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ON THE ISSUES OF FIXED EFFECTS VS. RANDOM EFFECTS 

ECONOMETRIC MODELS WITH PANEL DATA 

by Lung-Fei Lee 

1. Introduction 

The analysis of cross-section and time-series data has had 

a long history. The traditional model for pooling has been based 

on the equation 

(1.1) i=l, ••• ,N; t=l, ••. ,T. 

Assuming a's and r's are fixed parameters, it is the covariance 

model (CV) or least squares with dummy variables (LSDV) model. 

Assuming a's and r's to be random, it is the variance components 

model (VC). The latter model has been discussed at length by 

Balestra and Nerlove (1966), Nerlove (1971), Wallace and Hussain 

(1969), Maddala (1971), etc. These two different points of view 

lead to two different estimators, the CV model has resulted in the 

"within" (or covariance) estimator whereas the VC model has lead 

to a generalized least squares estimator (GLS). 

Mundlak (1978) objects to the distinction between fixed effects 

and random effects models on the ground that the rules for deciding 

whether an effect is fixed or random are arbitrary. He argued that 

the whole literature which has been based on an imaginary difference 

between the two estimators is based on an incorrect specification 
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which ignores the correlation between the effects a's and y's 

and the explanatory variables. He argued also that when the model 

is properly specified, the GLS is identical to the "within" esti-

mator and therefore there is only one estimator. 

While Mundlak is correct in arguing that the distinction between 

the two models are arbitrary, there are still many problems remain-

ing. One common problem is that some of the explanatory variables 

are individual-specific and do not vary over time, or time specific 

and do not vary across individuals. This has been a common experience 

with the estimation of earnings functions from panel data (see, e.g. 

Weiss and Lillard (1977)). Another example is in the estimation 

of production functions with data from individual firms in Lee and 

Pitt [1978]. In such cases if one uses the covariance method all 

these variables have to be ignored since they are collinear with the 

dummy variables for the different units. This problem does not arise 

in the variance components framework so long as there is some between 

1/ group variation among these variables.- Another problem is that 

if there were no correlation between the effects and the explanatory 

variables, as contrary to the extreme assumptions made in Mundlak, 

the GLS and "within" estimators would not be identical. In this 

case, the question why there are two competing estimators raised 

by Mundlak [1978] has not been answered at all. Thus the issues 

of fixed effects vs. random effects models are far from resolved. 

1 I am indebted to Professor G. S. Maddala for raising this 
question. 



In the paper, we are trying to investigate the above problems. 

The paper is organized as follows. In section 2, we begin with the 

estimation problems of the coefficients of individual specific 

factors which are invariant over time in both the VC model and CV 

model. In section 3, the models are generalized to include both 

time invariant individual specific factors and individual invariant 

time specific factors. In section 4, we will discuss the issue of 

fixed effects vs. random effects models. In the final section, we 

draw our conclusions. 
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2. Estimation and Analysis of Models with Specific Variables 

2.1 GLS and Extend Covariance Estimation Procedures 

Let us consider the linear equation 

(2.1.1) i=l, ••• ,N 

t=l, ••• ,T 

where is a 1 x k vector of explanatory variables which vary 

over time, zi is a 1 x p vector of individual specific variables 

which vary across individual units but do not vary over time. We 

assume that 

(2.1.2) 

are LLd., 

j, t') = (,2 
w 

for all i and t. ui in the above equation represents the specific 

effect associated with the ith unit in the underlying population. 

Following Mundlak [1978], the effects ui can be assumed to be 

random from the outset and one views the LSDV inference as a con-

ditional inference conditional on the effects that are in the sample. 

