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I. Introduction 

Informational Requirements of 
Parametric Resource Allocation Processes* 

In the informational decentralization literature a resource allocation 

mechanism~ as formalized in Hurwicz [3] and Mount and Reiter [7], is thought 

of mconsisting of two phases. In the first phase there is a communication 

process in which all the agents participate actively sending and receiving 

messages until an equilibrium message is reached. In the second phase 

agents play a passive role since the equilibrium message is translated 

into an action without taking into account any of the agents' characteristics. 

Thus, we can imagine the equilibrium message as being fed to a computer 

which automatically yields the solution. Intuitively speaking, this means 

that the equilibrium message should be rich enough so as to contain a co~ 

plete description of the action to be taken. This is actually the case in 

many of the processes studied in the literature in which part of the messages 

are proposed actions (trades and/or production): the equilibrium message 

specifies explicitly the action plus some other coordinating signals (like 

prices or marginal productivities) and the outcome function is simply a pro-

jection. ,In fact, there is a result by Mount and Reiter [7, Lemma 10, p. 175] 

in which this contention is rigorously established: the size of the action 

space is a lower bound for the size of the message space even for processes 

which are not privacy perserving. 

The question arises as to whether some information could be saved by 

allowing for a more active role of the agents in the second phase. There 

* Support from NSF grant No. SES 78 25734 AOI and the U.S.-Spanish Joint 
Committee for Education and Cultural Affairs is gratefully acknowledged. 
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it would not be necessary to describe the action, focussing the attention 

on the information needed for coordination purposes only. In particular one 

can think of agents using prices only as messages and deciding independently 

their actions in view of these prices and their own characteristics: the 

equilibrium message would not contain in this case a description of the 

actions and only coordinating signals would be used. This amounts to con-

sidering processes in which the agents' Characteristics enter as parameters 

in the outcome function. Parametric processes of this sort were introduced 

by Hurwicz [4]. If the outcome function is of the form 

that every agent decides independently his own action i a 

iii 
a = h (pt;e ), so 

based on his 

characteristic i e and the equilibrium message m, parametric processes 

are very much in the spirit of informational decentralization. 

There are ex~p1es (see Section Nand [4]) showing that in certain 

contexts the use of parametric processes brings about substantial savings 

in the channel capacity required for a satisfactory performance. Then it 

is natural to ask whether the main results on the minimal informational size 

of message spaces remain true if we expand the class of admissible mechanisms 

by allowing for parametric processes, of which "adjustment processes" are 

a special case. 

In this paper we develop a general teChnique for determining the in-

formational requirements of parametric processes which is based on the strong 

uniqueness property. We then apply it to the main classes of environments 

which have been considered in the literature, namely, classical pure ex-

Change environments ([5], [6], [7], [9], [11]), environments with public 

goods ([10]), and environments with non-convexities ([1], [2], [5]). It 
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turns out that the basic lower bounds on the informational size required 

for a satisfactory performance over these classes of environments are still 

the same so that the competitive and Lindahl processes are informationally 

efficient in the wider class of parametric processes and the use of para-

metric outcome functions is not sufficient to attain a decisive and non-

wasteful performance over a class of non-convex environments with fini~e 

dimensional messages. 

II. Parametric Resource Allocation Processes 

Consider an economy with n agents, indexed by the superscript i, 

and l commodities, indexed by the subscript j. To every agent 

i E {l,2, ••• ,n} we can associate a set of economic characteristics, denoted 

by i e , which usually consist of an initial resource i l 1:.1 endowment w E R+ ' 

relation >. 
1. 

in Xi and a production a consumption set Xi, a preference 

set Hence, we can write i 
e = iii (w ,X a>., Y ). 

1. 
The n-tuple 1 2 n e = (e ,e , ••• ,e ) 

will be called economic environment. The admissible class of environments E 

reflects thea priori knowledge that the designer of a resource allocation 

mechanisms has about the range of variation of the agents' characteristics. 

We shall assume E to be a topological space. 

We shall denote by i a the action (trades and/or consumption or pro-

duction levels) of the i-th agent and write 1 2 n 
a = (a ,a , ••• ,a ). The action 

space of all conceivable actions is given by the Cartesian product 

!/ n n 
We denote R+ = {x E R : for all j = 1,2, ••• ,n} and 

R~ = {x ERn: Xj > 0 for all 
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n 
A = n Ai. Let (): E ~ A denote the (non-empty valued) optimality corres

i=l 

pondence which associates the set of optUnal actions to every environment. 

The feasibility correspondence F: E~ A gives the set F(e) of feasible 

actions in a given environment and is the weakest form of optimality corres-

pondence that migll't be considered. 

A message process for the class of environments E is an ordered 

pair 01,~) of a message space (assumed to be a topological space) and 

an equilibrium message correspondence ~: E ~ M, that assigns a set of 

equilibrium messages to every environment e s E. A parametric outcome func-

~ h: ~[E] x E~ A translates the equilibrium message into an action, 

'2/ 
using information about the economic environments.- The ordered triple 

(M,~,h) is a parametric resource allocation process. Given a parametric 

process TT = (M,~ ,h), the correspmdence given by p (e) = h [1Jo (e) ,e] is called the 

performance correspondence of the process. A parametric process TT is said to be 

decisive over E if for every esE, pee) P ¢. It is said to be!!2!l-

wasteful over E with respect to the optUnality correspondence () if for 

every esE, pee) ~(}(e), that is, if every chosen action is optimal. If 

the optimality correspondence is a single-valued function, the decisiveness 

and non-wastefulness requirements amount to a complete speCification of the 

desired performance, that is, p =(). 

