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Abstract

Stabilized iterative schemes for mixed �nite element methods are proposed and ana-

lyzed in two abstract formulations. The �rst one has applications to elliptic equations and

incompressible uid ow problems, while the second has applications to linear elasticity

and compressible Stokes problems. Convergence theorems are demonstrated in abstract

formulations; applications to individual physical problems are included. In contrast to

standard mixed �nite element methods, these stabilized schemes lead to positive de�nite

linear systems of algebraic equations that have smaller condition numbers than penalty

methods. Theoretical analysis and computational experiments both show that the stabi-

lized schemes have very fast convergence; a few iterations are usually enough to reduce

the iterative error to a prescribed precision. Numerical examples with continuous and

discontinuous coe�cients are presented.

Keywords: Stabilized scheme, �nite element method, elliptic equations, linear elas-

ticity problems, compressible Stokes problems.

AMS Subject Classi�cations: 65N12, 65N30

1 Introduction

Mixed �nite element methods have been proved e�ective for a number of engineering problems;
they provide good approximations to the solution gradient and the solution itself and have the

capability of dealing with rough coe�cients. However, the major shortcoming of the methods

is that they result in large and ill-conditioned non-positive de�nite linear systems involving the
solution and its gradient unknowns. On the computational side, this requires a large computer
memory and fast CPU speed to handle the run-time stack and allocate space on the heap for

storing and manipulating the matrix coe�cients. On the algorithmic side, this causes the design

of numerical methods for the resulting linear systems extremely di�cult.
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Penalty methods [8] have been proposed to stabilize the problem by adding a penalty term,

but the resulting linear system is still ill-conditioned. In particular, in order for penalty methods

to have good accuracy, the penalty parameter must be chosen to be very small. This would

cause a larger condition number of the system. Augmented Lagrangian methods [2, 7] have

been proposed to remedy the problem by choosing a relatively larger penalty parameter and

iterate the system to achieve accuracy. However, augmented Lagrangian methods have been

implemented and analyzed for only a limited number of problems, for example incompressible

Stokes and Navier-Stokes equations, and a general analysis of the method has not been made.

As an example, let us consider the incompressible Stokes equations: �nd the velocity and

pressure pair fu; pg 2 V �Q � (H1
0 (
))

d � fq : q 2 L2(
);
R

 qdx = 0g such that

��u+rp = f; x 2 
;(1)

div u = 0; x 2 
;(2)

u = 0; x 2 @
;(3)

where 
 � Rd(d = 1; 2; or 3) is a Lipschitz domain with boundary @
, and f is a given vector
function. The mixed formulation of the problem (1)-(3) reads: �nd fu; pg 2 V �Q satisfying

(ru;rv)� (div v; p) = (f; v); 8v 2 V;(4)

(div u; q) = 0; 8q 2 Q;(5)

where (�; ) =
R

 � � dx: Its mixed �nite element approximations consist of constructing �nite

dimensional spaces [3] and solve (4)-(5) with V �Q replaced by these spaces. There are a few
stabilized methods for this problem [3, 2, 4, 8, 7, 11], below we just mention two which are

closely related to our scheme in this paper.
Penalty methods [3, 8] simply add one term to stabilize the problem: �nd fu�; p�g 2 V �Q

satisfying

(ru�;rv)� (div v; p�) = (f; v); 8v 2 V;(6)

(div u�; q) + �(p�; q) = 0; 8q 2 Q;(7)

where � is a small positive real number. The convergence for this method is ku � u�kV + kp �
p�kQ = O(�): Augmented Lagrangian methods [2, 7, 11] iterate the penalty scheme: with initial

guess p0 2 Q, �nd fum; pmg 2 V �Q satisfying, for m = 0; 1; 2; � � � ;

(rum;rv) +
1

�
(div um;�(div v)) = (f; v) + (div v; pm�1); 8v 2 V;(8)

pm = pm�1 �
1

�
�(div um);(9)

where � is the projection operator onto Q. The convergence for this method is ku�umkV +kp�
pmkQ = O(�m); for m = 0; 1; 2; � � � : Thus for augmented Lagrangian methods, the parameter �
does not have to be chosen very small so that the conditioning of the system can be improved

and the accuracy is achieved through iterating the process.

At matrix level, the �nite dimensional approximation of (4)-(5) has the form

AU +BtP = F;(10)

BU = 0;(11)
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where A and B are two coe�cient matrices. Penalty methods and augmented Lagrangian

methods have the form

AU� +BtP� = F;(12)

BU� � �DP� = 0;(13)

and

AUm +
1

�
BtD�1BUm = F � �BtPm�1;(14)

Pm = Pm�1 +
1

�
D�1BUm;(15)

respectively. Both penalty and augmented Lagrangian methods can decouple the velocity vari-

able U from the pressure variable P and result in symmetric and positive de�nite linear systems.
Augmented Lagrangian methods are usually posed in the context of optimization, and are not

widely available for general mixed �nite element schemes. For example, the analysis in [2] does
not seem to apply for compressible uid problems and for second order elliptic problems with

a general zero-order term. In this paper, we generalize the idea of the augmented Lagrangian
methods and apply it to general framework of mixed �nite element methods. Note that the
computation of the projection � in (8)-(9) for each basis function may consume a lot of CPU
time. Our generalized schemes will not involve such projections and reduce to an equivalent
form of (8)-(9) for incompressible Stokes equations.

