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I. Introduction 

In the past decade a great deal of attention has been devoted to 

variable parameter models and to models which combine the use of time 

series and cross section data. Balestra and Nerlove (1966), Cooley 

and Prescott (1976), Hildreth and Houck (1968), Hsiao (1975), Lindley 

and Smith (1972), Maddala (1971), Swamy (1970, 1971) and Wallace and 

Hussain (1969), among others, have studied such models. However, most 

of these studies have tended to concentrate on either estimation of 

the underlying constant parameters, e.g., Hsiao (1975), or estimation 

(prediction) of the random components, e.g., Lindley and Smith (1972). 

There have been a few exceptions, e.g., Swamy (1971). Also, the lack 

of a sampling theory approach which can handle joint estimation of both 

constant and random parameters has been regarded as a major deficiency 

by some Bayesian statisticians e.g., Smith (1973). 

In this paper, for error components models and a wide class of 

random coefficient models, we give a unified approach to the joint 

estimation of random components and constant underlying parameters. 

Estimation of random components, the aspect which has received the lesser 

attention in the past, is useful for predicting future values of the 
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dependent variable and, for describing the past behavior of a particular 

random component. 

Under the assumption of normality of disturbances we show how the 

prior likelihood approach, Edwards (1969), can be used to yield "maximum 

likelihood estimates" of all the parameters. Also, without the normality 

assumption, these estimates can be regarded as those which result from a 

"modified mixed estimation procedure". If the variances are assumed 

known, these procedures lead to an estimator of the constant underlying 

parameters which is equal to the generalized least squares (GLS) estimator 

obtained from an integrated equation. This estimator has, of course, its 

usual properties. The properties of the estimator (predictor) of the 

realized, but unobservable, random components are not immediately obvious. 

However this estimator can be shown to be best linear unbiased. With 

known variances, normality and a diffuse prior on the constant underlying 

parameters, both estimators are identical to the posterior means of the 

relevant Bayesian densities. 

In section 2, the prior likelihood approach and a modified mixed 

estimation procedure are introduced. In section 3, we assume all variances 

are known and discuss estimation of parameters in the error components 

models and, in section 4, we introduce a general model which includes the 

Hildreth and Houck (1968), Swamy (1970) and Hsiao (1975) models as special 

cases. The prior likelihood or modified mixed estimators are given and 



their best linear unbiased properties demonstrated. The equivalence 

of these results with some Bayesian estimators with known variances 

is shown in section 5. The unknown variances cases are considered in 

section 6. For these cases, we indicate how estimates can be obtained 

via iterative solution of a set of nonlinear equations and discuss 

consistency. The difference between this and the Bayesian approach 

for unknown variances is pointed out. 
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2. Prior Likelihood and a Modified Mixed Estimation Procedure 

The mixed estimation procedure in Theil and Goldberger (1960) 

incorporates stochastic prior information 

(2.1) r=R S+v 
qxl qxk kxl qxl 

into the linear model 

(2.2) y = X S + E 
Nxl Nxk kxl Nxl 

where X is a matrix of exogenous variables with rank k, R is a matrix 

with rank q, v~(O,n), E~(O,r) and E, v are independent. l In equations 

(2.1) and (2.2), S is a vector of constant (fixed) unknown parameters 

and r is an observed random vector which, in addition to the sample 

y, contains information about S. The Theil-Goldberger mixed estimation 
~ 

procedure is, assuming E and n known, to derive an estimator S 

of S by minimizing the quadratic form, 

(2.3) Q(S) 

which is an unbiased estimator of S and which has a variance matrix, 

2 
smaller than the variance matrix of 

SG = (X'E-1X)-lX'r-ly, the estimator which utilizes sample information 

in (2.2) only. Thus, for stochastic prior information of the form 

1 v ~ (O,n) means that v 
nonsingular covariance matrix 

is a random vector with zero mean and 
n. 

is smaller than V2 means that V2-Vl is nonnegative definite. 
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given in (2.1), the mixed estimation procedure is more efficient, 

is distribution free and does not involve a Bayesian argument. 

