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ABSTRACT 

This paper examines the feasibility of price fixing and the welfare 

implications of government buffer stock programs in a stochastic general 

equilibrium framework. It is found that regardless of the price set by the 

government and regardless of the initial level of buffer stocks, a price 

fixing scheme will eventually fail with probability one. In a competitive 

equilibrium with storage by individuals, prices will be random even if the 

nature of the stochastic processes are known to everyone. In the absence 

of contingent contracts such an equilibrium can be second best. 
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I. Introduction 

In actual economies uncertainty as to the direction and extent of future 

price movements is pervasive. This has lead some government policy makers to 

argue that government buffer stock programs which fix prices could reduce 

uncertainty and increase economic welfare. Though economists may respond with 

the long held belief that prices play a crucial role in allocating ~esources 

efficiently, the f~asibility of price fixing and the welfare implications of 

government buffer stock programs cannot be examined in the static, nonstochastic 

model of traditional price theory. There is need of a model which is dynamic 

and explicitly stochastic. 

The model adopted here is a pure exchange economy in which the endowments 

of two goods, (x) and (y), are stochastic. In each period the aggregate endow-

ments of (x) and (y) are independently distributed, and each series is assumed 

to be independent and identically distributed over time. Each of m individuals 

maximize expected utility over an infinite horizon and treat prices as para-

meters, and each is risk averse. Both goods can be stored with no storage costs 

and no depreciation. In each time period each individual must determine his 

consumption of each good and the optimal level of stocks of each good to carry 

over to the following period. The rate at which (x) exchanges for (y) in each 

period is the price upon which the analysis focuses. It is assumed that there 

are no contingent commodity markets. 

The simplicity of the model is one of its desirable features. The govern-

ment is more apt to set the "right" price if the economy and the stochastic 

processes of the economy are not complicated. It turns out that under specified 

assumptions, regardless of the price set by the government and regardless of the 

initial level of buffer stocks, a price fixing scheme will eventually fail with 

probability one. In a competitive equilibrium with storage, prices will be 

random even if the nature of the stochastic processes are known to everyone. 

" Jacques Dreze [3] has suggested that the only reason government buffer 

stock programs are considered is the absence of contingent commodity markets in 
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which agricultural output could be traded contingent on yields and other deter-

minants of supply and demand. This paper suggests that even if one found a 

class of feasible government buffer stock policies, such policies may not be needed; 

the outcome with storage by individuals may be a second best allocation. 

The paper proceeds as follows. Section II gives the assumptions and 

technology of the model and describes the properties of individual storage 

decisions given that the government is fixing prices. Section III presents a 

proof that price fixing schemes will eventually fail with probability one. 

Section IV discusses the properties and welfare implications of the model with-

out government, and in a special case makes some comparisons to the model with 

all storage prohibited. Section V presents some conclusions and suggestions for 

further research. 

II. Assumptions and Technology of the Model 

The stochastic nature of the endowments is now made precise. In each time 

period there are S possible states of the world. Let n be the set of all such 

states. Let F be the set of all subsets of n. Let P be a probability measure 

on F with 0 < pew) for each WEn. Then (n,F,p) is a discrete probability space. 

The economy's total endowment of commodity (x) at time t is Xt , a random vari-

able from (n,F) to (R,B), where B is the collection of all Borel sets of the 

real line R. Similarly, the economy's total endowment of (y) at time t is a 

random variable Y
t 

from (n,F) to (R,B). In each time period t, Xt and Yt are 

independently distributed. Further, {Xt , t = 1,2, ••. } is a sequence of inde-

pendent, identically distributed random variables, as is the sequence 

{Yt , t = 1,2, ••• }. To simplify ~he analysis, it is assumed that there exists 

some WEn such that X (w) = Y (w) 
t t 

o. As will be explained, this ensures that 

individual buffer stocks are never zero. Also, without loss of generality, let 
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1/ 
where ext' €yt are restricted to integer values with span one, Xt ~ 0, Yt ~ 0.-

Each of the m individuals of the economy is assumed to have a fixed proportion 

of the aggregate endowment of each good. That is 

oj X = the jth individual's endowment of (x) at time t 
x t 

0; Y
t 

the jth individual's endowment of (y) at time t 

m 

where ° ~ oj < 1, ° ~ oj < 1, ~ oj = 
x Y j=l x 

m 
1, ~ oj = 1. 

j=l Y 

Hereafter, superscripts refer to individual j, unless otherwise indicated. 

The randomness is introduced in this way since, for purposes of the paper, price 

is viewed as determined by economic aggregates and not by the sum of many individual 

components. Bad weather will diminish wheat crops for all farmers. 

Each individual is assumed to act as if maximizing expected utility over an 

infinite horizon. Let x~, Y~ be the quantities of (x) and (y) consumed by individual 

j at time t. Utility functions are assumed separable over time with a discount rate 

8, ° < 8 < 1. Hence, each individual acts as if maximizing 

with respect to x~, Y~, t = 1,2, ..•. Hereafter, E (0) denotes the expectation 
t 

conditioned on all realized variables up to and including time t. ~j(o,.) is assumed 

to have the following properties. 

I. ~j(o,o) is of class C
2

, with strictly positive first derivatives everywhere in 

the positive orthant. Ui(O,O) = ~. 

