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Abstract

We consider the well-known problem of self-focusing of short laser

pulses in media with normal dispersion and attracting Kerr nonlinearity.

It is not known whether normal dispersion arrests self-focusing or not, in

which case there is blow-up. Within the framework of the classical formu-

lation of the problem, the envelope  of the electromagnetic �eld satis�es

in dimensionless variables the equation
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We argue that, for su�ciently strong pulses, the �eld  blows up. We

derive a simple reduced system for the dynamics of the onset of blow-up.

1 Introduction and background

Self-focusing of short laser pulses in media with attracting Kerr nonlinearity is

described by the time-dispersive nonlinear Schr�odinger equation [1]:�
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 = 0; (1)

Here  is the space-time envelope of the electromagnetic �eld, z is distance

along the direction of propagation, �? is the Laplacian in the transverse di-

rections and t is time measured from the instant z=vg that the pulse arrives

at a given point z > 0. The group velocity is denoted by vg and z = 0 is the

boundary of the medium. The two cases � = 1 and � = �1 correspond to

media with anomalous and normal dispersion, respectively.

Strong pulses may be unstable to modulations in the transverse directions

and in the vicinity of the medium boundary they break up into a number of

self-focusing channels. The width of a channel a0 is inversely proportional to
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the �eld amplitude and, for a su�ciently strong pulse, is much smaller than the

pulse duration T0 (in dimensionless variables):

T0 � a0: (2)

This condition is often satis�ed even for \ultra-short" laser pulses, so that time

dispersion may be neglected at least during the early stage of self-focusing.

Therefore, the simpler problem of stationary self-focusing arises. It is described

by the nonlinear Schr�odinger equation [2, 3, 4]:�
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�
 = 0; (3)

for which the collapse is \critical" in the sense that it would be arrested if the

exponent of the nonlinear term were less than three.

The stationary self-focusing problem has been studied intensively for more

than twenty years and was recently solved. The asymptotic law for the variation

of the pulse width, a , in the process of critical collapse was found in [5, 6]:

a(z) �=
r
2�

s � z
ln ln[1=(s� z)] : (4)

Here s is the location of blow-up. This \loglog" law describes a very far asymp-

totic behavior which is not reached even with �eld ampli�cation of several mil-

lion where equation (1) may no longer be valid. A quantitative theory of critical

collapse, valid after �eld ampli�cation of only 5{10 times, was developed in [7]

(1993). The divergence of the \number of quanta",

N =
1

2�

Z
j j2dr ; (5)

that appeared in [5, 6] at the point of singularity formation, was removed in [7]

(1990).

As the �eld tends to blow up the conditions for the applicability of (3) are

violated and either higher nonlinearities or time dispersion become essential.

What kind of e�ects dominate depends on the pulse duration. For su�ciently

short pulses, time dispersion becomes essential before all other e�ects that are

ignored in (3). It is in this sense that we use the term \short pulse" here.

In the framework of equation (1) a uniform stationary waveguide solution,

called the \Townes soliton", is known to be unstable not only with respect to

compression or expansion, as it is for (3), but also with respect to bends (when

� = �1 ) and modulations (when � = �1 ) in the t-\direction" [8]. Instability

here means that perturbations increase with distance z from the boundary of

the nonlinear medium. Thus, competition between di�erent instabilities could

a�ect the dynamics of nonstationary self-focusing of radiation, making it com-

plicated.

2



An early numerical study of the problem [9] led to some rather simple as-

sumptions about the dynamics of collapse. A singularity was assumed to form at

a point, for � = 1, or along a line, for � = �1. The �eld in the space-time vicin-

ity of the singularity was taken to be isotropic or axisymmetric, respectively.

Further study revealed many di�culties and forced consideration of more com-

plicated pictures of self-focusing.

