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Abstract. In this paper we characterize those linear operators on general matrices that preserve
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1. Introduction. We introduce some notation to facilitate our discussion.

Cm�n := the set of all m� n complex matrices;

Gl(m) := the set of all nonsingular m�m matrices;

Herm(m) := the set of all m�m Hermitian matrices;

U (m) := the set of all m�m unitary matrices:

For 1 � i � m; 1 � j � n, let Eij denote the m� n matrix with 0 everywhere except
1 at the (i; j) position. Then fEijg is a basis for Cm�n. We also adopt the following
notation.

sing(A) := the singular values of a matrix A (including multiplicity);

eigen(A) := the eigenvalues of a Hermitian matrix A (including multiplicity);

rank(A) := the rank of a matrix A;

inertia(A) := the inertia of a Hermitian matrix A:

For A 2 Cm�n; rank(A) = k if and only if A has exactly k nonzero singular values.
For A 2 Herm(m); inertia(A) = (p; n; z) if and only if A has p positive, n negative
and z zero eigenvalues, m = p + n+ z.

We are interested in the spectral properties of matrices that are Toeplitz or nearly
Toeplitz. As a consequence, we are interested in linear operators that preserve these
properties. We know of only one previous result in this direction. It is the following
theorem due to Chu [1992]. Let Em denote the m �m exchange matrix de�ned by

Em(i; j) := �(i;m + 1� j):

where � denotes the Kronecker delta. For example, when m = 3,

E3 =

0
@

0 0 1
0 1 0
1 0 0

1
A :

We write E in place of Em when m is easily determined from the context.
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Theorem 1.1. Let Q be an m � m orthogonal matrix. Then the following

conditions are equivalent:

(*) If A is an m�m symmetric Toeplitz matrix then so is QAQT .

(**) The matrix Q is one of the following:

�I; �E; �I0; �I0E

where I denotes the m�m identity matrix and I 0 := Diag(�1; (�1)2; . . . ; (�1)m�1).
His techniques can be used to characterize nonzero linear operators on Hermitian

matrices which preservse both eigenvalues and Toeplitz structure. We shall report
results along this line in a future paper.

In this report, we study the nonzero linear operators which preserve spectra and
displacement structure. We begin by recalling the relevant de�nitions. Let Zm denote
the m �m (lower) shift matrix de�ned by

Zm(i; j) := �(i; j + 1):

For example, when m = 3,

Z3 =

0
@

0 0 0
1 0 0
0 1 0

1
A :

We write Z in place of Zm when m is easily determined from the context. Let r be
the linear operator de�ned by

r := Cm�n �! Cm�n : X �! X � ZmXZ
T
n :

For A 2 Cm�n, the displacement rank of A is de�ned as

dis-rank (A) := rank (r:A):

In the case m = n, r preserves Hermitian matrices. For A 2 Herm(m), the displace-

ment inertia of A is de�ned as

dis-inertia (A) := inertia (r:A):

Kailath appears to be one of the �rst to emphasize the importance of the displacement
structure of matrices. We recall a few of the major results in this area in order to
illustrate the signi�cance of these concepts. Note that Toeplitz matrices usually have
displacement rank 2. Hence matrices with low displacement rank are regarded as being
\nearly Toeplitz". The following result shows that displacement rank is preserved
(loosely speaking) under inversion. It is from Kailath, Kung and Morf [1979].

Theorem 1.2. For A 2 Gl(m), dis-rank(A�1) = dis-rank(EAE).
The following inequality, due to Comon [1992], shows that if A has small displace-

ment rank then so does its pseudo-inverse A+ :

dis-rank(A+) � 2 dis-rank(EAE):

Note that Hermitian Toeplitz matrices usually have displacement inertia (1; 1;m �
2). Hence Hermitian matrices with low displacement inertia are regarded as being
\nearly Toeplitz". Similar to displacement rank, displacement inertia is preserved
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(loosely speaking) under inversion. We learned about this theorem from Tiberiu
Constantinescu (Institute of Mathematics of the Romanian Academy of Sciences).

Theorem 1.3. For A 2 Gl(m)\Herm(m), dis-inertia(A�1) = dis-inertia(EAE).
Other versions of displacement structure can be de�ned and theorems analogous to
the last two can often be proved too. See Chun and Kailath [1991], Heinig and Rost
[1984].

