
Nonstationary Heat Conduction in Atomic Systems

A THESIS

SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL

OF THE UNIVERSITY OF MINNESOTA

BY

Amit K Singh

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

Doctor of Philosophy

Adviser: Prof. Ellad Tadmor

November, 2015



c© Amit K Singh 2015

ALL RIGHTS RESERVED



Acknowledgements

This thesis would not have completed without the guidance of my adviser, Prof. Ellad

Tadmor, so I would first like to express my sincere gratitude to him. His scholarly

suggestions, countless revisions of several manuscripts and continuous encouragement

kept me going. Several discussions with him have continued clearing my doubts. His

focus on even minor problems always helped me to bring more rigor into the work. It

has been a real fun working with him all these years.

Next I would like to thank the department office staff, menet computing staff, janitors

and several other support workers, who provide the backbone of the environment where

scientific research is made possible. I would specially thank Julie Koch, Ray Muno, Lisa

Schouviller and Laila Ramadi.

I would also like to thank my dissertation committee, Prof. Richard James, Prof.

Ryan Elliott, Prof. Thomas Schwartzentruber, Prof Roberto Ballarini and Prof. Xiaojia

Wang, for several insights and discussions. My several academic interactions with other

faculty members of the department such as with Prof. Roger Fosdick and Prof. Perry

Leo have also been very fruitful. So a big thanks to all of them. But I would like to

save my sincerest tribute for Prof. Daniel Joseph whose work has been the overarching

influence on my PhD research.

My deepest debt goes to my grandparents Ramjanam and Rajmani, my parents

Ashok and Pramila, and siblings Anit and Anish, for being the source of continuous

inspiration and joy. Their support, love and encouragement have been the fundamental

strength all these years.

The ink would not have colored the thesis without the rainbow provided by my

beloved Poonam who has always created magic. My greatest debt goes to her. The

thesis would not have taken any shape without her patience and unconditional support.

i



And I cannot forget my roommates, officemates and colleagues. The time spent with

Vivekanand Dabade, Subrahmanyam Pattamatta, Nikhil Admal, Amartya Banerjee,

Vijay Srivastava, Venkata Guthikonda, Shankar Krishnan, Ganesh Borra, Dan Karls

and Vincent Jusuf, have benefited my understanding immensely. More than anything

else I have savored the discussion on several topics with these outstanding colleagues.

I would also like to thank the group members, Mingjian Wen, Ilia Nikiforov, Jiadi

Fan, Alexander Anastassiou and Min Shi with whom I have shared my research and

participated in weekly meetings and seminars. Special thanks to Stephen Whalen and

Valeriu Smiricinsch for all the help in finding bugs in some of my codes!

I would also like to thank my friends in India, Minneapolis, and everywhere spread

around the world who have been creating progressive waves in this deeply flawed yet so

beautiful world!

ii



To my family members, Poonam and all progressive friends.

iii



Abstract

Understanding heat at the atomistic level is an interesting exercises. It is fascinating

to note how the vibration of atoms result into thermodynamic concept of heat. This

thesis aims to bring insights into different constitutive laws of heat conduction. We also

develop a framework in which the interaction of thermostats to the system can be studied

and a well known Kapitza effect can be reduced. The thesis also explores stochastic and

continuum methods to model the latent heat release in the first order transition of ideal

silicon surfaces into dimers. We divide the thesis into three works which are connected

to each other:

1. Fourier’s law leads to a diffusive model of heat transfer in which a thermal signal

propagates infinitely fast and the only material parameter is the thermal conduc-

tivity. In micro- and nano-scale systems, non-Fourier effects involving coupled

diffusion and wavelike propagation of heat can become important. An extension

of Fourier’s law to account for such effects leads to a Jeffreys-type model for heat

transfer with two relaxation times. In this thesis, we first propose a new Thermal

Parameter Identification (TPI) method for obtaining the Jeffreys-type thermal

parameters from molecular dynamics simulations. The TPI method makes use of

a nonlinear regression-based approach for obtaining the coefficients in analytical

expressions for cosine and sine-weighted averages of temperature and heat flux

over the length of the system. The method is applied to argon nanobeams over

a range of temperature and system sizes. The results for thermal conductivity

are found to be in good agreement with standard Green-Kubo and direct method

calculations. The TPI method is more efficient for systems with high diffusivity

and has the advantage, that unlike the direct method, it is free from the influence

of thermostats. In addition, the method provides the thermal relaxation times for

argon. Using the determined parameters, the Jeffreys-type model is able to repro-

duce the molecular dynamics results for a short-duration heat pulse where wavelike

propagation of heat is observed thereby confirming the existence of second sound
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in argon. Implementations of the TPI method in MATLAB are available as part

of the online supplementary material.

2. The second major work of the thesis is to look into the following problem. The

direct method for computing thermal conductivity in nonequilibrium molecular

dynamics gives rise to an artificial Kapitza resistance at the interface between

thermostatted and unthermostatted regions. This resistance, which depends on

the system size and the thermostat parameters, creates discontinuous jumps in

the temperature and heat flux across the interface and therefore affects the mea-

sured thermal conductivity. In this part, we propose a phenomenological relation

for the Kapitza resistance that can be used to extract a value for the bulk ther-

mal conductivity, which is independent of the system size and thermostat details.

We also provide insight into the Kapitza phenomenon resulting from numerical

thermostatting.

3. This constitutes our third part of the thesis. Silicon (001) surfaces in non-equilibrium

molecular dynamics (NEMD) simulations above a critical transformation temper-

ature undergo a reconstruction from the ideal diamond crystalline surface to a

reconstructed structure involving the formation of rows of dimers along a 〈110〉
direction. This process is accompanied by latent heat release that in NEMD simu-

lations results in a dramatic increase in temperature of nanobeams that cross the

transformation temperature as they are heated. To model this behavior, we pro-

pose a hybrid continuum partial differential equation for non-Fourier heat transfer

coupled with a stochastic kinetic Monte Carlo (KMC) algorithm to account for

latent heat release. An input to the method is the energy barrier for dimerization,

which is computed separately using nudged elastic band calculations. The time-

dependent temperature profiles along the beam predicted by the continuum-KMC

method are in good agreement with the NEMD results.
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Chapter 1

Introduction

At the atomistic level understanding heat transfer is of both academic and technological

interest. In any theory describing heat transfer, a constitutive assumption is necessary

to relate the heat flux vector q(x, t) and the temperature gradient ∇θ(x, t), where x

is a position in the current configuration and t is the time. Such a relation can be

very general as long as it satisfies constraints on its form imposed by the second law of

thermodynamics (see for example Section 6.2.2 in Ref. [1]). The simplest theory of heat

transfer adopts Fourier’s law of heat conduction in which a linear relation is assumed

between the heat flux and temperature gradient for a homogeneous isotropic body,

q(x, t) = −k∇θ(x, t), (1.1)

where k is the thermal conductivity of the material. As we review in Chapter 2, Fourier’s

law leads to the heat equation, a parabolic partial differential equation (PDE) that

describes heat transfer as a diffusive process. The heat equation faces the conceptual

problem that a sudden change of temperature at any point in space is felt instantly

everywhere. It can be said that diffusion assumes an infinite speed of propagation (see

p. 42 in Ref. [2]). In reality, a finite time is involved in heat transfer in solids, which

occurs through collisions between energy carriers – free electrons and phonons – and

also by scattering of these carriers at boundaries and material defects. Phonons are

the major heat carriers for insulators and semiconductors, whereas free electrons are the

dominant carriers in metals [3]. Some important features of the energy carriers are listed

in Table 1.1. In order for continuum macroscopic properties like heat flux, stress

1
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Some features of heat carriers [3]
Free Electron Phonon Photon

Generation valence or excited electron lattice vibration atomic, molecule transition
Statistics Fermion Boson Boson
Frequency 0 to ∞ Debye cut-off 0 to ∞
Dispersion E = ~

2K2/ (2m) E = E (K) ν = c/λ
Velocity (m/s) ∼ 106 ∼ 103 ∼ 108

Table 1.1: E, ℏ,K,m, ν, c and λ correspond to energy, reduced Planck constant,
wavevector, mass, frequency, speed of light and wavelength respectively.

and temperature, to be well defined in a statistical mechanics sense, a ‘large’ number

of collisions must take place. Based upon this ‘large’ concept, a mean free path and

mean free time or relaxation time, can be defined. Essentially the dynamics of carriers

suggests a finite thermal wave speed, which needs to be described by any macroscopic

model developed for understanding heat conduction, otherwise the microscale thermal

phenomena happening at the level of relaxation time and mean free path will not be

captured. The average distance traveled by a carrier in the bulk material before being

scattered by other phonons is the mean free path Λ. Various temperature dependent

scattering mechanisms, that involve phonons, electrons, impurities and imperfections,

determine Λ. Other characteristic lengths can also be defined such as the characteristic

dimension D (e.g. diameter, width, height, length etc), the characteristic wavelength

λc and the temperature penetration depth dT . λc appears because of the duality of

the wave-particle for electrons and phonons and is equal to the thermal de Broglie

wavelength h/
√
2πmkBθ [4], where h, m and θ denote Planck constant, effective mass

of the carrier and characteristic temperature of the system, respectively. The dominant

phonon wavelengths at high temperature is of the order of lattice constant a and at low

temperature they are of the order of a θD
θ , where θD is Debye temperature. Temperature

penetration depth is defined as the characteristic temperature divided by the maximum

temperature gradient, i.e. dT = θ/ (|∇θ|)max. Figure 1.1 illustrates the characteristic

lengths in conduction.1

The finite speed of heat transfer was recognized by many including Chester [6], and

1 For an in-depth discussion of different length and time scales governing microscale phenomena,
see Tien and Chen (1994) [3], Tzou (1997) [5].
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Figure 1.1: Illustration of characteristic lengths in heat conduction

Joseph and Preziosi [2] in their seminal paper on “heat waves.” In the latter work as

well as in earlier contributions by Cattaneo [7, 8] and Vernotte [9, 10], non-Fourier heat

transfer models were proposed in which the relationship between q(x, t) and ∇θ(x, t)

is more complex. The Cattaneo-Vernotte (CV) model leads to a hyperbolic PDE which

combines wave-like and diffusive features. This model predicts that thermal discontinu-

ities propagate at a finite velocity c. A more general Jeffreys-type model leads to a PDE

in which thermal discontinuities are smoothed out as they propagate. The Jeffreys-type

model includes in addition to the thermal conductivity k, two relaxation times τq and τθ.

