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1. Introduction 

Economic predictions differ from predictions of other phenomena 

in that an economic prediction, through its influence on the decisions 

of firms and households, can affect the predicted events. This problem 

was originally thought to be a major impediment to the development of 

1/ predictive economic models.- However, this difficulty was essentially 

resolved by Grunberg and Modigliani ~OJ. They showed that in the 

absence of exogenous randomness, the existence of a correct prediction 

could be established by a fixed-point theorem. Indeed, through the 

"rational expectations" hypothesis, the causal influence of predictions 

has been widely exploited in the specification of econometric models. 

The rational expectations hypothesis is that the expectations 

formed by economic agents are the statistically correct expectations 

conditioned on all of the information available to them. Because of 

the causal influence of predictions, rational expectations entail an 

equilibrium condition as well as a specification of expectations, so 

the term "expectations equilibrium" will be used synonymously below. 

An additional equilibrium condition is also implicit in the rational 

expectations concept. In most models of allocation under uncertainty, 

the uncertainty is induced by exogenous randomnesss in the fundamental 

variables of the economy, such as preferences and technology. However, 

1 See, for example, Morgenstern [21], reviewed in [20]. 



-2-

these variables are seldom directly observable. Instead, agents (and 

econometricians) must attempt to infer these variables from data, such 

as price and quantity data, generated by the allocation process. In 

general, each agent has his own sources of exogenous information which 

he attempts to augment with the information revealed by endogenous 

variables. As Lucas [19] has emphasized, the relation between exogenous 

and endogenous variables depends on agents' expectations. Hence the 

rational expectations hypothesis also entails an equilibrium in the 

information revealed by endogenous variables. 

Unfortunately, this equilibrium condition may be impossible to 

satisfy. This was first noticed by Radner 124] who observed that if 

traders condition their expectations on prices, demand functions may 

be discontinuous. For example, suppose there are two states, a and 

b, which would influence a trader's demand if he could infer them 

from prices. In event a he observes the price Pa and in event b 

he observes If Pa I Pb he can make the desired inference, but 

if he cannot. In particular, his demand in event a as a 

function of Pa is discontinuous at the point Pa = Pb' Explicit 

examples of the nonexistence of equilibrium are given in [9] and 

[18]. The informational discontinuity persists even if traders' state-

. dependent preferences satisfy all of the classical regularity conditions, 

and if there are a continuum of events distributed according to a smooth 

probability density function, although Allen, in [1] and [2], has 

generalized a result of Radner [26] to show that if the dimension of the 

state space is sufficiently small then an equilibrium will exist 

generically for smooth environments. 

The fact that strong regularity conditions do not eliminate the 

informational discontinuity suggests that the theory might be clarified 
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by abandoning such conditions and the attendant mathematical structure 

entirely. This paper attempts to verify this conjecture by presenting 

a mathematically elementary analysis and exposition of some of the 

major issues in expectations equilibrium theory. In addition to 

explaining the conceptual foundations of known results, our model 

is intended to provide researchers with a simple context for develop

ing the intuition for future results. 

Having been promised a simple exposition, the reader may be 

surprised to find no Edgeworth boxes, no demand or supply curves, 

and no coefficients of risk aversion. Most results in expectations 

equilibrium theory do not rely on competitive behavior as such, but 

turn on the use of information. Most economic data are generated 

not for the purpose of scientific observation, but to guide the 

allocation of resources. This statement is as true of socialist or 

mixed allocation mechanisms as of the market mechansim. The existence 

and other properties of expectations equilibria depend TI10re on the 

information used and revealed by an allocation mechanism than on the 

allocation itself. Accordingly, all our results will be stated for 

general allocation mechanisms, although most were motivated by 

analogous results obtained by the author and others for the competi

tive mechanism. 

Section 2 contains some preliminary definitions and results from 

abstract allocation theory. Each agent is presumed to have only a 

finite number of feasible allocations. Hence the number of possible 

preference profiles is finite. This restriction is the principal 

source of simplification. All possible preference profiles are included 

in the set of environments, so the set of environments is analogous to 

the unrestricted domain of discrete preference profiles which provides 

the setting of much of social choice theory. 
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Sections 3-5 are devoted to the three central problems of 

rational expectations theory: When does an equilibrium exist? 

How can an equilibrium be implemented? How can agents learn enough 

about their environment to form rational expectations? An 

allocation mechanism which generally admits equilibria is said to 

be admissible. Proposition 3.4 states that admissibility requires 

an allocation mechanism to be informationally decentralized. In 

terms of modelling, this requirement is essentially a prohibition 

against omitting individual decision variables or aggregating 

endogenous variables across nonidentical economic agents. Proposition 

3.6 states that decentralized mechanisms which have an additional 

property associated with individual maximizing behavior are admissible. 

Section 4 provides a dynamic adjustment process which achieves 

expectations equilibria. This process requires agents to have even 

more knowledge of their environment than is required by the equilibrium. 

Section 5 describes a method of inference which enables agents to 

learn the required knowledge from repetitions of the adjustment 

process. Unlike sections 3 and 4, the analysis of section 5 relies 

heavily on the finiteness of the domain of preference profiles, and 

does not appear to have a direct extension to the competitive 

mechansim on general stochastic exchange environments. 

Section 6 is devoted to multiperiod environments in which agents' 

expectations are conditioned on past endogenous variables. Proposi

tion 6.5 states that admissibility in this context essentially requires 

an allocation mechansim to be trivial in that each agent determines 

his own allocation independently. Section 7 studies multiperiod 

environments which evolve as a stationary Markov process. In this 
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case equilibria will generally exist with expectations conditioned on 

past data. but Proposition 7.6 states that the stochastic process of 

equilibria will not generally be stationary unless the allocation 

mechansim is dictatorial. If expectations are conditioned on current 

data, the equilibrium process is a stationary Markov process if the 

allocation mechansim satisfies the hypothesis of Proposition 3.6. 

The conclusion of sections 6 and 7 is that in multiperiod environments, 

the existence and other desireable properties of expectations equilibria 

can only be ensured for reasonable allocation mechansims if expectations 

are conditioned on current and past data. 

Section 8 discusses the existence of equilibrium public predictions, 

a problem first studied by Grunberg and Modigliani I10] in a determin

istic context. Suppose that agents do not form their own expectations 

based on private and public information, but rely instead on public 

predictions based on public information. Proposition 8.4 states that 

in this case, the existence of equilibrium cannot be ensured for 

nontrivial allocation mechansims. The informational discontinuity 

creates a marked difference between the stochastic and deterministic 

public prediction models. 

Some open problems and directions for future research are 

discussed in the conclusion to this paper. 
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2. Allocation Mechanisms 

Most "short-run equilibrium" models of economic behavior have 

the property that the mechanism which chooses allocations is stationary. 

For example, in the single market model presented by Muth [23], 

equilibrium in each period is determined by the intersection of supply 

and demand curves. The fact that these curves are time and state-

dependent and are obtained through dynamic stochastic optimization 

rather than static optimization does not influence the way they are 

used to determine current equilibria. Thus a short-run competitive 

equilibrium is an ordinary competitive equilibrium of a short-run 

environment. We now define allocation mechanisms on short-run environ-

ments. 

2.1 Definitions: There are N agents, indexed by the superscript 

i , with N > 2. 1 Ai For each i, et be a finite set 

of allocations for the ith agent, with #Ai ~ 2, and let 

be the set of social allocations, with IIA > 2. For each i, let 

U
i denote the set of all utility functions i . Ai + R, and let u . 

II Ui with generic element 1 N the E = , u = (u , ••. ,u). Then E is i 

set of short-run environments and A is the set of short-run allocations. 

A message process is a pair (~, M), where M is a set of 

abstract messages, with generic element m, and ~ is a function 

on E to M. Message processes will be assumed to be ordinal in 
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the sense that if u, u' € E such that for each i and each 

i 
a , 

,i i 
a € A , if and only if 

then ~(u) = ~(u'). An allocation mechanism is a triple (~, M, g), 

where (~, M) is a message process and g: M + A. The function g 

is called an outcome function. 

2.2 Remarks: In the usual context of social choice theory, Ai 

is the same abstract set of alternatives for each i, and A is 

the diagonal of In the usual context of allocation theory, 

Ai is a set of net trades for the ith agent, and A is the set 

of N-tuples 
i N i 

(a )i=l with fa = O. In the latter case, an agent's 

utility of trades is derived from his initial endowment and his 

utility of final consumption. Since Ai is finite for each i, E 

cannot be interpreted as a set of classical exchange environments, 

but we will continue to refer to the competitive mechanism for exchange 

environments by way of analogy and motivation. 

A message m determines an allocation gem), but may also contain 

other information such as prices, quotas, parameters of incentive 

schemes; etc. In general competitive equilibrium theory, for example, 

the message is the equilibrium price and N-tuple of trades, m = (p, a), 

and g is the projection (p, a) + a. 

We now consider some properties of allocation mechanisms that arise 

in expectations equilibrium theory as well as general allocation theory. 

For motivation, the reader might prefer to first read section 3 up to 

Proposi tion 3. 4. 
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2.3 Definitions: For each u, u' E E, define u'0i u = 

, 1 i-I, i i+l N) {u , ••• ,u ,u ,u , ••• ,u E E. A message process (~, M) is 

decentralized if 

0) for each u, u' E E, ~(u) = ~(u') if and only if, for each 

i, 
i 

~(u) = ~(u'0 u). 

