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Abstract

This report discusses methods for estimating linear motion blur. The blurred image is
modeled as a convolution between the original image and an unknown point-spread function.
The angle of motion blur is estimated using three different approaches. The first employs
the cepstrum, the second a Gaussian filter, and the third the Radon transform. To estimate
the extent of the motion blur, two different cepstral methods are employed. The accuracy of
these methods is evaluated using artificially blurred images with varying degrees of noise added.
Finally, the best angle and length estimates are combined with existing deconvolution methods
to see how well the image is deblurred.

1 Introduction

Motion blur occurs when there is relative motion between the camera and the object being captured.
In this report we study motion blur, that is, blur that occurs when the motion has constant speed
and a fixed direction. The goal is to identify the angle and length of the blur. Once the angle and
length of the blur are determined, a point spread function can be constructed. This point spread
function is then used in direct deconvolution methods to help restore the degraded image.

The process of blurring can be modeled as the following convolution

g(x, y) = f(x, y) ∗ h(x, y) + n(x, y), (1)

where f(x, y) is the original image, h(x, y) is the blurring point spread function, n(x, y) is white
noise and g(x, y) is the degraded image. The point spread function for linear motion blur with a
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length of L and angle θ is given by

h(x, y) =
1
L

δ(
−→
L ), (2)

where
−→
L is the line segment of length L oriented at an angle of θ degrees from the x-axis.

Taking the Fourier transform of (1) we obtain

G(u, v) = F (u, v)H(u, v) + N(u, v). (3)

The Fourier transform of the function h(x, y), defined in (2), is a sinc function oriented in the
direction of the blur. We multiply this sinc function by F (u, v) in the frequency domain, so the
ripples of the sinc function are preserved. We wish to identify the ripples in G(u, v) to estimate
the blur angle and blur length.

In this report, we describe various algorithms for determining point spread function parameters
in the frequency domain. First we examine three methods for estimating blur angle, then two
methods for estimating blur length. We compare the accuracy of the algorithms using artificially
blurred images with different amounts of noise added. Finally, we use the estimations as parameters
in MATLAB’s deconvolution tools to deconvolve the images.

2 Three Methods for Angle Estimation

2.1 The Cepstral Method

A method for identifying linear motion blur is to compute the two-dimensional cepstrum of the
blurred image g(x, y). The cepstrum of g(x, y) is given by

C (g(x, y)) = F−1 (log |F(g(x, y))|) . (4)

An important property of the cepstrum is that it is additive under convolution. Thus, ignoring
noise, we have

C (g(x, y)) = C (f(x, y)) + C (h(x, y)) . (5)

Biemond shows in [1] that C (h(x, y)) = F−1 (log{|H(x, y)|}) has large negative spikes at a distance
L from the origin. By the additivity of the cepstrum, this negative peak is preserved in C (g(x, y)),
also at a distance L from the origin.

If the noise level of the blurred image is not too high, there will be two pronounced peaks in the
cepstrum, as show in Figure 1. To estimate the angle of motion blur, draw a straight line from the
origin to the first negative peak. The angle of motion blur is approximated by the inverse tangent
of the slope of this line.

2.2 Steerable Filters Method

Oriented filters are used to detect the edges in an image. A steerable filter is a filter that can
be given an arbitrary orientation through a linear combination of a set of basis filters [4]. In
this method, we apply a steerable filter to the power spectrum of the blurred image to detect the
direction of motion.
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(a) (b)

Figure 1: The cepstrum of an image blurred at length 20 and θ = 80. In (a) we see the two
prominent negative peaks and in (b) the line through these two peaks appears to have an angle of
80 degrees.

The steerable filter we use is a second derivative of the Gaussian function. The radially sym-
metric Gaussian function in two dimensions is given by

G(x, y) = e−(x2+y2). (6)

It can be used to smooth edges in an image by convolution. The second derivative of G(x, y) will
detect edges. By the properties of convolution,

d2(G(x, y) ∗ f(x, y)) = d2 (G(x, y)) ∗ f(x, y). (7)

We denote the second derivative of the Gaussian oriented at an angle θ by Gθ
2.

