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Abstract. A Monte Carlo study of the least squares estimator of the regression model with

autocorrelated errors is presented. The model contains a stationary explanatory variable and a

random walk explanatory variable. The error model is a �rst order autoregressive model and the

unit root case is included in the simulations. The limiting distribution of the regression pivotals for

the basic model are normal, while the statistics for the autoregressive coe�cient have a distribution

that depends on the true parameter. The agreement between the Monte Carlo results and the

asymptotic theory depends upon the autoregressive coe�cient and on the nature of the explanatory

variable.
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1. Introduction. The regression model with autocorrelated errors is a natural

model to use in many situations where the regression variables are observed over

time. The basic model can be written as

Yt = Xt� + ut; t = 1; 2; . . .(1.1)

ut =

pX

i=1

�iut�i + et; t = 1; 2; . . .(1.2)

whereXt is a q-dimensional row vector of explanatory variables, ut is the unobserved

error and fetg is a sequence of zero mean random variables that are independent, or

that satisfy conditions, such as those of martingale di�erences, that lead to behavior

similar to that of independent random variables. Let

(1.3) mp �

pX

i=1

�im
p�1 = 0

be the characteristic equation associated with the autoregressive process.

By substituting the de�nition of ut from (1.1) into (1.2), we obtain

(1.4)
Yt = Xt� +

pX

i=1

�i(Yt�i �Xt�i�) + et

= f(Zt; �) + et;



where Zt = (Xt; Yt�1;Xt�1; . . . ; Yt�p;Xt�p) and �0 = (�0; �1; �2; . . . ; �p). Given a

sample of n observations (Yt; Zt), t = 1, 2; . . . ; n, the problem is to estimate �.

Model (1.4) can also be written as

(1.5) Yt = Xt� +

pX

i=1

Xt�i�i +

pX

i=1

�iYt�i + et;

where �i = ��i�. Model (1.5) is linear in the parameters �, �i, and �i. How-

ever, the matrix of sums of squares and products for n observations on the vector

(Xt;Xt�1; . . . ;Xt�p) may be singular. For example, the matrix will be singular if

the intercept is included in the model. Let � be the portion of (�0; � 01; �
0

2; . . . ; �
0

p; �1,

�2; . . . ; �p) associated with the part of the vector (Xt; . . . ;Xt�p) that has a non-

singular sum of squares and products matrix. We call the ordinary least squares

estimator of �, denoted by �̂, the unrestricted least squares estimator.

If the largest root of the characteristic equation (1.3) is less than one in absolute

value, Theorem 1 of Fuller, Hasza and Goebel (1981) can be used to show that the

limiting distribution of the regression pivotal for the ordinary least squares estimator

of an element of � is normal for a wide range of explanatory variables.

If the largest root is equal to one, the limiting distribution of the least squares

coe�cient associated with that root is not normal and the limiting distribution

depends on the explanatory variables in the equation. See Dickey and Fuller (1979),

Fuller (1984), Fuller, Hasza and Goebel (1981), Phillips and Durlauf (1986), and

Chan and Wei (1988).

De�ne the least squares estimator of �, denoted by ~� of model (1.4), to be the

value of � that minimizes

(1.6) Qn(�) =
nX

t=1

[Yt � f(Zt; �)]
2:

We sometimes call this estimator the restricted estimator.

The limiting properties of the least squares estimator of � depend on the prop-

erties of the sequence fXtg, on the properties of the sequence fetg and on the roots

of the characteristic equation. Nagaraj and Fuller (1989) have given a theorem for

the estimation of a linear model subject to nonlinear restrictions that is applicable

to the model de�ned by (1.1) and (1.2). The theorem permits the sum of squares

of the explanatory variables to grow at di�erent rates. For example, the vector Xt

could contain a stationary variable, a time trend and (or) a random walk.

An interesting special case of model (1.1, 1.2) is the model with a random walk

explanatory variable. Let

(1.7)
Yt = �0 + �1Zt + ut;

u = �u + e



or as

(1.8)

Yt = �0(1 � �) + (�1 � ��1 + ��01)Zt�1 + �1(Zt �Zt�1)

+ �(Yt�1 � �01Zt�1) + et;

= Xt + et ;

where �01 is the true value of �1,  = [�0(1 � �); �1 � ��1 + ��0; �1; �]0, and

Xt = [1; Zt�1; Zt � Zt�1; Yt � �01Zt�1]. The transformed version of the model in

(1.8) is only used to identify the limiting distribution. It cannot be used in the

actual estimation because �01 is unknown. The transformation is used to de�ne

the limiting distribution in some important cases. For example, if � = 1, then the

correlation between Zt and Zt�1 converges to one. Therefore, the limit of the nor-

malized sums of squares and product matrix of the original variables is singular.