2.4 Lemma: Suppose that a message process (~, M) is decentralized 

and define the correspondence i 
~ : ui ++ M for each i by 

. i 
~~(u ) = {m: for some 1 i-I i+l N j 

(u , ••• ,u ,u , ••• ,U)E IT
j 
~iu 

1 i-I i i+l N m=].l(u , ••• ,u ,u, u , .•• ,u )}. 

Then for each u E E, the intersection 
N i i n i=l~ (u) is the singleton 

Proof: Direct. 

2.5 Remarks: If (~, M) is decentralized, to check that m = ~(u) 

it suffices to check that 

. Thus associates with 

m E 

i 
u 

preted as equilibria for the 

for each i independently. 

a set of messages that can be inter-

th i agent with the utility function 
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u
i

• :r.fount and Reiter 122, pp. 170-171] showed that if (~. M) is 

decentralized then ~(u) can be represented as the equilibrium of an 

iterative message adjustment process where each agent's message response 

correspondence depends on the previous message and his own characteristic 

alone. This property was originally introduced by Hurwicz under the 

term "externality" [13, Definition 4, p. 32]. The term "privacy respect-

ing" or "privacy preserving" is now more frequently used. The "crossing 

condition" (~) was introduced by Mount and Reiter [22 1, and Lemma 2.4 

is a consequence of their Lemma 5. 

In general, decentralization can be viewed as a requirement that 

the message space contain enough variables. Given an arbitrary message 

process (~, M), one can always construct a set D and a function 

~l: E + D such that the augmented message p~ocess (~l x ~, D x M) 

satisfies the privacy condition. For a drastic example, let D = E 

and let ~l be the identity. As applied to models of economic time 

series, decentralization can thus be interpreted as a condition on 

the data set, rather than a condition on the economic institutions 

which constitute the allocation process. 

Before discussing examples we define another property which will 

be useful in ensuring the existence of an expectations equilibrium. 

2.6 Definition: A decentralized message process (~, M) is convex 

if for each i and each m E M, {ui : m E ~i(ui)} is convex, where 

i 
~ is defined in Lemma 2.4. 
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2.7 Remarks: Decentralization and convexity do not formally entail 

any behavioral principles but they are naturally associated with 

maximizing behavior. For example, suppose that M can be written 

as the product of individual message sets, i M = n.M , 
1 

and that 

is the Nash equilibrium function of the noncooperative game with 

the outcome function g. That is, for each i and each 
i 

u let 

iii i 1 i-I i+l N 
1I (u ) = {m E M: m maximizes u (g(m , .•• ,m ,., m , ••• ,m )}, 

and for each U E E, let The message process 

(1I, M) is clearly decentralized, and is also easily seen to be convex. 

A second example is the competitive message process for exchange 

environments. For each i and each 
i 

u let 

maximizes 
i u (y) s.t. py < O} and for each u 

iii 
1I (u ) = {(p, a): a 

let i i 
lI(U) = n. ll (u ). 

1 

Again (1I, M) is decentralized and convex. These two examples emphasize 

that the convexity of a message process does not involve the convexity 

of preferences or feasible sets. 

These examples also serve to indicate the restrictiveness of our 

requirement that II be singlevalued. Noncooperative and competitive 

equilibria are seldom unique. In studying the competitive mechanism 

on exchange environments this problem can be finessed by taking single-

valued selections from the equilibrium correspondence [see 15], and 

the results we will obtain below have analogues involving selections. 

However, the assumption of uniqueness makes the results sharper and the 

exposition easier, and also avoids a conceptual ambiguity which is 

discussed in section 3.7 below. 

The subset of E consisting of "strict preference environments" 

will play an important role in sections 3 and 6 below, so we now give 

a formal definition. 
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i, let 
iii UO = {u E: U : 

and let A 

message process is decentralized on EO if it satisfies (@) with E 

replaced by EO. If a message process (~, M) is decentralized on 

EO, then the conclusion of Lemma 2.4 remains true with E replaced 

by EO and Ui replaced by Uo i for each i. 

2.9 Remarks: The following property is as~ociated with the expec-

tations equilibrium concept studied in section 6. For motivation, 

the reader may prefer to first read that section up to Proposition 6.5. 

2.10 Definitions: Let (~, M, g) be an allocation process. A subset 

I of the set {l, •.• ,N} of agents is minimal if 

i) there is a function ~: 
i 

IT. IU + M such that for each 1E: 

U E: E, 
- i 

~(u) = ~[(u ). I]; and 1E: 

ii) I contains no proper subset for which (i) is satisfied. 

It follows that there is a unique minimal set I. The allocation 

process is unilateral on EO if for each i E: I there is a function 

a i : Uo i 
+ Ai such that for each u E: EO, the ith coordinate 

of is equal to 
i i 

a (u ). 

2.11 Remarks: Agents who are not members of the minimal set I can 

be ignored, since their characteristics do not influence the messages 

generated in any environment. If (~, M, g) is unilateral on 

the allocation for each agent in I is determined by his own character-

U w1·th ui ~ Uo i istic independently, for short run environments L 
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for each i E I. An allocation process is trivially unilateral if 

I consists of a single agent or if g is a constant function. 

The following definition is used in Section 7 below. 

2.12 Definition: A message process (u, M) is dictatorial if 

there is some i 

for all u E E. 

and some function i 
u : 
iii 

U + M with u(u) = u (u ) 
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3. Stationary Stochastic Environments 

A stationary stochastic environment is essentially a random 

variable taking values in E. The utility functions are not realized 

until after the allocation is determined, so agents participate in 

the allocation mechanism according to expected utility functions. 

The term stationary is used because agents have a one period time 

horizon, so the environment can be interpreted as being generated 

independently and identically over time. Initially each agent i 

observes a signal i y which represents his private exogenous 

information about the future state. Then the message process occurs, 

culminating in a message m and an allocation g(m). Since different 

agents have different private information, each agent attempts to 

infer the private information of others from the message m. An 

expectations equilibrium message is a message which is consistent 

with the agents' expected utility conditioned on private information 

and the message itself. We now define this structure formally. 

3.1 Definitions: Let X denote a set of abstract future states 

containing at least two elements. For each i, let yi denote 

an abstract set containing at least two elements. Let i y = IT.Y , 
L 

with generic element A stationary stochastic environment 

is specified in part by a probability distribution TI on Y x X, 

which will always be assumed to have finite support. Let 

denote the marginal distribution on y determined by TI and 
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let denote the marginal distribution on X. The phrase "for 

each y E y" will be understood to mean "for each y E Y with 

~l(Y) ~ O. The ith agent's initial observation of yi determines 

the conditional distribution ~('Iyi) on X. That is, for each 

Y E Y and each x E X, 

~ (x 1 yi) L ~ (y' , x) 

I: 
~ (y' , x ) 

{ (y', x): i- yi} } y' = 

There are two special cases of interest. Agent i is said to be 

informed if for each y E Y, ~ (.1 yi) is a degenerate distribution, 

that is, ~(xlyi) E {O, U for all x E X. Agent i is said to 

be uninformed if is equal to the marginal distribution 

on X f r e ch Y Y For e h l' let Vi denote the set of all o a E. ac, 

state dependent utility functions 'v i : Ai x X + R. i Let V = IT, V , 
1 

generic element v = (vi), • 
1 

A stationary stochastic environment 

a pair (~, v). We will usually drop the term stationary. Let S 

denote the set of stochastic environments, and note that the only 

restriction we have placed on S is the requirement that ~ have 

finite support. 

3.2 Expectations Equilibrium: Given a message process (~, M), a 

is 

reduced form is a function f: Y + M. A reduced form f associates 

with each initial state of information y a message fey). Given 

a stochastic environment 

utility function i w(f): 

th define the i agent's expected 

by 
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i i 
L v (a , x)n(y! x) 
{(y! x): yJi ~ yi 

L n(y! x) 
{ } 

for each y E Y and each 
i i a EA. Let 

and f(y') 

w(f) i 
(w (f». 

1 

expectations equilibrium is a reduced form f satisfying 

(*) f(y) = ~Iw(f)(y)] for each y € Y. 

An 

A message process (~,M) is admissible if it admits an expectations 

equilibrium for every stochastic environment. 

3.3 Remarks: Condition (*) states that an agent's expectations are 

determined by the objective probability distribution n, the initial 

information i 
y , and the reduced form f. Hence expectations are 

determined by those variables which would naturally appear in an 

empirical model of the environment and allocation merchanism, and 

are not influenced by psychological factors peculiar to each agent. 

This is perhaps the principal empirical advantage of the rational 

expectations hypothesis. 

3.4 Proposition: Every admissible message process is decentralized 

Proof: Let u a' 
u

b 
E EO, and suppose that ~ (u ) = ~(ub) = m for a 

E M. Let E X and for each i, let i 
E Vi be some m x a' xb v 

defined by 
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i i 
v (a , 

ui(ai ) 

x) Q lu~(ai) 
We need to show that for any i, say i = 1, 

For each i > 1, let and let 

and let 2 N 
Y , ... ,y), 

a a 

if x = x . 
a' 

otherwise, 

= m. 

~(Ya' xa ) = A and ~(Yb' xb ) = 1 - A for some 0 < A < 1. 

That is, agent 1 is uninformed and each agent i > 1 is informed. 

