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EFFICIENT ESTIMATION OF DYNAMIC ERROR COMPONENTS MODELS 

1. Introduction 

WITH PANEL DATA 

* Lung-Fei Lee 

In Balestra and Nerlove [1966], error components models are 

introduced as useful models for pooling cross sections of time series 

data. Error components regression models have subsequently been 

analyzed in Wallace and Hussain [1969], Maddala [1971], Nerlove [1971] 

among others. Dynamic error components models have also been intro-

duced in Balestra and Nerlove [1967]. Difficulties in estimating the 

dynamic error components models were pointed out in Balestra and 

Nerlove [1967], Nerlove [1971] and Trognon [1978]. For dynamic models 

with exogenous variables, the instrumental variables approach was 

introduced in Balestra and Nerlove. In time series models without 

exogenous variables, conditional maximum likelihood procedures are 

suggested. However, these procedures are far from satisfactory. 

The instrumental variables estimates are consistent but not efficient. 

For panel data with large units of cross sections but short time 

periods, conditional maximum likelihood procedures are inconsistent. 

In ~his article, we will consider efficient estimation of the 

dynamic error components model with and without exogenous variables. 

* This research is supported by Grant SOC-78-07304 from the 
National Science Foundation. 



We consider panel data with a large number of cross-sectional units 

but short time periods; specifically, the number of time periods T 

are assumed to be fixed and greater than three. 
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Z. AR(l) process and error components model - Conditional and 

Unconditional MLE. 

The following first order stationary autoregressive process with 

the error components structure, as introduced in Balestra and Nerlove 

[1967], can be regarded as the simplest dynamic model, 

(Z.l) Y it = PY it-l + e:it i=l, ••• ,N I pi < 1 

= PY- t 1 + u. + Wet 
~ - ~ ~ 

t=l, ••• , T 

where u. ~ iid N(O, i), 
~ u 

~ iid N(O, i) Wit w and E(u.w. t ) = 0 
~ J 

for all i, j and t. The error components structure introduced in 

this model allows for heterogeneity in the different units i. 

Balestra and Nerlove considered a generalized least squares 

estimation procedure (GLS) applied to (Z.l) with the as initial 

values. This procedure is a conditional maximum likelihood procedure 

conditional on Yil. It is well known in the time series literature 

(see e.g. Pierce [1971]), that as T goes to infinity, conditional 

maximum likelihood estimates (MLE) are consistent and asymptotically 

efficient. However this will not hold for our model (Z.l) as T is 

fixed and the , 
YU s are generated by the same stochastic process. 

The inconsistency of the conditional MLE is shown as follows: 

(Z. Z) 

Z Without loss of generality, assume that a 
u 

is 

where Tl = T-l, 

Z 
a 

u 
c = ---::'Z""--Z::::" , is a 

TIa + a u w 

and a z kn are own. 
w 

identity matrix 
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and ~T is a Tl x 1 vector with unit components. Denote 
1 

2 1 N -, -
TIc NLi IX. c. ) = ~.~. 

where 1 T and 1 T the sample means of x. = T
l

Lt=2Xit e: • = T Lt =2 Cit are 
~. ~. 

1 

and respectively. If consistent, 1 N , and Cit PG 
were N Li=lXitCit 

1 N -, 
N Li=lxi,ci , would converge to zero in probability. Since 

where L, LWit = Wit-I' is the left shift operator. Then by the law 

of large numbers, 

1 N -, -
plim N Li IX. c. 
N~ =~. ~. 

2 
. 1 ~ u i 1 

= pIl.m N Li=l 1- + plim N 
N~ P N~ 

• (~l L~=2Wit) 

2 

2 
(j 1 
=~+

l-p T 
1 

xit 



where 
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t 1 T-s 
p = T (l_p)(l-p ). 

1 
Since 

1 T-l 
- ~ p T s=2 s = 

1 

Hence 

Evidently, 

It follows that 

which is positive. 

