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1. Introduction 

The error components regression models have been recognized as 

interesting and useful models to explain cross-sectional differences 

and temporal change in the economics literature. The error components 

regression models with two or three independent error disturbances --

one associated with time, one with cross-sectional unit and a remainder 

have been analyzed in details, see.e.g. Wallace and Hussain [1969], 

• Nerlove [197la, 1971b], Maddala [1971], Hausman [1978] and Mundlak 

[1978]. These models have been generalized lately to allow serially 

correlated disturbances, Lillard [1978], Chamberlain [1978], Revankar 

[1977], Hausman [1978], Mundlak [1978]. The single equation models 

have been studied extensively, however there are only a few studies 

done for the multiple equations case. 

In a most recent article, Avery [1977] introduces a multiple 

equations error components regression model with correlated disturbances 

across equations. Single equation error component procedure can be 

used to estimate the coefficients but it neglects the correlations 

between equations and will not be an efficient procedure (see Zellner's 

argument [1962]). To derive the efficient GLS estimator, Avery suggests 

* Paper presented at the American Statistical Society Meeting, Washington D.C. 
August 1979. A shorter version will appear in the American Statistical 
Association, Proceedings of Business and Economics Section, 1979. 
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a simple algorithm which is based crucially on the spectral decomposi-

tion of the disturbance covariance matrix in Nerlove [197la]. In Nerlove's 

article, the following single equation is considered, 

(1.1) i=l, ••• ,N 

t=l, ••• ,T 

where Eit is composed of three independent random components 

where ui - iid(O, O~), 

0
2 

= 0
2 + 0

2 + 0
2 , u v w 

v
t 

- iid(O, 0;) and - iid (0, 0
2)):/ Wit w 

Let p = 0
2
/0

2 
u 

and 
2 2 

W = 0 /0 • v 
The NT x NT 

variance-covariance matrix of the residual vector E' = (Ell' ••• ' 

E1T,···,EN1 ,···, ENT) is 

(1. 2) 

where INT is an NT x NT identity matrix, iM is an M x 1 vector 

consisting of unity-and ~ is the Kronecker product. Nerlove has 

shown that L has a simple spectral decomposition, 

L = C'AC 

where A is an NT x NT diagonal matrix of eigenvalues A. and C 
~ 

is the corresponding matrix of eigenvectors. There are only four 

l/ The notation u. - iid(O, 0
2) means that {u.} 

and identically distribJted with me~n zero and variante 
are independently 
rl-. 
u 



• 

-3-

distinct eigenvalues in l\. 

Al = 1 - p - w + wN + pT 

A2 = 1 - p - w + wN 

A3 = 1 - p - w + pT 

A = 1 -
4 

p - w 

and the eigenvectors c i are invariant with respect to the value of p 

and w. Avery [1977] analyzes a multiple equations model, 

(1.3) 

where 

j=l, ••• ,J 

i=l, .•• ,N 

t=l, ••• , T 

is composed of three independent 

random errors as in the single equation model; 

u' = 
i 

v' = 
t 

The variance covariance matrix is 

(1. 4) E(e:e:') = 
2 

all Lll ••••••••• 

2 
aJl LJl ••••••••• 
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Avery pointed out that r
jj

, has similar spectral decomposition as in 

Nerlove's single equation model 

= C' A .. ,e 
JJ 

where the matrix is A with p, w replaced by 

respectively and C is the same eigenvectors matrix as in the single 

equation case. Hence (1.4) is 

E(EE') = (IJ ~ C')A*(IJ ~ C) 

where 

A* = 

Avery [1977] further demonstrated that the inverse of A* can be 

derived from four inverses of order J x J.1/ Thus the inverse of 

the large dimensional JNT x JNT matrix E(EE') and hence the 

generalized least squares estimator (GLSE) can be derived in an 

efficient way. 

One can see from the above arguments that the Avery's procedure 

depends curcially on the specific spectral decomposition and the 

orthogonal matrix C. In this paper, we will consider a multiple 

equations error components model with heteroscedasticity disturbance 

Jj If 2 cr •• , 
JJ 

= 0, P
jj

, 
zero. 

