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Abstract

We consider a controlled i.i.d. process, where several i.i.d. sources are sampled sequentially.

Any causal sampling policy, possibly history-dependent, may be employed. The purpose is to

characterize the extremal large deviations of the sample mean, namely to obtain asymptotic

rate bounds (similar to and extending Cram�er's theorem) which hold uniformly over all sam-

pling policies. Lower and upper bounds are obtained, and it is shown that in many (but not

all) cases stationary sampling policies are su�cient to obtain the extremal large deviations

rates. These results are applied to a hypothesis testing problem, where data samples may

be sequentially chosen from several i.i.d. sources (representing di�erent types of experiments).

The analysis provides asymptotic estimates for the error probabilities, corresponding both to

optimal and worst-case sampling policies.

AMS 1991 subject classi�cation: primary 60F10; secondary 52L05, 52M07, 90C40.

Key words: large deviations of the sample mean, controlled i.i.d. processes, extremal rates,

stationary policies, hypothesis testing, sequential design.
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1 Introduction

A basic result in large deviations (LD) theory is Cram�er's theorem, which provides the exponential

decay rates of the probabilities PfXn 2 �g, where � is a �xed set and Xn is the sample mean of an

i.i.d. (independent, identically distributed) sequence. For an exposition of this and other aspects

of the theory and its application, see, e.g., the recent texts Deuschel and Stroock [6], Bucklew

[2], Dembo and Zeitouni [7], Shwartz and Weiss [11]. This paper concerns a generalization of the

Cram�er-type theory to controlled i.i.d. processes. The main goal is to characterize the extremal

decay rates, namely the minimal and maximal rates achievable by any sampling policy.

The model consists of several di�erent sources of i.i.d. sequences, which are being sequentially

sampled by a controller. At each time instant n = 1; 2 . . . the controller may choose the source

to be sampled next (hence choose the probability distribution of the next sample Xn). While the

value of the next sample is not known in advance, the controller does recall the values of past

samples fX1; . . . ; Xn�1g and may use this information to direct his choice. A sampling policy is

any causal sampling rule that the controller may choose to employ.

The process described above may be viewed as a degenerate (one-state) version of a controlled

Markov process (e.g. [10], [1]). We shall use here some terminology from this �eld. In particular,

a stationary policy is a sampling policy in which choices do not depend on the time or on the

process history. The use of randomized decisions is however allowed, so that stationary policies

refer here both to randomized and non-randomized ones.

The exponential decay rate of PfXn 2 �g obviously depends on the sampling policy. The

problem addressed is to bound the extremal rates, i.e. the minimal and maximal rates which

may be attained by any sampling policy, and furthermore �nd sampling policies which attain the

extremal rates.

It is important to note the following facts concerning stationary and non-stationary policies.

Under a stationary sampling policy, the induced sequence fXng is an i.i.d. sequence, so the stan-

dard Cram�er-type theory applies. However, a large deviations principle need not hold for a general

(non-stationary, history dependent) sampling policy. Such policies are an important part of our

problem; indeed, for �xed n and �, the sampling policy which minimizes or maximizes PfXn 2 �g

(and which may be computed by dynamic programming) is generally history-dependent (i.e., the

optimal decision at the second stage depends on the value of X1, and so forth). Nonetheless, it

will be shown that stationary policies do achieve the extremal decay rates in many (but not all)

cases of interest.

The main results may be summarized as follows, starting with the upper bounds on PfXn 2

�g. Here we are interested in the smallest decay rate achievable by any sampling policy. A tight

upper bound is established, which is exactly the same as the one supplied by Cram�er's theorem

over the stationary policies. Thus, the smallest decay rate may always be attained by stationary

policies. Deterministic sampling schemes which may replace randomized stationary policies in

achieving the bound are also considered. As we turn to the lower bound (corresponding to

maximal rates of decay), the situation is somewhat more involved. For the case of a convex set
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� the results are similar to ones just described, namely a tight lower bound is established which

may be attained by a stationary policy. However, if � is non-convex, non-stationary policies

may perform signi�cantly better than any stationary one. For this general case a lower bound is

provided which, although it recovers the Cram�er lower bound for the uncontrolled case, may be

non-tight in general.

The problem considered in this paper corresponds to the simplest large deviations problem,

namely large deviations of the sample mean for real (although vector-valued) i.i.d. random vari-

ables. Consideration of vector-values (rather than scalar) random variables serves to bring out

the role of convexity in the proof of the lower bound. Further generalizations have been avoided

here in the purpose of emphasizing the main ideas involved in the controlled problem. By the

same token, �nite moment generating functions are assumed throughout. This assumption may

be weakened, using similar methods to the ones employed in the uncontrolled case (cf. [7]).

As an application of these results, we shall consider a problem of (Bayesian) hypothesis testing,

where the data is sequentially sampled from several available i.i.d sources. This conforms to the

situation where several types of experiments may be performed sequentially in order to test a

common property. For the classical case of i.i.d. data sequence, a well known result of Cherno�

provides the exponential rate at which the optimal error probability decays as the sample size

increases. Bounds of similar type will be developed here for the controlled problem, in the

two-hypotheses case. Decay rates are provided for the minimal and maximal (worst case) error

probabilities over all sampling policies, and are shown to be achieved by stationary sampling

policy. The multiple-hypothesis case is briey considered, and it is argued that only the results

for the maximal error probabilities (but not for the minimal ones) can be extended.