The CV and Fourier models can be obtained as special cases of the Jeffreys-type model.

Various other heat-propagation models have been proposed and are comprehensively

reviewed by Straughan [11].

While the question whether non-Fourier effects are present at the macroscale is con-

troversial (see for example Refs. [12, 13, 14, 15]), there is no doubt that such effects

exist and play an important role in micro and nano-scale systems [16]. This has great

technological importance since modern microfabrication processes involve the miniatur-

ization of devices that contain semiconductors, insulators and metallic layers on micro

and nanometer scales. Fourier heat transfer breaks down when the characteristic lengths

associated with the device approach the mean-free path of the energy carriers (electrons

and phonons) [17]. For example, Fourier’s law cannot explain the thickness dependence

of the thermal conductivity of silicon [17, 18, 19]. Pilgrim et al. [20] studied the tran-

sient behavior of heat pulses in samples of GaAs and found that while the Fourier model

successfully captured the thermal effects in larger samples, the CV model was more

suitable for samples of smaller size. Lor and Chu [21] found that the CV model ex-

plained the heat transport in a thin film of a high-temperature yttrium barium copper
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oxide superconductor deposited on various substrates. Wagner et al. [22] developed an

energy-conserving method to couple atomistic MD regions to continuum finite element

regions for nanoscale thermal problems, and suggested using a CV model to describe

heat transfer in continuum regions.

Non-Fourier effects are also important on very short timescales. For example, when

laser pulses are used for annealing semi-conductors, oscillatory heat flux boundary con-

ditions (BCs) must be considered [23, 24] that cannot be described by Fourier theory.

Similarly, thermal resonance phenomena due to the excitation of a body heat source

oscillating at a given frequency cannot be explained by Fourier’s Law [25, 26, 27, 28].

Just as displacement waves due to mechanical vibrations can lead to resonance in the

displacement amplitude, a resonance phenomenon may occur in the wave amplitude of

the temperature when a material is subjected to oscillatory heat flux BCs. Research in

non-Fourier heat conduction also finds application in cryogenic systems, spacecraft ther-

mal control coatings and superconducting thin films [29], reactor fuel rods [30], phase

changes [31, 32], planetary heat propagation [33, 34], chemotaxis [35], skin burns [36],

and other applications [11, 37, 38].

Heat transfer in atomic-scale systems has been explored computationally with molec-

ular dynamics (MD) using two primary approaches: (1) the Green-Kubo relations within

equilibrium MD; and (2) direct measurement of the thermal response in a nonequilibrium

MD (NEMD) simulation. The Green-Kubo relations, which are based on the fluctuation-

dissipation theorem, relate thermal conductivity to an integral of the time correlation

function of the heat current (see Eq. (3.58) below). In the direct method, a thermal

gradient is imposed on the system by thermostatting its ends and measuring the heat

flux at steady state from which the thermal conductivity can be readily computed using

Eq. (1.1). Ladd et al. [39] carefully compared the formally exact Green-Kubo relations

with the direct NEMD approach and a method based on phonon perturbation theory for

a face-centered cubic (fcc) lattice with “soft-sphere” interactions. They found that the

Green-Kubo method works well over a broad range of temperatures but requires long

simulation times to obtain good statistics. The other two methods are more efficient

but were found to have a limited range of applicability. In particular, NEMD works well

at higher temperatures whereas phonon perturbation theory is appropriate only at low

temperatures. More recently, Schelling et al. [40] confirmed these results and showed
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that at high temperature the direct NEMD method and the Green-Kubo approach give

similar values for the thermal conductivity of silicon.

The MD studies described above have been primarily focused on Fourier heat trans-

fer. However, Non-Fourier effects have also been observed in atomistic simulations. An

important early study of this kind was performed by Tsai and MacDonald [41] who stud-

ied the response of a body-centered cubic (bcc) lattice to a strong heat pulse applied

at the boundary. The authors observed that the disturbance propagated into the bulk

“as a combination of first and second sound superimposed on a diffusive background.”

Here “first sound” refers to the propagation of a stress wave and “second sound” to the

propagation of a thermal wave (see for example Ref. [6]). The “diffusive background”

is captured by Fourier’s model. No attempt was made to relate these results to non-

Fourier heat transfer models. Later, Volz [42] performed similar NEMD simulations on

a solid beam of fcc argon and tested the validity of the CV model. It was found that

the CV model is adequate under equilibrium conditions, but does a poor job of describ-

ing the microscopic response in the initial nonequilibrium regime after the injection of

heat. More recently, Mohamed and Srivastava [43] found that heat pulses of picosecond

duration in single-walled carbon nanotubes induce several wave packets that travel at

different propagation speeds. The largest amount of energy was found in the waves mov-

ing at the second sound speed. Single-walled nanotubes were also studied by Shiomi and

Maruyama [44] who concluded that heat is conducted in a wavelike fashion. They also

found that the flux profiles cannot be predicted by the hyperbolic wave equation (the CV

model), but can be captured by taking the dual relaxation time scale into account, thus

confirming the validity of Jeffreys-type models. Liu et al. [45] studied transient thermal

conduction in pure and vacancy-containing argon films by applying a temperature jump

to one end of the film and then calculating the thermal wave speed and relaxation times

appearing in the non-Fourier models. They found that the wave speed is the same in

both pure argon films and argon films with vacancy defects.

A practical problem with the NEMD approach is the existence of discontinuous jumps

in temperature at the model boundaries where temperature is controlled. These jumps,

which are referred to as the Kapitza effect, are due to phonon scattering at the inter-

face between thermostatted and unthermostatted regions that causes a sharp change

in thermal conductivity at the interface. The scattering occurs because thermostatting
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algorithms corrupt the dynamics of the thermostatted atoms [46]. This effect leads to a

discontinuity in the temperature gradient at the interface, giving rise to a jump in the

temperature. Tenenbaum et al. [47] observed this phenomena in their early simulations

and attempted to quantify the jumps. Aoki and Kusnezov [48] developed a quantitative

description of the jumps by studying nonequilibrium properties of a one-dimensional

(1D) lattice Hamiltonian (see the book by Pitaveskii and Lifshitz [49] for more details

on their approach). Other researchers have also studied this effect or observed similar

temperature jumps in their simulations [40, 50, 51, 52, 53]. We discuss a phenomenolog-

ical model for addressing the Kapitza effect in MD simulations in Chapter 5. There we

have also developed a novel method to reduce the computation cost of the direct method

by taking into account the effect of friction constants of the thermostats [54].

The discussion above makes it clear that there is interest in determining the non-

Fourier thermal behavior of material systems especially at the micro- and nano-scales

where MD can be applied. The Green-Kubo and direct NEMD methods can be used to

obtain the thermal conductivity k of the material but can be slow and difficult to apply

accurately and they do not provide the thermal relaxation times.

In this thesis, we extend the approach of Daly et al. [55] for computing thermal

conductivity by monitoring the decay of an initially imposed sinusoidal temperature

distribution, to extract the Jeffreys-type model parameters, k, τq and τθ, from NEMD

simulations of a 1D nanobeam. The nanobeam is first equilibrated with a sinusoidal

temperature distribution using independent thermostats at equidistant positions along

the length of the beam. The thermostats are then removed and the nanobeam evolves

under under constant energy (NVE ) conditions. During this nonequilibrium unsteady

process, time-averaged temperature and heat-flux profiles along the nanobeam are com-

puted and stored at regular intervals. These profiles are fitted to analytical solutions of

the CV and Jeffreys-type PDEs. Thus a nonlinear regression-based parameter identifi-

cation procedure is applied in which the coefficients of the governing PDE are obtained

by analyzing the NEMD data. We refer to this method for obtaining thermal param-

eters as “TPI” (thermal parameter identification). The advantage of this approach is

that relatively few profiles are needed to obtain the parameters to good accuracy which

means that the NEMD simulation only needs to be run for a short time following the

initial sinusoidal temperature equilibration.
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In this thesis, we also explore the latent heat release accompanying surface recon-

struction and its effect on the temperature of silicon nanostructures. For this purpose.

the nanobeam temperature is initially 10 K and then the temperatures of both ends are

raised to 30 K and maintained at this level. The interior of the beam gradually heats up

because of the surface reconstruction, and rather than stabilizing at 30 K as expected,

a dramatic overshooting in temperature occurs due to release of latent heat that ac-

companies dimer formation in the reconstruction process. To model this phenomenon

we use a continuum partial differential equation (PDE) for non-Fourier heat transfer [2]

parametrized using a novel thermal parameter identification (TPI) scheme based on an

iteratively reweighted least squares (IRLS) regression method [56]. The injection of en-

ergy due to the latent heat released by dimerization is modeled using a stochastic Kinetic

Monte Carlo (KMC) algorithm [57] that is coupled to the continuum PDE. The KMC

rates are estimated using harmonic transition state theory (h-TST) with the activation

barrier for dimer formation computed from the atomistic model using the climbing im-

age nudged elastic band (CI-NEB) method [58]. The whole phenomenon is discussed in

Chapter 6. 2

2 This part is in the process of a paper submission and we would like the graduate student office to
hold the thesis till the paper is accepted for publication.



