
Exploring Alternate Latent Trait Metrics with the
Filtered Monotonic Polynomial IRT Model

A THESIS

SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL

OF THE UNIVERSITY OF MINNESOTA

BY

Leah Marie Feuerstahler

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

Niels Waller

Thesis Advisor

July, 2016



c© Leah Marie Feuerstahler 2016

ALL RIGHTS RESERVED



i

Abstract

Item response theory (IRT) is a broad modeling framework that makes precise

predictions about item response behavior given individuals’ locations on a latent

(unobserved) variable. If the item-trait regressions, also known as item response

functions (IRFs), are monotonically increasing and if assumptions about unidi-

mensionality and local independence are satisfied, then examinees can be ordered

uniquely on the latent trait. Scales that satisfy these three assumptions can be

transformed monotonically without altering scale properties—that is, they define

an ordinal-level scale (Stevens, 1946). When fitting an IRT model, however, the

scale of the latent variable—that is, its location and interval spacing—must be

identified by introducing extra assumptions. In practice, the scale is identified by

specifying either the parametric form of the IRF (parametric IRT) or the distri-

bution of the latent trait (nonparametric IRT).

Filtered monotonic polynomial IRT (FMP) has been proposed as a type of

nonparametric IRT method (Liang & Browne, 2015), but shares important prop-

erties with parametric methods. In this dissertation, it is demonstrated that any

IRF defined within the FMP framework can be re-expressed as another FMP IRF

by taking linear or nonlinear transformations of the latent trait. A general form

for these transformations is presented in terms of matrix algebra.

Finally, I propose a composite FMP IRT model in which nonlinear transforma-

tions of the latent trait are modeled explicitly by a monotonic composite function.
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I argue that the composite model offers many advantages over existing methods.

First, the composite FMP model narrows the methodological gap between para-

metric and nonparametric item response models, allowing for item banking and

adaptive testing within a flexible modeling framework. Second, this composite

model suggests a sequential NIRT curve-fitting method that allows users to ex-

plore both alternate (e.g., non-normal) latent densities and flexible IRF shapes.

Finally, the composite FMP model allows users to explore and employ alternate

scalings of the latent trait without sacrificing the methodological advantages of

parametric models.
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Chapter 1

Constructing Measurement Scales

with Item Response Theory

1.1 Assumptions of Item Response Modeling

As with any statistical model, item response models draw inferences from data

only after making a certain number of assumptions. In item response theory

(IRT), the most commonly used models share three assumptions: unidimension-

ality, local independence, and monotonicity. The first assumption, unidimension-

ality, requires that individual differences in item response probabilities are wholly

attributable to individual differences on exactly one latent variable. The sec-

ond assumption, local independence, is a direct consequence of unidimensionality.

Local independence states that, conditional on the latent trait, responses to a

series of test items are independent of each other. The third assumption is that

all item response functions (IRFs) are monotonically increasing functions of the
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latent trait. Graphically, the monotonicity assumption states that all IRFs are

monotonically increasing functions of the latent variable θ. Hereafter, the term

“monotonic” will always signify monotonically increasing because a monotonically

decreasing IRF can be made monotonically increasing by reverse keying the item.

Any set of items that satisfies the unidimensionality, local independence, and

monotonicity assumptions, by definition, satisfies Mokken’s (1971) monotone ho-

mogeneity model (MHM). An important feature of the MHM is that it implies

a unique ordering of individuals on the latent trait. In terms of Stevens’ (1946)

well-known taxonomy, scales that satisfy the three MHM assumptions measure

examinees on an ordinal scale.

The three MHM assumptions are sufficient, but not necessary, conditions for

ordinal-level measurement. Accordingly, many alternative models have been de-

veloped that violate these assumptions (Ip, 2002; Reckase, 2009; Roberts & Laugh-

lin, 1996). Although it may be desirable to construct scales that measure exactly

one trait, there is often a tradeoff between constructing unidimensional tests and

constructing tests that capture the breadth of psychological constructs (see Ip &

Chen, 2015). Instead of developing tests that measure narrowly defined constructs,

it may be preferable to employ multidimensional IRT models that simultaneously

measure several latent traits (see Reckase, 2009, for an overview of multidimen-

sional IRT models). Alternatively, there may be reasons to use unidimensional

IRT models even when data are multidimensional, particularly if the data are

“unidimensional enough” (Bonifay, Reise, Scheines, & Meijer, 2015) or if item and

person parameter estimates are not substantially distorted by multidimensionality

(Reise, Cook, & Moore, 2015). Similarly, the assumption of local independence
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may be too strong to hold exactly in real data. As such, locally dependent IRT

models have been proposed to accommodate violations of this assumption (Ip,

2002; Ip, Wang, de Boeck, & Meulders, 2004). Note however that, because lo-

cal independence is a consequence of unidimensionality, locally dependent models

are closely related to multidimensional models (Ip, 2010). Finally, monotonic

IRFs are commonly assumed in item response theory, but they are not necessarily

appropriate for all item response data. Specifically, monotonicity implies a domi-

nance response process wherein increased levels of the latent trait lead to higher

response probabilities (Stark, Chernyshenko, Drasgow, & Williams, 2006). In con-

trast, ideal-point response processes (Coombs, 1964) imply bell-shaped response

functions. Under an ideal-point model, the closer a person’s latent trait score

is to the peak of the IRF, the higher the probability of a keyed item response.

Ideal-point models, also known as unfolding models (Davison, 1977; Roberts &

Laughlin, 1996), have been found to provide comparable or superior fit and more

interpretable scores than dominance response models when applied to some per-

sonality questionnaires (Stark et al., 2006) and vocational interest inventories

(Tay, Drasgow, Rounds, & Williams, 2009). Despite their promise, ideal-point

models are seldom used and not thoroughly understood (see Reise, 2010, for a

critique of ideal-point models).

1.2 Scale Identification

An important property of ordinal-level scales, such as scales that satisfy the MHM,

is that monotonic score transformations do not alter the properties of the scale.
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Lord (1975) demonstrated that for item response models, monotonic scale trans-

formations do not alter model predictions, so long as the item response functions

are also transformed appropriately. In other words, for every item response model,

a monotonic transformation of the latent trait parameter results in an equally ad-

missible item response model. Put more formally, suppose an item response model

follows the MHM such that the probability P of a keyed response to item i equals

Pi(θ) = f(θ), (1.1)

where f is a monotonically increasing function bounded by 0 and 1. For any

strictly monotonic transformation, h−1, of the latent trait1,

θ? = h−1(θ), (1.2)

an alternate item response model exists such that

Pi(θ) = P ?
i (θ?) (1.3)

where

P ?
i (θ?) = f [h(θ?)]. (1.4)

The relation shown in Equation 1.4 holds for any monotonically increasing (and

therefore, invertible) item response function f . Without additional evidence, there
1Because h−1 is a strictly monotonic function, it is guaranteed to have an inverse, and thus

the function h is also strictly monotonic and invertible. The inverse transformation, h−1, is used
in the current definition for notational consistency.
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is no psychological reason to prefer the θ scale to the θ? scale (Lord, 1975, 1980,

p. 84).

The relation shown in Equation 1.4 implies that, for any monotonic transfor-

mation of θ, an item response model exists that makes identical predictions as the

original model. This fact suggests that the scaling of the latent variable—that is,

the choice of monotonic transformation of examinee scores—is, to some extent,

arbitrary. However, because item response models make point predictions about

latent trait values, fitting an item response model requires identifying a particular

scaling of the latent variable. In other words, scale identification is a necessary

condition for IRT model identification.

In item response theory, the scale is usually determined in one of two ways.

The researcher may specify in advance either the functional form of the IRF or the

distribution of the latent trait (Thissen, 2009). Broadly speaking, this distinction

corresponds to the difference between parametric item response theory (PIRT)

and nonparametric item response theory (NIRT). Specifically, PIRT identifies the

scale by specifying a particular mathematical form for the IRF whereas NIRT

identifies the scale by specifying the latent trait distribution.

When fitting a PIRT model, the researcher assumes that the chosen parametric

model fits all scale items. This assumption is made in addition to the MHM

assumptions. As such, a data set that satisfies the MHM assumptions need not fit

the chosen PIRT model. If, however, a particular PIRT model is appropriate for all

scale items, the scale is identified up to linear transformations of the latent trait.

In other words, for a given IRF functional form, only linear transformations of the

latent trait are permissible without altering model predictions. Because of this



6

fact, it is often stated that PIRT models provide interval-level measurement (e.g.,

Sijtsma & Molenaar, 2002), an issue that will be revisited in a later section. The

linear indeterminacy of the latent trait is a well-known property of PIRT models

that poses a model identification problem. This identification problem is often

resolved by standardizing the latent variable during item parameter estimation.

In contrast to PIRT models, NIRT models are identified by specifying the

latent trait distribution.2 The latent trait distribution is often specified by trans-

forming initial trait estimates computed from the observed data. The simplest of

these initial estimates is the observed sum score. The observed sum score is an

estimate of the true score in classical test theory, and the classical true score is

a permissible transformation of the θ metric under the assumptions of the MHM

model. With this justification, many authors have fit nonparametric item response

models by conditioning on observed sum scores. For example, Mokken scale anal-

ysis (1971) is usually based on the analysis of observed sum scores. Other authors

have transformed the observed sum score distribution (or proportion-correct dis-

tribution) to follow a standard normal distribution (e.g., Ramsay, 1991). One

problem with using observed sum scores is that, for a test with I items, only I+1

unique scores can be observed, even though true scores are defined on the continu-

ous interval [0, I]. To break ties, Ramsay (1991) jittered the normalized sum scores

(i.e., broke ties by adding a small amount of random noise to each score). An-

other problem with sum scores is that they treat every item equally. That is, sum
2Throughout, the term “NIRT” refers to methods that aim to flexibly fit IRFs. Here, the

term encompasses quasi-parametric methods, as described by Ramsay (1991 pp. 612–613), in
which estimated model parameters are not interpreted outside of the model and which are able
to fit a wide variety of (possibly non-monotonic) IRFs.
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scores do not differentiate between items of different quality (i.e., discriminability

or difficulty). To circumvent the item quality and discreteness problems associ-

ated with sum scores, it has recently been recommended (Lathrop, 2015; Liang,

2007; Liang & Browne, 2015) to use the (normalized) first principal components

scores as initial estimates of the latent trait. Importantly, both sum scores and

principal components scores, along with their transformations, are only estimates

of the latent trait.

1.3 Estimating Item Response Models

In IRT, the scale must be identified prior to parameter estimation. A thorough re-

view of PIRT parameter estimation techniques is given by Baker and Kim (2004),

and more detail about the technical aspects of item calibration methods is given

in a later section. Below I focus on how various estimation methods identify the

latent trait metric. In particular, I distinguish between fixed-effects and random-

effects treatments of the latent trait. In IRT, fixed-effects estimation draws infer-

ences about trait scores for particular examinees, and random-effects estimation

considers examinees in the calibration sample to be a random sample from a

population of examinees.

1.3.1 Fixed-effects

When using fixed-effects item calibration methods, estimates of both the item and

person parameters are obtained. Fixed-effects estimation for NIRT models usually

involves conditioning on initial estimates of the latent trait. The initial estimates
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may be item total scores, first principal component scores, or functions of either

quantity (e.g., normalized scores). Estimated curves are obtained by treating these

initial estimates as known quantities. After the curves are estimated, updated

latent trait estimates may be obtained by treating the estimated IRFs as known.

For PIRT models, perhaps the most obvious method for employing fixed-effects

estimation is to maximize the complete-data likelihood. This approach is known

as joint maximum likelihood (JML). Because person parameters are estimated

along with item parameters, JML makes no assumptions about the shape of the

latent trait distribution. In practice, JML is usually implemented using a two-

stage approach known as the Birnbaum paradigm (Birnbaum, 1968, p. 420; see

also Baker & Kim, 2004, p. 87). In the first stage, item parameters are updated

by treating person parameter estimates as fixed, and in the second stage, person

parameter estimates are updated by treating item parameter estimates as fixed.

These two steps iterate until parameter estimates stabilize.

A fundamental problem with JML estimation is that the item parameter es-

timates have not been proven to be consistent (Neyman & Scott, 1948). This

problem occurs because the total number of parameters to be estimated increases

as sample size increases. In the Rasch model only, consistent estimates of the item

parameters are available by conditioning on the number-correct score (Andersen,

1973). This method is available because the number-correct score is a sufficient

statistic for the latent trait in the Rasch model. For non-Rasch models, sufficient

statistics for the latent trait do not exist, and so the person parameters cannot be

eliminated from the likelihood function. Thus, the person parameters are inciden-

tal when updating item parameter estimates (Harwell, Baker, & Zwarts, 1988).
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These problems with JML estimation have been the primary impetus for the de-

velopment of newer item calibration techniques, and Baker and Kim (2004, p.

108) predicted that over time JML will be replaced by random-effects methods.

1.3.2 Random-effects

Some researchers (e.g., Takane & de Leeuw, 1987) have argued that fixed-effects

methods are inappropriate in the context of IRT. Specifically, when estimating

item parameters, item characteristics are of greater interest than than the charac-

teristics of individuals in the calibration sample. From this perspective, it is appro-

priate to consider random-effects estimation in which individuals are considered to

be a random sample from a population. The random-effects approach overcomes

many of the technical problems associated with JML. However, in random-effects

estimation, the population distribution is specified by the researcher, which adds

another model assumption that is not directly testable.

In random-effects item parameter estimation, the marginal likelihood of the

item parameters is maximized. The marginal likelihood is obtained by integrat-

ing over a distribution of the latent trait (Bock & Lieberman, 1970). This ap-

proach, known as marginal maximum likelihood (MML) estimation, is usually

implemented using an application of the expectation-maximization (EM) algo-

rithm (Dempster, Laird, & Rubin, 1977) to item response models, as described

by Bock and Aitkin (1981). In MML, the latent trait distribution is specified as a

Bayesian prior distribution that is integrated out of the likelihood. The choice of

latent trait prior distribution, such as a standard normal distribution, is sufficient
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to determine the scale location and unit. Additionally some NIRT models can be

estimated via MML (e.g., Falk & Cai, 2016; Rossi, Wang, & Ramsay, 2002).

When fitting NIRT models via random-effects estimation, the user specifies

the latent trait distribution and flexibly estimates the IRF shape. In contrast,

fitting PIRT models via random-effects methods requires the user to specify both

the latent trait distribution and the IRF functional form. When both sets of

restrictions are put in place, such as with MML estimation of parametric models,

the scale is over-determined (Thissen, 2009). In MML, the restriction on the

latent trait distribution takes the form of a Bayesian prior that can, in theory, be

overwhelmed by the data. The extent to which the prior is overwhelmed by data in

real data estimation has been investigated by numerous authors with mixed results

(cf. Woods, 2015). Importantly, when the prior distribution shape does not match

the latent trait distribution shape (as determined by the parametric IRF functional

form), there are competing identification restrictions that may negatively affect

the accuracy of estimated item parameters. When the model is over-identified in

this manner, there are two strategies for increasing the flexibility of the model:

(a) use NIRT methods to flexibly estimate the IRF, or (b) flexibly estimate the

latent density. Before describing these approaches, I will first overview common

parametric item response models.
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1.4 Parametric Models

When using parametric models, the latent trait variable θ is, by definition, the

scale on which all IRFs have the mathematical forms that are specified by the re-

searcher (Lord, 1975, p. 205). A number of parametric item response models for

binary item responses have been proposed that meet the three MHM assumptions.

Note that in the remainder of this work, attention will be focused on IRT models

for dichotomously scored item responses. Of these models, the earliest are based

on the normal cumulative distribution function. For example, the two-parameter

normal ogive model (2PNO; Lawley, 1943, 1944), specifies the probability of re-

sponding in a keyed direction as

Pi(θ) = Φ[ai(θ − bi)], (1.5)

where Φ denotes the normal cumulative distribution function, ai is the item dis-

crimination parameter, and bi is the item difficulty parameter for item i. Com-

putationally, it is more convenient to work with a logistic approximation to the

normal distribution (Birnbaum, 1968). The two-parameter logistic model (2PL)

gives

Pi(θ) = {1 + exp[−Dai(θ − bi)]}−1 , (1.6)

where D is a scaling constant. When D = 1.702, the curves defined by Equations

1.5 and 1.6 trace highly similar curves for the same ai and bi parameters. Part of

the appeal of the 2PNO and 2PL is that the ai and bi parameters are interpretable
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in terms of item characteristics (see Lord & Novick, 1968, pp. 366–368). For

example, on ability tests, items with higher bi values (holding ai constant) are

more difficult for all examinees. Moreover, the 2PNO can be derived by making

several assumptions about the item response process (Lord & Novick, 1968, pp.

370–371).3

The item response function defined in Equation 1.6 is sometimes referred to

as the difficulty/discrimination parameterization of the 2PL. An alternative pa-

rameterization that will be important later in this work is the slope-intercept

parameterization, written

Pi(θ) = {1 + exp[−(b0i + b1iθ)]}−1 , (1.7)

where b0i is the item intercept and b1i is the item slope for item i. Note that this

parameterization is identical to the logistic regression of the binary item responses

on θ. In other words, if θ values are known, estimating the item parameters for

the slope-intercept parameterization of the 2PL is equivalent to fitting a logistic

regression model with one predictor.

Many argue that the 2PL cannot adequately describe item response behavior
3Lord and Novick’s (1968, pp. 370–371) derivation is as follows. Suppose that observed

binary item responses yi are a strict dichotomization of an unobserved continuous variable ỹi.
If
1. The regression of ỹi on θ is linear,
2. the conditional distribution of ỹi given θ is normal with constant variance σ2

ỹi|θ, and
3. σ2

ỹi|θ is independent of θ,
then the nonlinear regression of yi on θ follows the 2PNO. This derivation makes the same
base assumptions as the MHM, but does not assume population distributions for θ or ỹi. A
limitation of this derivation is that it makes assumptions about unobservable quantities, and
Lord and Novick admit that this derivation is one that “some theorists find interesting and others
do not” (p. 370).
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on ability and achievement tests. Specifically, it has been argued that on multiple-

choice tests, examinees might guess the correct answer regardless of their ability

level. To model this phenomenon, the three-parameter logistic model (3PL; Birn-

baum, 1968) has been proposed. The 3PL IRF is written

Pi(θ) = ci + (1− ci) {1 + exp[−ai(θ − bi)]}−1 , (1.8)

where the ci parameter determines the lower asymptote value of the item response

function and other quantities are as previously defined. The 2PL and 3PL are

among the most commonly used item response models for binary item responses.

Despite the popularity of these item response models, they need not provide the

most plausible parametric models for item response behavior in all content do-

mains. For example, the four-parameter logistic model (4PL; Barton & Lord,

1981), written

Pi(θ) = ci + (di − ci) {1 + exp[−ai(θ − bi)]}−1 , (1.9)

modifies the 3PL by adding a flexible upper asymptote parameter, di. By allowing

IRF upper asymptotes to be less than one, the model can accommodate response

“slips” by high ability examinees (Rulison & Loken, 2009) on cognitive tests and

better characterize response behavior on psychopathology items (Reise & Waller,

2003; Waller & Feuerstahler, 2016). Yet another alternative IRF shape was pro-

posed by Samejima (2000), who argued that point-symmetric models such as the

2PL are inappropriate when the psychological response process is more complex

at some θ levels than at other θ levels. Instead, she proposed the logical positive
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exponent (LPE) model, written

Pi(θ) = [P̃i(θ)]
ξi , (1.10)

where ξi is an acceleration, or item complexity, parameter and P̃i(θ) is the 2PL

or 2PNO. It has been argued (Samejima, 2000) that the LPE model is appropri-

ate for tasks or items that involve applying a complex combinations of skills or

strategies. The complexity of the task or item is accounted for by ξi, wherein

increasing ξi increases the θ value at which the IRF slope is maximum. It has

been suggested (Bolt, Deng, & Lee, 2014) that ξi is positively related to the num-

ber of subprocesses that must work in conjunction to elicit a keyed response. For

example, suppose that solving a math problem involves multiple steps, and thus

multiple opportunities to err. A correct answer to the math problem occurs only

when all steps are completed correctly. In this scenario, it has been argued (Bolt

et al., 2014) that an LPE model with ξi > 1 will better represent the probability

of success on this math problem than the 2PL (i.e., an LPE model with ξi = 1).

Another parametric model worthy of brief mention is the Rasch model (Rasch,

1960/1980). This model, sometimes also called the one-parameter logistic model

(1PL), contains one item-level parameter that is interpreted as item difficulty.

The 1PL is written

Pi(θ) = {1 + exp[−(θ − bi)]}−1 (1.11)

and also satisfies the assumptions of the MHM. The Rasch model boasts several

advantages over higher parameterized models. For example, the Rasch model
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satisfies invariant item ordering—that is, items can be uniquely ordered by diffi-

culty such that this ordering holds for an examinee at any θ level. Also in this

model, observed sum scores are a sufficient statistic for the latent trait (Rasch,

1960/1980), a fact that simplifies model estimation (Andersen, 1973). Moreover,

the Rasch model can be considered a probabilistic form of additive conjoint mea-

surement (Perline, Wright, & Wainer, 1979), which places the Rasch model in

the context of representational measurement (Luce & Tukey, 1964). However, the

Rasch model belongs to a different school of thought than the one employed in

this paper. Broadly speaking, advocates of the Rasch model prefer to construct

tests by carefully selecting items that fit the model. Advocates of more complex

IRT models prefer to alter the model to fit characteristics of the data. In this

paper, the latter attitude is taken; for items satisfying the MHM assumptions, an

IRT model that fits a given set of items is preferred over a model that follows a

particular parametric form.

1.5 Nonparametric Models

In contrast to parametric IRT models, nonparametric IRT models freely estimate

IRFs conditional on the latent trait. To identify a NIRT model, therefore, the

latent trait must be identified prior to model fitting. This is accomplished by

specifying the latent trait distribution. Importantly, any univariate continuous

distribution of latent trait scores can be transformed to follow any other univariate

continuous distribution (see Duncan & MacEachern, 2008, pp. 46–47). For this

reason, any scale that satisfies the MHM can be modeled using NIRT methods,
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but not all scales that satisfy the MHM fit PIRT models. Although NIRT models

are more general than PIRT models, NIRT is not always used as an alternative

to PIRT. One characteristic feature of the NIRT literature is a strong tradition

of, and readily available methods for, checking model assumptions. The use of

NIRT as an assumption-checking tool is illustrated by Meijer and Baneke (2004),

and Stout (2001) argued that NIRT-type analyses are an important precursor to

determine whether PIRT methods are appropriate for a given data set. Sijtsma

and Meijer (2007) distinguish this exploratory use of NIRT from confirmatory

uses of NIRT that are used to draw inferences about data structure, items, and

persons. In this paper, I am primarily concerned with this latter use of NIRT.

In other words, this work is more concerned with the use of NIRT as a viable

alternative to parametric models. From this perspective, the main advantage

of using NIRT is one of model-data fit. To justify the use of NIRT from this

perspective, it must be demonstrated than NIRT models fit significantly better

than PIRT methods. Moreover, it is not sufficient to demonstrate that parametric

models provide poor fit to item response data—it must be shown that there does

not exist a scale on which all items follow the same (e.g., logistic) form, as is

assumed in PIRT models.

To date, few studies have empirically compared NIRT and PIRT models in

terms of fit. One such study was conducted by Chernyshenko, Stark, Chan, Dras-

gow, and Williams (2001). These authors compared the fit of the 2PL and 3PL

to nonparametrically estimated curves on several personality measures. These re-

searchers found that parametric models fit some scales well, but not others. One

caveat to this type of research is that, in relatively small samples, there may be
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little power to determine whether the parametric model fits. Nevertheless, it is

plausible that NIRT provides superior fit in moderate to large data sets and may

lead to less biased estimates of the IRFs (cf. Xu & Douglas, 2006).

Several NIRT models have been proposed. Perhaps the most widely used NIRT

method is Ramsay’s (1991) kernel smoothing. This method estimates a smooth

IRF by taking a weighted average of responses to a given item, where weights are

assigned according to a pre-specified kernel function and bandwidth parameter.

With this method, estimated IRFs are not constrained to be monotonically in-

creasing. Thus, kernel smoothing may be used to investigate severe violations of

monotonicity. Applications of kernel smoothing have primarily been exploratory.

A notable exception is the work of Xu and Douglas (2006), who applied kernel

smoothing in a confirmatory manner in computerized adaptive testing. One rea-

son why kernel smoothing is less suited for confirmatory data analysis is that

fitted IRFs are not functions of estimated parameters. This means that the esti-

mated IRFs cannot be described by a small number of parameters, for example,

when scoring examinees that are not in the calibration sample. Other NIRT

methods, termed “quasi-parametric” methods (Ramsay, 1991), are based on pa-

rameter estimation. In contrast to PIRT models, quasi-parametric models allow

for highly flexible estimated IRFs and include parameters that are not meant to

be interpreted outside the model. That is, quasi-parametric models include item

parameters that are not interpretable in terms of psychological processes but that

serve to fit a wide variety of IRF shapes. Quasi-parametric item response models

include monotone splines (Ramsay & Abrahamowicz, 1989; Ramsay & Winsberg,

1991), penalized maximum likelihood (Rossi et al., 2002), and multilinear formula
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scoring (Drasgow, Levine, Williams, McLaughlin, & Candell, 1989; Levine, 1984).

Each of these methods characterizes the item response function as a linear com-

bination of basis functions. Specifically, multilinear formula scoring models the

IRF as the weighted sum of orthogonal functions such as orthogonal polynomi-

als (see Chernyshenko, et al., 2001). Monotone splines, as the name suggests,

are constructed from piecewise polynomial functions that are constrained to be

monotonically increasing. In the penalized maximum likelihood approach, mono-

tone splines are constructed to model the logit probability of a keyed response

(the name “penalized maximum likelihood” comes from the estimation method

recommended by these authors who employ an EM algorithm-based estimation

method with a smoothness penalty).

More recently, at least two classes of NIRT models have been proposed that

begin to bridge the gap between parametric and nonparametric IRT. First, Duncan

and MacEachern (2008, 2013) proposed a nonparametric Bayesian approach to

IRT. Specifically, these authors proposed two nonparametric Bayesian models,

one that allows flexible estimation of the latent density and the other that allows

flexible estimation of the IRFs. These authors view their work as a compromise

between flexibly estimating the latent trait distribution and flexibly estimating

the IRF shape. This work begins to narrow the methodological gap between the

two disparate sets of methods, but it requires a choice between whether to explore

alternate latent densities or alternate IRFs.

