
A TEST FOR DISTRIBUTIONAL ASSUMPTIONS FOR THE 

STOCHASTIC FRONTIER FUNCTIONS 

by 

Lung-Fei Lee 

Discussion Paper No. 81 - 151, May 1981 

Center for Economic Research 

Department of Economics 

University of Minnesota 

Minneapolis, Minnesota 55455 



1 . I ntroducti on 

A TEST FOR DISTRIBUTIONAL ASSUMPTIONS FOR THE 
STOCHASTIC FRONTIER FUNCTIONS 

By 

Lung-Fei Lee * 

Technically efficient production is defined as the maximum quantity of out

put attainable from given inputs. Knowledge of the production frontier, defined 

as the locus of technically efficient input-output combinations, and the actual 

input-output combinations of firms is sufficient information for measuring 

efficiency. A major difficulty is estimating the production frontier. Typi-

ca lly, empi ri ca 1 producti on functi ons are lIaverage ll rather than fronti er func-

tions, and thus unable to provide information on efficiency, because they 

attribute differences from the estimated function to the random disturbances. 

Attempts to estimate frontier production function began with the pioneering 

work of Farrell [1957J and subsequently, Aigner and Chu [1968J, Afriat [1972J, 

Richmond [1974J and others. They estimated the frontier using linear and quad-

ratic programming techniques. Their approaches are based on deterministic 

frontiers. There are several disadvantages to their approaches. The most 

important problem is that it does not allow for random shocks in the production 

process which are outside the firm's control. As a consequence, a few extreme 

observations determine the frontier and exaggerate the maximum possible output 
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given inputs. Some problems occur for the estimation of other deterministic 

frontier functions such as the cost and profit frontier functions. 

Recognizing this problem, Timmer [1971J eliminated a certain percentage of 

the total observations. Such a selection procedure, however, is not based on 

statistical theory and the number of observations eliminated is arbitrary. 

Recently, Aigner, Lovell and Schmidt [1977J and Meeusen and van der Broek [1977J 

handled this problem with a more satisfactory conceptual basis by explicitly 

including an error component, which is one-side distributed, in the overall dis

turbance, to capture the different inefficiency across the production units. 

They specified the distribution to be half-normal or exponential distributed and 

have applied the models to the Norwegian manufacturing in Meeusen et al. [1977J 

and the U.S. primary metals industry and U.S. agriculture in Aigner et al. [1977J. 

In the empirical applications, the fits of half-normal and exponential are of 

little difference. Subsequent applications of this stochastic frontier produc

tion function model adopt the half-normal distributions and are in Lee and 

Tyler [1978J, Tyler and Lee [1979J, Brbeck et al. [1980], Pitt and Lee [1981] 

among others. While the empirical results are of interest, one can recognize 

that there may be a problem in the distributional assumption. Ideally, the 

specification of the efficient distributions should base on the information 

on the economic mechanisms generating the inefficiency. However, in the empi

rical applications, the econometricians do not have, in general, such informa

tion and they do not appear to have good a priori arguments to justify the 

choice of any particular one-sided distribution. Other one-side distributions 

can also be used. In Afriat [1972], Richmond [1974] and Greene [1980J, gamma 

distribution is specified for the full (deterministic) frontier functions. In 

Stevenson [1980J, the gamma distribution and truncated normal distribution 
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are specified for the stochastic frontier functions. The different specifica

tions do give different estimates as demonstrated by the empirical examples in 

Richmond [1974J, Broek et a1. [1980J, Greene [1980J and Stevenson [1980J. The 

differences are not only in the measure of efficiency but also on the estimates 

of the input coefficients in some cases. Given these ambiguous results, Broek 

et a1. [1980, p. 137J and Forsund et a1. [1980, p. 17J concluded that different 

approaches or different specified distributions lead to different results 

and they are not clear cut how the choice can be made. 

Since there are no a priori arguments for the choice of a particular dis

tribution, one needs to base the choice and evaluation by statistical means. 

In this article, we suggest the use of specification test to evaluate the 

specified one-side distribution. In the event that the tes~ accepts the hypo

thesized distribution, one may have more confidence on the approach and the 

specification. If the data contradict sharply with the specific distribution, 

one should try some other flexible distributions. The approach we adopt is 

a Lagrangean multiplier (LM) test based on the truncated Pearson family. The 

Lagrangean multiplier test is of interest since it is computationally simple 

and is constructed from the estimated residuals. The truncated Pearson family 

of distributions is used since it contains many distributions of various 

shapes and the half normal, truncated normal, exponential and gamma distribu

tions as special cases. In this article, we derive the tests for half normal 

and truncated normal distributions since these are the often used distributions 

for the estimation of stochastic frontier functions. 