2 Stabilized Schemes in abstract formulations

We �rst consider an abstract framework which is applicable to elliptic equations and incom-
pressible uid ow problems. Let V and Q be two Hilbert spaces with inner products denoted

by (�; �)V and (�; �)Q, norms denoted by k � kV and k � kQ; and dual spaces denoted by V 0 and Q0,
respectively. Let a(�; �); b(�; �) and c(�; �) be bounded bilinear forms on V �V; V �Q and Q�Q
respectively, and f and g be two bounded linear functionals in V 0 and Q0 respectively, with h�; �i
denoting the duality. Find fu; pg 2 V �Q such that

a(u; v) + b(v; p) = hf; viV 0�V ; 8v 2 V;(16)

b(u; q)� c(p; q) = hg; qiQ0�Q; 8q 2 Q;(17)

Assume that a(�; �) is positive semide�nite, c(�; �) is symmetric and positive semide�nite, and

a(�; �) and b(�; �) satisfy the conditions

inf
w 2 Ker(B)

w 6= 0

sup
v 2 Ker(B)

v 6= 0

a(w; v)

kwkV kvkV
� �1;(18)

inf
v 2 Ker(B)

v 6= 0

sup
w 2 Ker(B)

w 6= 0

a(w; v)

kwkV kvkV
� �1;(19)
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sup
v 2 V

v 6= 0

b(v; q)

kvkV
� �2kqkQ=Ker(Bt)

; 8q 2 Q;(20)

where �1 and �2 are positive constants and Ker(B) denotes the kernel of the operator B : V !
Q0; which, together with its transpose Bt : Q! V 0; is de�ned by

hBv; qiQ0�Q = hBtq; viV 0�V = b(v; q); 8v 2 V; 8q 2 Q:(21)

Note (20) is equivalent to the fact that the image Im(Bt) is closed in V 0, that is, the image

Im(B) of operator B is closed in Q0, which is further equivalent to

sup
q 2 Q

q 6= 0

b(v; q)

kqkQ
� �2kvkV=Ker(B); 8v 2 V:(22)

We further assume that the bilinear form c(�; �) is either coercive on Ker(Bt); that is, there is a
constant  > 0 such that

kqk2Q � c(q; q); 8q 2 Ker(Bt);(23)

or identically zero; in the latter case we also assume that g 2 Im(B):
Let Ker(C) denote the kernel of C; the operator associated to the bilinear form c(�; �): Under

the assumptions above, the problem (16)-(17) has a unique solution fu; pg 2 V �Q=(Ker(Bt)\
Ker(C)). See [3] for a proof. The linear system of algebraic equations from (16)-(17) is usually
ill-posed and thus can not be solved easily. We propose the following iterative scheme. Taking
� to be a small positive number and p0 2 Q an initial guess, �nd fum; pmg 2 V �Q such that,
for m = 0; 1; 2; � � � ;

a(um; v) + b(v; pm) = hf; vi; 8v 2 V;(24)

b(um; q)� c(pm; q)� (�pm; q)Q = hg; qi � (�pm�1; q)Q; 8q 2 Q:(25)

It is easy to see that (24)-(25) has a unique solution in V �Q: We now state and prove the
following convergence results.

Theorem 2.1 Let fu; pg be the solution to the system (16)-(17) and fum; pmg the solution of

(24)-(25). Assume that a(�; �), b(�; �) c(�; �) are bounded with norms kak; kbk; kck, respectively,
a(�; �) is positive semide�nite, and c(�; �) is symmetric and positive semide�nite. Assume further

that (18), (19), (20), and (23) are satis�ed. Then we have, for � < 1=K and p0 2 Q,

kp � pmkQ �
�

K�

1�K�

�m
kp � p0kQ; m = 1; 2; � � � ;(26)

ku� umkV �
�K

K

�
K�

1�K�

�m
kp� p0kQ; m = 1; 2; � � � ;(27)
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where

K = K1 + 0:5K2

�
K2 +

q
4K1 +K2

2

�
;(28)

�K =
kak+ �1

�1�2

�
1 + 0:5kck1=2

�
K2 +

q
4K1 +K2

2

��
;(29)

K1 =
kak
�1�

2
2

(kck+ )(kak+ �1) +
1


;(30)

K2 =
kakkck1=2
�1�

2
2

(kck+ )(kak+ �1):(31)