We assume that are LLd., 

(2.1. 3) E(uilzj' Xjt ' all j, t' ) == 0 , 

E(u~lzj' all j, t') == 
2 

Xj C1 u 

and ui and Wit are independent for all i and t. To simplify 

notations, we assume further that 1 N rT = 0 1 N 
Li=l xit and N Li=lzi NT t=l = o. 
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Unconditional on the effects the model is similar to the 

traditional variance components (TVC) model investigated in Balestra 

and Nerlove (1966), Nerlove (1971), Wallace and Hussain (1969) and 

Maddala (1971), etc., with the exception that time invariant variables 

are introduced. In this VC framework, all the coefficients in 

the model can be estimated by GLS procedure. In matrix notations, 

equation (2.1.1) is 

(2.1.4) 

where 8 denotes the Kronecker product, tN' tT are N x 1 and 

T x 1 vectors with all elements unity, y is an NT x 1 vector, 

X is an NT x k matrix of variables xit ' Z is an N x p matrix 

of zi ' etc. The covariance matrix of the disturbances in (2.1.4) 

and its inverse is (see Graybill [1961], 

Wallace and Hussain [1969], Nerlove [1971]) -1 1 
Q = az (~8IT -

w 

where IN and IT are N x Nand TxT 

identity matrices. The GLS estimate of the coefficients in (2.1.4) 

if 0
2 and a2 are known, is u w 

(2.1.5) 

where 

a 

15 

S 

2 a 
a = w 

a 2 + Ta 2 
w u 

NTe 0 

= 0 erz'z 

G 0 erxtn ' z 

0 
\-1 

aNTy 
I 

, 

erz'xtn eTZ 'yin 
; 

! 
I 

, 
j 

W + aB j \ W + aB i xx xx; xy xy/ 

an k x N matrix with 

is 
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1 T -in' 
<Yl ·,··· ,YN) 1 x N vector with x. = T rt=l xit ' y = an 

~. 

.. 1. rT == 1.... rN rT N - -
Yi • Yit ' Y Yit ' B = T ri=l xi .xi • T t=l NT i=l t-l xx 

w = X'X - B , xx xx 
and w = X'y-B xx xy 

Thus 

the matrix B contains the sum of squares and sums of products 
xx 

between groups and W is the corresponding matrix within groups. 
xx 

Conditional on the effects u in the sample, u is a vector 

of unknown parameters. It is more convenient in this case to write 

equation (2.1.4) as 

(2.1.6) 

Equation (2.1.6) is the CV model and the coefficient vector a can 

be estimated by the covariance method. However when one uses the 

covariance method, the variables Z have to be ignored since they 

are collinear with IN~ R..r' i. e. , and can not be identified 

in (2.1.6). The equation that can be estimated is 

where v is a N x 1 vector of unknown parameters. The covariance 

estimates of a and V' are 

(2.1. 7) 

A 

(2.1.8) Vi = Yi • - xi.ac i=l, ••• ,N 
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While it is true that 0 can not be estimated from equation (2.1.6), 

it can be estimated from the given sample in this approach. What 

one needs to utilize is the relation, 

(2.1.9) i=l, ••• ,N 

from (2.1.6) and (2.1.6)'. 

From (2.1.8) E(;IX, z, u) = v and since E(uIX,Z) = 0, 

it follows from (2.1.9) that 

(2.1.10) = E (vIX,Z) u 

where E is the expectation operator of u conditional on X and 
u 

z. Equation (2.1.10) can be written as a regesssion equation 

(2.1.11) v = ~·a + Zo + l; 

where E(l;IZ,x) - O. Ordinary least squares can then be applied to 

(2.1.11) which gives 

(2.1.12) 

(2.1.13) 
-1 A 

0c - ,(Z'Z) Z'v or equivalently 

(2.1.12) , 

(2.1.13) , 

Let us call this estimation procedure an extended covariance procedure 

and the estimates 
... 
o of c and extended covariance 
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estimators. In other econometric models, this kind of two steps 

procedures has been proposed in Wachter [1970] and analyzed in . 

Amemiya [1976]. 

Thus all the parameters in equation (2.1.1) can bE estimated 

in both the random and fixed effects models. It is interesting to 

compare these two estimation procedures. The VC model in (2.1.4) 

differs from the TVC model of Balestra and Nerlove (1966) in that 

invariant variables Z are included. In the TVC model, GLS estimate 

is a weighted average of "within" and "between" estimates as argued 

in Maddala [1971], and for fixed N, as T goes to infinite, GLS 

estimate will tend to the "within" estimate. However in our model, 

the "within" estimator for 15 does not exist. One may wonder what 

will happen to our GLS estimates in (2.1.5) when T goes to infinite. 