Regarding notations, IRd is the d-dimensional Euclidean space, k � k and h�; �i denote the

corresponding norm and inner product. �o and � are the interior and closure of the set � 2 IRd,

which is assumed to be Borel measurable throughout. 1fAg denotes the indicator function of an

event A.

2 The Controlled Model

Let fPu; u 2 Ug be a �nite collection of probability distributions on IRd, d � 1, indexed by a

�nite set of actions u 2 U . At each time instant n = 1; 2; . . . the controller chooses an action

un 2 U , and consequently a sample Xn is obtained according to the distribution Pun . Given un,

the random variable Xn is independent of prior actions and samples. Let Xn = n�1
Pn

k=1Xk

denote the sample mean.

A sampling policy is a causal rule for choosing actions, which may depend on the entire

observed history of the process and may include randomized decisions. More formally, a policy

� is a sequence of maps �n : Hn ! �(U), n � 1, where Hn is the set of possible histories

hn = (u1; X1; . . . ; un�1; Xn�1), and �(U) is the set of probability vectors over U . The action un is

chosen according to the probability vector �n(hn) over U . The maps �n are assumed measurable
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so that the above description induces a well de�ned stochastic process, i.e. a probability measure

IP� is induced on the canonical sample space H1 endowed with the product �{�eld. Let � denote

the set of all such sampling policies, and let E� denote the expectation operator corresponding

to IP� .

A sampling policy is said to be stationary if �n � q for every n � 1, where q is a �xed

probability vector. We shall use the notation q both for this probability vector and for the

stationary policy it induces. Each q = (qu) 2 �(U) induces also a probability distribution over

IRd, according to

Pq(�) =
X
u

quPu(�) :

Pq is just the probability distribution of the sample Xn if the corresponding action un is chosen

randomly according to q. Let Eu and Eq denote the expectations corresponding to Pu and Pq.

With some abuse of notations, X1 is also used to denote a canonical random variable with respect

to the distribution Pq. More precisely, Pqf�g and PqfX1 2 �g will be used interchangeably, and

Eq(f(X1))
4
=
R
f(x)Pu(dx). The logarithmic moment generating function (m.g.f.) associated with

Pq is

�q(�) = logEq(e
h�;X1i) ; � 2 IRd ;

and its Legendre transform is de�ned by

��q(x) = sup
�2IRd

fh�; xi� �q(�)g ; x 2 IRd : (2:1)

The logarithmic m.g.f. and Legendre transform associated with Pu are de�ne similarly and denoted

by �u(�) and ��u(x).

The main technical assumption, assumed to hold throughout this paper, is the following.

Assumption A. �u is �nite for every u 2 U , i.e. �u(�) <1 for all �.

This is easily seen to imply that �q is �nite for every q 2 �(U). Note however that ��u and

��q may assume in�nite values.

3 Preliminaries

This section presents the basic large deviations results for i.i.d. sequences, in the form relevant to

this paper, as well as some properties of the associated rate functions.

Consider a �xed probability vector q 2 �(U), which corresponds to a stationary sampling

policy � � q. The sampled sequence fXkg induced by this policy is clearly i.i.d., with marginal

distribution Pq =
P

u quPu. Recall that ��q is the Legendre transform of the logarithmic m.g.f.

associated with Pq, and that Assumption A is in e�ect. Applying the multi-dimensional version

of Cram�er's theorem yields the following LD bounds:
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Theorem 3.1 For any set � 2 IRd, the following upper and lower bounds hold:

lim sup
n!1

1

n
log IPqfXn 2 �g � � inf

x2�
��q(x) ;

lim inf
n!1

1

n
log IPqfXn 2 �g � � inf

x2�o
��q(x) :

In particular, if the two bounds coincide then an exact decay rate is obtained:

lim
n!1

1

n
log IPqfXn 2 �g = � inf

�
��q(x) :

Some useful properties of the functions � and �� are next summarized. The following are well

known (e.g. [6],[7]).

Lemma 3.1 For every q 2 �(U),

(i) �q(�) is non-negative and convex.

(ii) ��q(�) is non-negative, convex, and lower semi-continuous.

(iii) Assume d = 1 (scalar case). Then ��q(x) = sup��0f�x� �q(�)g for all x � Eq(X1), and

��q(x) is non-decreasing in that range.

The following properties, where q is considered a variable, will also be required:

Lemma 3.2

(i) For every � 2 IRd, �q(�) is concave in q 2 �(U).

(ii) ��q(x) is jointly convex in (x; q) 2 IRd ��(U).

Proof: Recall that �q(x) = logEq(e
h�;X1i), where the expectation operator Eq is linear in

q 2 �(U), i.e. Eq =
P

j �jEqj if q =
P

j �jqj . Since log(�) is a concave function then (i) follows

by Jensen's inequality. It now follows that the function f�(x; q) := [h�; xi � �q(�)] is jointly

convex in (x; q) for each �xed �, so that ��q(x) is a point-wise supremum of a convex function,

hence convex. 2

4 Extremal Large Deviations { Upper Bound

We return now the the controlled i.i.d. model of Section 2, with the general set � of sampling poli-

cies. In this section we establish the upper bound, which corresponds to the minimal exponential

decay rate of IP�fXn 2 �g over all policies in �.