Since (11, M) is admissible, there is an expectations equilibrium 

(~, v) . For each i i and i f for i > 1, w (f)(y ) = u w (f) (Y
b

) = 
a a 

f(ya ) :f f(yb) then 1 1 1 1 
If w (f)(y ) = u and w (f) (Yb) ~. But a a 

l1(U
a

) = l1(Ub) by supposition, so we must have 

111 
this case w (f) (Ya) = w (f) (Yb) = u

A
' where 

f(ya ) = f(Yb)' In 

111 
u

A 
= AU

a 
+ (1 - A)U

b 

Therefore 2 N 1 
u , .•• ,u) = l1(u" 

a a 1\ 

sufficiently near 1 1 0, uA and ub represent the same ordering on 

Since 11 is ordinal, this implies 

which completes the proof. 

3.5 Remarks: As mentioned in 2.5 above, decentralization is 

essentially a requirement that M contain enough variables. Since 

outcome functions play no direct role in the equilibrium condition 

i 
ub · 

(*) or in Proposition 3.4, the Proposition has the following immediate 

and important generalization. Suppose that instead of observing the 

entire message m, agents observe a statistic hem). For example, 
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if m is the competitive message, h(m) could be the price alone, 

or the price and the volume of trade. Since (h·~, M') is a message 

process, where M' is the range space of h, the Proposition implies 

that the "admissibility" of h requires that (h'~' M') be 

decentralized on EO. This requirement will commonly fail to be met 

if the statistic h(m) omits individual decision variables or aggre-

gates decision variables across agents with different characteristics. 

Theorem 5.11 of [14J establishes that if (~, M) is the competitive 

message process and h is continuous, then h must be either 1-1 or 

constant. Theorem 3.5 of [15] drops the continuity hypothesis from 

this result, and also addresses the case in which different agents 

may have different data functions, establishing that the ith agent's 

data function must either be constant or must be informative enough 

to identify p and i 
a . 

Decentralization on E is neither necessary nor sufficient for 

admissibility. However, the following proposition states that 

decentralized message processes with the convexity property (Defini-

tion 2.6) are admissible. 

3.6 Proposition: Every convex message process is admissible. 

Proof: Let (~, M) be a convex message process and (~, v) a 

stochastic environment. For each i, let i w* : be defined 

by 
iii i w* (y)(a ) = ~ v (a , x)~(y, x)/ ~ ~(y, x). That is is 

XEX XEX 

h ' th , d '1' di' d 11 f h ' , , 1 t e 1 agent s expecte ut1 1ty con t10ne on a 0 t e 1n1t1a 

information in the environment. Let * i w = (w* ),' 
1 

and for each 

Y E Y, define f(y) = ~[w*(y)]. We will show that f(y) = ~[w(f)(y)] 
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for each y E Y. Let m = fey) for some y with ~l(Y) > O. By 

the definition of f, 
i i 

m £ )l (w* (y'» for each y' wit h f (y , ) = m, 

where 
i 

).J is defined in Lemma 2.4. For each i, i 
w (0 (y) is a 

convex combination of the utility functions 
i " {w* (y'): y,l = y1 

and fey') = m}. The convexity of ()l, M) then implies that 

i i 
m E ).J [w (f)(y)] for each i, so m = )lIw(f)(y)], which completes 

the proof. 

3.7 Remarks: Proposition 3.6 can be loosely interpreted as stating 

that message processes which involve decentralized maximizing 

behavior are admissible. 

The reduced form constructed in the proof was obtained by 

conditioning each agent's expectations on the entire private informa-

tion N-tup1e y. Thus we have also proved that convex message 

processes admit expectations equilibria which give the same messages 

as if every agent had complete private information. 

If the message correspondence ).J is not single-valued, 3.2(*) 

would have to be written 

fey) E )l[w(f) (y)] for each y E Y. 

But then the question of how fey) rather than some other message 

comes to be selected from )lIw(f) (y)] becomes important. We have 

avoided this question by assuming ).J to be single-valued. 
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4. Dynamic Equilibrium 

We have assumed that a message process associates a unique 

message ~(u) with each u £ E, but this does not ensure the 

uniqueness of expectations equilibria. For example, consider a 

two-state, two-agent environment in which agent 1 is informed but 

1 1 v (., xa ) = v (., x
b
), and agent 2 is uninformed but 

2 2 v (., x) ~ v (., xb). Suppose that 

Then there will be two expectations equilibria, one with the reduced 

form 

2 
IT V (. 

a ' 

2 
IT V (. 

a ' 

which reveals no information; and one with the reduced form 

2 v(·,x)), 
a 

which reveals the information possessed by agent 1. Intuitively, 

only the first equilibrium is reasonable, since the information 

generated in the second equilibrium is initially possessed exclu-

sively by an agent whose behavior would never reveal this infor-

mation. 

This discussion clearly indicates the need for some formalization 

of the process by which the agents' information influences the 

equilibrium message. One model of such a process has been described 
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by Reiter~7] in a more general setting. ~e will now adapt Reiter's 

process to the present context. 

The process can be described informally as follows. Initially, 

each agent conditions his expectations on his exogenous information, 

which yields an equilibrium message fl (y) for each state of 

information y. Before the allocation g(f
l 

(y» is made, however, 

each agent adds the information revealed by fl (y) to his initial 

information. The resulting change in expected utility functions 

leads to a new message f 2 (y), and so on. The process terminates 

when the message ffY) reveals no new information to any agent. 

Since agents retain the information revealed at each stage, the 

number of iterations will never exceed the number of states of 

information in the support of ~l. 

4.1 Definitions: Given a stochastic environment (~, v) and a 

message process (~ , M) , let { f
t

} 
> 1 

be a sequence of reduced 

forms, f ' t' Y+ 

W!({fs}s< t) : 

i) 
i i 

wI (y) (a ) 

M. 

Y+ 

t 

For each i and each 

Ui by 

i i 
L: v (a , x)TI(y', x) 

{(yi, x): y,i yi} 

t > 1, define 

/

L:'If(y" x) 

{ } 

and 

ii) wi ({ f } i t s s<t)(y)(a) " i ( i 
L. va, x) ~ (y', x) 

for each y E: Y and each 

{(Y', x): y,i i = Y and f (y')=f (y) s s 

L: n(y', x), for each t>l, 

{ } 

i i 
a E: A • That is, wi ({ f } ) ( ) 

t s s < t y 

for all s<tll 

is 

the ith agent's expected utility conditioned on his private information 
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and the previous messages s < t. Let and 

define a sequence of reduced forms iteratively by 

Let T = min{t: f t +l = f t }. The reduced form fT is a dynamic 

equilibrium for (~, v). 

4.2 Remarks: It is immediate that for each environment and message 

process there exists a unique dynamic equilibrium, so this process 

resolves both the existence and uniqueness issues without any 

restrictions on message processes. Unfortunately, the ith agent's 

dynamic equilibrium expectations cannot generally be derived from 

yi and fT alone. Thus dynamic equilibria do not have one of 

the principal desireable properties of expectations equilibria. 

However, the following proposition shows that if the message process 

(]..I, M) is convex (2.6), dynamic equilibria are also expectations 

equilibria, so this property is recovered. 

4.3 Proposition: Suppose that (]..I, M) is convex message process. 

For each stochastic environment (~, v), if fT is a dynamic 

equilibrium then fT is an expectations equilibrium. 

Proof: Let W, M) be a convex message process and let fT be a 

dynamic equilibrium for a stochastic environment ~,v). For any 

Y £ Y with ~l (y) > 0, let m = fT (y). ~e need to show that 

m = ]..I [w(f
T

) (y)]. By the definition of dynamic equilibrium, 
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for each y' E Y with y 

and for all t ~ T, for each i. Since 

is a convex combination of the utilities 

for such y', for all i, 

4.4 Remarks: For convex message processes we have described a 

mechanism which selects a unique element of the set of expectations 

equilibria. How can a dynamic equilibrium be distinguished from 

other expectations equilibria? One natural conjecture is that the 

information revealed by a dynamic equilibrium reduced form is in 

some sense minimal. However, the following example shows that another 

equilibrium may reveal strictly less information. Suppose there are 

two agents and 

and agent 2 is 

1 2 
Yc = (Yo' Y c) , 

Suppose that 

three equiprobable states, 

uninformed. Let Ya 

and let 'IT (y , X ) a a 

1 2 
J.l (v (', x ), u ) , a 

1 
= (Yo' 

= 'IT(Yb , 

2 2 x ) are all distinct when u :::l (1/3)v (', a 

and that agent 1 is informed 

2 
Ya) , 

x
b

) = 

1 2 
y = (Yo' Yb)' and b 

'IT (y , X ) = 1/3. c c 

and 
1 2 

J.l (v (., x ), u ) 
c 

2 + (1/3) v (., xb) + 2 
(1/3)v ('. 

and let 
1 

ma = J.l (v (', 
2 

x),v("xb», 1 
~ = 'J.l (v (', 

2 
xb), v (', xb» , 

1 2 
and m = J.l (v (., x ), v (', x ». c c c 

and fT(y) = m • c c 
If 

Then T = 2 

and 

and 

m 
c 

fT(y) = m a' 

are distinct 

messages, fT reveals complete information to agent 2. Strictly 

speaking, agent 2 learns the state of information y by observing 

fl (y), but in this case, the dynamic equilibrium fT itself reveals 

complete information. However it may also be the case that 

x ). 
c ' 
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2 
(1/2)v (', xb). Denoting the former message by mab' we have a second 

expectations equilibrium defined by f(Ya) = f(Yb) = mab and 

f(y ) = m, and f reveals less to agent 2 than fT. c c 

The characterization of dynamic equilibria probably should await 

a more axiomatic investigation of the adjustment mechanism itself. 

