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Abstract

A highly accurate segmentation algorithm is proposed for extracting objects from an
image that has simple background colors or simple object colors. Two main concepts,
geometric attraction-driven flow (GADF) and edge-regions are combined to detect ex-
act boundaries of objects in a sub-pixel resolution. GADF gives exact locations of
boundaries and edge-regions help to make initial curves close to objects. For high ac-
curacy in segmentation, we additionally propose a local region competition algorithm
which detects perceptible boundaries of objects. The whole algorithm is able to extract
objects even though there are weak edges, shadows, and highly non-convex shapes.
Furthermore, there are no manipulations of parameters in the whole process.

Keywords: GADF, edge-regions, accurate segmentation, local region competition,
level set method

1 Introduction

In the segmentation problems to extract objects from an image to make, for examples,
3D VR (virtual reality) contents or to estimate sizes of objects, a key issue is the accuracy
which means that we segment an image along the perceptible boundaries of objects. Our
research is motivated by making 3D VR contents of commercial products. It makes an e-
catalog that customers can browse a product in three dimensional virtual space on internet
markets. A common way of making a 3D VR content starts from taking hundreds of
photographs of the product with different view angles in a photo studio. The most difficult
step is to extract the product from a background with high accuracy. The images taken
in the studio have well-known difficulties in segmentation problems. These mainly come
from the lighting condition in the studio and the complex shape of the product. Most of
lighting conditions make shadows which cause weak boundaries between objects and the
background. More serious weak boundaries are produced by a reflection on some parts
of an object due to bright lighting conditions and properties of materials of the object. It
changes colors of objects into almost white which is normally used as a background color. In
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addition, there are other difficulties; shapes of objects can be highly non-convex or multiply
connected.

There have been a lot of segmentation algorithms. The snake model in [1] is a foundation
of curve evolution based on the minimization of an energy. Geodesic active contours was
introduced in [2], however, the curves may pass over weak edges because edge functions can
not give same values on both weak and strong edges. In [3], the region-aided geometric
snake was proposed for a fast convergence in the non-convex boundary and more robust
detection of weak edges. The results depend on a region map that an end user should choose.
In [4], a curvature vector flow was used to overcome a limitation of [3] for segmenting highly
non-convex shapes. However, the method is applicable only to strong edges of shapes.

There is a different approach in [5], which does not use edge functions. The minimizer in
the energy functional can be a possible solution of a leakage problem near weak edges and
detects non-convex shapes. However, the formulation has four parameters which depend
on images. In [6], a statistical approach was proposed, which is similar to [5]. It assumes
that an image is represented by the Gaussian mixture model, that is usually not valid for
photographs taken in the studio. In [7], geodesic active regions was introduced, which is
a clever combination of geodesic active contours in [2] and the statistical approach in [6].
It still has parameters that should be manipulated to make an adequate segmentation of
objects.

In this paper, we propose a segmentation algorithm which is highly accurate and does not
have any manipulation of parameters. It captures most of boundaries regardless of strength
of edges and concavity of boundaries. There are two main concepts, geometric attraction-
driven flow (GADF) and edge-regions, which are combined to detect exact boundaries of
objects in a sub-pixel resolution. The flow shows the exact location of boundaries of objects.
If we consider an image as a two dimensional manifold, we obtain GADF by comparing two
lengths of curves along the direction of the largest change in the manifold. Edge-regions
contain most of edges. We compute inward fluxes in the gradient field of a strength of edges
to obtain such regions. Since the orientations of GADF far from boundaries of objects do
not point to the boundaries, we construct initial curves very close to the boundaries using
the edge-regions. It naturally solves a problem of a slow convergence in highly non-convex
boundaries and a dependence on initial curves. After we obtain the GADF and initial curves,
we solve a simple advection equation of curves in the flow to segment objects. The evolving
curves move to the exact boundaries which divide objects and background. According to
the purpose of segmentation, for examples, accurate extraction of objects or measurement
of sizes of objects, we additionally propose a local region competition algorithm to obtain
perceptible boundaries of objects. We have successfully accomplished the segmentation of
objects from images taken in the studio. Our algorithm can be applied to other kinds of
segmentation problems by taking the appropriate strategy for selecting the edge-regions.
An example is to extract aphids from images of soybean leaves. We may count the number
of aphids that live on the sampled leaves and obtain an exact size of each aphid. With those
information, farmers can get the appropriate time to dust powder.