A second recently developed NIRT model is the filtered monotonic polynomial

IRT model (FMP; Liang, 2007; Liang & Browne, 2015). The FMP model is

similar to (polynomial) spline-based quasi-parametric methods, but instead of
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using splines, for each IRF, FMP applies the same polynomial function across the θ

continuum. At first blush, FMP may appear to be a cruder, less flexible approach

to flexible item curve fitting. However, FMP curves can fit any monotonically

increasing IRF to an arbitrary degree of precision (using a polynomial function

of a sufficiently high degree). Moreover, the FMP model reduces exactly to the

2PL in its simplest form. In this case, item parameters may be interpreted as

2PL item parameters and item banking, adaptive testing, and other parametric

methods may be applied in the usual manner. The FMP model is the major focus

of this work, and more information on model properties will be given in a later

section.

1.6 Flexible Latent Densities

Recall that when parametric IRT models are estimated using MML, the scale is

identified by specifying both the parametric form of the IRF and the latent trait

distribution. Although both identification constraints may be necessary for model

convergence in small samples, these specifications may be too restrictive in moder-

ate to large samples. There are two distinct ways to relax these restrictions. First,

it is possible to specify the latent trait distribution and freely estimate the IRFs

using NIRT. Alternatively, the latent trait density may be estimated conditional

on a chosen parametric model. It has been argued (e.g., Woods & Thissen, 2006)

that it is preferable to flexibly estimate the latent trait density rather than flexibly

estimate the IRF. Specifically, if the latent trait density is estimated, then item
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calibration produces item parameter estimates that follow the usual interpreta-

tion, and well-established PIRT methods such as trait estimation, item banking,

and adaptive testing, may be applied in a straightforward manner. As argued by

Woods and Thissen (2006, p. 282), “there is sufficient value in classical IRT to

justify the alternative [to NIRT] of estimating g(θ) with logistic IRFs.” Moreover,

it is often unlikely that latent trait scores are normally distributed in a given

sample. For example, if the calibration sample is a mixture of populations or if

relevant symptoms are likely to occur in small numbers of subjects, normality is

not a viable assumption. Although it is possible to specify a distribution other

than standard normal (e.g., beta(10, 2)), usually not enough is known about the

sample to confidently specify an alternate latent distribution.

When the true latent trait distribution (conditional on the model) does not

match the prior distribution in MML estimation, the item and person parameters

may be biased. There is mixed evidence as to how robust item and person pa-

rameter estimates are to misspecification of the prior trait distribution. Several

researchers have explored the effects of non-normality of θ on item and person

parameter estimates for various IRT models. Many researchers (e.g., Kirisci, Hsu,

& Yu, 2001; Roberts, Donoghue, & Laughlin, 2002) have concluded that latent

density misspecification has little to no effect on item or person parameter recov-

ery. Others have found biased item and person parameter estimates particularly

when the latent density is skewed (Reise & Yu, 1990; Seong, 1990; Stone, 1992),

when items have low discriminations (Reise & Yu, 1990), when too few quadra-

ture points are used (Seong, 1990), and for short tests (Stone, 1992). Moreover,

bias in estimated trait scores tends to be greatest at the distribution extremes.
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For skewed distributions, if there are more examinees with trait scores in regions

where the test does not discriminate, there will be decreased variability in re-

sponse patterns, exacerbating bias (Roberts et al., 2002). Woods (2015), based

on a thorough review of the literature, concluded that biased item parameter esti-

mates occur primarily when latent distributions are skewed and when items have

extreme difficulties. Similarly, estimates of extreme latent trait scores tend to be

biased when the latent distribution is skewed. Thus, when the latent distribution

is misspecified, methods that flexibly estimate the latent trait distribution may

provide superior model-data fit.

Early methods to estimate the latent trait distribution were proposed by An-

derson and Madsen (1977) for the Rasch model, Bock and Aitkin (1981), and

Mislevy (1984). These methods are not ideal because they require estimating a

large number of parameters in addition to the computationally intensive problem

of item parameter estimation. Nevertheless, these methods can produce more

accurate item and person parameter estimates when the latent distribution is in-

correctly specified as normal (e.g., Woods, 2007a). Modern approaches to flexible

latent density estimation include Ramsay curves (Woods & Thissen, 2006), Da-

vidian curves (Woods & Lin, 2009), and Johnson curves (van den Oord, 2005).

These methods have in common that they introduce only a small number of ad-

ditional model parameters, produce smooth estimates of the latent density, and

reduce to the standard normal density when appropriate. Numerous studies have

shown that these modern methods also provide more accurate item and person

parameter estimates than incorrectly specifying a normal latent density (van den

Oord, 2005; Woods, 2007b; Woods, 2008b), and tend to perform better than older
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methods for estimating the latent density (Woods, 2008b; Woods & Lin, 2009). In

many cases, Ramsay curves perform similarly to Davidian curves (Woods & Lin,

2009), although Woods (2015) recommends Davidian curves because they have

been extended to multidimensional models and are simpler to implement.

Perhaps the greatest advantage of latent density estimation over NIRT is that

it does not require learning a new IRT model. Instead, commonly used paramet-

ric item response techniques apply in a straightforward manner to tests calibrated

with methods that estimate the latent trait distribution. When applying item

parameter estimates to examinees not in the calibration sample, there is no dif-

ference in implementation between the purely parametric and the flexible latent

density approaches. However, the density estimation methods assume correct

model specification, and non-normality can be incorrectly found when the model

is not correctly specified (Woods, 2008a). Another disadvantage to the flexible

latent density methods is that there is no guarantee of fit. If not all items follow

the specified parametric shape for some distribution of θ, the model will not fit

the data. Whereas NIRT methods are guaranteed to model any IRF that satisfies

the MHM, there is no such guarantee for parametric item response theory, even

when the latent densities are estimated.

1.7 Interval or Ordinal?

At this juncture, it is necessary to address a contentious issue in latent trait theory:

the measurement level of the latent trait. In Stevens’s (1946) well-known taxon-

omy, measurement scales are classified as nominal, ordinal, interval, or ratio-level
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scales. Neither the nominal nor the ratio levels of measurement accurately char-

acterize (model-fitting) latent trait scores; this point is not controversial. How-

ever, there is much disagreement and confusion over whether latent trait scores

comprise interval scales or ordinal scales. It is usually acknowledged that NIRT

methods produce only ordinal-level scales (Sijtsma & Molenaar, 2002, pp. 15–

16). However, many (e.g., Sijtsma & Molenaar, 2002; Yen, 1986) contend that

parametric item response models produce equal-interval scales. In fact, Sijtsma

and Molenaar (2002) consider the distinction between ordinal and interval scales

to be a major difference between NIRT and PIRT: “[w]e definitely do not [em-

phasis in original] want to argue for the overall replacement of parametric by

nonparametric IRT models. Parametric IRT models lead to point estimates of θ

and to interval scales for measuring respondents” (p. 16). Part of the confusion

over the status of θ stems from the idea of admissible transformations. Accord-

ing to Stevens (1946), ordinal-level scales are invariant to order-preserving (i.e.,

monotonic) transformations, whereas interval-level scales are invariant only up to

linear transformations. From this fact, it is argued (Yen, 1986, p. 309) that θ is an

equal-interval scale, because predicted item response probabilities are preserved

only under linear transformations.

Although only linear transformations of θ are permissible when working with

PIRT models (i.e., without altering the parametric IRF family), it is important

to remember how the scaling of θ is determined. Namely, the scaling of θ is the

result of model identification restrictions. For PIRT models, the scale is identified

by the choice of IRF functional form. Once a particular IRF shape is chosen, θ is

simply the scale on which all items have that mathematical form (Lord, 1975). As
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such, any monotonic transformation of θ will result in another scale that defines

an equally admissible IRT model, but with a different functional form. In the

words of Yen (1986, p. 309), “convention plays a role in the definition of the IRT

scale. For IRT, the convention is in the assumption of a logistic (or normal ogive)

item characteristic function; the assumption of a different function will produce a

different scale”.

Perhaps the most defensible way to construct equal-interval scales lies in the

theory of representational measurement. Several authors have suggested that the

Rasch model (or 1PL) is intimately related to the representational theory of addi-

tive conjoint measurement (Perline et al., 1979). Specifically, it has been claimed

that the Rasch model is a probabilistic formulation of the theory of additive con-

joint measurement. This is because latent abilities and item difficulties are related

only by a separable, additive function. Specifically,

Pi(θ) = H(θ + bi), (1.12)

where the function H—the filter function in FMP terminology—is the logistic

cumulative distribution function. However, demonstrating the fit of the Rasch

model to real data is not the same as demonstrating that the data satisfy the

axioms of additive conjoint measurement (Karabatsos, 2001). Alternative meth-

ods to test these axioms in real data have been proposed (e.g., Domingue, 2014),

and empirical evidence that the axioms hold is needed to justify claims about

representational measurement. All things considered, we are compelled to agree

with Mislevy (1987, p. 248) who concluded “[t]hat a particular IRT model fits a
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dataset, therefore, is not sufficient grounds to claim scale properties stronger than

ordinal.”

The above arguments imply that the θ scale, obtained by specifying and fitting

an item response model, is not interval-level measurement. However, one may still

hesitate to relegate the θ scale to ordinal-level measurement. For instance, ordinal

measurements are typically discrete variables such as ranks, whereas θ is widely

considered to be a continuous variable (e.g., Stout, 2007). From this observation,

it could be argued that θ does not cleanly fit into the familiar nominal-ordinal-

interval-ratio categories. Many authors have noted that psychological measures

do not cleanly fit into these four categories. For instance, Baker, Hardyck, and

Petrinovich (1966, p. 294) claim that “it can be safely asserted that most mea-

surements in psychology yield scales which are somewhere between ordinal and

interval scales”, and Mosteller and Tukey (1977, Chapter 5) suggest that Stevens’

categories do not adequately characterize variables such as counts or grades. From

the author’s perspective, it is more important to understand the properties of a

scale than to agree on classification. In the context of this paper, it is most im-

portant to understand that θ is continuous and that nonlinear transformations of

θ need not alter model predictions. Nevertheless, throughout this paper I refer to

θ as an ordinal-level variable to emphasize that monotonic transformations of the

latent trait are permissible.

From the perspective of representational measurement, fitting parametric item

response models does not necessarily produce interval-level measurement, even if

the parametric IRF form determines the metric up to a linear transformation. It

follows that there is nothing special about the logistic (or normal ogive) shape
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of the response function that makes the θ scale preferable to other scales that

are nonlinear monotonic transformations of θ (Lord, 1975). In other words, the

parametric form of a response function is arbitrary; there is no psychological

reason why a normal ogive (or logistic) IRF should closely correspond to the

psychological response process. However, one reason why parametric models such

as the 2PL are popular is that they are, mathematically, simpler to work with

than other functional forms. Despite this fact, it is not clear that the θ scale

resulting from the 2PL, for example, is the most useful scaling. For example, it

may be desirable to choose a scaling such that θ is linearly related to external

variables of interest (Yen, 1986). However, a particular scaling may be linearly

related to one variable of interest yet nonlinearly related to another variable of

interest. For example, Yen (1986, p. 314) suggested that an academic achievement

measure may be linearly related to college GPA yet nonlinearly related to per-

pupil expenditures. This is one reason why the θ scale resulting from a given

parametric form could be deemed unsatisfactory. Another reason why θ may

be undesirable was suggested by Lord (1975), who noticed that scales fit with

the 3PL tended to have correlated difficulty and discrimination parameters. He

argued that a transformed scale with uncorrelated item locations and slopes is

more psychologically plausible. Absent external information about the response

process, the most useful scaling of θ is debatable. Unfortunately, researchers

do not routinely consider transformations of the θ metric, and in PIRT, θ is

usually (explicitly or implicitly) interpreted as an equal-interval measure of the

construct of interest. Moreover, no methods have been developed to systematically

investigate transformations of the θ metric (and their corresponding IRFs). In a
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later section, a broad framework based on the FMP model is developed that allows

for such investigations of alternate latent trait metrics.
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Chapter 2

Filtered Monotonic Polynomials

2.1 Model Form and Model History

Filtered monotonic polynomial IRT (FMP) is a recent addition to the family of

NIRT models. The FMP model was first proposed for use in IRT by Liang (2007).

However, the theory of filtered monotonic polynomials can be traced back to

Elphinstone (1983, 1985). Elphinstone proposed filtered monotonic polynomials as

part of a method to nonparametrically estimate cumulative distribution functions

from sampled data. Cumulative distribution functions are similar to item response

functions in that they must be monotonically increasing and are bounded between

zero and one. Noting these similarities, Liang (2007) suggested that FMP could

be a useful extension of NIRT methodology.
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In its most general form, the FMP IRF is specified using the composite func-

tion,

Pi(θ) = H[mi(θ)], (2.1)

where H is a monotonic filter function bounded between zero and one, and for

item i, mi(θ) is an unbounded and monotonically increasing polynomial function

of the latent trait θ. Specifically, let

mi(θ) = b0i + b1iθ + b2iθ
2 + · · ·+ b2ki+1,iθ

2ki+1, (2.2)

where 2ki + 1 equals the order of the polynomial for item i, ki is a nonnegative

integer, and bi = (b0i, b1i, . . . , b2ki+1,i)
′ are item parameters that define the loca-

tion and shape of the IRF. For convenience, ki will hereafter be called the item

complexity parameter1 such that an item with complexity ki implies a polynomial

with order 2ki + 1. Notice that ki is allowed to vary across items; therefore, items

need not be modeled with a more complex IRF than is necessary. Notice also

that mi(θ) will always be of an odd degree in the FMP model. As will be demon-

strated in a later subsection, the order of mi(θ) must be odd as a necessary (but

not sufficient) condition to ensure monotonicity.

For sufficiently large ki, any continuous monotone function can be approx-

imated to arbitrary precision by the polynomial function mi(θ). Further, for
1Throughout this paper, the phrase item complexity will be used to refer to the value of ki,

where higher values of ki indicate higher-order polynomials. This use of the term is not to be
confused with the multifaceted nature of item content or traits (as used, for example, by Yen,
1986) or with the acceleration parameter in Samejima’s (2000) logical positive exponent model.
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sufficiently large ki, any cumulative distribution function can be approximated to

arbitrary precision by the composite function H[mi(θ)] (Elphinstone, 1983). This

latter fact is true regardless of the choice of filter function H, although the ki value

needed for a given degree of precision will vary across filters. Elphinstone (1983)

explored exponential, gamma, and normal distribution functions as potential filter

functions. When applying filtered monotonic polynomials to IRT, it is convenient

to specify H as the cumulative distribution of the logistic density function (i.e.,

the inverse logit function). With this choice, the probability of responding in the

keyed direction to item i equals

Pi(θ) = H[mi(θ)] (2.3)

= {1 + exp[−mi(θ)]}−1 . (2.4)

When ki = 0, the FMP IRF equals

Pi(θ) = {1 + exp[−(b0i + b1iθ)]}−1 , (2.5)

and is equivalent to the slope-threshold parameterization of the 2PL. This fact

emphasizes a major advantage of FMP IRT over other quasi-parametric NIRT

methods. Namely, the FMP model can be considered an extension of, rather than

an alternative to, parametric item response models. That is, if the 2PL is an

appropriate shape for modeling some set of item responses, then item parameters

estimated under FMP IRT correspond directly to the item parameters estimated
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from the 2PL. Because ki can vary across items, this feature of the FMP model

allows the user to fit the 2PL to items when appropriate but to fit more complex

IRFs to items that fit the 2PL poorly.

Figure 2.1. Example item response functions recovered with the FMP model. In
Panel A, the true curve follows the 4PL; in Panel B, the true curve follows the
LPE; in Panel C, the true curve follows a mixture normal distribution; in Panel
D, the true curve follows the FMP model with ki = 8.
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The ability of FMP curves to approximate nonstandard IRFs is illustrated in

Figure 2.1. This figure contains four panels. In each panel, a data-generating

curve is displayed along with FMP estimates of that curve at ki = {0, 1, 2}. In

each panel, data were generated according to a nonstandard IRF (as described

below) using 50,000 θ values drawn from a unif(−3, 3) distribution. Curves were

estimated using the fixed-effects estimation method described later and by condi-

tioning on the true θ values.

In this figure, Panel A displays an IRF generated from the 4PL as defined in

Equation 1.9, with ai = 1.5, bi = 0, ci = .2, and di = .8. Panel B displays an

IRF generated from Samejima’s logical positive exponent (LPE) model, as shown

in Equation 1.10, with ai = 2, bi = 0, and ξi = .2. Panel C displays an IRF

generated from a mixture of normal distributions such that

Pi(θ) = πiΦ(θ|µ1i, σ1i) + (1− πi)Φ(θ|µ2i, σ2i) (2.6)

where Φ(θ|µ, σ) indicates the normal cumulative distribution function with mean

µ and standard deviation σ. In this example, πi = 0.5, µ1i = −1.5, σ1i = 1.0,

µ2i = 1.0, and σ2i = 0.4. These values equal the average parameters for the data-

generating curves of Simulation 2 by Liang and Browne (2015). Finally, Panel D

displays an IRF generated from an FMP model with ki = 8 and the bi coefficients

reported in Table 2.1.
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Table 2.1

True FMP item parameters for Figure 1, Panel D.

Parameter Value Parameter Value

b0i -.77 b9i 2× 10−3

b1i .55 b10i −5× 10−4

b2i -.17 b11i 2× 10−4

b3i .22 b12i −4× 10−5

b4i -.08 b13i 1× 10−5

b5i .07 b14i −2× 10−6

b6i -.02 b15i 5× 10−7

b7i .01 b16i −3× 10−8

b8i −4× 10−3 b17i 9× 10−9

In each panel of Figure 2.1, notice that increasing model complexity improved

the fit of the FMP curve to the true curve. One way to characterize the accuracy

of fitted IRFs is with the root integrated mean squared error (RIMSE; Ramsay,

1991). For item i, the RIMSEi equals

RIMSEi =

√ˆ
[P̂i(θ)− Pi(θ)]2g(θ)dθ, (2.7)

where Pi(θ) denotes a true IRF, P̂i(θ) denotes an estimated IRF, and g(θ) in-

dicates a target latent trait distribution. Unless otherwise indicated, g(θ) will
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be a standard normal distribution. Values of the RIMSEi statistic can be inter-

preted on the probability metric. For each of the four data-generating curves,

higher ki values were associated with lower RIMSEi values. For Panel A, the

RIMSEi values for ki = {0, 1, 2} equal {.034, .034, .004}. The RIMSEi values,

along with a visual inspection of the fitted curves, suggest that ki = 2 is needed

to trace the original curve with high fidelity. Note that the FMP model, as pre-

sented above, always has asymptotes at zero and one. Thus, the 3PL and 4PL

are not special cases of the FMP model. However, as Panel A of Figure 2.1 sug-

gests, FMP models with ki = 2 may fit 4PL curves well in the θ regions that

contain the vast majority of examinees (assuming an examinee trait distribution

with few extreme scores, such as a normal distribution). In Panel B of the fig-

ure, a curve with ki = 1 approximates the true LPE curve well. For this item,

RIMSEi = {.032, .006, .004} for ki = {0, 1, 2}. Notice in both Panel A and Panel

B, small increases in item complexity offer substantial flexibility in tracing curves

that predict response probabilities greater than zero for extremely low-ability ex-

aminees or less than one for extremely high-ability examinees. For the curves in

Panel C, RIMSEi = {.091, .025, .007} for ki = {0, 1, 2}, and for the curves in Panel

D, RIMSEi = {.085, .018, .010} for ki = {0, 1, 2}. For both Panel C and Panel D,

there is a large improvement in fit from ki = 0 to ki = 1, but smaller and possibly

trivial improvement in fit from ki = 1 to ki = 2. Note that, because a large num-

ber of evenly spaced θ values were used to estimate the FMP curves, sampling

error is minimized. Thus, these RIMSEi values reflect the optimal performance

(i.e., the lowest RIMSEi value) of the FMP approximation for a fixed ki value.

Note that the RIMSEi values for a fixed ki value differs across panels (i.e., across
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data-generating curves). Also notice that in all cases, FMP curves with ki = 2

approximate the true curves with RIMSEi ≤ .01, that is, the root mean square

predicted probabilities are within .01 of the true curve. This result suggests that

item complexities need not be large to approximate many monotonic curves to a

high degree of precision.

2.2 Model Estimation

2.2.1 Ensuring monotonicity

Not all IRFs that satisfy Equation 2.4 are monotonically increasing functions of θ.

An FMP item response function Pi(θ) is monotonic (increasing) if and only if the

polynomial function mi(θ) is also monotonic. Liang (2007) and Liang and Browne

(2015) suggest ensuring monotonicity by means of a parameter transformation.

The parameter transformation described below closely follows the development

presented by Liang and Browne (2015).

For mi(θ) to be a monotonic function, a necessary and sufficient condition is

that its first derivative,

∂mi(θ)

∂θ
= pi(θ) = a0i + a1iθ + · · ·+ a2ki,iθ

2ki , (2.8)

is nonnegative at all θ. Here, let

b0i = ξi (2.9)
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be the constant of integration and

bsi =
as−1,i

s
(2.10)

for s = 1, 2, . . . , 2ki + 1.

Notice that pi(θ) is a polynomial function of degree 2ki. A nonnegative polyno-

mial of an even degree can be re-expressed as the product of ki quadratic functions

(Elphinstone, 1983, p. 173),

pi(θ) = λi

ki∏
s=1

[
1− 2αsiθ +

(
α2
si + βsi

)
θ2
]

if ki ≥ 1 (2.11)

= λi if ki = 0, (2.12)

where λi ≥ 0 and βsi ≥ 0, s = 1, . . . ki. Following the suggestion by Falk and Cai

(2015, 2016), let

ωi = ln(λi) (2.13)

and

τsi = ln(βsi) (2.14)

such that ωi and τsi are defined on the entire real line. Using these transformed

parameters, the vector ai = (a0ia1i, a2i, . . . , a2ki,i)
′ can be expressed using matrix
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notation. Specifically,

ai = T
(ki)
i T

(ki−1)
i · · ·T (2)

i T
(1)
i exp(ωi) (2.15)

where T (s) is a (2s+ 1)× (2s− 1) matrix with elements

[
T (s)

]
rc

= 1 if r = c,

= −2αsi if r = c+ 1,

= α2
si + exp(τsi) if r = c+ 2, and

= 0 otherwise. (2.16)

For example,

T
(1)
i =


1

−2α1i

α2
1i + exp (τ1i)

 , (2.17)

T
(2)
i =



1 0 0

−2α2i 1 0

α2
2i + exp (τ2i) −2α2i 1

0 α2
2i + exp (τ2i) −2α2i

0 0 α2
2i + exp (τ2i)


, and (2.18)
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T
(3)
i =



1 0 0 0 0

−2α3i 1 0 0 0

α2
3i + exp (τ3i) −2α3i 1 0 0

0 α2
3i + exp (τ3i) −2α3i 1 0

0 0 α2
3i + exp (τ3i) −2α3i 1

0 0 0 α2
3i + exp (τ3i) −2α3i

0 0 0 0 α2
3i + exp (τ3i)



.

(2.19)

Under this parameterization, the coefficients

bi = (b0i, b1i, b2i, . . . , b2ki+1,i)
′ (2.20)

can be estimated using the transformed parameter vector

γi = (ξi, ωi, α1i, τ1i, α2i, τ2i, · · · , α2ki,i, τ2ki,i)
′. (2.21)

Notice that both bi and γi contain 2ki+2 coefficients, so there is no increase in the

number of model parameters when using the transformed parameters. Further,

because λi and βsi are further transformed to ωi and τsi, there is no need to impose

box constraints on the estimated parameters as described by Liang and Browne

(2015).

2.2.2 Fixed-effects estimation with theta surrogates

The earliest attempts at FMP model estimation (Liang, 2007; Liang & Browne,

2015) used a fixed-effects approach conditional on surrogate θ values. Specifically,
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these authors treated normalized first principal component scores as fixed values

when estimating FMP IRFs. The fixed-effects approach described by these authors

is similar to JML estimation, although it does not iteratively estimate the latent

trait while estimating curves, and is comparable to other methods for estimating

NIRT curves using fixed-effects (e.g., Ramsay, 1991).

For examinee n on item i, the log likelihood of a keyed response yin = 1 equals

Fn(γi) = lnL(γi|yin, θn) = yin lnPin + (1− yin) ln(1− Pin), (2.22)

where Pin = P (θn|γi). The maximum likelihood estimate of γi is found by mini-

mizing the negative log likelihood for item i,

F (γi) = − lnL(γi|Yi,θ) = −
N∑
n=1

Fn(γi), (2.23)

where N denotes sample size. Using fixed-effects estimation, maximum likeli-

hood estimates may be obtained separately for each item. However, if there are

across-item constraints (as will be needed in a later section), we may wish to si-

multaneously estimate all item parameters for a test. The maximum likelihood

estimate of

ζ = (γ1,γ2, . . . ,γI)
′ (2.24)

is found by minimizing the negative full-data log likelihood function

F (ζ) = − lnL(ζ|Y ,θ) = −
I∑
i=1

N∑
n=1

Fn(γi), (2.25)



40

where I denotes test length. When no across-item constraints are needed, it is

simpler to minimize the likelihood separately for each item.

Following the development in Liang and Browne (2015, online appendix B), I

next find the gradient gi of F (γi) for item i. If there are no across-item constraints,

the likelihood given by Equation 2.25 has gradient g = (g1, g2, . . . , gI)
′. The

elements of gi are found by an application of the chain rule. For element l of γi,

gli =
∂Fi
∂γli

=
N∑
n=1

∂Fin
∂Pin

∂Pin
∂min

∂min

∂γli

=
N∑
n=1

(yin − Pin)
∂min

∂γli
, (2.26)

where Fin and min are shorthand notation for Fn(γi) and mi(θn). The equality

given in Equation 2.26 holds because

∂Fin
∂Pin

= − yin − Pin
Pin(1− Pin)

(2.27)

and

∂Pin
∂min

= Pin(1− Pin). (2.28)

Now,

∂min

∂γl
= ν ′in

∂ai
∂γli

(2.29)
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where a typical element s of vector νin equals

νs,in =
∂min

∂asi
=

1

s+ 1
θs+1
in , s = 0, 1, . . . , 2k, (2.30)

and

∂min

∂ξi
= 1,

∂min

∂ωi
= ν ′inT

(k)T (k−1) · · ·T (2)T (1) exp(ωi), (2.31)

∂min

∂αsi
= ν ′inT

(k)T (k−1) · · · ∂T
(s)

∂αsi
· · ·T (2)T (1) exp(ωi), and

∂min

∂τsi
= ν ′inT

(k)T (k−1) · · · ∂T
(s)

∂τsi
· · ·T (2)T (1) exp(ωi).