2 
a (T -l-T p 

w 1 1 

2 2 Tl 
a a (l-p ) = ~u~w~~ __ ~ __ ~_ 

(1 ) 2( 2 n 2 ) 
-p Tl au + "w 

Since !.=lX!(IT - cL L')x. > 0, PG > P i.e., the 
~ ~ 1 "Tl"Tl ~ 

conditional MLE is biased upward. The inconsistency of the conditional 

maximum likelihood procedure points out the impo~tance of the initial values 

1 
in estimating models with short time panel data. 

1 
The inconsistency of the conditional MLE has been pointed out in Chamberlain [1978] 

for T = 2. For discrete panel data, similar problems also occur; see Chamberlain 
[1978] and Heckman [1979]. 
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In contrast to the conditional MLE approach, the unconditional 

MLE is consistent, asymptotic normal and efficient if the sample Yi 

(T multivariate random variables) i=l, ••• ,N are i.i.d. (see Rao [1973]) 

and if the model is identifiable. Evidently this model is identifiable 

only if T ~ 3; consequently, the appropriate method of estimation is 

the unconditional MLE applied to (2.1). Equation (2.1) implies 

(2.1)' 

* u. 

u. w. 
= --2 + 2.L 

Yit l-p l-pL 

* * =u.+w"t 
1. 1. 

2 
° * * where u

i 
= --! IV N(O l-p , 

u ) 
2 

(l-p) 
and w = 

it pWit- l + Wit is an AR(l) 

2 2 
2 ° 2 ° * u W process. Let °u* = 0w* = be the variances of u. 2 

, 
(1_p2) 1. (l-p) 

* 2 , 2 
and Wit respectively, and let n = °u* tTtT + 0w*V be the variance 

matrix of y. where 
1. 

1 

V= p 

T-l p 

T-l p ••••• p 

1 

. . . 1 

The log likelihood function is 

(2.3) 

This exact likelihood function is relatively more complicated than the 

conditional one; however, a simple 'algorithm exists for the derivation 

of the unconditional MLE. To estimate (2.3), it is convenient to 

reparameterize the model. 2 2 2 
Let oR = 0u*/ow* be ratio of the two 
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variances. As 

and 

the log likelihood function (2.3) becomes 

(2.3)' 22 NT NT 2 Nil NI L(p, crw*' crR) = - :2 in(2rr) - 2: in crw* - Z in V - ztn 1 

NT NT 2 N = - :2 in (2rr) - :2 R.ncrw* - ZR.n I V I -

Denote The MLE of can be derived by 

solving the first order conditions. The first order conditions 

aL 
= 0 and aL -= 

acp o imply respectively the following relationships, 
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The estimates 2 
0w* and $ can be solved explicitly from (2.4) and (2.5) 

in terms of p as 

(2.6) 

and 

Substituting equations (2.6) and (2.7) into (2.3)', we have the following 

concentrated likelihood function 

where k = - ~ i.n(2II) + ~ in(T-l)N - ~ in(T-l) - ~ 

As (l-p)Ty- . 
~. 

and 
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(2.8)' L(P) 

N(T-l) T-(T-2)p 
2 in[ l+p 

N 2 
Li=l(Yil + 

T 2 
Lt =2 (y it -Y it-I) 

2 ) 
(l-p ) 

Thus the MLE p is formed by searching for the maximum value of L(p) 

on (-1, 1). One can divide the admissible range (-1, 1) by M equidistant 

points Pi' i==l, ••• ,M. For each p., 
l. 

and choose as 

the estimator of p, say p, that maximizes L(p.). For a given finite 
l. 

sample, there is a necessary condition for the existence of the ML esti

"2 "'2 mates 0w*' OR and p. This condition follows from equation (2.7). 

