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Abstract. The studied camera is basically just a line of pixel sensors,
which can be rotated on a full circle, describing a cylindrical surface this
way. During a rotation we take individual shots, line by line. All these
line images define a panoramic image on a cylindrical surface. This camera
architecture (in contrast to the plane segment of the pinhole camera) comes
with new challenges, and this report is about a classification of different
models of such cameras and their calibration.

Acknowledgment. The authors acknowledge comments, collaboration
or support by various students and colleagues at CITR Auckland and DLR
Berlin-Adlershof.

report1_HWK.tex; 22/03/2006; 9:47; p.1



INTRODUCTION

This report is about panoramas, which are images of wide viewing
angles1. Panoramas are either captured with non-pinhole cameras2 to en-
sure geometrical correctness of imaged objects for wide viewing angles, or
generated from multiple images captured with a pinhole-camera.

For more than a decade, the interest in research on, and developments of
panoramic images steadily increased in the computer vision and computer
graphics communities (with many popular applications already outside of
these communities). Geometric subjects related to panoramic images can
be classified into models and the related analysis of panoramic geometry
(single-view geometry), or the understanding of geometry of multiple-view
panoramic images.

A (single) view is a projection of 3D geometry (e.g., an image of a 3D
object or a 3D scene) from one viewpoint; it can be monocular or binocular.
Multiple views not only indicate the existence of multiple single-view images
but also a relevance of these images for a potentially improved geometric
understanding of a pictured 3D geometry from multiple directions.

1.1. Multiple-View Panoramic Images

Multiple views and panoramic images are two options for understanding or
visualizing the 3D world. The aim is to combine both for these purposes.

Without any a-priori knowledge (e.g., a model or descriptions of objects
in a scene) or additional 3D data (e.g., from a laser range finder or an
inertial moment unit), geometric 3D information is rather limited which

1 For an ideal pinhole camera we have a viewing angle of α = arctan(s/2f), where s
is the size of the photosensitive area in a specified direction (e.g., 24mm in vertical or
36mm in horizontal direction), and f is the effective focal length, which typically starts
at 14mm, and can go up to multiples of 100mm. For example, for s = 36 and f = 14
we have a horizontal viewing angle of about α0 = 104.25◦. We define a wide angle to be
greater than α0.

2 A pinhole camera is defined by central projection onto a plane.
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2 CHAPTER 1

may be inferred from a single-view panorama. As in case of pinhole cameras,
it is necessary to have multiple-view panoramas available.

1.1.1. MULTIPLE-VIEW GEOMETRY

Over the past decade, there has been a rapid development in the un-
derstanding and modeling of the geometry of multiple views in computer
vision; see, for example, (Hartley, 1992; Faugeras, 1993; Kanatani, 1993; Lu-
ong and Vieville, 1994; Shashua and Werman, 1995; Shashua and Avidan,
1996; Avidan and Shashua, 1997; Heyden, 1997; Hartley and Zisserman,
2000; Faugeras and Luong, 2001; Daniilides and Papanikolopoulos, 2004;
Daniilides and Klette, 2006). Most of this work was carried out based
on projective geometry and the planar (i.e., the pinhole-camera) image
model. Geometric studies of multiple views can be categorized according
to the number of views: binocular as in (Hartley, 1992; Faugeras, 1993),
trinocular as in (Shashua and Werman, 1995; Avidan and Shashua, 1997),
or polynocular (i.e., more than three views) as in (Luong and Vieville,
1994; Shashua and Avidan, 1996).

Epipolar geometry provides the essential fundamentals for all stud-
ies about binocular geometry. Epipolar geometry of two (pinhole-camera)
views is basically the geometry of the intersections of both image planes
with the pencil of planes incident with the baseline (i.e., the line joining
the optical centers of both cameras). These intersections with the image
planes are straight lines, called epipolar lines. Consequently, epipolar lines
constrain possible locations of corresponding pixels in both images.

The fundamental matrix is the algebraic representation of epipolar ge-
ometry; see (Laveau and Faugeras, 1994; Zhang et al., 1994; Xu and Zhang,
1996; Zhang and Xu, 1997; Faugeras and Luong, 2001). The fundamental
matrix expresses the algebraic relationships between corresponding epipolar
lines in both (pinhole-camera) images. The fundamental matrix proved to
be useful for structure from motion; see, for example, (Pollefeys et al., 1999).
Geometric constraints, such as colinearity or coplanarity, for corresponding
points can be used to stabilize structure from motion algorithms (Liu et
al., 2005).

In generalization of the fundamental matrix, the corresponding algebraic
representations for three or four views are called trifocal or quadrifocal ten-
sors, respectively; see, for example, (Shashua and Werman, 1995; Sawhney
and Ayer, 1996; Hartley and Zisserman, 2000; Faugeras and Luong, 2001)
for early studies. Besides the geometric information, provided by a trifo-
cal or quadrifocal tensor, the higher complexity of more than two views
often becomes an issue with respect to numerical stability or geometric
specification of corresponding lines.
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INTRODUCTION 3

Multi-camera heads are a special case of multiple-view pinhole images,
see, for example, (Neumann et al., 2002; Valkenburg et al., 2004). Struc-
ture from motion or pose recognition benefit from these architectures. See
also (Evers-Senne et al., 2004) for the use of a multi-camera-rig, used for
reconstructing relatively large 3D scenes.

Core problems in multiple-view geometry include the recovery of the
fundamental matrix (or, of the trifocal or quadrifocal tensor) from a set
of corresponding image points, the computation of 3D positions of given
corresponding points, and camera pose estimation (i.e., determination of
relative locations and orientations of cameras from image correspondences).

In conclusion of studies and applications of multiple-view geometry
during the past years we can state that more views (images) imply (1)
more information (i.e., richer clues about spatial relationships between
objects and/or cameras or sensors), (2) higher accuracy (i.e., more visual
evidence for geometric inference), and (3) greater visibility (i.e., the total
field-of-view increases, and scene occlusions are reduced).

1.1.2. PANORAMIC GEOMETRY

A panorama provides a wide field-of-view that may cover different spatial
viewing angles, such as 360◦ × 360◦ (Nayar and Karmarkar, 2000), a full
360◦ circle (Chen, 1995), or less than 360◦, but still a wide angle. The wide
field of view permits that each image contains more information or features
so that we have more clues for interrelations between cameras, or between
cameras and 3D scenes. Potentially this provides a better support for the
inference of 3D world features. The tradeoff is that a larger amount of
data is acquired (in comparison to conventional approaches with restrictive
fields-of-view). However, as faster computers and larger bandwidth became
available, applications and studies using panoramas are now accessible.

The geometry of a single-view panorama is (typically) characterized by
a single projection center (the viewpoint) and a non-planar image surface
(e.g., a cylindric, spheric, or cubic surface). Some approaches also consider
multiple projection centers (see Section 1.3 on related work). An apparently
advantageous outcome of having two projection centers is that stereovision
became possible for panoramas. [Images created at different projection cen-
ters are not separate views — as long as they are only temporary results
which contribute to one (stereo) panoramic image at one viewpoint. Note
that this corresponds to the common understanding of a stereo image for
the pinhole camera.]

Multiple-view panoramic geometry contains the case of multiple projec-
tion centers in a single-view panorama as a particular case. Epipolar geom-
etry is the intrinsic geometry between two views, or between two projection
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4 CHAPTER 1

centers of a single-view panorama. Epipolar lines in epipolar geometry of
pinhole cameras now generalize to parametrized curves (i.e., Jordan curves)
in 3D Euclidean space, defined on (cylindric, spheric, quadric and so forth)
surfaces of panoramic images.

1.2. Motivation and Goal

Panoramic imaging is one of the standard options for visualizing 3D objects
or spaces, with a dominating preference for cylindric panoramas. Many
applications benefit from using such panoramas; see, for example, (Ishiguro
et al., 1992; Chen, 1995; McMillan and Bishop, 1995a; Kang and Desikan,
1997; Kang and Szeliski, 1997; Huang and Hung, 1998; Petty et al., 1998;
Wei et al., 1998; Peleg and Ben-Ezra, 1999; Shum and He, 1999; Shum
and Szeliski, 1999; Peleg et al., 2000; Huang et al., 2001a; Scheibe et al.,
2001; Wei et al., 2002). [We review some of the work in this area (also
including applications) in the next section.]

As a result, various types of cylindric panoramic images have been
introduced. To ensure sufficient generality, we will not present a geometric
study for one particular type of cylindric panoramic images. Our theory
will be generic. It is based on a unified representation of panoramic images,
which allows to characterize a large range of types of cylindric panoramas.
This supports to observe general situations as well as differences within
variations of the model.

The study of two-view geometry (note: not binocular geometry!) is a
first step towards the more complex geometry of three- or multiple-view
panoramas. Epipolar geometry provides (also for these types of images)
the fundamentals for understanding two-view panorama geometry. Appli-
cations of two-view panorama geometry include 3D scene reconstruction,
walk-through animations, stereoscopic visualizations and so forth. The lat-
ter two applications are of special interest in todays combined, laser range
finder and panoramic image, very-high resolution 3D scene visualizations
(Klette and Scheibe, 2005).

A few cases of epipolar geometry for panoramic images have been dis-
cussed by (Nene and Nayar, 1998; Svoboda, 1999) — for a pair of mirror-
reflection-based panoramas —- by (Gluckman et al., 1998; Shum and Szeliski,
1999) for more specific cases. These studies did not yet contain results for
an epipolar geometry analysis for generic panoramic images. The general
case was treated in (Huang et al., 2001b).

Previously developed camera calibration methods for the pinhole cam-
era model are not applicable to panoramic images due to the non-linearity
of panoramic camera components. Panoramic cameras required a new cal-
ibration method, and this was actually one of the harder problems we had
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INTRODUCTION 5

to solve for our experiments. In particular, we were interested in exploring
the possibility of using linear features for enhanced numerical stability as
well as for computational simplicity.

The reconstruction of 3D scene structure from a pair of stereo images
is one of the oldest problems in computer vision, and it is related to work
in photogrammetry having its roots in work already done at the end of the
19th century. Spatial sampling of a stereo pair describes how the 3D space
is sampled by a stereo camera. This knowledge is essential, because it spec-
ifies the potential locations of the 3D samples which can be reconstructed
assuming that a perfect image correspondence is established.

1.3. Related Work

Applications using panoramic images include areas such as stereoscopic
visualization (Huang and Hung, 1998; Peleg and Ben-Ezra, 1999; Wei et al.,
1999b), stereo reconstruction (Ishiguro et al., 1992; Murray, 1995; Kang and
Szeliski, 1997; Huang, et al. 1999; Shum and Szeliski, 1999; Huang et al.,
2001a), walk-through or virtual reality (Chen, 1995; McMillan and Bishop,
1995a; Kang and Desikan, 1997; Szeliski and Shum, 1997; Rademacher
and Bishop, 1998; Shum and He, 1999), multimedia and teleconferencing
(Rademacher and Bishop, 1998; Nishimura, et al.), localization, route plan-
ning or obstacle detection in robot-navigation or mobile vehicle contexts
(Yagi and Kawato, 1999; Hong, 1991; Ishiguro et al., 1992; Zheng and
Tsuji, 1992; Ollis et al., 1999; Yagi, 1999), tracking and surveillance in 3D
space (Ishiguro et al., 1997), and possibly many others. Observable benefits
of the use of panoramic images in these applications can be summarized as
follows:

Immersion: By acquiring a “dense” (with respect to locations of view-
points) set of panoramas within a scene of interest, one may freely
navigate around in a virtual world with a completely ‘immersed’ sense.
Not surprisingly, panorama imaging has also been referred to as immerse
technology. Note that the ‘virtual world’ here is different from synthetic
scenes generated using computer graphics approaches.

