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Abstract

The dynamics of axisymmetric and twisted scroll rings under homogeneous periodic

forcing is studied numerically. The collapse of axisymmetric rings can be enhanced

or retarded signi�cantly with resonant forcing. Twisted scroll rings exhibit the phe-

nomenon of resonant drift in a direction normal to the axis of the central �lament.

The scaling of mean and uctuating axial drift due to forcing is found. It is argued

that the appropriate symmetry group for the dynamics of the unforced twisted

scroll ring is SE(2) � R. Ordinary di�erential equations based on symmetry con-

siderations explain the dynamics without resort to law of �lament motion and the

local geometry hypothesis.
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1 Introduction

The system we consider is a three-dimensional excitable medium, such as
a thick layer of the excitable Belousov-Zhabotinsky reagent[1{6]. In such a
medium, one �nds persistent scroll waves that are organized around one-
dimensional �laments ranging in complexity from simple rings to complicated
links, knots, and tangles[7{12]. These scroll waves are thought to be similar
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in many respects to the waves of electrical activity associated with certain
cardiac arrhythmias, and in this way the Belousov-Zhabotinsky system can
be considered to be a caricature of cardiac tissue[13]. In this paper we address
what happens to scroll waves when weak, homogeneous parametric forcing
is applied to the medium and to what extent the resulting dynamics can
be understood through low-dimensional dynamical systems analysis without
resorting to laws of �lament dynamics[14{17] and Winfree's local geometry
hypothesis[10,11].

We �rst recall a few basic facts about homogeneous parametric forcing of
a two-dimensional excitable medium in which one �nds spiral waves. The
problem has been considered extensively experimentally and theoretically[18{
28]. Fig. 1 summarizes the most notable e�ect of weak forcing on a rotating
spiral wave. In Fig. 1(a) is shown a rotating spiral wave in a standard reaction-
di�usion model of excitable media (presented in the next section). The spiral
rotates about a �xed center with frequency !1 and the path of the tip is a
circle. Fig. 1(b) shows the linear drift induced by resonant parametric forcing:
forcing frequency !f equal to !1. Fig. 1(c) shows the dynamics for forcing near
such a resonance. Letting � = !1 � !f denote the detuning between natural
spiral frequency and forcing frequency, and R2 denote the large secondary
radius resulting from the forcing, then in the vicinity of the resonance these
are related by R2 � 1=�, and at resonance (� = 0), R2 =1. The drift speed
at resonance grows as the amplitude of the forcing (not shown). Note that
the curves in Fig. 1(c) are not from reaction-di�usion simulations but from
ordinary di�erential equations obtained from the analysis in [28].

The spiral motion resulting from resonant or near resonant forcing on spiral
waves, as illustrated in Fig. 1, has been known for some time and this e�ect has
been proposed as a method for treating certain cardiac arrhythmias by using
low-voltage stimuli to remove spiral waves from cardiac tissue[18{20,22,25,26].
Whether or not this idea has any merit in practice, almost nothing is known
about how parametric forcing acts in three-dimensional media. Recently ana-
lysis has begun of periodic forcing on three-dimensional structures in excitable
media using bifurcation theory [29]. However, as far as we are aware, there
have been no published numerical or experimental studies of how parametric
forcing a�ects scroll waves. In this paper we study the dynamics of unforced
and forced scroll rings. We consider briey the axisymmetric scroll ring, but
focus mainly on the twisted-scroll ring. We provide accurate numerical data
for the dynamics and compare with predictions of dynamical systems theory.
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Fig. 1. E�ects of periodic forcing on spiral-wave dynamics. (a) Periodically rotating

solution of the reaction-di�usion model considered in this paper (model parameters

are: a = 0:8, b = 0:05, and � = 0:02). Gray-scale shows values of the slow species

and the white curve shows the path of the spiral tip. (b) Conditions as in (a),

except with parametric forcing in 1-1 resonance with the spiral rotation frequency,

(b = 0:05 + 0:0035 sin(1:7434t)). (c) The e�ect of parametric forcing in the vicinity

of a 1-1 resonance. � denotes the frequency detuning and line segments show the

secondary radius R2 of the \tip paths".
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2 Model and Methods

For our numerical simulations, we use the two-variable reaction-di�usion equa-
tions

@u

@t
= f(u; v) +r2u;

@v

@t
= g(u; v) +Dvr

2v; (1)

where the functions f(u; v) and g(u; v) express the local reaction kinetics of
the two variables u and v. The di�usion coe�cient for the u variable is scaled
to unity, and thus Dv is the ratio of di�usion coe�cients. For the reaction
kinetics, we use:

f(u; v) = 1

"
u(1� u)(u� uth(v))

g(u; v) = u� v
(2)

with uth(v) = (v+b)=a. This choice di�ers from traditional FitzHugh-Nagumo
equations in a way that allows for fast computer simulations[30,31]. We apply
periodic forcing by sinusoidally varying the excitability threshold through the
parameter b: b(t) = b0 + A cos(!f t). The amplitude A and frequency !f (or
equivalently period Tf = 2�=!f) of the forcing are the parameters varied in
this study. We keep the other model parameters �xed at a = 0:8, b0 = 0:01,
" = 0:02, and Dv = 0. Without forcing, the medium is strongly excitable.
In two dimensions, the equations generate rigidly rotating spirals with small
cores very similar to that shown in Fig. 1(a). These spirals are far from the
meander instability [32] and initial conditions converge quickly to rotating
waves.

