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ABSTRACT

We investigate reaction-diffusion systems near parameter values that mark the transi-

tion from an excitable to an oscillatory medium. We analyze existence and stability

of traveling waves near a steep pulse that arises as the limit of excitation pulses as

parameters cross into the oscillatory regime. Traveling waves near this limiting profile

are obtained by studying a codimension-two homoclinic saddle-node/orbit-flip bifurca-

tion as considered in [1]. The main result shows that there are precisely two generic

scenarios for such a transition, distinguished by the sign of an interaction coefficient

between pulses. Among others, we find stable fast fronts and unstable slow fronts in all

scenarios, stable excitation pulses, trigger and phase waves. Trigger and phase waves

are stable for repulsive interaction and unstable for attractive interaction. Finally, we

study this transition numerically in the modified FitzHugh-Nagumo equations studied

by Or-Guil et. al. [2].
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Chapter 1

Introduction

1.1 Background

Chemical and biological systems far from equilibrium are often characterized as os-

cillatory or excitable. While there are a number of ways the terms “excitable” and

“oscillatory” are used and defined in the literature, we will use the following intuitive

description. By an excitable medium we refer to a system in which the kinetics show

threshold behavior with respect to sufficient perturbation: small perturbations decay to

a resting equilibrium while larger perturbations grow and then slowly “recover” to the

equilibria. In contrast, the kinetics of an oscillatory medium support asymptotically

stable limit cycles. Intuitively, the smallest units of an excitable system are quiescent

until perturbed while units in oscillatory media oscillate at some native frequency.

The simplest scalar model of such phenomena describes nonlinear phase dynamics

only,

θ′ = f(θ), f(θ) = f(θ + 2π), (1.1)

where we think of θ ∈ S1 = R/2πZ. If f > 0 everywhere, the system is oscillatory. If f

possesses two nondegenerate zeros, the system is excitable and the distance between the

two equilibria on S1 can be taken as one possible measure for the degree of excitability.

A simple specific example is f(θ) = cos θ+µ, so that the system is oscillatory for |µ| > 1;

see Figure 1.2.
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Excitable Oscillatory

Figure 1.1: Here we have examples of excitable and oscillatory kinetics. In the excitable
case, if we perturb away from the stable equilibrium past unstable equilibrium the
solution travels around the loop before slowly approaching the rest state again. The
oscillatory case has no equilibria and simply oscillates at some native frequency without
outside perturbation.

μ=1|μ|<1 |μ|>1

Excitable Marginal Oscillatory

Figure 1.2: The transition between excitable and oscillatory kinetics can be simply
modeled by a saddle-node homoclinic bifurcation.

A more complicated model results from activator-inhibitor dynamics, such as those

of the FitzHugh-Nagumo equations:

ut = f(u)− v vt = ε(u− v + ρ). (1.2)

Here, f has bistable characteristics, e.g. f(u) = u(1−u)(u−a), and ε is typically small.

For ρ = 0, the system is excitable; that is, perturbing from the equilibrium u = v = 0

results in a loop excursion that returns to the equilibrium. For ρ = −1/2 and a = 1/2,

we find the van der Pol oscillator with a stable limit cycle, so the system is oscillatory;

see Figure 1.3.
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u

v
v

u

Excitable
Oscillatory

ut=0 vt=0 ut=0 vt=0

Figure 1.3: Excitable and oscillatory dynamics in activator-inhibitor kinetics.

In the first example (1.1), the dynamics are simple to describe for all nonlinearities

f , and the transition from excitable to oscillatory happens as equilibria emerge on a

limit cycle through a saddle-node bifurcation. At the boundary of oscillatory behavior,

we find a homoclinic orbit to a saddle-node equilibrium, a typical codimension one

phenomenon. In the second example (1.2), the transition from oscillatory to excitable

behavior can be notably more complicated, possibly involving canards; see for example

[3].

In spatially extended systems, both oscillatory and excitable kinetics can give rise to

interesting patterns. Most notably, oscillatory media support phase waves u(kx−ωt; k),

u(ξ) = u(ξ+2π), which may nucleate at inhomogeneities or boundaries; see for instance

[4]. Wave numbers vary in an admissible band, where the frequency is a function of the

wave number, called the dispersion relation ω = ω(k) [5, 6]. The limit k = 0 corresponds

to the spatially homogeneous oscillation. Excitable media support excitation pulses,

which are emitted by wave sources such as spiral waves in two-dimensional media.

Chains of excitation pulses are typically referred to as trigger waves and can be similarly

described by a nonlinear dispersion relation ω = ω(k), where now k = 0 corresponds to

the single excitation pulse. A notable difference between excitable and oscillatory media

is the stability of long-wavelength waves. Phase waves are always stable whenever the

homogeneous oscillation is PDE stable [7, 8, 6], while trigger waves are typically either

stable or unstable, depending on the sign of an interaction force between individual
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excitation pulses [9].

It is important to keep in mind that the terms excitable and oscillatory only refer

to the local kinetics of the “units” of the media. The large scale behavior of excitable

or oscillatory media may vary greatly and may not obviously reflect the underlying

kinetics. In the one-dimensional case we will see that both excitable and oscillatory

systems support wave trains, a behavior one might naively (and wrongly) associate only

with oscillatory media.

In physical examples the line between oscillatory and excitable media is often blurred.

For example, in certain regions of the brain neurons tend to only fire after sufficient exte-

rior stimulation (excitable media) [10] [11]. Other neurons regularly and vary frequency

in response to exterior perturbation (oscillatory media.) Additionally, there is evidence

for systems that transition from oscillatory to excitable and back again! [10] [11] To

investigate this transition, one would like to understand what coherent structures are

stable in each regime and what happens to these structures as the systems transition

from an excitable to oscillatory regime. To this end we consider the saddle-node (SN) bi-

furcation of a homoclinic orbit as the simplest model of the transition from an excitable

to an oscillatory regime.

1.2 Outline

In chapter 2, we begin by examining an analytically tractable scalar example similar

to one described by Ermentrout and Rinzel [12]. They previously have showed the

existence of bifurcating traveling waves and fronts. We extend their results by first

analyzing the bifurcation from the excitable state to the oscillatory state through the

saddle-node. This is achieved by analyzing the fibrations of the center manifold under

perturbation of the bifurcation parameter. In addition, we consider the PDE stability

of the pulses, wavetrains and fronts. In the case of the fronts, we employ exponentially

weighted spaces to shift away “transient” instabilities caused by essential spectra (see

[13] for a discussion of transient and convective instabilities.) The spectral stability

of the pulse (and fronts in appropriately weighted spaces) can be determined by an

extension of Sturm-Liouville Theory to the real line. For the stability of the wave trains

we rely on the more recent results of Sandstede and Scheel [13].
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We then proceed in chapter 3 to consider a generalization of the scalar example. We

assume the existence of a “steep pulse” that is the boundary pulse between excitable

and oscillatory regimes. We make a number of assumptions regarding the unfolding of

the equilibrium, and the spectral stability of the pulse. These assumptions are model

independent in the sense that they are concerned with the physical properties of the

pulses, rather than specifics assumptions on the kinetics.

In chapter 4 we show that the assumptions made on the steep pulse are enough to

utilize the results of Chow, Lin and Deng ([1] [14]) to determine the local bifurcation

diagram of the homoclinic that corresponds to the steep pulse in the traveling wave

ODE. This result mirrors the proof given in chapter 2, however their approach is more

sophisticated and uses a Melnikov type bifurcation function on weighted spaces.

The stability of the structures determined by the bifurcation diagram is considered in

chapter 5. We show that there are only two possible stability diagrams. Which diagram

is choosen depends on the relative orientation of the kernel and adjoint solutions of the

linearization about the steep pulse. In both of these diagrams, the faster fronts are

stable and the slow fronts are unstable. In addition, these fronts are separated by a

“steep front” in validation of the conjectures of Saarloos [15].

Finally, in chapter 6 we consider our results in relation to the modified FitzHugh-

Nagumo equations proposed by Or-Guil et. al. [2]. After verifying our assumptions

numerically, we find that the dispersion relation is as predicted in both normal and

anomalous regimes. We also discuss their interpretation of the transition between nor-

mal and anomalous dispersion in relation to the orientation flip described in our results.



Chapter 2

A Scalar Example

2.1 Main results

We begin by considering a scalar equation with explicit kinetics that exhibit a saddle-

node bifurcation. This model is a special case of a class of scalar models considered

in Ermentrout and Rinzel [12]. Many of our results here have been stated and proved

there regarding the existence of the pulses, fronts and wave trains. However, we extend

their existence results by considering the bifurcation through the critical case of the

saddle-node homoclinic which allows the explicit statement of the bifurcation diagram.

In addition, we consider the PDE stability of the various coherent structures, as well

as the dispersion curves of various wave trains. This will provide a basic and tangible

example for more general results that will be stated later.

To be specific, let us consider the following reaction diffusion system,

ut = uxx − 1 + cos(u)− µ, x ∈ R, u, µ ∈ R. (2.1)

Consider this equation with u taking values on the circle. That is, identify u and u+2π.

However, we will generally look at solutions in the covering space u ∈ R and then later

project to values on the circle. We emphasize that this projection takes place in the

range and is completely independent of a possible choice of periodic boundary conditions

in space x.

Spatially homogeneous solutions u(t, x) ≡ u(t) solve the scalar ordinary differential

6
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equation (ODE),

ut = cos(u)− 1− µ. (2.2)

One can easily see that it is sufficient to restrict to µ ≥ −1 after a change of the sign

of u. We are particularly interested in the parameter regime µ ∼ 0 where the ODE

undergoes a saddle-node bifurcation. A saddle-node bifurcation can be described as

follows: two equilibria collide and disappear as µ increases through µ = 0. That is,

there are:

• two equilibria 0 < s0 < n0 < 2π for −1 ≤ µ < 0;

• one equilibrium sn0 = 0 for µ = 0;

• no equilibria for µ > 0.

μ

u

unstable equilibria

stable equilibria

Figure 2.1: The bifurcating equilibria of a saddle-node. There are two equilibria, one
stable and one unstable for any µ < 0. There is one equilibrium for µ = 0 and none for
µ > 0.

We are concerned with traveling wave solutions u(x − ct) for some c ≥ 0 as an

interesting class of non-homogeneous solutions to the reaction-diffusion equation. Trav-

eling waves are time invariant solutions to (2.1) after rescaling the spatial coordinate as

ξ = x − ct. This change of coordinates can be thought of as moving along the x axis
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at wave speed c and is commonly referred to as a “co-moving” frame. Equation (2.1)

becomes:

ut = uξξ + cuξ − 1 + cos(u)− µ. (2.3)

Equilibrium solutions in time solve the following planar ordinary differential equation,

u′ =v (2.4)

v′ =− cv + 1− cosu+ µ.

Again, note that (u, v) here takes values on the cylinder S1 × R, but we sometimes

consider the equation in the covering space R2.

The traveling-wave equation (2.4) exhibits a saddle-node bifurcation at µ = 0. For

definiteness, we label equilibria,

S0 =

(
s0

0

)
=

(
arccos(1 + µ)

0

)
, N0 =

(
n0

0

)
=

(
− arccos(1 + µ)

0

)
, (2.5)

where 0 ≤ arccos(1 + µ) < π so that 0 ≤ s0 < n0 < 2π when −1 ≤ µ < 0. We also set

SN0 =

(
0

0

)
,

the equilibrium at µ = 0. In the covering space, u ∈ R, we label the equivalent equilibria

with indices k, so that

Sk = S0 +

(
2πk

0

)
, Nk = N0 +

(
2πk

0

)
, SNk = SN0 +

(
2πk

0

)
.

The equilibria S0 = S0(µ) and N0 = N0(µ) depend on µ and we suppress the dependence

in the notation whenever convenient. Also note that S0(0) = N0(0) = SN0 for µ = 0.

Finally, we will use the notation SNk(µ) to refer to the group of bifurcating equilibria

for various values of µ.

Several types of traveling wave phenomena can be observed in this setting. The three

major categories are pulses, fronts and wave trains. Pulses are solutions that approach

the same equilibrium as the spatial variable ξ goes to ±∞ (for instance connecting s0
and sk), while fronts are solutions that approach different equilibria as ξ goes to ±∞
(connecting s0 to nk). Wave trains are periodic solutions with respect to ξ.
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ξ ξξ
pulse front wave train

In terms of the planar system (2.4), fronts are heteroclinic solutions, pulses are

homoclincs and wave trains are periodic orbits — all after identification of u with

u + 2π. A heteroclinic trajectory in the covering space, connecting Sj to Sk, therefore

becomes a pulse. We refer to the the winding number on the cylinder k− j as the index

of the pulse. Analogously, a heteroclinic from Sj to Nk becomes a front with index k−j.
Lastly, for a periodic orbit, we can define a minimal period L on the cylinder and we

can then define the index of the periodic solution as (u(L)− u(0))/(2π).

There are a variety of types of pulse and front solutions possible in this setting.

• The “Steep Pulse” decays exponentially in forward time but only algebraically in

backward time.

• “Excitation Pulses” are pulses that decay exponentially to an equilibrium as ξ

goes to ±∞.

• “Steep Fronts” are fronts that decay exponentially to an equilibirum as ξ goes to

∞.

• “Algebraic Pulses” are pulses that decay algebraically to an equilibirum as ξ goes

to ±∞.

• “Slow Fronts” and “Fast Fronts” both decay exponentially to an equilibirum, while

“Slow” and “Fast” refer to their relative wave speeds.

Our main results in this scalar case classify all traveling wave solutions and their stability

for parameter values c > 0 and −1 < µ ≤ 0.

Theorem 1 (Existence of fronts and pulses). There exist a c∗ > 0 and a smooth curve

γ(c), defined for c ∼ c∗, such that γ(c∗) = 0, γ(c) < 0 for all c 6= c∗, γ′(c)(c− c∗) > 0,

and γ′′(c∗) < 0. For µ ∼ 0, we have the following pulse- and front solutions:
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• there exist a steep pulse solution at µ = 0 and c = c∗;

• there exist excitation pulse solutions at µ = γ(c), c < c∗;

• there exist an algebraic pulse for µ = 0, 0 < c ≤ c∗

• there exist “slow” fronts for µ < γ(c) and “fast” fronts for γ(c) < µ < 0, c > c∗;

• there exists a steep front solution at µ = γ(c), c > c∗.

All pulses listed are index 1, all fronts listed are index 0. There are no other pulse or

front solutions with c > 0 and µ ∼ 0.

μ=0

c 
 in

cr
ea

si
ng

μ<0μ>0

phase wave
trigger wave

steep pulse

algebraic pulse

excitation pulse

slow front

steep front

fast front

trigger wave

Stable

Unstable

u

u’

Figure 2.2: The various fronts, pulses and wave trains on the covering space.
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The structures we wish to consider are all equilibrium solutions of (2.3). The next

natural question for such equilibrium solutions is whether they will actually be observed

in simulations or experiments. We therefore investigate their stability by studying

perturbations v(ξ) of the equilibrium solution u∗(ξ) and investigating the asymptotics

of u(t, ξ) with u(0, ξ) = u∗(ξ) + v(ξ). A natural choice for a function space is v ∈ Y =

H1(R), but our results remain true for other choices such as BC0
unif(R).

The stability of the various coherent structures can be most easily studied by con-

sidering the spectrum of the linearized operator around these structures. The spectrum

depends on the base space on which the operator is defined. We will make explicit use

of this property when we consider exponentially weighted spaces that allow for more

precise analysis of instabilities due to the presence of essential spectrum.

Definition 2.1 (Spectrum). Let L : X → X be a closed operator where X is a Banach

space. Then the resolvent set (res(L)) is the set of values in λ ∈ C such that the operator

λ − L has a well defined inverse. The spectrum of L (spec(L)) is the compliment of

resolvent set (spec(L)c).

There are many possible definitions of point and essential spectrum (see for example

[16].) We take a conservative definition limiting the point spectrum to finite dimensional

eigenvalues.

Definition 2.2 (Point and Essential Spectrum). The point spectrum of the operator L is

the subset of the spectrum of L that contains only finite dimensional isolated eigenvalues,

denoted as specpt(L). The essential spectrum of the operator L, denoted as specess, is

the spec(L)/specpt(L).

We now define what we mean by stability.

Definition 2.3 (Asymptotic orbital stability). We say u∗ is asymptotically stable if for

all ε > 0 there exists δ > 0 such that for all v with |v|Y < δ, we have

inf
ξ0∈R

|u(t, ξ)−u∗(ξ+ξ0)|Y < ε, for all t > 0, and inf
ξ0∈R

|u(t, ξ)−u∗(ξ+ξ0)|Y → 0 for t→∞.

A weaker notion of stability is spectral stability. Consider the linearized equation

ut = uξξ + cuξ − sin(u∗(ξ))u =: Lu,

with closed operator L defined on L2(R) with domain D(L) = H2(R).
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Definition 2.4 (Spectral stability). We say u∗ is spectrally stable if the spectrum of L
is contained in the closed left half plane,

specL ⊂ {Reλ ≤ 0}.

In fact, in most of our cases we will have even stronger notions of stability, so that

perturbations v converge to zero exponentially when measured against an appropriately

shifted u∗(· + ξ0), with ξ0 fixed. Actually, this type of stability is implied by spectral

stability if specL ∩ {Reλ ≤ 0} = {0}, an algebraically simple, isolated eigenvalue [17].

Fronts are never stable in the above sense since they connect a stable and an unstable

equilibrium. We therefore characterize stability for fronts as stability in an appropriate

exponentially weighted function space. Define the weighted function spaces L2
η and H1

η

for η = (η−, η+) via the norms

|u|2L2
η−,η+

:=
∫ 0

−∞
|eη−ξu(ξ)|2d +

∫ ∞
0
|eη+ξu(ξ)|2dξ, |u|2H1

η−,η+
:= |u|2L2

η−,η+
+ |u′|2L2

η−,η+
.

Definition 2.5 (Weighted stability). We say that a front is orbitally weighted stable

if there exists weights η−, η+ such that it is orbitally asymptotically stable in H1
η . We

say it is spectrally weighted stable if there exist weights η−, η+ such that it is spectrally

stable in L2
η−,η+.

Remark 1.1 (L2
η). We will use the following shorthand:

L2
η =L2

η,η;

L2
−η =L2

−η,−η.

We characterize instability for each of these classes as the complementary statement.

For instance, a wave is weighted spectrally unstable if it is not spectrally stable in any

weight of the above form.

Theorem 2 (Stability of fronts and pulses). We have the following stability information:

• the excitation pulses are AOS;

• the algebraic pulse is weighted AOS stable;

• the slow fronts are unstable; the fast fronts are weighted AOS stable;
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• the steep fronts are weighted AOS stable.

Remark 1.2. We will actually have much more information on the stability. For in-

stance, the position of steep fronts will typically shift after perturbation while the position

of fast fronts remains unchanged. Of course, all fronts are unstable in translation-

invariant norms since one of the asymptotic states n0 is unstable.

Theorem 3 (Existence and stability of wave trains). Suppose that µ ∼ 0. For each µ, c

such that µ > 0 or µ > γ(c) and 0 < c < c∗, there exists a unique index-1 periodic with

minimal period L > 0. There do not exist other periodic orbits with non-zero index. For

each fixed µ, the dispersion relation the wave trains can be parameterized by wavenumber

k = 2π/L ∈ R+, and their frequency ω = ck is smooth and satisfies ω′ > 0. Moreover,

we have the asymptotics

ω(k) = 1− µ+ O(k−1), k →∞

ω(k) = cpulse(µ)k + O(k2), µ ≤ 0, k → 0

ω(k) = ω∗k + O(k4), µ > 0, k → 0,

where ω∗ is the frequency of the periodic solution to the kinetics (2.2).

All wave trains are asymptotically orbitally stable with respect to spatially periodic

perturbations and spectrally stable as a solution on the real line.

Remark 1.3. There exists a family of periodic orbits with index 0 for c = 0 and

−1 ≤ µ ≤ 1. All those wave trains are (weighted) spectrally unstable as solutions

to the PDE. Existence can be readily concluded from the Hamiltonian structure and a

phase plane picture, the instability is a consequence of Sturm-Liouville properties of the

linearization that we will discuss in the proof of Theorem 3.

Remark 1.4. For µ finite, 0 ≥ µ ≥ −1, the picture can be continued: pulses exist for

all µ and their speed decreases to c = 0 at µ = −1. Steep fronts exist for all µ ≥ µpp,

where the steep fronts disappear and the slowest stable front is determined by the linear

stability analysis at the PDE unstable equilibrium. The schematic bifurcation diagram

is summarized in the figure below. Since most of the analysis for µ finite is similar to

the Nagumo case, where the transision µpp is explicitly known, we chose to not include

a detailed analysis, here.
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Phase Waves

Phase Waves

Slow Fronts

Fast Fronts

Trigger Waves
Pulses

Steep Fronts

μ

c

Alg’ Pulses

c*

Phase Waves

Phase Waves

Fast Fronts

Slow Fronts

Trigger Waves

Ex’ Pulses

Steep Fronts

μ

c

Alg’ Pulses

Steep Pulse

stable
unstable

Figure 2.3: The bifurcation diagram and the stability of the various fronts pulses and
wave-trains.

