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Abstract
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in C�-algebras. The WKB asymptotics being important in wave prop-
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plicable to PDE's, which should be developed within the framework
of operator algebras. The nature of this approximation is such that
it is expected to be useful to couple the numerical to the asymptotic
treatment.
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1 Introduction

In this paper we prove WKB-type (or Liouville-Green-type) approxima-

tion results for certain abstract second-order di�erential equations in C�-

algebras. Such results apply to equations like

y00 + [�+ g(t)]y = 0; t 2 (a; b) ; (1.1)

where �1 � a < b � +1, y and g take values in a C�-algebra, B, with

a unit element e, g 2 C� ((a; b); B), and � is a suitable (constant) normal

element of B. Moreover, g is assumed to be \asymptotically negligible". In

particular, the case \� > 0" as well as that of \� < 0" are included, thus

generalizing the well-known results obtained by F.W.J. Olver [3] for both

oscillatory and non-oscillatory scalar equations. Recall that \� > 0" means

that � is Hermitian and its spectrum �(�) � (0; +1), [4].

Below, as in [3] for the classical case, precise error bounds in the asymp-

totic approximations for a basis of the (right) B-module of solutions to (1.1)

are obtained, and the double asymptotic nature with respect to the inde-

pendent variable, x, and the coe�cient, �, is also shown clearly.

We emphasize that the only generalization of the WKB theory beyond

the case of scalar second-order di�erential equations seems to be that toma-

trix di�erential equations which appeared in [5]. More recently, we obtained

abstract asymptotic results for equation (1.1) with � = 0, [6].

In Section 2, we state and prove our main theorems. They are based on

certain equations satis�ed by the error terms appearing in the asymptotic

representation of the basis solutions. Volterra-Bochner integral equations

are then obtained, and estimates �nally are derived by successive approxima-

tions. In Section 3, �nally, several comments are made and some examples

are worked out.

2 WKB theorems in C�-algebras

The main results of this paper are given by Theorems 2.1, 2.2 below. In fact,

it is convenient to state separately a theorem for the case � > 0 (\oscillatory\

case).

Theorem 2.1 Suppose equation (1.1) be given with � > 0, and

g 2 C� ((a; b); B) such that Z b

a

kg(t)kdt <1 : (2.1)
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Then, for each � 2 [a; b], the right B-module of solutions to (1.1) is generated

by a pair (y1(t); y2(t)) such that

y1(t) = expfi�1=2tg [e + "1(t)] ; y2(t) = expf�i�1=2tg [e+ "2(t)] ; (2.2)

�1=2 denoting the positive square root of �, with

k"j(t)k � expfV (t)g � 1;
��1=2"0j(t) � expfV (t)g � 1;

j = 1; 2; t 2 (a; b) ;
(2.3)

where

V (t) :=

Z t_�

t^�

��1=2g(s)ds : (2.4)

Proof. Assume, without loss of generality, � = b. Equation (1.1) has

a solution like y1(t) in (2.2) i� the error term, "1(t), satis�es the \error

equation"

"001 + 2i�1=2"01 + exp
n
�i�1=2t

o
g(t) exp

n
i�1=2t

o
(e+ "1) = 0 : (2.5)

In deriving equation (2.5) we exploited the fact that �1=2 and � commute

with expfi�1=2tg. Note that z := expfi�1=2tg is a solution of the \unper-

turbed" equation z00+�z = 0. It is easily seen that every C2-solution of the

integral equation of the Volterra-Bochner type [8] (cf. also [3])

"1(t) = �
i

2

Z b

t

h
e� exp

n
�2i�1=2(t � s)

oi
exp

n
�i�1=2s

o
�

� ��1=2g(s) exp
�
i�1=2s

	
[e + "1(s)]ds ;

(2.6)

also solves equation (2.5) (cf. [6] for a similar derivation).

De�ne recursively the sequence

h0(t) := 0 ;

hj+1(t) := �
i

2

Z b

t

h
e � exp

n
�2i�1=2(t� s)

oi
exp

n
�i�1=2s

o
�

� ��1=2g(s) exp
�
i�1=2s

	
[e+ hj(s)]ds; j = 0; 1; 2; : : : ;

(2.7)

which is well-de�ned, with hj 2 C2 ((a; b); B) for every j, in view of (2.1).