Proof: From (16)-(17) and (24)-(25), the iterative errors em = u�um 2 V and rm = p�pm 2 Q
satisfy

a(em; v) + b(v; rm) = 0; 8v 2 V;(32)

b(em; q)� c(rm; q) = ��(pm � pm�1; q)Q; 8q 2 Q:(33)

We write em and rm into

em = êm + �em; êm 2 Ker(B); �em 2 Ker(B)?;(34)

rm = r̂m + �rm; r̂m 2 Ker(Bt); �rm 2 Ker(Bt)?;(35)

where Ker(B)? and Ker(Bt)? denote the orthogonal complements of Ker(B) and Ker(Bt) in
the spaces V and Q, respectively. Note that the symmetry and positive semide�niteness of c(�; �)
imply that

c(p; q) �
q
c(p; p)

q
c(q; q); 8p; q 2 Q:(36)

By (22), (33), and (36) we see that

�2k�emkV � sup
q 2 Q

q 6= 0

b(�em; q)

kqkQ

= sup
q 2 Q

q 6= 0

c(rm; q)� �(pm � pm�1; q)Q

kqkQ
(37)

� �kpm � pm�1kQ + kck1=2
q
c(rm; rm):

By (18) and (32) we see that

�1kêmkV � sup
v 2 Ker(B)

v 6= 0

a(êm; v)

kvkV
= sup

v 2 Ker(B)

v 6= 0

a(em; v)� a(�em; v)

kvkV

= sup
v 2 Ker(B)

v 6= 0

�b(v; rm)� a(�em; v)

kvkV
� kakk�emkV :(38)
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Combining (37) and (38) we have

kemkV � kêmkV + k�emkV �
 
kak
�1

+ 1

!
k�emkV

� kak+ �1

�1�2

�
�kpm � pm�1kQ + kck1=2

q
c(rm; rm)

�
:(39)

In view of (20) and (32) we obtain

�2k�rmkQ � sup
v 2 V

v 6= 0

b(v; �rm)

kvkV
= sup

v 2 V

v 6= 0

b(v; rm)

kvkV
= sup

v 2 V

v 6= 0

�a(em; v)
kvkV

� kakkemkV :(40)

Note that (33) implies that

c(r̂m; q) = �c(�rm; q) + �(pm � pm�1; q)Q; 8q 2 Ker(Bt):(41)

By the coerciveness condition (23) we have

kr̂mkQ � kckk�rmk+ �kpm � pm�1k:(42)

Combining (40), (42), and (39) we have a bound on krmkQ:

krmkQ � kr̂mkQ + k�rmkQ
� (

kck


+ 1)k�rmkQ +
�


kpm � pm�1kQ(43)

� kck+ 

�2
kakkemkV +

�


kpm � pm�1kQ

� �K1kpm � pm�1kQ +K2

q
c(rm; rm);

where K1 and K2 are de�ned in (30)-(31).

It remains to bound c(rm; rm): We combine (32) with r = em and (33) with q = rm to get

a(em; em) + c(rm; rm) = �(pm � pm�1; rm)Q;(44)

which, together with (43), implies that

c(rm; rm) � �kpm � pm�1kQkrmkQ
� K1�

2kpm � pm�1k2Q + �K2kpm � pm�1kQ
q
c(rm; rm):(45)

Note that x � y + z
p
x with x � 0; y � 0; z � 0 implies that

p
x � z=2 +

q
y + z2=4. Thus

(45) gives

q
c(rm; rm) � �

0
@K2

2
+

s
K1 +

K2
2

4

1
A kpm � pm�1kQ:(46)
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In view of (46), the inequality (43) becomes

krmkQ � �Kkpm � pm�1kQ;(47)

where K is de�ned by (28). The formula (26) follows immediately from (47) and the triangle

inequality. By (39) and (46) we obtain

kemkV � � �Kkpm � pm�1kQ � � �K(krmkQ + krm�1kQ);(48)

where �K is given by (29). Now (27) follows from (26) and (48). This concludes the proof.

Theorem 2.2 Let fu; pg be the solution to the system (16)-(17) and fum; pmg the solution of

(24)-(25) with the bilinear form c(�; �) � 0 and the right hand side functional g 2 Im(B): Under

the assumptions of Theorem 2.1 except (23), then for � < 1=K and p0 2 Q;

kp� pmkQ=Ker(Bt)
�
�

K�

1 �K�

�m
kp � p0kQ=Ker(Bt)

; m = 1; 2; � � � :(49)

ku� umkV �
kak+ �1

�1�2K

�
K�

1 �K�

�m
kp � p0kQ=Ker(Bt)

; m = 1; 2; � � � ;(50)

where

K =
kak(kak+ �1)

�1�
2
2

:(51)

Proof: From (16)-(17) and (24)-(25), the iterative errors em = u�um 2 V and rm = p�pm 2 Q
now satisfy

a(em; v) + b(v; rm) = 0; 8v 2 V;(52)

b(em; q) = ��(pm � pm�1; q)Q; 8q 2 Q:(53)