However, in many models like (2.2), one often has stochastic 

prior information on 8 which cannot be expressed in the form given 

in (2.1). For example, in a random coefficients model studied by 

Hildreth and Houck (1968), 

(2.4) Yi = xi 8i + e: i 
lxl lxk kxl lxl 

i=l, ••• ,N 

one has prior information that 8i is random with common unknown mean 

8 and variance ~. In this case because each 8i is not observable, 

one cannot express the prior information in the form given in (2.1). 

To incorporate such prior information, one needs to generalize 

the Theil-Goldberger procedure. Consider the linear model with some 

coefficients 81 stochastic, 

(2.5) y = Xl 81 + X2 82 + e: 

Nxl NXk l kl xl NXkZ kZxl Nxl 

(2.6) 8 = 
1 

A e + ~ 

k xl 
1 klxR. ,Q,xl k xl 

1 

where e: ~ (0, E), ~ ~ (0, n), e:, ~ are independent R. ~ k
l

, the 

exogenous variables matrix (Xl' X2) has rank k = kl + k3' and A is a 

matrix with rank R.. With known variances E and n, to incorporate 

the prior information (2.6) with sample information (2.5), we suggest 

minimizing the quadratic form. 

(Z.7) 
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with respect to both random and fixed parameters. That is, with respect 

Thus, to incorporate weak stochastic prior information, this 

procedure formally generalizes that of Theil and Goldberger and it is 

also distribution free. It can be justified with the concept of "prior 

likelihood" introduced in Edwards (1969). He argues that inferences 

should be based on a likelihood function which combines information 

from both the "experimental likelihood" and the "prior likelihood". 

If, in equations (2.5) and (2.6), we assume E and ~ are multivariate 

normal then, according to Edward's scheme of inference, the relevant 

likelihood function for our model is 

(2.8) 

where the second term is the prior likelihood expressing the fact that 

Sl is regarded as a random sample from a normal population with mean 

AS and variance n. It is clear that the estimates derived from (2.7) 

will be equivalent to these obtained by maximizing (2.8) with respect 

to Sand S. 

For a simple random coefficient model with no explanatory variables 

(a special case of (2.5) and (2.6)), this use of the prior likelihood 

in the context of maximum likelihood estimation has been suggested by 

NeIder (1972). However, because the procedure differs from the usual 



maximum likelihood approach, there is a need to evaluate the properties 

of the resulting estimators. In the following sections, for some 

variance component and random coefficient regression models, we derive 

the estimators which minimize (2.7) and evaluate their properties. 
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3. Variance Components Hodels 

Variance components models have been studied by Balestra and 

Nerlove (1966), Wallace and Hussain (1969), Nerlove (1971), Haddala 

(1971) and others. The model with only individual effects is 

(3.1) Yit = xit e + ui + Eit 

lxl lxk kxl lxl lxl 

i=l, ••• ,N; t=l, ••• ,T 

where xit is a vector of exogenous variables without intercept term, 

2 2 
ui~.i.d (a,a u)' Eit~·i.d. (O,a ) and ui ' Ejt are independent for all 

i, j=l, ••• ,N and t=l, ••• ,T. The econometric problem that has been studied 

extensively is the efficient estimation of the population parameters 

a and S. However, for prediction purposes, as discussed later, the 

estimation of the realizations i=1,2, ••• ,N, plays an important 

role which has been overlooked in the literature. 

Assuming i and 
u 

2 
a are known, the proposed modified mixed 

estimation procedure is to minimize the quadratic function, 

with respect to a, S and all ui • The estimates are obtained by 

solving the first order conditions: 

N T 'V 'V 
(3.2) Li=l Lt=l Xtt (y it-xitS - u

i
) ° 

1 T 'V 'V 1 'V 'V 
(3.3) 2" Lt=l (y it - xitS - ui ) -- (u.-a) 0 i=l, ••• ,N 2 1 a a u 

(3.4) 1 N 'V 'V 
O. 