Equation (2.7) implies 

(2.9) 

2 where d = which 

is positive with probability one since 

by the Schwartz inequality. 

some PE(-l, 1) where 

(2.10) 

The necessary condition is g (p) > 0 for 
n 
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If this condition is not satisfied, a positive estimate of 

not exist. Thus for a given sample, one needs to search for the maximum 

value of L(p) over the region {p e (-1, 1) IgN(p) > O}. It is easy 

to check that by the strong law of large numbers, plim gN(P) > 0 for 
N+<x> 

all pe(-l,l) when T > 1. Once the MLE p is determined, the MLE 

of 
"'2 "2 
crR and crw* follow from (2.9) and (2.6). Under the assumption 

ha h e ( 2 2 )' t t t e true parameter = crw*' crR, P is an interior point of the 

parameter space 0 ~ R3 which is compact, the MLE e is consistent, 

asymptotic normal and asymptotic efficient (see Rao [1973], Jennrich [1969]). 

As shown in Magnus [1978], 

in distribution, where 

(2.11) 

Since 

the expressions of elements of ~e can be s'implified as 

(2.12) 

(2.13) 

(2.14 ) 
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(2.15) 

(2.16) 

(2.17) 

-1 
(1 ' ~ )2 

+ T cp T 

(L + R- 'V-1R- ) 2 
02 T T 

R 
where R-T'DR-T = -2(T-l) + 2(T-2)p. The detail derivations of the above 

expressions are straightforward but tedious and are omitted here. 

Since there is a one-one correspondence between 

2 2 2 2 
(ow' 0u' p), the MLE of (ow' 0u' p) can be derived as 

(2.18) 

(2.19) 

By a Taylor expansion, one can show that 

"2 2 0 Ow w 

vi 
2 2 ~ N(O, 2P~;~') ° ° u u 

p p 

[ 1_
p

2 
0 

2 -20 p 
w* 

2 2 2 2 2 2 
where P = (1-P: oR (l-p) 0w* -2(1-p)0 ° w* R 

0 1 
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3. Dynamic Models with Time Invariant Exogenous Variables 

In many econometric models, exogenous variables are presented. 

In this section, we consider the following dynamic model as in (2.1) 

with the inclusion of exogenous variables: 

(3.1) Yit = PYit-l + xitS + ui + Wit i=l, ••• ,N 
t=l, ••• ,T 

where is a lxk vector of stochastic exogenous variables, 

are independent and identically distributed across different units i 

and xit ' ui and wis are mutually independent. Other assumptions are 

specified in (2.1). For this model, the initial values as well as 

past values of the exogenous variables x iO ' xi _l ' etc. have to be taken 

into account in deriving the exact likelihood function. Whether one can 

easily handle this initial value problem depends on the nature of the set 

of exogenous variables. In this section, we consider the case of the 

Xit being time invariant. For example, in household survey data, 

variables such as race, sex and family background variables will not 

change over time. The time variant exogenous variables case is considered 

in the next section. 

Consider the case for all t. Equation (3.1) is 

(3.2) i=l, ••• ,N Ipl<l 
t=l, ••• ,T 

To derive the likelihood unconditional on YiO' one notes that (3.2) can 

be rewritten as 

(3.2)' 
xiS ui Wit 

Y =--+--+-it l-p l-p l-pL 

= X a* + u * + w * i~ i it 



where S* = S/(l-p), 
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u* = u /(l-p) 
i i 

This 

equation is analogous to (2.1)' with the addition of exogenous variables. 

The log likelihood function is 

(3.3) 
2 2 

L(p, cru*' crw*' S*) 

+ 1+crR2~'V-10T)-1 ~ 'V-10 0 'V-1 /(0 'V-10 )] T N Li=lYi NT NT Yi NT NT 

where the notation ~, V etc., is the same as defined in the previous 

section. From the first order conditions, aL/acr;* = ° and aL/as* = 0, 

we can solve for S* in terms of 2 
crR and p. 

(3.5) 
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Hence conditional on p and 2 
oR' the maximum likelihood estimates 

and can be derived from (3.5) and (3.4). 