The derivative matrices ∂T (s)

∂αsi
and ∂T (s)

∂τsi
are each of dimension (2s+ 1)× (2s− 1).

All elements of these derivative matrices are zero with the following exceptions:

[
∂T (s)

∂αsi

]
rc

= −2 if r = c+ 1, (2.32)[
∂T (s)

∂αsi

]
rc

= 2αsi if r = c+ 2, and (2.33)[
∂T (s)

∂τsi

]
rc

= exp(τsi) if r = c+ 2. (2.34)

The Hessian matrix H of F (ζ) is block diagonal with item-specific Hessians
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Hi of F (γi) on the diagonals. A typical element hlri of Hi has the form

hlri =
∂2Fi
∂γliγri

=
N∑
n=1

[
Pin(1− Pin)

∂min

∂γli

∂min

∂γri
− (ysi − Psi)

∂2min

∂γli∂γri

]
, (2.35)

where the quantities ∂min
∂γli

and ∂min
∂γri

are given in Equation 2.31. The quantities

∂2min
∂γli∂γri

are found by taking partial derivatives of the quantities in Equation 2.31.

Following this scheme,

∂2min

∂ξi∂γri
=

∂2min

∂γli∂ξi
= 0 for all l and r, (2.36)

∂2min

∂ω2
i

=
∂min

∂ωi
, (2.37)

∂2min

∂ωi∂αsi
=

∂2min

∂αsi∂ωi
=

∂min

∂αsi
, (2.38)

∂2min

∂ωi∂τsi
=

∂2min

∂τsi∂ωi
=

∂min

∂τsi
, (2.39)

∂2min

∂α2
si

= ν′inT
(k)T (k−1) · · · ∂

2T (s)

∂α2
si

· · ·T (1) exp(ωi), (2.40)

∂2min

∂αsiτsi
= 0, (2.41)

∂2min

∂αsiαti
=

∂2min

∂αtiαsi
= ν′inT

(k)T (k−1) · · · ∂T
(s)

∂αsi
· · · ∂T

(s)

∂αsi
· · ·T (1) exp(ωi), s 6= t, (2.42)

∂2min

∂αsiτti
=

∂2min

∂τtiαsi
= ν′inT

(k)T (k−1) · · · ∂T
(s)

∂αsi
· · · ∂T

(s)

∂τsi
· · ·T (1) exp(ωi), s 6= t, (2.43)

∂2min

∂τ2si
= ν′inT

(k)T (k−1) · · · ∂
2T (s)

∂τ2si
· · ·T (1) exp(ωi), and (2.44)

∂2min

∂τsiτti
=
∂2min

∂τtiτsi
= ν′inT

(k)T (k−1) · · · ∂T
(s)

∂τsi
· · · ∂T

(s)

∂τsi
· · ·T (1) exp(ωi), s 6= t. (2.45)

The matrix ∂2T (s)

∂α2
si

is of dimension (2s + 1) × (2s − 1) and all elements are zero

except
[
∂T (s)

∂αsi

]
rc

= 2αsi if r = c + 2, and ∂2T (s)

∂τ2si
= ∂T (s)

∂τsi
for all s. Item parameter
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estimates may be obtained using a Newton-Raphson algorithm. Specifically, at

iteration t+ 1,

ζ̂(t+1) = ζ̂(t) −H(t)−1g(t) (2.46)

where H(t) and g(t) are the Hessian and gradient functions shown in Equations

2.35 and 2.26 evaluated at ζ̂(t). Iterations continue until the change in likelihood

across two successive iterations becomes sufficiently small.

2.2.3 Random-effects estimation with the EM algorithm

The random-effects specification of FMP models may be achieved using marginal

maximum likelihood (MML; Bock & Aitkin, 1981; Bock & Lieberman, 1970)

via an application of the EM algorithm (Dempster et al., 1977). Random-effects

estimation via MML has already been applied to two extensions of the FMPmodel:

an FMP model with a guessing parameter (Falk & Cai, 2015) and a polytomous-

item multiple-group FMP model (Falk & Cai, 2016). Additionally, these authors

describe the use of Bayesian prior distributions on the item parameters for both

extended FMP models.

In the MML approach to item parameter estimation, the marginal likelihood

of the data is obtained by integrating over the prior distribution of latent trait.

Under the assumption of local independence, the complete-data likelihood equals

L(ζ|Y ,θ) =
I∏
i=1

N∏
n=1

P (yin|γi, θn)yin [1− P (yin|γi, θn)]1−yin , (2.47)
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and the contribution of person n to the complete data likelihood equals

L(ζ|yn, θn) =
I∏
i=1

P (yin|γi, θn)yin [1− P (yin|γi, θn)]1−yin . (2.48)

In random-effects estimation, individuals are treated as a random sample from a

population. Thus, instead of maximizing the full-data likelihood as was done in

random-effects estimation, we maximize the marginal likelihood, which is found

by integrating out the latent trait. Let g(θ) denote the prior distribution of the

latent trait. Then, the marginal likelihood for person n equals

L(ζ|yn) =

ˆ
L(ζ|yn, θn)g(θn)dθn, (2.49)

and the complete-data marginal likelihood equals

L(ζ|Y ) =
N∏
n=1

L(ζ|yn). (2.50)

To perform the integration in Equation 2.49, Q quadrature points can be used to

approximate g(θ). The quadrature is characterized by a set of quadrature nodes

X = (X1, X2, . . . , XQ)′ and their associated weights A(X1), A(X2), . . . A(XQ).

Now, let

L(ζ|yn, Xq) =
I∏
i=1

Pi(Xq)
yin [1− Pi(Xq)]

1−yin (2.51)

represent the quadrature expression of Equation 2.48 at point Xq. Using this

quadrature scheme, we can re-express the marginal likelihood in Equation 2.49

by replacing the integral with a weighted sum over the quadrature nodes. An
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individual’s contribution to the marginal likelihood equals

L(ζ|yn,X) =

Q∑
q=1

L(ζ|yn, Xq), (2.52)

and the full-data marginal likelihood in quadrature form equals

L(ζ|Y ,X) =
N∏
n=1

L(ζ|yn,X). (2.53)

Next recall that g(θ) is the prior distribution of ability. After observing the data,

the posterior distribution of the latent trait for individual n equals

P (θn|yn, ζ) =
L(ζ|yn, θn)g(θn)´
L(ζ|yn, θn)g(θn)dθ

, (2.54)

where L(yn|θn, ζ) is defined as in Equation 2.48. In quadrature form, the expres-

sion in Equation 2.54 becomes

P (Xq|yn, ζ) =
L(ζ|yn, Xq)A(Xq)∑Q
q=1 L(ζ|yn, Xq)A(Xq)

. (2.55)

The expected number of persons at quadrature point q, denoted n̄q, equals

n̄q =
N∑
n=1

[
L(ζ|yn, Xq)A(Xq)∑Q
q=1 L(ζ|yn, Xq)A(Xq)

]
, (2.56)

and the number of correct responses to item i at quadrature point q, denoted r̄iq,

equals

r̄iq =
N∑
n=1

[
yinL(ζ|yn, Xq)A(Xq)∑Q
q=1 L(ζ|yn, Xq)A(Xq)

]
. (2.57)
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The quantities n̄q and r̄iq can then be treated as artificial data to maximize

the quadrature expression of the marginal data likelihood, which equals

L(r,n|X, ζ) =
I∏
i=1

Q∏
q=1

P (Xq|γi)r̄iq [1− P (Xq|γi)]n̄q−r̄iq , (2.58)

where r = (r̄11, r̄12, . . . , r̄IQ)′ and n = (n̄1, . . . , n̄Q)′. The natural log of the

marginal likelihood equals

lnL(r,n|X, ζ) =
I∑
i=1

Q∑
q=1

{r̄iq lnP (Xq|γi) + (n̄q − r̄iq) ln[1− P (Xq|γi)]} . (2.59)

The quantities described above are used in the EM algorithm (Dempster et al.,

1977) to estimate item parameters. The EM algorithm iterates between two steps,

the expectation (E) step and the maximization (M) step. In the E step, provisional

estimates of ζ (e.g., parameter estimates found by fixed-effects estimation) are

used to find the expected number of persons at each quadrature point (using

Equation 2.56) and the expected number of correct responses to each item at each

quadrature point (using Equation 2.57). In the M step, n̄q and r̄iq are treated as

artificial data and are used to maximize the quadrature form of the complete-data

log likelihood given in Equation 2.59. The updated parameter estimates computed

during the M step are then treated as fixed in the next iteration of the E step.

Put another way, n̄q and r̄iq are updated in the E step, and γ̂i, i = 1, . . . , I, is

updated in the M step. The E step and the M step are repeated iteratively until

ζ̂ stabilizes. For all MML analyses reported in this paper, the EM algorithm will
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terminate when all elements of ζ̂ change by no more than .0001 across consecutive

iterations.

2.3 Model Selection

When estimating parameters for the FMP model using fixed-effects or random-

effects methods, item complexities (ki) must be specified in advance of model

fitting. Because the optimal choices of item complexities are unknown in advance,

previous applications of FMP IRT model have compared the fit of several models

in order to select the final ki values. Importantly, the most appropriate ki value for

a given item depends not only on the data-generating IRF, but on sample size. In

smaller samples, attempts to fit high polynomial degrees will likely capitalize on

chance and may not improve the proximity of the estimated IRF to the true IRF.

Conversely, in large samples, higher polynomial degrees may lead to closer ap-

proximation of the population IRF and less biased predicted probabilities. Thus,

ceteris paribus, it is desirable to estimate fewer parameters in smaller samples and

more parameters for larger samples (see Browne, 2000; Cudeck & Henly, 1991,

Liang & Browne, 2015). Put another way, the guiding philosophy of FMP is not

to unearth the correct data-generating model but rather to fit a model that leads

to the most stable and reliable inferences possible given the data. This philosophy

is similar to the sentiment expressed by Molenaar (2001): “[m]odern technology

allows detailed features of single IRFs to be inspected. However, this should not

lead to over-reporting about small details. At that level, all models are somewhat

incorrect. The main question should be whether a model discrepancy seriously
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influences major conclusions” (p. 296).

Several criteria have been proposed for FMP model selection. Liang (2007) fit

items using a fixed-effects approach and compared three model selection criteria:

the Akaike information criterion (AIC; Akaike, 1973), the Bayesian information

criterion (BIC; Schwarz, 1978), and the likelihood ratio test. The AIC value equals

AIC = −2F + 2p (2.60)

where F is the maximum log likelihood value given by either Equation 2.23 for

a single item, Equation 2.25 or Equation 2.59 for a set of I items, and p is the

number of estimated parameters. Alternatively,

BIC = −2F + p lnN (2.61)

applies a stronger penalty for model complexity than does the AIC when N ≥ 8,

where N represents sample size. Finally, a likelihood ratio statistic may be used

to compare the fit of two nested models. Let F1 be the log likelihood of the nested

model, and let F2 be the log likelihood of the more general model. The likelihood

ratio statistic comparing these models equals

G2(dif) = −2 (F1 − F2) (2.62)

and follows an approximate χ2 distribution with degrees of freedom equal to the

difference in number of estimated parameters across the two models.

When using fixed-effects methods, items can be fit one-at-a-time, and ki values
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can be determined on an item-by-item basis. For a single item i, Liang and

Browne (2015) recommended fitting the ki = 0 and ki = 1 models first. If the

model selection method (AIC, BIC, or G2(dif)) selects the ki = 1 model, then

the k2 model is also fit. The ki = 1 and ki = 2 models are then compared.

This process continues until the model selection method does not select the model

with the larger ki value. This method allows ki to differ across items and aims

to prevent overfitting IRFs. Liang (2007) evaluated this model selection method

by looking at the RIMSEi values produced by fitting items to several ki values

rather than evaluating whether the data-generating model was selected. This

evaluation criterion reflects the FMP philosophy that it is more important to

fit an approximate good-fitting model rather than finding the data-generating

model per se. Using the AIC, in simulation studies, Liang (2007) found that the

smallest RIMSEi values were selected by the BIC when the 2PL (ki = 0) was the

correct model. However, when the true ki > 0, models with the smallest RIMSEi

values were selected by the AIC. In general, she found only trivial differences in

the RIMSEi values for different model selection criteria, and concluded that “the

choice of criterion in practice is not very critical” (p. 73). Accordingly, Liang and

Browne (2015) used only AIC for model selection.

Falk and Cai (2016) also suggested a step-wise AIC-based approach for sequen-

tial model fitting and model selection. However, because they used the random-

effects approach via MML, all items were estimated simultaneously. In their ap-

proach, they began by fitting a model with ki = 0 for all items. They then looped

over items, setting ki = 1 for exactly one item and all other items were fit with

ki = 0. The item that led to the greatest improvement in AIC was then fixed
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at ki = 1, and the remaining items were again looped over by setting ki = 1

for exactly one item in addition to the item previously retained at ki = 1. This

process was repeated until AIC did not improve by increasing the complexity of

more items. Falk and Cai (2015)2 also explored S − X2 (Orlando & Thissen,

2000, 2003) as a criterion for sequential model-fitting. Using adjusted p-values

for the S −X2 statistic, all items that are flagged as poorly fitting were then fit

using ki = 1. In a real data example (N = 10, 000) using the S − X2 criterion,

they found that up to 25% of the items on a large-scale math assessment could be

better modeled using ki > 0 (using a guessing-added version of the FMP model).

However, in a simulation study, they found fairly low power of this method to

detect true non-standard IRFs in samples as large as N = 5, 000.

2.4 Latent Trait Estimation

2.4.1 Maximum likelihood solution

After calibrating FMP item parameters using either the fixed-effects or random-

effects solution, individual trait score estimates can be computed by treating the

estimated item parameters as fixed values. Under the assumption of local inde-

pendence, the probability of the response vector yn for person n equals

P (yn|θn) =
I∏
i=1

Pi(θn)yin [1− Pi(θn)]1−yin , (2.63)

2Although the Falk and Cai (2016) document is dated after the Falk and Cai (2015) document,
the 2016 paper actually precedes the 2015 paper.
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where Pi(θn) is the IRF for item i evaluated at θn. The log of the likelihood

function equals

L = yin ln[Pi(θn)] + (1− yin) ln[1− Pi(θn)], (2.64)

and the maximum likelihood ability estimate equals the θ value that maximizes

Equation 2.64. One disadvantage of the maximum likelihood trait estimate is that,

for nonmixed response patterns (i.e., all 0’s or all 1’s), the latent trait estimate

is infinite. To circumvent this problem, maximum likelihood estimates may be

truncated (e.g., at ±4). Alternatively, another trait estimation method such as

expected a posteriori (EAP) estimation (Bock & Aitkin, 1981; Bock & Mislevy,

1982) may be used.

2.4.2 Item and test information

The accuracy of latent trait estimates is gauged using the item information func-

tion. In unidimensional IRT models for binary data, the item information function

(IIF) equals

Ii(θ) = −E
(
∂2 lnLi
∂θ2

)
=

(
∂Pi
∂θ

)2

Pi(1− Pi)
(2.65)

where E is the expectation operator, and for item i, lnLi is the quantity in

Equation 2.23, Pi is shorthand for P (θ|bi), and bi is a vector of item parameters.
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It can be shown that

∂Pi
∂θ

=
∂mi

∂θ
Pi(1− Pi), (2.66)

which means that

Ii(θ) =

(
∂mi

∂θ

)2

Pi(1− Pi) (2.67)

is an equivalent expression for the IIF. Note that dmi(θ)
dθ

has already been defined

in Equations 2.8 and 2.10. With these definitions, the item information can be

written,

Ii(θ) =

[
2ki∑
s=0

(s+ 1)bsiθ
s

]2

Pi(1− Pi), (2.68)

and the test information function (TIF) equals the sum of item response functions:

I(θ) =
I∑
i=1

Ii(θ). (2.69)

Finally, the inverse square root of the test information, evaluated at θ̂n, is the

expected standard error for the maximum likelihood estimate θ̂n.

2.4.3 Expected a posteriori solution

For the fixed-effects approach conditioning on normalized θ surrogates, Liang

(2007) recommended Bayesian EAP estimation (Bock & Aitkin, 1981; Bock &

Mislevy, 1982). After item calibration, EAP scores are found by integrating over
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an assumed distribution of ability scores, denoted g(θ). For individual n, the

expected value of his a posteriori distribution of ability equals

E(θ|yn, ζ) =

´ ∏I
i=1 θPi(θ)

yin [1− Pi(θ)]1−yin g(θ)dθ´ ∏I
i=1 Pi(θ)

yin [1− Pi(θ)]1−yin g(θ)dθ
. (2.70)

The integrals may be solved numerically by summing over rectangular quadrature.

Let Xq denote the quadrature nodes, and let A(Xq) denote the quadrature weights

found by taking the height of the prior density at each quadrature node. Note that,

although the notation is the same for the delineated above for the EM algorithm,

it is not necessary to use the same quadrature scheme in both places. Whereas

choosing a large number of quadrature may lead to very slow performance of the

EM algorithm, EAP trait estimation is a simpler problem and can be computed

quickly even with a large number of quadrature points. Nor is it necessary to

use the same prior distribution in both places. In quadrature form, the estimated

latent trait then equals

θ̂n =

∑Q
q=1

∏I
i=1XqPi(Xq)

yin [1− Pi(Xq)]
1−yin A(Xq)∑Q

q=1

∏I
i=1 Pi(Xq)yin [1− Pi(Xq)]

1−yin A(Xq)
, n = 1, . . . , N. (2.71)

The posterior variance of the EAP estimator can also be found using quadrature,

var(θ̂n) =

∑Q
q=1

∏I
i=1

(
Xq − θ̂n

)2

Pi(Xq)
yin [1− Pi(Xq)]

1−yin A(Xq)∑Q
q=1

∏I
i=1 Pi(Xq)yin [1− Pi(Xq)]

1−yin A(Xq)
, n = 1, . . . , N,

(2.72)
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where θ̂n is the estimate obtained from Equation 2.71 and all other terms are as

previously defined.
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Chapter 3

Simulation Study

3.1 Design

An R package that fits the FMP model using the methods described in the previous

section has been written by the author. In this section, I describe a simulation

study designed to determine the feasibility of FMP model estimation using fixed-

effects and random-effects approaches. The goals of this simulation are (a) to

establish the data conditions under which accurate FMP IRFs and latent trait

scores can be estimated, (b) to compare the relative accuracy of the fixed-effects

and random-effects methods, and (c) to establish general guidelines for sample

size requirements for the FMP model.

Data were generated according to 5 sample size and 3 test length conditions.

The studied sample sizes were N ∈ {200, 500, 1000, 2000, 5000} subjects, all trait

values were drawn from from standard normal distributions, and the studied test

lengths were I ∈ {20, 40, 60} items. Additionally, data sets were generated under
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three ki values: ki ∈ {0, 1, 2}. Within a test, all items were associated with the

same ki value. One hundred data sets were generated at each sample size, test

length, and ki combination.

The data-generating item parameters were drawn from distributions originally

described by Liang (2007, p. 49):

ξi ∼ unif(−1, 1), (3.1)

λi ∼ unif(0.3, 2.5), (3.2)

α1i, α2i ∼ unif(−1, 1), (3.3)

and

β1i, β2i ∼ unif(0, 1). (3.4)

Liang arrived at these distributions after experimenting to find data-generating

parameters that would yield commonly seen IRFs. For the data simulated in this

study, these data-generating parameters yielded classical item difficulties (i.e.,

observed item-level proportions correct) ranging from .16 to .84. Histograms of

the observed proportion correct values for the three ki values are shown in Figure

3.1. These plots indicate that items generated according to these parameters

yield classical item difficulties that are not too extreme and that are roughly

symmetric about .5. Thus, the IRFs generated for this study lead to a fair amount
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of variability in examinee responses.
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Figure 3.1. Histogram of classical item difficulties for ki = 0 (Panel A), ki = 1
(Panel B), and ki = 2 (Panel C).
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New population IRFs were randomly generated for each test length and sample

size condition. Each data set was fit using both the fixed-effects and the random-

effects estimation methods. For each method, data sets were fit three times by

setting the complexity of the estimated IRFs, denoted k̃i, equal to either 0, 1, or 2

for all test items. IRFs for each data set were also estimated using kernel smooth-

ing (Ramsay, 1991) via the kernSmoothIRT package (Mazza, Punzo, & McGuire,

2014) in R (R Core Team, 2015). Kernel smoothed IRF estimates were obtained

using a Gaussian kernel with bandwidths selected by Silverman’s (1968) rule of

thumb, 51 evaluation points, and conditioning on normalized ranked sum scores.

In aggregate, there were seven sets of estimates for each simulated data set—fixed-

effects and random-effects crossed with k̃ ∈ {0, 1, 2}, plus kernel smoothing. Trait

estimates were computed conditional on the estimated IRFs using EAP estima-

tion with a standard normal prior for the FMP conditions, and using maximum

likelihood for the kernel smoothed estimates.

Model convergence for the FMP conditions was assessed in several ways. For

the fixed-effects simulations, parameter estimates were obtained by maximizing

the log likelihood in Equation 2.23 using the BFGS optimization method (Broy-

den, 1970; Fletcher 1970; Goldfarb 1970; Shanno 1970). In the BFGS optimiza-

tion routine, the maximum number of iterations was set to 500 so that all sets

of estimated parameters converged. For random-effects estimation, 25 quadrature

points were used to approximate a standard normal distribution of ability. In the

M step of the random-effects method, the BFGS method was used to maximize

the marginal likelihood. Again, the maximum number of iterations was set to 500

so that all sets of estimated parameters converged at each iteration of the M step.
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In the random-effects conditions, the E and M steps iterated until no parameter

estimate on the γ metric changed by more than .0001 on successive iterations. All

FMP models that were estimated in this study met these convergence criteria.

To assess model estimation accuracy, I considered item parameter recovery,

item function recovery, and latent trait score recovery. Item parameter recovery

was evaluated by looking at the accuracy of the b̂si parameters, s = 1, . . . , 2ki + 1

in conditions for which ki = k̃i. Item function recovery was assessed using RIMSEi

with a standard normal target trait distribution. Latent trait recovery was as-

sessed by Pearson product-moment, Spearman’s ρ, and Kendall’s τ correlation

coefficients. Finally, I recorded the k̃i values associated with the items (fixed-

effects conditions) or tests (random-effects conditions) selected by the AIC and

BIC model selection criteria. The performance of these model selection criteria

was assessed by comparing the AIC- and BIC-selected k̃i values to the data-

generating ki values, and by comparing the distribution of RIMSEi values for the

AIC- and and BIC-selected IRFs.

3.2 Results

3.2.1 Item parameter recovery

Recovery was first assessed by looking at the accuracy of estimated bsi parameters,

s = 1, . . . , 2ki+1. Although most b̂si were relatively close to 0 (all data-generating

bsi values were less than 6 in absolute value, and 83% of data-generating bsi values

were less than 1 in absolute value), in some cases, fixed-effects and random-effects
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estimation yielded extreme b̂si values. For instance, in the smallest data condition

(N = 200 subjects and I = 20 items) and for cases in which k̃i = ki = 2, b̂4i

values ranged from -105 to +67 for fixed-effects estimation, and from -79 to +156

for random-effects estimation, even though data-generating b4i values only ranged

from −3.6 to +3.6. Note that all studied conditions met the previously outlined

convergence criteria. Thus, these extreme parameter estimates are not the result

of model non-convergence. Moreover, high variability in bsi values was observed

even in the largest studied data conditions. Figure 3.2 shows the distribution of

simple errors (b̂si − bsi), s = 0, . . . 2ki + 1 for the subset of conditions in which

k̃i = ki, N = 5, 000, and I = 60. In this figure, Panel A displays results for fixed-

effects estimation, and Panel B displays results for random-effects estimation.

Recall that the b2i, b3i, b4i, and b5i parameters are not estimated when k̃i = 0 and

that the b4i and b5i parameters are not estimated when k̃i = 1, and so there are

no errors in b̂si associated with these conditions. Figure 3.2 shows that b̂0i and

b̂1i are recovered well when k̃i = ki = 0. This is reassuring because the ki = 0

FMP model is equivalent to the familiar 2PL, a model in which the estimated item

parameters are routinely interpreted. For the k̃i = 1 and k̃i = 2 conditions, the b̂si

are only slightly biased, but there exists a fair amount of variability, especially in

the k̃i = ki = 2 conditions. The biases of parameter estimates are similar for the

fixed-effects and random-effects conditions, although random-effects estimation

leads to slightly more variable parameter estimates than fixed-effects estimation.

One way to decrease the variability of these estimates would be to adopt a marginal

Bayesian estimation approach (see Falk & Cai, 2015, 2106). However, accuracy

of b̂si values is not necessarily the most relevant index of model recovery. That
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is, even if individual b̂si parameters are not estimated accurately, other model

predictions may still be reliable. Recall that the FMP item response model is a

quasi-parametric item response model (Liang & Browne, 2015; Ramsay, 1991).

As such, the item parameters bsi are included to provide flexibility to the model,

and are not intended for interpretation. Thus it may be the case that, even if

individual item parameters are estimated inaccurately, other relevant quantities

are estimated accuracy. In the following subsections, recovery is assessed in terms

of item response function recovery and latent trait score recovery.
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Figure 3.2. Distribution of errors in estimating FMP item parameters. Errors are
defined as b̂si − bsi for s ∈ {0, 1, 2, 3, 4, 5}, and only conditions with N = 5, 000
subjects, I = 60 items, and ki = k̃i are included. Panel A shows results for fixed-
effects estimation, and Panel B shows results for random-effects estimation. Box
plot whiskers extend from 1Q − 1.5IQR to 3Q + 1.5IQR, and outliers are not
displayed. Note that b4i and b5i are not estimated when k̃i = 1, and b2i, b3i, b4i,
and b5i are not estimated when k̃i = 0.
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3.2.2 Item response function recovery

The accuracy of an estimated item response function for item i can be quantified

by the root integrated mean squared error (RIMSEi; see Equation 2.7). Recall

that RIMSEi are on a probability metric, and that smaller RIMSEi values indicate

that the estimated IRF is a better approximation of the data-generating IRF.

The across-item and across-replication RIMSEi means and standard deviations

are reported in Tables 3.1, 3.2, and 3.3 conditional on sample size, test length,

and k̃i values. Tables 3.1, 3.2, and 3.3 report results for data generated under

ki = 0, ki = 1, and ki = 2, respectively. Recall that in all cases, both the data-

generating θ distribution and the θ distribution assumed during item parameter

estimation are standard normal.