The basis filters for Gθ
2 are

G2a = 0.921(2x2 − 1)e−(x2+y2) (8)

G2b = 1.843xye−(x2+y2) (9)

G2c = 0.921(2y2 − 1)e−(x2+y2). (10)

Then the response of the second derivative of the Gaussian at any angle θ, denoted RGθ
2, is given

by
RGθ

2 = ka(θ)RG2a + kb(θ)RG2b + kc(θ)RG2c, (11)

where

ka(θ) = cos2(θ) (12)
kb(θ) = −2 cos(θ) sin(θ) (13)
kc(θ) = sin2(θ). (14)
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(a) (b)

Figure 2: The original image (a) and the image after windowing (b).

To detect the angle of the blur, we look for the θ with the highest response value [12]. That is,
we convolve RGθ

2 with the Fourier transform of our blurred image. For each θ, we calculate the L2

norm of the matrix resulting from the convolution. The θ with the largest L2 norm is the estimate
for the angle of motion blur.

2.3 Radon Transform Method

Given a function f(x, y), or more generally a measure, we define its Radon transform by

R(f) (x, θ) =

∞∫
−∞

f(x cos θ − y sin θ, x sin θ + y cos θ)dy. (15)

This corresponds to integrating f over a line in R2 of distance x to the origin and at an angle θ to
the y-axis.

To implement the Radon transform, we first assume that I is a square image. The content of I
is assumed to be of finite support against a black background. Let g(x, y) be the blurred image, and
let θ be a vector of t equally spaced values from 0 to 180(1 − 1/t). For each j = 1, . . . , t compute
the discrete Radon transform for θ(j). Call this matrix R. Now determine the angle θ(j) for which
the Radon transform assumes its greatest values. Finally, we find the five largest entries in the jth

column of R, for each j = 1, . . . , t, and sum them. The result is a vector v of length t, where each
entry corresponds to an angle θ. The maximum entry of v provides the estimate for θ.

This method of angle detection has several shortcomings. Here, we offer three possible obstacles
and present modifications to improve the versatility and robustness of the preceding algorithm.

1. If I is an m by n image where m 6= n, the axes in the frequency domain will have different
lengths in the matrix representation. Calculating the angles in the frequency domain will thus
lead to distortion. For example, the diagonal will not correspond to an angle of 45 degrees.
To correct this, we let θ̃ = tan−1( n

m) tan(θ) and then run the algorithm replacing θ with θ̃.

2. The preceding algorithm works for an image where the support of the content is finite, and
the background is black. When the background is not black, or when there are objects close to
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(a) (b)

Figure 3: The Radon transform of the original image (a) and the normalized Radon transform (b).

the boundary of the image, the sharp edges will cause additional lines in the spectral domain
at 0 degrees. The Radon transform will detect these edges. To avoid this effect, we smoothen
out the boundaries of the image using a two dimensional Hann window. The values of this
windowed image will decay towards the image boundary, as in Figure 2, so the edge effects
disappear.

3. The Radon transform takes integrals along lines at different angles in a rectangular image.
The length of the intersection between these lines and the image depends on the angle. The
length is the longest at 45 degrees, so the integral will pick up the largest amount of noise
contributions along this line. Thus the algorithm often incorrectly selects the angles of 45
and 135 as the angle estimate. To correct this, we normalize by dividing the image pointwise
by the Radon transform of a matrix of 1’s of the same dimension as the image.

2.4 Results

In this section we present results for angle estimation. The tests were run on the mandrill image
seen in Figure 4. The image was blurred using the MATLAB motion blur tool with angles varying
from 0 to 180. The results were recorded for images with both a low level of noise and a high level
of noise added. The measurement for noise in an image is the signal-to-noise ratio, or SNR. The
SNR measures the relative strength of the signal in a blurred and noisy image to the strength of
the signal in a blurred image with no noise. An SNR of 30 dB is a low noise level, while an SNR
of 10 dB is a high noise level.

The cepstral method is very accurate at all lengths when there is a low level of noise. The
Radon transform also accurately predicts the blur angle, especially at longer lengths. The results
are displayed in Figure 5. In the presence of noise the cepstral method breaks down. At an SNR of
10 dB it performs poorly at all lengths. The Radon transform angle estimation, at this same noise
level, is not accurate at small lengths but is very accurate at longer lengths, as depicted in Figure
6.