A message process (M,~) is said to be privacy perserving over a class 

'1:.1 
A non-parametric outcome function is independent of the environment so 

that it can be written as h: IJo(E] ~ A. On the other hand, it is not necessary 
for a parametric outcome function to be defined for all (m,e) s IJo(E] x E, it 
suffices that it is defined on B= (m,e) sM x E: m slJo(e)}. 
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if there exist correspondences i 
J.Jo : Ei -+ M such that 

J.Jo(e) = n J.Jol.(el.) for all e € E. Given two environments e and e let 
i= 1 

d f 
-~ - (_1 _2 . _i-1 -i _i+l n) us e ine e~. e = e,e , ••• ,e ,e,e , ••• ,e 

1. 
for i € (1,2, ••• ,n} 

- t?i - - r.::: l _2 _n) e 'fo06 e = e = ,e ,e , ••• ,e • The following proposition, due to Mount and 

aeiter, characterizes privacy preserving message processes in terms of the 

"crossing condition": 

Proposition 1 [7, Lemma 11, p. 171]. A message process ~,J.Jo) is 

privacy perserving on E if and only if for all e and e in E, 

Definition 1. A parametric process (M,J.Jo,h) is said to be privacy 

and 

preserving on E if the message process (M,J.Jo) is privacy preserving and 

if there exist functions hi: J.Jo[E] x Ei -+ Ai such that h(m,e) = (hl(m,el ), 

2 2 n n 
h (m,e ), ••• ,h (m,~» for all e € E and m € J.Jo(e). 

Thus, in a privacy preserving parametric process every agent can 

check independently whether a given message is an equilibrium and, in de-

ciding what action to take, the information on the other agents' character-

istics is embodied in the equilibrium message. As an immediate consequence 

of Definition 1 we get the following Proposition: 

Proposition 2. A process (M,J.Jo,h) is privacy preserving on E if and only 

if. for every e and e in E and every m € J.Jo(;) n J.Jo(i), h(m';®i e) = 

h(m,;) ® h(m,i) for all i € (O,l, ••• ,n). 
1. 
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III. Auxiliary Results for Determining Minimal Informational Reguirements 

In this Section we study general techniques to determine the infor-

mational requirements of privacy preserving processes. These requirements 

depend crucially on the nature of the class of environments, the performance 

characteristics desired and the opt~ality correspondence. We shall start 

by stating several definitions and results for the case of non-parametric 

processes and then extend them to cover the case of parametric processes. 

Given a subclass of environments E* ~ E, let Li(E*) denote the pro

jection of E* into the space of the i-th agent's characteristics, 

n 
Let L(E*) = n Li (E*) • 

i=l 
A corres-

pondence ~: E~ M is said to be injective on E* iff for any e and 

e in E* lJo(e) n ~\e) ; ¢ implies e = e. 

Definition 2 [5, p. 415]. Let ~: E~ A be an optimality corres-

pondence. The subclass of environments E* ~ E is said to possess the 

unigueness property with respect to ~ iff: 

a) L(E*) ~ E 

b) For any e and e in E*, if there exists an action 

a 8 ~(; <&l e) n ~\e ~;) for all i 8 (0,1, ••• ,n) then 

e = e. 

Proposition 3 ([5], p. 415; [1], p. 276). Let CM,IJo,h) be a non-

parametric process on E. Let E* be a subclass of environments with the 

uniqueness property with respect to the optimality correspondence ~: E ~ A. 

If the process is decisive, ~-non-wasteful and privacy preserving over L(E*), 
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the message correspondence ~ is injective and non-empty valued on E*. 

Now, if ~ is injective and non-empty valued on E* this means 

that every environment in E* needs a different equilibrium message. 

Hence, M has to be sufficiently "rich" so as to describe E*. Intuitively 

speaking, it can be said that M has as much information as E*. This 

notion will be made precise later in terms of the concepts of dimension or 

informational size. For the moment it suffices to say that Proposition J, 

together with the propositions that we shall see later relating the injec-

tiveness of ~ to the notion of informational size, constitutes the basis 

of the techniques of proof underlying the results in [1], [2], [4], [5], [9], 

[10]. 

In order to determine a lower bound on the amount of information 

necessary to attain a decisive and non-wasteful performance it suffices 

to find a subclass of environments with the uniqueness property. We now 

extend this technique to cover the case of parametric processes. 

Definition J. Let C): E'" A be an optimality correspondence. The 

subclass of environments E* ~ E is said to possess the strong uniqueness 

property with respect to C) if 

a) L¢") ~ E 

b) Given any e and e in E*, if there exist two actions 

a and i such that ~ ~ i £ C)(; ai\. i) and i ~ a £ 

C)(i ®i;) for all i £ (O,l, ••• ,n), then e = i. 
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Proposition 4. If the subclass of environments E* ~ E has the 

strong uniqueness property with respect to the optimality correspondence 

~: E~ A, then it has the uniqueness property with respect to ~. 

~: The first condition is obviously satisfied. Now suppose 

that there exists ~ e ~<'; ®. e) n ~(e ®. e) for all i e (O,l, ••• ,n). 
1. 1. 

Since -; = -; ~ a for all i e (0,1, ••• ,n) it follows that the two 

actions a and a satisfy -;~ -; e ~(e~ e) 

for all i e (O,l, ••• ,n). Since * E has the strong uniqueness pro-

perty, this implies e = e. Q.E.D. 

We shall now show a propOSition which is the counterpart for parametric 

processes of Proposition 3, which is valid for non-parametric processes. 

Proposition 5. Let CM,~,h) be a parametric process defined on E 

and let ~: E -+ A be an optimality correspondence. Let E* ~ E be a 

subclass of environments with the strong uniqueness property with respect 

to ~. If the process is decisive, ~non-wasteful and privacy preserving 

on L(E*), ~ is a non-empty valued and injective correspondence on E*. 

Proof: Since E* ~ L(E*), it follows immediately from the 

definition of decisiveness that ~ is non-empty valued on E*. 

Now let e and e be two environments in E* and let 

m e ~(e) n ~(e). We have to show that this implies e = e. Since 

for all i e (O,l, ••• ,n) e ~ e e L(E*) and the process is privacy 

preserving on L(E*) we get from Proposition 1 that 

m e ~(e ®i e) n ~(e®i e) for all i e (O,l, ••• ,n}. Since the 
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" f 1 L(E*), {f m ~ 11.(eN'\~ -e) process is v-non-waste u over ~ ~ ~ ~~ the corres-

ponding action has to be optimal for this environment, that is, 

h(m,; ~ EO £ Co(e ®i e) and also h(m,e ~ e) £ (}(e €\;) for all 

i £ (O,l, ••• ,n). Now let us define ; = h(m,e) and a = h(m,e). 

