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x1. Introduction.

This paper studies the solvability (or the existence theorem) of the adapted solutions

to a certain class of forward-backward stochastic di�erential equations. Let (
;F ; P ;Ft)

be a �ltered probability space satisfying the usual conditions (see x2). Suppose that on

this probability space a d-dimensional fFtg-Brownian motion fWtgt�0 is given. Consider

the following forward-backward stochastic di�erential equations (SDE for short):

Xt = x +

Z t

0

b(Xs; Ys; Zs)ds +

Z t

0

�(Xs; Ys; Zs)dWs;(1:1)

Yt = g(XT ) +

Z T

t

bb(Xs; Ys; Zs)ds+

Z T

t

b�(Xs; Ys; Zs)dWs;(1:2)

where (X;Y;Z) takes value in lRn� lRm� lRm�d and b;bb; �; b�; g are some smooth functions

with appropriate dimensions; T > 0 is a prescribed constant which is called the time dura-

tion. Our objective is to �nd a triple (X;Y;Z) which is fFtg-adapted, square integrable,

such that the equations (1.1){(1.2) are satis�ed on [0; T ]. One should note that it is the

extra process Z that makes it possible for (1.1){(1.2) to have an adapted solution (cf.

[27,28]).

The forward-backward SDEs of this kind was �rst introduced by Bismut [3] for charac-

terizing the duality in optimal stochastic control and the stochastic Pontryagin Maximum

Principle, in which the adjoint equation is a backward SDE. The SDE has been brought

into strong attention recently because of its appeal not only in optimal control theory but

also in mathematical �nance and partial di�erential equations (cf. [11,28] and the refer-

ences therein). However, all the existing results regarding the existence and uniqueness of

an adapted solution require that the product of Lipschitz constants of the coe�cients and

the time duration T be small enough (see, for example, [1,28]). The restriction is simply

due to the usual scheme of Picard iteration and the contraction mapping theorem. Thus,

because of the \forward-backward" nature, one falls into a fatal di�culty when the time

duration is large. In fact, [1] provided a counterexample showing that for some special kind

of forward-backward SDEs, the adapted solution may fail to exist when the product of the

Lipschitz constant and the time duration is larger than one. Therefore, the solvability of

such an SDE over an arbitrarily prescribed time interval becomes an interesting issue, and

sometimes is even crucial (for instance, when one studies the so-called decoupling problem

in optimal stochastic control theory), but so far remains open.

In this paper we reformulate the above \forward-backward" SDE and consider its

solutions in a wider sense. Namely, we allow the component Z to be a suitable adapted

measure-valued process and allow the underlying probability space to change when nec-

essary. This relaxation nontrivially contains the ordinary adapted solution as a special
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case. We then convert the problem of �nding adapted solutions to the forward-backward

SDEs to a problem of, roughly speaking, �nding the \zero"-point (called nodal set) of

the viscosity solution of a certain Hamilton-Jacobi-Bellman (HJB for short) equation. In

fact, this HJB equation is exactly the one that the value function of the properly designed

optimal relaxed stochastic control problem should satisfy.

Intuitively, our scheme will work if the following two problems can be solved.

Problem 1. For any x 2 lRn, there exists a y 2 lRm such that v(0; x; y) = 0, where v

is the viscosity solution of a certain HJB equation;

Problem 2. (a) For any x 2 lRn, y 2 lRm, there exists an optimal relaxed control

which attains its value function V (0; x; y);

(b) v(s; x; y) = V (s; x; y) for all (s; x; y) 2 [0; T ]� lRn
� lRm.

It turns out that if both Problems 1 and 2 above can be solved, then the optimal

trajectory (X;Y ), together with the optimal relaxed control process Z, will be an adapted

solution to the forward-backward equation (1.1){(1.2).

The main advantage of this scheme is that both Problems 1 and 2 are attackable. In

fact, Problem 2-(a) is an existence theorem of the optimal relaxed controls, which should

always be true in principle; while Problem 2-(b) follows from the so-called \Chattering

Lemma", which is also one of the main features of stochastic relaxed control. However,

we should point out here that in our case, these problems are by no means trivial because

we have to deal with a system in which both drift and di�usion coe�cients contain the

control; to our knowledge, no existing results can be found in the literature regarding these

issues. As for Problem 1, it is basically a problem of the existence of the nodal set for a

certain HJB-equation. The notion of a \nodal set" was �rst introduced in [7] for studying

the eigenfunctions of some linear elliptic equations (see [10] also). Recently, this notion

was used for the study of the general solutions to elliptic and parabolic equations ([17,24]).

Also, it is further related to the so-called singular set, zero-set and partial regularity of

solutions to PDEs (see [5,6,14] and references cited therein). Therefore, one should have

at least some clue as to how to approach such a problem.

In summary, our scheme overcomes the di�culty encountered in the contraction map-

ping approach, and provides a novel strategy for us to study the original solvability prob-

lem. In a forthcoming paper, we will use this method to investigate the once \mysterious"

part Z in the previous works on backward (or forward-backward) SDEs (cf. [27,28]), which

comes from the martingale representation theorem; from our point of view, it is nothing

but some function of the optimal state and the optimal control. On the other hand, we

also hope that this correspondence will raise some intersting questions in the study of
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(the existence of) the nodal sets in partial di�erential equations, via the existence of the

solution to forward-backward SDEs.

This paper is organized as follows. In section 2 we collect some necessary notation

and preliminaries and state our main results. Sections 3 is devoted to the existence of

the optimal relaxed controls and the so-called Chattering Lemma. In section 4 we prove

the equivalent relations among the solvability of forward-backward SDEs, solvability of

optimal relaxed control and the existence of the nodal set of the related HJB-equations,

which lead to the proof of our main theorem. A special class of forward-backward SDEs,

raised from mathematical �nance, is considered in sections 5 and 6. The solvability of

such SDEs over an arbitrary time interval is proved using our new approach. Finally, some

discussions and concluding remarks are made in section 7.

x2. Preliminaries and the Statement of Main Results.

x2.1. Basic Notations.

Let (
;F ; P ) be a complete probability space and B be a Banach space. Denote by

L2([0; T ]�
;B) the space of all measurable, square integrable processes de�ned on [0; T ]

with values in B. If B = H is a Hilbert space, then L2([0; T ] � 
;H) is also a Hilbert

spaces with the usual inner product. Throughout this paper, we also assume that all the

probability spaces will be �ltered such that the quartuple (
;F ; P ;Ft) satis�es the usual

conditions (that is, fFtg is right-continuous and fF0g contains all the P -null sets in F), and

carries a d-dimensional fFtg-Brownian motion fWt : t � 0g. Let lRk denote the one-point

compacti�cation of the Euclidean space lRk. Then lRk is a compact metric space. We also

denote the set of all l1 � l2 matrices A = (ai;j ) by lRl1�l2 , and jAj2
�
=
P

i;j a
2
i;j = trAAT .

Now let U be a compact metric space. Denote by P(U) the space of all probability

measures on B(U), the Borel �-algebra of U . We endow the space P(U) with the Prohorov

metric (cf. [12]). Then P(U) is also a compact metric space. Let M([0; T ] � U) be the

space of all P(U)-valued functions �t(�), t � 0, such that ��(A) is Borel measurable for all

A 2 B(U). For � 2 M([0; T ]� U), de�ne ��(t; A) =
R t
0
�s(A)ds for t 2 [0; T ], A 2 B(U).

It is easy to see that �� enjoys the following properties:

(i) ��(0; A) = 0; 8A 2 B(U);

(ii) ��(t; U) = t; 8t � 0;

(iii) ��(t; �) is a measure on B(U) with total mass no more than t;

(iv) ��(t; A) is nondecreasing in t for all A 2 B(U);

(v) supA2B(U) j��(s;A) � ��(t; A)j = js � tj.

4



In what follows, we denote L([0; T ] � U) to be the space of all the mappings � :

[0; T ]�B(U)! [0; T ] satisfying (i)|(v) above. It is known that for any � 2 L([0; T ]�U),

there exists a � 2 M([0; T ]� U) such that � = �� (cf. [22]). Therefore, the compactness

of P(U) and [0; T ] renders L([0; T ] � U) a compact metric space (see [16] for a proof).

Furthermore, if a probability space (
;F ; P ) is given, then we denote lM(
) (resp.

lL(
)) to be the totality of all M([0; T ]�U) (resp. L([0; T ]�U))-valued random variables

�(�) (resp. �(�)) de�ned on (
;F ; P ), such that for each A 2 B(U), the process ��(A; �) is

fFtg-adapted. It can also be checked (cf. [22], for example) that for any � 2 lL(
), there

exists a � 2 lM(
), such that for P -a.e. ! 2 
,

(2:1) �(t; A; !) =

Z t

0

�s(A;!)ds; 8A 2 B(U); 8t � 0:

Thus, we see that there exists a one-to-one correspondence between lM(
) and lL(
).

