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Estimations of a Modal Choice MOdel for the Work Journey 

With Incomplete Observations 

by Lung-Fei Lee 

1. Introduction 

To aid government's plan to save energy resources, there are 

many studies in the economics of energy. Car travel to work con

sumes a hugh share of petroleum products. It has been recognized 

that savings of gasoline are possible if commuters can be diverted 

from driving their own car to mass transportation. Many studies 

and models have been developed to explain worker's modal choice 

decisions for their journeys to work. Since the choices are dis

crete in nature, different techniques have been used to investigate 

various factors which may affect the decision. Techniques such 

as the linear probability model, discrimination analysis (Warner 

[17], probit and logit analysis (Watson [19], Quandt [10], Domencich 

and McFadden [2]) have been used. Most of these models of travel 

mode choice were developed for particular regions; data were 

collected only in those regions. Quarmby's study [12] was based 

on 40 firms in Leeds, England; studies of Stopher [13,14] were 

based on data collected from University College or County Hall 

in London. Data in Domencich and McFadden [2] were collected 

in Petersburgh. While these studies are Valuable, it is 

interesting to study models which can cover the whole popula-

tion of an economy. In most of the previous studies, attributes 

of travel modes such as cost, time involved, convenience 
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and socioeconomics status of travelers were used as exogeneous 

variables in modal choices. However, it is possible that costs 

and times for different modes and modal choice decisions may be 

simultaneously determined. If there are some omitted factors 

such as specific environments which influence both the modal choices 

and time and costs, estimations which do not take the simultaneity 

into account would give biased estimates. In estimation of those 

models, data on costs and time involved can be divided into two 

categories: engineering data and perceived data (Watson [18]). 

While it has been argued that perc~ived data is more appropriate 

for modal choice models, a large proportion of data may be incom

plete. Engineering data, on the other hand, can be constructed, 

but it involves costly and complicated procedures. MOst existed 

engineering data have been constructed only for particular regions. 

To study a nationwide model, perceived data have to be used. 

In this paper, we will develope and estimate a modal choice 

model with incomplete data which also takes into account the 

possibility of simultaneity. We would also like to investigate 

the role of personal characteristics in modal choice for the work 

journey. The samples we employ are from a population survey [15]. 

In these samples, cost and time for the chosen mode are reported. 

However, the cost and time for the alternative modes have not 

been asked. The methods of estimation employed are developed in 

Lee [6]~ 
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2. A Modal Choice Model for the Work Journey 

The basic theories for the modal choice have been investigated 

by many studies (see, e.g., Domencich and McFadden [2], McFadden 

[7,8], Watson [19]). These theories are developed from the conven-

tional consumer behavior theories. The consumer is assumed to have 

a utility function u(s,a) which is dependent on socioeconomic 

characteristics s of the individual and is defined on transportation 

attributes a. For each individual, there are fixed J alternatives 

of transportation modes available with attributes aj for the jth 

mode. lbe individual is assumed to'be rational and he will choose 

the mode which maximizes his utility function under the budget 

constraint B - {al, ••• ,aJ } • 

u(s,ai ) > u(s,aj ) 

th The i mode is chosen if and only if 

for all i '" j, j-l, ••• ,J. 

As not all the socioeconomic characteristics s and attributes x 

can be observed completely, u(s,a) can be regarded as random 

function. To render the computations feasible, u(s,a) is assumed 

to be the sum of a representative component V(s,a) and a stochastic 

disturbance £(s,a) , i.e., 

u(s,a) = V(s,a) + £(s,a). 

The probability that an individual will choose alternative i is 

given by 

Pi - Prob {u(s,ai ) > u(s,aj ) for all j '" i} 

• Prob {V(s,ai ) - V(s,aj ) > £(s,aj ) - e:(s,ai ) for all 

j ,. i} • 
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For the purposes of empirical analysis, we follow the usual approach 

which assumes that V(s,ai ) can be written as linear function in 

The functions j 
Zi(s,ai ) are functions of socioeconomic character-

istics and modal attributes. The functions admit broad interpre-

tations. They can be variables of socioeconomic characteristics, 

modal attributes or they can incorporate interactions between them. 

For each alternative i, one of the functions zi is assumed to 

be transportation cost c
i 

of the ~rip involved with mode i and 

one of them is transportation time t i • The cost and time are 

determined by many observable and unobservable random factors. To 

1 be specific, 

which will be different for individuals with different observed or 

unobserved factors. The observed factors Xi consist mainly of 

observed social economic characteristics, specific attributes of 

the alternative i • u
i 

consists of unobserved social economic 

characteristics and attributes and thus might be correlated with 

£'8 in the utility function. While are observed for all i, 

Ci and ti may not beobser~d for all i for each individual. 

In the samples used in our estimations, C
i 

and ti are reported 

only for the chosen mode. Along with Ci 
and the other 

functions Zi can be stochastic but they are assumed to be inde

pendent with the £'s and are observed. 



-5-

In this paper, our main concern is to study binary modal choices 

between private mode or public mode for the work journey. Our model 

consists of five simultaneous equations. To simplify notations, the 

index for each observation is supressed; 

CI • XICl 1 + ul 

tl • XIS I + vl 

C2 - X2Cl2 + u2 

t2 - x2S2 + v2 

1* • Z~l + ~2tl + ~3t2 + ~4(cl-c2) ~ E 

where Cl and tl are cost and time involved for private mode for 

the work trip; C2 and t2 are cost and time for public mode; and the 

unobserved index 1* is the difference between the utilities. The 

disturbances are assumed to be jointly normally distributed with 

zero mean and a connnon covariance matrix; they are independent for 

different observations. 