2.2 Existence of fronts and pulses

2.2.1 Local analysis

Linearization and invariant manifolds at equilibria We first consider the lin-
earization around the equilibria S, N and SN . The eigenvalues and eigenvectors are
summarized in the following tables.

Equilibrium Larger e.v. Smaller e.v. Eq. Type

S σ+ =
−c+

√
c+
√
−µ

2
σ− =

−c−
√
c+
√
−µ

2
Saddle

N ν+ =
−c+

√
c−
√
−µ

2
ν− =

−c−
√
c−
√
−µ

2
Node

SN 0 −c Saddle-Node

For c > 0 and µ ∈ [−1, 0) the equilibrium S has eigenvalues σ− < 0 < σ+ while for N
both eigenvalues are negative and Re(ν−) < Re(ν+) < 0. For c >

√
−µ, the eigenvalues

ν− and ν+ are real, but for c <
√
−µ they are both imaginary. We will only be concerned

with the case c >
√
−µ. (The bifurcations away from µ = 0 and c = c∗ are interesting,

however, they are beyond the scope of the current paper.) The equilibria have the
following eigenvectors with respect to the eigenvalues found above.
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S

(
1

σ+

) (
1

σ−

)

N

(
1

ν+

) (
1

ν−

)

SN

(
1

0

) (
1

−c

)

We now apply invariant manifold theory to find manifolds that are tangent to the

eigenvectors and whose local dynamics are determined by the eigenvalue. In the cases of

S and N we may distinguish the strong stable manifolds as the 1-d invariant manifolds

that are tangent to the eigenvector corresponding to the eigenvalues σ− and ν−. Recall

that while the stable and unstable manifolds are uniquely defined, this is not necessarily

true of center manifolds. Additionally, in general center manifolds can only be defined

locally. The following is a table of terminology we will use throughout to describe

useful invariant manifolds. We will supress the dependence on the paramters when

appropriate.

W ss(x0;µ, c) The strong stable manifold of a given equilibria x0 depending on µ and c. equilibria x0

W cs(x0;µ, c) The local center stable manifold of a given equilibria x0 depending on c and µ

W cu(x0;µ, c) The local center unstable manifold of a given equilibria x0 depending on c and µ

W s(x0;µ, c) The stable manifold of a given equilibria x0 depending on c and µ

Wu(x0;µ, c) The unstable manifold of a given equilibria x0 depending on c and µ

SN N S

u

v

u

v

u

v

Figure 2.4: The positions of the eigenspaces with respect to the various equilibria.
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Center manifold expansions at µ ∼ 0 We now analyze the behavior of the center

manifold near SN0(µ). It is clear from the linearization at SN that for µ = 0 the

equilibrium has a center eigenspace. However, we would like to understand how the

center manifold behaves as we perturb µ away from zero. Therefore, we consider the

parameter dependent center manifold for the following extended system:

u′ = v

v′ = −cv + 1− cosu+ µ (2.6)

µ′ = 0.

The local center and stable manifolds are well defined for this system as can be seen in

the review paper of Vanderbauwhede [18].

Lemma 2.5 (Center Manifold Dynamics). At (u, v, µ) = (0, 0, 0), the system (2.6) has a

parameter dependent center manifold W c(µ) which is tangent to the vector (1, 0, 0)T for

µ = 0. Locally, the graph of W c(µ) is given by
(
u, µc + u2

2c +O(x3)
)

with the dynamics

u′ = µ
c + u2

2c +O(x3), µ′ = 0.

Proof. By applying the center manifold theorem (see [18] for complete proofs and

historical references) there exists a manifold tangent to the center eigenspace. Moreover,

there is a function h(u, µ) so that the center manifold can be represented as the graph

{u, h(u, µ)}. In the following we will determine the beginning of a Taylor expansion for

the center manifold. For a given value of µ the function h(u, µ) can be expressed as the

following:

h(u, µ) = aµ+ bu2 +O(|µu|+ |u|2 + |µ|2). (2.7)

Plugging this in for v in (2.6) we have:

v′ = 2bu(aµ+ bu2) =
u2

2
+ µ− caµ− cbu2 + HOT (2.8)

Now solving both sides for the O(µ) and O(u2) terms we find have the following:

a =
1
c

b =
1
2c
. (2.9)
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Thus, for |µ| << 1 we can express the center manifold as the graph in (u, v) coordinates:(
u,
µ

c
+
u2

2c
+ HOT

)
. (2.10)

The dyanmics on a center manifold can be described by the system:

u′ =
µ

c
+
u2

2c
(2.11)

µ′ = 0.

SN
u

N S
u

Figure 2.5: The left hand figure shows the local center manifold for µ = 0, while the
right hand figure shows it for small µ less than zero.

Fibrations In order to study the bifurcation of the heteroclinics with the change of

the parameter µ, we consider the extended system (2.6). Using the center manifold

expansion devised in (2.11), locally, we may rewrite (2.6)as the following:

u′ =
µ

c
+
u2

c
(2.12)

v′ = −cv +O(|u|2 + |v|2). (2.13)

The center manifold W c(SN0(µ)) is attracting since the only spectrum outside a neigh-

borhood of zero is negative. In fact each point y0 contained in a local center manifold

has a fibration. This means that for any point x0 in the center stable manifold W cs

there is a point y0 in W c so that x0 contracts exponentially towards y0 as t→∞. That

is, there is is a Ck function:

φ(x) : W cs →W c(µ))
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such that for any point x0 ∈W cs and some η > 0 so that:

eηt|T (t, µ)x0 − T (t, µ)φ(x0)| <∞ t > 0

Here T (t, x) is the flow generated by (2.4.)

N1 S1

u
center manifold

�bration

Figure 2.6: Fibrations on the center manifold.

The fibrations of the center manifold allow us to describe all solutions in a neigh-

borhood of the equilibria SN(µ). For a given time, t = t0, assume that the solutions

u(t) is within a small neighborhood of SN(µ). Then u(t0) can be associated with it’s

fibration point on the center manifold y(t0) and u(t) exponentially approaches y(t) as

t → ∞. Therefore, we can roughly determine the evolution of such solutions by their

positions with respect to the strong stable manifolds W ss
N and W ss

S . We call the region

to the left of W ss
N as I, the region between W ss

N and W ss
S as II and the region to the left

of W ss
S as III. Solutions in region I and II will tend to N1, while solutions in region

III will grow with the unstable center manifold.

2.2.2 Global analysis

Monotonicity in c We now analyze the properties of the direction field between the

equilibria SN0(µ) and SN1(µ) in the covering space. The following lemma tells us about

the monotonicity of various manifolds with respect to the parameter c.

Lemma 2.6. We have the follow assertions regarding system (2.4) for µ = 0.



19

N S

WcS
WSS

N

I II IIII III
WSS

Wc

SN

SN
WSS

Figure 2.7: The three regions defined by the strong stable manifolds. The figure to the
left is the µ = 0 case while the right hand figure is for µ < 0.

1. Let W cu
SN0

(c1) and W cu
SN0

(c2) be the center unstable manifolds for two values of c

where c1 > c2. Let (u, v1) ∈ W c
A0

(c1) and (u, v2) ∈ W u
A0

(c2). Then v2 > v1 for

v ≥ 0 and u ∈ (0, 2π).

2. Let W ss
SN1

(c1) and W ss
SN1

(c2) be the strong stable manifolds for two values of c

where c1 > c2. Let (u, v1) ∈ W ss
A1

(c1) and (u, v2) ∈ W ss
A2

(c2). Then v1 > v2 for

v ≥ 0 and u ∈ (0, 2π).

Proof. If we consider the graph of the center manifold near SN0 we can see that the

v component decreases as c increases. Thus for 0 < u << 1 we have that v2 > v1. Now

assume that at some value of u0 ∈ (0, 2π), W c
SN0

(c1) intersects W c
SN0

(c2). The slope of

the tangent field at (u0, v0) can be expressed as follows:

mc(u0, v0) =
v′

u′
=
−cv + 1− cosu

v
. (2.14)

It is clear that mc1(u0, v0) < mc2(u0, v0) and therefore W c
SN0

(c1) cannot cross W c
SN0

(c2)

at (u0, v0). This shows 1. of the above assertions.

To show 2. we look at the eigenvectors computed above. The strong stable manifold

W ss
SN1

is tangent to (1,−c)T as it enters SN0. Since the slope of the eigenvector decreases

as c increases W ss
SN1(c2) will be above W ss

SN1(c1) in the v direction close to SN1. Appealing

again to the slope of the direction field shows that this holds for the interval (SN0, SN1).
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Behavior for large and small values of c. Continuing with the standard form of

a shooting argument we now consider the behavior of W c
SN0

for large and small values

of c in the following two lemmas. For c = 0, the system (2.4) becomes Hamiltonian

so solutions can be found explicitly. However, the case c � 1 requires more serious

machinery.

Lemma 2.7. For c = 0 the manifold W c
SN0

is increasing as a graph over u and intersects

the line u = SN1 at v = (2π,
√
π).

Proof. For c = 0 system (2.4) is Hamiltonian and hence integrable. This allows us to

find the center manifold explicitly as a graph of v over u.(
u

v

)′
=

(
v

1− cos(u)

)
(2.15)

This system has the Hamiltonian:

E(u, v) =
v2

2
− u+ sin(u) (2.16)

At SN0 we have E(0, 0) = 0 and we can find v as a function of u.

v(u) =
√

2(u− sin(u)) (2.17)

We plainly see that W c
SN0

intersects the line u = 2π at the point (2π, 2
√
π).

Lemma 2.8. For c� 1 the point SN1 is in the closure of the center manifold, W c
SN0

.

Proof. In this proof we resort to the Geometric Singular Perturbation Theory (GSP)

of Fenichel [19]. A useful review article can be found in Jones 1995 [20]. We begin by

recalling the system (2.4.) Setting c = 1
ε , (2.4) can be rewritten as the following.(

u

εv

)′
=

(
v

−v + ε(1− cos(u) + µ)

)
(2.18)

If we let ε = 0 we obtain: (
u

0

)′
=

(
v

−v

)
(2.19)
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This is the “slow time” equation and v = 0 is the slow manifold M0. We can write

down the fast system by re-parameterizing time εt = τ and d
dt = d

ετ ;

˙(
u

v

)
=

(
εv

−v + ε(1− cos(u) + µ)

)
. (2.20)

Here letting ε = 0 results in the following:

˙(
u

v

)
=

(
0

−v

)
(2.21)

To apply GSP M0 needs to be normally hyperbolic. This means that if we linearize

around any point in M0 in the “fast” system (2.20), there is exactly one eigenvalue on

the imaginary axis. This is obvious here since the matrix in question is constant:(
0 0

0 −1

)
. (2.22)

Obviously the eigenvalues are 0 and -1 so M0 is in fact normally hyperbolic. The slow

manifold is simply the u-axis, and by the first theorem of GSP there is a manifold Mε

diffeomorphic to and within O(ε) of M0 and is a graph over the “slow” variable. Thus

we can write v as an expansion of u on Mε.

v = εφ1(u) + ε2φ2(u) +O(ε3) (2.23)

Differentiating with respect to t give us:

v̇ = εφ̇1(u)u̇+ ε2φ̇2(u)u̇+O(ε3) (2.24)

We already know an expansion for v̇ (2.20).

−(εφ1(u) + ε2φ2(u) +O(ε3)) + ε(1− cosu− µ) = (ε)2 ˙φ1(u)v+ ε3 ˙φ2(u)v+O(ε3) (2.25)

Since the RHS has only O(ε2) and higher terms we are left with the following equation.

− εφ1(u) + ε(1− cos(u) + µ) = 0 (2.26)

φ1(u) = 1− cos(u) + µ (2.27)
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So up to first order of ε we have the expansion for v in terms of u.

v = ε(1− cos(u) + µ) +O(ε2) (2.28)

Finally the order ε dynamics Mε can be written as:

u′ = ε(1− cos(u) + µ) +O(ε2) (2.29)

This gives us two different pictures for the µ = 0 and the µ ∈ (−1, 0) cases.

For µ = 0 the dynamics on Mε are given by:

u′ = ε(1− cos(u)) +O(ε2) (2.30)

Thus for u ∈ (0, 2π) and v > 0, u is strictly increasing on Mε to the next equilibria

SN1.

M0

Mε

SN0 SN1

Figure 2.8: Mε dynamics for µ = 0

The center manifold W c
SN0

begins on Mε from SN0 and by the invariance property

of the ε manifold it continues on Mε until reaching an equilibrium. Thus for large

enough c, W c
SN0

follows Mε and connects SN0 and SN1.

Existence of a unique pulse for µ = 0. We can now prove the existence of homo-

clinic connections from SN0 to SN1.

Proposition 2.9. For µ = 0 there exists c = c∗ such that the system (2.4) has a unique

heteroclinic connection q(ξ) from SN0 to SN1 such that q(ξ) ∈W c
SN0
∩W ss

SN1
. If c > c∗

then q(ξ) terminates in SN1 but does not intersect the strong stable manifold.

Proof. First notice that in the region u ∈ (0, 2π) and v > 0 we have that v′ > 0. In

addition, v′ > 0 along the u axis for u ∈ (0, 2π).
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Let V(c) be the value of v such that the manifold W c
SN0

intersects the line u = sn1. In

the previous lemma it was shown that V(0) > 0 and for c >> 1 ν(c) = 0. Additionally,

from the comparison lemma ν(c) is a strictly decreasing function in c. The strong stable

manifold WSS
SN1

is strictly increasing in the v direction as c increases. Hence there is a

unique value of c = c∗ such that for this value W c
SN0
∩W ss

SN1
6= ∅. For larger values of

c, W c
SN0

terminates in SN1 but does not enter through the strong stable manifold.

µ = 0: transversality Unfortunately we cannot simply employ the standard Mel-

nikov theory in the case µ = 0. A modified Melnikov method is developed in ([1])

and we will use their results, later. The difficultly lies in the non-hyperbolicity of the

equilibrium SN, and therefore the lack of an exponential dichotomy. Therefore, the

linearization at the homoclinic is not a Fredholm operator in spaces of bounded func-

tions and the Lyapunov-Schmidt reduction can not be used in the standard fashion to

establish the bifurcating structures under changes in parameters (see [21] for an illus-

tration of this method). In this scalar example, we can replace the Melnikov integral

by an adhoc construction, exploiting center manifold fibrations (Lemma 2.5) and global

monotonicity (Lemma 2.6) in order to analyze the bifurcations of connecting orbits near

µ = 0, c = c∗.

From the proof of existence of the homoclinic solution q we know that the v value

can be considered as a function of u. We begin by considering the value v(u = δ; c)

where 0 < δ � 1. From the local expansion of the center manifold (2.10), for |u| � 1

we have:

v(u : c, µ) =
µ

c
+
u2

2c
+ O(µ2 + |µu|+ u3)

This allows one to find the partial derivative with respect to c for small u and µ = 0.

∂cv(δ; c, 0) = − δ2

2c2
< 0. (2.31)

Now consider the v value where the center manifold intersects the line u = 2π− δ, refer

to this value as v−(δ). Since we’ve already established that in the region of interest

v = v(u) the flow Φ(u, v0(c), c)

Φ(δ, v(δ; c), c) = v(δ; c)

Φ(2π − δ, v(δ; c), c) = v−
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This can be used to determine the derivative of v− with respect to c.

∂cv− = ∂cΦ(2π − δ, v(δ; c), c) =
∂Φ(2π − δ, c)

∂c
+
∂Φ(2π − δ, v(δ), c)

∂v(δ)
∂v(δ; c)
∂c

We know from Lemma (2.6) that v(2π − δ) is strictly decreasing in c so that the first

term of (2.2.2), ∂Φ(2π−δ, c)/∂c ≤ 0. The fact that we are dealing with a planar system

ensures that the ordering of solutions on the line u = 2π − δ is the same as on the line

u = δ. Therefore, ∂Φ(2π − δ)/∂v > 0 (note that the derivative cannot be zero since

the Wronskian of a flow cannot vanish). Finally, we have already found ∂cv(δ) < 0 in

(2.31). This allows us to conclude that

v−(µ, c) = v∗− + ∂cv−(c− c∗) + O(|µ|+ |c− c∗|2), ∂cv− < 0 when c∗ < 0

Now let us consider the intersection of W ss
SN1

with the line u = 2π − δ and refer to

this value as v+. The expansion of the local strong stable manifold around SN leads to

the following graph of v in terms of u:

(u, g(u, c)) =
(
u,−c(u− 2π) +

(u− 2π)2

8c
+ HOT

)
.

It is easy to see that for u = 2π − δ, v+ ≈ cδ + δ2/8c. Therefore,

v+(µ = 0, c) = v∗+ + ∂cv+(c− c∗) + O(|c− c∗|2), ∂cv− > 0 when c∗ < 0.

This shows transverse crossing of the shooting manifold and the strong stable fiber of

SN1.

However, this shows more when combined with the fibrations of the center manifold.

For c ∼ c∗, we appeal to the fibration of a neighborhood of SN1 (Fig 2.2.1). If v− < v+

then q intersects a strong stable fiber associated with a base point in region I that is

attracted to N1. If v− > v+ then q intersects a strong stable fiber associated with a

base point in region III and the trajectory will leave a neighborhood of SN1.

In the next step, we will unfold this crossing in µ in order to find connecting orbits

for µ <∼ 0. Our goal is to show existence and smoothness of the curve γ(µ) and the

quadradic tangency. We begin by expanding the locations of strong stable fibers of S1

and N1 in u = 2π− δ, which we refer to as vS/N+ . The strong stable manifold is tangent
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to the eigenvector corresponding to the smallest eigenvalue:

S →

(
1,
−c−

√
c+
√
−µ

2

)T

N →

(
1,
−c−

√
c−
√
−µ

2

)T
SN → (1,−c)T .

To approximate the intersection of the strong stable manifold with u = 2π−δ we look at

the intersection of the strong stable eigendirection and the line. We have the following

expansions for vS/N+ (µ, c; δ):

vN+ (µ, c; δ) =
1
2

(δ −√µ)(−c−
√
c−√µ) +O(|µ|+ c2 + δ2) (2.32)

vS+(µ, c; δ) =
1
2

(δ +
√
µ)(−c−

√
c+
√
µ) +O(|µ|+ c2 + δ2).

We linearize around the parameters (µ = 0, c = c∗, δ = δ∗). Additionally, we replace

−µ = ν2 in order to smooth out the square root singularity. This gives us the following

expansion for the strong stable manifold of N1 (the expansions of S1 are similar):

vN+ (ν, c, δ) = δ∗c∗ −
−δ∗ + c∗ +

√
c∗

2
(ν) + δ∗(c− c∗) +O(ν2 + (c− c∗)2 + |cν|+ |δ − δ∗|).

(2.33)

We would now like to match our expansion with that for v−. Therefore we expand v−

as the following:

v−(ν, c, δ) = v−(0, c∗, δ∗) + ∂cv−(δ∗)(c− c∗) +O(ν2 + (c− c∗)2), (2.34)

with ∂cv− < 0. At µ = 0, c = c∗, we have a homoclinic connection to the strong stable

fiber as we saw before, hence v− = v+. Using the exansion for v+ given in (2.32) we

may write (2.34) as:

v−(ν, c, δ) = δ∗c∗ + ∂cv−(δ∗)(c− c∗) +O(ν2 + (c− c∗)2). (2.35)

Finally setting the expansions for v− and v+ equal we obtain:

0 = −
−δ∗ + c∗ +

√
c∗

2
(ν) + (∂cv−(δ∗)− δ∗)(c− c∗) +O(ν2 + (c− c∗)2). (2.36)
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We can now solve with the implicit function theorem for c = c(ν) and find c = c∗ +

k1
√
−µ + O(µ), with k1 > 0. We find a similar expansion for connecting orbits to the

stong stable manifold of S1, c = c∗ − k1
√
−µ + O(µ). Therefore, the curve γ is found

by solving for
√
−µ = (c− c∗)/k1 + O((c− c∗)2), which gives µ = −(c− c∗)2/k2

1 + O(3),

for both c− c∗ > 0 and c− c∗ < 0. This proves the expansion and C2-smoothness of γ.

u

v

SN

Wcu

Wss
v-

v+

2π−δ

Figure 2.9: A diagram of the matching problem.

Examining the base point dynamics of strong stable fibers not associated with the

equilibria S1 and N1, one can now complete the bifurcation diagram near µ = 0 and

c = c∗ and establish the existence of slow and fast fronts, as well as the absence of

index-1 connecting orbits with speeds higher than the speed of the pulse. It remains to

show that there are no connecting orbits of higher index.

If the unstable manifold W u
S0

does not connect to N1 or S1, then it must intersect

the line u = s1 at a value v = v0 > 0. Therefore W u
S0
> W u

S1
in the v direction. Since

the phase plane is 2π periodic in the u direction, this precludes the possibility for W u
S0

to connect to S2 since W u
S1

misses it. This argument extends inductively to show that

for W u
Sk

can connect at most to Nk+1 or Sk+1. This concludes the proof of Theorem 1
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2.3 Existence and stability of wave trains

2.3.1 Existence and uniqueness

This section is concerned with the proof of Theorem 3. We show the existence of index-

one periodic orbits using a similar shooting argument as for heteroclinic orbits. Define

Φ(v0, c, µ) be the map from the point (s0, v0) to the point (s1, v1) in the following

way. Let φ(t) be the flow for (2.4) and define Φ(v0, c, µ) = φ(t0)(α0, v0) such that

φ(t0)(s0, v0) = (s1, v1).