II. ~j(.,o) is strictly concave . 
.... . 

III. UJ(o,o) = gj[wj(o,o)] where Wj(.,o) is homogeneous of degree one, gi(o)~ 0, 

and lim gt(w) = 0. 
Y.BCO 
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Property (II) means that individuals are risk averse. Property (III) means that 

preferences are homothetic, and that the marginal utility of income has limit zero 

as income tends to infinity. These properties are satisfied by a large class of 

utility functions. 

The analysis of this section is facilitated by assuming that the government 

engages in price fixing. The government maintains such a policy by its willingness 

to exchange (x) for (y) with the public at a specified rate. In general, such a 

policy requires that the government maintain buffer stocks of both goods. The assump-

tion that prices will remain fixed for all time does not eliminate uncertainty from 

the decision problem of the individual; endowments are still stochastic. Yet each 

individual need be concerned only with the total value of inventories of (x) and (y) 

in terms of one of the goods, say (x). The exchange of (y) for a predetermined amount 

of (x) in any future period is guaranteed by the government. Hence, the individual's 

decision problem may be viewed at two stages. In a given period and state, the 

individual has available a known amount of savings in terms of (x) of the previous 

period and the realized value of his endowment in the specified state. He decides 

on his optimal amount of savings in terms of (x) an~ consequently on his current 

consumption in terms of (x). With this timing problem solved, the individual then 

chooses his current consumption of (x) and (y) at the specified price. 

To state this more formally, the following notation is needed. Let 

R = the relative price of (y) in terms of (x) fixed by the government. 

r" = [l,R] 

Kj = the jth individual's stocks of (x) and (y) in terms of (x) at the end of 
t 

period t, to be choosen during period t. 
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r j = the total value of consumption inrerms of (x) at time t of individual J. t • 

Then Let c~ 

h j = the 
.th individual's demand for (x) at time t xt J 

h j 
yt 

= the 
.th individual's J demand for (y) at time t 

The analysis is facilitated by the indirect utility function ~j(e,e) where 

Then the jth individual will act to maximize 

E ~ 8t-l~j(Kj + r,~j - Kj R) 
0t=l t-l t t' 

j j 
with respect to Kt , t=1,2, ... , given KO. 

Establishing the existence and properties of the solution to the individual~ 

optimization problem is non-trivial.~/The analysis consists of establishing a series 

of lemmas. The statements and proofs of these, lemmas 1 through 10, are in the appendix, 

but it is hoped that the text makes clear the principle lines of the argument. 

Let Wj = Kj + r,.,%j Then Wj represents the wealth of individual J. at time t 
t t-l t· t 

j 
in terms of (x). The idea is to find a function f (e,e) such that 

fj (WJ
t
· ,R) = Max. . {~j (WLKj R) + ~ E

t 
~ (r'~Jt·+l + KJ

t
·, R)} 

04J SWJ t t, 
t t 

(1) 

fj(e,e) is found by assuming the horizon is finite and taking the appropriate limit. 

Let 

where fj,N denotes the maximum of expected utility of individual j given wealth w~ 

with N periods left in the individual's planning horizon. 
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From the properties of VjCo,R) and Eq. (2), it can be established 

by induction that fj,N(W,R) is strictly concave for each N and monotone 

increasing with respect to N for eachW. From the discount rate Sand 

the property that Y
t 

and X
t 

are bounded from above, it follows that 

fj,N(W,R) is uniformly bounded with respect to N. Hence for each W > 0, 

lim fj,NCW,R) exists, and this limit is denoted fjCW,R). It is shown 
N~ ° 

that fJCW,R) satisfies the functional equation (1) and is therefore 

strictly concave and continuous with finite partial derivatives from the 

left, fi_(O,R), and from the right fi+(O,R), fi_CO,R) < flCO,R). 

As fj(O,R) and VjCO,R) are strictly concave and continuous, there 

does exist on the compact set [0, Wi] a unique Ki which maximizes the 

right side of the functional equation (1). This optimum is denoted by 

Ki = ~j[Wi,R]. There is an optimum level of consumption in terms of 

Cx), and this optimum is denoted by ci = ~j[Wi,R]. 

Given that {Ri;t=1,2, ••• } is a sequence of current actions and 

contingent plans which maximize 

then it is shown that also maximize {K- J
t

O

} 

This justifies the functional equation approach. 

The remainder of this section is devoted to establishing the 

properties of the Markov processes 

K-
j = eAjCK-j + r~Zj -R) ° 1 2 t "-' t-1 t'· J = " ••• m 
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These properties are stated in Proposition I below. First, however, some additional 

remarks are needed. 

It can be shown that 0< K~ < wj 
t· Suppose that K~ = O. Then there exists a state 

w at time t+l such that W~+l (w) = 0 => 
j 

Ct+l (w) = O. But by property (I) of ~j(.,.), 

~i(O,R) = 00. Hence, this could not be optimal. Similarly, if K~ = w~, then C~ = 0, 

and this could not be optimal. Hence, individual buffer stocks are never zero. 

The differentiability of fj(.,R) everywhere has not been established. But 

lJ.ecessary and sufficient conditions for an optimmn with respect to ~ are 

The following lemmas are needed. 