Then by Proposition 2 it follows that h(m,; ~ e) = h(m,e) ~ h(m,e) = 

a ®. i. Hence, there exist two actions a and i such that 
~ 

; ~ i e Co(; ~ i) and i ®i a £ Co(i €l;) for all i e (O,l, ••• ,n) 

and by the strong uniqueness property it follows that e = e. Q.E.D. 

When the message space is a Euclidean set, its dimension has been 

used as a measure of the amount of information. To make comparisons in 

the general case, when the message space is a topological space, a pre-

order is defined. The reader is referred to (8], [9], and [11] for a fairly 

extensive discussion of these concepts. Here we summarize briefly the con-

cepts and results to be used later on. 

Let S and T be topological spaces. A (non-empty valued) corres-

pondence is said to be locally threaded at s e S if there exists a neigh-

borhood N of s and a continuous function f: N -+ T such that f(s) £ \.Io(s) 

for all seN. ~ correspondence is said to be locally threaded if it is 

locally threaded at every s 6 S. A surjection f: S -+ T is said to be 

locally sectioned if the correspondence -1 
f : T -+ S is locally threaded. 

Now, in order to compare the informational requirements of alternative 

processes we shall define a preordering on the class of all topological 

spaces as follows: S >*T if and only if there exists a continuous locally 

sectioned surjection mapping a subset 1 S !;; S onto T. In that case we say 
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that S has as star-much information as T. It can be shown that if S 

is an n·dimensional Euclidean set and T is a k-dimensional Euclidean 

set, S has as star-much information as T if and only if n ~ k so that 

the preordering just defined coincides - when applicable - with that based 

on the notion of dimension. 

Proposition 6 [1, p. 276]. Let Sand T be topological spaces 

and let 1Jo: S'" T be a correspondence such that: 

a) IJo is non-empty valued and injective on S 

b) S is homeomorphic to Rn 

c) T is homeomorphic to Rk 

d) There exists at least one point s at which IJo is locally 

threaded. 

Then T has as star-much information as S, T ~* 5, and k ~ n. 

Proposition 7 [10, p. 14]. Let Sand T be topological spaces 

and let 1Jo: S'" T be a correspondence such that: 

a) IJo is non-empty valued and injective on 5 

b) 5 is homeomorphic to Rn 

c) T is a Hausdorff topological space 

d) IJo is locally threaded. 

Then T has as star-much information as 5, T ~* 5. 

Proposition 8 [10, p. 15]. Let 5 and T be topological spaces 

and le t 1Jo: 5'" T be a correspondence such that: 

a) IJo is non-empty valued and injective on S 

b) IJo is locally threaded 
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c) The lower inverse of ~ is upper or lower hemicontinuous.11 

Then T has a star-much information as S, T ~* S. 

Propositions 6, 7, and 8, together with Proposition S, imply that the 

size of the message space of a satisfactory (i.e., satisfying all the condi-

tions in PropositionS) parametric process is at least that of any subclass 

of environments with the strong uniqueness property with respect to ~. 

Notice that the regularity conditions imposed on the message correspondence 

~ depend on the class of admissible message spaces. If any topological 

space is allowed to be a message space then the message correspondence is 

assumed to be locally threaded and to have an upper or lower hemicontinuous 

lower inverse. If the message space is required to be a Hausdorff topological 

space then the hemicontinuity requirement on ~-l can be dropped and ~ is 

only assumed to be locally threaded. Finally, if the message space is 

Euclidean, then it is sufficient that the message space has a local thread 

through some point. 

IV. An Example 

In this Sec~ion we discuss a simple example that illustrates the con-

cepts and results we have obtained thus far, and also shows how information 

41 flows can be simplified through the use of parametric processes.- Consider 

The lower inverse of the correspondence ~: S ~ T is the correspondence 
. -1 

given by ~ (t) = {s 6 S: t 6 ~(s)}. 

!:.I 
See Hurwicz [4] for an earlier example involving externalities. 
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a production economy with three firms which produce a single output. Let 

i i y denote the output level and a the activity level of the i-th firm. 

The technology is described by quadratic output functions of the form 

iii i 2 
y = a. a - i (a ) • 

Hence, an economic environment is completely characterized by three positive 

1 2 3 i 3 
parameters (a.,a.,a.), so that E = Ri+' E = Ri+ and the action space is 

3 the set of all positive three dimensional vectors of activity levels, A = R-f+. 

1 2 3 
If the objective is to maximize total output y = y + y + y , the optimality 

... .. 1 2 3 
correspondence (): E ~ A is given by the identity function (}<ct ,a. ,a. ) = 

1 2 3 <ct ,a. ,a. ). 

Now we claim that the class of environments 3 
E = R -f+ has the unique-

ness property with respect to the identity function 5. For, given any pair 

- -1 -2 -3 1 -2 -3 
of environments a. = (a. ,a. ,a.) and a = <a ,a. ,a.) in E, if 

-; £O-(Ci®. ii) nc}(&:®. 0:) for all i £ (0,1, ••• ,3) it follows that 
L L 

a = Ci ®. a for all i £ (0,1,2,3) and therefore a. = a. 
L 

However, the subclass of environments E does not have the strong 
,. 

uniqueness property with respect to (). To see this let a. = (1,3,4) and 

(i = (2,1,5). It is readily seen that the two actions ;: = (1,3,4) and 

i = (2,1,5) are such that a ~ a = 0(;: ~ a) and a ®i a = d-<a: ~ Ci) 
for all i £ (0,1,2,3). 