The utility difference 1* determines the observed mode choice I; 

I - 1 

1-0 

iff 1* > 0 , 

iff 1* < 0 • 

In our model, we specify I = 1 for the private mode and I = 0 

for the public mode. In this formulation, we have assumed implicitly 

that the consumers evaluate the cost attributes in different modes 

symmetrically. The time attributes are allowed to be asymmetric 

because consumers may evaluate time involved in private mode dif

ferentlyfrom time involved in public mode. 
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3. Self-Selectivity, Incomplete Data and Estimations 

Our model is a simultaneous equation system which involves 

qualitative and continuous endogeneous variables. In the empirical 

application, the cost and time attributes are observed only for the 

chosen mode, i.e., 

C
l

, tl are observable iff I = 1 ; 

otherwise, C2 and t2 are observed. 

These incomplete data in cost and time attributes raise estimation 

problems which are different from the usual probabilis~ic model 

estimation procedures even when all the disturbances are independent 

across different equations. The incomplete data problem is related 

to the econometric literatures on limited dependent variables (Tobin 

[16]). 

Each cost or time equation cannot be consistently estimated by 

least squares with the observed samples. The decision function I* 

cannot be consistently estimated with the predicted cost and time 

from the least squares estimates. The inconsistency of least squares 

arises when selectivity effects of the decision process cause the 

observed samples to be nonrandom. The inconsistency of the decision 

function occurs because of inconsistency of the predicted cost and 

tiGe variables. 

To handle these difficulties, Lee [6] has proposed some other 

consistent procedures. Basically, the procedure is to handle the 

selectiveness effects on the observed cost and time attributes. 
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Given the predetermined variables, the observed samples on cost and 

time attributes are truncated normal. The means of these truncated 

distributions are as follows: 

E(t2IXl'XZ' Z, 1=0) = XZ8Z + (J (p(1/I)) 
V Z£* l-IP (!Ji ) 

where 1/1 = Zl;! + XlS l r;~ + XZSZI;~ + Xl' 1 r;Z - XZClZI;Z; l;! = l;i /k ; 

1 
£* - k (£-~2vl-1;3vZ-1;4ul+r;4u2) with k an unknown 

constant which normalizes the variance of £* to be 1, i.e., 

k2 .. var(£-l;Zvl -r;3vZ-r;4ul+1;4uZ) (J is the covariance of 
ul £* 

ul 

and £* similarly (J , (J and (J are the relevant 
vl £* u2£* v2£* 

covariances. ~ and IP are the standard normal density and the 

distribution function evaluated at 1/1 respectively. 

These additional terms are the sources of inconsistency for 

the regressions and they are the variables omitted in the regressions. 

A traveler who ls randomly drawn from a population with observed 

characteristics and environments Xl' Xz and Z has a mean cost 

X1Cl l for the private mode and mean cost XZo Z for the public mode. 

However, due to characteristics and environments unobserved to the 
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investigator, different travelers with the same observed character-

istics and environments will face different cost and time attributes 

for various modes. The traveler will choose the cheapest and fastest 

mode or a certain trade off between them so as to minimize his 

disutility. The resultant cost and time distributions are outcomes 

of self-selectivity. The mean of the observed quantity which is less 

or greater than the population mean is determined by the additional 

term. To illustrate these points, it is sufficient to consider 

equation CI . The added term for the conditional mean of CI is 

0ule:* (- ~~). The term cp(1jJ) / ~(IjJ) is generally nonzero and positive 

so it can be deleted only if 0 is equal to zero. The sign of 
ule:* 

this additional term is solely determined by the sign of 0 
ule:* 

.. E(ule:*) 

1 2 
.. -(0 -, 0 -, 0 -~ 0 +~40 

k ule: 2 ulvl 3 ul v2 4 ul ul u2 

where .. cov(ul,e:), 2 var(ul ), .. cov(u
l

,u2) 0 0 = 0 , 
ule: u

l 
ul u2 

0 = cov(ul,vl ) and 0 = cov(ul ,v2)· While ~3 is expected 
ulvl ul

v2 

to be positive and ~2 ' '4 negative, the sign of o is also 
ule:* 

determined by the covariances of the disturbances. It can be deter-

mined a priori if the disturbances are all independent; in this case, 

which is positive and the mean of the observed cost for the private 

mode will be less than the population mean. In general, it is likely 



-9-

that cr is positive if the covariances between different distur-
ule:* 

bances are much less than the variance of As an example, if 

the parking fees near the workplaces are not observed, with the other 

factors fixed, the travelers whose parking fees are lower are more 

likely to drive their automobiles to work and hence the observed 

total costs in the average will be less as expected. On the other 

hand, if there is a trade off between time and cost, the net results 

can only be determined empirically. 

These components may reveal more information on the attributes 

faced by the population than the observed data alone. .For given 

samples with observed costs, and time for different modes, we may 

find, on the average, that the private mode is faster than the public 

mode but it is more costly. If this is the case, 

and 

However the underlying situation might be 

i.e., the private mode would be the fastest and the cheapest. Failure 

to incorporate these selectivity effects in estimations may give 

seriously misleading results. 
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These extra terms involve unknown parameters in $. To 

estimate $, we can utilize the reduced form of the decision 

function, 

The decision function is a probit model and can be consistently 

estimated by the probit maximum likelihood procedure. The probit 

likelihood is known to be strictly concave and the Newton Raphson 

... 
iterations procedure converge quickly. With ~ estimated, the 

costs and time equations which take into account the omitted 

variable can then be estimated by ordinary least squares. Since 

i,j=1,2 , 

the variances and covariances of can be estimated by the 

estimated residuals and least squares. Similarly the variances and 

covariance of can be estimated. The covariances of 

and Vj are not identifiable and not estimable. 