Lennna 11 

~j(.,R) and wj(o,R) are non-decreasing functions 

Proof: 

Vj(.,R) and fj(.,R) are strictly concave and strictly increasing. 

Lennna 12 

lim ~j(W,R) = CD 

W?CX) 

Proof: see appendix. 

Lennna 13 

~j(o,R) and wj(.,R) are continuous functions 

(3) 

proof: the proof follows Brock and Mirman [ 2 , p. 490]. See the appendix. 

Lennna 14 

lim fi+(W,R) = 0 
W+CX) 
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Proof: see appendix 

Also, there will be need of an infinite product space. Let ° = 0, F = F, 
t t 

t = 1,2,·... Then consider the probability space 

where 

IT 0t is the set of all sequences (~, ~, ... ) such that Wt€Ot 
t=l 

00 

t = 1,2, ' .. 

~=lFt = the sma~lest si~a-fie1d ~Kj containing the cylinder sets. Then is a measurable 
t 

00 

function from (R1 0.,., R1 F.,.) to (R,B), and for each a~O, IJ.{(Wl'W2 ,···)€11 0t: 
t=l 

K~(ut,Wz'···):S; a} =: P(~)P(Wz)· eP(w t ) 

K
t 

( ~ , Wz ' .•. ) ~a 

The important results are contained in Proposition 1. It is useful to refer to 

Figure 1. 

Proposition 1 

Given R > 0, let Mj Recall that Min r'~~ = 0. 
we:O 

Then 

(i). For every R> 0, there exist K
j 

and K
j 

depending on R such that 
*i'< ~(* 

j j .j-:... j 
cp (I\~* + M ,R) - K*oJ< 

cpj (Kl, "R) = Kl 
where ° = ~ < ~*' 

(11). 

(iii). For all K6 ~ 0, IJ.{i~ ~ Aji.o.} = ° 
proof of (i»)/ 

as ;i (0, R) = 00, cpj(O + Mj , R) > 0. This establishes a positive intercept in 
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Figure 1. Now, suppose that 

~j(K~_l +M
j

, R) > K~_l for all K~_l> 0 so that ~j(.,R) stays above the 45- line 

of Figure 1. Then it would be the case th$t for all Kj > 0 
t-l -

Then 

ll.·m E Sfj [r,~j + Kj 
, -R]. ~ v

h

l
j (Mj , R) > 0 

Kj , t 1+ -z.. t+ 1 t -1 "'-
t-1 ~oo 

But by the monotone convergence theorem and lemma 14, this establishes a contradiction. 

Therefore, there exist some Kj such that 

~j (Kj+Mj ,R) ~ Kj 

By lemma 13 and the intermediate value theorem there exists a K~ such that 

~j (Kl* +Mj ,R) = Kl* 

By a similar proof, there exists a Kl such that 

~j (Kl, R) = Kl 

j j 
That K* ~ K** is established by lemma 11. Suppose Kl > O. Then, despite a positive 

level of stocks, consumption is zero. This violates property I 

similar argument, Kl* > K!. 

Proof of (ii): 

Suppose Kj 
&: A j. Then by lemma 11 

t 

j (Kj + . - i R) j (j + Mj , R) = Kj 
~ t r"~+l' ~ ~ K** 'koJ: 

j j ._ i j j - j 
~ (Kt + r'~+l' R) ~ ~ (K* + 0, R) = K* 

Proof of (iii): see appendix. 
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From Proposition I, it is clear that i~ eventually enters the set A
j 

with probability 

one. Hence, it is assumed that K~ € Aj, and hence Kj is bounded for all t. 
t 

It is possible to say something more about the distributions of i~. Following 

Brock and Mirman [ ~ ], let pj(k,B) be the probability that inventories of individual 

j will be in the set B at time t+1 given that K~ = k. 

transition function on the process [K~, t = 1,2, ... }. 

as follows 

m~(B) = SR+P(C,B) m~_l (d,) 

pj(k,B) is the probability 

Define a distribution on i j 
t 

It can be shown.that there exists a stationary measure m
j 

such that 

(4) 

Hence, given that K~ has the distribution mj, then by (4) mj is a distribution for 

all i~, t~l. 

Proposition II 

There exist a stationary measure mj as defined by Eq. (4). 

The proof of Proposition II uses theorems given in Kushner 6 ]. See lemmas 

15, 16,17, and the proof in the appendix. 

III. The Eventual Failure of Price Fixing 

Having shown that there exists a solution to each individual's optimization 

problem given that the government is maintaining a fixed price, there will be 

determined some I~, j=l,2, ... m, t =1,2, •••. Given I~)individua1 j will purchase 

utility maximizing quantities of (x) and (y) at the fixed price R. For the policy 

to be feasible it is specified that R be an equilibrium price in the sense that any 

excess demand for (x) by individua1~ be matched by an excess supply on the part of 

the government. This section shows that under specified assumptions no price can 

be maintained indefinitely far into the future regardless of the initial level of 

government buffer stocks. 
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This result is best analyzed by supposing first that the government sets a price 

which would correspond to a competitive equilibrium with aggregate private consumption 

of (x) at E(X
t

) and aggregate private consumption of (y) at E(Yt ). In some sense 

the price corresponding to this outcome is the most likely;il given the stationary 

measure mj as 

K
j = j 
t 

K
t

_
l C

j 
t + R 8:rt + 82ct 

then 
m 

JEI E(C~) = R E(Yt ) + E(Xt ) 

Proposition III 

Let R correspond to a competitive equilibrium with aggregate consumption of 

(x) and (y) at E(Xt ) and E(Yt ) respectively. 