Lemma 3.10. Φ(v0, c, µ) is well defined for the choices of µ and c in the theorem and

Φ(v0, c, µ) is continuous with respect to v0.

Proof. We know that such a map is well defined for µ = −1 and c = 0 since (2.4) is

Hamiltonian in this case and we can find solutions explicitly as a graph (u, v(u) (see

Lemma 2.7.) Since the vector field at (s1, v) is (v,−cv) then for any µ > 0, c > 0 the

intersection is transverse. Moreover if µ > 0 the flow must be above the u axis since the

slope of the vector field is positive for v = 0. If µ ∈ [−1, 0) then any solution passing

through the point (s0, v0) is above W u
S0

in the v direction. Hence the map Φ(v0, c, µ) is

well defined for nearby values of c and µ. From the averaging argument below for c > 0,

φ(t)(s0, v0) is decreasing for large v0. Since u′ > 0 for v0 > 0 and the flow is bounded

above and below in the v direction it must intersect line u = α1 at some time T0. Thus

Φ is well defined. Since the flow is continuous both with respect to initial conditions

and parameters it follows that Φ(v0, µ, c) is continuous as well.

To complete the proof of existence we need to show that Φ(v, c, µ) maps a closed

interval to a closed interval. Let w = εv. This allows us to rewrite (2.4) in the following

form: (
εu

w

)′
=

(
w

−cw + ε(1− cos(u)− µ)

)
. (2.37)

Rescaling time t = 1
ε τ we have:(

u̇

ẇ

)
=

(
w

−εcw + ε2(1− cos(u)− µ)

)
. (2.38)
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We can rewrite this system as w as a function of u.

dw

du
= −cε+ ε2

1− cos(u)− µ
w

= ε

(
−c+ ε

1− cos(u)− µ
w

)
(2.39)

The right hand side is 2π periodic in u. Now we can use the averaging transformation

(see [22]) w = y + εh(y, t, ε) where the dynamics of y are:

ẏ = −εc+ ε2F2. (2.40)

Thus for 0 < ε << 1 (or equivalently v >> 0,) w ≈ −cτ (or in the original scaling

v ≈ −ct.) This implies that for v large v(u) decreases monotonically. Let vω be

sufficiently large so that Φ(vω, c, µ) < vω. Then Φ provides a map from the interval

(α0, v)| 0 ≤ v ≤ vω to the interval (α1, v)| 0 ≤ v ≤ vω continuously. By the intermediate

value theorem the function Φ(v0)− v0 has at least one fixed point and is unique by the

following argument. Assume there were two fixed points of Φ v1 and v2 such that

v1 > v2. Since vi(t) are both assumed to be periodic with periods L1 and L2 then v2i (t)
2

is also periodic. Differentiating with respect to t gives us the following:

vv̇ = −cv2 + (1− cos(u)− µ)u̇ (2.41)

If we integrate both sides over the interval [0, Li] we get:∫ Li

0
viv̇idt = 0 =

∫ Li

0
−cv2

i + (1− cos(ui)− µ)u̇idt (2.42)

Notice that the second term of the RHS of (2.42) does not depend on i:∫ Li

0
(1− cos(ui)− µ)u̇idt = (1− µ)2π (2.43)

For the first term of (2.42) we can rewrite it by substitution in terms of u.∫ Li

0
−cv2

i =
∫ 2π

0
−cvi(u)du (2.44)

But by assumption v1 > v2 so
∫ 2π
0 −cv1(u)du <

∫ 2π
0 −cv2(u)du. This contradicts our

initial assumption that
∫ Ti
0 viv̇idt = 0 for i = 1, 2. Hence the periodic must be unique.
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2.3.2 Dispersion relations

Existence of Ω(k) and monotonicity. Showing that there is a function Ω(k) is not

difficult. Assume for a given k there were two values of ω namely ω1 and ω2. Since

k = 2π
L and ω = ck we could rephrase this question by asking if for a given period L

can there be two periodics for c1 and c2 where c2 > c1. It is easy to see that Φ(v) is

strictly decreasing as c increases. Thus the periodic orbit corresponding to c2 should

have initial point v2 < v1. This implies the periodic orbit P1 corresponding to c1 is

strictly greater than P2 (corresponding to c2) in the v direction. However, u′ = v so P1

necessarily has a shorter period than P2. This contradicts our assumption that Pi have

the same periods L. Therefore Ω(k) is a function of k.

The above argument has the useful corollary that the period L increases as the

starting value v decreases. In fact for v << 1 the periodics approach the equilibria

causing their periods to increase to infinity. This can be seen by linearizing around the

equilibria and approximating the period (for example Wiggins [23]). This analysis gives

L ≈ −1
c ln(v0).

Assympotics of Ω(k) as k →∞. When considering the quantity ω = c2π
L , letting k

go to infinity is equivalent to letting L→ 0 The question is what happens to c for large

period L. To understand this relation it is convenient to employ the method of averaging.

Recall the ODE system (2.4.) We are looking for solutions so that v(0) = v(T ) and

u(T ) = u(0) + 2π. For small values of L the orbit will have a large initial value v0.

Accordingly, define w = εv. Then (2.4) becomes:(
εu

w

)′
=

(
w

−cw + ε(1− cosu− µ)

)
(2.45)

Rescaling time by τ = t
ε allows the removal of ε from the right side of the equation.

Also rescale c = εc̄.
˙(
u

w

)
=

(
w

ε2(−c̄w + 1− cosu− µ)

)
(2.46)

Notice that for ε = 0 then (2.46) has a trivial periodic orbit for w(0) > 0. The question

becomes can we find a periodic orbit for ε > 0. We can slightly rephrase this question
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by asking for solution w(u) of the following:

dw

du
= ε2

(−c̄w + 1− cosu− µ)
w

(2.47)

By considering w as a function of u we now seek a solution w(0) = w(2π). Consider the

following averaging transformation:

w(u,w0, ε) = w0(w0, t) + ε2w1(u,w0) (2.48)

where

w1(u,w0) =
∫ {

(−c̄w0 + 1− cosu− µ)
w0

− 1
2π

∫ 2π

0

(−c̄w0 + 1− cosu− µ)
w0

du

}
du.

(2.49)

For ε sufficiently small (2.47) has a unique periodic solution provided the following

integral is zero (see [22]): ∫ 2π

0

(−c̄w0 + 1− cosu− µ)
w0

du = 0. (2.50)

Solving this integral leaves c̄ = 1−µ
w0

and c = ε1−µ
w0

. Returning to the original variable

gives us c = 1−µ
v0

. We can now rewrite ω as ω = 2π(1−µ)
v0T

. Now expand u(L) as a Taylor

series of (L, ε):

u(L) = u(0) + Lu′(0) +O(ε) = u(0) + Lv(0) +O(ε). (2.51)

For small ε,we have that

u(L)− u(0) = v(0)L = 2π.

So finally we find:

lim
ε→0+

ω = 1− µ.

Assymptotics as k → 0 for µ ∈ [−1, 0]. For µ ∈ [−1, 0] it is easy to see that as

k → 0 then ω → 0 since taking k → 0+ is equivalent to T → ∞. We know that for

c = c∗ we have a particular heteroclinic as described previously and no other periodics

in for v > 0. From Lemma 2.6 we see that Φ(v0, µ, c) decreases as c increases which
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disallows periodic orbits for c > c∗. Because c is bounded, this provides the following

limit:

lim
T→∞

ω = lim
T→∞

c2π
T

= 0. (2.52)

Notice this is not the case when µ > 0.

We first begin by rescaling time so that the above theorem becomes a perturbation

result. Recall the right hand side of (2.3), which is equal to zero for traveling wave

solutions:

uξξ + cuξ + cos(u)− 1− µ = 0. (2.53)

We rescale time by taking τ = kt, the equation (2.53) becomes:

k2u′′ + ωu′ + f(u) = 0 (2.54)

where f(u) = cos(u) + µ − 1. Notice that under the τ time scale the periodic solution

u∗ has period 2π. If k2 = 0 we have the following first order ODE:

ω0u
′ + cos(u)− 1 + µ = 0 (2.55)

and we can solve explicitly for ω:

ω0 =
2π∫ 2π

0
du

1−µ−cos(u)

. (2.56)

This integral can be solved by the residue theorem (though not by mathematica evi-

dentally).

ω0 =

√
µ2 − 8µ

2
(2.57)

This proves the first part of the proposition.

Now we will change variables so we can consider periodic solutions I = 1. Letting

v = u− t we have the following equation:

k2v′′ + ω(v′ + 1) + f(v + t) = 0 (2.58)

We can rewrite this in to following convenient form:

F(v, ω, µ, c) = v′ +M−1(ω + f(v + t)) = 0 (2.59)

M−1 = (k2 d

dt
+ ω)−1 (2.60)
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Here consider F as a map F : H1(periodic on [0, T ])→ L2(2π periodic on [0, T ]). M−1

is C1 in k2 for small values of k as long as ω 6= 0. The smoothness can be seen by

finding the inverse via the Fourier transform. Linearizing when k = 0 around the

periodic solution v∗ = u∗ − t gives the following familiar equation:

Lw = w′ +
f ′(v∗ + t)

ω
w (2.61)

Comparing the linearization to F(v, ω) notice that v′∗ + 1 is in the kernel of the lin-

earization. For ease of notation let v′∗ + 1 = φ′ and dual function be called e1. Since e1
satisfies the dual equation

−w′ + f ′(v∗ + t)
ω

w = 0 (2.62)

Then we have the following usual property:

(φ′e1)′ = φ′′e1 +φ′e′1 = v′′∗e1 + v′∗e
′
1 =

1
ω

(f ′(v∗)(v′∗+ 1)e1− (v′∗+ 1)f(v∗)e1) = 0. (2.63)

So the product of e1φ′ is constant and can be taken to be e1φ′ = 1
2π . If we let (v−v∗) = v̂,

(ω − ω0) = ω̂ then we are left with the following expansion.

F(v̂, k2, ω̂) =
(
d

dt
− f ′(v∗ + t)

ω0

)
v̂−
(

sin(v∗ + t)
ω0

φ′
)
k2

−
(
f(v∗ + t)

(ω0)2

)
ω̂ + o(k2) +O(v̂2 + ω̂2) = 0

Lyapunov-Schmidt Reduction Since L has compact resolvent, it is Fredholm of

index 0. This means the domain can be decomposed as M ⊕K where K is the kernel of

L. This allows us to write v̂ = ν+ηφ′ where ν ∈M and ηφ′ ∈ K. Define the projection

E as the L2 projection against e1. Consider the following equation:

(I − E)F(ν + ηφ′, k2, ω̂) = 0 (2.64)

When restricted to M the projected linearization (I − E)L is invertible. Thus we can

solve for ν by the implicit function theorem.

ν(ηφ′, k, ω̂) = O(ηφ′ + k2 + ω̂) (2.65)

Now we will project onto the adjoint solution e1 with E. The first (v̂) term disappears

since e1 ⊥ Range(L) and we are left with:

EF(ηφ′ + ν, ω̂, k2) = (2.66)
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= −
∫ 2π

0
e1
f ′(v∗ + t)

ω0
φ′ k2dt−

∫ 2π

0
e1
f(v∗ + t)

(ω0)2
ω̂dt (2.67)

+
∫ 2π

0
e1(φ′)2 η2dt+

∫ 2π

0
e1φ
′ 2η ω̂dt+o(k2) +O(ω̂2 + v̂3) = 0 (2.68)

The constant η corresponds to the shift in the direction of the periodic so we can set

η = 0. This leaves us with the following:

= −
∫ 2π

0
e1
f ′(v∗ + t)

ω0
φ′ k2dt−

∫ 2π

0
e1
f(v∗ + t)

(ω0)2
ω̂dt+o(k2)+O(ω̂2 + |ω|k2) = 0 (2.69)

We can calculate the k2 term’s coefficient easily also after projection. Letting e1 = 1
2πφ′

and noting that f ′(v∗ + x)φ′ = φ′′ we can rewrite the k2 coefficient as:

−
∫ 2π

0

e′0
φ′
dx = ln(φ′)|2π0 = 0 (2.70)

On the other hand the ω̂ coefficient is not zero.

−Aω =
∫ 2π

0
e1
f(v∗ + t)

(ω0)2
dt =

1
2π(ω0)2

∫ 2π

0

cos(v∗ + t)− 1 + µ∗

φ′
dt (2.71)

We know φ′ = v∗
′
+1 > 0 and for µ∗ < 0 then cos(v∗+t)−1+µ∗ < 0. Since the integrand

is strictly negative the integral (2.71) cannot be zero. This implies that ∂ωF 6= 0 and is

invertible. Rewriting (2.67) with our calculations gives:

Aω ω̂ + o(k2) +O(ω̂2) = 0 (2.72)

Finally using the implicit function theorem we can now solve for ω in terms of k:

Ω(k) = ω0 + o(k2).

2.3.3 Stability of wave trains

The stability of wave trains with respect to the space H1
per([s0, s1]) is a straight forward

application of the Sturm-Liouville theory (for an extensive review see [24].) Let φ(ξ)

be a particular periodic orbit of period L. To determine the stability of φ(ξ), we find

the eigenvalues of the linearization around φ(ξ). This amounts to solving the following

boundary value problem.

v′′ + cv′ +− sin(φ(ξ))v − λv = 0 (2.73)

v(0) = 0, v(L) = 2π

v′(0) = v0, v
′(L) = v0
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Notice φ′(t) is an eigenfunction for the linearized problem with eigenvalue λ = 0. It

is easy to see that φ′(t) is strictly positive over the interval and thus by S-L theory

we know that all other eigenvalues are smaller than zero. We now apply the stability

theory available in Henry’s book [17] which requires that the spectrum have at most

one isolated simple zero and the rest of the spectrum contained in the left half plane.

Thus the I = 1 periodics are stable with respect to periodic perturbations.

If we consider instead perturbations in H1(R), this argument needs to be extended

slighly. We use Theorem 2 of [13]. The theorem states that for there to be an eigenvalue

λ of multiplicity l on the real line, then there is a period L∗ such that for L > L∗ there are

l eigenvalues in a neighborhood of λ. As we shewed in the above section on asymptotics,

for any value L there is a unique solution φ(ξ) to the above system. Since φ′ is a strictly

positive eigenfunction of (2.73) then there is an isolated eigenvalue at zero and this is

the largest (in absolute value) eigenvalue. Thus, applying Theorem 2 of [13], λ = 0

must be an isolated eigenvalue of (2.73) on R.

To show the instability of the I = 0 periodics we show that the linearization has

a positive eigenvalue. This follows in the same way that stability was shown for the

outer periodics. However, in this case the know eigenfunction φ′(t) crosses zero twice.

The eigenvalue for φ′(t) is again zero, so by Sturm-Liouville theory there must be two

eigenvalues greater than zero and hence the periodic orbit is unstable [17].

2.4 Stability of pulses and fronts

We will consider the stability of both fronts and pulses. Our approach is similar for

both pulses and steep fronts, however, we will only show stability of steep fronts with

respect to an appropriately weighted space. Therefore, we show the stability of pulses

first and consider steep fronts as a modification of the argument for pulses.

2.4.1 The Essential Spectrum

We will determine the stability of the pulses and fronts through analysis of their spectra.

We begin by considering the essential spectrum of each. The essential spectrum may be

found by considering the dispersion curves corresponding to the linearized operator at

the equilibria S0 and S1 (or N1 in the case of the front.) The linearization around the
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a pulse or front is a compact perturbation of the operators at the equilibria. Therefore,

citing results in [16], the essential spectrum must lie between the dispersion curves

determined by the linear operators at the equilibria.

Dispersion curves of Pulses and Steep Fronts From (2.3) travelling pulse φp(ξ)

or steep front φf (ξ) is a solution to the following differential equation.

φ′′ − cφ′ + cos(φ)− 1− µ = 0 (2.74)

Begin by linearizing around the solution φ(t):

L(v) = v′′ + cv − sin(φ(ξ))v

Then the dispersion curves are the following:

D± =
{
λ|
[
−τ2 + iτc− lim

ξ→±∞
sin(φp(ξ))− λ

]
= 0
}

(2.75)

In the particular case for the pulse, limξ→±∞ sin(φp(ξ)) =
√

1− (1− µ)2. So we have

only one dispersion curve parametrized in the following way.

D± =

{
Re(λ) −τ2 −

√
2µ− µ2

Im(λ) cτ
(2.76)

Notice that this is a parabola which surrounds part of the left half of the complex plane.

For the steep front the situation is different. We have the same equation for deter-

mining the dispersion curves:

D± =
{
λ|
[
−τ2 + iτc− lim

ξ→±∞
sin(φf (ξ))− λ

]
= 0
}
.

However, φf (ξ) approaches different values as ξ →∞ :

lim
ξ→∞

sin(φf (ξ)) = −
√

2µ− µ2

lim
ξ→−∞

sin(φf (ξ)) =
√

2µ− µ2.

This gives us two dispersion curves:

D+ =

{
Re(λ) −τ2 +

√
2µ− µ2

Im(λ) cτ
, D− =

{
Re(λ) −τ2 −

√
2µ− µ2

Im(λ) cτ
. (2.77)

Clearly the steep slopes are not asymptotically stable in the sense defined above since

the essential spectrum extends into the left half plane!
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Re(λ)

Im(λ)
D+D-

Re(λ)

Im(λ)
D+−

Figure 2.10: The figure to the left illustrates the essential spectrum for pulses, while
the figure to the right is for the steep fronts.

Weighted Spaces While the spectrum of the steep fronts is not contained in the left

half plane for solutions on L2(R), we would like to consider the essential spectrum on

the weighted space L2
η(R) instead. Recall that a function u is in L2

η if:∫ ∞
−∞
|eηξu(ξ)|2dξ <∞.

This means that only functions that decay faster than eηξ are allowed, while some

exponential growth is allowed in negative time. The operator L : L2
η(R) → L2

η(R) can

be instead thought of the operator Lη : L2(R)→ L2(R).

Lη = (∂ξ − η)2 − c(∂xi− η)− sin(φ(ξ). (2.78)

We choose η = c/2 out of convenience because the operator is self-adjoint in this

weighted space. This gives us the following:

L c
2

= ∂2
ξ −

c2

4
− sin(φ(ξ))

For ease of notation let us refer to L c
2

as L̃
Since Lη is self-adjoint in H1(R), the spectrum is restricted to the real line. This

makes computation of the dispersion curves easy:

D± =
{
λ|
[
−τ2 − c2

4
− lim
ξ→±∞

sin(φf (ξ))− λ
]

= 0
}
.
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For |µ| � 1 the u-value of the equilibrium N1 is such that 0 < | sin(n1)| � 1. There-

fore we are assured that for µ near zero both dispersion curves are strictly contained in

the negative real line. Finally, notice that for µ <∼ 0, steep fronts φ(ξ) are in the strong

stable manifold and decay to the equilibrium like

e(
−c−

√
c

2
)ξ

and therefore φ′(ξ) is contained in the weighted space L2
c
2
. This will be important for

our analysis of the discreet spectrum.

Asymptotic Stability of Pulses. The primary way to show asymptotic stability

with reference to the spectrum of a linear operator is to determine the largest (or

smallest depending on sign) eigenvalue and show that the essential spectrum is suitably

bounded away from the imaginary axis and in such a way that the operator is sectorial.

If the largest eigenvalue is negative or a simple zero one may appeal to the stability

theorems of Henry [17].

We have showed above that the essential spectrum of the pulse lies strictly in the

left hand plane. We are left to consider the positions of the point spectrum in order to

apply the results from [17]. The following method is adapted from [17] though it may

be found elsewhere.

Begin with the linear operator:

Lv = v′′ − cv′ − sin(φ(ξ))v (2.79)

Since φ(ξ) is a solution of (2.4), φ(ξ)′ is a solution of the linearized equation. Thus φ′ is

a eigenfunction of L with eigenvalue 0. We will use the known positivity of the solution

φ′ in showing that 0 is the largest eigenvalue and that it is simple.

Lv − λv = v′′ + cv′ − sin(φ(ξ))v − λv = 0 (2.80)

0 = v′′ − cv′ − (λ+
√

1− (1− µ)2)v (2.81)

It is clear that in order to be bounded, v(ξ) → 0 of at least order e−cξ. Therefore we

may consider the operator on the previously mentioned weighted space L2
c
2
. Therefore
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the eigenvalue problem on H1(R) becomes:

Lwtv − λv = v′′ −
(
c2

4
+ sin(φ) + λ

)
v = 0

Since we are assuming that the linearized solution v is bounded and decays expo-

nentially we are considering only functions in the intersection of L2 and H1(R). Thus

the problem becomes one of solving a L2 adjoint equation. Now consider the L2 inner

product < Av, v >. ∫ ∞
−∞

(
v′′ −

(
c2

4
+ sin(φ) + λ)

)
v

)
v dξ

Solving for λ and integrating by parts gives us the following:

λ

∫ ∞
−∞

v2dξ =
∫ ∞
−∞

v′′v −
(
c2

4
+ sin(φ)

)
v2dξ =

∫ ∞
−∞
−(v′)2 −

(
c2

4
+ sin(φ)

)
v2dξ

Hence the following estimation for λ can be obtained.