Since the representation (2.1) is important in our discussion, we now take a closer

look at the process �. First, we sketch the construction of � (cf. [22]). Let U
n
� B(U)

be a �nite partition of U such that U
n+1

is \�ner" than U
n
; namely, if A 2 U

n+1
and

A0 2 U
n
such that A \ A0 6= ;, then A � A0. We assume that the diameters of the sets

of U
n
is less than 1=n and de�ne U =

S
nU

n
. For each A 2 U and ! 2 
, we de�ne the

left-derivative of � in the variable t by

(2:2) �t(A;!) = lim
�!0

1

�
[�(t; A; !) � �(t� �;A; !)];

whenever the limit exists. Since by condition (v) above, �(�; A; !) is absolutely continuous,

the limit in (2.2) exists for a.e. t 2 [0; T ], with the null set depending on A and !. Since U

is countable, we can �nd a dP 
 dt-null set, say N � [0; T ]�
, such that the limit exists

for all A 2 U , 8(t; !) =2 N . It is easily seen that for (t; !) =2 N , � de�nes a probability

measure on the algebra generated by U ; by using the well-known Carath�eodory Extension

Theorem, we can extend this probability measure uniquely to �(U ) = B(U). Finally, for

(t; !) 2 N we de�ne � to be any element in P(U). Clearly, the process ��(A; �) de�ned in

this way will be progressively measurable for each A 2 B(U), since � is.

We need more information for the process �; for instance, we need to know whether

the law of � is completely determined by that of �. In fact, it is the exceptional set

N that makes it di�cult to conclude that the law of � completely determines the �nite

distributions of �. We have nevertheless the following lemma; its proof is deferred to x3.

Lemma 2.1 Suppose that � 2 lL(
) and �0 2 lL(
0) such that they are identical in law as

L([0; T ] �U)-valued random variables; let � 2 lM(
) and �0 2 lM(
0) be such that

(2:3)

�(t; A; !) =

Z t

0

�s(A;!)ds; a.s. P;

�0(t; A; !0) =

Z t

0

�0s(A;!
0)ds; a.s. P 0;
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for (t; A) 2 [0; T ]� B(U). Suppose that for P -a.e. ! 2 
, the following hold:

(1) for every A 2 B(U), ��(A;!) is left-continuous, on (0; T ];

(2) limt # 0 �t(A;!) = �0(A;!) for all A 2 B(U).

Then modulo a modi�cation for �0 at t = 0, �0�(A;!
0) also satis�es (1), (2), for P 0-

a.s. !0 2 
0 and � and �0 are identical in law as M([0; T ]�U)-valued random variables.

x2.2. Relaxed Control Problems, Value Functions.

Our relaxed control problem is an extension of the usual ones (cf. [15,16,22], for

example); namely, we allow the control to also enter the di�usion coe�cient. We formulate

our control problem precisely as follows. Let us �rst de�ne the admissible relaxed control

set.

De�nition 2.2. The admissible relaxed control set, denoted by UR, is the set of all six-

tuples A = (
;F ; P;Ft;W; �), in which (
;F ; P;Ft) is a �ltered probability space, W is

an fFtg-Brownian motion and � 2 lM(
).

Remark 2.3. By a slight abuse of notation, we will often denote the generic element

in UR by � instead of specifying all six components when the context is clear.

It is known that, under our de�nition, an ordinary U-valued fFtg-adapted process Z

can always be represented as a relaxed control, by simply setting �t(du; !) = �Zt(!)(u)du;

in other words, �t(�; !) is a �-measure supported at Zt(!) 2 U (cf. [4,15,16,22]). In this

case, for any continuous function g : U ! lRn, we have

(2:4)

Z
U

g(u)�t(du; !) =

Z
U

g(u)�Zt(!)(u)du = g(Zt(!)):

Thus, we may imbed the set of all U-valued fFtg-adapted processes (called regular control

later), denoted by U , into UR in an obvious way.

Now we suppose that an admissible relaxed control A = (
;F ; P;Ft;W; �) is given,

the state equation is given by

(2:5) �t = �s +

Z t

s

Z
U

b(�r; u)�r(du)dr +

Z t

s

Z
U

�(�r ; u)�r(du)dWr; t 2 [s; T ];

where �s is the initial state, which is assumed to be Fs-measurable; and s 2 [0; T ] is the

starting time. The solution of (2.5), whenever it exists, will be denoted by �t(s; �s;A); t 2

[s; T ]. We shall consider the following Mayer-type cost functional:

(2:6) J(s; �s;A) = EP [G(�T (s; �s;A))];
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The objective of a decision maker is then to choose a suitable admissible relaxed control

A = (
;F ; P ;Ft;W; �) 2 U
R so as to minimize the cost functional (2.6). We de�ne the

value function of the optimal relaxed control problem as follows:

(2:7) V (s; x) = inf
A2UR

J(s; x;A); (s; x) 2 [0; T ]� lRn:

Remark 2.4. Since we will not require the di�usion coe�cient � to be non-degenerate,

the cost functional can be taken as Lagrange-type or even Bolza-type by simply adding an

extra \state". Our results in x3 and x4 will also hold for these cases.

We shall prove in x4 that the value function V (t; x) is the unique viscosity solution of

the following HJB equation:

(2:8)

8<
: Vt + inf

u2U
fhVx; b(x; u) i+

1

2
tr (�(x; u)�(x; u)T Vxx)g = 0;

V
��
t=T

= G(x):

Here, Vx and Vxx stand for the gradient and the Hessian of V in x. For the de�nition

and basic results of viscosity solutions of HJB equations, see [8]. Next, for any continuous

function W (t; x), we de�ne the nodal set N (W ) of W by

(2:9) N (W ) = f(t; x)
��W (t; x) = 0g:

As pointed out in the introduction, this notion was �rst introduced in [7] for eigenfunctions

of elliptic di�erential operators. Recently, this notion was also used in the study of general

solutions of elliptic and parabolic equations. Here, we apply it to the viscosity solutions

of HJB equations.

x2.3. Forward-Backward Stochastic Di�erential Equations.

We now turn to forward-backward stochastic equations. Let the probability space

(
;F ; P ;Ft) be given such that a d-dimensional Brownian motion W is de�ned on it.

Consider the following forward-backward SDE in a wider sense:

Xt = x +

Z t

0

Z
U

b(Xs; Ys; u)�s(du)ds +

Z t

0

Z
U

�(Xs; Ys; u)�s(du)dWs;(2:10)

Yt = g(XT ) +

Z T

t

Z
U

bb(Xs; Ys; u)�s(du)ds+

Z T

t

Z
U

b�(Xs; Ys; u)�s(du)dWs;(2:11)

where the coe�cients b;bb; �; b� satisfy appropriate conditions (see (A.1) in x3), g : lRn ! lRm

is continuous. Moreover, X takes value in lRn, Y takes value in lRm and U is a compact

subset of lRm�d.
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De�nition 2.5. A triple (X;Y; �) is called an adapted solution to (2.10){(2.11), if (X;Y )

is an lRn
� lRm-valued, fFtg -adapted square integrable process and � 2 lM(
) such that

(X;Y; �) satis�es (2.10){(2.11) P -almost surely.

De�nition 2.6. Let T > 0 be any given number. The forward-backward SDE (2.10){

(2.11) is called solvable over [0; T ] if there exists a probability space (
;F ; P ;Ft) on which

is de�ned an fFtg-Brownian motion W , such that (2.10){(2.11) has an adapted solution

(X;Y; �) de�ned on the interval [0; T ].

It is clear that our de�nition of the adapted solution is an extension of the usual ones

(cf. [27,28]). In fact, as we already mentioned in x2.2, an ordinary U-valued, fFtg-adapted

process can always be represented as a �-measure-valued process. Therefore, if (X;Y;Z) is

an ordinary adapted solution, then (X;Y; �Z ) is an adapted solution in the wider sense of

De�nition 2.6. Thus, under some restrictive conditions on the data and if the time duration

T is small enough (cf. [28]), we know that the forward-backward equation is solvable in

our sense.

Our purpose is to investigate the solvability on any time interval [0; T ]. One of our

main results of this paper can be stated as follows. For simplicity, we omit the precise

statement of the assumptions (see x4 for details).

Theorem 2.7. For any T > 0 and x 2 lRn, the forward-backward SDE (2.10){(2.11) is

solvable on [0; T ] if and only if the nodal set N (v) of v contains the point (0; x; y) for some

y 2 lRm, where v is the unique viscosity solutions of the following HJB equation:

(2:12)

(
vt +H(x; vx; vy; vxx; vxy; vyy) = 0;

v(T; x; y) = (y � g(x))2;

where H is given by

H(x; vx; vy; vxx; vxy; vyy) = inf
u2U

fh vx; b(x; y; u) i+ h vy;bb(x; y; u) i
+
1

2
tr (�(x; y; u)�(x; y; u)T vxx + tr (�(x; y; u)b�(x; y; u)T vxy

+
1

2
tr (b�(x; y; u)b�(x; y; u)T vyy)g:

The above theorem gives an equivalent relation between the solvability of the SDE

(2.10){(2.11) and some property of the nodal set N (v). In xx5{6, for an important class

of forward-backward SDEs, we will characterize the nodal set of the corresponding value

function, which will give the solvability of this kind of SDEs.
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x3. Existence of Optimal Relaxed Controls.

In this section, we will study the optimal relaxed control problem stated in x2.2. Let

us �rst give a proof of Lemma 2.1.