Chapter 2

Heat Conduction

Out of the three basic modes of heat transfer – conduction, radiation and convection –

conduction is postulated to be related to the transfer of kinetic energy by the molec-

ular movement in liquids and gases. The molecular movement involves the transfer of

kinetic energy of the molecules in high temperature regime by successive collisions to

the molecules in low temperature regime [59]. In crystalline solids, however, instead of

collision of molecules, energy is transferred by the vibrations of phonons, the drifting of

electrons, the scattering of phonons and interaction between phonons and electrons. En-

ergy transfer via radiation further includes the photons as energy carriers [3], [5]. Here

our emphasis is on understanding the mechanism of heat transfer via phonon vibrations

in insulators.

Fourier’s law of heat conduction, described in Eq. (1.1), relates the heat flux vector

and the temperature gradient. For a rigid solid body without heat sources, the energy

equation is (see for example Section 10.2 in Ref. [1])

∂e

∂t
= −∇ · q, (2.1)

where e = e(x, t) is the internal energy per unit volume. From the first law of thermo-

dynamics, for rigid solid bodies where mechanical work cannot change the volume or

shape of the system, we have
∂e

∂θ
= γ, (2.2)

where γ = ρcv is volumetric heat capacity, which is a product of the mass density and

the specific heat at constant volume. Using Eqs. (1.1)–(2.2), we obtain Fourier’s heat

8
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equation:
∂θ

∂t
=
k

γ
∇2θ. (2.3)

This is a parabolic PDE which describes heat transfer as a diffusive process. As discussed

in Chapter 1, this model assumes infinite speed. In order to bring finite wave-speed,

below we try to derive non-Fourier models using different approaches.

2.1 Phase-Lag Approach

According to Tzou [60], the constitutive equations can be viewed as the cause-effect

phenomena in transport processes. For example, Stoke’s law of viscosity, where the

shear stress can be viewed as the cause for the fluid motion and the shear strain rate as

its effect. Similarly, Fourier’s law of heat conduction in Eq. (1.1), where the heat flux

vector q can be observed as the cause for the heat flow and the temperature gradient ∇θ

as its effect. In these examples, the cause and the effect are instantaneous with no time

lag and therefore can interchange their positions. This implies that the temperature

gradient can also be viewed as the cause where the heat flux vector becomes the effect

in the above example. A simultaneity in the positions of the cause and the effect annuls

their physical significance. However, should a time lag between the heat flux vector and

the temperature gradient be introduced (Tzou [61]), then the cause and the effect can

be separated from each other, providing the concept of cause-effect a physical meaning.

In this framework, between the two terms, the heat flux vector and the temperature

gradient, whichever lags behind becomes the effect. Since, the precedence of either of

the two can’t be set beforehand, two time (phase) lags need to be introduced in the most

general sense. In these terms, Tzou (1993-95) builds the model of dual phase-lag. These

phase lags, or delay times, are called the relaxation times, providing basis for short-time

responses.

Tzou [61] introduces the time lag by writing the constitutive equation for heat flow

as

q(x, t+ τq) = −k∇θ(x, t), (2.4)

where τq is a relaxation time. Performing a Taylor expansion with respect to t leads to
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the Cattaneo-Vernotte (CV) wave model:

τq
∂q

∂t
(x, t) + q(x, t) ∼= −k∇θ(x, t). (2.5)

The addition of relaxation time τq points to a finite wave speed c; they are related

by τq = α
c2

, where α = k/γ is the thermal diffusivity. Taking divergence of the CV wave

model in Eq. (2.5), and then using the energy equation in Eq. (2.1) and the first law of

thermodynamics in Eq. (2.2), it leads to Cattaneo’s hyperbolic equation:

∂2θ

∂t2
+

1

τq

∂θ

∂t
= c2∇2θ. (2.6)

For the CV wave model in Eq. (2.5), the heat flux vector q lags behind the temper-

ature gradient ∇θ by a relaxation time τq. This fact makes sure that the temperature

gradient always remains the cause and the heat flux vector its effect. To remedy this,

Tzou (1995) brings dual-phase-lag model that allows either of the two, q and ∇θ, to

precede each other, implying that either one could become the cause or the effect. The

constitutive equation for the dual-phase-lag model is

q(x, t+ τq) = −k∇θ(x, t+ τθ), (2.7)

where τθ and τq are the phase-lag of the temperature gradient and the heat flux vector,

respectively. For the case, τθ > τq, the heat flux vector is the cause and the temperature

gradient is the effect, whereas if τθ < τq, then the heat flux vector becomes the effect

and the temperature gradient becomes the cause. A first-order Taylor expansion leads

to the dual-phase-lag model:

τq
∂q

∂t
(x, t) + q(x, t) ∼= −k∇θ(x, t)− kτθ

∂∇θ

∂t
(x, t), (2.8)

Taking divergence of this dual-phase-lag model, substituting the energy equation

in Eq. (2.1) and using the first law of thermodynamics in Eq. (2.2), we obtain a non-

Fourier partial differential equation of the Jeffreys-type by assuming constant thermal

properties,
∂2θ

∂t2
+

1

τq

∂θ

∂t
= c2∇2θ +

k τθ/τq
γ

∇2∂θ

∂t
, (2.9)

where k is the thermal conductivity, and c2 = k/γτq.
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Other than determining the cause and the effect in the heat transport process, the

motivation also comes from the similar nature of equations arising from the models de-

veloped to capture two different heat mechanism methods – Phonon-electron interaction

and Phonon Scattering. We will describe these two methods in the following subsections.

2.1.1 Phonon-electron interaction

Heat transport requires “sufficient” number of collisions among energy carriers, so that

a meaningful statistical ensemble space can be created by defining the mean free path

and the mean free time. The energy carriers in metals include phonons and electrons. A

phenomenological model of heat transport can be achieved by assuming the interaction

between phonons and electrons in metals. Kaganov et al [62] and Anisimov et al [63]

developed a two-step model for this interaction between phonons and electron gas. A

phonon is the quantum of energy obtained by quantization of the energy of a lattice

vibration. It is analogous in the name with photon of the electromagnetic wave. The

electron gas, or more specifically, free electron Fermi gas, is a gas of free electrons subject

to Pauli exclusion principle. Many physical properties of a metal can be explained by

the free electron model, in which the valence electrons of the constituent atoms become

conduction electrons, moving freely through the volume of metal. According to the two-

step model of phonon-electron interaction, the heating mechanism involves excitation

of the electron gas by the externally supplied photons as the first step, such as the

photons from an intensified laser. This increases the temperature of the electron gas.

In the second step, the metal lattice is allowed to be heated through phonon-electron

interaction in short times. This phenomenological phonon-electron two-step interaction

model was given the quantum mechanical and statistical basis by Qiu and Tien [64].

Qiu and Tien [65] consider the excitation of electron gas and the metal-lattice heating

as two steps, where the exchange of energy between phonons and the electron gas occurs

through a coupling factor G. In mathematical terms,

γe
∂θe
∂t

= ∇ · (K∇θe)−G (θe − θl) , excitation of the electron gas, (2.10a)

γl
∂θl
∂t

= G (θe − θl) , heating of the metal-lattice, (2.10b)

where θ refers to the temperature, γ represents the volumetric heat capacity, K refers to

the thermal conductivity of the electron gas, and subscripts e and l stand for the electron
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gas and the metal lattice, respectively. The second step neglects the heat conduction

through the metal lattice. Substituting θe from Eq. (2.10b) into Eq. (2.10a) yields,

∂2θl
∂t2

+

(
G(γe + γl)

γeγl

)
∂θl
∂t

=

(
KG

γeγl

)
∇2θl +

K

γe
∇2∂θl

∂t
(2.11)

Similarly, substituting θl from Eq. (2.10a) into Eq. (2.10b) yields,

∂2θe
∂t2

+

(
G(γe + γl)

γeγl

)
∂θe
∂t

=

(
KG

γeγl

)
∇2θe +

K

γe
∇2∂θe

∂t
(2.12)

Clearly, both equations Eqs. (2.11) and (2.12), governing the lattice and electron

temperature, respectively, have the same identical form as obtained above in the non-

Fourier heat equation of the Jeffreys-type in Eq. (2.39). Therefore, the validity of the

heat equation of the Jeffreys-type is further justified and consolidated.