65
Ta

bl
e
3.
1

R
IM

S
E
i
m
ea
ns

(s
ta
nd

ar
d
de
vi
at
io
ns
)
fo
r
se
ve
n
es
tim

at
io
n
m
et
ho
ds
,
k
i

=
0

F
ix
ed
-E

ffe
ct
s

R
an

do
m
-E

ffe
ct
s

K
er
ne
l

I
N

k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
Sm

oo
th
in
g

20
20
0

.0
48

(.
02
5)

.0
61

(.
02
3)

.0
68

(.
02
1)

.0
43

(.
02
3)

.0
66

(.
02
7)

.0
78

(.
02
7)

.0
61

(.
02
6)

50
0

.0
35

(.
01
8)

.0
43

(.
01
6)

.0
48

(.
01
5)

.0
28

(.
01
5)

.0
42

(.
01
8)

.0
55

(.
01
8)

.0
50

(.
02
9)

1,
00
0

.0
28

(.
01
3)

.0
34

(.
01
1)

.0
38

(.
01
2)

.0
19

(.
01
0)

.0
29

(.
01
2)

.0
42

(.
01
4)

.0
45

(.
03
4)

2,
00
0

.0
25

(.
01
0)

.0
29

(.
00
9)

.0
31

(.
01
0)

.0
14

(.
00
7)

.0
20

(.
00
9)

.0
32

(.
01
2)

.0
43

(.
03
9)

5,
00
0

.0
23

(.
00
7)

.0
25

(.
00
7)

.0
27

(.
00
9)

.0
09

(.
00
5)

.0
13

(.
00
6)

.0
21

(.
00
8)

.0
41

(.
04
3)

40
20
0

.0
44

(.
02
4)

.0
56

(.
02
3)

.0
64

(.
02
1)

.0
43

(.
02
3)

.0
63

(.
02
5)

.0
75

(.
02
4)

.0
62

(.
02
5)

50
0

.0
29

(.
01
5)

.0
37

(.
01
5)

.0
43

(.
01
4)

.0
27

(.
01
5)

.0
39

(.
01
7)

.0
51

(.
01
6)

.0
47

(.
02
3)

1,
00
0

.0
22

(.
01
1)

.0
27

(.
01
1)

.0
31

(.
01
2)

.0
19

(.
01
0)

.0
26

(.
01
1)

.0
36

(.
01
2)

.0
40

(.
02
3)

2,
00
0

.0
17

(.
00
8)

.0
21

(.
00
8)

.0
23

(.
00
9)

.0
13

(.
00
7)

.0
19

(.
00
8)

.0
26

(.
00
9)

.0
36

(.
02
6)

5,
00
0

.0
13

(.
00
6)

.0
16

(.
00
5)

.0
17

(.
00
7)

.0
09

(.
00
5)

.0
12

(.
00
5)

.0
16

(.
00
6)

.0
32

(.
03
0)

60
20
0

.0
43

(.
02
3)

.0
55

(.
02
3)

.0
62

(.
02
0)

.0
44

(.
02
5)

.0
64

(.
02
6)

.0
79

(.
02
6)

.0
63

(.
02
6)

50
0

.0
27

(.
01
5)

.0
35

(.
01
4)

.0
41

(.
01
4)

.0
28

(.
01
5)

.0
39

(.
01
6)

.0
52

(.
01
7)

.0
48

(.
02
2)

1,
00
0

.0
20

(.
01
1)

.0
26

(.
01
1)

.0
30

(.
01
1)

.0
21

(.
01
2)

.0
28

(.
01
2)

.0
36

(.
01
3)

.0
40

(.
02
2)

2,
00
0

.0
15

(.
00
8)

.0
19

(.
00
8)

.0
21

(.
00
9)

.0
15

(.
00
8)

.0
20

(.
00
9)

.0
25

(.
00
9)

.0
35

(.
02
3)

5,
00
0

.0
11

(.
00
6)

.0
13

(.
00
6)

.0
15

(.
00
7)

.0
10

(.
00
7)

.0
13

(.
00
6)

.0
15

(.
00
6)

.0
30

(.
02
5)



66
Ta

bl
e
3.
2

R
IM

S
E
i
m
ea
ns

(s
ta
nd

ar
d
de
vi
at
io
ns
)
fo
r
se
ve
n
es
tim

at
io
n
m
et
ho
ds
,
k
i

=
1

F
ix
ed
-E

ffe
ct
s

R
an

do
m
-E

ffe
ct
s

K
er
ne
l

I
N

k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
Sm

oo
th
in
g

20
20
0

.0
70

(.
02
4)

.0
63

(.
02
4)

.0
70

(.
02
3)

.0
66

(.
02
3)

.0
66

(.
02
6)

.0
79

(.
02
7)

.0
60

(.
02
3)

50
0

.0
62

(.
02
0)

.0
46

(.
01
7)

.0
50

(.
01
7)

.0
57

(.
02
0)

.0
44

(.
01
7)

.0
54

(.
01
8)

.0
45

(.
02
4)

1,
00
0

.0
57

(.
01
8)

.0
37

(.
01
3)

.0
40

(.
01
2)

.0
52

(.
01
9)

.0
30

(.
01
2)

.0
41

(.
01
4)

.0
39

(.
02
6)

2,
00
0

.0
55

(.
01
7)

.0
32

(.
01
1)

.0
34

(.
01
1)

.0
49

(.
01
9)

.0
22

(.
00
9)

.0
31

(.
01
1)

.0
36

(.
02
9)

5,
00
0

.0
54

(.
01
7)

.0
29

(.
00
9)

.0
30

(.
01
0)

.0
47

(.
01
9)

.0
14

(.
00
6)

.0
20

(.
00
8)

.0
34

(.
03
1)

40
20
0

.0
67

(.
02
3)

.0
58

(.
02
3)

.0
64

(.
02
2)

.0
66

(.
02
4)

.0
64

(.
02
5)

.0
77

(.
02
6)

.0
59

(.
02
3)

50
0

.0
57

(.
01
9)

.0
39

(.
01
5)

.0
44

(.
01
5)

.0
56

(.
02
0)

.0
41

(.
01
7)

.0
52

(.
01
8)

.0
42

(.
01
8)

1,
00
0

.0
53

(.
01
8)

.0
29

(.
01
1)

.0
32

(.
01
1)

.0
51

(.
01
9)

.0
29

(.
01
2)

.0
37

(.
01
3)

.0
33

(.
01
7)

2,
00
0

.0
51

(.
01
8)

.0
22

(.
00
9)

.0
25

(.
00
9)

.0
49

(.
01
9)

.0
21

(.
00
8)

.0
27

(.
00
9)

.0
27

(.
01
8)

5,
00
0

.0
49

(.
01
8)

.0
18

(.
00
6)

.0
19

(.
00
6)

.0
47

(.
01
9)

.0
14

(.
00
6)

.0
17

(.
00
6)

.0
23

(.
02
0)

60
20
0

.0
66

(.
02
3)

.0
57

(.
02
3)

.0
64

(.
02
2)

.0
69

(.
02
5)

.0
65

(.
02
6)

.0
78

(.
02
7)

.0
60

(.
02
5)

50
0

.0
55

(.
01
9)

.0
37

(.
01
5)

.0
42

(.
01
4)

.0
57

(.
02
0)

.0
43

(.
01
8)

.0
52

(.
01
8)

.0
43

(.
01
8)

1,
00
0

.0
51

(.
01
8)

.0
27

(.
01
1)

.0
31

(.
01
1)

.0
53

(.
01
9)

.0
33

(.
01
4)

.0
39

(.
01
4)

.0
33

(.
01
6)

2,
00
0

.0
49

(.
01
8)

.0
20

(.
00
8)

.0
22

(.
00
9)

.0
49

(.
01
9)

.0
24

(.
01
1)

.0
28

(.
01
1)

.0
26

(.
01
6)

5,
00
0

.0
48

(.
01
8)

.0
15

(.
00
6)

.0
16

(.
00
6)

.0
47

(.
01
9)

.0
17

(.
00
8)

.0
20

(.
00
7)

.0
21

(.
01
7)



67
Ta

bl
e
3.
3

R
IM

S
E
i
m
ea
ns

(s
ta
nd

ar
d
de
vi
at
io
ns
)
fo
r
se
ve
n
es
tim

at
io
n
m
et
ho
ds
,
k
i

=
2

F
ix
ed
-E

ffe
ct
s

R
an

do
m
-E

ffe
ct
s

K
er
ne
l

I
N

k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
k̃
i
=

0
k̃
i
=

1
k̃
i
=

2
Sm

oo
th
in
g

20
20
0

.0
80

(.
02
7)

.0
65

(.
02
5)

.0
71

(.
02
4)

.0
77

(.
02
6)

.0
67

(.
02
5)

.0
79

(.
02
7)

.0
60

(.
02
3)

50
0

.0
73

(.
02
3)

.0
48

(.
01
8)

.0
52

(.
01
8)

.0
68

(.
02
3)

.0
46

(.
01
8)

.0
55

(.
01
9)

.0
44

(.
02
2)

1,
00
0

.0
69

(.
02
2)

.0
40

(.
01
4)

.0
42

(.
01
4)

.0
64

(.
02
3)

.0
32

(.
01
2)

.0
41

(.
01
3)

.0
37

(.
02
2)

2,
00
0

.0
67

(.
02
2)

.0
35

(.
01
2)

.0
36

(.
01
3)

.0
62

(.
02
3)

.0
24

(.
00
9)

.0
31

(.
01
1)

.0
33

(.
02
4)

5,
00
0

.0
66

(.
02
2)

.0
31

(.
01
1)

.0
32

(.
01
1)

.0
61

(.
02
3)

.0
17

(.
00
6)

.0
20

(.
00
8)

.0
30

(.
02
5)

40
20
0

.0
77

(.
02
5)

.0
59

(.
02
3)

.0
66

(.
02
2)

.0
80

(.
02
7)

.0
69

(.
02
8)

.0
79

(.
02
8)

.0
60

(.
02
3)

50
0

.0
69

(.
02
3)

.0
41

(.
01
5)

.0
45

(.
01
5)

.0
69

(.
02
3)

.0
44

(.
01
8)

.0
52

(.
01
8)

.0
41

(.
01
6)

1,
00
0

.0
65

(.
02
2)

.0
31

(.
01
2)

.0
34

(.
01
1)

.0
65

(.
02
3)

.0
33

(.
01
4)

.0
40

(.
01
4)

.0
32

(.
01
5)

2,
00
0

.0
64

(.
02
2)

.0
25

(.
00
9)

.0
26

(.
00
9)

.0
63

(.
02
3)

.0
26

(.
01
0)

.0
30

(.
01
1)

.0
26

(.
01
6)

5,
00
0

.0
62

(.
02
2)

.0
20

(.
00
7)

.0
20

(.
00
7)

.0
61

(.
02
3)

.0
18

(.
00
6)

.0
20

(.
00
7)

.0
21

(.
01
7)

60
20
0

.0
76

(.
02
5)

.0
58

(.
02
3)

.0
64

(.
02
2)

.0
80

(.
02
8)

.0
68

(.
02
9)

.0
79

(.
02
9)

.0
61

(.
02
3)

50
0

.0
67

(.
02
3)

.0
38

(.
01
4)

.0
42

(.
01
4)

.0
71

(.
02
4)

.0
48

(.
02
1)

.0
54

(.
02
0)

.0
42

(.
01
6)

1,
00
0

.0
64

(.
02
2)

.0
29

(.
01
1)

.0
32

(.
01
1)

.0
66

(.
02
3)

.0
36

(.
01
6)

.0
40

(.
01
5)

.0
32

(.
01
3)

2,
00
0

.0
62

(.
02
2)

.0
23

(.
00
8)

.0
23

(.
00
8)

.0
62

(.
02
3)

.0
32

(.
01
3)

.0
34

(.
01
4)

.0
25

(.
01
2)

5,
00
0

.0
61

(.
02
3)

.0
18

(.
00
6)

.0
17

(.
00
6)

.0
61

(.
02
3)

.0
25

(.
00
9)

.0
26

(.
00
9)

.0
18

(.
01
2)



68

For all estimation methods and each ki condition, increasing sample size and

test length improves IRF recovery. The exception to this trend occurs for 60-item

tests and random-effects estimation. Specifically, conditional on sample size, the

average RIMSEi values for 60-item tests are not always smaller than the average

RIMSEi values for the 40- or 20-item tests. One possible explanation for this

phenomenon is that random-effects estimation requires all item parameters to

be estimated simultaneously. Thus for random-effects estimation, increasing test

length increases the number of model parameters that must be estimated at once.

In contrast, for the fixed-effects and kernel smoothing estimation methods, IRFs

are estimated one-at-a-time conditional on surrogate θ values. For fixed-effects

estimation and kernel smoothing, test length affects the surrogate θ values, but

does not affect the number of parameters that are estimated simultaneously. Per-

haps for this reason, these data demonstrate an interaction between test length

and estimation method in terms of IRF recovery. Namely, random-effects estima-

tion leads to smaller RIMSEi values than fixed-effects estimation in 20-item tests,

except for a small number of conditions for which sample size is small and k̃i = 1

or k̃i = 2. In contrast, in 60-item tests, fixed-effects estimation often performs as

well or better than random-effects estimation.

With sufficient model flexibility (i.e., large k̃i values) and large data sets, all

estimation methods should lead to excellent IRF recovery. However, although

larger k̃i values permit more flexibility in the estimated IRFs, it is not necessarily

the case that this increased flexibility leads to better IRF recovery. For instance,

kernel smoothing allows for more flexible IRFs than any of the studied FMP

models, yet in these simulations it often has the worst IRF recovery. This could
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be attributed partly to the crude way of specifying the surrogate θ values. As

implemented in this study, kernel smoothing conditions on normalized ranked

sum scores whereas fixed-effects FMP conditions on normalized first principal

component scores. These results show that kernel smoothing often leads to higher

average RIMSE values than fixed-effects or random-effects FMP, particularly when

ki = 0.

Returning to the FMP results, it is not necessarily the case that estimating

IRFs with k̃i = 2 leads to better IRF recovery than k̃i = 1 or k̃i = 0, even though

k̃i = 2 permits greater flexibility. Moreover, it is not necessarily the case that

estimating IRFs using the data-generating ki value (i.e., k̃i = ki) leads to better

IRF recovery than other k̃i values. In fact, data sets generated under ki = 2

often are associated with smaller RIMSEi values when k̃i < 2, that is, under a

model that cannot recover the data-generating IRF exactly. Closer inspection of

Tables 3.1, 3.2, and 3.3 emphasizes the importance of choosing an appropriate k̃i

value. When data are generated according to the 2PL (ki = 0, Table 3.1), the

lowest RIMSEi values occur when k̃i = 0, for both fixed-effects and random-effects

estimation at all studied sample sizes. This is true even though the k̃i = 0 model

is nested within the k̃i = 1 and k̃i = 2 models. This is likely because the more

complex models are more difficult to estimate and more likely to reflect random

variation in a dataset, especially at small sample sizes. As sample size increases,

the influence of random variation decreases, and we find that the RIMSEi values

in the k̃i = 0 conditions become increasingly similar to the RIMSEs in the k̃i >

0 conditions. When ki = 1 (Table 3.2) the lowest RIMSEi values occur when

k̃i = 1 for both fixed-effects and random-effects estimation. For the ki = 1
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conditions, the improvement in average RIMSEi when using k̃i = 1 versus k̃i = 0

is most prominent at large sample sizes. In contrast, the improvement in average

RIMSEi when using k̃i = 1 versus k̃i = 2 is usually minimized in larger samples.

Additionally, when ki = 1 and sample size is large, random-effects estimation

tends to lead to better IRF recovery than fixed-effects estimation in 20-item and

40-item tests. When ki = 2 (Table 3.3), k̃i = 1 tends to lead to equal or smaller

average RIMSEi values at the studied sample sizes. It may be the case that if

larger sample sizes were studied, k̃i = 2 would outperform k̃i = 1 in the ki = 2

conditions.

In summary, IRF recovery depends on sample size, test length, the complexity

of the data-generating curve, and the estimation method. No one estimation

method works best for all types of data. For short tests, random-effects estimation

tends to outperform fixed-effects FMP or kernel smoothing estimation, although

random-effects and fixed-effects perform similarly when a short test is given to a

large sample. Kernel smoothing often leads to higher and more variable RIMSEi

values than the FMP methods, and is not recommended when IRF accuracy is

a primary concern. Overall, it is recommended to use FMP methods over kernel

smoothing with the smoothing options used in this study.

3.2.3 Latent trait score recovery

For some applications, IRF recovery may be less important than trait score re-

covery. In this study, latent trait score recovery was assessed using three types

of correlation coefficients—the Pearson product-moment correlation, Spearman’s
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rank-order correlation, and Kendall’s τ correlation—computed between the true

and estimated latent trait scores. Note that in all cases the estimated latent trait

scores were computed after IRF estimation. As such, the surrogate θ values used

for fixed-effects FMP and using kernel smoothing estimation are not included in

these correlations. Latent trait score recovery is summarized in Figures 3.3–3.11.

Figures 3.3, 3.4, and 3.5 display results for Pearson product-moment correla-

tions, Figures 3.6, 3.7, and 3.8 display results for Spearman rank correlations,

and Figures 3.9, 3.9, and 3.11 display results for Kendall’s τ correlations. Pear-

son product-moment correlations index the degree of linear association between

two variables, Spearman rank correlations index the degree of linear association

between the ranks of two variables, and Kendall’s τ correlation equals the pro-

portion of concordant rank pairs minus the proportion of discordant rank pairs

between two variables. For all types of correlation coefficients, values closer to 1

indicate a stronger monotonic relationship between the true and estimated latent

trait scores.

Each panel in Figures 3.3–3.11 displays box plots of the distribution of corre-

lations between the data-generating θ values and the θ̂ values obtained for each

estimation method. Overall, there are only small differences among the different

estimation methods in terms of the distribution of correlation coefficients. Aggre-

gating over sample size and test length conditions, fixed-effects estimation with

k̃i = 1 has higher median Pearson product-moment and Spearman correlations

than the other six estimation methods. Fixed-effects estimation with k̃i = 1 has

a median Pearson correlation equal to .9722 and a median Spearman correlation

equal to .9786. For the other estimation methods, median Pearson correlations
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equal .9678–.9716 and median Spearman correlations equal .9769–.9783. In con-

trast, Kendall’s τ correlations are smaller in magnitude than Pearson and Spear-

man correlations, and are consistently higher for kernel smoothing-based latent

trait estimates than for FMP-based latent trait estimates. For kernel smooth-

ing, median Kendall correlations equal .8790, and for the other estimation meth-

ods, median Kendall correlations equal .8665–.8717. Thus, although there are

consistent differences among estimation methods, the magnitudes of the median

recovered correlations are highly similar across methods.

Taking a closer look at Pearson product-moment correlations (Figures 3.3,

3.4, and 3.5), kernel smoothing estimation leads to consistently lower correlations

than the FMP estimation methods, especially for large samples. At small samples,

random-effects estimation leads to slightly lower correlations than fixed-effects es-

timation, especially when k̃i 6= ki. However, correlations do not improve much as

sample size increases and there are few differences in the distribution of correlation

coefficients from N = 1, 000 to N = 5, 000. In some conditions, the distribution

of Pearson correlations stabilizes in samples as low as N = 500. Moreover, longer

tests lead to higher correlations. Across conditions (excluding the kernel smooth-

ing results), the median Pearson correlations for 20-, 40-, and 60-item tests equal

.940, .968, and .978. Given these results, it is recommended that at least I = 40

items and N = 1, 000 subjects are needed for accurate latent trait score recovery

as indexed by Pearson correlations.
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Figure 3.3. Distribution of Pearson correlations between θ and θ̂ for 20-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.4. Distribution of Pearson correlations between θ and θ̂ for 40-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.5. Distribution of Pearson correlations between θ and θ̂ for 60-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Spearman rank-order correlations are shown in Figures 3.6, 3.7, and 3.8. Simi-

lar to Pearson correlations, longer tests lead to higher Spearman correlation coeffi-

cients. The median Spearman correlation for 20-, 40-, and 60-item tests (excluding

kernel smoothing estimates) equal .949, .974, and .982. These results suggest that

tests with at least 40 items are needed so that Spearman correlations are con-

sistently high (e.g., above .95). Moreover, there are relatively few differences in

the distribution of Spearman correlations across estimation methods. However,

in small samples, random-effects estimation with k̃i > ki leads to consistently

lower correlations than the other estimation methods. For both fixed-effects and

random-effects estimation, cases in which k̃i = 0 and ki > 0 lead to smaller

correlations than the other estimation methods. Notably, the distribution of cor-

relations resulting from kernel smoothing is comparable to the other methods.

This is in contrast to Pearson correlations for which kernel smoothing led to lower

correlations than other methods. Overall, as with Pearson correlations, data sets

with at least I = 40 items and N = 1, 000 subjects seems to result in Spearman

correlations that are consistently large.
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Figure 3.6. Distribution of Spearman correlations between θ and θ̂ for 20-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.7. Distribution of Spearman correlations between θ and θ̂ for 40-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.8. Distribution of Spearman correlations between θ and θ̂ for 60-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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The distributions of Kendall’s rank-order correlation coefficient are shown in

Figures 3.9, 3.10, and 3.11. In general, these correlations are smaller than Spear-

man or Pearson correlations. Moreover, whereas kernel smoothing tended to have

lower Pearson correlations than the other methods, Kendall’s τ correlations tend

to be higher for kernel smoothing than for the other methods. As with the

other correlation coefficients, the distribution of Kendall’s correlations stabilize

in N = 1, 000. Moreover, correlations tend to be higher and less variable in ki = 2

conditions than in ki = 0 conditions. As before, k̃i = 0 is noticeably worse than

the other methods when ki = 1 for both fixed-effects and random-effects estima-

tion. Additionally, random-effects estimation with k̃i = 2 when ki = 0 leads to

somewhat lower correlations than the other methods. Thus, so long as a suitable

k̃i value is chosen and data sets are large enough, Kendall’s rank-order correlations

indicate good latent trait recovery.
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Figure 3.9. Distribution of Kendall correlations between θ and θ̂ for 20-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.10. Distribution of Kendall correlations between θ and θ̂ for 40-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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Figure 3.11. Distribution of Kendall correlations between θ and θ̂ for 60-item
tests using the k̃i values chosen by the AIC and BIC criteria for fixed-effects
and random-effects estimation, and using kernel smoothing estimation. Panel A
displays results for ki = 0, Panel B displays results for ki = 1, and Panel C
displays results for ki = 2.
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In general, the three types of correlation coefficients usually lead to the same

conclusions about how accurately latent trait scores are recovered. Although there

are some conditions in which some estimation methods are systematically lower

than others, these differences are small and are not expected to affect substantive

conclusions.

3.2.4 FMP model selection

Results shown in Tables 3.1, 3.2, and 3.3 demonstrated that larger k̃i values,

although they allow greater flexibility in the estimated IRFs, do not necessarily

provide better IRF recovery than smaller k̃i values. Moreover in practice, one

must choose a k̃i value based on some model selection criterion such as the AIC

or the BIC. To select a k̃i value, each data set can be fit multiple times using a

sequence of k̃i values. The k̃i value associated with the smallest AIC or BIC value

is said to be “selected” by the AIC or BIC. Below, I evaluate FMP model recovery

in terms of the k̃i values selected by both the AIC and the BIC. Note that in

this simulation design, k̃i is selected separately for each item under fixed-effects

estimation, but k̃i is selected for the entire test under random-effects estimation.

The proportion of times each k̃i ∈ {0, 1, 2} value is chosen by the AIC or the

BIC is shown conditional on sample size, test length, and ki in Figures 3.12, 3.13,

3.14, and 3.15. Specifically, Figure 3.12 shows results for fixed-effects estimation

and the AIC, Figure 3.13 shows results for random-effects estimation and the AIC,

Figure 3.14 shows results for fixed-effects estimation and the BIC, and Figure

3.15 shows results for random-effects estimation and the BIC. In these figures, red
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indicates that k̃i = 0 was selected, blue indicates that k̃i = 1 was selected, and

green indicates that k̃i = 2 was selected. Further, solid shading indicates that

the AIC- or BIC-selected k̃i value equals the data-generating ki value, whereas

dashed shading represents cases in which k̃i 6= ki. Within each figure, bar plots

are arranged into five rows representing the five sample sizes, and three columns

representing three test lengths. Within each bar plot, the top row represents

ki = 2, the middle row represents ki = 1, and the bottom row represents ki = 0.
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Figure 3.12. Distribution of k̃i values selected by the AIC criterion using fixed-
effects estimation. Red indicates k̃i = 0, blue indicates k̃i = 1, and green in-
dicates k̃i = 2. Solid shading indicates that the chosen k̃i value matches the
data-generating k̃i value.
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Figure 3.13. Distribution of k̃i values selected by the AIC criterion using random-
effects estimation. Red indicates k̃i = 0, blue indicates k̃i = 1, and green in-
dicates k̃i = 2. Solid shading indicates that the chosen k̃i value matches the
data-generating k̃i value.
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Overall, the AIC selected k̃i = ki in 53% of the fixed-effects replications, and

in 51% of the random-effects replications. The BIC selected k̃i = ki value in 51%

of the fixed-effects replications, and in 58% of the random-effects replications. Al-

though random-effects estimation paired with the BIC has the highest proportion

of k̃i = ki replications, it is also informative to look at the types of mismatches

associated with each method. Specifically, if the selected k̃i value is larger than

the data-generating ki value, the chosen model is too complex and is not the most

parsimonious representation of the data. For this reason, it may be preferable

to select a k̃i value that is too small rather than to select a k̃i value that is too

large. Bear in mind that the proportion of times each k̃i value is chosen is only

one indicator of recovery, and later I compare these model selection criteria in

terms of their effects on IRF recovery.

Returning to Figures 3.12–3.15, we see that fixed-effects estimation paired with

AIC model selection (Figure 3.12) is the only condition in which some nonzero pro-

portion of k̃i values equal ki in each combination of sample size, test length, and ki

conditions. For fixed-effects estimation and ki = 2, AIC selects k̃i = 2 with higher

frequency as sample size increases, especially for short tests. In contrast, the pro-

portion of times k̃i = 0 is selected when ki = 0 decreases as sample sizes increases.

