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Interacting electrons in a random potential

of a critical magnetic field above which the conduct-
ing phase is destroyed, and 3) the conducting transition
lies in close proximity to an incipient electron crystal
state in which strong charge retardation e!ects can lead
to Cooper pair formation. Further, we draw a paral-
lel between the 2D electron gas experiments and those
on inhomogeneous superconductors in which an appar-
ent saturation of the resistivity has been observed at low
temperatures14,15. We argue that the enhanced role of
classical fluctuations of the superconducting phase16 in
2D can significantly suppress the temperature at which
the resistivity vanishes.

In support of the superconducting scenario are numer-
ous transport measurements on the electron and hole sys-
tems. The value of the dynamical exponent13, z = 1, the
non-linearity in the I-V curves as well as the observed
temperature and electric field scaling of the resistivity are
all consistent with what is observed in known insulator-
superconductor transitions (IST’s). We now analyze the
experimental data on the magneto-resistance and show
that they o!er evidence for a critical parallel magnetic
field, consistent with singlet pairing. Although we limit
our discussion to a parallel field (H||), Kravchenko and
colleagues2 showed that the response of the conducting
phase to a magnetic field is independent of the direction
of the field, indicating that it is a spin e!ect that de-
stroys the conducting phase. Consider first the magneto-
resistance measurements in GaAs5. Measurements of the
conductivity as a function of the hole density in GaAs in
the temperature interval [1.4K,0.3K] reveal that even in
the presence of a magnetic field, the conductivity curves
cross at a unique value of the hole density. The single
crossing point signifies that the conductivity is temper-
ature independent at a particular density. Hence, this
density demarcates the transition between the conduct-
ing and insulating phases. If the conducting phase were
destroyed by an arbitrarily small magnetic field, such a
crossing point would not occur at finite field. However,
the experiments show that even for fields as high as 1T , a
unique crossing point exists. By H|| = 3.0T , the unique
crossing point vanishes, indicating that there is a thresh-
old parallel magnetic field above which the conducting
phase is extinguished. The critical field is, however, den-
sity dependent. From the crossing point in finite field, we
conclude that for ! = 0.02 and ! = 0.03, the critical fields
are Hc

|| = 0.5T and Hc
|| = 1.0T , respectively. For GaAs,

the Zeeman energies at such field strengths correspond
to an energy at least an order of magnitude smaller than
the Fermi temperature. Hence, the conducting phase in
GaAs is characterized by an internal energy scale distinct
from "F .

What about Si MOSFET’s? Based on the measure-
ments of #(H, E), Kravchenko, et. al.1 concluded that
the conducting phase is destroyed for an arbitrarily small
parallel magnetic field, indicating a vanishing of the crit-
ical field. This conclusion poses a distinct problem if
the conducting transition in Si MOSFET’s and GaAs is

assumed to be driven by the same physics. That is, ei-
ther both or neither should display a critical field, Hc.
We point out, however, that the observation of a criti-
cal field in GaAs was based on an analysis of #(H, T ),
not #(H, E). If this conclusion is correct, #(H, T ) should
also confirm this result. Hence, we investigate precisely
what is contained in #(H, T ) for Si MOSFET’s. The raw
data for Si MOSFET’s indicates that for H|| ! 9kOe
the slope of #(T ) changes sign2. Hence, from the raw
data, there is no indication at least within the temper-
ature regime studied that an arbitrarily small magnetic
field suppresses the conducting phase. As a consequence,
we analyzed #(H, T ) for a Si MOSFET (D. Simonian, S.
Kravchenko, and M. Sarachik, personal communication)
with a scaling function of the form, f(|H||"Hc|/T 1/!). In
field-tuned 2D IST’s13,17, the resistivity scales on either
side of Hc as a universal function17 of |H "Hc|/T 1/zB"B ,
where zB and $B are the dynamical and correlation
length exponents, respectively in a magnetic field. If a
critical field exists, then above and below Hc the experi-
mental values for the resistivity should collapse onto two
distinct branches. Such collapse is shown in Fig. (1)
above and below a critical field of Hc = 9.5kOe with
% = 0.6 ± 0.1. Here again, the critical field corresponds
to an energy scale that is an order of magnitude smaller
than the Fermi energy. It is interesting to note that ex-
periments on the IST in bismuth films (N. Markovic,
Christiansen, and A. M. Goldman, personal communi-
cation) show that zB$B = 0.7± 0.2, which is remarkably
close to the value, % = 0.6 ± 0.1, obtained in the scaling
plot in Fig. (1).

The sti!ness in the conducting phase to a parallel mag-
netic field signifies that the ground state is a singlet.
While spin glass and antiferromagnetic order are also
consistent with a singlet ground state, such phases are
insulating in 2D. If we entertain the possibility of other
non-Fermi liquid states, it is unclear how such a state will
di!er from a superconducting one, as the experiments
dictate that such a state must also have a singlet energy
gap and conduct in the presence of disorder.

In terms of the dimensionless measure of the density,
rs = 1/

#
&#a!

0, a!
0 the e!ective Bohr radius, the conduct-

ing transition for Si MOSFET’s1 and GaAs5,6 occurs at
rs ! 10 and rs ! 18, respectively. For such dilute sys-
tems, rs $ 1, it is not known definitively what type of
microscopic order obtains in the ground state. However,
as a Fermi liquid description is valid for dense systems,
rs

<% 1, perturbation theory18,19 will necessarily fail to
describe the experimental observations4,20. Monte Carlo
simulations21 reveal that in a clean 2D electron gas, a
Wigner crystal is the ground state for rs > 37. A Wigner
crystal is an electron crystalline phase in which the elec-
trons minimize their repulsive potential energy and form
an ordered array. For clean 2D systems, the electrons
arrange themselves in a triangular lattice. The simula-
tions also indicate that in the presence of disorder22,23

or random pinning centers, an incipient Wigner crystal
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Interacting electrons in a random potential

of a critical magnetic field above which the conduct-
ing phase is destroyed, and 3) the conducting transition
lies in close proximity to an incipient electron crystal
state in which strong charge retardation e!ects can lead
to Cooper pair formation. Further, we draw a paral-
lel between the 2D electron gas experiments and those
on inhomogeneous superconductors in which an appar-
ent saturation of the resistivity has been observed at low
temperatures14,15. We argue that the enhanced role of
classical fluctuations of the superconducting phase16 in
2D can significantly suppress the temperature at which
the resistivity vanishes.

In support of the superconducting scenario are numer-
ous transport measurements on the electron and hole sys-
tems. The value of the dynamical exponent13, z = 1, the
non-linearity in the I-V curves as well as the observed
temperature and electric field scaling of the resistivity are
all consistent with what is observed in known insulator-
superconductor transitions (IST’s). We now analyze the
experimental data on the magneto-resistance and show
that they o!er evidence for a critical parallel magnetic
field, consistent with singlet pairing. Although we limit
our discussion to a parallel field (H||), Kravchenko and
colleagues2 showed that the response of the conducting
phase to a magnetic field is independent of the direction
of the field, indicating that it is a spin e!ect that de-
stroys the conducting phase. Consider first the magneto-
resistance measurements in GaAs5. Measurements of the
conductivity as a function of the hole density in GaAs in
the temperature interval [1.4K,0.3K] reveal that even in
the presence of a magnetic field, the conductivity curves
cross at a unique value of the hole density. The single
crossing point signifies that the conductivity is temper-
ature independent at a particular density. Hence, this
density demarcates the transition between the conduct-
ing and insulating phases. If the conducting phase were
destroyed by an arbitrarily small magnetic field, such a
crossing point would not occur at finite field. However,
the experiments show that even for fields as high as 1T , a
unique crossing point exists. By H|| = 3.0T , the unique
crossing point vanishes, indicating that there is a thresh-
old parallel magnetic field above which the conducting
phase is extinguished. The critical field is, however, den-
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conclude that for ! = 0.02 and ! = 0.03, the critical fields
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|| = 1.0T , respectively. For GaAs,

the Zeeman energies at such field strengths correspond
to an energy at least an order of magnitude smaller than
the Fermi temperature. Hence, the conducting phase in
GaAs is characterized by an internal energy scale distinct
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What about Si MOSFET’s? Based on the measure-
ments of #(H, E), Kravchenko, et. al.1 concluded that
the conducting phase is destroyed for an arbitrarily small
parallel magnetic field, indicating a vanishing of the crit-
ical field. This conclusion poses a distinct problem if
the conducting transition in Si MOSFET’s and GaAs is
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not #(H, E). If this conclusion is correct, #(H, T ) should
also confirm this result. Hence, we investigate precisely
what is contained in #(H, T ) for Si MOSFET’s. The raw
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the slope of #(T ) changes sign2. Hence, from the raw
data, there is no indication at least within the temper-
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insulating in 2D. If we entertain the possibility of other
non-Fermi liquid states, it is unclear how such a state will
di!er from a superconducting one, as the experiments
dictate that such a state must also have a singlet energy
gap and conduct in the presence of disorder.

In terms of the dimensionless measure of the density,
rs = 1/

#
&#a!

0, a!
0 the e!ective Bohr radius, the conduct-

ing transition for Si MOSFET’s1 and GaAs5,6 occurs at
rs ! 10 and rs ! 18, respectively. For such dilute sys-
tems, rs $ 1, it is not known definitively what type of
microscopic order obtains in the ground state. However,
as a Fermi liquid description is valid for dense systems,
rs

<% 1, perturbation theory18,19 will necessarily fail to
describe the experimental observations4,20. Monte Carlo
simulations21 reveal that in a clean 2D electron gas, a
Wigner crystal is the ground state for rs > 37. A Wigner
crystal is an electron crystalline phase in which the elec-
trons minimize their repulsive potential energy and form
an ordered array. For clean 2D systems, the electrons
arrange themselves in a triangular lattice. The simula-
tions also indicate that in the presence of disorder22,23

or random pinning centers, an incipient Wigner crystal

2

10
!2

10
!1

10
0

10
1

10
!1

10
0

10
1

10
2

|H!H
c
|/T

1/!

