information. There are tw::> types of agents by risk class, i=', 2, 

where 0 < 9, < 92 <,. Thus the 9,-type agents are the low risk people and 

92-type agents are the high risk people. Each agent's type is private 

information. Of people of type i, 6i is also the fraction that will suffer 

a loss. Thus there is no aggregate uncertainty with the fractions of the 

various types, Ai' being known.' 

Each agent has preferences on C R as defined by the utility function 
+ 

U R+ + R where U is strictly concave, strictly increasing, and 

continuously differentiable with U' (0) = CD. The points Zo and z, be,long to 

C. Suppose a consumer is assigned Co if a loss is suffered and c, if one is 

not. The expected utility for an agent of type i is then 

where cO' C, € C. 

This environment can be cast in terms of the basic mathematical 

structure. One approach is to let L be R2. Then let xi be a consumption 

allocation to agents of type i with the first component being ciO and the 

second ci ,. The cammon endowment is ( = (zO,Z,). Then X corresponds to C x 

C and is closed and convex provided C is closed and convex. The single 

linear resource constraint is 

The incentive compatibility constraints are 
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all i,j. 

But the space of consumption allocations (xi) restricted by such constraints 

is not convex given the strict concavity of U. 

An alternative approach which results in the utility function being 

linear, and therefore avoids the nonconvexities associated with the 

incentive compatibility constraints, is to consider lotteries on C. In 

order that the space L be finite dimensional, the set C is assumed finite 

with n elements. Then lotteries are n-dimensional vectors specifying the 

probability of each point in C, say ~ = (~(c))c C where L~(C) = 1 and ~(c)~o 
e: C 

all ce:C. Let ~o be the lottery if a loss is suffered and ~1 if one is not. 

The expected utility of (~o' ~1) for a type i individual is then 

= eiLU(c)~O(c) + (1 - ei)LU(c)~1(c). 
c c 

It is also assumed here that fraction ~O(c) of agents of type i who suffer a 

loss receive the allocation c and similarly for 111 (c), so that lotteries 

introduce no aggregate randomness. The endownent ~ is a pair of probability 

distributions on C, the first one of which assigns probability one to Zo e: C 

and the second probability one to Z1 e: C. 

This latter economy can be put into the general mathematical structure 

as follows. Let L = R2n. Let the first n elements of a consumption vector 

x, denoted xo ' be the xOc = ~O (c) defined above for c e: C, and let the 

second n elements of x, denoted x l' be the x 1c = ~ 1 (c) for c e: C. The 

consunption possibility set then requires that Xo and x 1 be probability 

distributions; that is, 
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x = {x £ L = 1, x > O}. 

Let the first n elements of the utility function ui be the eiU(c) for c 

e C and the second n elements (1 - 6i )U(C) for c £ C. With these definitions 

u. e X 
1 

which is just the expected utility to an i-type of lottery ~o if a loss is 

suffered and lottery ~1 if one is not. 

The common endowment ~ is an element of L. The resource constraint is 

that average consumption be less than or equal to the average endowment: 

< n· [ e. 1: f.:O c + (1 - e.) 1: ~ 1 cc] • 
- . 1 1 C 1 

1 C C 

As there is a single resource constraint, the k subscript can be dropped on 

the resource constraint function r ik. The first n components of r i are the 

eic for c £ C and the next n components are (1 - ei)c. Thus the resource 

constraint can be put in the form 

1:A l·r. e
( x. - ~) < 0 

ill 

as required by the general formulation. 
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Signaling Economy: E2 

A particularly interesting class of economic env ironments are those 

with signaling opportunities. We consider the following simple signaling 

economy. The set C is a subset of R3. 
+ 

The first component c 1 is 

consunption of goods, the second c2 is the signal, and the third c3 is 

consunption of leisure. The utility function for individuals of type i is 

linear in c, and of the form 

where the 6 i have been ordered so that 6 1 < 62 < ..• < 6I . The fraction of 

type i is Ai > O. Again, agent types are private information. 

The output of an individual is not observed. A finite fraction, albeit 

small, of the continuun of individuals is required to produce any output and 

the resulting productivity of a group is the average of the productivities 

of the group's members. These assunptions imply it is impossible to deduce 

anything about an individual's productivity by observing the output of his 

group. Let w. denote the output of the consumption good per unit of labor 
1 

of individuals of type i. Individuals with larger 6 i are more productive so 

lI'I > w
I
_

1 
> ••• > w1 > O. The assumption that the signal does not affect 

output is not crucial and was made for the sake of simplicity. The 

endowment of leisure time is unity. 

Because agents are risk neutral, we need not consider lotteries; that 

is, the utility functions are already linear. If they were not risk 

neutral, following the previous example, it would be necessary to consider 

lotteries on C. 
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To represent this economy within our basic structure, the commodity 

space L is R3. The consumption possibility set is 

x = {x£L: x ~ O~, 

and the utility function for an i-type is 

u. (x) = 
1 

The endownent ~EL is the vector (0, 0, 1). 

The resource constraint is 

This states that the average consumption ~Aixil must be less than average 
1 

product ~Aivi(~3 - xi3). As for the previous example, there is a single 
1 

resource constraint, characterized by the vectors r i £ R3 where r i = (1, 0, 

vi). With this definition the resource constraint can be put in the form 

LA.r.-(x. - ~) < ° .11 1 
1 

as required by the general formulation. 

Private Information Securities Economy: E3 

This example is a tv,o-period version of the economy considered in 

Prescott-Townsend [1979]. The underlying utility function for an agent type 

i has the form 
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where Co is consumption in the initial period, period zero, made prior to 

the agent knowing his shock a to period-one preferences, and c, is 

consumption in period one, made subsequent to the agent knowing a. The 

realization of a is private information as is the specification of agent 

types i. Ebth Co and c, belong to the finite set C RR.. The fraction of 
+ 

type i people is Ai and the fraction of any type who have reali zation a in 

period one is 'IT a' The 'IT a are regarded as probabilities in period zero. 

There are I possible value of a. The endownent in both periods is eeC for 

all agents. 

Again, this economy can be cast in terms of the basic mathematical 

structure. Letting n be the number of elements of C, the commodity space L 

is 1f(I+ 1). The first n components of a consumption vector x, xcO for CeC, 

assign probability to the points belonging to C and specify the 

probabilities of different consumptions c in period zero. The next n 

components, the xc, for ceC, specify the probabilities of consumptions c in 

period one conditional upon a = a" the next n components do the same except 

being conditional upon a = a2 , and so forth. The expected utility of xeL 

for an i-type is 

I 
= L xcO Ui(c) + L 'lTa L xcaU(c, a) 

c a=' c 

which is linear in x. The consumption possibility set is 
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x = {X eL: X > 0, E Xcj = 1 for j = 0, 1, ••• , I and 
c 

E x U(c, e) > 1: X U(c, e) for ~, e = 1, .•. ,I}. 
c ce c c~ 

This insures both that the (x .) c are probability measures for each j and cJ Ce 

that in period one an agent will truthfully reveal his shock e. 