This unexpected result suggests that when k = 0 and k̃ ≥ 0, large samples lead to

overfitted models and that the AIC does not impose a strong enough penalty in

these conditions. A comparable result was reported by Liang (2007), who found

that for fixed-effects estimation and k = 0, AIC selected = k̃ = 0 in 81% of repli-

cations when N = 300 but only in 57% of replications when N = 2, 000. A similar

trend occurs for random-effects estimation and the AIC (see Figure 3.13). Namely,
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for both fixed-effects and random-effects estimation, the AIC criterion tends to

select simpler models (i.e., smaller k̃i values) in smaller samples and more com-

plex models (i.e., larger k̃i values) in larger samples. However, for random-effects

estimation, AIC selects k̃i = 2 when the data-generating ki value equals 0 or 1 in

the vast majority of replications, particularly for tests with 20 or 40 items and at

least 1,000 subjects. In 60-item tests estimated with random-effects, k̃i = 1 and

k̃i = 0 values are selected more often than they are in shorter tests, but there are

still a large number of cases in which AIC selects k̃i values that are larger than the

data-generating ki values. These results indicate that overly complex models are

often selected when using AIC model selection with random-effects estimation.

Thus, AIC is not recommended in conjunction with random-effects estimation.

With fixed-effects estimation, AIC model selection does not select overly complex

models as often as with random-effects estimation. However, there is still a sizable

proportion of trials for which the AIC-selected k̃i > ki. A better solution may

be to use a model selection criterion that imposes a greater penalty on model

complexity, such as the BIC.
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Figure 3.14. Distribution of k̃i values selected by the BIC criterion using fixed-
effects estimation. Red indicates k̃i = 0, blue indicates k̃i = 1, and green in-
dicates k̃i = 2. Solid shading indicates that the chosen k̃i value matches the
data-generating k̃i value.
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Figure 3.15. Distribution of k̃i values selected by the BIC criterion using random-
effects estimation. Red indicates k̃i = 0, blue indicates k̃i = 1, and green in-
dicates k̃i = 2. Solid shading indicates that the chosen k̃i value matches the
data-generating k̃i value.



92

As Figure 3.14 shows, fixed-effects estimation paired with the BIC almost al-

ways selects k̃i = 0 when ki = 0. When ki = 1 or ki = 2, k̃i = 1 is selected more

frequently as sample size increases, with k̃ = 0 being selected a majority of times

in the smallest sample sizes. In contrast, k̃i = 2 is selected only rarely, and most

often in large samples and short tests. In general, these results suggest that BIC

model selection may be preferable to AIC model selection for fixed-effects estima-

tion because, although both criteria choose the correct model with approximately

the same frequency, the BIC rarely selects an overly complex model. Similar re-

sults are found for the BIC criterion paired with random-effects estimation (see

Figure 3.15). Recall that BIC paired with random-effects estimation has a higher

proportion of cases in which k̃i = ki than do the other methods. Figure 3.15

reveals that this result occurs because the BIC almost always selects the correct

value in the ki = 0 and ki = 1 conditions, but only correctly selects k̃i = 2 in

3% of replications. In samples of size 1,000 and larger, k̃i = 0 continues to be

selected when ki = 0 in nearly all cases, and k̃i = 1 is often selected when ki = 1.

In contrast, when ki = 2, k̃i = 0 tends to be selected in the smallest sample,

and k̃i = 1 tends to be selected in the larger samples. In the shortest test length

and largest sample size condition, however, k̃i = 2 is selected a sizable number of

times when ki = 2. In this case, k̃i = 2 is also incorrectly selected when ki = 1

a small proportion of times. In aggregate, random-effects estimation with BIC

model selection is tentatively recommended because this method has the highest

number of cases in which k̃i = ki and because overly complex models are rarely

selected. However, as stated earlier, it is not necessarily desirable to have highly

accurate model selection criteria in terms of selecting the data-generating model.
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Specifically, it could be that other recovery measures indicate better recovery for

a non-data-generating k̃i values. Next, I evaluate the performance of the AIC and

BIC model selection criteria in terms of IRF recovery as indexed by RIMSEi.

Each of the studied model selection methods fails to choose the data-generating

ki values in some proportion of cases. Even if k̃i values that are selected by the

AIC or BIC criterion differ from the data-generating ki values, it is not necessarily

the case that important quantities are misestimated. Instead of comparing the

data-generated ki value to the AIC- or BIC-selected k̃i values, it may be more

informative to compare the obtained RIMSEi values associated with the AIC-

and BIC-selected k̃i values. Figures 3.16, 3.17, and 3.18 display box plots of

the RIMSEi values for the AIC- and BIC-selected k̃i values for fixed-effects and

random-effects methods. These figures also include box plots of the distribution

of RIMSEi values for the kernel smoothing estimation method.

Figure 3.16 shows results for ki = 0, Figure 3.17 shows results for ki = 1, and

3.18 shows results for ki = 2. In many cases, there are few differences among

estimation methods and model selection criteria. The most prominent trend is

that RIMSEi values decrease in mean and variability as sample size increases.

Further, kernel smoothing leads to higher average RIMSEi values than fixed-

effects or random-effects estimation when ki = 0, especially in large samples.

As noted in the earlier discussion of Tables 3.1, 3.2, and 3.3, this finding may be

due to the fact that kernel smoothing estimation approximates IRF conditional on

crude surrogate θ values. Specifically, in large samples, conditioning on normalized

ranked sum scores may not represent the latent trait metric as well as the methods

used in fixed-effects or random-effects FMP estimation. In contrast, in small



94

samples, kernel smoothing leads to slightly smaller RIMSEi values on average for

the ki = 2 conditions. Thus, kernel smoothing may be a preferable estimation

method for estimating complex IRFs in small samples, but FMP methods tend to

perform as well or better than kernel smoothing in the vast majority of conditions.

In all conditions, RIMSEi values decrease gradually as sample size increases.

For most purposes, samples of N = 200 appear to be too small to lead to reliable

IRF recovery, as many RIMSEi values are very large (RIMSEi ≥ .10). For some

applications, N = 500 may be a sufficiently large sample. In general, however,

samples of at least N = 1, 000 are needed so that RIMSEi values are, on average,

reasonably small (e.g., RIMSEi < .05).

Overall, if using the AIC or BIC model selection criterion, random-effects

FMP is recommended for short tests. However, the differences among methods

are so small that in most cases, the choice between fixed-effects and random-

effects, and between AIC and BIC, is not likely to affect conclusions. Combining

all conditions, average RIMSEi values equal .0342 for fixed-effects estimation and

the AIC, .0375 for random-effects estimation and the AIC, .0349 for fixed-effects

estimation and the BIC, and .0339 for random-effects estimation and the BIC.

Random-effects estimation paired with the BIC model selection criterion leads to

somewhat smaller RIMSEi values when ki = 0, and performs comparably to other

methods when ki = 1 or ki = 2. Moreover, for short tests and large samples,

random-effects estimation paired with the AIC criterion leads to lower RIMSEi

values than the other methods. In terms of IRF recovery, there do not appear

to be major differences in the AIC or BIC criterion for fixed-effects estimation.

Thus, these simulations suggest that random-effects estimation and the BIC lead
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to the best IRF recovery on average, but differences among these four methods

are small.
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Figure 3.16. Distribution of RIMSEi values for items generated with ki = 0. Panel
A displays results for 20-item tests, Panel B displays results for 40-item tests, and
Panel C displays results for 60-item tests.
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Figure 3.17. Distribution of RIMSEi values for items generated with ki = 1. Panel
A displays results for 20-item tests, Panel B displays results for 40-item tests, and
Panel C displays results for 60-item tests.
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Figure 3.18. Distribution of RIMSEi values for items generated with ki = 2. Panel
A displays results for 20-item tests, Panel B displays results for 40-item tests, and
Panel C displays results for 60-item tests.
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Chapter 4

Item Parameter Linking

4.1 Item Linking and Model Identification

In a previous section, various methods for identifying the latent trait metric were

discussed. For NIRT models, the latent trait is identified by specifying the latent

trait distribution (e.g., to be standard normal). For PIRT models, the IRF func-

tional form identifies the shape of the latent trait distribution, but the location

and unit size are arbitrary—often, the sample latent trait distribution is consid-

ered to be standardized. In both cases, the latent trait metric is sample-dependent

to some extent. That is, two samples of examinees that have different latent trait

distributions will yield estimated IRFs with different underlying metrics. The

technique of item parameter linking aims to reconcile these different metrics by

transforming item parameters that have been estimated on one metric to their

values on the other metric. In other words, item linking aims to resolve the met-

ric differences that result from differences in model identification restrictions (van
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der Linden & Barrett, in press).

The above characterization of item linking differs from how the topic is some-

times discussed. For instance, item linking is often taught in the context of

number-correct score equating. IRT-based score equating proceeds in three steps:

(a) estimate two sets of item parameters, (b) use IRT-based linking to place the

two sets of item parameters on the same θ metric, and (c) transform number-

correct scores from one test to be on the same true score metric as scores on the

second test (Kolen & Brennan, 2004, p. 172). Although number-correct score

equating is an important application, item linking is a more general procedure

that transforms one set of item parameter estimates to be on the same metric as

another set of item parameter estimates. In other words, IRT-based item link-

ing allows the researcher to alternate between sets of IRT parameters that make

equivalent predictions but have been estimated using different identification re-

strictions.

The vast majority of IRT item linking procedures consider only PIRT mod-

els and linear transformations of the θ metric. A linear metric transformation is

appropriate when the fitted IRT model determines the latent trait metric up to

a linear transformation—as is usually the case for PIRT models—and when the

model fits the data. Linear metric transformations are also appropriate under the

FMP model. As will be detailed below, transforming the metric linearly does not

change FMP item complexities (i.e., ki values). However, if the FMP item com-

plexities are allowed to vary across the two sets of estimated item parameters, the

metric transformation may not be linear. Thus, within the FMP IRT model, both

linear and nonlinear transformations of the θ metric can be modeled explicitly.
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The linear linking problem is illustrated in Figure 4.1, and the nonlinear link-

ing problem is illustrated in Figure 4.2. For both figures, θ and θ? denote two

latent trait metrics that are related by either a linear or nonlinear monotonically

increasing function. First consider Figure 4.1. This figure corresponds to the

familiar linking problem that is well-described in the literature (e.g., Kolen &

Brennan, 2014, pp. 171–245). In this figure, Panel A displays three population

IRFs on the θ metric, and Panel B displays the same three IRFs on the θ? metric.

In Panels A and B, corresponding IRFs are displayed by the same color (e.g., the

red IRF in Panel A corresponds to the red IRF in Panel B). Notice that although

all three IRFs appear to be steeper on the θ? metric, the relationships among the

IRFs are unchanged. For example, on both metrics the red IRF is less steep than

than the green and blue IRFs. In Panel C, the the linear relationship between θ

and θ? is displayed by the black line. Finally, Panel D displays a standard normal

density on the θ metric and a transformed standard normal density on the θ?

metric, where the transformation from θ? to θ is defined in Panel C. Notice that

because the relationship between θ and θ? is linear, the transformed density in

Panel D still follows a normal distribution, albeit one with a non-zero mean and

a non-one variance.



102

Figure 4.1. Linear item linking illustration. Panel A displays three IRFs on the
θ metric and Panel B displays the same three IRFs on the θ? metric. In Panels
A and B, IRFs with the same color represent the same item. In Panel C, the
linear relationship between θ and θ? is illustrated by the black line. Finally,
Panel D displays a standard normal distribution of θ against a standard normal
distribution of θ? that has been transformed to the θ metric.
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The panels in Figure 4.2 display the same information as the panels in Figure

4.1 with the exception that the relationship between θ and θ? is nonlinear. Al-

though the IRFs in Panel A are instances of the 2PL (i.e., an FMP model with

ki = 0), the corresponding IRFs in Panel B take on non-2PL functional forms.

The nonlinear relationship between θ and θ? is shown by the black curve in Panel

C. In this case, θ is a 3rd degree polynomial function of θ?, and the nonlinear

relationship between θ and θ? is most prominent at values of θ and θ? that are

far away from zero. Finally, Panel D displays a standard normal distribution of θ

against a standard normal density of θ? that has been transformed to the θ metric.

Notice that the transformed density of θ? is platykurtic and bimodal. As will be

detailed later, these characteristics are common when θ is a 3rd degree polynomial

function of a normally distributed θ?.
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Figure 4.2. Nonlinear item linking illustration. Panel A displays three IRFs on the
θ metric and Panel B displays the same three IRFs on the θ? metric. In Panels
A and B, IRFs with the same color represent the same item. In Panel C, the
nonlinear relationship between θ and θ? is illustrated by the black curve. Finally,
Panel D displays a standard normal distribution of θ against a standard normal
distribution of θ? that has been transformed to the θ metric. In this example,
θ = θ? + .1667θ?3 + .1125θ?5.
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These figures illustrate the linking problem in the population. In other words,

these figures assume that FMP IRFs are known without error. In fact, the math-

ematics behind the linking problem is defined in terms of parameters, and it is

assumed that estimation errors do not systematically affect the estimated linking

transformation. In the following derivations, I explore the mathematical rela-

tionships among FMP models that make equivalent predictions. Only after these

relationships are known in the population can researchers explore how they oper-

ate in sampled data and for estimated item parameters.

4.2 Linear Item Linking with FMP

Before nonlinear linking is described, the equations for linear linking will be de-

rived for the FMP model. Let ki and k?i denote (population-level) item complexi-

ties for the same item on the θ and θ? metrics. If there exists a linear relationship

between θ and θ?, then ki = k?i . Specifically, let θ denote the latent variable on

the original scale, and let θ? denote the latent variable on the transformed scale.

If θ is linearly related to θ?, the metric transformation can be characterized with

two linking parameters, denoted t0 and t1. Specifically, let

θ = t0 + t1θ
?, (4.1)

which implies that

θ? = t−1
1 θ − t−1

1 t0 (4.2)
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is the inverse transformation. The aim is to solve for the transformed item pa-

rameters b?i = (b?0i, b
?
1i, b

?
2i, b

?
2k?i +1,i)

′ for a typical item i in terms of bi, t0, and t1.

Finding the transformed item parameters requires solving

P (yin = 1|θn, bi) = P (yin = 1|θ?n, b?i ) (4.3)

such that b?i (dimension (2k?i +2)×1) is a function of t0, t1, and bi (dimension (2ki+

2)×1) only. That is, the transformed item parameters paired with the transformed

metric must yield the same predictions as the original item parameters paired

with the original metric. Substituting the FMP IRF given by Equation 2.4 into

Equation 4.3,

[
1 + exp

(
−

2ki+1∑
r=0

briθ
r

)]−1

=

[
1 + exp

(
−

2ki+1∑
s=0

b?siθ
?s

)]−1

, (4.4)

which implies that

2ki+1∑
r=0

briθ
r =

2ki+1∑
s=0

b?siθ
?s. (4.5)

It is helpful to express both sides of Equation 4.5 in terms of the same latent

variable. By substituting Equation 4.1 into θr, we find that

θr = (t0 + t1θ
?)r

=
r∑

u=0

(
r

u

)
(t1θ

?)r−u t0
u (4.6)
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by an application of the binomial theorem. Substituting Equation 4.6 into Equa-

tion 4.5,

2ki+1∑
r=0

bri

r∑
u=0

(
r

u

)
(t1θ

?)r−u t0
u =

2ki+1∑
s=0

b?siθ
?s (4.7)

now defines the linking equality.

Notice that both sides of Equation 4.7 are polynomial functions of θ? and

that b?i = (b?0i, b
?
1i, . . . , b

?
2ki+1,i)

′ are the polynomial coefficients for item i. Note

also that we can rewrite the left-hand side (LHS) of Equation 4.7 explicitly as a

polynomial function of θ?. Because both sides of Equation 4.7 can be expressed

as polynomial functions of θ?, the LHS term that is multiplied by θ?s will equal

b?si, where s = r − u. For example, let us solve for the highest-order coefficient

b?2ki+1,i. On the right-hand side of Equation 4.7, b?2ki+1,i is multiplied by θ?2ki+1.

On the LHS, θ?2ki+1 only occurs when r − u = 2ki + 1, that is, when u = 0 and

r = 2ki + 1 (because r ≤ 2ki + 1). Substituting in these values of r and u, we find

that

b?2ki+1,i = t2ki+1
1 b2ki+1,i. (4.8)

In general, note in the LHS side of Equation 4.7, that the quantity θ?s occurs

only for those sums for which s = r−u. Thus, we can express a typical coefficient

on the transformed scale, b?si, as a sum over the index r. Further notice that u ≥ 0;

thus, r ≥ s. Retaining only those terms that contain θ?s, a typical coefficient b?si



108

on the transformed scale equals

b?si =

2ki+1∑
r=s

(
r

r − s

)
ts1t

r−s
0 bri. (4.9)

It is important to establish that the item parameter transformations given

by Equation 4.9 are identified. The t0 and t1 parameters are identified with one

common item across two calibrations. It is simplest to express this identification in

terms of the coefficients b2ki,i, b2ki+1,i, b?2ki,i, and b
?
2ki,+1i. Specifically, by application

of Equation 4.9,

b?2ki+1,i = t2ki+1
1 b2ki+1,i (4.10)

and

b?2ki,i = t2ki1 b2ki,i + (2ki + 1)t2ki1 t0b2ki+1,i. (4.11)

Thus,

t1 =

(
b?2ki+1,i

b2ki+1,i

) 1
2ki+1

(4.12)

and

t0 =
b?2ki,i − t

2ki
1 b2ki,i

(2ki + 1)t2ki1 b2ki+1,i

(4.13)

is sufficient to establish that the linking transformation is identified.



109

4.3 Nonlinear Item Linking with FMP

The previous section detailed the linking transformations when IRFs on the θ

metric are of the same complexity as IRFs on the θ? metric. In that scenario,

ki = k?i for all items, and we considered linear relationships between θ and θ?. If

instead ki 6= k?i , we can consider nonlinear relationships between θ and θ?. Suppose

that θ? is a metric on which IRFs are more complex than the corresponding IRFs

on the θ metric. In other words, k?i > ki for all i = 1, . . . , I. Note that in the

population, if an IRF on the θ? metric is more complex than the corresponding

IRF on the θ metric, then all IRFs on the θ? metric are more complex than all

IRFs on the θ metric. Note also that this relationship is a mathematical property

of the FMP model, and need not hold when FMP curves are estimated.

In the population, if k?i > ki for all items, then, θ is a polynomial function of

θ?. Stated formally,

θ = h(θ?) =

2kθ+1∑
l=0

tlθ
?l, (4.14)

where kθ is the complexity parameter for the θ transformation, and t0, t1, . . . , t2kθ+1

are the associated linking coefficients.

Consider a polynomial function on the θ scale, for which

mi(θ) = mi[h(θ?)]

=

2k1+1∑
s=0

bsiθ
s. (4.15)
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For an item i, let 2ki + 1 denote the degree of mi(θ) on the θ scale, and let

2k?i + 1 denote the degree of m?
i (θ) on the corresponding θ? scale. That is, on the

original scale,

mi(θ) =

2ki+1∑
s=0

bsiθ
s (4.16)

and on the transformed θ? scale,

m?
i (θ

?) =

2k?i +1∑
s=0

b?siθ
?s. (4.17)

To link the θ? scale to the θ scale, it is necessary that mi(θ) = m?
i (θ

?) for all items

i = 1, . . . , I. Substituting Equation 4.14 into Equation 4.16, we find that

mi(θ) =

2ki+1∑
s=0

bsi

(
2kθ+1∑
l=0

tlθ
?l

)
, (4.18)

which, expanding sums, implies that mi(θ) can be expressed as a polynomial

function of θ?. Because mi(θ) = m?
i (θ

?), we set

2ki+1∑
s=0

bsi

(
2kθ+1∑
l=0

tlθ
?l

)
=

2k?i +1∑
s=0

b?siθ
?s. (4.19)

As was the case in the linear linking problem, the solution to the nonlinear linking

problem involves expressing each side of Equation 4.19 as a polynomial function

of θ?. Then, it is possible to set the left-hand side polynomial coefficients equal to

the right-hand side polynomial coefficients, and solve for b?i in terms of bi. This

implies that the order of the polynomial on the left-hand side of Equation 4.19

must equal the order of the polynomial on the right-hand side of Equation 4.19.
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Now, the highest power associated with θ? on the left-hand side of Equation 4.19

equals (2kθ + 1)(2ki + 1). Thus,

2k?i + 1 = (2kθ + 1)(2ki + 1) (4.20)

implies that

k?i =
(2kθ + 1)(2ki + 1)− 1

2

= 2kikθ + ki + kθ. (4.21)

This result implies that the polynomial degree needed on the transformed scale

depends on kθ, the complexity of the latent trait transformation. This means that,

for example, if kθ = 1 and ki = 1, then k?i = 4, which corresponds to a 9th degree

polynomial. Note however, that it is usually not necessary (or even advisable) to

fit FMP curves using polynomials of degree 9 or higher. As will be detailed later,

neither linear nor nonlinear linking requires the theoretical relationship shown in

Equation 4.21 to hold precisely for estimated curves.

When (population values of) k?i > ki ≥ 1, equating two sets of polynomial co-

efficients involves solving Equation 4.19, which requires expanding sums of multi-

nomial series. A general solution will be offered later, but first, let us consider a

useful special case solution that occurs when ki = 0 for all items. In this case,

k?i = kθ for all items. Further, when kθ > 0, the scale transformation is nonlinear,
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and may be characterized as follows:

θ =

2kθ+1∑
l=0

tlθ
?l. (4.22)

Thus, the linking equality in Equation 4.19 becomes

2k?i +1∑
s=0

b?siθ
?l = b0i + b1iθ

= b0i + b1i

2k?i +1∑
l=0

tlθ
?l

 . (4.23)

Matching coefficients, we find that

b?0i = b0i + b1it0 (4.24)

and

b?s = b1its, s = 1, . . . 2k?i + 1. (4.25)

Thus, although the 2PL may be re-expressed as an FMP model of degree k?i , the

polynomial coefficients (excluding b?0i) are multiples of b1i. Because the t0, t1, . . . , t2kθ+1

linking coefficients do not vary across items, the b?2, b?3, . . . , b?2k?+1, item parame-

ters are, across items, perfectly correlated with the b?1 coefficients. To clarify this

result, an example 10-item test is shown in Table 4.1. Here, the b0i, b1i, b?0i, b?1i,

b?2i, and b?3i coefficients are given for a test with θ = .5 + .5θ? + .1θ?2 + .1θ?3. That

is, the transformation is characterized by t0 = t1 = .5, t2 = .2, and t3 = .1. In this



113

example, ki = 0 for i = 1, . . . , 10. Although setting ki = 0 is a necessary condition

to take advantage of the special solution, it is not necessary that ki equals the

same value for all items. That is, the t vector found using the special solution for

one item can be used to transform other sets of item parameters with ki ≥ 1.

Table 4.1

Example equivalent FMP parameters

Item b0i b1i b?0i b?1i b?2i b?3i

1 -2 1 -1.5 0.5 0.2 0.1

2 -2 2 -1.0 1.0 0.4 0.2

3 -1 1 -0.5 0.5 0.2 0.1

4 -1 2 0.0 1.0 0.4 0.2

5 0 1 0.5 0.5 0.2 0.1

6 0 2 1.0 1.0 0.4 0.2

7 1 1 1.5 0.5 0.2 0.1

8 1 2 2.0 1.0 0.4 0.2

9 2 1 2.5 0.5 0.2 0.1

10 2 2 3.0 1.0 0.4 0.2

Note. t = (.5, .5, .2, .1)′, ki = 1, i = 1, . . . , 10

Following the logic for the linear solution, the linking transformation is the

result of matching polynomial coefficients for the equality in Equation 4.19. The

needed transformations can be expressed in matrix notation by

b?i = Wbi (4.26)
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where W is a weight matrix of dimension (2k?i + 2)× (2ki + 2). Let

W =



w1 w2 · · · w2ki+2

...
...

...
...

0
...

...
...

0
...

...

0
...


(4.27)

where ws is of length (s− 1)(2kθ + 1) + 1, s = 1, . . . , 2ki + 2, and the remaining

elements in the sth column of W are set equal to zero. The column vectors

w1,w2, . . . ,w2ki+2 may be found recursively. Define a new class of matrices V (s),

with s(2kθ + 1) + 1 rows and 2kθ + 2 columns. This class of matrices has the

following form:

V (s) =



ws 0 0 · · · 0

... ws 0 · · · 0

0
... ws · · · 0

0
... 0

0 ws


, (4.28)

where for column l, ws begins at element s of the lth row, and all other elements

are set equal to zero. Now, set w1 = 1 and w2 = (t0, t1, . . . , t2kθ+1)′. Then,

ws = V (s−1)t (4.29)

where t = (t0, t1, . . . , t2kθ+1)′.
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To illustrate, suppose ki = 1 and kθ = 1. Then,

b?i = Wbi (4.30)

where

W =



1 t0 t20 t30

0 t1 2t0t1 3t20t1

0 t2 2t0t2 + t21 3t0t
2
1 + 3t20t2

0 t3 2t0t3 + 2t1t2 t31 + 3t20t3 + 6t0t1t2

0 0 t22 + 2t1t3 3t21t2 + 3t0t
2
2 + 6t0t1t3

0 0 2t2t3 3t1t
2
2 + 3t21t3 + 6t0t2t3

0 0 t23 t32 + 3t0t
2
3 + 6t1t2t3

0 0 0 3t22t3 + 3t1t
2
3

0 0 0 3t2t
2
3

0 0 0 t23



. (4.31)

The columns w1 and w2 have already been defined as w1 = 1 and

w2 = (t0, t1, . . . , t2kθ+1)′. The vector w3 equals

w3 = V (2)t (4.32)
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where

V (2) =



t0 0 0 0

t1 t0 0 0

t2 t1 t0 0

t3 t2 t1 t0

0 t3 t2 t1

0 0 t3 t2

0 0 0 t3



. (4.33)

Thus,

w3 =



t0 0 0 0

t1 t0 0 0

t2 t1 t0 0

t3 t2 t1 t0

0 t3 t2 t1

0 0 t3 t2

0 0 0 t3





t0

t1

t2

t3


=



t20

2t0t1

2t0t2 + t21

2t0t3 + 2t1t2

2t1t3 + t22

2t2t3

t23



. (4.34)
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Th column vector w3 can now be used to find w4. Specifically,

V (3) =



t20 0 0 0

2t0t1 t20 0 0

2t0t2 + t21 2t0t1 t20 0

2t0t3 + 2t1t2 2t0t2 + t21 2t0t1 t20

2t1t3 + t22 2t0t3 + 2t1t2 2t0t2 + t21 2t0t1

2t2t3 2t1t3 + t22 2t0t3 + 2t1t2 2t0t2 + t21

t23 2t2t3 2t1t3 + t22 2t0t3 + 2t1t2

0 t23 2t2t3 2t1t3 + t22

0 0 t23 2t2t3

0 0 0 t23



, (4.35)

and
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w4 = V (3)t

=



t20 0 0 0

2t0t1 t20 0 0

2t0t2 + t21 2t0t1 t20 0

2t0t3 + 2t1t2 2t0t2 + t21 2t0t1 t20

2t1t3 + t22 2t0t3 + 2t1t2 2t0t2 + t21 2t0t1

2t2t3 2t1t3 + t22 2t0t3 + 2t1t2 2t0t2 + t21

t23 2t2t3 2t1t3 + t22 2t0t3 + 2t1t2

0 t23 2t2t3 2t1t3 + t22

0 0 t23 2t2t3

0 0 0 t23





t0

t1

t2

t3


(4.36)

=



t30

3t20t1

3t0t
2
1 + 3t20t2

t31 + 3t20t3 + 6t0t1t2

3t21t2 + 3t0t
2
2 + 6t0t1t3

3t1t
2
2 + 3t21t3 + 6t0t2t3

t32 + 3t0t
2
3 + 6t1t2t3

3t22t3 + 3t1t
2
3

3t2t
2
3

t23



. (4.37)
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Thus,

W =



1 t0 t20 t30

0 t1 2t0t1 3t20t1

0 t2 2t0t2 + t21 3t0t
2
1 + 3t20t2

0 t3 2t0t3 + 2t1t2 t31 + 3t20t3 + 6t0t1t2

0 0 t22 + 2t1t3 3t21t2 + 3t0t
2
2 + 6t0t1t3

0 0 2t2t3 3t1t
2
2 + 3t21t3 + 6t0t2t3

0 0 t23 t32 + 3t0t
2
3 + 6t1t2t3

0 0 0 3t22t3 + 3t1t
2
3

0 0 0 3t2t
2
3

0 0 0 t23



(4.38)

and

b?i =



1 t0 t20 t30

0 t1 2t0t1 3t20t1

0 t2 2t0t2 + t21 3t0t
2
1 + 3t20t2

0 t3 2t0t3 + 2t1t2 t31 + 3t20t3 + 6t0t1t2

0 0 t22 + 2t1t3 3t21t2 + 3t0t
2
2 + 6t0t1t3

0 0 2t2t3 3t1t
2
2 + 3t21t3 + 6t0t2t3

0 0 t23 t32 + 3t0t
2
3 + 6t1t2t3

0 0 0 3t22t3 + 3t1t
2
3

0 0 0 3t2t
2
3

0 0 0 t23





b0i

b1i

b2i

b3i


. (4.39)
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The W matrices for higher values of ki and kθ may be found using Equations

4.26, 4.27, 4.28, and 4.29. Moreover, the elements of W for ki = {0, 1, 2}

and kθ = {0, 1, 2}—conditions that are expected to be of the greatest practical

benefit—are printed in the Appendix. However, the accuracy of this procedure

for finding elements of b?i has been verified by the author for up to ki = 10 and

kθ = 10. Finally, note that these equations reduce to the previously described

special solution when ki = 0.