The rest of this paper is organized as follows. In section 2, we shall characterize
those linear operators on general matrices that preserve both rank and displacement
rank. As a consequence, we obtain the characterization of those linear operators pre-
serving singular values and displacement rank. The aim of section 3 is to characterize
those linear operators on Hermitian matrices that preserve inertia and displacement
inertia. We also obtain the characterization of those linear operators preserving eigen-
values and displacement inertia. Then we have some concluding remarks in the �nal
section.
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at the University of Minnesota. We thank the members of the IMA for their hospital-
ity. We thank Jack Conn (Department of Mathematics, University of Minnesota) for
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2. Preserving rank and displacement rank. In this section, we shall char-
acterize those nonzero linear operators on Cm�n that preserve both rank and dis-
placement rank. We shall also characterize those that preserve singular values and
displacement rank. Recall that two matrices A;B 2 Cm�n are equivalent if there
exist M 2 Gl(m); N 2 Gl(n) such that B = MAN . Note that A and B are equivalent
if and only if rank(A) = rank(B). The following theorem appears in Horn, Li and
Tsing [1991]. It characterizes the linear operators preserving equivalence.

Theorem 2.1. Let T : Cm�n �! Cm�n be a nonzero linear operator. Then the

following conditions are equivalent:

(*) T:A is equivalent to T:B whenever A is equivalent to B.

(**) There existM 2 Gl(m); N 2 Gl(n) such that either, for allX 2 Cm�n; T:X =
MXN or m=n and, for all X 2 Cm�n, T:X = MXTN .

As consequences of this result, we obtain the characterization of linear operators
preserving rank, and those preserving singular values.

Theorem 2.2. Let T : Cm�n �! Cm�n be a nonzero linear operator. Then the

following conditions are equivalent:

(*) For all X 2 Cm�n; rank(T:X) = rank(X):
(**) There existM 2 Gl(m); N 2 Gl(n) such that either, for allX 2 Cm�n; T:X =

MXN or m=n and, for all X 2 Cm�n; T:X =MXTN .

Proof. (��) ) (�). Direct veri�cation. (�) ) (��). If T preserves rank then it
also preserves equivalence. Hence T has the required forms by Theorem 2.1.

Theorem 2.3. Let T : Cm�n �! Cm�n be a nonzero linear operator. Then the

following conditions are equivalent:

(*) For all X 2 Cm�n; sing(T:X) = sing(X):
(**) There exist U 2 U (m); V 2 U (n) such that either, for all X 2 Cm�n; T:X =

UXV or m=n and, for all X 2 Cm�n; T:X = UXTV .

Proof. (��)) (�). Direct veri�cation. (�)) (��). If T preserves singular values
then it also preserves rank. By Theorem 2.2, there exist M 2 Gl(m); N 2 Gl(n)
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such that either T:X = MXN or m = n and T:X = MXTN . By the singular value
decomposition, M = U1�1U2 and N = V1�2V2 where Ui 2 U (m); Vi 2 U (n), �1 =
Diag(a1; . . . ; am);�2 = Diag(b1; . . . ; bn). We consider the case when T:X = MXN .
If X = U�

2
EijV �

1
then T:X = U1�1E

ij�2V2. Since sing(X) = sing(T:X), we have
aibj = 1. Consequently, a1 = � � � = am =: a; b1 = � � � = bn =: b and ab = 1. This
implies that T:X = UXV where U := U1U2 and V := V1V2. The proof is similar for
the other case.

Now we characterize those linear operators on Cm�n preserving both rank and
displacement rank. For � 2 C, we shall use Dn(�) to denote the n�n diagonal matrix
with diagonal entries 1; �; . . . ; �n�1; in symbols

Dn(�) := Diag(1; �; . . . ; �n�1):

Theorem 2.4. Let T : Cm�n �! Cm�n be a nonzero linear operator. Then the

following conditions are equivalent:

(*) For allX 2 Cm�n; rank(T:X) = rank(X) and dis-rank(T:X) = dis-rank(X):
(**) There exist � 6= 0 and lower triangular Toeplitz matrices M 2 Gl(m); N 2

Gl(n) such that either, for all X 2 Cm�n; T:X = Dm(�)MXNTDn(�
�1) or m=n

and, for all X 2 Cm�n; T:X = Dm(�)MXTNTDn(�
�1).

Before we prove this theorem, we need some preliminary lemmas. The �rst one
is a characterization of matrices that nearly commute with the shift matrix.