From (2.1.5), it is obvious that 

(2.1.14) 

and 
,I 15, 

(2.1.15) 
\13·· 

= 

G 

~Z'Z r N ek-z'xin 
N 

-6+ NT xx 

1 -in ' 
\ -l/tEZ' y \ 
\ I N \ 

1 ). \ 1 1 I 
0NTBxx \ NfWxy + 0NTBxy I 

Assuming that the inverse matrix in (2.1.15) does exist, (2.1.15) 

implies with the well-known formulae for inversion of a partitioned 

matrix 

(2.1.16) 

(2.1.17) 

a
G 

= (~xx + ~1:in' (I_Z(Z'Z)-lZ')Xin)-l(~xy + ~in' 

(I_Z(Z'Z)-lZ')yin) 



-9-

The GL8 estimate SG in (2.1.16) is a weighted average of the 

"within" estimate and a "between" estimate of S. As e = 0, the 

GL8 SG and 0G correspond to the extended covariance estimates 

" 
Sc and 0c in (2.1.7) and (2.1.13)'. The ordinary least squares 

(OL8) estimates of (2.1.4) are 

" Thus SG and 0G would be the OL8 

estimates corresponding to e = 1. As T ~ ~ (and hence e ~ 0), 

if ~xx and ~xin' (I-Z(Z'Z)-lZ,)~n have well-defined probability 

limits, plim ;-T(SG - Sc) = 0 and plim (~G - 6 ) = 0 for fixed N, 
T -+00 T-+oo C 

or pliml NT (SG - S ) = 0 and plimliN (6 G - ~ ) = 0, i.e., the GL8 
N-+oo c N-+oo c 
T-+oo T-+oo 

procedure and the extended covariance procedure are asymptotically 

equivalent. 

The covariance matrices of SG and 0G are 

(2.1.18) 

(2.1.19) 

E ( (S G - S) 2 I z, X) 

E«OG - o)2 Iz ,X) 

As u and ware independent, 

the covariance matrices of 

(2.1.20) 

(2.1.21) 

S- and ° are a c 

2 -1 
.. 0' W 

W xx and 

and 
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A A 

definite, i.e., SG is more efficient than Sc' whenever 

(I-Z(Z'Z)-lZ')Xin ~ 0. To compare (2.1.19) with (2.1.21), one notes 

that 

(2.1.22) 

It follows from (2.1.19), (2.1.21) and (2.1.22) that whenever 

(I-Z(Z'Z)-lZ,)~n = 0, ~G is more efficient than IS • 
c 

estimates are the same as the extended covariance estimates. This 

result generalizes the result obtained in Mundlak [1978]. However 

Mundlak's motivation is quite different from ours. Mundlak argued, 

in the Tev model, the GLS approach has completely neglected the 

consequences of the correlation which might exist between the effects 

and the included explanatory variables. He introduced an auxiliary 

regression 

(2.1. 23) IV .-x o+u 
""i i' i 

in addition to equation (1.1). This, in turn, implies equation (2.1.1) 

when time effects are ignored with zi = Xi" In this approach, from 

practical point of view, the auxiliary regression introduced in 

(2.1.23) is not necessarily a proper procedure to correct specifi-

cation errors since it ignores completely the degree of correlation 

between and If the correlation between and 
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occurs, it is basically an omitted variables problem. This can be 

correlated if appropriately omitted variables are included in 

(2.1.1) • However the omitted variables need not be at 

all. Such an example can be found in Lee and Pitt [1978]. Also if 

ai is only correlated with some but not all the included explanatory 

variables, (2.1.23) is again not appropriate. Whenever Z in 

(2.1.1) does not contain a submatrix which spans the column space 

of __ in in ...N, 
X- ~- GLS estimates of a will not be the same as the 

covariance estimate. 

The GLS estimate is prefered to the covariance estimate when 

the model is properly specified since it utilizes certain "between" 

-in. group information in X- However the extended covariance approach 

may be prefered if the correlation between effects and explanatory 

variables persists. 2 In this case, between group estimates and hence 

GLS estimates are biased but not the covariance estimates. 

2.2 More Complicated Covariance Estimator 

Instead of estimating equation (2.1.11) by simple OLS procedure, 

it can be estimated by the more complicated GLS procedure which takes 

account the non-diagonal covariance matrix of r;;. 