λ ≤ max


∫∞
−∞−(v′)2 −

(
c2

4 + sin(φ)
)
v2dξ∫∞

−∞ |v|2dξ

∣∣∣∣∣∣ v ∈ H1


Note that this estimation is the “Rayleigh” quotient [25] but can been seen by an ap-

plication of Cauchy-Schwartz inequality. Now use the fact that a positive eigenfunction

φ′(ξ) is already known. Let ψ(ξ) = φ′(ξ)e
c
2
ξ and consider the resulting equation

0 =
∫ ∞
−∞
−(v′)2 −

(
c2

4
+ sin(φ)

)
v2dξ

The following useful observation helps us to simplify the integral:

ψ′′ −
(

sin(φ) +
c2

4

)
ψ = 0 → ψ′′

ψ
=
(

sin(φ) +
c2

4

)
Of course this relies on the fact that ψ > 0. Thus∫ ∞

−∞
−(v′)2 −

(
c2

4
+ sin(φ)

)
v2dξ =

∫ ∞
−∞
−(v′)2 − ψ′′

ψ
v2dξ

This in turn is equal to the following simplification:

λ ≤ −max
∫ ∞
−∞

ψ2

((
v

ψ

)′)2

dξ
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To see this we expand the integral.∫ ∞
−∞

ψ2

((
v

ψ

)′)2

dξ =
∫ ∞
−∞

ψ2

(
v′ψ − vψ′

ψ2

)2

=
∫ ∞
−∞

(v′)2 + v2

(
ψ′

ψ

)2

− (v2)′
ψψ′

ψ2
dξ.

Now integrating by parts gives us:∫ ∞
−∞

(v′)2 + v2

((
ψ′

ψ

)2

−
(
ψψ′

ψ2

)′)
dξ =

∫ ∞
−∞

ψ2

((
v

ψ

)′)2

dξ.

In order to integrate by parts we use the fact that ψ decays exponentially to 0 in both

forward and backward time.

Thus λ ≤ 0 and it will only equal zero provided
(
v
ψ

)′
= 0 This implies that φ′ is

the unique eigenfunction for zero so zero is a geometrically simple eigenvalue. Since

the operator considered about is self-adjoint the dimension of the geometric eigenspace

and algebraic eigenspace are equal [25]. This implies 0 is a simple eigenvalue. Since the

essential spectrum lies within the boundary of the dispersion curve it is easy to see two

important facts. First the real part of the essential spectrum is at most −
√
−2µ+ µ2,

and second that the operator L is sectorial. These are precisely the conditions necessary

to show asymptotic nonlinear stability from [17].

Stability of Steep Fronts The steep fronts are clearly not asymptotically stable

since, as we showed previously, their essential spectrum in not confined to the left half

plane. However, in the exponentially weighted space, the essential spectrum shifts to

the left half plane. We can then apply the argument given above to show that the largest

eigenvalue is at zero and is algebraically simple. Therefore we have the requirements

for asymptotic stability, but only in the exponentially weighted space.

Stability of Slow and Fast Fronts There are several possibilities for showing sta-

bility of fast fronts. For instance, it is not difficult to see that fast fronts are stable in

weighted spaces for large speeds c, see for example [26]. Then, the linearized operators,

conjugated with the weight (make explicit) depened continuously on the parameter c

as unbounded operators in L2. Therefore, the only possibility for an instability is a

zero eigenvalue for a particular value of c = c∗ — which would correspond to a steep

front, since the decay would be with the smaller eigenvalue ν−.This shows that all fast
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fronts are weighted stable. A perturbation argument that we will carry out in much

more generality in the next, main chapter, shows that the eigenvalue actually crosses

the imaginary axis with non-vanishing speed, so that slow fronts always possess exactly

one unstable eigenvalue.

In this scalar example, there is in fact a more direct, alternative proof, based on

Sturm-Liouville theory [24, Chapter 9]. We know that eigenfunctions (above the essen-

tial spectrum) are ordered by the number of zeros. In fact, let u−λ denote the unique

solution to the eigenvalue problem which is bounded at ξ = −∞ and consider its asymp-

totics at ξ = +∞. For λ � 1, u−λ converges to +∞, while for λ = 0, u−λ is given by

the derivative of the front and therefore converges to +∞ for fast fronts, to 0 for steep

fronts, and to −∞ for slow fronts. This fact, together with monotonicity and continuity

[24, Chapter 9, Sec 5] then gives the desired stability and instability results.

Other weights Without going into much detail, we note here that the point spectrum

that we constructed in the weighted space with equal weight at both +∞ and −∞, is

independent of the weight as long as the weight confines the essential spectrum to the

left ot the point spectrum. This can easily be seen from decay properties of the ordinary

differential equation; see also [13]. As a consequence, slow fronts are unstable in any

weighted space. Also, the steep and fast fronts are stable in weighte spaces with trivial

weight 0 at −∞ and exponential weight c/2 at +∞. Since such weights are bounded

away from zero, the nonlinearity is a smooth operator on these function spaces and one

can readily establish nonlinear stability in these weighted spaces [27].



Chapter 3

Unfolding the homoclinic

saddle-node flip in general

reaction-diffusion systems

We are interested in the transition from excitable to oscillatory media in reaction-

diffusion systems, with species u ∈ RN . We will investigate existence and stability of

coherent structures, that is, pulses, fronts, and wave trains, under robust assumptions

at a bifurcations point. This analysis will show that the results in the scalar example

are one out of two generic possible unfoldings of the excitable-oscillatory transition in a

general reaction-diffusion system. In the present chapter, we will explain and interpret

the assumptions on the bifurcation, section 3.1. We then state our main results, section

3.2. We conclude this chapter with a discussion of other codimension-one instabilities.

3.1 Assumptions on the pulse at the boundary of excitabil-

ity.

Consider the reaction diffusion system,

ut = Duxx + f(u, µ), (3.1)

where x ∈ R, u ∈ RN , f : RN × R → RN , and µ ∈ R. Let D be a positive diagonal

diffusion matrix, D = diag(dj) > 0. We assume that f is sufficiently smooth in u and
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µ for our purposes here. If f is C3(RN ) in u and C2(R) in µ, then f will be smooth

enough for the results here. We have not determined whether these are the minimal

smoothness conditions.

Local bifurcation. The following hypotheses guarantee that the ODE undergoes a

generic saddle-node bifurcation with generic stable PDE spectrum.

Hypothesis 1.1 (Saddle-Node, S). The function f(u, µ) satisfies the conditions for a

saddle node bifurcation in the ODE, u′ = f(u, µ). Specifically that is:

1. simple kernel: f(0, 0) = 0, Duf(0, 0)σr = 0, Duf(0, 0)TσTl = 0, σlσr > 0;

2. parameter unfolding: σl∂µf(0, 0) 6= 0;

3. quadratic nonlinearity: σlD2
uf(0, 0)(σr, σr) 6= 0.

Hypothesis 1.2 (Stability). For D and f(u, µ) given in (3.1):

1. stable PDE spectrum: spec (−Dk2 + f ′(0; 0)) has negative real part for k 6= 0 and

an algebraically simple eigenvalue λ = 0 for k = 0;

2. diffusive stability: σlDσr > 0.

This guarantees that the linearization of the reaction-diffusion system at the saddle-

node equilibrium does not have any non-decaying solutions other than the spatially

homogeneous, constant solution σr, and that decay of localized perturbations in the

linearization is diffusive. As a consequence, we find that for k ≈ 0 the linearization

−Dk2 + ∂uf(0; 0) possesses a single eigenvalue close to the imaginary axis, which can

be expanded as λ(k2) = −dk2 + O(k4) with d = σlDσr > 0.

Existence and stability of a excitation pulse at the boundary. In order to

consider traveling waves of wave speed c we introduce the comoving frame coordinate

ξ = x− ct. Then (3.1) can be rewritten as:

ut = Duξξ + cuξ + f(u;µ). (3.2)

Traveling wave solutions of wave speed c are equilibria u(t, ξ) ≡ u(ξ) in this traveling

frame and thus satisfy the equation:

0 = Duξξ + cuξ + f(u;µ). (3.3)



43

The following hypothesis states that there is a pulse solution that decays exponentially

to 0 in forward time but only decays algebraically in backward time.

Hypothesis 1.3 (Existence of a steep pulse, SP). For µ = 0, there is c = c∗ > 0 such

that the equation (3.3) has a solution u = q(ξ) with the following decay properties:

1. limξ→∞ |q(ξ)|eη0ξ = 0 for some η0 > 0;

2. limξ→−∞ |q(ξ)| = 0 and |q(ξ)| ≥ C(ε)e−ξε for any ε > 0 and all ξ sufficiently large.

In addition to existence, we need some robustness or transversality information,

which we choose to encode in the physically meaningful way as information on the PDE

linearization at the pulse. Consider therefore the operator,

Lv := Dvξξ + c∗vξ + f ′(q)v, (3.4)

which can be considered as a closed, densely defined operator on L2(R,RN ), or on

exponentially weighted spaces L2
η(R,R

N ), with norm,

|u|2L2
η

:=
∫ ∞
−∞
|eηξu(ξ)|2dξ.

We will see later (Lemma 7.12) that the essential spectrum of L has strictly negative

real part for a small, positive value of η. In addition L is Fredholm of index 0 for η < 0,

sufficiently small. The following hypothesis restricts our investigation to examples with

isolated eigenvalues of finite multiplicity.

Hypothesis 1.4 (Stability of the steep pulse). Let L be as defined in (3.4).

1. specL2
η
L∩{Reλ ≥ 0} = {0}, algebraically simple for η > 0 and sufficiently small;

2. L is invertible in L2
η for η < 0 and sufficiently small.

3.2 Main results on the unfoldings of the pulse

Our results for general reaction-diffusion systems closely mirror those of the scalar ex-

ample above. The coherent structures we study are qualitatively the same: pulses, steep

fronts, algebraic pulses, and slow and fast fronts. In the same fashion we will study the

traveling waves, fronts, and wave trains by analyzing their equivalent structures in a

system of first order ODEs.
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Theorem 4 (Existence of fronts, pulses and wave trains). Assume hypotheses (1.1,1.2,1.3,1.4)

hold for the reaction-diffusion system (3.2). Then there exists a value c∗ > 0 and a at

least C2 curve γ(c), defined for c ∼ c∗, such that γ(c∗) = 0, γ(c) < 0 for all c 6= c∗,

γ′(c)(c− c∗) > 0, and γ′′(c∗) < 0. For a neighborhood N of (µ, c) = (0, c∗) We have one

of the two following bifurcation stuctures:

Orientation-1

1. there exist excitation pulse solutions at µ = γ(c), c > c∗;

2. there exist algebraic pulses for µ = 0, 0 < c < c∗

3. there exist “fast” fronts for µ < γ(c) and “slow” fronts for γ(c) < µ < 0, c < c∗;

4. there exist steep front solutions at µ = γ(c), c < c∗;

5. there exist trigger waves for γ(c) < µ < 0 and c > c∗;

6. there exist phase waves for µ > 0 and any value of c ∼ c∗.

Orientation-2

1. there exist excitation pulses at µ = γ(c), c < c∗;

2. there exist algebraic pulses for µ = 0, c > c∗

3. there exist “slow” fronts for µ < γ(c) and “fast” fronts for γ(c) < µ < 0, c > c∗;

4. there exist steep front solutions at µ = γ(c), c > c∗;

5. there exist trigger waves for γ(c) < µ < 0 and c < c∗;

6. there exist phase waves for µ > 0 and any value of c ∼ c∗.

We will use the concepts of stability that were developed in the scalar example, that

is, asymptotic orbital stability (definition 2.3), spectral stability (definition 2.4) and

weighted stability (definition 2.5). We find that the stability of the phenomena associ-

ated with the “excitable” regime (front, pulses and trigger waves) have fixed stabilities

depending on whether orientation-1 or orientation-2 hold in theorem 4. This is stated

in the following result.
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Theorem 5 (Stability of fronts and pulses). Assume the conditions for Theorem 4 hold.

We have the following stability information depending on the alternative cases given in

Theorem 4:

1. the steep pulse solutions are weighted asymptotically orbitally stable (AOS);

2. the algebraic pulses are weighted AOS in orientation-2 and unstable in orientation-

1;

3. the slow fronts are spectrally unstable;

4. the fast fronts are weighted AOS;

5. the steep front is weighted AOS;

6. the trigger waves near the excitation pulses are spectrally stable in orientation-2

and unstable in orientation-1.

7. the phase waves near the algebraic pulses are weighted spectrally stable in orientation-

2 and unstable in orientation-1.

stable
unstable
undetermined

Phase Waves

Phase Waves

Fast Fronts

Slow Fronts

Trigger Waves

Ex’ Pulses

Steep Fronts

μ

c

Alg’ Pulses

Steep Pulse

orientation-2

Phase Waves

Phase Waves

Slow Fronts

Fast Fronts

Trigger Waves

Ex’ Pulses

Steep Fronts

μ

c

Alg’ Pulses

Steep Pulse

orientation-1

Figure 3.1: The two possible bifurcation and stability structure under the assumption
of Theorem 4. The pulses are AOS and the steep fronts are WS in both cases. The
stability of the algebraic pulses follows the stability of the nearby fronts. While we
suspect the stability of the phase waves follows that of the trigger waves (as in the
scalar example) this is an open problem.



Chapter 4

Bifurcation of pulses — existence

Pulses and fronts are solutions to the traveling wave equation (3.2), which can be viewed

as a first-order differential equation in the phase space R2N . In this phase space de-

scription, pulses, fronts, and wave trains correspond to homoclinic, heteroclinic, and

periodic orbits. This perspective allows our existence theorem, Theorem 4 to be viewed

as a homoclinic bifurcation theorem. It turns out that such a homoclinic bifurcation

has been analyzed by Chow and Lin [1], and, independently, by Deng [14]. However, the

assumptions made in these articles are geometric assumptions on transversality of cer-

tain homoclinic intersections and unfoldings. Our contribution in this section is to show

that our “PDE” spectral assumptions imply the “ODE” transversality assumptions in

those articles.

4.1 The generic unfolding of Chow and Lin

We begin by describing the conditions stated in [1] that are necessary to completely

describe the bifurcation of a particular homoclinic orbit. Let q be a solution to the

following differential equation:

u′ = H(u; (µ1, µ2)), (4.1)

where u ∈ RN , ξ ∈ R, and (µ1, µ2) ∈ R2. The function H is assumed to be at least C3

in u, ξ and (µ1, µ2). Assume that equation (4.1) and q satisfy the following conditions.
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Condition 1.1 (Saddle-Node Bifurcation). 1. We assume that H(0; 0) = 0, and

that the derivative DuH(0; 0) has a simple eigenvalue ν0 = 0 with left and right

eigenvectors Σl,Σr. We also assume that DuF (0; 0) does not have any other

eigenvalues on the imaginary axis.

2. ΣlDuuH(0, 0)(Σr,Σr) > 0.

3. ΣlDµ1H(0, 0) > 0, ΣlDµ2H(0, 0) = 0.

One can therefore construct local invariant manifolds W c and W ss to the equilibrium

(0, 0) in a fashion completely analogous to that described in the scalar example above.

Condition 1.2 (Existence of a Homoclinic). For (µ1, µ2) = (0, 0), equation (4.1) has

a homoclinic solution Γ0 : (u, v) = q(ξ) such that q(ξ) ∈ W c(0) as ξ → ∞ and q(ξ) ∈
W ss(0) as ξ → −∞. Finally, q′

|q′| → Σr as ξ →∞.

Condition 1.3 (A Transversality Condition). The manifolds W cs(0) and W cu(0) in-

tersect transversely along the homoclinic q.

Condition 1.4 (Melnikov Condition). Assume the following, Melnikov-type integral is

non-zero:

M :=
∫ ∞
−∞
〈Ψ(ξ), ∂µ2DuH(q, 0)q〉 dξ 6= 0 (4.2)

where Ψ is a solution to the following adjoint equation:

u′ = −(DuH(q;µ))Tu (4.3)

and contained in the weighted space L2
−η(R

2N ).

If the above four conditions hold we have the following theorem regarding the ho-

moclinic q.

Theorem 6. Assume that conditions 1.1, 1.2, 1.3 and 1.4 hold. Then there exists a C1

change of parameters such that the bifurcation of phase flows of (4.1) in a neighborhood

of u = 0 is completely determined by the signs of M, µ1, µ2 and a C1 curve µ1 = γ(µ2)

which is quadratically tangent to the µ2 axis and is contained in the half plane {µ1|µ1 ≤
0}. The bifurcation diagram corresponding toM > 0 will be referred to as orientation-1
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and the diagram forM < 0 will be orientation-2. The bifurcation diagrams are depicted

in (µ1, µ2)-space and the various cases are listed below.

Case 0: There exists a saddle node equilibrium and a homoclinic orbit q(µ1, µ2) such

that hypothesis 1.3 holds.

Case 1: The homoclinic q(µ1, µ2) asymptotically approaches the equilibrium through

W ss.

Case 2: The homoclinic q(µ1, µ2) approaches the equilibrium through W cs.

Case 3: The heteroclinic q(µ1, µ2) approaches the node through W ss.

Case 4: The heteroclinic q(µ1, µ2) approaches the node through W cs.

Case 5: There is a unique periodic solution with two equilibria.

Case 6: There is a unique periodic solution with one equilibrium.

Case 7: There is a unique periodic solution with no equilibria.
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4

4
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4
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μ2
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0
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Figure 4.1: The two bifurcation diagrams corresponding to M > 0 and M < 0.

Remark 1.5. As in the scalar example, let W ss,W cs,W cu and W c be the strong stable,

center stable, center unstable and center manifolds as defined in the scalar example.

In order to describe the decay of the various pulses and heteroclinic, we need

to specify the spectrum at the equilibria at ±∞. Let the eigenvalues of the matrix
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DuH(q(±∞), µ1, µ2) be −ν−N · · · − ν−1, ν0, ν1 . . . νM where:

−Re(ν−N ) ≤ · · · ≤ −Re(ν−1) < Re(ν0) < Re(ν1) ≤ · · · ≤ Re(νM )

and ν0 = 0 when µ = ĉ = 0. The eigenvalues (νi) are continuous functions of (µ1, µ2)

provided the parameters are sufficiently small. This follows from spectral perturbation

theorems given in classic texts such as [28]. Thus for small values of µ1, µ2 we have

−Re(ν−1) < Re(ν0) < Re(ν1). The equilibrium splits into a stable (node) and unstable

(saddle) equilibrium for µ < 0. In the case of the node we refer to the eigenvalues νi as

νni and in the case of the saddle we refer to the eigenvalues νi as νsi . As indicated by

the definition of a node and a saddle, Re(νn0 ) < 0 and Re(νs0) > 0. In terms of these

decay rates, we can talk about the various manifolds more explicitly:

W ss(x0) The strong stable manifold decays O(e−ν−1ξ) as ξ →∞ to x0.

W cs(x0) The center stable manifold decays O(e−ν0ξ) as ξ →∞ or algebraically if ν0 = 0 to x0.

W cu(x0) The center stable manifold decays O(eν0ξ) as ξ → −∞ or algebraically if ν0 = 0 to x0.

Remark 1.6 (Notation). We will primarily be concerned with the spectrum of the node,

unless otherwise noted ν0 = νn0 . Let γ+(µ) be the upper half of the curve γ(µ2) and γ−(µ)

the lower half.

4.2 Existence of coherent structures from Chow and Lin

The bifurcations described in Theorem 6 directly implies our existence result, Theorem

4. We take µ1 to be our bifurcation parameter µ, and µ2 to be the wave speed recentered

at 0, that is c−c∗. We proceed to relate the structures that are equilibria in the comoving

frame equation (3.2) to coherent structures of the original PDE. This follows exactly

the identifications made in the scalar example. Homoclinics and heteroclinics of (3.2)

correspond to pulses and fronts respectively of (3.1). Similarly, periodic orbits of (3.2)

can be interpreted as wave trains in (3.1). We refer to wave trains in the presence of

equilibria as trigger waves and waves trains without equilibria as phase waves.
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4.3 Interpretation in terms of the framework of Chow and

Lin.

As noted above, the results of Chow and Lin directly infers the existence theorem, The-

orem 4. Therefore, our task is to show that our hypotheses imply that their conditions

1.1, 1.2, 1.3 and 1.4 hold for our traveling-wave equation cast as a first-order differential

equation with parameters µ1 = µ and µ2 = c− c∗ = ĉ.

To begin, we rewrite equation (3.3) as the following 2N dimensional first order

system:

u′ = v (4.4)

v′ = −D−1f(u;µ)− cD−1v.