The costs and time variables can be predicted as 

i=1,2. 

With these predicted values for the whole samples, parameters ~i 

in the decision function can be estimated up to a positive proportion 

by probit maximum likelihood procedure. We call this a two stage 

probit procedure. This two stage probit procedure gives consistent 

estimates if the decision function is identifiable. We should note 

that if E(C
i

) and E(ti ) have not been consistently estimated, 
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2 the two stage probit procedures will not be consistent. Finally, 

one can employ a two step maximum likelihood procedure (2SML) to 

improve the efficiency. The 2SML estimates for all the identified 

parameters e in this model are defined as 

ainL(e) 
ae 

where e are the consistent estimates derived above. One 

can show that this 2SML is asymptotically efficient. To 

simplify the computational efforts, the covariance matrix of first 

derivatives instead of second derivatives can be employed, i.e., 

T ainL (e) 'ainLt(e) 
{ I: t ] 

t=l ae ae ' 

where Lt is the likelihood function for one sample t. The 

asymptotic covariance matrix can be consistently estimated by 

[ 1: T 
t=l 

ainL (e) -1 
t 

ae' ] • 

More detail on the estimation procedures and their properties 

are in Lee [6]; see also the references cited there. The likelihood 

function in its first order derivatives for our empirical model are 

presented in appendix 1. 
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4. Variables and Data 

The data used are from A Panel Study of Income Dynamics, 1972 

[15]. While the questions on travel to work were asked in 1972, 

variables related to the locations and workplaces are in a 1971 

survey. So the data matched are in fact 1971 data. In this panel 

survey, while questions on travel modes were asked, costs and time 

information were asked only for the chosen mode. The data we used 

are restricted to employed head of the households, nonzero travel 

costs and distances to working places greater than two miles. The 

total useful samples consist of 1307 observations in which 1013 

individuals used their cars to work and 294 individuals chose the 

alternatives which consisted mainly of public transportation and 

car pools. 

The inclusion of various variables is motivated by previous 

studies. A primary analysis of the same data set from Panel Study 

is in Hill [4]. The variables which are included in the cost and 

time equations are the distance to working place, regional variables. 

The regional variables are included to catch the cost variations 

in different regions and also different costs such as parking costs 

which are not available separately in the Panel. For equations in 

the public mode, the variable, adequacy of the public transportation, 

is used to account for the cost difference in public transportation 

and car pool. The average hourly earnings variables was put in 

the equations after it was found to give better fits to the model. 

This variable may capture the perceived differences for different 



-13-

classes of travelers. In the decision function, the variables 

included consist of environmental and regional variables, personal 

and socioeconomics characteristics, cost and time involved. The 

environmental variable included is the adequacy of public trans

portation which is an attribute of the public mode representing the 

convenience for the public transportation mode. The personal 

characteristics are expected to reflect different tastes toward 

different modes so these are interaction terms in the utility 

functions. The income over need variable represents purchasing 

power of an individual. In our model, car ownership has nOt been 

included because the car ownership and modal decisions may be made 

simultaneously (see Ben-Akiva and Lerman [1], Domencich and McFadden 

[2]). To identify this status, the income over needs variable is 

included. Other personal characteristics may also capture this 

status. Several variables representing the competing uses for the 

car such as number of children, employment status and number of 

adults and age variables which were found to be irrelevant for 

our data set in Hill [4] are also omitted here to economize 

the number of variables in the model. The detailed list of variables 

used in our model is as follows: 
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Variables included in Description of the Variables 

Private Public Decision 
Mode Mode 

.; 

.; 

.; 

.; 

.; 

.; 

.; 

.; 

.; 

.; 

.; MODE: Binary mode of transportation to 
work, 1 for private mode, 0 for 
public mode. 

COST: Annual cost of travel to work in 
hundred dollars 

.; C
1

-C
2

: Annual cost difference between pri-
vate and public modes 

.; 

.; 

.; 

.; 

.; 

.; 

.; 

Annual time of travel to work for 
private mode, in hundred hours 

Annual time of travel to work for 
public mode in hundred hours 

CONST: Constant 1 

SIZE: 'Size of largest city in survey unit, 
categorized variable with values 1 to 
6 in decreasing order of actual size 

ADEQ: Public transportation adequacy, 1 for 
adequate, 0 for inadequate 

ML*WK: Product of number of miles to working 
place and number of weeks worked in 
1971 

NE: 

NC: 

S: 

Region dummy variable, 1 for north
eastern region, 0 for others which 
includes northcentral, southern and 
western regions 

Regional dummy variable, 1 for north
central region, 0 for others 

Regional dummy variable, 1 for south
ern region, 0 for others 

WAGE: Average hourly earnings in dollars 
in 1971 

.; SEX: Sex dummy variable, 1 for male, 0 for 
female 

.; HOUR: Average hours worked per week 

.; RACE: Race dummy variable, 1 for white, 
o for nonwhite 

.; DIST: Distance to center of largest city 

.; INCOME: Total annual income divided by an 
index of family need 
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5. Empirical Results: 

The estimates of the reduced form decision function are 

presented in Table 1. The estimates of the coefficients are 

quite interesting. All the coefficients for the environmental 

and socioeconomics variables have expected signs. Most of the 

coefficients are significant at the 0.025 level of significance. 

