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1. Introduction 

The use of Error Components Models in pooling cross-sections 

and time series data has attracted the attention of many econo-

metricians, see Balestra and Nerlove [1966], Wallace and Hussain 

[1969], Maddala [1971] among others. One of the widely used models 

is the classical error components regression model, 

i=l, ••• ,N 

t=l, ••• ,T 

where are 1 x K vectors of exogenous variables. The regres-

sion errors in (l~l) are composed of three independent error com-

po.nents the component ui is associated with the cross sectional 

units, v t associated with time and a residual component Wit in 

both the time and cross sectional dimensions. The classical model 

that has been analysed assumes that all the error components have 

zero means, finite variances and, in addition, 
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by Grant SOC-78-07304 from the National Science Foundation. 
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(1) E(uiui ,) = 0 for i # i', 

(2) E(vtVt ,) = 0 for t # t' and 

(3) E(witwi't') = 0 for i ~ i' or t # t'. 

When the cross sectional units are well separated, assumption 

(1) is well-justified. Assumption (3) is also well-justified if 

Wit consists mainly of white noises. However, assumption (2) can 

hardly be justified as vt consists of unobservable time variables 

and it is well-known, Cochrane and Orcutt [1949], that time series 

variables are serially correlated. 

In this paper, we will relax the restricted assumption (2) to 

allow general serially correlation for vt • We consider model (1.1) 

with assumption (2) replaced by assumption vt is ARMA (p, q). 

Related models can be found in Tiao and Ali [1971] and Revankar [1977]. 

Tiao and Ali [1971] analyzed from a Bayesian viewpoint a two error 

components model. Their model is much simplified than ours; only 

two components are allowed and vt is ARMA (1,1). Revankar [1977] 

analyzed a three error components model with simple AR(I) time 

component v t • Revankar's approach required Cochrane and Orcutt type 

transformations twice and hence efficiency is lost. This is so, 

especially for large number of cross sectional units but relatively 

short time period. In addition, it is not clear how his approach 

can be generalized for more complicated processes other than AR(I). 

In this paper, we will derive the exact and operational GLS 

estimates and ML estimates for our model. 
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2. Construction of exact GLS estimator. 

2.1. Model Decomposition: 

Specifically, we consider the error component model (1.1) with 

ARMA (p, q) time component vt ' 

(2.1) 

where B is a back-shift operator. ~(B) and e(B) are polynomials 

in B with degrees p and q respectively, given by 

€t'S are uncorrelated random variables with mean zero and finite 

variance 

guarantee 

2 a • 
€ 

All the roots of ~(B) lie outside the unit circle to 

to be stationary. Furthermore, to avoid model redundancy, 

~(B) and e(B) do no t have any common root. 

When p = 0 and q - 0, model (1.1) with (2.1) is the classical 

error components model analyzed by Wallace and Hussain [1969], Nerlove 

[1971] and Maddala [1971]. The covariance matrix E for the distur

bances in this classical model is a;~®IT - a~IN~Jl.T~' - a;~~QSl{T • 

Its inverse has been derived in Wallace and Hussain [1969], Henderson 

[1971] and Nerlove [1971]. Even in this simplest case, its deviation is 

never a trivial problem. In our general model, direct approach does 

not seem possible. In the following paragraphs, we adapt another 

approach which was motivated by Maddala's interpretation [1971] of 

GLS estimator in the classical error components model and our previous 
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analysis on the issue between fixed effects and random effects model, Lee 

[1978], and Tiao and Ali [1971]. In this section, we assume that all the 

parameters 2 2 cr , cr , ~, e 
u w 

and 2 cr are known. 

x. t ' xi.' x, w. t ' wi.' w etc. are defined. Without lost of generality, 

assume x = o. The samples y. can be decomposed into three subsamples, 
~t 

Y.t' Yi. - Y and Yit - Y. t - Yi • + Y. It follows from Lee [1978], 

equation (1.1) can be decomposed as 

t=l, ••• ,T (2.2) 

i=2, ••• ,N (2.3) 

i=l, ••• ,N; t=l, ••• ,T (2.4) 

- - -where Yit - Y· t - Yi ·+ Y and or 

equivalently, (2.3) can be rewritten as 

Y i. - Y = (xi. - x)e + u - u + wi. - w i=l, ••• ,N i 

1 N - - Yl )· Since since y. - Y = Yi • - Yl • - N I:i _l (Yi • the error com-
~. 

ponents in (1.1) are independent, the errors in (2.2) - (2.4) are 

uncorrelated across equations. To estimate our model (1.1), it is 

convenient to analyze equations (2.2)-(2.4). 