The rest of this paper consists of following sections. We derive GADF in Section 2.1
and detect edge-regions in Section 2.2. We solve a partial differential equation (PDE) in
Section 2.3 to obtain curves which connect the edge-regions. The curves will be used as an
initial guess for the next step. In Section 2.4, we segment images. According to purposes of

2



segmentation, a post processing is applied in Section 2.5. Examples for whole process and
numerical aspects are illustrated in Section 3. The paper is concluded in Section 4.

2 Algorithms

Our algorithm consists of five steps to extract objects from an image with high accuracy.
In particular, each step does not have any manipulation of parameters.

2.1 Step 1: Derivation of GADF

In this section, we will define exact boundaries of objects and derive GADF. First, we
consider a scalar image I: Ω ⊂ R2 → R, which is smooth enough. Since we may assume that
the intensity near boundaries of an object changes rapidly from one homogeneous region
to another homogeneous region, we define a point x in Ω as an edge point if the second
derivative of I at x along ∇I(x) vanishes.

For a smooth scalar function u on the real line, the following is easily proved: If u′ 6= 0
and u′′ 6= 0 in (x− r, x + r) for some r > 0, for any positive ε ≤ r, we have

sgn

(∫ x+ε

x
u′(t) dt−

∫ x

x−ε
u′(t) dt

)
= sgn

(
u′′(x)

)
,

where

sgn(x) ≡
{

x/|x| if x 6= 0,

0 if x = 0.

Motivated by this statement, we define the geometric attraction-driven flow (GADF) ~F (x)
by

~F (x) = sgn
(
`(x)

) ∇I(x)
|∇I(x)| , ∀x ∈ Ω,

where

`(x) =
∫ 1

0
cx
′(s) ds−

∫ 0

−1
cx
′(s) ds,

cx(s) = I

(
x + s

∇I(x)
|∇I(x)|

)
.

(2.1)

Then GADF runs forward the edge points.
Now, we extend the GADF to a color image I: Ω ⊂ R2 → R3. As in the case of a scalar

image, we define GADF ~F (x) by

~F (x) = sgn
(
`(x)

)
vΛ(x),

where

`(x) =
∫ 1

0

∣∣cx
′(s)

∣∣ ds−
∫ 0

−1

∣∣cx
′(s)

∣∣ ds,

cx(s) = I
(
x + svΛ(x)

)
.

(2.2)
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(a) (b)

Figure 2.1: Exact boundary and GADF: The closed curve in (a) represents the exact bound-
ary of an object and GADF runs against along the exact boundary. The vector in (b) is
GADF near a corner.

Here, vΛ(x) and vλ(x) are normalized eigenvectors corresponding to the maximum eigen-
value Λ(x) and the minimum eigenvalue λ(x), respectively, in a diffused tensor E of the
metric tensor

∑3
k=1∇Ik∇Ik

T at x in Ω, where T denotes the transpose. Note that two defi-
nitions of `(x), (2.1) and (2.2) are the same except the dimension of range of I. The diffused
tensor E can be obtained by solving the following isotropic nonlinear diffusion equations
in [8]:

∂E(x, t)
∂t

=∇ ·

g




2∑

i,j=1

|∇Eij(x, t)|2

∇E(x, t)


 , (2.3)

where g(x) = 1/
√

1 + x.
We define the exact boundaries of objects in a color image as closed curves near objects

to connect the points where GADF runs against each other. See a curve and orientation of
GADF in Figure 2.1-(a). The main feature of GADF is the orientation of vectors near to
the boundaries. If we regard an image I in a small neighborhood of x as a local coordinate
patch for representing two dimensional manifold, the flow ~F (x) is obtained by selecting one
of ±vΛ(x), which gives a longer curve in the manifold among I(x+svΛ(x)) and I(x−svΛ(x)),
0 ≤ s ≤ 1. Since changes of colors are large near boundaries of objects, it gives ~F (x) which
points to the boundaries. In Figure 2.1-(b), we illustrate an example of the GADF. The
vectors show that the flow runs against each other near boundaries of objects.