Let � be a measurable set in IRd. Note �rst that for a stationary policy q 2 �(U) the upper

bound of Theorem 3.1 applies. This immediately implies the following uniform bound over all

stationary policies:

lim sup
n!1

1

n
log IPqfXn 2 �g � � inf

q2�(U)
inf
x2�

��q(x) : (4:1)

It will next be established that the same bound holds for all sampling policies, stationary or not.
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Theorem 4.1 For every set � 2 IRd,

lim sup
n!1

sup
�2�

1

n
log IP�fXn 2 �g � � inf

q2�(U)
inf
x2�

��q(x) :

Before proving this theorem, we state and prove a slightly stronger version for the scalar case

with � = [a;1). This result will be used in the proof of Theorem 4.1, is of some independent

interest. and admits a simple direct proof which already contains the main ideas relevant to the

controlled case.

Proposition 4.1 Assume d = 1 (scalar case), and let a � maxuEu(X1). Then for every n � 1

and � 2 �,
1

n
log IP�fXn � ag � � inf

q2�(U)
��q(a) :

Remark: Only a � maxuEu(X1) need be considered, since otherwise the event fXn � ag

becomes \non-rare" under appropriate policies. Indeed, the repeated choice of any action u for

which Eu(X1) > a obtains PfXn � ag ! 1.

Proof: Fix a in the required range. For every � 2 �, n � 1 and � � 0 Chebyche�'s inequality

implies

IP�fXn � ag � E�(e�n(Xn�a)) = e��naE�(e�Sn) ; (4:2)

where Sn = nXn =
Pn

k=1Xk. Now, a standard dynamic programming argument establishes that

E�(e�Sn) � [ max
q2�(U)

Eq(e
�X1)]n : (4:3)

Indeed, this follows by iterating the inequality:

E�(e�Sn) = E�fE�(e�Sn jhn; un)g

= E�fe�Sn�1E�(e�Xn jun)g

� E�(e�Sn�1) max
q2�(U)

Eq(e
�X1) : (4.4)

(Note that maxqEq(e
�X1) may be simpli�ed to maxuEu(e

�X1), since Eq =
P

u quEu. The former

expression will however be useful for the minimax equality below.) Since (4.2) and (4.3) hold for

every � � 0, then

1

n
log IP�fXn � ag � inf

��0
f��a+ log( max

q2�(U)
Eq(e

�X1))g

= � sup
��0

min
q2�(U)

f�a� �q(�)g : (4.5)

We now use the minimax equality in the last expression. From Lemma 3.1(i) and Lemma 3.2(i)

it follows that the function f(q; �) := f�a��q(�)g is convex in q and concave in �. The set �(U)
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is obviously convex and compact, while [0;1) is closed convex. Thus, by a standard minimax

theorem ([9], Corollary 37.3.2),

sup
��0

min
q2�(U)

f�a� �q(�)g = inf
q2�(U)

sup
��0

f�a� �q(�)g = inf
q2�(U)

��q(a) ; (4:6)

where the last equality follows by Lemma 3.1(iii). The required upper bound follows by substi-

tuting (4.6) in (4.5). 2

Proof of Theorem 4.1: We shall use here a result from de Acosta [5], which is a somewhat

strengthened version of the G�artnet-Ellis type upper bound. It is readily veri�ed by a dynamic

programming argument, similarly to (4.3), that

1

n
log sup

�2�
E�ehSn;�i � sup

q2�(U)

�q(x) ; n � 1 : (4:7)

By Theorem 2.1(i) in [5], this implies that for every compact �,

lim sup
n!1

1

n
log sup

�2�
IP�fXn 2 �g � � inf

x2�
I(x) ; (4:8)

where

I(x) = sup
�2IRd

fh�; xi� sup
q2�(U)

�q(x)g : (4:9)

Using the minimax theorem it follows as in (4.6) that

I(x) = sup
�2IRd

inf
q2�(U)

fh�; xi � �q(x)g = inf
q2�(U)

��q(x) ; (4:10)

which establishes the required upper bound for compact sets. The extension to any closed set

follows readily from the following uniform exponential tightness property (cf. [5], Theorem 2.1(ii)):

lim
�!1

lim sup
n!1

sup
�2�

1

n
log IP�fkXnk > �g = �1 : (4:11)

The latter may be deduced from Proposition 4.1. Indeed, for every � and n,

IP�fkXnk > �g � IP�f
1

n

nX
k=1

kXkk > �g (4:12)

Now fkXkkg may be considered a (scalar-valued) controlled i.i.d. sequence. It is readily veri�ed

that Assumption A is satis�ed, and the upper bound of Proposition 4.1 applies. It is also easily

veri�ed that the corresponding rate function ��(�) ! 1 as � ! 1 ([7], Lemma 2.2.20), and

(4.11) follows. 2

Remarks:

1. The results just established provide bound on the decay rate of IP�fXn 2 �g for any

�xed policy �. Moreover, noting that the supremum over � is taken before the limit in n,

these results provide bounds on the maximized probabilities max� IP
�fXn 2 �g, where the

maximizing policy is generally di�erent for each time horizon n.
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2. Note that ��q(x) is convex in (q; x) (Lemma 3.2), which may facilitate the computation of

the bound.

3. The upper bound is tight, up to certain continuity gaps which are inherent in most large

deviations results. Indeed, assume that the supremum in the upper bound is achieved at

some qo 2 �(U), and that � is a lower continuity set of ��qo(�) (i.e. the in�ma over �o and

� are equal). Then Theorem 3.1 implies that the upper bound is attained by the stationary

policy q0.

