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Optimal Paid Parental Leave Policy Design 

 

Mingyi Yang 

 

ABSTRACT 

This paper examines the optimal paid parental leave policy in terms of partial wage replacement 

and the maximum length of paid parental leave which can maximally increase household welfare 

of working families while keeping firm’s cost at the minimum. In other words, the ultimate goal 

of this paper is to give government some suggestions about what partial wage replacement and 

maximum length of paid parental leave to implement based on the household welfare model and 

firm’s cost minimization model in order to maximally increase household welfare of working 

families while keeping firm’s cost at the minimum. 

Key words: Partial wage replacement; Paid leave duration; Household welfare; Firm’s cost 

 

1. INTRODUCTION 

Paid parental leave policy aims to make working parents better balance work and family. In 

particular, paid parental leave policy will make working parents much easier to spend time with 

their children and thus help working parents to improve their children’s outcomes. Moreover, the 

ultimate goal of paid parental leave policy is to increase household welfare due to the improvement 

of child outcomes. On the other hand, the government also wants to implement the paid parental 

leave policy which minimizes firm’s cost so that such a paid parental leave policy is a feasible 

policy in reality. Otherwise, the firm will be reluctant to be regulated by the paid parental leave 

policy if the policy increases firm’s cost.  



3 
 

In other words, if we assume firm’s cost as given, then the government’s goal is to maximally 

increase household welfare of working parents by implementing a certain type of paid parental 

leave policy. Or we also can say the government’s goal is to implement such a paid parental leave 

policy that can increase household welfare of working parents maximally without increasing firm’s 

cost. Therefore, in this paper, I will use household welfare that consists of both child outcomes 

and household consumption of goods as well as firm’s cost as criteria to examine the effect of paid 

parental leave policy on both household welfare of working parents and firm’s cost, and then I will 

suggest a way to find the optimal paid parental leave policy design for both household welfare of 

working parents and firm’s cost minimization. 

According to American Public Health Association’s Policy Statement (2014), “The United States 

is currently the only industrialized country in the world without paid maternity leave, although 

some states have laws granting it. Maternity leave is particularly important to allow a woman to 

recover from childbirth and care for her newborn, including breastfeeding. Lack of paid maternity 

leave could perpetuate inequities among lower income women who cannot afford unpaid time off. 

Women with children who have paid leave are less likely to require public assistance, and they 

have higher wages the following year” (p. 1). From the statements, we can see the paid parental 

leave is very important for any parents to take a good care of their children, especially for those 

with low income. Also by the statement, US lacks such kind of paid parental leave policy which 

can have significantly positive impacts on child development, household welfare and firm’s profit. 

Therefore, it is urgent for the US government to take measures to consider what kind of paid 

parental leave policy is most beneficial to households and then implement that kind of paid parental 

leave policy. 



4 
 

Although US lacks federal level paid parental leave policy, there are 6 states namely California, 

Massachusetts, New Jersey, Rhode Island, Washington and New York which have all already 

passed some kind of paid parental leave laws. California’s paid parental leave law guarantees up 

to 6 weeks of paid parental leave in 12-month period with weekly benefits that equal to 55 percent 

of working parents’ past weekly earnings. Massachusetts’ paid parental leave law entitles working 

parents with 8 weeks of paid or unpaid parental leave based on employers’ discretion. New Jersey’s 

paid parental leave law gives working parent paid parental leave up to 6 weeks with weekly benefit 

rate of 66 percent of a worker’s average weekly wage. Rhode Island’s paid parental leave law 

permits working parents to take up to 4 weeks leave with average weekly benefit rate of 4.62 

percent of wages paid during the highest quarter of worker’s base period. State of Washington’s 

paid parental leave law offers working parent up to 5 weeks leave with $250 per week for 

individuals who were working 35 hours or more per week at the time they took leave. State of New 

York’s paid parental leave law ensures working parent to take up to 8 weeks in 2018, 10 weeks in 

2019 and 12 weeks in 2021 paid leave with weekly benefit rate of 50 percent of a worker’s average 

weekly wage in 2018, 55 percent of a worker’s average weekly wage in 2019 and 60 percent of a 

worker’s average weekly wage in 2020.  

Based on the description of the US state level paid parental leave policy, we understand that the 

paid parental leave policy usually mandates maximum length of paid parental leave. Furthermore, 

it should be noticeable that the paid leave benefit for a particular working parent is usually 

proportional to the past wage of this working parent and the duration of paid parental leave for this 

working parent. Therefore, in order to analyze whether or not the paid parental leave policy is the 

optimal policy alternative for household welfare and firm’s cost minimization, we are interested 
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in how the mandated paid leave benefit (partial wage replacement) affects household welfare of 

working parents and firm’s cost minimization. 

2. MODELS, ANALYSIS, AND POLICY OPTIONS 

In this part, I assume child cognitive outcome is a component of household welfare. Therefore, in 

order to study the effect of paid parental leave policy on household welfare, we must first study 

child cognitive outcomes and then examine household welfare. I also assume parental time 

combining with household expenditure on children together determine child cognitive outcomes. 

I use “household expenditure on children” to denote any household expenditure for the purpose of 

child cognitive ability development (i.e. the tuitions parents pay for their children to study in school, 

the books parents buy for their children to read, any relevant household expenditure for providing 

their children a better environment and place to study, live and grow, and any other relevant 

expenditure for child cognitive development). Moreover, the reason why I assume child cognitive 

outcome is determined by parental time and household expenditure on children is because of the 

following literature review about child cognitive outcomes. 

Daniela Del Boca, Christopher Flinn and Matthew Wiswall (2014) studied the impact of household 

labor supply on child cognitive outcomes, they found that “both parents’ time inputs are important 

for the cognitive development of their children, particularly when the child is young” (p. 1). Their 

findings suggest that parental time is a factor in contributing to child outcomes, especially child 

cognitive outcomes. David M. Blau (1999) studied the “effect of parental income on children's 

cognitive, social, and emotional development” (p. 261). The implication of Blau’s findings is that 

household expenditure on children is also another factor in affecting child cognitive outcomes.  
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Monique Senechal and Jo-Anne LeFevre (2002) use “five-year longitudinal data to study parental 

involvement in the development of children’s reading skills and they concluded that parent 

involvement in teaching children about reading and writing words was related to the development 

of early literacy skills” (p. 445). Senechal and LeFevre’s findings suggest that the quality of 

parental time is positively associated with child cognitive development. Susanne James‐Burdumy 

(2005) estimated the “maternal labor force participation on child development by using fixed effect 

models and which show us that one of three tests was negatively affected by maternal hours and 

weeks worked in year one of the child’s life” (p. 177). Burdumy’s findings suggest that maternal 

working time indeed has negative effect on child cognitive development and thus further suggest 

that quantity of parental time with children is important to child cognitive development.  

W. Jean Yeung, Miriam R. Linver and Jeanne Brooks-Gunn (2002) used “data from the Panel 

Study of Income Dynamics and its 1997 Child Development Supplement to examine how family 

income matters for young children's development” (p.1861). Their work also implies that 

household expenditure on children will significantly affect child cognitive development. Davis-

Kean and Pamela E. (2005) studied the process of how socioeconomic status, specifically parents' 

education and income, indirectly relates to children's academic achievement through parents' 

beliefs and behaviors” (p. 294). Their findings suggest that household expenditure on children and 

quality of parental time are correlated with child cognitive outcomes. Paul Bingley, Vibeke Myrup 

Jensen and Sarah Sander Nielsen (2014) found that “maternal labor supply increases children’s 

schooling (1.3 years) and earnings (25 percent) at age 35” (p. 1). Bingley and Myrup’s findings 

suggest that both quantity of parental time and quality of parental time and household expenditure 

on children are associated with child cognitive development because parents’ labor supply will 

affect both quantity and quality of parental time with children and household expenditure on 
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children. Jennifer L. Hill, Jane Waldfogel, Jeanne Brooks-Gunn and Wen-Jui Han (2005) use 

“propensity score matching and multiple imputation methods to estimate the effects of maternal 

employment on children’s development so as to address selection bias and missing data issues” (p. 