1/ See the appendix in 
Judge and Zellner [1970]. 

and w .. , should be conventionally set to 
JJ 

Avery [1977] and also the book by Lee, 
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Wit and derive the efficient GLS estimates. The approach introduced 

does not depend on spectral decomposition of the variance-covariance 

matrix of the residuals.if The heteroscedastic error components model 

is chosen mainly to demonstrate our approach in detail. It is ready 

to be extended to more complicated models such as the N-way classification 

models and nested models with or without interactions in Graybill [1961, 

1976]. 

if The spectral decomposition for the heteroscedasticity model has 
not been derived as the author is aware. 
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2. A Multiple Equation Error Component Model and Mixed Estimation. 

In this section, we will consider the following multiple equation 

error components regression model, 

(2.1) Y
J
. it = cx. + x.itS. + u .. + v. + w .. 

J . J J J l. J t J l.t 
j=l, ••. ,J 

i=l, ••• ,N 

t=l, ••• ,T 

where u, v and ware three independent random errors, 

u~ = 
l. 

v' = 
t 

when i + j or t + S; Xjit is a 1xk vector of exogenous variables. 

The model in (2.1) is a multiple equations error component regression 

model with heteroscedastic disturbance across i. Model (2.1) 

slightly generalizes the model studied in Avery [1977]. 

Let Ei' t = u ~ + v I + w I and 
l. t it 

( 
I , 

Ell' ••• , E1T , ••• , I EN1 , ••• , be the JNT row vector of distur-

bances. The variance-covariance matrix of E is a JNT x JNT matrix, 

(2.2) ® L + 
u 

T w1 + . 
[

I IO-L 

. . 

With general regularity conditions imposed on that model, given n, the 

GLSE estimator is efficient. One of the interesting problems is to find 

an efficient method to derive that estimator. For this model, it might 
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be a difficult task to get the spectral decomposition for n. In 

this paper, we consider an alternative approach. 

To illustrate this approach, let us consider a general model of 

which model (2.1) can be regarded as a special case, 

(2.3) z = WI a + W2 S + ~ 

S = Aa + Tl 

where WI' W2 and A are known matrices; z is a column vector of 

samples; a, a are unknown parameters vectors; S is a vector of 

stochastic coefficients; ~ ~ (0, Cl ) and Tl ~ (0, c2). The matrix 

[WI W2A] is assumed to have full column rank. Equations (2.3) imply 

(2.4) 

The GLSE of (a, a) is derived as a solution to 

(2.5) min (z-Wl a-W2aa), (Cl+W2c2Wi)-1(z-Wla-W2Aa) 
(a, a) 

As an alternative approach, we can consider the following minimization 

problem, 

(2.6) min Q (a, a, S) 
(a, a, S) 

= min (z-Wla-W2S)'C~1(z-Wla-W2S) + (S-Aa)'c;l(S-Aa) 
(a,a,S) 

As shown in the appendix, the estimator of (a, a) derived from (2.6) 

is the GLSE derived from (2.5). In addition, one can also show that 

" the estimate S derived is best linear unbiased predictor. The details 

can be found in appendix 1. 
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3. The GLS Estimator 

Let us now consider the estimation of (2.1). To simplify the 

expression, denote 

a' (a1 , ••. , a J)' s' = ( Si, ••. , S~) , u! = (u
1

., ••• ,u
J

.), 
~ ~ ~ 

v' = 
t 

= (x1it ), Yft = 
•• ·x

Jit 

and 

The quadratic function that will be minimized is 

(3.1) 

The first order conditions are 

(3.2) lQ- -2 N T -1 
(Yit-a-xit S-ui-v t) 0 Li =l Lt=l L = 

da w. 
~ 

0.3) 19.= -2 N T , -1 
0 Li =lLt=l XitLw. (Yit-a-xitS-Ui-Vt) = 

dS 
~ 

(3.4) 
19.= -2 LT L-1 

(Yit-a-xitS-Ui-Vt) 
-1 0 dU. t=l w. +2Lu ui = 

~ ~ 

(3.5) 19.= -2 LN L-1 
(Yu -a-xitS-ui-v t) + 2 

-1 
0 LV Vt = . 

dVt 
i=l w i 

- -
Let (a,S,ui,vt ) be the solution from (3.2) - (3.5). Equations (3.2) 

and (3.5) imply 

(3.6) 

It follows from equations (3.4) and (3.6) 
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Substituting ui into (3.5), one has 