2.1.2 Phonon Scattering

Aforementioned phonon-electron interaction plays major role for the heat transport pro-

cess in metals, whereas phonons are dominant heat carriers in insulators and semicon-

ductors, thereby, giving rise to phonon collision/scattering as the major mechanism for

the heat transport process. This domination of collision process imparts the phonon

states a hydrodynamic (fluid) character with the quasiparticle occupation probability

distribution f(k,x, t), where k and x denote the mean wave vector and position vec-

tor of the phonon wave packets. The time evolution of f(k,x, t) is governed by the

Boltzmann transport equation,

∂f

∂t
+ vk ·∇f = C [f ] , (2.13)

where vk corresponds to group velocity of phonon wave packets and C is the collision op-

erator. C can be further divided into two parts, C = N+R, where N refers to momentum

conserving normal-process collision operator and R corresponds to other processes, e.g.

momentum non-conserving umklapp scattering, mass-fluctuation scattering, etc. For

the pure phonon field, not influenced by any elastic field subject to mechanical stress,

and neglecting the contribution from the electron gas in conducting heat, Guyer and

Krumhansl [66] developed the solution of linearized version of the Boltzmann transport
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equation in Eq. (2.13) in terms of the eigenvector of the normal-process collision operator

N . Assuming N ≫ R, the development leads to two macroscopic equations,

γp
∂θ

∂t
+∇ · q = 0, (2.14a)

∂q

∂t
+
c2γp
3

∇θ +
1

τR
q =

τNc
2

5

[
∇2q + 2∇ (∇ · q)

]
, (2.14b)

where c is the average speed of phonons, γp is volumetric heat capacity for phonons, τR

denotes relaxation time for the umklapp process R and τN is the relaxation time for

normal process N .

Substituting the heat flux vector term from Eq. (2.14a) in the result obtained after

taking the divergence of Eq. (2.14b),

∂2θ

∂t2
+

1

τR

∂θ

∂t
=
c2

3
∇2θ +

3c2τN
5

∇2∂θ

∂t
. (2.15)

It is clear that, Eq. (2.15) has the same form as phonon-electron interaction model.

The similarity of the models for both mechanisms of heat transfer motivated Tzou [5]

to introduce the concept of generalized phase-lag behavior, which has already been

discussed above.

2.2 Effective Thermal Conductivity

Joseph and Preziosi [2], based upon the insights of Gurtin and Pipkin [67] and Nun-

ziato [68], introduced the concept of effective thermal conductivity and effective heat

capacity to take into account the non-Fourier behavior.

Taking the fading memory approach1 of Coleman and Noll [70] for simple materials,

Gurtin and Pipkin showed that the heat flux vector, like the entropy, is determined by

the functional for the free-energy. They first assumed that the response of the material

at each point x is characterized by three functionals Ψ, N and Q, where Ψ is a smooth

scalar-valued function and N and Q are continuous. The functionals are also indepen-

dent of the point x, thereby assuming that the material is homogeneous. These response

functionals give the instantaneous values of the free energy ψ = ψ(t), entropy η = η(t)

1 The recent history of temperature and deformations have more effect on the present values of
stress, entropy, heat flux and free energy than their distant past history [69].
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and heat flux vector q = q (t), provided that the temperature θ = θ(t) and the summed

histories of temperature θ̄t and temperature gradient ḡt, where g = ∇θ, be known at x.

Also, θ,∇θ ∈ Lh
2 space. The values are given by

ψ = Ψ
(
θ, θ̄t, ḡt

)
,

η = N
(
θ, θ̄t, ḡt

)
,

q = Q
(
θ, θ̄t, ḡt

)
.

(2.16)

The summed histories θ̄t and ḡt on [0,∞) are defined by

f̄ t(s) =

∫ s

0
f t(µ)dµ s ∈ [0,∞)

=

∫ t

t−s
f t(τ)dτ,

where, f t(s) = f(t− s),

(2.17)

and f̄ t corresponds to either θ̄t or ḡt. Norm ‖·‖Lh
2 of a measurable scalar or vector-

valued function f on [0,∞), where f ∈ weighted Lh
2 space, is defined by

‖f‖2
Lh

2 =

∫ ∞

0
|f(s)|2h(s)ds, (2.18)

where h be a positive, continuous, monotone decreasing function, also termed as influence

function. This determines the memory fading rate with s2h(s) being integrable in s on

[0,∞). Also, let us assume that H denote the set of all measurable scalar-valued and

vector-valued functions f on [0,∞), with ‖f‖Lh
2 < ∞. Thus, H can be given the

structure of Hilbert space. For a fixed point x, the thermodynamic process means an

ordered array [θ (·) , g (·) , ψ (·) , η (·) , q (·)], where [θ (·) , g (·)] is an admissible pair and

ψ (·) , η (·) , q (·) are defined by the constitutive relations (2.16). The admissible pair

means:

(i) θ (·) is continuous and piecewise smooth;

(ii) g (·) is piecewise continuous;

(iii) θ ∈ R
+, θt, θ̄t, gt, ḡt ∈ H for all t ∈ R.

The common domain of the three response functionals is R
+ ×H ×H.2 Ψ is smooth,

therefore, it possesses partial derivatives:
2 Actually, the common domain is R+

×H
++

×H, where H
++ denotes the cone of essentially strictly

positive monotone increasing functions in H.
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(i) DθΨ
(
θ, θ̄t, ḡt

)
∈ R with respect to θ keeping θ̄t and ḡt fixed,

(ii) δ1Ψ
(
θ, θ̄t, ḡt

)
: H → R with respect to θ̄t keeping θ and ḡt fixed, and

(iii) δ2Ψ
(
θ, θ̄t, ḡt

)
: H → R with respect to ḡt keeping θ and θ̄t fixed.

Also, we define JgΨ(·) ∈ R
3 by JgΨ(·) · υ = δ2Ψ(·) (υc), for every υ ∈ R

3, where

υc ∈ H is a constant function with value υ.

Using a sequence of admissible pairs, as stated above, Gurtin and Pipkin showed that

the response functional Ψ determines N through the entropy relation N = −DθΨ and Q

through the heat flux relation Q = −θJgΨ. They also developed the linearized theory

of the constitutive relations by exploiting the symmetry of the isotropic materials. By

linearized theory, it was meant that an admissible pair [θ (·) , g (·)] close to θ0 can be

considered in the sense that

sup
−∞<t<t0

{|θ (t)− θ0|+ |g (t)|} < δ,

where θ0 > 0 is a constant temperature field and δ is small. After linearization, the heat

flux vector q(x, t) and the internal energy e(x, t) can be expressed by

q(x, t) = −
∫ ∞

0
Q(s)∇θ(x, t− s)ds, (2.19)

e(x, t) = b+ γθ(x, t) +

∫ ∞

0
F(s)θ(x, t− s)ds, (2.20)

where b and γ are constants. This becomes possible only if s2Q(s) and s2F(s), both,

tend to finite limit as s → ∞. Both Q(s) and F(s) are differentiable scalar-valued

functions on [0,∞) with Q(∞) = 0, Q(0) finite and F(∞) = 0, F(0) finite. Also,

Q(s) and F(s) are named as the heat-flux relaxation function and the energy relaxation

function, respectively. They are also known as the heat-flux kernel and the energy kernel.

Q(0) is termed as the instantaneous conductivity.

Let us consider the magnitude of the heat flux vector in the linearized expression
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(2.19),

|q(x, t)|2 =
∫ ∞

0
|Q(s)|2|∇θ(x, t− s)|2ds

=

∫ ∞

0
|Q(s)|2|gt(x, s)|2ds

=

∫ ∞

0

∣∣∣ Q(s)√
h(s)

∣∣∣
2
|gt(x, s)

√
h(s)|2ds

where h be the influence function on[0,∞),

≤
∫ ∞

0

∣∣∣ Q(s)√
h(s)

∣∣∣
2
ds

∫ ∞

0

∣∣∣gt(x, s)
√
h(s)

∣∣∣
2
ds

(from Cauchy-Schwarz inequality),

=

∫ ∞

0

∣∣∣ Q(s)√
h(s)

∣∣∣
2
ds

∫ ∞

0

∣∣∣gt(x, s)
∣∣∣
2
h(s)ds

=

(∫ ∞

0

∣∣∣ Q(s)√
h(s)

∣∣∣
2
ds

)
‖gt‖2

Lh
2 ; gt ∈ H.

This means |q(x, t)|2 <∞ only if
∫ ∞

0

∣∣∣ Q(s)√
h(s)

∣∣∣
2
ds <∞, or,

∫ ∞

0

∣∣∣Q(s)

h(s)

∣∣∣
2
h(s)ds <∞, or, ‖Q̃‖Lh

2 <∞, (2.21)

where Q̃ be a function on [0,∞) defined as Q̃(s) = Q(s)/h(s). The condition, Q̃ ∈ Lh
2

space, demands that no Dirac delta type of functions should constitute the heat-flux

relaxation function Q.

Taking divergence of equation (2.19), differentiating equation (2.20) with respect to

time t and substituting them in the energy equation (2.1), we obtain

γ
∂θ

∂t
(x, t) +

∫ ∞

0
F(s)

∂θ

∂t
(x, t− s) ds =

∫ ∞

0
Q(s)∇2θ(x, t− s) ds. (2.22)

Now taking partial derivative of equation (2.22) and integrating the integrals by parts

with respect to time t, we get

γ
∂2θ

∂t2
(x, t) + F(0)

∂θ

∂t
(x, t)+

∫ ∞

0
F(s)

∂θ

∂t
(x, t− s) ds (2.23)

= Q(0)∇2θ(x, t)

∫ ∞

0
Q(s)∇2θ(x, t− s) ds. (2.24)
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Classifying the partial differential equation (2.23) by determining the discriminant ∆ =

γQ(0); ∆ > 0, we find that the equation is hyperbolic with constant wave speed c =
√
Q(0)/γ. When the heat flux relaxation function and the energy relaxation function,

both, are represented by exponentials as

Q(s) = Q(0)e−s/τ1 , F(s) = F(0)e−s/τ2 , (2.25)

where τ1, τ2 are constants, then the linearized expressions (2.19), (2.20) and the energy

equation (2.1) give

γ
∂3θ

∂t3
(x, t) +

[
F(0) +

γ

τ1
+
γ

τ2

]
∂2θ

∂t2
(x, t) +

[F(0)

τ1
+

γ

τ1τ2

]
∂θ

∂t
(x, t) (2.26)

= Q(0)∇2∂θ

∂t
(x, t) +

Q(0)

τ2
∇2θ(x, t). (2.27)

Likewise equation (2.23), this equation (2.26) is also hyperbolic with constant wave

speed c =
√
Q(0)/γ. This equation becomes similar to the non-Fourier equation of the

Jeffreys-type (2.39),

∂2θ

∂t2
+

1

τ1

∂θ

∂t
=

Q(0)/F(0)

τ2
∇2θ +

Q(0)

F(0)
∇2∂θ

∂t
, (2.28)

when the constant γ = 0.