"
 (

h
/e

2
)

Field!tuned scaling for resistivity, Hc#9.5 kOe

H>H
c

H<H
c

H= 0 kOe
H= 3 kOe
H= 5 kOe
H= 7 kOe
H= 9 kOe
H=10 kOe
H=11 kOe
H=12 kOe
H=13 kOe
H=14 kOe
H=15 kOe

z! = 0.6± 0.1

LA March Meeting ~1997



0

0.1

0.2

0.3

0.4

0.5

0.6

0 1 2 3 4 5 6 7 8

(d
-d
c)
(Å
)

B(kG)

d-d
c B1.4!

SUPERCONDUCTOR

INSULATOR

"

z#0.7

z#1.4

"

2

of a critical magnetic field above which the conduct-
ing phase is destroyed, and 3) the conducting transition
lies in close proximity to an incipient electron crystal
state in which strong charge retardation e!ects can lead
to Cooper pair formation. Further, we draw a paral-
lel between the 2D electron gas experiments and those
on inhomogeneous superconductors in which an appar-
ent saturation of the resistivity has been observed at low
temperatures14,15. We argue that the enhanced role of
classical fluctuations of the superconducting phase16 in
2D can significantly suppress the temperature at which
the resistivity vanishes.

In support of the superconducting scenario are numer-
ous transport measurements on the electron and hole sys-
tems. The value of the dynamical exponent13, z = 1, the
non-linearity in the I-V curves as well as the observed
temperature and electric field scaling of the resistivity are
all consistent with what is observed in known insulator-
superconductor transitions (IST’s). We now analyze the
experimental data on the magneto-resistance and show
that they o!er evidence for a critical parallel magnetic
field, consistent with singlet pairing. Although we limit
our discussion to a parallel field (H||), Kravchenko and
colleagues2 showed that the response of the conducting
phase to a magnetic field is independent of the direction
of the field, indicating that it is a spin e!ect that de-
stroys the conducting phase. Consider first the magneto-
resistance measurements in GaAs5. Measurements of the
conductivity as a function of the hole density in GaAs in
the temperature interval [1.4K,0.3K] reveal that even in
the presence of a magnetic field, the conductivity curves
cross at a unique value of the hole density. The single
crossing point signifies that the conductivity is temper-
ature independent at a particular density. Hence, this
density demarcates the transition between the conduct-
ing and insulating phases. If the conducting phase were
destroyed by an arbitrarily small magnetic field, such a
crossing point would not occur at finite field. However,
the experiments show that even for fields as high as 1T , a
unique crossing point exists. By H|| = 3.0T , the unique
crossing point vanishes, indicating that there is a thresh-
old parallel magnetic field above which the conducting
phase is extinguished. The critical field is, however, den-
sity dependent. From the crossing point in finite field, we
conclude that for ! = 0.02 and ! = 0.03, the critical fields
are Hc

|| = 0.5T and Hc
|| = 1.0T , respectively. For GaAs,

the Zeeman energies at such field strengths correspond
to an energy at least an order of magnitude smaller than
the Fermi temperature. Hence, the conducting phase in
GaAs is characterized by an internal energy scale distinct
from "F .

What about Si MOSFET’s? Based on the measure-
ments of #(H, E), Kravchenko, et. al.1 concluded that
the conducting phase is destroyed for an arbitrarily small
parallel magnetic field, indicating a vanishing of the crit-
ical field. This conclusion poses a distinct problem if
the conducting transition in Si MOSFET’s and GaAs is

assumed to be driven by the same physics. That is, ei-
ther both or neither should display a critical field, Hc.
We point out, however, that the observation of a criti-
cal field in GaAs was based on an analysis of #(H, T ),
not #(H, E). If this conclusion is correct, #(H, T ) should
also confirm this result. Hence, we investigate precisely
what is contained in #(H, T ) for Si MOSFET’s. The raw
data for Si MOSFET’s indicates that for H|| ! 9kOe
the slope of #(T ) changes sign2. Hence, from the raw
data, there is no indication at least within the temper-
ature regime studied that an arbitrarily small magnetic
field suppresses the conducting phase. As a consequence,
we analyzed #(H, T ) for a Si MOSFET (D. Simonian, S.
Kravchenko, and M. Sarachik, personal communication)
with a scaling function of the form, f(|H||"Hc|/T 1/!). In
field-tuned 2D IST’s13,17, the resistivity scales on either
side of Hc as a universal function17 of |H "Hc|/T 1/zB"B ,
where zB and $B are the dynamical and correlation
length exponents, respectively in a magnetic field. If a
critical field exists, then above and below Hc the experi-
mental values for the resistivity should collapse onto two
distinct branches. Such collapse is shown in Fig. (1)
above and below a critical field of Hc = 9.5kOe with
% = 0.6 ± 0.1. Here again, the critical field corresponds
to an energy scale that is an order of magnitude smaller
than the Fermi energy. It is interesting to note that ex-
periments on the IST in bismuth films (N. Markovic,
Christiansen, and A. M. Goldman, personal communi-
cation) show that zB$B = 0.7± 0.2, which is remarkably
close to the value, % = 0.6 ± 0.1, obtained in the scaling
plot in Fig. (1).

The sti!ness in the conducting phase to a parallel mag-
netic field signifies that the ground state is a singlet.
While spin glass and antiferromagnetic order are also
consistent with a singlet ground state, such phases are
insulating in 2D. If we entertain the possibility of other
non-Fermi liquid states, it is unclear how such a state will
di!er from a superconducting one, as the experiments
dictate that such a state must also have a singlet energy
gap and conduct in the presence of disorder.

In terms of the dimensionless measure of the density,
rs = 1/

#
&#a!

0, a!
0 the e!ective Bohr radius, the conduct-

ing transition for Si MOSFET’s1 and GaAs5,6 occurs at
rs ! 10 and rs ! 18, respectively. For such dilute sys-
tems, rs $ 1, it is not known definitively what type of
microscopic order obtains in the ground state. However,
as a Fermi liquid description is valid for dense systems,
rs

<% 1, perturbation theory18,19 will necessarily fail to
describe the experimental observations4,20. Monte Carlo
simulations21 reveal that in a clean 2D electron gas, a
Wigner crystal is the ground state for rs > 37. A Wigner
crystal is an electron crystalline phase in which the elec-
trons minimize their repulsive potential energy and form
an ordered array. For clean 2D systems, the electrons
arrange themselves in a triangular lattice. The simula-
tions also indicate that in the presence of disorder22,23

or random pinning centers, an incipient Wigner crystal
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Interacting bosons in a random potential
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crossing point signifies that the conductivity is temper-
ature independent at a particular density. Hence, this
density demarcates the transition between the conduct-
ing and insulating phases. If the conducting phase were
destroyed by an arbitrarily small magnetic field, such a
crossing point would not occur at finite field. However,
the experiments show that even for fields as high as 1T , a
unique crossing point exists. By H|| = 3.0T , the unique
crossing point vanishes, indicating that there is a thresh-
old parallel magnetic field above which the conducting
phase is extinguished. The critical field is, however, den-
sity dependent. From the crossing point in finite field, we
conclude that for ! = 0.02 and ! = 0.03, the critical fields
are Hc
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|| = 1.0T , respectively. For GaAs,

the Zeeman energies at such field strengths correspond
to an energy at least an order of magnitude smaller than
the Fermi temperature. Hence, the conducting phase in
GaAs is characterized by an internal energy scale distinct
from "F .

What about Si MOSFET’s? Based on the measure-
ments of #(H, E), Kravchenko, et. al.1 concluded that
the conducting phase is destroyed for an arbitrarily small
parallel magnetic field, indicating a vanishing of the crit-
ical field. This conclusion poses a distinct problem if
the conducting transition in Si MOSFET’s and GaAs is
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ther both or neither should display a critical field, Hc.
We point out, however, that the observation of a criti-
cal field in GaAs was based on an analysis of #(H, T ),
not #(H, E). If this conclusion is correct, #(H, T ) should
also confirm this result. Hence, we investigate precisely
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the slope of #(T ) changes sign2. Hence, from the raw
data, there is no indication at least within the temper-
ature regime studied that an arbitrarily small magnetic
field suppresses the conducting phase. As a consequence,
we analyzed #(H, T ) for a Si MOSFET (D. Simonian, S.
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with a scaling function of the form, f(|H||"Hc|/T 1/!). In
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where zB and $B are the dynamical and correlation
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The sti!ness in the conducting phase to a parallel mag-
netic field signifies that the ground state is a singlet.
While spin glass and antiferromagnetic order are also
consistent with a singlet ground state, such phases are
insulating in 2D. If we entertain the possibility of other
non-Fermi liquid states, it is unclear how such a state will
di!er from a superconducting one, as the experiments
dictate that such a state must also have a singlet energy
gap and conduct in the presence of disorder.
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How is superfluitidy destroyed
at commensurate boson fillings
in the disordered Bose Hubbard    
model?
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Clean Bose-Hubbard Model
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Disordered Bose-Hubbard Model
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Absence of a Direct Superfluid to Mott Insulator Transition in Disordered Bose
Systems

L. Pollet,1 N.V. Prokof’ev,1, 2 B.V. Svistunov,1, 2 and M. Troyer3
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2Russian Research Center “Kurchatov Institute”, 123182 Moscow, Russia
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We present a rigorous analytic proof of the absence of a direct quantum phase transition between
a superfluid and a Mott insulator in a commensurate bosonic system with generic bounded disorder.
The theorem is illustrated by quantum Monte Carlo simulations for the Bose-Hubbard model, from
which we deduce an even stronger result: The critical disorder strength, !c, corresponding to the
onset of disorder-induced superfluidity, satisfies the relation !c > Eg/2, with Eg/2 the half-width of
the Mott gap in the pure system.

PACS numbers: 03.75.Hh, 67.85.-d, 64.70.Tg, 05.30.Jp

The interplay between disorder and interactions is one
of the most exciting and longstanding problems in con-
densed matter physics, full of controversial theoretical
and experimental results. Bosonic systems are especially
di!cult to handle theoretically because the limit of van-
ishing interactions is pathological: in the ground state all
particles occupy the same lowest energy-localized state.
Hence, interactions and disorder are equally important
at the quantum phase transition between superfluid (SF)
and insulating (I) ground states. Relevant examples from
Nature include 4He in porous media and aerogels [1], 4He
on substrates [1, 2], thin superconducting films [3], and
Josephson junction arrays [4].