2.2 Within Estimator and Between Groups Estimator 

be the covariance transformation where t T, ~ are T x 1 and N x 1 

column vectors of unity. Coefficient e in (2.4) can be estimated as 

(2.3) , 
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and y' = (yU"" 'YIT"" 

" S is known as the covariance or within estimate. 
w 

The variance matrix of Sw is 

Let 1;2 be a (N-I) x I th column vector with i component 

- -
1;2i = ui +l - ul + wi +l • - wI. It follows 

(2.5) 

(2.6) 

and its inverse Equation (2.3) 

can be estimated by GLS procedure which gives, after simplification, 

(2.7) 

with covariance matrix, 

(2.8) 

" The estimator SI is the between group estimator. 

2.3 Analysis of Between Time Equation 

Let 1;3 be a T x I column vector with th t component 

1;3t = v + u + w • It follows t ·t 
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where nv is the TxT covariance matrix of time component vt • 

Deviation of the inverse matrix of E(~3~3') is the main problem for 

this equation. Numerical solution is computationally inefficient 

when T is large. 

It has been pOinted out in T. W. Anderson [1971], Tiao and 

Ali [1971], o. D. Anderson [1975, 1977] and most recently 

Ansley et al [1977] that the sum of two independent moving average 

process of order ql and q2 is itself a moving average process 

of order q ~ max (ql' q2)· 

It is straightforward to generalize this lemma to the summation 

of two independent ARMA process, 

ARMA (P2,q2) stochastic process; 

where all the roots of ~ (B) 
PI 

and 1fJ (B) 
P2 

lie outside the unit 

circle. Then the summation Zt = ut + vt has a ARMA (PI + P2' K) 

representation, 

and ~* +p (B) 
PI 2 

~* (B)z = e*(B)~ where 
Pf+P2 t K t 

Furthermore, if {ut } and {vt } are independent normal processes, 

then {Zt} is normal and its associated random shocks have independent 

normal distributions. 
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In our equation (2.2), and ware independent ARMA (p,q) 
·t 

and ARMA (0,0) process. Hence z = v + w is a ARMA (p,K) with t t ·t 

K < max (p,q) for any fixed N. Explicitly, we have 

= eq(B)E
t 

+ ~ (B)w 
p 't 

== e*(B)n K t 
(2.9) 

where 

i=l, ••• ,K and 

The parameters 

cr
2 satisfy the following nonlinear equations, 
n 

~ == 1 o (2.10) 

i=l, ••• ,K (2.11) 

where The left hand expressions 

in (2.10) and (2.11) are respectively the variance and autocorrelations 

of the MA(K) process in (2.9). The lemma guarantees that solutions 

* ,8K in (2.10) and (2.11) exist. It is known, Ansley et al 

[1977] that solutions may not be unique. However, as far as the covariance 

matrix of in (2.9) is concerned, any solution will be immaterial 

since all the solutions determine the same covariance matrix. Equation 

(2.2) becomes 
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t=l, •.• , T 

Let n be the T x T covariance matrix of z. The covariance z 
(12 

matrix of ~3t = u + is V = E(~ ~') = 
u , 

The Zt 3 3 3 N i.ri.r + nz • 

inverse matrix -1 has been derived explicitly in Shaman [1973] n Z 

for the stationary general ARMA process with invertible MA polynomial. 

