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1 Introduction

The family tree of a supercritical Galton-Watson branching process with a single progenitor is

called a Galton-Watson tree (a formal de�nition is given later in this section). There is a general

principle saying that Galton-Watson trees of a given mean behave similarly to \balanced"

deterministic trees of the same exponential growth rate. The object of this paper is to state

and prove a version of this principle under an assumption of �nite variance, which is shown to

be indispensable. Of course, not all behavior is the same. For example, the speed of simple

random walk on a Galton-Watson tree of mean growth m 2 Z is strictly less than on the

deterministic m-ary tree (Lyons, Pemantle and Peres 1993); the Hausdor� measure of the

boundary of the regular tree in its dimension is positive, while the Galton-Watson tree has zero

Hausdor� measure in the same gauge (Graf, Mauldin and Williams 1988); the dimension of

harmonic measure for simple random walk is strictly less on the Galton-Watson tree (Lyons,

Pemantle and Peres 1993). Consequently, such a general principle must begin with a discussion

of which properties of a tree one cares about, and among them, those aspects that one might

expect to be the same for all Galton-Watson trees of a given mean.

Consider �rst some intrinsic properties. If Zn is the number of vertices at distance n from

the root, then n�1 logZn ! m almost surely for any o�spring distribution. If one assumes

further that
P
n n log(n)qn < 1 then in fact m�nZn ! W 2 (0;1) almost surely, where

W is a random variable. Finer information concerning the growth of the tree is obtained

by computing its Hausdor� measure and capacity with respect to arbitrary gauge functions

(de�nitions are given in Section 2). If one thinks of trees as encoding subsets of Euclidean

space via base b expansion for some b � 2, then information about which gauge functions give

a Galton-Watson tree positive capacity may be translated into information about the capacity

in an arbitrary gauge of a random Cantor-like subset of Euclidean space. These ideas are

expanded in Sections 3 and 4.

A probabilist may be more concerned with extrinsic properties of trees, arising from the use

of trees in probability models. In the study of branching processes in deterministic, varying or

random environments, the tree is the family tree of the process, and one is typically concerned
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with the question of whether the process survives (Agresti 1975, Lyons 1992). In the study of

branching random walks, the tree indexes the branching which may be deterministic or random.

Typical questions are the location of the extremal particles, or whether a line of descent can

remain in a speci�ed region; see Benjamini and Peres (1993, 1994) for the case of deterministic

branching and Kesten (1978) for random branching. The vertices of a tree may be the states

of a random walk in a deterministic (Sawyer 1978) or random (Pemantle 1992; Lyons and

Pemantle 1992) environment; an important question here is that of recurrence or transience

of the random walk. First-passage percolation on a tree is considered in Lyons and Pemantle

(1992), in Pemantle and Peres (1993a) and in Barlow, Pemantle and Perkins (1993); here the

important questions are the time to reach in�nity or the rate of growth of the cluster before

in�nity is reached. We now de�ne a notion of polar sets su�ciently broad to encompass most

of the properties mentioned in the two preceding paragraphs.

Suppose � is an in�nite tree with root �. Let fX(v)g be a collection of IID real random

variables indexed by the vertices v of �. Let B � IR1 be any closed subset. One may then

ask for the probability P (�;B) of the event A(�;B), that there exists an in�nite, non-self-

intersecting path �; v1; v2; : : : ; for which (X(v1); X(v2); : : :) 2 B. Strictly speaking, P (�;B)

depends on the common distribution F of the X(v) as well as on � and B, but we write

P (�;B;F ) only in Lemma 5.1 where the dependence on F is important. Similarly, the event

A(�;B) will be written as A(�;B;X) only when stressing dependence on the family fX(�)g.

Evans(1992) calls such a collection of random variables a tree-indexed process, viewing it as an

IR1-valued random �eld indexed by the space @� of in�nite, non-self-intersecting paths from

the root of �. The process has also been called target percolation in Pemantle and Peres (1993b)

and random labelling in Lyons (1992).

Evans (1992) calls a set B polar for the tree � if P (�;B) = 0 ; he attributes the question

of which sets are polar to Dubins and Freedman (1967). We de�ne trees �(1) and �(2) to be

equipolar if for every set B, it is polar for �(1) if and only if it is polar for �(2). To illustrate how

this relates to the previously mentioned aspects of trees, here are four examples showing that

equipolar trees behave similarly with respect to the above geometric and probabilistic criteria.
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1. First-passage percolation: Think of X(v) as the passage time across the edge between v

and its parent. An explosion occurs if in�nity is reached in �nite time. This happens with

probability P (�;B), where B is the set of summable sequences. (Technically, in order to keep

the sets closed, one lets Bk be the set of sequences with sum at most k, and P (�;B) is then the

increasing limit of P(�;Bk)). Pemantle and Peres (1993a) determine which trees � in a certain

class have P(�;B) = 0. If two trees are equipolar, then explosions occur on both or neither. If

no explosion occurs, one can ask for the rate at which the fastest passage occurs. If we let

B = f(x1; x2; : : :) :
nX
j=1

xj � f(n) for all ng; (1)

then A(�;B) is the event of passage at rate at least f ; this is discussed in Lyons and Pemantle

(1992). Equipolar trees have the same passage rate. One may also let the means of the passage

times vary by considering
P
g(j)xj in (1) instead of

P
xj ; this is done in Barlow, Pemantle and

Perkins (1993).

2. Branching random walk: Let � be a random tree, chosen from some Galton-Watson measure,

and conditional on � let fX(v)g be IID random vectors indexed by the vertices of �. Think of

the tree � as the family tree of some species, and the vector X(v) as the spatial displacement

of the individual v from its parent. Si Levin (personal communication) considered a model in

which C � IRn represents a region inhospitable to procreation. Let B be the set of sequences

of vectors (x1; x2; : : :) such that
Pn
j=1 xj =2 C for all n. Then A(�;B) is the event that the

family line of the species survives and so the survival probability is EP (�;B). If two trees are

equipolar, one survives with positive probability if and only if the other does. For branching

random walks in one dimension, one may ask for escape envelopes, i.e. for which functions f

there is with positive probability some line of descent of particles that has ordinate at least f(n)

at every time n (see Kesten 1978 and Pemantle and Peres 1993b). This event may be written

as A(�;B) for an appropriate B and therefore equipolar trees have the same escape envelopes.