Proof of Lemma 2.1. First, note that since both � and �0 are continuous, the equalities

in (2.3) will hold for \all t, a.s. P ." (resp. \all t, a.s. P 0."). Thus we may assume

without loss of generality that the equalities in (2.3) hold for all t and all ! (resp. all

!0). Next, observe that if ��(A;!) is left-continuous for all A 2 B(U) and ! 2 
, then

the left-derivative of �(t; A; !) in variable t exists and equals �(t; A; !) for all (t; A; !) 2

(0; T ]� B(U) � 
. Therefore, by the construction of � and �0 and the assumption that �

and �0 are identical in law, we have

(3:1)

P 0flim
� # 0

1

�
[�0(t; A; �) � �0(t� �;A; �)] = �0(t; A; �);8t 2 (0; T ]g

=Pflim
� # 0

1

�
[�(t; A; �) � �(t� �;A; �)] = �(t; A; �);8t 2 (0; T ]g = 1;

for all A 2 B(U); and by changing the value for �0 at t = 0 if necessary, we have

P 0flim
� # 0

1

�
�0(�;A; �) = �0(0; A; �)g = Pflim

� # 0

1

�
�(�;A; �) = �(0; A; �)g = 1;

for all A 2 B(U). Moreover, for �xed A 2 B(U), the �nite distributions of the processes

��(A; �) and �0�(A; �), which are now completely determined by the law of � and �0, are

the same. By a standard Monotone Class argument, we see that for each f 2 C(U), the

processes

(3:2)

�f (t; !)
�
=

Z
U

f(u)�t(du; !); (t; !) 2 [0; T ]� 
;

�0f (t; !
0)
�
=

Z
U

f(u)�0t(du; !
0); (t; !0) 2 [0; T ]� 
0

are identical in law. Finally, we can take a countable dense subset ffig � C(U) which

separates the points in P(U), such that every �fi and �
0
fi
are identical in law, i = 1; 2; � � �;

whence � and �0 are identical in law as M([0; T ]� U)-valued random variables.

Now, for the state equation (2.5) and the cost functional (2.6), we make the following

assumptions.

(A.1) The functions b : lRn
� U ! lRn; � : lRn

� U ! lRn�d are continuous on

[0; T ]� U ; and di�erentiable in x, such that for some constant C > 0,

(3:3) jbx(x; u)j + j�x(x; u)j � C; 8x 2 lRn; 8u 2 U ;
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(3:4) jb(0; u)j+ j�(0; u)j � C; 8 u 2 U:

(A.2) The function G : lRn ! [0;1) is continuous.

It is evident that under our assumption (A.1), the SDE (2.5) has a pathwise unique

solution on [0; T ] for any given admissible relaxed control A 2 UR, initial time s 2 [0; T ]

and initial state �s. Furthermore, by a standard argument, one easily veri�es the following

moment estimates: for any integer m > 0, there exists a constant Cm;T > 0 depending

only on b, �, m and T such that

EP f sup
s�t�T

j�t(s; �s;A)j
2mg � Cm;TEj�sj

2m;(3:5)

EP f sup
s�t�T

j�t(s; �
1
s ;A) � �(t; s; �2s ;A)j

2mg � Cm;TEj�
1
s � �2s j

2m:(3:6)

The following two lemmas concerning relaxed control problem will be useful to our

future discussion. Since our argument is independent of the initial state and initial time,

we assume without loss of generality that s = 0 and that �0 = x is deterministic.

Lemma 3.1. Suppose that an admissible relaxed control A = (
;F ; P;Ft;W; �) 2 UR

and an initial state x 2 lRn be given. Then there exists a sequence of �(k) 2 lM(
) such

that for each k, the path �
(k)
� (A;!) is continuous for all A 2 B(U) and ! 2 
; and that

(3:7) EP j�(k) � �j
�;2
T

�
= EP

�
sup

0�t�T

j�
(k)
t � �tj

2

�
! 0; as k!1;

where �(k) and � are the solutions of (2.5) with respect to �(k) and � respectively.

Consequently, if we de�ne A(k) = (
;F ; P;Ft;W; �
(k)), then as k ! 1, we have

J(0; x;A(k))! J(0; x;A).

Proof. Since the second consequence follows directly from (3.7), we need only show

the �rst assertion. Let A = (
;F ; P;Ft;W; �) 2 U
R and �0 = x be given. De�ne for each

k = 1; 2; � � �, and A 2 B(U), ! 2 
,

(3:8) �
(k)
t (A;!) =

8>>><
>>>:

1

t

Z t

0

�s(A;!)ds; 0 < t < 2�k;

2k
Z t

t�2�k
�s(A;!)ds; t � 2�k:

It is clear that �
(k)
t (A;!)! �t(A;!); a.e. t 2 [0; T ], as k !1 (with the null set depending

on A and !). However, if we borrow the notation U from x2.1, and the similar argument

used in the proof of Lemma 2.1, we can �nd a dP 
 dt-null set N � [0; T ]� 
 such that

10



�
(k)
t (A;!) ! �t(A;!), for all A 2 U and (t; !) =2 N . Since U forms a topological basis

of U and generates B(U), it is not hard to show by a Monotone-Class argument that if

(t; !) =2 N , then for any f 2 C(U ; lRn), we have

(3:9)

Z
U

f(u)�
(k)
t (du; !)!

Z
U

f(u)�t(du; !); as k !1:

Now let � be the solutions of (2.5) with respect to �. By (3.9) and the condition (A.1), for

(t; !) =2 N , we must have

(3:10)

8>><
>>:

Z
U

b(�s(!); u)�
(k)
t (du; !)!

Z
U

b(�s(!); u)�t(du; !);Z
U

�(�s(!); u)�
(k)
t (du; !)!

Z
U

�(�s(!); u)�t(du; !);

as k!1. Furthermore, by the Dominated Convergence Theorem, we see that

(3:11)

8>>>><
>>>>:

E

"Z T

0

����
Z
U

b(�s; u)�
(k)
t (du)�

Z
U

b(�s; u)�t(du)

����
2

dt

#
! 0;

E

"Z T

0

����
Z
U

�(�s; u)�
(k)
t (du)�

Z
U

�(�s; u)�t(du)

����
2

dt

#
! 0;

as k ! 1. Therefore, the conclusion (3.7) follows from a standard argument using the

Burkholder-Davis-Gundy ([29]) and Gronwall inequalities.

Lemma 3.2. Let the initial state x 2 lRn be given. For any A = (
;F ; P;Ft;W; �) 2 U
R,

denote WA = W , �A(t; A; !) =
R t
0
�s(A;!)ds and �At = �t(0; x;A), t 2 [0; T ]. Then

the family f(WA; �A; �A) : A 2 URg is tight, as a set of C([0; T ]; lRd) � L([0; T ] � U) �

C([0; T ]; lRn)-valued random variables.

Proof. It su�ces to show that each marginal is tight. Obviously, the family fWA :

A 2 URg is tight because they are all Brownian motions. The family f�A : A 2 URg

is tight because L([0; T ] � U) is compact. Finally, since b; � are both of at most linear

growth, a similar argument as that in [17, x7] shows that

(3:12)

8>>><
>>>:
�A(t) =

Z t

0

Z
U

a(�Ar ; u)�r(du)dr;

 A(t) =

Z t

0

Z
U

�(�Ar ; u)�r(du)dWr;

A 2 UR

are tight, therefore f�A;A 2 URg is tight because �At = x+�A(t)+ A(t) for each t 2 [s; T ].

The conclusion follows.

11



We now let s 2 [0; T ] and x 2 lRn be �xed. Without loss of generality, we further as-

sume that s = 0. Let A(k) = (
(k);F (k); P (k);F
(k)
t ;W (k); �(k)) be a minimizing sequence.

Namely,

(3:13) J(0; x;A(k))! V (0; x); as k !1:

By Lemma 3.1, we may assume that each �(k) has \continuous paths" (that is, for each

A 2 B(U) and P (k)-a.e. ! 2 
, �
(k)
� (A;!) is continuous). Let us denote �(k) = ��(k)

as in (2.1). By Lemma 3.2, we know that the family fW (k); �(k); �(k)g is tight, so by the

Skorohod Theorem (cf. [12]), there exists a probability space (b
; bF ; bP ), on which is de�ned
a sequence of processes f(cW (k); b�(k); b�(k))g1k=1 and (cW; b�; b�), such that

(i) the triples (cW (k);b�(k); b�(k)) and (W (k); �(k); �(k)) are identical in law, for k =

1; 2; � � �; and

(ii) along a subsequence, may assume itself, f(cW (k); b�(k); b�(k))g converges bP -almost

surely to (cW; b�; b�) in the space C([0; T ]; lRd) �L([0; T ] � U) � C([0; T ]; lRn).

Since b�(k) and b� are L([0; T ]�U)-valued random variables, we know that there exist

M([0; T ] � U)-valued random variables b�(k) and b�, such that b�(k) = �b�(k) and b� = �b�
(recall (2.1)). By Lemma 2.1, b�(k) has the same law as �(k) for each k since each �(k)

has \continuous paths". Furthermore, let us de�ne bFt = �f(b�s;cWs) : 0 � s � tg, then

by noting that each (b�(k);cW (k)) has the some law as (�(k);W (k)) and that (b�(k);cW (k))

converges to (b�;cW ) bP -almost surely, it is not hard to show that cW is an f bFtg-Brownian
motion. Also, by the de�nition of b�, one can check that bFt = �f(b�s;cWs) : 0 � s � tg.

Bearing these facts in mind, we now drop \b" from the above expressions to simplify the

notation. The following lemma will be crucial to the rest of this section.

