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1. Introduction 

May 1981 

The recent developments on the econometric models with limited dependent 

variables attempt to deal with the problems of systematic missing data on the 

dependent variables. The developments are stimulated by the pioneer work of 

Tobin [1959J whose model is known as the Tobit model. In the Tobit model, the 

observed samples on the dependent variable are either censored or truncated. 

It is well known that the conventional ordinary least squares estimation is 

inconsistent. Based on normality assumption, the maximum likelihood estimation 

has been shown to be consistent, asymptotic normal and asymptotic efficient in 

Amemiya [1973J. Consistent instrumental variables estimation has also been 

proposed in Amemiya [1973]. These methods take into account the probability 

of censoring or truncation based on the normal distribution. However, as con-

trary to the standard linear regression model, the estimators are not robust 

with respect to the normality assumption. The misspecification of normality 

for the disturbances in the Tobit model will provide inconsistent estimates under 

both estimation methods. The consequences of misspecification of normality 

have been investigated in Goldberger [1980]. The asymptotic bias of the estima

tors can be quite substantial even when the true distribution is slightly differ

ent from normality, such as the t distribution. The misspecification of the 

distributional assumption is not the only source for inconsistency of the 
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estimators. Other misspecifications such as the homoscedastic disturbances 

when there are heteroscedasticity will also create inconsistent estimates as 

demonstrated in Hurd [1979J for the truncated model and Nelson [1981J for the 

censored model. 

Since the misspecification of normality assumption can cause serious 

estimation prob1ems,it is desirable to devise statistical testing procedures 

to test this assumption or relax the normality assumption. In this article, we 

assume that the distribution of the disturbances in the Tobit model belongs to 

the Pearson family of distributions. The Pearson family of distributions are 

of interest since it is known to contain frequency curves of various widely 

different shapes. In particular, it contains the fami1ar distributions, such 

as the normal, student t, beta and gamma distributions, as special cases. The 

testing procedure we will consider is a Lagrangean multiplier testing procedure 

developed in Aitchison and Silvey [1958J and Silvey [1959J. The Lagrangean 

multiplier test is attractive since it has known asymptotic optimal properties. 

and is computationally simple. 

The article is organized as follows. In section 2, we specify the censored 

and truncated Tobit models with the Pearson family of distributions. In sec-

tion 3, a specification test for the normality assumption for the truncated Tobit 

model is derived. Simple interpretation of the statistic will be provided. In 

section 4, the censored case is analyzed. The statistic for the censored case 

will be compared with the truncated case. 

2. The Tobit Model and the Pearson Family of Distributions 

A censored Tobit model is specified as 

Yl' = x.8 + u. , , , i=1,2, ... ,N (2.1) 
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where x. is a 1 x k row vector of exogenous variables which contains a constant 
1 

term, E(u i } = 0 and the disturbances ui are independent and identically distrib-

uted. The dependent variable Yli is a latent variable and is related to the 

observed dependent variable Yi as follows: 

if Yli > 0; 

= 0 otherwise 

The conventional distributional assumption for ui is that ui is normally dis

tributed N(0,cr2}. This model was originated in the pioneer work of Tobin [1959J. 

To relax the normality assumption, we assume that the distribution of u belongs 

to the Pearson family of distributions. This system of distributions was 

originated by K. Pearson between 1890 and 1900 and has been studied extensively 

in the statistics literature, see, e.g., Elderton and Johnson [1969J and Johnson 

and Kotz [1970J. For each member of the system, the probability density function 

g(u} satisfies a differential equation of the form, 

As the disturbance u is specified to have zero mean, it implies that a = -b,. 

After some reparameterizations, the density function g(u) with zero mean is 

characterized by the following differential equation, 

(2.2) 

The formal solution of the density function g(u) from the above differential 

equation depends on the characteristics of the solutions of the quadratic 
2 equation Co - clu + c

2
u = O. The general density function, however, can be 

expressed informally as 
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where the denominator guarantees that the density function is proper. 