However the income over needs variable and distance to center of 

largest city are less significant. 

Table 1 

Probit Estimation of Decision Function in Reduced Form 

Variables Probit Estimates 

CONSTANT -0.56025 

SIZE4 0.05397 

ADEQ -0.38815 * 
ML*WEEKS -0.00039 * 
DIST -0.05609 

NE -0.49041 * 
NC -0.18662 

S -0.22283 

INCOME 0.02965 

SEX 0.557997 * 

HOURS 0.02087 * 
RACE 0.59325 * 
WAGE 0.060002 * 

Log of likelihood function = -575.17951 
-2 log likelihood ratio = 243.14572 

Standard Error 

0.33283 

0.03410 

0.11062 

0.00007 

0.04425 

0.15485 

0.14903 

0.14494 

0.03787 

0.11568 

0.006947 

0.10799 

0.026092 

'*' indicates a significance level of t statistics at 0.025. 
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In Table 2, we present the estimates for cost and time equations 

for the private mode. In Table 3, we present the estimates for the 

public mode. These estimates are derived by two stage and 2SML 

3 procedures. In the two stage procedure, since there is no prior 

information on equality constraints across different equations, 

estimates are obtained separately by using each subsample for dif-

ferent modes. In Table 4, we present estimates for the structural 

decision function by two stage probit and 2SML procedures. It should 

be noted that the estimates of standard errors for the two stage 

estimates are not exact. They are reported here for comparisons with 

the 2SML estimates. These standard errors in Table 2 and Table 3 

were true exogeneous variables and remaining disturbances were homo-

scedastic. The appropriate standard errors should take into account these 

two sources of biasedness. However as we pointed out before, the correct 

formulae will be quite complicated and hence they have not been used. 

Similarily, it is true for the standard errors reported for two stage 

probit estimates in Table 4. Comparing these reported standard errors 

with the 2SML standard errors, which are accurate, reveals that the 

biases in the standard errors are likely to be downwards to zero and 

hence underestimate the true standard errors of two stage estimates. 

The city size variable is significant in the time equations for 

both models. It is also significant in the cost equation for the private 

mode. As we recall, this variable has been categorized and true size 

is in reverse order with the categorized values. The negative estimated 

values in time equations for both modes indicate that the trips will 
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take more time when city size is larger. This may be due to trans

portation congestions which are more serious in larger cities. In 

cost equations, city size has opposite effects for private and 

public modes. For private mode, it costs more for workers living 

in an SMSA than not in an SMSA. However public transportation will 

cost less in larger cities than small cities. The net effect is 

that workers living in larger cities tend to prefer public transpor

tation as indicated in Table 1. While the public transportation 

mode takes more time (compare the magnitudes in size variables in 

equations for different modes) than private mode, it is the cost 

consideration which plays a dominant role in this respect. The 

estimated values for the miles variables (ML*WK) are exactly the 

same by both estimation procedures. In our samples, the average 

hours worked per week is 42.64 hours, so it is reasonable to assume 

five workdays per week on the average. If we assume two trips per 

day, the mileage cost estimated will be three cents for car and 

two cents for public mode. Since the data on costs and time are 

perceived data rather than engineering measured data, the perceived 

costs represent 60 percent of the engineering cost if the engineering 

cost is five cents.per mile for cars. This result is similar to 

Quarmby's findings [12]. The perceived mileage cost may represent 

just the gasoline cost of cars perceived by the workers. These 

estimates also indicate that perceived mileage cost for cars are 

fifty percent more than perceived mileage cost for public trans

portations. The perceived mileage time for both modes is similar 

but relatively high. The workers may perceive the mileage travel 
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time according to highway speeds. The net effect of this variable 

is that workers will prefer public mode for travel to work when 

they are farther away from their working places. This is confirmed 

also by the estimates in Table 1. The net effect is significant. 

On this conclusion, see also Hill [4]. The effect is due to cost 

considerations. The regional differences are quite obvious from 

these estimates. Comparing all other regions with the w~stern 

region, travel cost and time for both modes in other regions are 

higher. The difference is the highest for public mode. However 

when we adjust the cost and time factors in decisions, workers in 

other regions have stronger taste towards public mode'as shown in 

Table 4. The net effect of all these factors combined is that taste 

effect dominates the others as shown in Table 1. As argued in Lansing 

and Hendricks [5] and Watson [18], workers are not engineers and the 

cost and time data reported are more likely to represent their per-

ceived evaluations rather than the correct measured values. If this 

is really the case, our estimates reveal that workers with higher 

hourly earnings will perceive larger cost and time spent in their 

travel journey. They also perceive more cost and time involved for 

the public mode. Due to cost and time consideration, the net effect 

as shown in Table 1 is that higher wage workers perfer to use their 

5 
own cars to travel to work. As indicated in Hill [4], within the 

public mode workers use public transportation more frequently when 

public transportation is adequate. To catch the possible differences 

of cost and time involved in public transportation and car pool, the 

adequacy of public transportation variable is put in the equations. 

However, as shown in Table 3, their effects are the smallest among 
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the factors and it is not significant in both equations. Anyway, 

the signs indicate that public transportation saves some time but 

it is a little bit expensive. However, in the decisions, the esti

mates in Tables 1 and 4 indicate that it is an important factor. 