In the case of normal dispersion, � = �1, numerical simulations and some

analytical arguments led to the proposal [10] that fractal collapse occurs. Specif-

ically, it was proposed that the pulse contracts in the transverse directions and

splits in the t-\direction" into fragments which evolve further in a similar way.

Pulse splitting in the t-\direction" was also observed in more recent numerical

experiments [11, 12]. In [13], G.G. Luther, A.C. Newell and J.V. Moloney found

that normal dispersion arrests critical collapse.

In the case of anomalous dispersion, � = 1, nonstationary self-focusing was

studied in connection with subsonic Langmuir wave collapse. The scalar model

of the latter is described by an equation di�ering from (1) by changing t $ z

only. Self-similar solutions of this equation, describing formation of an isotropic

point singularity, were found in [14]. These solutions indicate that the collapse is

\weak", which means that an in�nitely small amount of energy is localized in the

singularity at the instant of its formation. The problem of energy dissipation was

analyzed in [15, 16]. It was shown there that the singularity does not disappear

immediately after its formation, but exists for a �nite time and absorbs a �nite

amount of energy.

Thus, the problem of nonstationary self-focusing was basically solved for

media with anomalous time dispersion. For media with normal time dispersion

the problem has been considered just in a narrow vicinity of the point where the

pulse splitting occurs. We argue here that outside this narrow vicinity normal

dispersion accelarates collapse.

2 Adiabatic Stage of Self-focusing

Under condition (2) time dispersion is negligible at �rst, so collapse develops

as in the critical case at each t , independently of other t's. After self-trapping

of some energy and �eld ampli�cation of 5{10 times, the transverse pro�le of

the pulse is close to the axisymmetric Townes soliton. The trapped energy in a

collapsing \cross section" t = const exceeds slightly the critical value trapped

in the Townes soliton,

~N = Ntr �Ncr � 1; Ncr
�= 1:86 ;

which means that the focusing nonlinearity dominates slightly over transverse

dispersion.

Because of the approximate balance between the focusing nonlinearity (that

contracts the ow) and the transverse dispersion (that spreads it), even a small
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additional term included in (3) can drastically change the dynamics of self-

focusing, as was noted in [7] (1993). For instance, a small defocusing nonlinearity

of �fth order arrests the collapse. Therefore, it is reasonable to consider at �rst

how weak time dispersion modi�es the dynamics of self-focusing, and to see if it

stops collapse while remaining relatively small (like a defocusing nonlinearity)

or not, in which case a further stage of collapse has to be analyzed.

As long as time dispersion is small, i.e.,

j  tt j�j�? j (6)

in (1), the transverse pro�le of the pulse is close to the Townes soliton. The

evolution of such a pulse is adiabatic in the sense that the size of soliton varies

much slower than the phase of the trapped �eld. The \adiabaticity parameter"

� , de�ned by

� = �a3azz; a�2 = �z ; (7)

where �(z; t) is the phase of the �eld at the axis of the channel, a(z; t) is its

width and � is proportional to the small excess ~N of the trapped energy above

the critical one (see, for instance, [7] (1993)):

� �=
~N

M
; M =

1

4

Z
1

0

r3R2(r)dr �= 0:55 : (8)

Here R is the Townes soliton that satis�es�
�+R2 � 1

�
R = 0; lim

r!1
R(r)r1=2er = A �= 3:52 :

To get a closed set of equations for �, a and � we need, in addition to (7)

and (8), an evolution equation for ~N . This can be derived under condition

(6), when the transverse pro�le of the pulse is close to the Townes soliton. The

result is then

~Nz = 2Ncr�tt �
2A2

a2
e��=

p
� : (9)

The �rst term in the right in (9) is a new one. It is due to the ux of quanta

J = �2�tNcr in the t-direction. When the other term is absent, (9) is just the

continuity equation in the (z; t) plane for the \number of quanta" trapped in

the \cross section" t = const of the pulse. The second term is the same as in

the case of critical collapse. It describes the rate of non-adiabatic radiative loss

of quanta in the transverse directions. A more formal derivation of (9) is given

in our detailed paper [17].