Define a dichotomous indicator I., 
1 

if Yli > 0, 

otherwise 

Furthermore, J 
-x. f3 

let G(-x i f3, cO' cl ' c2) = -00 1 g(u)du be the probability 

Ii = O. The log likelihood function for the censored Tobit model is 

(2.3) 

(2.4) 

that 

LC =.-/ {(l - I.) Q,n G(-x.S, cO' cl ' c2) + I. q(y. - x.(3) - I. Q,n (00 exp q(t)dt} 
i=l 1 1 1 1 1 1 J . 

-00 

(2.5) 

where 

(2.6). 

When cl = 0 and c2 = 0, the density function becomes the normal density func

tion. When cl = 0, the distributions are known as Type VII and the (central) t 

distribution belongs to this family. Thus a test for normality in this family 

of distributions is to test cl = c2 = O. 

The Tobit model as described above is a censored regression model in which 
. 

the exogenous variable vector xi is always observed for all i and the number of 

observations corresponding to Ii = 0 is also known. There are situations in 

which the samples are drawn only from the populations with Yi > O. These 

samples are known as truncated samples and the corresponding Tobit model is a 

truncated regression model. In this model, the dependent variables Yli' i = 

1, ... , N and the vectors of exogenous vari ab 1 es xi' i = 1, ... , N are a 11 
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observed but the distribution of ui will be truncated. The distribution is 

assumed to belong to the Pearson family of truncated distributions and its den-

sity function is 

For a given sample {Yi} of size N, the log likelihood function for the truncated 

Tobit model is 

(2.8) 

The Pearson family of distributions uses four parameters and is charac

terized by the first four moments of u (see Elderton and Johnson [1969], pp. 38-

39). It is possible to expand the system to the family of distributions charac

terized by the differential equation 

d £n 9 (u) = ____ a~+-;i-u ____ _ 
du 2 m bO + bl u + b2u +. . . bmu 

(2.9) 

with higher order polynomial replacing the quadratic function in the denominator. 

However, as argued in the statistical literature, such complications are unneces-

sary for most practical purposes and hence we will restrict our analysis to 

the Pearson family. 

3. A Test for the Normality Assumption 
for the Truncated Tobit Model 

The conventional distributional assumption for. the distribution of the 

disturbance u in the Tobit model is the normal distribution N(O,a2). This dis-

tribution belongs to the Pearson family and is corresponding to the case that 
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cl = c2 = 0 and Co = 02. The testing of the normality assumption in the Pearson 

family of distributions is to test the hypothesis HO: cl = c2 = O. 

To drive a test for the normality assumption, we will consider the Lagrangean 

multiplier test (LM) developed in Aitchison and Silvey [1958J, and Silvey [1959J. 

This approach is attractive for our model since it is computationally simple 

and has asymptotically optimal property as described in Neyman [1959J. The 

Lagrangean multiplier statistic is related to the efficient score statistic 

in Rao [1973J and the C(a) statistic in Neyman [1959J. For most practical appli-

cations with few exceptions, Lagrangean multiplier test is asymptotically equiva

lent to the likelihood ratio test (see Silvey [1959J). An exceptional case can 

be found in Lee [1981J. Its applications in econometrics have been considered 

in Breusch and Pagan [1979, 1980J among others. 