The linking coefficients are identified in the following manner. Notice that b?0i

is a function of t0 and bi only (and of no higher linking coefficients). The first row

of W will always contain the elements (1, t0, t
2
0, t

3
0, . . . , t

2ki+1
0 ). Thus,

b?0i =

2ki+1∑
s=0

bsit
s
0 (4.40)

will always hold. Because the bi coefficients define a monotonic polynomial, the

above function is invertible, and so there exists a unique value of t0 that satisfies

the above equation. Next, notice in W that the linking coefficient tl will occur

in rows with indices ≥ (l + 1). Further, in row l + 1, tl will not be taken to any

power higher than 1. Using these facts, it is possible to solve for the t coefficients

iteratively. Thus, the linking transformation is identified.

The W matrix may also be used to find the bi matrix if the vectors b?i and t

are known. Specifically,

bi = (W ′W )
−1
W ′b?i . (4.41)

For kθ ∈ {0, 1, 2} and ki ∈ {01, 2} (i.e., the matrices presented in the appendix),
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W has full column rank. This was established by symbolically (i.e., for any t)

finding the reduced row echelon form ofW using Mathematica (Wolfram Research

Inc., 2015). In the reduced row echelon form of W , the number of nonzero rows

equals the number of columns, suggesting that W is full column rank for any

nontrivial t. This appears to be the case generally for any t vector regardless of

whether t contains the coefficients of a monotonic polynomial. This result implies

that, for conformable W and b?i matrices, the matrix (W ′W ) is invertible and

that bi may be found uniquely using Equation 4.41.

4.4 Implementation

There are a variety of experimental designs for which linking is appropriate (see

Kolen & Brennan, 2014, pp. 182–183). In this paper, it is assumed that two

sets of estimated item parameters are obtained using two examinee groups that

have different latent trait distributions. Further suppose that the two examinee

groups respond to the same subset of items (which could be the entire test). In

this scenario, we can transform the estimated item parameters computed from

one group of examinees to be on the same metric as the item parameters from the

other group of examinees.1 Two linking methods, the Haebara method (Haebara,

1980) and the Stocking-Lord method (Stocking & Lord, 1983) will be considered

here. Both of these methods estimate the linking coefficients by comparing the
1In this development, I assume the absence of item bias or differential item functioning (DIF;

Raju, van der Linden, & Fleer, 1995) between the two groups. When linking item parameters,
the presence of DIF may affect the accuracy of the estimated linking transformation (Candell &
Drasgow, 1988). If DIF is suspected for some items, the metric transformation parameters can
be estimated by applying the following methods to a subset of items that are assumed to not
exhibit DIF.
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estimated response functions from the two calibrations of the anchor test. In

simpler IRT models such as the 2PL and 3PL, the Haebara and Stocking-Lord

methods have consistently been found to produce more stable estimates than the

computationally simpler mean/sigma (Marco, 1977) and mean/mean (Loyd &

Hoover, 1980) methods (e.g., Baker & Al-Karni, 1991; Hanson & Béguin, 2002; S.-

H. Kim & Cohen, 1992). Moreover, both the Haebara and Stocking-Lord methods

have been found to work well in real data, and there is no clear advantage of one

over the other (Kim & Kolen, 2007).

In the Haebara approach, the t coefficients are found by minimizing the fol-

lowing integral over some trait distribution, g(θ?), where

HBc =

ˆ I∑
i=1

[
P (yi|θ?b̂?i )− P (yi|θ?,Wb̂i)

]2

g(θ?)dθ?, (4.42)

yi is the vector of N binary item responses to item i, and t factors into Equation

4.42 via the W matrix (see Equations 4.27–4.29). This approach minimizes the

overall sum of squared differences between individual IRFs. The Stocking-Lord

approach is a minor modification of the Haebara approach wherein the sum of

squared differences between test response functions (i.e., the sum of item response

functions) is minimized. In the Stocking-Lord approach, the linking coefficients t

are found by minimizing

SLc =

ˆ [ I∑
i=1

P (yi|θ?, b̂?i )−
I∑
i=1

P (yi|θ?,Wb̂i)

]2

g(θ?)dθ?. (4.43)

Note that neither Equation 4.42 nor Equation 4.43 requires that the item com-

plexities need to be of the same degree after they are transformed to the same
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scale. This is because Equations 4.42 and 4.43 compare differences in the model-

predicted probabilities. Thus, although in the population, the kθ value is deter-

mined by ki and k?i , scales can be linearly or nonlinearly linked for any values of

ki and k?i . Put another way, the researcher can nonlinearly link scales using any

desired kθ value.

To implement these item linking procedures, it is necessary to ensure that the

linking parameters t define a monotonic polynomial. When kθ = 0 (linear linking),

this transformation is monotonically increasing if and only if t1 > 0. When kθ > 0

(nonlinear linking), monotonicity of the θ transformation can be ensured by using

the same parameter transformations described in a previous section to ensure

monotonicity of the item parameters bi. First, recall that

h(θ?) =

2kθ+1∑
l=0

tlθ
?l (4.44)

defines the linking transformation. Following the same derivation used earlier,

h(θ?) is monotone if and only if its first derivative is strictly nonnegative. Let

∂h(θ?)

∂θ
= a0θ + a1θθ

? + · · ·+ a2kθ+1,θθ
?2kθ+1, (4.45)

ξθ = t0, (4.46)

and

tl =
al−1,θ

l
l = 1, 2, . . . , 2kθ + 1, (4.47)
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be analogous to Equations 2.8, 2.9, and 2.10. Expressing aθ = (a0θ, a1θ, . . . , a2kθ,θ)
′

in matrix notation,

aθ = T
(kθ)
θ T

(kθ−1)
θ · · ·T (2)

θ T
(1)
θ exp(ωθ). (4.48)

Thus, instead of estimating

t = (t0, t1, t2, . . . t2kθ+1)′ (4.49)

directly, we can solve for the elements of γθ, where

γθ = (ξθ, ωθ, α1θ, τ1θ, . . . , α2kθ+1,θ, τ2kθ+1,θ)
′, (4.50)

such that Equation 4.42 or Equation 4.43 is minimized.



125

Chapter 5

A Composite FMP Model

5.1 Model Specification

The equalities used for nonlinear item linking suggest that, before ki is speci-

fied, there exists a nonlinear indeterminacy in the θ metric associated with the

FMP model. Like other model indeterminacies, this indeterminacy is resolved

by the model identification method. As stated earlier, IRT models are identified

by specifying either the parametric form of the IRF or the latent trait distribu-

tion. However, because in IRT the location and interval spacing of the latent

trait metric depends on how the model is identified, the method used to resolve

this indeterminacy has important consequences for drawing inferences about trait

scores. In this section I propose a composite FMP model that explicitly models

two tenable, and equally admissible, latent trait metrics that are related to each

other by a nonlinear monotonic function.
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A composite FMP model can be defined based on the nonlinear linking trans-

formations derived in the previous section, such that

P (yin|θ?n, bi, t) = H[mi(θ)]

= H{mi[h(θ?n)]}, (5.1)

where

θ = h(θ?) =

2kθ+1∑
l=0

tlθ
?l (5.2)

defines the linking transformation, and all other quantities are as previously de-

fined. Notice that on the θ? scale, items are of different complexities than the

corresponding items on the θ scale. However, because the increased flexibility is

introduced via a transformation of the latent trait metric, the added complexity

is somewhat artificial. For example, an IRF transformed from ki = 1 to k?i = 4

implies transforming a polynomial of degree 3 to a polynomial of degree 9, but is

defined by only four linking parameters t = (t0, t1, t2, t3)′. Further, in the same

way that H[mi(θ)] can approximate any monotonic IRF to arbitrary precision,

h(θ?) can approximate any monotonic (i.e., order-preserving) transformation of

the latent trait for large enough kθ values.

The composite FMP model implies two latent trait metrics, θ and θ?, and two

sets of item parameters, b and b?. In this model, θ is a related to θ? by a monotone

polynomial transformation. Because the polynomial transformation is monotone,
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the transformation is invertible. Thus, there is a one-to-one mapping of scores on

θ to scores on θ?. Suppose that individual n has a score of θn on the θ metric

and θ?n on the θ? metric. The probability of a keyed response for individual n is

invariant to the choice of metric. By specifying that θ is a polynomial function of

θ? (as defined in Equation 5.1 and Equation 5.2), the item complexity of bi will

always be less than the item complexity of b?i . In practice, this will always be the

case even when item parameters are estimated because bi and b?i will be estimated

simultaneously. To understand this point, note that the composite FMP model

includes three test-level vectors of parameters: b = (b1, . . . , bI)
′, b? = (b?1, . . . , b

?
I)
′,

and t. Fixing the elements of any two of these vectors determines the values of

the third vector. When linking item parameter estimates, as described in the

previous section, we considered the case in which b and b? are estimated from

separate groups and t is unknown. In contrast, for the composite FMP model, we

simultaneously estimate t and b, the values of which determine b?.

An illustration will be helpful at this junction. Suppose θ is a polynomial func-

tion of θ? with kθ = 1 and coefficient vector t = (0, .1, .1, .3)′. The relationship

between θ and θ? is shown in Figure 5.1. In this figure, Panel A illustrates the

mapping from θ to θ? by the black curve. Panel B illustrates a standard normal

distribution of θ and a standard normal distribution of θ? that has been trans-

formed to be on the θ metric. Notice that when transformed to the θ metric, the

distribution of θ? is bimodal.
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Figure 5.1. Illustration of a polynomial metric transformation where θ is a poly-
nomial function of θ? and t = (0, .1, .1, .3)′. In Panel A, the 3rd degree polynomial
relationship between θ and θ? is shown by the black curve, and the gray line in-
dicates the identity mapping. In Panel B, a standard normal distribution of θ is
displayed against a standard normal distribution of θ? that has been transformed
to the θ metric.
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A three-item example of the composite FMP model is presented in Figure 5.2

and Table 5.1. In this table and figure, θ and θ? are related by the metric transfor-

mation shown in Figure 5.1 (i.e., θ is a polynomial function of θ? with polynomial

coefficients t = (0, .1, .1, .3)′). Moreover, the corresponding item parameter vec-

tors on the two metrics are related deterministically by Equation 4.26. In this

example, all ki = 1 on the θ metric, and all k?i = 4 on the θ? metric. The FMP

item parameters for this example are reported in Table 5.1. Notice that for these

curves, a nonlinear metric transformation alters the shapes and steepnesses of the

IRFs. However, because model-predicted probabilities do not change under metric

transformations, the relative relationships among the curves do not change. For

instance in Figure 5.2, on both the θ and θ? metrics, the red IRFs have equal

or higher model-predicted response probabilities than the green IRFs at all trait

values.



130
Table 5.1

Item parameters for composite FMP example

s bs1 bs2 bs3 b?s1 b?s2 b?s3

0 .019 -.184 -1.371 .019 -.184 -1.371

1 .359 .087 .152 .036 .009 .015

2 .434 .032 .247 .040 .009 .018

3 .183 .039 .163 .117 .027 .051

4 .031 .002 .018

5 .028 .002 .017

6 .043 .004 .025

7 .007 .001 .006

8 .005 .001 .004

9 .005 .001 .004

Note. In Figure 5.2, item 1 is shown in red, item 2 is shown in blue, and item 3
is shown in green.
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Figure 5.2. An example of three FMP IRFs on the θ metric (Panel A) and on
the θ? metric (Panel B). Items 1, 2, and 3 are displayed in red, blue, and green,
respectively. The θ metric is a polynomial transformation of θ? with coefficient
vector t = (0, .1, .1, .3)′. The item parameters for these curves are reported in
Table 5.1.
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There are two situations in which the composite FMP model will be useful.

One scenario—which will be described in detail in a later section—involves trans-

forming the latent trait metric to a metric with more desirable properties. Another

scenario—which is described next—is item parameter estimation. Recall that it

is commonplace to assume that examinees follow a normal distribution when esti-

mating item parameters. Further recall that, for any univariate continuous latent

trait, there always exists a monotonic transformation of the latent trait such that

scores are normally distributed (Duncan & MacEachern, 2008). Let θ? be the

transformation of the latent trait such that scores are normally distributed. It is

possible that there exists a monotonic transformation of the latent trait, denoted

θ, such that items may be modeled with smaller item complexities. In this case,

fitting an FMP model conditional on a normally distributed θ? could require large

ki values for many items. As an alternative, we could estimate t—the polynomial

coefficients that determine the transformation from θ? to θ—and a smaller number

of item parameters on the θ metric. Because t affects all test items, this use of

the composite FMP model may involve estimating a smaller number of parame-

ters than estimating FMP item parameters directly on the θ? metric. That is, a

more parsimonious model may be fit by estimating an appropriate metric trans-

formation than by flexibly estimating the IRF shapes. Model parsimony may be

particularly desirable in small samples. Simpler models may be preferred in small

samples because increasing the number of estimated parameters does not neces-

sarily lead to greater predictive accuracy when sample sizes are small (Browne,

2000; Cudeck & Henly, 1991).
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5.2 Fixed-Effects Estimation

When fitting the composite FMP model, we seek to simultaneously estimate the

metric transformation coefficients t and the item parameters bi, i = 1, . . . , I.

Estimates of bi and t are sufficient to determine the estimated values of b?i by

an application of Equations 4.26–4.29. Recall that in the composite FMP model,

ki < k?i for all items i. As a consequence, any given bi vector contains fewer

estimated coefficients than the corresponding b?i vector. Further, let θ? denote

the normally distributed surrogate trait scores that are obtained in the same

way as the surrogate trait scores used in the ordinary fixed-effects FMP model

(see Liang & Browne, 2015). Because θ is a nonlinear transformation of θ?, the

composite FMP model is most useful when IRFs with small item complexities are

appropriate for a non-normally distributed latent trait.

Recall that the metric transformation is defined by the polynomial coefficients

t = (t0, t1, . . . , t2kθ+1)′. It is necessary to ensure that these estimated coefficients

define a monotonic transformation of the latent trait. Conveniently, monotonic-

ity can be ensured by estimating γθ (see Equation 4.50) instead of estimating t

directly. However, when estimating γθ, there exists a linear indeterminacy in the

metric transformation. One way to resolve this indeterminacy is to fix the item

parameter values for one item (e.g., the first item). However, it is unclear what

parameter values to choose for the first item, particularly if k1 > 0. Another way

to resolve this linear indeterminacy is to is to fix t0 = 0 and t1 = 1. That is,

t0 = ξθ = 0 (5.3)



134

and

t1 = exp(ωθ) = 1. (5.4)

Fixing t0 = 0 ensures that scale scores on the θ metric are centered around the

same value as the corresponding set of scores on the θ? metric. Moreover, setting

both t0 = 0 and t1 = 1 ensures that the estimated metric transformation reduces

to an identity mapping as higher-order coefficients approach zero. With these

fixed values, estimating αsθ and τsθ, s = 1, . . . , kθ, is sufficient to identify the

metric transformation.

Recall that we seek to estimate the metric transformation using αsθ and τsθ,

s = 1, . . . , kθ, and the item parameters on the θ metric. The item parameters may

be estimated in the same manner as in the ordinary FMP model. Specifically,

the γi vector (see Equation 2.21) can be estimated instead of bi, i = 1, . . . , I to

ensure that the estimated IRFs are monotonically increasing. Thus, the estimated

parameter vector for the composite FMP model equals

ζ? = (α1θ, τ1θ, . . . α2kθ,θ, τ2kθ,θ, γ1, γ2, . . . , γI)
′. (5.5)

As before, the log likelihood for person n on item i equals

Fn(γi) = yin ln{P (θn|γi)}+ (1− yin) ln{1− P (θn|γi)}. (5.6)

To compute P (θn|γi) in Equation 5.6, it is necessary to transform each surrogate

trait score, denoted θ?n to the corresponding surrogate trait score on the θ metric,
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denoted θn. Specifically,

θn =

2kθ+1∑
l=0

tlθ
?l
n . (5.7)

Using the transformed surrogate trait scores in Equation 5.6, the complete-data

negative log likelihood of the composite FMP model equals

F (ζ?) = −
N∑
n=1

I∑
i=1

[Fn(γi)] . (5.8)

The maximum likelihood estimate of ζ? is obtained by minimizing Equation 5.8.

Elements of the estimated parameter vector ζ̂? may then be transformed using

Equations 2.9–2.15, 4.26, 4.47, and 4.48 to find the t̂, b̂, and b̂? parameter vectors.

5.3 Random-Effects Estimation

Random-effects estimation of the composite FMP model can be implemented

by finding estimates of the same parameter vector as in fixed-effects estimation.

Specifically, an estimate of ζ?, as defined in Equation 5.5, may be found using an

application of the EM algorithm. In the random-effects composite FMP model,

it will be convenient to redefine all quantities on the θ? metric.

Suppose that θ? is assumed to follow a standard normal distribution (i.e., the

standard normal latent trait prior for the EM algorithm is specified on the θ?

metric). Further, let X? = (X?
1 , X

?
2 , . . . X

?
Q) denote the quadrature points on

the θ? metric, and let A(X?
1 ), A(X?

2 ), . . . A(X?
Q) denote the Q quadrature weights.

Recall that the goal of the E step is to obtain estimates of n̄q and r̄iq based on a
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provisional estimate of ζ?. Thus, the elements of the provisional ζ̂? vector may be

transformed to find provisional estimates of t, bi, and b?i . This is done as follows.

First, as in the fixed-effect model, set t̂0 = 0 and t̂1 = exp(ω̂θ) = 1 (i.e., ω̂θ = 0) to

resolve the linear indeterminacy in the estimated metric transformation. Second,

transform

γ̂θ = (0, 0, α̂1θ, τ̂1θ, . . . α̂2kθ,θ, τ̂2kθ,θ)
′ (5.9)

to t̂ by an application of Equations 4.46–4.50. This estimated transformation can

then be used to find b̂?i by an application of Equations 2.9–2.15 (to find b̂i from

γ̂i) and Equation 4.26 (to find b̂?i from b̂i). Next, Equations 2.56 and 2.57 can be

redefined such that n̄q and r̄iq are computed based on the θ? metric. First, define

L(ζ?|yn, X?
q ) =

I∏
i=1

L(b?i |yin, X?
q ), (5.10)

where

L(b?i |yin, X?
q ) = P (yin|b?i , Xq)

yin [1− P (yin|b?i , Xq)]
1−yin . (5.11)

The expected number of persons at quadrature point q, denoted n̄q, equals

n̄q =
N∑
n=1

[
L(ζ?|yn, X?

q )A(X?
q )∑Q

q=1 L(ζ?|yn, X?
q )A(X?

q )

]
, (5.12)

and the number of correct responses to item i at quadrature point q, denoted r̄iq,
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equals

r̄iq =
N∑
n=1

[
yinL(ζ?|yn, X?

q )A(X?
q )∑Q

q=1 L(ζ?|yn, X?
q )A(X?

q )

]
. (5.13)

Thus, performing the E step for the random-effects estimation of the composite

FMP model involves finding n̄q and r̄iq, i = 1, . . . , I, q = 1, . . . , Q, as defined in

Equations 5.12 and 5.13.

In the M step, the ζ̂? vector is obtained by maximizing

lnL(r,n|X?, ζ?) = −
I∑
i=1

Q∑
q=1

{r̄iq lnP (X?
q |b?i ) + (n̄q − r̄iq) ln[1− P (X?

q |b?i )]},

(5.14)

where r = (r̄11, r̄12, . . . , r̄IQ)′ and n = (n̄1, . . . , n̄Q)′ are computed in the previous

E step, and P (X?
q |b?i ) values are computed using the same parameter transforma-

tions that are used to find likelihoods in the E step. As in the ordinary FMPmodel,

the E and M steps are computed iteratively until ζ̂? stabilizes, for example, until

no element of ζ̂? changes by more than .0001 across successive iterations. Addi-

tionally, as in the fixed-effects method, the final estimate of ζ? can be transformed

to give the estimated metric transformation t̂ and estimated item parameters on

both the θ and θ? metrics.
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5.4 Properties of Transformed Scales

5.4.1 Latent trait distribution

In the composite FMP model, θ is specified as a monotonically increasing poly-

nomial function of θ?. If the polynomial is of a sufficiently large degree, any

monotonic transformation with continuous first derivatives can be approximated

with arbitrary precision (Elphinstone, 1983, 1985). In practice, however, it is

likely that a polynomial approximation to a monotonic transformation will be of

a small degree (e.g., kθ = 1 or kθ = 2), largely because it can be difficult to reliably

estimate the coefficients of a high-degree polynomial (Murray, Müller, & Turlach,

2013). It is therefore worthwhile to explore the properties of transformed variables

when using monotonic polynomial transformations of relatively small degrees.

Assume that θ is a polynomial function of θ? such that

θ = h(θ?) =

2kθ+1∑
l=0

tlθ
?l. (5.15)

The effects of polynomial transformations on the the distributions of variables

have been described in the literature. Specifically, Fleishman (1978) described

using 3rd degree polynomials to transform a normally distributed variable θ? such

that the transformed variable θ has user-specified skewness and kurtosis values.

Fleishman’s procedure, though widely used, is limited in several ways. First, as

emphasized by Tadikamalla (1980), a third degree polynomial transformation of a

normally distributed variable cannot generate the full range of possible skewness
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and kurtosis combinations. Specifically, define

skew =
κ3

κ
3/2
2

(5.16)

and

kurtosis =
κ4

κ2
2

, (5.17)

where for a variable X,

κ2 = E(X2)− [E(X)]2 , (5.18)

κ3 = E(X3)− 3E(X2)E(X) + 2 [E(X)]3 , (5.19)

and

κ4 = E(X4)−4E(X3)E(X)−3
[
E(X2)

]2
+12E(X2) [E(X)]2 +6 [E(X)]4 . (5.20)

The combinations of skewness and kurtosis values that can be produced by Fleish-

man’s procedure are bounded by the parabola

kurtosis ≥ 1.588× skew2 − 1.139 (5.21)

(Fleishman, 1978), meaning that for a given skewness value, there is a lower limit

to kurtosis. The lower limit possible using Fleishman’s transformation is higher
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than the theoretical lower limit on kurtosis for a given skewness value (i.e., for

any distribution), which is defined by the parabola

kurtosis ≥ skew2 − 2 (5.22)

(Headrick, 2002). One way to extend the lower limit on kurtosis is to increase the

order of the polynomial transformation. Headrick (2002) demonstrated that using

polynomial transformations of degree 5 moves the lower bound on kurtosis closer

to its theoretical limit and allows for some control over the 5th and 6th moments

of the transformed distribution.

One limitation relevant to the current application is that neither the Fleishman

nor the Headrick procedure guarantee monotonic transformations. This is because

these procedures were developed for the purpose of simulating non-normal data,

a situation for which monotonicity is not a major concern. However, when trans-

forming the θ? metric under the FMP model, only monotonic polynomial trans-

formations are permissible. Limiting polynomial transformations to monotonic

transformations further limits the skewness and kurtosis values that transformed

scales can have. The combinations of skewness and kurtosis that are available with

3rd degree and 5th degree polynomial transformations are illustrated in Figure 5.3.