Interactivity: Panoramas permit a great degree of interactivity in visu-
alizations, walk-through, multimedia applications, games and so forth,
supported by visual consistence with human intuition.

Simplification: For example, stereo reconstruction of 3D scenes can
be based on complete 360◦ stereo panoramic images; this bypasses a
complicated and erroneous process of merging multiple depth-maps in
traditional multiple-pinhole-image approaches.
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6 CHAPTER 1

Localization: A robot equipped with panoramic vision can recognize a
location by comparing an incoming panorama with a memorized one,
and this strategy improves robustness because of more information,
provided by a larger visual field.

Compression: A panorama composed from an image sequence of a
video camera may be seen as a compact version of the original video
data, without redundancy.

A number of techniques have been developed for capturing panoramic
images of real-world scenes. Based on the characteristics of the imaging
systems, we can split these approaches into two categories: scanning-based,
or mirror-reflection-based (i.e., catadioptric). A scanning-based approach
involves a (continuous) motion of a sensor (and possibly also of other parts)
of an image acquisition system during the acquisition process. A mirror-
reflection-based approach involves one or more mirrors and typically a
conventional imaging system (see Figure 1.1); no moving parts are necessary
in this case.

We also categorize existing panoramic imaging methods with respect
to the number of projection centers associated to a single-view panoramic
image. We use two categories, single-center or multiple-center panoramas.

Figure 1.1. A commercial catadioptric camera on the 2004 workshop “Computer Vision
Beyond the Pinhole Camera”.
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INTRODUCTION 7

1.3.1. SCANNING-BASED APPROACHES

Motion-controlled Imaging
A commonly used acquisition setup for panoramic images is a rotating
matrix camera. The camera takes images at constant angular increments
(say, of about 20 or 30 degrees); see Figure 1.2(A). A panoramic image
is generated by combining (called stitching) captured images using steps
of registration, merging, and blending (Ayache and Faverjon, 1987; Chen,
1995; Davis, 1998). Error analysis for this kind of panoramic image gen-
eration has been characterized and discussed; see, for example, (Kang and
Weiss, 1997; Wei et al., 1998a; Chen and Klette, 1999).

Figure 1.2. Scanning approaches: (A) motion-controlled. (B) motion-uncontrolled.

Apple’s QuickTimeVR system (Chen, 1995) was one of the first systems
to suggest that a traditional CAD-like modeling and rendering process may
be skipped. The multi-node version of this system creates environment
maps3 at key locations in a scene. The user is able to navigate discretely
from location to location, ‘hopping in-between’, and to continuously change
the viewing direction while at one location (node). This pinhole-camera-
based scanning approach has been widely accepted for applications such
as virtual travel, real estate, or architectural walk-throughs; see (Irani et
al., 1995; Chen, 1995; McMillan and Bishop, 1995a; McMillan and Bishop,
1995; Szeliski, 1996) for its beginnings.

The scanning technique allows that no 3D data is required for rendering
views of captured scenes. Additionally, image transformations can be per-
formed uniformly and independently of scene complexities. This technique

3 Polyhedral environment maps had been proposed by (Greene, 1986) to render either
a far away backdrop or reflections of specular objects closer to the viewer.
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8 CHAPTER 1

is today a standard option (even) for real-time or interaction-intensive
applications such as 3D games or interactive TV.

(Ishiguro et al., 1992) proposed an image acquisition model that is
able to produce panoramas by swiveling a pinhole (video) camera. De-
tails of this approach are discussed in Subsection 1.3.4 for single-view, but
multiple-center panoramas. The method is very effective and is popular
for multimedia applications. (The model was originally invented for the
3D reconstruction of an indoor environment.) If the resultant panoramic
image should be of high quality then the camera motion has to be controlled
accurately, and hence the acquisition process is slow. (Ishiguro et al., 1992)
already details essential features of a multi-center panoramic image acquisi-
tion model, and the approach was further analyzed; see, for example, (Peleg
and Ben-Ezra, 1999; Shum and He, 1999; Shum and Szeliski, 1999; Huang
et al., 2001c).

Motion-uncontrolled Imaging
In computer vision, image mosaicing is often just a single component of a
rather complex project (Mann and Picard, 1994; Szeliski, 1994; Anandan
et al., 1994; Kumar et al., 1995; Irani et al., 1995; Szeliski and Kang, 1995).
As discussed for panoramas above, the extraction of valuable information
about a scene typically improves with the collection of more visual data,
for example, that of depth (parallax) (Kumar et al., 1994; Sawhney, 1994;
Szeliski and Kang, 1995). Unlike the standard panoramic scanning approach
mentioned above, an image mosaicing method assumes motion-uncontrolled
image sequences (see Fig 1.2(B)), or just sets of images (e.g., taken by
different satellites at different days, elevations, and resolutions above the
same location). Related disciplines include photogrammetry, computer vi-
sion, image processing, and computer graphics, and application areas in-
clude change detection, video compression and indexing, or photo editing
(Anandan et al., 1994; Irani et al., 1995a; Irani et al., 1995; Lee et al.,
1997; Sawhney and Ayer, 1996; Burt and Adelson, 1983). One of the oldest
applications is the construction of large aerial views (maps).

(Peleg and Herman, 1997) created panoramic images of 3D scenes from
an image sequence of an unconstrained yet continuous camera motion using
a mosaicing method called manifold projection. Their panoramic image
acquisition technique can be characterized by (1) multiple projection cen-
ters, (2) flexibility (no calibration, tripod or other tools besides a video
camera needed), but also (3) potentially high yet nonuniform resolution.
The approach is suitable for 3D scene visualization but not for 3D scene
reconstruction.

(Szeliski and Shum, 1997) developed a technique of merging multiple
pinhole-camera images, taken at different unknown positions and orienta-
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INTRODUCTION 9

tions. The resultant mosaiced panorama is physically correct if the intrinsic
and extrinsic parameters of the camera are completely recovered. How-
ever, miss-alignments may still appear in the processed panorama due
to various factors [e.g., strong motion-parallax, occlusions, (even) slightly
moving objects]. Hence, (Szeliski and Shum, 1997) proposed a deghosting
technique following a divide-and-conquer concept (i.e., with respect to im-
age subdivisions and alignments of patches) to minimize miss-registration
effects.

(Rademacher and Bishop, 1998) proposed an approach for novel view
generation of a 3D object. An object surface point is allowed to appear
more than just once in a panoramic image, which is the main difference
compared to any other panoramic image technology. This possibly improves
the sampling rate of the object (i.e., the same surface point may be sampled
for different viewpoints or viewing angles), and may give better quality for
the (finally) generated image.

The approach by (Rademacher and Bishop, 1998) requires that the
camera motion (i.e., translation and rotation) is continuous in 3D space.
The authors also used an inertial moment unit (a motion tracker) and a
laser range finder with a rotating mirror. Any miss-registration between
the camera motion tracker and the laser range finder produces additional
errors in view generation.

1.3.2. CATADIOPTRIC IMAGING

Catadioptric imaging uses mirrors in combination with a pinhole camera4

The family of catadioptric panoramas (Zheng and Tsuji, 1992; Gluckman
et al., 1998; Baker and Nayar, 1999; Svoboda, 1999) provides real-time and
highly portable imaging capabilities at affordable cost. Applications include
robot navigation, tele-operation, and 3D scene reconstructions (Daniilides
and Klette, 2006). (Yagi et al., 1995) used a conic-shaped mirror for mobile
vehicle navigation. (Thomas, 2003) proposed a panoramic camera with a
spherical mirror for navigating a mobile vehicle. (Yamazawa et al., 1995) de-
tected obstacles using a panoramic sensor with a hyperbolic mirror. (Zheng
and Tsuji, 1992) analyzed features of panoramic images and proposed
applications for mobile robot navigation.

Major drawbacks of this approach include low resolution near the im-
age’s center, non-uniform spatial sampling, inefficient usage of images (i.e.,
there is a self-occluded or mirror-occluded area in each captured image), and
severe distortions and image blurring due to aberrations caused by coma,

4 Dioptrics is the discipline of refracting elements (lenses), and Catoptrics has re-
flecting surfaces (mirrors) (Hecht and Zajac, 1974) as its subjects. The combination of
refracting and reflecting elements is therefore referred to as Catadioptrics.
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10 CHAPTER 1

Figure 1.3. Catadioptric panoramas: (A) Parabolic mirror with orthographic projection.
(B) Hyperbolic mirror with perspective projection (pinhole camera).

astigmatism, field curvature and chromatic aberration. These drawbacks
suggest that the catadioptric panoramas are not suitable for applications
of recognition or inspection type. They proved to be very efficient in robot
navigation, and also for capturing 360 degree panoramas of dynamic scenes
(in applications where the drawbacks listed above can be neglected).

(Baker and Nayar, 1999) is an early study of the class of all single-mirror,
single-lens imaging systems that satisfy the single viewpoint constraint.
There are only two possible combinations which satisfy the single-viewpoint
constraint: one is a hyperbolic mirror used in conjunction with a pinhole
camera for acquiring 360◦ panoramas, and the other is the (more theoretic)
configuration of a parabolic mirror with an (assumed) orthographic pro-
jection camera. Both image acquisition models allow that all the reflected
projection rays intersect at a single point (Baker and Nayar, 1999; Svoboda,
1999), and hence possess a simple computational model which supports
various applications; see, for example, (Charles, et al.; Nayar, 1998; Yagi
and Kawato, 1999; Hong, 1991; Goshtasby and Grover, 1993; Yamazawa et
al., 1993; Bogner, 1995; Nalwa, 1996; Nayar, 1997; Chahl and Srinivassan,
1997). The two models are shown in Figure 1.3.

(Svoboda et al., 1998) derived the epipolar curves for both types of
single-center catadioptric cameras. The conclusion is that these epipolar
curves are general conics for a panoramic pair when using a hyperbolic
mirror, and ellipses or lines for a panoramic pair when using a parabolic
mirror. (Nene and Nayar, 1998) also studied the epipolar geometry but
for the limited case of pure rotation of a hyperbolic mirror, and a pure
translation of a parabolic mirror. (Gluckman and Nayar, 1998) estimated
ego-motion of catadioptric cameras based on calculated optical flow.
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INTRODUCTION 11

(Nayar and Peri, 1999) introduced a folded catadioptric camera that
uses two mirrors and special optics allowing a very compact design. One
of the intentions of folded catadioptric cameras is to reduce the size of
the entire system. Other works used multiple mirrors and multiple ma-
trix cameras to create more compact imaging systems (Arnspang et al.,
1995; Gluckman and Nayar, 1999; Goshtasby and Grover, 1993), or stereo
catadioptric panorama imaging systems in the coaxial sense (Nene and
Nayar, 1998; Gluckman et al., 1998; Petty et al., 1998; Ollis et al., 1999).
Note that if two catadioptric panoramic cameras are specially arranged
such that the optical axes are coaxial and each acquired panoramic image
is warped onto a cylinder, then the epipolar curves coincide with image
columns.

For recent work in catadioptric systems, see (Daniilides and Papanikolopou-
los, 2004; Daniilides and Klette, 2006). Catadioptric images are, for exam-
ple, mapped into cylindric images (with varying resolution along columns:
larger on the top and reduced towards the bottom, which corresponds to
the center of the mirror). (Zhu et al., 2004) present the collaboration of
multiple catadioptric cameras, mounted on mobile platforms, for detecting
and tracking human motion; the individual platforms can also calculate
their position based on the given panoramic images.