Lemma 3.3. For each (t; !) 2 [0; T ]� 
, de�ne

(3:14)

8>><
>>:
M

(k)
b (t; !) =

Z
U

b(�s(!); u)�
(k)
s (du; !); Mb(t; !) =

Z
U

b(�s(!); u)�s(du; !);

M (k)
� (t; !) =

Z
U

�(�s(!); u)�
(k)
s (du; !); M�(t; !) =

Z
U

�(�s(!); u)�s(du; !):

Then, it holds that

(3:15) M
(k)
b

w
*Mb; M (k)

�
w
*M� ; in L2([0; T ]� 
); as k!1:

Proof. Since �(k) converges to �, P -almost surely in L([0; T ]�U), we can �nd a subset


0 � 
 with P (
0) = 1, such that for any g(�; �) 2 C([0; T ]� U), one has

(3:16) lim
n!1

Z T

0

Z
U

g(s; u)�(k)s (du; !) =

Z T

0

Z
U

g(s; u)�s(du; !); 8! 2 
0:

12



Thus, if we set, for each ! 2 
, g!b (s; u)
�
= b(�s(!); u); g

!
� (s; u)

�
= �(�s(!); u), then for any

' 2 L2(
;C([0; T ]), there is another Borel set in F with probability one, may assume 
0

itself, such that the functions '(�; !)g!b (�; �); '(�; !)g
!
� (�; �) all belong to C([0; T ] � U) for

each �xed ! 2 
0. Thus by de�nitions (3.14), we have from (3.16) that

lim
k!1

Z T

0

'(s; !)M
(k)
b (s; !)ds =

Z T

0

'(s; !)Mb(s; !)ds;(3:17)

lim
k!1

Z T

0

'(s; !)M (k)
� (s; !)ds =

Z T

0

'(s; !)M�(s; !)ds;(3:18)

for all ! 2 
0. By applying the Dominated Convergence Theorem, we obtain that

(3:19) h';M
(k)
b i ! h';Mbi; h';M (n)

� i ! h';M�i; as k !1;

where h; i denotes the inner product of L2([0; T ]�
). This leads to our conclusion.

We now de�ne for each ~� 2 lM(
) a process

(3:20) (Mb[~�](t; !);M�[~�](t; !))
�
=

�Z
U

b(�t(!); u)~�t(du; !);

Z
U

�(�t(!); u)~�t(du; !)

�
;

for (t; !) 2 [0; T ] � 
; and K = f(Mb[~�];M� [~�]) : ~� 2 lM(
)g. Then K is a convex set in

L2([0; T ] � 
) � L2([0; T ] � 
), and (M
(k)
a ;M

(k)
� ); (Ma;M�) 2 K. By Mazur's Theorem

(cf. [16]), the weak closure of K equals its strong closure; Furthermore, for each integer

l > 0 and " > 0, there exists a �nite set of numbers f�1; � � � ; �N(l;")g satisfying �i � 0 andP
i �1 = 1, such that

(3:21)


N(l;")X
i=1

�iM
(l+i)
b �Mb


2

L2([0;T ]�
)

+


N(l;")X
i=1

�iM
(l+i)
� �M�


2

L2([0;T ]�
)

< ":

Using these facts, we can now prove our main result of this section. Recall that A(k) =

(
(k);F (k); P (k);F
(k)
t ;W (k); �(k)) is a minimizing sequence (see (3.13)), �(k) is the corre-

sponding state trajectory and (W (k); �(k); �(k)) converges to (W;�; �) P -almost surely.

Theorem 3.4. The limit process � of f�(k)g satis�es the following SDE:

(3:22) �t = x +

Z t

0

Z
U

b(�s; u)�s(du)ds+

Z t

0

Z
U

�(�s; u)�s(du)dWs; t 2 [0; T ]:

Consequently, the optimal relaxed control exists and A = (
;F ; P;Ft;W; �) is an optimal

relaxed control.
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Proof. First, for any function � : [0; T ] ! lRk, we de�ne j�j�t = sup0�s�t j�sj and

j�j
�;2
t = (j�j�t )

2. Since (�(k);W (k)) ! (�;W ) in C([0; T ]; lRn) � C([0; T ]; lRd), by the

Dominated Convergence Theorem, we see that for any " > 0, there exists an integer

N0 = N0(") > 0, such that

(3:23) Ej�(k) � �j
�;2
T +EjW (k) �W j

�;2
T < "; 8k > N0:

Now for suchN0 and ", let N = N(N0; ") and f�1; � � � ; �Ng be such that �i � 0;
P

i �i = 1

and (3.21) holds, here and later on \
P

i" means \
PN

i=1".

De�ne, for each i = 1; � � � ;N ,

(3:24)

�i(W )(t)
�
=

Z t

0

Z
U

�(�(N0+i)
s ; u)�(N0+i)

s (du)dW (N0+i)
s

�

Z t

0

Z
U

�(�(N0+i)
s ; u)�(N0+i)(du)dWs:

Then it is readily seen, by using the growth condition of � (see (3.3){(3.4)) and the moment

estimation (3.5), that there exists a constant K > 0, depending only on �, T and N , such

that

(3:25) Ej
X
i

�i�
i(W )j�;2T < K";

We now denote all the constants depending only on b, �, T and N by a generic one

K which may vary line by line. By using the Lipschitz property of b and � (see (3.3)) and

the Burkholder-Davis-Gundy ([29])inequality, one can also show that

(3:26)

E

�����
Z �

0

X
i

�i

�Z
U

b(�(N0+i)
s ; u)�(N0+i)

s (du)�

Z
U

b(�s; u)�
(N0+i)
s (du)

�
ds

�����
�;2

T

=E

�����
Z t

0

X
i

�i

�Z
U

b(�(N0+i)
s ; u)�(N0+i)

s (du) �M
(N0+i)
b (s)

�
ds

�����
�;2

T

< K";

and

(3:27) E

�����
Z �

0

X
i

�i

�Z
�(�(N0+i)

s ; u)�(N0+i)
s (du)�M (N0+i)

� (s)

�
dWs

�����
�;2

T

� K":

Note that for each k = 1; 2; � � �, the triple (W (k); �(k); �(k)) satis�es the following equation

(on the new probability space):

(3:28) �
(k)
t = x +

Z t

0

Z
U

b(�(k)s ; u)�(k)s (du)ds +

Z t

0

Z
U

�(�(k)s ; u)�(k)s (du)dW (k)
s ;

14



whence

(3:29)

X
i

�i�
(N0+i)
t = x +

Z t

0

X
i

�i

Z
U

b(�(N0+i)
s ; u)�(N0+i)

s (du)ds

+

Z t

0

X
i

�i

Z
U

�(�(N0+i)
s ; u)�(N0+i)

s (du)dWs +
X
i

�i�
i(W ):

Since f(x) = x2 is convex, it is easy to check that

(3:30) E

�����
X
i

�i�
(N0+i) � �

�����
�;2

T

�
X
i

�iEj�
(N0+i) � �j

�;2
T �

X
i

�i" = ":

Therefore, combining this with (3.24){(3.27), we see from (3.28) that

(3:31)

E

����� � x�

Z �

0

Z
U

b(�s; u)�s(du)ds �

Z �

0

Z
U

�(�s; u)�s(du)dWs

����
�;2

T

= E

����� � x �

Z �

0

Mb(s)ds �

Z �

0

M�(s)dW (s)

����
�;2

T

� K

8<
:E

�����
X
i

�i�
(N0+i) � �

�����
�;2

T

+E

�����
Z �

0

X
i

�i

�Z
U

b(�(N0+i)
s ; u)�(N0+i)

s (du)�M
(N0+i)
b (s)

�
ds

�����
�;2

T

+E

�����
Z �

0

X
i

�i

�Z
U

�(�(N0+i)
s ; u)�(N0+i)

s (du)�M (N0+i)
� (s)

�
ds

�����
�;2

T

+E

�����
Z �

0

[
X
i

�iM
(N0+i)
b (s) �Mb(s)]ds

�����
�;2

T

+E

�����
Z �

0

X
i

�iM
(N0+i)
� (s) �M�(s)]dWs

�����
�;2

T

+E

�����
X
i

�i�
i(W )

�����
�;2

T

9=
;

� K

(
"+E

Z T

0

j
X
i

�iM
(N0+i)
b (s) �Mb(s)j

2ds

+ E

Z T

0

j
X
i

�iM
(N0+i)
� (s) �M�(s)j

2ds

)
:

But by the de�nition of �0is and N0, we see that the foregoing is less than K". Letting

" # 0, we obtain that � satis�es the (3.22). Finally, note that

J(0; x;�) = EG(�T ) = lim
n!1

EG(�(k)(T )) = V (0; x);
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we see that � is the optimal relaxed control. The theorem is proved.

Remark 3.5. It is clear that the argument in this section is independent of the initial

time s 2 [0; T ], thus the value function V (s; x) is attainable by some relaxed control for

any (s; x) 2 [0; T ]� lRn.

To conclude this section, let us prove the so-called \Chattering Lemma". This lemma

tell us that any relaxed control can be approximated by ordinary controls in a suitable

sense. Consequently, the value function of the ordinary control problem coincides with

that of the relaxed control problem.