These two facts have important implications: Consider the non-para-

3 i i 3 i 
metric process (M,iJ.,h) given by M = R-f+' iJ. (a. ) = (m £ Ri+: m

i 
= a. ), 

3 
".(a.) = n ".1'a.i ) d h() Thi li f f· ~ ~ ~ an m = m. s process rea zes a per ormance unctLon 

i=l 
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which is exactly 0 and is clearly privacy preserving. Now, in view of 

Proposition 3, together with Propositions 6-8, since 
3 

E = R++ has the 

uniqueness property with respect to 0, the process just proposed is in-

formationally efficient: there is no other non-parametric process satis-

fying the regularity conditions in one of the Propositions 6-8 that uses 

less information. However, it turns out that the informational requirements 

can be drastically reduced if a parametric process is used. To see this 

consider the process < S,~,g > with the zero-dimensional message space 

i i S = (0), 'J (a. ) = (0), 'J(c£) = and iii g (O,a. ) = a. • This process 

is clearly regular, privacy preserving and realizes a performance function 

p = g 0 ~ which is exactly the performance correspondence 3. Obviously, 

the process is informationa1ly efficient. The reason for this result should 

be clear. In the class of environments considered each agent can choose 

independently his action so that no communication is needed to coordinate 

their respective activities. This explains why a zero-dimensional message 

space is sufficient for a parametric process. In the case of a non-parametric 

process, however, since the agents play no role in the second phase when 

the equilibrium message is translated into an action, the equilibrium message 

has to be rich enough so as to at least completely describe the action to 

. be implemented. In fact this is also true for (non-parametric) processes 

whose message correspondence is not even required to preserve privacy, as 

has been shown by Mount and Reiter [7, Lemma 10, p. 175]. The example pre-

sen ted here shows that this is not true of parametric processes and this 
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opens up the possibility of reducing the informational requirements by 

means of parametric processes. 

In spite of this fact, in the sections that follow we show that in 

several important economic contexts, the actions of the agents are so 

intertwined that no suCh reductions are possible. Thus, the lower bounds 

on the informational requirements of decentralized processes established in 

[1], [2], [5], [7], [9], and [10] fully measure the minimal amount of in-

formation necessary for a successful coordination of the agent's activities. 

The description of the action to be bnplemented does not require additional 

information. 

v. Informational Requirements in Classical Pure Exchange Environments 

Consider a pure exchange economy with n agents, indexed by the 

superscript i, and l commodities, indexed by the subscript j. Each 

agent is Characterized by a consumption set Xi ~ RJ, an initial endowment 

iii i . 
vector w = (wl'W2' ••• 'w~) e X1 and a preference relation >i which is 

a preorder on Xi. The characteristic of the i-th agent is given by the 

iii 1 2 n ordered triple e = (X ,w ,> i). The n-tuple e = (e ,e , ••• ,e) describes 

iii i the economic environment. Let x = (xl ,x2, ••• ,xn) denote the consumption 

vector. The action of the i-th agent is the trade vector iii z = x - w • 

n 
The action space is the Cartesian product A = n Ai, where Ai = {zi e RJ }. 

i=l 

The feasibility correspondence F: E ~ A assigns to every environ-

ment e e E 1 2 n n.t the set of feasible trades, F(e) = (z ,z , ••• ,z ) e R : 

n i 
1: z = 0 for all i} • As the optimality correspondence 

i=l 
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we shall consider the Pareto correspondence P: E ~ A given by 

P(e) = 
-1 -2 -n 

(z ,z , ••• ,z ) nL e. R : 
-1 -2 -n 

(z ,z , ••• ,z ) e. F(e), and 

i i -i i for all i and k k -k + wk 
z + w >. z +w z + w >k z 

L 

imply 
1 2 n 

;. F(e»). for some k (z ,z , ••• ,z ) 

It has been shown in [5] and [9] that the competitive process is in-

formationally efficient among all non-parametric privacy preserving processes 

which are decisive and Pareto-non-wasteful over the class of classical en

vironments E.~I This means that all satisfactory non-parametric processes 

must use messages of dimension at least n(J-l}. The main objective of this 

Section is to extend this result to cover the case of parametric processes • 
... 

First let us define the non-extreme Pareto correspondence as P(e) = 
i i 6-(z e. P(e): z ~ -w for all i). Thus, the correspondence ~ does not 

consider as optimal the actions in which at least one consumer is forced to 

deliver all his initial endowments. In a similar fashion we shall call a 

process O1,~,h) non-extreme over the class of environments E if no solution 

involves such a complete confiscation, that is, for any e e. E and z e. h[~(e)l, 

i -w for all i. 

J-l J Given a point a. e. R++ ' consider the function va.: R+ ~ R given by 

J-l a. j 
v (x) = x .. n (xj ) • 

a. ~ j=l 
Let Q be the set of all binary relations on R!, 

which are representable by va. .&-1 for some a. e. R++ • Let E* be the subclass 

~I 
By classical environments we mean all those environments satisfying the 

assumptions that guarantee the existence and Pareto-optimality of the com
petitive equilibrium. See Remark 1 at the end of this Section for some 
qualifications to these results. 
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of environments such that and i 
w = (1,1, ••• ,1) = 1 for 

all i E (1,2, ••• ,n}. Since consumption sets and initial endowments are 

fixed, every endowment e E E* is completely characterized by an n-tup1e 

of vectors in R(.t-l) 
++ ' 

12 n i ii i 
e = (a. ,a. , ••• ,a. ), where a. = (a.1 ,a.2, ••• ,a..t_l) • 

We topologize E* as R!!-l)n. By the usual Lagl3I'Sian methods, the non-

. 6/ - * . extreme Pareto correspondence- P: E ~ A can be written as 

(1) -12 n n.t 
P(a. ,a. , ••• ,a.) = (z E R : 

j E (1,2, ••• ,.t-l}). 

n 
zi + 1 E R! - (O), t zi = 0 and 

i=l 

for all k,i E (l, ••• ,n) and 

Proposition 9. The subclass of environments E* has the strong 

uniqueness property with respect to the non-extreme Pareto correspondence 

-P. 