The endownent E;e Lis the element for which E;ej = 1 for j = 0, ..• , I and 

E;cj = 0 for c t e. In other w:>rds, the endownent is e with certainty. The 

resource constraint is that average consumption be less than or equal to the 

average endownent. th Letting ck and ek be the k components of the 

1-dimensional vectors c and e, respectively, the period-zero constraints are 

for k = 1, ••• , 1 • 

The period-one constraints are 

I 
~Ai[ E ~e[Exic9(ck - ek)]] < 0 for k = 1, ••• ,1. 
1 9= 1 c 

As there are 1 goods in each period, there are 21 constraints. Unlike the 

tw:> economies, E1 and E2, the resource constraints have the form 

~Airk·(xi - E;) < 0 
1 

where vectors r k are not subscripted also by i as in the general formulation 

(2.3). See Prescott and Townsend [1979]. This turns out to be a crucial 

difference. 
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A Moral Hazard Insurance Economy: E4 

The adverse selection insurance economy E1 is modified as follows. 

There is only one type of agent, so we can ignore the Ai in what follows, 

but the probability of loss depends upon a costly, private action of the 

agent. fvbre precisely, each agent receives a random endownent z £ Z = {ZO' 

Z1} with 0 < Zo < z1 and the probability of Z given the agent's action a £ A 

= {a
1 

,a
2

, ••• ,a } is e ,. The realization of z is public, the action taken m z,a 

is not 0 Also, the larger is action a, the smaller is the probability of 

loss eZolao The interpretation here is that a larger action corresponds to 

an agent being more careful. This is a standard set-up. 

Each agent has preferences on the finite set C x A, where C is a finite 

subset of R and has n elements 0 

+ Preferences are defined by a utility 

function U(c, a) where U is increasing in c, decreasing in a, and concave 0 

For (c, a) £ C x A, let Uca = U(c,a). 

In terms of our basic mathematical structure, let the linear space L be 

the Euclidean space of dimension n2m. A consunption vector x is a triple 

indexed element (xcza ) for c £ C, Z £ Z and a £ A. The interpretation is as 

follows. A lottery with probabilities x first determines an action a for a 

each agent. Number xa is also the fraction of agents in the population who 

are to take action a 0 Conditional on this action a, a second lottery with 

probabilities x , determines consumption c and endownent Z of the agent. 
CZ, a 

Of course, nature plays a role in this second lottery since the conditional 

probabilities e, are technologically determined constants. In fact it is z,a 

required that 
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for consistency. Finally, the marginal and conditional distributions xa and 

x , determine the joint distribution x specified above. 
CZ, a cza 

Agents have preferences on X where 

x = {x £ L 
+ 

t X c,Z,acza = 1', 9 t X = z'. a cza c,z 
tx 
ccza 

all a, z; 

The first constraint is that the probabilities SI.JTl to one. The second is 

that the probability distribution of z given a (if defined for that 

probability distribution) equals the technologically determined probability 

9 z :a ' The third constraint is to ensure incentive compatibility. This is 

not obv ious and is derived as follows. The ccmmodity point x must be 

structured such that if a occurs, it is not in the interest of the agent to 

choose some other action a'; that is, 

U ,Pr{c,z:a'}. ca 

Here Pr{c,z:a'} is the probability of the pair (c,z) given that the agent is 

subject to lottery xcza but chooses action a'. Thus, under xcza 

Pr{c,z:a'} = 

By substitution, the above expression holds if and only if 
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= the third constraint indeed ensures incentive 

compatibility. This particular representation makes clear that set X is 

convex. 

Of course, there is also a resource constraint, that average 

consumption be no greater than average endowment, or 

E Xcza(c - z) < o. 
c,z,a 

This constraint corresponds to constraint (2.3) in the basic structure, with 

endowment ~ being the zero vector in L. As in economy E
3

, the single 

resource constraint takes on a special form, 

ro(x - ~) < 0 

with r = c - z. The vector r is not indexed by i. cza 

3. Pareto Optima 

Pareto optimal allocations for the general structure can be obtained by 

maximizing weighted averages of the agent types' utilities. Let the set of 

possible weights be 

r = {y e: RI Yl' > 0 and E Y • = 1}. 
. 1 
1 

For YEr, let q,( y), denote the set of consunption allocations which are 

solutions to the program 
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subject to xi £ X all i, uiex i ~ uiex j all i and j, and fAirike(xi - ~) ~ 0 

all k. Thus. < y) is a subset cf the I-cross product space of L. Finally, 

let 

t = U .<r). 
y£ r 

Lemma 3.1: The set t contains all the Pareto optima. If y > 0 (Le., Yi > 

o all i), then all allocations belonging to .< y) are optima. Finally, if an 

I-tuple x = (Xi) belongs to .<y) and if x is not Pareto dominated by another 

element belonging to .<y), then x is also an optimum. 

Proof: The constraints are convex and the objective function linear. 

Consequently, the utility possibility set is convex. Let y define a 

supporting hyperplane at the point on the utility possibilities frontier 

associated with Pareto optimal allocation x*. Such a hyperplane exist by 

the separation theorem. For this y*£r, x* is a solution to the program. 

This proves the first statement of the lemma. 

To prove the second statement consider some y > 0 and some allocation x 

£ • ( y) . Suppose x can be Pareto dominated. Then x cannot be a solution to 

the y-program. This contradiction establishes that solutions to such 

prograns are Pareto optima. 

To prove the last statement of the lemma, let x be a sol ution to some 

y-progran with the specified nondominance property, but suppose x is not an 

optimum. Then there exists an allocation x' which Pareto dominates x. By 
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assunption, x, does not belong to Ij>(y). BJt the value of x, for the 

,program is at least as great as the value for x, and thus x I must be a 

solution to the r-program, the desired contradiction. 

Theorem 3.1. If the set X is compact and contains F;, the set of Pareto 

opttmal allocations is nonempty. 

Proof: A feasible sol ution exists namel y x. = F; for all i so the constraint 
1 

set is nonempty. The objective function is linear and therefore continuous. 

As the resource and incentive constraints are closed, a continuous functions 

is being maxtmized on a compact set. Consequently for any ye:r, a solution 

to the program exists. By the lemma, a solution to a y-program is 

necessarily an opttmun if y > o. 
Sometimes X will not be compact but can be made compact by imposing 

additional constraints which are never binding at an opttmun. If this is 

possible and F; e: X the set of Pareto optima is guaranteed to be nonempty. 

Pareto Optima for the Adverse Selection Insurance Economy 

Rothschild and Stiglitz [1976J demonstrate, under certain conditions, 

that their separating equilibriun both exists and is an opttmun within a 

more limited class of allocations than the one we consider. One question 

that will be answered is whether that allocation is an opttmun within our 

larger class of allocations. The principal result, however, is the complete 

specification of the set of Pareto opttma for insurance economy. 

Let z be the ex post per capita endowment, so 

-z = n.[e.zo + (1 - e.)z1J. 
ill 1 
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Per capita consumption is constrained by this quantity. With this 

definition, the program for determining the Pareto optima for ye: r is the 

linear progr am 

Max ~ YI' ~ U(c)[x, O e· + x' 1 (1 - e.)] 
1 c 1 1 c 1 

i c 

where xiOc is the probability of a type i consuming ce:C conditional on a 

loss and xi 1c is the probability of a type i consuning c conditional on no 

loss"i = 1, 2. The constraints are 

(Agents of type tw::> weakly prefer x2 to x1.) 