There are undoubtedly many other iterative processes which might 

result in different equilibria. For example, if the message ~(u) 

for each u E E is itself the outcome of a dynamic adjustment process, 

as suggested in 2.5 above, agents could adjust their information and 

message response simultaneously. The existence of a dynamic equil-

ibrium might then depend on the stability of the message response 

process. 

The dynamic equilibrium concept has been applied in 115) to 

stochastic exchange environments with the competitive message process, 

and extended to the case of arbitrarily many states. In this context, 

the dynamic theory provides a way of recovering the notion of price-

conditional expectations equilibrium. Suppose that at each stage, 

agents adjust their expectations to the information generated by the 

price alone, rather than the entire competitive message. A dynamic 

equilibrium of this process is an expectations equilibrium in which 

each agent conditions his expectations on the dynamic equilibrium 

price and his own trade. Thus the information generated by pre-

equilibrium prices which is not revealed by the dynamic equilibrium 

price is, to the extent that it is necessary, revealed by the agent's 

dynamic equilibrium trade. 
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Independently of Reiter and the present author, Kobayashi [17] 

has studied a similar process in a financial asset market model. 

Kobayashi assumes that there is a single risky asset and a riskless 

asset and that each trader i initially observes a single random 

variable i Y . The joint distribution of and the future 

value of the risky asset is assumed to be Normal, and traders are 

assumed to have utility functions of future wealth with constant 

absolute risk aversion. Kobayashi proves that a rational expecta-

tions equilibrium will be achieved in at most N + 1 iterations, 

where N is the number of traders. The adjustment process is 

similar to the one described in [15] except that pre-equilibrium 

trades are actually made, although traders are assumed not to 

anticipate capital gains or losses during the trading process. 

It is shown in [15] that in general stochastic exchange environments, 

the implementation of pre-equilibrium trades when traders have rational 

expectations about capital gains and losses can cause the process 

to break down in the sense that the intermediate or "temporary" 

equilibria may fail to exist. 
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5. The Estimation of Expectations 

An expectations equilibrium requires an agent to know enough 

about his environment and the equilibrium reduced form to associate 

the correct preferences with each observed pair i 
(y ,m). Until 

recently, the question of how agents could acquire this knowledge 

was widely regarded as impossibly difficult. The source of this 

difficulty is the fact that the problem of learning rational expec-

tations differs from a conventional problem of statistical estimation 

in that the estimates influence the relation being estimated. In 

the present context, the true relation between messages and future 

states is influenced by the expectations about future states which 

agents associate with messages. However, several recent papers 

have suggested that, at least in certain special cases, the correct 

expectations can be learned. I will only refer to a few of these 

papers; a more complete survey is given in [ 6 ] . 

All of the papers on this estimation problem that I am aware 

of treat the problem of learning equilibrium expectations directly. 

In particular, in [4], I 6 ], and [25], agents attempt to learn the 

relation between prices and future states by choosing an estimate 

of this relationship, which determines the expectations they associate 

with each price, which in turn determines an actual relation between 

states and prices. In I25] and [6, section 2.4], the estimates are 

held fixed until an arbitrarily large number of observations permits 

the actual relation to be learned exactly. This becomes the new 

estimate, which yields a new actual relation and the process ·repeats. 

In [4], and {6, section2.5], estimates are revised after each 
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observation. In each case, the resulting sequence of estimated and 

actual relations is shown to converge to a rational expectations 

equilibrium in some circumstances and not in others. 

This approach to the estimation problem is extremely, and 

possibly unnecessarily, restrictive. In the present context, suppose 

that agents begin with an estimated reduced form which is not an 

expectations equilibrium. Then in a given state of information y, 

any proposed message m may result in a conditional expected utility 

N-tuple u with ll(U)::f. m. That is, the "actual" reduced form 

determined by the estimate does not exist. For this reason it is 

necessary to restrict estimates so that the actual relation being 

estimated exists, and to restrict environments and estimation pro

cedures so that the restrictions on estimates are preserved by the 

estimation process. Hence this approach prevents any general 

possibility or impossibility theorem on the estimation of rational 

expectations from being stated much less proved. 

We describe below a very different and conceptually much more 

general approach to the estimation of expectations. Our approach 

guarantees the convergence to a dynamic equilibrium for every message 

process and every stochastic environment, and thus convergence to 

. an expectations equilibrium for convex message processes. However, 

the reader should be warned that, unlike the other results in this 

paper, analogues of this section have not yet been developed for 

classical environments, so the general effectiveness of the estimation 

procedure introduced here has not yet been demonstrated. 

The estimation problem will be studied here in the framework of 

the dynamic process described in the previous section. This process 

has the advantage of avoiding the simultaneous determination of 
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messages and expectations which creates the difficulties mentioned 

above, and the disadvantage of requiring agents to learn the correct 

conditional expectations for many reduced forms. We will show that 

the advantage predominates. 

Given a stochastic environment (n, v), suppose that the pair 

(y, x) is drawn independently and identically over time from the 

distribution n. Henceforth the subscript twill denote sampling 

time. In sample period t, the ith agent initially observes 

and uses an estimate of the conditional distribution of x
t 

The first stage message to form an expected utility 
i 

u • 

given 

mIt = ~(u) is th~n observed by all agents, and each agent i uses 

an estimate of the conditional distribution of given 

to form a new expected utility function which determines a second 

stage message m
2t

, and so on. After the final iteration is reached, 

all agents observe xt and re-estimate their conditional distributions. 

Then (Yt+l' x t +l ) is drawn and the process repeats. We will postpone 

until section 5.9 below the question of which reduced form in period 

t is the final iteration when agents have incorrect expectations. 

Initially the ith agent knows only his state-dependent utility 

function 
i 

v and his set of private observations Thus agents 

do not know n or the characteristics of other agents. It is 

interesting to note that an agent i never observes any other 

agent's private information even after is observed, so 

that the reduced forms themselves cannot be estimated. Only the 

conditional distributions on X given 
i 

y and the observed messages 
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can be learned. In order to avoid repeated separate references to 

null sets, we will suppose that ~l (y) > 0 for all y. 

5.1 Stochastic Environments: We assume that for each i, yi is 

a finite set, and we consider only those stochastic environments 

(~, v) with ~ 1 (y) > 0 for all Y E y. 

5.2 Remarks: The initial stage of the dynamic process requires 

an agent i to estimate the conditional distribution of given 

i Yt' The true conditional distribution is determined by ~, so this 

estimation problem is straightforward. However, we will develop a 

particular solution to this problem which leads to a solution of the 

latter stage estimation problems as well. For the moment we will 

concentrate on the first stage problem. 

5.3 Estimation Procedures: Let D(X) denote the set of probability 

distributions on X. Given a probability distribution TT, for each i 

there is a function 6i (n,.):yi ~ D(X) defined by setting 5i
(T,yi) 

i 
equal to the conditional distribution on X given y. For each i, 

i 
let D(X)Y 

i 
denote the set of all functions on Y to D(X~. An 

estimation procedure is a sequence of functions ei:nt l(yi xX ) 
t s= 

for each t > 1. With each TT is associated the distribution on 

i 
~ D(X)y 
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00 

n _l(YxX) such that for each s,t > 1, (y ,x ) and (y ,x ) are 
t- - sst t 

distributed independently and identically according to TI. A 

natural estimation procedure is given by the sample frequency. For 

each t> 1, each i, and eachyi EYi, x E X, let 

(5.3.1) 

< s 
i < t: (y ,x ) = 
s s 

i 
< s < t:y 

- s 

if the denominator is positive. If the denominator is zero, 
. . t . 

e~({y~,xs}s=1)(y1)(.) is arbitrary. 

io 
Y J, 

The law of the iterated logarithm [e.g., 7, p. 64] provides 

bounds on the rate of convergence of this estimation procedure. 

Given TI, for each (yi,x) 

(5.3.2) lin sup 
t-1-CC 

I i O{l < s < t:(y ,x ) 
s s 
iii 

(y ,x)} - tn(y ,x) I 

------------------------------------------ = 1 a.s., 
a/tloglogt 

iii 
where a = n(y ,x)[l - ~(y ,x)]. It follows that for each (y ,x) 

there exists a constant K > 0 such that 

(5.3.3) lim sup 
t-+<->o 

. . t· ii, 
le~({y~,xs}s=1)(y1)(x) - C (-::,y )(x): 

1/') 
K[(loglogt)/t] -

< 1 a.s. 

5.4 Remarks: The ith agent needs to estimate 6i (n,.) only in order 

to determine his correct conditional expected utilitv. Moreover, 
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since allocation processes are assumed to depend only on preferences, 

only the conditional preferences need to be estimated. For this 

reason, the conditional frequency (5.3.1) may not be an appropriate 

estimation procedure. 

By way of illustration, suppose that Ai and X are two element 

sets {ai,ai} and {xl ,12 } respectively and vi is such that 

i( i ) > i( i ) i i ) i( i) (M/ ) i( i ) v al,xI v a2 ,xl , v (a l ,x2 < v a 2 ,x2 ' and v2 2 v al,x I + 

(1 - /2/2)vi(a~,x2) = (/2/2)v
i

(a;,x1) + (1 - /2/2)v i (a;.x2). Thus, 

for a given yi, if the conditional probability of xl is, respectively, 

greater than, equal to, or less than /2/2, then a~ is respectively 

i better than, indifferent to, or worse than a
2

. 

denote the conditional frequency of xl after t 

i i M A M ° (n,y ) ~ v2/2, 0t will converge to v2/2, but 

i '" 
Given y , let '\ 

realizations. If 

since 6t is always 

"-

a rational number, the preferences determined by 0t will never be 

the correct preferences. However, a simple modification of 8t 

removes this difficulty. 