This article is organized as follows. In the second section, we specify 

the stochastic frontier function with the Pearson family of truncated distri

butions. In the third section, we derive a LM test for the half-normal 
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distribution and provide some interpretations of the test. In the fourth 

section, we extend our analysis to the truncated normal distribution. Finally, 

we draw our conclusions. An appendix is provided to verify the non-singularity 

of the information matrix used in the tests. 

2. Stochastic Frontier Function and the Pearson 
Family of Truncated Distributions 

The stochastic frontier function that we will consider is specified as 

Y i = xi B + Ei 

E. ::: -u. + V. 
1 1 1 

u. ~ a 
1 

i:::l, ... ,N (2.1) 

where y. is the dependent variable; x. is a k vector of exogenous variables 
1 1 

which includes a constant term and the disturbances (ui,v i ), i ::: 1, ... , N 

are independently and identically distributed. l The disturbance u is one-side 

distributed and represents the inefficient component of the function while v 

represents the disturbance which cannot be controlled by the firm and is 

assumed to be statistically independent with the inefficient component. Since 

vi represents uncontrollable random events and measurement error on the depend

ent variable, it is assumed to be normally distributed N(O,a~). The important 

problem, hO~/ever, is to specify an appropriate one-side distribution for ui . 

Since ui is the main interest in the model, we will focus our analysis on dis

tributional assumption on ui . In the econometric literature, half normal, 

exponential, truncated normal and gamma distributions have been specified for 

the inefficient component u. For our analysis, we assume that the distribution 

of u belongs to the Pearson family of truncated distributions. 

The general density function of the Pearson family of truncated distribu-

tions can be expressed in the following form: 
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f(u) 

(2.2) 

It is well known, see, e.g., Elderton and Johnson [1969J or Johnson and Kotz 

[1970J, that the Pearson family of distributions contain distributions of 

various shapes and include the familiar normal, student t, beta, exponential 

and gamma distribution as special cases. 2 It follows immediately that the 

Pearson family of truncated distributions will contain the half-normal,trun-

cated normal, exponential and gamma distribution as special cases. One can 

easily show that when bl = b2 = a = 0, it is the half-normal distribution 

specified in Aigner et al. [1977J. When bl = b2 = 0, it is the truncated nor

mal distribution specified in Stevenson [1980J. The gamma distribution 

corresponds to the case that b2 = O. Since the family of distribution is so 

general and contains the distributions specified for the inefficient component, 

it provides a useful framework for testing the conventional distributional 

assumptions for the stochastic frontier functions. The uses of the Pearson 

family for other models can be found in Cohen [1959J, Bera et al. [1980J and 

Lee [198la, 1981bJ. 

Under the assumptions that u belongs to the Pearson family of truncated 

distributions and v is normally distributed, the density function for the over-

all disturbance £ is 

(.2.3) 

\lJhere <t>(.) is the standard normal density function. Let 
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The log-likelihood function for the general model is 

N 
- L = I Q,n h(y i-Xi S) 

i=l 

. - -} 
00 1 y.-x.S+u 00 

f( - cp[, , JeXP(p(U))dJ - Q,n I exp(p(t))dt 
~ a cry cry J a 

(2.4) 

Let E. = y. - x·S. It is straightforward to show that the first order deriva-
111 

tives of L are 

(2.5) 

exp(p(u))du 

(2.6) 

[
E. + u] II 00 [E. + u] "~v exp(p(u) )du 0" ~v - exp(p(u) )du 

(2.7) 



where 

and 

a p( u) 
aa 

Q, == 0,1,2 

(2.8) 

(2.9) 

Q, == 0,1,2 (2.10) 

These derivatives do not have closed form expressions since the solutions of the 

indefinite integrals involved depend on the characteristics of the solution of 

the quadratic equation bO + blu + b2u2 = O. These derivatives provide the basis 

for the derivation of the LM test for any specific distribution in the family. 

To justify the theoretical properties of the statistics, we assume that the 

parameter space is a compact set with the true parameter as an interior point, 

the empirical distribution of the vector of exogenous variables wi in xi = (l,wi ) 

converges to a limiting distribution F(w) and the variance-covariance matrix 

of wunder F(w) is positive definite. 