Lemma 2.5. Let B 2 Cn�n and � 6= 0. Then the following conditions are

equivalent:

(*) BZn = �ZnB:

(**) There exists a lower triangular Toeplitz matrix L such that B = Dn(�)L.
Proof. First we observe that Dn(�)Zn = �ZnDn(�). (�) ) (��). Let L :=

Dn(�
�1)B. Then LZn = ZnL. By comparing entries, one deduces that L is a lower

triangular Toeplitz matrix. (��)) (�). Since L is a lower triangular Toeplitz matrix,
there exists a polynomial p(x) such that L = p(Zn). Hence BZn = Dn(�)LZn =
Dn(�)p(Zn)Zn = Dn(�)Znp(Zn) = �ZnDn(�)p(Zn) = �ZnDn(�)L = �ZnB:

Next we collect some basic results about the Kronecker product. For A 2 Cn�n

and B 2 Cm�m, recall that A
B : Cm�n �! Cm�n is a linear operator which may
be de�ned by

(A
 B):X := BXAT :

We prefer this \coordinate-free" de�nition to the usual one. (Compare Horn and
Johnson [1991] or Graham [1981] or Lancaster and Tismenetsky [1985] ). A funda-
mental property (which is easy to verify using this de�nition) is that

(A 
B) � (C 
D) = (AC 
BD)

where � denotes the composition of two operators. Moreover it can be proved that
eigen(A 
 B) = f�i�j : 1 � i � n; 1 � j � mg where eigen(A) = f�i : 1 � i � ng
and eigen(B) = f�j : 1 � j � mg. Hence tr(A 
 B) = (trA)(trB). The next result,
which is taken from Marcus and Moyls [1959], is a form of uniqueness for Kronecker
product representations.

Lemma 2.6. Let Xi;Wi 2 Cn�n and Yi; Vi 2 Cm�m. If
Pr

i=1Xi 
 Yi =Ps

i=1Wi
Vi. and the Xi are linearly independent then each Yi 2 SpanfV1; . . . ; Vsg.
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Proof. Since the Xj are linearly independent, for each i there exists Pi such that
tr(PiXj) = �(i; j). Then, by \contraction", we have

Yi =

sX
j=1

tr(PiWj) Vj :

Corollary 2.7. Let Xi 2 Cn�n and Yj 2 Cm�m. If fXig and fYjg are linearly

independent sets of matrices then fXi 
 Yjg is a linearly independent set.

Proof. Assume
P

i;j aijXi 
 Yj = 0. We rewrite this equation as

X
i

[Xi 
 (
X
j

aijYj)] = 0:

Use Lemma 2.6 (with all Wi = 0) to conclude that, for all i,

X
j

aijYj = 0:

Since the Yj are linearly independent, aij = 0 for all i; j.
Corollary 2.8. Let X 2 Gl(n); Y 2 Gl(m). Then fX 
 Y; ZnX 
 Y;X 


ZmY; ZnX 
 ZmY g is a linearly independent set.

Proof. Since X 2 Gl(n), fX;ZnXg is a linearly independent set. Similarly
fY; ZmY g is a linearly independent set. Apply Corollary 2.7 to obtain the required
result.

The following result appears in Horn and Johnson [1991] and Graham [1981].
Lemma 2.9. Let trans := Cn�n �! Cn�n : X �! XT denote the linear operator

of taking transpose. Then trans has the following Kronecker product representation:

trans =

nX
i;j=1

Eij 
Eji

where Eij is the n� n matrix with 0 everywhere except 1 at the (i,j) position.

Proof. For X = (xij) 2 Cn�n, note that EjiXEji = xijE
ji. Now we have

trans:X = XT =
X
i;j

xijE
ji =

X
i;j

EjiXEji =
X
i;j

Eij 
 Eji:X:

We adopt the convention that Eij = 0 if i > n; j > n; i < 1; or j < 1. Then it is
easy to verify that ZEij = E(i+1)j, and EijZ = Ei(j�1). With this observation, we
are ready to prove the next lemma.

Lemma 2.10. If P;Q;R; S 2 Cn�n are such that

(In 
 In � Zn 
 Zn) � (Q 
 P ) = (S 
 R) � trans � (In 
 In � Zn 
 Zn)

then at least one of fP;R; Sg is singular.

Proof. Assume that P;R; S 2 Gl(n). By Lemma 2.9, trans =
Pn

i;j=1E
ij 
 Eji.

