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Abstract 

The relations between the first two moments of multivariate normal 
random variables with some components truncated are found. Simple 
instrumental variable estimators are available. The analysis extends 
results of Amemiya, Sickles and Schmidt. 
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1. Introduction 

Amemiya (1974) extended Tobin's model (1958) to the Multivariate 

Regression and Simultaneous Equations models and a simple instrumental 

variables estimator was proposed. Subsequent works of Sickles and 

Schmidt (1978) and Lee (1976) extended the models to the case where 

only some of the dependent variables are truncated. An application 

of a two equations model is in Sickles, Schmidt and Witte (1979). An 

example of three equations model with only one dependent variable 

truncated is a disequilibrium market model in Goldfeld and Quandt 

(1975) (see Lee (1976». In Sickles and Schmidt (1978), an instrumental 

variable estimator for the two equations model was derived. As pointed 

out in Sickles and Schmidt (1978) it would be desirable to have simple 

i~strumental variables estimators for models with more than two 

equations. To fill the gap for the above literatures, in this article 

we derive such simple estimators. The derivation extends the works 

of Tallis (1961) and Amemiya (1973). 

2. The Model and Results 

Consider the multiple regression model with n multivariate 

normal disturbances, 
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+ t=l, •.• ,T (1) 

nxl nxk kxl nxl 

where is a kxl exogenous variables and E t '" LLd. (0, L). 

The observed vectors of dependent variables Yt are truncated as 

* * if and only if YG+lt > O' ••• 'Ynt > 0; 

Yt is not available, otherwise; 

*' * * * * where Yt = (Ylt'···'YGt ' YG+lt' ••• 'Ynt) 

To derive an instrumental variables estimator for the parameters 

a and L, we will investigate the relationships between the first 

two moments of the truncated distributions of Before we state 

and prove the relations, let us introduce some notations. Let 

all .... . olG alG+l •••• • GIN . . 
· . . . 

· -rr:] aGl ••• •• aGG aGG+l ..... oGn and 

L = 
aG+l 1· • . aG+lG · 
· . LG+ln 

anI •••• • (JnG 
) 

Let f be the joint density of N(O, LG+ln); fq the marginal density 

of the (q-G)th variable of N(O, LG+ln); f(q) the joint conditional 

density of the remaining n-G-l variables of N(O, LG+ln) given that 

the (q-G)th variable of N(O, LG+ln) is equal to -a x' q , f qs 

joint marginal density of the (q-G)th and (s-G)th variables of 

the 

f 
(qs) is the joint conditional density of the remaining 

n-G-2 variables given that the (q-G)th and (s-G)th variables of N(O, LG+ln) 

are equal to -a x q t 
and -a x • 

s t 
Furthermore, let a = -a x qt q t 

and 
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n "" F(q)t = n / f( )(A)dA, 
s=G+l a q 

.J. st s T q 

F = nn /"" f (A)dA 
(qs)t r=G+l a (q,s) 

rt r:fs,q 

* * Denote 81 = {t IYG+lt > 0, ••• , Ynt > O} n {I, ••• ,T}. 

The first and second moments of the truncated distribution can 

be derived as in Tallis (1961): 

= if a, f (a ) F /p q=G+I ~q q qt (q)t t i=G+I, ••• ,n (2) 

i=I, ••• ,G (3) 

+ rn a, [~ (a, -a a a-I)f (a a)F /p] (4) 
q=G+l ~q s=G+l JS qs jq qq qs qt' st (qs)t t 

and 

i,j=G+l, ••• ,n 

-1 = ai,-(a'G+I,···,a, )rG+I (a'G+I,···,a, )' J ~ ~n n J In 

~-l I )' 
~G+l ~a·G+l,·",(j, n J JU 

... , E(£'t£ It e: 81)) , 
J nt 

i,j=l" •• ,G 

i=l, ••• ,G 

j = G+l, .•. ,n 

(5) 

(6) 
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With the first and second moments derived in (2) to (6), one can prove 

the following theorem which generalizes theorem 1 in Amemiya (1974). 