Substituting into (3.3), we have the con-

centrated likelihood function The maximum likelihood estimates 

are derived by searching for the maximum value of on the 

parameters s ace (-1, 1) x (0, =). For certain search procedures, it 

is convenient to have a bounded parameter space. For this model, one 

can reparameterize 2 
oR into A = 2 ,-1 -1 

(1 + 0RiT V iT) • Since there is 

a one-one correspondence between 2 (p, oR) and (p, A), maximum likelihood 

estimates can be found by searching on the parameter space (p, A) £ (-1,1) 

x(O, 1). Equations (3.4) and (3.5) can be rewritten as 

(3.5)' 

and the concentrated likelihood function becomes 

(3.6) 
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NT where c = - -Z(tn(2IT) + 1). Let (p, A) be the maximum likelihood 

estimates of (p ,A) • The maximum likelihood estimate of 

be calculated as 

(3.7) 
A2 
CJ = 

R 

Let a' = (13*', 2 
~, p) and a be the maximum likelihood estimates 

of a. Under the regularity condition that the true parameter vector 

a is an interior point of the compact parameter space, the density 

function of Xi satisfies the regularity conditions in Rao [1973] and 

Plim; ~=l(ITexi)n-l(ITQxir) = r exists and is a positive definite 
N-+<x> 
matrix, 

A 

a is 

D r-l 

1N(9 - a) + N(O, [ 
o 

where (....) = tr (f"'I -1..alL -1 ML), i . 2 4 Si * 1 (1 ) '*' a ij U aa. aa. ' J = ,... nce t3 = t3 -p, 
l.. J 

the maximum likelihood estimate of t3 is 

(3.7) 
A A* 

t3 = (l-p)t3 • 

It can be easily shown by the Taylor series expansion that 

2 Similarly, we can derive the maximum likelihood estimates of CJ u 

CJ 2• Since CJ2* = CJ
2/(1-p2), 2 2/ (1)2 d 2 2/2 w w W O'u* = O'u -p an CJ R = CJ u* CJw*' 

maximum likelihood estimates are 

(3.8) 

and 

the 
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(3.9) 

and 

AO alternative estimation procedure which is computationally 

simpler and provides asymptotic efficient estimates is as follows. 

Let Similar to the 

derivation in the last section, conditional on p and 8*, the MLE of 

and ~ from maximizing the log likelihood function in (3.3) are 

(3.10) 

(3.11) 

It follows that the concentrated likelihood function is L(p, 8*) which 

has the same expression in (2.8) except that Yi should be replaced by 

£i' The estimation procedure consists of three steps: 

Step l. Estimate equation (3.2) by ordinary least squares (OLS) , 

#0* l: -1 11. = (T i-l xixi ) 
l: T , 
i=l Lt=l xiY it 

* SteE 2. Estimate p by PL which maximizes L(p, ~) along (-1, 1). 

This can be done by dividing the admissible range (-1, 1) by M points 
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i=l, ••• ,M and choose the point such that 

j=l, ••• ,M. Estimate and cP by and 

Step 3. Estimate S* by generalized least squares (GLS) 

where "'2 (J = 
R 

Evidently, the estimates derived in the first two steps are consistent. 

It follows that "* 
i3G is asymptotically efficient (see Zellner [1962]) • 

... " "" AI A* "2 ... ...* 
It remains to show that the estimate e = (PL' </I (PL' SL)' (Jw*(PL' i3L» L 

'" 2 is asymptotic efficient. Let eM be MLE of (p, cp, (Jw*)' It is enough 

'" 
IN(SM - e) to show that IN(eL - e) and have the same limiting distri-

"'* '" ... * 
but ion. Since conditional on i3G, eL maximizes L(e, SL)' by Taylor 

expansion 
'" ... * 

0 
aL(e t , SL) 

= 
ae 

... * 2 "'* aL(e, SL) a L (e+, SL) (6 - e) = + 
aeae' ae 

* 2 * 2 ... * 
aL(e, i3L) a L(e, S+) "'* * a L(e+, SL) '" = + (i3L - S ) + (eL - e) ae aeae' aeae' 

where e+ lies between eG and the true parameter e; lies between 

... * * SL and a· It follows 
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(3.12) M('" ) D [1:. a2L(e,8*) ]-1(2. aLee, D+ 
YJ.~ eL-e =-

N aeae' y1r as 

"'* * '&(Sr, - s ) 

D where = means that both sides have the same asymptotic distribution. 

