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When Does a Branching Process Grow Like its Mean?
Conceptual Proofs of L log L Criteria

By Russell Lyons, Robin Pemantle, and Yuval Peres

Abstract. The Kesten-Stigum Theorem is a fundamental criterion for the

rate of growth of a supercritical branching process, showing that an L logL

condition is decisive. In critical and subcritical cases, results of Kolmogorov

and later authors give the rate of decay of the probability that the process

survives at least n generations. Through a uni�ed approach, we give concep-

tual proofs of these theorems which are free of manipulation of generating

functions. This approach also explains Yaglom's exponential limit law for

conditioned critical branching processes via a simple characterization of the

exponential distribution.

x1. Introduction.

Consider a Galton-Watson branching process with each particle having probability pk

of generating k children. Let L stand for a random variable with this progeny distribution.

Let m :=
P

k kpk be the mean number of children per particle and let Zn be the number

of particles in the nth generation. The most basic and well-known fact about branching

processes is that the extinction probability q := limP[Zn = 0] is equal to 1 if and only if

m � 1. It is also not hard to establish that in the case m > 1,

1

n
logZn ! logm

almost surely on nonextinction, while in the case m � 1,

1

n
logP[Zn > 0]! logm:

Finer questions may be asked:
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� In the case m > 1, when does the mean E[Zn] = mn give the right growth rate up to

a random factor?

� In the case m < 1, when does the �rst moment estimate P[Zn > 0] � E[Zn] = mn

give the right decay rate up to a random factor?

� In the case m = 1, what is the decay rate of P[Zn > 0]?

Of course, the �rst question is the most important. These questions are answered by the

following three classical theorems.

Theorem 1: The Kesten-Stigum Theorem on Supercritical Processes (1966).

Suppose that 1 < m <1 and let W be the limit of the martingale Zn=m
n. The following

are equivalent:

(i) P[W = 0] = q;

(ii) E[W ] = 1;

(iii) E[L logL] <1.

Theorem 2: Subcritical Processes (Heathcote, Seneta, Vere-Jones (1967)).

The sequence fP[Zn > 0]=mng is decreasing. If m < 1, then it has a positive limit if and

only if E[L logL] <1.

The su�ciency of E[L logL] <1 in Theorem 2 was proved under a second moment

assumption by Kolmogorov (1938). As is common, we prove this theorem by consideration

of the law of Zn conditioned on Zn > 0, which we denote by �n. It is interesting that this

sequence f�ng always converges in a strong sense, even when its means are unbounded;

see Section 6.

Theorem 3: Critical Processes (Kesten, Ney and Spitzer (1966)). Suppose

that m = 1 and let �2 = Var(L) = E[L2]� 1 � 1. Then we have:

(i) Kolmogorov's estimate:

lim
n!1

nP[Zn > 0] =
2

�2
:

(ii) Yaglom's limit law: If � <1, then the conditional distribution of Zn=n given Zn > 0

converges as n!1 to an exponential law with mean �2=2 . If � =1, then Zn=n
D
!

1.

Under a third moment assumption, parts (i) and (ii) of Theorem 3 are due to Kol-

mogorov (1938) and Yaglom (1947), respectively.

For classical proofs of these theorems, the reader is referred to Athreya and Ney (1972),

pp. 15{33 and 38{45 or Asmussen and Hering (1983), pp. 23-25, 58{63, and 74{76.
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The condition E[L logL] < 1 in Theorems 1 and 2 certainly appears technical, and

previous proofs are indeed technical (i.e., they rely on detailed analysis of generating func-

tions). However, while studying ergodic theory on Galton-Watson trees (Lyons, Pemantle

and Peres (1993)), we found conceptual proofs of these theorems that use only the crudest

estimates. In particular, the dichotomies between mean and sub-mean behavior in the �rst

two theorems turn out to arise from the following elementary dichotomy, which is an easy

consequence of the Borel-Cantelli lemmas.