2.2 Step 2: Detection of edge-regions

Edge-regions are roughly defined as a union of regions that include most of boundaries
of objects, such as weak edges and strong edges. There are two steps to detect edge-regions.
The first step is to select candidates of edge-regions. The candidates of edge-regions contain
points that are unnecessary or even harmful for the segmentation process. These points
usually come from small variation of the intensity such as noises. The second step is to
delete such bad candidates of edge-regions.
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(a) (b) (c)

Figure 2.2: In (a), an ideal case of normalized vectors ~w/|~w| around x0 which represents an
edge are shown. (b) is a small part of Figure 3.4. The vector in (c) is the normalized vector
field ~w/|~w| and the black region in (c) represents the candidates of edge-regions.

2.2.1 Selection of candidates of edge-regions

In this section, we will introduce an algorithm for selecting candidates of edge-regions.
First, we measure two different fluxes of vector fields ~w and ~w/|~w| on a rectangle B(x):

f(x) =
∫

B(x)
∇ · ~w dx and f̄(x) =

∫

B(x)
∇ · ~w

|~w| dx,

where

~w(x) ≡ ∇(
Λ(x) + λ(x)

)
(2.4)

and B(x) is a union of x and eight neighbor pixels around x. Note that both of Λ and λ
are small in homogeneous regions, and Λ is much larger than λ in regions near edges. At
corners, Λ and λ are both large; see [8].

To see how the candidates of edge-regions are formed, let us first consider a set

E1 ≡
{

x ∈ Ω
∣∣ [

f̄(x)
]−

> Cf̄

}
. (2.5)

Here, [x]− denotes the negative part of x, i.e., [x]− = max(−x, 0). The sum of two eigen-
values in (2.4) represents the strength of edges in a color image. The magnitude of gradient
of the sum is the maximum rate of change in the strength. Magnitude of the vector ~w
depends on weak edges and strong edges. However, the normalized vector ~w/|~w| clearly
gets rid of the dependence on the strength of edges. By using calculating the inward flux
in the normalized vector field, we obtain the same measurement for weak edges and strong
edges. If a point is close to edges, vectors around the point make an inward flux. The
negative part of f̄ gives the strength of inward flux. A large inward flux

[
f̄(x)

]− makes a
point x included in E1.

Now, we explain how to choose the constant value Cf̄ in (2.5). If we compute f̄(x) for all
of possible normalized vectors around x, the probability density function of {f̄(x)} becomes
a Gaussian distribution with a zero mean and a deviation σ ≈ 1.565. Considering an ideal
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case of a normalized vector field which represents an edge in Figure 2.2-(a), the value of[
f̄(x0)

]− is 2+2
√

2. It is almost three times the deviation σ, which means a chance for the
ideal case is extremely rare. It shows that Cf̄ should be chosen to be reasonably smaller
than 3σ. We choose Cf̄ = 1.565. It means that if eight vectors around x make

[
f̄(x)

]−
greater than Cf̄ , a chance for such eight vectors is about 16 percent among all possible
cases. Note that the value Cf̄ was chosen regardless of the strength of edges.

In spite of merit to use the normalized vectors ~w/|~w| to form E1, the set E1 may contain
some points where the image changes slightly. Since the magnitude of ~w represents strength
of edges, we define a set

E2 ≡
{
x ∈ Ω | |f(x)| ≤ Cf

}
,

where Cf is a positive constant determined in the following. We want to decide the constant
Cf as an upper bound of value |f(x)| for indicating regions where the image changes slightly.
By using a simple estimation in discrete sense, we get

|f(x)| ≤ 16 max
y∈B(x)

3∑

k=1

|∇Ik(y)|2 , ∀x ∈ Ω.

If we admit heuristically that |∇Ik| ≤ 1 for all k’s in the regions where the image changes
slightly, we obtain the constant Cf = 48.