We use a third-order semi-implicit stepping routine to timestep f , combined
with explicit Euler timestepping for g and the Laplacian term. In the eval-
uation of f and in the di�usion of u, we take into account that u ' 0 in
a large part of the domain, and that f(0; v) = 0. We use a 19-point stencil
with good numerical properties (isotropic error, mild time-step constraint) for
approximating the Laplacian operator. Periodic boundary conditions are im-
posed in the z direction to allow solutions to move freely in that direction;
Neumann boundary conditions are imposed in the other two directions (x and
y directions). We initially simulate with numerical parameters corresponding
to moderate resolution: box length L = 36, grid spacing h = 3=7, time step
4t=� = 2:4. For high accuracy studies of the twisted scroll ring, we use a
higher resolution of L = 24; h = 2=7;4t=� = 0:6. Complete numerical details
for the three-dimensional simulations are given in [31].
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We de�ne the scroll �lament to be the intersection of the two iso-surfaces
u = 1=2 and v = uth(1=2). In two dimensions this de�nes the spiral tip[30]. For
parameter values in this study, two-dimensional spirals trace out small circles
(similar to that in Fig. 1). In three dimensions, �laments undergo small-scale
circulations at the period of wave rotations (corresponding to rotations in two
dimensions) and also slower large-scale motions associated with movement of
the scroll structures in three space. We are primarily interested in these slow
motions.

Focusing on �laments rather than the full concentration �elds reduces the
complexity of the structures to be analyzed. However, even this is not su�cient
to obtain a low-dimensional description of scroll waves. For the waves we
consider here the �laments are or are close to simple geometric objects (lines
and circles) and this allows us to reduce the in�nite-dimensional dynamics
to the dynamics of simple geometric objects described by a few coordinates
(centers, radii etc.) and we need only save this small number of quantities
during long simulations. For scroll rings, the obvious object to �t is a circle. For
axisymmetric rings, the numerically computed �laments are circles to within
numerical precision. For twisted rings, the �lament is composed of two pieces,
one approximately a line and the other approximately a circle. We focus on
the nearly circular part of the �lament and �nd the best approximating circle.

We have used the following algorithm for our �tting. First consider �nding a
best �t sphere to a set of points (xi; yi; zi) in three dimensions [33]. De�ning
Qi = x2i + y2i + z2i , the following set of equations gives the center (a; b; c) of
the sphere:

a

0
B@

var(x)
covar(x; y)
covar(x; z)

1
CA+ b

0
B@
covar(x; y)
var(y)

covar(y; z)

1
CA+ c

0
B@
covar(x; z)
covar(y; z)
var(z)

1
CA =

1

2

0
B@
covar(x;Q)
covar(y;Q)
covar(z; Q)

1
CA ;(3)

where var and covar refer to variance and covariance of the data points. The
radius then is calculated as

r =
q
a2 + b2 + c2 +Q� 2ax� 2by � 2cz

where x = mean(x), etc. Eq. (3) become nearly singular if the points are nearly
coplanar as in the case of a scroll ring. The size of the eigenvalue closest to
zero gives a measure of how close the points are to a plane, and the associated
normalized eigenvector gives a unit normal for a family of planes. Replacing
the nearly singular direction with the equation of the plane going through
the mean position (x; y; z) allows us to calculate the center and radius of the
best �t circle, which we denote (X; Y; Z) and R, respectively. In this way full
concentration �elds are projected onto four scalars. In addition, we output
the unit normal vector and the error in the �t. The later is used to assess the
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Fig. 2. Axisymmetric scroll ring. Shown is the iso-surface u = 1=2 (clipped halfway

through the volume). The �lament (white) forms a planar ring parameterized by

the radius R and location Z along the symmetry axis. Model parameters are as

given in Sec. 2. The domain has sides of length L = 40.

validity of �tting a circle to the approximately circular �lament of the twisted
scroll ring in Section 3.

3 Results

3.1 Axisymmetric scroll rings

A scroll ring is an axisymmetric solution of the reaction-di�usion equations
which contains a spiral pattern in each azimuthal slice; see Fig. 2. The �lament
formed from the \tips" of these spirals is a planar ring. We take the axis of
symmetry to be the z axis. The dynamics of scroll rings are necessarily limited
to changes in radius, R, and position, Z, along the axis of symmetry. In a
singly di�usive medium (Dv = 0) it is well established that an axisymmetric
ring drifts and shrinks at a speed inversely proportional to its radius (e.g.
[34,3,10,12,35]).

Under parametric forcing of the medium, there are two possibilities for the be-
havior: either the axisymmetry of the solution breaks, in which case one could
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Fig. 3. Periodic forcing of a scroll ring. Plotted is the path of a scroll ring in R�Z

coordinates for (a) forcing away from resonance (Tf = 4:2) and (b) near resonant

forcing (Tf = 3:5). The period of the unforced ring is not constant but T1 � 3:3.

expect the scroll �lament to become non-planar and possibly quite compli-
cated, or else the axisymmetry does not break, in which case the dynamics of
the forced scroll ring can still be captured by measurements of R and Z. In
practice we have limited ourselves to weak periodic forcing and have found no
evidence of symmetry breaking under these conditions.