Lemma 1.1. Let X;X1;X2; : : : be nonnegative i.i.d. random variables. Then

lim sup
n!1

1

n
Xn =

�
0 if E[X] <1 ;

1 if E[X] =1 :

Size-biased distributions, which arise in many contexts, play an important role in the

present paper. Let X be a nonnegative random variable with �nite positive mean. Say

that bX has the corresponding size-biased distribution if

E[g( bX)] =
E[Xg(X)]

E[X]

for every positive Borel function g. The analogous notion for random trees is the topic of

Section 2.

Note that if X is an exponential random variable, then bX is the sum of two indepen-

dent copies of X. It follows that if U is uniform in [0; 1] and independent of bX , then the

product U � bX has the same distribution as X. The fact that this property actually char-

acterizes the exponential distributions is used in Section 4 to derive part (ii) of Theorem

3.

The next section is basic for the rest of the paper; Sections 3, 4 and 5, which contain

the proofs of Theorems 1, 3 and 2, respectively, may be read independently of each other.
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x2. Size-biased Trees.

Our proofs depend on viewing Galton-Watson processes as generating random family

trees, not merely as generating various numbers of particles; of course, this goes back at

least to Harris (1963). We think of these trees as rooted and labeled, with the (distin-

guishable) o�spring of each vertex ordered from left to right. We shall de�ne another way

of growing random trees, called size-biased Galton-Watson. (Related ideas occur in

Hawkes (1981) and in Jo�e and Waugh (1982).) The law of this random tree will be de-

noted[GW, whereas the law of an ordinary Galton-Watson tree is denoted GW. Because

we have more than one probability measure, we shall use integral notation for expectations

with respect to GW and[GW . Similarly, we shall use the general notation
R
X d(� j F)

for the conditional expectation of the random variable X with respect to the measure �

and the �-�eld F .

The construction of size-biased trees can be motivated by the general principle that in
order to study asymptotics, it is useful to construct a suitable limiting object �rst. In the
supercritical case, to determine the almost sure asymptotic behavior of the martingale Wn

with respect to GW, it is natural to consider the sequence of measures Wn dGW, which will

converge weakly to[GW. When m � 1, the size-biased tree may be obtained by conditioning
a Galton-Watson tree to survive forever. The generation sizes of size-biased Galton-Watson
trees are known as a Q-process in the case m � 1; see Athreya-Ney (1972), pp. 56-60. The
critical case is also discussed in Kesten (1986). Now sinceWn is the normalized size of the nth
generation, a probabilistic way of biasing GW according to it is to choose uniformly a random

particle in that generation; the resulting joint distribution will be called[GW0. These remarks
will not be used explicitly, but they motivate the de�nitions which follow.

Notation: For a tree t with zn particles at level n, write Wn(t) := zn=m
n : Let t be a

tree of height n and let v be a vertex at the nth level of t. Denote by [t] the set of in�nite

rooted trees T such that their truncation to the �rst n levels yields t. Let [t; v] denote the

set of trees with distinguished paths where the tree is in [t] and the path starts from

the root, does not backtrack, and goes through v.

We shall construct a measure[GW0 on the set of trees with distinguished paths such

that for all n and all [t; v] as above,

(2:1) [GW0[t; v] =
1

mn
GW[t] :

By using the branching property and the fact that the expected number of children of v is

m, it is quite easy to verify consistency of these �nite-dimensional distributions; however,

this veri�cation may be skipped, as we shall give a direct construction of a measure with

these marginals in a moment.
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Note that if a measure[GW0 satisfying (2.1) exists, then its projection to the space

of trees, which is denoted simply by[GW, automatically satis�es

(2:2) [GW[t] =Wn[t]GW[t] :

for all n and all trees t of height n.