833). Their findings also suggest that both parental time with children and household expenditure 

on children will be intimately associated with child cognitive development.  

We can see that all of these researchers’ findings have something important in common and that 

is they all suggest that both parental time and household expenditure on children will be associated 

with child cognitive development. Thus, in this paper, I intend to be consistent with the idea that 

both parental time and household expenditure on children will determine child cognitive outcomes. 

Therefore, in terms of theoretical child cognitive outcomes model, I will develop a new way to 

study how child cognitive outcomes can be determined by parental time with children and 

household expenditure on children in the following part of this paper. Since child cognitive 

outcomes affect household welfare that we are interested in, we must carefully examine how child 

cognitive outcomes can be determined. 

2.1. Child Cognitive Outcomes Model1 and Household Welfare Model2 

                                                           
1 Main result of Child Cognitive Outcomes Model (see appendix A & B): Let t denote quantity of parental time with 
children and m denote household expenditure on children. Then child cognitive outcomes function Y(t,m) can be 
written as a  linear combination of child outcomes function on parental time dimension y(t) and child outcomes 
function on household expenditure on children dimension y(m). i.e., Y(t,m)= 𝜆𝜆1𝑦𝑦(𝑡𝑡) + 𝜆𝜆2𝑦𝑦(𝑚𝑚) , where 𝜆𝜆1 ∈

[0,∞), 𝜆𝜆2 ∈ [0,∞). That is, child cognitive outcomes function is Y(t,m)= 𝜆𝜆1𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡 + 𝜆𝜆2𝑚𝑚

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 . Where 𝛼𝛼2𝑡𝑡 > 𝛼𝛼1𝑡𝑡 and 

𝛼𝛼2𝑚𝑚 > 𝛼𝛼1𝑚𝑚. 
2  Main result of Household Welfare Model (see appendix A & B): Household welfare U =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐴𝐴+𝐵𝐵) +

𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴
𝐵𝐵(𝐶𝐶−𝑘𝑘𝑡𝑡)
(𝐵𝐵+𝐴𝐴) + 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡. In consequence, the optimal parental time for maximum household welfare is equal to 𝐶𝐶𝐶𝐶

𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)
. 

Household welfare will not reach maximum in the case of parental time less than 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

. In particular, household 

welfare is increasing in parental time in the case of parental time less than 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

. Household welfare will also not 

reach maximum in the case of parental time more than 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

. In particular, household welfare is decreasing in 
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A 
 

Based on the child cognitive outcomes function, we can see child cognitive outcome is increasing 

in both parental time and household expenditure on children with decreasing rate. Considering that 

child cognitive outcome is a component of household welfare and the fact that household 

consumption of goods is another component of household welfare, the criteria of household 

welfare against which we conduct our policy analysis is ready to be examined as following. 

I have assumed household welfare consists of both child outcomes and household consumption of 

goods. Based on the household welfare model, we can see parental time with children determines 

household welfare. In particular, household welfare is increasing in parental time when parental 

time is less than the parental time for optimal household welfare 𝑡𝑡∗ ; household welfare is 

decreasing in parental time when parental time is more than the parental time for optimal 

household welfare 𝑡𝑡∗; household welfare will reach maximum when parental time is equal to the 

parental time for optimal household welfare 𝑡𝑡∗.  

2.2. Effect of Paid Parental Leave Policy on Firm’s Cost and Household Welfare 

I assume working parents’ parental time with children is 0 if they don’t take paid parental leave. 

In other words, parental time with children all comes from paid parental leave. I further assume 

paid parental leave duration will be totally spent with children. Hence, it follows that working 

parent 𝑖𝑖’s wage rate is strictly decreasing in quantity of parental time with constant rate:  

                                          𝑊𝑊    

 

                                                           
parental time in the case of parental time more than 𝐶𝐶𝐶𝐶

𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)
. Where A, B, C, D and k are all positive constant numbers. 

I call 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

  the parental time for optimal household welfare 𝑡𝑡∗.  
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B 

  

        

                                 O                        𝑡𝑡∗                     F                                  E 

Figure 1 

Therefore, Figure 1 shows the relationship between working parent’s wage rate (𝑊𝑊) and quantity 

of parental time (𝑡𝑡). I can further write working parent’s wage rate is a linear function of parental 

time 𝑡𝑡 (i.e., 𝑊𝑊(𝑡𝑡) = −𝑘𝑘𝑡𝑡 + 𝐶𝐶). Where 𝑘𝑘 is a positive constant number, 𝑡𝑡 denotes parental time, 

and 𝐶𝐶  is a positive constant number. Furthermore, compared with the medium partial wage 

replacement the slope of black line AB indicates in Figure 1, the slope of red line AF represents 

the low partial wage replacement and the slope of blue line AE represents the high partial wage 

replacement. Correspondingly, the household welfare for working parent in three cases (high 

household welfare by blue in Figure 2, medium household welfare by black in Figure 2 and low 

household welfare by red in Figure 2) in Figure 2 is related with the partial wage replacement in 

three cases (the slope of blue line is denoted by  −𝑘𝑘𝐻𝐻, the slope of black line is denoted by  −𝑘𝑘𝑀𝑀,  

and the slope of red line is denoted by −𝑘𝑘𝐿𝐿) in Figure 1. As a result, given parental time 𝜏𝜏 that paid 

parental leave policy offers, firm’s cost due to paid parental leave in the case of high wage 

replacement is equal to (−𝑘𝑘𝐻𝐻𝜏𝜏 + 𝐶𝐶), firm’s cost due to paid parental leave in the case of medium 

wage replacement is equal to (−𝑘𝑘𝑀𝑀𝜏𝜏 + 𝐶𝐶), and firm’s cost due to paid parental leave in the case 

of low partial wage replacement is equal to (−𝑘𝑘𝐿𝐿𝜏𝜏 + 𝐶𝐶). 

Notice that I assume paid parental leave durations working parents get from the paid parental leave 

will be totally spent with their children. Therefore, based on the fact that (by household welfare 

model) parental time with children determines household welfare, it follows that (in the three cases) 
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the paid parental leave durations working parents get will determine their household welfare. 

Based on the household welfare model, the graph of household welfare of  𝑈𝑈 of a given working 

parent in terms of parental time with children t in three cases should be like the following (i.e., 

how household welfare 𝑈𝑈 and parental time with children 𝑡𝑡 are related in three cases respectively): 

 

   

 𝑈𝑈  

               

 𝒕𝒕𝑳𝑳       𝒕𝒕𝟏𝟏∗  𝒕𝒕∗ 𝒕𝒕𝟐𝟐∗      𝒕𝒕𝑯𝑯 

Figure 2 

Intuitively, the reason why the household welfare is firstly increasing in parental time with children 

and then decreasing in parental time with children is as following: due to the partial wage 

replacement, taking longer paid parental leave causes working parents to lose more income and 

this negatively affects household consumption of goods which is another component of household 

welfare. In order to correspondingly relate to Figure 1, I include the household welfare for working 

parent in three cases in Figure 2 (household welfare in the case of high wage replacement 𝑈𝑈𝐻𝐻 by 

blue, household welfare in the case of medium wage replacement 𝑈𝑈𝑀𝑀 by black, and household 

welfare in the case of low wage replacement 𝑈𝑈𝐿𝐿 by red) which are correspondingly related with 

the partial wage replacement in three cases (high partial wage replacement by blue line, medium 

partial wage replacement by black line and low partial wage replacement by red line) in Figure 1. 