From (2.1.6)', (2.1. 7) and (2.1.8), 

(2.2.1) 

where 

r;; = u + (¥IN9tT' - Xi~:;X'Q)w 

1 Q = I___ - -L_9t t ' 
"-NT T-N T T is the covariance transformation matrix. 

It follows that the covariance matrix of r;; is 

2 
E.g. the omitted variables are unobservable. Recently Hausman 

[1977] has proposed an interesting_specification error test in a wide 
class of -econometric models_. His test can be used to test such pos
sible correlation in the pooled model (see Hausman [1977], section 3). 
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v :: E.(l;l;' IX,Z) 

2 
_ (Jw 2 __ in...-1~.in' 
- Ie IN + (Jw x- wxxx 

Equation (2.1.11) can be estimated by GLS procedure which gives, 

if (J 2 and (J 2 are known, 
w u 

It is easy to check that 

(2.2.4) 

With (2.2.4) we have 

and Z'V-1; = Ie Z'[~-IeXin(W +eB )-lXin'](yin_Xi~-lw ) 
(J2 xx xx xxxy 

w 

- Ie z' [yin_xtn(W +eB )-l(W +eB )] 
(J2 xx xx xy xy 

w 

Hence 

(2.2.5) 

eB ) -1 (W + eB ) ] 
xx xy xy 

,. 

which is exactly 0G in (2.1.17) written in an equivalent form from 

(2.1.15). Similarly one can check that acG in (2.2.3) is equal to 

aGo Hence we conclude that the BLUE estimate of ° can be derived 

from the CV approach. From this, it implies also that even if X 

and u were correlated, 0G would be unbiased. 
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3. Analysis of models including time effects and time specific variables 

3.1 GLS and Extended Covariance Estimation Procedures 

In this section, we would like to generalize our model to include 

time effects and time specific explanatory variables which vary over 

time but do not vary across individual units. We consider the following 

model 

(3.1.1) 

We assume that 

i.i.d. for different i, 

and Wit are mutually independent, 

E(uilzj,rt'Xjt' all j, t) = 0, 

is 

2 
E(uilzj,rt,xjt' all j, t) = a 2 for all i, and similar conditions u 

hold for vt and Wit· Furthermore, to simplify notations, we assume 

N T = 0, N Z ,.. 0 and T 0 I:i=l 
I:

t
_

l 
x
it I:i=l I:t=lr t = i 

Unconditional on the effects ui and vt ' it is a VC model and 

it can be estimated by GLS procedure. 

The covariance matrix of the errors in (3.1.1) is 

2 2 , 
2 ' I: = awINT + auI N3RTtT + avtN~ 3IT and as derived in Wallace and 

Hussain (1969) and Nerlove (1971) its inverse is 

(3.1.2) -1 1 " " 
I: - a2 (~T - Yl~3tTtT - Y2~tN 3IT + Y3t NtN 3tTtT ) 

w 

where 
2 

a 
v 

Y = --::----=-
2 a2 + Na2 

w v 

and 
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0202 202 + N0 2 + T02 
u v w v u 

2 22 2(2 2 2) 
(0 + To ) (oN + No ) 0 + No + To w u v w v u 

The GLS estimates, if 2 o , 
u 

and are known, are 

(3.1.3) a
G 

.. .L 1;N 1;T 
NT i=l t=lYit 

and A, 

o TZ'Xin 15 ': '0 TZ'Z 0 
1 1 

(3.1.4) y .. 0 o NR'R 2 o NR'Xbt 
2 

S· '.0 TXin'Z o NXbt'R W + o Txin'xin + 
G 1 2 xx 1 

2-in'-in 2-bt'-bt 
, X' Y - Y 1 T X Y - Y 2N X Y 

where 

and 

o NXbt'xbt ' 
2 

Other notations in (3.1.4) are the same as defined in previous sections. 