2 Li=l (ui -a) 
a u 
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Equation (3.4) implies 

(3.5) 

In turn, equations (3.3) and (3.5) imply 

(3.6) ~ = y - x~ 

where are sample means. 

With (3.6), it follows from (3.3) that 

(3. 7) i=l, ..• ,N 

where and Substituting '" U. 
1. 

into (3.2) 

and rearranging terms yields 

(3.8) 6' = (L",N ",T x 'x 
.., NTL.i=lL.t=l it it-

r:l - - -1 -"'="""'--2 x'x) • 
Tel + 0 

u 

2 

Tel + 
_.:::0_-

2
- x'y). 

Tel + 0 
u u 

From (3.6) and (3.8) it is clear that the estimator '" '" (a,S) is equal 

to Aitken's generalized least squares (GLS) estimator derived from the 

integrated equation Yit = a + xitS + vit where vit = (ui -a) + Eit • 

Thus, for the fixed population parameters, the modified mixed estimation 

'" procedure leads to estimators which are best linear unbiased with 13 

utilizing the within group and between group information (Maddala (1971». 
A __ '\I 

The estimator derived in (3.7) is a weighted average of ui = yi-xiS, 

an estimator based only on observations on the ith individual, and 



'V 
CL, 

-10-

the estimator of the overall mean CL. Thus 
'V 
u. shifts 

1 

towards a common mean. This estimator is intuitively appealing 

since the smaller the variance 2 a , 
u 

the more likely it is that the 

ui's will be close to the mean CL. Also, unlike ui ' it uses all the 

available information. Equation (3.7) can be written as 

Ta2 
'V 'V U -
ui = CL + -~2 -"'-~2 (Yi -

Ta + a 
(3.9) 

'V 
CL -

u 

and, in this form, it can be interpreted as being equal to our estimate 

of the mean plus a proportion of the residual 

allocated to (u. - CL). 
1 

Conditional on the realizations it is clear that is 

a biased estimator of U.' Unconditionally, however, it is possible 
1 

'V 
to show that u. is the best linear unbiased predictor of U.' The 

1 1 

unconditional inference is well justified with respect to repeated 

sampling from the joint probability distribution of (Yit' ui ). In 

fact, the unconditional inference argument is used to show that the GLS 
'V 

estimator S is BLUE. 

To demonstrate that 
'V 
u. 

1 
is best linear unbiased, we digress for 

a moment to state, in the more general form of section 2, a vector 

extension of a result from Goldberger (1962). See also Theil (1971). 

The "integrated equation" from (2.5) and (2.6) is 

(3.10) 

or 

(3.11) y Fy + u 
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·th F (X A X) y' -- (e', D
2
') w~ = l' 2' '"' 

(2.6) 

(3.12) 

can be written as 

S = Gy + ~ 
1 

where G = (A, 0) and 

(3.13) 
u 

cov(~) 
= (1: + Xl illC1 ' 

nx ' 1 

and u = E + Xl~' Also, equation 

From equations (3.11), (3.12) and (3.13) and a theorem in Theil (1971, 

p. 280) the predictor 

(3.14) 

with y = (F'V-1F)-lF'V-1y, is best linear unbiased in the following 

sense: With respect to repeated sampling from the joint distribution 
.-

of y and Sl (or simply, unconditional on Sl)' Sl is unbiased, 

" 
E(Sl - Sl) = 0, and the prediction error of any predictor of Sl' 

which is also linear in y and unbiased, has a covariance matrix which 

exceeds that of Sl by a positive semi-definite matrix. The covariance 

matrix of the prediction error is 

(3.15) 

Partitioning y as 
" "" 
y'=(e',S') 

2 
and using the definitions of W 

and V, equation (3.14) can be rewritten as 

(3.16) 
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One should note that, with respect to probability distribution of y 

given Sl' i.e., conditional on Sl' Sl will be a biased estimator. 