3. Branching random walk continued: For one-dimensional branching random walks, the max-

imum displacement Yn over all individuals in the nth generation is a quantity of interest. In

Derrida and Spohn (1988) the behavior of Yn on a binary tree � is studied, whereas Bramson
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(1978) considers Yn on a random tree, �0, which records the branching in a continuous-time

branching random walk. The notion of polarity described above is not directly applicable to

the asymptotics of Yn, since the rightmost particles at di�erent generations need not lie on

the same line of descent (see the discussion of \cloud speed" in Benjamini and Peres (1993),

Theorem 1.2). To study Yn anyway we consider, instead of one set B, the sequence of sets

Bn = f(x1; x2; : : :) :
nX
k=1

xk � f(n)g

for some �xed function f . The comparison inequalities needed in this case appear slightly

stronger than equipolarity : There should be a constant M for which

M�1 < P (�;B)=P (�0;B) < M

for all target sets B (see Remark 1 following Theorem 1.1). If these uniform estimates hold,

then taking f(n) to be a quantile for the distribution of the maximal displacement of branching

walk on the nth level of �, shows that the distribution of Yn about its median is tight on �

if and only if it is tight on �0. Also, these estimates imply that P (�;Bn) ! 0 if and only if

P (�0;Bn) ! 0, so the Yn fall between the same envelopes whether the branching is governed

by � or by �0.

4. Exact gauge functions: Let B be a product set, so there are sets A1; A2; : : : such that

(x1; x2; : : :) 2 B if and only if each xi 2 Ai. It is shown in Lyons (1992) that P (�;B) > 0

if and only if � has positive capacity with respect to the gauge f(n) =
Qn
i=1P(Ai)

�1. Thus

equipolar trees are capacity-equivalent, meaning that they have positive capacity for precisely

the same gauge functions. In Section 3 we expand on this example and simplify Lyons' proof

of the equivalence between P (�;B) > 0 and positive capacity in gauge f(n) =
Qn
i=1P(Ai)

�1.

Evans (1992) obtains exact capacity criteria for a set B to be polar in the case where � is

a homogeneous tree. Lyons (1992) has criteria for general trees, but these are harder to apply

directly to concrete problems, since they involve the capacity of a certain \product tree", rather

than of the target set B itself. Still, his results are the basis for the present work.
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After homogeneous trees, the next most basic model (and one that is probably more widely

applied) is the Galton-Watson tree. To make the notion of a Galton-Watson tree precise, let

q1; q2; q3 : : : be nonnegative real numbers summing to one, and let Pq be the probability measure

on in�nite rooted trees under which the numbers of children N(v) of each vertex v are IID, with

common distribution P(N(v) = n) = qn. Notice that there is no q0, so every line of descent

is in�nite. (This assumption loses no generality : For a supercritical Galton-Watson tree with

q0 > 0, the subtree consisting of all in�nite lines of descent is itself distributed as another

Galton-Watson tree with q0 = 0 (cf. Athreya and Ney 1972, p. 16) , and the events A(�;B)

we are considering are determined by this subtree.) We assume throughout that q1 6= 1, but

leave open the possibility that qn = 1 for some n > 1. Thus our results hold for deterministic

homogeneous trees other than the unary tree. Throughout the paper we let m denote the mean

of the o�spring distribution:

m
def
=
X
n

nqn > 1:

The measures Pq for di�erent distributions q are mutually singular, though we have seen

that they share certain attributes if m is held constant. We now state this as a theorem, in the

case where the variances of the o�spring distributions are �nite.

Theorem 1.1 Let q and q0 be o�spring distributions with
P
nqn = m =

P
nq0n, and assume

that
P
n2qn and

P
n2q0n are both �nite. Then the Pq �Pq0 probability of picking two equipolar

trees is 1.

Remarks:

1. In fact the proof will show something stronger, namely that when � and �0 are picked

respectively from Pq and Pq0 , then supB P (�;B)=P (�
0;B) <1 almost surely.

2. Observe that the theorem is proved with the quanti�ers in the strongest order: for a.e. pick

of a tree-pair from Pq �Pq0 , every target set B has the property that it is polar for both trees

or for neither.
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3. The method of proving Theorem 1.1 is to show that a Galton-Watson tree is Pq-almost

surely equipolar to the deterministic tree of the same growth. When m is an integer, this is

just the m-ary tree, but when m is nonintegral, it is a virtual tree, in the sense of Pemantle and

Peres (1993b). In this case, one may still �nd a deterministic tree to which these Galton-Watson

trees are equipolar. In fact, the proof of this theorem constructs one such tree (immediately

following Lemma 5.4).

4. Immediate corollaries corresponding to the four examples above are that �nite-variance

Galton-Watson trees of the same mean have the same gauge functions for positive capacity, the

same surviving branching random walks and the same escape rate for �rst-passage percolation;

also, due to Remark 1, the binary branching random walks of Derrida and Spohn (1988) and the

randomly branching walks of Bramson (1978) have the same growth of the maximal displace-

ment and the same tightness or non-tightness of the distribution of the maximum displacement

about its median.

5. The assumption of �nite variance cannot be dropped. In Section 6 it will be shown that

any Galton-Watson tree whose o�spring distribution has mean m and in�nite 2 � � moment

is not equipolar to a Galton-Watson tree whose o�spring distribution has mean m and �nite

variance; in this case one direction still holds: the �rst tree has strictly more polar sets. (See

also remark (1) in Section 7.)

The remainder of the paper is organized as follows. The next section gives the notation

for trees, de�nes capacities and proves a key lemma. Section 3 starts with a simpli�ed proof

of a basic result from Lyons(1992) and continues with a comparison between capacities on

trees and in Euclidean space. Section 4 proves a special case of Theorem 1.1, namely the

capacity-equivalence of Galton-Watson trees with �nite variances and equal means. Although

Theorem 1.1 is proved independently and implies this special case, the argument is much simpler

when one is only concerned with capacity-equivalence, so the separate proof is given, along with

an application to random Cantor sets. The full statement of Theorem 1.1 is proved in Section 5.