For our numerical simulations, we start with an initial condition created by
the complex polynomial p(z1; z2) = z2 (see Appendix A). We then simulate
for two to three rotations of the scroll in the absence of forcing to enable the
scroll ring to settle into a state with approximately constant period. We take
this state as an initial condition for our forcing experiments. The radius R and
center (X; Y; Z) are obtained via the �tting procedure described in Section 2.
The (X; Y ) values of the center are found to be constant as expected for the
axisymmetric ring. Note that while we simulate scroll rings in cubical domains,
the solutions are axisymmetric to a high degree of precision. This is similar
to the situation in two dimensions in which spiral waves behave as though in
an in�nite medium so long as the spiral centers are more than a wavelength
from domain boundaries[32,36].

Fig. 3 shows �lament paths for weak periodic forcing of a scroll ring in two
cases, one near frequency resonance and the other away from resonance. Away
from resonance, the scroll ring collapses in almost the same way as in the
absence of forcing: the path in R�Z coordinates is straight (averaged over the
small-scale circular motions) until R becomes very small. The only di�erence
between this and the unforced case is that the small-scale circular motions
associated with the scroll wave rotations are slightly altered under forcing.
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Fig. 4. Periodic forcing of a scroll ring. Plotted is R versus t for resonant peri-

odic forcing (Tf = 3:31,A = 0:00125). Shown is no forcing (middle curve), forcing

at a phase that gives most rapid collapse, and forcing at a phase that give maxi-

mum stabilization. Collapse of a scroll ring is delayed for approximately 100 wave

rotations.

Close to resonance, however, there is a sizeble deviation from straight-line
collapse in R � Z coordinates. Recall the e�ect of parametric forcing on a
spiral wave. As a frequency resonance is approached, the secondary radius of
the quasiperiodic tip path grows as R2 � 1=�, where � � !1 � !f . Thus
the near-resonant motion of the scroll ring can be understood simply as the
large-scale quasiperiodic motion of a forced spiral wave (in R�Z coordinates)
superimposed on the natural shrink and drift dynamics. Note that the shrink
and drift rates are themselves not constant but proportional to 1=R. Thus
as as R ! 0, the shrink and drift speeds increase, whereas the bi-periodic
motions due to forcing do not. This accounts for the uncoiling of the �lament
path as R ! 0. There is also a small shift in the rotation frequency of the
scroll as R! 0 but this seems to have little e�ect on the dynamics.

The fact that resonant forcing of a spiral wave induces a linear drift leads to
the conjecture that resonant forcing at the appropriate amplitude and phase
could be used to stabilize a collapsing scroll ring. That is, if the forcing-induced
drift can be adjusted to counteract the shrink, then the radius of the scroll ring
can be stabilized, though drift along the axis of symmetry would still occur.
Likewise, for the same amplitude and frequency, but another choice of phase
for the forcing it should be possible to greatly accelerate the ring collapse or
to enhance the drift along the symmetry axis.

We have numerically tested this hypothesis and the results are shown in Fig. 4.
Collapse of the scroll ring can be signi�cantly accelerated or delayed with quite
samll forcing. With e�ort we have succeeded in stabilizing the scroll ring at
a constant radius R for more than 100 wave rotations (over 300 time units).
Thereafter the ring begins to collapse. Thus we found that stabilization of the
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Fig. 5. Twisted scroll ring. Iso-surface u = 1=2 (left), clipped iso-surface with

�lament (middle), and clipped iso-surface and �lament from above (right). Arrows

emphasize the change in \spiral phase" in rotating around the �lament (cf. �gure 2).

Note, these images illustrate the structure of �elds for the twisted ring, but this is

not the asymptotic state. The domain has sides of length L = 40.

ring with �xed-frequency forcing is probably possible but di�cult in practice
because the resonance condition must be satis�ed to a very high degree. The
problem is compounded by the fact that once forcing is applied, the rotation
frequency of the scroll frequency changes slightly. It should be possible to
completely stabilize a scroll ring either with further adjustments of the forcing
period and phase or by applying feedback control to the forcing.

In principle one could attempt a low-dimensional dynamical systems descrip-
tion of the forced scroll ring (similar to the description considered in the
following section of the twisted scroll ring). Ashwin and Melbourne [37] have
done this by considering the scroll ring to be a stable state of the system.
However, as axisymmetric scroll rings are nearly always, in fact, transient
structures we have not pursued a low-dimensional description of these states.

3.2 Twisted scroll rings

A twisted scroll ring is a solution to the reaction-di�usion equations with an
approximately circular �lament in which the phase of the \spiral" is not the
same at each azimuthal location. Instead the spiral phase changes around the
ring by a multiple of 2�. We consider the simplest case of a once twisted
scroll ring (Fig. 5) for which the phase change is 2�. Topologically there must
be another �lament passing through the center of the �lament ring [7], see
also[10]. Thus even though one generally refers to the state as a twisted scroll
ring, the �lament consists of two pieces.