Let GO = the stock of (Y) held by the government at t=O. 

Let At = the cumulative net amount of (y) sold to individuals in exchange for 

(x) up through and including time t. 

Then with 'probability one there exists some T* < ~ such that A~( > GO 

Proof: 

= ~ 
t=l 

€yt' 8 - T 8 - [8 8] xT- ~ ext' T - xT' yT 
t=l 

2 Then 8
T 

is a random walk in R and has the property that for integers Bx and By there 

* 51 exists some T < 00 such that 8xT* = Bx and 8yT* = By with probability one.-

proof, let B = the largest integer less than or equal to 
y 

m j
-G -1 - ~ (K IR) o ** j=l 

For the 
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be such that ~ hJ(ojBx + oyjRBy - Kl*) ~ o. 
j=l Y x 

is linear, j = 1,2, ... m, by homotheticity. 

m A.. * 
L: hJ(IJ,R)-Y 
j=l y t t 

* 

This last choice is possible 

In period t the government 

units of (Y) to the public, where Yt is the aggregate of (y) over all individuals made 

available for consumption from private wealth in period t. Then the cumulative net 

sales of (y) at time T* will be 

"'j -
using the linearity of h (.,R). 

Y 

T~'< T"" m 
L: Y:::;; L: Y t + r. (Kl.,./R) 
t=l t=l j =1 

therefore 

m 
j -

- SYT* - L: (K ...... jR) 
j=l "" 

But by the choice of R, 

Hence by the choice of B , B , 
x Y 

m '" [TL:* ~ h j I j 
W t' 
j=l y t=l 

Now 
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Proposition IV 

If tastes are identical and homothetic for all individuals, then regardless 

of the fixed price and regardless of the initial level of government buffer stocks, 

those stocks will be insufficient to maintain the fixed price with probability one. 

Proof: 

If tastes are identical and homothetic, then in a competitive equilibrium 

without government intervention 

m . m • 

R
t 

= a(t X~/~ Y~) 
j=l j=l 

R is the price of (y) in terms of (x) at time t 
t 

a(e) is strictly monotone increasing and continuous. 

* let R = inf[9(e)] 

** R = sup [ a ( e ) ] 

with 

* ~'<* 
R 2: 0, R ~ IX) 

- * ·k"k 
Clearly, if R ~ [R ,R ], then the policy will fail with probability one as 

government purchases will be in one direction only. 

* - [E(X t )] 
Suppose that R < R < 9 E(Y) • Then there exist 

t 

a y > 0 with 0 < y ~ E(X) such that R = e [E(Xt ) - Y/E(Yt )] 

let xtY = E(X
t

) - y. Then 

let 
T 

= t 6)rt' SxT = 
t=l 
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As before let B 
y 

m 
= 1 ( j /-) the largest integer ~ - GO - - ~ K** R 

j=l 

Then by Feller 4 , p. 203] S visits (- co,a) a finite number of times 
xt 

* for all a>O. Hence, there exists some T > 0 such that 

and 

SXT* is large enough that 

Then as before 

Clearly, if R> 9[E(X
t
)/E(Yt)], it can be shown that with probability one the 

government will find its initial stock of (x) insufficient to maintain the price. 
6/ 

The proof is entirely similar. -

IV. Competitive Equilibrium without Government 

The purpose of this section is to examine the properties of a competitive 

equilibrium when there is no government. Unfortunately, the model is difficult 

to analyze in the general case, but it is argued by way of an example that certain 

properties of the equilibrium can be anticipated. 

It is clear from Section III that, in the absence o'f government, individuals 

will not act in such a way as to fix a price. (Let GO = 0.) Hence, in general, 

individuals may not be indifferent between maintaining stocks of (x) and stocks 

of (y). In the absence of all types of forward contracts, one might anticipate 

relations of the form 
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-K j = j (K j Kj :%j R R ) 
x t Cl'x x t -1' y t -1' t' t' t+ l' •.. , , , 

'Kj = j (Kj Kj ~j R R ) 
y,t Cl'y x,t-l' y,t-l' t' t' t+l'··· 

where i j i j are the optimal choices of storage of (x) and (y) respectively 
x,t, y,t 

at time t by individual j as a function of previous stocks of (x) and (y), current 

endowment, current price, and all future prices in all states. Yet in an equilibrium 

with rational expectations, the anticipated distributions of future prices should be 

the distributions consistent with current choices of stocks by all individuals for 

each good. Establishing the existence of such a fixed point in an infinite dimensional 

price space is the analytical difficulty refered to above. Assuming existence, one 

might anticipate that the model could be described by reduced form equations 

One might establish that i j Kj are bounded and possess stationary measures, and 
y,t' x,t 

then derive the properties of consumption and price over time. 

There is, however, a special case which makes it appropriate to use many of the 

results derived in Section II. Suppose all individuals are specialized with respect to 

endowments; group A has all of (x) in every state at all times, and group B has all 

of (y). Preferences of all individuals are identical and homothetic and can be 

represented by the logarithm of a Cobb-Douglas utility function. As such a function 

displays constant relative risk aversion, the model can be treated as if consisting 

of two individuals with specialized endowments both of whom take prices as parameters. 