Now, we define the candidates of edge regions

Ec ≡ E1 \ E2 =
{

x ∈ Ω
∣∣ min

([
f̄(x)

]−
,
Cf̄

Cf

[
f(x)

]−)
> Cf̄

}
.

If we define

S(x) ≡ exp
(
−min

([
f̄(x)

]−
,
Cf̄

Cf

[
f(x)

]−))
, (2.6)

δ ≡ exp
(−Cf̄

) ' 0.209, (2.7)

then

Ec =
{
x ∈ Ω | S(x) < δ

}
. (2.8)

Note that

S(x) ≈
{

0 near edges,
1 far from edges.

We illustrate the normalized vector field ~w/|~w| and candidates of edge-regions in Figure 2.2-
(c).

2.2.2 Deletion of bad candidates

In this section, we will delete bad candidates in (2.8) and obtain the formal definition of
edge-regions. Bad candidates are roughly considered as points in Ec, which are not regarded
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(a) (b) (c)

Figure 2.3: Bad candidates and edge-regions: (a) is an original image. The black region
in (b) represents candidates of edge-regions and the candidates in yellow areas are bad
candidates which are not parts of boundaries of objects obviously. The black regions in (c)
are the edge-regions.

as edges such as yellow areas Figure 2.3-(b). In order to delete the bad candidates, we
propose an algorithm by observing features of bad candidates.

Bad candidates are characterized by two features. We divide Ec into disjoint connected
components

Ec =
K⋃

i=1

Ωi. (2.9)

The first feature is that bad candidates are hardly included in a component which has a
large number of pixels in discrete sense. Since the normalized vector field ~w/|~w| can make
large inward flux continuously along strong edges, the component which has a large number
of pixels should be a long part of boundary of an object. The second is that the image in a
small neighborhood of bad candidates does not change significantly. We use these features
to construct sets deleted from Ωi’s.

For the rest of the paper, we denote the average and the deviation of a set A by

µ(A) ≡ the average of A,

σ(A) ≡ the deviation of A,

respectively. We compute the number of pixels and the deviation of gray values of each
component in (2.9):

Ni ≡ the number of pixels in Ωi,

Σi ≡ σ
({

Ig(x) | x ∈ Ωi

})
,

where Ig(x) is a gray value of a color image at x. Two values, µN and σN are the average
and the deviation of numbers of pixels for all components, respectively. Two values, µΣ

and σΣ are the average and the deviation of deviations of gray values for all components,
respectively. That is,

µN ≡ µ
({

Ni | i = 1, ...,K
})

and σN ≡ σ
({

Ni | i = 1, ..., K
})

,

µΣ ≡ µ
({

Σi | i = 1, ...,K
})

and σΣ ≡ σ
({

Σi | i = 1, ...,K
})

.
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Now, we introduce the algorithm that constructs sets of points deleted from Ec. For
a point x in a component Ωi, we compute the deviation of gray values on locally sampled
pixels. That is,

Σ loc(x) ≡ σ
({

Ig(y) | y ∈ B(x)
})

.

We define a set Di which will be deleted from Ωi by

Di ≡
{

x ∈ Ωi

∣∣ S(x)
Ni

>
δ

ni(x)

}
,

where δ is the value in (2.6). A threshold ni(x) is defined as follow:

ni(x) ≡ µN + 2α

(
−Σ loc(x)− µΣ

σΣ

)
σN ,

α(x) ≡ 1
1 + e−x

.

(2.10)

Note that the threshold depends on the deviation of gray values around each point and
prevents points in a small component including edges from being deleted.

Finally, we obtain a formal definition of edge-regions:

R ≡
K⋃

i=1

Ri, Ri ≡ Ωi \Di. (2.11)

Candidates of edge-regions and edge-regions are illustrated in Figure 2.3.

2.3 Step 3: Connection of edge-regions

The main goal in this section is to obtain regions which include all boundaries of objects
by connecting edge-regions in (2.11) and obtain a good initial curve for the segmentation
process in the next section. In [9], line connection algorithms for contour completion were
proposed by using an anisotropic diffusion operator. With the algorithms, the edge-regions
become thick due to the diffusion process and it is hard to decide how large areas to be
regarded as new edge-regions. Instead, we propose a Hamilton-Jacobi equation to obtain
connected regions from edge-regions.