Hence

(In 
 In � Zn 
 Zn)(Q
 P ) = (S 
R)(

nX
i;j=1

Eij 
Eji)(In 
 In � Zn 
 Zn):
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Since

nX
i;j=1

(Eij 
 Eji)(In 
 In � Zn 
 Zn) =

nX
i;j=1

Eij 
 Eji � Ei(j�1) 
Ej(i�1)

=

nX
i;j=1

Eij 
 Eji � Eij 
 E(j+1)(i�1)

=

nX
i;j=1

Eij 
 (Eji � E(j+1)(i�1))

we have

Q
 P � ZnQ
 ZnP =

nX
i;j=1

SEij 
R(Eji �E(j+1)(i�1)):

Note that fSEijg is a linearly independent set. Use Lemma2.6 to conclude that, for all
i; j; R(Eji�E(j+1)(i�1)) 2 SpanfP;ZnPg: In particular, RE

11; RE21; R(E12�E21) 2
SpanfP;ZnPg: Hence

3 = dim SpanfRE11; RE21; R(E12 � E21)g � dim SpanfP;ZnPg = 2:

This is a contraction.
Lemma 2.11. If P;R 2 Gl(m) and Q;S 2 Gl(n) satisfy

(In 
 Im � Zn 
 Zm) � (Q
 P ) = (S 
 R) � (In 
 Im � Zn 
 Zm)

then there exist � 6= 0 and lower triangular Toeplitz matrices N 2 Gl(n);M 2 Gl(m)
such that Q = Dn(�

�1)N and P = Dm(�)M .

Proof. Note that we can rewrite the given equation as follows:

Q
 P � ZnQ
 ZmP = S 
 R� SZn 
 RZm:(1)

By Lemma 2.6, S; SZn 2 SpanfQ;ZnQg; i.e. there exist �; �; ; � 2 C such that

S = �Q+ �ZnQ and SZn = Q + �ZnQ:

Note that S = (�I + �Zn)Q has rank n; hence � 6= 0. Also note that SZn =
(I + �Zn)Q has rank n � 1; hence  = 0. Furthermore 0 6= SZn = �ZnQ and hence
� 6= 0. In summary, we have

S = �Q+ �ZnQ and SZn = �ZnQ:

where � 6= 0 and � 6= 0. Similarly, we get

R = aP + bZmP and RZm = dZmP

where a 6= 0 and d 6= 0. Substituting back into the equation (1), we deduce that, by
Corollary 2.8, � = 0, b = 0 and �a = �d = 1. Thus

S = �Q; SZn = �ZnQ

R = aP; RZm = dZmP
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and hence

��1ZnQ = QZn and �ZmP = PZm

where � := �
�
= d

a
. By Lemma 2.5,

Q = Dn(�
�1)N and P = Dm(�)M

where M;N are lower triangular Toeplitz matrices of dimension m;n respectively.
We are now ready to prove Theorem 2.4.
Proof. (��) ) (�). It is clear that T preserves rank. It remains to show that T

preserves displacement rank.
Case 1. T:X = Dm(�)MXNTDn(�

�1)
By Lemma 2.5, we have

T:X � Zm(T:X)ZT
n = Dm(�)MXNTDn(�

�1) � ZmDm(�)MXNTD(��1)ZT
n

= Dm(�)MXNTDn(�
�1) � ��1Dm(�)MZmX�Z

T
nN

TD(��1)

= Dm(�)MXNTDn(�
�1) �Dm(�)MZmXZ

T
nN

TD(��1)

= Dm(�)M (X � ZmXZ
T
n )N

TD(��1):

Hence

dis-rank(T:X) = rank(T:X � Zm(T:X)ZT
n )

= rank(X � ZmXZ
T
n )

= dis-rank(X):

Case 2. T:X = Dm(�)MXTNTDn(�
�1)

Using an argument like Case 1, we conclude that T preserves displacement
rank.