Repeat the same procedure as in the proof of Theorem 2.1. But in this case, we have, instead

of (39) and (43),

kemkV �
kak+ �1

�1�2
�kpm � pm�1kQ;(54)

krmkQ=Ker(Bt)
= k�rmkQ �

kak
�2

kemkV � K�kpm � pm�1kQ;(55)

where K is given by (51). Since the solution for pressure is not unique in Q, we then have

kemkV �
kak+ �1

�1�2
�
�
krmkQ=Ker(Bt)

+ krm�1kQ=Ker(Bt)

�
;(56)

krmkQ=Ker(Bt)
� K�

�
krmkQ=Ker(Bt)

+ krm�1kQ=Ker(Bt)

�
:(57)

These two inequalities lead directly to (49) and (50).

Next, we consider another abstract framework which is applicable to linear elasticity prob-

lems and compressible uid ow problems. Let V and Q be two Hilbert spaces and M be
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another Hilbert space such that Q � M . Assume that a(�; �); b(�; �) and c(�; �) are bounded

bilinear forms on V � V; V �M; and Q�M respectively, such that

a(w; v) � kakkwkV kvkV ; 8w 2 V; v 2 V;(58)

b(w; q) � kbkkwkV kqkM ; 8w 2 V; q 2M;(59)

c(p; q) � kckkpkQkqkM ; 8p 2 Q; q 2M:(60)

Let f and g be two bounded linear functionals in V 0 and Q0 respectively, with h�; �i denoting the
duality. As in the previous case, we assume b(�; �) satis�es the inf-sup condition

inf
q 2 Q

q 6= 0

sup
v 2 V

v 6= 0

b(v; q)

kvkV kqkM
� �;(61)

where � is a positive constant. As opposed to the previous case, we assume that a(�; �) is coercive
on V , that is, there is a constant � > 0 such that

a(v; v) � �kvk2V ; 8v 2 V;(62)

and that c(�; �) satis�es

c(q; q) � ��kqk2M; 8q 2 Q;(63)

where � is a negative or small nonnegative constant. The problem can be formulated as follows.
Find fu; pg 2 V �Q such that

a(u; v) + b(v; p) = hf; viV 0�V ; 8v 2 V;(64)

b(u; q)� c(p; q) = hg; qiQ0�Q; 8q 2 Q:(65)

This formulation is similar to the one in [10] and to Proposition 2.12 in Chapter 2 of [3]. Its
stabilized iterative scheme takes the same form as in the �rst formulation. Letting � be a small

positive number and p0 2 Q an initial guess, �nd fum; pmg 2 V �Q such that, for m = 0; 1; � � � ;

a(um; v) + b(v; pm) = hf; vi; 8v 2 V;(66)

b(um; q)� c(pm; q)� (�pm; q)M = hg; qi � (�pm�1; q)M ; 8q 2 Q:(67)

Note that the inner product in M is used in (67) for the stabilizing terms, in contrast to the

inner product in Q in (25). Under the assumptions above, we can prove that there exists a
unique solution in V �Q for (64)-(65) and for (66)-(67), when � < �kak�2�2:

Theorem 2.3 Let fu; pg be the solution to the system (64)-(65), and fum; pmg the solution of

(66)-(67). Assume that (58), (59), (61), (62), and (63) hold with � < �kak�2�2; then for any

� < �kak�2�2 � � and p0 2 Q,

kp � pmkM �
 

�

�kak�2�2 � � � �

!m
kp� p0kM ; m = 1; 2; � � � ;(68)

ku� umkV �
kbk
�

 
�

�kak�2�2 � � � �

!m
kp � p0kM ; m = 1; 2; � � � :(69)
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Proof: Subtracting the equations in (66)-(67) from the equations in (64)-(65) we have the error

equations

a(u� um; v) + b(v; p� pm) = 0; 8v 2 V;(70)

b(u� um; q)� c(p� pm; q) = ��(pm � pm�1; q)M ; 8q 2 Q:(71)

We de�ne the operators A : V ! V 0; B : V ! Q0; Bt : Q ! V 0; C : Q ! Q0; and

E : Q!M 0 � Q0 by

hAw; viV 0�V = a(w; v); 8w; v 2 V;(72)

hBv; qiQ0�Q = hBtq; viV 0�V = b(v; q); 8v 2 V; 8q 2 Q;(73)

hCp; qiQ0�Q = c(p; q); 8p; q 2 Q;(74)

hEp; qiM 0�M = (�p; q)M ; 8p; q 2 Q:(75)

Then equations (70)-(71) become

A(u� um) +Bt(p � pm) = 0; in V 0;(76)

B(u� um)� C(p� pm) = �E(pm � pm�1); in Q0:(77)