We shall now put our model in equation (3.1) into the more general 

form and hence show that of equation (3.7) is BLUE. Let 

( , , , , ) , 
xII' ••• , xlT ' ••. , XNl' ..• , XNT ' 

(3.17) 
IV 
U = 

Then (3.16) becomes 

IV IV 
(y - XS - a.R.

NT
) 

= ~ci' + 

2 
Tau 1 

2 + T 2" (T ~ 
a au 

and this is equivalent to (3.9) written as a vector. The covariance 

matrix of the prediction error, obtained by making the appropriate 

substitutions into (3.15) simplifying is given by 

(3.18) 

)
2- , 

2 x. 
a l. 

Following the same argument as in Goldberger (1962), given a set of 

exogenous variables xiF ' i=l, •• " ,N, the predictors 
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(3.19) 

are BLUE predictors for YiF = xiFS + ui + €iF' 

The analysis above can be extended to variance components models 

with both time and individual effects. This model can be written as 

(3.20) 

where 

Yit = Xit S + ai + Yt + €it 

lxl lxk kxl lxl lxl lxl 

€it' ui ' v t are independent with zero means and (known) variances 

2 and cr. The mixed estimation problem is to jointly estimate 
v 

the fixed parameters (a, S) and the parameters with random status 

and The estimators are found by solving the following first 

order equations 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

IV 

EN ",T '( Q 

i=l~t=l xit Yit - Xit~-
IV 
a -
i 

1 ET Xit~ -
IV IV 

2 (Yit - a - Yt ) t=l i cr 

1 N IV IV IV 

Ei=l(Yit - xitS - a ... Y ) 
2 i t 

cr 

~=l (~i '" - a) = 0 . 

1 IV IV 

- -(a - a) == 0 2 i cr 
i==l, .•• ,N 

u 

1 IV 

- 2" Yt = 0 t=l, ••• ,T 
cr v 

Without loss of generality, one can assume x = O. With elementary 

manipulations, one has 
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(3.26) 

0.27) 

I'IJ 
a 

1 = -
N 
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I'IJ 1 2- -I'IJ 2 
ai = -T-o"'-2"":+=--o-:"2 [TOu(Yi-xi S) + ° y] 

u 

No2 
v I'IJ I'IJ 

(Y- - x S - a) 
·t ·t 

i=l, ..• ,N 

t = 1, •.. ,T, 

where With equations (3.25), 

(3.26) and (3.27), equation (3.21) becomes 

(3.28) 

= 1- EN ET Xl Y 
NT i=l t=l it it 

I'IJ 

It is immediately obvious that S solved from the normal equation in 

(3.28) is exactly the GLS estimator derived in Wallace and Hussain (1969) 

and Nerlove (1971). Also, one can show that 
I'IJ 
a. 
~ 

and in (3.26) 

and (3.27) are best linear unbiased estimators of the random variables 

and For predicting YiF given as mentioned above in 
I'IJ 

equation (3.19), together with S provides the best linear unbiased 

predictor. 
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4. Random Coefficient Models 

In the econometric literature, there is a wide class of 

models in which the coefficient vector is stochastic. See, for 

example, Hildreth and Houck (1968), Swamy (1970), Hsiao (1975), 

Cooley and Prescott (1973) and Rosenberg (1973a). Instead of 

analyzing each model individually we shall give some results for 

a general model and then show how they relate to one of the specific 

models, namely, that of Swamy (1970). 

(4.1) 

Consider the following general model 

y '" X a + e: 

mxl mxk kxl mxl 

where X is a matrix of exogenous variable, e: ~ (0, Cl ) 

with C
l 

a known nonsingular variance matrix and S is stochastic 

related to a vector of unknown fixed parameters 0 by 

(4. Z) S=A 0+ t;, 

kxl kx1. txl kxl 

where Cz is a known nonsingular variance matrix and XA has rank t. 