The physics is further complicated when bosons are
subject to the periodic external potential and interac-
tions are strong enough to drive a commensurate system
(with particle number an integer multiple of the number
of lattice sites) to the insulating Mott phase (MI) even
without disorder. A fundamental problem here is the role
of an arbitrarily weak disorder in the vicinity of SF-MI
quantum critical point of the pure system.

In their seminal paper [5], Fisher et al. argued the ex-
istence of a Bose glass phase (BG) in the Bose-Hubbard
Hamiltonian with bounded disorder: while the commen-
surate MI is gapped, the insulating BG remains com-
pressible. Since then, the Bose-Hubbard model has re-
ceived a lot of theoretical interest, although it remained
beyond direct experimental reach. This is changing with
the experimental demonstration of the SF-MI transition
of ultra-cold atoms in optical lattices [6] following the
theoretical proposal of Ref. [7]. At present, cold-atom
systems o"er an unprecedented control over system prop-
erties and have been explicitly shown to be accurately
described by the Bose-Hubbard model. In particular,
there is full agreement between the experimental data
and Quantum Monte Carlo simulations, proving that the
optical lattice system can be a quantitatively reliable sim-
ulator [8]. Experiments have recently advanced to the
stage where disorder can be added and controlled using
speckle potentials [9, 10, 11].

Though the pure system is well understood, the prop-
erties of the disordered Bose-Hubbard model remain sub-
ject to debate, even at the qualitative level. The rel-
evance of arbitrarily weak disorder at the superfluid–
insulator quantum phase transition at an integer filling
factor is highly controversial [5, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Fisher et
al. [5] raised the problem and argued that a direct SF-MI
transition was unlikely, though not fundamentally impos-
sible. Curiously, a large number of direct numerical sim-
ulations [13, 14, 17, 18, 20, 25, 26] and some approximate
approaches [15, 16, 19, 22, 28, 29] observed this unlikely
scenario! However, all numerical simulations reporting a
direct SF-MI transition were ignoring a rigorous theorem
[5, 12] (to be referred to as Theorem I) stating that, if
the bound # on the disorder strength is larger than the
half-width of the energy gap Eg/2 in the ideal Mott insu-
lator, then the system is inevitably compressible, i.e. the
transition is to the BG insulator and not the MI when-
ever

#c > Eg/2. (1)

This problem was solved in one- and two-dimensional
systems using rigorous analytic treatments [21] (in d = 1)
and accurate numerical data [27] (in d = 2), with the
conclusion that in both cases a direct SF-MI transition
is impossible. The three-dimensional case, however, has
not been settled.

In this Letter, we introduce and rigorously prove The-
orem II stating the absence of a direct SF-MI quantum
phase transition in the presence of generic, bounded dis-
order. For such generic disorder, any particular realiza-
tion of disorder in a finite volume has a non-zero probabil-
ity density to occur. Our proof is not based on, and thus
does not imply condition (1), meaning that it does not ex-
clude an unlikely possibility of dangerous irrelevance of
weak disorder, when the system gets incompressible at
the critical point, but develops a finite compressibility—
say, due to exponentially dilute, and thus irrelevant to
criticality, rare regions—right after the transition to the

11
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Absence of a Direct Superfluid to Mott Insulator Transition in Disordered Bose
Systems

L. Pollet,1 N.V. Prokof’ev,1, 2 B.V. Svistunov,1, 2 and M. Troyer3
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2Russian Research Center “Kurchatov Institute”, 123182 Moscow, Russia
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We present a rigorous analytic proof of the absence of a direct quantum phase transition between
a superfluid and a Mott insulator in a commensurate bosonic system with generic bounded disorder.
The theorem is illustrated by quantum Monte Carlo simulations for the Bose-Hubbard model, from
which we deduce an even stronger result: The critical disorder strength, !c, corresponding to the
onset of disorder-induced superfluidity, satisfies the relation !c > Eg/2, with Eg/2 the half-width of
the Mott gap in the pure system.

PACS numbers: 03.75.Hh, 67.85.-d, 64.70.Tg, 05.30.Jp

The interplay between disorder and interactions is one
of the most exciting and longstanding problems in con-
densed matter physics, full of controversial theoretical
and experimental results. Bosonic systems are especially
di!cult to handle theoretically because the limit of van-
ishing interactions is pathological: in the ground state all
particles occupy the same lowest energy-localized state.
Hence, interactions and disorder are equally important
at the quantum phase transition between superfluid (SF)
and insulating (I) ground states. Relevant examples from
Nature include 4He in porous media and aerogels [1], 4He
on substrates [1, 2], thin superconducting films [3], and
Josephson junction arrays [4].

The physics is further complicated when bosons are
subject to the periodic external potential and interac-
tions are strong enough to drive a commensurate system
(with particle number an integer multiple of the number
of lattice sites) to the insulating Mott phase (MI) even
without disorder. A fundamental problem here is the role
of an arbitrarily weak disorder in the vicinity of SF-MI
quantum critical point of the pure system.

In their seminal paper [5], Fisher et al. argued the ex-
istence of a Bose glass phase (BG) in the Bose-Hubbard
Hamiltonian with bounded disorder: while the commen-
surate MI is gapped, the insulating BG remains com-
pressible. Since then, the Bose-Hubbard model has re-
ceived a lot of theoretical interest, although it remained
beyond direct experimental reach. This is changing with
the experimental demonstration of the SF-MI transition
of ultra-cold atoms in optical lattices [6] following the
theoretical proposal of Ref. [7]. At present, cold-atom
systems o"er an unprecedented control over system prop-
erties and have been explicitly shown to be accurately
described by the Bose-Hubbard model. In particular,
there is full agreement between the experimental data
and Quantum Monte Carlo simulations, proving that the
optical lattice system can be a quantitatively reliable sim-
ulator [8]. Experiments have recently advanced to the
stage where disorder can be added and controlled using
speckle potentials [9, 10, 11].

Though the pure system is well understood, the prop-
erties of the disordered Bose-Hubbard model remain sub-
ject to debate, even at the qualitative level. The rel-
evance of arbitrarily weak disorder at the superfluid–
insulator quantum phase transition at an integer filling
factor is highly controversial [5, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Fisher et
al. [5] raised the problem and argued that a direct SF-MI
transition was unlikely, though not fundamentally impos-
sible. Curiously, a large number of direct numerical sim-
ulations [13, 14, 17, 18, 20, 25, 26] and some approximate
approaches [15, 16, 19, 22, 28, 29] observed this unlikely
scenario! However, all numerical simulations reporting a
direct SF-MI transition were ignoring a rigorous theorem
[5, 12] (to be referred to as Theorem I) stating that, if
the bound # on the disorder strength is larger than the
half-width of the energy gap Eg/2 in the ideal Mott insu-
lator, then the system is inevitably compressible, i.e. the
transition is to the BG insulator and not the MI when-
ever

#c > Eg/2. (1)

This problem was solved in one- and two-dimensional
systems using rigorous analytic treatments [21] (in d = 1)
and accurate numerical data [27] (in d = 2), with the
conclusion that in both cases a direct SF-MI transition
is impossible. The three-dimensional case, however, has
not been settled.

In this Letter, we introduce and rigorously prove The-
orem II stating the absence of a direct SF-MI quantum
phase transition in the presence of generic, bounded dis-
order. For such generic disorder, any particular realiza-
tion of disorder in a finite volume has a non-zero probabil-
ity density to occur. Our proof is not based on, and thus
does not imply condition (1), meaning that it does not ex-
clude an unlikely possibility of dangerous irrelevance of
weak disorder, when the system gets incompressible at
the critical point, but develops a finite compressibility—
say, due to exponentially dilute, and thus irrelevant to
criticality, rare regions—right after the transition to the
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I. Bloch, Nature, 415, 39 (2002).
[7] D. Jacksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and

P. Zoller, Phys. Rev. Lett. 81, 3108 (1998).
[8] S. Trotzky, L. Pollet, F. Gerbier, U. Schnorrberger, I.

Bloch, N.V. Prokov’ev, B.V. Svistunov, and M. Troyer,
preprint.

[9] L. Sanchez-Palencia, D. Clément, P. Lugan, P. Bouyer,
G.V. Shlyapnikov, and A. Aspect, Phys. Rev. Lett. 98,
210401 (2007); J. Billy, V. Josse, Z. Zuo, A. Bernard, B.
Hambrecht, P. Lugan, D. Clément1, L. Sanchez-Palencia,
P. Bouyer, and A. Aspect, Nature 453, 891 (2008).

[10] J. E. Lye, L. Fallani, M. Modugno, D. S. Wiersma,
C. Fort, and M. Inguscio, Phys. Rev. Lett. 95, 070401
(2005); L. Fallani, J. E. Lye, V. Guarrera, C. Fort, and M.
Inguscio, Phys. Rev. Lett. 98, 130404 (2007); G. Roati,
C. D’Errico, L. Fallani, M. Fattori, C. Fort, M. Zaccanti,
G. Modugno, M. Modugno, and M. Inguscio, Nature 453,
895 (2008).

[11] M. White, M. Pasienski, D. McKay, S.Q. Zhou, D. Ceper-
ley, and B. DeMarco, Phys. Rev. Lett. 102, 055301
(2009).

[12] J.K. Freericks and H. Monien, Phys. Rev. B 53, 2691
(1996).

[13] R.T. Scalettar, G.G. Batrouni, and G.T. Zimanyi, Phys.
Rev. Lett. 66, 3144 (1991).

[14] W. Krauth, N. Trivedi, and D. Ceperley, Phys. Rev. Lett.
67, 2307 (1991).

[15] L. Zhang and M. Ma, Phys. Rev. B 45, 4855 (1992).

[16] K.G. Singh and D.S. Rokhsar, Phys. Rev. B 46, 3002
(1992).

[17] M. Makivic, N. Trivedi, and S. Ullah, Phys. Rev. Lett.
71, 2307 (1993).

[18] M. Wallin, E. S. Sorensen, S. M. Girvin, and A. P. Young,
Phys. Rev. B 49, 12115 (1994).