4. If the in�mum over �(U) is not attained, then only �{optimal stationary policies may exist.

Noting however that �q(x) is a convex function, hence smooth (except for possible jumps

to in�nity), the latter case seems the exception rather than the rule.

5. The stationary policy qo which attains the upper bound may be randomized, implying

that (random) mixing of two or more actions can perform better than any single one.

The following example illustrates this fact. Let the action set U = f1; 2g correspond to

distributions P1 = N (0; 1) and P2 = N (�40; 81) (the Normal distribution with mean m =

�40 and variance �2 = 81). Let us examine the exponential decay rate of PfXn � 4g.

The rate function for a Normal random variable is ��(x) = (x � m)2=2�2. If u = 1 is

chosen at all times (corresponding to the stationary strategy q = (1; 0)), the resulting

rate from Cram�er's theorem is ��1(4) = 42=2 = 8, while always choosing u = 2 results

in ��2(4) = 442=162 = 11:95. However, some calculation shows that the upper bound in

Proposition 4.1 is minq �
�
q(4) = 3:5, with the minimum uniquely achieved at qo = (3940 ;

1
40).

Thus, the policy of choosing P1 with probability 39=40 and P2 with probability 1=40 at each

step results in a rate which is signi�cantly lower than that obtained by either P1 or P2 alone.

As the last example demonstrates, randomized decisions may be necessary in order to attain

the upper bound via a stationary policy. Since randomizations may sometimes be undesirable in

an actual decision rule, it is of interest to �nd simple non-randomized policies which also achieve

the bound. We conclude this section by briey considering such sampling schemes.

Given a probability vector q 2 �(U), let �(q) denote a policy which pre-speci�es determinis-

tically the action sequence fung, so that the relative frequencies of these actions converge to q.

For example, for q = (14 ;
3
4) one can choose u = 1 every fourth time. Observe �rst that the sample

means fXng obey a large deviations principle under this policy. Indeed, the following limit exists:

�̂q(�)
4
= lim

n!1

1

n
logE�(q) exp(h�;

nX
k=1

Xki)

= lim
n!1

1

n

nX
k=1

logEuk(e
h�;X1i)

=
X
u

qu�u(�) ; (4.13)

and it follows by the G�artner-Ellis Theorem ([8], Theorem II.2) that a so-called large deviations

principle is satis�ed with rate function �̂�q (the Legendre transform of �̂q), which means that the
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bounds in Theorem 3.1 are satis�ed with �̂�q replacing ��q. The following Lemma compares the

two rate functions ��q (corresponding to randomized stationary policies) and �̂�q (corresponding

to deterministic sampling schemes).

Lemma 4.1 For every x 2 IRd,

(i) ��q(x) � �̂�q(x) for every q 2 �(U).

(ii) infq �
�
q(x) = infq �̂

�
q(x) :

(iii) Any qo which minimizes ��q(x) also minimizes �̂�q(x).

Proof: (i) By concavity of �q(�) in q we have �q(�) �
P

u qu�u(�) = �̂q(�), which implies that

the opposite inequality holds for the respective Legendre transforms.

(ii) By the minimax equality (4.10) and its counterpart for �̂�q, and by equation (4.13) and the

concavity of �q(�),

inf
q
��q(x) = sup

�

min
q
fh�; xi � �q(�)g = sup

�

min
u
fh�; xi � �u(�)g

= sup
�

min
q
fh�; xi � �̂q(�)g = inf

q
sup
�

fh�; xi � �̂q(�)g

= inf
q
�̂�q(x) : (4.14)

(iii) Assume that qo minimizes ��q(x). Then

�̂�qo(x) = sup
�

fh�; xi � �̂qo(�)g

� sup
�

min
q
fh�; xi � �̂q(�)g = inf

q
��q(x) = ��qo(x) ; (4.15)

where the next-to-last equality is taken from the proof of (ii). Combined with part (i) of this

lemma, this implies that qo minimizes �̂�qo(x). 2

Lemma (4.1) has the following consequences. By part (i), the decay rate associated with

stationary policies dominates from below the rate associated with deterministic sampling policies.

Nonetheless, parts (ii) and (iii) imply that the minimal rates achievable by either class of policies

are equal, namely infq inf� �
�
q = infq inf� �̂

�
q; moreover, if a stationary policy qo achieves the

minimal rate then so does �(qo).

5 Extremal Large Deviations { Lower Bounds

Our purpose in this section is to provide asymptotic lower bounds for IPfXn 2 �g, which delimit

the maximal rate of decay achievable by any sampling policy. The lower-bound part of Theorem

3.1 implies that for any stationary policy q the following holds:

lim inf
n!1

1

n
log IPqfXn 2 �g � � sup

q2�(U)

inf
x2�o

��q(x) :
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A reasonable conjecture, motivated by the results of the previous section, would be that this lower

bound is valid for any policy �. The next example shows that this is false.