Theorem 3.6. For any A = (
;F ; P;Ft;W; �) 2 U
R, there exists a sequence of U-valued

progressively measurable processes fZ(k)g1k=1 de�ned on (
;F ; P ), such that if we denote

A(k) = (
;F ; P;F ;W; �Z(k) ), then

(3:32) lim
k!1

J(s; x;A(k)) = J(s; x;A):

Consequently, we have

(3:33) V (s; x) = inf
A2UR

J(s; x;A) = inf
A2U

J(s; x;A):

Proof. We will follow closely the scheme suggested by [16]. Let A = (
;F ; P;Ft;W; �)

2 UR be given. First, by Lemma 3.1, we again assume without loss of generality that � has

\continuous paths". Then, by Proposition 4.1 in [16], we can �nd a sequence of switching

relaxed controls f�(k)g in lM(
), namely, for each A 2 B(U) and ! 2 
, �
(k)
t (A;!) is a

step function in t and we further modify it to satisfy the conditions (1) and (2) in Lemma

2.1, such that for

(3:34) �(k)(t; A; !)
�
=

Z t

0

�(k)s (A;!)ds; �(t; A; !)
�
=

Z t

0

�s(A;!)ds;

we have

(3:35) lim
k!1

sup
A2B(U)

sup
0�t�T

j�(k)(t; A; !) � �(t; A; !)j = 0; P -a.e. ! 2 
:

In other words, f�(k)g converges to �; P -almost surely in the space L([0; T ]�U) as k !1.

Next, for any l, let fu1; � � � ; umg be a 2�l-net of U , and V1; � � � ; Vm 2 B(U) be a

partition of U such that

(3:36) jui � uj < 2�l; 8u 2 Vi:
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Then by Theorem 4 in [16], we can �nd for each �(k) a sequence of ordinary controls

fZ(k;l)g, taking values only in fu1; � � � ; umg and satisfying the conditions (1) and (2) in

Lemma 2.1, such that if we denote

(3:37) �(k;l)(t; A; !)
�
=

Z t

0

�Zs(!)(A)ds; (t; A; !) 2 [0; T ]�B(U) � 
;

then f�(k;l)g converges to �(k), P -almost surely in L([0; T ] � U), as l ! 1, for each k.

Therefore, by a diagonalization scheme, we can �nd a subsequence of f�(k;l)g, still denoted

by f�(k)g, such that each �(k) is a representation of ordinary control, and that f�(k)g

converges P -almost surely to � in the space L([0; T ]� U), as k!1.

We now consider the SDE

(3:38)

�
(k)
t = �0 +

Z t

0

b(�(k)s ; Z(k)
s )ds +

Z t

0

�(�(k)s ; Z(k)
s )dWs

= �0 +

Z t

0

Z
U

b(�(k)s ; u)�
Z
(k)
s
(u)duds+

Z t

0

Z
U

�(�(k)s ; u)�
Z
(k)
s
(u)dudWs:

By Lemma 3.2, the sequence f�(k)g is tight, whence the family f(�(k); �(k);W )g is tight.

Thus by Skorohod's Theorem ([11]), there exists another probability space (b
; bF ; bP ), on
which is de�ned a Brownian motion cW , a pair (b�; b�), and a sequence f(b�(k); b�(k))g, k =

1; 2; � � �, such that (b�(k); b�(k)) and (�(k); �(k)) are identical in law for each k, and that

f(b�(k); b�(k))g converges bP -almost surely to (b�; b�) in C([0; T ]; lRn)�L([0; T ]�U) as k !1.

It is also clear that b� will have the same law as �.

Note that each b�(k) can be written as

(3:39) b�(k)(t; A; b!) = b�b�(k) (t; A; b!) =
Z t

0

b�(k)s (A;!)ds;

for some b�(k) 2 lM(b
), and similarly, b� can be written as b�b� in the manner form as (3.39).

Thanks to Lemma 2.1, we see that b�(k) and �(k), b� and � are all have the some law since

they are at least left-continuous with right-limits. Therefore, each b�(k) will have the form
b�(k)(t; A; b!) = Z t

0

�bZ(k)(s;b!)(A)ds;
for some U-valued process bZ(k) de�ned on (b
; bF ; bP ). Furthermore, on the probability

space (b
; bF ; bP ), (b�(k); b�(k);cW ) will satisfy (3.38), with (�(k); �(k);W ) being replaced by

(b�(k); b�(k);cW ) since they are identical in law.

Finally, using the same technique as that in Theorem 3.3, we can prove that b� satis�es
the SDE b�t =

Z t

0

Z
U

b(b�s; u)b�s(du)ds +
Z t

0

Z
U

�(b�s; u)b�s(du)dcWs;
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whence b� and � are identical in law. Therefore, if we de�ne bA(k) = (b
; bF ; bP ;cFt;cW; b�(k))
and bA = (b
; bF; bP ;cFt;cW; b�), with bF being properly de�ned to measure �(k), b� and cW ,

then we have shown that for any (s; x) 2 [0; T ]� lRn,

(3:40) J(s; x; bA(k)) = J(s; x;A(k)); J(s; x; bA) = J(s; x;A):

This, together with the above argument, obviously leads to the �rst part of the theorem.

The second assertion is obvious, so the theorem is proved.

x4. The Equivalent Relations.

We now investigate the necessary and su�cient conditions for the solvability of (2.10){

(2.11). Let T > 0 be arbitrarily given. Since we are only looking for adapted solutions, let

us assume a priori that (X;Y; �) is adapted. In this case, we can rewrite, for any t � � � 0,

the equation (2.11) as

(4:1) Yt =Y� �

Z t

�

Z
U

b(Xs; Ys; u)�s(du)ds �

Z t

�

Z
U

b�(Xs; Ys; u)�s(du)dWs:

In particular, setting � = 0 and combine with (2.10), we see that solving (2.10){(2.11)

becomes the following problem:

Problem (SDE). For any x 2 lRn, �nd a probability space (
;F ; P;Ft), an lRm-

valued F0-measurable random variable Y0, an fFtg-Brownian motion de�ned on this space;

and an fFtg-adapted, P(U)-valued process � such that the following SDE with terminal

condition:

(4:2) Xt = x +

Z t

0

Z
U

b(Xs; Ys; u)�s(du)ds+

Z t

0

Z
U

�(Xs; Ys; u)�s(du)dWs;

(4:3) Yt = Y0 �

Z t

0

Z
U

bb(Xs; Ys; u)�s(du)ds�

Z t

0

Z
U

b�(Xs; Ys; u)�s(du)dWs;

(4:4) YT = g(XT );

has an fFtg-adapted solution (X;Y ) on (
;F ; P ).

Remark 4.1. One should note that Problem (SDE) is not easy in general, since it is

essentially a two-point boundary value problem for SDEs. It is quite possible that it does

not have any solution of any kind.
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To derive our equivalent relation we design the following stochastic relaxed control

problem. For any � 2 lRn+m, let � = (xT ; yT )T , where x 2 lRn and y 2 lRm and the

superscript \ T " means transpose. To simplify notation, we henceforth write � = (x; y).

Let �
�
= (X;Y ); also de�ne ~b = (b;�bb) and ~� = (�;�b�) in a similar way.

Rewrite (4.2) and (4.3) as a single state equation starting from an arbitrary initial

time s 2 [0; T ] and initial state �0 which is assumed to be Fs-measurable:

(4:5) �t = �s +

Z t

s

Z
U

~b(�r; u)�r(du)dr +

Z t

s

Z
U

~�(�r; u)�r(du)dWr :

De�ne G(�) = jg(x)�yj2, then obviously G satis�es condition (A.2) in x3. Next, we de�ne

the cost functional to be:

(4:6) J(s; �s;A) = EPG(�T (s; �s;A));

where A = (
;F ; P;Ft;W; �). If we use the notation U
R in x2.2, then the value function

for the optimal (relaxed) control problem is de�ned as

(4:7) V (s; x; y) = inf
A2UR

J(s; x; y;A):

Intuitively, by introducing the above stochastic relaxed control problem, the Problem

(SDE) should be replaced by the following two problems.

Problem (N) For any x 2 lRn, �nd a y 2 lRm such that V (0; x; y) = 0;

Problem (C) For any (x; y) 2 lRn+m, �nd an A�x;y 2 U
R, such that

(4:8) J(0; x; y;A�x;y) = V (0; x; y):

We now validate the above idea. First, note that by Theorem 3.6, Problem (C) is

always solvable under our assumptions (A.1){(A.2), we have the following equivalence

relations.

Theorem 4.2. Assume that the assumptions (A.1){(A.2) hold. Then, the following

statements are equivalent:

(1) The forward-backward SDE (2.10){(2.11) is solvable over [0; T ];

(2) The Problem (SDE) is solvable;

(3) The Problem (N) is solvable.

Proof. (1))(2). Let (
;F ; P;Ft) be the probability space on which the adapted

solution (X;Y; �) of (2.10){(2.11) is de�ned. Rewrite (2.11) in a forward version as (4.1).
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Since Y is adapted, Y0 is F0-measurable. The terminal condition (4.4) is trivially true, so

(1) implies (2).

(2))(3). Let x 2 lRn be given. Suppose (
;F ; P;Ft) is the probability space on which

the solution of Problem (SDE) is solvable. Let (X;Y; �) be the solution of (4.2)|(4.4).

Then we must have J(0; x; Y0;A) = 0. Now let � 2 P(lRm) be the distribution of Y0 and Py

be the regular conditional probability of P given Y0 = y. Denote Ay = (
;F ; Py;Ft;W; �),

then it is clear that Ay 2 UR and for �-a.e. y 2 lRm, �t(0; x; Y0;A) = �t(0; x; y;A
y) for all

t 2 [0; T ], Py-a.s. ; where � = (X;Y ). Therefore,

(4:9)

J(0; x; Y0;A) = EP [g(XT (0; x; Y0;A)) � YT (0; x; Y0;A)]
2

=

Z
lRm

EPy [g(XT (0; x; y;A
y)) � YT (0; x; y;A

y)]2�(dy)

=

Z
lRm

J(0; x; y;Ay)�(dy):

Since J(0; x; Y0;A) = 0 and J(0; x; y;Ay) � 0 for any y 2 lRm, we have J(0; x; y;Ay) = 0,

for �-a.e. y 2 lRm. Finally, since V (0; x; y) � 0 for all (x; y) 2 lRn+m, we obtain that

V (0; x; y) = 0, for �-a.e. y 2 lRn. Evidently this implies the solvability of Problem (N).