(i.e., household welfare in the case of high wage replacement 𝑈𝑈𝐻𝐻 is achieved by implementing 
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high wage replacement, household welfare in the case of medium wage replacement 𝑈𝑈𝑀𝑀  is 

achieved by implementing medium wage replacement, and household welfare in the case of low 

wage replacement 𝑈𝑈𝐿𝐿 is achieved by implementing low wage replacement)3. 

For the given household welfare of a given working parent 𝑈𝑈, there are two corresponding parental 

time 𝑡𝑡𝐿𝐿 and 𝑡𝑡𝐻𝐻 respectively in each case (see Figure 2) (i.e., low partial wage replacement case or 

medium partial wage replacement case or high partial wage replacement case). I generally use 𝑡𝑡𝐿𝐿 

to denote the low parental time in all three cases (𝑡𝑡𝐿𝐿𝐻𝐻 to denote 𝑡𝑡𝐿𝐿 in high wage replacement case, 

𝑡𝑡𝐿𝐿𝑀𝑀 to denote 𝑡𝑡𝐿𝐿 in medium wage replacement case, and 𝑡𝑡𝐿𝐿𝐿𝐿 to denote 𝑡𝑡𝐿𝐿 in low wage replacement 

case). And 𝑡𝑡𝐻𝐻 to denote the high parental time in all three cases (𝑡𝑡𝐻𝐻𝐻𝐻 to denote 𝑡𝑡𝐻𝐻 in high wage 

replacement case, 𝑡𝑡𝐻𝐻𝑀𝑀 to denote 𝑡𝑡𝐻𝐻 in medium wage replacement case, and 𝑡𝑡𝐻𝐻𝐿𝐿  to denote 𝑡𝑡𝐻𝐻 in low 

wage replacement case). Also, as can be seen from Figure 2, 𝑡𝑡∗ is the optimal parental time for 

maximum household welfare in the case of medium wage replacement, 𝑡𝑡1∗ is the optimal parental 

time for maximum household welfare in the case of low wage replacement, and 𝑡𝑡2∗ is the optimal 

parental time for maximum household welfare in the case of high wage replacement.  

                                                           
3 Specifically, by the optimal parental time for maximum household welfare 𝑡𝑡∗ = 𝐶𝐶𝐶𝐶

𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)
 and the fact that small 𝑘𝑘 

means high partial wage replacement, medium 𝑘𝑘 means medium partial wage replacement and large 𝑘𝑘 means low 
partial wage replacement, it follows that the optimal parental time for maximum household welfare in the case of low 
partial wage replacement 𝑡𝑡1∗ < the optimal parental time for maximum household welfare in the case of medium partial 
wage replacement 𝑡𝑡∗ < the optimal parental time for maximum household welfare in the case of high partial wage 
replacement 𝑡𝑡2∗ . Moreover, by household welfare of working parent U = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐴𝐴+𝐵𝐵)
+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 , it 

follows that if we fix 𝑡𝑡, then the increase in 𝑘𝑘 (i.e., decrease in partial wage replacement) leads to the decrease in 
household welfare 𝑈𝑈. Furthermore, if we plug the optimal parental time for maximum household welfare 𝑡𝑡∗ into U 
= 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐴𝐴+𝐵𝐵)
+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡, then the increase in 𝑘𝑘 (i.e., decrease in partial wage replacement) leads to the 

decrease in maximum household welfare 𝑈𝑈. Hence, we have the Figure 2 as it is: in the case of low partial wage 
replacement, household welfare is depicted by red; in the case of medium partial wage replacement, household welfare 
is depicted by black; in the case of high partial wage replacement, household welfare is depicted by blue.  
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Because I have assumed that paid parental leave durations working parents get from the paid 

parental leave will be totally spent with their children, for a given case (i.e., low partial wage 

replacement case or medium partial wage replacement case or high partial wage replacement case), 

the paid parental leave duration that is equal to (𝑡𝑡𝐻𝐻 − 𝑡𝑡𝐿𝐿) (the parental time difference between 

high parental time with children and low parental time with children) of a given working parent 

that this given working parent takes will make household welfare of this given working parent 

equivalent between pre-parental-leave and post-parental-leave (based on Figure 2). Thus, 

according to Figure 2, for a given case (i.e., low partial wage replacement case or medium partial 

wage replacement case or high partial wage replacement case), any government mandatory paid 

parental leave durations greater than (𝑡𝑡𝐻𝐻 − 𝑡𝑡𝐿𝐿) (the parental time difference between high parental 

time with children and low parental time with children) of a given working parent that this given 

working parent takes will make household welfare of this given working parent decrease. 

Specifically, working parents have no way of knowing what the household welfare curve really 

looks like while they very much know how much income they are giving up, therefore in order to 

make sure working parents can always maximize their household welfare or at least improve their 

household welfare by taking paid parental leave, the government must set the paid parental leave 

duration between ( 𝑡𝑡∗ − 𝑡𝑡𝐿𝐿𝑀𝑀) and (𝑡𝑡𝐻𝐻𝑀𝑀 − 𝑡𝑡𝐿𝐿𝑀𝑀) in medium partial wage replacement case, ( 𝑡𝑡1∗ − 𝑡𝑡𝐿𝐿𝐿𝐿) 

and (𝑡𝑡𝐻𝐻𝐿𝐿 − 𝑡𝑡𝐿𝐿𝐿𝐿) in low partial wage replacement case, ( 𝑡𝑡2∗ − 𝑡𝑡𝐿𝐿𝐻𝐻) and (𝑡𝑡𝐻𝐻𝐻𝐻 − 𝑡𝑡𝐿𝐿𝐻𝐻) in high partial wage 

replacement case.(see Figure 2 for more intuitive understanding) 

2.3. Firm’s Cost Minimization for Paid Parental Leave4 

                                                           
4 In this section, for the purpose of studying paid parental leave, I assume firm’s production function 𝑓𝑓  is only 
determined by the length of working parents’ working time 𝑥𝑥. Assume firm’s production objective is to produce at 
least 𝑧𝑧 amount of commodity. Notice that we have already denoted parental leave length by 𝑡𝑡 and the firm’s cost due 
to paid parental leave by 𝑊𝑊(𝑡𝑡) = −𝑘𝑘𝑡𝑡 + 𝐶𝐶. When working parent is at work, the wage rate is equal to 𝑊𝑊(0) = 𝐶𝐶. 
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Based on firm’s cost minimization model, by adjusting firm’s output level that requires working 

parent to work less than working parent’s total time limit, the firm can offer cost-minimizing paid 

parental leave duration which is equal to the working parent’s total time limit minus working 

parent’s working time.  