(�) ) (��). We assume that T is a nonzero linear operator that preserves rank
and displacement rank. We de�ne T̂ : Cm�n �! Cm�n by

T̂ := (In 
 Im � Zn 
 ZT
m) � T � (In 
 Im � Zn 
 ZT

m)
�1:

Hence

(In 
 Im � Zn 
 ZT
m) � T = T̂ � (In 
 Im � Zn 
 ZT

m):

Since T preserves rank, by Theorem 2.2, there exist P 2 Gl(m); Q 2 Gl(n) such that
either T = Q 
 P or m = n and T = (Q 
 P ) � trans. On the other hand, since
T preserves displacement rank, it follows that T̂ preserve rank. Then, by Theorem
2.2, there exist R 2 Gl(m); S 2 Gl(n) such that either T̂ = S 
 R or m = n and
T̂ = (S 
R) � trans. We have 4 cases to consider.
Case 1. T = Q
 P and T̂ = S 
R

Note that (In
Im�Zn
Z
T
m)�(Q
P ) = (S
R)�(In
Im�Zn
Z

T
m): Then,

by Lemma 2.11, there exist � 6= 0 and lower triangular Toeplitz matrices
N 2 Gl(n);M 2 Gl(m) such that Q = Dn(�

�1)N and P = Dm(�)M .
Consequently, T = Dn(�

�1)N 
Dm(�)M .
Case 2. m = n, T = Q
 P and T̂ = (S 
R) � trans

Note that (In
Im�Zn
Z
T
m)�(Q
P ) = (S
R)�trans�(In
Im�Zn
Z

T
m):

Then, by Lemma 2.10, one of fP;R; Sg is singular, a contradiction.
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Case 3. m = n, T = (Q
 P ) � trans and T̂ = S 
 R

Note that (In
Im�Zn
Z
T
m)�(Q
P )�trans= (S
R)�(In
Im�Zn
Z

T
m):

Using the fact that

(In 
 Im � Zn 
 ZT
m) � trans = trans � (In 
 Im � Zn 
 ZT

m);

we deduce that

(In 
 Im � Zn 
 ZT
m) � (Q
 P ) = (S 
 R) � trans � (In 
 Im � Zn 
 ZT

m):

Then, by Lemma 2.10, one of fP;R; Sg is singular, a contradiction.
Case 4. m = n, T = (Q
 P ) � trans and T̂ = (S 
 R) � trans

Note that (In 
 Im � Zn 
 ZT
m) � (Q 
 P ) � trans = (S 
 R) � trans � (In 


Im � Zn 
 ZT
m): Using the fact that

(In 
 Im � Zn 
 ZT
m) � trans = trans � (In 
 Im � Zn 
 ZT

m);

we deduce that

(In 
 Im � Zn 
 ZT
m) � (Q
 P ) = (S 
R) � (In 
 Im � Zn 
 ZT

m):

Then, by Lemma 2.11, there exist � 6= 0 and lower triangular Toeplitz ma-
trices N 2 Gl(n);M 2 Gl(m) such that Q = Dn(�

�1)N and P = Dm(�)M .
Consequently, T = Dn(�

�1)N 
Dm(�)M . 2

Next we give the characterization of those linear operators on Cn�n preserving
both singular values and displacement rank.

Theorem 2.12. Let T : Cm�n �! Cm�n be a nonzero linear operator. Then

the following conditions are equivalent:

(*) For allX 2 Cm�n; sing(T:X) = sing(X) and dis-rank(T:X) = dis-rank(X):
(**) There exist j�j = j�j = 1 such that either, for all X 2 Cm�n; T:X =

�Dm(�)XDn(�
�1) or m=n and, for all X 2 Cm�n; T:X = �Dm(�)X

TDn(�
�1).

Proof. (��)) (�). Since j�j = j�j = 1; �Dm(�) and Dn(�
�1) are unitary. Hence

T preserves singular values. By Theorem 2.4, we know T also preserves displacement
rank. (�)) (��). Since T preserves singular values, by Theorem 2.3, there exist U 2
U (m); V 2 U (n) such that either T:X = UXV or m = n and T:X = UXTV . On the
other hand, since T preserves both rank and displacement rank, by Theorem 2.4, there
exist � 6= 0 and lower triangular Toeplitz matrices M 2 Gl(m); N 2 Gl(n) such that
either T:X = Dm(�)MXNTDn(�

�1) or m = n and T:X = Dm(�)MXTNTDn(�
�1).

We consider the following 4 cases.
Case 1. T:X = Dm(�)MXNTDn(�

�1) and T:X = UXV .
For allX 2 Cm�n; Dm(�)MXNTDn(�

�1) = UXV . Then there exists � 2 C

such that �Dm(�)M = U and 1

�
NTDn(�

�1) = V . Therefore both �Dm(�)M
and 1

�
NTDn(�

�1) are diagonal and soM = uIm and N = vIn for some u; v 2
C. Moreover j�j = j�j = juvj = 1. Consequently, T:X = �Dm(�)XDn(�

�1)
where � := uv.