3. LM Test for Half-Normal Distribution in 
the Stochastic Frontier Function 

If the distribution of the inefficient component u is assumed to be half 

normal N(0,a2), the density function of u will be 
u 

2 f(u) = --
ffn au 

u ;;:: 0 (3.1) 

This distribution corresponds to the case that a = 0, bl = a and b2 = 0 with 

bO = -a~ in the Pearson family of truncated distributions. Under this 
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hypothesis HN: a = 0, bl = 0 and b2 = 0, the derivatives of the log likelihood 

function L in the equations {2.5}-{2.8} will be simplified as follows: 

Let 

aL 
as H 

N 

aL 
aa H N 

N 
= I 

i=l 

= __ 1 IN 
2 . 1 o 1= 
U 

1 f: (0; + u)2 $[~l $[~ldU 
fooo ¢[";a: U] $[aUJdU - 1 

f; $[:J du 

R, = 0,1,2 

be the density function of a normal random variable N(0,02 
+ (

2) and u v 

{3.2} 

(3.3) 

(3.4) 

(3.5) 

(3.6) 
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(3.7) 

be the normal density function of another random variable 

N -

One can easily show that 

(3.8) 

Let 

u ~ 0 (3.9) 

be the truncated normal density function defined on the non-negative values 

corresponding to the normal density function of 92{uls). It follows imme

diately from (3.8) and (3.9) that 

(3. 1 0) 

Also 

(3.11) 

Hence the derivatives in (3.2)-{3.5) are equivalent to 

N x~ {foo } =I ~ s.+ ug*{uis·)du 
i=l 0v 1 0 1 

(3. 2) I 



aLI aa H N 

aL I 
ab5/, H 

N 
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(3.3)1 

(3.4) 1 

5/,=0,1,2 (3.5)1 

To deri ve a test for the hypothes i s HN, we suggest the use of the Lagrangean 

Multiplier (LM) test. The Langrangean Multiplier test as a principle of testing 

hypothesis is proposed in Aitchison and Silvey [1958J and Silvey [1959J which 

generalizes the efficient score test of Rao [1973J and is related to the 

Neyman's C(o.) test [1959J. It is well known that the U1 test has optimal asymp

totic properties in the sense of Neyman (see Neyman [1959J) and is asymptotically 

equivalent to the maximum likelihood ratio test und"ergeneral regularity condi

tions (see, e.g., Silvey [1959J). The usefulness of the U,l test in econometrics 

has been demonstrated in Breusch and Pagan [1980J, among others. Let e = 

( ' 2 b b b)' b th t f t d S , av' a, 0' l' 2 e e vec or 0 parame ers an 

be the information matrix under the null hypothesis. The LM statistic for test

ing HN is the statistic 

:e~· (I(e))-l aLI 
a ae e=8 

(3.12) 
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evaluated at the restricted MLE e, which is asymptotically chi-square distributed 

with three degrees of freedom und HW If I(e) \tlere singular, the inverse of 

I(e) should be replaced by the generalized inverse of 1(6) and the degree of 

freedom \tlOuld be reduced by the nullity of the matrix I(e). It is known that 

the asymptotic properties of the statistics will not be affected if the negative 

of the Hessian matrix or its asymptotic equivalent form are used instead of the 

information matrix in constructing the test statistics. 

For our model, it is difficult to derive the analytic information matrix 

under the hypothesis HN, since Ei appears in the derivatives in a highly nonlin

ear form. As an alternative, we suggest an estimate of the information matrix 

derived from the first derivatives of the log likelihood function. Let 

Q, . a, 2 
= £:. + 2E:. , , J

CO fco 2 ug*(u\E.)du+ u g*(uIE,.)du-a 
o ' a v 

= fco ug*(uIE.)du 
o ' 

J
CO 2 . Joo 2 . 

9,b
j

i = a u +J g*(uIEi)du - 0 u +J f(u)du, j = 0,1,2 

and define a diagonal matrix A of dimension k + 5 as 

(:3.13) 

[-2 
A = Di ag LV ' ... -2 1 -3 -2 1 -4 1 -4 1 -41 (3 14) 

av ' "2 av ,- au '-"2 au ,- 3" au ' -"4 au J . 