The mixed estimation procedure which combines the sample 

information in (4.1) with the prior information in (4.Z) is defined as 

min (Y-XS)'C~l(y_XS) + (S-A0)'C;1(S-A0). 

S,0 

The first order conditions are 

(4.3) 
-1 ~ -1 ~ ~ 

-X'C
I 

(y-XS) + Cz (S-A0) = 0 
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(4.4) 
-1 tV tV 

-A'C 2 (S-Ae) = 0 

which imply 

(4.5) 

(4.6) 

tV 

From (4.6), a is a weighted average of two estimators 

(4.7) 

where is the normal equation of utilizing 

" tV 
only the sample information and S* = Ae is an estimator of the 

tV 

prior mean Ae. Thus the estimator S shifts the sample estimator 
tV 

SL towards the prior mean estimator. From (4.5), e is a regression 
tV 

estimate from (4.2) with S as regressand, 

(4.8) 

tV tV 

More explicitly, e and S can be derived from the linear 

equations (4.5) and (4.6). This yields 

(4.9) 

and 

(4.10) 

tV tV 

To evaluate the statistical properties of e and S, let us 
tV 

" first compare e with the GLS estimator o derived from the 

integrated equation 
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(4.11) y XA0 + v 

where v = E + X~. The GLS estimator 0 is 

(4.12) 

'V 
The equivalence of 0 and 0 is not obvious. However they can be 

shown to be the same as follows. 

The matrix identity 

implies, 

A' X' (C + XC X') -lXA 1 2 

and 

= A'C-l(C ~C X'(C +Xc X,)-lXC )X'C-1 
22212 21 

= A'X' (I-(C +XC X,)-lXC X')C-1 
1 2 2 1 

= A' X' (C + XC X,)-l 
1 2 

Therefore 
'V ,. 
o = 0, i.e., the modified mixed estimation procedure gives 

the BLUE for 0. 



-18-

'V 
To evaluate 8 in (4.9), one can use the identity 

(X'C~lX + C;l)-l = C2-C2X'(C1+XC2X,)-lXC2' to note that 

C X' (C + XC X,)-l 
2 1 2 

and 

C '( ,)-1 H 'V i A - 2X C1+XC2X XA. ence 8 can be rewr tten as 

'V 

This is precisely of the form given in (3.16) and thus 8 is the best 

linear unbiased estimator (predictor) of 8. The covariance matrix of 

the prediction error is (equation 3.15). 

(4.13) cov( ~_Q) = A(A'X' (C +XC X' )-l XA)-lA, + C -C X' (C +XC Xl )-1XC .,., 1 2 22 1 2 2 

+ C X'(C +XC X,)-lXA (A'X'(C +XC X,)-1XA )-1A,X'(C +XC X,)-1XC 212 12 12 2 

A(A'X'(C +XC X,)-1 XA)-1A,X' (C +XC X,)-1XC - 1 2 1 2 2 

- C X'(C +XC X,)-1XA (A'X'(C +XC X,)-lXA)-1A, 
2 1 2 1 2 • 

'V 

When e = e is a known vector, 8 derived from the modified mixed 

estimation procedure is 

(4.14) e = (X'C~1X + C;1)-1(X'C~1y + C;lAS) 

= AS + C
2
X'(C

1 
+ XC

2
X,)-1(y-XAS) 
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Unconditional on a, it follows from Chipman (1964) that, from the 

"" class of linear estimators, a in (4.14) is the minimum mean square 

error estimator. Thus, for the special case of e being known, our 

modified mixed estimation procedure is formally equivalent to Chipman's 

approach. 