The steerable filters had a large amount of error in angle detection even with no noise. When the
length was large, between roughly 40 and 70, the algorithm produces moderately accurate results,
as in Figure 7.
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(a) (b)

Figure 4: The original mandrill image (a) and an example of a blurred image (b) with no noise.
Here the length of the blur is 25 and θ = 30.

(a) (b)

Figure 5: The average error in angle estimation for the cepstral and Radon transform methods
with SNR = 10 dB. In (a) the length is 10 and in (b) the length is 50.
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(a) (b)

Figure 6: The average error in angle estimation for the cepstral and Radon transform methods
with SNR = 10 dB. In (a) the length is 10 and in (b) the length is 50.

Figure 7: The average error in angle estimation for the steerable filter method with no noise.
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A possible explanation why the Radon transform method fails for small blur lengths is that
there is always a discretization necessary and the PSF looks less like a line segment. In fact, for a
small length, the lines in the power spectrum of the PSF implemented in MATLAB are not very
prominent. We tried to attempt these problems using an alternative approach for modeling the
PSF following Choi [3], but this did not lead to much better results.

3 Length Estimation

3.1 Two Dimensional Cepstral Method

As outlined in Section 2.1, the cepstrum of a blurred image shows two significant negative peaks
at a distance L from the origin. An estimate for the length of motion blur is this value L. The
cepstral method for angle detection is more susceptible to noise than the Radon transform method.
Hence, we improve the result for the length detection by first estimating the angle via the Radon
transform method in Section 2.3.

First, we de-noise the cepstrum of the noisy image using a Gaussian filter. Then we rotate the
cepstrum by the angle θ estimated using the Radon transform. Assuming this angle estimate is
reasonable, the peaks will lie close to the horizontal axis. Any peaks outside a small strip around the
x-axis are caused by noise effects; we only need to look for the peaks inside the strip. Furthermore,
the peaks should appear at opposite positions from the origin. Thus we can amplify them by
reflecting the image across the y-axis and then adding it. The result is that the peaks will add up
and, in the rest, some noise will cancel.

Once we have made these corrections for noise, the estimated length of the motion blur is
the distance between the negative peak and the y-axis, multiplied by an appropriate geometric
correction factor.

3.2 One Dimensional Cepstral Method

The one dimensional cepstral method for length estimation uses the estimate of θ obtained from
Section 2.1, 2.2 or 2.3. The idea is to collapse the log of the two dimensional power spectrum,
log |F(g(x, y))|, onto a line that passes through the origin at an angle θ. Since the spectrum is
collapsed orthogonal to the direction of motion, the resulting signal has the approximate shape of
a sinc function [12]. Once the power spectrum is collapsed into one dimension, we take the inverse
Fourier transform and then locate the first negative peak. We use the x coordinate of this peak to
estimate the length.

Recall the definition of the cepstrum from (4). Note that in this method we essentially take the
one dimensional cepstrum of the blurred image.

One algorithm to collapse the two dimensional power spectrum into one dimension is to calculate
for each point (x, y) in the spectral domain the value

d = x cos(θ) + y sin(θ). (16)

In the continuous case, the value P (x, y) would then be projected onto the line at a distance d
from the origin. However, in the discrete case this value d is not necessarily an integer. Thus,

8



(a) (b)

Figure 8: Example of a collapsed 1D power spectrum (a) and the 1D cepstrum (b), with θ = 0 and
no noise. The actual blur length is 10; the estimated length of the blur by (b) is 11.

we discretize by splitting the value of P (x, y) onto two points, bdc and bdc+ 1, and weighting the
distribution of P (x, y) according the distance between d and bdc as in [11].

Another weighting method is to use the Radon transform. By taking the Radon transform of
a constant matrix of 1’s, we find the weights to assign to each point on the line passing through
the origin at an angle θ. Take the Radon transform along the line that passes through the origin
at an angle θ. This gives us the summation of all values P (x, y) that contribute to each point on
the line. Divide pointwise by these weights and now the power spectrum has been collapsed from
two dimensions into one.

Following the preceding algorithm, one must compute a coordinate transformation correction
factor. Let d0 be the x-coordinate of the first negative peak in the 1D cepstrum, the length of
which is denoted by D. The length d represents the estimated length in the image of size 256×256,
and is given by

d = 256
d0

D
. (17)

3.3 Results

The two dimensional cepstral method for length estimation provides more accurate results than the
one dimensional method. In Figure 10 we see that for no noise and low levels of noise, SNR of 20
dB and SNR of 30 dB, the two dimensional cepstral method averages less than a pixel in error for
lengths between 10 and 60. At high noise levels, SNR of 10 dB, the method is relatively accurate
for lengths between 20 and 50, but breaks down at small and large blur lengths.