Our assumption on the existence of an excitation pulse implies that (4.4) possesses a

homoclinic orbit to the origin for µ = 0 and c = c∗. In order to state the conditions for

the main theorem in [1], we introduce some notation and linearizations at the homoclinic

orbit. Let q(ξ) be the steep pulse, then (q, q′)T =: q is a homoclinic orbit to (4.4). We

will consider solutions to the linearization at q,(
u

v

)′
=

(
0 1

−D−1f ′(q(ξ), 0) −cD−1

)(
u

v

)
. (4.5)

Equations (4.4) and (4.5) can be written in a more compact notation as:

u′ = F (u;µ, c), (4.6)

v′ = DuF (q;µ, c)v. (4.7)

Using equation (4.4) as the differential equation (4.1) in the conditions for Theorem

6, we can immediately see the consequences of Theorem 6 in terms of our existence

Theorem 4. For any u = (u(ξ), u′(ξ)) that is a solution of (4.4), the function u(ξ) is

a solution to (3.2). Therefore we can interpret the upper component of homoclinic,

heteroclinic and periodic solutions of (4.4) as pulse, front and wave train solutions of

(3.2) respectively. The particular decay rates provided by Theorem 6 will prove to be

useful in our later stability analysis. We summarize the interpretation of the phase

plane structures are PDE solutions in the following.
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• The case 0 homoclinic implies the steeply decaying steep pulse.

• The case 1 homoclinics imply the steeply decaying excitation pulses.

• The case 2 homoclinics imply the weakly decaying algebraic pulses.

• The case 3 heteroclinics imply the quickly decaying steep fronts.

• The case 4 heteroclinics slowly decaying slow and fast fronts.

• The case 5 and 6 periodics imply the trigger waves.

• the case 7 periodics imply the phase waves.

In our existence theorem, we state that there is an alternative bifurcation and stabil-

ity diagram where the orientation of the wave speed is reversed. The orientation of the

bifurcation diagram depends on the sign of the Melnikov integral in Condition 1.4. This

will play a major role in the stability analysis, but is unimportant in the confirmation

of the conditions for Theorem 6.

4.4 ODE saddle-node

We begin by showing that the first order system (4.4) undergoes a saddle-node bifurca-

tion at the equilibrium (u, µ) = (0, 0). Recall that we have assumed that the homoclinic

q(ξ) terminates at the equilibrium (0, 0).

Lemma 4.7. Assume Hypotheses 1.1 and 1.2. Then the traveling-wave ODE (3.3)

undergoes a saddle-node bifurcation which satisfies condition 1.1 above.

Proof.

Step 1: Linearization We claim that the traveling-wave ODE linearization at the

equilibrium (u, v) = 0 possesses an algebraically simple eigenvalue ν = 0, with eigen-

vector (σr, 0) ∈ R2N . Indeed, the ODE linearization is given by the block matrix(
0 1

−D−1f ′ −cD−1

)
.
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The kernel of this matrix is given by vector of the form (σr, 0), where σr lies in the

kernel of f ′(0; 0) as was assumed in Hypothesis 1.1. This shows that the eigenvalue

ν = 0 is geometrically simple and Σr = (σr, 0)T is the eigenvector. We next show that

the eigenvalue is actually algebraically simple. Assume to the contrary that 0 is not

algebraically simple and that equation for a principal vector (a, b) to Σr is given by(
0 1

−D−1f ′ −cD−1

)(
a

b

)
=

(
σr

0

)
.

Solving for a and b gives us:

b = σr, −D−1f ′a− cD−1b = 0.

There we have that,

σlf
′u = σlcσr,

where the left hand side is zero since σl annihilates the range of f ′. However, the

right-hand side is assumed to be positive in Hypothesis 1.2 so there can be no principle

eigenvectors.

Finally, we show that there are no purely imaginary eigenvalues of DuF (0; 0). As-

sume that (u, v) is an eigenvector to the imaginary eigenvalue ik 6= 0. Then one readily

sees that u is in the kernel of −Dk2 + cik+ f ′(0; 0), which contradicts Hypothesis (1.2),

part (1).

Step 2: Unfolding We have the following computation for ∂µF (0; 0):

∂µF (0; 0) =

(
0 0

−D−1∂µf(0; 0) 0

)
.

To determine Σl we need to solve:

(a, b)

(
0 1

D−1f ′(0; 0) −D−1c

)
= 0.

Therefore Σl = (bD−1c, b) where bD−1f ′(0; 0) = 0. Hence bD−1 = σl. The unfolding

condition then can be expressed as follows:

Σl∂µF (0; 0) = bD−1∂µf(0; 0) = σl∂µf(0; 0) 6= 0,

Where σl∂µf(0; 0) 6= 0 follows from (Hyp 1.1).
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Step 3: Quadratic nonlinearity If we consider the second derivative DuuF (0; 0)

the only non-zero mixed or second derivative is the Duuf(0; 0) term. This gives us:

ΣlDuuF (0; 0)(Σr,Σr) = −bD−1Duuf(0; 0)(σr, σr) = σlDuuf(0; 0)(σr, σr) 6= 0

where σlDuuf(0; 0)(σr, σr) 6= 0 is assumed in (Hyp 1.1).

4.5 Orbit-flip homoclinic

Our assumptions on the existence of a steep pulse guarantee that there exists a homo-

clinic connection to the origin in the traveling-wave ODE. In fact, using the dynamics

on the center-manifold, one can readily see that the asymptotics of the steep pulse are

algebraic as ξ → −∞ (see [18]),

|q(ξ)| = O(
1
ξ

)

and exponential as ξ → +∞,

|q(ξ)| ≤ K(ε)e−ξ(η0−ε) for any ε > 0.

Since q decays weakly as ξ → −∞ it necessarily approaches 0 through a local center

manifold W c(0). Because q decays exponentially as ξ →∞, it is necessarily contained

in the strong stable manifold W ss(0).

4.6 ODE transverse intersection

We now show that our Hypothesis 1.4 implies Condition 1.3. Consider the linearized

ODE at the homoclinic, µ = 0, (4.5). This system is a linear ODE which possesses

an exponential trichotomy. More precisely, there exist subspaces Ecs+ = Ess+ ⊕ Ec+, and

Ecu− = Euu− ⊕ Ec−, such that Ess+ and Euu− consist precisely of the initial values (u, v) at

ξ = 0 to solutions which decay exponentially as ξ goes to +∞ and −∞ respectively.

Solutions in Ec± are those that decay algebraically. Note that Ec± are one-dimensional.

Transversality of the intersection of W cu and W cs therefore is equivalent to the inter-

section Ecs+ ∩ Ecu− being one-dimensional. In the following we argue by contradiction.

Assume that the intersection is more than one-dimensional. We will show that this
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implies the existence of a solution (un, vn) in the intersection of Euu− and Ecs+ . One can

then readily see that the first component of this solution is contained in the kernel of L
in L2

η with η < 0, small enough, which contradicts our assumption hypothesis 1.4.

In order to exhibit this solution (un, vn) in the intersection of Euu− and Ecs+ , we first

consider the derivative of the pulse q′(ξ). By the decay assumptions on q, q′(ξ) is

contained in Ess+ ∩ Ecu− but not in the intersection Ess+ ∩ Euu− . We can therefore choose

Ec− to be spanned by q′, and span (q′) = Ec− ∩ Ess+ .

Since we assumed that the intersection Ecu− ∩ Ecs+ is more than one-dimensional,

there is u ∈ Ecu− ∩ Ecs+ , linearly independent of q′. Then we can decompose

u = uuu− + uc−

where uuu− ∈ Euu− and uc− ∈ Ec−. However, Ec− is spanned by q′. Therefore we can write:

u = uuu− + ρq′.

Since u is in Ecu− ∩ Ecs+ , so is u− ρq′ = uuu− . By construction, uuu− ∈ Euu− and we have

found the desired nontrivial intersection of Euu− and Ecs+ . This contradicts the second

part of hypothesis 1.4 and proves that condition 1.3 is implied by our original set of

hypotheses.

4.7 ODE transverse unfolding

Here we wish to show that the hypothesized simplicity of the zero eigenvalue in a

weighted space (hypothesis 1.4) is equivalent to the Melnikov condition 1.4. This ar-

gument is quite a bit more involved than the previous lemmas. The proof proceeds in

several steps. We first show that the linearization at the pulse is actually Fredholm of

index zero in the weighted spaces for small positive weights η. We will then readily

see that the zero eigenvalue is geometrically simple. In the last step, we show that the

kernel of the adjoint is not in the range if and only if the Melnikov integral does not

vanish. We conclude this section with a remark on an alternative formulation of this

hypothesis as used in [14].

The linearization is Fredholm of index 0. By hypothesis 1.4, we know q → 0

as ξ → ±∞. To understand the behavior of the essential spectrum it is useful to
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consider the “background linearization,” that is the operator L where q is replaced by

the equilibria. Define:

L0 = D∂2
ξ + c∂ξ + ∂uf(0, 0) L0 : D(L0) ⊂ L2(R,RN )→ L2(R,RN ). (4.8)

We begin by proving some results on the dispersion relation d(k, λ).

Lemma 7.8. A complex number λ belongs to the essential spectrum of L0 if and only

if there is a k ∈ R such that

d(k, λ) = det(−Dk2 − cik + ∂uf(0, 0)− λ) = 0 (4.9)

Proof. See lemma 2.1 of [29] for a complete proof.

From hypothesis 1.1 we have the following lemma regarding L0.

Lemma 7.9. We have the following expansions:

1. d(0, 0) = 0

2. ∂d
∂λ |λ=0,ν=0 6= 0

For k ∼ 0 there is a unique solution λ(k) ∼ 0 to d(λ, k) = 0, and we have the expansion

λ(0) = 0 and dλ
dk |(λ=0,ν=0) = −ci.

Proof. By the saddle-node assumption (1.1) the matrix ∂uf(0, 0) has an algebraically

simple zero eigenvalue. Therefore det(∂uf(0, 0)) = 0 and ∂λdet (∂uf(0, 0)−λ) 6= 0. This

proves (1) and (2). Also,

ci∂λdet (∂uf(0, 0)− λ) = ∂kdet(−Dk2 − cik + ∂uf
′(0, 0)− λ),

so that ci∂λd(0, 0) = ∂kd(0, 0). By the implicit function theorem, we have a unique

solution λ(k) with ∂kλ = ci∂kd(0, 0)/∂λd(0, 0).
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Essential spectrum in exponentially weighted spaces. We are interested in con-

sidering stability of the traveling pulse, however, by assumption the essential spectrum

touches the imaginary axis. The presence of essential spectrum on the imaginary axis

does not necessarily imply “absolute instability.” To investigate the stability we consider

the operator L on the exponentially weighted space L2
η(R) defined as follows:

L2
η(R) = {u|eηξu ∈ L2(R,RN )}. (4.10)

First it is important to notice that by hypothesis (1.3), q ∈ L2
η provided that η0 > η.

Instead of considering L on L2
0,η(R) we can consider the operator Lη on L2(R) derived

from the following diagram:

L

L2
η −→ L2

η

e−ηξ ↑ ↑ e−ηξ

L2 −→ L2

Lη. (4.11)

Thus Lη is given by the following:

Lη = eηξLe−ηξ = D(∂ξ − η)2 + c(∂ξ − η) + ∂uf(q, 0), (4.12)

and L0,η is given by

L0,η = eηξLe−ηξ = D(∂ξ − η)2 + c(∂ξ − η) + ∂uf(0, 0). (4.13)

We have the following regarding the effect of the exponential weights on the essential

spectrum.

Lemma 7.10. The essential spectrum of Lη is contained in the open left half of the

complex plane for η such that η > 0 but sufficiently small.

Proof. By hypothesis 1.4 the essential spectrum of Lη is contained strictly in the left

half of the complex plane. Since L0 is a compact perturbation of L, they share the same

essential spectrum ([16].) Thus we calculate,

dλ

dη
|λ=0,k=0,η=0. (4.14)
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If we again consider the dispersion relation in terms of ν instead of ik we note that

under the exponential weights the dispersion relation of L0 becomes:

dη(k, λ) = D(−k2 − 2ikη + η2) + c(−ik − η) + ∂uf(0, 0)− λ

= D(−ki + η)2 + c(ik + eta) + ∂uf(0, 0)− λ

which is equal to:

d(k + iη, λ). (4.15)

The solution λ1(k) that we found above can be analytically continued to a solution

λ1(k + iη). From our previous calculations in lemma 7.9

dλ

dη
|λ=0,k=0 = i

dλ

dk
|λ=0,k=0 = −c < 0 (4.16)

Thus the essential spectrum is moved locally into the left half of the complex plane

Lemma 7.11. The operator L0 : L2
η → L2

η is invertible.

Proof. From Lemma 7.10 we know that the essential spectrum of L0 is shifted into the

left half of the complex plane on L2
η for an appropriate value of η. Since L0 only has

essential spectrum, the operator is in fact invertible on L2
η.

This result can be extended from L0 to L by noticing that L is a relatively compact

perturbation of L0. It is well known (for example see [16]) that the essential spectrum

of the operator L is the same as L0 under compact perturbations and is bounded away

from the imaginary axis in the left half of the complex plane. This gives us the following

extension to the operator L.

Lemma 7.12. The operator L : L2
η → L2

η is Fredholm of index zero.

Unlike L0, L is not invertible because it necessarily possesses a zero eigenvalue,

which we assumed to be algebraically simple. The eigenfunction is given by q′, which is

contained in L2
η for η small as above since by the traveling pulse assumption q′ decays

exponentially in backward time and algebraically in forward time.

Remark 7.13. The spectral assumptions also imply that the linearization at the equi-

librium possesses precisely N − 1 eigenvalues with positive real part and N eigenvalues
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with negative real part at µ = 0. To see this, one notices that the dispersion relation

does not possess any roots ν ∈ iR for λ > 0. This follows since for large λ the roots ν

solve the equation:

det(Dν2 − λ−O(1)) = 0

and therefore ν±√
λ

= ± 1√
dj

+ O(1). Hence, for all λ > 0 we have N roots with positive

real parts and N roots with negative real parts. For λ = 0, let ν0 = 0 and all other

solutions non-zero. Since the ‘group velocity’ dν0
dλ = 1

c > 0, then the zero root must have

come from the positive roots, thus proving the assertion.

Algebraic simplicity implies nonzero Melnikov. In order to construct the bi-

furcation diagram for the steep pulse, we need information about the transversality of

the homoclinic connection that corresponds to the steep pulse. This is provided by the

Melnikov integralM. In terms of the first order system we define the Melnikov integral

as the following function:

M =
∫ ∞
−∞
〈Ψ, ∂c(DuF (q; 0)q)〉 dξ

where Ψ is the unique (up to muliplication by a constant) solution to the adjoint linear

equation:

u′ +DuF (q; 0)Tu = 0, (4.17)

which belongs to L2
−η(R

N ). We know that such a solution exists because L is Fredholm

of index zero in L2
η(R

N ). Therefore the L2-adjoint L∗ possesses an algebraically simple

zero eigenvalue, as well. One then verifies easily that the kernel of L∗ is isomorphic to

the set of solutions to (4.17) in L2
−η(R

N ). Having defined the Melnikov integral, we can

now state the main result of this section.

Lemma 7.14. The eigenvalue λ = 0 is algebraically simple if and only if

M 6= 0. (4.18)

Proof. Again we are are considering the differential equation

Dvξξ + cvξ + f ′(q)v = 0. (4.19)
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This equation has the obvious bounded solution q′ since we assume that (3.3). For ease

of notation let q′ = κ. Now we consider the algebraic multiplicity of the eigenvalue λ = 0

for the operator L on the exponentially weighted space L2
η(R,R

N ) described above. If

0 is not algebraically simple then there is a bounded function e1 so that:

D(e1)ξξ + c(e1)ξ + f ′(q)e1 = κ. (4.20)

In other words Le1 = κ. In the previous section we showed that L is Fredholm of

index zero in the weighted eigenspace. Thus Range(L) ⊥ Ker(L∗) where L∗ indicates

the adjoint operator (see [16]). Of course it is preferable to work on L2. So we again

consider the operator Lη and the adjoint L∗−η. Notice that the adjoint operator can be

written explicitly as:

D(∂ξ + η)2 − c(∂ξ + η) + (∂uf(q, 0))T . (4.21)

Now note that κeηξ the unique bounded solution to Lηu = 0. Likewise there exists a

bounded solution κ∗e−ηξ to the adjoint weighted problem. In the end we have that κ is

algebraically simple if and only if:∫ ∞
−∞
〈κ∗, κ〉 dξ 6= 0. (4.22)

We find M explicitly.

M =∫ ∞
−∞

〈
Ψ, ∂c(A(λ))

(
q′0

q′′0

)〉
dξ =

∫ ∞
−∞

〈
Ψ(ξ),

(
0

−D−1q′

)〉
dξ = (4.23)∫ ∞

−∞
< ψ2,−D−1κ > dξ

where we define the vector ψ(ξ) as

ψ(ξ) =

(
ψ1

ψ2

)
. (4.24)

If ψ(ξ) is a solution of the adjoint ODE then

d

dξ

(
ψ1

ψ2

)
=

(
0 (∂uf(q, 0))TD−1

−I D−1c

)(
ψ1

ψ2

)
. (4.25)
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Considering only ψ′2 we see

ψ′2 = −ψ1 +D−1cψ2. (4.26)

Differentiating both sides gives us

ψ′′2 = −ψ′1 +D−1cψ′2. = −∂uf(q, 0)TD−1ψ2 +D−1cψ′2 (4.27)

Thus ψ2 is the unique bounded solution to (4.27) and

ψ2 = Dκ∗ (4.28)

The equation (4.23) reduces to:∫ ∞
−∞

Dκ∗ ·D−1κdξ =
∫ ∞
−∞

κ∗ · κdξ (4.29)

Thus M 6= 0 if and only if λ = 0 is algebraically simple.

4.7.1 Transversality of an extended system

In this section we prove that the transverse crossing can be interpreted as a transversality

in an extended ODE. This is actually the condition used in [14] for the cases of pitchfork

and transcritical bifurcations.

Lemma 7.15. The integral condition (4.18) is also equivalent to the transversality of the

center-unstable and strong stable manifold in the extended system where c is considered

as a variable,

(∪cW cu
c ) ∩ (∪cW ss

c ) transversely along (q, q′)T . (4.30)

Proof. Consider the extended system where we treat c as a variable.

v′ = w

w′ = −D−1f ′(v)−D−1cw

c′ = 0

(4.31)

For each c, there exist strong stable and center-unstable manifolds, which depend

smoothly on c, so that the intersection in (4.30) is the intersection of two smooth man-

ifolds. In order to investigate transversality of the intersection, we study the tangent
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spaces, which are spanned by solutions to the linearize around the solution (q0, q′0, c
∗)T :

ū′ = w̄

w̄′ = −D−1f ′(q0)v̄ −D−1c∗w̄ −D−1q′0c̄

c̄′ = 0

. (4.32)

The tangent space to the union of center-unstable manifolds consists of solutions that are

bounded in negative time. The tangent space to the union of strong stable manifolds

consists of solutions that are exponentially decaying in forward time in the (ū, w̄)-

component, with some bounded c̄.

Note that we still have the trivial solution (q′0, q
′′
0 , 0)T to (4.32). Suppose that the

intersection in (4.30) is non-transverse. Then there is another, linearly independent

solution (g1, g2, c∗∗)T with the prescribed growth conditions. Such a solution solves the

equation:
ū′ = w̄

w̄′ = −D−1f ′(q0)v̄ −D−1c∗w̄ −D−1q′0c
∗∗

(4.33)

or (
ū

w̄

)′
=

(
0 1

−D−1f ′(q0) −D−1f ′(q0)

)(
ū

w̄

)
+

(
0

−D−1q′0c
∗∗

)
, (4.34)

where ū, w̄ ∈ L2
η and c∗∗ is an arbitrary constant. Now we take the L2 inner product

with the unique adjoint solution Ψ ∈ L2
−η,0(R), defined in the previous section and

simplify∫ ∞
−∞

〈
Ψ,

(
ū

w̄

)′
−

(
0 1

−D−1f ′(q0) −D−1f ′(q0)

)(
ū

w̄

)〉
dξ (4.35)

=
∫ ∞
−∞

〈
Ψ,

(
0

−D−1q′0c
∗∗

)〉
dξ

(4.36)

If we integrate (4.35) by parts we have the following:〈
Ψ,

(
ū

w̄

)〉∣∣∣∣∣
∞

−∞

−
∫ ∞
−∞

〈
Ψ′ +

(
0 −(D−1f ′(q0))T

1 −D−1c∗

)
,

(
ū

w̄

)〉
dξ = 0 (4.37)

Therefore (4.36) is also zero and we have:∫ ∞
−∞

ψ2D
−1q′0c

∗∗ dξ = c∗∗
∫ ∞
−∞

κ∗κdξ = 0. (4.38)
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This contradicts (4.22) so we get that 0 is algebraically simple if and only if the manifolds

intersect transversely.

4.8 Other codimension-one bifurcations

We are primarily interested in the case where the non-linearity has a saddle-node bi-

furcation. As was explained in the introduction, a saddle-node bifurcation is easily

interpreted as the bifurcation between oscillatory and excitable dynamics. However, as

it turns out, the following analysis can be extended to both pitchfork and transcritical

bifurcations. We may use transcritical bifurcation hypotheses in place of the saddle-

node hypothesis (1.1) and obtain similar stability results for the appropriate bifurcation

diagrams. The exact results and difference will be addressed after the main result is

proved.