2.4. Policy Options  

 As I have discussed in the introduction, the government’s goal is to maximally increase household 

welfare of working parents by implementing paid parental leave policy without increasing firm’s 

cost. In other words, by implementing paid parental leave policy, the government wants to make 

sure that given firm’s minimal cost, household welfare of working parents can be increased 

maximally. I assume the given firm’s minimal cost is denoted by 𝐶𝐶∗. Thus, in three cases (high 

wage replacement case, medium wage replacement case, and low wage replacement case), we 

                                                           
And also assume the total time for working parent is constrained by 𝑇𝑇  (𝑖𝑖. 𝑒𝑒. , 𝑥𝑥 + 𝑡𝑡 = 𝑇𝑇) . Then, firm’s cost 
minimization problem is as following: 

min
𝑡𝑡,𝑥𝑥

 (−𝑘𝑘𝑡𝑡 + 𝐶𝐶 )𝑡𝑡 + 𝐶𝐶𝑥𝑥  
𝑠𝑠. 𝑡𝑡.   𝑓𝑓(𝑥𝑥) ≥ 𝑧𝑧 
𝑥𝑥 + 𝑡𝑡 = 𝑇𝑇 

And the cost minimization problem above is equivalent to the following cost minimization problem: 
min
𝑥𝑥

 −𝑘𝑘(𝑥𝑥 − 𝑇𝑇)2 + 𝐶𝐶𝑇𝑇 
𝑠𝑠. 𝑡𝑡.   𝑓𝑓(𝑥𝑥) ≥ 𝑧𝑧 

Since firm’s production function 𝑓𝑓(𝑥𝑥) is always increasing in the length of working parents’ working time 𝑥𝑥 and 
−𝑘𝑘(𝑥𝑥 − 𝑇𝑇)2 + 𝐶𝐶𝑇𝑇 is increasing in 𝑥𝑥  for every 𝑥𝑥 < 𝑇𝑇 , it follows that the minimum −𝑘𝑘(𝑥𝑥 − 𝑇𝑇)2 + 𝐶𝐶𝑇𝑇 is equal to 
−𝑘𝑘(𝑥𝑥∗ − 𝑇𝑇)2 + 𝐶𝐶𝑇𝑇, where 𝑓𝑓(𝑥𝑥∗) = 𝑧𝑧. And the optimal solution for 𝑥𝑥∗ = 𝑓𝑓−1(𝑧𝑧). Therefore, firm’s minimum cost is 
equal to (−𝑘𝑘(𝑓𝑓−1(𝑧𝑧) − 𝑇𝑇)2 + 𝐶𝐶𝑇𝑇) and the length of paid parental leave that minimizes firm’s cost is equal to (𝑇𝑇 −
𝑓𝑓−1(𝑧𝑧)). Since 𝑓𝑓(𝑥𝑥) is one to one and increasing in 𝑥𝑥, it follows that 𝑓𝑓−1(𝑧𝑧) is also one to one and increasing in 𝑧𝑧. 
Hence, in the case of high wage replacement, firm’s minimum cost is equal to (−𝑘𝑘𝐻𝐻�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐻𝐻)�2 + 𝐶𝐶𝑇𝑇); in the 
case of medium wage replacement, firm’s minimum cost is equal to (−𝑘𝑘𝑀𝑀�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝑀𝑀)�2 + 𝐶𝐶𝑇𝑇); in the case of low 
wage replacement, firm’s minimum cost is equal to (−𝑘𝑘𝐿𝐿�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐿𝐿)�2 + 𝐶𝐶𝑇𝑇). Where 𝑧𝑧𝐻𝐻 is firm’s production level 
in the case of high wage replacement, 𝑧𝑧𝑀𝑀 is firm’s production level in the case of medium wage replacement, and 𝑧𝑧𝐿𝐿 
is firm’s production level in the case of low wage replacement. Moreover, the length of paid parental leave that 
minimizes firm’s cost is equal to (𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐻𝐻 )) in the case of high wage replacement; the length of paid parental 
leave that minimizes firm’s cost is equal to (𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝑀𝑀 )) in the case of medium wage replacement; and the length 
of paid parental leave that minimizes firm’s cost is equal to (𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐿𝐿 )) in the case of low wage replacement.  
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assume firm’s minimal costs are all equal to 𝐶𝐶∗.5  Therefore, if we assume firm’s minimal costs in 

three cases (high wage replacement, medium wage replacement, and low wage replacement) are 

all equal, then it requires that the output level of firm in high wage replacement case (𝑧𝑧𝐻𝐻) > the 

output level of firm in medium wage replacement case (𝑧𝑧𝑀𝑀) > the output level of firm in low wage 

replacement case (𝑧𝑧𝐿𝐿).6  

By analysis of 2.3, we know that the length of paid parental leave that minimizes firm’s cost in the 

case of high wage replacement (𝑡𝑡𝐻𝐻∗ ) is equal to working parent’s total time limit (𝑇𝑇) minus working 

parent’s working time in high wage replacement case (𝑓𝑓−1(𝑧𝑧𝐻𝐻 )); the length of paid parental leave 

that minimizes firm’s cost in the case of medium wage replacement (𝑡𝑡𝑀𝑀∗ )  is equal to working 

parent’s total time limit (𝑇𝑇) minus working parent’s working time in medium wage replacement 

case (𝑓𝑓−1(𝑧𝑧𝑀𝑀 )); and the length of paid parental leave that minimizes firm’s cost in the case of 

low wage replacement (𝑡𝑡𝐿𝐿∗)  is equal to working parent’s total time limit (𝑇𝑇) minus working 

parent’s working time in low wage replacement case (𝑓𝑓−1(𝑧𝑧𝐿𝐿 )). Therefore, given firm’s minimal 

costs in three cases (high wage replacement, medium wage replacement, and low wage 

replacement) are all equal, we have the length of paid parental leave that minimizes firm’s cost in 

the case of high wage replacement (𝑡𝑡𝐻𝐻∗ ) < the length of paid parental leave that minimizes firm’s 

cost in the case of medium wage replacement (𝑡𝑡𝑀𝑀∗ ) <  the length of paid parental leave that 

minimizes firm’s cost in the case of low wage replacement (𝑡𝑡𝐿𝐿∗).7  

                                                           
5 Thus we have 𝐶𝐶∗ = �−𝑘𝑘𝐻𝐻�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐻𝐻)�2 + 𝐶𝐶𝑇𝑇� = �−𝑘𝑘𝑀𝑀�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝑀𝑀)�2 + 𝐶𝐶𝑇𝑇� = (−𝑘𝑘𝐿𝐿�𝑇𝑇 − 𝑓𝑓−1(𝑧𝑧𝐿𝐿)�2 + 𝐶𝐶𝑇𝑇). 
6 Since −𝑘𝑘𝐻𝐻 > −𝑘𝑘𝑀𝑀 > −𝑘𝑘𝐿𝐿 (because −𝑘𝑘𝐻𝐻  indicates high wage replacement, −𝑘𝑘𝑀𝑀  indicates medium wage 
replacement, and −𝑘𝑘𝐿𝐿 indicates low wage replacement) and 𝑓𝑓−1(𝑧𝑧) is increasing in 𝑧𝑧, it follows that 𝑧𝑧𝐻𝐻 > 𝑧𝑧𝑀𝑀 > 𝑧𝑧𝐿𝐿. 
7 Furthermore, by household welfare of working parent U = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐴𝐴+𝐵𝐵)
+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝑡𝑡)

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡, it follows that 

household welfare of working parent in the case of high wage replacement is equal to 𝑈𝑈𝐻𝐻 =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝐻𝐻𝑡𝑡)
(𝐴𝐴+𝐵𝐵)

+

𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝐻𝐻𝑡𝑡)
(𝐵𝐵+𝐴𝐴)