To derive the Lagrangean multiplier test for the normality hypothesis HO' 

we need to derive the first-order derivatives of the log likelihood function 

with respect to the parameter vector e = (S', cO' cl ' c2)' and then evaluate them 

under the null hypothesis. The first derivatives of the log likelihood function 

LT for the truncated Tobit model are 

(3. 1 ) 

oL N {Oq(u o

) foo () } -1. = L ' - 0 q t g* (t I x 0 ) dt oC 0 0 1 oC 0 S oC 0 , J ,= J -x 0 J , 
j = 0,1, 2 (3.2) 

where ui = Yi - xiS· Under the null hypothesis HO: c1 = c2 = 0, the above 

derivatives can be greatly simplified. Let f(t) = (2n)-1/20 -1 exp(- ~2 t 2) be 
20 

the normal density function of a normal variate N(0,02) and 

f*(tlx) = f(t) IJoo f(t)dt 
I -xS 

(3.3) 
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be the truncated normal density function defined on [-xS, oo}. Obviously, 

f*(ulx) ;s the hypothesized density function of the disturbance u in the trun-

cated Tobit model under the nor.mality hypothesis HO' 

the first-order derivatives in (3.1) and (3.2) become 

dLT 1 N 2 
'\i3'"" = -2 I x ! (u. - 0 f* ( x . sl x . ) ) 
O~ 0 i=l 1 1 1 1 

dL
T = -' IN [u. _ Joo tf*(trX:)dtj-h IN 

dC, 02 i=l 1 -x.S 1 30 i=l 
1 

Under the hypothesis HO' 

(3.4) 

(3.5) 

[u~ - J 00 t
3
f*( t 1 Xi )dtj 

-x·S , 
(3.6) 

(3.7) 

The LM test for normality is based on the above derivatives evaluated at the 

" "2 restricted maximum likelihood estimator (S, 0 ) under HO' 

Define the following matrices 

I x! 
1 a , a 

1 0 
202 A = -- 1 and X( i) = 

02 e l 0 1 - 302 a 
0 0 0 1 

402 

where I is a k x k identity matrix and e1 = (1, 0, ... , 0) is a unit vector 

f Q. - 9, Joo Q. *( 'I ) o dimension k. Let v,. - u. - Qt f t x. dt, Q, = 1,2, ... ,00. Since it 
1 -Xi~ 1 

can be easily shown (see, e.g., Johnson and Kotz [1970J) that 
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(3.8) 

the first-order derivatives in (3.4)-(3.7) can be rewritten as 

C3LT N 
- = A L X(i)v(i) (3.9) 

C3 e i=l 

where v(i)' = (V{, v~, v~, v~). The information matrix under HO is 

(3.10) 

where Q(i) = EHO (v(i) v(i)'). The evaluation of the variance matrix Q(i) 

involves the computation of the first eight moments of u .. The first moment , 
of ui is in (3.8). The higher-order moments can be evaluated from the following 

recursion formula, 

J 
00 H 1 2 J 00 Q,- 1 2 Q, u f*(ulx)du:z cr Q, u f*(ulx) du+cr (-xS) f*{xslx) 
-xS -xS 

(3.11) 

which is derived by the integration by parts. The Lagrangean multiplier statis

tic for testing the null hypothesis is 

(3.12) 

evaluated at the constrained MLE e of e. This statistic is asymptotically chi-
C3LT C3LT square distributed with two degrees of freedom. Since ~ and ~ evaluated 

f..l C3cr 
at g are always zero, it follows from the equations (3.9) and (3.10) that the 

U~ s ta tis tic i s 

(3.13) 
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evaluated at e where J is the submatrix consisting of the last two columns of 

the identity matrix Ie of dimension k+3. This statistic is intuitively 

appealing since it compares the third- and fourth-order sample moments of the 

residuals with the corresponding estimated hypothetical third- and fourth-order 

moments of the disturbances. 

Obviously, one can also generalize the statistic to utilize higher-order 

sample moments of the residuals in addition to the third and fourth moments. 

Such generalization can be justified as an LM statistic based on the expanded 

system in (2.9). 