The transformation to the parameter vector  removes the singularity.

Let � = 1 and write the transformed model as

Yt = 0 + 1Zt�1 + 2(Zt � Zt�1) + 3(Yt�1 � �0
1Zt�1) + et;

where the true value of 0 is zero. Then it can be shown that the regression pivotal

for the unrestricted least squares estimator of 1 converges in distribution to

(1.9)
Tab �WaTb � 1=2(�bb �W 2

b )
�1(�ba �WbWa)(T 2

b � 1� 2TbWb)

[�aa �W 2
a � (�bb �W 2

b )
�1(�ba �WbWa)]1=2

;

where

(�aa;�bb;�ab) =

1X

i=1

�2i (a
2

i ; b
2

i ; aibi);

Tab =

1X

i=1

1X

j=1

vijaibj ;

Tb =
1X

i=1

21=2�ibi;

(Wa;Wb) =
1X

i=1

21=2�2i (ai; bi);

vij = 2[�j + �i]
�1�2i �j ;

(ai; bi) � NI(0; I) and �i = (�1)i+12[(2i� 1)�]�1:

The regression pivotal for 3 in the unrestricted model with � = 1 converges in

distribution to



Phillips (1986) and Phillips and Durlauf (1986) for a di�erent representation of the

limiting distribution.

Using the results of Nagaraj and Fuller (1989), it can be shown that the limiting

distribution for the estimator of 2 under the restricted model is the same as under

the unrestricted model. The limiting distribution of the regression pivotal for the

estimator of � under the restricted model is the distribution of

�̂� =
1=2(T 2

b � 1� 2TbWb)

(�bb �W 2
b )

1=2
;

where the distribution of �̂� is tabulated in Fuller (1976).

Because the model (1.4) is a restricted version of the model (1.5), it is natural

to consider a test of the restrictions. One test is constructed by analogy to the

F -test in linear regression. This test is

(1.11) F = (df � dr)
�1(n� df )[Qn(�̂)]

�1[Qn(~�) �Qn(�̂)];

where df is the number of parameters in the full model associated with �, dr = p+q

is the number of parameters in the restricted model and Qn(�̂) is the residual sum

of squares from the unrestricted model. Provided the unrestricted estimator has

a limiting distribution, Corollary 2 of Nagaraj and Fuller (1989) can be used to

obtain the limiting distribution of the test statistic. In model (1.7) with � = 1, the

limiting distribution of the test statistic is the square of (1.9).

We use the Monte Carlo method to study the small sample behavior of the least

squares estimator for a regression model with two regressors and an intercept. The

error in the regression is a �rst order autoregression. One of the regressors is the

normal random walk and the other is a sequence of independent N(0; 1) random

variables.

There are some Monte Carlo experiments in the literature related to model

(1.1). For example, Rao and Griliches (1969) study the model with a stationary

regressor and stationary �rst order autoregressive error process. A regression model

with a regressor which follows a random walk and errors which follow a stationary

�rst order autoregression was considered by Kr�amer (1986). The Monte Carlo

experiment in Kr�amer (1986) compared the ordinary least squares estimator to

the corresponding generalized least squares estimators constructed with the true

parameter of the error process. The generalized least squares estimator is the best

linear unbiased estimator for the regression parameters. However, the generalized

least squares estimator is generally unattainable in practice because it requires

knowledge of the variance-covariance matrix of the errors.

2. Monte Carlo Study. The model of our study is an extension of the model

considered by Kr�amer (1986). Our model contains two regressors and we include

nonstationary autoregressive errors in our study. The model is



where �0 = 0, �1 = 1, �2 = 1, and et � NI(0; 1). The sequence fX1tg in the model

(2.1) is a random walk generated by the following stochastic di�erence equation,

X1t = X1;t�1 + wt; t = 1; 2; . . . ; n

= 0; t = 0

where wt � NI(0; 1). The X2t are NI(0; 1) random variables independent of wt.