&./ 

Proof: It is eas 11y verified that E* = L(E*). Let 

-1 -2 -n 1 -2 -n a. = (a. ,a. , ••• ,a.) and a: = «L ,a. , ••• ,a.) be two environmen ts 

in E*. Now suppose that there exist two actions z and z such 

that -; ~ z 6 p(li ~ a) for all i E (O,l, ••• ,n). Using (1) we 

get the following implications: 

M. K. Richter pointed out to me that the necessity of excluding the zero 
allocation was overlooked in [9]. See Remark 1 for further comments. 



-17-

-k 
=> Z = -

n _i 
E z for all k £ (1,2, ••• ,n) 

i=l 
:fik 

= - for all k £ (l,2, ••• ,n). 

Thus, it follows that z = i. Again, using (1) we obtain the following 

implications: 

~(l + ~) = a:~(1 + z!) 
1 + ~ 1 + z~ 

for all 

i,k £ (l,2, ••• ,n) and j £ (l, ••• ,L-l). 

a~(l + z~) = a~(l + i!) 
1 + ~ 1 + z~ 

for all 

i,k £ (1,2, ••• ,n) and j £ (1,2, ••• ,L-1). 

These equalities, together with the fact that ;i = zi for all i, 

imply a. = a. Q.E.D. 

Theorem· 1. Let E be a class of environments such that E* S; E and there 

is a topology for E such that the relative topology for E* coincides 

with the usual Euclidean topology. Let TT = (M,\Jo,h) be a parametric re-

source allocation process such that: 

a) TT is decisive, non-extreme, Pareto-non-wasteful and privacy 

preserving on E*. 
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b) The correspondence ~: E* ~ ~[E*] is locally threaded. 

c) The lower inverse of the message correspondence, 

-1 
~ ~[E*] ~ E* is lower or upper hemicontinuous. 

Then the message space has as star-much information as the n(L-l)-dimen-

i 1 E lid M >* 
cn(L-l). s ona uc ean space, " 

Proof: It follows directly from the definitions that ~ 

is decisive, non-extreme, and Pareto-non-wasteful if and only if 

it is decisive and non-wasteful with respect to the non-extreme 

Pareto correspondence, P. By Proposition 9 we know that E* has 

the strong uniqueness property with respect to ~. It follows from 

Proposition 5 that ~ is a non-empty valued injective correspondence 

* on E. Proposition 8, together with assumptions band c, imply 

that ~[E*l >* E*. Since ~[E*l ~ M and E* is homeomorphic to 

Rn(L-l) we can assert that M >* Rn(L-l). Q.E.D. 

Corollary 1. If the message space is a Hausdorff topological space, con-

dition c in Theorem can be dropped. 

Proof: Similar to that of Theorem 1, using Proposition 7 

instead of Proposition 8. 

Corollary 2. If the message space is a Euclidean set, condition c of 

Theorem 1 can be dropped, condition b can be weakened to b l
: "there is 

at least one point at which the message correspondence is locally threaded," 

and the conclusion can be strengthened to "the dimension of the message 

space is at least n(L-l)." 
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Proof: Similar to that of Theorem 1, using Proposition 6 

instead of Proposition 8. 

Since the competitive process satisfies all the preceeding conditions 

([9], Propositions 1 and 2, Corollary 3, p. 71), the results of [5], [7], [9], 

and [11] on the informational efficiency of the competitive process are 

extended to cover the wider class of parametric processes. 

Remark 1. Note that the performance requirements include the non-

extremeness condition, which does not appear in Osana1s theorem. This is 

so because if the consumption set includes the origin, it is not true 

that the informational requirements of a privacy preserving process which 

is decisive and non-wasteful over the class of Cobb-Douglas environments 

E are at least as big as those of the competitive process, even if only 

non-parametric processes are considered. The following example illustrates 

this point. 

Consider a pure exchange economy with n consumers, 1. commodities 

and let ! be the class of environments for which preferences >i are 

strictly monotone. Given any environment e = the 

action ... 
z given by .. 1 ~ i and z = "" w 

... i i z = -w for is 
i=z 

. Pareto optimal, that is z e Pee) for all e e i. This is so because it 

corresponds to a vertex allocation in the Edgeworth Box (everything is 

give"n to the first agent) and, since any other feasible allocation implies 

a reduced consumption by agent 1 of at least one commodity, it follows by 
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monotonicity that this allocation is Pareto-optimal. Let p: ~~ A be 

the function given by pee) n i 2 n 
= (1: w , -w , ••• ,-w ), which is a selection 

i=2 

from the Pareto correspondence. We shall construct a process that realizes 

exactly the performance function 
... 

and consequently is decisive and p 

... R(n-l).t Pareto-non-wasteful over the class E. The message space is and 

the typical message of the i-th agent is of the form i i 
m = -w for 

i £ (2, •• ~,n}. Define the correspondences Ei ~ M as follows: 

III iii i i 
16 (X ,w '>1) = M and 1.10 (X ,w ,>( = {m £ M: m = -w} for i £ (2,3, ••• ,n}. 

The message correspondence is given by l.Io(e) = n i i n 1.10 (e ), so that the message 
i=l 

process is privacy preserving. The outcome function h: M ~ A specifies 

the trade of each agent as and for 

i £ (2, ••• ,n}. 

The dimension of the message space is (n-l)l, which is smaller than 

that of the competitive message spac~which equals n(l-l), if the number 

71 of agents is smaller' than the number of camnodities.- The reason for 

this is that no information on preferences is needed to determine that the 

extreme allocation is Pareto-oPtUnal.~1 

II 
To design a process which is informationally more efficient than the 

competitive process, one could make it work as the competitive when n < l, 
and as the process defined here otherwise. 

'§./ 
In fact, for the class of Cobb-Douglas environments E* considered here 

or in [2], the extreme allocation z is optimal for every environment. This 
implies in particular that E* does not have the uniqueness property with 
respect to the Pareto correspondence. It does have this property with re
spect to the non-extreme Pareto correspondence. 
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The problem does not arise in economies with a single objective 

(like the production economies studied in [1], [2], and [5]): decisive-

ness and non-wastefulness are sufficient to obtain the desired result. In 

economies with multiple objectives some additional condition on the per-

formance has to be Unposed in order to rule out the process described above. 