Case 2. m = n, T:X = Dm(�)MXNTDn(�
�1) and T:X = UXTV .

For all X 2 Cm�n; Dm(�)MXNTDn(�
�1) = UXTV . Evaluating at X = In,

we get Dm(�)MNTDn(�
�1) = UV . Let W := U�Dm(�)M = V Dn(�)N

�T .
ThenWX = XTW for allX 2 Cm�n. In particular,W commutes with every
diagonal matix. Hence W is a scalar, and so X = XT for all X 2 Cm�n, a
contradiction.
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Case 3. m = n, T:X = Dm(�)MXTNTDn(�
�1) and T:X = UXV .

Using the same argument as in Case 2, we conclude that case 3 is impossible.
Case 4. m = n, T:X = Dm(�)MXTNTDn(�

�1) and T:X = UXTV .
Using the same argument as in Case 1, we conclude that T:X = �Dm(�)X

TDn(�
�1).

3. Preserving inertia and displacement inertia. In this section, we shall
characterize those nonzero linear operators on Herm(n) that preserve both inertia
and displacement inertia. We shall also characterize those preserving eigenvalues and
displacement inertia. Recall that two matrices A;B 2 Herm(n) are �-congruent if
there exists S 2 Gl(n) such that B = SAS� . Note that A and B are �-congruent
if and only if inertia(A) = inertia(B). The following theorem appears in Horn, Li
and Tsing [1991]. It characterizes the linear operators preserving �-congruence. For
simplicity, we write In as I, Zn as Z and Dn(�) as D(�) in the following.

Theorem 3.1. Let T : Herm(n) �! Herm(n) be a nonzero linear operator.

Then the following conditions are equivalent:

(*) T:A is �-congruent to T:B whenever A is �-congruent to B.

(**) There exists S 2 Gl(n) such that either, for all X 2 Herm(n); T:X =
�SXS� or, for all X 2 Herm(n); T:X = �SXT S�.

As consequences of this result, we obtain the characterization of linear operators
preserving inertia and those preserving eigenvalues.

Theorem 3.2. Let T : Herm(n) �! Herm(n) be a nonzero linear operator.

Then the following conditions are equivalent:

(*) For all X 2 Herm(n); inertia(T:X) = inertia(X):
(**) There exists S 2 Gl(n) such that either, for all X 2 Herm(n); T:X = SXS�

or, for all X 2 Herm(n); T:X = SXTS�.

Proof. (��) ) (�). Direct veri�cation. (�) ) (��): If T preserves inertia then
it also preserves �-congruence. Hence, by Theorem 3.1, there exists S 2 Gl(n) such
that either T:X = �SXS� or T:X = �SXT S�. However the cases with minus signs
are ruled out because T preserves inertia.

Theorem 3.3. Let T : Herm(n) �! Herm(n) be a nonzero linear operator.

Then the following conditions are equivalent:

(*) For all X 2 Herm(n); eigen(T:X) = eigen(X):
(**) There exists U 2 U (n) such that either, for all X 2 Herm(n); T:X = UXU�

or, for all X 2 Herm(n); T:X = UXTU�.

Proof. (��)) (�). Direct veri�cation. (�)) (��): If T preserves eigenvalues then
it also preserves inertia. Hence, by Theorem 3.2, there exists S 2 Gl(n) such that
either T:X = SXS� or T:X = SXTS�. Since T preserves eigenvalues, eigen(I) =
eigen(T:I) = eigen(SS� ). Therefore SS� = I and so S 2 U (n).

Now we characterize those linear operators on Herm(n) preserving both inertia
and displacement inertia.

Theorem 3.4. Let T : Herm(n) �! Herm(n) be a nonzero linear operator.

Then the following conditions are equivalent:

(*) For all X 2 Herm(n); inertia(T:X) = inertia(X) and dis-inertia(T:X) =
dis-inertia(X):

(**) There exists j�j = 1 and a lower triangular Toeplitz N 2 Gl(n) such that ei-

ther, for allX 2 Herm(n); T:X = D(�)NXN�D(�)� or, for allX 2 Herm(n); T:X =
D(�)NXTN�D(�)�.