[19] F. Pazmandi, G. Zimanyi, and R. Scalettar, Phys. Rev.
Lett. 75, 1356 (1995).

[20] R.V. Pai, R. Pandit, H.R. Krishnamurthy, and S. Ra-
masesha, Phys. Rev. Lett. 76, 2937 (1996).

[21] B.V. Svistunov, Phys. Rev. B 54, 16131 (1996).
[22] F. Pazmandi and G. Zimanyi, Phys. Rev. B 57, 5044

(1998).
[23] J. Kisker and H. Rieger, Phys. Rev. B 55, R11 981 (1997).
[24] I. F. Herbut, Phys. Rev. Lett. 79, 3502 (1997); Phys.

Rev. B 57, 13729 (1998).
[25] P. Sen, N. Trivedi, and D. M. Ceperley, Phys. Rev. Lett.

86, 4092 (2001).
[26] J.-W. Lee, M.-C. Cha, and D. Kim, Phys. Rev. Lett. 87,

247006 (2001); ibid, 88, 049901 (2002).
[27] N. Prokof’ev and B. Svistunov, Phys. Rev. Lett. 92,

015703 (2004); arxiv:cond-mat/0310251.
[28] J. Wu and P. Phillips, Phys. Rev. B 78, 014515 (2008).
[29] U. Bissbort and W. Hofstetter, arXiv:0804.0007 (2008).
[30] N.V. Prokof’ev, B.V. Svistunov, and I.S. Tupitsyn, JETP

87, 310 (1998).
[31] L. Pollet, K. Van Houcke, and S. Rombouts, J. Comp.

Phys. 225, 2249 (2007).
[32] It was conjectured that the MI-BG transition is exactly at

the upper boundary of the theorem, !MI(U) = Eg/2(U).
[33] B. Capogrosso-Sansone, N. V. Prokof’ev and B. V. Svis-

tunov, Phys. Rev. B 75, 134302 (2007).
[34] E. L. Pollock and D. M. Ceperley, Phys. Rev. B 36, 8343

(1987).
[35] A. F. Albuquerque, F. Alet, P. Corboz, et al., Journal of

Magnetism and Magnetic Materials 310, 1187 (2007).

4

and weak disorder is relevant to the superfluid–insulator
criticality in all experimentally accessible dimensions.

This work was supported by the National Science
Foundation under Grants Nos. PHY-0653183, the

DARPA OLE program, and the Swiss National Science
Foundation. Simulations were performed on the Brutus
cluster at ETH Zurich and use was made of the ALPS
libraries for the error evaluation [35].

[1] P.A. Crowell, F.W. Van Keuls, and J.D. Reppy, Phys.
Rev. Lett. 75, 1106 (1995); Phys. Rev. B 55, 12620
(1997).
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Absence of a Direct Superfluid to Mott Insulator Transition in Disordered Bose
Systems

L. Pollet,1 N.V. Prokof’ev,1, 2 B.V. Svistunov,1, 2 and M. Troyer3
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We present a rigorous analytic proof of the absence of a direct quantum phase transition between
a superfluid and a Mott insulator in a commensurate bosonic system with generic bounded disorder.
The theorem is illustrated by quantum Monte Carlo simulations for the Bose-Hubbard model, from
which we deduce an even stronger result: The critical disorder strength, !c, corresponding to the
onset of disorder-induced superfluidity, satisfies the relation !c > Eg/2, with Eg/2 the half-width of
the Mott gap in the pure system.

PACS numbers: 03.75.Hh, 67.85.-d, 64.70.Tg, 05.30.Jp

The interplay between disorder and interactions is one
of the most exciting and longstanding problems in con-
densed matter physics, full of controversial theoretical
and experimental results. Bosonic systems are especially
di!cult to handle theoretically because the limit of van-
ishing interactions is pathological: in the ground state all
particles occupy the same lowest energy-localized state.
Hence, interactions and disorder are equally important
at the quantum phase transition between superfluid (SF)
and insulating (I) ground states. Relevant examples from
Nature include 4He in porous media and aerogels [1], 4He
on substrates [1, 2], thin superconducting films [3], and
Josephson junction arrays [4].

The physics is further complicated when bosons are
subject to the periodic external potential and interac-
tions are strong enough to drive a commensurate system
(with particle number an integer multiple of the number
of lattice sites) to the insulating Mott phase (MI) even
without disorder. A fundamental problem here is the role
of an arbitrarily weak disorder in the vicinity of SF-MI
quantum critical point of the pure system.

In their seminal paper [5], Fisher et al. argued the ex-
istence of a Bose glass phase (BG) in the Bose-Hubbard
Hamiltonian with bounded disorder: while the commen-
surate MI is gapped, the insulating BG remains com-
pressible. Since then, the Bose-Hubbard model has re-
ceived a lot of theoretical interest, although it remained
beyond direct experimental reach. This is changing with
the experimental demonstration of the SF-MI transition
of ultra-cold atoms in optical lattices [6] following the
theoretical proposal of Ref. [7]. At present, cold-atom
systems o"er an unprecedented control over system prop-
erties and have been explicitly shown to be accurately
described by the Bose-Hubbard model. In particular,
there is full agreement between the experimental data
and Quantum Monte Carlo simulations, proving that the
optical lattice system can be a quantitatively reliable sim-
ulator [8]. Experiments have recently advanced to the
stage where disorder can be added and controlled using
speckle potentials [9, 10, 11].

Though the pure system is well understood, the prop-
erties of the disordered Bose-Hubbard model remain sub-
ject to debate, even at the qualitative level. The rel-
evance of arbitrarily weak disorder at the superfluid–
insulator quantum phase transition at an integer filling
factor is highly controversial [5, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Fisher et
al. [5] raised the problem and argued that a direct SF-MI
transition was unlikely, though not fundamentally impos-
sible. Curiously, a large number of direct numerical sim-
ulations [13, 14, 17, 18, 20, 25, 26] and some approximate
approaches [15, 16, 19, 22, 28, 29] observed this unlikely
scenario! However, all numerical simulations reporting a
direct SF-MI transition were ignoring a rigorous theorem
[5, 12] (to be referred to as Theorem I) stating that, if
the bound # on the disorder strength is larger than the
half-width of the energy gap Eg/2 in the ideal Mott insu-
lator, then the system is inevitably compressible, i.e. the
transition is to the BG insulator and not the MI when-
ever

#c > Eg/2. (1)

This problem was solved in one- and two-dimensional
systems using rigorous analytic treatments [21] (in d = 1)
and accurate numerical data [27] (in d = 2), with the
conclusion that in both cases a direct SF-MI transition
is impossible. The three-dimensional case, however, has
not been settled.

In this Letter, we introduce and rigorously prove The-
orem II stating the absence of a direct SF-MI quantum
phase transition in the presence of generic, bounded dis-
order. For such generic disorder, any particular realiza-
tion of disorder in a finite volume has a non-zero probabil-
ity density to occur. Our proof is not based on, and thus
does not imply condition (1), meaning that it does not ex-
clude an unlikely possibility of dangerous irrelevance of
weak disorder, when the system gets incompressible at
the critical point, but develops a finite compressibility—
say, due to exponentially dilute, and thus irrelevant to
criticality, rare regions—right after the transition to the
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Calculations

MI-SF at integer filling No MI-SF
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! > Eg/2

No Mott insulator
Eg = 0

at phase boundary

No MI-SF
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Absence of a Direct Superfluid to Mott Insulator Transition in Disordered Bose
Systems

L. Pollet,1 N.V. Prokof’ev,1, 2 B.V. Svistunov,1, 2 and M. Troyer3

1Department of Physics, University of Massachusetts, Amherst, MA 01003, USA
2Russian Research Center “Kurchatov Institute”, 123182 Moscow, Russia

3Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland
(Dated: March 23, 2009)

We present a rigorous analytic proof of the absence of a direct quantum phase transition between
a superfluid and a Mott insulator in a commensurate bosonic system with generic bounded disorder.
The theorem is illustrated by quantum Monte Carlo simulations for the Bose-Hubbard model, from
which we deduce an even stronger result: The critical disorder strength, !c, corresponding to the
onset of disorder-induced superfluidity, satisfies the relation !c > Eg/2, with Eg/2 the half-width of
the Mott gap in the pure system.

PACS numbers: 03.75.Hh, 67.85.-d, 64.70.Tg, 05.30.Jp

The interplay between disorder and interactions is one
of the most exciting and longstanding problems in con-
densed matter physics, full of controversial theoretical
and experimental results. Bosonic systems are especially
di!cult to handle theoretically because the limit of van-
ishing interactions is pathological: in the ground state all
particles occupy the same lowest energy-localized state.
Hence, interactions and disorder are equally important
at the quantum phase transition between superfluid (SF)
and insulating (I) ground states. Relevant examples from
Nature include 4He in porous media and aerogels [1], 4He
on substrates [1, 2], thin superconducting films [3], and
Josephson junction arrays [4].

The physics is further complicated when bosons are
subject to the periodic external potential and interac-
tions are strong enough to drive a commensurate system
(with particle number an integer multiple of the number
of lattice sites) to the insulating Mott phase (MI) even
without disorder. A fundamental problem here is the role
of an arbitrarily weak disorder in the vicinity of SF-MI
quantum critical point of the pure system.

In their seminal paper [5], Fisher et al. argued the ex-
istence of a Bose glass phase (BG) in the Bose-Hubbard
Hamiltonian with bounded disorder: while the commen-
surate MI is gapped, the insulating BG remains com-
pressible. Since then, the Bose-Hubbard model has re-
ceived a lot of theoretical interest, although it remained
beyond direct experimental reach. This is changing with
the experimental demonstration of the SF-MI transition
of ultra-cold atoms in optical lattices [6] following the
theoretical proposal of Ref. [7]. At present, cold-atom
systems o"er an unprecedented control over system prop-
erties and have been explicitly shown to be accurately
described by the Bose-Hubbard model. In particular,
there is full agreement between the experimental data
and Quantum Monte Carlo simulations, proving that the
optical lattice system can be a quantitatively reliable sim-
ulator [8]. Experiments have recently advanced to the
stage where disorder can be added and controlled using
speckle potentials [9, 10, 11].