Example 5.1. Let U = f1; 2g with P1 and P2 the following Bernoulli distributions:

P1 = 0:9��1 + 0:1�9 ; P2 = 0:1��9 + 0:9�1 ;

where �a is the probability measure concentrated at a. Note that the expected value equals 0 in

both cases. Suppose we wish to minimize the probabilities IP�fjXnj > 2g, which correspond to the

set � = (�1;�2)[ (2;1). Restrict attention �rst to stationary policies. Since Pq = q1P1+ q2P2,

then for every q 2 �(U) either Pq(f�9g) � 0:05 or Pq(f9g) � 0:05, implying that IPfjXnj > 2g �

(0:05)n. Consider now the following non-stationary `steering' policy �0: let un = 1 if Xn < 0,

and un = 2 if Xn � 0. Simple algebraic calculation shows that now IP�0fjXnj > 2g = 0 for every

n � 8 .

Although false in general, the above-mentioned conjecture does hold for convex sets.

Theorem 5.1 Let � be a convex set in IRd. Then

lim inf
n!1

inf
�2�

1

n
log IP�fXn 2 �g � � max

q2�(U)
inf
x2�o

��q(x)

= �max
u2U

inf
x2�o

��u(x) :

Proof: We �rst establish the last equality. Since ��q(x) is jointly convex in (q; x) (Lemma 3.2)

and �o is a convex set, it follows that inf�o �
�
q is a convex function of q. Hence it achieves its

maximal value at one of the vertices of (the convex set) �(U), which correspond to the action set

U .

To prove the bound, let fyu 2 �o; u 2 Ug be an arbitrary set of points in the interior of �.

We proceed to establish that

lim inf
n!1

inf
�2�

1

n
log IP�fXn 2 �g � �max

u2U
��u(yu) : (5:1)

Since the points fyug are arbitrary, this clearly implies the bound of the theorem. The inequality

(5.1) will �rst be established under the following assumption, to be removed later.

Assumption B: For every u 2 U there exists �u 2 IRd such that yu = r�u(�u).

Here r�u denotes the gradient of �u. It follows that �u is a maximizer in the de�nition of ��u(yu),

namely

��u(yu) = h�u; yui � �u(�u) : (5:2)

Given f�ug as speci�ed in Assumption B, de�ne for each u 2 U a probability measure P̂u via

the exponential change of measure:

P̂u(dx)
4
=

eh�u;xi

Eu(eh�u;X1i)
Pu(dx) = expfh�u; xi � �u(�u)gPu(dx) : (5:3)
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By (5.2),

P̂u(dx) = expfh�u; x� yui+ ��u(yu)gPu(dx) : (5:4)

Also, the de�nition of �u (and the dominated convergence theorem) imply that

Êu(X1)
4
=

Z
xP̂u(dx) = r�u(�u) = yu : (5:5)

For any policy � 2 �, let ÎP
�
denote the measure which is de�ned similarly to IP� , except that the

modi�ed measures fP̂ug replace fPug as the conditional marginal distributions of the samples.

Let Ê� denote the corresponding expectation. Then for any n � 1 and any random variable

Zn = f(X1; . . . ; Xn),

E�(Zn) = Ê�(Zn

nY
k=1

expf���uk(yuk)� h�uk ; Xk � yuk ig)

� expf�nmax
u

��u(yu)gÊ
�(Zn expf�

nX
k=1

h�uk ; Xk � yuk ig) : (5.6)

In particular, for Zn = 1fXn 2 �g this yields

1

n
log IP�fXn 2 �g � �max

u
��u(yu) +

1

n
log Ê�(Vn) ; (5:7)

where

Vn = 1fXn 2 �g exp(�
nX

k=1

h�uk ; Xk � yuk i) : (5:8)

Thus, to prove (5.1) it remains to show that

lim inf
n!1

inf
�2�

1

n
log Ê�(Vn) � 0 : (5:9)

To this end, de�ne the random variables

Wk = h�uk ; Xk � yuki ; W n =
1

n

nX
k=1

Wk : (5:10)

Note that for any � > 0,

Vn = 1fXn 2 �ge�nW n � 1fXn 2 �; jWnj < �ge��n ; (5:11)

so that

Ê�(Vn) � e��n ÎP
�
fXn 2 �; jWnj < �g : (5:12)

We proceed to show that the last probability converges to 1 uniformly over � 2 �. (Convergence

may actually be deduced from the weak law of large numbers for Martingales. A direct proof will

be provided here to establish uniform convergence.) Let Fk, k � 1, denote the �-algebra generated
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by the random variables fu1; X1; . . . ; uk; Xkg. By (5.5) and (5.10) it follows that Ê�(WkjFk�1) =

0, which in turn implies that Ê�(WkW`) = 0 for k 6= `. Furthermore,

Ê�(W 2
k ) � max

u
k�uk

2Êu(kX1 � yuk
2)

4
= C2 <1 : (5:13)

(Finiteness of the moment generating function for Pu implies the same for P̂u, so that the second

moments on the right-hand side are indeed �nite.) It can now be concluded that

Ê�(W
2
n) =

1

n2

nX
k=1

Ê�(W 2
k ) �

C2

n
; (5:14)

and by Chebyche�'s inequality

ÎP
�
fjWnj < �g � 1� ��2Ê�(W

2
n) � 1�

1

n

C2

�2
: (5:15)

Consider next the part of (5.12) which involves Xn. Recall that yu is interior to �, so there

exists a �0 > 0 such that, for every u, the ball B(yu; �
0) of radius �0 around yu is contained in

�. Since � is convex by assumption, it follows that B(yq ; �
0) � � for any convex combination

yq =
P

u quyu of fyug. Thus,

ÎP
�
fXn 2 �g � ÎP

�
fk

1

n

nX
k=1

(Xk � yuk )k < �0g � 1�
1

n

�
C0

�0

�2
; (5:16)

where the last inequality follows similarly to (5.15), with C0 = maxu ÊukX1 � yuk
2. Now (5.15)

and (5.16) together imply that

lim inf
n!1

inf
�2�

ÎP
�
fXn 2 �; jWnj < �g = 1 ; (5:17)

and by (5.12)

lim inf
n!1

inf
�2�

1

n
log Ê�(Vn) � �� : (5:18)

Since this holds for any � > 0, then (5.9) follows. This concludes the proof of the bound under

Assumption B.