Nunziato [68] changed the domain of the response functionals in Eq. (2.16) such that

the free energy, the entropy and the heat flux not only depend upon the past histories

but the instantaneous values as well. Nunziato considered the fixed scalar influence

function h(s) on (0,∞) decaying to zero as s→ ∞ with a decay rate fast enough to be

square-integrable over (0,∞). The norm of the measurable ordered pair Λt ≡ (θt, gt)

was defined as

‖Λt‖2 = |Λt(0)|2 +

∫ ∞

0
|Λt(s)|2 h(s)2 ds,

where |Λt(0)| =
(
θ(x, t), g(x, t)

)
contributes to the instantaneous value of the heat flux

and the integral part contributes to the past history of the heat flux. Also, the set of all

measurable ordered pairs Λt with finite norm forms a Hilbert space. This allows Dirac

delta distribution to be a part of the heat-flux kernel Q as

Q(s) = k1δ(s) +Q2(s), (2.29)
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where k1 is a constant termed as the effective conductivity and Q2 is that part of heat-

flux kernel which has similar properties as chosen in the description in Eq. (2.21). This

changes the expression in Eq. (2.19) for the heat-flux vector as

q(x, t) = −k1∇θ(x, t)−
∫ ∞

0
Q2(s)∇θ(x, t− s)ds. (2.30)

Energy kernel in Eq. (2.20) can also be written as

e(x, t) = b+

∫ ∞

0
E(s)θ(x, t− s)ds, (2.31)

by taking,

E(s) = γ1δ(s) + E2(s), (2.32)

where γ1 = γ is a constant termed as the effective capacity and E = F . Joseph and

Preziosi [2] also defined two other constants, γ2 =
∫∞
0 E2(s)ds, termed as the elastic

capacity and k2 =
∫∞
0 Q2(s)ds, termed as the elastic conductivity. If the heat-flux

vector and the internal energy be described by Eqs. (2.30) and (2.31), then Eq. (2.22)

changes to Nunziato’s equation:

γ
∂θ

∂t
(x, t) +

∫ ∞

0
E2(s)

∂θ

∂t
(x, t− s)ds = k1∇2θ(x, t) +

∫ ∞

0
Q2(s)∇2θ(x, t− s)ds.

(2.33)

which is a generalized version of the Jeffreys-type. Here, thermal conductivity is also

defined as the sum of effective conductivity k1 and elastic conductivity k2, or, k = k1+k2.

The Jeffreys-type equation shows both diffusion and wave like behavior, whose phys-

ical meaning can be understood by qualitatively explaining the fast modes (responses)

and the slow modes depending upon the time scales.3 Assuming phonons and free

electrons as energy carriers for the heat conduction, a ‘large’ number of collisions among

the heat carriers must take place to make statistical sense of the continuum properties

like stress, entropy, heat flux etc. The collisions result into thermal resistance and a re-

laxation time τ0 can be defined. This is associated with the average communication time

3 The response or modes of the material decay at different rates. The modes that decay very fast,
O(10−13) s, continue to affect the heat transfer, even though they have decayed completely. These fast

modes produce diffusion with an effective conductivity k
∗ =

∫ s∗

0
Q(s)ds where Q be the heat-flux kernel

and s
∗ = O(10−13) s.
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between the collisions for the commencement of resistive flows so that a local thermo-

dynamic equilibrium (Rohsenow et al [71]) can be achieved. Different collision times for

phonon-electron (longest ∼ 10−11 s. at room temperature), phonon-phonon (∼ 10−13 s.)

and free electron interactions (shortest ∼ 10−13 s.) give rise to different relaxation times.

Imperfections and impurities in the material reduce these relaxation times.

These different unknown relaxation times lead to an unknown mean relaxation time.

If we have finite wave speed determined by c =
√
Q(0)/γ as described above for finite

Q(0), and the thermal conductivity k =
∫∞
0 Q(s)ds, then a mean relaxation time can

be computed as τ = k/Q(0).

Now, we will qualitatively try to constitute the constitutive equation (2.30) with

the help of a schematic diagram of heat-flux relaxation function based upon different

relaxation times.

Joseph and Preziosi assumed a fast relaxation followed by a slow relaxation, some-

thing like Fig. 2.1. The heat-flux relaxation function can be written as

Figure 2.1: Example of heat-flux relaxation function with a fast and a slow relaxation.

Q(s) = Q1(s) +Q2(s),

where s varies from [0,∞). Based upon this, the thermal conductivity becomes

k = k1 + k2, with k1 =

∫ ∞

0
Q1(s)ds ≈

∫ τ1

0
Q1(s)ds and k2 =

∫ ∞

0
Q2(s)ds,

where τ1 is the time after which the fast mode almost decays down to zero.
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A small time s0, 0 < s0 ≤ τ1, can be chosen such that Q1(s0)
Q2(s0)

≪ 1 and Q2(s0) ≈
Q2(0). For t > s0, Q1(s) almost becomes equal to zero, therefore,
∫ ∞

0
Q1(s)∇θ(x, t− s)ds =

∫ s0

0
Q1(s)∇θ(x, t− s)ds+

∫ ∞

s0

Q1(s)∇θ(x, t− s)ds

≈
∫ s0

0
Q1(s)∇θ(x, t− s)ds

≈ ∇θ(x, t)

∫ s0

0
Q1(s)ds

(
if s0 is small, t− s ∼ t, ∇θ remains unchanged in (0, s0)

)

≈ ∇θ(x, t)

∫ ∞

0
Q1(s)ds

= ∇θ(x, t)k1.

Therefore, as per the definition of the the heat flux vector (2.19),

q = −
∫ ∞

0
(Q1(s) +Q2(s))∇θ(x, t− s)ds

≈ −k1∇θ(x, t)−
∫ ∞

0
Q2(s)∇θ(x, t− s)ds.

(2.34)

Here, a mean relaxation time τ can be introduced that decides whether the relaxation

of Q2(s) is fast or slow,

τ = k2/Q2(0). (2.35)

and if k2 ≫ k1, then τ = k/Q2(0), where k2 refers to the elastic conductivity and k

is the thermal conductivity. Based upon Fig. 2.1 and the above discussion, it seems

fair to represent the fast modes by a Dirac measure leading to Q1(s) = k1δ(s). This

discussion of fast and slow relaxations justifies the heat-flux kernel Q in Eq. (2.29) and

the heat-flux vector q in Eq. (2.30).

If we express Q2 in exponential terms such as Q2(s) =
k2
τ e

−s/τ , where the relaxation

time τ is determined by Eq. (2.35), then by substituting s = 0 in the exponential

expression we obtain τ = k2/Q2(0). Finally we use the heat-flux kernel equation in

Eq. (2.29) to obtain

Q(s) = k1δ(s) +
k2
τ
e−s/τ . (2.36)

Substituting the expression for Q in Eq. (2.36) in the heat-flux vector expression in
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Eq. (2.30) and changing the variable s to t− t′, we obtain

q(x, t) = −k1∇θ(x, t)− k2
τ

∫ t

−∞
exp−

[
t− t′

τ

]
∇θ(x, t′)dt′ . (2.37)

Equation (2.37) is the integrated form of the heat-flux equation of the Jeffreys type, which

is:

τ
∂q

∂t
(x, t) + q(x, t) = −k∇θ(x, t)− τk1

∂∇θ

∂t
(x, t). (2.38)

This has the same form as the dual-phase-lag model in Eq. (2.8) obtained from phase-lag

approach with τ = τq and k1 = kτθ/τq. Here also, taking the divergence of Eq. (2.37)

and then using the energy equation in Eq. (2.1) and the first law of thermodynamics in

Eq. (2.2), we obtain similar Jeffreys-type equation as obtained in Eq. (2.9):

∂2θ

∂t2
(x, t) +

1

τ

∂θ

∂t
(x, t) = c2∇2θ(x, t) +

k1
γ
∇2∂θ

∂t
(x, t) , (2.39)

where the thermal conductivity k is the sum of the effective conductivity k1 and the

elastic conductivity k2, i.e., k = k1 + k2, and c2 = k/γτ .

For the case of the effective conductivity k1 = 0, and k = k2, Eq. (2.38) reduces to

the Cattaneo’s equation:

τ
∂q

∂t
(x, t) + q(x, t) = −k∇θ(x, t). (2.40)

This is same as CV wave model in Eq. (2.5) with τ = τq. Integrating Cattaneo’s equation

in Eq. (2.40) with respect to time t′ ∈ (−∞, t), keeping x fixed, we obtain Cattaneo’s

heat-flux law :

q(x, t) = −k
τ

∫ t

−∞
exp−

[
t− t′

τ

]
∇θ(x, t′)dt′. (2.41)

Taking divergence of Cattaneo’s equation in Eq. (2.40) and using the energy equation

in Eq. (2.1) and the first law of thermodynamics in Eq. (2.2), we obtain a telegraph

equation, which we term as Cattaneo’s hyperbolic equation:

∂2θ

∂t2
+

1

τ

∂θ

∂t
= c2∇2θ. (2.42)

This is the same equation in Eq. (2.6) as obtained from the phase-lag approach. This

hyperbolic equation transmits waves of temperature with speed c coupled with atten-

uation of waves as the result of relaxation and the presence of temperature gradients.