(3.2) ~U(c)[x20C - x10C)e 1 + (x21c - x11c)(1 - e1)] < 0 
c 

(Agents of type one weakly prefer x1 to x
2

.) 

(3.3) . ~ Aic[xiOcei + xilc (1 - ei )] ~ Z 
l,C 

(This is the single resource constraint.) 

(3.4) ~x10c = 1 
c 

(Probabilities sum to one.) 
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Letting Ilk denote the Lagrange multiplier associated with constraint 

<3.k), differentiating with respect to the x10c yields the first-order 

conditions 

<3.8) 

for all c tC. Analogous first-order conditions hold for the x20c ' the x11c 

and the x21c . 

Constraint <3.8) must hold with equality for some CtC. Otherwise all 

the x10c would be zero and that would violate constraint <3.4). The 

left-hand side of <3.8) can be vieW'eCi as a function of c. Thus, the 

Lagrange multipliers must be such that this function has a max~um (of zero) 

at roints at which condition <3.8) holds as an equality. Now suprose the 

set C has a arbitrarily large nunber of elements, so that the maximal 

distance between any point and its nearest neighbor is arbitrarily small. 

Also recall that u(e) is strictly concave. Then if 

<3.9a) 

the left-hand side of <3.8) is a strictly decreasing convex function of c 

and so attains a max~un at c=O. If 

<3.9b) 

the left-hand side of <3.8) is strictly concave function of c and so attains 

a max~un at a single roint (on the assunption that the set C can be made 

arbitrarily large). In sunmary the result is that x10c equals one for some 

CtC and zero otherwise. By precisely the same argument, probability 
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measures x11 , x20 and x21 place all their mass on single points denoted by 

c", c20 and c2" respectively. These points depend upon the weights y 

chosen. 

(he implernentable allocation is for ever:yone to consune z independent 

of their realized endownent. The utility for this allocation is U(z) for 

everyone. If one agent type realizes expected utility exceeding U(z), their 

expected consunption, by Jensen's inequality, must exceed z. This implies 

via the resource constraint that the expected consunption of the other type 

agents is less than z and, by Jensen's inequality, their expected utility 

less than U(Z). 

We divide the Pareto optima into three sets. The first is for everyone 

to consume z with certainty. The second set contains those optima for which 

the expected utility of type one agents exceed U(z) and the third are those 

for which the expected utility of type one agents is less than U(z). 

It can be established that for set tw:> there is no uncertainty in 

consunption for type tw:> agents (i .e., c20 = c21 = c2). SJppose the 

contrary. By eliminating uncertainty in the consunption of type tw::> agents 

(if there is any) while preserving their expected consunption, the utility 

of type tw:> agents is increased, the resource constraint continues to be 

satisfied, and slack is introduced into constraint (3.1). Note that 

constraint (3.2) continues to be satisfied: expected consunption of type 

tw::> agents is less than z in set tw::> so the type one agents strictly prefer 

their allocation x, which yields expected utility greater than U(Z) to the 

no uncertainty x2 allocation. This also establishes that ~2 = 0 in set two. 

And c 10 ~ c 11 as well, for otherwise (3.1) would be violated. 

Actually constraint <3.1) is binding in set two for otherwise c,O and 

~-11 could be made more nearly equal while preserving the expected 

consunption of type one. This increases expected utility of type one. 



23 

Resource constraint <3.3) is also binding for if it were not, by increasing 

c2 a little, expected utility of type tw:> agents could be increased without 

violating any constraint. Since <3.1) and <3.3) are binding, c 10 and c 11 

must satisfy 

(3.10) 

and 

(3.11) 

for Pareto optima set tw:>. To find the solution to (3.10) and <3.11), 

consider the space of (c10 , c 11 ) pairs. The point c2 lies in this space on 

the 450 line below the negatively sloped line (3.11). (Recall c2 < Z). 

Thus the negatively sloped line <3.11) intersects the indifferences curve 

for which <3.10) is satisfied at tw:> points. The better of the solutions 

for agents type one is the one for which c 10 < c2 < c 11 . Subsequently, c 10 

and c 11 are functions of c2 as the better solution to (3.10) and (3.11). 

This nearly completes the specification of the allocations in Pareto 

optima set two. There, however, is the condition that the Lagrange 

multipliers lJ 1 and lJ3 be positive. We exploit this condition with the 

additional assunption that all the optimal allocations are interior points 

of the set C and that the set C is sufficiently larger that such allocations 

satisfy the appropriate conditions for maxima as if C were a continuun. 

Thus, given that lJ2 = 0 and that c 20 = c21 = c2 , from <3.8) and the 

analogous first-order conditions 
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[Y1 - ~162/61]U'(C10) = ~3A1 

(3.12) 
[Y1 - ~1(1 - 62)/(1 - 61)]U'(C 11 ) = ~3A1 
[Y2 + ~1]U'(c2) = ~3A2 = ~3(1 - A1) 

Y 1 + Y2 = 1. 

Given c2 ' these are four linear equations in the unknowns ~1' ~3' Y1 and Y2· 

(Rananber c 10 and c11 are functions of c2 being the better solution to 

(3.10) and (3.11).) An add itional requirement is that the sol ution to 

(3.12) (which exists) be nonnegative. It is tedious to establish, but this 

requirement is that 

A2 62-6 1 U'(c2)[U'(c10)-U'(c11)] 
A1 61(1-6 1) > U'(c 10)U'(c11 ) 

As c
2 

approaches z, the distance between c
10 

and c 11 goes to zero. 

Therefore, given that U is continuously differentiable, for c2 sufficiently 

near z, this inequal ity is satisfied. Thus, Pareto optima set tw::> is 

nonempty. Finally, let 02 be the minimal level for which inequality (3.13) 

is satisfied. Then it holds for all c2 ~ c2 < z. If this were not the 

case, the utility possibility set w::>uld not be convex. 

The argunent for characterizing optima set three is syrrmetric with 

respect to the agents types with some obvious exceptions necessitated by the 

fact that 62 > 61• To characterize optima for set three interchange 

subscripts for the tw::> agent types with the exception that one uses the 

solution to (3.10) and (3.11) for which c20 > c21 and the direction of 

inequality (3.13) is reversed. 

As condition (3.10), (3.11) and (3.13) along with the additional 

requiranent that the contracts be actuarially fair are just those for the 
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opt~ality of the Rothschild-Stiglitz separating equilibrium allocation, 

that allocation is Pareto optimal in our larger class of allocations as well. 

Randomness in consumption is used to separate the agents. The agent 

type realizing the higher expected utility incurs the uncertainty. The cost 

of this uncertainty is less to agents of that type and they are more than 

compensated for it by higher expected consumption. 

2 Pareto Optima for the Signaling Economy E2 

With this economy there is no need for lotteries as the objective 

function is already linear, a property which is needed for convexity of the 

incentive constraints. In this section c i denotes consumption and si the 

signal for type i agents. Given that productivities are positive and 

leisure is not valued, for any Pareto optimum the entire t~e endownent is 

allocated to production of the consumption good. In the subsequent analysis 

we consider onl y allocations for which it is so allocated. For ye: r, the 

solutions to the following ~inear progran are the Pareto opt~a associated 

with weights y. 