Finally, Section 6 discusses the necessity of the assumption that the o�spring distribution have

�nite variance, and section 7 presents unsolved problems.
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2 Notation and preliminary lemmas

Let � be a tree with root �. Throughout the paper, all trees are either in�nite and have no

leaves (vertices of degree one), or are �nite of height N with no leaves except at distance N

from the root. If � has height N <1 then the set B in the quantity P (�;B) must be a subset

of IRN rather than IR1. All trees herein are also assumed to be locally �nite. Let j�j denote

the distance from � to the root �, i.e. the number of edges on the unique path connecting �

to �. Let �n = f� : j�j = ng denote the nth level of �. Let @� denote the set of in�nite

non-self-intersecting paths from �; @� is typically uncountable. If � and � are vertices of �,

write � � � if � is on the path connecting � and � . Let � ^ � denote the greatest lower bound

for � and � ; pictorially, this is where the paths from � to � and � diverge. If x; y 2 @�, extend

this notation by letting x ^ y be the greatest vertex in both x and y. This completes the basic

notation for trees, and we turn to the notation for capacities.

A ow on � is a nonnegative function � on the vertices of � with �(�) equal to the sum

over children � of � of �(�) for all �. Let � be a �nite measure on @�. This induces a ow, also

called �, de�ned by �(�) := �fy 2 @� : � 2 yg. If �(�) = 1, then � is called a unit ow. Let

K : @� � @� ! IR be a nonnegative symmetric function. De�ne the energy of the measure �

with respect to the kernel K by the formula

EK(�) =

Z Z
K(x; y) d�(x) d�(y): (2)

When K(x; y) = f(jx^yj) for some positive, increasing function f , we often write Ef instead of

EK . De�ne the capacity of a subset E � @� with respect to the kernel K to be the reciprocal

of the in�mum of energies EK(�) as � ranges over all unit ows supported on E:

capK(E) = [inffEK(�) : �(E) = 1g]�1 : (3)
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When E is all of @�, we write cap(�) in place of cap(@�). Write capf for capK when K(x; y) =

f(jx ^ yj). If f(n) ! 1 as n ! 1 with f(�1)
def
= 0, then the energy of the measure � may be

computed from the corresponding ow as follows.

Ef (�) =

Z Z
f(jx ^ yj)d�(x)d�(y)

=

Z Z X
��x^y

(f(j�j � f(j�j � 1))d�(x)d�(y)

=
X
�2�

(f(j�j)� f(j�j � 1))

Z Z
1fx;y��gd�(x)d�(y)

=
X
�2�

(f(j�j)� f(j�j � 1))�(�)2: (4)

Theorem 1.1 is proved in two pieces. The �rst is a generalization to non-integral m of the

following lemma; the general version is stated and proved as the two inequalities (20) and (21)

in Section 5.

Lemma 2.1 Assume that m > 1 is an integer and let � be any tree whose boundary supports

a probability measure � with X
�2�n

�(�)2 � Cum
�n

for some constant Cu and all n. Then

P (�;B) � (8Cu)
�1P (�(m);B);

where �(m) is the regular m-ary tree, each of whose vertices has m children.

We end this section with a statement and proof of the second, more elementary lemma.

Lemma 2.2 Let q be an o�spring distribution function with mean m and second moment V <

1. If � is picked from Pq then there exist almost surely a unit ow U on � and a random

Cu <1 such that for all n, X
�2�n

U(�)2 � Cum
�n:
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To prove this, �rst record the following strong law of large numbers for exponentially growing

blocks of identically distributed random variables, independent within each block.

Proposition 2.3 Let fh(n)g be a random sequence of positive integers and let F be a distribu-

tion on the reals with �nite mean, �. Let fXn;k : k � h(n)g be a family of random variables such

that for each n, the conditional joint distribution of fXn;k : 1 � k � h(n)g given h(1); : : : ; h(n)

is Fh(n), i.e., h(n) IID picks from F . (Note that for n 6= n0 the variables Xn;k and Xn0;k0 may

be dependent.) Let G be the event flim infn!1 h(n+ 1)=h(n) > 1g. Then

lim
n!1

1G

0
@� � 1

h(n)

h(n)X
k=1

Xn;k

1
A = 0 a.s.; (5)

as n ! 1. In other words, the averages over k of fXn;kg converge to EX1;1 almost surely on

the event that the sequence h is lacunary.

Proof: We begin with the fact that if Sn are the partial sums of a sequence of IID mean-zero

random variables, and a(n) is any lacunary sequence of integers i.e.,

(a(n+ 1)� a(n))=an � � > 0;

then the probabilities

P

����� Sa(n+1) � Sa(n)

a(n+ 1)� a(n)

���� � �

�

are summable. This follows from Borel-Cantelli for independent random variables, since the

occurrence of in�nitely many events

����� Sa(n+1) � Sa(n)a(n+ 1)� a(n)

���� � �

�

contradicts the strong law of large numbers for the sequence Sn. Now conditional on the values

of h(1); : : : ; h(n), the quantity

Qn =

Ph(n)
k=1 Xn;k

h(n)
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is distributed identically to the quantity

� +
Sa(n+1) � Sa(n)

a(n+ 1)� a(n)

where fSkg are the partial sums of IID picks from F translated by �� and fa(k)g are the

partial sums of fh(k)g. Thus if Fn is the �-�eld generated by h(1); : : : ; h(n), we have shown

that
1X
n=1

1GP

2
4 j� � h(n)�1 h(n)X

k=1

Xn;kj > �

������ Fn
3
5 <1

almost surely. The conditional Borel-Cantelli Lemma for increasing �-�elds (Asmussen and

Hering 1983, page 430) then implies that

P(G \ fj� � h(n)�1
h(n)X
k=1

Xn;k j > � i.o.g) = 0

proving the proposition. 2

Proof of Lemma 2.2: The ow U will be the limit uniform ow, constructed as the weak

limit as n ! 1 of of ows that assign weight j�nj
�1 to each � 2 �n. Begin with some facts

about the limit of the L2-bounded martingale m�nj�nj which may be found in Athreya and

Ney (1972).

The random variable

W = lim
n!1

m�n
j�nj

is almost surely well-de�ned, positive and �nite, with EW 2 = 1+Var(Z1)=(m
2� 1). Similarly,

for each � 2 � the random variable W (�) de�ned by

W (�) = lim
n!1

mj�j�n
jf� 2 �n : � � �gj

has the same distribution as W . From the de�nition of W one obtains directly that for each n,

W = m�n
P
�2�nW (�). Let G be the distribution of W ; then it is easy to see that conditional

on j�j j for j � n, the joint distribution of W (�) for � 2 �n is given by Gj�nj, i.e. the values are

conditionally IID with common distribution G. For future use, de�ne

A� = sup
n
m�n

j�nj (6)
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and note that A� 2 (0;1) almost surely. Observe also that lim inf j�n+1j=j�nj > 1.