We denote the zero level set of a continuous function ψ: Ω → R by Γψ. We introduce a
Hamilton-Jacobi equation:

∂

∂t
ψ(x, t) + Fs(x)Fl(x, t)

∣∣∇ψ(x, t)
∣∣ = 0 in Ω× (0, T1]. (2.12)

The initial condition is given by a signed distance function which is zero on a boundary of
the edge-regions R, negative inside R, and positive outside R. In Figure 2.4, we illustrate
an example to present the curves Γψ(·,0) with edge-regions, a result Γψ(·,T1) of (2.12), and
an initial curve Γ

ψ̃
for the segmentation process.

The time dependent local force Fl is defined by

Fl(x, t) ≡
(

Gσ ∗Hε

(
∣∣vλ(x) · ∇ψ(x, t)

∣∣−
√

2
2

))
Hε

(
κψ(x, t)− 1

2

)
, (2.13)
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(a) (b)

(c) (d)

Figure 2.4: Procedures of solving (2.12): (a) is a small part of Figure 3.4. The black regions
in (b) are edge-regions and the curves Γψ(·,0) in (b) are the initial condition for (2.12). The
curves Γψ(·,T2) in (c) are a result of (2.12), which connects edge-regions along boundaries
of objects. The curve Γ

ψ̃
in (d) is obtained from the curves in (c) and will be used as an

initial curve for the segmentation process.
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(a) (b)

Figure 2.5: Eigenvectors vλ and evolving curves ψ(x, t): The concave parts of curves will
stay because of the restriction in (2.14). The curves in (a) are initial condition for (2.12) and
the curves in (b) are obtained at time T1. Note that the image is a small part of Figure 3.4.

where Gσ ∗ f is the convolution of a function f with the two-dimensional Gaussian kernel
with σ = 1. Note that vλ(x) is the eigenvector corresponding to the minimum eigenvalue of
the diffused tensor E and κψ(x, t) is the curvature of level curves of ψ(x, t). The function
Hε is a smeared-out Heaviside function:

Hε(x) ≡ 1
2

(
1 +

2
π

tan−1
(x

ε

))
,

where ε = 0.001, which is the size of the bandwidth of numerical smearing.
Now, we explain how (2.12) makes curves connect edge-regions along boundaries of

objects. In (2.13), the first term

Hε

(
∣∣vλ(x) · ∇ψ(x, t)

∣∣−
√

2
2

)

forces curves to move forward along boundaries of objects since vλ represents a parallel
direction to the isophote line of a color image. The force exerts on points where the angle
between ∇ψ and vλ is less than π/2. Unfortunately, concave parts of curves may also
move to far from boundaries. See the direction of vλ near the concave parts of objects
in Figure 2.5. Therefore, we prohibit the movement along boundaries to concave parts of
curves by using the second term in (2.13):

Hε

(
κψ(x, t)− 1

2

)
. (2.14)

The force Fs based on statistics is defined by

Fs(x) ≡ α

(
Σ loc(x)− µΣ

σΣ

)
,

where α(x) is the function in (2.10). We show an example in Figure 2.6 to explain a role
of the force Fs. Since the edge-regions may capture a part of shadow, there can be initial
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(a) (b)

(c) (d)

(e) (f)

Figure 2.6: The effect of the force Fs(x) on the result of (2.12): a result without using Fs(x)
has excessive connections. The curves in (a) are the initial condition Γψ(·,0) for (2.12). The
profile in (b) is Fs(x). The curves in (c) are a result in (2.12) without using Fs(x). The
curve in (d) from (c) is a bad initial curve for the segmentation process. The curves in (e)
are a result in (2.12) with Fs(x). The curves in (f) from (e) are good initial curves for the
segmentation. Note that the image is a small part of Figure 3.4.
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curves Γψ(·,0) placed outside of objects. If we use only the force Fl, the isolated regions
in the middle of (a) are connected to the boundaries of objects. Then, we obtain outer
contours of regions, which are not close to the boundaries of objects. In order to restrict
unnecessary movement of curves, we use exactly the same idea as we use a threshold ni(x)
in (2.10). If Σ loc(x) is much smaller than µΣ, changes of colors near x are small. It means
that the neighborhood of x cannot be considered as a part of edges. Therefore Fs(x) is
close to 0. On the other hand, if Σ loc(x) is much larger than µΣ, Fs(x) has a value close
to 1. The force Fs is adaptive to images because values of µΣ and σΣ are an appropriate
statistical representations of edges for each image. In Figure 2.6, we show a profile of Fs(x)
on the domain of image, a difference between the result in (2.12), and a result without using
Fs(x).