In this figure, blue dots indicate monotonic 3rd degree polynomial transforma-

tions, green dots indicate non-monotonic 3rd degree polynomial transformations,

and purple dots indicate skewness and kurtosis combinations available with 5th

degree transformations but not 3rd degree transformations. Finally, the red curve
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indicates the theoretical lower bound of kurtosis values. Note that because Head-

rick’s procedure allows some control over 5th and 6th distributional moments, there

may be multiple t vectors that give the same skewness and kurtosis values. This

fact makes it difficult to determine the skewness and kurtosis values available

with 5th degree monotonic polynomial transformations, and thus this information

is not shown in the figure. For the 3rd degree polynomial transformations, the

coefficients found using Fleishman’s procedure were checked for monotonicity by

determining whether the following conditions were satisfied:

t22 − 3t1t3 ≤ 0 (5.23)

and

t3 > 0. (5.24)

If the conditions in Equations 5.23 and 5.24 are satisfied, then t defines a monoton-

ically increasing polynomial transformation (Chen & Tung, 2003). In this figure,

all of the blue dots occur at kurtosis values greater than zero, which suggests

that transforming a normally distributed variable using a monotonic polynomial

of degree 3 guarantees a leptokurtic distribution. Further, although 5th degree

polynomial transformations extend the bounds implied by Fleishman’s procedure,

there are still many skewness and kurtosis combinations that are not possible un-

der Headrick’s procedure. Thus, even with 5th degree polynomial transformations

of the latent trait metric, there are limitations to the distributional properties of

the transformed metric.
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Figure 5.3. Scatter plot of skewness and kurtosis values for 3rd and 5th degree
polynomial transformations using Fleishman’s and Headrick’s methods. Blue dots
indicate monotonic (i.e., invertible) 3rd degree polynomial transformations, green
dots indicate non-monotonic 3rd degree polynomial transformations. Purple dots
occur at skewness and kurtosis pairs that are possible with 5th degree polyno-
mial transformations (i.e., Headrick’s method) that cannot occur with 3rd degree
polynomial transformations (i.e., Fleishman’s method). The red curve defines the
theoretical lower bound of skewness and kurtosis values.
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Another limitation to the methods proposed by Fleishman and Headrick is that

both assume that θ? in Equation 5.15 is the normally distributed variable. We may

instead be interested in the distribution of θ? when θ is normally distributed, that

is in the properties of inverse polynomial transformations away from normality.

The range of skewness and kurtosis values produced by inverse polynomial

transformations was explored empirically. Specifically, a sample of 100,000 θ val-

ues was randomly generated from a standard normal distribution. Next, a range

of monotonic polynomials of degree 3 and degree 5 was generated from a grid of γθ

parameters (see Equation 4.50) generated uniformly from the ranges ξθ ∈ [−1, 1],

ωθ ∈ [−1, 1], α1θ, α2θ ∈ [−.5, .5], and τ1θ, τ2θ ∈ [−10,−2]. Exploration of these

parameter ranges suggested that all possible combinations of these parameters

were sufficient to explore the range of monotonic polynomial transformations (up

to linear transformations, which do not affect skewness and kurtosis). For each

polynomial of degree 3 and 5, the 100,000 θ values were transformed to θ? values

via an inverse polynomial transformation computed using numerical root-finding

methods. The empirical skewness and kurtosis values of the transformed variables

were computed using the fungible package (Waller & Jones, 2015) in R (R Core

Team, 2015). Results are displayed in Figure 5.4. In Panel A, kθ = 1; in Panel

B, kθ = 2. In contrast to the polynomial power transformations proposed by

Fleishman (1978) and Headrick (2002), the inverse polynomial power transforma-

tion appears to have an upper boundary to the amount of kurtosis possible for

a given skewness. As with the lower boundaries, this upper boundary appears

to be defined by a parabola such that c2kurt − skew2 < c1 for some constants c1

and c2. No attempt is made here to assign exact numbers to c1 and c2, and these



144

values are subject to some error due to the empirical nature of the illustration.

However, these graphs suggest that degree 3 inverse polynomial transformations

have limited skewness and kurtosis ranges, and that these limits are broadened

by the use of degree 5 inverse polynomial transformations.
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Figure 5.4. Scatter plots of skewness and kurtosis values when transforming nor-
mally distributed scored by several inverse polynomial transformations. In Panel
A, all kθ = 1 and in Panel B, all kθ = 2. The red curves define the theoretical
lower bound of skewness and kurtosis values.
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5.4.2 Item information

When θ and θ? are related by a nonlinear transformation, the information func-

tion on the θ metric need not have the same shape or height as the information

function on the θ? metric. In fact, the information function on the θ metric can be

distorted to any other continuous univariate information function by some mono-

tonic transformation (Lord, 1980, p. 86), although there will be some limitations

when modeling the θ transformation with polynomials of small degrees.

The relationship between the two IIFs was derived by Lord (1974, p. 353) as

I(θ) =
I(θ?)(
∂θ
∂θ?

)2 . (5.25)

Generally speaking, the IIF can take on any desired shape or height for a suitably

chosen transformation of the latent trait. Not only this, but the trait level that

maximizes I(θ) need not be the corresponding trait level that maximizes I(θ?).

Figure 5.5 displays the IRF and IIF for a single item on both the θ and θ?

metrics. In this example, bi = (0, 1)′ and t = (0, 0.1, 0.1, 0.3)′. These quantities

imply that k?i = 1 and b?i = (0, 0.1, 0.1, 0.3)′. Panel A displays the IRF on the θ

metric, and Panel B displays the IRF on the θ? metric. The vertical lines illustrate

the locations of five examinees on each metric. Notice that the relative to the θ

metric, the θ? metric appears to be stretched in mid-ranges of the latent trait and

squeezed at the extremes. Whereas the examinee scores are evenly spaced on the

θ metric, extreme scores on the θ? are closer to each other.
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Figure 5.5. Example FMP item IRF and IIF on the θ and θ? metrics. Panels
A and B show IRFs, and Panels C and D show IIFs. Panels A and C display
functions on the θ metric, and Panels B and D display functions on the θ? metric.
In this example, bi = (0, 1)′, b?i = (0, 0.1, 0.1, 0.3)′, and t = (0, 0.1, 0.1, 0.3)′.
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Although information functions can be greatly altered by metric transforma-

tions, it is the case that the relative efficiency (RE) of a test remains unchanged

under monotonic scale transformations. Let θ?n denote the latent trait value on

the θ? metric that corresponds to the value θn on the θ metric (i.e., θn is a poly-

nomial transformation of θ?n using the polynomial coefficients t). The relative

efficiency, that is the ratio of item information functions conditional on a trait

level, is unaffected by the metric transformation:

RE =
I?1 (θ?n)

I2(θ?n)
=
I1(θn)

I2(θn)
(5.26)

(Lord, 1974, 1980, p. 89). Put another way, this result implies that the relative

information provided by each item is invariant across monotonic transformations

of the latent trait. This result is illustrated in Figure 5.6, which displays the

IRFs and IIFs for two sets of item parameters on both the θ and θ? metrics.

In this figure, Panels A and B display IRFs, and Panels C and D display IIFs.

Moreover, Panels A and C display curves on the θ metric, and Panels B and D

display curves on the θ? metric. In this example, b1 = (0, 1)′, b2 = (0.5, 1.5)′,

b?1 = (0, 0.1, 0.1, 0.3)′, b?2 = (0.5, 0.15, 0.15, 0.45)′, and t = (0, 0.1, 0.1, 0.3)′. For

all panels, the green curves represent item 1 and the blue curves represent item

2. The purple vertical dotted lines are shown at an example location on the la-

tent trait. This value equals -0.5 on the θ metric and -1.2 on the θ? metric. At

this example latent trait value, the model-predicted response probabilities do not

change: P1(−0.5) = P ?
1 (−1.2) = .44 and P2(−0.5) = P ?

2 (−1.2) = .38. Notice how-

ever, that item information functions on the θ metric look very different than the
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item information functions on the θ? metric. Specifically, the IIFs are unimodal

on the θ metric and bimodal on the θ? metric. The IIFs on the θ? metric also

have noticeably higher maximum information values than the IIFs on the θ metric.

The amount of information at the example trait level (represented by the vertical

purple line) also varies across metrics. Namely, I1(−0.5) = .55, I?1 (−1.2) = .75,

I2(−0.5) = .24, and I?2 (−1.2) = .32. Note, however, that the relative heights of

these curves do not change: I1(−0.5)/I2(−0.5) = I?1 (−1.2) = I?2 (−1.2) = 2.4.

These figures illustrate that conditional on θ = h(θ?), neither the model-predicted

probabilities nor the ratio of information functions are affected by the choice of

metric transformation. In other words, although the shape of the IIF can be dra-

matically manipulated by metric transformations, the relative amount of informa-

tion given by certain items does not change. This result has several implications

for IRT-based measurement, particularly in an adaptive context. First, recall that

the test information function is the simple sum of item information functions. This

implies that the shape of the TIF depends on the choice of metric transformation

(Lord, 1980, pp. 85–88). Because metric transformations can alter the shape of

the TIF, the standard error of measurement (i.e., the inverse square root of test

information) depends on the choice of metric. Thus, terminating a computerized

adaptive test (CAT) based on a standard error of measurement (SEM) criterion

cutoff value (Weiss, 1982) only guarantees a constant SEM if scale scores are

measured directly on the desired metric.
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Figure 5.6. Example FMP item IRFs and IIFs on the θ and θ? metrics. Panels
A and B show IRFs, and Panels C and D show IIFs. Panels A and C display
functions on the θ metric, and Panels B and D display functions on the θ? metric.
Item 1 is represented by the green curves, and item 2 is represented by the blue
curves. The relative efficiency of item 1 to item 2 a fixed trait value (represented
by the purple line) is equal for the θ and θstar metrics.
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5.5 Model Selection

One application of the composite FMP model is to generalize the sequential model-

fitting algorithm described earlier for the ordinary FMP model. Specifically, in-

creasing kθ in the composite FMP model allows the user to explore non-normal

distributions of the latent trait. Earlier, I described a method for FMP model

selection that compares the fit of a model with ki = 0 to a model with ki = 1

for some item i. If a model with higher item complexities provides better fit as

indicated by the AIC criterion, then models with higher complexities can be fit.

This procedure is looped over items. Under the composite FMP model, the re-

searcher can compare the fit of models that not only increase ki for one or more

items, but also explore increasing the kθ value. The AIC-based model selection

procedure described by (e.g.) Falk and Cai (2016) can be modified slightly to

explore non-normal latent trait distributions. Specifically,

1. Fit the data to a model with kθ = 0 and ki = 0 for all I.

2. Fit I + 1 models by setting exactly one of the following parameters to 1:

kθ, k1, k2, . . . , kI .

3. Among the original model and the I+1 fitted models, the model that leads

to the lowest AIC value becomes the candidate model.

4. Fit another I + 1 models by adding 1 to exactly one of the kθ, k1, k2, . . . , kI

values that are specified in the candidate model.

5. Among the current candidate model and the I + 1 fitted models, the model

with the lowest AIC value becomes the candidate model.

6. Repeat steps 3, 4, and 5 until increasing none of the complexity parameters
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improves the AIC value over the current candidate model.
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Chapter 6

Applications

In the previous section, I described a composite FMP model based on nonlinear

transformations of the latent trait metric. In this section, it is demonstrated that

the FMP nonlinear linking identities can be useful in constructing item response

models on alternate latent trait metrics. As I have argued previously, the θ scale

may not be the most useful or interpretable latent trait metric for empirical ap-

plications. This is evidenced by the fact that test scores are often reported on

transformed metrics such as true-score metrics (Stocking, 1996), grade-equivalent

metrics (Schulz & Nicewander, 1997), and a metric that is supposed to stabi-

lize error variance (Kolen, 1988). Although scores are often reported on these

alternate metrics, item response models are typically constructed on the θ scale.

There are several reasons why it may be desirable to construct the IRT model

directly on a transformed metric. First, it cannot be assumed that properties of

trait estimates on one metric hold for trait estimates on a nonlinearly transformed

metric. For example, as demonstrated by Yi, Wang, and Ban (2001), nonlinear
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monotonic scale transformations can change the magnitude and sometimes even

the direction of bias in estimated trait scores. The performance of computerized

adaptive tests (CATs) is also heavily dependent on the transformation of the la-

tent trait metric. Because standard errors on one metric can change with metric

transformations, a standard-error CAT termination rule (Weiss, 1982) is not ap-

propriate if the metric is transformed nonlinearly after trait estimation. A final

reason why it is useful to obtain an item response model directly on the desired

metric is in test construction. Specifically, the test information function is used

to determine the trait levels at which the item pool provides high information.

However, because the shape of the test information function is highly sensitive

to the choice of metric, a test that appears to have high information for a wide

range of trait levels could provide very low information at some trait levels after

a metric transformation. For these reasons, there is a need to construct item

response models directly on the desired metrics. For instance, Stocking (1996)

discusses the challenges and merits of scoring adaptive tests directly on the more

widely understood proportion-correct metric. Moreover, Yi et al. (2001, p. 289),

commented that “[i]t is desirable to directly control measurement precision on the

reported-score scale when making CAT decisions. However it is difficult to imple-

ment such an idea in practice, mainly because no existing index can be used to

compute the conditional standard error on the reported-score scale to terminate

a CAT.” The composite FMP model provides a solution to this problem because

it allows the quantities used in a CAT (e.g., the conditional standard error) to be

computed directly on the desired metric.

One feature of the FMP model that makes it ideal for exploring alternate
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latent trait metrics is that it includes the familiar 2PL as a special case. In many

situations, however, we may need a model that includes the 3PL as a special case.

A guessing-added FMP model has already been described by Falk and Cai (2015).

This guessing-added model allows for a non-zero probability of a keyed response

for all trait levels (typically attributed to random guessing behavior). Similarly,

a guessing-added composite FMP model can be defined as

P (yin|θ, bi, t, ci) = ci + (1− ci)H{mi[h(θ?)]}, (6.1)

where ci indicates an item-level lower asymptote parameter. Note that the ci

parameter is unaffected by the choice of metric transformation. For this reason,

the linear and nonlinear FMP linking equations are unaffected by the presence of

guessing. Thus, the 3PL is a special case of the guessing-added composite FMP

model in Equation 6.1, and the linear and nonlinear FMP linking identities can

be used to explore metric transformations for the 3PL.

6.1 Uncorrelated Parameters

One attempt to construct an alternate latent trait metric is described by Lord

(1975), who argued that the θ? scale produced when fitting an item response model

may not be the most useful representation of the latent trait. Specifically, he found

that many empirical data sets, when fit to the 3PL, have positively correlated

discrimination and difficulty parameters. Lord argued that these correlations are

undesirable, and suggested transforming θ? such that across items, difficulties and
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slopes are uncorrelated. Below, Lord’s solution is demonstrated to be an instance

of the guessing-added composite FMP model.

Consider the following parameterization of the 3PL,

P ?
i (θ?) = c?i + (1− c?i ) {1 + exp[−a?i (θ? − b?i )]}

−1 , (6.2)

where a?i , b?i , and c?i denote the item discrimination, difficulty, and guessing pa-

rameters, respectively. Note that this model is parameterized in terms of θ?

for compatibility with the composite FMP model, and that it assumes the dif-

ficulty/discrimination, rather than the slope/intercept parameterization of the

3PL. In this parameterization, b?i is the IRF inflection point and equals the trait

level at which the item response probability equals .5(1 + c?i ), and .25a?i (1− c?i ) is

the slope of the IRF at θ? = b?i . Lord (1975) suggested the following method to

find a transformation of the latent trait metric. First, for a given set of 3PL item

parameters, fit a quadratic regression of item discriminations on item difficulties

such that

a?i = β̂0 + β̂1b
?
i + β̂2b

?2
i + εi. (6.3)

Note that under this parameterization of the 3PL, the item difficulties b?i are on

the same metric as the latent trait θ?. To find an alternate metric, θ, on which

difficulties and slopes are uncorrelated, Lord (1975) suggested that for individual

n,
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θn = h(θ?n) =

ˆ θ?n (
β̂0 + β̂1θ

? + β̂2θ
?2
)
dθ?, (6.4)

= t0 + t1θ
?
n + t2θ

?2
n + t3θ

?3
n , (6.5)

where β̂0, β̂1, and β̂2 are the coefficients found in Equation 6.3, t3 = β̂2/3,

t2 = β̂1/2, t1 = β̂0, and t0 is an arbitrarily chosen constant of integration. The

estimated coefficients t = (t0, t1, t2, t3)′ can then be used to express the metric

transformation generally:

θ = t0 + t1θ
? + t2θ

?2 + t3θ
?3. (6.6)

To find an expression for the IRF on the transformed metric, first recall that

c?i values are unaffected by metric transformations. Further, let bi = h(b?i ), and

let ai denote the IRF slope at θ = bi. With these definitions, the ai values

are independent of both bi and b?i . Note however, that bi need not be an IRF

inflection point on the θ metric, and that the ai values need not be proportional

to the maximum IRF slopes.

If the t = (t0, t1, t2, t3)′ parameters define a monotonic polynomial, then these

polynomial coefficients can define the metric transformation in the composite

FMP model. Moreover, the original 3PL item parameters (transformed to the

slope/threshold parameterization) can be used to find an expression for the IRF

on the transformed metric.
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When transforming the latent trait metric based on a criterion such as the re-

lationship between item difficulties and discriminations, it is important to ensure

that the resulting transformation is monotonic. Following the procedure outlined

above, a necessary and sufficient condition to ensure monotonicity of h(θ?) is

that the fitted quadratic regression line given by Equation 6.3 is positive at all

trait levels. Unfortunately, a positive correlation between item difficulty and dis-

crimination (the problem that motivated Lord’s suggested transformation) does

not guarantee a positive quadratic regression. This problem was encountered in

several sets of published 3PL item parameters investigated by the author. For ex-

ample, Lord (1968) published 3PL item parameter estimates for an 80-item test.

Although the estimated difficulty parameters correlate .43 with the estimated

discrimination parameters, the ordinary least squares quadratic regression of dis-

criminations on difficulties is not positive at all trait levels: β̂0 = .97, β̂1 = .22,

and β̂2 = −.03. This problem appears to be a limitation of Lord’s method that

may limit the practicality of this method for lessening the correlation between

difficulties and discriminations.

6.2 Approximating a Known Functional Transfor-

mation

In some cases, the functional form for a desired metric transformation is already

known. In such cases, the metric transformation can be approximated to arbitrary
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precision using an inverse polynomial function. Below, two functional transfor-

mations of θ are explored. First, the test response function (TRF) can be used

to produce scores on the true score (number-correct) metric. Second, an arcsin

transformation was proposed by Kolen (1988) as way to produce scales with nearly

equal error variance across levels of the latent trait. This arcsin transformation

has been used in practice to transform scores on the ACT assessment (Brennan

& Kolen, 1989).

In classical test theory (CTT, Crocker & Algina, 1986), trait scores are esti-

mated based on linear combinations of item responses. The simplest of these is the

raw sum score. The observed number-correct score is then treated as an estimate

of the expected number-correct score, or true score T , where the expectation is

taken over a hypothetical infinite number of parallel tests. Both T and θ are latent

variables, and under the MHM assumptions, θ is a monotonic transformation of

T . Specifically,

T =
I∑
i=1

Pi(θ) = TRF(θ), (6.7)

where Pi(θ) is any item response function that satisfies the MHM assumptions.

Note that under the MHM assumptions, TRF is a monotonically increasing and

invertible function of θ. Because T is a monotonic transformation of θ, it is

possible to build an item response model for which T is the latent variable. This

model would have an IRF that follows the general form

Pi(θ) = Pi[TRF−1(T )]. (6.8)
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The inverse TRF generally does not have a simple expression. Instead, if a poly-

nomial approximation to TRF−1(T ) is used, then this model can be expressed as

an instance of the composite FMP model. That is, the TRF can be approximated

by a monotonic polynomial, although a high-degree polynomial may be needed.

Another useful functional transformation of the latent metric is Kolen’s (1988)

arcsin transformation. This transformation, which is derived from the binomial

error model, produces a metric that is supposed to have more equal standard errors

across the latent trait continuum. This transformation is defined as a monotonic

transformation of T as follows:

S = .5

{
arcsin

[(
T

I + 1

)1/2
]

+ arcsin

[(
T + 1

I + 1

)1/2
]}

, (6.9)

where T is the true score, and I is the number of test items. Although neither

the true-score nor arcsin transformations are explicitly polynomial functions, it

has been shown that any monotonic function with continuous derivatives can be

approximated to an arbitrary degree of precision by a polynomial function (El-

phinstone, 1983, 1985). However, the approximation may require a high-degree

polynomial for the desired degree of precision. This should not be a problem be-

cause the researcher is able to explicitly evaluate the goodness of approximation.

The coefficients needed for the metric transformation can be found as follows.

The researcher can generate a large number of θ values from a uniform or normal

distribution over the θ range to which the test will be applied. For each θ value,

the transformed score may be calculated using Equations 6.7 and 6.9. The poly-

nomial coefficients can then be found by regressing θ on the transformed variable
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using monotonic polynomial regression methods such as those implemented in the

MonoPoly package (Murray et al., 2013) for R (R Core Team, 2015). This pack-

age contains several methods for fitting monotonic regression models. One of the

options is based on the work of Elphinstone (1983, 1985) and is closely related to

the method for constraining monotonic IRFs that is described earlier in this work.

Polynomial approximations to the true score and arcsin transformations are

illustrated using the 3PL item parameters reported by Lord (1968) for an 80-item

test. To obtain the polynomial approximation to an inverse TRF, I used 1,000 θ

values spaced uniformly between θ = −7 and θ = 7. A wide range of θ values was

used so that the corresponding true scores spanned most of the theoretical range

of true scores. Given these item parameters, the true scores theoretically range

from 12.45 to 80; for θ ∈ [−7, 7], the corresponding true scores range from 12.84

to 79.50. The TRF was then used to map the θ values to T . A series of monotonic

polynomials with increasing kθ values was then used to approximate the TRF. In

Figure 6.1, T is plotted against the residuals for each regression model. Note that

the residuals are on the true score metric. As expected, increasing the polynomial

degree leads to a better approximation of the target function; the largest residuals

occur with a linear approximation (kθ = 0) and the smallest maximum absolute

residual occurs under a polynomial of degree 11 (kθ = 5), that is, under the

highest-degree model fit to the simulated data.
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Figure 6.1. Monotonic polynomial approximation to an inverse test response
function. A sequence of θ values was regressed on true scores using monotonic
polynomials of increasing degrees (i.e., kθ values). Smaller residuals indicate a
better approximation.

Next, the T values computed for the previous figure were transformed us-

ing the arcsin transformation in Equation 6.9 to find a set of 1,000 S values. I
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then regressed θ on standardized S values using a series of monotonic polynomial

regressions with increasing kθ values. The residuals from these regressions are

plotted against S in Figure 6.2. This figure suggests that a very close approxima-

tion to the true function can be obtained with kθ = 3. The maximum absolute

residual equalled only .01, a very small value considering that the S scores are

standardized. These illustrations demonstrate that polynomial approximations

are able to closely approximate a known functional transformation. The closeness

of approximation can be controlled by the researcher by increasing the kθ value.

Further, depending on the purpose of the test, the researcher can approximate a

functional transformation only for certain regions of the latent trait continuum.

In this example, I used 1,000 θ values were used ranging from -7 to 7. However,

the researcher can choose to use any number, range, or distribution of θ values

that are appropriate for a given test.



164

Figure 6.2. Monotonic polynomial approximation to θ as a function of Kolen’s
(1988) arcsin transformation of true scores. A sequence of θ values was regressed
on transformed scores S using monotonic polynomials of increasing degrees (i.e.,
kθ values). Smaller residuals indicate a better approximation.
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6.3 Grade-Equivalent Scaling

In some cases, a metric may be desired such that the scale units are defined in

terms of an external variable. For instance, one may with to construct a grade-

equivalent scale wherein, on average, scores for a one-unit increase in grade level

correspond to a one-unit increase in the latent trait. This application is similar to

that described in the previous subsection except that the metric transformation

is unknown in advance and must be approximated from data.

One existing method for constructing grade-equivalent scales is to regress es-

timated latent trait scores on grade levels using a quadratic regression model

(see Schulz & Nicewander, 1997). Specifically, estimated trait scores can be re-

gressed on integer grade levels for a sample of students. One problem with fitting

a quadratic model to grade-level data is that the transformation need not be

monotonic. In fact, when using quadratic regression (and the leading coefficient

is nonzero), the transformation is never monotonic across the entire latent trait

continuum. Even if the transformation is monotonic for all trait regions to which

the scale will be applied, the lack of monotonicity excludes this metric transfor-

mation from the FMP framework. Instead, cubic regression may be used to find

the needed transformation. To this end, a monotonic cubic polynomial may be

fit to data using methods available, for example, in the MonoPoly package for R

(Murray et al., 2013). If necessary, polynomials of higher degrees can be fit to the

data.

To illustrate the application of the composite FMP model to construct grade-

equivalent scores, I obtained θ̂ values for 46,667 students in grades 1 to 8 who were
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administered an adaptive reading test. The θ̂ values were obtained via a previous

administration of a computerized adaptive test. A histogram showing the number

of students at each grade level is displayed in Figure 6.3. As this figure shows, all

grade levels are well-represented by this data set. The majority of students are

in grades 1–5, but even the least represented grade level (grade 8) has over 2,000

students.
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Figure 6.3. Histogram of the number of students belonging to each grade level in
reading test data.

The conditional distributions of previously estimated θ̂ values are shown in

Figure 6.4. Note that in these data, the mean θ̂ value at some grade levels is

smaller than then median θ̂ value. As the figure shows, average θ̂ values increase
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as grade levels increase, but the relationship between average θ̂ values and grade

level is nonlinear. To elucidate this nonlinear relationship, I next applied a series

of monotonic polynomial regression models to these data. Specifically, I regressed

θ̂ on grade level using the MonoPoly package in R and kθ = 0, kθ = 1, kθ = 2, and

kθ = 3. The AIC or BIC model selection criteria can be used to choose which kθ

value provides the best model fit relative to the number of estimated parameters.

Comparing these fitted models, AIC selected the kθ = 2 model, and BIC selected

the kθ = 1 model. The fitted curves are shown in Figure 6.4 for each model (the

kθ = 3 model is not shown because it closely traces the kθ = 2 model). I decided

to retain the kθ = 1 model as selected by the BIC criterion. Under the kθ = 1

model, the estimated transformation between grade levels and θ equals

θ = −1.678 + .766× grade− .097× grade2 + .004× grade3. (6.10)
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Figure 6.4. Box plots of estimated θ̂ values and the best-fit line computed using
monotonic polynomial regression for reading test data.

The nonlinear θ transformation found using monotonic polynomial regression

can be used in the composite FMP model to transform item parameters defined

on the θ metric to be defined on the grade-equivalent metric. This is illustrated
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using the 3PL item parameters that are reported by Lord (1968) for an 80-item

test. For these 80 items, the test information function on the θ metric is shown

in Panel A of Figure 6.5. The guessing-added composite FMP model was then

used in conjunction with the estimated θ transformation to obtain 80 sets of

transformed item parameters on the grade-equivalent metric. The transformed

test information function on the grade-equivalent metric is shown in Panel B

of Figure 6.5. In both panels, the grade-level means are shown by the vertical

dotted red lines. In Panel A, we see that on the θ metric, there is substantial

information at all mean grade levels. Specifically, all mean grade levels have an

expected standard error of measurement between .42 and .58 on the θ metric,

and there is more information for higher grade level means. In contrast, on the

grade-equivalent metric, there is very little information at high grade levels. On

the grade-equivalent metric, expected standard errors of measurement at grade

means range from .98 to 7.6. Based on these items, there is very little information

to distinguish response behavior for the grade 8 mean level from other grade levels.