Denote Q,~. = (Q,S'" Q, " Q, " Q,b " Q,b " Q,b ,,)'. An estimate of the information 
t], , 0'1 a, 0' l' 2 

matrix evaluated at § can be constructed as 
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(3.15) 

evaluated at §. Thus an asymptotically equivalent LM statistic for testing HN is 

3L -1 3L 
;:;-;:;Te Q ~8 
o 0 e=8 

(3.16) 

In the appendix, we have given a proof that the limiting information matrix of 

~I(8) under HN as N goes to infinity is nonsingu1ar with probability one. So 

the LM statistic (3.16) is asymptotically chi-square distributed with three 

degrees of freedom under the null hypothesis HN• 

It is of interest to note that one can provide a simple interpretation of 

this statistic. The first-order derivatives in (3.2)1-(3.5)1 can be rewritten 

in terms of ~ei and A, 

N 
= A I ~e· . 1 1 1= 

The LM statistic as constructed in (3.16) can be simplified to 

[
N A jl[N A A j-1[N A j I ~e· I ~8·~81. I ~8· 
i=l 1 -i=l 1 1 i=l 1 

(3.17) 

A A A 

where ~8i is the vector ~8i evaluated at e = 8. Since e is the restricted MLE 

of 8 under HN, the derivatives 

'dLI 'dL 'dL - -=z and-
'dS 8=8' 'do 8=8' 'db 8-e v a -

A N 
evaluated at 8 are zero. These imply that I 

i =1 
are also zero. Thus the LM statistic becomes 

A NAN A 
~Q1· and I ~. and I ~b· 

iJ i = 1 01 i :: 1 01 
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[ It [ - l- J [ NAN A NAN A A -1 NAN A 
L. ~a;' I. ~b;' L. ~b iLL. ~ei~ei L' Ii=l ~ai' I. ~b i' 

1=1 ,=1 1 ,=1 2 ,=1 1:::1 1 

(3.18) 

where L is a 3 x (k + 5) selection matrix which deletes the columns and rows 
NAN A N A (N A A )-1 

corresponding to I i ::: l x'Si' Ii=l ~0i and I i ::: l ~bOi from thematrix Ii={ei~ei . 

Simple interpretations can be provided for the components: 

1 N 1 N foo foo 
-N I ~ai::: -N L 0 ug*(uisi)du - 0 uf(u)du 

i=l i:::l 

1 N 1 N foo 3 Joo 3 - L ~b·::: - LOU g*(ujs,.)du - 0 u f(u)du 
N i=l l' N i:::l 

and 

N 1 N 
1 L L ~l x'b . ::: -N 
I i=l 2' i=l 

Under the null hypothesis HN, the joint density of sand u is 

_1 ¢[so+ Ulf(U) 
0 V v 

and the marginal density is 

1 s + u 
f 00 [ 1 o 0v cP ---a;- f( u )du 

Hence the conditional density of u conditional on sunder HN is 

(3.19) 

(3.20) 

(3.21) 

which is exactly the function g*(uis) as shown in (3.10). Hence the truncated 

normal density function of g*(uis} is in fact the conditional density function 
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of u given sunder HW Since f(u) is the hypothesized distribution of u under 

HN, given samplei lSi} of s, the components in (3.19), (3.20) and (3.21) are the 

differences between the first, third and fourth moments of the conditional 

density function of u and the correpsonding first, third and fourth moments of 

the unconditional density function of u under HW The U1 statistic utilizes 

the estimated restricted MLE residuals ~i = Yi - xiS and the estimated differ

ences between the first, third and fourth sample moments constructed from the 

conditional density of u and the corresponding first, third and fourth moments 

constructed from the hypothesized density function of u. 3 

The computation of the LM statistic involves the computation of the moments 

of the truncated normal density function g*(uls) and the half-normal density 

function f(u). The computations of these moments, however, are quite simple 

as the following recursive formulae can be used: 

f: un
+

l 
f(u)du 

and 

= n02 foo un- l f(u)du 
u 0 

n ~ 1 

fo
oo un- 1 (I) g* u s du 

2 

(3.22) 

(3.23) 

(3.24) 

o f 00 

- 2 u 2 s un g*(uls)du, n~l (3.25) 
o +0 0 

U V 
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where ~(.) is the standard normal density function. The above recursive for

mulae can be easily derived from the differential equation method. The 

details can be found in Cohen [1951J and Lee [1981J. 