The extension to the case where Assumption B does not hold may be performed exactly as in

the standard i.i.d. case. For example, it is possible to employ the regularization procedure in [7]

(proof of Theorem 2.2.30), where small Gaussian random variables are added to the original ones

to ensure that Assumption B is satis�ed. This method applies here without modi�cation, so that

further details may be omitted. 2

Remarks: The following remarks apply to the last theorem and its proof.

1. Contrary to the usual proof method for Cram�er's theorem, the proof above could not proceed

by �rst establishing the bound for small balls. Such an approach would lead to the bound

of Corollary 5.1 below, which is weaker than the one just established.
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2. Convexity of � enters critically in the convergence ÎP
�
fXn 2 �g ! 1 (cf. equation (5.16)).

3. The bound is tight, in the sense discussed in relation with the upper bound, and implies

that stationary policies are su�cient to obtain the maximal decay rate.

4. Moreover, as the last equality in the bound implies, the maximal rate is alway achieved on

the vertices of �(U). . This means that non-randomized stationary policies (choosing the

same action u at all times) are su�cient to achieve the maximal rate.

If � is a non-convex set the results above do not apply, as demonstrated in Example 5.1. The

problem of establishing a tight lower bound and \optimal" policies is not resolved in the present

paper. Obviously, some lower bounds may be inferred from the convex result simply by applying

it to convex subsets of �. In particular, if applied to small balls in �, the following bound is

obtained.

Corollary 5.1 For any � 2 IRd,

lim inf
n!1

inf
�2�

1

n
log IP�fXn 2 �g � � inf

x2�o
max
u2U

��u(x) : (5:19)

Proof: For every x 2 �o, let Bx be an open ball around x contained in �. By Theorem 5.1,

lim inf
n!1

inf
�

1

n
log IP�fXn 2 Bxg � �max

u
inf

x02Bx

��u(x
0) � �max

u
��u(x) ; (5:20)

and since IP�fXn 2 �g � IP�fXn 2 Bxg the corollary follows. 2

We remark that the bound of Corollary 5.1 is tight if the inf and the max on the right-hand side

can be interchanged, i.e., if infx2�o maxu �
�
u(x) = infx2�o �

�
u0(x) for some u0 2 U . In particular,

this will be satis�ed if the same u0 maximizes �u(x) for all x 2 �o. The bound can then be

attained by always choosing u0. Note also that the bound of Corollary 5.1 reduces to the standard

Cram�er lower bound when U is a singleton. However, the bound is not tight in general, and

does not even coincide with the (tight) lower bound of Theorem 5.1 for the convex case. This is

explicitly illustrated by the following example.

Example 5.2. Let U = f1; 2g, P1 = N (�1; �2), P2 = N (1; �2) and let � be and open interval

which contains the interval [�1; 1]. Obviously limn!1 IP�fXn 2 �g = 1 for every � 2 �, so

that the maximal exponential decay rate is 0. Indeed, since �1(x) = (x + 1)2=2�2 and �2(x) =

(x � 1)2=2�2, the rate bound of Theorem 5.1 equals maxu=1;2finfx2��
�
u(x)g = 0. However, the

rate bound of Corollary 5.1 in this case is

inf
x2�

max
u=1;2

��u(x) = inf
x2�

(jxj+ 1)2

2�2
=

1

2�2
;

which can be arbitrarily large.

It should be noted that the results of the last two sections remain true in the following slightly

more general case (which may be useful in applications, as the next section shows). Consider a

13



controlled i.i.d. process fYkg, de�ned similarly to fXkg above, and de�ne a new random sequence

Xk = f(Yk ; uk). We consider the probabilities PfXn 2 �g. Obviously fXng may be considered

as a controlled i.i.d. process by itself, and the only di�erence compared to the case studied so far

is that the sampling policies are allowed to depend on past values of Yk and not only on their

functions Xk. However, it is easy to show this added information is not relevant in the problem

of extremizing PfXn 2 �g (cf. [1], Section 4.2), so the bounds above hold in this case as well.

6 Controlled Hypothesis Testing

One of the classical results related to large deviations theory is Cherno�'s theorem, concerning

the error probabilities in statistical hypothesis testing using an i.i.d. data sequence. The preceding

results will now be applied to the generalized situation where samples may be chosen sequentially

from several i.i.d. sources. Tight asymptotic bounds will be obtained for the minimal and maximal

error probabilities, which may be achieved by appropriate sampling policies. The case of two

(simple) hypotheses will be considered, followed by a discussion of the multiple hypothesis case.

As it turns out, some of the main results do not carry over to the latter case.