Max Ly.(a.c. - s.) 
{c.,Sl.PO i 1 11 1 

1 -

subject to the resource constraint 

(3.14) -LA.c. < LA.w. _ W 
. 1 1 . 1 1 
1 1 

and the incentive constraints 

<3.15) a.c. - s. > a.c. - sJ. 
11 1- 1J 

for all i, j. 
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There is considerable redundancy in constraint set (3.15). Indeed 

constraints need be satisfied only by adjacent types as surmarized by the 

following result. 

Result: Condition (3.15) is satisfied if 

(3.16) s. 1 - s. > 6.(c. 1 - c.) 
1+ 1 - 1 1+ 1 

(3. 11) 

for i= 1,2, ••• ,I-1. 

Proof As 6i+1 > 6i , (3.16) and (3.17) require c i+1 - ci be nonnegative. If 

c i+1 - ci is nonnegative, then from (3.16) so must si+1 - si. 

Let i, j and k index agent types and be selected so that i < j < k. 

Suppose type i prefers his allocation to type j's allocation and j prefers 

his to type k's allocation. It will be established that type i prefers his 

allocation to type k's allocation. From (3.16) and the hypothesis 

s. - s. > 6.(C. - c.) 
J 1 - 1 J 1 

sk - s. > 6.(Ck - c.). 
J - J J 

Adding these inequalities 
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fut e j > e
i 

and necessarily ck ~ cj . Thus substituting ei for e j reduces 

the value of the right-hand side of the inequality and 

This is the desired intermediate result. 

Now using this intermediate result and constraint <3.16) to begin the 

induction, constraints <3.16) imply that agents of type i weakly prefer 

their allocation to those of any agent type j with index j > i. A similar 

argument with i > j > k along with constraints (3.17) to begin the induction 

can be used to prove that constraints <3.17) imply that agents of type i 

weakly prefer their allocation to those of agents with index j < i. This 

completes the proof of the result. 

For any Pareto optimum, s1 = 0 as otherwise the objective function 

could be increased without violating any constraint by redUCing all the si 

by s 1; note that onl y differences in signals matter for the constraints. 

Further, the resource constraint is binding at an optimum. otherwise the 

objective function could be increased without violating any constraint in 

<3.16) and (3.17) by increasing all the c i by sane e: > 0; only differences 

in consumption matter for the constraints. 

If constraint i in <3.16) were not binding, then the si for j > i could 

all be reduced by an e: > 0 without violating any constraint. As this WDuld 

increase the utility of such agent types, we conclude that constraints in 

<3.16) are binding at an optimum. If constraints <3.16) are binding, then 

constraints (3.17) are necessarily satisfied as e. 1 > e· and necessarily 
1+ 1 

c. 1 ) c .. 
1+ - 1 

Let Yi = ci - ci _1' i > 1, where Co - O. Then 
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c i = t y., 
j~i J 

i > 1, and, since <3.16) is binding at optima, 

i 
s t e. 1Y. for i > 2 
i = j=2 J- J 

1 
at optima. (Define t e. 1Y· = a since s1 = a at optima.) Thus the optima 

j=2 J- J 
are solutions to the program 

i 
Max ty.[e. t y. - t e· 1Y.] 
y.>O i 1 lj<i J j=2 J- J 
1- -

subject to 

(3.18) tEAl· t Y
J
.] < ; 

i j~i 

for yer. Letting ~ be the Lagrange multiplier for the single constraint and 

differentiating with respect to Yi yield the first-order conditions 

<3.19) 1, .•. I 

where eO is defined to be zero. The value of the multiplier is 

~ = Max 
i t A. 

j~i J 
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To be an optimal allocation it is necessary and sufficient that Yi be 

zero whenever (3.19) holds with a strict inequality, that all the Yi be 

nonnegative, and that the resource constraint (3.18) be binding. This gives 

us a procedure for determining Pareto optima: first select any nonnegative, 

nonzero vector y with Yi = 0 if (3.19) does not hold with equality at i, and 

then scale the vector y so that the resource constraint (3.18) holds with 

equality. Thus, if <3.19) holds with equality for more than one i, there 

are multiple optima associated with weights y > o. 

We now consider whether there can be complete separation of agent 

types. It is cunbersane to do this if the distribution of a's is discrete, 

so we assune a continuum of a's on some interval [!, e] as a limiting case. 

Let f( a) be the continuous density of types with f( a) > 0 for all a, 

~ ~ a ~ e, F( x) be the fraction of agents with a ~ x, G(x) be the integral 

of the weights assigned to agent types with a ~ x. Defining 

and 

a 
H(a) = I (x-a)dG(x) 

a 

H(a) = x dG(x) , 
a 

for a > a 

the first-order conditions corresponding to (3.19) are 

(3.20 ) H( e) ~ uF( a) for e < e < a. 

The function H can be shown to be convex and decreasing by differentiation 

if G(x) has a continuous density. As any G(x) is the limit of sequences of 
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distributions with continuous densities, the results holds in general. At e 

the function H will have a discontinuity unless ! = O. 

Let F*(e) be the maximal convex function that is less than or equal to 

the decreasing function F(e) (see Figure 1). The convexity of the left-hand 

side of (3.20) implies that if F*(e) < F(e), the constraint cannot hold with 

equality for such e and be satisfied at all other points. Thus for such e 

the consunption schedule c(e) associated with an optimun must be flat; that 

is, there cannot be a discontinuity nor the derivative be strictly positive 

at points at which F*(e) < F(e). 

Quite frequently densities are single-peaked. If the density of types 

is single-peaked, the function F( e) is concave to the left of the peak and 

convex to the right. Consequently, F*(e) < F(e) for e to left of the peak 

(see Figure 1) and necessarily for all Pareto optima c( e) = c(!) to the left 

of the peak. Only if the density is decreasing throughout its entire range 

can a signaling allocation with no flats be an optimun. 

Provided ~ > 0, then for those Pareto optima with c(~) > 0, necessarily 

c(e) = c(e) for same finite interval to the right of~. Function H(e) has a 

discontinuity at~. Thus, for some finite interval to the right of !, H(e) 

must be strictly less than lJF( e) and therefore c( e) must be constant over 

that interval. 

Pareto Optima for the Private-Information Securities Economy 

The optima in the adverse-section insurance economy E1 and in the 

signaling economy E2 do not involve artificial lotteries. In the 

adverse-selection insurance economy there is sufficient risk in nature as to 

whether or not a loss is suffered to separate agent types efficiently. In 

the signal ing economy preferences are linear. fut we suspect that in 

general Pareto optima will involve artificial lotteries. The pure-exchange 
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economy E3 indicates that there need only be sane differences in risk 

preferences at a deterministic (private-information) optimun. A Pareto 

optimun with artificial lotteries for economy E3 is given in Prescott and 

Townsend [1979]. 

Pareto Optima for the Moral Hazard Insurance Economy 

For subsequent reference we note that the Pareto optima for the moral 

hazard insurance economy E4 can be obtained by consideration of the 

following linear program. 