The expression -1 n derived from Shaman's technique seems quite 
z 

complicated and no expression is given for the determinant of the 

matrix. Shaman's approach may not be applicable to our case since 

it is not known whether the ARMA representation of Zt has invertible 

MA polynomial even though 6(B) in (2.1) is invertible. The 

approach in Newbold [1974] who generalized Box and Jenkins [1970] 

backward forecasting technique which requires only stationarity is 

useful for our purpose. The deviation for n-l is outlined in 
Z 

the Appendix. The only complication involved in this approach is 

to decompose a p+q symmetric matrix. However, this can be easily 

solved by numerical technique as p and q are usually small in 

practice. It follows, the inverse of V 3 is 

where 

Equation (2.2)' can be estimated by GLS procedure which gives 

i' -l-bt 
TV3 X 

]

-1 

-bt' -l-bt 
X V'X 3 

, -l-bt 
iTV 3 y 

-bt I -l-bt 
X V3 Y 

(2.2)' 

(2.12) 



Equation (2.12) implies 
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-bt' -l-bt 
(X V3 y 

The estimate in (2.13) is similar to the between time estimate in the 

classical error components model. This esttimate utilizes all the 

sample information beCNeen time in our model and it is the proper 

(2.13) 

(2.14) 

between time estimate of (1.1) in the presence of ARMA time component. 

2.4 Exact GLS Estimator 

The three estimates in (2.5), (2.7) and (2.13) can be weighted 

by their precision matrices, i.e., inverses of the covariance matrices 

in (2.6), (2.8), and (2.14). Equivalently, this pooled estimate 

can be derived from the mixed estimation procedure, Theil and Goldberger 

[1961], applied to the three equations (2.2) - (2.4). The pooled 

estimate of S in (1.1) is 
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Sp = [-1 X'QX + 1 Xin'Xin + Xbt ' (V-1 
2 2 + 2 3 cr cr cr w u w 

T 

[-1 X'Qxe + 
2 w 

cr w 

1 -in'-in 
2 2 X X 

cr + cr u w 
T 

1 1 
== (-, X'QX + --:--~ Xin'Xin + Xbt ' (V-1 _ 

2 2 + 2 3 cr cr cr w u w 
T 

with covariance matrix, 

E(e - S)(e - S)' == [--!-x'QX + p p 2 

-bt -1 • X] • 

cr 
w 

The pooled estimate Sp is a weighted average of within, between 

group and between time estimates. Hence 
A 

S utilizes all the within, 
p 

(2.15) 

(2.16) 

between group and between time information in the sample and the structure 

in (2.1). It remains to check that is the exact GLS estimate 

derived from (1.1) and (2.1). 
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Instead of pooling the three estimates in (2.5), (2.7) and 

(2.13), one can pool the estimates in (2.5), (2.7) and (2.12). The 

pooled estimate for e as well as a is 

-1 

= 
-bt' -1 
X V 3 R.T 

1- X'QX + 1 -in'-in -bt' -I-bt 
cr2 cr2 + cr2 X X + X V 3 X 
w u w 

T 

-in'-in -bt' -I-bt 
cr2 X y + X V 3 Y (2.17) 

w 
T 

with covariance matrix 

v [:] = 
p 

-1 

-bt' -IR. 
X V3 T 

-in'-in -bt' -I-bt 
2 X X + X V3 X 

cr 
w 
T 

(2.18) 

It is obvious that the estimate of e in (2.15) is the same estimate 

in (2.17). Consider the matrix, 



1 
= - I ~I (i N T 

w 

- ~ R.NR.~ QSl IT 
Ncr 

w 

2 cr 
u 
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As Xin = t(IN®~)X, yin = t(IN®R.;)Y, Xbt 
= ~( ~®rT)X' 

-ybt = N1( R..'!"""'T)y and (n n' r,;, n n')x 0 i1 h k .~~~ ~N~N ~ NT~T = , one can eas y c ec 

and X'A = -1 X'Q + T x~n'-in + xbt'V-1-bt 
y cr2 y 2 2 Y 3 Y 

cr + Tcr 
w w u 

It follows that (2.17) and (2.18) can be rewritten as 

= 
X'AX 

, -1 
R.~X r\ITAY] 

lX'AY 

(2.19) 

(2.17)' 



-13-

From (2.17)' and (2.18)' A = L-1 , this is so, since 

R.~~ -1 [~~ ~l 
X'AX X'A ~J 

where ~ is the NT x 1 vector of disturbances ~it = ui + vt + Wit' 

It implies 

[R.~Tl ALA 
X' fR.