Hypothesis 8.16 (Transcritical). The function f(u, µ) satisfies the conditions for tran-

scritical bifurcation in the ODE u′ = f(u, µ). Specifically that is:

1. f(0, µ) = 0 for all µ;

2. σlD2
uf(0, 0)(σr, σr) > 0;

3. σlD2
uµf(0, 0)σr > 0;

4. σlD2
ucf(0, 0)σr = 0.

Similar results were given by Deng [14] regarding the case of transcritical and pitch-

fork bifurcations. The statement of the theorem in Deng’s paper is virtually identical to

Theorem 6 except the hypothesis that F satisfies the saddle-node conditions (hypothesis

1.1) is replaced with the condition for a transcritical (hypothesis 8.16). Additionally,

Deng assumes a condition of the transversality of the unstable and stable manifolds in

the extended system instead of the integral condition as in the paper of Lin and Chow.

However, these conditions were shown to be equivalent in Lemma 7.14.

We may replace the saddle-node hypothesis with a transcritical hypothesis and ob-

tain a similar stability result to Theorem 5. While the same is almost true of the

pitchfork bifurcation, we would need to modify our assumptions regarding the existence

of a steep pulse, so we do not pursue the result here.
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Theorem 7 (Transcritical). There exists a C1 change of variables such that the bifur-

cation of phase flows in a neighborhood of x = 0 is completely determined by the signs of

µ and ĉ, and a C1 curve µ = γ(ĉ) which satisfies ∂cγ(0) < 0. The bifurcation diagram

is depicted in (µ, ĉ)-space. There various cases are listed below.

0

1

2

3

4

5

6

4

3

4

1

4

5

c

μ

Figure 4.2: Bifurcation diagram in the transcritical case for M > 0.

The asymptotics of the various homo/heteroclinics are described in the following

list.

Case 0: There exists a saddle node equilibrium and a homoclinic orbit q(µ1, µ2) such

that hypothesis 1.3 holds.

Case 1: The homoclinic q(µ1, µ2) asymptotically approaches the equilibrium through

W ss.

Case 2: The homoclinic q(µ1, µ2) approaches the equilibrium through W cs.

Case 3: The heteroclinic q(µ1, µ2) approaches the node through W ss.
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Case 4: The heteroclinic q(µ1, µ2) approaches the node through W cs.

Case 5: There is a unique periodic solution with two equilibria.

Case 6: There is a unique periodic solution with one equilibria.



Chapter 5

Stability of bifurcating coherent

structures.

We now proceed to consider the PDE stability or instability of the pulses, fronts and

wave trains. We will begin by considering the spectrum of the linearization at the

steep pulse, excitation pulses and fronts for small parameter values µ and c. We will

then appeal to the results in [17] to show non-linear stability. The spectrum of the

linearization of the excitation pulses is sectorial and confined to the left half plane

except for a single eigenvalue at zero, which is the requirement for asymptotic orbital

stability (AOS). The fronts and excitation pulses have similar spectral qualities when

considered in an appropriate exponentially weighted space. Therefore, these structures

will be seen to be asymptotically stable in appropriately weighted spaces (WS.)

The spectrum of the steep fronts and excitation pulses will give us a framework from

which to approach the other fronts, algebraic pulses and trigger waves. The fronts are

at best stable in a weighted space because of destabilizing essential spectrum in the

right half of the complex plane. Since the steep fronts divide the slow and fast fronts,

and the essential spectrum is away from the imaginary axis in the weighted space, the

spectral stability will be determined by a single eigenvalue in a neighborhood of zero. In

the case of the steep fronts and pulses, q′ was the eigenfunction for the zero eigenvalue.

However, this eigenvalue is allowed to move in the weighted space because the fast and

slow fronts decay slowly and subsequently their derivatives (q′) are not included in the

65
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weighted space. Therefore, we use perturbation theory to determine the movement of

the zero eigenvalue as we cross the steep fronts in the c − µ plane. We will use the

results of [30] to determine how the stability of the trigger waves with respect to the

stability of the nearby fronts.

Finally, we discover that the same quantity that determines the stability of the

triggers also controls the direction of the movement of the zero eigenvalue near the

steep fronts. This result allows us four different stability diagrams depending on this

quantity and the orientation of the wave speed (whether we are in case 1 or 2 of the

existence theorem.) It turns out that only one stability diagram is possible for each of

the two cases in accordance with the conjectures of van Saarloos.

5.1 Stability of excitation pulses and steep fronts

In this section we prove that the excitation pulses are asymptotically stable and that the

steep fronts and algebraic pulses are only stable when considered on weighted spaces.

We begin by considering how the spectrum is perturbed by changes in µ and ĉ. For this

we define the following parameter dependent operators

L = D∂ξξ + c∂ξ + f ′(q(ξ), µ); (5.1)

L+
0 = D∂ξξ + c∂ξ + f ′(q(∞), µ); (5.2)

L−0 = D∂ξξ + c∂ξ + f ′(q(−∞), µ); (5.3)

where q(∞) and q(−∞) are the equilibria approached by q(ξ) as ξ → ±∞. For ease of

notation in the following, let qs be the steep front solution and qp be the pulse solution.

Finally we will use a subscript “spl” to designate the steep pulse, “fnt” to designate

a front, “epl” to designate strongly decaying pulses away from the steep pulse and

“algpl” to designate an algebraic pulse. Of course when linearizing around the pulses,

the background linearizations agree in the forward and backward directions.

Lemma 1.1. We have the following regarding the essential spectrum of L at pulses and
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fronts.

specess(Lpl) ⊂ {λ|Reλ < 0} forL : L2(RN )→ L2(RN ); (5.4)

specess(Lfnt) ⊂ {λ|Reλ < 0} forL : L2
0,η(R

N )→ L2
0,η(R

N ); (5.5)

specess(Lspl) ⊂ {λ|Reλ < 0} forL : L2
0,η(R

N )→ L2
0,η(R

N ); (5.6)

specess(Lalgpl) ⊂ {λ|Reλ < 0} forL : L2
0,η(R

N )→ L2
0,η(R

N ). (5.7)

Proof. The essential spectrum is entirely determined by the dispersion curves of L±0 .

We therefore need to expand L±0 in the parameters µ and c. Since the critical dispersion

curve is simple, and the dispersion relation is continuous in µ (actually smooth in
√
µ)

we can expand as follows.

For d(λ, k;µ) = 0, we showed previously in Lemma 7.9 that there is a unique curve

of essential spectrum λ(k) that passes through a neighborhood of the origin. We expand

this curve in terms of k and µ.

λ(k;µ) =cik − d1k
2 + O(k3)

+ a1
√
µ+ a2µ+ O(µ

3
2 )

+ b1
√
µk + b2

√
µk2 + O(µk)

We are concerned with what happens to the tip of the dispersion curve, that is for k = 0:

λ(0;µ) = a1
√
µ+ a2µ+ O(µ

3
2 ).

Recall from equation 7.10 that for k = 0, there exists u such that:

d(0, λ) = 0←→ (f ′(q(±∞;µ)− λ)u = 0.

Consider the ODE on the center eigendirection:

u′c = α0µ+ α1u
2
c + O(|µuc|+ u3

c). (5.8)

At the equilibria, u′c = 0, we can solve for uc:

u∗c = ±
√
−α0

α1
µ+ O(µ).

Now linearize (5.8) around the equilibrium u∗c :

v′c = 2α1

(
±
√
−α0

α1
µ

)
vc + O(v2

c ).
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Now matching the equation we find that:

a1 = ±2α1

√
α0

α1
.

In the case of the pulse, the solution approaches the same equilibrium in forward and

backward time. Therefore, the corresponding values of λ(0;µ) is the same in both

directions. We claim it is in fact negative. Otherwise, the pulse would approach an

equilibrium with exactly one unstable dispersion curve in the right half plane. Therefore,

the Morse index of the equilibrium would be N − 1. This however contradicts Remark

7.13.

In the case of the front we have:

a+
1 > 0;

a−1 < 0,

where a+
1 is the value for a1 at the equilibrium approached in positive time and a−1 is

the value of a1 at the equilibrium approached in negative time. Recall the dispersion

relation in the weighted space L2
0,η(R

N ):

d(k + iη, λ).

Therefore we have the following for λ(0;µ) in L2
0,η(R

N ):

λ(0;µ) = a+
1

√
−µ− cη + O(η2 + |µη|).

Therefore for 0 < |µ| << 1, λ(0;µ) < 0 for:

η >
a+

1

c

√
−µ.

Thus we have showed that the dispersion curves for steep pulses are contained strictly

in the left half of the complex plane, and that the same is true for the front in an

appropriately weighted space. Since the operator L is a relatively compact perturbation

of the background linearization operators L±0 , and essential spectrum is not shifted by

compact perturbations, we may conclude that the essential spectrum is also contained

in the left half plane for the appropriate space.

We use a similar approach when considering the essential spectrum of the steep pulse

and the algebraic pulses. The situation is clearly simpler than for the steep pulses and
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fronts when we look at the dispersion relation in Lemma 7.9, which does not depend on

c. Therefore, for small values of c near c∗, the essential spectrum remains tangent to the

imaginary axis. This spectrum can be stabilized by considering the linearization on the

weighted space L2
0,η(R

N ), but not on L2(RN ). This finishes the proof of the Lemma.

Now we show that there is a single algebraically simple eigenvalue in a neighborhood

of zero.

Lemma 1.2. We have the two following statements regarding the operator L.

1. Around steep front solutions, the linearization L varies continuously on the pa-

rameters µ and c when considered as an operator from H2(RN )→ L2(RN ).

2. Around pulse solutions, the linearization L varies continuously on the parameters

c, γ(c) when considered as an operator from H2(RN )→ L2(RN )

Proof. From the bifurcation result Theorem 6, the fronts vary continuously with respect

to c and µ when considered as functions in the space C0(RN ). We can see this because

for any fixed initial condition, x(0), solutions vary continuously in C0(RN ) on any

finite interval (T,−T ). Moreover, fronts converge asympotically to continuously varying

equilibria in forward and backward time. Therefore, the variation on the intervals

(−∞,−T ] and [T,∞) can also be made arbitrarily small for small variations of µ and

c. The proof of the second statement is the same as the first, except parameter values

are restricted to the curve c, γ(c).

This allows us to prove the following lemma regarding the number of eigenvalues in a

neighborhood of the origin.

Lemma 1.3. For µ and c − c∗ sufficiently small, there is a single eigenvalue of mul-

tiplicity 1 in a small neighborhood of the origin. Moreover, this eigenvalue, λ(µ, c), is

continuous with respect to parameters.

Proof. Let ω be a curve that contains the origin and only the simple eigenvalue at zero

of the spectrum. Consider the following spectral projection:

P(µ, c) = − 1
2πi

∫
ω
R(λ;µ, c)dλ
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where R(λ;µ, c) is the resolvent (L(µ, c) − λ)−1. From Lemma 1.2 we know that L is

continous with respect to µ and c. Therefore the resolvent R(λ;µ, c) is continuous for

µ, c sufficiently close to 0 and c∗. For (µ, c) = (0, c∗) we have have by assumption:

dimP(0, 0) = 1.

By the continuity of the resolvent, for small values of µ, c− c∗, the spectral projection

is also continuous and therefore:

dimP(µ, c) = 1.

for (µ, c) in a neighborhood of (0, c∗). Therefore, there is a single eigenvalue of multi-

plicity 1 in a neighborhood of 0.

While we will use the convenience of the space L2
η(R

N ) for most of our calculations

regarding the spectrum, eventually, we will wish to consider perturbations on the space

L2
0,η(R

N ) so that we can apply the results from Henry [17] that relate spectral stability

to asymptotic stability. The following lemma shows that the point spectrum in L2
η(R

N )

is the same as the point spectrum in L2
0,η(R

N ).

Lemma 1.4. Let η > 0 be such that the essential spectrum of Lfront is contained strictly

in the left half of the complex plane on L2
η(R

N ). Then the point spectrum of the operator

Lfront on the space L2
−η,η(R

N ) (L2
η(R

N )) contains the point spectrum of the operator on

L2
0,η(R

N ). Moreover, they have the same point spectrum in a neighborhood of the origin.

Proof. If we examine the dispersion curve as was calculated in Lemma 1.1, we see that

the dispersion curves are confined to the left half of the complex plane in L2
0,η(R

N ).

This is because a−1 (the value of the equilibrium as ξ → −∞) is necessary less than

zero. We only need the exponential weight to control the dispersion curve of L+
0 since

a+
1 > 0. Therefore, the essential spectrum of Lfront is contained in the left half of the

complex plane on L2
0,η(R

N ).

Now notice that the steep front q′∗ is contained in L2
0,η(R

N ). This is clear because q′∗
decays exponentially in backward time from Theorem 6. Therefore λ is a zero eigenvalue

with eigenvector q′∗ on the space L2
0,η(R

N ). However, it is also clear that L2
0,η(R

N ) ⊂
L2
η(R

N ). Therefore any eigenfunction of L2
0,η(R

N ) is also an eigenfunction of L2
η(R

N )

and subsequently any eigenvalue of Lfront in L2
0,η(R

N ) is an eigenvalue of L2
η(R

N ).
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We now state the relation between spectral stability and asymptotic stability in the

pulses and various fronts. Recall the definitions of “asymptotically orbitally stable” and

“asymptotically weighted stable” given in Definition 2.3 and following.

Lemma 1.5. For (µ, c) in a neighborhood of (0, c∗) we have the following:

1. The steep pulse is AWS (in L2
0,η(R

N )).

2. The excitation pulse solutions are AOS.

3. The steep front solutions are AWS (in L2
0,η(R

N )).

4. The fast fronts and slow fronts are AWS (in L2
0,η(R

N )) if the eigenvalue λ(µ, c) <

0.

5. The algebraic pulses are AWS if the eigenvalue λ(µ, c) < 0.

Proof. These results depend primary on the well known results in Henry’s book [17] on

the stability of traveling waves. Another, perhaps more modern, approach can be found

in Lunardi’s book [31]. In either case, stability of traveling waves can be described as

perturbation of the solution converges to a translate of the solution. In the language of

dynamical systems, this is equivalent to the exponentially contracting fibrations of the

center stable manifold when the manifold is one dimensional corresponding to a simple

zero eigenvalue [21].

Thus, asymptotic orbital stability (see Definition 2.3) follows from the conditions

necessary for constructing fibrations of the center unstable manifold (see proposition

9.2.4 [31].) Specifically, this means the spectrum of the operator L(q) is sectorial and

strictly contained in the left half of the complex plane except for an algebraically simple

eigenvalue at 0. That L is sectorial follows immediately from the stability of sectorial

operators under perturbation [17] (for example consider L as a perturbation of the

Laplacian operator.) From lemmas 1.1 and 1.3 we see that the excitation pulses satisfy

the spectral conditions for the operator:

Lpl : D(Lpl) ⊂ L2(RN )→ L2(RN ). (5.9)

In lemma 1.1, we saw that considering the fronts and steep pulses in the weighted

space L2
η(R

N ) stabilizes the essential spectrum. However, there is an added subtlety
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when applying the stability results to an operator on a weighted space. Equation (3.1)

can be written in terms of the linear operator L and a non-linear part G(u):

ut = Lu+G(u). (5.10)

A necessary condition for the construction of fibrations of the center manifold is that

the image of the domain of L in the base space with respect to G be contained in the

base space. For the base space L2
η this is clearly not the case since the square of a

function in L2
η is not necessarily contained in this space. We correct this problem by

instead using the space L2
0,η(R

N ) since:

G : L2
0,η(R

N )→ L2
0,η(R

N ). (5.11)

Moreover, from lemma 1.4 the point spectrum is unchanged in L2
0,η. This allows us to

apply the stability theory of Henry to the fronts, steep pulse and algebraic pulses.

5.2 Stability and instability of slow and fast fronts

We now consider the stability of the slow and fast fronts. Like the steep fronts, the

essential spectrum of the slow and fast fronts can be stabilized in the weighted space

L2
0,η(R

N ). However, unlike the steep fronts, the point spectrum of the slow and fast

fronts is not necessarily located at the origin because the eigenfunction q′ is not contained

in the weighted space. Therefore the question of stability of these fronts depends on

locating this eigenvalue.

Remark 2.6. Let N1 be a neighborhood of (µ, c) = (0, c∗) so that Theorem 6 holds. Fix

the weight η so that the essential spectrum is stabilized on a neighborhood N ⊂ N1. In

the following consider the linearization L at the fronts with parameters (µ, c) ∈ N.

Lemma 2.7. Let λ(µ, c) again represent the single eigenvalue in the neighborhood N.

Then λ(µ, c) = 0 if and only if µ, c are such that we have a steep front or pulse.

Proof. If the parameters (µ, c) are such that there is a steep front q(ξ), then q′(ξ) ∈ L2
η.

Therefore q′ is in the kernel of L and λ(µ, c) = 0.

Now assume that λ(µ, c) = 0. The intersection of the linear subspaces Ecs
+ ∩ Ecu

− ,

corresponding to solutions bounded at +∞ and −∞ respectively, is one-dimensional
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for all µ, c because the intersection of W cu and W cs is transverse. This intersection is

spanned by the derivative of the front, q′(ξ). We have λ(µ, c) = 0 only if there is a

kernel of the operator L on the space L2
η, which corresponds to an intersection of Ecu

−

and Ess
+ . Of course the intersection Ecu

− ∩Ess
+ is contained in Ecs

+ ∩Ecu
− , which as stated

is spanned by the derivative of the front q′(ξ). However, the front only decays quickly

enough to be included in L2
η if it is the steep front. Therefore λ(µ, c) = 0 only if the

parameters correspond to a steep front solution.

In a neighborhood of the origin, the eigenvalue λ(µ, c) can only be zero for steep

front or excitation pulse solutions. Because there is only one such eigenvalue, it can

only cross the imaginary axis through the value zero. Therefore the steep fronts form

a stability boundary for the slow and fast fronts which we summarize in the following

lemma.

Corollary 2.8. The following two scenarios hold for parameter values (µ, c) in a neigh-

borhood of (0, c∗).

1. All fast fronts are spectrally stable in L2
0,η or all fast fronts are unstable.

2. All slow fronts are spectrally stable in L2
0,η or all slow fronts are unstable.

Proof. In Lemma 1.1 we saw that on L2
0,η, specess(L) ∈ {λ|Reλ < 0}. Therefore the

question of spectral stability depends entirely on the eigenvalue in a neighborhood of

zero. From Lemma 1.3 we know that this eigenvalue, λ(µ, c), is continuous with respect

to change of the parameters. Consider the fast fronts. Near the curve of steep fronts

we know that the eigenvalue λ(µ, c) is either to the right or left of the imaginary axis.

This eigenvalue can only cross the imaginary axis if there is a steep front solution to

the linearized ODE by Lemma 2.7. However, by the Theorem 6, the only steep fronts

exist on the curve separating the fast and slow fronts. Therefore if λ(µ, c) begins on

R−, it must remain there for all the fast fronts, and it follows that the fast fronts are

spectrally stable in the weighted space. Similarly, if it begins on R+ then all the fast

fronts are unstable. The same argument holds in showing the analogous result for the

slow fronts.

We claim that the solution u(ξ; c) of the linearized ODE is smooth in c when con-

sidered as an element of L∞(RN ). From this it follows immediately that the linearized
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operator L when considered as an operator from H2
η (RN )→ L2

η(R
N ) is smooth in c and

therefore the isolated critical eigenvalue depends smoothly on c. We state and prove

this in the following lemma.

Lemma 2.9. The linearized operator, L : H2
η (RN )→ L2

η(R
N ), depends smoothly on c.

Proof. Write the perturbed solution u(ξ; c) as

u(ξ; c) = u(ξ; c0) + v(ξ; c),

where u(ξ; c) and u(ξ; c0) are solutions to the respective equations:

Du(ξ; c)′′ + cu(ξ; c)′ + f(u(ξ; c)) = 0;

Du(ξ; c0)′′ + cu(ξ; c0)′ + f(u(ξ; c0)) = 0.

Substituting u = uc0 + v and subtracting the two equations results in the following:

Dv′′ + c0v
′ + (c− c0)u′c0 + f(uc0 + v)− f(uc0) = 0 (5.12)

where we refer to the right hand side of (5.12) as A(v; c). It is clear that A maps H2(RN )

into L2(RN ) since u′c0 is contained in L2(R).

Now notice that the linear operator, A′(0; c0) = Dv′′+ c0v
′+ f ′(uc0), is Fredholm of

index 1 from H2(RN ) → L2(RN ). The Fredholm index is implied by the difference of

of dimension of the stable and unstable subspaces (see Palmer’s paper [32] for details)

Es∞ − Eu−∞ = 1. The kernel of the linearization A′(0; c0) is one dimensional and is

spanned by the solution v′(ξ). Therefore the linear operator is bijective and Fredholm

index 0 provided that we project away the kernel, v′. This allows us to solve for v(c)

smoothly using the implicit function theorem.

We also need to consider the smoothness on of the kernel of L with respect to c and

µ.