In the modal choices, the estimates of sex and race are significant. 

The white workers have stronger tastes to drive cars to work than 

nonwhites. The male workers also have stronger tastes to use cars 

to work than female workers. The hours worked per week in the 

decision function is positive and significant. This is expected 

since it is related to opportunity cost of the workers. The other 

two variables, distance to center. of largest city and income over 

needs, are not significant in the reduced form, so they have been 

omitted in the structural equation. Finally it remains to consider 

the roles of time and cost difference in modal choices. Most of the 

studies consider the cost and time differences. But as argued in 

Watson [19], travelers may evaluate time spent in automobiles dif

ferently from time spent in public carriers. To allow for this 

possibility, we separate the time variables in our equations. The 

estimates in Table 4 indicate that workers evaluate time spent in 

car are preferred to time spent in public carrier, but the difference 

is so small and it can not be distinguished. In these estimates, 

the signs are as expected but not significant as indicated by standard 

errors in 2SML. To study more on this point, a joint test was per

formed. Under the null hypothesis that time and cost do not have 

effects on model choice, the logarithmic likelihood function under 

the nu~l hypothesis is -596.72. Comparing this value with the value 

under the alternative hypothesis in Table 1; the null hypothesis 

is rejected by the likelihood ratio test. Thus we can conclude that 
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time and cost are important factors in modal choice for the work 

journey. The high standard errors in 2SML may be due to correlations 

of these variables. Finally, we are interested in the value of time 

for the journey to work. The value of time has been defined (e.g. 

Quarmby [12], Stopher [14] among others) as the ratio of time dif

ference coefficient. To derive the value of time in our model, we 

use the time difference tl - t2 as an explanatory variable in the 

decision function rather than use and separately. This 

constrainted equation is then estimated again by two stage probit. 

The result is presented in the last column in Table 4. As expected, 

the result is similar to the unconstrained one. The value of time 

is about 0.96 cents per hour. The average wage rate of our sample 

was 4.46 dollars, so that this value of time represents 21.5 percent 

of the wage rate. This value is similar to Quarmby estimates [12] 

which were from 21 to 25 percent of the wage rate for the journey 

to work. This value is also similar to values obtained in Domencich 

6 
and McFadden [2]. 
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Table 2 

7 Estimations for Cost and Time Equations (Private Mode) 

Cost Equations Time Equations 

Variables 2 Stage Estimates 2SML 2 Stage Estimates 

CONSTANT 0.8959 0.8986 1.0815 
(0.3784) 

SIZE -0.107 -0.1064 -0.095 
(0.045) (0.0489) (0.021) 

ML*WK 0.003 0.0030 0.0013 
(0.0001) (0.0001) (0.00007) 

NE 0.811 0.0857 0.241 
(0.258) (0.3784) (0.121) 

NC 0.312 0.3101 0.186 
(0.226) (0.3817) (0.106) 

S 0.516 0.5137 0.261 
(0.234) (0.3673) (0.110) 

WAGE 0.084 0.0839 0.031 
(0.025) (0.0144) (0.012) 

... 
4> ('l'1) 0.657 -0.074 

- (0.376) (0.177) ... 
t('l'i) 

2 stage estimates for the covariance matrix of disturbances: 

1: _ [ 5.5147 
uu 1.7735 

1. 7735 ] 
1. 2002 ' 1: = [0.657 -0.074] 

UE 

2SML estimates for the covariance matrix of disturbances: 

1: _ [ 5.4895 
uu 1. 7674 

1. 7674 ] 
1.1988 ' 1: = [0.6377 -0.0822] u£ 

2SML 

1.0825 
(0.1574) 

-0.0952 
(0.0232) 

0.0013 
(0.0001) 

0.2397 
(0.1577) 

0.1858 
(0.1530) 

0.2605 
(0.1464) 

0.0305 
(0.0096) 
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Table 3 

Estimations for Cost and Time Equations (Public Mode) 

Cost Equations Time Equations 

Variables 2 stage estimates 2SML 2 stage estimates 

CONST 0.4472 0.1618 1.5883 
(1.5526) 

SIZE 0.170 0.1497 -0.2867 
(0.146) (0.1858) (0.0850) 

ADEQ 0.028 0.0641 -0.3026 
(0.562) (0.4008) (0.3276) 

ML*WK 0.002 0.0021 0.0012 
(0.0004) (0.0003) (0.0002} 

NE 0.837 0.9320 1.3244 
(0.644) (1.1040) (0.3749) 

NC 1.056 1.1068 1.1177 
(0.630) (1.0923) (0.3669) 

s 0.617 0.7177 1.4914 
(0.610) (0.9795) (0.3550) 

WAGE 0.198 0.1752 0.1145 
(0.109) (0.1724) (0.0637) 

A 

Ijl('i'i) -0.546 -0.2158 

l-~(~i) 
(0.610) (0.3556) 

2 stage estimates for the covariance matrix of disturbances: 

1: .. [ 7.4955 
vv 1.2314 

1.2314 ] 
2.5819 ' 1: "" [ -0.546 ve: -0.2158 

2SML estimates for the covariance. matrix of dis turbances: 

1: _ [ 7.3593 
vv" 1.2024 

1. 2024 ] 
2.5842 ' E "" [-0.3301 -0.2029 ve: 

2SML 

1.5692 
(0.8350) 

-0.2876 
(0.1125) 

-0.3094 
(0.3866) 