The following is a standard Bayesian hypothesis testing problem. Based on n measurements

fY1 . . .Yng, assumed to originate from an i.i.d. source with marginal distribution PY 2 f�0; �1g,

we have to decide between the two hypotheses H1 : PY = �1 and H2 : PY = �2 (to which some

prior probabilities are assigned). It is well known that the probability of error is minimized by a

likelihood ratio test. It was established in Cherno� [3] that these minimal probabilities converge

to zero exponentially as the sample size increases, at the following rate. Let Pn(ejHj) denotes the

error probability based on n samples, given that Hj is true and using the optimal likelihood ratio

test. Then

lim
n!1

1

n
logPn(ejHj) = �I ; j = 1; 2: (6:1)

Here I is the Cherno� information:

I = I(�1; �2) = � log inf
0���1

Z
f1(y)

�f2(y)
1���(dy) ; (6:2)

where � is any measure which dominates both �1 and �2, and fj is the density of �j with respect

to �. Note that the same rate applies to the two conditional errors, hence also to the unconditional

error probability Pn(e).

Consider now the generalized problem, where the data sequence fY1 . . .Yng is obtained by

sampling sequentially from several i.i.d. sources. Assume that two hypotheses H1 and H2 need to

be tested. A set U of di�erent types of experiments is available, where the probability distribution

for (the result of) experiment u under hypothesis Hj is �
u
j , with corresponding density function

fj(�ju) (all densities are with respect to some measure �). It is assumed that �u1 6= �u2 . At each

stage k = 1 . . .n exactly one of these experiments uk is chosen, and Yk is its result. Independent

repetitions of the same type of experiment are allowed.
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Since experiments are performed sequentially, choice of the next one may depend on the previ-

ous results. Indeed, if experiments are chosen with the purpose of minimizing the error probability,

then as new data arrives our estimation of the true state of nature (the true hypothesis) improves,

which puts us in a better position to make further decisions. The model considered here and other

related models have been studied within the framework of statistical sequential design (see, e.g.,

[4] and references therein), where the emphasis is on obtaining an optimal balance between the

total experiment cost (length) and the error probability. Here we concentrate on choice of ex-

periments, with the sample size not being a decision variable. Thus, either n is �xed at some

large value, or the experiment continues inde�nitely with the best current estimates of the true

hypothesis needed at each stage.

The overall decision problem has two components. The �rst is the sampling policy �. The

set of possible policies � is de�ned as in Section 2: uk may depend on the whole history

fu1; Y1 . . .uk�1; Yk�1g, and randomizations may be used. The second component is the rule

for choosing between the hypotheses H1 and H2 based on available data. Given the data

fu1; Y1 . . .un; Yng, the decision rule which minimizes the error probability is still a likelihood

ration test. It can be written as

accept H1 if Ln < �n, and accept H2 otherwise (6:3)

where Ln is the normalized log-likelihood ratio:

Ln =
1

n

nX
k=1

log
f2(Ykjuk)

f1(Ykjuk)
;

and f�ng is a sequence converging to 0. (In the optimal test this sequence is determined by

the prior probabilities, but for our asymptotic analysis it is enough that �n ! 0.) This rule is

assumed �xed throughout the following, leaving only the sampling policy yet undetermined.

6.1 Minimal Error Probabilities

We shall �rst consider sampling policies which minimize the error probability. Some de�nitions

and technical assumptions will be required.

Let u 2 U be �xed. Let X be a random variable with distribution Pu speci�ed by

X = log
f2(Y ju)

f1(Y ju)
; where Y � �u1 : (6:4)

We identify this distribution with Pu from Section 2, and apply the related notations. In partic-

ular, �u denotes the logarithmic m.g.f.:

�u(�)
4
= logEu(e

�X) = log

Z
f2(yju)

�f1(yju)
1��d� : (6:5)

The following will be assumed:
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Assumption C: �u(�) is �nite for all � 2 IR and u 2 U .

This assumption implies that, for each u, the probability measures �u1 and �u2 are equivalent

(assign nonzero probabilities to the same events), and is then satis�ed if the ratio f2(yju)=f1(yju)

as well a its inverse are bounded in y. It should be emphasized that assumption C is used only

to streamline the proofs, and its removal need not a�ect the results.

Theorem 6.1 Assume C. Let P (ejn; �) denote the n-stage error probability given the sampling

policy � (and the likelihood ratio test (6.3)). Then

lim inf
n!1

inf
�

1

n
logP (ejn; �) � �max

u2U
Iu

where Iu = I(�u1 ; �
u
2), as de�ned in (6.2). Furthermore, equality may be obtained by choosing at

each stage the same action (experiment) u�, a maximizer of Iu.

Proof: By the Bayes rule, the error probability is the weighed sum of the two conditional error

probabilities:

P (ejn; �) = p(H1)P (Ln � �njn; �;H1) + p(H2)P (Ln < �njn; �;H2) : (6:6)

We proceed to bound the �rst term on the right-hand side. De�ne

Xk = log
f2(Yk juk)

f1(Yk juk)
;

so that Xn (the corresponding sample mean) coincides with Ln. �u, the logarithmic m.g.f.

corresponding to Xk conditioned on uk = u, was speci�ed in (6.5). Before applying the lower

bounds of Section 5, we note that Eu(X) � 0 (by Jensen's inequality), and further that ��u(x)

(the Legendre transform of �u) is �nite and continuous at x = 0. To establish the latter it is

enough to show that (the convex function) ��u(x) is �nite in some neighborhood of zero. Indeed,

if �u1 6= �u2 (as assumed) then X obtains both negative and positive values, namely Pu(X > 0) � �

and Pu(X < 0) � � for some � > 0. This implies that �u(�) � log(�ej�j�), so that for every

x 2 [��; �] :