Conditional on the effects ui and vt in the sample, u and 

v are constant vectors of unknown parameters. It is convenient to 

rewrite (3.1.1) as 

-1 
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(3.1.5) 

However in this fixed effects framework, the invariant factors zio 

and rtY cannot be identified in (3.1.5) with ui and vt ' Further

more, the dummy variables for the effects are multicollinear. The 

function that can be estimated is 

(3.1. 6) 

with 

(3.1. 7) and 

The covariance estimates of the coefficients in (3.1.6) are 

(3.1.8) Sc = w-~ 
xx xy 

where W .. X'y - TXin'y _ -bt' 
xy NX y; 

(3.1.9) 
A A 

U * .. Yi' - Xi S i • C 
i=1, ••• ,N 

and 

(3.1.10) 
A A 

V * ,. Y - Y' l + (x - x, 1)Sc t • t ·t t:ll2, ••• ,T 

The coefficients of the specific variables can be estimated as follows. 

From equations (3.1.7), (3.1.9) and (3.1.10), 

(3.1.11) i = 1, ••• ,N 

and 
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(3.1.12) t=2, ••• , T 

Equation (3.1.11) can be estimated by OL5 procedure which neglects 

the complicated covariance structure introduced by ~li' The OL5 

estimates of a and 0 in (3.1.11) are 

(3.1.13) 

(3.1.14) 

While equation (3.1.12) can be estimated by OL5, it is more interesting 

to estimate (3.1.12) by GL5 procedure with matrix tr-1 + ~-liT-1" 

which is proportional to the covariance matrix of v t - vI' t = 2, .•• ,T, 

as the covariance matrix for the disturbances in (3.1.12). The inverse 

(3.1.15) 

With this procedure, y will be estimated by 

(3.1.16) 

Th~se two estimation procedures can be compared. The GL5 estimates 

in (3.1.4) can be written explicitly as 

(3.1.17) 



(3.1.18) 

(3.1.19) 

As N + co, T + co, 
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plimfNr (SG - 6c ) = 
N+co 
T+co 

0, pliml'N (IS
G N+co 

T+co 

5 ) = a c and 

plim~ (~G - Yc) = 0, so the two estimation procedures are asymptotically 
N+co 
T+co 

equivalent. For a given finite sample, GLS estimates which utilize the 

"within" sample variation, a modified "between" groups variation and a 

modified "between" time sample variation, are more efficient than the 

extended covariance estimates ac ' 5c and Yc with an exception. 

-in When the column space of X is a subspace of the column space of 

z -bt and the column space of X is a subspace of the column space of 

R, the two procedures are identical. This characterizes Mundlak's 

result [1978] with time effects. 

3.2 More Complicated Covariance Estimation Procedures 

Instead of estimating (3.1.11) by simple OLS procedure, it can be 

estimated by more complicated GLS procedure. 

Let us denote the vector of disturbances in (3.1.11) by 

(3.2.1) e l = v~ + u + E;l 

= vt + u + win - Xin(s -a) 
N c 

The covariance matrix of is 

(3.2.2) 

2 a v 
=-

T 
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(3.2.3) 

and 

(3.2.4) 
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2 2 cr cr v , w 
A = T ~iN + TS IN' 

1 
The inverses of A and VI 

-1 TS1 cr~ , 
A = -2- (IN - --=""2 --2~-~2 iNiN) 

cr cr + cr T + Ncr w w u v 

With the covariance matrix in (3.2.2), (3.1.11) can be estimated by 

are 

2 2 2 
GLS procedure. The GLS estimate is, if cr, cr and cr are known, w u v 

(3.2.5) 
(~\ 
I i 

\ ° ) CG 

It is easy to check that i~-lxin = 0 and i~-lz = O. After 

simplification, 

(3.2.6) 

2 2 
Tel ,. T Sl iIi' ,. 

{-- Z' u* - -- Z, X n (W + e B ) - X n u * } 
cr2 cr2 xx 1 xx 
w w 

The covariance matrix of 0CG is 

(3.2.7) 



-19-

Equation (3.1.12) can also be estimated with more complicated GLS 

procedure. Let us 

(3.2.8) e2 = 

denote 

v -2 • 

v ..:. 
T 

(
V -2 • 

I • = I • 
\v -'T 

,v2 -

-' - , 
\ : 
\v -

T 

covariance transformation. 