1.3.3. SINGLE-CENTER PANORAMAS

Traditionally, a 360◦ single-center panorama5 is acquired by rotating a
matrix camera with respect to a fixed rotation axis and taking images
consecutively at equidistant angles. Around 2000, single-center panoramas
taken with respect to multiple-rotation axes (i.e., polycentric panoramas
(Huang et al., 2001b)) have emerged and received increasingly interest in
applications of 3D scene visualization and reconstruction. For example,
(Huang et al., 2001) used a line-scan hyper-resolution camera (Scheibe
et al., 2001) (producing about 3 ∼ 4GB data for a single panorama) for
acquiring a large number of polycentric panoramas in Auckland or nearby
in New Zealand. A (low-resolution) copy of one of those images is shown in
Figure 1.4.

Unlike 3D reconstruction with multiple planar images, which usually
only cover a narrow field-of-view of a scene, a multiple-view, single-center
panorama approach supports omnidirectional reconstruction of 3D scenes.
The approach allows bypassing the need for merging of numerous (pinhole
camera) depth-maps. However, the approach does not simplify tasks in

5 The model of a single-center panoramic image combines a single focal point with a
cylindric or spheric image surface. All the pixel data in a panoramic image are collected
through projections with respect to this single projection center.
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12 CHAPTER 1

Figure 1.4. Mahurangi West. A 360◦ panorama of about 3.5GB, taken with a rotating
line camera in 2001. This very beautiful image shows mostly a sunny island scenery, but
also (in a high-resolution version of this image) rain going down over one area.

stereo matching, even if camera motion (during the rotation) is well con-
trolled. The epipolar curves are basically sine curves (McMillan and Bishop,
1995a; Kang and Szeliski, 1997; Wei et al., 1999; Wei et al., 1999a; Huang
et al., 2001b). This introduces additional uncertainties into stereo matching
due to a resampling of pixels along sine curves on discrete images. (Kang
and Desikan, 1997) have reported that the matching quality at pixel posi-
tions close to the epipoles is very unreliable. They suggested that at least
three non-collinear panoramas should be acquired for each ‘cluster’ in a 3D
scene.

Hyperbolic or parabolic catadioptric cameras are the only panoramic
catadioptric cameras which have a single projection center. Epipolar curves
are general conics for a hyperbolic camera, and ellipses or lines for a parabolic
camera. (Wei et al., 2000) attempted stereo matching along such epipolar
curves for pairs of catadioptric panoramas. The sampling rate, the shape
of the support-region, and the separation between neighboring epipolar
curves have been analyzed. The used optimization method was dynamic
programming (Gimelfarb et al., 1972; Ohta and Kanade, 1985; Gimelfarb,
2002), and the cost function was defined by correlations of support-regions.
According to their results, collecting sufficient and representative samples
over epipolar curves is one of the key factors for achieving good quality
matching results.

Approaches for stereo matching in catadioptric panoramas typically
focus on the coaxial case. In the coaxial case, the epipolar lines are straight
and emit radially from the epipole to the boundary of the image. (Gluckman
et al., 1998) used a coaxial catadioptric panorama pair and a correla-
tion method with a rectangular support-region. (Ollis et al., 1999) studied
various coaxial configurations of catadioptric panoramic image-acquisition
models. The results are similar to those of (Gluckman et al., 1998); for
example, a skewed rectangular shape of the support-region gives better
matching results than a rectangular shape.
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Figure 1.5. Example of a multiple-center panoramic camera model.

1.3.4. MULTIPLE-CENTER PANORAMAS

A new family of panoramic acquisition models received much attention,
starting in the late 1990s, in applications of 3D scene visualizations and
reconstructions (Peleg and Herman, 1997a; Wei et al., 1998; Peleg and
Ben-Ezra, 1999; Rademacher and Bishop, 1998; Shum et al., 1999; Shum
and Szeliski, 1999; Shum and He, 1999; Huang et al., 2001a; Huang et
al., 2001b; Wei et al., 2002). The new panoramic acquisition model is now
characterized by multiple centers (i.e., a single panorama is captured with
more than just one projection center). Several disjoint regions (e.g., each
defined by several or at least one image column) of a panoramic image are
associated with distinct projection centers, one center for each region.

For example, all the N columns of a panoramic image may be associated
with N projection centers; see Figure 1.5. We assume an ideal camera
architecture where a circle is incident with all the projection centers in 3D
Euclidean space (i.e., the distance between the rotation axis of the camera
and the projection centers remains constant). Chapter 3 presents a more
precise definition and comprehensive information about this camera model.

A multiple-projection-center panoramic imaging model has been ini-
tially proposed in (Ishiguro et al., 1992) for 3D-scene reconstruction. H.
Ishiguro et al. used a single matrix camera, mounted on a mobile robot,
swiveling with a fixed rotation axis with constant angular interval incre-
ments, and capturing images through a vertical slit-aperture. Placing all
the slit images (each is used to produce one image column) side-by-side in
capturing order creates a multiple-center panoramic image. Furthermore,
they actually used two vertical slit images in symmetry to the rotation axis
for generating a stereo pair of panoramic images. A local map (sketching a
view from the top) of a computer room was calculated for a given location
of a robot by correspondence analysis of the stereo pair. The authors also
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discussed route planning using the established local maps, and a method for
merging of the previously obtained local maps to generate a final global map
(previously also called “environmental map” or “directional indicator”).
Their pioneering work has stimulated the definition of the multiple-center
panorama acquisition model as used in our work in the previous years, and
also in this report.

(Peleg and Ben-Ezra, 1999) described a model using circular projec-
tions (see Chapter 2 for further explanations) for stereo panoramic image
generation, which allows a left and a right eye perception of panoramic
images. The left and right images are approximated with respect to views
obtained from the inner circle of their cylindrical model. (Shum and He,
1999) proposed a concentric model of panoramic images for image-based
rendering in which novel views within an inner circle, and between the
inner and outer circles are approximated by circular projections in normal
direction [the same as in (Peleg and Ben-Ezra, 1999)] and in tangential
direction. A more general analysis of the concentric model, from 2D-camera
motion to 3D reconstruction, has also been discussed in (Shum et al., 1999).
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A panorama may cover spatial viewing angles of a sphere [i.e., 360◦ ×
360◦, see (Nayar and Karmarkar, 2000)], a full 360◦ circle (Chen, 1995), less
than 360◦, but still a wide viewing angle, or even more than 360◦ if time
also defines a dimension. There are various geometric forms of panoramic
sensor areas. This report focuses on cylindric 360◦ panoramas.

The projection center of a single-center panorama camera is known as
the nodal point, because it is the intersection of optical axis and rotation
axis. This chapter presents the definition and main characteristics of a
general multi-center panorama camera. We investigate a straightforward
realization of panorama acquisition based on this camera model, followed
by characterizations of a few selected geometric configurations of multiple-
view panoramas, each exemplifying the basic multi-center camera model.
Special attention is given to existing applications, practical advantages, and
possible generalizations of the model.

2.1. Basic Model

The camera model is an abstraction; we exclude modeling of mechanical or
optical errors (e.g., we do not consider lens distortions) and restrict ourself
on a simple model defining the projective geometry.1

A projection center is also known as optical center or focal point, and the
sensor area of a camera is specified by a light-sensitive 2D manifold (given
by the shape of a photon-sensing device, which is a rectangular planar
array of CCD cells in case of a pinhole camera). Our camera model has
multiple projection centers and a cylindrical sensor area; see Figure 2.1.
“Sensor area segments” are captured, one for each projection center. A

1 One reason for doing so is that the used cameras were accurately calibrated at a spe-
cial facility at DLR Berlin with respect to camera geometry and photometric properties;
there remain critical issues in our abstraction such as the assumption of ideal circular
rotation of the sensor; however this proved to be not (yet) of relevance for our studies so
far.

15
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Figure 2.1. Camera model and geometric projection. Parameter f is explained in the
context of Figure 2.2.

resulting panoramic image is composed of data captured by these sensor
area segments (as described below)2.

C (with subscript i) denotes in the figure one of the projection centers.
Projection centers are uniformly distributed on a circle called base circle,
which is shown as a bold-dashed curve. The plane which is incident with
the base circle, is called base plane. O denotes the center of the base circle
and R is the radius of the base circle. R is called the off-axis distance.
Image segments are captured on the shown straight cylindric surface of
finite height, which is called the image sensor cylinder, or short the image
cylinder (e.g., in the sense of a captured panoramic image). The center
of the base circle coincides with the center of the image sensor cylinder.
The normal vectors of the base circle (in the base plane) are perpendicular
to the axis of the image sensor cylinder. The tall dashed cylinder (in the
figure) of radius R (which is is coaxial to the image cylinder) is the base

2 This report will not discuss the issue of different capturing times for these sensor
area segments; typically, segments capture data in clockwise or counter-clockwise order,
one segment at a time, which defines limitations for the representation of dynamic scenes:
despite of having fast cameras, moving objects are distorted in resulting panoramic
images. Regarding dynamic scenes, created 3D representations of static scenes can, for
example, be used as animation backgrounds. However, catadioptric panoramic images
are better suited for capturing (!) dynamic scenes.
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cylinder.
An angle γ describes the constant angular distance between any pair of

adjacent projection centers on the base circle with respect to O, and it is
called the angular unit (illustrated by Ci and Ci+1 in Figure 2.1; formally
γ = ∠CiOCi+1). We have γ = 0 in the theoretical case that any point
on the base circle acts as a projection center. An optimized choice of the
value of γ according to the distance between the scene of interest (defined
by the closest object) and the camera is discussed in (Wei et al., 2002).

As default we assume a finite number of projection centers; the image
sensor cylinder is partitioned into parallel stripes of equal width that are
parallel to the axis of the image sensor cylinder. These parallel stripes are
sensor columns (or image columns in a captured panoramic image) of the
resulting panoramic camera, and define the “sensor area segments” above.
Figure 2.1 shows two adjacent sensor columns (gray-shaded). The number
of sensor columns coincides with the number of projection centers on the
base circle. It is called the width of the resulting cylindric panoramic camera
and denoted by W . Obviously, we have the following:

W =
2π
γ

Projection centers and sensor columns are indexed successively following
the same orientation. This defines (by having the same index) a one-to-
one mapping between projection centers and sensor columns. Indices of
projection centers and sensor columns may start with i = 1 (independently)
at any center or column. Figure 2.2 illustrates such a one-to-one mapping.

Geometrically, we assume for this figure that the line segment from
Ci ends at the center point of the intersection of the base plane with the

Figure 2.2. A mapping between indices of projection centers and sensor columns.
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sensor column i. All these line segments are of constant length f (see also
Figure 2.1). We identify f with the distance between a projection center
and its associated sensor column. f is the effective focal length for this
panoramic image.

Besides width W we also define the height H of a panoramic image, also
called the number of sensor or image rows. For this we assume uniformly
spaced planes, all parallel to the base plane, whose intersection with the
image sensor cylinder partitions each sensor column into H patches of equal
height. Each patch defines a sensor element, also called pixel (i.e., the sensor
cylinder is composed of W ×H pixels.)

Pixels of cylindric panoramic images are this way either 2D cells (pixels
in the cell model, as defined above), or each pixel can also be identified3

with its center point (i.e., centroid) on the image sensor cylinder (pixels
in the point model). We use the point model as default in the following.
Without loss of generality we assume that one of those pixels (called the
center pixel) is incident with the base plane (for each sensor column). A
projection center and its associated sensor column define a bundle of H
coplanar projection rays, one for each pixel in this column.

Let ωi be the angle formed by a projection ray from projection center Ci

towards the corresponding central pixel of column i, and the normal vector
of the base circle (at that central pixel; pointing outward). All those angles
are constant, ω = ωi, for i = 1, . . . ,W , and ω is called the principal angle of
the panoramic image; see Figure 2.1. Note that ω is defined starting from
the normal of the base circle in clockwise orientation (as seen from the top)
over the valid interval [0, 2π).