+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 ; household welfare of working parent in the case of medium wage replacement 𝑈𝑈𝑀𝑀 =
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On the other hand, the firm is always willing to offer the length of paid parental leave that 

minimizes firm’s cost to working parent. Therefore, the firm is willing to offer the length of paid 

parental leave 𝑡𝑡𝐻𝐻∗  (the length of paid parental leave that minimizes firm’s cost in the case of high 

wage replacement) to working parent in the case of high wage replacement; the firm is willing to 

offer the length of paid parental leave 𝑡𝑡𝑀𝑀∗  (the length of paid parental leave that minimizes firm’s 

cost in the case of medium wage replacement) to working parent in the case of medium wage 

replacement; the firm is willing to offer the length of paid parental leave 𝑡𝑡𝐿𝐿∗ (the length of paid 

parental leave that minimizes firm’s cost in the case of low wage replacement) to working parent 

in the case of low wage replacement.8 

Given the firm’s cost at the minimum, the goal of government is to maximally increase household 

welfare of working parent by implementing a certain type of partial wage replacement. Therefore, 

the government needs to compare the magnitude between household welfare of working parent 

who has taken the paid leave in the case of high wage replacement ( 𝑈𝑈𝐻𝐻∗ ), household welfare of 

working parent who has taken the paid leave in the case of medium wage replacement ( 𝑈𝑈𝑀𝑀∗ ), and 

household welfare of working parent who has taken the paid leave in the case of low wage 

replacement ( 𝑈𝑈𝐿𝐿∗ ) (see Figure 2 for the intuitive understanding of 𝑈𝑈𝐻𝐻, 𝑈𝑈𝑀𝑀, and 𝑈𝑈𝐿𝐿). Specifically, 

if household welfare of working parent who has taken the paid leave in the case of high wage 

replacement (𝑈𝑈𝐻𝐻∗ )  is the largest one, then the government should implement the high wage 

                                                           
 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑀𝑀𝑡𝑡)

(𝐴𝐴+𝐵𝐵)
+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝑀𝑀𝑡𝑡)

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡; household welfare of working parent in the case of low wage replacement 

𝑈𝑈𝐿𝐿 =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝐿𝐿𝑡𝑡)
(𝐴𝐴+𝐵𝐵)

+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝐿𝐿𝑡𝑡)
(𝐵𝐵+𝐴𝐴)

+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡. 
8 As a result, household welfare of working parent who has taken the paid leave in the case of high wage replacement 
is equal to 𝑈𝑈𝐻𝐻∗ =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝐻𝐻𝑡𝑡𝐻𝐻

∗ )
(𝐴𝐴+𝐵𝐵)

+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝐻𝐻𝑡𝑡𝐻𝐻
∗ )

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡𝐻𝐻∗ ; household welfare of working parent who has taken 

the paid leave in the case of medium wage replacement is equal to 𝑈𝑈𝑀𝑀∗ =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝑀𝑀𝑡𝑡𝑀𝑀
∗ )

(𝐴𝐴+𝐵𝐵)
+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝑀𝑀𝑡𝑡𝑀𝑀

∗ )
(𝐵𝐵+𝐴𝐴)

+
𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡𝑀𝑀∗ ; household welfare of working parent who has taken the paid leave in the case of low wage replacement is 
equal to 𝑈𝑈𝐿𝐿∗ =  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴(𝐶𝐶−𝑘𝑘𝐿𝐿𝑡𝑡𝐿𝐿

∗)
(𝐴𝐴+𝐵𝐵)

+ 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵(𝐶𝐶−𝑘𝑘𝐿𝐿𝑡𝑡𝐿𝐿
∗)

(𝐵𝐵+𝐴𝐴)
+ 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡𝐿𝐿∗. 
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replacement so as to maximally increase household welfare of working parent; if household 

welfare of working parent who has taken the paid leave in the case of medium wage replacement 

(𝑈𝑈𝑀𝑀∗ ) is the largest one, then the government should implement the medium wage replacement so 

as to maximally increase household welfare of working parent; if household welfare of working 

parent who has taken the paid leave in the case of low wage replacement (𝑈𝑈𝐿𝐿∗) is the largest one, 

then the government should implement the low wage replacement so as to maximally increase 

household welfare of working parent. 

3. RECOMMENDATION AND CONCLUSION 

Paid parental leave is important for working parents to better balance work and taking care of 

children so as to increase household welfare of working parents. However, some people sometimes 

think paid parental leave is harmful to firms because of extra firms’ cost for paid parental leave. 

And these people usually argue that paid parental leave increases household welfare of working 

parents at the cost of firms’ interests. This paper applies theoretical models and analysis to explain 

why these people’s arguments are false. Firm’s cost can always be minimized by both lowering 

firm’s production level and offering paid parental leave to working parents. Specifically, based on 

analysis of 2.3 and 2.4, working parent’s working time that minimizes firm’s cost will be always 

less than the total time limit 𝑇𝑇 if firm lowers production level accordingly. Thus, we can guarantee 

the firm is willing to offer the cost-minimizing length of paid parental leave which is equal to the 

total time limit 𝑇𝑇 minus working parent’s working time.  

Moreover, given firm’s minimal costs are all equal in three cases (high wage replacement case, 

medium wage replacement case, and low wage replacement case), the government will implement 

a certain type of partial wage replacement (high wage replacement or medium wage replacement 

or low wage replacement) so as to maximally increase household welfare of working parents based 
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on the comparison between household welfare of working parent who has taken the paid leave in 

the case of high wage replacement (𝑈𝑈𝐻𝐻∗ ), household welfare of working parent who has taken the 

paid leave in the case of medium wage replacement (𝑈𝑈𝑀𝑀∗ ) and household welfare of working parent 

who has taken the paid leave in the case of low wage replacement (𝑈𝑈𝐿𝐿∗). 

This paper applies theoretical analysis to examine the impact of paid parental leave policy on 

household welfare of working parents and firm’s cost. This paper suggests that the government 

can implement a certain type of partial wage replacement for paid parental leave policy to 

maximally increase household welfare of working parents while keeping firm’s cost at the 

minimum. In particular, the government needs to make a comparison between the household 

welfare of working parent ( 𝑈𝑈𝐻𝐻∗ , 𝑈𝑈𝑀𝑀∗ , and 𝑈𝑈𝐿𝐿∗ ) who has taken the paid parental leave in three cases 

respectively (high wage replacement case, medium wage replacement case, and low wage 

replacement case) and then choose to implement the particular partial wage replacement that 

makes household welfare of working parent maximal among household welfare of working parent 

( 𝑈𝑈𝐻𝐻∗ , 𝑈𝑈𝑀𝑀∗ , and 𝑈𝑈𝐿𝐿∗ ) who has taken the paid parental leave in three cases respectively (high wage 

replacement case, medium wage replacement case, and low wage replacement case). 

APPENDIX A 

Child Cognitive Outcomes Model 

Assume child outcomes function is in terms of quantity of parental time, quality of parental time, 

quantity of household expenditure on children, and quality (the efficiency) of household 

expenditure on children. We thus can construct our child outcomes function on two dimensions: 

parental time dimension and household expenditure on children dimension. And child outcomes 

function ultimately can be written as a linear combination of child outcomes on parental time 
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dimension and child outcomes on household expenditure on children dimension. On parental time 

dimension, let child outcomes on this dimension be the function of both quality of parental time 

and quantity of parental time. Similarly, on household expenditure on children dimension, let child 

outcomes on this dimension be the function of both quality (the efficiency) of household 

expenditure on children and quantity of household expenditure on children.  I also assume quality 

of parental time is equal to the partial derivative of child outcomes with respect to quantity of 

parental time and quality (the efficiency) of household expenditure on children is equal to the 

partial derivative of child outcomes with respect to quantity of household expenditure on children. 

On parental time dimension: let child outcomes function on this dimension take Cobb-Douglas 

form. let y denote child outcomes on this dimension and let t denote quantity of parental time. 

Then, we can write child outcomes function on parental time dimension as: 

𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑡𝑡) = 𝛼𝛼1𝑡𝑡𝐴𝐴𝐴𝐴𝐴𝐴
𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

+ 𝛼𝛼2𝑡𝑡𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 − 𝛼𝛼1𝑡𝑡𝐴𝐴𝐴𝐴𝐴𝐴
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
               (1)  

Where 𝛼𝛼1𝑡𝑡  and 𝛼𝛼2𝑡𝑡  are positive coefficients, 𝛼𝛼1𝑡𝑡 + 𝛼𝛼2𝑡𝑡 = 1, 𝛼𝛼2𝑡𝑡 > 𝛼𝛼1𝑡𝑡, and 𝛼𝛼1𝑡𝑡𝐴𝐴𝐴𝐴𝐴𝐴
𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡  is constant. 