(3.2.9) 

the vector 

V1 \ 

v ) + ~2 
1 

v1 \. 

l + 
i 

v ! 
1 

of disturbances in (3.1.12) by 

is the 

The covariance matrix of is 

the inverse matrix 

of V2 is, after simplification, 

(3.2.10) 
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With the covariance matrix v2 ' (3.1.12) can be estimated by GLS 

procedure, 

(3.2.11) 

The covariance matrix of YCG is 

Na N2a2 , 
var(y

CG
) = {_2 R'R - __ 2 R'Xbt(X'QX + Na Xbt Xbt )-1Xbt'R}-1 

0-2 0-2 2 
(3.2.12) 

w w 

It is interesting to compare the estimates in (3.2.6) and (3.2.11) 
A A 

with the GLS estimates in (3.1.4). The covariance matrix of (o~, Y~) 

in (3.1.4) is 

(3.2.13) 2 = 0-
W 

(L (Z'Z)-l ,a1T 

\, 0 

o 

_l_(R' R) -1:' 
ON ' °2 " 
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Comparing (3.2.7), (3.2.12) with (3.2.13), it follows that var(oCG)

var(oG) is positive semi-definite unless (I-R(R'R)-lR')Xbt = 0, 

and var (YCG) - var(yG) is positive semi-definite unless (I-Z(Z'Z)-lZ')Xin=O. 

When (I_R(R'R)-lR')Xbt = ° and (I_Z(Z'Z)-lZ')Xin = 0, the estimates 

derived from the two approaches are the same. In general, the GLS estimates 

of ° and Y derived from CV model will be more efficient. 

The estimates in (3.2.5) and (3.2.11) are single equation estimates. 

As el in (3.2.1) and e 2 in (3.2.8) have nonzero correlation, it 

is possible to derive more efficient estimates by seemingly unrelated 

regression approach (Zellner [1962]), applied to (3.1.11) and (3.1.12). 

The covariance matrix of e1 and e2 is 

(3.2.14) 2-io..-l - - - , -
E(el e 2') = -0 X w (x' - x.'l"" ,x' T - x' ) w xx'2 ·1 

Hence the covariance matrix of (ei' e2) is 

° (3.2.15) 

The inverse matrix of V in (3.2.15) is 

\ 
\ 

) 
/ 

/ 



(3.2.16) -1 
V 

1 
=- (12 

w 

1 
- (12 

w 
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o 

o NG (I -.!R, R,' ) / 
-2 T-1 T T-1 T-1 I 

The seeming unrelated regression estimate derived from (3.1.11) and 

(3.1.12) is 

IS \ . Z, 

(3.2.17) '""< , 

y: , 0 
cs \ 

I 
j Z' 

\0 
u* ; 

After simplification with V-I in (3.2.16), it is 

\ 
/ 
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(3.2.18) 
: 15 (Te Z'Z 

N92:'R J- Te z'xin ) - .) i 1 
\ 

1 ! 

\, Y CS \ 0 \ Ne2R'xb~/ 
'-

It is of interest to compare (3.2.18) with the GLS estimates from 

" 
VC model in (3.1.4). The estimates cG · and YG in (3.1.18) and 

(3.1.19) can be written in an alternative form from (3.1.4) 

." 
15 

Y G 

Te1z'Z 0 \_ (Te1Z,~n) 
,0 Ne

2
R'R! \.Ne

2
R,xbt; 

(3.2.19) 
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It is not difficult to check that expressions in (3.2.18) and (3.2.19) 

are identical. Hence the seemingly unrelated estimates of 0 and y 

in the CV approach give the same estimates from GLS procedure in the 

VC approach. This implies also that even if the effects u and v 

were correlated with X variables, the GLS estimate 0G and YG would 

be unbiased. 
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4. The fixed effects model vs. the random effects model. 

In the previous sections, we have demonstrated that it is feasible 

to estimate the coefficients of specific invariant explanatory variables 

not only in the VC models but also in the CV models. While accepting 

the view that fixed effects inference as a conditional inference 

conditional on the effects in the sample and hence unified the random 

and fixed effects approaches in a well defined framework, there still 

lead to two different estimators. Mundlak [1978] argued in the traditional 

models that the difference was due to specification error and derived 

his unique estimator results by introducing equation (2.1.23). As 

argued in section 2, this is rather an extreme point of view. When 

the specification errors are properly corrected, the two estimators 

may still be different. 