Let us now illustrate the implications for the Swamy-type random 

coefficient model, 

(4.15) 

a = e + v i i 
i=l, •.. ,N; t=l, •.. ,T, 

where v = (vl,···,vN)' "" (0, IN 9 ~), and € = (€ll' ••• '€lT' ••. '€NT)''''' 

2 
0' • 

(0, [ 1 .• Equation (4.7) becomes 

(4.16) 

and is the least squares 

estimator (LSE) based only on boservations for the ith individual. The 

"" BLU predictor ai is a weigh ted average of the LSE a
i 

and a common 

(estimated) mean, with the weights related to the least squares variance 

matrix. 3 The coveriance matrix of ~i - ai is 

i=l, ... ,N 

3The second author is indebted to George Battese for pointing out 
that the BLU properties of ~ follow from Goldberger's (1962) result 
and hence that a rather lengt~y proof in an earlier paper (Griffiths, 1974) 
was unnecessary. On this point, see also Rosenberg (1973b). 
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Swamy (1970, 1971) gives Si as the BLU predictor of Si' This is 

true if the class of unbiased predictors {S~} is restricted to those 
~ 

for which S .• 
~ 

We have defined an unbiased predictor as 

one for which E(S~ - Si) = 0, where the expectation is an unconditional 

one. That is, we envisage repeated sampling over both time and over 

cross sectional units. In this context it is not difficult to show 

that the covariance matrix of 
'1J 

(Si - Si) is "less" than that of 

Equation (4.12) becomes 

(4.17) 

which, of course, is the GLS estimator derived in Swamy (1970). As 

shown in Swamy (1970), '" e is a weighted average of the LSE's S., i=l, ••. ,N, 
~ 

with weights given by the precision matrices of the Si' 

'" '" From (4.8), equivalently, e is simply an arithmetical average of the Si' 

Other models, such as those of Hildreth and Houck (1968) and 

Hsiao (1975), can also be framed in terms of (4.1) and (4.2) and the 

relevant estimators derived. For the Hildreth-Houck model the resulting 

BLUE of the random components is the same as that given by Griffiths 

(1972) • 
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5. Bayesian Estimation with Known Covariances 

If one assumes normal disturbances, known variances, a diffuse 

prior on the constant underlying parameters, and quadratic loss, so 

that the posterior parameter means will be the "Bayesian estimators", 

it is not difficult to show that these estimators will be identical to 

those obtained from the prior likelihood approach. For the general 

model in equations (2.5) and (2.6) we can write the posterior density 

for the unknown parameters as 

(5.1) 

where R. ( • ) is th e likelihood func tion 0 f y, p (.) is the density 
1 

function of Sl and P2(·) is the prior density function for the 

parameters (e, S2). If P2(e, S2) « constant (i.e., a diffuse prior), 

the posterior P(Sl' S2' ely, E, Q) will be algebraically identical to 

the "likelihood" in equation (2.8). If in this function, one completes 

the squares on Sl' S2 and e, it is eviden t tha t p (Sl' S2' ely, E, Q) 

is a multivariate normal distribution and hence that the marginals 

p(Slly, E, Q), P(S2 Iy , E, Q) and p(ely, E, Q) are also normal dis-

tributions. Further, their means will be equal to their respective 

modes and it is the modes which were the maximum likelihood estimators 

obtained above. 

Thus, in a Bayesian context, Smith (1973) obtained the result for 
'V 

S given in equation (4.7) and also derived the result for the Swamy 
4 

random coefficient model. See also Leamer (1978, p. 274) and Rosenberg 

(1973b). The corresponding estimator for the Hildreth-Houck random coeffi-

cient model was obtained by Griffiths et. al. (1979). 

4Smith (1973) derived his results for the general model as in (4.1) and 
(4.2) with the restriction that X and A have full ranks. The full rank 
condition restricts the scope of applications and is unnecessary. For example, 
Hsiao's model (1975) does not satisfy such conditions. 
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6. Analysis with Unknown Variances 

The above analysis assumed that variances are known. If variances 

are unknown, the results can be approximated with estimated variances. 