Now the recursive structure of Galton-Watson trees yields a recursion for[GW0. As-

sume that t is a tree of height n and that the root of t has k children with descendant trees

t(1); t(2); : : : ; t(k) of height n� 1. Any vertex v in the nth level of t is in one of these, say

t(i). Now

GW[t] = pk

kY
j=1

GW[t(j)] = kpk �
1

k
�GW[t(i)] �

Y
j 6=i

GW[t(j)] :

Thus any measure[GW0 which satis�es (2.1) must satisfy the recursion

(2:3) [GW0[t; v] =
kpk

m
�
1

k
�[GW0[t(i); v] �

Y
j 6=i

GW[t(j)] :

Conversely, it is clear by induction that a probability measure[GW0 on the set of trees

with distinguished paths which satis�es this recursion must satisfy (2.1); this observation

leads to the following construction of[GW0.

Let bL be a random variable whose distribution is that of size-biased L; i.e.,

P[bL = k] =
kpk

m
:

To construct a size-biased Galton-Watson tree bT , start with an initial particle v0. Give it

a random number bL0 of children, where bL0 has the law of bL. Pick one of these children at

random, v1. Give the other children independently ordinary Galton-Watson descendant

trees and give v1 an independent size-biased number bL1 of children. Again, pick one of the

children of v1 at random, v2, give the others ordinary Galton-Watson descendant trees,

and so on. Note that size-biased Galton-Watson trees are always in�nite (there is no

extinction).

Now we can �nally de�ne the measure[GW0 as the joint distribution of the random

tree bT and the random path (v0; v1; v2; : : :). This measure clearly satis�es the recursion

(2.3), and hence also (2.1).

Note that, given the �rst n levels of the tree bT , the measure[GW0 makes the vertex

vn in the random path (v0; v1; : : :) uniformly distributed on the nth level of bT ; this is not
obvious from the explicit construction of this random path, but it is immediate from the

formula (2.1) in which the right-hand side does not depend on v.

The probabilistic content of the assumption E[L logL] < 1 will come by applying

Lemma 1.1 to the variables flog bLng, since E[log bL] = m�1E[L logL].
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x3. Proof of the Kesten-Stigum Theorem.

Recall the following elementary result, whose proof we include for the sake of com-

pleteness:

Proposition 3.1. Either W = 0 a.s. or W > 0 a.s. on nonextinction. In other words,

P[W = 0] 2 fq; 1g.

Proof. Let f(s) := E[sL] be the probability generating function of L. The roots of f(s) = s

in [0, 1] are fq; 1g. Thus, it su�ces to show that P[W = 0] is such a root. Now the ith

individual of the �rst generation has a descendant Galton-Watson tree with, therefore, a

martingale limit, W[i], say. These are independent and have the same distribution as W .

Furthermore,

W =
1

m

Z1X
i=1

W[i];

or, what counts for our purposes,

W = 0 () 8i � Z1 W[i] = 0 :

Conditioning on Z1 now gives immediately the desired fact that f(P[W = 0]) = P[W = 0].

Before beginning the proof proper of the Kesten-Stigum Theorem, we need to rewrite

(2.2) as follows. Let Fn be the �-�eld generated by the �rst n levels of trees and GWn,

[GWn be the restrictions of GW,[GW to Fn. Then (2.2) is the same as

d[GWn

dGWn

(t) =Wn(t) :

It is convenient now to interpret the last expression for in�nite trees t, where both sides

depend only on the truncation of t to the �rst n levels. In order to de�ne W for every

in�nite tree t, set

W (t) := lim sup
n!1

Wn(t) :

In fact, 1=Wn is a[GW-martingale and hence limWn exists[GW-a.s. From this follows

the key dichotomy:

W = 0 GW-a.s. () GW ?[GW () W =1 [GW-a.s.
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while Z
W dGW = 1 () [GW� GW () W <1 [GW-a.s.

(see Durrett (1991), p. 210, Exercise 3.6). This is key because it allows us to change the

problem from one about the GW-behavior of W to one about the[GW-behavior of W .

We now begin the proof. We �rst show that if E[L logL] =1, then W = 0 GW-a.s.

by showing that W =1 [GW-a.s. This assumption, which is the same as E[log bL] =1,

yields by Lemma 1.1

lim sup
n!1

1

n
log bLn =1 [GW0-a.s.