An initial condition for a twisted scroll ring is generated by the polynomial
p(z1; z2) = z1z2 (see Appendix A). The straight part of the �lament is then
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Fig. 6. Two views of the �lament for the asymptotic twisted scroll ring. Top view

showing projection onto x�y coordinates (left) and side view with the z-axis vertical

(right). The ring is nearly planar and the central �lament is nearly straight and

parallel to the z-axis. The domain has sides of length L = 24, that used for most

simulations.

parallel to the z axis (the periodic direction in our simulations). Starting from
the polynomial initial conditions, we simulate the reaction-di�usion equations
long enough for the system to reach an asymptotic state. During the tran-
sience, the ring shrinks until the interaction between the ring and the central
�lament stops the contraction. This �nal asymptotic state provides the initial
condition used for our forcing experiments. The state in Fig. 5 is not this
�nal asymptotic state, but we choose to show this early-time state because
the structure of the �elds is clearly seen. Fig. 6 shows the �laments for the
asymptotic state. It can be seen from the top view that the ring is indeed
very close to circular and that the central �lament is close to straight. Before
describing the forcing studies, it is necessary to consider in some detail the
dynamical properties of the unforced state.

3.2.1 Dynamics of the unforced twisted scroll ring

The important issue from our point of view is what symmetry group is ap-
propriate for describing the dynamics of the state, for this will dictate a low-
dimensional description of the forced dynamics. Unlike the untwisted scroll
ring, the twisted scroll ring has no spatial symmetries (apart from the arti�-
cial periodic symmetry in our numerical treatment) and this is why the ring
is not exactly a circle. However, the twisted scroll ring has a space-time sym-
metry: under time evolution the wave uniformly rotates and drifts according
to

u(t) = Tc1tR!1tu(0); (4)
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where u = (u; v), R is a rotation through angle  about some �xed axis,
and Td is a translation of distance d in that same direction. Hence !1 is the
rotation frequency and c1 is the drift speed. In our case the rotation axis is
parallel to the z-axis so the drift is also in the z-direction.

To verify this, we have simulated the twisted ring for hundreds of wave rota-
tions and have measured the drift and rotation of the solution. We then applied
the inverse transformations to the time dependent solution: T�c1tR�!1tu(t).
The resulting state was found to be steady, i.e. the twisted scroll ring is a
relative equilibrium of the system. We have veri�ed that to a high degree of
precision the axis of rotation and direction of translation are parallel to the z
axis.

It is very signi�cant that the rotation and translation axes align with the z
axis. It has been shown that in autonomous systems with three-dimensional
Euclidean symmetry E (3), the evolution of a non-symmetric relative equilib-
ria is generically rotation about an axis together with translation along the
same axis [37{39]. This is as we have found. However, the symmetry analysis
indicates that the axis points in an arbitrary direction. This is reasonable be-
cause a state with no spatial symmetry should drift in an arbitrary direction
for there is nothing to determine a speci�c direction. However, this is not in
agreement with our observation that the motion has a preferred direction: the
z-axis. Of course in our simulations, we impose periodic boundary conditions
in the z-direction. We conjecture, however, that even in an in�nite medium
the axis of rotation and drift would still align with the central �lament.

Our argument is as follows. First, even in an in�nite domain a twisted scroll
ring has no spatial symmetry, so it is not a spatial symmetry that selects an
axis. What selects the axis is the direction along which the central �lament
extends to in�nity, which without loss of generality can be taken to be the
z-direction. In each two-dimensional slice normal to the z axis one �nds a
spiral pattern away from the axis. This can be seen to some extent in Fig. 5.
As with usual two-dimensional spiral waves, these spirals behave nicely under
rotations (around the z-axis) because small rotations result in small changes in
the �elds, even arbitrarily far from the axis. However, small rotations around
any axis not parallel to the z axis produce arbitrarily large changes in the
�elds, i.e. rotations act discontinuously on the state. Consider for example a
small rotation around the x-axis. This would rotate the direction of the central
�lament and thus move the �lament through a distance that would become
unbounded as z ! 1. Thus the evolution of the state will not include such
rotations and so they should be excluded from a description of the dynamics.
Thus a model description will include only the two-dimensional Euclidean
symmetry in the plane perpendicular to the �lament and the one dimensional
Euclidean symmetry along the �lament axis. For describing the dynamics of a
single twisted scroll ring one would not need to include reections in the plane
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Fig. 7. Filaments of twisted scroll ring with parametric forcing. Forcing is at reso-

nance Tf = T1 = 2:9925 with amplitude A = 0:002. There is considerable change in

shape from the unforced case.

and reection along the �lament axis, though we �nd it natural to model
these also. We address this further in Section 3.2.3. We thus conjecture that
the relevant symmetry group for the dynamics of a single twisted scroll ring
is SE(2) � R. This is consistent with our numerical experiments which are
themselves representative both of other simulations and of what would occur
experimentally.

A di�erent issue concerning the unforced twisted ring is that there is bistabil-
ity between two nearly identical states, at least in our simulations with �nite
periodicity in z. If one starts a simulation from the polynomial initial condi-
tion, then the asymptotic state reached is not the state shown in Fig. 6, but
a very slightly di�erent one. If however, one perturbs that state, via periodic
forcing for example, and then removes the perturbation, the state relaxes to
that shown in Fig. 6. The two states are virtually indistinguishable by eye.
The drift speed and rotation frequencies for the two states are very close, but
measurably di�erent (about 1 part in 104). For determining the scaling be-
havior of the system as the forcing amplitude, A, goes to zero, it is necessary
to use the state in Fig. 6 as the A = 0 limit. It is possible that the existence
of the two, nearly identical states is a �nite-size e�ect due to the fact that the
periodicity in z constrains the twist in the central �lament, and that in an
in�nite domain the two states would be the same.