The answer to this question is in fact quite simple as demonstrated 

below. It lies in the specification and estimation of the fixed effects 

in the CV models, i.e., the estimates in (2.1.8) or (3.1.9) and (3.1.10). 

To simplify expressions, consider the traditional CV model without time 

effects, under similar assumptions as in (2.1.1) 

(4.1) 

Let 

(4.2) 

be the explanatory variables deviated from their group means. In terms 

of variables in (4.2), (4.1) becomes 
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(4.1)' 

where 

(4.3) 

With this transformation, xi is introduced explicitly as a vector 

of specific variables in our model. Instead of estimating a + ui 

in (4.1) as in the traditional procedure, we estimate 

by the covariance method which gives 

A -(4.4) u* i ... Yi· 

and 

(4.5) ac 
= w-lw 

xx xy 

u~ 
~ 

in (4.1)' 

i=l, ••• ,N 

Comparing (4.4) and (4.5) with (2.1.7) and (2.1.8), one notes that 

the covariance estimates of a are the same, but the estimates of 

specific effects are different. 

easily shown that 

... ... 

Let " , 
u* 

(4.6) E«u* - u*) (u* - u*)' lX, u) 

" ... 

= (u~, ••• ,~). 

... ... 
(4.7) E«S -a)(a -a)' lX, u) = c c E«a -13)(13 -a)' Ix) c c 

and 

(4.8) E«~*-U*)(a -a)'lx, u) = o. c 

It can be 

2 -1 ... a W 
w xx 

While a can be estimated from (4.1)' as in (4.5), it can also be 
... 

estimated from (4.3) with estimates ui * in (4.4). Thus there is 

information in (4.3) which has not been taken into account in the 

estimation of equation (4.1)'. To properly utilize this information 
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the mixed estimation procedure introduced in Theil and Goldberger 

[1960] and Theil [1963] can be used. It follows from equations 

(4.3), (4.4) and (4.5), 

(4.9) 13 c = 13 + ~1 

(4.10) 

where ~1 = 13 -13 and ~ = u*-u*. 
c 2 

Under the assumptions, i.e., u and 

ware independent, and the covariance structures in (4.6) - (4.8), 

(4.11) 

(4.12) 

(4.13) 

and 

(4.14) 

E(~llx) - 0, E(u + ~2IX) - 0 

E(~12Ix) _ o~-l 
w xx 

By the mixed estimation procedure, coefficients a and 13 can be 

estimated as follows, 

(4.15) 

r~ 
xtn r -1 f R.' N 

Ik J \ 
/ 

! pn' I, 

L 
1 

./ '-

2 \ (co! + o~)IN 0 

0 o~-l / 
I w xx f 

o 

2 -1 oW 
w xx 

01 
I 

Ikl 
-' 

, -1 

~. ) 
f3 c 

-1 
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After simplification, 

(4.16) ~ = y 

and 

(4.17) 

which are exactly the GLS estimates as derived from the VC model. 

Let us now consider the traditional covariance model with both 

individual and time effects, under similar assumptions in section 3, 

(4.18) i=l, ••• ,N; t=l, ••• ,T. 

Let 

(4.19) 

be the explanatory variables deviated from their group and time means. 

In terms of (4.19), (4.18) can be rewritten as 

(4.20) 

with 

(4.21) 

(4.22) 

The covariance estimates 'of (4.20) 

(4.23) Sc .. W-~ 
xx xy 

A 

(4.24) u* i .. Yi· 

(4.25) v* t = Y· t - Y· l 

+ v -v 
t 1 

are 

i=l, ••• ,N 

t==2, ••• , T 

and the covariance matrices of these estimates are 



(4.26) 

(4.27) 

(4.28) 

and 

(4.29) 
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2 

E«~*-u*)(~*-u*)'IX,u,v) = O~~ 

E«S -a)(a -a)'lx,u,v) = E«a -a)(a -a)'lx) = 0w~-xxl c c c c 

E«~*-V*)(S -a)'lx,u,v) ... 0 c 

" ... 