This can be proved easily by induction on j (cf. [6]). Then we prove that

the \Liouville-Neumann" series

"1(t) :=
1X
j=0

[hj+1(t)� hj(t)] (2.8)



4 RENATO SPIGLER AND MARCO VIANELLO

converges uniformly on (a; b). Indeed, assuming as an inductive hypothesis

that

khj(t)� hj�1(t)k �
V j(t)

j!
; (2.9)

V (t) being de�ned in (2.4) with � = b, which is clearly true for j = 1, we

obtain

khj+1(t)� hj(t)k �

Z b

t

��1=2g(s) V j(s)

j!
ds

= �
1

j!

Z b

t

V 0(s)V j(s)ds =
V j+1(t)

(j + 1)!
:

(2.10)

The uniform convergence of (2.8) then follows by V (t) � V (a) < 1, cf.

(2.1), and more, the �rst estimate in (2.3) is obtained. Moreover,

h0j+1(t) = �
i

2

Z b

t

2i�1=2 exp
n
�2i�1=2(t � s)

o
expf�i�1=2sg �

� ��1=2g(s) expfi�1=2sg [e+ hj(s)]ds ;

(2.11)

from which we get

��1=2 hh0j+1(t)� h0j(t)
i � V j+1(t)

(j + 1)!
: (2.12)

Therefore, the series
1P
j=0

h
h0j+1(t)� h0j(t)

i
also converges uniformly, so that

"1 2 C1 ((a; b); B) and the second estimate in (2.3) is obtained. As for the

second derivative,

h00j+1(t) = � expf�i�1=2tgg(t) expfi�1=2tg [e+ hj(t)]

�2i

Z b

t

expf�2i�1=2(t � s)g �

� expf�i�1=2sg�1=2g(s) expfi�1=2sg [e + hj(s)]ds ;

(2.13)

from which h00j+1(t)� h00j (t)
 � kg(t)k

V j(t)

j!
+ 2k�k

V j+1(t)

(j + 1)!
: (2.14)

This shows that
1P
j=0

h
h00j+1(t)� h00j (t)

i
converges uniformly on compact sub-

sets of (a; b) which ensures that "1 2 C2 ((a; b); B) and the estimate

k"001(t)k � kg(t)kexpfV (t)g+ 2k�k � (expfV (t)g � 1) : (2.15)
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Finally, it is straightforward to show that "1(t) given by (2.8) solves the

integral equation (2.6):

"1(t) =
1X
j=0

[hj+1(t)� hj(t)]

= h1(t)�
i

2

1X
j=1

Z b

t

h
e� exp

n
�2i�1=2(t � s)

oi
�

� exp
�
�i�1=2s

	
��1=2g(s) exp

�
i�1=2s

	
[hj(s)� hj�1(s)]ds

= h1(t)�
i

2

Z b

t

h
e � exp

n
�2i�1=2(t� s)

oi
�

� exp
�
�i�1=2s

	
��1=2g(s) �

� exp
�
i�1=2s

	
"1(s)ds :

(2.16)

Note that exchanging the integral and series symbols in (2.16) is permissible

by the dominated convergence theorem for Bochner integrals, in view of (2.1)

and (2.10).

Concerning the second solution, y2(t), the proof proceeds along the same

lines as above, with most obvious modi�cations. To conclude, we show that

the pair (y1(t); y2(t)) is a basis for the right B-module of solutions to (1.1),

which is known to be free and of rank 2 (cf. [2], e.g.). De�ning, as in [6],

the Wronskian matrix

W(t) :=

 
y1(t) y2(t)

y01(t) y02(t)

!
; W(t) 2M2(B) ; (2.17)

by reduction to the �rst order case [2] it turns out that (y1(t); y2(t)) is a basis

for (1.1) i� W(t) is invertible for every t 2 (a; b). Since it is immediately

seen that y1(t); y2(t) are linearly independent solutions to (1.1) (in view of

their asymptotic behavior), W(t) is injective for every �xed t. Even though

in case B = Mn(C) this would su�ce to ensure the invertibility ofW(t), this

is not enough, in general. In order to prove it, note that "j(t); "
0

j(t) = o(1)

as t! b� imply

W(t) =

 
expfi�1=2tg expf�i�1=2tg

i�1=2 expfi�1=2tg �i�1=2 expf�i�1=2tg

!

+

 
expfi�1=2tgo(1) expf�i�1=2tgo(1)

expfi�1=2tgo(1) expf�i�1=2tgo(1)

!

=:W0(t) +W1(t) ;

(2.18)
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(cf. (2.3)), from which

W(t) =W0(t)
�
I +W�1

0 (t)W1(t)
�
; (2.19)

W0(t) being invertible for every t 2 (a; b) (in fact, its entries commute and

its determinant is invertible), and I denoting the unit element of M2(B).