Obviously, when c becomes infinite, everything reduces to Fourier’s behavior.
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2.3 A Thermodynamic Discussion

A third approach which leads to similar equations for the heat-flux law as those ob-

tained by Joseph and Perziosi [2] and Tzou [60, 61] is based upon thermodynamics. All

of the constitutive equations for the heat flux discussed above must obey the second

law of thermodynamics, i.e., the entropy production rate is always non-negative for all

thermodynamic processes.

According to the basic assumption of thermodynamics, the kinematic variables γ̂

and one additional independent scalar parameter is sufficient to determine the specific

internal energy u. This means a caloric equation of state can be defined as

u = u (s, γ̂) ,

where s is the specific entropy and γ̂ represents the intensive set of kinematic variables.

Also, the shape change of the material can be captured by the deformation in an in-

finitesimal neighborhood around the particle X of the reference configuration. This

deformation can be characterized by the deformation gradient F = ∂x
∂X , where x in the

current configuration is the changed position of particle X. Then the caloric equation

of state becomes

u = u (s,F ) . (2.43)

Assuming that the caloric equation of state in Eq. (2.43) is invertible, we obtain

s = s (u,F ) . (2.44)

Thermodynamic temperature θ is defined by

θ ≡ ∂u

∂s

∣∣∣
F
, or, θ−1 ≡ ∂s

∂u

∣∣∣
F
. (2.45)

For a given particle, from the caloric equation of state in Eq. (2.43), and the definition

in Eq. (2.45), it follows that

θ = θ (s(u,F ),F ) = θ̂ (u,F ) . (2.46)
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Taking a material time derivative of Eq. (2.44) and using the definition in Eq. (2.45),

we obtain

ṡ =
∂s

∂u

∣∣∣
F
u̇+

∂s

∂F

∣∣∣
u
: Ḟ

=
1

θ
u̇+

∂s

∂F

∣∣∣
u
: Ḟ . (2.47)

When the deformation in the material is allowed without keeping any heat source in the

body, then the energy equation in Eq. (2.1) takes the form

ρu̇ = σ : d− divq, (2.48)

where ρ is the density, σ is the stress tensor and d represents the rate of deformation

tensor. Actually, d is the symmetric part of the velocity gradient l, i.e., d = 1
2

(
l+ lT

)

and l = ∇v, where v = v(x, t) is the velocity at space point x and time t. Now,

substituting Eq. (2.48) into Eq. (2.47), we have

ρθṡ = ρ

[
1

ρ
σ : d+ θ

∂s

∂F
: Ḟ

]
− divq. (2.49)

Since σ is the symmetric tensor, therefore, σ : d = σ : l. Also, since Ḟ = lF , we have

l = Ḟ F−1. Substituting these in Eq. (2.49), we get

ρṡ =
1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − 1

θ
divq. (2.50)

Also, we know that

div
q

θ
=

1

θ
divq − 1

θ2
q ·∇θ. (2.51)

Adding Eq. (2.50) and Eq. (2.51), we obtain

ρṡ+ div
q

θ
=

1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − 1

θ2
q ·∇θ. (2.52)

Also, Reynolds transport equation for the entropy flux vector can be written as,
∫

V

ρṡdV =

∫

V

ΣdV −
∫

S

J · ndS (2.53)

where J is the energy flux vector, Σ is the entropy production rate per unit volume

within volume V of the thermodynamic system, and n is the unit normal of the surface
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area dS . Using the divergence theorem for the surface integral in Eq. (2.53), and making

sure that Eq. (2.53) remains valid for any arbitrary volume V , the Reynolds transport

equation for the entropy flux vector takes the following form:

ρṡ+ divJ = Σ (2.54)

Comparing the two equations, Eqs. (2.52) and (2.54), we can say that,

J =
q

θ
, Σ = − 1

θ2
q ·∇θ +

1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ (2.55)

The Clausius-Duhem inequality can be written as Σ ≥ 0. One possible solution satisfying

this inequality is

1

θ2
∇θ = −Aq, and

[
σF−T + ρθ

∂s

∂F

]
: Ḟ ≥ 0. (2.56)

where A is a constant and A ≥ 0. This leads to the familiar Fourier’s law of heat

conduction:

q = −k∇θ, where, k =
1

Aθ2
≥ 0. (2.57)

Thus Fourier’s law is derived with the help of thermodynamics where it has been assumed

that processes are quasi-stationary. Here, we have also assumed that the heat flux vector

and the temperature gradient develop simultaneously, i.e., one doesn’t precede the other.

Similarly, we have assumed that neither the stress tensor nor the rate of deformation

tensor precede each other. However, in the fast transient processes, it may happen

that the heat flux vector q follows the temperature gradient ∇θ and the stress tensor

σ follows the rate of deformation tensor d. In this case, additional fundamental state

variables have to be considered in defining the specific entropy s. Thus, the functional

form (2.44) of the specific entropy s changes as

s = s (u,F , q,σ) . (2.58)

Again, taking a material time derivative of Eq. (2.58), we get

ṡ =
∂s

∂u

∣∣∣
F ,q,σ

u̇+
∂s

∂F

∣∣∣
u,q,σ

: Ḟ +
∂s

∂q

∣∣∣
u,F ,σ

· q̇ +
∂s

∂σ

∣∣∣
u,F ,q

σ̇T . (2.59)
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Temperature θ is defined in this case as 1
θ = ∂s

∂u

∣∣∣
F ,q,σ

and, therefore, eq. (2.59) becomes

ṡ =
1

θ
u̇+

∂s

∂F

∣∣∣
u,q,σ

: Ḟ +
∂s

∂q

∣∣∣
u,F ,σ

· q̇ +
∂s

∂σ

∣∣∣
u,F ,q

σ̇T . (2.60)

Performing a Taylor series expansion around an equilibrium state for both q and σ gives,

s = s0 +
∂s

∂q

∣∣∣∣∣
0

· q +
∂s

∂σ

∣∣∣∣∣
0

σT +
1

2

(
∂2s

∂q2

∣∣∣∣∣
0

q · q + 2
∂2s

∂q∂σT

∣∣∣∣∣
0

qσT +
∂2s

∂σ∂σT

∣∣∣∣∣
0

σσT

)
+ · · ·

(2.61)

If one neglects the coupling between the thermal and mechanical terms and takes into

account that the specific entropy should reach maximum at equilibrium, i.e., ∂s
∂q

∣∣∣
0
=

∂s
∂σ

∣∣∣
0
= 0, then

∂s

∂q
=
∂2s

∂q2

∣∣∣∣∣
0

q + · · · (2.62)

∂s

∂σ
=

∂2s

∂σ∂σT

∣∣∣∣∣
0

σ + · · · (2.63)

Usually, ∂s
∂q ≥ 0, and ∂s

∂σ ≥ 0, since whatever be the process, the entropy never decreases.

Moreover, ∂2s
∂q2 < 0, and ∂2s

∂σ∂σT < 0, since the specific entropy achieves maxima at

equilibrium. Hence, equation (2.62) suggests that

∂s

∂q
≈ −C1q, C1 = − ∂2s

∂q2

∣∣∣∣∣
0

≥ 0, (2.64)

∂s

∂σ
≈ −C2 σ, C2 =

∂2s

∂σ∂σT

∣∣∣∣∣
0

≥ 0. (2.65)

Consequently, Eq. (2.60) becomes,

ṡ =
1

θ
u̇+

∂s

∂F

∣∣∣
u,q,σ

: Ḟ − C1q · q̇ − C2 σσ̇T . (2.66)

Using Eq. (2.66), we get the corresponding equation for Eq. (2.52):

ρṡ+ div
q

θ
= −q·

[
1

θ2
∇θ + ρC1q̇

]

+
1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC2σσ̇T . (2.67)
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We now can compare the above equation with the Reynolds transport equation in

Eq. (2.55) to obtain the entropy production rate Σ,

Σ = −q ·
[
1

θ2
∇θ + ρC1q̇

]
+

1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC2σσ̇T . (2.68)

To satisfy the Clausius-Duhem inequality, i.e., Σ ≥ 0, one possible solution as like eq.