E«u*-u*)(ac-a)'~x,u,v) = 0 

It follows from the above relations (4.21) - (4.29), 

(4.30) 

i= 1, •.. ,N 

(4.32) t=2, •.. , T 

with 

(4.33) E(~2Ix) ... o~-l 
1 wxx 

2 

(4.34) - 21 2 Ow 1 2 
E«v~ + u + ~2) X) ... (ou + T")IN + roviNi~ 

0
2 

E«v-vliT_l + ~3)2Ix) ... (0; + NW)(IT_l + iT_li~_l) (4.35) 

and 

(4.36) 

~ 

where v'= (v2, ••• ,vT). The mixed estimation of (4.30) - (4.32) with 

covariance matrices (4.33) - (4.36) gives 



u* 

. 
~* T 
A 

a 

o 

o 

o 
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o 

(12 

o «(1; + ;) (IT- 1+R.T_1 R.~_1) 

o 0 

-1 

, i ""N 
,~ I 

o •• • • • 0 

~~n' 

o 

o 

o 

I --' 
k 

o 

2 -1 (1 W 
WXX 
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T 
~~) , and 

It follows 

(4.38) 

(4.39) 1 T ..oin'-in N -bt'-bt -1 a =(-W + x- x + XX) 
M a2 xx 2 2 a2 2 a + Ta + Na w w u w v 

. L T -in'-in N -bt'-bt (ZW + 2 2 X Y + 2 2 X Y ) 
a xy a + Ta a + Na • w w w w v 

which are the same as the GLS estimates derived from the VC model. 

The analysis above can be generalized to include specific invariant 

explanatory variables as in (2.1.4) or (3.1.5). With the similar argu-

ments, the mixed estimation procedure for the CV model g~ves the GLS 

estimates as derived from the VC models in (2.1.16) - (2.1.17) or 

(3.1.17) - (3.1.19). 

Thus we can conclude that the fixed effects and the random effects 

approaches are no different. 
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s. Comclusions 

In this paper, we have discussed some problems related to 

the fixed effects and random effects linear models with panel data. 

We have suggested some estimation methods to estimate models with 

specific explanatory variables which do not vary over time or cross 

individual units in both fixed effects and random effects models. 

The extended covariance estimation procedure introduced in the fixed 

effects model is well justified under the view that effects are random 

from the outset and the covariance inference as a conditional inference 

conditional on the effects that are in the sample as introduced in 

Mundlak [1978]. Once the effects in the samp~e have been estimated 

by the covariance procedure, unconditional on the effects the coef

ficients of the invariant variables can then be estimated. Asymptoti

cally, these two approaches are the same. For finite samples, if the 

variances of the disturbances are known, the GLS estimates have smaller 

variances than the extended covariance estimates with one exception. 

This exception characterizes and generalizes Mund1ak's specification 

error approach [1978] in which the GLS estimates and covariance estimates 

are identical. However, the extended covariance approach may be pre

ferred when the omitted variables problem which gives correlation 

between the effects and the included explanatory variables persists. 

In this case, GLS estimates are biased but not the extended covariance 

estimates. More efficient estimation procedures to estimate the 

coefficients of the specific variables in the CV models are also 

discussed and compare with the GLS estimates in the VC models. It 
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turns out that some of these estimation procedures give the same 

estimates as the GLS for those variables. 

On the presumptions that there were specification errors and a 

particular pattern of correlation between the effects and the explana-

tory variables, namely the within group means of all the explanatory 

variables in the model, Mundlak pointed out there would be no difference 

between the fixed effects and the random effects approaches. While he 

is correct, his approach is rather an extreme case. No matter whether 

there are specification errors or not, in this paper, we have shown 

that the two approaches are indeed no different. The covariance and 

GLS estimates are different because the traditional covariance esti-

• mation technique does not properly utilize available sample information 

and there is one step beyond which has been neglected. With the 

extended covariance estimation procedure which utilizes the within 

group means as specific invariant variables, and the mixed estimation 

techniques, the two approaches are shown to be no different at all. 

In this paper, we have only considered the linear models. Whether 

the two approaches are the same for nonlinear models is still an open 

question. In some nonlinear models, such as the probit model, the 

variance components specification may impose very difficult estimation 

problems but the covariance specification may not be so (see Hall 

[1977]). For those models, the several extended covariance estimation 

techniques proposed can be extended and more efficient estimates can 

be derived. The detail investigation is beyond the scope of this 

paper and will be reported elsewhere. 
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