The sequence futg is independent of the sequence fX1t;X2tg. The sum of squares

of X1t is order in probability n2 and the sum of squares of X2t is order in probability

n. We rewrite the model as

(2.3)

Y1 = �0 + �1X11 + �2X21 + u1;

Yt = �0(1� �) + �1X1t � �1�X1;t�1 + �2X2t � �2�X2;t�1 + �Yt�1 + et;

t = 2; 3; . . . ; n:

Because of the degeneracy of model (2.3) associated with � = 1, we de�ned a new

parameter �� = �0(1 � �). Although the parameter �� is zero under model (2.1)

with � = 1, we estimated �� in all cases.

Let � = (��; �1;��1�; �2;��2�; �) and let �̂ be the unrestricted least squares

estimator of �. The correlation between X1t and X1;t�1 approaches one as the sam-

ple size increases. Therefore, it is necessary to transform the independent variables

with a transformation such as that described in Fuller, Hasza and Goebel (1981)

to de�ne the limiting distribution of the transformed unrestricted least squares es-

timator. The limiting distribution of the transformed parameter vector depends

upon the parameters. In particular, the limiting distribution of the estimator of �

(the coe�cient of Yt�1) depends on the value of �. The limiting distribution of the

regression pivotal for � is given in (1.10). The addition of the stationary process to

the model (1.7) does not alter the limiting distribution of the estimator of �.

It can be shown that assumptions of Theorem 1 of Nagaraj and Fuller (1989)

are satis�ed for the model (2.1) and (2.2) for all values of � in the interval [�1; 1].

Hence, the restricted least squares estimator, properly normalized, has a limiting

distribution.

Samples were generated for several values of � in the range �1 to 1. Because

the values of � close to 1 or �1 are more interesting than the values of � close to

zero, more values of � close to the boundary were used in the study.

The nonlinear least squares estimators were obtained using the Gauss-Newton

method. Estimation of the model (2.3) by the Gauss-Newton method consists of

repeated regressions using derivatives evaluated at the estimates from the previous

step as independent variables, and using the residuals êt from the previous step as

h d d i bl S S i 5 5 f F ll (1976) f d i i f h



Using the last n�1 rows of the Table 1, four Gauss-Newton iterations were per-

formed. The �rst iteration used the coe�cients of (X1t;X2t; Yt�1) in the regression

of Yt on (X1t;X1;t�1;X2t;X2;t�1; Yt�1) as start values for � and �, respectively. The

estimate of � was restricted to the interval [�1; 1] at the end of each iteration. If the

estimate of � was less than one in absolute value at the end of four iterations then

the �fth iteration was performed using all n observations. During the last iteration,

the �rst observation was weighted by the factor (1 � �2)1=2 as illustrated in Table

1. If the estimate of � was either �1 or 1 at the end of the four iterations, the �fth

iteration was based on only the last n � 1 observations of Table 1. The nonlinear

least squares estimator obtained by this procedure is denoted by (~��; ~�1; ~�2; ~�).

Table 1. Matrix used in estimation.

t �0(1� �) = �� �1 �2 �

1 (1� �2)1=2(1� �)�1 (1 � �2)1=2X11 (1� �2)1=2X21 0

2 1 X12 � �X11 X22 � �X21 u1

3 1 X13 � �X12 X23 � �X22 u2
...

...
...

...
...

n 1 X1n � �X1n�1 X2n � �X2n�1 un�1

The usual \t-statistics" are constructed using the estimated standard errors

obtained at the last iteration. For example, the t-statistic, t~�1, for �1 is

t~�1 = [ ~V f~�1g]
�1=2( ~�1 � �01);

where ~V f~�1g is the second diagonal element of the inverse of the sum of squares

and cross products matrix for the derivatives multiplied by s2, and s2 is the residual

mean square obtained at the last iteration.

For model (2.1, 2.2), the \t-statistics" corresponding to the regression param-

eters (�0; �1; �2) are distributed as standard normal random variables, asymptot-

ically, for j�j < 1. The \t-statistic" corresponding to the parameter � also has a

limiting normal distribution when the true value of � is strictly less than one in

absolute value.

If � = 1, the pivotal statistic corresponding to � has the same limiting distri-

bution as the �� statistic characterized in Fuller (1976, Chapter 8). If � = �1,

the limiting distribution of the pivotal is the limiting distribution of �� . When

j�j = 1, the limiting distributions of the \t-statistics" for ~�1 and ~�2 are independent

of ~� However the distribution of the t statistic for � is not normal and is not



dard errors of the estimates in Table 4 are about 0.18.