Similarly we have 

(3.13) 
2 * * 2 * vN (9 - e) 12 _ [1:. a L(e,e )J-l( 1:. aLee, e ) + 1:. a L(e, e) 

M N ae ae ' & ae N ae a e* 

D 
= -

2 * 
The second equalities hold in (3.12) and (3.13) since Plim; a L~~~e~ ) = 0 

N-+<>o 

"* * A and & (e.r., - S) has a limiting distribution. Hence &(eL - e) has 
A 

the same limiting distribution as &(eM - e) and is asymptotic efficient. 



-19-

4. Dynamic Model with Time Variant Exogenous Variables 

When the exogenous variables change over time and one does not 

know the past history of these variables, the initial value problem 

arises. In this section, we assume that the xit are stationary 

multivariate normal process with zero mean and provide an approach. 

The model (3.1) implies 

(4.1) 

t > 2 

* where xiO = xiO/(l-pL). Under the assumption that Xit are normal, 

* x
iO 

is normal; consequently it can be decomposed into two independent 

components: 

(4.2) 

where is normal and independent of The '7I't are 

functions of the variances of xiI, ••• ,xiT and covariances of x io ' 

xil' ••• ,xiT• With the relation in (4.2), equations (4.1) can be rewritten 

as 

(4.1)' 

t > 2 

* where w
il

,.. viSP + wiI/(l-pL) and at = 1I't a. Obviously, for a single 

time series, there are too many parameters to be identified; however, it 

is easy to see that the parameters 

identifiable for panel data with large units of cross sections (at least 
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N ~ T). The parameters TIt' 0
2 will not be identified unless a more 
v 

specific structure is imposed on the process {xit }; for example, if 

{xit } is specified as an ARMA process with appropriate finite orders. 

The TXT variance matrix n for each unit i is 

(4.3) 
2 n = (1 
u 

1 1 [ 2 

--- 0 
l-p * 
~ [l:P 1. •• 1] + 

The inverse matrix and its determinant are 

l 

1 
2 

(1 
w 

1 
2 

(1 
w 

2 
o w 

Let a' = (p, e', a, al""'~' ~, 0;, 0;) and 

The log likelihood function of y conditional on X is 

1 
2 

0* (l-p) 

1 

2 
(1 

w 

1 
"2 
(1 

w 
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(4.4) 
NT N 2 

L(e) = - 2' Rn2rr - 2" Rno* N(T-l) Rno2 _ N Rni 
2 w 2 u 

explicitly, 

(4.4) , 

a. - ---l-p 

The MLE can then be derived by maximizing (4.4). For this model, initial 

consistent estimates can be derived for use as starting values for the 

iteration algorithm. 

To derive a consistent estimate of (a., p, s), we follow the suggestion 

of Balestra and Nerlove [1967] and Nerlove [1971]. Using x
it

-
l 

as an 

" instrument for we can estimate a., p and S as 

[~l N 

L [~it-11 [~it-11 (4.5) = [ i£l (1 -1 N T 
xit- l xit )] L i=lL t=2 Yit 

xit Xit 

Since 1 N T ~it-1) (1 xit ) plim N Li =lLt =2 xit_1 exists and is positive 
N-+<x> 

xit 
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" " definite, the estimate (a, p, 8) is consistent. Substituting the 

estimates a, p, 8 into the following equation 

ex - ---l-p i=l, •.. ,N 

the parameters (al' ••• '~) can be estimated by OLS, 

(4.6) tl = 

ex - ---
" l-p 

The variance = c:?- / (l-p) + ii 
u * can be estimated as 

(4.7) 
"2 1 _N a .. ... 2 
o = -- 2.-' (y - l_pA - x{18 - p (x{lal + .•.. + xiTaT)) El N-T i=l il • • 

The variances and 0
2 can be estimated in a manner similar to the 
w 

analysis of variance in Graybill [1961, 1976] and Wallace and Hussain 

[1971] : 

(4.8) 

(4.9) 

It follows that 

(4.10) 