This can be done by pos'tulating non-coerciveness (as in [6]), 'Pareto-

satisfactoriness (the. process is required to be non-wasteful and unbiased, l4]) 

or the exact realization of the competitive performance (as in [7] and [11]). 

Under monotonicity, the non-extremeness condition postulated here is the 

weakest of all these conditions.!1 

VI. Informational Requirements in Economies with Public Goods 

In this Section we extend a result of Sato [10] on the informational 

efficiency of Lindahl's process by allowing parametric processes. Consider 

an economy with n agents: n - 1 consumers, and 1 producer (the n-th 

agent). The first t-l commodities are public goods, while the t-th 

commodity is a private good. As before, each consumer is characterized 

by the ordered triple i 
e = i i 

(X ,w ,>.). 
1. 

The producer is characterized by 

a production set and a vector of initial endowments so that n 
e = n 

(Y,w >. 
We assume that initial endowments of public goods are zero s.o that 

i i 
w .. (0,0, ••• ,O,w t> for all i 6 (1,2, ••• ,n). Let iii i 

x .. (Xl ,x2' ••• ,x,,> 

be the consumption vector of the i-th consumer and y = (Yl'Y2' ••• 'Yt) 

. 101 
the production vector.--- The action of the i-th consumer is a trade vector 

In general, what is needed is a condition that forces the process to pick 
interior solutions frequently. 

101 
We follow the usual convention by which inputs are represented by negative 

numbers. 
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. i i 
z 1. = X - wand the action of the producer is a vector of trades 

n n 
z = -y - w. The action space is 

n. n, 
A = n AI. = nR"'. 

i=l i=l 

The feasibility correspondence F: E~ A assigns to every environ-

ment e = [ i i n-l n 
(X ,w '>i)i=l' (Y,w)] the set of all feasible trades, 

F(e) = {z = 1 2 n (z ,z , ••• ,z ) £ A: 
n iii i 
t z = 0, w + z £ X 

i=l 1. 
for i £ {1,2, ••• ,n-l}, 

for all i £ (1,2, ••• ,n-l} and j £ {1,2, ••• ,J.-l}}. 

The Pareto correspondence is given by Pee) = (i £ A: z £ F(e) and 

i i -i. i 
z + w >i z + w for all i £ {l, ••• ,n-l} and k k -k. k 

z + w >k z + w for 

some j imply z • F(e)}. As in Section V we define the non-extreme 

Pareto correspondence by not considering as optimal those allocations which 

imply that one consumer gives away all his initial endowments of private 

goods, that is, P(e) = (z £ A: Z £ P(e) and i i 
zJ.~ -wI. for all i £ {1,2, ••• ,n-l}}. 

As in Section V, let ii be the class of characteristics of the con

sumers such that Xi = R~, the preference relation is representable by a 

1. - 1 
J-1 0.. 

parameter Cobb-Douglas utility function v (x) = x
J 
n (x

j
) J 

0. j=l 
so 

that >i £ Q, and 
i 

w = o. Let ~ 

n 
the producer such that Wj = 0 for 

n n n n) RJ.-l exists 0. = (0.1 ,0.2, ••• ,o,.t-l £ i+ 

be the class of characteristics of 

n 
j £ {1,2, ••• ,",-l}, wI. > 0 and there 

such that Y = {y £ RJ.: 
1.-1 

n 
t o,jYj + Y 1. = 0 } • 

j=1 
n 

Consider the subclass of environments E = TI?, which is topologized as 
i=1 

Rn(.t-l)+l. Each environment e £ E is completely characterized by 
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1 2 n n e = (a.,a. , ••• ,a. ,w,,). By the usual Lagrangian methods it can be shown 

that, for the subclass of environments E, the non-extreme Pareto corres-

~ 1 2 n n 
pondence can be written as follows: r(a. ,a. , ••• ,a. ,wj ) is the set of all 

actions 1 2 n n.e z « (z ,z , ••• ,z ) « R such that 

2a. for all i« (1,2, ••• ,n-l} and j £ (1,2, ••• ,L-l} 

n 
2b. I: zi = 0 

1=1 1, 
(2) 1,-1 n n n n 2c. I: a. Zj + ZJ, + wI. = 0 

j=l j 

n-l 1 

2d. I: a. 1 ZJ, n 
for j « (1,2, ••• ,L-l}. 

i=l j 
i = a.j z. 

J 

Proposition 10. The subclass of environments E has the strong 

uniqueness property with respect to the non-extreme Pareto correspondence 

~ defined in (2). 

Proof: It is easily verified that E= L(i). Let 

-1 -2 -n-n and i= e= (a. ,a. , ••• ,a. ,wI.) ail _2 _n _n) a. ,a. , ••• ,0. , wI. be the environ-

ment in E. - Suppose that there exist two actions z and Z such 

that ; ~ i « P(;~ i) for all i« (O,l, ••• ,n}. We have to 

show that th is implies (ii = 6.i for all i« (1,2, ••• ,n} and 

~ = w~. Firs t note that, since ; ~ Z « P(; ~ 'e) for all 

i «(O,l, ••• ,n} we get the following ~plications fran (la) and 

(2b) : 
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and -it _i 
z. = -z. for all 

J J 

j e (1,2, ••• ,.t-l) and i,. k 

n 
~ _i 

- "'" z 
1=1 I. 

and for all 

i;lk 

j e (1,2, ••• ,1.-1) and i,t k. 

Since,the above implications are valid for any k, we get z = i. 

Again, using (2d) and (2c) we can write 

_i 
n . z, 
I: ~l. ~ 

i=l j zi 
iJik j 

for all 

j e (1,2, ••• ,I.-l) and k e (1,2, ••• ,n-l) 

-i 
n _i:&. 

- I: CL 
i=l j z~ 
i~ J 

for all 

j e (1,2, ••• ,l-1) and k e {l, ••• ,n-l}. 