4. LM Test for Truncated Normal Distribution 
in the Stochastic Frontier Function 

The half-normal distribution for the inefficient component u restricts 

the mode of the distribution to occur at u = O. Stevenson [1980J suggests the 

use of truncated normal distribution for u so that the mode need not necessarily 

be zero. He has also pointed out the possibility of using gamma distribution 

for u. However, since only the truncated normal distribution has been used 

in practice, we will consider the LM test for this distribution only. The 

density function of the truncated normal random variable is 

u ;;:: 0 (4.1) 

where ~(.) is the standard normal distribution function. This distribution 
2 corresponds to the case that bl = 0, b2 = 0, bO = au' a = -~ in the Pearson 

family of truncated distribution. Hence a test for truncated normality is to 

test the hypothesis HT: bl = 0 and b2 = O. Define 

(4.2) 

and 

(4.3) 

It can be shown that h*(uJc) is the conditional density function of u condi

tional on € when the hypothesis HT is true. Under the hypothesis HT, the 
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first order derivatives will be simplified to 

aL = _1 IN x~ {E. +foo u h*(U1E,.)dUt (4.4) 
as H (i i=l ' , 0 

T v 

aL
2 

= ---.L3 IN lE?+2E.foo u h*(uIE.)dU+f
oo 

u2 h*(UjE.:.)dU-a.} (4.5) 
a 0' H 20' V i = 11' , 0 ' 0 ' v 

T 

~~I = - ~ I~ {roo u h*(ujE.:i)du - foo u f(U)dU} (4.6) 
HT au pl J 0 0 

adt = - ~ I~ {_l_[fOO l+Q, h*(uIEi)du - Joo i+Q, f(U)dJ 
Q, H a pl 2 + Q, 0 0 J 

T u 

a 1+Q, 1+Q, ~ oo foo j} + 1 +Q,. fo u h*(u\Ei)du - 0 u f(u)du 

Q, = 0,1,2 (4.7) 

Let 

Q,Si = x! [EO + , , f; U h*(UIEildU] (4.8) 

Q, . 
0'1 

2 
= E· + 2E· , , J; u 

h*(U\E.)du+ Joo u2 
, 0 

h*(uIEi)du - O'v (4.9) 

Q, . = f 00 u h* (u jE.: . ) du - f 00 u f (u ) du 
a1 0 ' 0 

(4.10) 

f 
2+ Q, f 00 2+ Q, 9, = u h*(uIE.)du- 0 u f(u)du, 

bQ, 0 ' 
Q, = 0,1,2 (4.11) 

and Q,e· = (9,13'·,9, .,9, ., 9,b ., 9,b ,.' Q,b .)'. Let e be the restricted MLE of 
, 1 0'1 a, 0' 1 21 

e under HT and ~ei be the vector Q,ei evaluated at 8 = e. Since e is the 
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restricted MLE of e, the derivatives 

-evaluated at e are zero. 
N "-

and '. 12b . are all zero. 
L1= 0' 

By similar arguments in the previous section, the 

U1 statistic for testing the hypothesis HT can be constructed as 

(4.12) 

where Ll is a 2 x (h + 5) selection matrix which selects the last 

Tho rows of (L~=l~ei£ei)-l. As compared with the test of half-normal distribu

tion, the LM test for truncated normal distribution utilizes only the third 

and fourth moments of the hypothesized truncated normal distribution of u and 

the conditional distribution of u conditional on E. The estimated differences 

between the third and fourth moments of the conditional distribution given 

the samples and the corresponding moments of the specified unconditional dis-

tribution form the basis of the LM test. The LM statistic is asymptotically 

chi-square distributed with two degrees of freedom. 

The moments in the equations (4.8)-(4.11) can be computed by the following 

recursive formulae: 

f: u f(u)du = -a + a ¢(a/a )/¢(-a/a ) u u u (4.13) 

f: un
+

l f(u)du = na2Joo un- l f(u)du - a Joo un f(u)du, 
u 0 0 

(4.14) 
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and 

I; u h*(uls)du 
h(OIE) 

(4.15) 

I
oo 

n+l a u h*(u I s)du h*(ulE)du -

n ~ 1 (4.16) 

5. Conclusion 

In this article, we have derived some tests for testing distributional 

assumptions for the stochastic frontier functions. Since there are, in general, 

no a priori reasons to choose any particular one-side distribution for the 

inefficient component in the stochastic frontier functions and the empirical 

results are different for different distributional assumptions, it is important 

to rely on statistical means to evaluate the assumptions. The testing pro

cedures we proposed are Lagrangean Multiplier tests. We suggest the use of 

the Pearson family of truncated distributions as the basis for our tests since 

it contains a broad class of distributions of different shapes and in particular 

the half-normal, truncated normal, exponential and gamma distributions as 

special cases. We have explicitly derived the tests for the half-normal and 

truncated normal distributions. The statistic utilizes the differences between 

the first, third and fourth moments of the conditional distribution of the 

inefficient component conditional on the samples and the corresponding moments 

of the hypothesized distribution for the half-normal distribution case. It 
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utilizes only the corresponding third and fourth moments for the testing of 

the truncated normal distribution. 4 The statistics are asymptotically chi

square distributed and can be easily computed. From our analysis, it is 

expected that the approach can be generalized to the testing of any specific 

distribution in the Pearson family. 
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Appendix 
Non-Singularity of the Information Matrix 

The degree of freedom of the LM statistic depends on the rank of the infor-

mation matrix under the null hypothesis. In this appendix, we will prove that 

the limiting matrix of ~I(e) under the hypothesis HN is of full rank. Similar 

arguments can be applied to the case under the hypothesis HT. 