De�ne

U(�) =
W (�)P

j� j=j�jW (�)
:

It follows from the above observations that U is well-de�ned. Let h(n) = j�nj and let fXn;k :

k � h(n)g be an enumeration of W (�)2 for � 2 �n. Apply the previous lemma to see that

almost surely

j�nj
�1

X
�2�n

W (�)2! c2
def
= EW 2 <1:

Now compute

X
j�j=n

U(�)2 =

2
4 X
j�j=n

W (�)

3
5
�2 X

j�j=n

W (�)2

= m�2nW (�)�2j�nj

0
@j�nj�1 X

j�j=n

W (�)2

1
A

� m�nW (�)�2A� (c2 + �n)

where �n ! 0 as n!1; this proves the lemma. 2

3 Mapping a tree to Euclidean space preserves capacity

This section starts with a simpli�ed proof of a fundamental result of R. Lyons (1992) which

yields a connection between capacity and percolation on trees. After this, we extend a result

of Benjamini and Peres (1992) showing how to map a tree into Euclidean space in a way that

preserves capacity criteria.

Theorem 3.1 (Lyons) Suppose that for all n � 1 each edge connecting levels n � 1 and n

in a tree � is (independently of all other edges) erased with probability 1 � pn and kept with
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probability pn. Let f(n) denote
Qn
i=1 p

�1
i . Then

1

2
capf(�) � P(a ray of � survives) � capf (�): (7)

Remark 6: To put this in the framework of the preceding section, consider IID variables

fX(�) : � 2 �g, uniform on [0; 1] , and let B denote the Cartesian product set
Q
1
n=1[0; pn].

Then P (�;B) , de�ned in Section 2, is precisely the probability that a ray of � survives the

percolation.

Proof of Theorem 3.1: The theorem makes sense for �nite trees of a �xed height N < 1,

provided we interpret a ray as a path from the root to the N th level of �; the de�nitions of

energy and capacity remain unchanged. The case of in�nite trees follows by a straightforward

passage to the limit. Write � $ � if the root � and the vertex � are in the same percolation

cluster. The event that a ray of � survives the percolation is then

[�$ �N ]
def
=

[
�2�N

[�$ �]:

The right-hand inequality in (7) is proved in Lyons (1992, Theorem 2.3) via an easy appli-

cation of the second moment method (upon which we cannot improve). To prove the left-hand

inequality, totally order �N by using lexicographic order with respect to an arbitrary collection

of total orderings on the children of each vertex. In other words, imagine � drawn in the plane

with the root at the top and order �N from left to right. If some vertex � 2 �N satis�es [�$ �]

then there is a leftmost (i.e. least) such vertex, denoted �l. Let � be the subprobability measure

on �N de�ned by �(A) = P(�l 2 A). Observe that if �; � 2 �N satisfy � � � (i.e. � is left of �)

then

P(�$ � j �l = �) = P(�$ � j �$ � ^ �) =
NY

i=j�^� j+1

pi:

Hence a �rst-entrance decomposition yields

P(�$ �) =

Z
f���g

P(�$ � j �l = �) d�(�)

=

Z
f���g

f(j� ^ � j)
NY
i=1

pi d�(�):
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Dividing through by the LHS gives

1 =

Z
���

f(j� ^ � j) d�(�) for all � 2 �N :

This allows us to use symmetry to estimate the energy as

Ef (�) � 2

Z Z
f���g

f(j� ^ � j) d�(�) d�(�) = 2�(�N ):

The probability measure �=�(�N ) satis�es Ef (�=�(�N )) � 2(�(�N))
�1 and therefore

capf(�N ) �

�
Ef (

�

�(�N)
)

��1
�

1

2
�(�N ) =

1

2
P(�$ �N )

where the last equality is immediate from the de�nition of �. This completes the proof. 2

MAPPING INTO EUCLIDEAN SPACE

In order to interpret Theorem 1.1 in Euclidean space, we employ the canonical mapping

R from the boundary of a bd-ary tree �(b
d) (every vertex has bd children) to the cube [0; 1]d.

Formally, label the edges from each vertex to its children in a one-to-one manner with the

vectors in 
 = f0; 1; : : : ; b � 1gd. Then the boundary @�(b
d) is identi�ed with the sequence

space 
Z
+

and we de�ne R : 
Z
+

! [0; 1]d by

R(!1; !2; : : :) =
1X
n=1

b�n!n: (8)

Similarly, a vertex � of �(b
d) is identi�ed with a �nite sequence (!1; : : : ; !k) 2 
k if j�j = k,

and we write R(�) for the cube of side b�k obtained as the image under R of all sequences in


Z
+

with pre�x (!1; : : : ; !k).

The notions of energy and capacity are meaningful on any compact metric space. Given

a decreasing function g : (0;1) ! (0;1) such that g(0+) = 1, de�ne the energy of a Borel

measure � by

E(�) =

Z Z
g(jx� yj) d�(x) d�(y)
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and the capacity of a set � by

capg(�) =

"
inf

�(�)=1
Eg(�)

#�1
:

(The bars come to distinguish this from the de�nition given for trees in Section 2.)

Theorem 3.2 With the notation above, let T be a subtree of the bd-ary tree �(b
d), so we may

take @T � 
Z
+

. Given a decreasing function g : (0;1)! (0;1) de�ne f(n) = g(b�n). Then

for any �nite measure � on @T we have

Ef (�) <1, Eg(�R
�1) <1 (9)

and in fact the ratio is bounded between positive constants depending only on the dimension d.

It follows that

capf(T ) > 0, capg(R(@T )) > 0:

Remark 7: For g(t) = log(1=t) and f(n) = n log b this is proved in Benjamini and Peres (1992).

As noted there, the potentials may become in�nite when passing from the tree to Euclidean

space.