In general, necessary conditions for optimal storage of (x) and (y) by individual j 

at time t=l are that 

;i[ri ~ + K~,O - j (j-j 
K 1 + Rl K 0- K 1)' Rl ] x, y, y, 

t-l"j j _. 
= El~ Vl[rt'Zt + KJ 

x,t-l 

t = 2,3,4, ••• 

+ (5) 
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and 

t :::; 2,3,4 •.. (6) 

Equations (5) and (6) state that the discounted expected marginal utility of (x) for 

individual j be the same for all periods, and similarly for (y). 

Suppose group A stores only (x). If 

~AA A A 
V-(It,R

t
) :::; a 1n a .~ (l-a) 1n (l-a) - (l-a) 1n R + 1n (X - ~- + ~- 1) 

t t x, t x, t-

Clearly, decisions with respect to [0 ; t :::; 1,2, •.• } will be independent of 
x, t 

[R
t

; t :::; 1,2, ... }. 

Suppose group B stores only (y). Then 

AB B B B 
V (It,Rt ) = a 1n a + (I-a) 1n (l-a) - (1-a) InR +lnR + 1n (Y + K 1- K ) t tty, t- y, t 

and current actions and plans are independent of current and future prices. Hence, 

given the restrictions on storage, one may take prices as fixed in deriving optimal 

behavior, and many results of Section II apply. In particular, optimal choices do 

exist. Price distributions can then be derived given optimal behavior. 

It remains to show that the constraint that each individual stores only the 

good with which he is endowed is not binding in equilibrium. 

then 

Suppose ? .=~ 
y,t-1 y,t 

~B 
:::; K 

x,t-1 

x+KA -? 
R

t 
:::; (~) ( t ~x.t-1 ~x.t 

a Y + KB _ KB 
t y,t-l y.t 

) 

~B 
:::; K 

x,t 
:::; 0 

Suppose A is in equilibrium with respect to storage of (x). Then 

t :::; 1,2, 3, ..• 

(7) 

t :::; 2,3, .•• 
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i(B )] 
y, t 

t 2,3, 

On the assumption that B is in equilibrium with respect to storage of (y), 

2,3,4, 

Then from (7) 

Rl/(X
t 

+ KA - ~ ) = E [st-lR Ix - KA + KA ] 
x,a x,l 1 t t x,t x,t-l t = 2,3, .•• 

7/ 
Hence, A and B are both in equilibrium with respect to storage of (x) and (y). 

Hence, in the special case, decisions are independent of prices, and 

notationally the optimal choices may be written 

K~B = CD, B(K~B Y ) 
1 + t . y,t y,t-

By application of the results of Section II, there exist self-contained sets for 

each process, entry into such sets occurs with probability one, and there exist 

stationary measures for each process. 

It is interesting to compare (7) to the distribution of prices which would 

prevail if the government prohibited the holding of buffer stocks by individuals. 

Such a prohibition might be based on the belief that individual "speculation" 

was "destabilizing", a proposition which has been much discussed in the liter-

ature. In the model all agents speculate in the sense that their actions are 

based on probability distributions of the random variables of the system. 

If no buffer stocks were held by the government or by individuals, the 

price would be 

for X and Y
t 

not both zero. 
t 

(8) 
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Equation (8) describes a sequence of independent random variables. While 

(7) does have a stationary distribution, the effect of optimal inventory accumu-

lation by individuals is to introduce correlation into the price series. Also, 

* Rt has no finite mean as Yt may be zero with positive probability. In contrast, 

individual buffer stocks preclude zero consumption of either good at any time. 

In this example, then, optimal inventory accumulation has in some sense stabi-

lized prices. Yet a major point of this paper is that price instability may be 

a misleading indicator of economic welfare. There is a more natural criterion 

for evaluating the welfare effect of inventory accumulation--the maximization of 

expected utility. 

In general, in the absence of contingent commodity markets, the solutions 

to the model with and without storage are not Pareto optimal. Yet necessary 

conditions for a second best solution in the absence of all forward markets can 

still be derived.~/ 

with respect to {x~, yj 
t' K

j 
x,t' Kj j "" 1,2, y,t ... m; t "" 1,2, ... } 

where ~, j Kj 
parameters. Necessary conditions for maximum K 0' are a are x, y,O 

st-l afil(02 o ) 

- b 0 t :: 1,2, EO 
aXl t · .. 

t 

E st-l aol ( 0 , 0) 
- c t 0 t :z 1,2, (9) 

0 ayl 
· .. 

t 

ajEoSt -l auj (0, 0) 
- b 0 t 1,2, 

axj t · .. 
t 
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t = 1, 2, ... 

t = 1, 2, ... 

t = 1, 2, 

These necessary conditions for a maximum state among other things that the discounted 

expected marginal utility of (x) for individual j be equal in all periods, and similarly 

for (y). With storage prohibited such conditions will not, in general, be satisfied. 

In the specific example with the logarithm of Cobb-Douglas utility functions 

and with specialization of endowments, the solution will satisfy conditions (9), 

conditions which are now necessary for Pareto optimality. 