3.2.2 Periodic forcing of a twisted scroll ring

We now turn to the e�ect of periodic forcing on the twisted scroll ring. In
this section we present our numerical results and in section 3.2.3 we discuss
the interpretation in terms of dynamical systems theory. Qualitatively, forcing
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Fig. 8. The e�ect of near-resonant and resonant periodic forcing on the twisted

scroll ring as seen projected onto the X�Y plane. Five values of the forcing period

Tf are shown at �xed forcing amplitude A = 0:0005.

does not change the wave fronts much away from the �lament. Forcing can in-
troduce signi�cant changes in the shape of the �lament, however (Fig. 7). The
central �lament is noticeably helical. The ring is distinctly oval, not centered
around the central �lament, and not con�ned to a plane. Despite this the ring
remains, in some sense, perpendicular to the �lament where it passes through
the ring's \center". While the ring is not circular, �tting to a circle is still a
valid method for projecting onto a small number of variables: (X; Y; Z;R). In
any case, at this forcing amplitude, the largest we consider, the only measure-
ment we use is the drift in the Z-coordinate and the �t is su�cient for this
purpose.

The interesting dynamical aspects of the forced scroll ring along the �lament
axis, Z coordinate, and perpendicular to the axis, (X; Y ) coordinates, are
independent and thus we consider these separately. The important behavior
in the X � Y dynamics is resonant drift. That is, if the twisted scroll ring is
forced at resonance, then drift occurs in X � Y exactly as for spiral waves.
This is shown in Fig. 8 where we plot X �Y paths for �ve forcing frequencies
at �xed forcing amplitude. The similarity to the dynamics of spiral waves in
Fig. 1 is apparent. (Note that in the absence of forcing the dynamics in the
X � Y plane is a rotating wave, i.e. the center of the best-�t circle traces out
a circular path.)

Typical drift dynamics in the Z coordinate under periodic forcing is shown
in Fig. 9. Not surprisingly, the instantaneous drift speed varies at the forcing
period. What is at issue here is how the drift scales with forcing amplitude.
To quantify this we de�ne the instantaneous drift speed c(t) = dZ= dt, which
can then be separated into mean and uctuating parts c(t) = c1+C(t) where
C(t) is periodic with zero mean over the forcing period: < C(t) >Tf= 0.
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Fig. 9. Axial drift dynamics, Z(t), under parametric forcing. Parameter values are

A = 0:001 and Tf = 2:9895.

Fig. 10. Plots showing the dependence of mean drift speed c1 on forcing amplitude,

where c0
1
= 0:165705 is the drift speed without forcing. The dashed line has slope

2. The induced change is quadratic in the forcing amplitude.

In Fig. 10 we show the modi�cation of the mean drift induced by forcing by
plotting c1�c

0

1
as a function of forcing amplitude, where c0

1
is the drift without

forcing. The mean drift speed is seen to scale as A2 for small forcing amplitude.
Fig. 11 shows jCj, the maximum of C(t), as a function of forcing amplitude.
Here it is seen that the magnitude of the uctuating drift is proportional to
forcing amplitude for small forcing. In summary, we �nd the following scalings
as the forcing amplitude goes to zero: c1 � c0

1
= O(A2) and C(t) = O(A).

3.2.3 Dynamical systems description

Assuming that the symmetry group for the dynamics of the twisted scroll ring
is SE(2) � R, one can qualitatively reproduce the dynamics of these scrolls
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Fig. 11. Amplitude of the uctuating drift as a function of forcing amplitude.

Plotted is the maximum of the uctuating drift jCj normalized by the mean drift

speed c1. In the unforced case the drift speed varies by approximately �1% due to

numerical inaccuracies while at a forcing amplitude of A = 0:002 the drift speed

varies by nearly �50%.

with ordinary di�erential equations (ODEs) that have this symmetry. While
Fiedler et al. [38,39,29] have developed a general rigorous approach to the
problem, they do not include reectional symmetries in their treatment (the
reason is that reection symmetry is already broken by the twisted scroll ring
and so it does not enter into any bifurcation from the twisted scroll state). We
take a slightly more global view and consider a set of equations which includes
reections along the �lament axis and reections in the plane perpendicular to
the �lament; that is we include all the symmetries of E (2)�E (1). (We explain
the reason for this later.) The following ODEs model the dynamics of scroll
rings:

_P = s(�) ei�;
_Z = c(�);
_�=!; (5)

_� = � � f(�2; !2) = �0 + �1�
2 + �2!

2;

_!=! � g(�2; !2) = �0 + �1�
2 + �2!

2;

where P is complex, P = X + iY , and the other variables are real. The
functions s and c satisfy s(�) = s(��) � 0 and c(��) = �c(�). The exact
form of the polynomial functions f and g is not important. Note that in this
section f and g will denote the above functions in (5) and not the kinetics
functions in Eqs. (2); this should not leed to any confusion.