(3))(1). Suppose that Problem (N) is solvable. Then for any x 2 lRn, choose y 2 lRm,

such that V (0; x; y) = 0. Now for such (x; y), let A�x;y 2 U
R be an optimal relaxed control,

and (X�; Y �) be the optimal trajectory (i.e., the solution of (4.2){(4.3)). Then we must

have

(4:10) EP jg(X�
T ) � Y �T j

2 = J(0; x; y;A�) = V (0; x; y) = 0:

Namely the terminal condition (4.4) is also satis�ed. Rewrite (4.3) backwardly as (2.11),

we see that (X�; Y �; ��) solves forward-backward equation on [0; T ].

We now consider the following HJB-equation. Recall that � = (x; y).

(4:11) 0 = vt +min
u2U

�
h v�; ~a(�; u) i+

1

2
tr[~�(�; u)~�(�; u)T v�� ]

�
;

with the terminal condition

(4:12) v(T; x; y) = jg(x)� yj2:

It is well known (cf. [8]) that under our assumptions on the data, the above HJB-equation

(4.11){(4.12) has a unique continuous viscosity solution. Denote this solution by v(t; x; y).

We have the following theorem.
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Theorem 4.3. Let (A.1){(A.2) hold. Then, the forward-backward SDE (2.10){(2.11)

is solvable over [0; T ] if and only if for any x 2 lRn, there exists a y 2 lRm such that

v(0; x; y) = 0, where v is the viscosity solution of (4.11){(4.12). In another word, the nodal

set N (v) of v contains the point (0; x; y) for some y 2 lRm.

Proof. Consider the ordinary optimal control problem with state equation:

(4:13)

8>>><
>>>:
Xt = x+

Z t

s

b(Xr ; Yr; Zr)dr +

Z t

s

�(Xr ; Yr; Zr)dWr ;

Yt = y +

Z t

s

bb(Xr ; Yr; Zr)dr +

Z t

s

b�(Xr ; Yr; Zr)dWr;

t 2 [s; T ];

with cost functional:

(4:14) J(s; x; y;Z) = EP jg(XT )� YT j
2:

The value function is de�ned to be

(4:15) V 0(s; x; y) = inf J(s; x; y;Z);

where the in�mum is taken over all the U-valued adapted process Z and all the underlying

probability spaces. By the Chattering Lemma (Theorem 3.6), we have V R(s; x; y) =

V 0(s; x; y) for all (s; x; y) 2 [0; T ] � lRn � lRm. On the other hand, it is known that the

value function of the ordinary stochastic control problem is a viscosity solution of the

HJB-equation (4.11){(4.12) (cf. [8]). Since such a viscosity solution is unique, we must

have

(4:16) V R(s; x; y) = V 0(s; x; y) = v(s; x; y):

Thus the theorem follows from Theorem 4.2.

x5. Solvability of a Class of Forward-Backward SDEs.

In this section, we try to solve a class of forward-backward SDEs by using the results

of previous sections. Suppose a probability space (
;F ; P ;Ft) and an fFtg-Brownian

motion W is given. Consider the following forward-backward SDE:

(5:1)

8>>><
>>>:
Xt = x +

Z t

0

b(Xs; Ys)ds+

Z t

0

�(Xs; Ys)dWs;

Yt = g(XT ) +

Z T

t

bb(Xs; Ys)ds+

Z T

t

Z
U

b�(Xs; Ys; u)�s(du)dWs;

t 2 [0; T ];
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where U is a compact subset of lRn�m.

For simplicity, let us assume that all the processes and functions appeared in (5.1)

are scalar valued; the higher dimensional case is basically the same (see Remark 6.6). We

claim that if the �ltration fFtg is actually generated by the Brownian motion W , then

the SDE of the type (5.1) is actually equivalent to the following form which is of special

interest in mathematical �nance (see, for example [11] and the references therein).

(5:2)

8>>><
>>>:
Xt = x +

Z t

0

b(Xs; Ys)ds +

Z t

0

�(Xs; Ys)dWs;

Yt = E

(
g(XT ) +

Z T

t

bb(Xs; Ys)ds

�����Ft
)
;

t 2 [0; T ]:

To verify our claim, we �rst note that if (X;Y;Z) is an adapted solution of (5.1) in the usual

sense ([27,28]), then by simply taking the condition expectation Ef�jFtg on both sides of

the second equation for each t 2 [0; T ], we see immediately that (X;Y ) is an adapted

solution of (5.2). Conversely, suppose that (5.2) has an adapted solution (X;Y ) which

is square integrable, we shall prove that there exists an fFtg-adapted, square integrable

process Z such that (X;Y; �Z ) is a solution of a forward-backward SDE of the type (5.1).

To see this, consider the square integrable martingale

(5:3) Mt = E

(
g(XT ) +

Z T

0

bb(Xs; Ys)ds

�����Ft
)
; t � 0:

By the martingale representation theorem (see for example, [19, p.182]), there exists a

square integrable, fFtg-adapted process Z such that

(5:4) Mt =M0 +

Z t

0

ZsdWs; 8t � 0:

Since

(5:5)

g(XT ) +

Z T

0

bb(Xs; Ys)ds =M0 +

Z T

0

ZsdWs;

Yt =Mt �

Z t

0

bb(Xs; Ys)ds;

a simple computation leads to that

(5:6) Yt = g(XT ) +

Z T

t

bb(Xs; Ys)ds�

Z T

t

ZsdWs;
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which is exactly of the form (5.1) with b�(x; y; z) � z. It is obvious that our equation (5.1)

is nontrivially more general.

We now use our scheme designed in the previous sections to solve the SDE (5.1). Let

Zt take values in some compact set U � lR, which will be determined later. Then, we

formulate an stochastic optimal relaxed control problem with the state equation

(5:7)

8>>><
>>>:
Xt = x+

Z t

s

b(Xr ; Yr)dr +

Z t

s

�(Xr ; Yr)dWr ;

Yt = y �

Z t

s

bb(Xr ; Yr)dr �

Z t

s

Z
U

b�(Xr ; Yr; u)�r(du)dWr ;

t 2 [s; T ];

and the cost functional

(5:8) J(s; x; y;�) = EjYT � g(XT )j
2:

We de�ne the value function V (s; x; y) as

(5:9) V (s; x; y) = inf
�
J(s; x; y;�):

Then, we know that V (s; x; y) is the unique viscosity solution of the following HJB-

equation:

(5:10)

(
Vt +H(x; y; Vx; Vy; Vxx; Vxy; Vyy) = 0;

V (T; x; y) = (y � g(x))2;

where

(5:11)
H(x; y; Vx; Vy; Vxx; Vxy; Vyy) = b(x; y)Vx �bb(x; y)Vy + 1

2
�(x; y)2Vxx

+ inf
z2U

f��(x; y)b�(x; y; z)Vxy + 1

2
b�(x; y; z)2Vyyg:

Theorem 4.3 tells us that the solvability of (5.1) is equivalent to the following problem:

For each x 2 lR, �nd a y 2 lR, such that

(5:12) V (0; x; y) = 0:

Recall that (see [7,10,17,24]), the nodal set N (V ) of V is de�ned to be

(5:13) N (V ) = f(s; x; y) 2 [0;1)� lR2
�� V (s; x; y) = 0g:
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Thus, (5.1) is solvable if and only if the nodal set N (V ) of V intersects each set of form

f(0; x)g � lR. Here, we should note that the value function actually depends on the the

time duration T > 0. Now, let us set

(5:14) v(t; x; y) = V (T � t; x; y); (t; x; y) 2 [0; T ]� lR� lR:

Then, v is the unique viscosity solution of the following ([8]):

(5:15)

8>>>><
>>>>:

vt �
1

2
�(x; y)2vxx � b(x; y)vx +bb(x; y)vy

� inf
z2U

f��(x; y)b�(x; y; z)vxy + 1

2
b�(x; y; z)2vyyg = 0;

v(0; x; y) = (y � g(x))2:

The advantage of (5.15) is that this problem is posed on (0;1)� lR� lR, and the solvability

of (5.1) over any [0; T ] is equivalent to the following statement: For any (t; x) 2 [0;1)� lR,

there exists a y 2 lR, such that

(5:16) v(t; x; y) = 0:

Clearly, one way to do this is to �nd a function � : [0;1) � lR! lR, such that

(5:17) v(t; x; �(t; x)) = 0; 8(x; t) 2 [0;1)� lR;

or equivalently,

(5:18) f(t; x; �(t; x))
�� (t; x) 2 [0;1)� lRg � N (v):

Sometimes, such a hypersurface y = �(t; x) is called a nodal surface of V ([7]). In the rest

of this section, we are going to give some intuitive arguments of constructing such a nodal

set. The existence of such a nodal set implies the solvability of the forward backward SDE

(5.1).