A troublesome aspect of the solution is the absence of contingent 

commodity markets. Yet it can be shown that in the specific example forward markets 

would not be active even if allowed. 

In some models with infinite horizons it is possible to dominate a competitive 

equilibrium path by increasing consumption in at least some periods. In the specific 
.... A 

increases by some A > 1 C x,t 
example, suppose at each state in each time period. Let 

.... A ~A 
C , ~- denote 
x, t x, t 

the new paths of consumption of A in terms of (x) and stocks of 

(x) respectively. Implicit in this analysis is a redistribution of (x) and (y) 

each period as if the economy were in a new competitive equilibrium. This allocation 

will satisfy the necessary conditions (9). Now 

i(A 
x,.,. 

.... A 
= ~

x,,,, 
~ (~A 
t=O x,t 

.... A _-A T .... A 
C ) ~ ~;* - (A-l)~ C 
x,t t=O x,t 

A necessary condition for the convergence of the series (A-I); CA is that lim 
t=O x,t t7~ 

"C~A 0 = . x,t 
* ~ Let OJ sO be such that Xt(w") is the least positive realization of X

t
. Denote 
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only a finite number of times. Hence, for convergence it is required that 

* there exists some T* such that for each t > T , X
t 

= O. This event occurs 

with probability zero. Hence, convergence occurs on a set of measure zero, 
00 

and (A-1)E CA = 00 with probability one. There exist with probability one some 
t=O x,t~ 

T such that RA < O. Hence, the new rule is incompatible with 
x,T 

conditions (9). By a similar argument, it can be established that the 

~B 
path C cannot be dominated. Clearly, paths with less consumption of (x) 

y,t 

and (y) are inferior to the competitive equilibrium path. Hence, the 

solution to the specific example is Pareto optimal. 

v. Conclusions and Suggestions for Further Research 

The model has shown that under simple assumptions about an economic 

system and the stochastic processes of that system, price fixing schemes will 

fail with probability one. In a stochastic general equilibrium framework in 

which individual behavior relations are derived from the maximization of 

expected utility, a random price will be a property of the equilibrium. It 

is reasonable then to question the feasibility of fixing a relative price in 

actual economies. If it is not the intent of government buffer stock programs 

to fix a relative price, then it is up to policy makers to make precise what 

they have in mind. 

, 
The suggestion by Dreze that government buffer stock programs compensate 

in part for the absence of contingent contracts can be misleading. Complete 

contingent markets make possible an efficient allocation of risk bearing for a 

given time period, a function which should be distinguished from an optimal 

timing of consumption. In the absence of forward markets, the outcome with 

storage by individuals may be a second best allocation. Feasible government 

buffer stock programs may limit price variability, but price variability is 

not an appropriate measure of economic welfare. 
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The assumption that expectations are rational removes from the model 

one argument for government buffer stock programs -- limitations on individual 

knowledge or foresight. Yet those who argue along those lines must explain 

why the government has access to more information or processes information 

more efficiently that the private sector. This is a topic for further research. 

The restriction that there be no forward markets was imposed exogenously 

for much of the paper. This was done in part to make the analysis tractable. 

Yet, in principle, coherent economic models should make the choice of market 

structure endogenous. This is being pursued in further research. 
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APPENDIX 

Lemma 1 

If fj,N-l(r~Z~_l + ~,R) is a strictly concave function of ~ and Vj(o,R) 

is strictly concave, then 

vj(W~ - ~, R) + SENfj,N-l(r~Z~_l + ~,R) is a strictly concave function of 

~j_, Wj 
-N N· 

Proof: let 0 < A < 1 W~f. w" K~-:i: K". Then 

Lemma 2 : Given the hypothesis of lemma 1, if a maximum to the right side of (2) exists, 

j N j-
then f ' (WN,R) as defined by (2) is a strictly concave function of 

w~,w~ .:. o. 

Proof: see Bellman [1, lemma 1, p. 21]. 

Lemma 3 

Let gj[w,R] be strictly concave w.r.t. w, ~ .:. O. Then for each W > 0, 

gj(o,R) is continuous, has finite partial derivatives from the left, gl_(O,R), 

and from the right, gl+(o,R), where 

Proof: see Katzner [5, lemma B. 2-4, p. 187]. 
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Lennna 4 

fj,NCo,R) is strictly concave for all N. 

MAX. .{Vjcwi - Ki,R)}. The strict concavity 
o _< KJ < WJ 

1 - 1 
Aj j j =- j j and continuity of V CWI - Kl,K) w.r.t. Kl on the compact set [O,Wl ] ensures the 

existence and uniqueness of a maximum. 
. N .-

Assume f J , CW~,R) is strictly concave 

w.r.t. w~. Then fj,Nco,R) is continuous by lemma 3. Define 

fj,N+Icw~+l,R) = MAX . {Ojcw~l - ~+l,R) + 8EN+lfj,NC~+1 + r~Z~,R)}. 
O_<Kj_ <wJ 

-~+l N+l 

Th · . and .. f VAj Co -) d fj ,Nco -R) Kj 
e strlct concavlty contlnulty 0 ,R an , w.r.t. N+lon 

the compact set [O,W~I] ensures the existence and uniqueness of a maximum. By 

. N+I -
lemma I and lemma 2 f J , CO,R) is strictly concave. 