For each t, let €t = [(loglogt/t)]1/3 and define 

0; • r 12/2 if 112/2 - 6t ! < "t' and 

l6 t othen.Tise. 

The law of the iterated logarithm implies that for almost every 

I
ii "- I 

infinite sample there is some T such that for t > T, 0 (n, y ) - C t I .; 

E • 
t 

• J I' i i) mln , t : ,<: (c, y /2/2: :-. 2E i, and if , t 

i i ° (n,y ) = /2/2, let T' = O. For each n and almost every sa!;,ple, the 

preferences determined by 0* will be the correct preferenc~s for all 
t 
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t > max{T,T'}. Hence, for large t, c~ is a much better estimator 

than 6t • 

This estimation procedure is generalized in section 5.5, 

and Proposition 5.6 gives the general result. 

5.5 Definitions: For each i, let P(Ai) denote the set of preferences 

on Ai, ~ith generic element p. The strict preference relation 

determined by p will be denoted ~. i 
For each i, each v , and each 

iii 
d E D(X), let ¢ (d,v ) E peA ) denote the preference relation 

determined by the expected utility function a i 
f+ L: vi(a\x)d(x). 

xEX 
i 

Let n(d,v ) denote the number of elements in the maximal subset of 

iii A which is completely ordered by ~, where p = ¢ (d, v ). 

We no~ define an estimation procedure for each agent. For 

each t, let E
t 

= [(10glogt)/t)1/3 and for each d,d' E D(X), let 

I:d,d'!: = max{id(x) - d'(x)i: x E xL For each i, each v\ each 

iii 
t ~ 1, and each d E P{A ), let ht(d,v ) = d' E D(X) for some d' with 

for any d" with lid d"I' < E . , , '- t' :id' ,d;' .::. E t and 

That is, h!(d,v
i

) minimizes n(d',v i ) subject 

n(d",v i ) ~ n(d',v i ). 

to !d,d':, < E • For 
" I _ t 

i i 
each i, given v , let e

t 
be defined by (5.3.1) above, and define a 

new estimation procedure by 

j . . t i i 
h

t
[e

t
1 ({yl,x} l)(y )('),v ). 

s s s= 

5.6 Proposition: Let (~,v) be a stochastic environment. For almost 
0:\ oc 

every (Yt,xt)t=l E TIt=l(YxX) there is an integer T > 0 such that for 

iii i i ,t iii iii 
each i and each y E Y , rt (e* ({y ,x J l)(y )('),v ) = ~ U (7',y ),\1 ) 

t s s s= 
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for every t > T. 

Proof: Given i and yi E yi, let d* = oi(TI,yi) and let p* = 

¢i(d*,v
i
). The definition of ¢i implies the existence of some e > 0 

° i 'i _~ such that for any d' E D(X) with lid*,d'ii < (, and any a,a E Y 

i ,. i" .. 
with a >f" a \ we have a ::p' a \ where p' = ¢~(d',v~). It 

follo\\'5 that d*minimizes n(d',v i ) subject to I;d*,d'/i < (0, and that 

for any d' with id''',d'; < t and n(d',v i ) = n(d*,v i ), q\i(d',v i ) = 

i i 
¢ (d>~,v ), Equation (5.3.3) implies that for a.e. {vi,~ }oo 1 - t - t t= 

there is some T(i,yi) > 0 such that for each t > T(i,yi) 

I i {i } til II ') etC Ys,xs s=l)(y )(.) - d* < 2K[(10glogt)/t] 4 

1/3 
< [(loglogt)/t] = £t < EO 

d h b (5 5 1) ",i( *i(r i }t )( i)(.),vi) an t us, y •• , '+' e ,y, x 1 Y 
t s s s= 

Setting T = max{T(i,yi):l < i :: N. l E yi} completes the proof, 

5 ,7 Remarks: Given a message process (~,M) and agents' estimated 

conditional expectations, for each sample t there is a first stage 

1 N 1/ 
reduced form fl(t-l):(Yc""'Y t ) t+ mlt ,- The second problem facing 

the ith agent is the estimation of the conditional distribution of x 

given Y! and mIt' It is this estimate which will determine the 

second stage reduced form f 2(t-l)' This estimation problem is 

complicated by the fact that if agents' estimated conditional 

IThe reduced form which determines mIt is denoted fl(t-l) rather 

than fIt since the conditional distributions which determine this 

reduced form are estimated using the previous samples. 
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i distributions of x given y change as more data is collected, the 

reduced forms fl(t-l) will differ over time, so the true conditional 

distributions of x given Y! and mIt will differ over time. However, 

Proposition 5.6 states that for large t, the estimated conditional 

preferences are the same, so the conditional distributions given 

i 
Yt and mIt will be unchanged for large t. Hence this estimation 

problem is analogous to the initial problem, and can be solved in 

the same way. Note that this would not be the case if agents 

estimated ai(T,.) using the conditional frequencies. 

These remarks are formalized below. 

"i.8 Reduced Forms: Given a message process (~,M) and an environment 

(IT, v), define the reduced form fIt: (YXX) t x Y -+ M for each t > 1 by 

Note that ~ is being applied to preference profiles rather than 

utility N-tuples, but this abuse of notation is justified by the 

assumption in definition 2.1 above that ~ depends only on preference 

profiles. 

00 

Proposition 5.6 implies that for almost everv (y ,x) 1 E 
. t t t= 

00 

n (YXX) there exists some T such that for all t > T 
t=l 

(5.8.1) 
iii i N 

~([~ (6 (TI,y ),v »)i=l) 

for each y E Y. Let TI3 denote the probability distribution on 

Y x M x X induced by the distribution IT on Y x X and the function 
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iii i N 
(y,x) f+ (y,~([¢ (0 (TI,y ),v ))i=l)'x). 

yi x t-1 -+ D(X) be defined by setting O~(TT 3,yi ,m) equal to the condi

tional distribution on X given yi and m. 

For each t > 1 and each (Ys'Xs):=l E n:=I(Y~X) let 

TI 3t «Ys,xS)!=I) denote the distribution on Y x M x X induced by 1T 

and the function (y,x) -+ (y,flt«Ys'Xs):=l' ),x). For each i let 

i t i 
0lt(TI 3t «Ys,xs )s=1)"):Y x M -+ D(X) be defined in the same way as 

oc 
O~ with TI3t in place of TI3 . It follows for almost every (Yt,xt)t=l 

t 
there is some T such that TI3 «y ,x) 1) = TI3 for all t > T, and t s s s= 

i t i . . t 
thus 0lt(1T3t «Ys,xs )s=1)") = 01(1T3 ,·) and ¢1[0~t(TT3t«Ys,xs)S=1)' 
iii iii i 

y ,m),v ] = ¢ (°
1 

(TI
3

,y ,m),v ) for all t > T and all (y ,m). Thus 

i i t i the estimation of ~ (8 (TI «y x) ).) v ) for large t reduces 
~lt 3t s' s s=l' , 
iii to the estimation of ¢ (01(TT

3
,·),v ). 

i 
For each i, let D(X)Y xM denote the set of functions on Y i x H 

to D(X) and for each t ~ 1, let e~t :n:=l Ci i XHXX) -+ D(X)Y iXM be 

defined by 

(5.8.2) 
i i t i 

elt«(Ys,ms,xs)s=l)(y ,m)(x) = 

f/{l < s < t:(y\m ,x ) = (yi,m,x)}/ff{l < s < t:(y\m ) - - sss - ss 

if the denominator is positive. If the denominator is zero, 

i i t i . e
l 

«y ,m ,x) l)(y ,m)(') 1S arbitrary. Given the distribution on 
t s b b s= 

00 00 

ns=l(Y~X) associated with TI, a distribution on ns=I(Y~MxX) is 

induced by the functions (y ,x )t 1 ~ (y ,fl(t l)«Y ,x )t-l1.yt),x t ) s s s= t -. s s s= 

for each t > 2, and setting ml equal to some constant m~ with 

probab ility one. 



-35-

By (5.8.1) and the law of the iterated logarithm, for each i 

i 
and each (y ,m,x) there is some constant K > 0 such that for almost 

i 00 

every (y ,m ,x) l' s s s s= 

(5.8.3) lim sup 
t~ 

I ii t iii I 
elt«ys,ms,xs)s=l)(y ,m)(x) - 01(TI

3
,y ,m)(x) i 

K[(10glogt)/t]1/2 
< 1 

Thus (5.8.3) is exactly analogous to (5.3.3) and the estimation of 

¢i(oi(TI 3,·),vi ) is analogous to the estimation of ¢i(6 i (TI,.),vi ). 

5.9 Remarks: The estimated conditional distribution of x given 

i 
Yt and mIt for each i determines the second stage reduced form 

1 N 
f 2(t-l):(Yt' ..• 'Yt) ~ mZt ' and so on. The estimation of the conditional 

distribution of x given (y!;mlt, ..• ,mjt ) can be accomplished for each 

j by extending the above procedure in the obvio~s way. However, 

since the estimated conditionals differ across periods, the terminal 

iteration J t may also differ. Moreover, there is no assurance 

that J t will be finite in all periods. The finiteness of J was 

ensured in section 4 by the fact that expectations were adjusted 

by conditioning on successively finer partitions of a finite set. 