The invertibility ofW(t) in a neighborhood of t = b (and hence everywhere)

follows from the estimate

������W�1
0 (t)W1(t)

������ < 1 ; (2.20)

valid in a neighborhood of b, the triple-bar norm inM2(B) being that induced

canonically by k � k, cf. [6]. Inequality (2.20) can be promptly established

writing out

W�1
0 (t)W1(t) =

i

2
��1=2

 
o(1) expf�2i�1=2tgo(1)

expf2i�1=2tgo(1) o(1)

!
;

(2.21)

which is in�nitesimal in (M2(B); jjj � jjj), as
expf�2i�1=2tg

 = 1.

Theorem 2.2 Suppose equation (1.1) be given with � = �2; �(�) �

f� 2 C : Im� � 0g ; �(�) �= R; � being an invertible normal element of B.

Assume that g 2 C� ((a; b); B) be such that

Z b

a

kexpf�i�tgg(t) expfi�tgkdt <1 : (2.22)

Then there exists a solution to (1.1), u(t),

u(t) = expfi�tg [e+ "(t)] (2.23)

with

k"(t)k � expfV (t)g � 1; k��1"0(t)k � expfV (t)g � 1 ;

V (t) :=

Z b

t

��1 expf�i�sgg(s) expfi�sgds ; (2.24)

if Z b

a

kexpfi�tgg(t) expf�i�tgkdt <1 ; (2.25)



WKB-TYPE APPROXIMATIONS 7

there is a solution, v(t),

v(t) = expf�i�tg[e+ �(t)] (2.26)

with

k�(t)k � expfW (t)g � 1; k��1�0(t)k � expfW (t)g � 1 ;

W (t) :=

Z t

a

��1 expfi�sgg(s) expf�i�sg ds : (2.27)

Moreover, when (2.22) and (2.25) both hold, and Im� > 0 for all � 2

�(�) : if b = +1 and W (+1) < log 2, then the right B-module of solutions

to (1.1) is generated by the pair (u(t); z(t)), with

z(t) = expf�i�tg [e+ o(1)] ;

z0(t) = �i� expf�i�tg [e + o(1)] ; as t! +1 ;
(2.28)

if a = �1 and V (�1) < log 2, the right B-module of solutions to (1.1) is

generated by the pair (w(t); v(t)), with

w(t) = expfi�tg [e+ o(1)] ;

w0(t) = i� expfi�tg [e + o(1)] ; as t! �1 :
(2.29)

Before proving Theorem 2.2, some observations are in order.

Remark 2.3. If W (+1) � log 2, one can merely restrict (a; b) to (a1; b),

with a < a1 < b. However, the second solution, z(t), exhibiting the behavior

in (2.28) will be di�erent.

Remark 2.4. When � and � are as in Theorem 2.2, but �(�) � R,

then the hypotheses of Theorem 2.2 coincide with those of Theorem 2.1.

In fact, � is Hermitian by the spectral theorem [4], in this case, and hence

� > 0. On the other hand, condition (2.22) [or (2.25)] is equivalent to (2.1),

since kexpf�i�tgk = 1 (actually, kexpf�i�tgg(t) expf�i�tgk � kg(t)k). It

is worthwhile, at this point, to note that (2.22) [or (2.25)] and (2.1) are also

equivalent when: (i) (a; b) is a bounded interval; (ii) (a; b) is unbounded

and � and g(t) commute for all t in a neighborhood of +1; �1; (iii) �(�) is

a singleton. We stress that, in general, (2.22) and (2.25) are not equivalent.

Remark 2.5. When � is a normal [invertible] matrix , possessing at least

one nonreal eigenvalue, then there exists a square-root, �, which is normal
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[invertible], and with nonreal spectrum in the (closed) upper half-plane. In

fact, � = P�1diag(�1; : : : ; �n)P , in this case, P being unitary. Therefore,

we can choose � = P�1diag(�
1=2
1 ; : : : ; �1=2n )P , with Im�

1=2
j � 0 for each j,

since we can select the appropriate branch of the square-root for each j.

In a general C�-algebra, the spectral theorem ensures that a square-root,

�, with the required properties does exist whenever � is a normal [invertible]

element with nonreal spectrum, completely contained in the (closed) upper

or lower half-plane.

Proof of Theorem 2.2. The proof of (2.23){(2.27) can be obtained follow-

ing closely the steps in Theorem 2.1. Indeed, focusing on the representation

for u(t) in (2.23), exactly the same error equation in (2.5) as well as the in-

tegral equation in (2.6) are obtained for "(t) (with � replacing �1=2). In esti-

mating "(t) (and its derivatives) by successive approximations, the stronger

condition (2.22) is now needed (rather than (2.1)). Again, all results con-

cerning the second solution, v(t), around t = a are obtained similarly.