Suppose v(t; x; y) is a classical solution of (5.15) and �(t; x) is an undetermined smooth

function with

(5:19) �(0; x) = g(x); x 2 lR:

We de�ne

(5:20) w(t; x) = v(t; x; �(t; x)); (t; x) 2 (0;1) � lR:
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Then,

(5:21) w(0; x) = 0; x 2 lR:

On the other hand, by (5.20), we have, at (t; x; �(t; x)), that

(5:22)

8>><
>>:
wt = vt + vy�t;

wx = vx + vy�x

wxx = vxx + 2vxy�x + vyy�
2
x + vy�xx:

Then, by the equation in (5.15), we obtain

(5:23)

0 =wt �
1

2
�2wxx � bwx � (�t �

1

2
�2�xx � b�x �bb)vy

� inf
z2U

f(b� + ��x)(��vxy +
1

2
(b� � ��x)vyy)g:

Here, vy; vxy and vyy are evaluated at (t; x; �(t; x)), b;bb and � at (x; �(t; x)) and b� at

(t; x; �(t; x); z). Now, we take the function �(t; x) to be the classical solution of the following

problem: (assuming, for the time being, such a solution exists)

(5:24)

8<
: �t �

1

2
�(x; �)2�xx � b(x; �)�x �bb(x; �) = 0;

�(0; x) = g(x):

Further, we assume that

(5:25) 0 2 fb�(x; �(t; x); z) + �(x; �(t; x))�x(t; x)
�� z 2 Ug:

Then, from (5.23){(5.25), we see that

(5:26) wt �
1

2
�2wxx � bwx � 0:

Hence, by (5.21) and maximum principle ([23]),

(5:27) w(t; x) � 0; (t; x) 2 (0;1)� lR:

However, by de�nition we know that w(t; x) is nonnegative. Hence, we obtain

(5:28) v(t; x; �(t; x)) � w(t; x) = 0; (t; x) 2 (0;1)� lR:

Thus, �(t; x) is a nodal surface of v.
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x6. Nodal Sets of HJB Equations.

In this section, we will make the heuristic arguments given in the previous section

rigorous.

First, we recall some standard notations. For any bounded or unbounded region G �

lRn, We let C( �G) be the set of all bounded continuous functions de�ned on �G (lRn = lRn)

with the norm

kwkC( �G) = max
x2 �G

jw(x)j; 8w 2 C( �G):

Then, we let C2( �G) be the set of all bounded twice continuously di�erentiable functions

de�ned on �G with the norm

kwkC2( �G) = kwkC( �G) + kwxkC( �G) + kwxxkC( �G); 8w 2 C2( �G):

Here wx and wxx stand for the gradient and the Hessian of w, respectively. For � 2

(0; 1), we de�ne C2+�( �G) be the set of all elements in C2( �G) such that the second partial

derivatives are H�older continuous with the exponent �. The norm in C2+�( �G) is de�ned

to be

kwkC2+�( �G) = kwkC2( �G) + sup
x6=x0;x;x02 �G

jwxx(x) � wxx(x
0)j

jx� x0j�
:

Next, for any T > 0 and any bounded or unbounded region G � lRn, denote QT =

(0; T )�G. Let C2+�;1+�=2( �QT ) be the space of all functions �(t; x) which are di�erentiable

in t and twice di�erentiable in x with �t and �xx being �=2- and �-H�older continuous in

(t; x) 2 �QT , respectively. In C
2+�;1+�=2( �QT ), we de�ne the norm to be

k�k
C
2+�;1+�

2 ( �QT )
= k�kC( �QT )

+ k�tkC( �QT )
+ k�xkC( �Q) + k�xxkC( �Q)

+ sup
(t;x);(t0x0)2 �Q;(t;x)6=(t0;x0)

j�t(t; x) � �t(t
0; x0)j+ j�xx(t; x) � �xx(t

0; x0)j

(jx� x0j2 + jt� t0j)�=2
:

Now, let us make some hypotheses.

(H1) Functions b;bb; � are C2(lR2) and g is C2+�(lR) (for some � 2 (0; 1)) with

(6:1) kbkC2(lR2) + kbbkC2(lR2) + k�kC2(lR2) + kgkC2+�(lR) � C:

Moreover, there exists a constant � > 0, such that

(6:2) �(x; y)2 � �; 8(x; y) 2 lR2:
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(H2) Function b� is continuous. For each z 2 lR, b�(�; �; z) is in C2(lR2) with

(6:3) kb�(�; �; z)kC2(lR2) � CR; 8jzj � R:

(H3) Function b� satis�es

(6:4) fb�(x; y; z) �� z 2 lRg = lR; 8(x; y) 2 lR2
:

Remark. The regularity of b;bb; � and b� might be relaxed. In order to to this, some

arguments of [30] should be adopted. Also, the regularity of g can be relaxed as well. In

this case, the solution � of (5.24) will be less regular near t = 0. We also point out that

(H1){(H2) implies the state equation (5.7) satis�es (A.1) of x3 (for z 2 U with U being a

compact set in lR).

The following result concerns the well-posedness of (5.24). A proof can be found in

[9,23].

Lemma 6.1. Let (H1) hold. Then, (5.24) admits a unique solution �(t; x) in C2+�;1+�=2

([0;1) � lR2). In particular, for any T > 0,

(6:5) sup
x2lR;t2[0;T ]

j�x(t; x)j <1:

Now, we come up with the �rst main result of this section.

Theorem 6.2. Let (H1){(H3) hold. Let v(t; x; y) be the viscosity solutions of (5.15) and

�(t; x) be the solution of (5.24). Then, the nodal set N (v) of v(t; x; y) is given by

(6:6) N (v) = f(t; x; �(t; x))
�� (t; x) 2 [0;1)� lRg:

Proof. For any " > 0, we introduce the following problem:

(6:7)

8>>>><
>>>>:

v"t �
1

2
�(x; y)2v"xx � b(x; y)v"x +

bb(x; y)v"y
� inf

z2U
f��(x; y)b�(x; y; z)v"xy + 1

2
b�(x; y; z)2v"yyg � "v"yy = 0;

v"(0; x; y) = (y � g(x))2:

Here, we take U to be a compact set in lR, such that

(6:8)
inf
z2U

b�(x; �(x; t); z) � �(x; �(t; x))�x(t; x) � sup
z2U

b�(x; �(t; x); z);
8(t; x) 2 [0; T ]� lR:
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This is possible due to (H3) and the boundedness of �(x; y) and �x(t; x) (see (6.1) and

(6.5)). Then, we know that (6.7) is a nondegenerate fully nonlinear parabolic equation.

From [21] (see [13] also), we know that there exists a classical solution v" of (6.7). On the

other hand, this v" is the value function of the optimal stochastic control problem similar

to (5.7){(5.8) in which a term
p
"=2 dW 0

r is added in the second equation of (5.7) with W 0

being another Brownian motion independent ofW . Thus, by [20], we can �nd a continuous

function K(t; x; y) > 0, independent of " > 0, such that

(6:9) v"yy(t; x; y) � K(t; x; y); 8(t; x; y) 2 [0;1)� lR2; " > 0:

Now, we set

(6:10) w"(t; x) = v"(t; x; �(t; x)); (t; x) 2 [0;1)� lR:

Then, similar to (5.22), we have

(6:11)

w"
t �

�(x; �(t; x))2

2
w"
xx � b(x; �(t; x))w"

x

= inf
z2U

f(b�(x; �(t; x); z) + �(x; �(t; x))�x(x; t))[��(x; �(t; x))v
"
xy (t; x; �(t; x))

+
1

2

�b�(x; �(t; x); z) � �(x; �(t; x))�x(t; x)
�
v"yy(t; x; �(t; x))]g + "v"yy(x; t; �(t; x))

� "K(t; x; �(x; t)):

Here, we have used the facts (6.8) and (6.9). Hence, the function w"(t; x) de�ned by (6.10)

satis�es the following (in the classical sense and thus in the viscosity sense):

(6:12)

8<
:w"

t �
�(x; �(t; x))2

2
w"
xx � b(x; �(t; x))w"

x � "K(t; x; y);

w"(0; x) = (g(x) � �(0; x))2 = 0:

On the other hand, by [8], we know that v"(t; x; y) converges to the unique viscosity solution

v(t; x; y) of (5.15) uniformly in any compact sets. Thus, we see that w"(t; x) converges to

w(t; x) = v(t; x; �(t; x)) uniformly in any compact sets. Then, by [8] again, this w(t; x) is

a viscosity solution of

(6:13)

8<
:wt �

�(x; �(t; x))2

2
wxx � b(x; �(t; x))wx � 0;

w(0; x) = 0:

Therefore, by a comparison theorem, we must have w(t; x) � 0. But, we know that

v(t; x; y) is nonnegative. Hence, we have

(6:14) N (v) � f(t; x; �(t; x))
�� (t; x) 2 [0;1)� lRg:
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On the other hand, let us set

(6:15) '(t; x; y) = (y � �(t; x))2 ; (t; x; y) 2 [0;1)� lR2:

Then, by (5.24), we have

(6:16)

't �
�(x; y)2

2
'xx � b(x; y)'x +bb(x; t)'y

� inf
z2U

[��(x; y)b�(x; y; z)'xy + �(x; y)2

2
'yy]

= � inf
z2U

[�(x; y)�x(t; x) + b�(x; y; z)]2 � 0:

Also, we have '(0; x; y) = (y � g(x))2. Thus, '(t; x; y) is a viscosity subsolution of (5.15).