Solving for u� um in (76) and substituting it into (77) we see that

�BA�1Bt(p� pm)� C(p� pm) = �E(pm � pm�1); in Q0;(78)

which leads to

hBA�1Bt(p � pm); p � pmiQ0�Q + hC(p� pm); p� pmiQ0�Q

= hE(pm � pm�1); p� pmiQ0�Q:(79)

By the de�nitions of the operators B, C, and E, we have

b(A�1Bt(p� pm); p� pm) + c(p� pm; p� pm) = (�(pm � pm�1); p� pm)M :(80)

To estimate the �rst term in (80), we let w = A�1Bt(p � pm). Then Aw = Bt(p � pm), and
a(w; v) = b(v; p� pm); 8v 2 V: By (58), (62) (72), and (73) we have

b(A�1Bt(p� pm); p� pm) = b(w; p � pm)

= a(w;w)

� �kwk2V(81)

= �kA�1Bt(p� pm)k2V
� �

h
kAk�1kBt(p � pm)kV

i2
� �kak�2kBt(p � pm)k2V :

From the inf-sup condition (61), we see that

kBt(p � pm)kV = sup
v 2 V

v 6= 0

hBt(p � pm); viV 0�V

kvkV

= sup
v 2 V

v 6= 0

b(v; p� pm)

kvkV
(82)

� �kp� pmkM :
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For the second term of (80), we use (63) to get

c(p� pm; p� pm) � ��kp� pmk2M :(83)

Applying (81), (82) and (83), equation (80) gives rise to

(�kak�2�2 � � )kp� pmk2M � �kpm � pm�1kMkp� pmkM :

By the triangle inequality we have

(�kak�2�2 � � )kp� pmkM � �kp� pmkM + �kp � pm�1kM :(84)

The formula (68) follows from (84) directly.

Letting now v = u� um in (70) we obtain

a(u� um; u� um) + b(u� um; p� pm) = 0:

In view of the coerciveness of a(�; �) and the boundedness of b(�; �) we have

�ku� umk2V � kbkku� umkV kp� pmkM :

That is,

ku� umkV � ��1kbkkp� pmkM :(85)

The inequalities (85) and (68) then imply (69). This completes the proof.

Note that in the iterative schemes (24)-(25) and (66)-(67), a more general stabilizing or

regularizing term like �d(�; �), instead of �(�; �)Q or �(�; �)M ; could be used, where d(�; �) is a
coercive and bounded bilinear form on Q �Q for the �rst formulation and on M �M for the
second.

The iterative schemes in the forms of (24)-(25) and (66)-(67) seem to be new, although
special cases in the name of augmented Lagrangian methods have been considered for elliptic

and Stokes equations [2, 7, 11]. In in�nite dimensional spaces for V �Q, these schemes represent
continuous di�erential problems, while in the �nite dimensional case, they represent mixed �nite

element methods. Note that the analysis in [2] covers the case when the bilinear form c(�; �) is
zero and B is the divergence operator.

There are some notable di�erences in the assumptions for the two formulations. In formula-

tion (24)-(25), the symmetry of c(�; �) is required, while c(�; �) may be non-symmetric in (66)-(67);
Formulation (66)-(67) requires that a(�; �) be coercive on V while formulation (24)-(25) requires

that a(�; �) be invertible on Ker(B).

3 Implementation Issues

At the matrix level, the mixed �nite element methods (16)-(17) and (64)-(65) have the form

AU +BtP = F;(86)

BU � CP = G;(87)
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where U and P signify vectors containing the nodal values of the trial functions for u and p,

and the iterative schemes (24)-(25) and (66)-(67) have the form

AUm +BtPm = F;(88)

BUm � (C + �D)Pm = G� �DPm�1;(89)

where A is a positive semide�nite matrix in the �rst formulation, and a positive de�nite matrix

in the second, and D is a positive de�nite matrix. Here Um and Pm are vectors corresponding

to um and pm. Solving for Pm in (89) and substituting it into (88) we obtain

AUm +Bt(C + �D)�1BUm = F +Bt(C + �D)�1(G � �DPm�1);(90)

Pm = (C + �D)�1(�DPm�1 +BUm �G):(91)

The matrices C and D are diagonal or banded with small band width. The system (90)

is positive de�nite and decoupled from (91). Thus our stabilized schemes not only have more
stability, but also lead to smaller and positive de�nite systems (with velocity unknowns um only).
Compared to penalty methods [8, 9], the stabilized schemes do not require that the parameter
� be very small, since the iterative process has geometrical convergence with respect to �; as a
result, this improves the condition number of the linear system (90).

At the matrix level, we see that the augmented Lagrangian method (14)-(15) is a special
case of our scheme (90)-(91).

4 Applications

In this section, we apply our abstract theory to various physical problems, which include sec-
ond order elliptic equations, incompressible Stokes equations, linear elasticity problems, and
compressible Stokes ow problems.