4. A Test for the Normality Assumption 
for the Censored Tobit Model 

To derive a LM test for the censored Tobit model, we need to use the log 

likelihood function of Lc in (2.5). Let fi and Fi be the normal density and 

distribution functions, respectively, of a normal variate N(O, cr2) evaluated at 

Let A. = f./(l- F.) denote the hazard rate of f evaluated at x,.s. 1 , , 

thermore, define 

v(i) = 

and 

-(I.-F.) 
, 1 

2 I.u.-crf. , , 1 

2 2 I.u. - cr (F. - (x.S)f.) 1 , 1 , , 

3 2, 2 2 I.u. -cr\(x.S) +2cr )f. 
1 " , 

4 2 2 2 3 I. u. - cr (3cr F. - 3cr (x. S) f. - (x. S) f.) 
'1 , ", 1 

Fur-

( 4.1) 
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I x~ 
-A.X. 1 a a a 

1 1 2" (J 

xiS 1 a 1 a a A;-2 +-2 
2(J4 2(J 2(J 

X(i) = 2 (4.2) 
(x;S)2 - (J 1 a 1 a A. 2 2" - 3(J2 1 3(J (J 

3(J2(x
i
S) 3 + (x.S) 3 1 A. 2 

1 + _ a a a 
1 4(J 4 4(J4 

Under the normality hypothesis, one can show that EHO(v(i)) = O. The first

order derivatives of the log likelihood Lc evaluated at HO are 

N 
= L X(i) v(i) 

i=i 

The information matrix under the hypothesis HO is 

( ) 
rl 

E H ~ ~ ,} eLI = L. x (i) Q (i) X I ( i) 
a 1=1 

where Q(i) = EHO(v(i)v(i)'). The expressions of Q(i) can be analytically 

derived from the first eight moments of Iu. Under HO' 

2 EH (I. u .) :: (J f. a 1 1 1 

and, by the integration by parts, we have 

(4.3) 

(4.4) 

(4.5) 

(4.6) 
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Hence the high-order moments can be efficiently computated from the above recur

sion formula. Let J be the submatrix consisting of the last two columns of Ie. 

The LM statistic for testing normality assumption HO is 

G~ V(i)1 X(i)JJJIG~l X(i) n(i) X'(i0-1JJ'G~ X(i) v(i0 (4.7) 
Ll=l . Ll=l J Ll=l J 

evaluated at the restricted MLE of Sand 0
2 under HO. The test statistic is 

asymptotically chi-square distributed with two degrees of freedom under HO. 

The basic elements in this statistic are the first, second, fourth and fifth 

components of v(i) in (4.1). The LM statistic utilizes the estimated differences 

between the first, third and fourth sample moments of the MLE residuals I.u. 
1 1 

and the corresponding hypothesized moments of Iiu i under the hypothesis HO. But 

in addition to those differences, the statistic also utilizes the terms 

As contrary to the truncated sample case where the sample information is derived 

solely from the observed values of the dependent variable Yl' the sample informa

tion in the censored case is derived from two sources, namely, the non-censored 

observations of Yl and the indicators I as defined in (2.4). The indicators I. 
1 

form a binary choice model in which the specific choice probabilities are 

implied by the distribution of u. Since the two sources of sample information 

are not overlapping, each of them can be used to derive tests for the distribu

tional assumption. The LM statistic (4.7) utilizes the two sources of informa-

tion simultaneously. To make this observation clearer, it is desirable to re-

parameterize the models so that the probability choice model can be identified 

without using the observations Yli. Since Co is always positive in (2.2), the 

equation (2.1) can be transformed to 
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hYl' = x.S* + U~ 1 1 1 (4.8) 

-112 r::- r::-where h = Co ' S* = S/vcO and ur = utlvcO· Under the transformation, the den-

sity function g* of u* is 

g*( u*) = (4.9) 

where ci = c1//CQ and c2 = c2. Thus the vector of parameters is reparameterized 

to e* = (S*~ h, ci' ci)~ The log likelihood function Lc in (2.5) becomes 

LC = 'i~ {(l-li)~n r-xiS
* expq*(t)dt - in Joo expq*(t)dJ 

1 = 1 L J _00 -00 J 

+ I. ~*(u~) - in (00 exp q* (t)dJ + I. in h} 1 [1 J -00 J 1 (4.10) 

where 

J 
c* - t 

q*( t) :: 1 2 dt 
1 - c*t + c*t 1 2 

(4.11) 