Lemma 1: Given child outcomes function on parental time dimension takes the form of Cobb-

Douglas and y(t) denotes child outcomes on parental time dimension with y(1)=1, t denotes the 

quantity of parental time with children, then child outcomes function on parental time dimension 

is: 

𝑦𝑦(𝑡𝑡) = 𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡 where it requires that 𝛼𝛼2𝑡𝑡 > 𝛼𝛼1𝑡𝑡. 

Proof. See appendix B. 
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Similarly, on household expenditure on children dimension: Let child outcomes function on this 

dimension also take Cobb-Douglas form. let 𝑦𝑦 denote child outcomes on this dimension and let 

𝑚𝑚 denote household expenditure on children. Then, we can write child outcomes function on 

household expenditure on children dimension as   

𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑚𝑚) = 𝛼𝛼1𝑚𝑚𝐴𝐴𝐴𝐴𝐴𝐴
𝑑𝑑𝑦𝑦
𝑑𝑑𝑚𝑚

+ 𝛼𝛼2𝑚𝑚𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚 − 𝛼𝛼1𝑚𝑚𝐴𝐴𝐴𝐴𝐴𝐴
𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
            (2)  

Where 𝛼𝛼1𝑚𝑚 and 𝛼𝛼2𝑚𝑚 are positive coefficients, 𝛼𝛼1𝑚𝑚 + 𝛼𝛼2𝑚𝑚 = 1, 𝛼𝛼2𝑚𝑚 > 𝛼𝛼1𝑚𝑚, and 𝛼𝛼1𝑚𝑚𝐴𝐴𝐴𝐴𝐴𝐴
𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚

𝛼𝛼2
𝑚𝑚  is 

constant. Similar with Lemma 1, we also have the following lemma: 

Lemma 2: Given child outcomes function on household expenditure on children dimension takes 

the form of Cobb-Douglas and y(m) denotes child outcomes on household expenditure on 

children dimension with y(1)=1, m denotes the quantity of household expenditure on children, 

then child outcomes function on household expenditure on children dimension is: 

𝑦𝑦(𝑚𝑚) = 𝑚𝑚
𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚      (3) where it requires that 𝛼𝛼2𝑚𝑚 > 𝛼𝛼1𝑚𝑚. 

Proposition 1: The child outcomes function Y(t,m) then can be written as a  linear combination 

of child outcomes function on parental time dimension y(t) and child outcomes function on 

household expenditure on children dimension y(m). i.e., Y(t,m)=𝜆𝜆1𝑦𝑦(𝑡𝑡) + 𝜆𝜆2𝑦𝑦(𝑚𝑚), where 𝜆𝜆1 ∈

[0,∞),𝜆𝜆2 ∈ [0,∞). That is, child outcomes function is Y(t,m)= 𝜆𝜆1𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡 + 𝜆𝜆2𝑚𝑚

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 . Where 

𝛼𝛼2𝑡𝑡 > 𝛼𝛼1𝑡𝑡 and 𝛼𝛼2𝑚𝑚 > 𝛼𝛼1𝑚𝑚. 

Household Welfare Model 

I further assume household welfare is determined by child outcomes and household consumption. 

In particular, household welfare function takes the form of linear combination of the utility 
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determined by child outcomes and the utility determined by household consumption. We denote x 

as household consumption of goods. Therefore, household welfare 𝑈𝑈 can be written as  

𝑈𝑈 = 𝛿𝛿1𝑢𝑢�𝑦𝑦(𝑡𝑡)� + 𝛿𝛿2𝑢𝑢�𝑦𝑦(𝑚𝑚)� + 𝛿𝛿3𝑢𝑢(𝑥𝑥) 

Where 𝑢𝑢(•) is the welfare determined by •. 𝑦𝑦(𝑡𝑡) = 𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡  𝑎𝑎𝑎𝑎𝑑𝑑 𝑦𝑦(𝑚𝑚) = 𝑚𝑚

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 . and 𝛿𝛿1, 𝛿𝛿2, 𝛿𝛿3 

are positive coefficients. 

Since x is the household consumption which is a variable that can take any positive number, 

therefore we can assume that x also takes the form of 𝑥𝑥
𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 . Where 𝛼𝛼1𝑥𝑥 , 𝛼𝛼2𝑥𝑥  are positive 

coefficient and 𝛼𝛼2𝑥𝑥 > 𝛼𝛼1𝑥𝑥 . I also assume 𝑢𝑢 takes the form of Cobb-Douglas. That is 𝑢𝑢�𝑦𝑦(𝑡𝑡)� =

𝛽𝛽1𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑡𝑡) = 𝛽𝛽1𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡 , 𝑢𝑢�𝑦𝑦(𝑚𝑚)� = 𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑚𝑚) = 𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 , 𝑢𝑢(𝑐𝑐) = 𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥 =

𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥
𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 . Where 𝛽𝛽1 , 𝛽𝛽2  and 𝛽𝛽3  are positive coefficients and are all less than 1. Thus, 

household welfare 𝑈𝑈 can be rewritten as 

𝑈𝑈 = 𝛿𝛿1𝛽𝛽1𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡
𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 + 𝛿𝛿2𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚

𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚
𝛼𝛼2
𝑚𝑚 + 𝛿𝛿3𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥

𝛼𝛼2𝑥𝑥−𝛼𝛼1𝑥𝑥
𝛼𝛼2
𝑥𝑥  

And that is  

𝑈𝑈 = 𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 𝛿𝛿1𝛽𝛽1𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 + 𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚 + 𝛼𝛼2𝑥𝑥−𝛼𝛼1𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥                 (4) 

Assume the price of goods all equals to 1, then household budget constraint is  

𝑥𝑥 + 𝑚𝑚 + 𝑘𝑘𝑡𝑡 = 𝐶𝐶                   (5) 

Let 𝑋𝑋 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥 > 0, 𝑌𝑌 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚 > 0, 𝑍𝑍 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 > 0 

Then (5) can be rewritten as  
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𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 + 𝑘𝑘𝑒𝑒𝑍𝑍 = 𝐶𝐶                      (6) 

Household welfare maximization problem then can be written as (7) 

𝑈𝑈(𝑋𝑋,𝑌𝑌,𝑍𝑍) =
𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥

𝛼𝛼2𝑥𝑥
𝛿𝛿3𝛽𝛽3𝑋𝑋 +

𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
𝛿𝛿2𝛽𝛽2𝑌𝑌 +

𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
𝛿𝛿1𝛽𝛽1𝑍𝑍 

𝑠𝑠. 𝑡𝑡.     𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 + 𝑘𝑘𝑒𝑒𝑍𝑍 = 𝐶𝐶 

Household sometimes can reach the maximum household welfare. But sometimes household 

cannot reach the maximum household welfare because work restrains working parent from 

spending as much as amount of optimal parental time of  𝑍𝑍∗ = 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡∗ with children. In other words, 

if a particular working parent 𝑗𝑗 only has as much as amount of time of 𝑍𝑍 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 < 𝑍𝑍∗ = 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡∗, 

then household utility for 𝑗𝑗 cannot reach optimality. We can solve for 𝑗𝑗’s household welfare as 

following ways. 

Lemma 3: For working parent j whose maximum parental time is less than optimal 𝑡𝑡∗ , the 

household welfare for j will be less than the optimal household welfare. In particular, j’s household 

welfare is given by 𝛼𝛼2𝑥𝑥−𝛼𝛼1𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴

�𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍��𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3�

�𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3+

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2�

+

𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴

�𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍��𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2�

�𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2+

𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3�

+ 𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 𝛿𝛿1𝛽𝛽1𝑍𝑍. 