Remark : the motion of curves also may be restricted where surface of an object is
reflected. If edge-regions in those parts are not connected, we locally apply the same
algorithm to connect them.

2.4 Step 4: Segmentation using GADF in edge-regions

For the regions that we obtained in the previous section, we take outer contours of each
connected region except those nested by other regions. Additionally, we take inner contours
of connected regions nested by other regions if the nested one contains edges of holes in
objects. We denote the union of such contours by Γ

ψ̃
. In this section, we will solve a simple

advection equation in order to segment objects:

∂

∂t
φ(x, t) + ~F (x) · ∇φ(x, t) = 0 in Ω× (0, T2],

φ(x, 0) = ψ̃(x) in Ω,

(2.15)

where ~F is the GADF and ψ̃(x) is a signed distance function which has the zero level set
as Γ

ψ̃
.

If a curve in Γ
ψ̃

is a contour of a simply connected region, it shrinks and disappears

by (2.15) since the simply connected region wraps the flow ~F (x) which runs against each
other around edges of the image. On the other hand, if a curve in Γ

ψ̃
is a contour of a

multiply connected region, it moves to the exact boundaries of objects and stays there since
the multiply connected region contains the flow ~F (x) which runs against each other along
the exact boundaries of objects; see Figure 2.7.

2.5 Step 5: Post processing

In the previous section, we may consider the result in Figure 2.7-(c) as a proper seg-
mentation. However, the result is not good enough for extracting objects from images
because high accuracy of segmentation is required to make, for examples, 3D VR contents
or to estimate sizes of objects. In the previous section we found the exact boundaries of
objects, which are inflection points along ∇I in the case of gray image. However, people
usually recognize a little bit outside as borders of objects rather than the exact boundaries
because human vision perceives objects without missing any part of the objects. We call
such borders as perceptible boundaries of objects; see Figure 2.8. The significant difference
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(a) (b) (c)

Figure 2.7: Initial curves and the result of (2.15): While the outer contours of simply con-
nected regions are disappeared, those of multiply connected regions stay at exact boundaries
of objects. The vectors are GADF. A result Γψ(·,T1) from (2.12) is in (a). The curves in (b)
are initial curve Γφ(·,0) for (2.15). The curve in (c) are a result of segmentation from (2.15).
Note that the image is a small part of Figure 2.6.

Figure 2.8: The significant difference of the exact boundaries and the perceptible bound-
aries.
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of the exact boundaries and the perceptible boundaries happens when colors of boundaries
of objects are changed gradually near edges or under bright lighting conditions in a photo
studio.

In this section, we will obtain perceptible boundaries of objects by using a local region
competition algorithm based on comparison of local probability density functions; see [10].
The local region competition algorithm gives a PDE which is the same type as (2.12). The
proposed PDE is

∂

∂t
ϕ(x, t) = F̂s(x, t)

∣∣∇ϕ(x, t)
∣∣ in Ω× (0, T3],

ϕ(x, 0) =
1
4
φ(x, T2) +

3
4
ψ̃(x) in Ω,

(2.16)

where φ(x, T2) is the result of (2.15) and ψ̃ is the initial condition in (2.15). Note that the
initial curve Γϕ(·,0) is chosen closer to Γ

ψ̃
rather than Γφ(·,T2). We denote inside and outside

regions near Γϕ(·,t) by

Ω+
γ (t) ≡ {

x | 0 ≤ ϕ(x, t) ≤ γ
}
,

Ω−γ (t) ≡ {
x | − γ ≤ ϕ(x, t) ≤ 0

}
.