Altogether, R, f , ω, and γ are the defining parameters of a panoramic
camera. By choosing these parameters within defined intervals, we define a
class of panoramic cameras. (In the real world, such a class would be just
one physical camera.) A panoramic image4 is a value of a function EP(R,
f , ω, γ, S) where parameters specify the used camera and S the captured
scene. In general we will not list S, just EP(R, f , ω, γ). – The notations
defined in this section are used throughout the report.

2.2. Progressive Scanning Approach

The implementation of the defined camera model was a subject in (Peleg et
al., 2000). The authors proposed two theoretical solutions: a spiral-mirror,
or a spiral-lens design for real-time cylindric panorama imaging. Unfortu-
nately, the spiral-mirror approach cannot cover a complete circular 360◦

3 In analogy to digital geometry (Klette and Rosenfeld, 2004) of planar images.
4 We follow (Klette et al., 1998) where images have been identified with irradiances,

thus using the standard symbol E of irradiance for an image.
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Figure 2.3. Three people (”ghosts”) move when the rotating line sensor was scanning
in their direction.

viewing angle. Furthermore, both approaches assume constant R and ω
values so that these methods cannot deal with more variable specifications
of panoramic cameras.

This section discusses a progressive scanning approach. Two off-the-shelf
(or commercially available) camera architectures are discussed, namely line
cameras and matrix cameras, both characterized by specific sensor areas.
The basic idea of the progressive scanning approach is to approximate the
given camera model geometrically by rotating a line or matrix camera, as-
suming a fixed rotation axis and capturing image segments consecutively at
equidistant angles, angularly spaced by γ, up to a complete 360◦ scan. Each

Figure 2.4. Top: a 360◦ image from Auckland’s harbor bridge in 2001 (a rotational scan
which took about 4 min; the image is about 350 Megapixel). Bottom, left to right: steps
of zooming into the image above, which shows finally (on the right) image jitter which
is due to the vibration of the bridge during scanning.

report1_HWK.tex; 22/03/2006; 9:47; p.18



20 CHAPTER 2

captured image segment contributes one image column to the panoramic
image. During a complete 360◦ scan, the path of the optical centers (i.e.,
projection centers) forms a base circle, and the image sensor surface defined
by contributing image columns forms an image sensor cylinder.

This approach allows complete 360◦-scans, but cannot be applied for
dynamic scenes (see Figure 2.3). Due to changes in viewing angles, photo-
metric properties of captured panoramic images also differ from those of
pinhole-camera images. This can be of artistic value, and defines also a new
research subject. The image brightness at both ends of a scanned panorama
can also differ due to varying illumination (as common for outdoor images).
Finally, vibrating tripod (see Figure 2.4) creates image jitter.

2.2.1. SINGLE-LINE CAMERA

Single or multiple-line cameras have been designed and produced for push-
broom image capturing in aerial photogrammetry, and, as a spin-off, they
led to rotational, single-line cameras (Scheibe et al., 2001).

The basic architecture of a single line camera (assuming the same flex-
ibility as in our camera model) is illustrated in Figure 2.5(A). Its geome-
try would be characterized by an optical (projection) center, a 1D linear
photon-sensing device (e.g., CCD), an effective focal length f , and (when
rotating this configuration) an off-axis distance R and a principal angle ω.
(Rotation is normally supported by a 360◦-capable turntable, or a rotation
rig on a tripod.)

If the optical center lies on the rotation axis of the turntable (i.e., R =
0) and the sensor line is parallel to the rotation axis [as for the camera
described in (Scheibe et al., 2001)], then the geometry of the resulting
panorama is characterized by a single projection center.

If R > 0 then multiple projection centers generate a path that ap-
proximates a base circle. Before starting a progressive scan, the off-axial
single-line camera may rotate about its optical center (while the sensor line

Figure 2.5. Camera models: (A) single-line camera and (B) matrix camera.
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is kept parallel to the rotation axis) into a fixed angle ω, with 0 ≤ ω ≤ 2π.
Then a full 360◦-scan is performed, where the fixed angle ω defines a
particular view.

2.2.2. MATRIX CAMERA

A cylindrical panorama can also be scanned progressively by a pinhole
(matrix) camera; see Figure 2.5(B). We proceed as described for the single-
line camera except that the captured image line is now taken from a fixed
sensor column of the sensor matrix. The choice of the column corresponds
(somehow; see below) to the choice of angle ω in case of the single-line
camera.

Similar to the line-camera case, if the optical center of the matrix camera
coincides with the rotation center of the turntable, and the sensor columns
are parallel to the rotation axis, then the resultant panoramas are single-
projection-center panoramas. Ignoring optical distortions, in this case any
sensor column can be chosen, and it would always be the same generated
panoramic image (assuming a static scene). Moreover, when a matrix cam-
era is placed eccentrically from the rotation axis of the turntable or rotation
rig (i.e., R > 0), the scanned panoramas are multiple-projection-center
panoramas.

However, in difference to the single-line camera case, a matrix camera
of image resolution H(height) × W (width) is able to generate W different
panoramas after a complete 360◦ scan. Furthermore, all these panoramas
have different effective focal lengths and principal angles, depending on the
chosen column.

The panorama composed by the ith column of the sensor matrix has
the following parameter values: R is equal to the distance between the
optical center of the matrix camera and the rotation axis of turntable or
rotation rig; the values of the effective focal length and the principal angle
are calculated as

f =
√
f2
M + (i− cM)2µ2

and

ω = ψ + arctan
(

(i− cM)µ
fM

)
respectively, where fM is the effective focal length of the matrix camera,
cM is the central sensor column5 of the matrix camera, µ is the size of a
single photon-sensing element (assuming perfectly square pixels), and ψ is

5 The central sensor column of a matrix camera is that column where the optical axis
of the camera passes through. We assume here (for the formula) that this column is
centered in the sensor matrix (and thus uniquely defined).
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Figure 2.6. Calculation of effective focal length f and principal angle ω when using a
pinhole (matrix) camera for panoramic imaging.

the angle between the optical axis of a matrix camera and the normal of
the base circle passing through the optical center (see Figure 2.6).

2.3. Multiple-view Panoramas

Specific panoramic camera models will exemplify our basic camera model
described in Section 2.1. This section describes selected types of multiple-
view panoramas (with special attention to existing applications, practical
advantages, or possible model generalizations). Types are defined with re-
spect to camera geometries. For these characterizations we use the following
convention: each panorama is uniquely associated to an axis (i.e., the axis
of the image cylinder), and to a center (i.e., the center of the base circle).

2.3.1. SINGLE-CENTER PANORAMAS

In general, we consider a cylindric panorama as a multiple-projection-center
panorama (i.e., R > 0); a single-projection-center panorama (i.e., R = 0)
will only be considered as a special or degenerated case. We assume a finite
set of captured panoramas. When all panoramas in this set are captured by
a single-center camera, then we call it (a set of) single-center panoramas.
Today vast applications of 3D scene visualizations are based on, or assume
single-center panoramas; see (Zheng and Tsuji, 1992; Chen, 1995; Yagi et
al., 1995; Huang et al., 2001) for some early examples.

The main merit a single-center panorama is that it permits the gener-
ation of a geometrically correct perspective view on a planar surface (e.g.,
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computer screen). The simplicity of the camera model allows fast post-
processing and real-time (or interactive) visualization under the assumption
of moderate computing power and image resolution. However, it is practi-
cally difficult to guarantee that a projection center exactly coincides with
the rotation axis. Furthermore, applications under such an over-simplified
assumption (i.e., R = 0) might be affected by performance instabilities (i.e.,
image-content dependent performance) or unpredictable error behaviors.

2.3.2. POLYCENTRIC PANORAMAS

A set of panoramas with centers at unconstrained positions in 3D space is
called (a set of) polycentric panoramas. This is our most general case. Cam-
era parameters for each of the polycentric panoramas may differ from one
to any of the others. The fully unconstrained case of polycentric panoramas
is sketched in Figure 2.7(A).

Polycentric panoramas are defined for studying the geometry of finite
sets of cylindric panoramas. Applications will normally define additional
constraints, and these are studied as special cases of polycentric panora-
mas, such as parallel-axes, coaxes, concentric, or symmetric panoramas; see
Figure 2.7(B∼E).

Figure 2.7. Different types of finite sets of panoramas.
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2.3.3. PARALLEL-AXES AND LEVELED PANORAMAS

A set of polycentric panoramas whose associated axes are all parallel is
called parallel-axes panoramas. Such a set is illustrated in Figure 2.7(B).
In particular, if the axes are all orthogonal to the sea level (e.g., by using
a round ”bull’s-eye”), then they are called leveled panoramas.

Leveled panoramas are often used for visualization or reconstruction of
large areas (e.g., in a museum). There are (at least) four reasons which
support their usage:

1. Scene objects in resulting panoramas are acquired in natural orien-
tation corresponding to human visual experience.

2. The size of overlapping fields of view is maximized in multiple panora-
mas.

3. It is not difficult to ensure them (e.g., by a panoramic camera
mounted on a leveled tripod).

4. The dimensionality of relative-orientations of multiple panoramas is
reduced from three to one dimension.

(The analysis of epipolar geometry will add one more argument.) Ob-
viously, a larger overlapping field of view increases the probability that
object surfaces are visible in multiple panoramas, and this supports shape
reconstruction or consistent view-transitions among multiple panoramas in
a walk-through simulation. The reduction of dimensionality of the relative-
orientation problem simplifies panoramic geometry problems, and improves
the robustness with respect to inherent errors.

2.3.4. COAXES PANORAMAS

A set of polycentric panoramas whose associated axes all coincide is called
(a set of) coaxes panoramas. Figure 2.7(C) shows an example of a coaxes
panorama, composed of three panoramic images which are defined by vary-
ing camera parameters and heights of their centers.

If camera parameters of two coaxes panoramas are identical (but differ-
ent heights of centers), then the epipolar geometry is quite simple. Epipolar
lines are corresponding image columns in this case. This simplifies stereo
matching. In addition, the implementation of such a configuration is rea-
sonably straightforward (i.e., after positioning a tripod). This configuration
is widely used, for example also for catadioptric approaches (Southwell et
al., 1996; Nene and Nayar, 1998; Petty et al., 1998).
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2.3.5. CONCENTRIC PANORAMAS

A set of panoramas where not only their axes coincide but also their as-
sociated centers, is called (a set of) concentric panoramas; see sketch in
Figure 2.7(D). Of course, concentric panoramas can also be leveled (to the
sea level), and then all the advantages of leveled panoramas apply as well.

Subsection 2.2.2 discussed the use of a matrix camera for panorama
acquisition by progressive scanning. A complete 360◦ scan of a matrix
camera of image resolution H× Wgenerates W different panoramas, each
with individual camera parameters (i.e., a defined effective focal length and
a unique principal angle). All W panoramas are concentric.

2.3.6. SYMMETRIC PANORAMAS

Two concentric panoramas, EPR
(R, f , ω, γ) and EPL

(R, f , (2π−ω), γ), are
called symmetric panoramas or a symmetric pair; see Figure 2.7(E). Their
principal angles are symmetric to the associated normal vector of the base
circle.

A symmetric pair is also called a standard stereo panorama or, in short,
a stereo panorama – in analogy to standard binocular stereo images for pin-
hole cameras. A feature of stereo panoramas is that the epipolar geometry
is characterized by epipolar lines being image rows. Due to this epipolar
property, stereo panoramas are directly stereoscopic-viewable. Figure 2.8
illustrates part of an anaglyphic representation of a stereo panorama. [Note:
due to the cylindric sensor surface the projection of a horizontal straight
line appears curved when displaying the panorama (‘incorrectly’) on a pla-

Figure 2.8. Part of an anaglyphic panorama (Tamaki Campus, The University of
Auckland, 2002). Proper 3D viewing requires anaglyphic eyeglasses.
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nar surface.] This property of having simple epipolar lines also supports
3D reconstruction applications; the same stereo-matching algorithms can
be used as for standard binocular stereo images (Barnard and Fischler,
1982; Ohta and Kanade, 1985; Cox, 1994; Šára, 1999; Gimelfarb, 2002).