Eqs. (5) are invariant under the following transformations:

15



R �

0
BBBBBBBBBBBB@

P

Z

�

�

w

1
CCCCCCCCCCCCA

=

0
BBBBBBBBBBBB@

ei P

Z

�+ 

�

w

1
CCCCCCCCCCCCA

; � �

0
BBBBBBBBBBBB@

P

Z

�

�

w

1
CCCCCCCCCCCCA

=

0
BBBBBBBBBBBB@

P �

Z

��

�

�w

1
CCCCCCCCCCCCA

;

Tabc �

0
BBBBBBBBBBBB@

P

Z

�

�

w

1
CCCCCCCCCCCCA

=

0
BBBBBBBBBBBB@

P + a+ ib

Z + c

�

�

w

1
CCCCCCCCCCCCA

; �z �

0
BBBBBBBBBBBB@

P

Z

�

�

w

1
CCCCCCCCCCCCA

=

0
BBBBBBBBBBBB@

P

�Z

�

��

w

1
CCCCCCCCCCCCA

; (6)

where � denotes complex conjugation, R is rotation by angle  about the
vertical axis, � is reection in the X � Y plane (speci�cally Y ! �Y ), Tabc
is translation of (X; Y; Z) by (a; b; c), and �z in reection in Z. These are the
transformations of the group E (2) � E (1).

The interpretation of the equations is as follows. The triple (X; Y; Z) in the
ODE model corresponds to a projection of twisted scroll solutions into R3 . In
particular, it corresponds to the position in physical space of essentially any
well-de�ned, well-behaved point of the solution. We have in mind the center
of the best-�t circle used numerically to project the state of the system into
R
3 , and hence we use the same notation in the ODE model (this should not

cause any confusion).

It can be seen that the _� and _! equations decouple in system (5) and that
�(t), P (t), and Z(t) can be found by quadrature once �(t) and !(t) are known.
Note that for given �(t) and !(t), P (t) and Z(t) are determined independently,
i.e. P (t) does not depend on Z(t) and vice versa.

A non-symmetric relative equilibrium occurs at nonzero values �1 and !1 for
which f(�2

1
; !2

1
) = g(�2

1
; !2

1
) = 0. This corresponds to a state that rotates in

X � Y coordinates and drifts in Z. To see this one integrates the _�-equation
to obtain: �(t) = !1t+ �0. Substituting this into the equation for _P gives:

_P (t) = s(�1) e
i(!1t+�0) (7)

which integrates to:

P (t) = P0 +R1 e
i(!1t+�0+�1)
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where R1 � js(�1)=!1j, and �1 = ��=2 depending on the sign of !1. The
dynamics in Z are obtained by integrating the _Z-equation to obtain: Z(t) =
c1t + Z0, where c1 = c(�1) and Z0 = Z(0). Thus the state drifts at speed c1,
where generically c1 6= 0. This is as in the analysis of the helix in [29].

We return to the connection between the states in ODEs (5) and scroll waves
in the reaction-di�usion system (1). The relative equilibrium given by (�1; !1)
corresponds to a twisted scroll ring whose central �lament is parallel to the
z axis, that rotates with frequency !1 about that axis and drifts with speed
c1 along that axis. In the reaction-di�usion system there is a family of such
states obtain by translations in three space combined with rotations about the
z axis. In the ODE system this family is captured by the arbitrary constants
P0, �0, and Z0. In our numerical simulations we impose Neumann boundary
conditions in the x� y directions and this means that the system in not truly
symmetric with respect to x� y translations and rotations about the vertical
axis. However, in practice the e�ect of the boundaries is extremely weak as
long as �laments do not get too close to the boundaries. This is exactly as
for spiral waves and this is why translational symmetries is an appropriate
modeling assumption for these waves [32,36].

If we consider all twisted scroll rings in the reaction-di�usion equations with
�laments aligned with the vertical, then there are in fact four families of states
related by the two independent reection symmetries. One may reect the
system in z, or in the x� y plane, or both and thereby obtain other solutions.
Reecting in z gives a state that drifts in the opposite direction from the
original, but rotates in the same direction. Reecting in the x� y plane gives
a state that drifts in the same direction but rotates in the opposite direction,
and �nally reections in both directions give a state that drifts and rotates in
the opposite direction from the original. In the ODE model, this is captured by
the existence of four symmetrically related states: for each relative equilibrium
(�1; !1) there are also relative equilibria (��1; !1), (�1;�!1), and (��1;�!1).

The disconnected states are not described if the reection symmetries are not
included into the model. We believe that including reections in the model
ODEs provides a more natural set of equations for modeling the twisted scroll
ring observed numerically because the reaction-di�usion equations themselves
have reection symmetries, i.e. both directions of rotation and both direc-
tions of drift are observed numerically depending on the initial conditions.
The equations we propose would presumably be those obtained rigorously by
considering a state symmetric under both reections � and �z that under-
goes simultaneous symmetry breaking bifurcations. The unfolding of such a
codimension-two bifurcation would then naturally contain both signs of ro-
tation and both directions of drift. While there is no evidence, as far as we
are aware, that such a bifurcation occurs, it is reasonable to postulate such a
bifurcation point and describe the numerically observed states as those found
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in its unfolding. In any case it is a simple matter to eliminate the reection
symmetries from the ODE system. One simply considers the system in the
vicinity of one of the four symmetrically related states, (�1, !1) say. These can
then be taken to be given constants and the last two equations in (5) would
be dropped; the reections � and �z would be dropped from (6).