Though the pure system is well understood, the prop-
erties of the disordered Bose-Hubbard model remain sub-
ject to debate, even at the qualitative level. The rel-
evance of arbitrarily weak disorder at the superfluid–
insulator quantum phase transition at an integer filling
factor is highly controversial [5, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Fisher et
al. [5] raised the problem and argued that a direct SF-MI
transition was unlikely, though not fundamentally impos-
sible. Curiously, a large number of direct numerical sim-
ulations [13, 14, 17, 18, 20, 25, 26] and some approximate
approaches [15, 16, 19, 22, 28, 29] observed this unlikely
scenario! However, all numerical simulations reporting a
direct SF-MI transition were ignoring a rigorous theorem
[5, 12] (to be referred to as Theorem I) stating that, if
the bound # on the disorder strength is larger than the
half-width of the energy gap Eg/2 in the ideal Mott insu-
lator, then the system is inevitably compressible, i.e. the
transition is to the BG insulator and not the MI when-
ever

#c > Eg/2. (1)

This problem was solved in one- and two-dimensional
systems using rigorous analytic treatments [21] (in d = 1)
and accurate numerical data [27] (in d = 2), with the
conclusion that in both cases a direct SF-MI transition
is impossible. The three-dimensional case, however, has
not been settled.

In this Letter, we introduce and rigorously prove The-
orem II stating the absence of a direct SF-MI quantum
phase transition in the presence of generic, bounded dis-
order. For such generic disorder, any particular realiza-
tion of disorder in a finite volume has a non-zero probabil-
ity density to occur. Our proof is not based on, and thus
does not imply condition (1), meaning that it does not ex-
clude an unlikely possibility of dangerous irrelevance of
weak disorder, when the system gets incompressible at
the critical point, but develops a finite compressibility—
say, due to exponentially dilute, and thus irrelevant to
criticality, rare regions—right after the transition to the
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Calculations
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! > Eg/2

No Mott insulator
Eg = 0

at phase boundary

No MI-SF



12

What is the phase diagram for the disordered
              Bose- Hubbard Model??



12

What is the phase diagram for the disordered
              Bose- Hubbard Model??

Optical Lattices



Controllable disorder: speckle

160 μm

high NA (f/
0.86) lens

Holographi
c
   diffuser

532 nm

Δ Potentials add to
produce disordered 
lattice

B. DeMarco, M. White, ...



Controllable disorder: speckle

160 μm

high NA (f/
0.86) lens

Holographi
c
   diffuser

532 nm

Potentials add to
produce disordered 
lattice

B. DeMarco, M. White, ...



Controllable disorder: speckle
high NA (f/
0.86) lens

Holographi
c
   diffuser

532 nm

Potentials add to
produce disordered 
lattice

B. DeMarco, M. White, ...



Controllable disorder: speckle
high NA (f/
0.86) lens

Holographi
c
   diffuser

532 nm

Known 
disorder!

Potentials add to
produce disordered 
lattice

B. DeMarco, M. White, ...



BH parameters

Calculation by Ceperley’s group using known potential

not Gaussian,
bounded



BH parameters

Calculation by Ceperley’s group using known potential

Δ

not Gaussian,
bounded



BH parameters

Calculation by Ceperley’s group using known potential

First disordered “material” in which 
microscopic disorder completely 
determined

Δ

not Gaussian,
bounded



BH parameters – correlations



Constrain theory using BEC fraction?

increasing lattice depth

MI

SF
“fi

lli
ng

”

t/U

condensate

center of gas

edge of gas



Constrain theory using BEC fraction?

increasing lattice depth

MI

SF
“fi

lli
ng

”

t/U

condensate

non-
condensate
(MI, BG, …)
     N-N0

condensate
        N0

center of gas

edge of gas



Effect of disordered lattice



MI+SF mixture (s=14), low disorder

A benchmark for theory!

Phys. Rev. Lett. 
102, 055301 
(2009)



Condensate fraction in the DBH model
Benchmark for theory

•Stochastic Mean Field Theory
Bissbort and Hofstetter

•Diagonal disorder, flat distribution

Jz/U



Condensate fraction in the DBH model
Benchmark for theory

Δ / U

N0 / N

•Stochastic Mean Field Theory
Bissbort and Hofstetter

•Diagonal disorder, flat distribution

Jz/U



Condensate fraction in the DBH model
Benchmark for theory

Δ / U

N0 / N

•Stochastic Mean Field Theory
Bissbort and Hofstetter

•Diagonal disorder, flat distribution

Jz/U



20

correlated disorder: important??

Bose glass??



diagonal and off-diagonal disorder 
(correlated)

replicate action
HS auxillary field to decouple off-diagonal 

hopping terms
continuum limit and expand in spatial and 

temporal gradients
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RG on disordered Bose Hubbard model
                    (one-loop order)
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Anomalous suppression of the Bose glass at commensurate fillings in the disordered
Bose-Hubbard model

Frank Krüger, Jiansheng Wu, and Philip Phillips
Department of Physics, University of Illinois, 1110 W. Green St., Urbana, IL 61801, USA

(Dated: April 30, 2009)

We study the e!ects of weak, fine grained speckle disorder on the Mott-superfluid transition of
bosons in a cubic optical lattice through a renormalization group analysis of the corresponding
replica averaged e!ective field theory. While disorder is in general a relevant perturbation, to
leading order treated consistently on a one-loop level, the e!ective disorder strength vanishes at
the tip of each Mott lobe. Therefore, at such commensurate boson fillings, a direct Mott insulator-
to-superfluid transition undisrupted by an intermediate Bose glass phase cannot be ruled out. In
addition, we show that correlations in the disorder destabilize the superfluid, making the system
more susceptible towards the formation of a Bose glass. The relevance of our findings to recent
optical lattice experiments is discussed.

PACS numbers: 67.85.Hj, 03.75.Lm, 72.15.Rn

The disordered Bose-Hubbard (BH) model can be
viewed as the fruit fly for the interplay between disor-
der and strong interaction physics. In the absence of
disorder, two phases compete, both of which have a gap
in the single-paricle spectrum and hence are incompress-
ible: the Mott insulator (MI) which wins when the on-site
repulsions dominate and a superfluid (SF) which obtains
when the kinetic energy exceeds a critical threshold. Dis-
order introduces a new avenue for localization indepen-
dent of the interaction strength. Fisher, et al.[1] argued
that a Bose glass (BG), a gapless insulating state, always
intervenes upon the disruption of the SF in the presence
of disorder. Nonetheless, this finding remains controver-
sial as simulations and analytical arguments both sup-
port [2] and negate [3, 4] this claim.

In this Letter, we derive the effective, strong-coupling
field theory for the disordered BH model providing the
explicit dependence on the microscopic parameters. Con-
secutively, we determine the phase diagrams by a one-
loop renormalization group (RG) analysis consistently
capturing relative corrections of leading order in the mi-
croscopic disorder. While, in dimensions D < 4, disorder
is always relevant, we show that on approaching com-
mensurate boson fillings marking the tips of the Mott
lobes, the effective disorder is drastically reduced vanish-
ing to leading order in the microscopic disorder strength.
Therefore, on a basis of a one-loop calculation, a direct
transition from the MI to the SF obtains at commen-
surate fillings. Moreover, we show that correlations in
the disorder destabilize the SF phase making the system
more susceptible to the formation of a BG. This result
is particularly applicable to ultracold bosonic atoms in
disorderd optical lattices [5] in which disorder is intro-
duced by superimposing on the optical lattice potential
a monochromatic optical speckle field [6].

The disordered BH model is conveniently expressed as
a path integral over complex bosonic coherent states bi(!)
with 0 ! ! ! " the imaginary time and an action

S =

! !

0
d!

"

#

i

$

b†i (#" " µ + $i)bi +
U

2
b†i b

†
ibibi

%

"
#

!i,j"

tij(b
†
i bj + b†jbi)

&

'

(

, (1)

describing bosons with chemical potential µ hopping with
amplitudes tij between neighboring lattice sites in the
presence of an on-site disorder potential $i and subject to
an on-site repulsion U . Recently, the effects of an optical
speckle on the parameters of the BH model have been
determined by detailed measurements [6] and consecutive
calculations [6, 7]. The induced potential disorder $i is
uncorrelated between different sites and distributed as
P ($i) = e##i/!/∆ for $i # 0, whereas the hopping matrix
elements are correlated as tij = t+%($i " $j)2. We study
the general disordered problem with an eye to model the
optical lattice speckle pattern.

In the following, we employ the replica trick to aver-
age over the disorder and introduce complex auxiliary
fields &a

i (!) with a = 1, . . . , n the replica index, to de-
couple the off-diagonal kinetic energy terms. Despite the
more complicated structure in the presence of simulta-
neous off-diagonal disorder such a Hubbard-Stratonovich
(HS) decoupling can still be performed. After taking the
continuum limit and expanding in terms of spatial and
temporal gradients we obtain up to quartic order

Se" =

! !

0
d!

!

dDr

"

#

a

)

K1&
$
a#"&a + K2|#"&a|

2

+ K3|$&a|
2 + R|&a|

2 + H |&a|
4

*

+G
#

ab

!

"" !

!

dDr |&a(!)|2 |&b(!
%)|2, (2)

U(1)! K1 = !R/!µ|!=0

K1, K2, R, H,G are f(t,U,m, µ)
22

Effective Action

disorder coupling constant
Replica off-diagonal
non-local in time



3

dr

dl
= 2r + 2f2h + f1g (6)

d!1

dl
= !(dz ! 2)!1 ! f2

1 !1g (7)

d!2

dl
= !2(dz ! 1)!2 ! f2

1 (f1!
2
1 + !2)g (8)

dh

dl
= !(D + dz ! 4)h ! 5f3h

2
! 6f2

1 gh (9)

dg

dl
= !(D ! 4)g ! 2(f2

1 + f3)g
2 ! 4f3gh, (10)

where we have set the scaling dimension of the fields
to " = (D + dz + 2)/2 to ensure that !3(l) = 1. We
have defined h = 2SD/(2#)Dh and g = 2SD/(2#)Dg
with SD the surface of the D-dim. unit sphere, and
f1 := 1/(1 + r), f2 :=

! !
"!

d!
2" (1 + r + !2$2 ! i!1$)"1 =

[4(1 + r)!2 + !2
1 ]"1/2 for !2 > 0 and f2 = 0 for !2 < 0,

and f3 :=
! !
"!

d!
2" (1 + r + !2$2 ! i!1$)"1(1 + r + !2$2 +

i!1$)"1 = f1f2/2 for !2 > 0 and f3 = f1/(2|!1|) for
!2 < 0. The above frequency integrals are defined for
r + 1 > 0 which holds in the MI phases as well as in the
SF su!ciently close to the insulating states. Further, the
RG equations are valid only for su!ciently weak interac-
tion h and disorder g.