THEOREM: Let the density of e' = (el, ••• ,e
n

) be given by 

where g is the joint density of n-multivariate normal distribution 

N(O, r), 
n 

p = II fa> f (A)dA • Then are constants and 

and 

where 
i' a 

i' i' 
a E(eie) = 1, a E(e) = 0 

is the ith row of -1 r . 

3. Proofs. Denote 

row of r. 

From (2) and (3), it is obvious that 

E(e) = I:G+lJ..l 

s=G+l a 
s 

i=G+l, ••• ,n 

i=l, ••• ,G 

and a' 
i 

the ith 

where Rewrite (4) in the matr:L"{ 

notation, 

-, -1-
- I:G+I D(o h a ) a. n q q qq ~ j=G+I, •.. ,n 

a (n-G) diagonal matrix with diagonal elements in the parentheses 

~vhere q = G+l, ••• ,n; H is a (n-G) square matrix with entries 

q,s = G+l, •.. ,n and h is the 
s (s-G)th column 

(8) 

(9) 

(10) 

(11) 
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of H, s = G+l, ••• ,n. With (11), equations (6) can be rewritten as 

i=l, ••• ,G; 

j=G+l, ••• ,n 

With (11), equation (5) is 

E(EiEj ) = aij + cr~D(aiqaqa~!ht + cr;HOi -

, -' -1-cr.D(a h a )a
i J q q qq 

i,j=l, ••• ,G 

It follows from (11), (12) and (13) that 

-' -1-
LG+lD(a h a )0'. q q qq l. 

It is obvious now that (9) follows from (10) and 

and i' o. Similarly, relations (8) hold a LG+l = 

i' i' 
a E( E. E) - a.a E(E) 

l. l. 

-1 ' -= 1 + (aiaiiaii) (fiF(i)/P) + h.a. -
l. l. 

= 1 

i=l, •• ",n 

(14) 
i' 1 as a ai 

= 

as 

-' -1 
(aih'O'i')O'" -l. l. l.l. 

Q.E.D. 

"ill alt~rnative proof which yill provide a more clear link between 

the above theorem and theorem 1 in Amemiya (1974) can be based on 

1 limiting arguments. Denote 

II am indebted to a reviewer of this journal for this observation. 

(12) 

(13) 

(14) 
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F(q) = 
n 

a> 

II f f() {A)dA 
sal a* q 
s;'q s 

F* (qs) = II f f( )(A)dA, 
r=l a~ q,s 

s,q=l, ••• ,n 

ris,q 

and E* be the expectation operator based on the density function h(E) 

where h(E) = g(E)/P* for * a < E , 
S S 

s=l, ••. ,n; h(E) = 0 otherwise. 

Amemiya (1974) shows that 

i' * i' o E (E.E) = 1 + a~o E*(E) J. J. i=l, ••• ,n (15) 

By letting for i = G+l, ••• ,n and the remaining * a., i=l, ••• ,G J. 

diverge to _a>, it can be shown that (i) p* converges to p, (ii) F(q)' F(qs) 

converge to F(q) and F(qs) respectively (iii) fq(a:) converges to fq(aq) 

for q = G+l, ••• ,n; 0 otherwise, (iv) fqs(a~, a:) converges to fqs(aq , as) for 

q, s = G+l, ••• ,n; 0 otherwise. It follows from (i) - (iv) that 

E*(E) converges to E(E) in (10) and 'E*(EiE) converges to E(EiE) in 

(14) for all i = l, ••• ,n. Hence equations (8) and (9) follow from (15) 

as a~, i = 1, ••• ,G diverge to -a>. J. 

4. A Consistent Instrumental Variables Estimator 

With the relations in (8) and (9), an instrumental variables 

estimation procedure originated in Amemiya (1974) can be extended to 

the model (1). It follows from (8) and (9) that 

where 

z' 
it 

11 
-0 

in i' 
-0 0 a); 

i2 
-0 , ... , 

t E Sl; i == 1, ... , n 

i(i-l) i(i+l) 
-0 , -0 , ••• , 

is the (i, j)th element of -1 
rand . h .th f J.s t e J. row 0 

-1 r . 

The instrumental variables method as suggested in Amemiya (1974) can 

(16) 

then be applied. This instrumental variable procedure is computationally 

simple and consistent. The detail is referred to Amemiya (1974). 
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