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Abstract

This paper considers an inverse problem for wave propagation in a per-
turbed, dissipative half-space. The perturbation is assumed to be compactly
supported. This paper shows that in dimension three, the perturbation is
uniquely determined by knowledge of the Dirichlet-to-Neumann map on an

open subset of the boundary.

1 Introduction

In this paper, we consider an inverse problem for wave propagation modeled
by the equation

(r2 + q(x))u(x) = 0; (1)

where x is in R3 and q can be complex-valued. This equation arises in the
propagation of electromagnetic [1], [3] and acoustic [5], [8] waves.

1 Rolf Nevanlinna Institute, P. O. Box 4, FIN-00014 University of Helsinki, Finland.

This research was supported by Finnish Academy project 37692.
2 Institute for Mathematics and Its Applications, University of Minnesota, Minneapo-

lis, MN 55455; permanent address: Department of Mathematical Sciences, Rensselaer

Polytechnic Institute, Troy, NY 12180. This research was supported in part by RPI, the

IMA, ONR, and NSF.
3 Department of Mathematics, University of Washington, Seattle, WA 98195. This

research was partly supported by NSF and ONR.

1



We consider the problem in the half-space x3 < 0. In the lower half-space,

q(x) di�ers from the constant q� only in a region of compact support. Here

the imaginary part of q(x) and q� are assumed to be non-negative.

For this wave propagation problem we consider an inverse boundary value

problem for the lower half-space. In particular, we specify Dirichlet data on

the top surface:

ujx3=0 = f; (2)

together with an outgoing radiation condition in the lower half-space. We

assume that the boundary data f is in the Sobolev space H1=2 de�ned by

Hs = ff :

Z
jf̂(�)j2(1 + j�j2)s=2d� <1g:

For boundary data in this space, it is known that the boundary value problem
(1), (2), together with radiation conditions, has a unique solution [1].

Thus the normal derivative @u=@x3 on the surface x3 = 0 is uniquely
determined. The mapping from H1=2 to H�1=2

� : ujx3=0 7!
@u

@x3

��
x3=0

(3)

is called the Dirichlet-to-Neumann map. Such maps have been used a great
deal recently in the study of inverse problems [13], [7], [10], [9], [11]. Knowl-
edge of the Dirichlet-to-Neumann map is equivalent, in a certain sense, to

scattering data [1].
The inverse boundary value problem is to determine q(x) in the lower half-

space from knowledge of �. In the case in which the Dirichlet-to-Neumann

map is de�ned on the boundary of a compact region, it is known [13] that
knowledge of � uniquely determines q(x). The purpose of this paper is to

extend this result to the half-space geometry. For the case in which q is
purely real, the half-space uniqueness question was studied in the unpub-

lished manuscripts [14] and [4]. Here we consider the complex case.

2 The theorem and proof

We consider two equations of the form (1). We denote the two qs by q1
and q2, and we will use subscripts to denote the corresponding associated
solutions, Green's functions, Dirichlet-to-Neumann maps, etc..
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We assume that the general region of space containing the possible per-

turbations q1 and q2 is known. We denote by B a large open set containing

the supports of q1 and q2. We also assume that the perturbation is strictly

contained in the lower half-space, so that the closure of B does not intersect

the boundary x3 = 0.

The proof of the theorem will make use of the Dirichlet Green's function,

which can be de�ned as follows by the method of images. We use a tilde

to denote the image point, so that ~y is the point obtained by reecting y

across the y3 = 0 plane. First we recall that the free-space outgoing Green's

function corresponding to the medium parameters in the lower half-space is

G0(x; y) =
ei
p
q
�

jx�yj

4�jx� yj
: (4)

The full-space outgoing Green's function in the presence of a perturbation
in the medium is then the unique solution [1] of the Lippmann-Schwinger
equation G = G0+

R
G0(q�q�)G. For a source located at the image point ~y,

the corresponding quantities are ~G0(x; y) = G0(x; ~y) and ~G, which satis�es
~G = ~G0 +

R
G0(q � q�) ~G. Finally we de�ne the Dirichlet Green's function

GD to be the di�erence of the perturbed free-space Green's functions: GD =
G � ~G. We note that ~GD satis�es the integral equation

GD(x; y) = G0(x; y)� ~G0(x; y) +

Z
G0(x; z)(q(z)� q�)G

D(z; y) dz (5)

This Dirichlet Green's function automatically satis�es the condition

GD(x; y)jx3=0 = 0: (6)

Moreover, from equation (5) it follows that Green's function GD(� ; y)
satis�es the radiation condition

lim
jxj!1

jxj(
@

@jxj
� ik)GD(x; y) = 0: (7)

Proposition 2.1 The kernel of the Dirichlet-to-Neumann map � is

@

@x3

@

@y3
GD(x; y)jx3=0;y3=0: (8)
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Proof. We apply the divergence theorem and radiation condition (7) toR
(ur2GD �GDr2u) = u, where u denotes a solution of (1), (2), with radi-

ation conditions in the lower half-space. 2

We denote by R3

� the lower half-space fx : x3 < 0g, and by A the set

R3

�nB. In the following we say that �1 = �2 on some open subset � of the

boundary x3 = 0 if the kernels of the operators coincide on �� �; i.e.,

@

@x3

@

@y3
GD
1
(x; y)

��
x3=0;y3=0

=
@

@x3

@

@y3
GD
2
(x; y)

��
x3=0;y3=0

(9)

for x and y in �.