Hereafter we assume that (2.22) and (2.25) both hold true. It is not

clear, however, whether u(t) and v(t) are linearly independent solutions to

(1.1) (and thus, a fortiori , whether they generate the right B-module of

solutions). When b = +1 and Im� > 0 for all � 2 �(�), following Olver's

classical approach in [3, Thm. 3.1, x3.2, Ch. 6, p. 198] for the exponential

case, we can show that the error term �(t) in (2.26) has a limit and that

�0 = o(1) as t! +1. For every � > 0, choosing a1 = a1(�) 2 (a; +1) such

that Z +1

a1

kexpfi�sgg(s) expf�i�sgkds < � ; (2.30)

we obtain �rst, after standard calculations,

k�0(t)k � expf�2m(t� a1)g [expfW (a1)g � 1] + � expfW (+1)g ; (2.31)

where m := min�2�(�) Im�. Hence, �0(t) = o(1) as t ! +1, being m >

0 and � arbitrary. Finally, writing �(t) + i
2
��2�0(t) using the Liouville-

Neumann expansions of �(t) and �0(t) [3], we obtain

k�(t)� �(s)k �
k��1k

2
expfW (t)g jW (t)�W (s)j

+
k��2k

2
(k�0(t)k+ k�0(s)k) ;

(2.32)

and thus, letting t; s ! +1 (independently), we see that �(t) has a �nite

limit, say �(+1). Therefore, from (2.27), being k�(+1)k � expfW (+1)g
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� 1 < 1 by condition W (+1) < log 2, we derive

z(t) := v(t) [e + �(+1)]
�1

= expf�i�tg[e+ o(1)] ;

z0(t) = v0(t) [e+ �(+1)]
�1

= �i� expf�i�tg[e+ o(1)] ;

as t! +1 :

(2.33)

We are only left with the proof that the pair (u(t); z(t)) generates the

B-module of solutions, i.e. that the Wronskian matrix W(t) (cf. (2.17)) is

invertible at every t. Other than in the proof of Theorem 2.1, we need the

multiplicative splitting

W(t) =

 
expfi�tg[e+ o(1)] expf�i�tg[e+ o(1)]

i� expfi�tg[e+ o(1)] �i� expf�i�tg[e+ o(1)]

!

=

 
expf�i�tg 0

0 expf�i�tg

! 
expf2i�tg[e+ o(1)] e + o(1)

expf2i�tg[i� + o(1)] �i� + o(1)

!
;

(2.34)

which shows thatW(t) is invertible (about t = +1 and hence everywhere)

i� such is the second factor on the right-hand side of (2.34). This is true

because such a factor can be split into the sum of an invertible element and

an in�nitesimal element of M2(B), as in the proof of Theorem 2.1. The case

a = �1 (cf. (2.29)) can be treated in a similar way. �

The \purely exponential" case � < 0, included in Theorem 2.2, deserves a

separate statement, since it corresponds to the analogue scalar case [3, Thm.

2.1, Ch. 6], and, at the same time slightly sharper estimates are obtained:

Corollary 2.6 Suppose equation (1.1) be given with � < 0, and (2.22) [or

(2.25)] be satis�ed with � = i(��)1=2. Then, all conclusions of Theorem 2.2

hold true with the only modi�cation that V (t)=2 [or W (t)=2] replaces V (t)

[or W (t)] in the estimate (2.24) [or (2.27)].

Proof. The only thing to observe is that, in (2.6),e� exp
�
�2i(��)1=2(t � s)

	 � 1 (t � s) in this case. In fact, denot-

ing with �� the elements of the spectrum of �, those of the normal element

e� exp
�
�2i(��)1=2(t� s)

	
are given by 1� expf�2��(t� s)g � 1 (t � s).

Remark 2.7. Under the additional assumptions that � and g(t) commute

for all t in a neighborhood of +1, the existence of a solution, z(t), with the
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asymptotic behavior in (2.28) can be proved by a straightforward application

of an abstract version of L'Hôpital's theorem [9], see also [7]. Indeed, in such

case, z(t) can be represented as z(t) = u(t)

Z +1

t

u�2(s)ds, and u(t) com-

mutes with � (which fact can be proved via the series representation of the

error term, "(t)). Hence, expfi�tgz(t) = [e+"(t)] expf2i�tg

Z +1

t

u�2(s)ds s

expf2i�tg

Z +1

t

u�2(s)ds =: g�1(t)f(t) with g(t) := expf�2i�tg. By L'Hôpi-

tal's theorem proved in [7, 9], it then follows that lim
t!+1

expfi�tgz(t) =

lim
t!+1

(g0(t))�1f 0(t) = e, cf. [9, x3.1]. The asymptotic behavior of z0(t) as

t! +1 can also be obtained by a similar application of L'Hôpital's rule.