We compute the average and the deviation of locally sampled gray values for all x ∈ Ω+
γ (t)∪

Ω−γ (t):

µ±(x, t) ≡ µ
({

Ig(y) | y ∈ Bβ(x) ∩ Ω±γ (t)
})

,

σ±(x, t) ≡ σ
({

Ig(y) | y ∈ Bβ(x) ∩ Ω±γ (t)
})

,
(2.17)

where Bβ(x) is defined by a disk at a center x with a radius β. The values of β and γ are
empirically chosen as 6 and 3, respectively.

Now, we define the force F̂s(x, t) in (2.16) by

F̂s(x, t) ≡ Gσ ∗ f̂(x, t)

where

f̂(x, t) ≡
{

sε

(
∇ ·

( ∇ϕ(x,t)
|∇ϕ(x,t)|

))
if | µ+ − µ− | < ε,

sε

(P+
x,t(x)− P−x,t(x)

)
otherwise.

The function sε(x) is a smeared-out sign function defined by 2Hε(x) − 1. The functions
P±x,t(y) are defined by Gaussian probability density functions:

P±x,t(y) ≡ 1√
2πσ±(x, t)

exp

(
−(Ig(y)− µ±(x, t))2

2σ±(x, t)2

)
(2.18)

which represent local distributions of sampled gray values around the point x outside and
inside of curves Γϕ(·,t), respectively. If the averages µ+ and µ− are too close, we make the
curve straight instead of using the difference of two Gaussian probability density functions.
We properly choose the value ε = 3.
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Figure 2.9: Conceptual diagram for understanding the force F̂s in (2.16). The curve Γϕ(·,t)
is going to move inward.

(a) (b)

(c) (d)

Figure 2.10: The perceptible boundaries of objects and the extracted object: The image
in (a) are a small part of Figure 3.4. In two images (b) and (c), the green curves are Γ

ψ̃
,

the blue curve is Γφ(·,T2) in (2.15), and the red curve Γϕ(·,T3) is the result of (2.16). The
extracted object is on white background in (d).
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The force F̂s basically forces each point on curves Γϕ(·,t) to move inward or outward
based on the difference of two local Gaussian probability density functions. If a gray value
at a point x in Ωγ is close to the average µ+(x, t), then the point has a high probability of
being placed into outside of curves Γϕ(·,t). In this case, it is natural to force curves Γϕ(·,t)
to move inward. That is,

P+
x,t(x) > P−x,t(x) ⇒ F̂s(x, t) ≈ 1.

See Figure 2.9. In the other way, if a gray value at a point x in Ωγ is close to the average
µ−(x, t), then the curves Γϕ(·,t) will move outward along normal directions to the curves.
In Figure 2.10, we present curves from the result in Step 3 to the result in this section.
Extracted objects are also presented. We call the final curves Γϕ(·,T3) as the perceptible
boundaries of objects.

3 Examples and numerical aspects

We illustrate a whole procedure of the proposed algorithm in Figure 3.1. It has multiply
connected regions on top right of object and weak edges due to the strong shadow. The
image (a) is the original image. Edge-regions are shown in (b) where original image is
overlaid with edge-regions. The curves in (c) shows the outer contours of connected edge
regions after Step 3. The curves in (d) is the initial curves for the segmentation process in
Step 4. From Step 3 to Step 5, we solve three different PDEs to obtain final curves in (e).
We use an explicit Euler scheme for time discretization. For space discretization a simple
upwind scheme is used in Step 3 and a nonoscillatory upwind scheme is used in Step 4 and 5;
see [11] for details of numerical schemes. We also use the reinitialization equation in [12]
only for regions where the force is not zero. It makes a separate segmentation between
very close two objects difficult. If we solve the reinitialization equation for the whole image
domain, a curve may be merged to adjacent other curves because of numerical dissipation.
A stopping criterion is given by measuring the relative L1 error in a small band [12]:

Eψn+1 ≡

∫

Ωψn
α

∣∣ψn+1(x)− ψn(x)
∣∣ dx

∫

Ωψn
α

∣∣ψn(x)
∣∣ dx

,

Ωψn

α ≡
{

x ∈ Ω
∣∣ ∣∣ψn(x)

∣∣ ≤ α
}

,

where α = 1.5 and n is an index for time discretization. We practically use both a given
upper bound for iterations and the stopping criterion Eψ. More precisely, in Step 3 and 5,
we have either Eψn < 10−4 or n > 500. In Step 4, we use the stopping criterion: Eφn < 10−5

or n > 500. Furthermore, in practice, we use σ±+ε instead of σ± in (2.18), where ε = 10−6.
The image in (f) is an extracted object on white background.

In Figures 3.2, 3.3, and 3.4, original images and extracted objects are presented. Each
image has well-known difficulties in segmentation. In Figure 3.2, the yellow part of object
is highly non-convex. Since the initial curves in (2.15) are already located near the object,
the proposed algorithm can easily segment highly non-convex shape. In Figure 3.3, even
though we use the smooth lighting condition, the original color of shiny surface is changed
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(a) (b)

(c) (d)

(e) (f)

Figure 3.1: A procedure of highly accurate segmentation algorithm using GADF in edge-
regions. The size of image is 940 by 544.
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Figure 3.2: An example for 3D VR content: The yellow part is highly non-convex. The size
of image is 508 by 576.

Figure 3.3: An example for 3D VR content: Even though we use smooth lighting condition,
the original color of shiny surface is changed because of total reflection. It generates weak
edges near boundaries of the object. The size of image is 288 by 288.
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Figure 3.4: An example for 3D VR content: It has a repeated non-convex shape and weak
edges due to the reflection of light. The size of image is 1084 by 488.
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Figure 3.5: Segmenting aphids in a soybean leaf: Original image and segmentation of aphids.
The size of each image is 640 by 480.

because of total reflection. It generates weak edges near boundaries of objects. The pot
also has strong edges on the handle. Edge-regions can capture both strong and weak edges
regardless of the strength of edges. In Figure 3.4, it has a repeated non-convex shape and
weak edges due to a reflection of light on a screw thread.

Another kind of an example is illustrated in Figure 3.5, which segments aphids on a
soybean leave. We add an additional deletion step at the end of Step 2. Since edge-
regions include most of edges, they contain a structure of wire net and veins in Figure 3.5,
which are unnecessary parts for segmenting aphids. Since connected components in edge-
regions around the wire net are much larger than those around aphids, the components
near the wire net can be deleted by selecting connected components whose numbers of
pixels are greater than µN + σN . To delete components near veins in edge-regions, we use
a ratio of eigenvalues in two-dimensional moment of inertia tensor at the center of mass for
each connected component in edge-regions. Since veins have longer and thinner shape than
aphids, the components near veins can be deleted by selecting connected components whose
maximum eigenvalue in the moment tensor is larger than 36 times the minimum eigenvalue.
After we obtain proper edge-regions, we apply the same algorithm in Step 3, 4, and 5 to
segment aphids in Figure 3.5.

4 Conclusions

In this paper, we introduced a highly accurate segmentation algorithm for extracting
objects from an image that has simple background colors or simple object colors. GADF is a
flow obtained by a geometric analysis of eigenspace in a diffused tensor field on a color image
as a two-dimensional manifold. It gives the exact locations of boundaries. Edge-regions are
obtained by a statistical analysis and include most of edges. GADF and edge-regions are
combined to detect exact boundaries of objects in a sub-pixel resolution. For high accuracy
in segmentation, we propose a local region competition algorithm which detects perceptible
boundaries of objects. The proposed whole algorithm consists of five steps. In the first
step, we compute GADF from a diffused tensor field. Edge-regions are computed in the
second step. In the third step, we connect edge-regions in order to find an initial curve
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close to objects for segmentation. From the initial curve, we obtain the exact boundaries of
objects in the forth step. Based on results in Step 3 and 4, we finally obtain the perceptible
boundaries of objects in the last step. The proposed whole algorithms is able to extract
objects even though there are weak edges, shadows, and highly non-convex shapes. There
are no manipulations of parameters in the whole process.
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