The progressive scanning method described Section 2.2 allows to acquire
any of the different types of multiple panoramas. In particular, stereo
panoramas can be generated by only one rotational scan using a two-
line line camera or a matrix camera. Figure 2.9 shows a prototype stereo
panoramic camera based on the wide-angle airborne camera WAAC (San-
dau and Eckardt, 1996; Reulke and Scheele, 1998). The camera is fixed on
an extended slider, and it is facing towards the turntable. Some experiments
reported in the report were conducted using this stereo panoramic camera
to acquire various types of multiple panoramas.

Specifications of camera settings or related details are given in the ex-
perimental sections of relevant chapters. The complete technical data sheet
of WAAC may be found in (Huang et al., 2001). The formulation of the
theoretical camera model benefited from these practical experiences, and,
vice-versa, we were able to contribute to the design of a new generation of
line cameras, which is now widely used.

Figure 2.9. Stereo panoramic camera at the Institute of Space Sensor Technology and
Planetary Exploration, DLR Berlin, 2000.
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2.4. Coordinate Systems

This section defines the coordinate systems as used throughout the report.
The first sections specify those of a panoramic camera; the laser range finder
is treated separately in the final subsection.

2.4.1. DISCRETE AND EUCLIDEAN IMAGE COORDINATE SYSTEMS

An unfolded (or flattened) panoramic image is of rectangular form of di-
mensions W × H (i.e., width × height) in pixels. It is described in a 2D
coordinate system as in digital geometry for the pinhole case (Klette and
Rosenfeld, 2004). A pixel has integer coordinates u and v indicating the
image column and image row, respectively; see Figure 2.10. Let the origin
of the image coordinate system be at the top-left corner of the image. The
range of u is from zero to W -1, and the range of v is from zero to H-1.

We also define a 2D Euclidean image coordinate system for panoramic
images. The dimensions of the panoramic image in the continuous space are
Wµ×Hµ, where µ is the physical size (i.e., edge length) of a pixel. [Pixels
are assumed to be squares in the cell model.] A pixel (in the point model)
has coordinates denoted as (x, y). The x-axis is parallel to image rows, and
the y-axis parallel to image columns; see Figure 2.10. The origin of the
image coordinate system is the centroid of the (cell-)pixel (u, v) = (0, vc),
which is also assumed to be incident with the base plane of the panoramic
camera.

The relation between discrete and continuous image coordinate system
is as follows: [

x
y

]
=
[

uµ
(v − vc)µ

]
(1)

where µ is the pixel size. This chapter assumes that any image is defined on
a continuous 2D surface in Euclidean space, having real image coordinates
x and y. Equation (1) is used when plotting epipolar curves.

Figure 2.10. Unfolded panorama and its discrete and Euclidean image coordinate
systems.
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2.4.2. CAMERA AND OPTICAL COORDINATE SYSTEMS

A panoramic camera defines a 3D Euclidean XoYoZo coordinate system,
called camera coordinate system; see Figure 2.11. The origin of a camera
coordinate system coincides with the center O of the base circle of the
panoramic camera. The Yo-axis of a camera coordinate system coincides
with the axis of the image cylinder of the panoramic camera. The posi-
tive direction of the Yo-axis of a camera coordinate system coincides with
the positive direction of the y-axis of the image coordinate system. In
Figure 2.11, both axes point downward.

The Zo-axis of a camera coordinate system is incident with the projec-
tion center associated with the initial image column at x = 0. The Xo-axis
of a camera coordinate system is defined such that XoYoZo forms a right-
hand system. Note that the XoZo-plane coincides with the base plane of the
camera. The camera coordinate system basically serves as a reference for
describing position and orientation of a panoramic camera in a 3D world
coordinate system.

We also define a 3D Euclidean XcYcZc coordinate system for each op-
tical center of the panoramic camera, called optical coordinate system. The
origin C of the optical coordinate system coincides with the projection
center of the camera model. Yc-axis of an optical coordinate system and
y-axis of the camera coordinate system are parallel and point into the same
direction; both downwards in Figure 2.11.

The Zc-axis of an optical coordinate system is the optical axis for the
specified optical center. It is incident with the base plane of the camera
and the center of the associated sensor (or image) column. The optical axis
of the optical center C and the normal of the base circle, incident with C,

Figure 2.11. Camera (bold black lines) or optical (bold gray lines) coordinate systems
originate at O or C, respectively.
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form the principal angle ω. The Xc-axis of the optical coordinate system
is also defined by a right-hand system. The XcZc-plane is coplanar to the
XoZo-plane of the camera coordinate system.

The optical coordinate system is useful for calculating the projection of
a 3D point into an image. A 3D point is projected onto an image column
iff6 the X-coordinate of this 3D point with respect to the optical coordinate
system is equal to zero.

The relation between an optical coordinate system and the camera
coordinate system is as follows: Xo

Yo

Zo

 =
[
R−1

oc Toc

] 
Xc

Yc

Zc

1

 (2)

where Roc is a 3× 3 rotation matrix and Toc is a 3× 1 translation vector.
Both describe orientation and position of the optical coordinate system
with respect to the camera coordinate system. The 3× 4 matrix [R−1

oc Toc]
in Equation (2) is the transformation matrix (from the optical coordinate
system into the camera coordinate system).

Let α denote the angle between the Zo-axis of the camera coordinate
system and the line segment OC (see Figure 2.11). The rotation matrix is

Roc =

 cos(α+ ω) 0 − sin(α+ ω)
0 1 0

sin(α+ ω) 0 cos(α+ ω)

 (3)

where ω is the principal angle of the camera model. The translation vector
is

Toc =

 R sinα
0

R cosα

 (4)

where R is the off-axis distance of the panoramic camera model.

2.4.3. ANGULAR IMAGE COORDINATE SYSTEM

Another way of expressing an image point (x, y) is defined by an angular
image coordinate system. The coordinates are denoted as (α, β), where α
has been defined in the previous subsection, and β is the angle between
the Zc-axis of the optical coordinate system and the line incident with the
associated optical center and the image point (x, y); see Figure 2.12. The

6 Read “if and only if”.
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angular image coordinate system allows some kind of “unification” between
the image, camera, and optical coordinate systems by describing an image
point (x, y) using the angles α and β.

Figure 2.12. Definition of angular image coordinates α and β.

The conversion between image coordinates (x, y) and angular image
coordinates (α, β) is defined by[

α
β

]
=

[ 2πx
Wµ

arctan
(

y
f

) ]

where f is the effective focal length of the panoramic camera and W is the
number of image columns.
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CAMERA CALIBRATION

Camera calibration is the process of determining values of camera pa-
rameters. The camera calibration problem is fundamental for many com-
puter vision tasks, robotic applications, or image-based visualizations. Es-
pecially, it needs to be solved for those applications which require precise
3D scene reconstructions or measurements based on camera data.

Production-site facilities allow the calibration of manufactured cameras
(Klette et al., 2001). This chapter, however, considers the camera calibra-
tion problem as it appears at the moment when using a camera. By utilizing
geometric relations between known geometric information about the scene
or calibration objects (e.g., relative coordinates of 3D points, length of
lines) and the projections of geometric features in the acquired images,
Theoretically it is in general possible to infer values of camera parameters
with high accuracy. Images whose associated values of camera parameters
are known are called calibrated images.

This chapter provides a comparative discussion of different ways for
calibrating panoramic cameras.

3.1. Three Methods

Although the general calibration scenario (calibration objects, localization
of calibration marks, calculation of internal and external camera param-
eters, and so fort), and some of the used procedures (e.g., detection of
calibration marks) may be similar for both planar and cylindric images,
different camera architectures require actually adjusted camera calibration
methods. The panoramic camera model contains nonlinear multiple pro-
jection centers and a nonplanar image projection surface (e.g., cylindric).
This nonlinearity defines new challenges for camera calibration.

Criteria with respect to the performance of camera calibration include
the number of images required, the difficulty of preprocessing, computa-
tional complexity, dimensionality of parameter estimation, sample data
required for calibration, (non-)dependence from initial values in the pa-
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rameter estimation process, error sensitivity of parameter estimation with
respect to incremental errors, and the reproducible verification of camera
parameters.

Preprocesses usually involve the detection of traceable features (e.g.,
calibration markers, lines) in an image, and they can be more difficult than
the camera calibration process itself.

Optimization is often necessary for improving the quality of camera
calibration. It is well known that the accuracy and the error sensitivity
of estimated parameters critically depends on dimensionality and compu-
tational complexity of exploited objective functions. The simplification of
objective functions or the reduction of dimensionality (without loss the
descriptiveness of objective functions) are key issues for the design of a
calibration method. We discuss geometric optimization options, but (in
this report) not numerical optimization problems or generic methods.

The chapter presents three different approaches. A special point of
interest is how existing concepts, developed for pinhole cameras, can be
applied to cylindric panoramic cameras. In particular, how far can we
restrict ourself on using just linear geometric features?

At first we present a point-based approach, which is commonly used for
calibration of planar pinhole cameras. The basic idea is to find the minimum
difference between actual and ideal projections of 3D points (i.e., calibra-
tion marks) where relative coordinates are known based on measurements.
This approach results in a discussion about unstable parameter estimation
for panoramic cameras due to non-linearity and high dimensionality. [It
requires further research to be (possibly) applicable.]

The second method is an image correspondence approach. It is known
that (just) image correspondence information is insufficient for planar pin-
hole camera calibration. We show that this changes for panoramic camera
calibration. This approach requires neither scene measures nor any calibra-
tion object. Therefore it avoids influence of extrinsic camera parameters
on the calibration of intrinsic parameters. [This approach is potentially
possible, but requires also further research.]

Finally, we present a parallel line approach that uses geometric proper-
ties of parallel line segments (calibration lines) available in the scene. In
this case, a panoramic camera is well posed if the axis of the image cylinder
is parallel to at least three of those straight line segments. This approach
allows the most accurate and numerical stable (compared to the other two
methods) calibration.

We split the calibration process for a panoramic camera into two steps.
The first step is to calibrate the effective focal length f and the princi-
pal row vc (defined by the intersection of the cylindric sensor area with
the base plane). The second step is to calibrate off-axis distance R and
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principal angle ω. This allows to explore linear features independent of
non-linear features, to divide dimensionality, and to reduce computational
complexity. This two-step calibration process is applicable regardless of the
used panoramic camera or progressive scanning approach. The separability
of the total calibration process shows that panoramic camera geometry is
a mixture of linear and non-linear components.

Section 3.2 discusses the ‘linear’ step of panoramic camera calibration
for f and vc. The rest of the chapter presents the three approaches (listed
above) for the second, the ‘non-linear’ step of calibration for R and ω.
The standard approach for pinhole cameras (i.e., the point-based approach)
serves as motivation for discussing further improvements. The performance-
improved, image-correspondence based approach follows next. Finally, the
chapter shows that the use of parallel lines (note: the exploitation of linear
features) leads to the most stable solution among these three methods.

3.2. Effective Focal Length and Principle Row

We calibrate the effective focal length f (measured in pixels) and the prin-
ciple row vc. Because of the linear nature of a single sensor column, the
projective geometry is a 2D simplification of the 3D projective geometry
(Tsai, 1987; Faugeras, 1993) of the pinhole camera. Given a calibration
object, we calibrate f and vc by minimizing differences between actual and
ideal projections of known 3D points on a calibration object.