3 Comments and examples

The following remarks generalize to the abstract case certain properties of

the Liouville-Green approximation for the scalar case, cf. [3].

Remark 3.1. When g(t) is Hermitian, in Theorem 2.1 the basis solutions,

y1(t); y2(t), are \conjugate" [4, Thm. 11.15], while in Theorem 2.2, if � is

\purely imaginary", i.e. � = i with  Hermitian, then u(t) and v(t) are

Hermitian. In the latter case, when  is positive (cf. Corollary 2.6) z(t)

and w(t) are also Hermitian. All these facts can be ascertained by using

the series representations of the error terms along with the continuity of

involution.

Remark 3.2. The typical feature of the classical Liouville-Green ap-

proximation of exhibiting a \double asymptotic nature" with respect to the

independent variable and the parameter � persists in the abstract case. In

fact, the estimates (2.3){(2.4), (2.24), (2.27) show that the error terms are

of order O(k��1=2k). Note that ��1=2 ! 0 i� ��1 ! 0. In fact, by the

spectral theorem [4], ka�1=2k = �(a�1=2) = (�(a�1))1=2 = (ka�1k)
1=2

.

A further observation is displayed in the following

Remark 3.3. In Theorem 2.2, the basis solutions u(t) and z(t) (or v(t)

and w(t)), can be termed recessive and dominant , respectively, as in the

scalar case. In fact, it is natural to de�ne \recessive" every solution yr(t)

of (1.1) such that another solution yd(t) exists with y�1d (t)yr(t) ! 0 as

t! +1 (and yd(t) is termed \dominant"). Now, it is easy to show that the
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subset of all recessive solutions is a cyclic submodule (of the right B-module

of solutions of (1.1)). In fact, suppose that yr(t) is any given recessive

solution of (1.1) and yr = uc1 + zc2; yd = uc3 + zc4; ci 2 B. Then,

z�1uc1 + c2 = (z�1uc3 + c4)y
�1
d yr ! 0 as t ! +1, and hence c2 = 0.

It follows that u(t) is the only solution of (1.1) possessing the asymptotic

behavior in (2.23).

New features of the Liouville-Green approximation appear in the ab-

stract framework with respect to the classical scalar case. Indeed, we have

the following

Remark 3.4. In the non-commutative case, Theorem 2.2 may be applica-

ble also with g(t) non integrable, e.g. even when g(t) is of exponential order.

Take for instance B = M2(C ); (a; b) = (1; +1), and

� := diag(�21; �
2
2); Im�2 > Im�1 � 0; g(t) :=

 
0 h(t)

0 0

!
(3.1)

with h(t) = O(expf�tg); � < Im�2�Im�1. Then, expf�i�tgg(t) expfi�tg

is integrable on (1; +1) since its only nonzero entry is h(t) expfi(�2��1)tg,

cf. (2.22).

The following observation will be used in the concluding example:

Remark 3.5. From (2.2) in Theorem 2.1, obtains

y01(t) = i�1=2 expfi�1=2tg [e + �(t)] ; (3.2)

with �(t) = "1(t) � i��1=2"01(t). Hence k�(t)k � 2 [expfV (t)g � 1], cf. (2.3).

Similarly one can estimate the error term in the asymptotic representation

of y02(t), and also in Theorem 2.2 for u0(t); v0(t).

Example 3.6. Consider, in (1.1), g(t) = O(t�p); p > 1; (a; b) =

(1; +1), and � > 0. Then

y1;2(t) = expf�i�1=2tg

�
e+ O

�
k��1=2k

t1�p

p� 1

��
;

y01;2 = �i�1=2 expf�i�1=2tg

�
e +O

�
k��1=2k

t1�p

p� 1

��
:

(3.3)

Note that, in this case, the double asymptotic nature of the Liouville-Green

approximation manifests also with respect to the parameter p (as p! +1).

Also, it is worth emphasizing that the constants implied by the O-symbols in
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(3.3) can immediately be obtained from that in g(t) = O(t�p), thus allowing

for a precise evaluation of the error bounds in (3.3). This fact can be useful

for numerical purposes, for instance in the matrix case, where k��1=2k can

be explicitly estimated computing the eigenvalues of �.
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