Max t xczaUca 
{X >O} c,z,a cza-

subject to 

t xcza = 
c,z,a 

t xcza(c - z) < o. 
c,z,a 

all a, Z 

all a, at 

We have not investigated the properties of the solution to this 

program. But we conjecture fran the insights of Holmstrom [1979] for a 

principal-agent environment that there will be no artificial randomness in 

the action or in consunption c if the utility function U(c ,a) is separable 

(Holmstrom finds that non in formative signals need not be used under the 

separabil ity condition). We might also conjecture that artificial 
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randomness is needed for some nonseparable utility functions. These are 

left as open questions. 

4. Standard Competitive Equilibria 

In this section we define a standard competitive equilibriun in our 

cormJodity space. The p"'ice system, consunption choices for each agent i, 

and a production choice are all elements of the linear space L. In 

equilibriun consunption choices are maxllnal in the budget set, a production 

choice maxllnizes profits in the production possibilities set, and markets 

clear. We show that such an equilibriun is successful in the moral hazard 

insurance env ironment but can have undesirable properties when there is a 

fundamental adverse selection problem. We make clear what we mean by such a 

problem. 

We might hope to begin by defining a competitive equilibriun directly 

for the pure exchange economies of the general structure. &It the resource 

constraint (2.3) is not of a form familiar to general equilibriun analysis, 

that is, not of the form EL(Xi - t) = O. In Prescott and Townsend [1979], a 
i 1 

production set Y was defined in such a way that y £ Y and a standard market 
, 
i 

clearing condition E x.(x. - t) = y llnply the resource constraint (2.3). This 
ill 

production set can be interpreted as an intermediation or exchange 

technology where negative (positive) components correspond to a conmi tment 

to take in (distribute) resources. These commitments can vary across agents 

with observable characteristics or with unobservable but declared 

characteristics. &It the weights that agent types receive is fixed by the 

exchange technology Y, beyond the control of the firms. (See Prescott and 

Townsend [1979] for a more complete interpretation of the exchange 

technology) . 
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Thus, to proceed we must define the production possibilities set y. 

One possible definition, used for the remainder of this section, is 

(4.1) Y = {y£L t Airik(y) ~ 0, all k} 
i 

This leads to 

Definition 4.1: A competitive equilibrium is an (I+1)-tuple «x!), y*) of 

elements of L and a price vector p*£L for which 

(i) element xt maximizes ui(x) over the set 

{X£X : p* • x ~ p* • t} for each i; 

(ii) element y* maximizes p* • y over the set Y; 

(iii) t A.xl = y* + t· 
i 1 

The problem with this definition is that allocations consistent with 

the production possibilities set and market clearing need not be consistent 

in general with the resource constraints. We term this a fundamental 

adverse-selection problem. To see the problem note first that the 

production possibilities set can be written as 

(4.2) all k}, 

where rk(y) = t A.r.k(y). Then substituting the market clearing 
ill 

condition (iii) into (4.2) yields 

all k. 

Using the linearity of rk , (4.3) yields 
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(4.4) all k. 

Now recall the form of the resource constraints 

(4.5) all k. 

So for consistency, we need 

(4.6) 

Except in special circunstances, (4.6) will not obtain. 

There is no prOblem of this sort in the study of economy E3 in 

Prescott-Townsend [1979], To see why, suppose as in Prescott-Townsend that 

r ik = r k for all i, i.e., the agents' types do not influence the 

coefficients of the resource contraints. Then rk = r ik for all i and (4.6) 

is trivially satisfied. Thus the production set and market clearing are 

always consistent with the resource constraints. 3 And we recall that in 

economy E
3

, standard competitive equilibria, as defined in this section, 

exist and are optimal. The reader is referred to Prescott-Townsend [1979] 

for the details of the analysis. 

There is also no inconsistency problem for the moral hazard insurance 

economy, E4 . Consistency condition (4.6) is again satisfied. And as with 

economy E
3

, existence and optimality of standard competitive equilibrium are 

straightforward to establish, as we now indicate. 

(4.7) 

First, note that the problem confronting the firm in economy E4 is 

1: PczaYcza 
c,z,a 
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r • y = I (c - z) Ycza ~ O. 
c,z,a 

Necessary and sufficient first-order conditions are 

Pcza - ~(c - z) = 0 for all c,z,a triples. 

Dividing through by the positive Lagrange multiplier ~, let 

(4.9) P~za = c - z for all c,z,a triples 

be the candidate for an equilibrill1l price system. The problem confronting 

the consll1ler under these prices is 

(4.10) 

subject to 

(4.11) I p* x < o. cza cza c,z,a 

Substi tuting the price system (4.9) into (4. 11) results in the resource 

constraint. Thus system (4.10)-(4.11) becomes the optimll1l problem of the 

previous section, and a solution {X~za} (which exists) to the consumer's 

problem is optimal. (The budget constraint will be satisfied as an 

equality.) Thus condition (i) of definition (4.1) is satisfied. Now let 

~za = x~za so that market-clearing condition (iii) is satisfied. Finally, 
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returning to the firm's problem, substitute the p-ice system (4.9) into 

objective function (4.7). From (4.8), then, profits are nonpositive. With 

the budget constraint (4.11) as an equality, profits are zero at {~za}. 

Thus condition (ii) is satisfied. In sunmar y, a standard competi ti ve 

equilibrium exists and is optimal for the moral hazard insurance economy. 

Returning to the general problem, though, questions concerning the 

existence and optimality of a standard competitive equilibrium should be 

treated with some care. Under quite general conditions, as in standard 

equilibrium analysis, a competitive equilibrium «xl), y*), p* exists. And, 

if one exists, the (xl) satisfy the incentive compatibility constraints of 

the general structure. But an equilibrium can exist without satisfying the 

resource constraints, in which case the result is vacuous; the competitive 

equilibrium allocation is not really feasible after all. The 

Rothschild-Stiglitz environment produces an exanple of this, as we show in 

this section. There is also the possibility that an equilibriun can exist 

which does satisfy the resource constraints even when the r ik are not equal 

for all i. The Spence envirorment produces an example of this. And in 

addition the equilibriun allocation, in that environment, is optimal. But 

in other ways it is unsatisfactory. we turn first to the Spence example. 

Consider the signaling env ironment. Consistent with the specification 

(4.1), let 

The objective of the firm is 

3 
Max I: p. y. , 
Ye Y j=1 J J 
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yielding necessary and sufficient first-order conditions, 

p, - p = 0, P2 = 0, and P3 - ~11f = 0 

where" is a (positive) Lagrange multiplier and 1f = t A.1f· is the average 
i 1. 1. 

productivity across workers. Normalize prices (dividing by,,), 

p* = 1 1, ~ = 0, ~ -= 11'; 

the candidate for equilibrium prices has been determined. 

confronting each agent of type i is 

subject to 

The problem 

Clearly in equilibrium no agent will signal, x!2 = 0 for all i, and all 

incane (fran labor) will be spent on consumption, xII = ;- for all i. That 

. * (-1.S, xi = 1f, 0, 0) • To satisfy the market clearing condition of 

equilibrium, let y* = C;, 0, -1). This is also profit maximizing. Thus, 

existence of equilibrium has been established. This equilibrium 

specification is consistent with the resource constraints; everyone receives 

the economy-wide average product and labor is supplied inelastically. 