Table 2. Empirical percentiles of t~�1 for 1000 samples.

n = 25 n = 100

� 5% 95% 5% 95%

1:00 �2:29 2:23 �1:77 1:75

0:99 �2:25 2:20 �1:86 1:78

0:95 �2:42 2:35 �1:85 2:24

0:90 �2:29 2:77 �1:96 1:99

0:70 �2:27 2:56 �1:90 2:00

0:50 �2:30 2:14 �1:87 1:89

0:25 �1:97 1:86 �1:82 1:75

0:00 �1:94 1:91 �1:69 1:67

�0:25 �1:80 1:86 �1:69 1:71

�0:50 �1:76 1:71 �1:69 1:65

�0:70 �1:62 1:77 �1:61 1:58

�0:90 �1:59 1:60 �1:54 1:56

�0:95 �1:62 1:65 �1:48 1:66

�0:99 �1:56 1:74 �1:76 1:60

�1:00 �1:68 1:65 �1:75 1:65

N(0; 1) �1:65 1:65 �1:65 1:65

Table 3. Empirical percentiles of t~�2 for 1000 samples.

n = 25 n = 100

� 5% 95% 5% 95%

1:00 �1:63 1:68 �1:64 1:66

0:99 �1:66 1:55 �1:53 1:67

0:95 �1:83 1:77 �1:53 1:63

0:90 �1:55 1:63 �1:63 1:68

0:70 �1:65 1:78 �1:58 1:58

0:50 �1:67 1:74 �1:60 1:64

0:25 �1:63 1:91 �1:75 1:55

0:00 �1:73 1:78 �1:80 1:73

�0:25 �1:73 1:76 �1:70 1:71

�0:50 �1:81 1:72 �1:58 1:64

�0:70 �1:60 1:66 �1:75 1:71

�0:90 �1:64 1:70 �1:65 1:71



Table 4. Empirical percentiles of t~� for 1000 samples.

n = 25 n = 100

� 5% 95% 5% 95%

1:00 �3:27 0:00 �3:69 0:00

0:99 �9:37 0:11 �5:83 0:13

0:95 �4:06 0:39 �2:87 0:75

0:90 �3:15 0:52 �2:39 0:92

0:70 �2:52 0:96 �2:10 1:15

0:50 �2:38 1:31 �2:01 1:35

0:25 �2:16 1:21 �2:02 1:51

0:00 �2:23 1:33 �1:86 1:32

�0:25 �1:94 1:43 �1:75 1:43

�0:50 �1:80 1:29 �1:81 1:59

�0:70 �1:69 1:30 �1:64 1:65

�0:90 �1:44 1:60 �1:42 1:71

�0:95 �1:10 1:49 �1:28 1:62

�0:99 �0:55 1:54 �1:06 1:85

�1:00 0:00 1:68 0:00 1:87

N(0; 1) �1:65 1:65 �1:65 1:65

�� �3:00 0:00 �2:89 �0:05

�� �1:33 1:95 �1:29 1:95

When n = 25, the percentiles for the pivotal associated with the random walk

explanatory variable are close to those of a N(0; 1) variable if � is less than �0:70.

When n = 100, the percentiles di�er from those of the normal distribution by a

considerable amount for � in the range 0.7 to 0.95, but the agreement is quite good

for � less than zero. The deviation from normality is partly explained by the serious

downward bias in ~� for � close to 1.00.

The percentiles of t~�2 for the coe�cient of the normal (0; 1) explanatory variable

are closer to the limiting distribution than are those of the coe�cient of the random

walk explanatory variable for all parameter con�gurations, except n = 25 and

� = �1.

The regression pivotals for the estimated autocorrelation coe�cient are given

in Table 4. The small sample bias in the estimator is clear from this table. Because

the random walk has a very high positive sample autocorrelation, the estimator of

a positive � has a large negative bias Even for � 0 and n 100 the negative



The Monte Carlo distribution becomes closer to the normal approximation as the

sample size is increased.