4.1 Second Order Elliptic Equations

Consider the elliptic problem with Dirichlet boundary condition: �nd p 2 H1(
) such that

�div (K(x)rp) + �(x)p = f(x); x 2 
;(92)

p = h(x); x 2 �:(93)

We assume that � 2 L1(
) is non-negative, h 2 H1=2(
), and K is a d � d positive de�nite

matrix with its smallest eigenvalue uniformly bounded away from zero on 
 � Rd: Combining
the boundary condition (93) and the ux de�nition u = �Krp we have

(K�1u; v)� (p;div v) = �hh; v � �i; 8v 2 H(div; 
);(94)

where (�; �) denotes the standard inner product in L2(
) and h�; �i denotes the duality in the
spaces H1=2(�) and H�1=2(�).
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De�ne the Hilbert spaces V = H(div; 
) = fv : v 2 (L2(
))
d
;div v 2 L2(
)g and Q =

L2(
), and the bilinear forms

a(u; v) =
Z


K�1u � vdx;(95)

b(u; q) = �
Z


q div udx;(96)

c(p; q) =
Z


�(x)p qdx:(97)

With the de�nitions (96) and (21), B is the divergence operator from H(div; 
) into L2(
) and

is also surjective. By a basic functional analysis result

Ker(Bt)? = Im(B);

we see that Ker(Bt) = f0g: Thus (23) holds with  = 1: Note that a(�; �) is coercive on Ker(B);
which implies (18)-(19). Then Theorem 2.1 applies.

At the discrete level, let V � Q be some �nite dimensional spaces, e.g. Raviart-Thomas-
Nedelec space of index k, Brezzi-Douglas-Marini space of index k, or Brezzi-Douglas-Fortin-
Marini space of index k + 1, corresponding to an a�ne �nite element triangulation; see [3]
for the speci�c de�nition of these spaces. Then B is the restriction to V of the divergence
operator, and we still have Ker(Bt) = f0g: In the discrete case, Ker(B) is a subset of the

kernel of the divergence operator; thus the coerciveness of a(�; �) on Ker(B) still holds. Also,
the commuting diagram property implies the discrete inf-sup condition. Thus the mixed �nite
element approximation for the problem (92)-(93) takes the form of (16)-(17) and its stabilized
scheme takes the form of (24)-(25), and Theorem 2.1 also applies to the discrete case.

It is trivial to apply the theory to other types of boundary conditions, e.g. Neumann, Robin
or mixed boundary conditions.

Di�erent approaches [1, 6] have been explored to circumvent the di�culty of ill-conditioning
of the linear systems arising from mixed �nite element methods.

4.2 Incompressible Stokes Equations

Following the notation in the introduction section of this paper, we put the stabilized scheme

for incompressible Stokes problems (1)-(3) in the fashion: �nd fum; pmg 2 V �Q satisfying, for
m = 0; 1; 2; � � � ;

(rum;rv)� (div v; pm) = (f; v); 8v 2 V;(98)

(div um; q) + �(pm; q) = �(pm�1; q); 8q 2 Q;(99)

where V �Q denotes (H1
0(
))

d � fq : q 2 L2(
);
R

 qdx = 0g; or some �nite element spaces [3].

It is easy to see that the scheme (98)-(99) is equivalent to the so-called augmented Lagrangian

method (8)-(9). Indeed, (99) is the same as (9). Substituting (9) into (98) we have

(rum;rv) +
1

�
(�(div um);div v) = (f; v) + (div v; pm�1); 8v 2 V:(100)

The equation (100) is nothing but (8).
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An analysis at the linear algebra level for inexact Uzawa's algorithms was given in [5].

Uzawa's iterative algorithm also stabilizes the ill-conditioning saddle point linear systems. But

its convergence rate can be proved to be always slower than our scheme. Also, the convergence

analysis and the convergence rate of Uzawa's algorithms depend on the eigenvalues of some

matrices, while our convergence does not.

4.3 Linear Elasticity Problems

Consider the linear elasticity problem: �nd fu; pg 2 V �Q such that

a(u; v) + b(v; p) = hf; viV 0�V ; 8v 2 V;(101)

b(u; q)� c(p; q) = 0; 8q 2 Q;(102)

where V = (H1
0 (
))

2; Q = L2(
); and

a(u; v) =
Z


2��(u) : �(v)dx;(103)

b(u; q) = �
Z


q div udx;(104)

c(p; q) =
Z



1

�
p qdx:(105)

Here �(u) is the linearized strain tensor corresponding to displacement u, and we have set
p = �div u. When the Lame coe�cient � is large, the stability of (101)-(102) is weak. Thus
it makes sense to stabilize the problem. Notice that a(�; �) is coercive on V by Korn's �rst

inequality Z


j�(u)j2dx � �kuk21; 8u 2 (H1

0 (
))
2;

and that we can choose � = 0 in (63). Thus the second formulation and Theorem 2.3 apply.
Various mixed �nite element spaces are discussed in [3]. These spaces can be used to con-

struct �nite-dimensional approximations to problem (101)-(102).
The schemes here apply unchangeably to nearly-incompressible ow equations.