Proof. (��)) (�). It is clear that T preserves inertia. It remains to show that T
preserves displacement inertia.
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Case 1. T:X = D(�)NXN�D(�)�

By Lemma 2.5, we have

T:X � Z(T:X)ZT = D(�)NXN�D(�)� � ZD(�)NXN�D(�)�ZT

= D(�)NXN�D(�)� � ��1D(�)NZX(��)�1ZTN�D(�)�

= D(�)NXN�D(�)� �D(�)NZXZTN�D(�)�

= D(�)N (X � ZXZT )N�D(�)�

Hence

dis-inertia(T:X) = inertia(T:X � Z(T:X)ZT )

= inertia(X � ZXZT )

= dis-inertia(X):

Case 2. T:X = D(�)NXTN�D(�)�

Using an argument like Case 1, we conclude that T preserves displacement
inertia.

(�)) (��). We assume that T is a nonzero linear operator that preserves inertia
and displacement inertia. We de�ne T̂ : Herm(n) �! Herm(n) by

T̂ := (I 
 I � Z 
 ZT ) � T � (I 
 I � Z 
 ZT )�1:

Hence

(I 
 I � Z 
 ZT ) � T = T̂ � (I 
 I � Z 
 ZT ):

Since T preserves inertia, by Theorem 3.2, there exist S 2 Gl(n) such that either
T = �S
S or T = ( �S
S)� trans. On the other hand, since T preserves displacement
inertia, it follows that T̂ preserve inertia. Then, by Theorem 3.2, there exist R 2 Gl(n)
such that either T̂ = �R
R or T̂ = ( �R
 R) � trans. We have 4 cases to consider.
Case 1. T = �S 
 S and T̂ = �R
R

Note that (I
I�Z
ZT )�( �S
S) = ( �R
R)�(I
I�Z
ZT ):Then, by Lemma
2.11, there exist � 6= 0 and lower triangular Toeplitz matrices N;M 2 Gl(n)
such that �S = D(��1)M and S = D(�)N . Hence �M = D(j�j2)N , and so

j�j = 1. Consequently, T:X = D(�)NX(D(�)N )� for all X 2 Herm(n).
Case 2. T = �S 
 S and T̂ = ( �R
 R) � trans

Note that (I 
 I � Z 
 ZT ) � ( �S 
 S) = ( �R
R) � trans � (I 
 I � Z 
 ZT ):
By Lemma 2.10, we get a contradiction.

Case 3. T = ( �S 
 S) � trans and T̂ = �R
R

Note that (I 
 I � Z 
 ZT ) � ( �S 
 S) � trans = ( �R
R) � (I 
 I � Z 
 ZT ):
Using the fact that

(I 
 I � Z 
 ZT ) � trans = trans � (I 
 I � Z 
 ZT );

we deduce that

(I 
 I � Z 
 ZT ) � ( �S 
 S) = ( �R 
R) � trans � (I 
 I � Z 
 ZT );

which leads to a contradiction by Lemma 2.10.
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Case 4. T = ( �S 
 S) � trans and T̂ = ( �R
R) � trans
Note that (I
I�Z
ZT )�( �S
S)�trans = ( �R
R)�trans�(I
I�Z
ZT ):
Using the fact that

(I 
 I � Z 
 ZT ) � trans = trans � (I 
 I � Z 
 ZT );

we deduce that

(I 
 I � Z 
 ZT ) � ( �S 
 S) = ( �R
R) � (I 
 I � Z 
 ZT ):

Then we obtain the required result as in Case 1.

Next we give the characterization of those linear operators onHerm(n) preserving
both eigenvalues and displacement inertia.

Theorem 3.5. Let T : Herm(n) �! Herm(n) be a nonzero linear operator.

Then the following conditions are equivalent:

(*) For all X 2 Herm(n); eigen(T:X) = eigen(X) and dis-inertia(T:X) =
dis-inertia(X):

(**) There exists j�j = 1 such that either, for allX 2 Herm(n); T:X = D(�)XD(�)�

or, for all X 2 Herm(n); T:X = D(�)XTD(�)�.
Proof. (��) ) (�). Since j�j = 1, D(�) is unitary and hence T preserves eigen-

values. From Theorem 3.4, it is clear that T also preserves displacement inertia.
(�) ) (��): Since T preserves eigenvalues, from Theorem 3.3, there exists U 2 U (n)
such that either T:X = UXU� or T:X = UXTU�. On the other hand, since T pre-
serves both inertia and displacement inertia, from Theorem 3.4, there exists j�j = 1
and a lower triangular Toeplitz N 2 Gl(n) such that either T:X = D(�)NXN�D(�)�

or T:X = D(�)NXTN�D(�)�. We consider the following 4 cases.
Case 1. T:X = D(�)NXN�D(�)� and T:X = UXU�.