Since Wn(t) � bLn=m
n, it follows that

W (t) = lim sup
n!1

Wn(t) =1 [GW-a.s.;

as desired.

Now suppose that E[L logL] < 1, i.e., E[log bL] < 1. We shall show that W < 1

[GW-a.s., which will complete the proof. Let G be the �-�eld generated by fbLk ; k � 1g.

By the conditional version of Fatou's lemma, it su�ces to show that

lim
n!1

Z
Wn d([GW

0 j G) <1 [GW0-a.s.

We calculate this as follows. For �xed n, let Yk be the number of descendants at level n

of the particle vk that are not descendants of particle vk+1. Thus, the total number of

particles at level n is
Pn

k=0 Yk. This givesZ
Wn d([GW

0 j G) =

Z
1

mn

nX
k=0

Yk d([GW
0 j G) =

nX
k=0

1

mk

Z
Yk

mn�k
d([GW0 j G) :

Now, for k < n, the random variable Yk=m
n�k is the (n � k)th element of the ordinary

Galton-Watson martingale sequence starting with, however, bLk � 1 particles. This has

expectation, therefore, just bLk � 1. Since Yn = 1, we get

Z
Wn d([GW

0 j G) =

n�1X
k=0

bLk � 1

mk
+

1

mn
:

Our assumption gives, by Lemma 1.1, that bLk grows subexponentially, whence this series

converges[GW0-a.s., as desired.

Remark. The fact that the limit[GW-law of Zn=n is that of bX , i.e., the sum of two

independent exponentials with mean �2=2 each, is due to Harris (see Athreya and Ney

(1972), pp. 59{60).
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x4. Critical Processes: Proof of Theorem 3.

Lemma 4.1. Let Bn be the event that none of the children of v0 to the left of v1 have any

descendants in generation n. Then

lim
n!1

[GW0(Bn) = 1 :

Proof. This follows from writing the above probability as

[GW0(Bn) =

Z bL0�1X
l=0

1

bL0

�
1�GW(Zn�1 = 0)

�l
d[GW0 :

Proof of (i): Let An be the event that vn is the leftmost particle in generation n. As

observed earlier,[GW0(An j Zn) = 1=Zn. From this, it follows that conditioning on An

reverses the e�ect of size-biasing. That is, the law of the �rst n generations of a tree under

(GW j Zn > 0) is the same as under ([GW0 j An). In particular,

Z
Zn d([GW

0 j An) =

Z
Zn d(GW j Zn > 0) =

1

GW(Zn > 0)
:

We are thus required to show that

(4:1)
1

n

Z
Zn d([GW

0 j An)!
�2

2
:

For any tree with a distinguished line of descendants v0; v1; : : :, decompose the size of the

nth generation by writing Zn = 1 +
Pn�1

j=0 Zn;j, where Zn;j is the number of particles at

generation n descended from vj but not from vj+1. The intuition behind (4.1) is that

the unconditional expectation of Zn;j is E[bL]� 1 = �2; half of these fall to the left of vn

and half to the right. Since the chance that any given particle at generation n � k other

than vn�k has no descendant in generation n tends to 1 as k !1, conditioning on none

surviving to the left leaves us with �2=2.

To prove this, de�neRn;j to be the number of particles in generation n descended from

those children of vj to the right of vj+1 and Rn :=
Pn�1

j=0 Rn;j, the number of particles in

generation n to the right of vn. Let An;j be the event that Rn;j = Zn;j. Couple the random

variables Rn;j to independent random variables R�n;j having the (
[GW0 j An;j)-distribution

of Rn;j as follows: De�ne R
�
n;j := Rn;j on the event An;j and to be an independent pick

from the ([GW0 j An;j)-distribution of Rn;j on the complementary event :An;j . Then
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R�n :=
Pn�1

j=0 R
�
n;j has the same distribution as the (GW j Zn > 0)-law of Zn since An is

the intersection of the independent events An;j . Also,
R
Rn;j d[GW

0 = �2=2 and

Z
Rn;j d([GW

0 j An;j) �

Z
Zn;j d[GW

0 = E[bL]� 1 = �2 :