(2.56) is

1

θ2
∇θ + ρC1q̇ = −Aq, (2.69)

and
[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC2σσ̇T ≥ 0,

where A is a constant and A ≥ 0. This leads to the constitutive equation for the heat flux

vector similar to the CV wave model in Eq. (2.5) or Cattaneo’s equation in Eq. (2.40):

τ
∂q

∂t
(x, t) + q(x, t) = −k∇θ(x, t), (2.70)

where, k = 1
Aθ2

≥ 0 and τ = ρC1

A ≥ 0. For the above relationship, we have assumed that

higher than second order disturbances are negligible and the thermomechanical coupling

can be neglected. We have also assumed that the temperature gradient precedes the heat

flux vector. Now, this time let us assume opposite that the heat flux vector q precedes

the temperature gradient ∇θ and the stress tensor σ precedes the rate of deformation

tensor d. This changes the functional form (2.44) of the specific entropy s such that

s = s (u,F ,∇θ,d) . (2.71)

Proceeding in the same way as we did for Eq. (2.59), we obtain

ṡ =
∂s

∂u

∣∣∣
F ,∇θ,d

u̇+
∂s

∂F

∣∣∣
u,∇θ,d

: Ḟ +
∂s

∂∇θ

∣∣∣
u,F ,d

· ∇̇θ +
∂s

∂d

∣∣∣
u,F ,∇θ

ḋT . (2.72)

Neglecting higher than second order terms from Taylor series expansion for the entropy

s around an equilibrium state for both ∇θ and d, we get

s = s0 +
∂s

∂∇θ

∣∣∣∣∣
0

·∇θ +
∂s

∂d

∣∣∣∣∣
0

dT+

1

2

(
∂2s

∂(∇θ)2

∣∣∣∣∣
0

∇θ ·∇θ + 2
∂2s

∂∇θ∂dT

∣∣∣∣∣
0

∇θdT +
∂2s

∂d∂dT

∣∣∣∣∣
0

ddT

)
+ · · · (2.73)
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Doing the operations as we have done above, Eq. (2.72) takes this form:

ṡ =
1

θ
u̇+

∂s

∂F

∣∣∣
u,∇θ,d

: Ḟ − C3∇θ · ∇̇θ − C4dḋ
T , (2.74)

where the constants

C3 = − ∂2s

∂(∇θ)2

∣∣∣∣∣
0

≥ 0, and C4 =
∂2s

∂d∂dT

∣∣∣∣∣
0

≥ 0.

Using Eq. (2.74), and performing similar operations as we did for Eq. (2.67), we obtain,

ρṡ+ div
q

θ
= −∇θ·

[
1

θ2
q + ρC3∇̇θ

]

+
1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC4dḋ

T . (2.75)

With the help of Eq. (2.75), Eq. (2.68) takes this form:

Σ = −∇θ ·
[
1

θ2
q + ρC3∇̇θ

]
+

1

θ

[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC4dḋ

T .

The equation analogous to Eq. (2.69) is,

1

θ2
q + ρC3∇̇θ = (A2 −A1)∇θ, (2.76)

and
[
σF−T + ρθ

∂s

∂F

]
: Ḟ − ρC4dḋ

T ≥ 0,

where the constants A1 > A2 ≥ 0. This expression (2.76) assumes the heat flux-

precedence whereas the expression (2.69) is built upon the temperature gradient-precedence.

Combining the two expressions leads to the full spectrum of the dual-phase-lag behav-

ior. Plugging out the term ∇θ from Eq. (2.76), ∇θ = A1

A2
∇θ + 1

A2θ2
q + ρC3

A2
∇̇θ, and

substituting this into Eq. (2.69), we obtain,

τq
∂q

∂t
(x, t) + q(x, t) = −k∇θ(x, t)− kτθ

∂∇θ

∂t
(x, t), (2.77)

where the constants

τq =
ρC1

A+ 1/ (A2θ4)
> 0, τθ =

ρC3

A1
> 0, and, k =

A1/
(
A2θ

2
)

A+ 1/ (A2θ4)
> 0.

Clearly, Eq. (2.77) is similar to the dual-phase-lag model in Eq. (2.8) or heat-flux equation

of Jeffreys-Type (2.38).
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2.4 Summary

Should we summarize this chapter, the modification in Fourier’s equation in Eq. (1.1) has

been suggested. The non-physical assumption of infinite speed involved in the Fourier’s

equation motivated Joseph and Perziosi [2] to introduce the concept of effective thermal

conductivity and effective heat capacity. Inspired by separating the cause and effect

between the heat flux vector and the temperature gradient, Tzou [25, 26, 27, 28, 60, 61]

introduces the dual phase-lag concept. Further, the thermodynamic analysis supports

the proposed modifications. Based upon overall discussion, we can list down different

constitutive equations for heat flux:

Fourier’s equation:

q = −k∇θ

Cattaneo’s equation or the CV wave model:

τ ∂q
∂t + q = −k∇θ

Heat-flux equation of the Jeffreys-type or the dual-phase-lag model:

τ ∂q
∂t + q = −k∇θ − τk1

∂∇θ
∂t

The corresponding partial differential equations for the temperature field when the ma-

terial is perfectly rigid :

Diffusion Equation:
∂θ
∂t = k

γ∇2θ

Cattaneo’s telegraph equation:
∂2θ
∂t2

+ 1
τ
∂θ
∂t = c2∇2θ

Jeffreys-type:
∂2θ
∂t2

+ 1
τ
∂θ
∂t = c2∇2θ + k1

γ ∇2 ∂θ
∂t

k = k1 + k2 thermal conductivity

k1 effective conductivity

k2 elastic conductivity

τ relaxation time

c wave speed

τq = τ phase-lag of heat flux

τθ =
k1
k τ phase-lag of temperature gradient

α = k/γ = c2τq thermal diffusivity

γ specific heat capacity



Chapter 3

Obtaining thermal parameters using

molecular dynamics

Figure 3.1: Schematic of a slender beam.

Our objective is to obtain the thermal parameters appearing in the continuum mod-

els described in Chapter 2 by performing MD simulations. As the test system, we

choose a slender nanobeam of length L and square cross-section of side W with L≫W

(see Fig. 3.1). Slender beam allows us to approximate the three-dimensional heat trans-

fer models as one-dimensional. The thermal conductivity is obtained using the standard

Green-Kubo and NEMD direct methods outlined in Section 3.2, and all three Jeffreys-

type model parameters are obtained using the new regression-based TPI approach pro-

posed in Section 3.2.3. We begin by describing a binning procedure for MD simulations,

which is required for both the NEMD direct method and the TPI approach. But, first

we will discuss the details of equilibrium MD, NEMD terms and tools.

29
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3.1 Introduction to equilibrium and nonequlibrium Molec-

ular Dynamics

Molecular Dynamics (MD) simulation is a technique for computing the equilibrium and

transport properties of a classical many body system. The history of MD goes back to the

mid 50’s when computer simulations were performed on simple systems. Metropolis and

co-workers [72] developed a general method for computing the statistical properties of a

system composed of interacting molecules, which was later known as Metropolis Monte-

Carlo algorithm. Fermi, Pasta and Ulam [73, 74] studied a one-dimensional vibrating

string that included nonlinear terms of quadratic, cubic and broken linear types and

found that instead of showing the ergodic behavior and giving rise to equipartition of

energy among all degrees of freedom in average sense, the system exhibited complex

quasi-periodic behavior.

Alder and Wainwright [75, 76] first developed the molecular dynamics simulation

techniques through which they solved the simultaneous classical equations of motion

of several hundred particles, including the liquid-solid phase transition for hard sphere.

Rahman [77] studied a system of 864 particles interacting with Lennard-Jones potential

under the classical equations of motion to simulate liquid argon. He found the pair-

correlation function and the self-diffusion constant close to the experimental values.

Following Rahman’s work, Verlet [78] showed the possibility of integrating the equations

of motion of 864 particles in a relatively easier way, later known as Verlet algorithm,

and found the results to be in agreement with the thermodynamics of real argon.

MD simulations assume that the molecules or atoms are a system of interacting points

or particles, whose motion is described by their instantaneous positions and velocities

vectors. Also the interaction has a strong dependence upon the spatial orientation and

distances between separate points. It is also assumed that mass of the system remains

the same [79].

3.1.1 Simulation Algorithm

Consider a system of N interacting particles whose cartesian coordiantes are given by

rN = {ri}, where i = 1, . . . , N and ri := ri(t). The classical equations of motion can
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be written in Newtonian form as

mir̈i = − ∂U
∂ri

= f i, (3.1)

where mi and f i refer to the mass of the ith particle and the force action upon the ith

particle by all other particles. U := U(rN ) defines the potential energy of the system of

particles, which is further written as

U(rN ) =
N−1∑

i=1

N∑

j>i

φ (rij) , (3.2)

where rij = ri − rj and φ (rij) is the interatomic potential between the particles i

and j, assuming that U is pairwise additive. For covalent solids, silicon or carbon, an

additional three body term is included to take into account the bong angle dependence

of the potential.1 In general, the potential energy function is presented as

U(rN ) =
N∑

i=1

φ1 (ri) +
N−1∑

i=1

N∑

j>i

φ2 (rij) +
N−2∑

i=1

N−1∑

j>i

N∑

k>j

φ3 (ri, rj , rk) + · · · , (3.3)

where the function φm is m-body potential depending upon the m body terms involving

{ri}, where i = 1, . . . ,M . The first term in this Eq. (3.3) represents the potential energy

because of a conservative external force field or the effects of the boundary walls. This is

usually dropped for fully periodic simulations of bulk systems. One of the most common

interatomic two-body (pair) potential is Lennard-Jones (LJ) potential, proposed by Jones

in 1924 [85, 86]:

U (ri, rj) = Ũ (r) = 4 ǫ

[(σ
r

)12
−
(σ
r

)6]
, (3.4)

where r = |rij | = |ri − rj |. Also, rij is the interatomic separation vector, ǫ is the

dislocation energy and σ is the collision diameter, the distance at which Ũ (r) = 0. The

first term is positive in the potential function (3.4) and represents repulsion, where as the

second term is negative and represents attraction between two particles. The equilibrium

distance between the two particles is attained when Ũ is minimum, or reqb = 21/6σ. The

dislocation energy ǫ is thus the amount of work done to remove one of the bonded

1 For a detail discussion on interatomic potentials, please see [79, 80, 81, 82, 83, 84].
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particles from reqb to ∞. The corresponding force between the two particles can be

written in terms of distance r as

f (r) = −∂Ũ (r)

∂r
= 24

ǫ

σ

[(σ
r

)13
−
(σ
r

)7]
. (3.5)

The Newtonian form in Eq. (3.1) comes from the Lagrangian description of the system

[79], where Lagrangian L is

L
(
ṙN , rN

)
=

N∑

i=1

1

2
mi ṙ

2
i − U

(
rN
)

(3.6)

Usually, L := L
(
ṙN (t), rN (t), t

)
and using calculus of variation it can be showed that

the Lagrangian L follows Euler-Lagrange equation:

d

dt

∂L
(
ṙN (t), rN (t), t

)

∂ṙi
− ∂L

(
ṙN (t), rN (t), t

)

∂ri
= 0, for i = 1, . . . , N. (3.7)

In our case, as Eq. (3.6) suggests, L is explicitly independent of variable t, and only

remains parametrically dependent upon time t, i.e., L := L
(
ṙN (t), rN (t)

)
. For this

Lagrangian, we get the equation of motion in the Newtonian form, which is Eq. (3.1).