��u(x) � sup
�

fjxjj�j � log �� j�j�g � � log � <1 :

By Assumption C and the remark at the end of the last section, the lower bound of Theorem

5.1 is applicable. Recalling that �n ! 0 and that ��u(x) is non-decreasing for x � 0 (Lemma 3.1)

and continuous at x = 0 (as just established), this lower bound implies

lim inf
n!1

inf
�

1

n
log P (Ln � �njn; �;H1) = �max

u
��u(0) = �I(�u1 ; �

u
2) ; (6:7)

where the last equality follows by direct calculation or by comparison with (6.1){(6.2). Turning

to the second term in (6.6), a symmetric argument yields

lim inf
n!1

inf
�

1

n
logP (Ln < �njn; �;H1) = �max

u
I(�u1 ; �

u
2) ;
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which together with (6.6) and (6.7) yields the the lower bound part of the theorem. Furthermore,

observe that equality in the above lower bounds for the two conditional errors may be attained

by the same sampling policy, e.g. the stationary policy un � u�. It follows that this policy attains

the lower bound also for the unconditional error, which completes the proof. 2

The result has two implications. First, it supplies an asymptotic estimate for the error prob-

ability under the optimal sampling policy (for �xed n). It also implies that the simple policy of

repeating a single \best" experiment is asymptotically comparable to any other, in terms of the

exponential decay rates.

As noted in the proof, a key fact is that two conditional errors are simultaneously minimized

by the same sampling policy. This is a fortunate consequence of using the optimal likelihood ratio

test, whose optimality depends on balancing the two conditional errors.

6.2 Maximal Error Probabilities

We next consider sampling policies which maximize the probability of error. This problem may be

of interest when the choice of experiments is not controlled by the statistical decision maker (who

is still interested in minimizing errors, and continues to use the likelihood ratio test). Indeed, it

may be \controlled" by Nature, in which case we are performing worst-case error analysis; or it

may be controlled by another decision maker with opposing interests (e.g., an airplane seeking

to avoid detection or identi�cation by a radar). Depending on the situation, it may or may

not be reasonable to allow here for dependence of the sampling policy on the true hypothesis;

interestingly enough, the following result holds in both cases.

Theorem 6.2 Assume C. Then

lim sup
n!1

sup
�

P (ejn; �) � � min
q2�(U)

��q(0) ;

and equality is obtained by the (possibly randomized) stationary sampling policy q, where q is a

minimizer of ��q(0).

The proof is similar to the previous one, and follows from the upper bound of Proposition 4.1.

As before, this result implies that the extremal decay rate (corresponding here to maximized error

probabilities) can be obtained by simple sampling policies which do not make use of observations

from past experiments. However, the use of more than one type of experiment may now be

required. This may be performed by a stationary randomized policy, or by the deterministic

alternative outlined in Lemma 4.1.

6.3 Multiple Hypotheses

We consider briey the possible generalization to the multiple-hypotheses case. The problem is

the same, except that there are J > 2 (simple) hypotheses denoted fH1; ; . . . ; HJg. Thus, each
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hypothesis Hj corresponds to a collection of probability densities ffj(�ju); u 2 Ug. Assume for

simplicity that the prior probabilities are equal. Given the data sequence fu1; Y1; . . . ; un; Yng, the

optimal decision rule is to choose the hypothesis j� which maximizes the likelihood function. This

may be written, similarly to the two-hypothesis case, as: j� = argmaxj Ln(j), where

Ln(j) =
1

n

nX
k=1

log
fj(Ykjuk)

f1(Ykjuk)
:

(Note thatLn(1) � 0.) Let us consider the probability of error given thatH1 is the true hypothesis,

and the sampling policy is �. Denoting by IP�
1 the corresponding probability measure, we have

P (ejn; �;H1) = IP�
1f max

j=2...J
Ln(j) > 0g = IP�

1f
~Ln(j) 2 �0g ;

where ~Ln = (Ln(2); . . . ; Ln(J)) and �0 = fx 2 IRJ�1 : maxj xj > 0g. As in the two-hypotheses

case, one may consider ~Ln as the sample mean of a (vector-valued) controlled i.i.d. process, and

attempt to apply the general bounds from the previous sections. In the case of the upper bound

(maximum error probabilities), this approach indeed yields the analogue of Theorem 6.2. However,

when the lower bound is considered (minimal error probabilities), a crucial observation is that the

set �0 is no longer convex for J > 2. Thus Theorem 5.1 is not applicable, and the gap noted in

Section 5 between stationary and non-stationary (history-dependent) sampling policies exists. In

other words, in the multiple-hypotheses case, planning future experiments according to the results

of previous ones may signi�cantly improve the asymptotic error probabilities. Computation of the

decay rate for the minimized error probabilities remains in this case an interesting open problem,

which is closely related to the non-convex lower bound problem of Section 5.

7 Concluding Remarks

We mention here some problems for further research. Investigation of the lower bound for non-

convex sets (Section 5) has not been exhausted here, and tight bounds for this case (as well as

non-stationary policies which attain them) are yet to be derived. The problem considered in this

paper, namely extremal large deviations for controlled processed, may be generalized in several

directions. These include higher level large deviations (e.g., large deviations of the empirical

distribution), as well as more general controlled processes (e.g. controlled Markov processes).
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