The general difficulty discussed above is circumvented here by the fact 

that in equilibrium all agents have the same consumption allocation. That 

is, setting xl = x* for all i, (4.6) holds. 

Thus, a "standard" competitive equilibrium exists in the signaling 

envirorment. fureover, it is optimal. But it involves no signaling, the 

phenomenon which the model is intended to explain. In this sense the 



38 

equilibriun construct is unsuccessful. (It should be noted that if the 

signaling activity were to use up resources, there would still be no 

signaling in equilibrium) . 

It remains to apply the competitive equilibrium concept of this section 

to the adverse selection insurance environment, E1. The discussion will 

prove most revealing if we restrict attention to the underlying commodity 

space rather than going to the space of lotteries. (Note that this is still 

consistent with the general structure.) So for the remainder of this 

section let X = R:; if c i EX, then ci = (c iO ' ci 1)' aconsunption allocation 

to agent type i depending on whether or not a loss is suffered. In this 

space the common endownent is ~ = (zO' z1). The resource constraint is 

Consistent with the specification (4.1) of the production set above, let 

where -a = n·a·. 
ill 

To search for a competitive equilibriun, first use the production set 

to detennine prices. The problem of the finn is 

As in the Spence structure, examine the first-order conditions for this 

problem and nonnalize prices. Thus 
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is the only possible candidate for equilibrillll prices. Under these prices, 

the problem of each agent of type i is 

Graphically, the budget constraint as an equality determines a line through 

the endownent with slope (1 - e) /6. See Figure 2. rbting that agent of 

type i has marginal rate of substitution 

(1 - 6)U'(ci1 ) 

alJt(ciQ) 

with 6 1 < 62 , it is clear that the solutions to these problems, cl, i = 1, 

2, must differ with a configuration as in Figure 2. These are the 

candidates for equilibrium consunptions. (In fact, we have established the 

existence of a standard competitive equilibriun in the space of attainable 

states .) 

It remains to discover whether these equilibrium consumption 

allocations can be consistent with the resource constraint. To do this, 

multiply through the bwget constraint of agent type i (as an equality) by 

Ai and sun over i. This procedure yields 

(4.12) 



c~o 

c~o 

Loss 

1 
1 
1 

--:----,.~ 
1 
1 
1 
1 1 ----1-------1-----1 
1 1 1 1 1 I_~~ ______________ _ 

No Loss 

Figure 2 
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But the resource constraint is 

So the resource constraint and (4.12) yield 

(4.13) IA.[6C~0 + (1 - 6)C*1'1] > IA.[e.C~O + (1 - e.)c~1]· i 1 1 i111 11 

Careful (if tedious) analysis reveals that the only way for (4.13) to be 

satisfied is with c; = c~, contrary to their specification. . Thus, there 

does not exist a standard competitive equilibriLm which is consistent with 

the resource constraints. 

The nonexistence of such a standard competitive equilibrillTl here is 

related to the nonexistence of a pooling equilbriun in the lbthschild-

Stiglitz analysis. To be noted is that the candidate for the equilibriun 

budget line here coincides with pooling zero-profit line (market odds line) 

in Rothschild-Stiglitz. At any point on this pooling line the marginal 

rates of substitution differ over types. For lbthschild-Stiglitz this 

implies the existence of a contract preferred by low-risk types which makes 

positive profit (if only low risk-types buy it). Here unequal marginal 

rates of substitution imply unequal consunption choices on the budget line. 

we have argued in this section that a standard competitive equilibriun 

in economies with a fundamental adverse selection problem may have 

undesirable properties. Th~ natural specification of the production set in 

the linear space L fails because it, along with market clearing, does not 

generally imply the economy-wide resource constraints. This specification 

does not take into account that the con-tribution of each agent type to the 
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diminution of resources for others varies across agent types. That is, the 

coefficients in the resource constraints depends on i. 

This line of argument suggests that the problem is one of 

externalities. In the next section we shall make precise the nature of this 

externality for the signaling environment, economy E2. An alternative 

competitive equilibrium concept is proposed in an expanded commodity space. 

It is established that all the Spence signaling allocations are included in 

its equilibrium allocations. The externality is shown to be a standard 

production externality consistent with general equilibrium analysis. In a 

subsequent section we attempt to remove the externality from the general 

env ironment. 

5. Competitive Signaling Equilibria 

For this section we shall view different signals as different 

corrmodities. And for Simplicity we shall allow only a finite nunber n of 

possible signals s, s: 1,2, ..• ,n. As before, there is also a consumption 

commodity which can take on a continuum of nonnegative values. Finally we 

note that in economy E2, labor is supplied inelastically. So we suppress 

labor supply (leisure consumed) as an explicit point of the commodity space. 

Apart from this suppression, we have in effect expanded the commodity space 

of the (previous) signaling environment. 

To make this more formal, let xiO denote the consumption of agent type 

i of the consumption commodity, xiO ~ 0, and let Xis denote the weight which 

agent type i assigns to the signal s, where 0 < x. < 1 and 
- 1S-

.. n x _- 1 
"s:1 is . 

Thus, the signaling part of the commodity point is }n a Xi {Xis s= 1 ' 

probability measure. We emphasize that the choice is over the probability 

measure, not over the signal s directly. Also, the use of probability 
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measures here is a convenient way of adding in this expanded cOll1llodity 

space. As argued above, the measures themselves are not really needed; 

agents are indifferent between a lottery and a degenerate consumption 

allocation with the same mean. 

Thus, for the analysis of this section, the commodity space L is BP+1. 

The cOOll'llon consumption set X L is 

Preferences on X for agent type i are defined by 

The common endowment in L is defined by ~ : 0 (note ~ t X, but this is still 

consistent with general equilibrium modeling). 

Now suppose we are given a fixed specification of signals across agent 

types, {x!SYS:1 i:1,2, ••• ,I, and allow for the fact that even if these 

measures are degenerate, tw:> or more agent types may put all mass on the 

sane signal. Then let 

'II's : * EA .x. 
illS 

denote the average productivity among all agents who end up making Signal s, 

if the denominator is nonzero in the above expression, and let i equal some s 

specified constant otherwise. Then let the production set of the firm in 

the space L be defined by 
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n-
YO - 1: 111' Y < O}. s= s s -

Note that this is a linear constraint of the form r • y ~ O. 

We now have a standard competitive equilibriun notion in the expanded 

ccmmodity space. This leads to 

Definition 5.1: A competitive equilibrium is an (I + 1)-tuple «x!), y*) of 

elements L and a price system p* in L for which 

(i) * Xi maximizes ui(x) over the set {xe:X: p* • x < p* • ~}; 

(ii) y* maximi zes p* • y over the set Y; and 

(iii) 1:A.X~ = y* + ~ • 
. 1 1 
1 

Now note we have defined a competitive equilibrium with standard 

externalities in production, as in Arrow-Hahn [1971]. Though the firm takes 

the coefficients;r as given, in fact they depend on the equilibrium s 

consunption allocation (x!). Thus, we WJuld not be surprised to discover 

that when such equilibria exist, equilibrium allocations may not be optimal. 