Since analytic expression for I(e) is not available, we cannot analyze 

directly this matrix. However, one can analyze the following vector of random 

variables: 

Zl = :~ [s+ f: U g*(UIS)dU] (A.1) 

= 1 [f 0
00 

U 
g*(uls)du - I: U f(u)du 1 Z3 -2" 

0 u 

(A. 3) 

z4+£ 
1 [f: u2H 

g*(u I s)du J: u2
+£ f (u) dU] , = 

(2+£)04 
u 

£ = 0,1,2 (A.4) 

which are the basic elements in the derivatives in (3.2)1-(3.5)1. Since the 

limiting matrix of~I(e) is the variance-covariance matrix of the random 

variables zl' z2' ... ,z6' it is enough to show that the random variables zl' 

z2' ... , z6 are not linearly dependent. This is so, since it is known that 

the variance-covariance matrix of a vector of random variables is positive 



21 

definite if and only if there is no linear relation among the random variables 

with probability one (see, e.g., Rao [1973J, p. 107). Let c = (c1, c2, ... , 

c6)' be a vector of constants such that \~ 1 c! z. = O. We would like to show L, = , , 

that c is a zero vector. 

Let 

From the recursive relations in the equations (3.24) and (3.25), we have 

f; u g*(ulddu :: Aa~ g*(old - I.E (A.5) 

(A.6) 

(A.7) 

and 

J 
00 4 
o u g*(ulddu:: 

(A.S) 

Since the polynomial term E4 appears only in z6' c6 must be zero. It follows 

that L~::l ci zi :: 0 and c5 must be zero since the function E3 appears only in 

z5' So the remained equality is 

4 
L c! z. :: 0 

i:: 1 1 , 
(A.9) 

This equation (A.9) is a linear combination of functions of E. The equality in 
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(A.9) can hold for all possible values of £ under HN if and only if all the 

coefficients of the functions of £, namely £2, g*(ol£)£, g*(ol£) and £, respec-

tively, vanish, i.e., 

(A. 1 0) 

(A.11 ) 

(A.12) 

(A.13) 

Since 

the equation (A.10) is equivalent to 

(A.10)1 

The equation (A.ll) is equivalent to 

Obviously, the solutions of c2 and c4 from (A.10)1 and (A.ll)1 must be zero. 

Hence it remains to show that c3 and cl are zero. The equation (A.12) is 

equivalent to 

(A.12)1 
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and the equation (A.13) is equivalent to 

c3 + ci x = 0 (A.13)1 

They imply that (o~ + o~) c3 = 0 and hence c3 must be zero. It follows ci x = o. 
Since x = (l,wl)1 and w has a positive definite variance-covariance matrix 

under the distribution F(w) by our assumption, the vector cl must be zero. 

Therefore, c =0 and the random variables zl' ... , z6 are not linearly depen

dent. 
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This specification with u ~ 0 is applicable to the production and profit 
functions. The cost function y :: xS + U + v with u ~ 0 can be transformed 
to this function (2.1) by multiplying both sides by minus 1. 

Alternatively, the Pearson family of distributions is characterized by the 
differential equation d(~n f(u))/du :: (a + u)/(bO + blu + b2U2). The 
solutions of f(u) depend on the characteristics of the solutions of the 
quadratic form bO + blu + b?u2. The family of distributions is divided 
into three main types and ten transition types. 

This quantity JD
oo 

u g*(UiSi)du may be used as a predictor of the inefficiency 
level ui for tne production unit i for the stochastic frontier function. 
This observation is due to Professor Peter Schmidt and was pointed out to 
me in our conversations. 

If we generalize the Pearson family to the family of distributions charac
terized by the differential equation d(~n f(u))/du = (a + u)/(bO+ I7=1 bi u2) 
with higher order polynomials replacing the quadratic function, moments of 
higher orders up to m will be used. 
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