Proof: Using summation by parts, the energy on @T can be rewritten:

Ef (�) =
1X
n=1

Z Z
j�^�j=n

f(n) d�(�) d�(�)

=
1X
k=0

h(k)(�� �) fj� ^ �j � kg ;

where h(k) = f(k)� f(k � 1) and by convention f(�1) = 0. Since

fj� ^ �j � kg =
[
j�j=k

f� ^ � � �g =
[
j�j=k

[f� � �g \ f� � �g] ;

we obtain

Ef(�) =
1X
k=0

h(k)
X
j�j=k

�(�)2 =
1X
k=0

h(k)Sk (10)
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where Sk = Sk(�) =
P
j�j=k �(�)

2. Now we wish to adapt this calculation to the set R(@T ) in

the cube [0; 1]d. First observe that the same argument yields

Eg(�R
�1) �

1X
n=0

g(b�n)(�R�1
� �R�1)

n
(x; y) : b�n < jx� yj � b1�n

o

=
1X
k=0

h(k)(�R�1 � �R�1)
n
(x; y) : jx� yj � b1�k

o
; (11)

where we have implicitly assumed that � has no atoms (otherwise the energies are automatically

in�nite).

For vertices �; � of T we write � � � if R(�) and R(�) intersect (this is not an equivalence

relation!). If x; y 2 R(@T ) satisfy jx � yj � b1�k then there exist vertices �; � of T with

j�j = j� j = k � 1 and � � � satisfying x 2 R(�) and y 2 R(�). Therefore

(�R�1 � �R�1)
n
(x; y) : jx� yj � b1�k

o
�

X
j�j=j� j=k�1

1f���g�(�)�(�):

Now use the inequality

�(�)�(�) �
�(�)2 + �(�)2

2

and the key observation that

#f� 2 T : j� j = j�j and � � �g � 3d for all � 2 T

to conclude that

(�R�1 � �R�1)
n
(x; y) : jx� yj � b1�k

o
� 3dSk�1: (12)

It is easy to compare Sk�1 to Sk: clearly j�j = k � 1 implies that

�(�)2 =

0
@ X
��� ; j� j=k

�(�)

1
A
2

� bd
X

��� ; j� j=k

�(�)2

and therefore

Sk�1 � bdSk: (13)
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Combining this with (11) and (12) yields

Eg(�R
�1) � (3b)d

1X
k=0

h(k)Sk = (3b)dEf (�):

This proves the direction ()) in (9).

The other direction is immediate in dimension d = 1 and easy in general:

Eg(�R
�1) �

1X
k=0

g(b�k)(�R�1 � �R�1)
n
(x; y) : b�k�1 < jx� yj � b�k

o

=
1X
n=0

h(n)(�R�1 � �R�1)
�
(x; y) : jx� yj � b�n

	

�

1X
n=0

h(n)Sn+l;

where l is chosen to satisfy bl � d1=2 and therefore

�
(x; y) : jx� yj � b�n

	
�

[
j�j=n+l

[R(�)�R(�)]:

Invoking (13) we get

Eg(�R
�1) � b�dl

1X
n=0

h(n)Sn = b�dlEf(�)

which completes the proof of (9).

The capacity assertion of the theorem follows, since any measure � on R(@T ) � [0; 1]d can

be written as �R�1 for an appropriate measure � on @T . 2

4 Capacity-equivalence for Galton-Watson trees

In this section we prove the following weaker version of Theorem 1.1:
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Theorem 4.1 Let q be an o�spring distribution with mean m and �nite variance. Then

Pq-almost every � has the property that for every gauge function f ,

capf(�) > 0 if and only if
1X
n=1

m�nf(n) <1: (14)

Remark 8: Graf, Mauldin and Williams (1988) show that the gauge functions for which such

trees have positive Hausdor� measure di�er depending on whether or not q is degenerate.

Somehow this distinction vanishes when Hausdor� measure is replaced by capacity.

Remark 9: If m is an integer, then the RHS of (14) is �nite if and only if the m-ary tree has

positive capacity in gauge f (see Lyons 1992); otherwise the same holds with a virtual m-ary

tree as in Pemantle and Peres (1993b).

Proof: One half of (14) is true without the �nite variance assumption. Summing by parts,

the RHS of (14) is equivalent to

1X
n=1

m�n[f(n)� f(n� 1)] <1: (15)

Using (4) to express Ef and using the Cauchy-Schwarz inequality in the second line, we see that

any unit ow � satis�es

Ef (�) =
1X
n=1

[f(n)� f(n� 1)]
X
j�j=n

�(�)2

�

1X
n=1

[f(n)� f(n� 1)]j�nj
�1

�

1X
n=1

[f(n)� f(n� 1)]A�m
�n;

where A� is de�ned in equation (6). In particular, if the the sum in (15) is in�nite, then any

unit ow has in�nite Ef -energy and thus capf (�) = 0.
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For the other direction, note that capf(�) � Ef (�)
�1 for any unit ow �. Pick � = U and

use Lemma 2.2 to get

Ef (U) =
1X
n=1

(f(n)� f(n� 1))
X
j�j=n

U(�)2

� c(�)
1X
n=1

(f(n)� f(n� 1))m�n;

�nishing the proof of (14) and the theorem. 2

Hawkes (1981) determined the Hausdor� dimension of the boundary of a supercritical

Galton-Watson tree and applied this to obtain the dimension of certain random sets in Eu-

clidean space. Let b � 2 be an integer and let fqk : 0 � k � bdg be a probability vector.

Construct a random set � � [0; 1]d as follows. By cutting [0; 1] into b intervals of length 1=b

on each axis, we partition the unit cube into bd congruent subcubes with disjoint interiors. We

erase some of them, keeping k (closed) subcubes with probability qk , the locations of the kept

cubes being arbitrary. We iterate this procedure on each of the kept subcubes, keeping k sub-

subcubes of each with probability qk independently of everything else but arbitrarily located;

continuing ad in�nitum and intersecting the closed sets from each �nite iteration yields the set

�. Recalling the representation map R : 
Z
+

! [0; 1]d de�ned in (8) in the previous section, we

can characterize the random set � as the image under R of the boundary of a Galton-Watson

tree with o�spring distribution fqkg that has been emebedded arbitrarily in the bd-ary tree �.

Hawkes showed that conditioned on non-extinction, � almost surely has Hausdor� dimension

logb(m). In terms of capacity, this says that for gauges g(t) = t��, the supremum of � for

which capg(�) > 0 is logb(m).

Combining Theorems 4.1 and 3.2 yields the following re�nement.