In the present context, for large t, each agent i will have the 

correct conditional preferences given (yi,ml, ... ,m
j

) for each j, 

so preferences will adjust between iterations by, in effect, con-

ditioning on successively finer partitions of the finite set Y. 

Hence J t will be finite for large t. However, in general we have 

not imposed enough consistency on the estimated conditional 
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distribution given 
i 

(Yt,mlt, ••• ,mjt) and the estimated conditional 

distribution given 
i 

(Yt,mlt, ••• ,m(j+l)t) to ensure that the iterative 

process will not continue indefinitely. This could be avoided by 

requiring that if an iteration j is greather than the final iteration 

in any previous period, agents do not adjust their expectations, so 

that this iteration is the final one. Since the conditional frequency 

distribution is arbitrary if an iteration has never been experienced, 

this is consistent with the estimation procedure we have been using. 

Under this restriction, J t ~ t for each t. 

The estimation procedure described here works for agent i because 

it is also used by other agents. For example, if some agent were 

to use conditional frequencies, the reduced forms fIt may differ 

across time even for large t, so the estimated conditional distributions 

given Y! and mIt need not converge to be true conditionals. Given 

an allocation mechanism, one agent may prefer an estimation procedure 

which causes the procedure described here to fail to converge for 

other aget.ts. All we have shown here is that there exists a simple 

procedure which enables agents to acquire the knowledge required by 

the dynamic process described in section 4. The comparison of 

different estimation procedures has not been attempted. 
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6. Nonstationary Stochastic Environments 

This section is devoted to stochastic environments with a time 

horizon of more than one period. In period t , the allocation 

mechanism determines an allocation at based on agents' expected 

th utility of t period allocations. However, at this level of 

th abstraction, an agent's t period expected utility function is 

difficult to define. In general, i th at influences the i agent's 

utility of future allocations, and, through the allocation mechanism, 

influences the allocations he receives in the future. The definition 

th of an agent's t period expected utility is affected by the extent 

to which the agent recognizes th±s dependence. In models of competitive 

equilibrium over time, agents believe that their current trades have 

no influence on future prices but that they can adjust future trades 

at a given price. This dichotomy cannot be expressed for general 

allocation processes. 

There is one particularly simple class of environments for which 

this complication does not arise. Suppose that agents have a two 

period time horizon and state dependent utility functions of the form 

with and a function of the 

form iii i 
~ (al)r + B (al ), with i i a (al ), fl(ai) e: R and i i 

a (~) > o. 

Then an agent's second period expected preferences will be represented 

by the expectation of i v
2 
(., x) regardless of the first period allocation. 
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6.1 Definitions: Let S2 denote the set of stochastic environments 

(1T, v) with 
i v : (A i) 2 x X -.. R for each i such that for some 

i i 
v2 e: V and some function a 

strictly increasing affine function for each a i e: Ai, vi(ai, a;, x) 

for each 

6.2 Remarks: The purpose of introducing nonstationary environments 

is to define a concept of expectations equilibrium with expectations 

conditioned on past messages. The equilibrium concept defined in 

section 3 involves the simultaneous determination of agents' expecta-

tions and the data on which they are conditioned. Current expectations 

influence and are influenced by current messages. In contrast, 

econometric applications of the rational expectations hypothesis 

commonly exclude current endogenous variables from the information 

sets which determine the expectations which directly influence current 

endogenous variables (e.g. Shiller [29]). Hellwig and Rothschild [12]. 

in the context of a securities market model, have used this restric-

tion, along with the assumption of constant absolute risk aversion 

and a normality assumption on the distribution of the state, to derive 

a rational expectations equilibrium with current expectations of 

future returns conditioned on past prices. 
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Suppose that in period one, agents condition their expectations 

on their exogenous information, leading to a first period reduced 

form fl. In period 2, agents condition their expectations on 

exogenous information and the information revealed by the first 

period message. This process differs from the dynamic process described 

in section 4 in that the time periods represent real time rather than 

adjustment time, so the state dependent utility functions are not 

identical in different periods. In particular, an agent's first period 

expected utility is influenced by his second period allocation, which 

is viewed from the first period as a random variable. For notational 

simplicity, we will suppose that agents do not receive additional 

exogenous information at the beginning of period 2. 

6.3 Definitions: Given an allocation mechanism (~, M, g), and a 

stochastic environment (TI, v) E 8
2

, and a second period reduced 

form f
2

: Y + M, define the first period expected utility function 

L vi(ai , v~(a~(y')' x»TI(y', x) / L TI(Y', x) 

{(y', x): y,i = yi} { } 

for each y and each 
i a , where is the ith coordinate of 

g(f
2
(y'». Given a first period reduced form f

l
: Y + M we can 

define the second period expected utility function W~(fl): Y + U
i 

by 
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i i 
~ v

2
(a , x)TI(y', x) / ~ TI (y', x); 

. {(y', x): i i y' = y and f
2

(y') { } 

for each y and each 
i 

a . 

An equilibrium with past data is a pair of reduced forms (f l , f
2

) 

satisfying 

1) {WI (f2)(Y)] for each y; and 

An allocation mechansim is admissible for past data if it admits an 

equilibrium with past data for every stochastic environment in S2. 

6.4 Remarks: Since the outcome function g influences first period 

expected utility functions, admissibility for past data depends on 

the outcome function as well as the message process. Proposition I 

6.S shows that admissibility for past data essentially requires that 

each agent determine his own allocation independently. 

6.S Proposition: An allocation mechanism is admissible for past 

data only if it is unilateral on EO. 

Proof: Let (~, M, g) be an allocation mechanism which is admissible 

for past data. Let I be minimal for (~, M, g) and suppose by 

way of contradiction that (~, M, g) is not unilateral on EO. Then 

there is some u e: EO and some i, j e: I with i :/: j, say i = 1, c 

and j = 2, and some -1 e: U1 
such that if = g[~(uc)] and u a c 
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-1 2 N 2 -2 1 -1 1 a = g[ll(u , u , ••• ,u)] then a '" a Let u = 2u - u and c c c c c d c 

let 2 
e: U2 2 2 

=F u2(a2) for all 2 2 
ud with ud(a ) a £ A • Let c c 

i i for each i > 2. Since I is minimal, there is E ud = u some ul e: c 

with 2 U0 2 and some -2 
£ U2 such that ll(Ul ) ;: 1 ll(Ul , -2 3 N 

ul ' ••• ,ul ) • ul £ , U U , 

We can now construct a stochastic environment S2 which has no 

equilibrium with past data. Let xa ' ~ £ X, and for each i =F 2. 

that for each i i x) (A i)2 i i i x) = suppose (aI' a2, £ x X, v (aI' a2 ' 

i i i i x) i 
xc) 

i iC xd) 
i ul (al ) + v2 (a2, where v2 (', = U and v2 ' = u d c 

for each 
2 2 x) (.'\2)2 2 2 2 x) Suppose that (aI' a

2
, £ x X v (aI' a2 ' = 

2 2 2 2 x)] where 2 2 2 xd) 2 
vl[al , v

2
(a

2
, v 2 (', xc) = Uc v

2 
(. , = ud 

2 }(a2» 2 2 }(a2» -2 and 2 2 2 2 
VI (', = ul ' vl (" = U VI (. , ud(a » = ul c c c c 

for all 2 £ A2 It is clear that for each " 2, 
i satisfies a . l v 

6.1, and it is shown in appendix to this that 2 can be an paper v 

chosen to satisfy 6.1 also. Let 1 
Yo £ yl and for each i > 1, 

let i i .,i and 1 2 N 1 2 ] 
Y , Yd E: " , Yc (Yo' Y , ... , Y ), Yd 

= (Yo' Yd ,· .. ,Yd)· c c c 

Define ~ by ~(Yc' xc) = ~(Yd' x d) = 1/2. Suppose that (~, v) has 

an equilibrium with past data (f l , f 2). First suppose that 

fl(yc) f fl(Yd). Then for each i, W~(fl)(Yc) - u! and 
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i )( ) ~ i where "ui ~ u,i" means that the two functions w2 (f1 Yd ud ' 

f 1 · Ai. represent the same pre erence re at10n on 

i > 1, 

If 

and for each 

a 
c 

a . 
c 

~(u1) = f
1

(Yd)' Thus (~, v) has no equilibrium with past data, which 

completes the proof. 

6.6 Remarks: Hence admissibility for past data essentially prohibits any 

economic interaction between agents, at least in strict preference environments. 

Unlike Proposition 3.6, the above necessary condition involves the 

outcome function g. In fact, if g is a constant function, an 

allocation process is easily seen to be admissible for past data 

irrespective of the message process (~, M). As this example indicates, 

(~, M, g) can be unilateral on EO without (~, M) being decentralized 

on EO. However, if (~, M, g) is unilateral on EO and the set of all 

agents is minimal, let ~' = g • ~, and let g' be the identity function 

on A. Then (~', A) is decentralized on EO and g' • ~' = g • ~. 

Since the property of being unilateral on EO depends on g, 

Proposition 6.5 cannot be directly applied to the case in which agents 

observe some statistic computed from past messages. However, [5] 
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th presents a stochastic exchange model in which the i agent observes 

a statistic i h (m) , where m is the past competitive message. 