0.0012 
(0.0002) 

1.3334 
(0.4647) 

1.1275 
(0.4694) 

1.5007 
(0.4395) 

0.1138 
(0.0796) 
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Table 4 

Estimations for Decision Function in Structural Form 

2 stage Probit esti-
2 stage Probit Estimates 2SML mates with constraint 

CONST -0.6489 -0.5571 -0.6281 
(0.3580) (0.8551) (0.3015) 

ADEQ -0.2640 -0.2698 -0.2670 
(0.0973) (0.1648) (0.0934) 

NE -0.9011 -0.9770 -0.89384 
(0.2141) (1.0382) (0.2032) 

NC -0.8018 -0.894 -0.7874 
(0.2344) (1.1321) (0.1945) 

S -0.7157 -0.7983 -0.7074 
(0.1932) (0.8735) (0.1770) 

SEX 0.5356 0.5354 0.5397 
(0.1145) (0.1184) (0.1082) 

HOURS 0.0218 0.0218 0.0217 
(0.0068) (0.0078) (0.0068) 

RACE 0.6113 0.6142 0.6141 
(0.1024) (0.1081) (0.0989) 

t1 -0.3302 -0.3240 
(0.1410) (0.4559) 

t z 0.3414 0.3654 
(0.1237) (0.4812) 

-

t1 - t2 -0.3382 
(0.1199) 

Cl - C2 -0.3643 -0.4228 -0.3530 
(0.1222) (0.5838) (0.0623) 

log likeli-
hood value -576.884 -576.890 

-"1. J(.n likel1- 239.736 239.725 
hood ratio 
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6. Comparisons with inconsistent least squares procedures. 

To compare the performance of our approach with the inconsistent 

least squares approach, we estimate the cost and time equations by 

least squares without adjusting the omitted terms. The predicted 

cost and time values are then constructed and the decision function 

is estimated with probit maximum likelihood procedure. The results 

of those estimates are reported in Tables 5, 6, and 7. 

The biases due to the omitted variables are obvious in the 

cost equations in both modes. The biases appear to be less serious 

in the time equations. The bias in the time equation" for the private 

mode is very small. This is the case since the omitted term has very 

small effect in that equation presented in Table 2. The omitted terms 

in other equations in Table 2 and 3 have much stronger effects. Com

paring the estimated coefficients in the cost equations in Table 2 

and Table 5, the constant term and the coefficients for different 

regions are all biased downward but the coefficients of the wage and 

city size variables are biased upward. These biases are in opposite 

directions in the cost equation for the public mode in Table 6 except 

the constant term. The constant term is biased downward and the sign 

has been changed. The coefficients of wage, adequacy of public trans

portation and the constant term in the time equation for the public 

mode presented in Table 6 are also biased. All these biases are 

caused by the omitted terms. 

The sign of the extra terms in both the cost and time equations 

for public mode are negative as ~(~)/(l-~(~» is positive. This implies 
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that the observed means of cost and time for the public mode travelers 

are less than the population mean given that other observed factors 

are fixed. Since many unobserved environmental factors will influ-

ence the traveler's decision, the travelers who have easy access to 

direct public transportation facilities would be more likely to use 

public transportation than those who have to walk to the stations, 

wait for public carriers and have to make transfers to the working 

place. It would take more time and cost for the latter group. The 

additional term in the cost equation for the private mode is also 

negative as -~(~)/~(~) is negative and the estimated coefficient 

is positive but in the time equaUon, the additional term does not 

have effect. The travelers who pay less parking charges and toll 

fees are more likely to use their own cars. These factors are again 

unobserved and these would cause the observed mean to be less than 

the population mean. To investigate more detailed differences between 

our estimates, we compare the estimated average cost difference ~AC 

and time difference ~ AT , 

~AC 

for the whole samples from the two sets of estimates. The estimated, 

average differences from our consistent two stage procedures are 

~AC = $ - 45.7 dollers/year, ~AT :: - 104.7 hours/year 

while the estimates from inconsistent least squares are 

~AC = $18.8 dollars/year, ~ AT :: -79.8 hours/year. 

These values reveal different situations for the population, from 

the inconsistent least squares estimates, we may conclude that on 

the average, private mode is more expensive then public mode but it 

1s faster. Our consistent estimates reveal that on average, private 
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mode is cheaper and is also much faster than public mode. If we 

just study the observed data, we may get the same misleading 

impressions. The observed average cost ACI and time ATI for 

the private mode users are, 

ACI = $297.562 / year 

ATI = 191.959 hours/year 

On the other hand, the observed average cost AC2 and time AT2 

for the public mode users are, 

AC 2 = $275.051 / year 

AT2 = 291.459 hours / year 

The differences are 

AC1 - AC2 = $22.511 / year 

ATI - AT2 = -99.5 hours/year. 

So we may also conclude that private mode is fast but it is more 

expensive. All these misleading impressions will occur if we neglect 

the selectivity effect in the observed data. 