Corollary 4.2 Fix an integer b > 1 and let q be an o�spring distribution with mean m such

that qi = 0 for all i > bd. Then for Pq-almost every T , the set � = R[@T ] � [0; 1]d has the
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property that for all gauge functions g,

capg(�) > 0 if and only if
1X
n=1

m�ng(b�n) <1: (16)

2

5 Proof of Theorem 1.1

The proof relies on the construction of a product of the tree � with a tree of labels, and on the

connection between P (�;B) and a certain capacity in this product tree. These are outlined in

Lyons (1992). but only in the case where the distribution F of the random variables X(�) has

�nite support. The alternatives are to copy Lyons' development for arbitrary F or to reduce the

proof of Theorem 1.1 to the case where F has �nite support. We choose the latter alternative,

since the reduction is not too long and capacity statements are clearer in the reduced case.

This allows the reader the option of taking the reduction on faith and skipping the proof of

Lemma 5.1. It is convenient at the same time to reduce to the case of �nite trees.

Lemma 5.1 Let � and �0 be two in�nite trees and suppose that there are positive constants

c1; c2 and m such that whenever b > m, N <1, B � IRN and the common distribution of the

X(�) is uniform on a �nite set f0; : : : ; b� 1g, the inequalities

c1P (�[N ];B) � P (�0[N ];B) � c2P (�[N ];B) (17)

hold, where �[N ] is the tree of height N agreeing with � up to level N . Then (17) holds for

any closed set B, for any any distribution of the X(�) and with N =1.

Proof: It is easy to see that (17) for �nite N and all B implies (17) for N = 1 and all B:

indeed, if �N(B) is the projection of B onto the �rst N coordinates then the fact that B is

closed in the product topology implies that

P (�;B) = lim
N!1

P (�; ��1N (�N(B)) = lim
N!1

P (�[N ]; �N(B)):
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Thus, replacing B by �N (B) it su�ces to show that for �xed trees � and �0 of a �xed height

N , the inequalities (17) when F is supported on f0; : : : ; b� 1g imply (17) for any F . This will

be accomplished by �nitely approximating (F;B).

We may assume without loss of generality that the X(�) are uniform on the unit interval,

since any distribution F may be obtained as the image of the uniform [0; 1] measure by some

function f , and P (�;B;F ) = P (�; f�1[B];U [0; 1]). Fix a tree � of height N and a set B �

[0; 1]N and let U denote the distribution uniform on the unit interval. Let fX(�)g be IID

random variables indexed by the vertices of � and having common distribution U . Let Fj

denote the uniform distribution on f0; 1; : : : ; 2j � 1g. Let Yj(�) = b2jX(�)c; then fYj(�)g are

IID with common distribution Fj . De�ne discrete approximations B(j) � f0; 1; : : : ; 2j � 1g1

depending only on the �rst n coordinates by (y1; y2; : : :) 2 B
(j) if and only if

P
h
(X1; : : : ; Xn) 2 �n(B) j b2

jX1c = y1; : : : ; b2
jXnc = yn

i
>

1

2
;

where Xi are IID with common distribution U .

Lemma 5.2 Suppose the events A(�;B(j); Y ) and A(�;B;X) are constructed on the same

probability space as above. Then A(�;B;X) is the almost sure limit of the events A(�;B(j); Y ).

Proof: The event A(�;B(j); Y ) is the same as the event that (Y (�1); : : : ; Y (�N)) 2 B
(j) for

some maximal path (�; �1; : : : ; �N). Similarly, A(�;B;X) is the event that

(X(�1); : : : ; X(�N)) 2 B for some maximal path (�; �1; : : : ; �N). Let Fj be the �-�eld generated

by the values of b2jX(�)c as � ranges over vertices of �. For � 2 �N , let (�1(�); : : : ; �N(�))

denote the path from the root to � , i.e., �k(�) is the unique � 2 �k with � � � . For any � 2 �N ,

the martingale convergence theorem shows that the event

f(X(�1(�)); : : : ; X(�N(�))) 2 Bg

is the almost sure limit of the events

fP[(X(�1(�)); : : : ; X(�N(�))) 2 B j Fj] > 1=2g:
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By construction, these are the events

f(Y (�1(�)); : : : ; Y (�N(�))) 2 B
(j)g:

Taking the �nite union over � 2 �N proves the lemma. 2

The proof of Lemma 5.1 is now easily �nished. Applying Lemma 5.2 to � and �0, we see

that

P (�;B;U) = lim
j!1

P (�;B(j);Fj)

and similarly for �0. By assumption,

c1P (�;B
(j);Fj) � P (�0;B(j);Fj) � c2P (�;B

(j);Fj)

as long as 2j > 2m. Sending j to in�nity �nishes the proof of the lemma. 2

The continuation of the proof of Theorem 1.1 requires the following construction of a product

tree, which is the analogue of a space-time Markov chain in the context of tree-indexed processes.

For any b � 2 and N < 1, let bN be the b-ary tree of height N whose vertices are sequences

of length at most N on the alphabet f0; : : : ; b � 1g with edges between a sequence and its

continuation by a single letter. If � and T are trees of the same height, let � � T denote the

tree whose vertices are the pairs

f(�; x) : � 2 �; x 2 T; j�j= jxjg

with (�; x) � (�; y) if and only if � � � and x � y. The utility of the product tree is in

the following lemma due to R. Lyons (1992, Theorem 3.1); our proof of Theorem 3.1 may be

adapted in order to reduce the constant from 4 to 2, but since 4 is good enough for the sequel,

we omit the adaptation.

Lemma 5.3 (Lyons) Let F be the uniform distribution on f0; 1; : : : ; b� 1g, let N � 1 and let

B � f0; 1; : : :b � 1gN . Let � be a tree of height N and de�ne a kernel K on the boundary of

� � bN by

K((�; x); (�; y)) = bj�^�j1fjx^yj�j�^�jg:
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If E = @��B � @(�� bN) denotes the set f(�; x) : � 2 @� ; x 2 Bg, then

capK(E) � P (�;B) � 4capK(E):

2

Proof of Theorem 1.1:

Suppose that � is a tree of height N with

j�nj � A�m
n for all n � N; (18)

and that there is a unit ow U on � satisfying

X
�2�n

U(�)2 � Cum
�n for all n � N: (19)

(The coe�cients Cu and A� measure the discrepancy between the ow U on � and the uniform

ow on a { possibly virtual { regular m-ary tree.) Assume that the label distribution F is

uniform on f0; 1; : : : ; b� 1g and that B is a subset of f0; 1; : : : ; b� 1gN �= @bN . We will show

that

(18) ) P (�;B) � 8A�cap�(B) (20)

and

(19) ) C�1u cap�(B) � P (�;B) (21)

where

�(n) =
nX
j=0

bj
�
m�j

�m�j�11fj<Ng

�
(22)

and we are thinking of B as a subset of @bN .