4 Deblurring with MATLAB’s Deconvolution Method

In this section we implement restoration tests based on the orientation and length estimates com-
puted in the preceding algorithms. We hope to minimize the effects of the restoration algorithms as
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Figure 9: Error estimates in length estimation for 1D cepstral method.

(a) (b)

Figure 10: Error estimates in length estimation for 2D cepstral method. In (a) we compare no
noise, SNR = 30 dB and SNR = 20 dB. In (b) the error is much higher for an SNR = 10 dB.
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(a) (b)

Figure 11: The blurred and noisy image (a) and the restored image (b).

(a) (b)

Figure 12: The blurred and noisy image (a) and the restored image (b).

much as possible in order to focus on the effects of our algorithms. The most frequently used image
restoration algorithms are Wiener filters, Lucy-Richardson and regularized methods. Image restora-
tion is a typical inverse problem and the well-posedness of the problem is critical. After imposing
Gaussian noise in the test image, Wiener filters perform poorly because of the ill-conditioning of
the problem. The regularized restoration algorithm is designed to minimize the least squares error
between the estimated and true images in the condition of preserving certain image smoothness,
which is usually named as Regularization Technique. In other words, such a technique could change
the ill-conditioned restoration problem to a well-posed problem and provide a reasonable solution.
Hence, we decided to use this method to combine it with our estimates.

Our first test image, in Figure 11, is blurred and noised by a PSF with length 15, angle 72
degrees and an SNR of 24 dB. The restored images shows edges resulting from missing information
(content was moved out of the picture). However, the image quality has improved, image features
are more distinctly visible. The second test image, in Figure 12, is blurred and noised by a PSF
with length 15, angle 110 degrees and an SNR of 10 dB. In this example, the 2D cepstral method
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estimated a blur length of 90. Because the estimation for length is so inaccurate, the performance
of the restoration algorithm is very poor.

However, this case was one of very few cases where the algorithm broke down for a short blur
length. In most cases, the method led to noticeable improvements compared to the original image,
even though the angle estimates given by the Radon transform were often slightly off. For a longer
blur length, the results were not as satisfactory. However, the angle and length estimates were
about right, so at least part of the problem is due to lacking accuracy of the deblurring method for
longer blur lengths.

5 Conclusions

The deblurring results of Section 4 showed noticeable improvements in the image quality. Although
the SNR of the deblurred image – even when restricted to the central part – still shows great
differences from the original image, from the viewer’s perspective the blur seems to have been at
least partly removed. It is interesting to note that this holds true despite the error of a few degrees
that occurs in the Radon transform method for a small blur length. Only when the length estimates
go wrong due to increased noise contributions or for longer blur length, the deblurring gives worse
results.

For a small blur length, the cepstral method performed better than the Radon transform method
for estimating the angle. Further improvements might be achieved by using the Radon transform
method to estimate the angle, the two dimensional cepstral method to estimate blur length, and
then if the resulting blur length is small, refine the angle estimate using the cepstral method. In
any case, starting with a coarse estimate and then refining close to that estimate can allow us to
attempt higher precision levels without a great increase in computation time.

The image content may have an impact on the angle that is detected by the algorithms described.
To combat this, using the algorithm on various blocks within the image is a possibility. However,
performing initial experiments on a block decomposition rather than the whole matrix did not lead
to better results. Better improvements might occur for higher noise levels and bigger images.

Another possibility to improve the result is to actually use the functional that is minimized in
the regularized deconvolution method to judge the quality of the estimated point spread function.
Determine several candidates for the PSF and then compare the minimum values for the associated
functionals. If the estimations are far off, the functional will not assume values as small as for the
actual PSF.

After optimizing the blur identification using these techniques, the next step will be to try the
method on real world images. Looking at the spectral image of a blurred picture in Figure 13, one
can see faint lines in the blur direction. However, it is not a priori clear if these lines will be picked
up as well as for artificially blurred images.
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(a) (b)

Figure 13: The real blurred image (a) shows faint lines in its power spectrum (b).
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