To compare the estimation procedures, for the decision function 

one can compare the estimates in Table 4 and Table 7. First let us 

compare the estimates without constraint. The estimates in Table 7 

are biased; the coefficients of regional variables, adequacy of public 

transportation, cost difference are all biased downward; the time 

variables are biased upward. The sign of the time variable for 

private mode becomes positive which contradicts the theories. While 

the value of time for the private mode has no meaning at all, the 

value of time for the public mode, 0.54 dollars/hour, is much smaller 

than the value of time computed from our consistent procedure, which 
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is 0.94 dollars/hours. The 0.54 dollars/hour is too low. Comparing 

the estimates with constraints, the biases are also obvious. The 

coefficients of regions, adequacy of public transportation and cost 

difference are again biased downward; the constant term and sex vari

ables are now biased upward. However, the estimated time difference 

coefficient is more interesting; the value of time computed is similar 

to our consistent estimate. But whenever we compare the goodness 

of fit for the estimates with the constraint and without the con-

straint, the estimates without the constraint have a much better 

fit. The value of the -2 log likelihood ratio test statistic is 

8 3.88 and it would be rejected at-O.OS level of significance. 

So based on all these comparisons, the incomplete data on 

cost and time will produce very uninteresting results if the selec

tivity effects have not been correctly specified. 
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Table 5 

OLS Estimations for Cost and Time Equations (Private MOde) 

Variables Cost Equation Time Equation 

CONST 0.6351 1.1109 

SIZE -0.080 -0.098 
(0.042) (0.020) 

ML*WK 0.003 0.001 
(0.0001) (0.00005) 

NE 0.718 0.252 
(0.252) (0.119) 

NC 0.299 0.187 
(0.226) (0.106) 

s 0.430 0.271 
. (0.229) (0.108) 

WAGE 0.101 0.029 
(0.023) (0.011) 

R2 0.3477 0.3097 
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Table 6 

OLS Estimations for Cost and Time Equations (Public Mode) 

/variab1es Cost Equation Time Equation 

CONST -0.1946 1.3345 

SIzE 0.127 -0.304 
(0.138) (0.080) 

ADEQ. 0.217 -0.228 
(0.521) (0.303) 

ML*WK 0.002 0.00-1 
(0.0003) (0.0001) 

NE 1.014 1.395 
(0.612) (0.356) 

NC 1.131 1.147 
(0.624) (0.363) 

s 0.771 1.552 
(0.584) (0.340) 

WAGE 0.133 0.089 
(0.082) (0.048) 

R2 0.2041 0.2765 
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Table 7 

Estimations for Decision Function in Structural Form With Least Squares 

Coefficients from First Stage 

Variables 2SPE 2SPE With Constraints 

CONSTANT -0.6152 -0.18196 
(0.37750) (0.30432) 

ADEQ -0.40400 -0.37857 
(0.09727) (0.09602) 

NE -1.47672 -1.07753 
(0.31079) (0.22448) 

NC -1.52505 -0.91767 
(0.38783) (0.21673) 

S -1.31802 -0.88845 
(0.30480) (0.19944) 

SEX 0.53581 0.60582 
(0.11380) (0.10781) 

HOURS 0.02166 o 02022 
(0.00682) (0.00678) 

RACE 0.61387 0.66688 
(0.10158) (0.09768) 

t1 0.01751 
(0.24893) 

t2 0.49369 
(0.14764) 

t 1-t2 -0.39255 
(0.13372) 

C1 - C2 -0.91395 -0.42164 
(0.26634) (0.07064) 

Ron likelihood 
value -576.068 -578.008 

-2in likelihood 
ratio 241.368 237.488 
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7. Conclusions 

In this paper, we have developed a five equation model for 

the travel to work journey for the population in the u.s. economy. 

The data used are from national survey studies. The data on cost 

and time are incomplete; they are available only for the chosen mode 

but not for the alternatives. In this problem, we are interested 

in the worker's choices of driving own car or using public carriers 

for the work journey. We have applied some two stage consistent 

procedures and a two step maximum likelihood procedure developed 

in Lee [6] to handle these incomplete data problems. 

We have found that personal characteristics such as sex and 

race play an important role in choosing the travel modes. The 

environments, costs and time consideration are also quite important. 

The value of time was found to be $0.96 per hour which is 21 percent 

of the average wage rates in our samples. This value of time is 

compatible with previous studies on the modal choice for the work 

journeys. The private mode was found to be the less costly and much 

faster travel mode for the average individual in the population. 

The misleading impression that private mode is faster but much 

more expensive is caused mainly because the self-selectivity factors 

have not been treated or the incomplete data problem has not been 

handled properly. 
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Appendix 1: Likelihood function and its first order derivatives 

The log likelihood function for our model is, 

NIl -1 Cl-XlQl nl 
L - Li _l I [- 2 tnILUUI- 2(Cl -Xl

Ql tl-XlSl)Luu(tl-XlSl)+tn~ ~(~)d~] 

where 

with 

2 2 
0 0 0 0 

L 
ul ul u2 L 

VI vl v2 - [ 2 ] - [ 2 ], UU vv 
0 0 0 0 ul u2 u2 

v
l
v

2 v2 

L - [0 ,0 ] and v£ v£ ve: 
1 2 

n = 1 

n -2 

z* - (Z, XlSl , X2S2, XlQl - X2
Q2) and 

A' .. r~; * * * 
0. 0 , AI' A2 , A3) ;: (l;1' l;2', l;3' l;4) 

L [0 , -u£ ul £ 

The first order derivatives of the log likelihood function are as 

follows, 

o 1. u2e: 
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o 0
2 - 0 0 

u1€ u2 U2€ u1u2 )} ) 
X ' + (1-1 I I:uul 1 

. A3 } X ' 
----~1--) 11/J;;2 1 
(1-I: I: I: V v€ vv € 

. \ } X ' 
-1 1/2 1 

(l-I: I: I:~v) v€ vv ~ 

1 
-1 1/2 

(l-I: 1; I: ) 
v€ vv €v 

{ I I: I 
vv 

( -A 2 -



" 