The theorem follows readily from (20) and (21): If � and �0 are picked from Galton-Watson

distributions Pq and Pq0 of mean m and �nite variance then the �niteness of A� and A�0 is

given in (6) and the limit-uniform ows U and U 0 on � and �0 satisfy (19) by Lemma 2.2.

Thus (20) and (21) imply that
P (�0;B)

P (�;B)
� 8A�0Cu
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for B � f0; 1; : : : ; b� 1gN and Lemma 5.1 concludes the proof of the theorem. It remains only

to verify (20) and (21).

Proof of (21): Given a unit ow � on bN , let U � � be the ow on �� bN de�ned by

(U � �)(�; x) = U(�)�(x):

For k � N de�ne L2 measurements of the ows U and � by

Sk(U) =
X
�2�k

U(�)2 and Sk(�) =
X
z2bN

k

�(z)2:

From Lemma 5.3,

P (�;B)�1 � capK(@��B)
�1

� EK(U � �)

=

Z Z
@(��bN)

bj�^�j1fjx^yj�j�^�jgd(U � �)(�; x) d(U � �)(�; y)

=
X

x;y2@bN

�(x)�(y)

jx^yjX
i=0

bi(U � U) f(�; �) 2 �N � �N : j� ^ �j = ig :

=
X

x;y2@bN

�(x)�(y)

jx^yjX
i=0

bi(Si(U)� Si+1(U)); (23)

where SN+1(U) = 0 by convention. In order to apply the hypothesis (19) successfully, we must

sum by parts to isolate Si in (23) and then re-sum by parts. Accordingly,

X
x;y2@bN

�(x)�(y)

jx^yjX
i=0

bi(Si(U)� Si+1(U))

=
NX
k=0

Sk(U)

2
4 X
jx^yj�k

�(x)�(y)bk � 1fk>0g
X

jx^yj�k�1

�(x)�(y)bk�1

3
5

=
NX
k=0

Sk(U)
h
Sk(�)b

k
� 1fk>0gSk�1(�)b

k�1
i
;
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and using (19) together with the nonnegativity of bkSk(U) � bk�1Sk�1(U) (c.f. (13)), we see

that this is at most

NX
k=0

Cum
�k
h
Sk(�)b

k
� 1fk>0gSk�1(�)b

k�1
i

= Cu
X

x;y2@bN

�(x)�(y)

jx^yjX
i=0

bi(m�j
�m�j�11fj<Ng)

= CuE�(�):

Thus P (�;B) � C�1u E�(�)
�1 for any unit ow � supported on B, which proves (21).

Proof of (20): This relies on a comparison result from Pemantle and Peres (1993a). The proof

is thus somewhat more complicated than the proof of the �rst inequality, although the essence

may be stated simply: P (�;B) can only increase if � is replaced by a symmetric tree of the same

growth rate; for such a symmetric tree, cap�(B) computes P (�;B). To justify Remark 5 (after

Theorem 1.1), we point out that this inequality does not require �nite o�spring variance (using

only the growth estimate (18)), so it shows that Galton-Watson trees with in�nite o�spring

variance have at least as many polar sets as their �nite-variance counterparts. We call a tree

spherically symmetric if every vertex at level n has the same number of children. The necessary

comparison result is:

Lemma 5.4 (Pemantle and Peres (1993a), Theorem 1) Let � and T be two trees of

height N � 1 such that T is spherically symmetric and

j�nj � jTnj for all n � N:

Then

P (�;B;F ) � P (T ;B;F )

for any closed set B � IRN and any distribution F .

2
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Given a tree � which satis�es (18), consider a spherically symmetric tree T with generation

sizes jTnj de�ned inductively by letting jTnj be the least integral multiple of jTn�1j satisfying

jTnj � A�m
n. Clearly jTnj � 2A�m

n for all n. Now use Lemma 5.3 to bound P (�;B) from

above. Since T is spherically symmetric, the capacity appearing in that lemma simpli�es to

capK(@T �B) = cap (B) (24)

where

 (n) =
nX
j=0

bj
�
jTjj

�1
� jTj+1j

�11fj<Ng

�

(c.f. Lyons (1992, Corollary 3.2 and equation (3.8)).

Summing by parts, we compare energies in gauges  and �:

E (�) =
NX
j=0

bj
�
jTj j

�1
� jTj+1j

�11fj<Ng

�
Sj(�)

=
NX
k=0

jTkj
�1
h
bkSk(�)� b

k�1Sk�1(�)1fk>0g

i

�
1

2A�

NX
k=0

m�k
h
bkSk(�)� b

k�1Sk�1(�)1fk>0g

i

=
1

2A�

NX
j=0

bjSj(�)
�
m�j �m�j�11fj<Ng

�

=
1

2A�
E�(�):

From the de�nition of capacity, it now follows that

cap (B) � 2A�cap�(B);

in conjunction with Lemma 5.3 and equation (24), this yields

P (T ;B) � 8A�cap (B)

and the comparison lemma 5.4 completes the proof of (20) and of Theorem 1.1. 2
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6 The second moment assumption cannot be dropped

This section is devoted to the following proposition, which shows that the second moment

assumption in Theorem 1.1 is essentially sharp.

Proposition 6.1 Let � > 0 and let q and q0 be any o�spring distributions with mean m, such

that q0 has �nite variance but q fails to have a 2� � moment. Then

Pq(capf(�) = 0) = 1

whereas

Pq0(capf(�) > 0) = 1;

for the gauge function f described in equation (25) below.

To de�ne the gauge function f , �rst note that r and s may be chosen with 1 � r < s < 2,

r > 2(s � 1) and such that q has an rth moment but no sth moment. Fixing such r and s,

choose � in the interval (1; r=(s� 1)� 1) and de�ne f by

f(n) =
mn

(n+ 1)�
: (25)

It is then immediate that Pq0(capf(�) > 0) = 1. Indeed,

1X
n=1

m�nf(n) �
1X
n=1

n�� <1;

whence from Theorem 4.1, capf (�) > 0 for Pq0-almost every �.