Proof. See appendix B. 

Let 𝐴𝐴 = 𝛼𝛼2𝑥𝑥−𝛼𝛼1𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3 > 0, 𝐵𝐵 = 𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2 > 0, 𝐷𝐷 = 𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 𝛿𝛿1𝛽𝛽1 > 0 

Then, 
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𝑈𝑈 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
𝐴𝐴(𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍)

(𝐴𝐴 + 𝐵𝐵) + 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴
𝐵𝐵(𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍)

(𝐵𝐵 + 𝐴𝐴) + 𝐷𝐷𝑍𝑍

= 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
𝐴𝐴(𝐶𝐶 − 𝑘𝑘𝑡𝑡)

(𝐴𝐴 + 𝐵𝐵) + 𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴
𝐵𝐵(𝐶𝐶 − 𝑘𝑘𝑡𝑡)

(𝐵𝐵 + 𝐴𝐴) + 𝐷𝐷𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 

And 𝜕𝜕𝜕𝜕
𝜕𝜕𝑍𝑍

= −𝑘𝑘 𝛼𝛼2𝑥𝑥−𝛼𝛼1𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3

𝑒𝑒𝑍𝑍

(𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍) − 𝑘𝑘 𝛼𝛼2𝑚𝑚−𝛼𝛼1𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2

𝑒𝑒𝑍𝑍

(𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍) + 𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 𝛿𝛿1𝛽𝛽1                    (8) 

Then, by 𝑍𝑍 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡, it follows that: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑍𝑍

= −𝐴𝐴𝑘𝑘 𝑒𝑒𝑍𝑍

(𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍) − 𝐵𝐵𝑘𝑘 𝑒𝑒𝑍𝑍

(𝐶𝐶−𝑘𝑘𝑒𝑒𝑍𝑍) + 𝐷𝐷⇔ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

= 1
𝑡𝑡
�−𝐴𝐴𝑘𝑘 𝑡𝑡

(𝐶𝐶−𝑘𝑘𝑡𝑡) − 𝐵𝐵𝑘𝑘 𝑡𝑡
(𝐶𝐶−𝑘𝑘𝑡𝑡) + 𝐷𝐷�             (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

> 0 ⇒ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑍𝑍

> 0 ⇒  𝑍𝑍 < 𝐴𝐴𝐴𝐴𝐴𝐴 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

⇒ 𝑡𝑡 < 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

              (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

= 0 ⇒ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑍𝑍

= 0 ⇒  𝑍𝑍 = 𝐴𝐴𝐴𝐴𝐴𝐴 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

⇒ 𝑡𝑡 = 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

              (11) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

< 0 ⇒ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑍𝑍

< 0 ⇒  𝑍𝑍 > 𝐴𝐴𝐴𝐴𝐴𝐴 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

⇒ 𝑡𝑡 > 𝐶𝐶𝐶𝐶
𝑘𝑘(𝐴𝐴+𝐵𝐵+𝐶𝐶)

              (12) 

APEENDIX B 

Proof of Lemma 1. Differentiate both sides of (1) with respect to t to obtain  

𝑦𝑦′(𝑡𝑡)
𝑦𝑦(𝑡𝑡)

= 𝛼𝛼1𝑡𝑡
𝑦𝑦′′(𝑡𝑡)
𝑦𝑦′(𝑡𝑡)

+
𝛼𝛼2𝑡𝑡

𝑡𝑡
               (13) 

Let 𝑦𝑦
′(𝑡𝑡)
𝑦𝑦(𝑡𝑡)

= 𝜔𝜔(𝑡𝑡). Then we have  

𝑦𝑦′′(𝑡𝑡)
𝑦𝑦′(𝑡𝑡)

=
𝜔𝜔′(𝑡𝑡)
𝜔𝜔(𝑡𝑡)

+ 𝜔𝜔(𝑡𝑡)               (14) 

We then plug 𝑦𝑦
′(𝑡𝑡)
𝑦𝑦(𝑡𝑡)

= 𝜔𝜔(𝑡𝑡) and (14) into (13) to obtain 
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𝑑𝑑𝜔𝜔
𝑑𝑑𝑡𝑡

+
𝛼𝛼2𝑡𝑡𝜔𝜔(𝑡𝑡)
𝛼𝛼1𝑡𝑡𝑡𝑡

=
𝛼𝛼2𝑡𝑡𝜔𝜔2(𝑡𝑡)
𝛼𝛼1𝑡𝑡

               (15) 

Let 𝑣𝑣(𝑡𝑡) = 𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡. Then we have  

𝑑𝑑
𝑑𝑑𝑡𝑡
�𝑒𝑒𝑣𝑣(𝑡𝑡)𝜔𝜔(𝑡𝑡)� = 𝑒𝑒𝑣𝑣(𝑡𝑡) �

𝑑𝑑𝜔𝜔
𝑑𝑑𝑡𝑡

+
𝛼𝛼2𝑡𝑡𝜔𝜔(𝑡𝑡)
𝛼𝛼1𝑡𝑡𝑡𝑡

�               (16) 

By (15), it follows that 

𝑑𝑑
𝑑𝑑𝑡𝑡
�𝑒𝑒𝑣𝑣(𝑡𝑡)𝜔𝜔(𝑡𝑡)� = 𝑒𝑒𝑣𝑣(𝑡𝑡) 𝛼𝛼2

𝑡𝑡𝜔𝜔2(𝑡𝑡)
𝛼𝛼1𝑡𝑡

               (17) 

By 𝑣𝑣(𝑡𝑡) = 𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡, (17) can be rewritten as 

𝑑𝑑
𝑑𝑑𝑡𝑡
�𝑡𝑡

𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡𝜔𝜔(𝑡𝑡)� =

𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡
𝑡𝑡
𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡𝜔𝜔2(𝑡𝑡)              (18) 

Let �𝑡𝑡
𝛼𝛼2
𝑡𝑡

𝛼𝛼1
𝑡𝑡𝜔𝜔(𝑡𝑡)�

2

= 𝑓𝑓(𝑡𝑡), then (18) can be rewritten as 

𝑑𝑑
𝑑𝑑𝑡𝑡
�𝑓𝑓

1
2(𝑡𝑡)� =

𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡
𝑓𝑓(𝑡𝑡)

𝑡𝑡
𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡

               (19) 

(19) can be rewritten as  

1
2
𝑓𝑓−

1
2(𝑡𝑡)

𝑑𝑑𝑓𝑓
𝑑𝑑𝑡𝑡

=
𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡
𝑓𝑓(𝑡𝑡)

𝑡𝑡
𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡

               (20) 

Simplify (20) to obtain 
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𝑑𝑑𝑓𝑓
𝑑𝑑𝑡𝑡

=
2𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡
𝑓𝑓
3
2(𝑡𝑡)

𝑡𝑡
𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡

              (21) 

(21) can be rewritten as  

𝑓𝑓−
3
2𝑑𝑑𝑓𝑓 =

2𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡
1

𝑡𝑡
𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡

𝑑𝑑𝑡𝑡               (22) 

Integrate both sides of (22) to obtain 

−2𝑓𝑓−
1
2(𝑡𝑡) =

2𝛼𝛼2𝑡𝑡

𝛼𝛼1𝑡𝑡 − 𝛼𝛼2𝑡𝑡
𝑡𝑡
𝛼𝛼1𝑡𝑡−𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡 + 𝐶𝐶               (23) 

Where C is a integrating constant whose value depends on boundary conditions of f (0).  