Therefore, if � <1, we have

(4:2)

Z
1

n
jRn �R�nj �

Z
1

n

n�1X
j=0

jRn;j �R�n;jj �
3�2

2n

n�1X
j=0

[GW0(:An;j)! 0

as n ! 1 by the above Lemma 4.1 applied to the descendant tree of vj . In particular,

since
R
Rn=nd[GW

0 = �2=2, we get
R
R�n=n ! �2=2. The case � = 1 follows from this

by truncating bLk. This shows (4.1), as desired.

Proof of (ii): Suppose �rst that � < 1. Using the same notation as above, suppose

that fnkg is a sequence tending to in�nity such that the laws of R�nk=nk converge to a

probability measure � and the[GW-laws of Znk=nk converge to a probability measure �.

By (4.2), it follows that the[GW0-laws of Rnk=nk tend to � also. Let X be a random

variable having the distribution � and bX be a random variable having the distribution �.

This notation is justi�ed, i.e., bX is indeed size-biased X, since the law of R�n is the same

as the (GW j Zn > 0)-law of Zn and since
R
xd�(x) = �2=2 > 0. On the other hand, let

U be a uniform [0, 1]-valued random variable independent of every other random variable

encountered so far. Then Rn and bU �Znc have the same law (with respect to[GW0), while

���� 1nbU � Znc �
1

n
U �Zn

���� � 1

n
! 0 :

Hence X and U � bX have the same distribution. However, an immediate Laplace-transform

calculation shows that the only nonnegative random variables X with a positive �nite

mean such that X and U � bX have the same distribution are the exponentials. Since we

know that in our case, the mean of X is �2=2, it follows that X is an exponential random

variable with this mean. In particular, this is independent of the sequence nk, and hence

we actually have convergence along the whole sequence R�n=n
D
! X, as desired.

Now suppose that � =1. A truncation argument shows that the[GW-laws of Zn=n

tend to in�nity, whence so do the laws of bU � Znc=n. Thus, the (GW j Zn > 0)-laws of

Zn tend to in�nity as well.
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x5. Subcritical Processes: Proof of Theorem 2.

Let �n be the law of Zn conditioned on Zn > 0. We shall show that f�ng is a stochas-

tically increasing sequence and that its means are bounded if and only if E[L logL] <1.

The theorem is then a consequence of the fact that

GW(Zn > 0) =
E[Zn]

E[Zn j Zn > 0]
;

which, in turn, is equal to mn divided by the mean of �n.

We shall apply the following immediate consequence of measure-theoretic de�nitions

to the laws �n.

Lemma 5.1. Let f�ng be a stochastically increasing sequence of distributions on the

positive integers, with �nite means an. Let b�n be size-biased, i.e., b�n(k) = k�n(k)=an. If

fb�ng is tight, then sup an <1, while if b�n !1 in distribution, then an !1.

If t is any tree, let Xn(t) be the leftmost particle in the �rst generation having at least

one descendant in generation n if Zn > 0, and let Yn(t) be the number of descendants of

Xn(t) in generation n, or zero if Zn = 0. It is easy to see that

GW(Yn = k j Zn > 0) = GW(Yn = k j Zn > 0;Xn = x) =GW(Zn�1 = k j Zn�1 > 0)

for all children x of the root. Since Yn � Zn, this shows that f�ng increases stochastically

in n. In the case E[L logL] < 1, it therefore su�ces to show that fb�ng is tight. In the

case E[L logL] =1, we must show that b�n !1.