Evaluating at X = I, we get D(�)NN�D(�)� = UU� = I; i.e. D(�)N is
unitary. Since D(�)N is lower triangular, it must be diagonal and so is N .
This implies that N = �I because N is Toeplitz. Moreover j�j = 1. Finally
T:X = D(�)XD(�)� .

Case 2. T:X = D(�)NXN�D(�)� and T:X = UXTU�.
For all X 2 Herm(n), D(�)NXN�D(�)� = UXTU�. Evaluating at X = I,
we �nd that D(�)N is unitary. Let V := U�D(�)N . Then V X = XTV for
all X 2 Herm(n). This implies that V must be a scalar, and so X = XT for
all X 2 Herm(n) , a contradiction.

Case 3. T:X = D(�)NXTN�D(�)� and T:X = UXU�.
Using the same argument as in Case 2, we conclude that Case 3 is impossible.

Case 4. T:X = D(�)NXTN�D(�)� and T:X = UXTU�.
Using the same argument as in Case 1, we conclude that T:X = D(�)XTD(�)�.

4. Concluding Remarks. There are many papers on rank preserving linear
operators and inertia preserving linear operators: Adams [1962], Adams, Lax and
Phillips [1965], Atkinson [1983], Atkinson and Lloyd [1980,1981], Baruch and Loewy
[1991], Beasley [1970,1981,1983,1988], Botta [1987], Eisenbud and Harris [1988], Flan-
ders [1962], Helton and Rodman [1985], Johnson and Pierce [1985,1986], La�ey and
Loewy [1990], Lim [1979], Loewy [1989,1990,1991], Loewy and Pierce [1991], Marcus
and Moyls [1959], Meshulam [1985,1989], Moore [1966], Pierce and Rodman [1988],
Schneider [1965], Sylvester [1986], Westwick [1967,1987]. (We received this list from
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R. Loewy. We have not looked at all these papers.) Some of them characterize lin-
ear preservers of one particular rank class or one particular inertia class (rather than
characterizing preservers of all rank or inertia classes as was done in Theorem 2.2
and 3.2). These results probably make it possible to characterize linear preservers
of one particular rank-and-displacement-rank class and linear preservers of one par-
ticular inertia-and displacement-inertia class. Many of the results in these references
treat rank preservers or inertia preservers over the �eld of real numbers (rather than
the �eld of complex numbers that we used in this report). Some of the references
even deal with more general �elds of numbers. These preserver results over other
�elds probably make it possible to extend the results of this report to other �elds of
numbers.

We mentioned earlier that there are de�nitions of displacement structure that
are di�erent than the ones we use in this report. (See Chu and Kailath [1991] and
Heinig and Rost [1984].) There are linear preserver questions analogous to the ones
we studied here for the other de�nitions. We expect that the techniques that we have
used here can be used to easily settle such analogous questions.

In the introduction of this report we noted that we are interested in the spectral
properties of matrices that are Toeplitz or nearly Toeplitz. In particular, we are
interested in sets having the following forms

eigen�1(�) \ Toep(m)

or

eigen�1(�) \ dis-inertia�1(p; n; z)

where

� := (�1; . . . ; �m) 2 Rm;

eigen�1(�) := fA 2 Herm(m) : eigen(A) = �g;

T oep(m) := fA 2 Cm�m : A is Toeplitzg;

dis-inertia�1(p; n; z) := fA 2 Herm(m) : dis-inertia(A) = (p; n; z)g:

Now, by the spectral theorem, we have that

eigen�1(�) = fQDiag(�)Q� : Q 2 U (m)g:

>From this we see that linear spectra preserving operators

Herm(m) �! Herm(m) : X �! QXQ�

for Q 2 U (m) can be used to move around this isospectral surface eigen�1(�). In
more technical language, we see that eigen�1(�) is the orbit of Diag(�) under the
group action de�ned by

U (m)�Herm(m) �! Herm(m) : (Q;X) �! QXQ�:

We originally hoped that we could move around somewhat freely on the sets of the
form eigen�1(�)\dis-inertia�1(p; n; z) by means of the linear preservers of such sets.
This hope motivated our study of linear preservers. Unfortunately, our hope was too
optimistic. Our results show that there are not enough such linear preservers.
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