Under the assumption that hi is continuous, it is shown that 

admissibility requires hi to be constant. In the model presented 

in [5], utility functions are assumed to be additively separable over 

time, but one of the commodities exchanged in each period is durable. 

This causes decisions to be sufficiently intertemporally dependent 

to create counterexamples similar to the one constructed in the 

proof of 6.5. 

Finally, suppose that the equilibrium concept studied in this 

section is modified so that in each period, agents augment their 

initial information with the information revealed by the current and 

past period reduced forms. With this definition of expectations 

equilibrium, Propositions 3.4 and 3.6 are easily extended to nonstation-

ary environments. Thus the restrictiveness of Proposition 6.5 is due 

not to the longer time horizon but to the exclusion of current messages 

from agents' endogenous information. 
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Appendix 

The construction of in the proof of 6.5 can be refined to ensure 

that 6.1 is satisfied. Since o 
U E: E • 

c 
2? 2 -2 

u (a ~) I U (a ). 
c c c c Sc.:ppose that 

Let r 
c 

let 
2 -2 

r = uc(a ), and, adding a 
c . c 

negative constant to 2 if u
d 

necessary, 
2 2 u2 Ca 2) suppose that l'd (a ) < 

c c 

=or all 

for all 

where 

HI 

H2 

KI 

K2 

Then HI 

2 2 li2 (a 2) a EA • He can also ass u:;:e tnat > a 

a 

= 

c 
2 2 If -2 define 2 

£A • u is not constant, vI: 

min 

max 

min 

max 

r -r 
c c 

{Ir -r I: 
2 2 - 2 2 r E [u (A ) n ( _00, r ) ]Uu d (A )} 

c c c 

{ Ir-r 1 : r £ [u2 (A2)nC-co,r ) ]Uu~(A2) } 
c c 

122 2 2 1 2 f. a l2 E A2} { u
l 
(a) - u

l 
(al ) : a 

1-2 2 -2 2 1 2 a l2 E A2} { u (a )-u (a I ) : a , . 

and 

A2 

and 

and H2 are clearly positive, Kl is positive 

2 2 
u

l 
(a ) < 

xR-+R 

since 2 
u

l 

and K2 is positive if -2 
is If -2 is constant, u not constant. u 

In either case, the resulting utility function 
2 

v satisfies 

6.1 as well as the other properties asserted in the proof of 6.5. 

. h· h u 2 (a2) > u 2 (-a2) The case 1n W 1C 
C C C C 

can be treated symmetrically. 

a 

by 

£ U 02 

define 
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7. Markov Environments 

The previous section shows that if expectations are conditioned 

on past data, the existence of equilibrium cannot be ensured without 

restrictions on the intertempora1 dependence of utilities. A natural 

question is whether or not restrictions placed on the evolution of 

the environment over time will be inherited by the expectations 

equilibria. For example, in sections 3-5 we supposed that the pair 

(y, x) was independently and identically distributed over time. Since 

expectations equilibrium messages m are generated as a function 

of y, the triple (y, m, x) is also independently and identically 

distributed. Of course the independence assumption ~kes past data 

uninformative, so we cannot study expectations conditioned on past 

data in this context. Alternatively, suppose that the state evolves 

as a stationary Markov chain and that each agent's utility of an 

allocation made in period t depends on x t +1 ' but is independent 

of past and future allocations. If agent's expectations are 

conditioned on private information and past messages, will the resulting 

state-message stochastic process be Markovian? If in period t, 

agents know x t ' then past messages provide no additional information 

about so the question needs to be more carefully stated. 

Suppose instead that the state x t is a vector 
i N 

(x t )i=l' and that 

the ith agent's utility of an allocation made in period t depends 

only on Suppose that the th i agent's private information in 

period t consists of the observations {x!ls < t ' and that each 

agent's expected utility is also conditioned on past messages. Since 

previous messages will generally not reveal the previous states 

completely, an agent's expectations in period t will be conditioned 
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on a partial observation of past states {xs } s < t' As Michael 

Rothschild has noted in [28], partially observed Markov chains need 

b Ma k · I . 1 h .th, . b not e r OV1.an. n part1.cu ar t e 1. agent s expectat1.ons a out 

i 
x

t 
may depend on the entire past sequence Hence 

the message mt may depend on the entire past sequence {xs ' ms _l } s < t' 

so we cannot expect the Markov property of {x
t

} to be inherited by 

{xt ' mt }. Additional impediments to the derivation of Markovian 

expectations equilibria for Markov environments have been observed 

by L. Blume 1:3], D. Easley I 8], and M. Hellwig Ill]. 

Although a partially observed stationary Markov chain need not 

be Markovian, it is stationary. For this reason one might hope that 

even though the dependence of current messages on previous states 

and messages cannot be limited to the immediate past, the joint 

distribution of states and messages might be stationary. Proposition 

7.6 states that this property can be generally obtained only for 

dictatorial message processes. We now define the class of Markov 

environments which we have been discussing informally. 

7.1 Definitions: For each i, let Xi be an abstract set containing 

least elements, and let X = i For each i, let Vi denote at two IT.X • 1. 

the of state-dependent utility functions i Ai Xi R. set v x -+ 

For each i and each integer t, let Xi = 
t 

Xi and Xt = X. Let 

00 00 

X TIt=O Xt ' and for each i and each t define the projections 

i 00 Xi i 00 i 00 00 i Z . X -+ by Zt(x ) = x t and Zt: X -+X by Zt(x ) = x t (xt ) i . t' t t 

Let P denote the set of probability measures on X with finite 

support. A Markov environment is a triple (1T, p, v) , where 
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i 
v E ITiV, ~ E P, and p: X + P is a stationary transition 

00 

probability such that {Zt}t=O is an indecomposable Markov chain 

with ~ as its unique stationary initial distribution. 

Given a message process (~, M), for each integer t let 

00 00 

M = 
t M, and let M = ITt=O Mt • For each integer t define the 

00 00 - 00 00 

projection mt : X x M + Mt by m
t 

(x , m ) = mt • The projections 

i and for each Zt Zt i, t will sometimes be written as projections 

00 00 Xi on X x M to and X
t 

respectively. 
t 

7.2 Reduced Forms: Given a message process (~, M), a reduced form 

00 00 

is a sequence of functions f . t· X x M +M 
t 

such that for each 

00 00 00 00 00 00 

integer t and each (x m ), (x' , m' ) E X x M with x = x' 
s s 

m' 
00 00 

for each s < t and m = for each s < t then ft(x , m ) = s s 
,00 00 00 00 

ft(x , m' ). A reduced form (ft)t=O is denoted f . 
Given a stochastic environment (~, p, v) and a reduced form 

00 00 00 

f, a probability distribution ~* on X x M is said to be 

00 

consistent with ~,p, and f if the marginal distribution on 

00 

X agrees with ~ and p, and for each t, the conditional 

probabilities satisfy 

otherwise. 
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7.3 Expected Utility: Given a Markov environment (~. p. v). a 

00 

reduced form f and a distribution ~* which is consistent with 

00 

~,p, and f. define the expected utility function 

i 00 00 i 
Wt(~*' v)(x , m )(a ) = 

for each i, t. For each t let Wt(~*' v) 

7.4 Expectations Equilibrium: An expectations equilibrium for a 

Markov environment (~, p, v) and a message process (p, M) is a 

00 

reduced form f and a probability distribution ~* consistent 

00 

with ~, p and f such that for each t 

(*) 

The equilibrium is said to be stationary if ~* is stationary. 

7.5 Remarks: Since current utilities are independent of past and 

future allocations, the definition of equilibrium does not involve 

allocations directly. The general existence of expectations equilibrium 

for any message process and any Markov environment is immediate, 

since current expectations are independent of current and future 

messages. However, unless the message process is dictatorial 

(Definition 2.12), the underlying information structure will change 

over time, changing the joint distribution of states and messages. 

If the message process is dictatorial, the only agents who learn 

from the messages have no influence on ~*. 
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7.6 Proposition: A message process admits a stationary equilibrium 

for every Markov environment if and only if it is dictatorial. 

Proof: Sufficiency is straightforward so we will only prove necessity. 

Let (~, M) be any nondictatorial message process. We will construct 

a Markov environment which has no stationary equilibrium. For 

notational convenience, we will temporarily assume that N = 2. Let 

and 2 2 x2 
xa ' xb £ and define the transition probability 

p by the following matrix, where. for example, the number in row 

1 21 1 2 ab and column ba is p(xb , xa xa ' xb). 

aa ab ba 

aa 1/4 1/4 1/2 

ab 1/2 0 0 

ba 1/2 0 1/4 

bb 0 0 7/8 

bb 

0 

1/2 

1/4 

1/8 

This transion matrix yields the unique stationary initial distribution: 

1 x2) / 7T(X , = 1 3, 
a a 

( 1 2) 1/12 7T(x
l
b

, Xa
2) = 5/12, 7T xa ' xb = , 

1 2 
7T(Xb , ~) = 1/6. 