Lemma 5 

For each W, W ~ 0, fj,NCW,R) is uniformly bounded in N. 

Proof: T he highest level of discounted expected utility for individual j is 

dominated by that associated with individual j actually receiving all of Cx) and 

all of Cy) of the economy in each state in every period, the maximum of aggregate 

income over all states to be realized in each state in every period, and indi-

vidual j acting as if he knew in the current decision period that he would 

receive such endowments in the future. Then the endowment of individual j in 

each state in every period would be 

M=MAX [X Cw) + RYtCW)]. 
wED t 

Given current wealth, W
j

, there is a maximum amount of previous savings compatible 

with this wealth, namely Wj - MIN [X (w) + RY (w)] = Wj . Assume, in addition to 
W n t t Eo. . 

the endowment, individual j receives WJ each period. Then there would be no savings 

in any period, and letting Vj(O,R) = 0, for all N, fj,NCWj,R) < ~=~t-Ivj(wj + M,R) 

00 

< L: 8t - l vj 
(Wj + M,R) 

t=l 

yj (Wj + M,R) 
1-8 
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Lemma 6 

f
j , N (W, R-) • t . . t N 1S mono one 1ncreas1ng w.r.. • 

Proof: fj,l(W,R) = MAX. {Qj(W-Kj,R)} = yj(W,R) 
o < KJ < W 1 

- 1-

f j ,2(W,R) + MAX. {Vj(W-K~,R) + SE2fj,1(r~zi + K~,R)} ~ yj(W,R) + SE2fj,1(r~zi,R) 
o < KJ < W - 2-

. N . N-l - . 
Assume f]' (W,R) > f J , (W,R). and let the maximizing value of ~ be denoted 

K~. Then 

Lemma 7 

For each W ~ 0, the lim fj,N(W,R) exists and is concave w.r.t. W. Denote 

this limit as fj(W,R). 
N-;.oo 

Proof: existence follows from lemma 5 and lemma 6. Concavity follows from 

lemma 4. 

Lemma 8 

fj(W,R) satisfies the functional equation (1). 

Proof: see Bellman [1, pp. 12-13]. 

Lemma 9 

fj ( • ,R) is strictly concave. 

Proof: this follows from lemma 4 and the functional equation (1). 
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lennna 10 

Given that [K~, t=1,2, .•• } is a sequence of current actions and contingent plans 

which maximize 

VAj(Wj _ Kj,-R) + BE fj(Kj + r,~j R) 
t t t t ut+l' 

then [K~, t=1,2, ... } also maximizes 

~j(wj - KJt",R) + E ~ 8T-t;\r'~ + Kj -Kj,R) 
t t ,.=t+l ,. ,.-1 'i 

proof: (the proof follows a rough outline of T. Muench). It is sufficient to argue 

the case at t=l. 

E ~ Qt-l;j(r,~j + Kj Kj R) 
It=l~ t t-l t' 

Note that as 

then 

0, by the monotone 

Hence, for all KJt"' fj(wJl",-R) :;:.: El~ st-lvAj(wJt" Kj R) s th t fj(W j -R) " 
L., t' , 0 a , ~s an upper 
t=l 

bound on discounted expected utility for all feasible plans. 
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Furthermore, choose ~~ = ~j(W~,R). Then, as shown in Proposition 1, w~ is 

bounded from above without loss of generality. 

Hence, lim E1STfj(W~1,R) = O. Therefore, 
T-?oo 

f j (WJ
1
",R) = E ~ St-1~j(wj Ktj,R) 

1 t =1 t 

1ennna 12 

lim ~j (W,R) = (I) 
W~(I) 

proof: Suppose lim ~j(W,R)= B. As fj(.,R) is strictly concave and strictly 
W~ 

increasing, the right derivative is strictly monotone decreasing. Then, from 

Eqs. (3) of the text 

~j(.,.) is of class C
2

, ~i(·,R) is continuous and lim ~i[W - ~j(W,R."),R] = 0 
IV-?(I) 

lemma 13 

j - j -
~ (.,R), W (.,R) are continuous. 

proof: following Brock and Mirman [ 2 j - j -, p. 490], as W (.,R), ~ (.,R) are monotone 

increasing, they possess, at most, jump discontinuities. 

Hence, 

lim wj(W,R) ~ lim wj(W,R) 
W~WO WJ.WO 

j - j-
lim ~ (W,R) ~ lim ~ (W,R) 
wtwO WlWO 

But lim [wj(W,R) + ~j(W,R) = lim (W) = ~ 
wtwO w1'wO 

lim [wj(W,R) + ~j(W,R) = lim 
wtwo wtwo 

(W) = w o 
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Hence, 

As both terms are non-positive, it follows that each is zero. 

lemma 14 

lim fi+ (W,R) = 0 
\\400 

proof: j As f
l
+ (·,R) is strictly monotone decreasing, suppose 

,. . 
j 

f l + (·,R) ~ b > O. f j(W,-R) / VJ(Wl+_cM,R) From lemma 5 and lemma 7, ~ ~ 

As lim 
,. v1 (W + M,R) 
vi (W + M,R) = 0, there exists some W* such that for all W ~ W*, 1-13 

,. . 
= VJ(W* + M,R) + ~ (W-W*). Let g(W,R) 1-8 2 

;j (W + M,'R) 
Then, by construction for every W > W*, - 1-13 < g(W,R) 

Let h(W,R) = fj(W*,R) + b(W - W*) 

Then, for every W > W*, fj(W,R) > h(W,R). 