1 

J NT -1 
[~T X] ( X' A[R.N X]) 

It follows from (2.18)' and (2.20) that ALA = A and A = L-1 • 

Hence we conclude that the estimates in (2.17) is the exact GLS 

estimate for our model (1.1) and (2.1). The inverse of the NT x NT 

covariance matrix of the disturbance ~ is derived in (2.19). 

From (2.15) and (2.16), it is obvious that p1im 
N-+a> 
T-+a> 

= plim 
~ 

T-+a> 

i.e., asymptotically, the GLS estimate and the 

within estimate are equivalent. This conclusion is similar to the 

result in the classical error components model, Wallace and Hussain 

[1969]. 

(2.18)' 

(2.20) 



-14-

3. Estimation with Unknown Covariance Parameters. 

The parameters of disturbances in (1.1) and (2.1) are assumed 

to be known in the last section to simplify our arguments. That 

is rarely the case in practice. To estimate all parameters in the 

model, one of the asymptotic efficient procedures is the maximum 

likelihood approach. To derive the likelihood function and the 

determinant of E, all the error components and 

are assumed to be normal. 

As the samples can be decomposed into independent subsamples 

-bt -in y y - y and Qy, the likelihood function of y can be 

written as the product, 

where Ll , L2 

(2.4), (2.3)' 

and L3 are the likelihood functions of equations 

and (2.2) respectively, or equivalently (2.4), (2.3) 

and (2.2). The determinants of the covariance matrices in (2.3) and 

(2.2)' can easily be derived; 

2 
(J 

Iv 21 == N«(J~ + ~)N-l, 
T 

2 
(J 

IV31 == I nz 1(1 + ..J! 9. 'n- l
9. ) 

N T z T 

The determinant In I can be derived from Newbold's technique and is z 

available in the appendix. It follows 

(3.1) 
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2 2
1
-in - -inL2(S,a,a y -y, X -X) 

u w 

{-

= 

1 
= -------=----=------

a
2 1/2 

(2IT) T/2 In 11/2(1 +~ t'n-lt ) 
z N T z T 

exp { ___ --=1:..-.. __ _ 

The derivation of Ll(S, a;IQY, QX) is as follows. Conditional on 

Ul' ••• '~ and vl' .•• ,vT' the conditional likelihood function for 

model (1.1) is 

(3.2) 

(3.3) 
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It is easy to check that 

= E
i
N=1 E T (yd _ xd 6)2 + NET (-y _ a - x 6 _ v _ u)2 

t=1 it it t=l·t ·t t 

and 

N - - - 2 
E (y - Y - xi. 6 - ui + u) i=1 i· 

- -
where y' = (Y2.' .•• 'YN.)' and u' = (u2' ... '~). 



Hence 

2 L(a,S,a ly,X,u,v) 
w 
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= _____ ..;;l'-----=-~~~ exp { - _l_(y-XS) 'Q(y-XS)} 
2 NT-N-T+l T-l N-l 2a2 

(2IIa
w

) 2 N-Z- T-Z- w 

1 

2 T/2 -T/2 
(2IIa) N w 

N T - - - 2 exp { - - L (y -a-x S - vt - u) } 
2a2 t=l·t 0t 

w 

_____ .....;l~_._:__-_,. T N - - - - 2 

2 
N-l -(N-l)/2 1/2 exp {- -2 Li=l(Yio-y-xioS-ui+u) } 

(2IIa) 2 T N 2aw 
w 

1 { - -(y-XS) 'Q(y-XS)} 
2a2 (3.4) 

w 

is the likelihood function for equation (2.4). 

The likelihood function of y is 

2 2 21 L(a,S,~,e,au,a ,a y,X) e: W 

1 
= ----------------------~~-----------------------

NT T-l NT-N-T+l N-l 1/2 1/2 
(2JI) 2 N 2 a (a2+Ti) 2 In I (N+ii' n-1L) 

W W u z uTzT 

exp{ - -1- [(y-XS)'Q(y-XS) 
2a 2 

W 
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As a joint product, the determinant of r is, 

It is obvious from (3.1)' that GLS estimate of a will be the same 

as ML estimate if the parameters in r were known. When they are 

unknown, they can be jointly estimated by maximum likelihood method. 

The ML estimates can be derived from iterative optimization techniques 

applied to (3.1)'. 