(3.8) 

N -1 - - - --Equations (3.6) and (3.2) imply Ei IE (Y. -a-X. S-ui ) = O. Substituting = w. 1· l' 
1 

u. in (3.7) into this equation, one has 
1 

(3.9) a = 

Substituting - and - into (3.3) , one can solve a, ui vt 

for S· As 

- - -Yit - a - xitS - u -i v t 

- -1 -1 -1 -1 - - -= Y
1
. t - xitS - (E +TE ) TE (Y. -x. S) 

u wi wi 1· 1· 

( ~-1+ N -1 -1 N -1 - - -
+ L. E. IE ) Eo IE (Y. -x. S) 

v J= Wj 1= wi 1· 1-

N -1 -1 -1 -1 -1 - - -Li - 1Ew (r +TE ) E (Y
i 

-x. S), 
- i \J wi u • 1· 

equation (3.3) implies 1/ 

2..1 An identity 

notations. 

the equation 
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(3.10) 

which is the GLSE of ~. The computation of ~ involves only matrices 

of order J and k and hence is computationally simple. 

Let 

XI = [Xl Xl x..1_ Xl] 11· •• 1 T· •• N1··· NT ' 

and 
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Z Z'~ 0:-1 0: -1 +TE-l ) -IE-I) I 
T T wI u wI wI. . 

°z Z'b(E-l(E-l+TE-l)-lE-l ) 
T T wN U wN w

N 

B = 

Equation (3.10) can be rewritten as 

(3.10)' 

The covariance matrix of e is (X'BX)-lX'BQBX(X'BX)-l. This expression 

~an be simplified. It is tedious but straightforward to check that 

where 



e=l 
T 
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and Be = O. Hence BUB = B and the covariance matrix of e is 

(3.11) 

As demonstrated above, this approach is elementary and it has the 

advantage that ~ and e can be separately computed. This is an 

advantage since ~ is the coefficient of variables which are invariant 

over time and cross sections, ~ has different rate of convergence 

as compared with e - the coefficients of variables varied over time 

and different sectional units. 

The derivation above, however, does not explicitly provide the 

inverse matrix of ~. The 'derivation of -1 
~ is relatively complicated 

and is provided in Appendix 2. 



(3.12) 

It is tedious but straightforward to check that the above matrix is 

indeed the inverse of n by multipling it with n.~/ 

£/ The explicit formulae of n- l will be useful in the construction 
of 3SLS in a simultaneous equations model. 
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4. ASymptotic Distribution of GLSE 

Assuming that the exogenous variables are nonrepeated, and other 

regular conditions hold, one can derive the asymptotic distribution 

of the GLSE in (3.10). For related models, see Wallace and Hussain 

[1969], Hsiao [1974]. 

Let 

(4.1) 

one has 

A = 

1 
+ ~2 

T 

1 
T 
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Under general regularity conditions, it can be shown that 

lim 
N-+<x> 
T-+<x> 

X'BX --= 
NT 

vNT (&-13) 

. X'AX 
hm~ 
N-+<x> 
T-+<x> 

and 

has the same limiting distribution as ~ 
x' AX -1 X' AE:. = (-) -

NT vNT 

The random variable ~ has a relatively simple structure; it can be 

7/ easily checked that -

x' AE:. = X' Aw 

Hence IN'T (a-S) has the same limiting distribution as 

which is asymptotically normal X'AX -1 N(O, lim(~) ). It follows that 

IN'T (13-13) converges to N(O, lim(X~~X)-l) in distribution. 

In practice, the variance-covariance matrices E , E and 
u v 

are hardly known and need to be estimated. A simple procedure to estimate 

those parameters is as follows. Consider each single equation j in 

(2.1) which can be reparameterized as 

(4.2) 

* where Xjit = Xjit - x .. - xj • t + x. , 
J~. J •• 

* (xj • t x. 1)13. Vjt = Vjt - vjl + -
J. J 

* u .. = a.. 
J~ J 

+ u .. + 
J~ 

i=l, •••• N 
t=l, •••• T 

(x.. -x. )S . +V . 
J~. J". J J. 