We now turn to the description of periodic forcing. This follows almost exactly
the treatment in [31] so we shall not include all the details. In fact, we have
already seen in the ODE system that the P , i.e. X � Y , dynamics does not
depend on the Z dynamics. Moreover, Eq. (5) for P is as for two-dimensional
spiral waves. It follows immediately that the dynamics of the forced scroll ring
projected onto the X �Y plane will be exactly that of a forced spiral wave in
two dimensions. Hence the resonant drift dynamics of the scroll ring in Fig. 8
looks just like the resonant drift in Fig. 1 in ODEs describing spiral waves.

The essence of the resonant drift is as follows. With periodic forcing at fre-
quency !f , the equation for _P will contain terms, in addition to those in (7),
of the form:

ei(!1+k!f )t

for all integer k. Any term of this form integrates to a term of the same form
so long as !1+k!f 6= 0. At a resonance, where !1+k!f = 0, integration gives
a term in P (t) that is linear in t: this is the resonant drift.

For the Z-dynamics, we need to consider the form of c(t) � c(�(t)) when
weak parametric forcing at frequency !f is applied to the equations. Let the
amplitude of the forcing be denoted � and let c0

1
be c(�1) in the absence of

forcing (� = 0). Then under the assumption that c is smooth and dc=d� 6= 0
at the unforced state �1, then c(t) will be expressible in the form:

c(t) = c0
1
+

1X
k=�1

ĉk e
ik!f t = (c0

1
+ ĉ0) +

X
k 6=0

ĉk e
ik!f t = c1 + ~c(t);

where we have divided c(t) into its mean and uctuating parts: c1 and ~c(t)
respectively.

In the weakly nonlinear regime, the coe�cients ĉk will generically scale as:
jĉkj = O(�jkj) for k 6= 0. Assuming the forcing has zero mean (as for the
sinusoidal forcing we consider), then nonlinearity will shift the mean by ĉ0 =
O(�2).

Integrating the _Z equation, we have:

Z(t) = c1t+ C(t);
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where

C(t) �

tZ
0

~c(t0) dt0 = O(�):

Thus we recover the scalings found numerically in the reaction-di�usion sim-
ulations, namely that the mean drift speed scales as c1 = c0

1
+ O(�2) and the

uctuating drift scales as C = O(�) in the limit of small forcing.

4 Conclusion

We have accurately simulated two types of three-dimensional scroll structures
in a reaction-di�usion model of excitable media with parametric forcing. Our
particular focus has been on understanding the behavior of these states from
a dynamical systems viewpoint. For this we have projected the concentra-
tion �elds of the reaction-di�usion equations into a four-dimensional space by
computing scroll �laments and then �tting appropriate �laments to circles.
We have shown that in principle it is possible to stabilize an axisymmetric
scroll ring with parametric forcing. However, without some method of feed-
back control this is di�cult in practice.

We veri�ed that the unforced twisted scroll ring is a relative equilibrium of
the reaction-di�usion equations (there is a frame of reference in which it is a
steady state) and that apart from a periodic symmetry resulting from peri-
odic boundary conditions in the drift direction, the twisted scroll ring has no
spatial symmetries. We have argued on the basis of our numerical experiments
that the dynamics of a twisted scroll ring are not those of a generic relative
equilibrium in an E (3) equivariant system [29,37]. Rather, the dynamics are
governed by the symmetry SE(2) � R. The basis of the argument is that a
twisted scroll ring has a central �lament that extends to in�nity along some
direction and that rotations about axes perpendicular to this direction act dis-
continuously on the solution �elds. Therefore the dynamics of the system will
not generate such rotations. We have found that there is bistability between
two very slightly di�erent twisted-scroll ring states. Finally we have carefully
investigated twisted scroll rings under resonant and near resonant periodic
forcing and have shown that its behavior is exactly as expected on the basis of
a dynamical systems description, namely resonant drift occurs in a direction
perpendicular to the central �lament and drift along the central �lament is
modi�ed.

We have given considerable thought to how one might provide a de�nitive
numerical demonstration of our conjecture that the relevant symmetry of
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the twisted scroll ring is not E (3). Increasing the size of the simulation vol-
ume while either keeping periodic boundary conditions or imposing Neumann
boundary conditions in the direction of the central �lament would not seem to
provide a more de�nitive result than what we have obtained thus far. So long
as the domain is not rotationally symmetric it would not be clear from numer-
ical solutions that the boundary is not selecting a preferred direction. Perhaps
simulations in a su�ciently large spherical domain that co-moves with the
structure would be adequate, but this would be di�cult to program and out-
side our current focus. Hence we leave it as a conjecture that the appropriate
symmetry group for the dynamics of the twisted scroll ring is SE(2) � R.

The periodic forcing we have considered here is essentially equivalent to the
dynamics near a Hopf bifurcation. The locus of Hopf bifurcations from rigid
spiral rotation and to spiral meander in two dimensions is known [32] for the
reaction-di�usion equations (1-2). It would be of some interest consider the
Hopf bifurcation for the axisymmetric and twisted scroll rings and in particular
to establish where the instability occurs in parameter space.