Then, by a comparison theorem, we obtain that

(6:17) (y � �(t; x))2 � v(t; x; y); 8(t; x; y) 2 [0;1)� lR2:

This means that

(6:18) N (v) � f(t; x; �(t; x))
�� (t; x) 2 [0;1)� lRg:

Hence, (6.6) follows from (6.14) and (6.18).

The above result together with the results of x4 will give the following.

Theorem 6.3. Let (H1){(H3) hold. Then, for any T > 0 and x 2 lR, the forward-

backward SDE (5.1) is solvable.

We note that since the optimal (relaxed) controls are not necessarily unique, we do

not have the uniqueness of the solutions of (5.1).

Next result is related the condition (6.4).

Theorem 6.4. Let (H1)-(H2) hold. Suppose one of the following holds:

(i) The continuity of b� in y is uniform in all its arguments. Moreover, the following holds:

(6:19) inf
x;z2lR

[�(x; g(x))g0(x) + b�(x; g(x); z)]2 > 0;

(ii) The following holds:

(6:20) inf
x;y;z2lR

[�(x; y)g0(x) + b�(x; y; z)]2 > 0:

Then, there exists a T0 > 0, such that for any T 2 (0; T0], (5.1) is not solvable on [0; T ].
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Proof. First, we let (i) holds. Then, there exist a � > 0 and T0 > 0, such that

(6:21) inf
t2[0;T0];x2lR

[�(x; y)�x(t; x)) + b�(x; y; z)]2 � �; 8jy � g(x)j � �:

Then, we can �nd a function h 2 C1(lR2) such that

(6:22)

8>><
>>:
0 � h(x; y) � 1; (x; y) 2 lR2;

h(x; g(x)) = 1; 8x 2 lR;

h(x; y) = 0; 8jy � g(x)j � �:

Now, we de�ne

(6:23)  (t; x; y) = "th(x; y) + (y � g(x))2; (t; x; y) 2 [0;1)� lR2
;

with " > 0 being undetermined. Similar to (6.16), we can obtain

(6:24)

 t �
�(x; y)2

2
 xx � b(x; y) x +bb(x; t) y

� inf
z2U

[��(x; y)b�(x; y; z) xy + �(x; y)2

2
 yy

= "h(x; y) �
�(x; y)2

2
"hxx(x; y)t � b(x; y)"hx(x; y)t +bb(x; y)"hy(x; y)t

� inf
z2U

f[�(x; y)�x(t; x) + b�(x; y; z)]2 � �(x; y)b�(x; y; z)"hxy (x; y)t
+
b�(x; y; z)

2
"hyy(x; y)tg � 0;

provided " > 0 is su�ciently small and (t; x) 2 [0; T0] � lR. Also, we have  (0; x; y) =

(y � g(x))2. Hence, it follows that

(6:25) "h(x; y)t + (y � �(t; x))2 � v(t; x; y); (t; x; y) 2 [0; T0]� lR2:

This implies that

(6:26) N (v)
\
f(0; T0]� lR2g = ;:

Hence, (5.1) has no solutions on any [0; T ] with T 2 (0; T0].

Now, in the case (ii) holds, we can similarly prove (6.26) by taking  (t; x; y) = "t +

(y � g(x))2 for some su�ciently small " > 0.

All the above results are sort of global. We next look at some local results. To this

end, we let x 2 lR. De�ne

(6:27) Tx = supft > 0
�� inf
z2lR

[�(x; �(t; x))�x(t; x) + b�(x; �(t; x); z)]2 = 0g;
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with �(t; x) being the solution of (5.24). The following result gives a local version of

Theorem 6.2.

Theorem 6.5. Let (H1) and (H2) hold. Then,

(6:28) N (v)
\
f[0; Tx]� lR2g = f(t; x; �(t; x))

�� t 2 [0; Tx] g; 8x 2 lR:

Consequently, for any x 2 lR, (5.1) is solvable on [0; Tx] and there exists a �0 > 0, such

that (5.1) is not solvable on [0; Tx + �] for any � 2 (0; �0].

The proof is clear.

Remark 6.6. Although we only discussed the case in which all the functions involved

in (5.1) are scalar valued, it is not hard to see that our arguments are good for higher

dimensions. In this case, some assumptions should be accordingly changed. For example,

(6.2) and (6.4) should be replaced respectively by

(6:29) �(x; y)�(x; y)T � �I; 8(x; y) 2 lRn � lRm;

and

(6:30) fb�(x; y; z) �� z 2 lR`g = lRm; 8(x; y) 2 lRn � lRm;

provided we assume x, y and z to be in lRn, lRm and lR`. We omit the exact statements

here.

x7. Discussions.

In this section we discuss some interesting implications of our result obtained in the

previous sections.

1. Discussion of the Hypothesis (H1)|(H3).

In order that the conclusion of Theorem 6.3 be true, we assumed several conditions

on the data. Among them, (6.1), (6.3) are regularity conditions, and as we pointed out in

the remark after (H1)|(H3), these conditions can be relaxed if the methodology of [30]

is adopted. The condition (6.4) is in some sense standard as long as a backward equation

is involved. In fact, even in the pure backward case (cf. [27,28]), this condition was also

posed so that the process Z can be solved via the martingale representation theorem.

From Theorem 6.4, we see that condition (6.4) is very close to a necessary condition for

the solvability of (5.1) on any [0; T ] and any x 2 lR. However, the seemingly arti�cial non-

degeneracy condition of � (6.2), which guarantees that the PDE (5.24) to have a classical
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solution, seems unremovable. A counterexample can be found in [1], in which � � 0 and

the forward-backward equation with the type of (5.2) is not solvable for T � 1. Therefore,

in order to make the forward-backward equation (5.1) solvable, it is necessary that the

forward di�usion process is \random enough". We should say that the nondegeneracy of

�(x; y) and the condition (6.4) represent the essential solvability feature of our forward-

backward SDE (5.1). As a matter of fact, if, say, � and b� are both identically zero, then

(5.1) is reduced to a two-point boundary value problem. We know that in general, it may

have no solutions ([2]).

2. The Existence of Ordinary Adapted Solutions.

As we pointed out in x1, the only reason that we use the wider-sense (or relaxed)

solution for the forward-backward SDEs is to guarantee that the optimal control exists,

which is essential to our scheme. Therefore, it would be nice to know when the ordinary

solution of the forward-backward equation exists. The result of [28] shows that under some

restrictive conditions on data, the forward-backward equation (5.1) and (5.2) has a unique

ordinary solution when T is small enough. Using the equivalent relations (Theorems 6.2

and 6.3), we see that this implies that the Problem (C) will have an ordinary optimal

control which is even unique. However, when T is large, whether the relaxed control

problem Problem (C) will have an ordinary optimal control is a quite challenging problem

in general. But in some special cases, it is still workable. Let us take the forward-backward

equation (5.1), with an assumption that b�(x; y; z) � z, as an example.

Recall from (6.1) that g is bounded, then it is easily seen that there exists a compact

set U � lR such that for each (t; x) 2 [0; T ]� lR.

0 2 fz + �(t; �(t; x))�x (t; x)jz 2 Ug:

From the proof of Theorem 6.3, this is su�cient for us to conclude that v(t; x; �(t; x)) = 0

for any (t; x) 2 [0; T ]� lR.

Now let us take this compact set U to set up an ordinary control problem with the

state equations (5.7) with b�(x; y; z) � z, and cost functional (5.8). Note that now � is

linear in z, so one can show by a similar technique as we used in x3 and x4 that the ordinary

optimal control exists (modulo a change of probability space). Therefore the SDE (5.1)

will have an ordinary adapted solution (X;Y;Z), with Z taking value in a compact set!

Such a result seems hard to be obtained by using the martingale representation theorem.

It is evident that this scheme will also work for all forward-backward SDEs that are linear

in Z, as long as a suitable compact set can be found a priori from the study of Problem

(N).
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3. Solvability of SDEs and Controllability.

Another interesting implication of our results, which does not seem possible to argue

by using a contraction mapping theorem, is the non-solvability of the forward-backward

SDEs. Theorem 6.4 provides a non-existence result which basically says that it is possible

for some T > 0, (5.1) is solvable over [0; T ], but not solvable over any [0; S] with S < T .

In other words, even if the time duration is small, (5.1) can still be unsolvable if the

coe�cients are not well-matched. Therefore, it describes a deeper feature of the solvability

of forward-backward SDEs that is so far undiscovered. One can check that all the known

cases (cf. e.g., [1,28]) in which an adapted solution exists are actually in the complement of

this case (see condition (6.20)). This phenomenon is, however, quite natural if we look at

it from other points of view; for instance, as a boundary value problem of linear ordinary

di�erential equations (see [2], for example); or as a controllability problem. It is known

(cf. [25]) that it is possible that the considered systems is completely controllable but not

small time controllable. Therefore, there may be some kind of waiting time before hitting

a target becoming possible.

4. The Nodal Sets.

To our best knowledge, in most of the literatures concerning nodal sets of the solutions

to PDEs, people mainly focused on the estimates of the upper bound of the size of nodal

sets in terms of Hausdor� measure (see [10,17,24] and also [5,6,14]). In this paper, we

actually addressed the problem in terms of the non-emptyness and the shape of a nodal

set. We have constructed such a nodal set for the viscosity solution of a certain class of

HJB equations. We also believe that the study of the nodal sets for solutions to general

nonlinear degenerate elliptic and parabolic PDEs would be very interesting; and some more

investigation will be made along this line in our future publications.
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