In the variance components models, consistent estimators for the 

variances 2 a , 
u 

2 
a and in (3.1) or (3.20), have been given by 

Graybill (1961), Wallace and Hussain (1964) and others. In the random 

coefficient model in (4.15), consistent estimators of and f,. can 

be found in Swamy (1971). Swamy (1971) has also proposed unbiased 

estimators (see Swamy (1971), p. 107). These consistent estimates 

can be substituted into the relevant expressions derived above. Under 

general conditions imposed on the exogenous variables in the specific 

models, the estimators for the fixed parameters (in (3.8) and (3.28) 

for the variance components models and (4.17) for the random coefficient 

model) will be consistent, asymptotically normal and efficient when both 

Nand T tend to infinity. For the estimators (predictors) of the 

individual components it is obvious that as Nand T tend to infinity 

the sample information, for a given unit, will dominate the additional 

weak stochastic information. It follows that the estimators of the 

random coefficients in (3.7), (3.26) and (3.27) for the variance com-

ponents models, and (4.16) for the random coefficient model, will be 

'" _"J 
derived from the samples only, namely, u. .. Yi - xiS in (3.7), 

~ 

'" -'" '" - '" '" '" A 

CLi :: y i - xiS' Yt :: y. t - x 13- CL in (3.26), (3.27) and Si :: Si ·t 

in (4.16) • Thus, it is to see that in the limit, plim '" easy u
i = u, 

T-+co ~ 

for variance component model (3.1) , '" and '" plim u. = CLi plim Yt = 0 
T-- ~ N-+co 

'" for model (3.20), and plim Si = Si for the random coefficients model 
T __ 

(4.15). 
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When all the disturbances are normally distributed, the prior 

likelihood approach provides an alternative method of estimating the 

covariances in the variance component and random coefficient models. 

For the variance components model in (3.20), the log likelihood function 

incorporating the prior likelihood is 

(6.1) 

= constant 

1 N 2 T 2 1 T 2 
- -2Li_-1(ai -a) - -2tncrv - - L Y 

2cr 2cr2 t=l t 
u v 

This suggests that estimates can be derived from the following system 

of equations, 

(6.2) 

n;, 1 'V2 - - 'V 'V2-
ai = 'V2 (Tcru(Yi-xie) + cr Y) 

T~2 + cr 
u 

_ 'V 
X e - y) 
·t 

and 

'V2 
Tcr 

u 

'V2 
Ncr 

v 

i=l, ••• ,N 

t=l, .•• ,T 
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(6.3) 
'1,,2 1 N T 'V 'V 'V )2 0' = NT Li=l Lt =l (y it-xitS - a.. -

~ 
Yt 

'1,,2 1 N 'V - 2 
0' = - Li =l(a.i - y) u N 

'1,,2 1 T '1,,2 
0' = - Li =lYt u T 

Equations in (6.2) and (6.3) form a block recursive nonlinear equations 

system. With estimated variances, the estimates of the coefficients 

are derived from (6.2) and with estimated coefficients, estimates of 

the variances can be derived from (6.3). The iterative solutions from 

(6.2) and (6.3) satisfy the first order conditions a~~ = 0, where 

( 2 2 2) , e = a.,S,a.i,y,O',O',O' 
t u v 

from (6.1), are the likelihood roots, and 

hence are the maximum likelihood estimates. The consistency of these 

likelihood roots is guaranteed when the iterations begin with consistent 

estimates of the variances such as those provided in the literature. 

It should be noted that one should avoid using a search algorithm to 

find the mode (global maximum) of the likelihood function in (6.1) which 

is, in fact, unbounded from above. In this case, the consistent 

estimates correspond to a local maximum. The unboundedness occurs at 

the parameter values 

or Y = ° t 
for all t and 

for all 

0'2 = 0. 
v 

i = 1, •.• ,N and 2 
0' = 0, 

U 

For the random coefficients model in (4.15), the log likelihood 

function is 
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(6.4) tn L(e, Si' q~, ~IY, x) 

The recursive equations system is 

(6.5) 

i=l, ••• ,N 

and 

(6.6) 
'V IN '\.I ':\1'),1 'V, 
~ = - 1: (S -(:)(~ .-e) N i=l i 1. 

i=l, ••• ,N. 