2 
0* can be estimated as 

"2 " o /(l-p) 
u 

"2 
o 

w 
T 

The consistency of all these estimates can be easily shown and is 

omitted. 
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With these consistent estimates, simpler two steps maximum likelihood 

estimates (2SMLE) can be derived. Let e be the consistent estimates of 

8 as derived above. The 2SMLE is 

As shown in Zacks [1971], eM is consistent, asymptotically normal and 

asymptotically efficient: 

where ~ = plim [- 1 a
2
L(e)]-1 which can be consistently estimated by 

N aeae' 

Finally, if the vector of exogenous vectors xit ' for each i, can 

be represented as a finite order ARMA (p, q) process; such that, the 

number of distinct parameters, p + q + 1, is less than T, the '1ft 

in (4.2) will be a function of those p + q + 1 basic parameters w 

and are identifiable. In this case, one can improve the estimates by 

maximizing the joint likelihood function. 

(4.11) 

where L(e) is in (4.4) and L(wlxil, ••• ,xiT) is the log likelihood 

of xi = (xil'···,xiT)· 
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5. The Likelihood Function of Multivariate Time Series Error Components 

Model 

In the previous sections, we have considered only single equation 

models. In this section, we consider dynamic multiple equation error 

components models. 

The model we will consider is specified as follows: 

(5.1) = ~ + e x. + u. + i=l, ••• ,N Yit Yit-l ~ ~ Wit 
t=l, ••. ,T (T ~ 4) 

mxl mxm mxl mxk kxl mxl mxl 

Wit = a it - e a it- l 

mxl mxl mXm mxl 

where a it - i.i.d. N(O, E), and are 

indepedent and the xi are time invariant exogenous variables. We 

assume further that the Yit are stationary for each unit i and the 

identification conditions for multiple ARMA processes given in Hannan 

[1969] are satisfied so as to eliminate redundant parameters in this 

model. ' 

The multiple time series model in panel data has been considered 

in Anderson [1978]. Anderson's models do not have the error components 

structure; consequently heterogeneity across units are excluded. 

Anderson considered conditional ML estimation procedures. As we have 

pointed out in previous sections, for panel data with short time periods, 

conditional maximum likelihood estimates are inconsistent. To have 

efficient estimates, the exact likelihood function is needed. For 

single time series ARMA(p, q) processes the exact likelihood function 

has been derived in Newbold [1974] and Dent [1977]. Newbold's procedure 

generalizes the backward forecasting procedure of Box and Jenkins [1970] 
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and has been extended to derive the exact likelihood function for 

multiple ARMA processes by Nicholls and Hall [1978]. 

To derive efficient estimates for model (5.1), we have to derive 

the exact likelihood function which takes into account the error 

components structure and the presence of exogenous variables. The 

derivation proceeds in two steps. First, we will derive the likelihood 

conditional on the u.'s as fixed 
~ 

parameters. The derivation parallels the procedure in Newbold, Nicholls 

and Hall. For each unit i, let Yi = (Yil',···,yiT ')', a i = (ail;'·'·' 

, ) , 
a iT ' a~ = 

~ 

I 
m 

H = -~ 
TmxTm 

and G = 
Tmx2m 

o 

o o 

o 0 

(5.2) 

Since 

I 
m 

Equation (5.2) implies 

o 

. -~ I 
m 

I 
m 

F = -9 •• 
TmxTm 

-9 I 
m 

The equation (5.1) implies that 
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(5.2)' Hy. = P(Bx. + u.) + Fa. + G(a~ - 11~) 
~ ~ ~ ~ ~ ~ 

where P = I m = I 
m 

Tmxm 

I 
m I m 

Let T and R be 2mx2m, mXm nonsingular matrices such that 

TVT' = I 2m' RrR' = I 
m 

where V = E«a~ - l1*i)(a~ - l1*i) , lu.) is the conditional variance of 
~ ~ ~ 

It follows from (5.2)' that 

where e~ = T(a~-"~). Let ,,= [~9R)F-~]' 

C = [:T.r.R)F-~] and A = [ :~OR)F-1GT-l] 
Since E(eiei'lui ) III I and the jacobian is I (ITeR)F-lHI = IRIT = 1r.:-·T/2 

the joint likelihood function of ( *, e. , 
~ 

Let ;~ = -(A'A)-lA'(~y. - CBx
i 

- Cu~). 
. ~ ~ ... 