4.4 Compressible Stokes Flow

Linearizing the steady-state, compressible, viscous Navier-Stokes equations about a given solu-
tion, we have [10]

�(2� + �)uxx � �uyy � (�+ �)vxy + �Uux + �V uy + px = f1; in 
;(106)

�2�vxx � (2� + �)vyy � (�+ �)uxy + �Uvx + �V vy + py = f2; in 
;(107)

�0(Upx + V py) + �(ux + vy) = f3; in 
;(108)

u = v = 0; on �;(109)

where 
 � R2 with boundary �, u; v; p are the velocity and pressure variables, U; V; P are given

functions of (x; y) describing the ambient ow, �(P ) is a given density function and �0 =
d�

dP
,

�; � are two viscosity coe�cients.
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Following the work in [10], we de�ne the Hilbert spaces V = H1
0 (
)�H1

0 (
); M = fq : q 2
L2(
);

R

 qdx = 0g; and Q to be the set of functions q in M such that

kqk2Q = kqk2M +
Z



"
�0Uqx + �0V qy

�

#2
dxdy <1;(110)

and the bilinear forms

a([u; v]; [w; s])

=
Z


[(2� + �)uxwx + �uywy + (� + �)vxwy + �vxsx + (2� + �)vysy + (� + �)uxsy(111)

+�(Uux + V uy)w + �(Uvx + V vy)s]dxdy; 8 [u; v] 2 V; 8 [w; s] 2 V;
b([u; v]; q) = �

Z


q(ux + vy)dxdy; 8 [u; v] 2 V; 8q 2M;(112)

c(p; q) = �
Z


(�0Upx + �0V py)q=�dxdy; 8p 2 Q; 8q 2M:(113)

Finite dimensional approximations to the spaces V and Q can be constructed (for example, the

MINI element); they are still denoted by V and Q, for simplicity. Thus the mixed �nite element
method (64)-(65) applies to (106)-(109), and its stabilized scheme is (66)-(67).

5 Numerical Experiments

In this section, we conduct some numerical experiments with our stabilized iterative schemes.
It has been demonstrated that these methods work well for Stokes equations [2]. Thus we just

consider the following two second order elliptic equations, one with continuous coe�cients while
the other with discontinuous coe�cients.

Example 1:

�div (K(x)rp) + �(x)p = f(x); x 2 
;(114)

K(x)
@p

@�
= �h(x); x 2 @
;(115)

where 
 = (0; 1)� (0; 1) with boundary @
 and outward unit normal �;

K(x) =

"
ex y

x ey

#

and �(x) =
1

1 + x+ y
: The functions f and h were chosen such that the exact solution of the

di�erential problem is

p(x; y) = exy:

Example 2: Consider the same equations (114)-(115) as in Example 1, except that we here
let 
 = (�0:5; 0:5) � (0; 0:5), �(x) = 0:001; the coe�cient matrix

K(x) =

"
5 + x2 + y2 sin(x)

sin(x) 50 + cos(xy)

#
;



D. Q. Yang / Stabilized Schemes for Mixed Finite Element Methods 15

Table 1: Relative L1 errors for Example 1 between iterates at current and previous iterations.

grid =
1

50
� 1

50
grid =

1

110
� 1

110
iteration � = 10�3 � = 10�4 � = 10�5 � = 10�3 � = 10�4 � = 10�5

0 1.00 1.00 1.00 1.00 1.00 1.00

1 8.02E-4 8.05E-5 8.06E-6 7.94E-4 7.96E-5 7.97E-6

2 1.74E-6 1.50E-8 1.41E-10 1.48E-6 1.49E-8 1.49E-10

3 2.86E-9 3.19E-12 2.08E-13 2.83E-9 3.26E-12 6.25E-13

for x � 0 and

K(x) =

"
�(5 + x2 + y2) �(sinx)

� sin(x) �(50 + cos(xy))

#
;

for x > 0, where the parameter � represents the strength of discontinuity at x = 0: The true
solution is

p(x; y) =

(
�(cos(�x) + cos(�y)) + ex � ey)=�; x � 0
(cos(�x) + cos(�y)) + ex � ey)=� x > 0:

Partition the domain 
 into a set of rectangles of size h1�h2. We employ the Raviart-Thomas
[3, 12] space of index 0. Thus

V = (P1 
P0)� (P0 
P1);

where Pk is the set of one variable polynomials of order less than or equal to k. Consequently,

the pressure space Q consists of piecewise constants. Partitioning the domain into triangles, or
applying higher order approximation polynomials can be treated analogously.

For our numerical experiments, we de�ne relative L1 errors between iterates at current and
previous iterations as

max

(
kpm � pm�1k1

kumk1
;
kpm � pm�1k1

kpmk1

)
;

and relative L1 errors between iterates and the exact solution as

max

(
ku� umk1
kpk1

;
kp � pmk1
kpk1

)
;

where k � k1 denotes the discrete L1 norm, fu; pg denotes the exact solution to the di�erential
problem, and fum; pmg denotes the iterative solution to the �nite-dimensional problem at the

m-th iteration level. The initial guess is always chosen to be zero.