Figure 3.1. The first (‘linear’) step of panoramic camera calibration.
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In this case a 2D space is sufficient to describe necessary geometric
relations, see Figure 3.1. C is the associated optic center. The 2D coor-
dinate system shows projections of 3D calibration points (positioned on
a 3D calibration object). The coordinates are denoted by (Yc, Zc). (We
use Y and Z instead of X and Y in correspondence with the used 3D
coordinate system in this report.) The Y -axis of the camera coordinate
system is defined parallel to the sensor column; the Z-axis is perpendicular
to the sensor column and passes through it.

Two image coordinate systems are used for describing an image. One is
discrete with integer coordinate v, and the other one is the Euclidean image
coordinate system with real coordinate y; see Figure 3.1. The conversion
between coordinates v and y is as follows:

v = vc +
y

µ

where vc is the coordinate of that image or sensor point where the Z-axis
of the camera coordinate system intersects the image, and µ is the height
of a pixel (i.e., pixel in the cell model) in the image. The image point with
coordinate vc is referred to as principle point of the sensor or image.

The direction of the Y -axis of the camera coordinate system is defined
to be the same as that of the y-axis in the Euclidean image coordinate
system. A point (Yc, Zc) is projected onto an image column at position y
as follows:

y =
fYc

Zc

where f is the effective focal length of the panoramic camera. The relation
between pixel v (in the point model) and (Yc, Zc) can be described in matrix
form as follows: [

sv
s

]
=
[ f

µ vc

0 1

] [
Yc

Zc

]

where s is any scalar. fµ = f
µ is the camera’s effective focal length

measured in pixels.
The calibration object in Figure 3.1 is (theoretically) a planar region.

In the plane of this calibration object we consider a 2D world coordinate
system, with its origin at W. Any point in the plane of Figure 3.1 has thus
world coordinates (Yw, Zw).

The acute angle between the Yw-axis and the Z-axis (of the camera
coordinate system) is denoted as ϕ. The origin C of the camera coordinate
system has world coordinates (ty, tz).

report1_HWK.tex; 22/03/2006; 9:47; p.32



CAMERA CALIBRATION 35

A calibration point (Yw, Zw) is transformed as follows, from world co-
ordinates into camera coordinates:[

Yc

Zc

]
=
[

cos(ϕ) − sin(ϕ) ty
sin(ϕ) cos(ϕ) tz

] Yw

Zw

1


Thus, the relation between a calibration point (Yw, Zw) and its projection
v in the image can be expressed as follows:

[
sv
s

]
=
[
fµ vc

0 1

] [
cos(ϕ) − sin(ϕ) ty
sin(ϕ) cos(ϕ) tz

] Yw

Zw

1


=
[
fµ cos(ϕ) + vc sin(ϕ) −fµ sin(ϕ) + vc cos(ϕ) fµty + vctz

sin(ϕ) cos(ϕ) tz

] Yw

Zw

1


The value of v is equal to the following:

Yw(fµ cos(ϕ) + vc sin(ϕ)) + Zw(vc cos(ϕ)− fµ sin(ϕ)) + (fµty + vctz)
Yw sin(ϕ) + Zw cos(ϕ) + tz

(1)

The values of fµ and vc can therefore be determined by a given set of
calibration points and their corresponding projections. Equation (1) can
be rearranged into a linear equation of five unknowns denoted as Xi, where
i ∈ [1, 2, . . . , 5] :

YwX1 + ZwX2 − vYwX3 − vZwX4 +X5 = v

where

X1 =
fµ cos(ϕ) + vc sin(ϕ)

tz

X2 =
vc cos(ϕ)− fµ sin(ϕ)

tz

X3 =
sin(ϕ)
tz

X4 =
cos(ϕ)
tz

, and

X5 =
(fµty + vctz)

tz

It follows that at least five pairs of calibration points and their projections
are necessary to determine fµ and vc.
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Now assume that n such pairs {(Ywi, Zwi), vi} are given, where n > 5;
(Ywi, Zwi) denotes the ith calibration point, and vi denotes the correspond-
ing projection. This allows to solve the following overdetermined system of
linear equations:

Yw1 Zw1 −v1Yw1 −v1Zw1 1
Yw2 Zw2 −v2Yw2 −v2Zw2 1
...

...
...

...
...

Ywn Zwn −vnYwn −vnZwn 1



X1

X2

X3

X4

X5

 =


v1
v2
...
vn


After having a least-square solution of (X1, X2, X3, X4, X5)T, the values

of fµ and vc can be calculated as follows:[
fµ

vc

]
=
[
X4 X3

−X3 X4

]−1 [
X1

X2

]
This completes the first step of the calibration of the panoramic camera,

which provides the effective focal length f (measured in pixels) and the
principle row vc.

The following sections present and characterize different options for a
second step of camera calibration. Hereafter we can always assume that
effective focal length fµ and principle row vc are known.

3.3. Point-based Approach

This is a first option for calibrating off-axis distance R and principal angle
ω. A common (and straightforward) approach is to minimize the difference
between ideal and actual projections of known 3D points, such as calibration
marks on a calibration object, or localized points in the 3D scene. (Such a
point-based approach was already used in Section 3.2 for the first step of
the calibration process.)

We start with deriving the general projection formula for cylindric
panoramic cameras, then we calibrate R and ω using this formula, and
finally we discuss problems and difficulties of this approach with respect to
performance criteria.

3.3.1. PROJECTION FORMULA

Consider a known 3D point P with coordinates (Xw, Yw, Zw) in a world
coordinate system. Point P is first transformed into the camera coordinate
system before calculating its projection in the image. We denote the coor-
dinates of P with respect to the camera coordinate system as (Xo, Yo, Zo).
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We have  Xo

Yo

Zo

 = [Rwo −RwoTwo]


Xw

Yw

Zw

1


where Rwo is a 3×3 rotation matrix and Two is a 3×1 translation vector.
Both together describe the affine transform of the world coordinate system
into the camera coordinate system. The 3×4 matrix [Rwo −RwoTwo] is the
transformation matrix, and its twelve parameters are denoted as follows:

[Rwo −RwoTwo] =

 t11 t12 t13 t14
t21 t22 t23 t24
t31 t32 t33 t34


The projection of (Xo, Yo, Zo) can be expressed in image coordinates

(u, v), and u and v can be determined separately.
Let α be the angle between the Z-axis of the panorama coordinate

system and the line segment OC, where C is the focal point associated to
image column u; see Figure 3.2(B). We have

x =
αµW

2π
where x is a Euclidean (i.e., real) image coordinate. Thus we have

u =
αW

2π
(2)

We still have to determine α.
Consider a 3D point P with coordinates (Xo, Yo, Zo), and let Q be

its projection onto the XZ-plane of the camera coordinate system; see
Figure 3.2(A). Point Q has camera coordinates (Xo, 0, Zo).

Figure 3.2. Projection geometry of a cylindric panorama.
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From the top-view of the projection geometry [see Figure 3.2(B)] we
conclude that

α = σ − ∠COQ = σ − ω + ∠CQO

Thus we have

α =


arctan

(
Xo
Zo

)
− ω + arcsin

(
R sin ω√
X2

o+Z2
o

)
if Zo ≥ 0

π + arctan
(

Xo
Zo

)
− ω + arcsin

(
R sin ω√
X2

o+Z2
o

)
otherwise

If α exceeds 2π then it is transformed modulo 2π into [0, 2π). For the case
of interest (i.e., for Zo ≥ 0) we can simplify the equation as follows:

α = arctan
(
Xo

Zo

)
− ω + arcsin

(
R sinω√
X2

o + Z2
o

)

= arcsin

(
Xo√

X2
o + Z2

o

)
− ω + arcsin

(
R sinω√
X2

o + Z2
o

)

= arcsin

 Xo√
X2

o + Z2
o

√
1− R2 sin2 ω

X2
o + Z2

o

+
R sinω√
X2

o + Z2
o

√
1− X2

o

X2
o + Z2

o

− ω

= arcsin

Xo

(√
X2

o + Z2
o −R2 sin2 ω

)
+ ZoR sinω

X2
o + Z2

o

− ω. (3)

This allows to calculate u.
Finally, for the calculation of v we can make use of the angular coordi-

nate β as shown in Figure 3.2(C). This is the angle between the Z-axis of
the optical coordinate system, with origin at C, and the line segment CP.
We have that

y = f tanβ

where y is a Euclidean (i.e., real) image coordinate, and thus

v =
f tanβ
µ

+ vc

= fµ tanβ + vc (4)

where fµ is the camera’s effective focal length measured in pixels, and vc

is the principle row.
Points P and Q have coordinates (0, Yc, Zc) and (0, 0, Zc) with respect

to the optical coordinate system, respectively, where Yc = Yo. From the side
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view of the optical coordinate system, with origin at C [see Figure 3.2(C)],
the angular coordinate β can be calculated by

β = arctan
(
Yc

Zc

)
where

Zc =
OQ sin(∠COQ)

sinω
Thus, we have

β = arctan

 Yo sinω√
X2

o + Z2
o sin

(
ω − arcsin

(
R sin ω√
X2

o+Z2
o

))


= arctan

 Yo sinω√
X2

o + Z2
o

(
sinω cos arcsin

(
R sin ω√
X2

o+Z2
o

)
− cosω

(
R sin ω√
X2

o+Z2
o

))


= arctan

 Yo√
X2

o + Z2
o

(√
1− R2 sin2 ω

X2
o+Z2

o
− cosω R√

X2
o+Z2

o

)


= arctan

(
Yo√

X2
o + Z2

o −R2 sin2 ω −R cosω

)
(5)

and this concludes the calculation of v.

3.3.2. CALIBRATION OF R AND ω

We calibrate the values of the off-axis distance R and the principal angle ω.
Assume n pairs of known 3D points (Xwi, Ywi, Zwi) (in world coordinates)
and their actual projections (ûi, v̂i) (in image coordinates). The use of a
hat ‘ˆ’ indicates that this parameter may be inaccurate.

In contrast, let (ui, vi) be the ideal projection of the 3D point (Xwi, Ywi, Zwi).
We want to minimize the following error:

n∑
i=1

(ûi − ui)
2 + (v̂i − vi)

2

where the value of ui can be obtained from Equations (2) and (3). The
value of vi can be obtained from Equations (4) and (5). After some mi-
nor algebraic transformations, this problem proves to be equivalent to a
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minimization of the following:
n∑

i=1

(
sin
(

2ûiπ

W
+ ω

)
− XoiA+ ZoiR sinω

X2
oi + Z2

oi

)2

+
(
v̂i −

fµYoi

A−R cosω
+ vc

)2

(6)

where A =
√
X2

oi + Z2
oi −R2 sin2 ω and Xoi

Yoi

Zoi

 =

 Xwit11 + Ywit12 + Zwit13 + t14
Xwit21 + Ywit22 + Zwit23 + t24
Xwit31 + Ywit32 + Zwit33 + t34


Parameters fµ and vc are assumed to be pre-calibrated and (thus) known.
Therefore, there are 14 parameters in total here to be estimated using a
nonlinear least-square optimization method as described (e.g.) in (Gill et
al., 1981). These 14 parameters contain the parameters R, ω as well as the
twelve (intermediate) unknowns of the transformation matrix.

3.3.3. DISCUSSION

The error function of Equation (6) is rather complicated. The parameters
to be estimated are enclosed in sine functions, and square roots are involved
in both numerator and denominator of the fractions. The dimensionality
is high due to the fact that the extrinsic parameters in Rwo and Two are
unavoidable in this approach. Thus, a ‘large’ set of 3D points is needed for
reasonably accurate estimation.

Human intervention might be required for this calibration approach for
identifying the projections of those 3D points in a real scene used as calibra-
tion marks. If a specially designed calibration object is used, this process can

TABLE 3.0.