y') , 
i 

is 

It follows that 
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= (~y.-CBX.-Cu.+A~~)'(~y.-CBx.-cui+Ae~) + (e*i-e*i)'A'A(e*i-;*l..) l. l. l. l. l. l. l. 

and 

-km _T _!. 
* 2 I I 21 I 2 I A* L(y lu ) = (2~) ~ A'A exp{- _(my -CBx -Cu +Ae )' • i' ei i " l..o H H 2 r iii H i 

the density function of Yi conditional on ui is 

(5.4) 
- km 

= (2p) 2 lEI 

(1-A(A'A)-IA')(~y.-CBxi-CU.)} l. l. 

The likelihood function can be simplified slightly. Let 

M = [MIl ~21 = 1-A(A' A)-IA • 
M21 M22 

It follows 

As A'A = I +T,-IG'F,-I(1 SE-I)F-IGT-I 
2m T 

Hence 

M = I - (I SR)F-IGT-I(1+T,-IG'F,-I(1 SE-I)F-IGT-I)-Lr,-IG'F,-I(1 ~R') 
22 Tm T T T 

= (1T~R)Q(1~R') 
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where 

With equation (4.5), we have 

(5.6) 

where ~i is independent with u i ' ~i ~ N(O, L~) and 

(5.7) 

Hence, it follows 

(5.8) 

(5.9) 1: = var (y.) 
y ~ 

= H-l p1: P'H,-l + 1: 
u ~ 

The inverse matrix and the determinant of 

The determinant of 1:~ can be recovered from (5.4) which is 
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The exact likelihood function for the whole sample Yl' ••• 'YN is 

(5.10) L(y) 

1 ~ -1, -1 -L 
• exp{- -2 L.- l(Yi - H -PBx.) L (y. - H -PBxi )} 

~= ~ Y ~ 

It should be noted that 

-1 
H = 

which implies 

I m 

~. I 
m 

. . 
T-l •• • 

~ ••• ~ 1m 

-1 
F = 

I 
m 

e . . . I 
m 

T-l • e •• e I 
m 

Finally let us consider the variance matrix V of Let 

be the variance of conditional on 

v - [~ ~J 
Qo can be derived as follows. Let 

t. 

(I -
-1 

Gait_I) Vit = qiL) (ait -m 

Q : o 



It follows 

a~d hence 
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no = ~n ~' + L + SEe' - eE~' - ~Ee' o . 

vecno = (~@~)vecnO + vec(E + S~S' - sr~' - ~ES') 

= (I ~I - ~8~)-lvec(E + SES' - sr~' - ~Le') 
m m 

which provides an expression for nO in terms of the basic parameters. 

Efficient Estimation can then be derived by maximizing the log 

likelihood function in (5.10). 
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6. Summary 

In this article, we have considered unconditional maximum likelihood 

estimates of dynamic error components models for panel data with large 

units of cross sections but short time periods. We have considered 

models with or without exogenous variables. For the univariate first 

order autoregressive error components time series model, unconditional 

maximum likelihood estimates can be derived from procedures which involve 

maximization of the concentrated likelihood function with a single 

parameter in a bounded interval. For models with time invariant exogenous 

variables, one needs to maximize the concentrated likelihood function 

with regard to only two parameters in a bounded interval. Alternative 

simpler procedures are also introduced. Asymptotic properties are 

derived for those models. For dynamic models with time variant exogenous 

variables, one has an initial values problem for the processes generating 

the exogenous variables. For the case that the exogenous variables' 

processes are stationary and normal, we were able to solve this problem 

and derived the exact likelihood function. Simple initial consistent 

estimates can be derived for this model. With these consistent estimates, 

two step maximum likelihood estimates which are computationally simple 

and asymptotically efficient were derived. Finally, we introduced a 

general multiple ARMA dynamic model with error components structure. 

The exact likelihood function was derived. 
'K) 
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