These equalities, together with the fact that z = z imply ~ = ~i 
for all consumers i e {l,2, ••• ,n-l}. Finally, when k = n, from 

(2c) and (2d) we get 
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-n = a.. = 
J 

n-1 z~ 
~ _i N 
" a.. . 

i=1 J-l. Zj 
and 

for all j e {1,2, ••• ,&-1) 

1 
_i 

n- _i z~ 
t a..-. 

i=l J zl. 
j 

and 

for all j e (1,2, ••• ,l-1) 

so that in view of the equality z = z we conclude and 

Q.E.D. 

Having established that E has the uniqueness property with respect 

to the non-extreme Pareto correspondence, it is straightforward to prove 

the following theorem as in Section V. 

Theorem 2. Let E be a class of environments with public goods such that 

E ~ E and there is a topology for E such that the relative topology for 

E coincides with the usual Euclidean topology. Let n = (M,~,h) be a 

parametric resource allocation process such that 

a) n. is decisive, non-extreme, Pareto non-wasteful and privacy 

preserving on E. 

b) The correspondence 1Jo: i ... IJo [il is locally threaded. 

c) The lower inverse of the message correspondence, 

-1 
IJo IJo [il ... i is lower or upper hemicontinuous. 

Then the message space has as star-much information as the n(l-l) + 1 

dimensional Euclidean space, M >* Rn(~-l) + 1. 
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Corollary 3. If the message space is a Hausdorff topological space, 

condition c of Theorem 2 can be dropped. 

Corollary 4. If the message space is a Euclidean set, condition c of 

Theorem 2 can be dropped, condition b can be weakened to b': "there is 

at leas t one point at which IJo is locally threaded" and the conclus ion 

can be strengthened to "the dimension of the message space is at least 

n(..e-l) + 1." 

Remark 2. Note that in Theorem 2 the performance requirements in-

c1ude a non-extremeness condition, which does not appear in Sato's theorem. 

The reason for this is that if the consumption set includes the origin it 

is not true that the Lindahl process is informational1y efficient among all 

privacy preserving decisive and Pareto-non-wasteful, even if only non-

parametric processes are allowed. To see this consider a class of environ-

ments with public goods in which all agents have strictly monotonic and 

i ..e i convex preferences X = R+, w..e > 0 and the production set satisfies all 

~he classical assumptions. Now let p: E ... A· be the correspondence that 

1 2 n [i i n-l n ] to every environment e = (e ,e , ••• ,e ) = (X ,w '>i)i=l (Y,w) assigns 

the action z t~t maximizes first agent's preferences subject to the 

technological and resource availability constraints, i.e., 

p(e) = (z e A: z e F(e) 
-1 1 

and z >1 z for all z e F(e)}. 

Due to the monotonicity assumption, z e p(e) implies 

i e {2, ••• ,n-l}. It is readily verified that under our assumptions ... 
p is 

indeed a selection of the Pareto correspondence. We construct a process in 
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which the message of the first agent is a vector of prices of the public 

goods 1 1 1 1 ,£-1 m = (ml ,m2, ••• ,m.t_l) = p e: R ; the message of all other consumers 

i i 
is the initial endowment of the private good, m = w.£ e: R+, for 

i e: {2, ••• ,n-l}; and the message of the producer is a proposed trade 

Hence the message space is a 2.t + n - 3 dimen-

sional Euclidean space. Define the correspondences i 
v 

i . 
E -+ M as follows: 

>1 over the set of all m e: M such that 

·-1 
and 

III 1 n n 
I: mjmj • mI.}' which can also be written as 

j =1 

1 1 i n-1 n 
v (e ) = (p, (w )i=2' z ) 6 

.&-1 
satisfying I: PjZ~ = z~}. 

j =1 J 
For the other consumers, i 6 (2,3, ••• ,n-1) we de-

fine (m 6 M: 

m maximizes 

i 
m = 

1.-1 1 n 
- 1: mjm. 

j =1 J 

F • 11 f he d "n(en ) l.na y, or t pro ucer, v = 

n 
- m J, 

n -w .£ 
over Y) which can also be 

written n n i n-1 n 
v (e)= (p, (w )i=2' z) 6 M: 

n n 
z = -y - w and maximizes 

..e-1 
1: PjYj + Y 1. over Y). 

j=l 

Define the message correspondence as vee) 
n i i = n v (e ), which is 

i=l 

clearly privacy preserving. 'nle outcane function, z = gem) is given by 

n-1 1 1 n n i n i inn i 
z = g (m) = (-m1 , ••• ,-m..e_l' I: m - m..e); z = g (m) = (-m1 , ••• ,-mJ ,-m) 

i=2 
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for i £ (2, ••• ,n-l} and 
n n n 

z = g (m) = m • 

It can be shown that the process (M,~,g) realizes the performance 

function 
,. ,. 
p; that is, p = g 0 ,Ie Since 

,. 
p is a selection from the Pareto 

correspondence the process is decisive and non-wasteful. The dimension 

of its message space is 2t + n - 3, while the Lindahl process uses 

n(t-l) + 1 dimensional messages over the same class of environments 

(see [10], pp. 23-27). Let ~(ntt) = n(t-l) + 1 - (2t + n - 3) be the 

function giving the difference between the informational requirements of 

the Lindahl process and the one defined above. Since ~ (n,.t) = 0 if 

min{n,.t) = 2 and ~(n,.t) > 0 if min{n,.t) > 2 the Lindahl process is 

not informationally efficient. As was pointed out in Remark 1, the non-

extremeness requirement rules out processes in which agents are systematically 

discriminated against and the usual results can be recovered. 

VII. Informational Requirements in Non-Convex Environments 

In this Section the results in [1], [2], and [5] are extended by 

showing that even if parametric processes are allowed, a finite dimensional 

Euclidean message space is not sufficient to guarantee a decisive and non-

wasteful performance of a privacy preserving process over a class of non-

convex environments. As before, we shall do that by using the techniques 

_ developed in Section III. The basic step of the proof will be to find a 

subclass of environments with the strong uniqueness property with respect 

to the output maximization correspondence. 