The generalized least squares estimator of (�0; �1; �2) was computed for each

sample using the true value of �. The generalized least squares estimators of the

regression parameters are conveniently obtained by a regression where the vari-

ables are de�ned in Table 1. The last n � 1 observations are (Yt � �Yt�1; 1;X1t �

�X1t�1;X2t � �X2t�1). For values of � other than �1 and 1 the �rst observation

in the regression is that given in the �rst row of Table 1. When � is either 1 or �1

the �rst observation is deleted from the sample. We denote the generalized least

squares estimator of (�1; �2) by (�̂1GLS ; �̂2GLS ).

For our model with estimated (�1; �2; �), it can be shown that the limiting distri-

bution of the nonlinear least squares estimator of (�1; �2) is the same as the limiting

distribution of the generalized least squares estimator constructed with known �.

Table 5 compares the Monte Carlo variances of the nonlinear least squares esti-

mator of (�1; �2) with the infeasible generalized least squares estimator of (�1; �2).

The ratios of the empirical variance of the nonlinear least squares estimator to the

empirical variance of the generalized least squares estimator for various values of

� are given in the table. The convergence of the nonlinear least squares estimator

to the limiting form is faster for the N(0; 1) variable than for the random walk

explanatory variable. Convergence is slowest for � near to, but not too near to, one.

Table 5. Ratios of the variance of the nonlinear least squares

estimator to the variance of the generalized least squares estimator.

n = 25 n = 100

� ~�1 ~�2 ~�1 ~�2

1:00 1:27 1:04 1:06 1:00

0:99 1:28 1:05 1:09 1:00

0:95 1:35 1:06 1:17 1:00

0:90 1:28 1:09 1:19 1:01

0:70 1:27 1:07 1:12 1:01

0:50 1:40 1:10 1:08 1:03

0:25 1:16 1:15 1:06 1:03

0:00 1:21 1:14 1:03 1:03

�0:25 1:12 1:09 1:00 1:04

�0:50 1:04 1:09 1:00 1:03

�0:70 1:04 1:04 1:00 1:01

�0:90 1:03 1:02 1:00 1:00



It can be shown that the limiting distribution of the test statistic (1.7) is that

of a chi-square random variable with two degrees of freedom divided by its degrees

of freedom when j�j < 1. This follows from the fact that the unrestricted estima-

tors standardized by the square root of the sums of squares have limiting normal

distributions.

If � = 1, the limiting distribution of the test statistic is the average of two

random variables. The �rst variable in the test statistic is associated with the

stationary variable and is a one-degree-of-freedom chi-square random variable. The

second variable in the test statistic is independent of the �rst and the limiting

distribution of the second variable is the distribution of the square of the pivotal

given in (1.9). If � = �1, the limiting distribution of the test statistic is the average

of two random variables, where the �rst is a chi-square random variable and the

second is the square of variable like (1.9), but without the mean adjustment parts.

The 5% and 95% points of the distribution of the test statistics are given in the last

part of Table 6. The statistic denoted by 1=2(�2 + �2�) is the statistic for � = 1.

The percentage points are based upon a Monte Carlo run of size 10,000.

Table 6. Empirical percentiles of test statistic.

n = 25 n = 100

� 5% 95% 5% 95%

1:00 0:07 4:83 0:08 4:33

0:99 0:09 5:01 0:08 5:48

0:95 0:09 5:33 0:07 4:26

0:90 0:07 4:81 0:08 3:63

0:70 0:06 3:76 0:06 3:05

0:50 0:05 3:61 0:06 3:05

0:25 0:05 3:43 0:05 3:21

0:00 0:05 3:42 0:05 3:31

�0:25 0:05 3:55 0:05 3:02

�0:50 0:05 3:39 0:05 3:00

�0:70 0:05 3:31 0:05 2:90

�0:90 0:06 3:31 0:04 2:85

�0:95 0:04 3:10 0:05 2:87

�0:99 0:06 3:09 0:06 3:46

�1:00 0:05 3:36 0:06 2:95

F (2; n� 6) 0:05 3:55 0:05 3:09

1=2(�2 + �2) 0:04 3:79 0:04 3:79



Table 6 contains the 5% and 95% points of the Monte Carlo distribution of

the test statistics based upon 1000 samples. For � = 0, the percentiles of the

test statistic are close to those of the F -distribution. For � close to one, the 95-

th percentage points for both sample sizes are beyond that of the F -distribution

and beyond the limiting distribution of the test statistic for � = 1. For � close to

negative one, the percentage points are close to those of the F -distribution. For

� = +1, and n = 100 the observed percentage points are in reasonable agreement

with those of the limiting distributions.
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