2 2 21 The likelihood function L(~,a,~,e,a,a,a y,X) 
u w n 

in (3.1)' is 

maximized subject to the nonlinear constraints in (2.10) and (2.11). 

(3.1)' 

(3.5) 

Equivalently, one can maximize the concentrated log likelihood function 

L( 41,0, 

2 
a 

u 
2' a 

w 

where r* = ;E 
a 
w 

2 a 
-1ly,x) 
a 
w 

1 liNT -1-1 = cons t. - 2" R.n r* - 2'" R,n y' (r* - r* X· 

subject to the nonlinear constraints: 

i=l, ••• ,K 

(3.6) 

(2.10) , 

(2.11)' 
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maximum likelihood estimates <p,8, 

maximum likelihood estimates of a, 

as 

r--'" 
(a 2/(l) u w 

Sand cr 

and 

2 
w 

/"-,,.>' 

(cr 2/ a2 ). The 
E w 

can then be computed 

(3.7) 

(3.8) 

For ARMA process associated with low degrees p and q, solutions 

2 cr can be explicitly derived as functions of 
n 

<P, 8, 

2 cr 
E 

and 2 cr 
u 

from (2.10) and (2.11). The likelihood function in 

(3.1)' or (3.6) can be maximized with unconstrained optimization 

techniques. Good initial consistent estimates may also be derived 

easily. 

For example, if v t in (2.1) is ARMA (1,0), K=l and one set 

of solutions of a2 and 
n 

* 1 
81 = 2<Pl (1 

2 cr 
n 

2 
<PI aw =--
* 81 N 

Ncr 2 
+ __ E + 

2 a 
w 

Na2 
+ __ E + 

2 cr w 

For the ARMA (1, 0) process in (2.1), simple initial consistent 

parameters for E can be derived as follows. The estimates of 

variance components 2 cr can be derived as in Graybill [1961] u 

or Wallace and Hussain [1969]. Let (aLS ' SLS) be the OLS estimates 

(3.9) 

(3.10) 
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A 
of (a., S) in (1.1) and let I;i t = Yit - a.LS - xitSLS be the 

estimated residuals. 
2 and 2 can be estimated cr cr as w u 

A2 1 N T A 
cr = Li=l Lt=l(l;it -w (N-l) (T-l) 

where 

2 cr satisfy the relations, 
e: 

222 =cr +cr +cr u v w 

A 
- 2 

I;i. I;·t) 

where 0ij = 1 if i a j; 0ij = 0, otherwise, 

estimated as 

and <P 1 can be es tima ted as 

Since <PI and 

2 
cr can be 

v 

These initial estimates can be used to start the iteration, or if 

only the coefficient S is concerned, they can be used to construct 

two step GLS estimate. To test statistical hypothesis, Wald test 

or Maximum likelihood ratio test can be used. 

(3.11) 

(3.12) 

(3.13) 

(3.14 ) 

(3.15) 

(3.16) 
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Appendix: Inverse and Determinant of the Covariance Matrix of 

ARMA (p,q). 

Newbold [1974] has derived explicitly the exact likelihood 

function for general ARMA (p,q) process. Implicitly, the inverse 

and determinant are derived. 

Consider the ARMA (p, q) process 

(A. 1) 
t=l, •.• , T. 

Define a p + q column vector e, 

e = e: l-p-j l-j j=l, ••• ,q 

j=l, ••• ,p 

Then (A.I) can be rewritten as 

e 0 I 
( ) = ( )v + ( p+q) e 

e: L K 
(A.2) 

where the matrices Land K, defined from the above equation and 

(A.I), are TxT and T x (p+q) matrices involving ~ and 6 only. 

Let 

where for any particular model in (A.I), n is readily calculated. 

Let T be nonsingular (p+q) matrix such that TnT' = I. It follows 
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where u* = Te. Denote (A.3) as 

The 

[:*j 
inverse of 

-1 
V 

= Hv + Zu* 

the covariance 

1 
= -2-

(J 
e: 

matrix V = E(vv') 

where T* = T + P + q; the determinant of V is 

is 

As Z'Z is a (p+q) x (p+q) matrices and, in practice, p and 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

q are small integers, the computation of the inverse and determinant 

of V does not pose any difficulty. 
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