In the following, we set the dynamical exponent to
dz = 2 since !1(0) "= 0 except for special values of µ corre-
sponding to the tips of the di"erent Mott lobes. Although
!2 eventually decreases exponentially under the RG, the
initial value !2(0)/!1(0) becomes arbitrarily large in the
vicinity of the tips, thereby strongly modifying the RG
flow at small scales. Whereas at mean-field, the phase
boundary is determined by the sign change of the bare
mass coe!cient r(0), this coe!cient is renormalized by
the interaction and the e"ective disorder. In the insulat-
ing phases, r(l) # $ whereas in the SF phase r(l) di-
verges to negative infinite values and we stop the integra-
tion at ls where r(ls)+1 = 0+ and the frequency integrals
fi become singular. Omitting the rescaling, the super-
fluid density is obtained as %2

s % !r(ls)/h(ls) exp(!Dls).
The instability of the Mott insulating phase towards

the formation of a BG is indicated by a divergence of
the e"ective disorder strength g. Since the RG equations
are valid only in the weak disorder regime, we stop the
integration at a scale l# where g(l#) = 1 yielding an esti-
mate for the correlation length & & a exp(l#) with a the
lattice constant. In a finite system of linear dimension
L = a exp(lmax), the system looks ordered and is indis-
tinguishable from an incompressible MI if lmax < l#.

In Fig. 1, the resulting phase diagrams in the case
D = 3 are shown as a function of µ/U and zt/U for
the clean system (# = 0) and for pure on-site disorder
(! = 0) of strength #/U = 0.15. In agreement with pre-
vious results, we find that potential disorder enhances
the SF phase. Moreover, in the presence of disorder the

FIG. 2: (Color online) Enhancement and shift of the m = 1
MI phase due to correlated hopping disorder (right) compared
to the pure on-site disordered case (left). The BG region is
slightly enhanced due to the disorder in the hopping. Solid
white lines indicate the vanishing of the e!ective disorder,
dashed lines the corresponding mean-field phase boundaries.

occurrence of a localized BG phase for di"erent system
sizes is shown. Whereas for small systems comparable
to typical optical lattice dimensions (lmax = 4), only a
tiny, probably not measurable BG region very close to
the transition to the SF emerges, the BG regions increase
with the system size. This is sympotomatic of the fact
that the BG phase is determined by exponentially rare
SF regions. However, the BG never touches the com-
mensurate filling line of each Mott lobe for which the
MI-SF remains direct even in the thermodynamic limit.
From the scaling dimension of g indicating the relevance
of the e"ective disorder in dimensions D < 4 this result
is surprising but becomes immediately clear from the de-
pendence of G on the microscopic parameters (Eq. 5).
Interestingly, regardless the values of # and ! the ef-
fective disorder G is zero if K1(µ, # = 0) = 0, which
determines the tip positions (µ/U)m =

"

m(m + 1) ! 1
of MI lobes in the clean system. Consequently, the tips
are impervious to disorder (at least at one-loop order)
and a direct transition MI-SF transition obtains.

The reason is simple and inherently tied to strong
coupling physics. Unlike in the conventional random
mass problem where a linear coupling to the disorder
is assumed, the HS mapping of the initial action (1)
to the dual strong- coupling representation (2) gener-
ates a nontrivial dependence of the mass term on the
disorder. To be specific, we assume pure on-site dis-
order 'i in which case we can perform the HS trans-
formation before averaging over disorder, yielding Ri =
1/(zt)!m/[(1!m)U + µ + 'i]! (m + 1)/[mU ! µ! 'i].
The cumulant expansion in the disorder then gives

G = !
1

2

!
#

k,l=1

1

k!l!

(kR

(µk

(lR

(µl

$

$

$

$

!=0

%

'k+l ! 'k 'l
&

(11)

demonstrating that at the tips, the leading order #2 set
by the variance of the microscopic disorder vanishes, ir-

2

where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal

Hamiltonian H(n)
0 =

!

ia[!µn̂a
i + 1

2Un̂a
i (n̂a

i ! 1)] which
is diagonal in the local occupation number basis |m" =
"

a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
[4, 9]. Up to O("3), the mass coe!cient at zero tem-
perature is

R =
1

zt
!

#

m

"!
+

m + 1

"+
+ 4

#"3

t

$

m

"2!
!

m + 1

"2+
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+ "2

$
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"3!
+

m + 1

"3+

%&

, (3)

with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of

H =

$

m
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+
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"+
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, (4)

where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.

G = !
"2

2
K1(µ, " = 0)

$

#

K1(µ, " = 0) ! 8
#"

t

$

m

"!
+

m + 1

"+

%&

(5)

In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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where we have set the scaling dimension of the fields
to " = (D + dz + 2)/2 to ensure that !3(l) = 1. We
have defined h = 2SD/(2#)Dh and g = 2SD/(2#)Dg
with SD the surface of the D-dim. unit sphere, and
f1 := 1/(1 + r), f2 :=

! !
"!

d!
2" (1 + r + !2$2 ! i!1$)"1 =

[4(1 + r)!2 + !2
1 ]"1/2 for !2 > 0 and f2 = 0 for !2 < 0,

and f3 :=
! !
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d!
2" (1 + r + !2$2 ! i!1$)"1(1 + r + !2$2 +

i!1$)"1 = f1f2/2 for !2 > 0 and f3 = f1/(2|!1|) for
!2 < 0. The above frequency integrals are defined for
r + 1 > 0 which holds in the MI phases as well as in the
SF su!ciently close to the insulating states. Further, the
RG equations are valid only for su!ciently weak interac-
tion h and disorder g.

In the following, we set the dynamical exponent to
dz = 2 since !1(0) "= 0 except for special values of µ corre-
sponding to the tips of the di"erent Mott lobes. Although
!2 eventually decreases exponentially under the RG, the
initial value !2(0)/!1(0) becomes arbitrarily large in the
vicinity of the tips, thereby strongly modifying the RG
flow at small scales. Whereas at mean-field, the phase
boundary is determined by the sign change of the bare
mass coe!cient r(0), this coe!cient is renormalized by
the interaction and the e"ective disorder. In the insulat-
ing phases, r(l) # $ whereas in the SF phase r(l) di-
verges to negative infinite values and we stop the integra-
tion at ls where r(ls)+1 = 0+ and the frequency integrals
fi become singular. Omitting the rescaling, the super-
fluid density is obtained as %2

s % !r(ls)/h(ls) exp(!Dls).
The instability of the Mott insulating phase towards

the formation of a BG is indicated by a divergence of
the e"ective disorder strength g. Since the RG equations
are valid only in the weak disorder regime, we stop the
integration at a scale l# where g(l#) = 1 yielding an esti-
mate for the correlation length & & a exp(l#) with a the
lattice constant. In a finite system of linear dimension
L = a exp(lmax), the system looks ordered and is indis-
tinguishable from an incompressible MI if lmax < l#.

In Fig. 1, the resulting phase diagrams in the case
D = 3 are shown as a function of µ/U and zt/U for
the clean system (# = 0) and for pure on-site disorder
(! = 0) of strength #/U = 0.15. In agreement with pre-
vious results, we find that potential disorder enhances
the SF phase. Moreover, in the presence of disorder the

FIG. 2: (Color online) Enhancement and shift of the m = 1
MI phase due to correlated hopping disorder (right) compared
to the pure on-site disordered case (left). The BG region is
slightly enhanced due to the disorder in the hopping. Solid
white lines indicate the vanishing of the e!ective disorder,
dashed lines the corresponding mean-field phase boundaries.

occurrence of a localized BG phase for di"erent system
sizes is shown. Whereas for small systems comparable
to typical optical lattice dimensions (lmax = 4), only a
tiny, probably not measurable BG region very close to
the transition to the SF emerges, the BG regions increase
with the system size. This is sympotomatic of the fact
that the BG phase is determined by exponentially rare
SF regions. However, the BG never touches the com-
mensurate filling line of each Mott lobe for which the
MI-SF remains direct even in the thermodynamic limit.
From the scaling dimension of g indicating the relevance
of the e"ective disorder in dimensions D < 4 this result
is surprising but becomes immediately clear from the de-
pendence of G on the microscopic parameters (Eq. 5).
Interestingly, regardless the values of # and ! the ef-
fective disorder G is zero if K1(µ, # = 0) = 0, which
determines the tip positions (µ/U)m =

"

m(m + 1) ! 1
of MI lobes in the clean system. Consequently, the tips
are impervious to disorder (at least at one-loop order)
and a direct transition MI-SF transition obtains.