We also record the following conditional probabilities determined by 

7T and p: 
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1) prob 1 1 1 1 1/2 (zl x Z = x ) = a o a 

2) 1 1 1 1 5/14 prob (zl = x Zo = xb) = a 

3) prob 2 2 2 1 3/4 (zl = x Z = x ) a o a 

4) 
2 2 2 1 3/4 prob (zl x Zo xb) ;:::: 

a 

5) 1 1 1 1 1 1 1/2 prob (z2 x zl xa ' Z = x ) = a o a 

6) 
2 2 2 2 1 

x
2» 1/2. prob (z2 = x zl = xb ' Zo (x , ;:::: 

a a a 

Since (~, M) is nondictatoria1, there are utility functions 

1 01 2 
U,u ,u, and 

121 
~(u , u ) # ~(u , 

and 1 1 v (., xb) = 

02 u 

02) u • 

(7/2)u 

2 v (., x2) 2 = 2u - u 
02 

a 

with 1 2 01 2 
~(u , u ) # ~(u , u ) and 

Let 1 
v 

01 (5/2)u 1 and let 2 satisfy - , v 

2 2 = 3u
02 2 We will and v (., xb) - 2u • now 

show that the Markov environment (7f , p, v) has no stationary equi1-

ibrium. 

00 

Let (f, 7f*) be an expectations equilibrium for (7f, p, v). 

Since the pair of expected utility functions i 
w Crr*, v) 

o 
depends only 

on (7f, p, v), the conditional probabilities given in (1-4) above 

yield 

u2) if Zo (x 00) 
1 x2) (x , a a 

u2) 
00 1 2 

if zO(x ) (x , x
b

) 
a 

00 moo) wO(7f*, v)(x , 
u2) 

00 1 x2) if Zo (x ) (xb ' a 

u2) Zo (x 00) 
1 2 

if = (xb ' xb) 
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Therefore 7.4(*) implies that 

Since 
1 2 01 2 

~(u , u ) r ~(u ,u), 

does not reveal 
2 

Zo to agent 1. 

1 2 I 00 ~(u , u )} Zo(x ) = 

reveals to agent 2, but 

Hence it follows from the conditional 

probabilities given in (5-6) that if 
00 1 2 

zl(x) = (xa ' ~) and 

( 1 x2) x , 
a a 

then 
00 00 1 02 

wI (~*, v)(x , m ) = (u ,u ), so in this 

- 00 00 1 02 
case, ml(x, m ) = ~(u ,u ). 

. 00 00 

prob({(x , m ): 00 moo) ml(x, 
12

1
001 

~(u , u )} zl(x ) = (x a' x~» < 1 

so the distribution of (zl' m
l

) determined by ~* differs from 

-
the distribution of (zO' mO)· Hence ~* is not stationary. This 

completes the proof for the case N = 2. 

In general, since ~ is nondictatorial, there exists an agent 

i* and utility functions oi 
u for each i such that 

1 i*-l i* i*+l N 1 i*-l oi* i*+l N 
~(u, •.• ,u ,u u , .•.• ,u)r~(u, •.. ,u ,u ,u , ••• ,u) 

and 1 i*-l i* i*+l N 01 oi*-l i* oi*+l oN) 
~(u, ..• ,u ,u ,u , •.• ,u)r~(u , .•• ,u ,u ,u , ..• ,u 

Renumbering agents if necessary, let i* = 1. The two agent environment 

(~, p, v) constructed above can be extended to an N agent environment 

by treating: agents i > 2 essentially as copies of agent 2. More 

precisely, for each i > 2, let 

that for each i > 2, 

for all x. For each i > 2, define 

Extend p 

oi 
u 

by imposing 

and 
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3u
oi 

- 2u
i

• With these definitions, the proof for the 

two agent case extends directly, 

7.7 Remarks: As in section 6, the difficulty is caused by conditioning 

expectations on past messages alone, Suppose instead that expectations 

are conditioned on current as well as past messages. If the message 

process is convex, the proof of Proposition 3.6 can be imitated to 

obtain an equilibrium reduced form in period t by conditioning each 

agents expectations on the entire N-tuple of previous states x t ' 

Then is determined as a function of alone, the same function 

for each t, so {xt ' mt } is a stationary Markov process. 
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8. Public Predictions 

Critics of the rational expectations hypothesis commonly argue 

that forecasting is a specialized activity, requiring sophisticated 

econometric techniques, so the hypothesis that economic agents have 

statistically correct expectations conditioned on all of the infor-

mation available to them is unreasonable. This section is devoted to 

an alternative equilibrium concept which is intended to meet this 

objection. Suppose that the probability distribution of the future 

state is predicted by an independent forecasting agency rather than by 

individual agents. This prediction is then used by agents to determine 

their expected utility. 

The forecasting agency observes only publicly available information, 

so the prediction will be conditioned only on the observed message. 

However, this implies that the ith agent's expectations are not directly 

influenced by his private information i 
Y . Hence there is a trivial 

equilibrium in which the predicted probability distribution is the 

unconditional distribution on X, agents have the same expected utility 

for all realizations of y, and the equilibrium message is the same 

for all y. To make the model nontrivial we will suppose that the 

~th agent's . t i f ti . bl L pr~va e norma on var~a e 
i 

y is also an argument of his 

state dependent utility function 
i 

v • Then if the expected 

utility 
iii 

Ev (a , y , .) may differ from i i ,i .) Ev (a , y , even if the 

predicted probability distribution on X is the same in both cases. 
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It seems reasonable to suppose that an agent's source of informa-

tion is a variable which directly influences his behavior even if he 

ignores its predictive content, For example, a farmer's decision to 

purchase new equipment will be influenced by the size of his recent 

harvests, but in assessing the costs of delaying the purchase, his 

estimate of the future price of farm equipment may be based on a 

published forecast which is too highly aggregated to be sensitive to 

regional harvest size. We now introduce this modification formally, 

8.1 Stochastic Environments: For each i. let voi denote the 

set of utility functions oi 
v Ai x yi x X -+ R, and let V

o n.vui
. = 

1 

For the purpose of this section a stochastic environment is a pair 

( V o) n, n a probability distribution on Y x X 

with finite support. 

8.2 Public Prediction Equilibrium: Given a message process (~, M) 

and a stochastic environment (n, vO) we can define the .th 
1 

expected utility function. For each i and each reduced form 

f: Y -+ M. define wOi(f): Y -+ Ui by 

oi (i i ) (' ) / (' ) Ev a,y,xny,x Eny,x 

{(y'. x): fey') = fey)} {} 

agent's 

for each y € Y and each i i 
a € A . A public 

prediction equilibrium is a reduced form f which satisfies 

(*) fey) 
o 

~Iw (f)(Y)] for each y € Y. 

8.3 Remarks: The definition of expected utility embodies the assumption 

that an agent's private information variable influences his utility 
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directly, but expectations are conditioned only on the publicly 

observable message. The following Proposition states that public 

prediction equilibria generally exist only in the trivial case in 

which ~ is a constant function. 

8.4 Proposition: A message process (~, M) admits a public prediction 

equilibrium for every stochastic environment if and only if ~ is 

constant. 

Proof: Sufficiency is immediate. To prove necessity, suppose that 

(~, M) admits a public prediction equilibrium for every stochastic 

environment and let m, m' € ~(E). We will prove that m = m'. Let 

u, u' € E with ~(u) m and ~ (u') = m'. Let x a' ~ € X and for 

let 
i i yi with i i i 

each i, Ya' Yb € Ya =f Yb' and let y = (y ). and a a l. 

i Define by 1T(y , X ) = 1T(Yb' ~) = 1/2. the y = (Yb) i· 1T Let b 

state dependent 

o 
v (., Y a' ~) = 

By supposition, 

If 

the proof. 

a a 

utility N-tuple 0 0 x ) v satisfy v (., Ya' a 

o 
v (., Yb' 

o 
(1T, v ) 

then 

u, 

u and 

has a public prediction equilibrium f. 

o 0 w (f)(y ) = v (., y , x ) = u a a a and 

Then wO(f)(y) = (1/2)vo (., y , x ) + 
a a a 

u'. Hence f(y) 
a 

m m' f(Yb) which completes 
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8.5 Remarks: An analogous result is obtained in [16] for stochastic 

exchange environments with the competitive allocation mechansim. Each 

agent's private information variable is his endowment, and expectations 

are conditioned on a publicly available statistic. However, the 

statistic is permitted to depend on the endowments as well as on the 

allocations and prices. Theorem of [16] states that a public pre-

diction equilibrium will generally exist only if the statistic can 

essentially be written as a function of the exogenous endowments alone. 

The conclusion of [16] and Proposition 8.4 seems to be that if agents 

rely on public predictions, the general existence of equilibrium 

requires the predictions to be independent of the message process. 

" 
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9. Conclusion 

The theory we have outlined raises several natural questions. 

We have assumed that each agent conditions his expectations on the 

entire message m, which represents all of the endogenous variables 

of the allocation mechanism. In some mechanisms, such as the competitive 

mechansim, the message takes the form 1 N m = (m , m , .•• ,m ) 
o 

and the 

. th '11 . . d t . d b th . 1 agent s a ocat10n 1S e erm1ne y e pa1r i 
(m , m ). 

o 
It would 

be interesting to develop a specialized theory for mechanisms of this 

type subject to the restriction that the ith agent's expectations are 

conditioned on private information and the variables 
i 

(m , m ) 
o 

Results of this nature were obtained in {IS] for the competitive 

alone. 

mechanism. The need for further study of information adjustment processes 

like the one described in section 4 was emphasized in that section. The 

proof in section 5 that rational expectations can be learned raises two 

questions. First, can an analogous result be proved for classical 

environments? Second, what is the class of estimation procedures which 

ensure convergence to an expectations equilibrium? There is also the 

question of whether the results of sections 4 and 5 extend to multi-

period environments such as those studied in sections 6 and 7. It 

is apparent that the results obtained here constitute merely an 

introductory outline of the rich relationship between rational expec-

tations and general allocation theory. 
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