2/ It should be noted that X'BE:. is not equal to X'Bw. 
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* * * Conditional on u .. , i=l, ••. ,N and 
J~ 

V jt ' t=2, ••• ,T (vj1 = 0) 

as fixed parameters, equation (4.2) can be estimated by OL5 ~/ and 

one has 

= Y •• 
JP 

i=l, ••• ,N 

t=2, ••• , T 

The residuals can then be estimated; 

A' ,.. ,., 
Let Wit = (w1it,···,wJit)· One can estimate L as 

wi 

i=l, ••• ,N 

* Define llji = u .. -
J~ 

It follows 

and 

j=l, ••• ,J 

§./ 
The OL5 procedure is easy tobe used for this reparameterized 

* equation since the set or regressors corresponding to u .. , v' t ' S. 
J~ " J J 

are mutually orthogonal. It is in the homoscedastic case S. is the 
J 

same as the covariance estimator or within estimator (see e.g. Lee [1978]). 
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(x .. -x.. ) 13. 
J~. J • J 

it is easily 

seen that 1 N A _ A)2 1 N -
N I Ll ( )J . . )JJ' • = NIL 1 (Y .. 

_ _ _ A 2 
Y. - (x.. -x. )l3. ) 

- ~= J~ - ~= J~. 

Hence ~ can be estimated as 
u 

J.. J~. J". J 

I 1 IN (Y _ Y 
u = N-l i=l i· - (x - x )13)(Y -Y -(x. -x )13)' i- .. i··· l.e •• 

Similarly, I can be estimated as 
v 

~ = -1- IT (Y - Y -(x -x )S)(Y- -y -(x -x )S)' v T-l t= 1 . t • • • t • • • t • • • t •• 

As both Nand T go to infinity, all the estimates ~ 
v 

will be consistent and two step GLSE of 13 can be constructed with the 

estimated variance-covariance matrices I ,I and 
wi u 

for ~ . 
v 

~ substituted 
v 
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5. Generalization and Remarks 

The techniques above can be easily applied to other complicated 

error components models such as the N-way classification error com-

ponents model with or without interactions, Nested components of 

variance model as specified in Graybill [1961, 1976]. In Graybill, 

only single equation models are specified. Multiple equations models 

can be specified. Briefly, we will specify one of those models. 

A multiple equations N-way cross-classification error components 

model without interaction can be specified as 

(5.1) Y •• 1.J ••• s = a + x. . e + 0.1.' + v
J
' + ... + Z; + £.. 1.J ••• s S 1.J ••• s 

i=l, ••• ,I 

j=l, ••• ,J 

s=l, ••• ,S 

where x.. is a J x KJ exogenous variables matrix, e is a 
1.J ••• s 

KJ column vector and the others are J column vectors; all the errors 

components are mutually independent, a. - iid(O, L ), •• , £i' - iid(O, L ) 1. a J ... s £ 

etc. 

The quadratic function which will be minimized is 

I J S 
Q = Li=lL. l···L l(Y" - a - x' j e - ai -J = s= 1.J .•• S 1. ••• s 

(Y • • - a - x.. e - a i - ... - Z; ) 1.J • • • S 1.J ••• s s 

I ,-1 + L. la.L a. + 1.= 1. a 1. 
S -1 

+ L Z;;'L Z; 
s=l s Z; s 

. .. -

I J S 
Assuming L. lL. l···L 1 x.. = 0, the GLS estimators of a, S 1.= J = s= 1.J .•• s 

conditional on r etc. are 
a 
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a = Y ••• 1 I J S 
= ~I~J-=--=SE. 1E. 1'" E 1Y" • • • 1.= J= s= 1.J ..• s 

-1-
J .•• SEe:: x. 

1. ••• 

S -, 
E 1IJ ... Rx s= 

I J S, -1 

I - -1 -1 -1 -1 E._1x! J ••• SE (E +J ••• SE ) 
1.- 1.... e:: a e:: 

-1 -1 -1 -1 -1- -1 E (E + IJ .•. RE ) IJ .•. RE x ] 
• •• 8 E Z; E€: ••• S 

I -, -1 -1 -1 -1 
[Ei . E. 1'" E 1x .. E -Y .. =J J= s= 1.J ••• s s: 1.J •.• s E. 1x. J ... SE (E +J ... SE ) 1.= 1... • e:: a e:: 

S -, -1 -1 -1 -1 ",-1__] 
L 1x IJ ... RE (E +IJ .•. RE ) IJ ... R ~ -y s= ••• s e: Z; e:: e:: •• s 

Multiple equations N-way cross-classification error components model 

with interaction and nested components models can similarly be specified. 