By �𝑡𝑡
𝛼𝛼2
𝑡𝑡

𝛼𝛼1
𝑡𝑡𝜔𝜔(𝑡𝑡)�

2

= 𝑓𝑓(𝑡𝑡), it follows that f (0) = 0. So that C = 0. Hence (23) can be rewritten as 

𝑓𝑓−
1
2(𝑡𝑡) =

𝛼𝛼2𝑡𝑡

𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡
𝑡𝑡
𝛼𝛼1𝑡𝑡−𝛼𝛼2𝑡𝑡

𝛼𝛼1
𝑡𝑡                (24) 

Also by  �𝑡𝑡
𝛼𝛼2
𝑡𝑡

𝛼𝛼1
𝑡𝑡𝜔𝜔(𝑡𝑡)�

2

= 𝑓𝑓(𝑡𝑡), it follows that 

𝜔𝜔(𝑡𝑡) =
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
1
𝑡𝑡

                  (25) 

By 𝑦𝑦
′(𝑡𝑡)
𝑦𝑦(𝑡𝑡)

= 𝜔𝜔(𝑡𝑡), (25) can be rewritten as 

𝑦𝑦′(𝑡𝑡)
𝑦𝑦(𝑡𝑡)

=
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
1
𝑡𝑡

               (26) 
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(26) can be rewritten as  

(𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑡𝑡))′ =
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
1
𝑡𝑡

               (27) 

We integrate both sides of (27) with respect to t to obtain 

𝐴𝐴𝐴𝐴𝐴𝐴𝑦𝑦(𝑡𝑡) =
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 + 𝐶𝐶               (28) 

Where C is integrating constant whose value depends on the boundary conditions of y (1). If we 

let y (1) =1, then C = 0. Hence (28) can be rewritten as  

𝑦𝑦(𝑡𝑡) = 𝑡𝑡
𝛼𝛼2
𝑡𝑡−𝛼𝛼1

𝑡𝑡

𝛼𝛼2
𝑡𝑡                      (29)   

It requires that child outcome is increasing in quantity of parental time, that is 𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

= 𝛼𝛼2𝑡𝑡−𝛼𝛼1𝑡𝑡

𝛼𝛼2
𝑡𝑡 𝑡𝑡

−𝛼𝛼1
𝑡𝑡

𝛼𝛼2
𝑡𝑡 >

0, it follows that 

𝛼𝛼2𝑡𝑡 > 𝛼𝛼1𝑡𝑡.    Q.E.D. 

Proof of Lemma 3. Since working parent j’s maximum parental time is t̂ which is less than the 

optimal parental time t∗, then j will spend as much as t̂ with children in order to increase household 

utility as much as possible. Hence j’s household utility problem can be written as (30) 

𝑈𝑈�𝑋𝑋,𝑌𝑌, �̂�𝑍� =
𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥

𝛼𝛼2𝑥𝑥
𝛿𝛿3𝛽𝛽3𝑋𝑋 +

𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
𝛿𝛿2𝛽𝛽2𝑌𝑌 +

𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
𝛿𝛿1𝛽𝛽1�̂�𝑍 

𝑠𝑠. 𝑡𝑡.   𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 + 𝑘𝑘𝑒𝑒𝑍𝑍� = 𝐶𝐶    

Notice that �̂�𝑍 is a positive constant number, so (30) can be rewritten as (31): 
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𝑈𝑈(𝑋𝑋,𝑌𝑌) =
𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥

𝛼𝛼2𝑥𝑥
𝛿𝛿3𝛽𝛽3𝑋𝑋 +

𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
𝛿𝛿2𝛽𝛽2𝑌𝑌

�����������������������
𝜕𝜕�(𝑋𝑋,𝑌𝑌)

+
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
𝛿𝛿1𝛽𝛽1�̂�𝑍 

𝑠𝑠. 𝑡𝑡.   𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 = 𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍� 

Then we want to maximize (32): 

𝑈𝑈�(𝑋𝑋,𝑌𝑌) =
𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥

𝛼𝛼2𝑥𝑥
𝛿𝛿3𝛽𝛽3𝑋𝑋 +

𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
𝛿𝛿2𝛽𝛽2𝑌𝑌 

𝑠𝑠. 𝑡𝑡.   𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 = 𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍� 

Let 𝐺𝐺(𝑋𝑋,𝑌𝑌) = 𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 − �𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�� = 0     (33) 

We differentiate both sides of (33) with respect to X to obtain 

𝑑𝑑𝐺𝐺
𝑑𝑑𝑋𝑋

= 𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌
𝑑𝑑𝑌𝑌
𝑑𝑑𝑋𝑋

= 0 

Then we have  

𝑑𝑑𝑌𝑌
𝑑𝑑𝑋𝑋

= −𝑒𝑒𝑋𝑋

𝑒𝑒𝑌𝑌
                    (34) 

Maximum 𝑈𝑈�(𝑋𝑋,𝑌𝑌)  requires the line 𝑈𝑈�(𝑋𝑋,𝑌𝑌)  is tangent to the curve of 𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 = 𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍� . 

Assume the tangent point is (𝑋𝑋∗,𝑌𝑌∗). Then we have 

𝑒𝑒𝑋𝑋
∗

𝑒𝑒𝑌𝑌∗
=

𝛼𝛼2
𝑥𝑥−𝛼𝛼1

𝑥𝑥

𝛼𝛼2
𝑥𝑥 𝛿𝛿3𝛽𝛽3

𝛼𝛼2
𝑚𝑚−𝛼𝛼1

𝑚𝑚

𝛼𝛼2
𝑚𝑚 𝛿𝛿2𝛽𝛽2

                   (35) 

Since (𝑋𝑋∗,𝑌𝑌∗) is on the curve 𝑒𝑒𝑋𝑋 + 𝑒𝑒𝑌𝑌 = 𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�, it follows that  

𝑒𝑒𝑋𝑋∗ + 𝑒𝑒𝑌𝑌∗ = 𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�            (36) 
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By (35) and (36), we can solve for 𝑋𝑋∗ and 𝑌𝑌∗: 

𝑋𝑋∗ = 𝐴𝐴𝐴𝐴𝐴𝐴
�𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�� �𝛼𝛼2

𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3�

�𝛼𝛼2
𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3 + 𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2�
 

𝑌𝑌∗ = 𝐴𝐴𝐴𝐴𝐴𝐴
�𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�� �𝛼𝛼2

𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2�

�𝛼𝛼2
𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2 + 𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3�
 

Hence j’s household utility is given by  

𝑈𝑈�𝑋𝑋,𝑌𝑌, �̂�𝑍� =
𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥

𝛼𝛼2𝑥𝑥
𝛿𝛿3𝛽𝛽3𝐴𝐴𝐴𝐴𝐴𝐴

�𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�� �𝛼𝛼2
𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3�

�𝛼𝛼2
𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3 + 𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2�

+
𝛼𝛼2𝑚𝑚 − 𝛼𝛼1𝑚𝑚

𝛼𝛼2𝑚𝑚
𝛿𝛿2𝛽𝛽2𝐴𝐴𝐴𝐴𝐴𝐴

�𝐶𝐶 − 𝑘𝑘𝑒𝑒𝑍𝑍�� �𝛼𝛼2
𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2�

�𝛼𝛼2
𝑚𝑚 − 𝛼𝛼1𝑚𝑚
𝛼𝛼2𝑚𝑚

𝛿𝛿2𝛽𝛽2 + 𝛼𝛼2𝑥𝑥 − 𝛼𝛼1𝑥𝑥
𝛼𝛼2𝑥𝑥

𝛿𝛿3𝛽𝛽3�
+
𝛼𝛼2𝑡𝑡 − 𝛼𝛼1𝑡𝑡

𝛼𝛼2𝑡𝑡
𝛿𝛿1𝛽𝛽1�̂�𝑍 

Q.E.D. 
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