Recall the decomposition Zn = 1 +
Pn�1

j=0 Zn;j from Section 4 and the �-�eld G from

Section 3. The easy estimate

P[L > 0]n � GW(Zn > 0) � mn ;

combined with the fact that vn�j has bLn�j � 1 o�spring other than vn�j+1, each with an

ordinary Galton-Watson descendant tree, leads via the inclusion-exclusion principle to

(5:1)
1 ^P[L > 0]j�1(bLn�j � 1)

2
�[GW0(Zn;n�j > 0 j G) � mj bLn�j :

Assume �rst that E[L logL] <1. Using (5.1), we may estimate

(5:2) [GW0(f9j � J ; Zn;n�j > 0g j G) �

nX
j=J

mj bLn�j
D
=

nX
j=J

mj bLj�J � mJ

1X
k=0

mkbLk :
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Since fbLkg is almost surely subexponential in k by Lemma 1.1, this sum converges, whence

the left-hand side of (5.2) goes to zero in probability as n � J ! 1. Thus[GW0(Zn 6=

1+Zn;n�1+� � �+Zn;n�J )! 0, which is the same as saying that the total variation distance

between b�n and b�J goes to zero as n � J !1. Hence fb�ng is tight.
Assume instead that E[L logL] =1. Since fbLjg almost surely exceeds any exponen-

tial in j in�nitely often, the lower estimate in (5.1) shows that
Pn

j=0
[GW0(Zn;n�j � 1 j G)

converges in probability to in�nity as n!1. Borel-Cantelli then shows that Zn converges

in probability to in�nity under[GW, i.e., b�n !1.

x6. Strong Convergence of the Conditioned Process in the Subcritical Case.

Yaglom (1947) showed that whenm < 1 and Z1 has a �nite second moment, the condi-

tional distribution �n of Zn given fZn > 0g converges to a proper probability distribution

as n !1. This was proved without the second moment assumption by Jo�e (1967) and

by Heathcote, Seneta and Vere-Jones (1967). The following stronger convergence result

was proved, in an equivalent form, by Williamson (cf. Athreya-Ney (1972), pp. 64{65.)

Theorem 6.1. The sequence f�ng always converges in a strong sense: if k � k denotes

total variation norm, then X
n

k�n � �n�1k <1 :

For the sake of completeness, we include a proof here.

Remark. Note that this is strictly stronger than weak convergence to a probability mea-

sure, even for a stochastically increasing sequence of distributions; for example, consider

the distributions �n on the positive integers de�ned by

�n =

�
1

1 � 2
;

1

2 � 3
; : : : ;

1

(n� 1)n
;
1

n

�
:

Proof of Theorem 6.1. Recalling the notation of the previous section and the events An;j

from Section 4, we see that

1

2
k�n��n�1k �GW(Yn 6= Zn j Zn > 0) =[GW0(Yn 6= Zn j An) =[GW

0(Yn 6= Zn j An;0) :
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Let � be the number of children of the root to the left of v1 and let sn = GW(Zn > 0).

Now condition on bL0 and � and use the fact that infn�2[GW
0(An;0) =: � > 0 to estimate

[GW0(Yn 6= Zn j An;0) � ��1[GW0(fYn 6= Zng \An;0)

= ��1
1X
k=1

k�1X
l=0

[GW0(bL = k; � = l; Yn 6= Zn; An;0)

= ��1
1X
k=1

kpk

m

k�1X
l=0

1

k
(1� sn�1)

l[1� (1� sn�1)
k�1�l] :

Sum this in n by breaking it into two pieces: those n for which s�1n�1 � k and those for

which s�1n�1 > k. For the �rst piece, use
Pk�1

l=0 (1�sn�1)
l � s�1n�1, and for the second piece,

use
Pk�1

l=0 [1� (1� sn�1)
k�1�l] �

Pk�1

l=0 (k� 1� l)sn�1 � k2sn�1=2. These estimates yield

1X
n=1

k�n � �n�1k � 2��1
X
k

pk

m

2
64 X
s
�1

n�1
�k

s�1n�1 +
X

sn�1<1=k

k2sn�1=2

3
75 :

By virtue of Theorem 2, we have sj � msj�1, so that each of these two inner sums is

bounded by a geometric series, and the total sum is at most

3

�(1�m)

X kpk

m
=

3

�(1�m)
;

which is �nite.
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