Finally, it should be pointed out that the multiple equations error 

components models considered in the econometrics literature and in this 

paper assume that there were no serial correlations in the time effects 

component and the remainder This assumption is a simplified 

assumption for econometric model. Much research effort is needed to 

analyze those models. 
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Appendix 1: Mixed Estimator and GLS Estimator 

In this appendix, we will point out the statistical properties 

of the estimators derived from (A.l) conditional on Cl and C2 ' 

-
(A.l) Qm(a,6,S) 

= nUn (z-W a-W S)'C-l(z-W a-W S) + (S-A6)'C;1(S-A6) 
(a, 6, S) 1 2 1 1 2 

and compare them with the GLSE derived from (A.2), 

(A.2) 

The first order conditions for (A.l) are 

(A.3) 

(A.4) 
1 aQm , -1 - - -
- - = -W C (z-W a-W S) + C-l (S-A6) = 0 2 as 2 1 1 2 2 

(A.5) 
1 aQm 1 - -
"2 as = -A 'C; (S-A6) = 0 

From (A.4), 

With (A.6), (A.5) implies 

(A. 7) 

and (A.3) implies 
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Equations (A.7) and (A.8) form a system of equations, 

= 

The GLS estimator derived from (A.2) is 

As the following identity relations hold: 

-1 -1 -1_ -1 I -L_ -1 -1 
(C 1+W2C2Wi) = Cl -C1-W2 (C2 +W2C1-W2) WiC1 

-1 -1 -L_ -1 -1 -1 I -1 
C2 -C2 (WiCl-W2+C2) C2 = wi(C1+W2C2W2) W2 

C~~2 (WiC~~2+c;1) -lSI = (S. + W2 SW2 ') -~2 ' 

they imply i.e., the mixed estimators a, 6 are exactly 

the GLSE. 

The estimator e in (A.6) has also optimal statistical property. 

e in (A.6) can be rewritten as 

(A. 11) 
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which is a mimimum variance unbiased predictor of B -- in the sense 

that for any linear predictor B* = Ay with E(B*-B) = 0, 

E(B*-B) (B*-B)' - E(B-B) (B-B) is nonnegative definite. This above 

procedure is similar to a procedure considered in Henderson [1971]. 

The best linear unbiased property of ~ was pointed out in Henderson 

[1975], Harville [1976), and Lee and Griffith [1979]. More discussions 

on this procedure and its relations to maximum likelihood and Bayesian 

inference can also be found in Lee and Griffith [1979]. 
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Appendix 2. The Inverse Matrix of Q 

In this appendix, we consider briefly the derivation of 
-1 

Q --

the inverse of matrix of Q in (2.2). 

Let A be an NXN block diagonal matrix with diagonal TXT submatrix 

A. = IT \01 r + R,TR,~ Ii9 ru J. wi 

Since 
k. k. 

Ai = IT ~ r + (R,T \01 r 2) (R, , \01 r 2) it follows 
w. u T u ' 

J. 

(B.1) 

I ® 
-1 R, R,' 101 (r-1r~(I +Tr~r-1r~)-lr~r-1) = r -T w. T T wi u J u w. u u w. 

J. J. J. 

IT ® 
-1 R, R,' «s) (E-1 (E-1+Tr-1)-lr -1) = r -
wi T T wi u wi wi 

k. k. 0 

As Q = A +(R,N IQi IT iQ) r 2) (R,' \01 I ~ r 2) 
v N T v ' 

(B.2) 

Let It follows from (B.1) that 

It follows 
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(B.3) 

T(r~(r~_ r -l)r~+I )-1]-1 (i' ~(r~(rN r-1)r~ + I )-1) 
v 1.-1 wi v J. T v i=l wi v J 

= I ~(r~(r~ r-1)r~+I )-1 + i i' ~ r~~' 
T v 1.=1 w. v J T T v 1. 

The inverse n-1 in (3.12) follows from (B.1), (B.2) and (B.3) after 

tedious arrangements of the terms in (B.2). 

• 
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