The reason is simple and inherently tied to strong
coupling physics. Unlike in the conventional random
mass problem where a linear coupling to the disorder
is assumed, the HS mapping of the initial action (1)
to the dual strong- coupling representation (2) gener-
ates a nontrivial dependence of the mass term on the
disorder. To be specific, we assume pure on-site dis-
order 'i in which case we can perform the HS trans-
formation before averaging over disorder, yielding Ri =
1/(zt)!m/[(1!m)U + µ + 'i]! (m + 1)/[mU ! µ! 'i].
The cumulant expansion in the disorder then gives
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demonstrating that at the tips, the leading order #2 set
by the variance of the microscopic disorder vanishes, ir-
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where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal
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a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
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Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
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!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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in principle, be performed to any desired order in the
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "− = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "−2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2−D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4−DK2

3 ) and g = G/($4−DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e−dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e−"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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where the coe!cients are related to the bosonic single-
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is diagonal in the local occupation number basis |m〉 =
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a |ma〉. Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
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Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 −
m)U + µ and "+ = mU − µ with µ = µ − " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = −!R
!µ and K2 = − 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = −c3 = 2, c2 = 0, c4 =
−3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = −1, d5 =
−2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 − 2m)U + 2µ,
"+2 = (1 + 2m)U − 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl ≤ |q| ≤ 1 and by rescaling momenta, frequencies,
and fields according to q → qedl, & → &edzdl, and % →
%e!"dl. To one-loop order and after taking the replica
limit n → 0, the RG equations are
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where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal

Hamiltonian H(n)
0 =

!

ia[!µn̂a
i + 1

2Un̂a
i (n̂a

i ! 1)] which
is diagonal in the local occupation number basis |m" =
"

a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "− = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "−2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2−D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4−DK2

3 ) and g = G/($4−DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e−dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e−"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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in principle, be performed to any desired order in the
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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is diagonal in the local occupation number basis |m〉 =
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a |ma〉. Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 −
m)U + µ and "+ = mU − µ with µ = µ − " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = −!R
!µ and K2 = − 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = −c3 = 2, c2 = 0, c4 =
−3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = −1, d5 =
−2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 − 2m)U + 2µ,
"+2 = (1 + 2m)U − 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl ≤ |q| ≤ 1 and by rescaling momenta, frequencies,
and fields according to q → qedl, & → &edzdl, and % →
%e!"dl. To one-loop order and after taking the replica
limit n → 0, the RG equations are
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and two-particle Green functions for the site-diagonal

Hamiltonian H(n)
0 =

!

ia[!µn̂a
i + 1

2Un̂a
i (n̂a

i ! 1)] which
is diagonal in the local occupation number basis |m" =
"

a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "− = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
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!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "−2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2−D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4−DK2

3 ) and g = G/($4−DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e−dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e−"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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i ! 1)] which
is diagonal in the local occupation number basis |m" =
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a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
[4, 9]. Up to O("3), the mass coe!cient at zero tem-
perature is
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal
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i − 1)] which
is diagonal in the local occupation number basis |m〉 =
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a |ma〉. Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
[4, 9]. Up to O("3), the mass coe!cient at zero tem-
perature is
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 −
m)U + µ and "+ = mU − µ with µ = µ − " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = −!R
!µ and K2 = − 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = −c3 = 2, c2 = 0, c4 =
−3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = −1, d5 =
−2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 − 2m)U + 2µ,
"+2 = (1 + 2m)U − 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl ≤ |q| ≤ 1 and by rescaling momenta, frequencies,
and fields according to q → qedl, & → &edzdl, and % →
%e!"dl. To one-loop order and after taking the replica
limit n → 0, the RG equations are
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in principle, be performed to any desired order in the
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "− = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "−2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2−D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4−DK2

3 ) and g = G/($4−DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e−dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e−"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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a |ma〉. Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 −
m)U + µ and "+ = mU − µ with µ = µ − " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = −!R
!µ and K2 = − 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = −c3 = 2, c2 = 0, c4 =
−3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = −1, d5 =
−2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 − 2m)U + 2µ,
"+2 = (1 + 2m)U − 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl ≤ |q| ≤ 1 and by rescaling momenta, frequencies,
and fields according to q → qedl, & → &edzdl, and % →
%e!"dl. To one-loop order and after taking the replica
limit n → 0, the RG equations are
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where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal
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in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "− = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
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!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "−2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2−D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4−DK2

3 ) and g = G/($4−DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e−dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e−"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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i ! 1)] which
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a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are
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a |ma〉. Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
[4, 9]. Up to O("3), the mass coe!cient at zero tem-
perature is
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 −
m)U + µ and "+ = mU − µ with µ = µ − " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = −!R
!µ and K2 = − 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = −c3 = 2, c2 = 0, c4 =
−3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = −1, d5 =
−2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 − 2m)U + 2µ,
"+2 = (1 + 2m)U − 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.
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In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl ≤ |q| ≤ 1 and by rescaling momenta, frequencies,
and fields according to q → qedl, & → &edzdl, and % →
%e!"dl. To one-loop order and after taking the replica
limit n → 0, the RG equations are

`No’ Bose 
glass yetearlier

result

Bose Glass is size dependent
          (rare regions)

G=0: no 
disorder
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Mottness
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replicate,
cumulant expansion

random mass couples linearly to chemical potential



28

so what gives?



Ri = 1/(zt)!m/[(1!m)U + µ + !i]! (m + 1)/[mU ! µ! !i]

R + !Ri + ...

(δRi)2ψa(τ)2ψb(τ !)2

In BH model, the random mass does not
couple linearly to the chemical potential



Ri = 1/(zt)!m/[(1!m)U + µ + !i]! (m + 1)/[mU ! µ! !i]

R + !Ri + ...

(δRi)2ψa(τ)2ψb(τ !)2

In BH model, the random mass does not
couple linearly to the chemical potential

(!R/!µ)!=0 = 0!2(!R/!µ)2 but
at Mott lobe tip
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at tip of Mott lobe

one-loop order: no disorder at Mott tips

General Result
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suppresses disorder
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BG-SF instability:
at least 2-loops (Oh ...)

explains lack of consensus
at commensuration

universality class,
wavefunctions??
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MI-SF is driven
by hopping
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Density-driven
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Clean System: two transitions
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2

where the coe!cients are related to the bosonic single-
and two-particle Green functions for the site-diagonal

Hamiltonian H(n)
0 =

!

ia[!µn̂a
i + 1

2Un̂a
i (n̂a

i ! 1)] which
is diagonal in the local occupation number basis |m" =
"

a |ma". Although this strong-coupling expansion can,
in principle, be performed to any desired order in the
fields !, the evaluation of the coe!cients is tedious since
Wick’s theorem does not apply in the localized basis
[4, 9]. Up to O("3), the mass coe!cient at zero tem-
perature is
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+
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with z = 2D the coordination of the D-dim hypercubic
lattice. In general, R < 0 defines the SF whereas R > 0
yields the MI. For short, we have defined "! = (1 !
m)U + µ and "+ = mU ! µ with µ = µ ! " to be the
disorder-shifted chemical potential. As a result of the
U(1) symmetry of the fields[8], the temporal gradient

terms are given by K1 = !!R
!µ and K2 = ! 1

2
!2R
!µ2 , and are

therefore related to the slope and curvature of the phase
boundaries. It is important to keep both terms since
away from the tips of the Mott lobes K1 #= 0 yielding a
dynamical exponent dz = 2 whereas at the tips K1 = 0
and dz = 1. The spatial gradient term is given by K3 =
1/(zt) and the e#ective interaction vertex, local in $ and
replica diagonal, has a coe!cient of
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where c0 = 3m/(m + 1), c1 = !c3 = 2, c2 = 0, c4 =
!3(m+1)/m, d0 = 2c0, d1 = d4 = 3, d2 = d3 = !1, d5 =
!2c4, e1 = 3, e2 = e3 = 4, and "!2 = (3 ! 2m)U + 2µ,
"+2 = (1 + 2m)U ! 2µ.

In addition, the presence of disorder leads to a ver-
tex correction which is non-diagonal in replica space and
non-local in time, generic for e#ective disorder terms on
the level of the replica-averaged e#ective action. The ef-
fective disorder strength is given by

FIG. 1: (Color online) Upper left: Phase diagram for the clean
system showing the m = 1 and m = 2 MI and SF phases.
The SF density !s is shown as color gradient. The other
panels show the increase of BG regions with the system size
L = a exp(lmax) for pure on-site disorder with !/U = 0.15 .
Along the dashed lines the e"ective disorder vanishes, G = 0.

G = !
"2

2
K1(µ, " = 0)

$

#

K1(µ, " = 0) ! 8
#"

t

$

m

"!
+

m + 1

"+

%&

(5)

In the absence of disorder, " = G = 0, and the ac-
tion reduces to n identical copies of the one for the clean
system derived previously [9].

Before further analyzing the e#ective long-wavelength
action (2), we rescale time and length as x0 = U$
and xi = $ri (i = 1, . . . , D), respectively, where $ is
the initial momentum cut-o# of the theory. Further,
we rescale the fields as %a = !a

,

K3$2!D/U , yield-
ing the dimensionless coe!cients #1 = K1U/($2K3),
#2 = K2U2/($2K3), and #3 = 1 for the temporal and
spatial gradient term, and r = R/($2K3) for the mass.
The rescaled interaction and disorder strengths are given
by h = HU/($4!DK2

3 ) and g = G/($4!DK2
3 ).

In order to calculate the mutual e#ect of interaction
and disorder on the phase boundaries between insulating
and SF regions as well as to investigate the stability of
the MI states against the formation of a BG, we analyze
the RG flow obtained by successively eliminating modes
of highest energy with momenta on the infinitesimal shell
e!dl % |q| % 1 and by rescaling momenta, frequencies,
and fields according to q & qedl, & & &edzdl, and % &
%e!"dl. To one-loop order and after taking the replica
limit n & 0, the RG equations are

RG: Two transitions

number fluctuations hopping dominates

one-loop two-loopdifferent exponents

How many transitions in dirty system?
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dr

dl
= 2r + 2f2h + f1g (6)

d!1

dl
= !(dz ! 2)!1 ! f2

1 !1g (7)

d!2

dl
= !2(dz ! 1)!2 ! f2

1 (f1!
2
1 + !2)g (8)

dh

dl
= !(D + dz ! 4)h ! 5f3h

2
! 6f2

1 gh (9)

dg

dl
= !(D ! 4)g ! 2(f2

1 + f3)g
2 ! 4f3gh, (10)

where we have set the scaling dimension of the fields
to " = (D + dz + 2)/2 to ensure that !3(l) = 1. We
have defined h = 2SD/(2#)Dh and g = 2SD/(2#)Dg
with SD the surface of the D-dim. unit sphere, and
f1 := 1/(1 + r), f2 :=

! !
"!

d!
2" (1 + r + !2$2 ! i!1$)"1 =

[4(1 + r)!2 + !2
1 ]"1/2 for !2 > 0 and f2 = 0 for !2 < 0,

and f3 :=
! !
"!

d!
2" (1 + r + !2$2 ! i!1$)"1(1 + r + !2$2 +

i!1$)"1 = f1f2/2 for !2 > 0 and f3 = f1/(2|!1|) for
!2 < 0. The above frequency integrals are defined for
r + 1 > 0 which holds in the MI phases as well as in the
SF su!ciently close to the insulating states. Further, the
RG equations are valid only for su!ciently weak interac-
tion h and disorder g.