But, by the linearity of g(·,R), h(.,R), there exists some W*i( such that 

h(W**,R) = g(W**,R). 
j Vj(W**,R) 

Then, by construction f (W**,R) > 1-13 

which is the desired contradiction. 

Proposition I - (iii) 

For all K6 ~ 0, ~[~~ • Aji.o.} = 0 

proof: j j 
Suppose K 1 > K*J • t- ,,( Then if for T > t-1, Kj < Kj part (ii) applies and 

.,. **' 

and (iii) is proved. Suppose that 

b 
:!>:-

2 



K~ > K~ for all t. 

Then 

But, 
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It can be shown that lim KJ
t' = Kj 

'k* 
t-?o:> 

Therefore, by contradiction 

K~ < Kt _1 and lim K~ = 
~o:> 

For, suppose that 

Now, rnj(Kj + r,~j,R) - Kj~ < 0 for all r,~j < M. By the continuity of rnj(o,R) 
~ ** t *~ t ~ 

there exist some b > 0 s.t. for all Kj 

As lim iZ j = K*j -1-' there exists some T such that for all t T iZj < Kj 
+ >.. Let w* t-?o:> t .. > 't *i( U 

be such that r'~+l(w*) = M, and, without loss of generality, let T = O. Then, 

< 0:>. Hence, by the Borel Cante11i lemma 

1enuna 15 

Let J(K~) ~ 0 satisfy 



- 31 -

where 

j -H is the range space of ~ (.,R), 

a subset of Euclidian space, and D is a compact set. Also, let h(e) be a bounded, 

continuous function such that lim i h(u)i = o. 
~oo 

j j _ i -
If EOh[~ (KO + r'~,R) is bounded, continuous, and 

+ r,~j R) = 
l' 

0, then there is at least one finite invariant measure 

proof: see Kushner [ 6 ,theorem 4, p. 208, and theorem 7, p. 211]. 

lemma 16 

A set A is self-contained if K~ € A, then K~ € A for all T ~ t. Suppose there 

are not two or more disjoint self-contained subsets of H. Then there is, at most, 

one invariant probability measure for Kj • 
t 

proof: see Kushner [ 6 

lemma 17 

lim ~j (W,R) = 00 

W-?oo 

, theorem 5, p. 207]. 

proof: Suppose by lemma 11 that lim wj(W,R) = ~j < 00. By construction for each 

W ~ 0, 

Then 

lim 
W-?oo 

j -
From lemma 14, lim fl_(W,R)= O. With lemma 12, this establishes a contradiction. 

W.o,il/; 
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Proposition II 

There exists a unique stationary measure for K~ as defined by Eq. (4) in 

the text. 

proof: let J(K~) Kj 
~ o. Let L\K6,R) = j j r .. ~j R) j As = EOcp (KO + KO• t l' 

lim Wj(W,R) = co by lennna 17, then for all ~ ~ 0, 
W~ 

- co. Also, Lj (K6,R) is monotone decreasing; given 

= ~ P(w)[cpj[K + r .. ~(w),R] - cpj[K + r"~(w),R] 
wen 1 

(K - K)} ~ 0 

Hence, there exist some k such that Lj(K,R) < - 1 for K € [O,k]c. Let 

then. 

a compact set. 

Also, if h(.) is bounded, continuous, and lim \ h(u)\ = 0, then EOh[cpj(K6 + r .. ~),R] 
~co 

is bounded and continuous w.r.t. K6' and tends to zero as K6 tends to co, by lennnas 

12 and 13. By lennna 15, there exist at least one stationary measure. Uniqueness 

follows from lennna 16 and Proposition I. 
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FOOTNOTES 

1. For a definition of span see Feller [4, p. 200]. 

2. This stochastic dynamic programming problem is really a choice 

between consumption and savings in a one good model in which 

future income is subject to random shocks. This distinguishes 

it from the literature in which the return from saving is random 

and enters in a multiplicative rather than additive way. See 

Brock and Mirman [2]. The results established below cast some 

doubt on Friedman's contention that the marginal propensity to 

consume out of transitory income is one. 

3. Elements of this proof were first suggested by John Danforth, 

but the author alone is responsible for any errors. 

4. The price corresponding to E(Xt ), E(Yt ) is not the expected 

price unless the correspondence is linear. 

5. See Feller [4, theorems 3 and 4, pp. 202-3]. 

6. The text does not deal with the case R = R*. If R* is never 

attained on e (.), then a policy of R = R* will fail immediately. 

If R* = min 8 (.), then the proof of the text applies. 

7. Equations (6) and (7) can fail to be sufficient conditions for 

a competitive equilibrium with storage if there is an excess 

accumulation of either (x) or (y) over time. It is shown below 

that this does not occur in the special case at issue. 

8. In the model 

00 

EO~ St-1uj(X~,y~) < (l/l-S)Uj [Max Xt(W), Ma Y ( )] < 00 

t=l WErt WE~ t W 
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