Some results for Example 1 are listed in Tables 1 and 2 for two di�erent grid sizes and three

di�erent values for the penalty parameter �. From Table 1 we see that the convergence depends
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Table 2: Relative L1 errors for Example 1 between iterates and the exact solution.

grid =
1

50
� 1

50
grid =

1

110
� 1

110
iteration � = 10�3 � = 10�4 � = 10�5 � = 10�3 � = 10�4 � = 10�5

1 1.32E-3 5.73E-4 4.98E-4 9.05E-4 1.76E-4 1.03E-4

2 4.91E-4 4.89E-4 4.89E-4 9.72E-5 9.57E-5 9.56E-5

3 4.89E-4 4.89E-4 4.89E-4 9.56E-5 9.56E-5 9.56E-5

Table 3: Relative L1 errors for Example 2 between iterates at current and previous iterations

with grid size = 1

120
� 1

70
. The value for � represents the strength of discontinuity of the

coe�cient.
� = 1 � = 100

iterations � = 10�3 � = 10�4 � = 10�5 � = 10�3 � = 10�4 � = 10�5

0 1.0 1.0 1.0 1.0 1.0 1.0

1 6.6E-7 6.6E-8 6.7E-9 3.9E-7 3.9E-8 9.1E-9

2 5.2E-10 9.3E-10 4.0E-10 7.9E-9 9.8E-9 7.7E-9

3 5.2E-10 5.2E-10 3.3E-10 8.9E-9 8.0E-9 7.7E-9

very slightly on the grid size and that a roughly geometrical convergence rate is achieved, as
predicted by our theory.

For Example 2, � = 1 corresponds to a continuous coe�cient problem and � = 100 corre-
sponds to a strongly discontinuous coe�cient problem. Tables 3 and 4 do not give an exactly
the same convergence pattern and accuracy as in Example 1. This is the case partially because
the convergence is also limited by the discretization error. Indeed, our �nal convergence theory
should have the form

ku� umkV + kp � pmkQ = O(hk+1 + �m);(116)

where fu; pg denotes the exact solution to the in�nite-dimensional di�erential problem, fum; pmg
denotes the iterative solution to our stabilized discrete scheme at the m-th iteration level, and
k is the degree of piecewise polynomials used for Q on a mixed �nite element mesh with size h.

Formula (116) tells us that the iterative convergence accuracy is a�ected by the discretization
term O(hk+1):

Overall, the numerical experiments are pretty convincing. They give an approximately

geometrical convergence and reasonable accuracy for strongly discontinuous problems. In the
implementation, however, our stabilized schemes are much easier to deal with since all linear

systems are positive de�nite, and symmetric if original di�erential problems are symmetric.

6 Concluding Remarks

We have proposed and analyzed stabilized iterative schemes for two abstract formulations of
mixed �nite element methods. These schemes overcome the disadvantages of mixed �nite ele-

ment methods, in that they lead to positive de�nite linear systems and decouple the velocity
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Table 4: Relative L1 errors for Example 2 between iterates and the exact solution with grid

size = 1

120
� 1

70
. The value for � represents the strength of discontinuity of the coe�cient.

� = 1 � = 100

iterations � = 10�3 � = 10�4 � = 10�5 � = 10�3 � = 10�4 � = 10�5

1 3.1E-3 3.1E-3 3.1E-3 8.3E-1 8.3E-1 8.3E-1

2 3.1E-3 3.1E-3 3.1E-3 8.3E-1 8.3E-1 8.3E-1

3 3.1E-3 3.1E-3 3.1E-3 8.3E-1 8.3E-1 8.3E-1

variable from the pressure variable. When the given physical problem is symmetric, the result-

ing linear system is also symmetric. Besides, these schemes keep the advantages of mixed �nite

element methods. For example, the velocity and pressure variables are approximated at the

same accuracy even in the case of rough coe�cients (e.g. K(x) in (92) is varying rapidly in its

entries and its eigenvalues)
The stabilized iterative schemes considered in this paper are generalizations of the augmented

Lagrangian methods in the sense that, when applied to incompressible Stokes equations, it is
equivalent to the well known augmented Lagrangian scheme. However, our schemes do not have

to come from the context of optimization and thus apply to more general problems.
Compared to penalty methods, our schemes have geometrical convergence. This not only

provides very fast convergence, but also improves the conditioning of the resulting linear system
since the parameter � does not have to be chosen very small.

Although our presentation has been in general Hilbert spaces, there are notable di�erences

between �nite-dimensional and in�nite-dimensional cases. For example, in the �nite-dimensional
case, the conditions (18) and (19) are equivalent.

Our schemes also apply to time-dependent problems in an obvious way.
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