Consider a production economy with n firms indexed by the super-

script i, t inputs indexed by the subscript j and a single produced 
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be the amount of the j-th input used by the i-th firm, 

i ii i_1 
x = (xl'x2' ••• ,x.e) e K.f. its input vector and its output level. 

The initial endowments of all non-produced goods are assumed to be known 

n i 
by every agent and equal to one, t x. = 1 for all j e (1,2, ••• ,.e). There 

i=l J 

are no initial endowments of the produced good. Each agent is characterized 

by a production function, yi = ~i(xi). Hence, an economic environment is 

1 2 n completely described by an n-tuple of functions, y = (y ,y , ••• ,y ), which 

are defined on the compact feasible set 1 2 n nt 
X = (x = (x ,x , ••• ,x ) e R : 

i 
t x = v}, where v= (1,1, ••• ,1) e R'. the class of environments E is 

the Cartesian product of n copies of the linear topological space of all 

twice continuously differentiable functions. The action space is the set 

A = Rn.t of all input allocations. The optimality correspondence 5: E ~ A 

-12 n 12 n 12 n is defined by ~(y ,y , ••• ,y ) = (x ,x , ••• ,x ) e A: (x ,x , ••• ,x ) 

maximizes over X). Let us define the subclass of environments 

E given by 

- 1 2 n E = (y , y , ••• , y ) e E: yi(O) = 0 and 

(3) 

for all x eX}. 

Proposition 11. The subclass of environments E has the strong 

uniq~eness property with respect to the opt~ality correspondence 3. 

Proof: It is easily verified that L(E) C E. Let 

-1 -2 -n - -1 _2 -n 
y = (y ,'if , ••• ,y) and y = (y ,'if , ••• ,y) be two environments 
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in E. Suppose that there exist two input allocations, x and 

x such that ;;®k x £ 5(~~ y) and x ~ ;; £ ~C¥ ~~) for 

all k £ {O,l, ••• ,n}. By the definition of 5 we get the 

following implications: 

n 
~ _i 

- '" x 
i=l 
i;'k 

for all k £ (1,2, ••• ,n) 

for all k £ (1,2, ••• ,n). 

Hence ~ = xk for all k £ (1,2, ••• ,n). Furthermore, for any 

k £ (O,l, ••• ,n) we have that Y~ Y £ L(!) and if i £5(y~ y) 

then 

n 
?(?) + 1: yi(Xi) ~ ?(v) 

n. ::k 
+ 1: ;Y1.(0) = Y (w) 

n 
+ 1: ?(O) = 1. 

i=l i=l 
i;k 

i=l 
iFk U'k 

-Now suppose, by way of contradiction, that y + y. Then there exists 

some k ... ( .... 1 ... 2 ... n) .. 1.. ~ (",k) and some x = x,x, ••• ,x in X such ~Ua t y x = 

_k(",k) Y. x , Suppose without loss of generality that yk(ik) >yk(xk ). 

Then, :' since i .. x, and therefore i £ ~(Y~k if) and i £ ~(y ~ Y) 

we get the following inequalities: 

n 
?(;t<) + 1: yi(?) .. 

1=1 
i;k 

n 
2 - yk(~) _ 1: yt(~) ~ 2 _ yk(xk) _ 

1=1 
i;k 

-k .... k < 2 - Y (x ) - ~ r(x i ) = 1 
1=1 
1+k 
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~ -k n 0 0 

Hence we have ~ (x ) + E ¥L(~) < 1, contradicting the inequality 
i=l 
i~k 

(4) • Q.E.D. 

Let us consider now a smaller subclass of environments EQ ~ E with 

functions of the following form: 

and 

1 1 Q+l 1 k 1 1. 1 Q+1 1 
Y (x ) = t ~ (xl) + i t x 0 where ~ £ R ++ and t ~ = 

k=1 j=2 J k=l 1. 

i i 1 1. i 
~ (x)= - t x 

1. j =2 j 
for 

2 2 1 Q+l 2 k 1 1. 2 
~ (x ) = i - t ~ (1-xl ) + i t Xj 

k=-1 j=2 

i £ {3, ••• ,n}. Notice that for any 

1 2 n ;;Q 
~ = (~ , ~ , ••• , ~ ) £ E we have that ~i (0) • 0 for all i and 

1 for all 

f S Obl x ~ X Hence ;;QE ~ -E. ea L e ..... ... 

Proposition 12. The subclass of environments ~ is homeomorphic 

to RQ and has the strong uniqueness property with respect to the optimality 

corresp~ndence 5~ 

Proof: It is clear that ~ is homeomorphic to the positive 

orthant R~, hence to RQ. That ~ has the strong uniqueness 

property with respect to 3 follows from the fact that !Q ~ E and 

E, by Proposition 11, has this property. Q.E.D. 
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We are now in a position to state the basic theorem. The proof is 

omitted since it closely parallels those in the theorems in Sections V and 

VI. The basic idea is to choose an arbitrarily large Q and use Proposi-

tions 11 and 12 together with the results in Section III. 

Theorem 3. Let E be a class of environments such that L(E) ~ E and 

there is a topology for E such that the relative topology for E 

coincides with the usual Euclidean topology. Let rr = (M,~,h) be a 

parametric resource allocation process such that 

a) rr is decisive, non-wasteful and privacy preserving 

on L(E) 

b) The correspondence ~: E ~ ~ [il is locally threaded 

c) The lower inverse of the message correspondence 

1.10 -1: 1.10 [i 1 ~ i is lower or upper hemicontinuous. 

Then the message space has star-more information than any finite dimen-

s ional space, for all Q e N. 

Corollary 5. If the message space is a Hausdorff topological space, con-

dition c of Theorem can be dropped. 

Corollary 6. If assumption a of Theorem 3 is satisfied and if there is 

at least one point at which 1.10 is locally threaded, then the message space 

M cannot be a finite dimensional Euclidean space. 

. Note that in the case of a production economy (or economy with a 

single objective) the difficulties mentioned in Remarks 1 and 2 do not arise. 

Decisiveness and non-wastefulness are the only performance requirements and 

there is no need to impose the non-extremeness condition. 
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