We shall argue that anong the thus-defined competitive equilibria are 

the Spence Signaling equilibria. To construct such competitive equilibria, 

begin by specifying the signals of each agent type in a Spence signaling 

equilibrium. These determine the {x!s} ~= l' i= 1,2, ... ,1. Define ; s' 

s= 1, ... ,n as above. Next, note that in a competitive equilibriun profit 

maximization on the production set determines prices up to some arbitrary 

constant. Thus, let 

p~ = 1 p* = -11' 
S S 

s = 1, 2, ..• , n. 

At these prices, the problem of agent of type i then 
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Max 
n 

eixiO - LS=1 sxis 
xi > 0 -
subject to 

< n - n 
1-xiO Ls=fll'sXis ; LS=1 xis = 

Also, without loss of generality, restrict attention to solutions Xs £ {a, 

1}, s= 1,2, ... ,n, i.e., to degenerate measures. For each signal s not 

included in the Spence equilibrium, the constant <-:;s) and hence prices p~ 

can be set sufficiently high that no agent type prefers such a signal and 

consequent consumption over his choice of signal-consumption pair in the 

Spence signaling equilibrium. And the remaining set of signals with 

consequent consunption allocations produces exactly the sane set of signal 

consumption choices for each agent type as in the Spence equilibrium. 

Hence, all Spence equilibria are competitive equilibria, including the 

no-signaling eqUilibrium, minimal signaling equilibria, and over-signaling 

equilibria. Of course many of these are nonoptimal. 

6. Stacked Competitive Equilibria 

In this section we attempt to remove externalities from the general 

env irorment . This is done by index ing the original coomodity pJint by i, 

thereby expanding the dimensionality of the commodity space by the factor I. 

In this space there is a specification of the production set which is always 

consistent with market clearing and the resource constraints. A competitive 

equilibrium is defined and the two fundamental welfare theorems are 

established. The support theorem makes clear the difficulty of 

decentralization with a price system in these environments with adverse 

selection. In fact it is est3blished that competitive equilibria in this 

stacked commodity space generally do not exist for the signaling and adverse 

selection insurance environments. 
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The commodity space in this section is the Ith cross-product of L 

denoted by LI. The consumption possibility set is 

all i,j}. 

The corrmodity point can be thought to be a set of elements fran which the 

consumer chooses. Element x belonging to X insures that agent i weakly 

prefers canponent i of x to all the other components. 

The endownent, we:L I, has wi = F; for all i. 

function now defined on LI, is 

v1·(x) = u ·x i i 

for i = 1, ••• , I . 

The aggregate production possibility set is 

n.r.k·y. < 0 .11 1 
all k}. 

1 

Finally, the utility 

With this definition, ye:Y and y = x - w (note all agents choose the same x 

but agent i actually consumes component i of x) imply the resource 

constraint by the following argument. These conditions imply 

o > n.r.k·y· . 1 1 1 = LA.r·ke(x. - w.) . 1 1 1 1 
1 1 

By indexing the commodity vector by i, a production possibility set 

can be defined consistent with the resource constraints even when the r ik 

defining the resource constraints are indexed by i as for the adverse 

selection and signaling economies. 
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Let p denote a real-valued linear functional on LI. As LI has finite 

d~ension, p is an element of LI. Consider 

Definition 6.1: A canpetitive equilibriun is a state (x*, y*) and a price 

vector p* such that 

(i) for all i, x* max~izes vi (x) subject to XeX and p*. x < p* -W; 

(ii) element y* max~izes p* - y over the set Y; 

(iii) x* - y* = w. 

Theorem 6.1: Every competitive equilibrium is an optimun if x* is not a 

satiation point for any consuner. 

Proof: The set X is convex given that the set X is convex and the 

additional incentive compatibility constraints defining X are linear 

inequalities. In addition for every i, x',x"eX and ui-xi < ui-xi implies 

u.x! < U.- [(1 - t)x! + txt!] for all te(O, 1). 
1 1 1 1 1 

Finally, note that Y 

displays constant returns to scale with ° e Y so p* - y* = 0, and thus p* -

w = p* - x*. These conditions (see Theorem 1 of Debreu [1954]) establish 

the theorem. Here after we assune a nonsatiation hypothesis. 

The second question is whether any Pareto opt~un can be supported by a 

canpetitive equilibriun. The following theorem and remark answer this 

question. 

Theorem 6.2: Every optimun (x*, y*) under which the set 

{XeX v.(x) > v.(x*) all i and vi,(x) > vi,(x*) sane i} 
1 - 1 
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is nonempty is associated with a nontrivial functional p* on L I and weights 

y*e:r such that 

( i) 

(U) 

( iii) 

Proof: 

(1v) 

x* minimizes p* • x over xe:X and Ey~V.(X) > Ey~V.(X*), 
. 1 1 . 1 1 
1 1 

y* maximizes p*.y over ye:Yj and 

x* = y* + (al. 

Given an optimum x*, there is some y*e:r for which 

x* solves 

Max EY!Vi(X) 

subject to 

xe:X, ye:Y, X = Y + (al; 

see Lerrma 3.1. In effect, we have a representative consumer economy with 

preferences described in the above maximand. All the conditions of Debreu 

[1954], Theorem 2 are satisfied, and the result follows. 

Remark: Let p*, y*, and x* be as in Theorem 6.2 and suppose y* > o. If 

there exists some xe:X such that p*·x < p*.x*, then condition (i) of Theorem 

6.2 can be replaced with 

(v) for all i, x* maximizes vi(x) subject to 

xe:X, p* • X < p* • x*, and v.(x) > v.(x*), j i i. 
J J 

Proof: As x* does not minimize expenditure on X, by hypothesis, Debreu's 

[1954] Remark applies to condition (i); thus, 
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x* solves max~ize ty~vi(x) subject to 
i 1 

XEX and p* • x < p* • X*. 

By the following argument, condition (v) is also satisfied. Clearly x* 

satisfies all the constraints in (v). If x* were not a max~izer in (v) for 

some i, it would not be a max~izer in (vi); this completes the proof. 

Now note that in Theorem 6.2, y* max~izes profits relative to p*. 

Thus, p*.y* = 0 and it follows from (iii) that p*·x* = p*·w. Thus with 

Theorem 6.2 and the condition of the Remark, that there exists same XEX with 

p*.x < P*·w, any optimum can be supported as a restricted competitive 

equilibrium, without transfers. Here a restricted competitive equilibrium 

requires in lieu of condition (i) in Cefinition 6.1 that for all i, x* 

max~ize viex) not over the set 

(A) {XEX p*·x < P*·w} 

but over the set 

(8) {XEX p*.x < P*.w and v.(x) > v.(x*) 
J - J 

j i i}. 

Thus, in a restricted competitive equilibrium there is not the usual 

separation of the decision problems facing different agent types. 

It is apparent that if x* max~izes vi (x) over A for all i, then x* 

maximizes vi (x) over 8 for all i. Thus, a competitive equilibriurn is a 

restricted competitive equilibrium. fut the converse need not hold, as is 

now established. 
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Theorem 6.3: If there is a single resource constraint, if there exist at 

least tw::> Pareto optima yielding different utility for at least one type, 

both satisfying the condition of the remark, then no competitive equilibrium 

exists. 