The iterative solutions correspond to the likelihood roots. If con-

sis tent estimators for the variances such as 

(6. 7) 

where Si = (xixi)-lxiYi is the least squares estimator, are used to 

provide initial estimates, the iterative solutions from (6.5) and (6.6) 

will be consistent. The ultimate estimator 
'V 
~ is expected to be better 

than ~ since it utilizes more information. Also, 
'V 
f,. in (6.6) is 

guaranteed nonnegative definite and hence avoids the possibility of 

negative variance estimates. Similar remarks can be applied to 

in (6.3) for the variance components models. 
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Now let us compare the Bayesian approach when the disturbances 

are unknown. Consider the general model in equations (2.5) and (2.6). 

In this case, one need to assign a joint prior distribution to 8, 82 , 

Land n. The posterior density for the unknown parameters is 

(6.8) 

where P2(8, 82 ,L,n) is the joint prior distribution of 8, 82 , Land 

n. Since the parameters Sl' 82 , 8 are the parameters of interest, 

the parameters Land n, as nuisance parameters, need to be integrated 

out of the posterior density. The mean (for quadratic loss) of the 

resulting marginal posterior p(8 l ,S2,8Iy) gives the Bayesian estimates. 

However, in most of the models above and for any reasonable prior 

distribution P2' integration with respect to I and n is analytically 

intractible. Thus the posterior means can only be obtained by numerical 

integration which, computationally, is limited to a small number of 

dimensions. See discussions in Lindley (1971), Lindley and Smith (1972) 

and Griffiths et. al. (1979). Also, it follows, that when the variances 

are unknown, the formal solutions from the prior likelihood approach 

and the Bayesian approach are different. 

Instead of the full Bayesian analysis, Lindley (1971) and Lindley 

and Smith (1972) suggest approximations: the first approximation consists 

of using the mode of the posterior distribution in place of the mean and, 

secondly the use of the mode of the jOint distribution rather than that 

of the (Sl' S2' 8) - margin. Thus, mathematically, the solutions are 

derived by finding the mode of the joint distribution p in (6.8). The 

difference between this solution and the prior likelihood solution will 
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then depend on the choice of the prior distribution P2' However, with 

complete ignorance, the choice of P2 involves a technical difficulty. 

When is a diffuse prior, the posterior distribution for 

[ and n is not proper (Lindley (1971)) and p in (6.8) is unbounded. 

To overcome this difficulty, Lindley and Smith suggest a proper prior 

distribution, namely, for the random coefficients model in (4.15), the 

conjugate Wishart distribution for 
-1 

I::. , independent, conjugate inverse 

2 -x distributions for the cr IS 
i 

and a diffuse prior for 8. The resulting 

model estimates, as reported in Smith (1973), satisfy a recursive equation 

system similar to equations in (6.5) and (6.6) with (6.6) modified as 

1::.* = 1 {R + [~ (S* -8*)(S* - 8*)'} 
N-K-2+p ~=l i i 

where S~, etc. are the model estimates, and 

i=l, ••• ,N 

(p, R, v., A.) are 
~ ~ 

parameters arising in the prior specification. In empirical applications, 

they suggest taking small positive values for A. 
~ 

and small entries for 

R to approximate vague priors. The approximate solutions will, thus 

be similar to the likelihood approach. 
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7. Concluding Remarks 

Alternative regression models which make various assumptions 

about random components are currently very popular in the econometric 

literature. In this paper, for such models, we have demonstrated 

the usefulness and potential of the prior likelihood approach, 

particularly with respect to estimation of random components. A 

number of interesting questions remain. In particular, when the 

variances are unknown, the small sample properties of the various 

estimators are not available. Monte Carlo experiments ~ay shed 

some light on whether or not the prior likelihood variance esti-

mators are better, or lead to better estimates of the other coefficients, 

than some of the traditional variance estimators. 
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