When there is no time dispersion, the ux J is absent and the set of equa-

tions (7){(9) describes critical collapse. During critical collapse, the loss rate of

quanta in the transverse directions is small, so that a decrease in ~N is percep-

tible only when changes in the phase of the �eld,

� =

Z
dza�2;
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are exponentially large in the parameter ��1=2 � 1 . When time dispersion

is important, the width a of the pulse changes with phase variations that are

much smaller than such a value, so that the transverse loss of quanta can be

neglected. Further evolution of the pulse is governed by the reduced system

�z = a�2; a3azz = ��; �z =
2Ncr

M
�tt: (10)

These reduced equations have solutions that correspond to blow up and are

computed as follows. Let z = s0(t) be the curve in the (t; z) plane where

a singularity forms according to the law of critical collapse. Time dispersion

becomes essential only in a close vicinity of this curve. If time dispersion does

not stop collapse, a real singularity curve z = s(t) exists, which is expected

to be close to z = s0(t) and to be smooth along with z = s0(t) . Then, near

z = s(t) , all quantities depend essentially only on the di�erence z � s(t) . In

particular, therefore,

�tt = s2t �zz � stt�z ; (11)

Near a singularity z dependence is dominant so that, assuming a smooth blow-

up curve z = s(t) the second term in (11) is negligible for all t , except in

a small neighborhood of extrema of the function s(t) , where the derivative

st(t) is small compared with its typical values. Such a neighborhood can be

shown to be exponentially small in the parameter T0=a0 � 1 . This is because

time dispersion remains negligible until a is exponentially small, if st(t) = 0 .

Outside of this small neighborhood we may neglect the stt term. Substituting

the result in (10) and integrating once, we get the equation

� =
2Ncr

M

s2t
a2

+
~N�

M
: (12)

Here ~N� � 1 is the approximately constant value of ~N = M� reached during

the stage of critical collapse. It follows from (10) and (12) that

azz = �
2Ncr

M
s2ta

�5 �
~N�

M
a�3: (13)

This equation implies that normal time dispersion (the �rst term in the right

hand side) accelerates collapse, so that the singularity curve z = s(t) is close

to z = s0(t) and is located in between z = s0(t) and the boundary of the

medium. Equation (13) can be solved explicitly. For simplicity we consider

here just extreme cases. In the region a2 � s2t=
~N� , this equation describes

critical collapse provided that the transverse loss of quanta is negligible. In the

opposite case a2 � s2t=
~N� , we get for a another asymptotic law of collapse:

a =

 
3

�
Ncr

M

�1=2

j st j (s(t) � z)
!1=3

: (14)
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We have solved the system of equations (10) numerically under a variety of

boundary conditions and we have clearly seen blow-up and the asymptotic

regime (14), outside a narrow neighborhood of the initial pulse maximumwhere

the pulse splitting takes place. The reduced system (10) is applicable as long

as condition (6) holds, which now has the form

a�j st j : (15)

Hence, the quantity a2 decreases by about ~N�1
�

times in the region where time

dispersion is already essential and the adiabatic approximation is still valid.

The parameter ~N�1
�

is, generally speaking, not too large, ~N�1
�
� ln2ln(a0=st).

Therefore, under general boundary conditions, the asymptotic solution (14) does

not have enough time to establish itself with good quantitative accuracy. This,

however, is not the case when the initial transverse pro�le of the pulse is very

close to the Townes soliton, where the value of ~N� may be arbitrarily small and

the asymptotic law (14) may be observed quantitatively in the framework of the

full equation (1).

We have solved the full equation numerically [17], using dynamic rescaling

[20], and found that the reduced system (10) tracks the evolution of the pulse

very well as long as the adiabaticity parameter � remains small, i.e., the condi-

tion (15) (which is the same as (6)) holds.