To show that Pq(capf(�) = 0) = 1, transform the problem into a branching process in a

varying environment (BPVE) as follows. De�ne the sequence p(n) by

p(n) =
(n+ 1)�

mn�
:

This sequence is chosen so that
Qn
i=1 p(i)

�1 = f(n). Lemma 3.1 shows that capf(�) = 0 if and

only if P (�;B;U) = 0 where U is the uniform distribution on [0; 1] and

B = f(x1; x2; : : :) : xi < p(i) for all ig:
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To see why this is a BPVE, label the vertices of � alive or dead, where � is alive if and only

if X(�)� p(j�j). If T is the subtree of � consisting of vertices all of whose ancestors are alive,

then the event of T being in�nite is equal to the event A(�;B). If � is picked from Pq, then

T is the family tree of a BPVE for which the o�spring distribution of a vertex at level n is

informally describable as a binomial with parameters q and p(n). Formally, this distribution,

Bin(q; p(n)) is de�ned by

Bin(q; p(n)) =
1X
i=1

qiBin(i; p(n));

where Bin(a; b) is a binomial with parameters a and b. The task now is to show that a BPVE

with nth o�spring distribution Bin(q; p(n)) dies out almost surely. Note that in this context,

the Pq0-almost sure positivity of capf(�) is equivalent to the almost sure survival of a BPVE

with nth o�spring distribution Bin(q0; p(n)), which may be deduced from Theorem 2 of Agresti

(1975) instead of from Theorem 4.1.

The almost sure death of this BPVE is proved by truncation: for an appropriate �, the

o�spring at level n is truncated at n� and it is shown that the truncated BPVE dies out almost

surely while the probability of being a�ected by the truncation may be made arbitrarily small.

The constant � must be chosen to satisfy

1 + �

r
< � <

1

s� 1
;

which is possible due to the choice of �. The proof of the following lemma is omitted since,

presented in this order, each part may be proved by routine manipulation.

Lemma 6.2 Let t(n) =
P
1
j=n qj denote the tail probabilities for the distribution q and let

M(n) =
P
1
j=n jqj denote the tail means. Let M(x) denote M(bxc) for positive nonintegral

values of x. Then

(i) If
P
1
n=1 n

rqn <1 then t(n)nr ! 0 as n!1.

(ii) If f is a positive function, 0 < �1 < �, and

1X
n=1

f(n)n�� =1;
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then
Pn
i=1 f(i) is greater than n

�1 in�nitely often.

(iii) If
P
1
n=1 n

2��qn =1 and �1 and �2 are positive constants with �1 + �2 � � < 1,

then
1X
n=1

M(n1=(1��1))n��2 =1:

(iv) Parts (ii) and (iii) imply that whenever
P
1
n=1 n

2��qn = 1 and �1 and �3 are

positive constants with �1 + �3 < � < 1, we then have

nX
i=1

M(i1=(1��1)) > n�3 in�nitely often:

2

Proof of Proposition 6.1: The truncation is set up formally as follows. Fix L � 1 and

� > 0. Let � be a Galton-Watson tree with o�spring distribution q and construct a random

subtree T by keeping each vertex at level n independently with probability p(n), so T is the

BPVE we wish to show dies out. Let jTnj denote (as usual) the size of the nth generation of

T and observe that EjTnj =
Qn
k=1mp(k) = (n + 1)� since the mean of Bin(q; p(k)) is mp(k).

Let T 0 � T be the subtree consisting of those vertices � all of whose ancestors, � , have either

j� j < L or deg(�) < 1+ j� j�; here deg(�) denotes the degree of the vertex � , which is one more

than the number of children of � , and � is counted as an ancestor of itself.

Step one is to see that the truncation has no e�ect with probability arbitrarily close to 1.

Indeed, if n is minimal with jT 0nj 6= jTnj then n � L and some vertex in Tn has degree at least

n� . Hence, letting C denote di�erent constants from line to line and using part (i) of Lemma 6.2

in the last line,

P(jT 0nj 6= jTnj for some n) �

1X
n=L

0
@EjTnj X

k>n�

qk

1
A

� C
1X
n=L

n�t(n�)

� CL1+���r:
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Since � is chosen to be greater than (1 + �)=r, this goes to 0 as L! 1.

Step two is the �rst moment estimate,

P(jT 0j =1) = limP(jT 0nj > 0) � lim inf EjT 0nj:

Use part (iv) of Lemma 6.2 with � = 2� s and �1 = 1� ��1. Since � is chosen to be less than

1=(s�1), this makes �1 < 2�s = � and thus �3 may be chosen to be positive but less than ���1.

The conclusion is that
Pn
k=1M(k�) > n�3 in�nitely often. The �rst moment computation then

yields

EjT 0nj �

nY
k=1

h
p(k)(m� C 1fk�LgM(k�))

i

� CLn
�

nY
k=1

(1� CM(k�))

� CLn
� exp(�C

nX
k=1

M(k�)):

Plugging in the conclusion from Lemma 6.2 part (iv) shows that lim inf EjT 0nj = 0 and hence

that jT 0j < 1 almost surely. By step one, if � > 0 is arbitrary, there is an L for which

P(jT 0nj 6= jTnj for some n) < �. Thus P(jTnj 6! 0) < � and since � is arbitrary, this shows that

jTnj ! 0 almost surely and �nishes the proof.

7 Concluding remarks and questions

(1) After this paper was written, the �rst author proved that the assumption of �nite second

moment for the o�spring distribution in Theorems 1.1 and 4.1 is strictly necessary. This

sharpens Proposition 6.1, but the proof is more delicate and not included here.

(2) Aldous (1993) has a (very di�erent) invariance principle for Galton-Watson trees, which

suggests that there might be stronger notions of equivalence between Galton-Watson trees

yet to be exposed.
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Finally, we list two unsolved problems which arise naturally from the results proved above.

(3) Does capacity-equivalence of two trees imply they are equipolar? (Recall that the converse

is contained in Theorem 3.1.) Even the special case in which one of the trees is a regular

tree or a Galton-Watson tree is not resolved; in this case, using Lemma 2.1, a positive

answer to this question would be implied by the following.

(4) Suppose a tree T is capacity-equivalent to Galton-Watson trees of mean m and �nite

variance. Show there exists a measure � on @T such that

sup
n

mn
X
j�j=n

�(�)2 <1:
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