Table 3.1: Summary for the performance of different camera calibration approaches.
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be supported by an automatic calibration mark detection program, where
marks are located with sub-pixel accuracy (using, e.g., centroid calculation
within a mark’s region).

Following this approach, the accuracy of the calibration result critically
depends on the accuracy of initial values (i.e., 3D points and identified pro-
jections). Error sensitivity analysis shows exponential growth of resulting
errors. The high dimensionality of the error function is a critical issue of
the point-based approach, and a substantial reduction of the exponential
growth of errors in relation to errors of initial values remains an open
problem.

Assessments are summarized in Table 3.1, which already shows assess-
ments for two more approaches still to be presented in the next sections of
this chapter. These two approaches do not require the camera’s extrinsic
parameters for calibrating R and ω. At first (in the next section) we discuss
the possibility of calibration from image correspondences. For this approach
we simply assume two concentric panoramic images whose associated base-
circle centers O are identical, as well as their rotational axes. The search
for corresponding points in both images is of the same complexity as in a
pinhole camera case, with robust automated solutions if a specially designed
calibration object is used.

3.4. Image Correspondence Approach

This section discusses the possibility of calibrating R and ω by using cor-
responding image points in two uncalibrated concentric panoramas. This
approach requires neither scene measures nor any calibration object and is
(thus) independent from the camera’s extrinsic parameters.

The basic idea of this approach is similar to a recovery of epipolar
geometry: use equations of epipolar curves (which are just straight lines
for a pinhole camera but more complex for polycentric panoramas; see
next chapter) for linking provided corresponding points; then calibrate
parameters by optimization. The first step is known as fundamental (or
essential) matrix estimation in case of pinhole cameras (see, e.g., (Liu et
al., 2005) for recent studies in case of pinhole cameras).

Consequently, this section makes use of a result reported in (Huang
et al., 2001b): the analytic representation of epipolar curves for concentric
panoramic images. Other categories of polycentric panoramas could be used
as well for discussing an image correspondence approach for calibrating R
and ω. However, a discussion of concentric panoramas should suffice for the
purpose of explaining possible approaches in this report.
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3.4.1. CONCENTRIC PANORAMIC PAIR

We assume concentric panoramas where the effective focal length and the
angular unit are constant for all images in the considered class (of two
images). A concentric panoramic pair can be acquired in various ways,
by using different or identical off-axis distances, or different or identical
principal angles. We discuss the three possible options and will outline
which option gives the best calibration performance. This subsection derives
the error function for the defined calibration approach in case of concentric
panoramas; and this already specifies the calibration procedure.

Let (x1, y1) and (x2, y2) be a pair of corresponding image points in a
concentric pair of panoramas EP1(R1, f , ω, γ) and EP2(R2, f , ω, γ). Using
the general epipolar curve equation provided in the next chapter we obtain
that both points have to satisfy the following epipolar curve equation for
concentric panoramas (also assuming identical effective focal lengths and
identical angular units):

y2 =y1 ·
R2 sinω−R1 sin(α2 + ω − α1)
R2 sin(α1 + ω − α2)−R1 sinω

(7)

where α1 = 2πx1
µW1

and α2 = 2πx2
µW2

. The equation can be rearranged as follows:

y2R2 sin((α1−α2)+ω)−y2R1 sinω+y1R1 sin((α2−α1)+ω)−y1R2 sinω = 0

Let (α1 − α2) = σ. We have

y2 sinσR2 cosω + y2 cosσR2 sinω − y1 sinσR1 cosω
+y1 cosσR1 sinω − y2R1 sinω − y1R2 sinω = 0

Furthermore, we obtain

y2 sinσR2 cosω + (y2 cosσ − y1)R2 sinω
−y1 sinσR1 cosω + (y1 cosσ − y2)R1 sinω = 0

We observe from those equations that the ratio R1 : R2 and the value of
ω can be calibrated. The values of R1 and R2 are not computable if using
this approach alone.

Now assume n pairs of corresponding image points (x1i, y1i) and (x2i, y2i)
in both panoramas, where i ∈ [1..n]. The values of corresponding indices
σi are assumed to be be calculated in advance. We use the optimiza-
tion method of sequential quadratic programming (Gill et al., 1981) for
estimating R1

R2
and ω. The error function to be minimized is the following:

n∑
i=1

[yi2 sinαiX1 + (yi2 cosαi − yi1)X2 − yi1 sinαiX3 + (yi1 cosαi − yi2)X4]
2
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subject to the equality constraint X1X4 = X2X3, where X1 = R2 cosω,
X2 = R2 sinω, X3 = R1 cosω, and X4 = R1 sinω.

Once the values of X1, X2, X3, and X4 are obtained from the specified
minimization, R1

R2
and ω can be calculated by

R1

R2
=

√
X2

3 +X2
4√

X2
1 +X2

2

and

ω = arccos

(
X1√

X2
1 +X2

2

)

3.4.2. EXPERIMENTAL RESULTS

The error function of this approach is basically in linear form, and there
are only four unknowns to be estimated, namely X1, X2, X3, and X4. This
means that at least four pairs of corresponding image points (in general
positions) are required for solving this minimization problem uniquely. This
can be considered as a great improvement compared to the point-based
approach.

However, experiments indicate inaccuracies; estimated values for con-
centric panoramas of real scenes appeared to be erroneous compared to the
known (i.e., pre-calibrated) parameter values. Such an experiment using

Figure 3.3. Two concentric panoramas (showing a seminar room at DLR in
Berlin-Adlershof) with 35 pairs of corresponding image points, used for the calibration
of off-axis distance R and principal angle ω.
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TABLE 3.0.

Table 3.2: Error sensitivity results of calibration by image correspondence.

real scene data is illustrated in Figure 3.3. In this example there are 35
pairs of corresponding image points identified manually, marked by crosses
and indexed by numbers. We skip details because results also depend on
the accuracy of the pre-calibration method.

The error sensitivity of the approach can be analyzed in an objective way
by a simulation on synthetic data. Ground-truth data can be generated by
attempting a simulation of real scenes (e.g., as shown in Figure 3.3), and er-
rors are then simulated by additive random noise with normal distribution,
perturbating the coordinates of ideal pairs of corresponding image points.
A few calibration results for ω in dependence of additive errors are shown in
Table 3.2 and illustrate that the estimated result is rather sensitive to these
errors. In general, errors of estimated parameters increased exponentially
with respect to errors in input data.

A reason why this image correspondence approach is sensitive to input
error is that the values of the coefficients in the error function are likely
to be numerically very close to one-another, and these values depend on
the selected pairs of corresponding points. Possible ways for suppressing
the error-sensitiveness [without relying on the ‘robustness’ of numerical
methods as, for example, discussed in (Gill et al., 1981)] include

(1) increase the number of pairs of corresponding points,
(2) place calibration object closer to the camera (i.e., larger disparities),
(3) design a special calibration object that allows that all coded points

on the calibration-object appear twice in a single panorama.

Proposal (1) seemed (in experiments) to allow only minor improvements.
Despite the error problem, this approach is unable to recover the abso-

lute value of R, only relative values as said above. Assessments for this
approach are summarized in Table 3.1. The drawbacks of the two ap-
proaches discussed so far are a motivation to search for an approach where
linear geometric relations between 3D scenes panoramic images can be
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utilized. The next section investigates a parallel-line-based approach, which
allows a further reduction of the dimensionality of the error function, simpli-
fies the computational complexity by using linear geometric features only,
and proved to be less sensitive to errors in comparison to the first two
approaches (only as specified above; further refinements might be able to
change these relations).

3.5. Parallel-line-based Approach

This section calibrates off-axis distance R and principal angle ω using an
approach that has been widely used for pinhole camera calibration: we call
it the parallel-line-based approach.

The general intention is to find a single linear equation that links 3D
geometric scene features to the image cylinder such that (by providing
sufficient scene measurements) we are able to calibrate R and ω with high
accuracy. Usable 3D scene features are, for example, distances, lengths,
or angular configurations of straight line segments. This section informs
about two alternatives for such an approach, one only based on parallel
line segments, and another one which also takes orthogonal configurations
of straight lines into consideration.

3.5.1. ASSUMPTIONS

We assume there are at least three straight line segments in the captured
real scene (e.g., straight edges of doors or windows), which are parallel to
the axis of the associated image cylinder. [The latter assumption is normally
satisfiable by using a “bulls eye” or a more advanced leveling device.]

For each straight line segment we assume that both end points are
visible (from the camera) and identifiable in the panoramic image, and
that we have an accurate measurement of the distance between these two
end points. The projected line segment (in the panoramic image) should
ideally be in a single image column, and we will assume this. [The length
of a projected line segment in arbitrary position in the panoramic image,
forming a curved line, could be measured with methods as described in
(Klette and Rosenfeld, 2004).]

Furthermore, for each of the selected straight line segments we assume
either (for the first alternative) that there is a second useable straight
line segments in the scene which is parallel to the first, and where the
distance between both lines was also accurately measurable, or (for the
second alternative) that there exist two more useable parallel straight line
segments such that all three segments form an orthogonal configuration.
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Effective focal length f (in pixels) and principle row vc are again as-
sumed to be already known (from the first step of the calibration proce-
dure).

3.5.2. FIRST ALTERNATIVE (DISTANCE CONSTRAINT)

Any useable straight line segment in the 3D scene is denoted as L and
indexed where needed for the distinction of multiple lines. The (Euclidean)
distance of two visible points on a line L is denoted as H (like ‘height’). The
length of a projection of a line segment on an image column u is denoted
as h and measured in pixels. Examples of Hi and corresponding hi values
are illustrated in Figure 3.4(A), where i ∈ [1, . . . , 5].

The distance Dij between two parallel lines Li and Lj is the length
of a line segment that connects both and is perpendicular to them. If the
distance between two straight line segments is available then we say that
both lines form a pair of lines. A line segment may be paired up with more
than just one other line segment. Figure 3.4(A) shows three pairs of lines,
namely (L1, L2), (L3, L4), and (L4, L5).

Consider two straight segments Li and Lj in 3D space and the image
columns of their projections, denoted as ui and uj , respectively. The optical
centers associated to image columns ui and uj are denoted as Ci and Cj

respectively. The distance of the two associated image columns is dij =

Figure 3.4. Configurations of parallel straight lines in the 3D scene and on the image
cylinder. (A) Orthographic side view. (B) Top view.
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|ui−uj | (in pixels). The angular distance of two image columns, associated
to line segments Li and Lj , is the angle between line segments CiO and
CjO, where O is the center of the base circle. We denote the angular
distance of a pair (Li, Lj) of lines as θij . Examples of angular distances for
two pairs of lines are given in Figure 3.4(B). The angular distance θij and
dij are related by

θij =
2πdij

W

where W is the width of the panorama in pixels.
The distance S between a line segment L and the associated optical

center (which ‘sees’ this line segment) is defined by the length of the line
segment starting at the optical center, ending on L and being perpendicular
to L. We have

S =
fµH

h
,

where fµ is the pre-calibrated effective focal length of the camera.

Geometric Relation
Now we are ready to formulate a distance constraint by combining all
the previously described geometric information. A 2D coordinate system
is defined on the base plane for every pair of lines (Li, Lj); see Figure 3.5.
Note that even though all the measurements are defined in 3D space, the
geometric relation of interest can be described in a 2D space since all the
straight segments are assumed to be parallel to the axis of the image cylin-
der. The origin of the coordinate system is O, and the Z-axis is incident
with the camera focal point Ci. The X-axis is orthogonal to the Z-axis and
is incident with the base plane. (This coordinate system coincides with the
camera coordinate system previously defined but without Y -axis.) Such a
coordinate system is defined for each pair of lines.