3 Non-adiabatic Stage of Self-focusing

When condition (6) is violated the adiabatic approximation is also violated,

since the value of ~N is no longer small and the transverse pro�le of the pulse

is no longer close to the Townes soliton. To study further the dynamics of self-

focusing, we return to the original equation (1). It can be simpli�ed by noting

that near the singularity, in the non-adiabatic region in particular, the function

 is approximately a function of the di�erence z�s(t) and satis�es the relation
 tt = s2t zz � stt z similar to (11). The simpli�ed equation becomes�

({+ stt)
@

@z
� s2t

@2

@z2
+�?+ j  j2

�
 = 0: (16)

Outside of a small neighborhood of the points where st(t) = 0 , the term stt
may be neglected and equation (16) reduces to�

{
@

@z
� s2t

@2

@z2
+�?+ j  j2

�
 = 0: (17)

A blow-up theorem by Levine [18] for this equation, does not cover the boundary

conditions corresponding to critical collapse. However, it can be generalized to

also cover this case [19]. Thus, collapse is not stopped during this, non-adiabatic

stage of self-focusing.

6



We do not consider here what happens in the small neighborhood of the

points st(t) = 0 , where the pulse dynamics is more complicated. It was shown

in [13] that in the framework of equation (16) with st(t) = 0 , collapse is arrested.

However, this implies that the singularity curve z = s(t) is not smooth near the

points st(t) = 0 , and the approximation (16) is violated there soon after the

pulse splitting. Therefore, the conclusion of [13] that normal dispersion arrests

collapse at the points st(t) = 0 , based on (16), has to be reconsidered more

carefully.

Under the condition opposite to (6) the term s2t
@2

@z2
 dominates the term

{ @
@z
 , and (17) reduces to the nonlinear wave equation�

�s2t
@2

@z2
+�?+ j  j2

�
 = 0 : (18)

Now singularity formation is governed by the ordinary di�erential equation

s2t
@2

@z2
 =j  j2  ; (19)

so that the �eld in the vicinity of the singularity behaves like 1=(s(t)� z) .
We note that apart from the solutions for which transverse dispersion is

negligible and (18) reduces to (19) quantitatively, equation (18) has a self-similar

solution of the form

 =
1

r
f
�a
r

�
; a =j st(z � s) j : (20)

The function f satis�es the ordinary di�erential equation�
(u2 � 1)

d2

du2
+ 3u

d

du
+ 1 + f2

�
f = 0; (21)

which can be easily analyzed. Its solution is di�erent before and after singularity

formation, i.e., in the regions u < 0 and u > 0 , respectively. In the region

u < 0 the solution is �nite for all u , while in the region u > 0 it becomes

singular as u ! 1 , which corresponds to r ! 0 . The regular and singular

parts of the solution are linked by the condition that the �eld  does not

change outside the singularity as z ! s (the \frozen �eld" condition, see [16]).

In addition, the solution should be �nite and continuous at the special points

u = �1 of (21), which correspond to characteristics of (18). Together, these

conditions determine the solution of (21) unambiguously.

The stability analysis of this self-similar solution and its identi�cation in the

numerical solutions of (1) is to be carried out.

4 Conclusion

The main conclusion of our analyses is that the self-focusing of short laser pulses

is not arrested by normal time dispersion and collapse develops as long as the
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basic equation (1) is applicable. Two new stages of collapse may be distinguished

in comparison with the stationary self-focusing theory. During the �rst (which

is, generally speaking, not very long) the collapse remains adiabatic and the

transverse pro�le of the pulse remains close to the Townes soliton. Even though

time dispersion is relatively small during this stage it modi�es essentially the

law of collapse (see (13) and (14)). During the second stage, which takes place

in the region complimentary to (15), the transverse pro�le of the pulse is no

longer close to the Townes soliton and collapse develops as in the nonlinear

wave equation (18).
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