Finally, our approach to understanding waves in three-dimensional excitable
media is very di�erent from the approach of �lament dynamics. The descrip-
tion of three dimensional structures in terms of �lament dynamics requires
the \local geometry hypothesis" that �laments move according to their local
curvature and twist which are generally assumed to be small [14{17]. These
assumptions do not hold for most compact structures such as rings, links and
knots, apparently because these structures exhibit substantial non-local �la-
ment interaction[10,11]. On the other hand, the dynamical systems approach
does not preclude �lament interaction, but instead relies only on the basic
symmetry properties of solutions. We hope to study other organizing centers
(linked rings and knots) with this viewpoint in the future.
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Initial conditions for three-dimensional waves

Here we describe the method used for generating initial conditions. This is
essentially the method pioneered by Winfree et al. 1 which derives from a

1 The method is due to D. Epstein, A. Winfree and T. Poston, unpublished in the
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standard method of embedding an algebraic knot in 3-space [41]. Think of a
scroll wave as a stack of two-dimensional slices containing spirals. Then one can
generate scroll initial conditions via two mappings: a mapping � generating
two-dimensional spirals with a known tip location, and a mapping f that
stacks the spirals in the desired three-dimensional structure. The mapping �
is of the form �:R2 ! R

k , where k is the number of �elds. In our case k = 2,
that is � gives the two �eld values (u; v) at each point in the plane. The
stacking map f :R3 ! R

2 send points in three space to the two-dimensional
slices. The composition � � f thus assigns (u; v) values to each point in three
space, i.e. generates the initial conditions.

.1 Two-dimensional spirals

A simple initial condition for spiral waves is a sector of excitation. Expressed
in polar coordinates (r; �), the excited region can be taken as lying between a
wave front at � = �0 and a wave back at � = 0. For kinetics (2), excited regions
correspond to u = 1 and refractory regions to u = 0. Thus we take u to be
initially piecewise constant with u = 1 for 0 � � < �0, and u = 0 otherwise.
We take v to be initially piecewise linear with v = vmin ' 0 at the wave front
and v = vmax at the wave back. Thus we have the following expression for �:

�
r

�

�
�
!

8>>>>><
>>>>>:

�
1

vmax
�0��
�0

�
if 0 � � < �0

�
0

vmax
�0��
�0�2�

�
if �0 � � < 2�

(.1)

where we have set vmin = 0. In practice we use vmax = a and �0 � �.

.2 Complex polynomial maps

For simplicity assume that � generates a spiral whose tip is at the origin in R2 .
(For the preceding � this is approximately true). Then the set of points in R

3

that are mapped to the origin by the stacking map f comprise the �lament.
It is easy to �nd a continuous mapping that gives rise to a single straight
scroll wave. However, as soon as �laments are joined to form rings, �nding
continuous maps with the appropriate kernel becomes more di�cult.

Interesting �laments geometries can be generated from complex polynomial
maps. Given a non-constant polynomial in two complex variables p(z1; z2), the

original form. See [13,40,11]
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equation p(z1; z2) = 0 describes a hyper-surface in C
2 . Denote this by V . Now

look at the intersection of V with a small 3-sphere S" centered about some
point q on V and de�ne K = V \ S": As V is a two-dimensional manifold
intersecting S" transversely, the real dimension of K must be one. In the
simplest case K is a circle embedded into the 3-sphere S". However, if q is a
critical point of the polynomial, then K need not be topologically a circle, and
if K is topologically a circle it can be embedded in knotted way. This provides
a method for obtaining the stacking map f itself as the composition of two
mappings: f = p � s, where s maps R3 to a three-sphere in R

4 , and p is the
polynomial mapping taking points in C 2 �= R

4 to C . The points in R3 that get
mapped to the origin in C under the composition can be chosen via p to be
some desired curve or curves.

The standard mapping from R
3 into S3

" is the stereo-graphic map:

0
B@
x

y

z

1
CA s
!

1

R2 + "2

0
BBB@

2"2x
2"2y
2"2z

(R2 � "2)"

1
CCCA �=

1

R2 + "2

�
2"2x + i2"2y

2"2z + i(R2 � "2)"

�
(.2)

where R2 � x2 + y2 + z2. Points inside S
2

" � R
3 are mapped to the lower

hemisphere, points outside S2

" to the upper hemisphere of S3

".

In numerical simulations we are only interested in a subset of R3 , usually
a cube, and it is necessary to scale the simulation volume such that under
the mapping (.2) this volume covers a sizable portion of the sphere. Scaling
the volume to the cube [�2"; 2"]3 will cover over 70% of S3

", which is a good
choice for most initial conditions. For the twisted scroll ring, it is necessary
to scale the z-direction di�erently. Ideally the z coordinate of the simulation
cube should be scaled to [�1;�1] and this can be accomplished via the tan
function.

By appropriate choice of the polynomial map we can take " = 1=2 in the
de�nition of s. Moreover, as we are only interested in a subset of R3 , it is
possible to use a simpler mapping by dropping the pre-factor in (.2) and using

0
B@
x

y

z

1
CA s
!

0
BBB@

x

y

z

(R2 � 1

4
)

1
CCCA �=

�
x+ iy

z + i(R2 � 1

4
)

�
: (.3)

This describes a parabolic surface that touches the sphere S3

1=4 at (0; 0; 0;�1=4).

In summary, we generate our initial conditions by scaling the simulation vol-
ume to the cube [�1; 1]3, or [�1; 1]2 � (�1;�1) for the twisted scroll ring,
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and then apply the following composition of mappings:

R
3 s
!C

2 p
!C

�
!R

k :
� �

�f=p�s

where s is given by (.3), p is chosen according to the desired �lament structure,
and � is given by (.1).
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