However, even at the grade level at which there is the most information, grade

1, the expected standard error of measurement is about 1.0 for this 80-item test.

These results suggest that, for this transformation between grade-level scores and

θ scores, test constructors should be careful to include items that provide high

information on the grade-equivalent metric.
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Figure 6.5. Information functions for an 80-item test on the θ metric (Panel A)
and on an estimated grade-equivalent metric (Panel B). Red vertical lines indicate
grade-level mean scores for grades 1–8.
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Chapter 7

Discussion

In this dissertation, I have argued that nonlinear transformations of the IRT latent

trait metric θ (a) are permissible under the assumptions underlying many item

response models, (b) can result in latent trait metrics that are more useful or inter-

pretable than the θ metric, and (c) can be modeled explicitly via an application of

the filtered monotonic polynomial (FMP) item response model proposed by Liang

and Browne (2015). Additionally, I have demonstrated that the FMP model is

indeterminate such that an infinite number of FMP models can be specified that

make identical predictions. Among FMP models that make identical predictions,

the underlying latent trait metrics are related by monotonic transformations. Fur-

thermore, I have derived linking equations such that the FMP item parameters for

these equally predictive FMP models can be found using matrix algebra. Through

an application of these linking equations, IRT models can be specified such that

item response functions and item information functions are explicitly defined on

a metric other than the θ metric. Consequently, the methods outlined in this
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paper give researchers control over the metric underlying IRT models. For in-

stance, researchers can apply nonlinear linking equations to construct tests based

on metrics that are more easily communicated or more interpretable, such as true

score or grade-equivalent metrics.

In addition to the discussion and application of metric transformations, this

dissertation described FMPmodel estimation using both fixed- and random-effects

methods. A simulation study was conducted to evaluate the accuracy of FMP

model estimation (item parameter recovery, IRF recovery, and latent trait score

recovery) in a number of sample size, test length, and item complexity conditions.

The results of the simulation study indicated that individual item parameters

were often highly inaccurate, even for large data sets, and especially for more

complex IRFs (i.e., ki ≥ 1). For this reason, users should avoid interpreting

FMP item parameters. Instead, I argue that it is more informative to evaluate

recovery in terms of IRF accuracy, as indexed by RIMSEi. Evaluated in terms

of RIMSEi, fixed-effects and random-effects estimation led to comparable IRF

recovery, although random-effects led to more accurate estimated IRFs in short

tests. Next, latent trait recovery was assessed using Pearson, Spearman, and

Kendall correlation coefficients between the true and estimated latent trait scores.

Each type of correlation indicated highly accurate latent trait recovery for data

sets with at least 40 items and 1,000 subjects. In addition, the AIC and BIC

model selection criteria were evaluated in terms of whether they selected the

data-generating model. Among the studied model selection methods, random-

effects estimation paired with the BIC criterion led to the highest number of

accurately selected model complexities (i.e., ki = k̃i). Moreover, the BIC rarely
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selected overly complex models whereas the AIC often selected overly complex

models. I argued that it is preferable to select overly simply models rather than

select overly complex models, and thus I recommend random-effects estimation

with BIC model selection in practice. Finally, AIC and BIC were evaluated in

terms of IRF recovery for the k̃i values selected by each criterion. Conditional on

sample size and test length, few differences existed among the conditions. For all

conditions, fairly accurate IRFs are obtained with sample sizes of at least 1,000.

Overall, random-effects estimation paired with the BIC is recommended when

estimating FMP models, and it is recommended that data sets have at least 1,000

subjects and 40 items.

Returning to the primary focus of this work, the metric transformation meth-

ods outlined above hinge on an appropriate understanding of the latent trait

metric in IRT. Specifically, these methods make use of the generally unacknowl-

edged fact that in IRT models, the unit and interval spacing of the θ scale is

identified by model identification restrictions. These identification restrictions are

typically chosen for convenience or tradition rather than for substantive reasons

(Lord, 1975). Thus, the identified scaling of the latent trait θ may not be the

most practical or substantively interesting scaling possible. Although θ estimates

are often transformed after item and person parameter estimation, properties of

items (e.g., IRFs and IIFs) are not routinely transformed. The failure to transform

items can lead to misleading conclusions because not all properties of items and

tests on the θ metric apply to the transformed metric. For instance, a test that

is highly informative for a wide range of trait levels on the θ metric need not be

highly informative, or provide the same amount of information, at corresponding
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trait levels on the transformed metric (Lord, 1980, pp. 85–88).

The FMP model is not strictly necessary to explicitly model nonlinear trans-

formations of the latent trait. Instead of modeling the metric transformation as

a monotonic polynomial, any monotonic transformation of the latent trait may

be used (Lord, 1975). Moreover, polynomials are not as flexible as other func-

tional families (e.g., Tadikamalla, 1980) and may introduce biases when using

polynomials of small degrees. Despite the limitations associated with monotonic

polynomials, the FMP model boasts several properties that justify its use. First,

the FMP model includes the 2PL as a special case, and the guessing-added FMP

model includes the 3PL as a special case. Thus, the FMP-based methods pro-

posed in this paper can be applied to existing sets of estimated item parameters

that belong to the 2PL or 3PL. Second, the composite FMP model provides sim-

ple closed-form expressions of transformed IRFs. This is not generally true for

nonlinear metric transformations. For instance, note that the true score metric

T is a nonlinear transformation of the θ metric. To transform IRFs from the θ

metric to the true score metric, the inverse test response function is needed, which

does not have a simple expression. Third, the composite FMP model is highly

flexible and is able to represent increasingly complex response functions and la-

tent trait transformations as model complexity increases. Even if the desired

latent trait transformation is not a polynomial, a polynomial function specified to

a sufficiently high degree can approximate the latent trait transformation to an

arbitrary degree of precision (Elphinstone, 1983, 1985). Finally, unlike many func-

tional approximations, it is possible to guarantee the monotonicity of polynomial

approximations. Namely, FMP model estimation is closely related to monotonic
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polynomial regression, which estimates the relationship between two variables as a

monotonically increasing polynomial function. Monotonic polynomial regression

is an active area of research (Murray et al., 2013; Murray, Müller, & Turlach, in

press), and it is expected that new advances in this area will further improve the

estimation efficiency and accuracy of the FMP item response model.

In conclusion, the composite FMP model developed in this dissertation pro-

vides the first comprehensive framework in which nonlinear transformations of

the latent trait metric can be modeled explicitly. This composite model gives

researchers the freedom to transform IRT models onto a latent trait metric other

than the θ metric, and allows researchers to easily transform other important

quantities such as information functions and standard errors. The ideas put forth

in this work promote a sophisticated understanding of the latent trait metric while

allowing researchers to more broadly apply metrics that may have more desirable

properties than the θ metric.
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Appendix A

Linking Coefficients

Linear and nonlinear linking coefficients for the FMP model can be found using

matrix algebra. Specifically, for item i,

b?i = Wbi,

where bi is a vector of item parameters on the θ metric and b?i is the desired vector

of item parameters on the θ? metric. In this appendix, theW matrices are shown

for various combinations of ki and kθ. Note that W is a matrix of dimension

(2k?i + 2) × (2ki + 2) where k?i = 2kikθ + ki + kθ. Below, the W matrices are

described in three sections corresponding to kθ = {0, 1, 2}. For kθ = {1, 2}, the

W matrix is defined for ki = 2. For ki < 2, the appropriate W matrix consists

of the first 2k?i + 2 rows and the first 2ki + 2 columns of W .
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A.0.1 Linear Metric Transformations (kθ = 0)

If kθ = 0, then t = (t0, t1)′. If ki = 0,

W =

1 t0

0 t1

 ,
if ki = 1,

W =



1 t0 t20 t30

0 t1 2t0t1 3t20t1

0 0 t21 3t0t
2
1

0 0 0 t31


,

and if ki = 2,

W =



1 t0 t20 t30 t40 t50

0 t1 2t0t1 3t20t1 4t30t1 5t40t1

0 0 t21 3t0t
2
1 6t20t

2
1 10t30t

2
1

0 0 0 t31 4t0t
3
1 10t20t

3
1

0 0 0 0 t41 5t0t
4
1

0 0 0 0 0 t51


.

A.0.2 Cubic Polynomial Metric Transformations (kθ = 1)

If kθ = 1, then t = (t0, t1, t2, t3)′. Let [W ]r,c denote the row r, column c element

of W . Elements of W that are not defined below equal 0. Possibly nonzero
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elements of W equal

[W ]1,1 = 1,

[W ]1,2 = t0,

[W ]2,2 = t1,

[W ]3,2 = t2,

[W ]4,2 = t3,

[W ]1,3 = t20,

[W ]2,3 = 2t0t1,

[W ]3,3 = 2t0t2 + t21,

[W ]4,3 = 2t0t3 + 2t1t2,

[W ]5,3 = 2t1t3 + t22,

[W ]6,3 = 2t2t3,

[W ]7,3 = t23,

[W ]1,4 = t30,

[W ]2,4 = 3t30t1,

[W ]3,4 = 3t0(t21 + t0t2),

[W ]4,4 = t31 + 6t0t1t2 + 3t20t3,

[W ]5,4 = 3(t21t2 + t0t
2
2 + 2t0t1t3),

[W ]6,4 = 3(t1t
2
2 + t21t3 + 2t0t2t3),

[W ]7,4 = t32 + 6t1t2t3 + 3t0t
2
3,

[W ]8,4 = 3t3(t22 + t1t3),

[W ]9,4 = 3t2t
2
3,

[W ]10,4 = t33,
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[W ]1,5 = t40,

[W ]2,5 = 4t30t1,

[W ]3,5 = 2t20(3t21 + 2t0t2),

[W ]4,5 = 4t0(t31 + 3t0t1t2 + t20t3),

[W ]5,5 = t41 + 12t0t
2
1t2 + 6t20t

2
2 + 12t20t1t3,

[W ]6,5 = 4(t31t2 + 3t0t1t
2
2 + 3t0t

2
1t3 + 3t20t2t3),

[W ]7,5 = 6t21t
2
2 + 4t0t

3
2 + 4t31t3 + 24t0t1t2t3 + 6t20t

2
3,

[W ]8,5 = 4[3t21t2t3 + 3t0t
2
2t3 + t1(t32 + 3t0t

2
3)],

[W ]9,5 = t42 + 12t1t
2
2t3 + 6t21t

2
3 + 12t0t2t

2
3,

[W ]10,5 = 4t3(t32 + 3t1t2t3 + t0t
2
3),

[W ]11,5 = 2t23(3t22 + 2t1t3),

[W ]12,5 = 4t2t
3
3,

[W ]13,5 = t43,

[W ]1,6 = t50,

[W ]2,6 = 5t40t1,

[W ]3,6 = 5t30(2t21 + t0t2),

[W ]4,6 = 5t20(2t31 + 4t0t1t2 + t20t3),

[W ]5,6 = 5t0(t41 + 6t0t
2
1t2 + 2t20t

2
2 + 4t20t1t3),

[W ]6,6 = t51 + 20t0t
3
1t2 + 30t20t1t

2
2 + 30t20t

2
1t3 + 20t30t2t3,

[W ]7,6 = 5[t41t2 + 6t0t
2
1t

2
2 + 4t0t

3
1t3 + 12t20t1t2t3 + 2t20(t32 + t0t

2
3)],

[W ]8,6 = 5[2t31t
2
2 + t41t3 + 12t0t

2
1t2t3 + 6t20t

2
2t3 + 2t0t1(2t32 + 3t0t

2
3)],

[W ]9,6 = 5[4t31t2t3 + 12t0t1t
2
2t3 + 2t21(t32 + 3t0t

2
3) + t0t2(t32 + 6t0t

2
3)],

[W ]10,6 = 5[6t21t
2
2t3 + 2t31t

2
3 + 2t0t3(2t32 + t0t

2
3) + t1(t42 + 12t0t2t

2
3)],
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[W ]11,6 = t52 + 20t1t
3
2t3 + 30t21t2t

2
3 + 30t0t

2
2t

2
3 + 20t0t1t

3
3,

[W ]12,6 = 5t3(t42 + 6t1t
2
2t3 + 2t21t

2
3 + 4t0t2t

2
3),

[W ]13,6 = 5t23(2t32 + 4t1t2t3 + t0t
2
3),

[W ]14,6 = 5t33(2t22 + t1t3),

[W ]15,6 = 5t2t
4
3, and

[W ]16,6 = t53.

A.0.3 Quintic Polynomial Metric Transformations (kθ = 2)

If kθ = 2 then, t = (t0, t1, t2, t3, t4, t5)′. Let [W ]rc denote the row r, column c

element of W . Elements of W that are not defined below equal 0. Possibly

nonzero elements of W equal

[W ]1,1 = 1,

[W ]1,2 = t0,

[W ]2,2 = t1,

[W ]3,2 = t2,

[W ]4,2 = t3,

[W ]5,2 = t4,

[W ]6,2 = t5,

[W ]1,3 = t20,

[W ]2,3 = 2t0t1,

[W ]3,3 = t21 + 2t0t2,

[W ]4,3 = 2(t1t2 + t0t3),

[W ]5,3 = t22 + 2t1t3 + 2t0t4,
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[W ]6,3 = 2(t2t3 + t1t4 + t0t5),

[W ]7,3 = t23 + 2t2t4 + 2t1t5,

[W ]8,3 = 2(t3t4 + t2t5),

[W ]9,3 = t24 + 2t3t5,

[W ]10,3 = 2t4t5,

[W ]11,3 = t25,

[W ]1,4 = t30,

[W ]2,4 = 3t20t1,

[W ]3,4 = 3t0(t21 + t0t2),

[W ]4,4 = t31 + 6t0t1t2 + 3t20t3,

[W ]5,4 = 3[t21t2 + 2t0t1t3 + t0(t22 + t0t4)],

[W ]6,4 = 3[t21t3 + t1(t22 + 2t0t4) + t0(2t2t3 + t0t5)],

[W ]7,4 = t32 + 6t1t2t3 + 3t0t
2
3 + 3t21t4 + 6t0t2t4 + 6t0t1t5,

[W ]8,4 = 3[t22t3 + t1t
2
3 + 2t0t3t4 + t21t5 + 2t2(t1t4 + t0t5)],

[W ]9,4 = 3[t22t4 + 2t1t3t4 + t2(t23 + 2t1t5) + t0(t24 + 2t3t5)],

[W ]10,4 = t33 + 6t2t3t4 + 3t1t
2
4 + 3t22t5 + 6t1t3t5 + 6t0t4t5,

[W ]11,4 = 3[t23t4 + t2t
2
4 + 2t2t3t5 + t5(2t1t4 + t0t5)],

[W ]12,4 = 3[t3t
2
4 + t23t5 + t5(2t2t4 + t1t5)],

[W ]13,4 = t34 + 6t3t4t5 + 3t2t
2
5,

[W ]14,4 = 3t5(t24 + t3t5),

[W ]15,4 = 3t4t
2
5,

[W ]16,4 = t35,

[W ]1,5 = t40,
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[W ]2,5 = 4t30t1,

[W ]3,5 = 2t20(3t21 + 2t0t2),

[W ]4,5 = 4t0(t31 + 3t0t1t2 + t20t3),

[W ]5,5 = t41 + 12t0t
2
1t2 + 6t20t

2
2 + 12t20t1t3 + 4t30t4,

[W ]6,5 = 4[t31t2 + 3t0t
2
1t3 + 3t0t1(t22 + t0t4) + t20(3t2t3 + t0t5)],

[W ]7,5 = 2[2t31t3 + 3t21(t22 + 2t0t4) + t0(2t32 + 3t0t
2
3 + 6t0t2t4)

+6t0t1(2t2t3 + t0t5)],

[W ]8,5 = 4[t31t4 + t1(t32 + 3t0t
2
3 + 6t0t2t4) + 3t21(t2t3 + t0t5)

+3t0(t22t3 + t0t3t4 + t0t2t5)],

[W ]9,5 = t42 + 6t21t
2
3 + 24t0t1t3t4 + 12t22(t1t3 + t0t4) + 4t31t5 + 6t20(t24 + 2t3t5)

+12t2[t21t4 + t0(t23 + 2t1t5)],

[W ]10,5 = 4[t32t3 + 3t21t3t4 + 3t20t4t5 + 3t22(t1t4 + t0t5) + 3t2(t1t
2
3 + 2t0t3t4 + t21t5)

+t0(t33 + 3t1t
2
4 + 6t1t3t5)],

[W ]11,5 = 2{2t32t4 + 3t22(t23 + 2t1t5) + 3t21(t24 + 2t3t5) + 2t1(t33 + 6t0t4t5)

+3t0(2t23t4 + t0t
2
5) + 6t2[2t1t3t4 + t0(t24 + 2t3t5)]},

[W ]12,5 = 4{3t22t3t4 + t32t5 + t2[t33 + 6t1t3t5 + 3t4(t1t4 + 2t0t5)] + 3[t21t4t5

+t0t3(t24 + t3t5) + t1(t23t4 + t0t
2
5)]},

[W ]13,5 = t43 + 6t22t
2
4 + 4t0t

3
4 + 6t21t

2
5 + 12t2t5(2t1t4 + t0t5) + 12t23(t2t4 + t1t5)

+12t3[t1t
2
4 + (t22 + 2t0t4)t5],

[W ]14,5 = 4{t33t4 + 3t2t
2
3t5 + 3t4(t22 + t0t4)t5 + t1(t34 + 3t2t

2
5)

+3t3[t2t
2
4 + t5(2t1t4 + t0t5)]},

[W ]15,5 = 2[3t23t
2
4 + 2t2t

3
4 + 2t33t5 + 3t22t

2
5 + 6t4t5(t1t4 + t0t5) + 6t3t5(2t2t4 + t1t5)],

[W ]16,5 = 4{3t23t4t5 + t3(t34 + 3t2t
2
5) + t5[3t2t

2
4 + t5(3t1t4 + t0t5)]},
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[W ]17,5 = t44 + 12t3t
2
4t5 + 6t23t

2
5 + 12t2t4t

2
5 + 4t1t

3
5,

[W ]18,5 = 4t5(t34 + 3t3t4t5 + t2t
2
5),

[W ]19,5 = 2t25(3t24 + 2t3t5),

[W ]20,5 = 4t4t
3
5,

[W ]21,5 = t45,

[W ]1,6 = t50,

[W ]2,6 = 5t40t1,

[W ]3,6 = 5t30(2t21 + t0t2),

[W ]4,6 = 5t20(2t31 + 4t0t1t2 + t20t3),

[W ]5,6 = 5t0[t41 + 6t0t
2
1t2 + 4t20t1t3 + t20(2t22 + t0t4)],

[W ]6,6 = t51 + 20t0t
3
1t2 + 30t20t

2
1t3 + 10t20t1(3t22 + 2t0t4) + 5t30(4t2t3 + t0t5),

[W ]7,6 = 5[t41t2 + 4t0t
3
1t3 + 6t0t

2
1(t22 + t0t4) + 2t20(t32 + t0t

2
3 + 2t0t2t4)

+4t20t1(3t2t3 + t0t5)],

[W ]8,6 = 5[t41t3 + 2t31(t22 + 2t0t4) + 2t0t1(2t32 + 3t0t
2
3 + 6t0t2t4)

+6t0t
2
1(2t2t3 + t0t5) + 2t20(3t22t3 + 2t0t3t4 + 2t0t2t5)],

[W ]9,6 = 5{t41t4 + 2t21(t32 + 3t0t
2
3 + 6t0t2t4) + 4t31(t2t3 + t0t5)

+12t0t1(t22t3 + t0t3t4 + t0t2t5) + t0[t42 + 6t0t2t
2
3 + 6t0t

2
2t4

+2t20(t24 + 2t3t5)]},

[W ]10,6 = 5{2t31(t23 + 2t2t4) + t41t5 + 6t21(t22t3 + 2t0t3t4 + 2t0t2t5) + t1[t42 + 12t0t2t
2
3

+12t0t
2
2t4 + 6t20(t24 + 2t3t5)] + 2t0[2t32t3 + 6t0t2t3t4 + 3t0t

2
2t5

+t0(t33 + 2t0t4t5)]},

[W ]11,6 = t52 + 20t32(t1t3 + t0t4) + 30t22[t21t4 + t0(t23 + 2t1t5)] + 10t2[3t21t
2
3

+12t0t1t3t4 + 2t31t5 + 3t20(t24 + 2t3t5)] + 10[2t31t3t4 + t30t
2
5
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+3t20t4(t23 + 2t1t5) + t0t1(2t33 + 3t1t
2
4 + 6t1t3t5)],

[W ]12,6 = 5{t42t3 + 4t32(t1t4 + t0t5) + 6t22(t1t
2
3 + 2t0t3t4 + t21t5)

+4t2[3t21t3t4 + 3t20t4t5 + t0(t33 + 3t1t
2
4 + 6t1t3t5)] + 2[3t20t3(t24 + t3t5)

+t31(t24 + 2t3t5) + t21(t33 + 6t0t4t5) + 3t0t1(2t23t4 + t0t
2
5)]},

[W ]13,6 = 5{t42t4 + 2t32(t23 + 2t1t5) + 2t21t4(3t23 + 2t1t5) + 2t20(t34 + 6t3t4t5)

+t0(t43 + 12t1t3t
2
4 + 12t1t

2
3t5 + 6t21t

2
5) + 6t22[2t1t3t4 + t0(t24 + 2t3t5)]

+2t2[3t21(t24 + 2t3t5) + 2t1(t33 + 6t0t4t5) + 3t0(2t23t4 + t0t
2
5)]},

[W ]14,6 = 5{4t32t3t4 + t42t5 + 2t31t
2
5 + 6t21t3(t24 + t3t5) + t1(t43 + 4t0t

3
4 + 24t0t3t4t5)

+2t0(2t33t4 + 3t0t
2
4t5 + 3t0t3t

2
5) + 2t22[t33 + 6t1t3t5 + 3t4(t1t4 + 2t0t5)]

+12t2[t21t4t5 + t0t3(t24 + t3t5) + t1(t23t4 + t0t
2
5)]},

[W ]15,6 = 5{2t32(t24 + 2t3t5) + 6t22[t23t4 + t5(2t1t4 + t0t5)] + t2[t43 + 4t0t
3
4 + 12t1t

2
3t5

+6t21t
2
5 + 12t3t4(t1t4 + 2t0t5)] + 2[t21(t34 + 6t3t4t5) + 2t1(t33t4 + 3t0t

2
4t5

+3t0t3t
2
5) + t0(3t23t

2
4 + 2t33t5 + 3t0t4t

2
5)]},

[W ]16,6 = t53 + 20t33(t2t4 + t1t5) + 30t23[t1t
2
4 + (t22 + 2t0t4)t5] + 10(2t1t2t

3
4 + 2t32t4t5

+3t21t
2
4t5 + 6t0t2t

2
4t5 + 3t1t

2
2t

2
5 + 6t0t1t4t

2
5 + t20t

3
5) + 10t3[3t22t

2
4 + 2t0t

3
4

+3t21t
2
5 + 6t2t5(2t1t4 + t0t5)],

[W ]17,6 = 5{t43t4 + 2t22t
3
4 + t0t

4
4 + 4t2t

3
3t5 + 2t32t

2
5 + 6t21t4t

2
5 + 4t0t1t

3
5

+12t2t4t5(t1t4 + t0t5) + 6t23[t2t
2
4 + t5(2t1t4 + t0t5)] + 4t3[3t4(t22 + t0t4)t5

+t1(t34 + 3t2t
2
5)]}m

[W ]18,6 = 5{2t33t24 + t43t5 + 6t22t
2
4t5 + 4t0t

3
4t5 + 2t21t

3
5 + 4t0t2t

3
5 + 6t23t5(2t2t4 + t1t5)

+t1(t44 + 12t2t4t
2
5) + 2t3[2t2t

3
4 + 3t22t

2
5 + 6t4t5(t1t4 + t0t5)]},

[W ]19,6 = 5{4t33t4t5 + 6t22t4t
2
5 + 2t24t5(2t1t4 + 3t0t5) + 2t23(t34 + 3t2t

2
5)

+t2(t44 + 4t1t
3
5) + 4t3t5[3t2t

2
4 + t5(3t1t4 + t0t5)]},
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[W ]20,6 = 5{6t23t24t5 + 2t33t
2
5 + t3(t44 + 12t2t4t

2
5 + 4t1t

3
5) + 2t5[2t2t

3
4 + t22t

2
5

+t4t5(3t1t4 + 2t0t5)]},

[W ]21,6 = t54 + 20t3t
3
4t5 + 30t2t

2
4t

2
5 + 5t35(4t2t3 + t0t5) + 10t4t

2
5(3t23 + 2t1t5),

[W ]22,6 = 5t5[t44 + 6t3t
2
4t5 + 4t2t4t

2
5 + t25(2t23 + t1t5)],

[W ]23,6 = 5t25(2t34 + 4t3t4t5 + t2t
2
5),

[W ]24,6 = 5t35(2t24 + t3t5),

[W ]25,6 = 5t4t
4
5, and

[W ]26,6 = t55.


	Abstract
	List of Tables
	List of Figures
	Constructing Measurement Scales with Item Response Theory
	Assumptions of Item Response Modeling
	Scale Identification
	Estimating Item Response Models
	Fixed-effects
	Random-effects

	Parametric Models
	Nonparametric Models
	Flexible Latent Densities
	Interval or Ordinal?

	Filtered Monotonic Polynomials
	Model Form and Model History
	Model Estimation
	Ensuring monotonicity
	Fixed-effects estimation with theta surrogates
	Random-effects estimation with the EM algorithm

	Model Selection
	Latent Trait Estimation
	Maximum likelihood solution
	Item and test information
	Expected a posteriori solution


	Simulation Study
	Design
	Results
	Item parameter recovery
	Item response function recovery
	Latent trait score recovery
	FMP model selection


	Item Parameter Linking
	Item Linking and Model Identification
	Linear Item Linking with FMP
	Nonlinear Item Linking with FMP
	Implementation

	A Composite FMP Model
	Model Specification
	Fixed-Effects Estimation
	Random-Effects Estimation
	Properties of Transformed Scales
	Latent trait distribution
	Item information

	Model Selection

	Applications
	Uncorrelated Parameters
	Approximating a Known Functional Transformation
	Grade-Equivalent Scaling

	Discussion
	 References
	 Appendix A.  Linking Coefficients
	Linear Metric Transformations (k=0)
	Cubic Polynomial Metric Transformations (k=1)
	Quintic Polynomial Metric Transformations (k=2)