Proof: Suppose a competitive equilibrium did exist. Under the nonsatiation 

hypothesis it is a Pareto optimum by Theorem 6.1 and also a restrictive 

competitive equilibrium. The production possibility set Y, being defined by 

a single linear inequality, detennines all the relative prices. Let this 

vector be p* and let (x*, y*) be the competitive equilibrium allocation. 

&It any Pareto optimum x satisfying the condition of the Remark can be 

supported by a restrictive competitive equilibrium without transfers using 

price system p*; that is, x solves 

Max 
xe:X 

vi (x) 

p*·x < p*·w and v.(x) > v .(x), j i. i. 
J - J 

Now pick an agent type i who is w::>rse off under the competitive equilibrium 

x* than under some optimum i satisfying the conditions of the remark. With 

p*·x* ~ p*·w and vi<i) > vi(x*), x* is not maximal for agent i in the 

competitive equilibrium. This establishes the theorem. 

That the condition of the Remark is satisfied for both the adverse 

selection insurance economy and the signaling economy is established as 

follows: First let t be the dimension of the linear space L. Then by 

normalizing prices, let Pit = Air it' all i and t, where the r it are the 

coefficients in the resource constraint. In particular, for the signaling 

environment, let (Pi1,Pi2,Pi3) = (Ai,O,A(,r i ), all i. Thus with Wi = (0, 0, 

1), p!·wi = Ai ll'i and p*·w = :; > 0. Let , = (0, 0, 0) and let x be defined 
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by xi = q, all i. Then clearly p*·x = 0, and thus p*·x < p*·w. For the 

insurance economy, ptc = Ai 9i c for the first n elements of c and p!c = Ai(1 

- 9 i )C for the second n elements of c. Thus pI·wi = Ai 9i ZO + Ai (1 - 9 i )z1 > 

o and p*. w > O. Let q, be the element of L placing all mass at the zero 

point of the underlying cOOlllodity space whether or not the agent suffers a 

loss. Then let Xi = q, all i, and note that p*·x = O. Thus, p*·x < p*·w. 

In summary, if the utility possibilities frontier is nondegenerate with 

positive gradient for the Signaling and adverse-selection insurance 

economies, then no competitive equilibriun in the stacked connnodity space 

exists. 

7. Concluding Remarks 

As noted in the introduction, the pur pose of this paper has been to 

explore the extent to 1J1ich standard general equilibriun analysis of optima 

and competitive equilibria applies to environments with moral hazard and 

adverse selection problems. In particular we have explored the extent to 

which the results of Prescott and Townsend [1979] can be extended. We have 

discovered that techniques for characterizing optima as solutions to concave 

progranming problems in the space of lotteries are useful and nice and seem 

broadly applicable; lotteries ensure linearity of preferences, a property 

which is needed to obtain convexity of the incentive compatibility 

constraints. With respect to existence and optimality of competitive 

equilibria in the linear space containing lotteries, we have discovered that 

a certain ex ante homogeneity is critical, but that subsequent heterogeneity 

is not. That is, for standard results on existence and optimality of 

competitive equilibria to go through, what seems to be needed is that agents 

with characteristics which are distinct and privately observed at the time 
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of initial trading enter the economy-wide resource constraints in a 

homogeneous way. This homogeneity condition will be satisfied for a broad 

class of interesting economies, t~ exanples of which we have studied: the 

moral hazard insurance economy and the dynamic private-information 

securities economy. 01 the other hand, this homogeneity condition is not 

satisfied for the well-known and interesting adverse selection insurance 

economy and the signaling economy. In these economies ex ante heterogeneity 

introduces an externality of some kind. Thus nonoptimality typically 

results when competitive equilibria exist. And with ex ante heterogeneity 

competitive equilibria frequently do not exist. 
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Footnotes 

1 As noted in Prescott and Townsend 
uncertainty to an aggregate 
characteristics. We proceed in the 

[1979], one cannot go from individual 
distribution with the specified 

other direction. 

2 This subsection has benefited from conversations with V. V. Chari. 

3 To further ill ustrate the general difficulty, suppose that in the 
envirorment of Prescott-Townsend there is some statistical dependence in 
the a-shocks and the initial specification of i types; the resource 
constraints in period one would then be written 

k:1, ... ,t 

where 1f I' denotes the fraction of agents of type i (in period zero) who 
receive aS~ock a (in period one). These 1f I' enter the components of r. k' 
which vary over i. Thus the problem r~mJ-rges. And there would bel a 
problem in the moral-hazard insurance economy if it were combined with the 
adverse-selection insurance economy. --



53 

References 

Arrow, Kenneth J. and Frank Hahn, General Competitive Analysis, li:>lden Day, 
San Francisco, California 1971. 

Debreu, Gerard, "Valuation Equilibrium and Pareto Optimum," Proceedings of 
the National Academy of Science 40 (1954), pp. 588-592 

Hahn, Frank H., II~tes on R-S ~dels of Insurance Markets," mimeo, Cambridge 
University, 1974. 

Harris, Milton and Robert M. Townsend, "Allocation 
Asymmetrically Informed Agents," Carnegie-Mellon 
55-76-77, March 1977. 

Mechanisms for 
W:>rking Paper 

HarriS, Milton and Robert M. Townsend, "Resource Allocation Under Asymmetric 
Information," Carnegie-Mellon W:>rking Paper No. 43-77-78, revised 
October 1979, forthcoming in Econometrica, January 1981. 

I-blmstrom, Bengt, "~ral Hazard and (l)servability," The Bell Journal of 
Economics, Spring 1978. 

Myerson, Roger, "Incentive Compatibility and the Bargaining Problem," 
Econometrica, Vol. 47, January 1979, 61-74. 

Prescott, Edward C. and Robert M. Townsend, "General Competitive Analysis in 
an Economy with Private Information," First Iraft June 1979, revised 
Februar y 1981. 

Riley, John, "Informational Equilibrium," mirneo, Rand Corporation, April 
1977, published in Econometrica, 47, 2, March 1979, pp. 331-360. 

Rothschild, Michael and Joseph Stiglitz, "Equilbrium in Competitive 
Insurance Markets: An Essay on the Economics of Imperfect 
Information," Quarterly Journal of Economics, 90 (November 1976), pp. 
629-649. 

Spence, A. Michael, Market Signaling: Information Transfer in Hiring and 
Related Screening Processes, (Cambridge: Harvard University Press, 
1974) • 

Wilson, Olarles, "A ~del of Insurance Markets with Incomplete Information," 
Journal of Economic Theory, 16, (1978), 176-207. 


	umn51327
	umn51328
	umn51329
	umn51330
	umn51331
	umn51332
	umn51333
	umn51334
	umn51335
	umn51336
	umn51337
	umn51338
	umn51339
	umn51340
	umn51341
	umn51342
	umn51343
	umn51344
	umn51345
	umn51346
	umn51347
	umn51348
	umn51349
	umn51350
	umn51351
	umn51352
	umn51353
	umn51354
	umn51355
	umn51356
	umn51357
	umn51358
	umn51359
	umn51360
	umn51361
	umn51362
	umn51363
	umn51364
	umn51365
	umn51366
	umn51367
	umn51368
	umn51369
	umn51370
	umn51371
	umn51372
	umn51373
	umn51374
	umn51375
	umn51376
	umn51377
	umn51378
	umn51379
	umn51380
	umn51381
	umn51382
	umn51383