The position of Ci can now be described by coordinates (0, R), and
the position Cj can be described by coordinates (R sin θij , R cos θij). The
intersection point of line Li with the base plane, denoted as Pi, can be
expressed by a sum of vector −−→OCi and vector −−−→CiPi. Thus, we have the
following:

Pi =
[

Si sinω
R+ Si cosω

]
Analogously, the intersection point of line Lj with the base plane, denoted
as Pj , can be described by a sum of vectors −−→OCj and −−−→CjPj . We have the
following:

Pj =
[
R sin θij + Sj sin(θij + ω)
R cos θij + Sj cos(θij + ω)

]
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Figure 3.5. Coordinate system of a pair of lines.

The distance Dij between points Pi and Pj has been measured. We
have the following equation:

D2
ij = (Si sinω −R sin θij − Sj sin(ω + θij))2

+ (R+ Si cosω −R cos θij − Sj cos(ω + θij))2

This equation can be expanded and rearranged as follows:

D2
ij = S2

i sin2 ω +R2 sin2 θij + S2
j sin2(ω + θij)− 2SiR sinω sin θij

−2SiSj sinω sin(ω + θij) + 2RSj sin θij sin(ω + θij)
+R2 + S2

i cos2 ω +R2 cos2 θij + S2
j cos2(ω + θij)

+2RSi cosω − 2R2 cos θij − 2RSj cos(ω + θij)− 2SiR cosω cos θij

−2SiSj cosω cos(ω + θij) + 2RSj cos θij cos(ω + θij)
= S2

i + 2R2 + S2
j + 2RSi cosω − 2R2 cos θij

−2SjR cos(ω + θij)− 2SiR(sinω sin θij + cosω cos θij)
−2SiSj(sinω sin(ω + θij) + cosω cos(ω + θij))
+2SjR(sin θij sin(ω + θij) + cos θij cos(ω + θij))

= S2
i + S2

j + 2R2(1− cos θij) + 2SiR cosω
−2SjR(cosω cos θij − sinω sin θij)− 2SiR(sinω sin θij + cosω cos θij)
−2SiSj cos θij + 2SjR cosω

= S2
i + S2

j + 2R2(1− cos θij) + 2(Si + Sj)R cosω
−2(Si + Sj)R cosω cos θij − 2(Si − Sj)R sinω sin θij
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−2SiSj cos θij

Finally, we obtain

0 = (1− cos θij)R2

+ (Si + Sj)(1− cos θij)R cosω
− (Si − Sj) sin θijR sinω

+
S2

i + S2
j −D2

ij

2
− SiSj cos θij (8)

Error Function
Basically we use Equation (8) as error function. The values of Si, Sj , Dij ,
and θij are known. Thus Equation (8) can be arranged into the following
linear form

K1X1 +K2X2 +K3X3 +K4 = 0

with coefficients Ki, i = 1, 2, 3, 4, defined as follows:

K1 = 1− cos θij

K2 = (Si + Sj)(1− cos θij)
K3 = −(Si − Sj) sin θij

K4 =
S2

i + S2
j −D2

ij

2
− SiSj cos θij

For the three linearly independent variables Xi, i = 1, 2, 3, we have

X1 = R2

X2 = R cosω
X3 = R sinω

In this case we can solve for absolute (not just relative) values R and
ω by using all three equations. (If more than three equations are provided
then it is possible to apply a linear least-square technique.) The values of
R and ω may be calculated by

R =
√
X1 =

√
X2

2 +X2
3

and

ω = arccos
(
X2√
X1

)
= arcsin

(
X3√
X1

)
= arccos

(
X2√

X2
2 +X2

3

)
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The given dependencies among variables X1, X2, and X3 define multiple
solutions of R and ω. To tackle this multiple-solution problem, we constrain
the parameter estimation process further by

X2
1 = X2

2 +X2
3

which is valid because of

R2 = (R cosω)2 + (R sinω)2

Assume that n copies of Equation (8) are given. We want to minimize
the following:

n∑
i=1

(K1nX1 +K2nX2 +K3nX3 +K4n)2 (9)

subject to the equality constraint X1 = X2
2 + X2

3 , where the values of
Kin, i = 1, 2, 3, 4, are calculated based on measurements in the real scene
and in the image. We also use X1 = R2, X2 = R cosω, and X3 = R sinω.
Now, the values of R and ω can be uniquely (!) calculated as

R =
√
X1

and

ω = arccos
(
X2√
X1

)
Note that even though the additional constraint forces a use of a non-linear
optimization method, the accuracy of the method remains at the quality
level of a linear parameter estimation procedure.

3.5.3. SECOND ALTERNATIVE (ORTHOGONALITY CONSTRAINT)

We say that three parallel line segments Li, Lj , and Lk are orthogonal iff
the plane incident with Li and Lj and the plane incident with Lj and Lk

are orthogonal. (It follows that Lj is the intersection of both planes.) For
example, line segments L3, L4, and L5 in Figure 3.4(A) are orthogonal.

Consider three orthogonal line segments Li, Lj , and Lk in 3D space. We
have the measured values of Si, Sj , Sk, θij , and θjk, obtained the same way
as in case of the distance constraint. We define a 2D coordinate system for
each group of three orthogonal line segments; see Figure 3.6 for segments
(Li, Lj , Lk).

The position of Cj is given by coordinates (0, R), the position of Ci

by coordinates (−R sin θij , R cos θij), and the position of Ck by coordinates
(R sin θjk, R cos θjk). Intersection points of line segments Li, Lj , and Lk (or
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Figure 3.6. Coordinate system for three orthogonal line segments.

their linear extensions) with the base-plane are denoted as Pi, Pj , and Pk,
respectively. We have

Pi =
[
−R sin θij + Si sin(ω − θij)
R cos θij + Sj cos(ω − θij)

]

Pj =
[

Sj sinω
R+ Sj cosω

]
and

Pk =
[
R sin θjk + Sk sin(θjk + ω)
R cos θjk + Sk cos(θjk + ω)

]
Vectors −−−→PiPj and −−−→PjPk are orthogonal; thus we have the following equa-
tion:

0 = (−R sin θij + Si sin(ω − θij)− Sj sinω)
× (R sin θjk + Sk sin(ω + θjk)− Sj sinω)
+ (R cos θij + Sj cos(ω − θij)−R− Sj cosω)
× (R cos θjk + Sk cos(ω + θjk)−R− Sj cosω)

This equation can be transformed into the following:

0 = (1− cos θij − cos θjk + cos(θij + θjk))R2
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+ (2Sj − (Sj + Sk) cos θij − (Si + Sj) cos θjk

+(Si + Sk) cos(θij + θjk))R cosω
+ ((Sk − Sj) sin θij + (Sj − Si) sin θjk

+(Si − Sk) sin(θij + θjk))R sinω

+ S2
j + SiSk cos(θij + θjk)
−SiSj cos θij − SjSk cos θjk (10)

The values of Si, Sj , Sk, θij , and θjk in Equation (10) are known. The
equation can be expressed by the following linear form

K1X1 +K2X2 +K3X3 +K4 = 0

where Ki, i = 1, 2, 3, 4, are the following coefficients:

K1 = 1− cos θij − cos θjk + cos(θij + θjk)
K2 = 2Sj − (Sj + Sk) cos θij − (Si + Sj) cos θjk + (Si + Sk) cos(θij + θjk)
K3 = (Sk − Sj) sin θij + (SjSi) sin θjk + (Si − Sk) sin(θij + θjk)

K4 = S2
j + SiSk cos(θij + θjk)− SiSj cos θij − SjSk cos θjk

Furthermore, Xi, i = 1, 2, 3, are three linearly independent variables, with

X1 = R2

X2 = R cosω
X3 = R sinω

Note that this linear form is the same as for the first alternative (dis-
tance constraint) except that the coefficients are different. This allows us
to reuse the minimization approach as defined by Equation (9) and the way
of calculating R and ω as specified for the first alternative.

3.5.4. EXPERIMENTAL RESULTS

We briefly report about experiments with the line camera WAAC [Wide-
Angle Airborne Camera, DLR; see (Reulke and Scheele, 1998) and Fig-
ure 3.9]. The specifications of the used model are as follows:

There are three (monochromatic) sensor lines on the focal plate of the
camera, defining angles ω = 335◦, ω = 0◦ (the center line), and ω = 25◦.
(For airborne missions these lines can be identified as forward looking line,
nadir or center line, and backward looking line.) Rotating a WAAC on a
tripod or turntable would actually allow to capture three panoramic images
during one rotation. In the following experiments only image data captured
via the backward line have been used. Each sensor line (image line) has
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Figure 3.7. Test panorama with eight highlighted and indexed pairs of lines.

5,184 CCD cells (pixels). The effective focal length of the camera is 21.7mm
for the center line, and 23.94mm for backward or forward line. The size
(edge length) of one of WAAC’s CCD cells is 0.007mm. Thus, the value
of fµ (for the backward line) is equal to 3, 420 pixels. The camera was
mounted on a turntable which supported an extension arm allowing R to
be up to 1.0m.

Figure 3.7 shows a panoramic image taken in 2001 in a seminar room
of the Institute for Space Sensor Technology and Planetary Exploration, at
the German Aerospace Center (DLR) in Berlin. The size of this seminar
room is about 120m2. The image has a resolution of 5, 184× 21, 388 pixels.
Eight pairs of lines are highlighted in the figure and indexed. They are used
for estimating R and ω based on the distance constraint. The value of R
was set to be 10cm. The principal angle ω is equal to 155◦ in the sense of
the definition of our general panoramic camera model (and 25◦ in terms
of the WAAC specification as given in (Reulke and Scheele, 1998)). The
lengths of used line segments were measured, with an expected error of no
more than 0.5% of the length readings. All used data of these eight pairs
of lines (shown in Figure 3.7) are summarized in Table 3.3.

The calibration proceeds as described above: use the optimization method
of sequential quadratic programming (Gill et al., 1981) for estimating R and

TABLE 3.0.

Table 3.3: Data of the eight pairs of lines shown in Figure 3.7.

report1_HWK.tex; 22/03/2006; 9:47; p.51



54 CHAPTER 3

Figure 3.8. Error sensitivities for R and ω when using either the distance constraint or
the orthogonality constraint: the distance constraint performs better in both cases.

ω, in particular minimize Equation (9). Results for the specified example
are as follows: the use of all pairs of lines produces R = 10.32cm and ω =
161.68◦, pairs {2,3,4,7,8} only then R = 10.87cm and ω = 151.88◦, pairs
{2,4,8} only then R = 10.83cm and ω = 157.21◦. In general, such exper-
iments showed that calibration accuracy is influenced by sample selection
(e.g., aim at a uniform distribution of segments in the pictured scene) and
quality of sample data (e.g., 0.5% error in length readings as in the given
example is insufficient for high-accuracy calibration).

The error sensitivity of both alternatives of the parallel-line based ap-
proach can be evaluated by experiments using synthetic data. For example,
we use (in an assumed scene geometry) one pair of lines for the first al-
ternative, and one triple of orthogonal lines for the second. The simulated
ground truth data are R= 10cm and ω = 155◦. We introduce errors to the
ground-truth data Si, Dij , and θij , independently and with a maximum of
5% additive random noise in normal distribution. The range of Si is from
1m to 8m, and the range of θij is from 4◦ to 35◦. The sample size is eight.
Mean errors (for 100 trials in each case) are shown in Figure 3.8. Results
suggest that estimated parameters using the orthogonality constraint are
more sensitive to errors than in the case of using the distance constraint.
The errors of the estimated parameters increase (only) linearly with respect
to input errors for both cases. A combination of both constraints might be
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useful.
Table 3.1 allows a performance comparison of the point-based, im-

age correspondence, and parallel-line-based calibration approaches. The
parallel-line-based approach performs best among these three (at their
recent state of specification!). The parallel-line-based approach may also
be based on a designed calibration object.
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