Remark 2.10 (Notation). Let κ be the kernel of the operator L and κ∗ the kernel of

the adjoint operator L∗ in the spaces L2
η and L2

−η respectively. Recall that κ = q′(ξ).

Since the essential spectrum in the weighted space is bounded away from the imag-

inary axis, the spectral stability of the fast and slow fronts will be determined by the
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location of the eigenvalue λ = 0. The eigenvalue was pinned at zero for parameter

values that corresponded to steep fronts or pulses. Our strategy consists of computing

the motion of this eigenvalue as c varies off the curve of steep fronts. Stability of all fast

and slow fronts is then determined by the location of the small eigenvalue for c close

to the speed of the steep front. Since the operators depend smoothly on c, we can in

principle expand λ in c. The following lemma recalls this expansion procedure.

Lemma 2.11. Let (µ∗, c∗) be such that q(ξ) is a steep front solution and |(µ∗, c∗ −
c∗)| << 1. Then the eigenvalue λ(µ∗, c − c∗) = λ(ĉ) is determined by the following

expansion:

λ(ĉ) =
〈κ∗, (∂cL)κ〉L2

〈κ∗, κ〉L2

. (5.13)

Where κ = q′(ξ) and κ∗ is a solution to the adjoint equation:

D∂ξξw − c∗∂ξw + f ′(qp∗ , µ
∗)Tw = 0 (5.14)

contained in the space L2
−η.

Proof. Consider the following eigenvalue problem:

λu− Lu = 0 (5.15)

|u|2 − 1 = 0 (5.16)

Where λ, u and L are all C1 functions of c. The derivative of (5.15)with respect to the

vector variable (u, λ) gives us the matrix:(
L0 κ

2κ 0

)
(5.17)

The vector (u1, λ1)T is in the kernel of (5.17) only if κ is in the range of L. However, we

have shown previously that κ is algebraically simple. This allows the application of the

implicit function theorem. For ĉ sufficiently small there exists the following expansions

satisfying (5.15):

λ =0 + ĉλ1 + o(ĉ)

u =κ+ ĉu1 + o(ĉ) (5.18)

L =L0 + ĉL1 + o(ĉ).
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Plugging these into (5.15) gives us the following equation:

(ĉλ1)(κ+ ĉu1) = (L0 + ĉL1)(κ+ ĉu1) + o(ĉ). (5.19)

Multiplying this out gives:

p̂λ1κ = L0κ+ ĉL0u1 + ĉL1κ+ o(ĉ) (5.20)

Notice that L0κ = 0. Now take the L2(R) inner product of both sides with κ∗. The

term < κ∗,Lu1 >= 0 since by the implicit function theorem u(ĉ) is c1 and therefore

u1 ∈ L2
0,η(R). This leaves:

p̂ 〈κ∗, κ〉λ1 = ĉ 〈κ∗,L1κ〉+ o(ĉ) (5.21)

or considering only order O(ĉ) terms:

λ1 =
〈κ∗,L1κ〉
〈κ∗, κ〉

. (5.22)

This proves the proposition.

Remark 2.12 (ODE notation). We consider the first order systems of ODE that cor-

respond to the operators L and L∗. Let us first clarify the notation required because we

will need to consider both the operator L and the corresponding first order ODE which

can be confusing.(
u

v

)
ξ

=

(
0 I

−D−1f ′(q;µ) −D−1c

)(
u

v

)
−→ u′ = DuF (q, µ, c)u (5.23)

(
w1

w2

)
ξ

=

(
0 (f ′(q))TD−1

−I D−1c

)(
w1

w2

)
−→ w′ = −(DuF (q, µ, c))Tw (5.24)

We define the 2N vectors Q′ and Ψ as the following:(
u

v

)
=

(
κ

κ′

)
= Q′

(
w1

w2

)
=

(
cκ∗ −Dκ′∗

Dκ∗

)
= Ψ.
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Notice that Q′ is the unique solution up to multiplication by a scalar of (5.23) in L2
η

and Ψ is the unique solution up to multiplication by a scalar of (5.24) in L2
−η.

Finally we have the eigenvectors of the matrix of the ODE and the adjoint ODE as

we let ξ →∞ that correspond to the small spatial eigenvalue ν0.

Er =

(
er

0

)
+ O(

√
µ) (5.25)

El =

(
cel

Del

)
+ O(

√
µ). (5.26)

Recall that er and el are the left and right eigenvectors of f ′(0, µ) as defined in hypothesis

1.1. Of course the steep fronts have two sets of such eigenvectors, a pair corresponding to

the equilibrium in forward time and a pair corresponding to the equilibrium in backward

time. We will indicate this distinction with a + or − superscript for the respective

linearizations.

Lemma 2.13 (Asymptotics). Let µ > 0 be fixed and ν0(µ), δ(µ) both depend on µ

where ν0 is the smallest eigenvalue of (5.23) as described previously and δ > 0 is small.

Then we have the following regarding the asymptotics.

Qp(ξ)e−ν0ξ = Q(−∞,p)E−r + O(e−δ|ξ|), ξ → −∞ (5.27)

Q′p(ξ)e
−ν0ξ = ν0Q(−∞,p)E−r + O(e−δ|ξ|), ξ → −∞ (5.28)

Ψp(ξ)eν0ξ = Ψ(∞,p)E+
l + O(e−δ|ξ|), ξ →∞ (5.29)

Ψsf (ξ)eν
+
0 ξ = Ψ(∞,sf)E+

l + O(e−δ|ξ|), ξ →∞ (5.30)

Ψsp(ξ)eν0ξ = Ψ(∞,sp)E+
l + O(e−δ|ξ|), ξ →∞ (5.31)

where Q(−∞,P ),Ψ(∞,p),Ψ(∞,sf) are real numbers not equal to zero.

Proof.

Let A(ξ) = DuF (q(ξ), µ∗, ĉ∗) and the asymptotic matrices be defined as A(∞) =

DuF (b, µ∗, ĉ∗) and A(−∞) = DuF (a, µ∗, ĉ∗), where “a”and “b” are the limiting equilib-

ria as q goes to −∞ and +∞ respectively. Notice that A(ξ)→ A(±∞) in an exponential
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fashion. The same is true for the matrices B(ξ) = −DuF (qp, µ∗, ĉ∗)T and B(±∞). Con-

sider the corresponding homogenous ODE’s:

u′ =A(−∞)u (5.32)

w′ =B(∞)w (5.33)

Since |A(−|ξ|)−A(−∞)| and |B(ξ)−B(∞)| go to zero exponentially as ξ →∞ we have

that for any integer h:∫ ∞
ξ0

|ξ|h|A(ξ)−A(∞)|dξ <∞,
∫ ∞
ξ0

|ξ|h|B(ξ)−B(∞)|dξ <∞. (5.34)

From theorem 10.13.2 of [33], for every nontrivial solution φ(ξ) (ψ(ξ)) of (5.23) (or

(5.24)) there is a nontrivial solution φL(ξ) (ψL(ξ)) of (5.32) ((5.33)) such that:

|φ(ξ)− φL(ξ)| = o(φL(ξ)), |ψ(ξ)− ψL(ξ)| = o(ψL(ξ)) (5.35)

as ξ → +∞.

Now consider the solution of (5.23), Qp. We know by assumption q′(ξ) decays

weakly in backward time. That is, q′(ξ) /∈ L2
−η by hypothesis 1.4 which implies that

Qp /∈ L2
−η(R

2N ). However, |A(ξ) − A(−∞)| still decays in an exponential fashion.

Therefore, Qp must approach the equilibrium as the solution QL of the homogenous

equation (5.32). Because of the slow decay of Qp(ξ), it necessarily approaches the linear

solution that decays like eν0ξ. This proves the first part of (2.13.) The second can be

seen by differentiating Qp.

We will now consider the asymptotics of the adjoint solution. If we consider the

differential equation (5.23) as the operator V on the space L2
η, the Fredholm index of V

is zero as has been shown previously. Since dim(Null(V)) = 1 and is spanned by Q′ there

exists a unique bounded solutions Ψ of (4.27) contained in the space L2
−η. Therefore Ψ

decays in a strong exponential fashion to zero as ξ → −∞. The kernel of V is empty

considered on the space L2
−η by hypothesis 8.16. Thus Ψ(ξ) ∈ (L2

−η/L
2
η). Now using

the properties of linear autonomous equations, Ψ(ξ) must approach a solution ΨL(ξ) to

the homogenous equation (5.33). Therefore Ψ(ξ)e−ν0ξ → Ψ(∞,p/sf)El as ξ → ∞ where

Ψ(∞,p/sf) 6= 0 is some constant. This concludes the proof of the lemma.

We would like to understand how the orientations of the adjoint solutions relate to

each other on the steep front and pulse. This is determined in the following lemma.
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Lemma 2.14. Let Ψ∞,p and Ψ∞,sf be as in Lemma 2.13. Then we have the following:

Ψ∞,pΨ∞,sf > 0.

Proof. The solution Ψ lies in Euu∗− ∩ Ecs∗+ , the intersection of the center stable and

unstable subspaces of the adjoint equation. These subspaces vary continuously with

respect to µ < 0 up to µ = 0. This follows from the continuity of the resolvent

with respect to µ and therefore the continuity of the spectral projections. Since κ∗(ξ)

converges as µ→ 0 in L∞, so do Ψsf and Ψp:

Ψp,Ψf → Ψsp as µ→ 0−.

Since Ψsp = Ψsp,∞el + O(e−δ|ξ|), we may conclude that the coefficients Ψp,Ψf → Ψsp

as µ→ 0− from which the statement follows.

We also need to know the asymptotic behavior of ∂cQ′(ξ) as ξ → ±∞.

Lemma 2.15. We have the following asymptotics for ∂cQ′(ξ).

lim
ξ→∞

eνoξ∂cQ
′(ξ) = Q(∞,c)E+

r ,

lim
ξ→−∞

∂cQ
′(ξ) = 0.

Proof. This proof follows the general idea used in (2.13.) Let µ∗ and c∗ be such that

q(ξ) is a steep front solution. Then q(ξ) satisfies the following differential equation:

Dq′′ + c∗q
′ + f(q, µ∗) = 0. (5.36)

Thus ∂cqp∗(ξ) is a solutions to:

D(∂cq)′′ + c∗(∂cq)′ + f ′(q, µ)∂cq = −q′. (5.37)

This means that formally (without regard to the domain space of the operator):

L∂cq = −κ. (5.38)

However, we have showed previously that κ(ξ) is an algebraically simple eigenfunction

in the weighted space L2
0,η(R). Thus ∂cq /∈ L2

0,η(R). Because we know that q′is in

L2
0,η(R), for some ζ > 0 sufficiently small we have the following relation:

|q′| ≤ c(ξ0)e−ζξ|∂cq| ξ ≥ ξ0. (5.39)
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Now rewrite (5.37) as a first order ODE

∂cQ
′ = A(∞)∂cQ+ (A(ξ)−A(∞))∂cQ+

(
0

D−q′

)
. (5.40)

Using our previous argument about the exponential decay of |A(ξ)−A(∞)| from Lemma

2.13 and (5.39) we have that for ξ > ξ0:

‖(A(ξ)−A(∞))∂cQ+

(
0

D−q′

)
‖ ≤ K(ξ0)e−ζξ∂cQ. (5.41)

This decay condition and the fact that ∂cQ decays to zero allow us again to appeal to

Theorem 10.13.2 of [33] regarding the asymptotics of ∂cQ. The result states that ∂cQ

must decay like a solution of the linearized equation u′ = A(∞)u. However, we have

shown above that ∂cQ /∈ L2
0,η. Therefore it must decay with the eigenvalue ν0. More

precisely we have that:

lim
ξ→∞

eν0ξ∂cQ→ Q(∞,c)Er (5.42)

for some constant Q(∞,c) 6= 0. This proves part (1) of the lemma. The second part is

obvious since Q(ξ) is bounded.

Now we can calculate the first derivative of the critical eigenvalue with respect to c

for a fixed µ < 0. The sign of the derivative will determine how the critical eigenvalue

moves as we cross the curve of steep fronts in the c direction.

Lemma 2.16. We have the following regarding the derivative of the critical eigenvalue

λ with respect to c for fixed µ < 0:

∂cλ = −
Ψ∞,sfQ∞,c
〈κ∗, κ〉

+ O(
√
µ).

Proof. From the previous Lemma 2.11, we have the following expansion for the critical

eigenvalue:

λ′(c) =
〈κ∗, (∂cL)κ〉L2

〈κ∗, κ〉
. (5.43)

Since κ is in the kernel of L, it is trivial to see that:

∂c(Lκ) = 0.
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This in turn implies that:

(∂cL)κ+ L(∂cκ) = 0.

This allows us to rewrite (5.43) as the following:

∂cλ = −〈κ,L∂cκ〉
〈κ∗, κ〉

. (5.44)

Please notice that ∂cκ /∈ L2
η(R) from the asymptotic results of lemma 2.15; it decays

too slowly in forward time. Therefore we consider L∂cκ simply as a differential operator

acting on κ. Notice that if we take the adjoint formally we have the following:

〈L∗κ∗, ∂cκ〉 = 0.

Therefore we consider the following:

∂cλ =
−〈κ∗,L∂cκ〉+ 〈L∗κ∗, ∂cκ〉

〈κ∗, κ〉
. (5.45)

We will address the sign of 〈κ∗, κ〉 later. For the time begin, consider the numerator of

the right hand side of (5.45.)

∂cλ 〈κ∗, κ〉 = −
∫ ∞
−∞
〈κ∗, D∂ξξ∂cκ〉 dξ −

∫ ∞
−∞
〈κ∗, c∂ξ∂cκ〉 dξ −

∫ ∞
−∞

〈
κ∗, f

′(q, µ)∂cκ
〉
dξ

+
∫ ∞
−∞
〈D∂ξξκ∗, ∂cκ〉 dξ −

∫ ∞
−∞
〈c∂ξκ∗, ∂cκ〉 dξ +

∫ ∞
−∞

〈
(f ′(q, µ))Tκ∗, ∂cκ

〉
dξ.

It is clear that the terms −
∫∞
−∞ 〈κ∗, f

′(q, µ)∂cκ〉 dξ +
∫∞
−∞

〈
(f ′(q, µ))Tκ∗, ∂cκ

〉
dξ = 0.

These two integrals actually converge because κ∗ decays exponentially in backward time

(∂cκ is bounded in backward time) and f ′(q, µ) converges to 0 exponentially in forward

time (κ∗ is bounded as ξ →∞.)

Now consider the terms with ∂ξ and ∂ξξ. These terms necessarily converge, so we

may apply integration by parts:

∂cλ 〈κ∗, κ〉 =− [κ∗, D∂ξ∂cκ]∞−∞ +
∫ ∞
−∞
〈∂ξκ∗, D∂ξ∂cκ〉 dξ −

∫ ∞
−∞
〈κ∗, c∂ξ∂cκ〉 dξ (5.46)

+ [∂ξκ∗, D∂cκ]∞−∞ −
∫ ∞
−∞
〈∂ξκ∗, D∂ξ∂cκ〉 dξ − [κ∗, c∂cκ]∞−∞ +

∫ ∞
−∞
〈κ∗, c∂ξ∂cκ〉 dξ
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We can quickly see that the boundary terms are bounded. From the previous lemmas

2.13 and 2.15 we have:

− [κ∗, ∂ξ∂cκ]∞−∞ =ν0

〈
Ψ(∞,sf)el, DQ(∞,c)er

〉
[
D−1∂ξκ∗, D∂cκ

]∞
−∞ =ν0

〈
Ψ(∞,sf)el, DQ(∞,c)er

〉
(5.47)

− [κ∗, c∂cκ]∞−∞ =− c
〈
Ψ(∞,sf)el, Q(∞,c)er

〉
Because the right hand side of (5.45) is convergent, the integrals of (5.46) must also

converge and therefore can be cancelled with each other.

The small eigenvalue depend on µ as ν0(µ) = O(
√
µ). Additionally, recall that we

previously assumed that 〈el, er〉 = 1. Therefore, for 0 < |µ| � 1 the first two quanties

in 5.47 are O(
√
µ). This allows us to express ∂cλ as the following:

∂cλ = −c
Q(∞,c)Ψ(∞,sf)

〈κ∗, κ〉
+ O(

√
µ). (5.48)

This proves the lemma.

We now address the interpretation of the term 〈κ∗, κ〉 which has followed us through-

out our calculations. In fact this quantity determines which of the two following bifur-

cation diagrams results after applying the result of Chow and Lin (Theorem 6.) Recall

that this is in fact equivalent to the quantity M by Lemma 7.14.

For ease of understanding these results we will use the following notation:

Q(∞,c)Ψ(∞,sf) =Λ

〈κ∗, κ〉 =M.

The sign of ∂cλ and therefore the stability of the slow and fast fronts depends on

quantities Λ and M. At this point we have four possible cases of orientation of c and

stability.

Lemma 2.17. Assume that Λ 6= 0 and that M 6= 0. Let “orientation 1” and “orienta-

tion 2” be as in figure 5.2. Then we have four possible cases:

1. Λ > 0,M > 0 Orientation 1 – fast fronts stable, slow fronts unstable;

2. Λ < 0,M > 0 Orientation 1 – slow fronts stable, fast fronts unstable;
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Figure 5.1: Orientation 1 corresponds to the case 〈κ∗, κ〉 > 0 while orientation 2 corre-
sponds to 〈κ∗, κ〉 < 0.

3. Λ > 0,M < 0 Orientation 2 – slow fronts stable, fast fronts unstable;

4. Λ < 0,M < 0 Orientation 2 – fast fronts stable, slow fronts unstable.

Proof. From corollary 2.8 we know that all the fast fronts are either stable or unstable

for parameter values near (µ, c) = (0, c∗). Moreover, the movement of the critical

eigenvalue is determined by the sign of the ratio:

− Λ
M
.

In cases (2) and (3) above this ratio is positive indicating that the critical eigenvalue

crosses to the positive real axis as c is varied to cross the curve of steep fronts. This

indicates the fast fronts are unstable and the slow fronts are stable. Similarly, in cases

(1) and (4) the ratio is negative and therefore we get the reverse stability situation.

5.3 Stability of trigger waves

We now know something about the stability of the fast fronts, slow fronts and steep

fronts. We now ask if we can relate the stability these phenomena to that of the trigger

trains. Happily the answer is yes. First we state theorem 5.2 from [30] in terms of our

current framework.
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Theorem 8. Consider the ODE (5.23). Let Qp(ξ) = (q, q′)T be a homoclinic solution

to (5.23). Assume that Qp(ξ) satisfies M 6= 0, q ′(ξ) is the unique solution of the

variational equation and the following quantity is non-zero:

N =
∫ ∞
−∞

〈
ψ(ξ),

(
0 0

D−1 0

)
q′(ξ)

〉
dξ 6= 0. (5.49)

Assume that the pulse q(ξ) has the simple leading eigenvalue λ = 0. Also assume that

the eigenvalues of DuF (q, µ∗, ĉ∗), νi’s, are bounded by νu such that 0 < νu < |νi|. Then

there are positive constants C and δ and a function λ(γ) that is analytic in γ ∈ R/2πZ
such there is a periodic solutions if and only if λ = λ(γ). Furthermore we have the

expansion:

λ(γ) = (eiγ − 1)e−2ν0L

(
< Υl,Υr >

N
+R(γ)

)
(5.50)

for γ ∈ R/2πZ. The remainder term is analytic in γ with

|∂lγR(γ)| ≤ Ce−δL. (5.51)

The vectors Υl and Υr are the vectors defined in the following fashion.

e−ν0ξQ′ = Υr ξ → −∞

eν0ξΨ = Υl ξ →∞

Thus the stability of periodic orbits depends on< Υl,Υr > andN . Let us investigate

these two quantities.

Lemma 3.18. The quantity N defined in Theorem 8 is equal to M defined above.

Additionally the sign of the inner product 〈Υl,Υr〉 is equal to the sign of Q(−∞,p)Ψ(∞,p).

Proof. The first part of the lemma follows from the fact that Ψ = (ψ1, ψ2)T and we

have seen (4.28) that ψ2 = Dκ∗. Then from (5.49):

N =
∫ ∞
−∞

〈
De∗p∗dξD

−1ep∗
〉

= M. (5.52)

As was shown in Lemma 2.13, we have that:

El =

(
cel

Del

)
+ O(

√
µ) Er =

(
er

0

)
+ O(

√
µ).
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Therefore the inner product of the vectors we have:

〈Υl,Υr〉 = Q(−∞,p)Ψ(∞,p) 〈El, Er〉 = Q(−∞,p)Ψ(∞,p)c 〈el, er〉

Because we assume that 〈el, er〉 = 1 and that c > 0 we have the second part of the

Lemma.

The quantity Q(−∞,p)Ψ(∞,p) looks familiar reminding us of Λ = Q(∞,c)Ψ(∞,sf). From

Lemma 2.14 we know that Ψ(∞,p) and Ψ(∞,sf) have the same sign. The question becomes

how do Q(∞,c) and Q(−∞,p) relate. We address this in the following lemma.