1 

(I-I: LII: ) 
U£ UU £u 

1 , 
--------------~1/~2) z* 
(1-1: 1:-1 r ) 
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Hn2) 
+ (1 - I) (- - • 

~(n2) 
*' 1/2 Z 

c -x a n 
(1 1 1» + 1 (a 2 _a2 I: 1:-1I: )]} / I I 

Q -1 u2£ u
2 

U€ uu EU tuu 
tl-X1~1 2 (1-I: I: I: ) 

UE UU £u 
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• (0 t - 0 t t-1t )}}/It I 
u £ U £ U U U£ UU £ U uu 1 2 1 2 
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2 z -Q 
(a - a E E E )}}/IE I v 2£ V 2 V£ vv £v . vv 

2· 
a 

aL N v1 1 2 2 
- - 1: (1-1) { - - - -( (C -x a ) -a (C -Xa 
aa2 1-1 2 . 2 2 2 2 v1 2 2 

v
2 
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1-1 

N 
-! (1-1) 
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Appendix 2: Biases in the Least Squares estimation procedure 

The inconsistency and asymptotic biases in our model can be 

analyzed as follows: To simplify the notations, denote the set 

of exogeneous variables which have been excluded in the decision 

function by W. Our model is 

With observed samples, ordinary least squares applied to each cost 

and time equation without adjusting the omitted terms are inconsis-

tent. The biases in these specification errors are well-known 

(see, e.g. Johnston [3], p. 168-169); the extent of the biases 

depending on the correlations between the included and omitted 

variables and the coefficient of the omitted variable. 

To analyze the biases in the decision function estimates, we 

can proceed as follows: 

* 1* - Z(~l + ~~e10 + ~~e20 + ~~(a10-a20» + W(~~e11 + c~e21 

where 

c • ~* + 1 1 

~t - ~i/k. Let 

~~elO + c~e20 + ~~(a10-a20) and (1) 
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which are the true parameters of the reduced form decision function. 

r;~ 
It follows [Bll , B2l , all-a2l ] r;~ • C2 and 

r;: 

The matrix [Bll,B2l,all-a2l] has full column rank which is the 

identification condition for the decision function. 

The least squares estimates e and ~ of B and a are 

inconsistent and the biases are determined from the following 

relations. 

A 

plim a ij - a ij + d aij , i • 1,2; j. 0,1 , 

where dB and ~ are the biases. Let 

~t - plim ~i ' i - 1,2,3 

... 
where r;1 is the probit estimates with cost and time variables 

constructed from least squares estimates. This probit procedure 

however gives consistent estimates of the reduced form coefficients. 

In the limit, one has 

- -
C2 - r;~(Bll~Bll)+r;~(B2l~B2l) +r;:(all+6all-a2l~a2l) (4) 
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This implies from (2) and (4), 

-
(t~-t~) 611 + (~~ - t~)62l + (t% - t%)(all - a2l) 

-
• -t~!611 - t~662l - t%0 all -6621) 

-
r,;! - r,;~ 

~ [6ll,62l,all-a2l] 2~ - t~ .. -r,;~66ll-~~662l-~%(t411-6a2l) 
t% _ tt 

This implies that the biases are 

t* r,;* 611 
, 

611 
, 

2 2 -1 -
t* r,;* . - ( 621 

, 
[611 621 all - a2l ]) S2l 

, 
3 3 -r,;* t* '-a , all '- a

2l
, 

4 4 11 21 

- - -
(t~6ll + t~A62l + ~%(6all -6a2l» • 

The extent of the biases depends on the true parameters, the least 

squares biases and the limits of the probit estimates. It follows 

from (1) and (3) that the bias for r,;t is 

t* 2 
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Footnotes 

1. In our empirical applications, the cost Ci and time ti 

for both modes are total annual cost and time. The various 

components have not been identified in our survey samples. 

2. The inconsistency and the biases are presented in Appendix 2. 

3. In our empirical application, the 2SML violates the constraints 

of the unknown parameters, namely the positive definite pro-

perties of the covariance matrix of the disturbances. Anyhow, 

one can easily modify the 2SML procedure in this situation as 

2 - -1 -
S* • S _ ~_[a tnL(0)] atnL(S) 

-N as as' ae 

where CN is defined as follows: 

C • { N 

C* , 

1 

if any constraint on the parameter 
space is violated 

if constraints on the parameter space 
are satisfied, 

with c*e[O,l] 
2 - -1 

such that e**. e _ C*[a tnL(e)] atnL(S) 
as as as' 

maximizes the tnL(S) along the direction atnL(9)/ae. It 

is obvious if the true parameters are in the interior of the 

parameter space, plim ~ • 1 and hence this modified 2SML 

is also asymptotically efficient. 

4. The values of SIZE are in reverse order from the actual city 

sizes. The probit estimates indicates private mode is less 

preferred in large cities. 

5. In a preliminary estimation, the hourly earnings variable was 

put,into a decision function but the estimated effect was quite 

small and insignificant although the sign was positive. 
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6. One can compare the value of time derived from equations (7.1') 

and (7.2') in page 160 in Domencich and McFadden [2]. 

7. Estimates in the brackets are standard errors in all the tables. 

8. It should be noted that this is not an exact statistics. It 

would be exact if the investigators assumed that the predicted 

cost and time variables were the correct exogeneous variables. 

These are the cases in many empirical estimations with proxy 

variables. 
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