The log likelihood function Lc can be written as the sum of two components, 

(4.12) 

where 

L1 = 'iN Iir*(Ur) - in Joo expq* (t)dt + in ~ 
i=1 -x·S* 

1 

(4.13) 

and 

N (~OO 00 ~ L2 = 1.. ~ Ii £n J exp q* (t)dt - £n J exp q* (t)dt 
1=11 -x.S* _00 

\. 1 

fa J-xo S* Joo J} + (1 - Ii)Ln -00 1 expq* (t)dt- £n _ooex pq* (t)dJ 
(4.14) 
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The component L1 is, in fact, the log conditional likelihood function of the 

noncensored sample observations of Y1i conditional on being noncensored. The 

likelihood is similar to the likelihood function for the truncated samples case. 

The other component L2 is the log likelihood function of a binary choice model. 

Apparently, these two components are statistically independent. Under the nor

mality hypothesis HO: ci = c2 = 0, one can show that 

~~l = '/ I.X~[u~-Joo t<P*(tIX.)dtj 
o~ H i=l'" -x.8* , o , 

where 

<p*(tlx.)= _1 exp[- t
2]/r oo 

_1 exp[- t
2
] dt 

, I2rf 2 Lx.S* /2rr 2 , 
is the truncated standard normal density function defined on [-xiS*, (0); 

A.X~(I. - ~.) ", , 
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where ~i and ~i are, respectively, the standard normal density and distribution 

functions evaluated at Xi 8* and Ai = ~i/(~i(l - ~i))' Each likelihood function 

can, of course, be estimated separately and a separate LM test can be con-

structed to test the normality hypothesis. The LM test for the censored model 

combines the two pieces together and is derived based on 

and 

evaluated at the constrained full information MLE of 8*. This LM statistic is 

asymptotically more powerful than any of the two separate LM tests since the 

information matrix is the sum of the information matrices of the two components, 

Finally, we note that in Nelson [1981], a different test has been provided 

for the censored model. The test in Nelson [1981] is a specification test but· 

is not specifically derived for the testing of normality assumption. The pro

posed test is based on the quantity ft L~=lX~(IiYi -x i 8F i -02fi), evaluated at 

the constrained MLE of 8 and 02, which is the estimated difference of the 

sample moment ft L~=lIiXiYi and the expected value ft L~=lEHO(IiXiYli) under the 

hypothesis HO' For the truncated sample, an analogue test cannot be used. 

The difference between the sample moments and the expected moments of x.y. 
1 1 

evaluated at the constrained MLE is always zero as the constrained MLE satisfies 
3LT 3LT 

the equations ~ = 0 and ~ = 0 in (3.4) and (3.5). For the censored case, 

this quantity is not exactly zero since, from (4.1)-(4.3), 

• 
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and it is only a part of the likelihood equation. It is unknown what properties 

this test will possess. Our test is different from the Nelson's test in that 

it is specifically constructed for the test of normality as against other mem

bers of the Pearson family and has known locally optimal property. 

5. Conclusion 

Some specification tests for the normality assumption for the truncated 

and censored Tobit models are derived. The tests are Lagrangean multiplier 

tests based on the Pearson family of distributions. The tests are computation

ally simple and have known asymptotic optimal properties. Simple interpretations 

are provided. For the truncated case, the statistic compares the estimated 

differences between the third- and fourth-order sample moments of the residuals 

and the corresponding hypothesized moments of the disturbances. For the cen

sored case, the likelihood function is the product of the likelihood for the 

non-censored sample observations and the likelihood of the dichotomous indica

tors. Each component can be used to provide a test for the normality assumption 

The LM test combines the two sources of information in a simple way. 
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