In the following, we set the dynamical exponent to
dz = 2 since !1(0) "= 0 except for special values of µ corre-
sponding to the tips of the di"erent Mott lobes. Although
!2 eventually decreases exponentially under the RG, the
initial value !2(0)/!1(0) becomes arbitrarily large in the
vicinity of the tips, thereby strongly modifying the RG
flow at small scales. Whereas at mean-field, the phase
boundary is determined by the sign change of the bare
mass coe!cient r(0), this coe!cient is renormalized by
the interaction and the e"ective disorder. In the insulat-
ing phases, r(l) # $ whereas in the SF phase r(l) di-
verges to negative infinite values and we stop the integra-
tion at ls where r(ls)+1 = 0+ and the frequency integrals
fi become singular. Omitting the rescaling, the super-
fluid density is obtained as %2

s % !r(ls)/h(ls) exp(!Dls).
The instability of the Mott insulating phase towards

the formation of a BG is indicated by a divergence of
the e"ective disorder strength g. Since the RG equations
are valid only in the weak disorder regime, we stop the
integration at a scale l# where g(l#) = 1 yielding an esti-
mate for the correlation length & & a exp(l#) with a the
lattice constant. In a finite system of linear dimension
L = a exp(lmax), the system looks ordered and is indis-
tinguishable from an incompressible MI if lmax < l#.

In Fig. 1, the resulting phase diagrams in the case
D = 3 are shown as a function of µ/U and zt/U for
the clean system (# = 0) and for pure on-site disorder
(! = 0) of strength #/U = 0.15. In agreement with pre-
vious results, we find that potential disorder enhances
the SF phase. Moreover, in the presence of disorder the

FIG. 2: (Color online) Enhancement and shift of the m = 1
MI phase due to correlated hopping disorder (right) compared
to the pure on-site disordered case (left). The BG region is
slightly enhanced due to the disorder in the hopping. Solid
white lines indicate the vanishing of the e!ective disorder,
dashed lines the corresponding mean-field phase boundaries.

occurrence of a localized BG phase for di"erent system
sizes is shown. Whereas for small systems comparable
to typical optical lattice dimensions (lmax = 4), only a
tiny, probably not measurable BG region very close to
the transition to the SF emerges, the BG regions increase
with the system size. This is sympotomatic of the fact
that the BG phase is determined by exponentially rare
SF regions. However, the BG never touches the com-
mensurate filling line of each Mott lobe for which the
MI-SF remains direct even in the thermodynamic limit.
From the scaling dimension of g indicating the relevance
of the e"ective disorder in dimensions D < 4 this result
is surprising but becomes immediately clear from the de-
pendence of G on the microscopic parameters (Eq. 5).
Interestingly, regardless the values of # and ! the ef-
fective disorder G is zero if K1(µ, # = 0) = 0, which
determines the tip positions (µ/U)m =

"

m(m + 1) ! 1
of MI lobes in the clean system. Consequently, the tips
are impervious to disorder (at least at one-loop order)
and a direct transition MI-SF transition obtains.

The reason is simple and inherently tied to strong
coupling physics. Unlike in the conventional random
mass problem where a linear coupling to the disorder
is assumed, the HS mapping of the initial action (1)
to the dual strong- coupling representation (2) gener-
ates a nontrivial dependence of the mass term on the
disorder. To be specific, we assume pure on-site dis-
order 'i in which case we can perform the HS trans-
formation before averaging over disorder, yielding Ri =
1/(zt)!m/[(1!m)U + µ + 'i]! (m + 1)/[mU ! µ! 'i].
The cumulant expansion in the disorder then gives

G = !
1

2

!
#

k,l=1

1

k!l!

(kR

(µk

(lR

(µl

$

$

$

$

!=0

%

'k+l ! 'k 'l
&

(11)

demonstrating that at the tips, the leading order #2 set
by the variance of the microscopic disorder vanishes, ir-
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Correlations in the disorder

enhancement of Bose glass
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FIG. 3: (Color online) Evolution of the SF density as a func-
tion of zt/U (left) and !/U (right) for pure on-site disorder
(red) and with correlated hopping disorder (blue).

respective of the special form of the distribution and spa-
tial dimension. As a term of order !2!4

a!4
b appears from

the interaction term, a consistent calculation of the Bose
glass at commensurate fillings is only possible from a two-
loop calculation. This unexpected suppression of disor-
der by the interactions could explain the lack of consensus
[1, 2, 3, 4] on the existence of a direct transition between
a SF and a MI at commensurate fillings.

The e"ect of the correlation between on-site poten-
tial disorder "i and the simultaneous o"-diagonal disor-
der #tij = $("i ! "j)2 is illustrated in Fig. 2 for a speckle
intensity of !/U = 0.4. Compared to the pure on-site
disordered case, a small coupling z$U = 0.1 already leads
to a significant stabilization of the MI state as shown for
the m = 1 lobe in the close vicinity of the tip. Interest-
ingly, the Mott lobes increase in size and simultaneously
shift to larger values of the chemical potential µ/U . Fur-
ther increase of $ leads to further increase of the lobes
whereas the e"ect is even stronger for larger values of m.

Finally, we analyze the dependence of the SF density %s

on the e"ective hopping strength zt/U and the speckle in-
tensity !/U for the pure on-site disorder and in the pres-
ence of simultaneous correlated hopping disorder. For
simplicity, we focus on the point (µ/U)1 marking the tip
of the first Mott lobe in the clean system. On the left
panel of Fig. 3, the onset and increase of %s as a func-
tion of zt/U is shown for di"erent values of !/U . For
larger values of !/U , the transition shifts to smaller val-
ues of zt/U signaling a shrinking of the insulating region.
For all values of !/U the correlation $ leads to a reduc-
tion of %s being more pronounced for stronger speckle
intensities. Whereas close to the transition, %s increases
with !/U (Fig. 3, right) we find %s to decrease with the
speckle intensity su#ciently deep in the SF. The corre-
lation in the disorder enhances this e"ect and moves the
point where %s starts to decrease closer to the transition.

In summary, we have studied the BH problem in the
presence of weak disorder within an RG analysis using
the distributions and correlations as induced by a fine-
grained optical speckle lens [6, 7]. We have explicitly
established the dependence of the coe#cients in the ef-

fective field theory on the microscopic parameters which
has not been achieved before. As a result of strong corre-
lation physics the e"ective disorder is drastically reduced
on approaching commensurate boson fillings, vanishing
to leading order corresponding to the variance of the mi-
croscopic disorder. As a consequence and despite the
relevance of disorder in D < 4, on a one-loop level the
the tip of each Mott lobe is impervious to disorder and
a direct transition MI-SF transition obtains.

Further, we have shown that correlations in the disor-
der destabilize the SF as compared to pure on-site disor-
der and make the MI more susceptible towards the forma-
tion of a BG. However, for system sizes realized in optical
lattice experiments the BG regions appear only very close
to the transitions making the detection extremely di#-
cult. Finally, su#ciently deep in the SF phase we find
that the SF density decreases with the speckle intensity
as observed in recent optical lattice experiments [6].

Acknowledgment: We are grateful for stimulating
discussions with M. White, B. DeMarco, S. Vishvesh-
wara, E. Fradkin, and D. Ceperley. This work is sup-
ported by the NSF (DMR0605769) and by the DARPA
OLE program.

[1] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S.
Fisher, Phys. Rev. B 40, 546 (1989).

[2] B. V. Svistunov, Phys. Rev. B 54, 16131 (1996); R. V. Pai,
R. Pandit, H. R. Krishnamurthy, and S. Ramasesha, Phys.
Rev. Lett. 76, 2937 (1996); I. F. Herbut, Phys. Rev. Lett.
79, 3502 (1997); I. F. Herbut, Phys. Rev. B 57, 13729
(1998); N. V. Prokof’ev and B. V. Svistunov, Phys. Rev.
Lett. 80, 4355 (1998); M. B. Hastings, Phys. Rev. B 64,
024517 (2001); L. Pollet, N. V. Prokofev, B. V. Svistunov,
and M. Troyer (2009), URL arXiv.org:0903.3867.

[3] R. T. Scalettar, G. G. Batrouni, and G. T. Zimanyi, Phys.
Rev. Lett. 66, 3144 (1991); W. Krauth, N. Trivedi, and
D. Ceperley, Phys. Rev. Lett. 67, 2307 (1991); K. G.
Singh and D. S. Rokhsar, Phys. Rev. B 46, 3002 (1992);
M. Wallin, E. S. Sorensen, S. M. Girvin, and A. P.
Young, Phys. Rev. B 49, 12115 (1994); J. Kisker and
H. Rieger, Phys. Rev. B 55, 11981 (1997); F. Pazmandi
and G. T. Zimanyi, Phys. Rev. B 57, 5044 (1998); P. Sen,
N. Trivedi, and D. M. Ceperley, Phys. Rev. Lett. 86,
4092 (2001); U. Bissbort and W. Hofstetter (2008), URL
arXiv.org:0804.0007;

[4] J. Wu and P. Phillips, Phys. Rev. B 78, 014515 (2008).
[5] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski,

A. Sen(De), and U. Sen, Advances in Physics 56, 243
(2007).

[6] M. White, M. Pasienski, D. McKay, S. Zhou, D. Ceperley,
and B. DeMarco, Phys. Rev. Lett. 102, 055301 (2009).

[7] S. Q. Zhou and D. Ceperley, unpublished.
[8] S. Sachdev, Quantum Phase Transitions (Cambridge Uni-

versity Press, Cambridge, England, 1999).
[9] K. Sengupta and N. Dupuis, Phys. Rev. B 71, 033629

(2005).

35

superfluid density

correlations enhance downturn of superfluid
density as seen experimentally

(!2
s = r(ls)/h̄(ls) exp(!Dls))
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something new in interactions+disorder

two MI-SF transitions
hopping disorder
suppresses superfluid 
fraction
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