Lemma 3.19. The sign of Q(∞,c) depends on the sign of Q(−∞,p) in the following

fashion:

1. Q(∞,c)Q(−∞,p) < 0 in the case of orientation 1;

2. Q(∞,c)Q(−∞,p) > 0 in the case of orientation 2.

Proof. The quantity Q(−∞,p) described the direction the pulse Qp(ξ) enters the equi-

librium in backward time with respect to the eigenvector Er. This eigenvector lies in the

direction of the center manifold since it corresponds to the small spatial eigenvalue ν0.

On the other hand Q(∞,c) corresponds to the movement of the strong stable manifold as

c is perturbed. Thus, if we examine the bifurcation diagram provided by Chow and Lin

(Theorem 6) we see that in the case of orientation 1, as c increases , the strong stable

manifold moves in the opposite direction of Q(−∞,p)Er. In the case of orientation 2, if

c increases, the strong stable manifold moves in the same direction as Q(−∞,p)Er. This

proves the lemma.

5.4 The relation between trigger waves and fronts

Now we can consider the stability of the trigger waves with respect ot the slow and fast

fronts. It appears that the same quantity determines the stability of the fast fronts,

slow fronts, and trigger waves! We state the four possible stability situations in the

following corollary.
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c c

Figure 5.2: The diagram to the left shows the strong stable manifold moves in the same
direction of Q(−∞,p)Er as c increases in the case of 〈κ∗, κ〉 > 0. The diagram on the left
shows the movement of the strong stable manifold with respect to c 〈κ∗, κ〉 < 0.

Corollary 4.20. There are four possible stability diagrams with respect to trigger waves,

fast fronts and slow fronts.

1. Λ > 0,M > 0 Orientation 1 – FF stable, SF unstable, TW unstable.

2. Λ < 0,M > 0 Orientation 1 – FF unstable, SF stable, TW stable.

3. Λ > 0,M < 0 Orientation 2 – FF unstable, SF stable, TW unstable.

4. Λ < 0,M < 0 Orientation 2 – FF stable, SF unstable, TW stable.

Proof. The stability of the fronts follows from corollary 2.17. The stability of the

trigger waves follows from Theorem 8 and lemma 3.18. The stability of the triggers

waves is determined in a similar fashion. From Lemma 3.18 we know that their stability

depends on the following ratio:

Λt =
Q(−∞,p)Ψ(∞,p)

M
. (5.53)

From Lemma 3.19 we know that the sign of Q(−∞,p)Ψ(∞,p) is opposite of Λ in the case

of orientation 1 and the same as Λ in the case of orientation 2. Therefore if Λ > 0

and M > 0, Λt < 0 and the trigger waves are unstable. We use the same reasoning to

determine the other three cases.
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The question is whether or not all four diagrams are possible. It turns out that only

two of the above four are possible. To prove this we need the following theorem from

[30]. This theorem restricts the types of wave trains that can bifurcate from the curve

of pulses for values of Λ and M.

Theorem 9 (Sandstede and Scheel [30] Theorem 4.1). Given the system (5.23) with the

hypotheses assumed for Theorem 6. Then there are positive constants C, δ and L∗ with

the following property. Let L > L∗, then system (5.23) has a periodic solution pL(x)

with period 2L at c = c∗ such that

sup
|x|≤L

|pL(ξ)− q(ξ)| < δ, |c− c∗| < δ (5.54)

if and only if

〈Ψ(L),q(−L)〉 − 〈Ψ(−L),q(L)〉 − ĉ
∫ ∞
−∞
〈Ψ(ξ), Dcf(q, 0)〉 dξ +R(c) = 0. (5.55)

The remainder term R(c) is such that R(c) ≤ C(e−αL + |c|)(|c|+ e−2αL).

This allows us to show the relationship between the stability of the trigger waves

and that of the fronts.

Lemma 4.21. There exists a solution q̃(x) of the linearized system (5.23) so that:

|q(t)− q̃(t)| ≤ o(|q̃(t)|) (5.56)

as t→ −∞.

Proof. The proof is a straight forward application of theorem 10.13.2 of [33].

Lemma 4.22. Of the four possible stability situation listed above in Corollary 4.20,

only (1) and (4) are possible.

Proof. We assumed the condition
∫∞
−∞ 〈ψ(x), Dcf(q, 0)〉 dξ =M 6= 0 in hypothesis 1.4.

Then we can use (5.55) to solve for ĉ in terms of the period of the periodic:

ĉ =
< Ψ(L),q(−L) > − < Ψ(−L),q(L) >∫∞

−∞ < ψ(ξ), Dcf(q, 0) > dξ
+R2(c). (5.57)
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We have seen previously that Ψ(ξ) decreases in a strong exponential fashion as ξ → −∞
and q(ξ) decreases similarly as ξ →∞. Therefore the term 〈Ψ(−L),q(L)〉 goes to zero

for L sufficiently large. We also know about the decay of Ψ(ξ) and q(ξ) as ξ →∞ and

ξ → −∞ respectively. From out results Lemmas 2.13, both decay more slowly in these

directions. Therefore ĉ is determined by the 〈Ψ(L),q(−L)〉 term.

sign(ĉ) = sign

(
〈Ψ(L),q(−L)〉∫∞

−∞ 〈Ψ(ξ), Dcf(q, 0)〉 dξ
.

)
(5.58)

From lemmas 2.13 and 4.21, we have that for large L:

sign(〈Ψ(L),q(−L)〉) = sign(Ψ(∞,p)Q(−∞,p)) = sign(Λ). (5.59)

The denominator of (5.58) is simply M. Therefore we have that:

sign(ĉ) = sign
(

Λ
M

)
(5.60)

Now look at the diagrams corresponding to orientation 1 and orientation 2. In orienta-

tion 1 the trigger waves lie above the curve of pulses with respect to c, therefore ĉ must

be bigger than zero. Conversely, in orientation 2 the trigger waves lie below the curve

of pulses and therefore ĉ < 0. Now consider the 4 stability cases in Corollary 4.20. The

ratio Λ/M > 0 for case (1) of Corollary 4.20 and negative for case (2). However, we

know that ĉ > 0 for orientation 1. Therefore the stability diagram corresponding to

case (2) is not possible. Similarly, for orientation 2, only case (4) is possible because

ĉ < 0 here.

5.5 Algebraic pulses and nearby phase waves

We now conclude the proof of Theorem 5. The algebraic pulses are limits of fronts in

L∞ in both bifurcation diagrams. Continuity of the point spectrum, Lemma 1.3, implies

that in the weighted space L2
η(R

N ) the point spectrum of the algebraic pulses is the

limit of point spectra of the fronts in a neighborhood of the origin. It therefore consists

of precisely one eigenvalue, λ ≤ 0 in the case of orientation 2, and λ ≥ 0 in the case

of orientation 2. However, as in the case of the slow and fast fronts, λ = 0 cannot be

an eigenvalue in L2
η, since the algebraic pulse is not exponentially decaying at ξ = +∞.
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This shows that the stability of the algebraic pulses follows that of the nearby fronts;

that is, they are WS for orientation 2 and unstable for orientation 1.

Next, we consider the phase waves that border the algebraic pulses. Their stability

can also be determined since their spectrum is closely related to the algebraic pulses,

as was demonstrated by Gardner [34]. We restate this result in terms of our particular

situation.

Theorem 10 (Gardner 1997, Theorem 1.2). Let qp be a particular algebraic pulse. Let

K be a simple closed curve disjoint from the spectrum of qp and let m be the multiplicity

of eigenvalues of qp interior to K. Then there exists a a wave length L0 > such that

for phase waves of wave length L > L0, the curve K encloses exactly m γ-eigenvalues

of the phase wave for each γ on the unit circle of the complex plane.

Lemma 5.23. There is L0 > 0 such that for all L > L0, the spectrum of a phase wave

in L2
η near a fixed algebraic pulse with wavelength L consists precisely of a circle of

essential spectrum in Reλ ≥ −δ. The circle converges to the eigenvalue of the algebraic

pulse as L→∞.

Proof. This a direct consequence of Theorem 10. It is not difficult to see that the

linearization at phase waves is invertible whenever the linearization at the algebraic

pulse is invertible. So the stability of the phase waves (like the algebraic pulses) is

determined by the point spectrum near the origin. By Theorem 10 this point spectrum

must lie to the left or right of the imaginary as the single eigenvalue of the algebraic

pulse.

This concludes the proof of our main result Theorem 5.

5.6 Stability diagrams for other nonlinearities

While we will not discuss the details here, similar stability results hold when the saddle-

node assumptions are replaced by a transcritical bifurcation. The argument is analogous

to our main result in every aspect. We give the stability diagram for the transcritical case

in the figure 5.6. Notice that the trends of the saddle-node bifurcation are continued
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with a transcritical bifurcation: there are two possible diagrams, the fast fronts are

always stable and the fast trigger waves are unstable.



Chapter 6

A numerical study of a

FitzHugh-Nagumo like system.

We would like to illustrate the behaviors found in Theorem 5 in a more interesting

system than the scalar equation we considered above. The Fitzhugh-Nagumo [35] equa-

tions are often considered as a simplification of the Hodgkin-Huxley [36] equations that

were derived to model excitation in the squid axon. Indeed, one of the original moti-

vating notions for the present research was an insight into locally connected networks

of excitable units like neurons. We therefore investigate a modified FitzHugh-Nagumo

type system of equations where a transcritical bifurcation has been introduced.

6.1 Bär’s equations

The system of equations considered by Bär et. al. in [37] originally were derived to

model pattern formation during CO oxidation on a Pt surface (the well known catalyzed

reaction that takes place in your car’s catalytic converter.) These equations modify the

slow inhibitory kinetics of the equations of Barkley [38], which in turn are a numerically

friendly variation of the FitzHugh-Nagumo equations. Bär’s equations are as follows:

ut =
1
ε
u(u− 1)(u− b+ v

a
) + uxx (6.1)

vt = ε(f(u)− v).
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The function f(u) is defined as follows:

f(u) =


0, 0 ≤ u < 1/3

1− 6.75u(u− 1)2, 1/3 ≤ u < 1

1, 1 < u.

(6.2)

Bär’s equations reduce to Barkley’s if we let f(u) = u.

u

v

u nullcline
v nullcline

u=0

u=1

v=au-b

v=f(u)

Figure 6.1: The u and v nullclines of the OKB equations.
.

When we consider (6.1) in the comoving frame we have the resulting system of

ODEs:

u′ = w;

w′ = −cw +
1
ε
u(u− 1)(u− b+ v

a
); (6.3)

v′ =
1
c

(v − f(u)).

This system has three equilibria of interest: (0, 0, 0), (b/a, 0, 0) and the equilibrium

at the intersection of f(u) and au− b. The essential observation is that by changing b

we shift the v = au− b nullcline, making (0, 0, 0) a transcritical bifurcating equilibrium

for b = 0.

Seeing that there is a transcritical bifurcation is easy since the center manifold can

be calculated in the same straight forward as the scalar example. The linearization of
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(6.3) is the following: 
0 1 0
b
εa −c 0

0 0 1
c .

 (6.4)

A cursory inspection of (6.4) shows that for b = 0 the v direction is unstable, the stable

eigenspace is in the u−w plane, and the center manifold is tangent to the u axis. Hence

a returning homoclinic must be tangent to the u− w plane. With this in mind we can

calculate the center manifold easily:

u′ = w = −1
c
u2 + HOT. (6.5)

One should notice that the sign of the first term in the center manifold expansion

has a negative coefficient, which is the opposite of the first term in the scalar example.

This allows us to “guess” at the orientation of system (6.3) in terms of the conditions

of Theorem 5. In fact, the strong stable eigenspace angles away from the unstable

center direction as c increases. If we refer to figure 5.3 we see that this would indicate

orientation-1 (recall that the scalar example was orientation-2.) Therefore we would

guess that for b = 0 the trigger waves are unstable and the system is anomalously

dispersive (see the next paragraph.) However, we do not know the behavior of the

homoclinic orbit globally, and this local analysis only gives us a guess at the orientation;

the homoclinic orbit could move faster than the strong stable eigenspace which would

put the system in orientation-2.

6.2 Orientation, dispersion and inclination flips

We now wish to introduce some of the standard notions used to describe the stability

of wave trains when viewed the concatenation of pulses, whose tails decay faster than

their fronts. As is seen in the paper by Gardner [34] and elaborated by Sandstede and

Scheel [30], wave trains are only stable with respect to perturbation if they are repelling.

That is, when we consider the wave train as a concatenation of pulses, two such pulses

should repel each other. Similarly, unstable wave trains are attracting. These notions

are also described by normal dispersion when one is talking of stable wave trains and

anomalous dispersion when one is referring to unstable wave trains.
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The key observation in [2] (for our purposes at least) is that the equations 6.1

demonstrate both normal and anomalous dispersion for different values of ε. We believe

that these different regimes can be interpreted in terms of our Theorem 5 and that the

stability depends on whether the system is in orientation 1 or 2. In their paper, Or-

Guil et. al. [2] hypothesize that change from normal to anomalous dispersion results

from a change of dominance between the two stable eigenvectors of the equilibrium

(0, 0, 0). Using this change of dominance as an explanation for the change in stability

is in accordance with our results if one recalls that Theorem 5 depends on the inner

product of the asymptotic limit of the steep pulse at∞ and that of the adjoint solution

at −∞.

Figure 6.2: A change in dominance in the stable eigenspaces can change the asymptotics
of the heteroclinic at ∞ substantially.

Unfortunately, ease of calculation in (6.1) ends with the center manifold. However,

we can verify a number of the conditions for Theorem 5 numerical in a fairly convincing

fashion. We used primarily the software MATCONT [39] to find and following homo-

clinic and periodic solutions to (6.3.) The steep pulse was found in a fairly convincing

fashion for b = 0, a = .84, ε = .02 and c = .52; see figure 6.3. A log-linear plot

revealed that the front of the pulse has strong exponential decay while the back has

a distinctly weak algebraic decay. We will take the spectral assumptions on the pulse

for granted since there is a long history of studying the stability of FitzHugh-Nagumo

pulses. Moreover, the existence (and hence stability) has been verified numerically [2].
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Figure 6.3: The steep pulse found numerically for ε = .02, a = .84 and b = 0.

Or-Guil et. al. [2] report that the equations (6.1) exhibit normal or anomalous dispersive

behavior depending on the choice of parameters. Specifically for a = .84, b = .07 and

ε < .69 the wave trains were attracting (normal dispersion), and for ε > .69 the wave

trains were repulsing (anomalous dispersion.) According to our theorem, we would

predict that in the normal regime the trigger waves are slower than the pulses and the

wave speed should increase with period as the periodic solutions (that correspond to

the trigger waves) limit on the homoclinics (that correspond to the pulses.) Since the

triggers waves are faster than the pulse in the anomalous regime, we would expect that

wave speed should increase with period. This is in fact what was found numerically, as

can be seen in figure 6.4.
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Figure 6.4: The figure to the left shows the dispersion curve under parameters a =
.84, b = .07, ε = .02 (normal dispersion). The figure to the right shows the dispersion
curve under parameters a = .84, b = .07, ε = .11 (anomalous dispersion.)



Chapter 7

Conclusion

We have presented a bifurcation and stability analysis for coherent structures at the

boundary between excitable and oscillatory media. We argue that the simplest tran-

sition between the two types of media is organized around the steep pulse, which, in

the traveling-wave ODE corresponds to an orbit-flip homoclinic to a saddle-node equi-

librium. This study has produced a number of interesting results which we summarize

below.

7.1 Discussion of the results

The excitation pulses could be continued as steep fronts after a saddle-node

at a steep pulse, but without exchanging stability. The exchange of stability

only happens in terms of the essential spectrum on L2(RN ) and this instability can be

shown to be transient when considered on appropriate exponentially weighted spaces.

It is important to consider in what sense the steep pulse, steep fronts and fast fronts

are stable when we restrict to a weighted space. In most senses this sort of stability is

sufficient since all compact perturbations are included. To fully interpret this kind of

stability, we should ask ourselves what perturbations we are disallowing by restricting to

the weighted space. In the exponentially weighted space we only consider perturbations

that decay sufficiently in forward “space”. Of course, the difference between any two fast

fronts (or slow fronts for that matter) decays weakly in forward space and is therefore

not in the weighted space. Thus by considering perturbations on weighted spaces we
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are simply disallowing unbounded perturbations which are the difference of the fronts.

Therefore the instability is truly “transient” in the sense of [13]

The trigger waves are only stable when they are slower than the excitation

pulses. We can understand this through the following intuitive argument. Let wave

A be followed by wave B on finite periodic boundary conditions. If B gets close to

A, the tail of A effectively decreases the decay of the front of B. In orientation 1, this

weaker decay causes the wave to move faster and hence closer to wave A; the waves are

attracting and therefore unstable. In orientation 2, weaker decay means a slower wave

and therefore they are repelling and stable.

The nearby trigger waves and phase waves share stability. Unfortunately we

were not able to extend our stability result for a neighborhood of the steep pulse

Fast fronts are always stable, and slow fronts are always unstable. This is a

consequence of the rather surprising observation that only two stability diagrams are

possible. This adds evidence for the conjecture of van Saarloos ([15]) which states that

only the fronts faster than the steep front will be stable. He states this conjecture in

terms of “steep ” and “pushed” fronts. As we saw from the previous spectral analysis,

the fronts we consider connect a spectrally unstable equilibrium with a spectrally stable

equilibrium. The linear instability of the unstable equilibrium dictates a linear prop-

agation speed in terms of the spread of small perturbations referred to as the “linear

spreading speed.” Saarloos argues that nonlinear effects can only push the speed of

a front beyond the linear spreading speed. His argument is easy and intuitive: if we

imagine a front traveling at a speed less than the linear spreading speed, a small pertur-

bation at the edge of the front will move at the faster linear spreading speed forcing the

front to this faster speed. While this reasoning seems sound, there is no mathematical

proof of this effect in general. Fronts that move at the linear spreading speed are called

“pulled.” Fronts that move faster than the linear spreading speed are called “pushed”

since they are pushed by a nonlinear effect.

Using these categories, all of our fronts are “pushed.” Saarloos further conjectures on

the relation between “steep” pushed fronts ( that is fronts that decay in a strong stable

manifold) and slower pushed fronts. We refer to fronts that decay in a weaker fashion
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than the steep front as “weak” fronts (though Saarloos does not use this terminology.)

We may consider weakly decaying fronts as perturbations of the steep front. These

ξSteep Front
Weak Front

Figure 7.1: The weak front may be seen as a perturbation of the steep front. If the
speed of the weak front is slower than the steep front, the steep front will eventually
overtake the weak front. If the weak front is faster, then it will never be overtaken by
the steep front.

perturbations by themselves only travel at the linear spreading speed which is necessarily

less than the speed of the steep front. Therefore if the weak front can hope to stay ahead

of the steep front it contains, it must depend on the nonlinearly pushed wave speed of

the weak front itself. If the weak front is slower than the steep front, the steep edge

will overtake the weak edge. This leads us to the conclusion that only the fronts faster

than the steep front will be stable, which of course was what was observed.

7.2 Future Directions

Other nearby coherent structures. While the bifurcation diagram provided by

Chow, Lin and Deng is exhaustive for a saddle-node bifurcation of a steep pulse, there are

other nearby homoclinics we do not consider but are interesting none the less. Perhaps

the most obvious is the “small front,” that is the front that connect the equilibria

through the bifurcating center manifold. These fronts are always stable and are in fact

an example of fronts that travel at the linear spreading speed (or “pulled fronts” in

Saarloos’ terminology) as described above.
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center connecting front

The other interesting group of structures are easily seen in the scalar example. If we

continue to make µ increasingly negative, the node eventually becomes complex. We

refer to this as the “spiral boundary.” Clearly this is another important structure, and

whether this is generic beyond the scalar model is an interesting question.

μ

c

c*

Trigger Waves

Wave Trains
Slow Fronts

Fast Fronts

Steep Fronts

Ex’ Pulses

Spiral Boundary

The primary unresolved question in this study is the stability of the trigger

waves and phase waves in a full neighborhood of the steep pulse. The shared

stability properties of the trigger-waves bordering the excitation pulses and the phase

waves bordering the algebraic pulses suggests that the stability of the unknown waves
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will follow similarly. This is also predicted by the easily analyzed scalar example. How-

ever, there are examples in the literature where phase waves do not share the stability

properties of nearby trigger waves [40].

The investigation of other nonlinearities. We believe that the steep front asso-

ciated with a saddle-node bifurcation is perhaps the most basic type of transition of

an excitable regime to an oscillatory regime. However, there are numerous other non-

linearities that populate the literature describing oscillatory and excitable media. The

most common case is that of the Hopf-type bifurcation.

The change from normal to anomalous dispersion. Our results give an explicit

description of the difference between the normal and anomalously dispersive cases in

terms of the orientations of the kernel and adjoint solutions. This explanation is compat-

ible with that given by Or-Guil et. al. [2], where the change from normal to anomalous

is attributed to an exchange of dominance in the unstable directions. While the con-

ditions described in our theorem are often difficult to calculate analytically, they can

often be reliably verified numerically using AUTO or other bifurcation software. We

wonder if this sort of orientation flip in the related system of ODE’s is responsible for

the dispersion relation in other systems that support wave trains. Additionally, keeping

this orientation condition in mind might allow for the construction of other examples

that are anomalously dispersive.
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