Theorem 2.1 Suppose the set B containing the supports of q1 � q� and

q2� q� is strictly contained in the lower half-space. If �1 = �2 on some open

subset � of the boundary x3 = 0, then q1 = q2.

Proof. The proof involves a series of �ve lemmas. The �rst two show that
knowledge of the Dirichlet-to-Neumannmap su�ces to determine the Dirich-
let Green's function outside the perturbation in q. The third and fourth
lemmas establish a version of the Green's theorem identity that is often
used for uniqueness arguments. The last lemma, which is roughly based on

the uniqueness proof in [6], shows that linear combinations of the Dirichlet
Green's functions can be used to approximate the Sylvester-Uhlmann solu-
tions.

Lemma 2.2 Suppose the hypotheses of the theorem are satis�ed. Then

@y3G
D
1
(x; y) = @y3G

D
2
(x; y) for y in � and x in A.

Proof. For a �xed y in �, we denote by Fi(x) the function @y3G
D
i (x; y) for

i = 1; 2. Each Fi satis�es the Helmholtz equation (r2 + q�)Fi(x) = 0 in

the set A away from the perturbation. Because �1 = �2 on �, from (9) we

have that the normal derivatives of Fi coincide there: @x3F1(x) = @x3F2(x)

for x on �. Moreover, by taking y3 derivatives of both sides of the boundary
condition (6) we see that for x on �, F1(x) = F2(x) = 0. Thus F1 and

F2 satisfy the same unperturbed Helmholtz equation outside B, and have

identical Cauchy data on �. The Holmgren uniqueness theorem can be used

to show that F1 and F2 are identical in a neighborhood of �. From this the
claim follows from the unique continuation principle [2]. 2

4



Lemma 2.3 Suppose the hypotheses of the theorem are satis�ed. Then

GD
1
(x; y) = GD

2
(x; y) for x in A and y in Anfxg.

Proof. Let x in A be �xed. Then GD
i (x; y) satis�es the Helmholtz equation

(r2 + q�)G
D
i (x; �) = 0 in the set Anfxg. By the boundary condition (6)

and reciprocity, GD
i (x; y) = 0 for y in �. By Lemma 2.2, @y3G

D
1
(x; y) =

@y3G
D
2
(x; y) for y in �. Thus GD

1
and GD

2
satisfy the homogeneous Helmholtz

equation in Anfxg and have the same Cauchy data on �. Again, by the

Holmgren uniqueness theorem GD
1
(x; �) and GD

2
(x; �) are identical in a neigh-

borhood of �. Thus by the unique continuation principle they coincide ev-
erywhere outside B [ fxg. 2

Lemma 2.4 For x in B, and y and z in A,Z
B

(qi � qj)(x)G
D
i (x; y)G

D
j (x; z)dx

=

Z
@B

�
GD

i (x; y)@�xG
D
j (x; z)�GD

j (x; z)@�xG
D
i (x; y)

�
dSx;

where @�x denotes di�erentiation with respect to the outward unit normal to

B.

Proof. This follows from the divergence theorem. 2

Lemma 2.5 Suppose the hypotheses of the theorem are satis�ed. Then for

x in B, and y and z in A,Z
B

(q1 � q2)(x)G
D
1
(x; y)GD

2
(x; z)dx = 0: (10)

Proof. From Lemma 2.4 with i = 1; j = 2 we haveZ
B

(q1 � q2)(x)G
D
1
(x; y)GD

2
(x; z)dx

=

Z
@B

�
GD
1
(x; y)@�xG

D
2
(x; z)�GD

2
(x; z)@�xG

D
1
(x; y)

�
dSx: (11)

However, by Lemma 2.3, GD
1
= GD

2
. By applying Lemma 2.4 in the case

i = j see that the right hand side of (11) vanishes and thus we obtain (10).
2
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Lemma 2.6 The span of the set U = fGD(�; y)jB : y in an open subset of

Ag is dense in the set V = fujB : (r2 + q)u = 0g.

Proof. Suppose there exists an f , supported in B, that is orthogonal to all

GD in U , i.e.,
R
B
GD(x; y)f(x)dx = 0 for all y in an open subset of A. Let

w(y) =
R
B
GD(x; y)f(x)dx. Then (r2 + q)w = f . By assumption, w is

identically zero in an open subset of A, and by unique continuation [2], must

be zero everywhere in A.

This enables us to show as follows that f must also be orthogonal to every

solution u in V :Z
B

uf =

Z
B

u(r2 + q)w =

Z
B

w(r2 + q)u = 0:

Here the second equality follows because w vanishes outside B, which implies
the vanishing of the boundary terms arising from integrating by parts. 2

The proof of the theorem concludes with the observation that Lemma

2.6 guarantees that we can use linear combinations of the functions GD to
approximate the Sylvester-Uhlmann solutions [13], which are of the form

 (x; �) = ei��x +O(1=j�j)

for complex vectors � such that � � � = q�. Then for any real �, we use GD
j s

to approximate  j =  (x; �j) with �1 + �2 = �, and thus on the left side of
(10) obtain the Fourier transform of q1�q2. Since this Fourier transform can
be made arbitrarily close to zero, q1 = q2: 2
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