Now, we also introduce generalized momenta of all the particles pN = {pi}, where

i = 1, . . . , N and pi := pi(t), and write the total kinetic energy of the system as KT :=

KT

(
pN
)
, where

KT

(
pN
)
=

N∑

i=1

pi
2

2mi
. (3.8)

Now, for all the known positions and generalized momenta vectors, rN ,pN ∈ R
dN , where

d be the dimensional space, the definition for the generalized momentum

pi =
∂L
(
ṙN , rN

)

∂ṙi

has the unique solution for ṙi as a smooth function of pi, i.e., ṙi = pi/mi = vi (pi).

Using this definition, the Euler-Lagrange equation becomes:

ṗi =
∂L
(
ṙN , rN

)

∂ri
for i = 1, . . . , N. (3.9)
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By definition, the Hamiltonian H of the system associated with the Lagrangian L is

H
(
pN , rN , t

)
=

( N∑

i=1

pi � vi (pi)

)
− L

(
v1(p1), . . . ,vN (pN ), rN , t

)
, (3.10)

which by using the Eq. (3.6) gives,

H
(
pN , rN , t

)
=

N∑

i=1

pi
2

2mi
+ U(rN ), (3.11)

and does not remain explicitly dependent upon time t, i.e., H := H
(
pN , rN

)
. The

Hamiltonian H is thus the total energy, the sum of the kinetic and potential energies,

i.e., H = KT + U . Using Eqs. (3.9) and (3.10), we can obtain the classical equations of

motion in the Hamiltonian description:

ṙi =
∂H
∂pi

, ṗi = −∂H
∂ri

, (3.12)

where momenta pi = mi ṙi and the rate of momenta ṗi = f i. This Hamiltonian H, or

the total energy, is constant in the case of conserved system H
(
pN , rN

)
, as it follows

from differentiating H w.r.t. time t and using eq. (3.12) :

dH
dt

=
∂H
∂pi

ṗi +
∂H
∂ri

ṙi = ṙiṗi − ṗiṙi = 0. (3.13)

The equation system in Eq. (3.12) is a coupled system of ordinary differential equations,

that can be solved if the initial states of the system remain known. Thus, we have an

Initial Value Problem and solving it gives us the instantaneous position and momentum

vectors of all the particles of the system. In effect, we get the full phase space trajectory

of the system and, therefore, the thermodynamic states can be computed using the

method of statistical mechanics, which will be described later. Newtonian version of

the equations of motion in (3.1), which is equivalent to the Hamiltonian description of

motion in Eq. (3.12), can be integrated in many ways by using different algorithms. A

computationally efficient algorithm is Verlet Algorithm [78, 87], which exists in many

equivalent versions such as ‘Leapfrog’ form [88] and ‘Velocity Verlet’ algorithm [89]. To

derive the original Verlet algorithm, we start with a Taylor expansion of the position
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vector of ith particle around time t,

ri (t+ δt) = ri (t) + ṙi (t) δt+
f i (t)

2mi
δt2 +

...
r
δt3

3!
+O

(
δt4
)

ri (t− δt) = ri (t)− ṙi (t) δt+
f i (t)

2mi
δt2 − ...

r
δt3

3!
+O

(
δt4
)
.

Adding these two, we obtain the position vector at the next time-step,

ri (t+ δt) = ri (t)− ri (t− δt) +
f i (t)

mi
δt2 +O

(
δt4
)
. (3.14)

Subtracting one from the second in above expansion yields the velocity vector,

ṙi (t) =
ri (t+ δt)− ri (t− δt)

2δt
+O

(
δt2
)
. (3.15)

This Verlet algorithm is time-reversible, as exchange of ri (t+ δt) and ri (t− δt) changes

the sign of the velocity and evolution of the algorithm takes place backward in time

tracing the same trajectory. Also, it can be seen from Eq. (3.15) that the velocity

updates one step behind the position vector. However, it is possible to cast the Verlet

algorithm in such a way that both position and velocity vectors are updated at the same

time-step. This is the ‘Velocity Verlet’ algorithm [89]. Here we use the same expansion

as above,

ri (t+ δt) = ri (t) + ṙi (t) δt+
f i (t)

2mi
δt2 +

...
r
δt3

3!
+O

(
δt4
)
. (3.16)

And the corresponding time-reversed equation is

ri (t) = ri (t+ δt)− ṙi (t+ δt) δt+
f i (t+ δt)

2mi
δt2 − ...

r
δt3

3!
+O

(
δt4
)
. (3.17)

Adding Eqs. (3.16) and (3.17), we obtain

ṙi (t+ δt) = ṙi (t) +
f i (t+ δt) + f i (t)

2mi
δt+O

(
δt3
)
. (3.18)

The order of the velocity computation has also increased by one as compared to the

original Verlet algorithm. The Velocity Verlet algorithm can also be written as

pi

(
t+

1

2
δt

)
= pi (t) +

1

2
f i (t) δt (3.19a)

ri (t+ δt) = ri (t) +
1

mi
pi

(
t+

1

2
δt

)
δt (3.19b)

pi (t+ δt) = pi

(
t+

1

2
δt

)
+

1

2
f i (t+ δt) δt (3.19c)
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A fresh force calculation is carried out after the step in Eq. (3.19b). It can be showed [88]

that this algorithm is equivalent to the original Verlet algorithm in Eqs. (3.14) and (3.15)

in the sense that both algorithms yield the identical trajectories. Verlet algorithms by

the nature of being time-reversible are area preserving and, therefore, exhibits little

long-term energy drift. But these algorithms don’t generate very accurate trajectories,

where as higher-order schemes can allow to choose a longer time-step δt without loss

of short-term accuracy. Though, higher-order schemes require more storage than Verlet

algorithms and, usually, are neither time-reversible nor area-preserving. Gear predictor-

corrector [90] and Runge-Kutta [91] are some of the higher order algorithms.

3.1.2 Periodic Boundary Conditions

Molecular Dynamics as molecular modeling only provides information about particles

positions and momenta at the microscopic level. But measurement of most of the struc-

tural and thermodynamic properties, such as pressure, heat capacity, energy, temper-

ature etc, require the macroscopic average of the microscopic positions and momenta.

This connection from microscopic to macroscopic properties is made through Statistical

Mechanics. Ergodic hypothesis is the justification behind this approach, which makes

the statistical ensemble averages equal to the time averages of the system. Statistical

mechanics provides a mathematical understanding of that physical system, which is an

assembly of large number of identical small subsystems (particles) interacting among

themselves to produce a thermodynamic behavior of the system [92]. A large number of

small subsytems involve the consideration of the limit of an infinite system, known as

the thermodynamic limit. In other words, if large number of particles or subsystems N

tending to ∞ are enclosed in a bounded region Λ with volume VΛ, then the thermody-

namic limit is achieved by making VΛ tending to ∞ and keeping N/VΛ fixed. In other

words,

lim
N→∞
VΛ→∞

N/VΛfixed

system = thermodynamic limit ≈ macroscopic observation.

The thermodynamic limit is sufficient for a normal thermodynamic behavior, which deals

with the phenomena close to the equilibrium states, even if the ergodicity assumption is

not fulfilled [92].
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But most MD simulations involve few hundred to few thousand particles, thus tak-

ing the system away from the thermodynamic limit. Also, the boundaries or surface

effects become important for a small system. In order to mimic the the bulk and achieve

the thermodynamic limit, periodic boundary conditions are employed. The enclosed

volume containing N particles is assumed as primitive cell of an infinite periodic lat-

tice of infinite cells [88, 90]. A particle and all its images behave in the same way

and when a particle leaves the primitive cell, one of its images will enter the primitive

cell through the opposite face, thus conserving the number of particles in the primitive

cell. The topology of the one-dimensional periodic lattice is homeomorphic to a circle

and that of two-dimensional is homeomorphic to a three-dimensional torus or doughnut.

Periodic boundary conditions simulate the bulk but it captures only those fluctuations

whose wavelengths are not more than the length of the periodic lattice. For large-range

interatomic potential, where the interaction between particle and its images in the neigh-

boring cells become important, then the artificial symmetry of the cell structure affects

the system and an artificial anisotropy is introduced. There are other problems as well

with periodic boundary conditions such as the unphysical rate at which the simulated

liquid nucleates [90]. But in general, periodic boundary conditions have little effect on

the equilibrium thermodynamic properties, and the effect decreases considerably when

large number of particles are simulated.

3.1.3 Interatomic potential truncation

In the case of periodic boundary condition, every particle is ideally interacting with

rest of the particles in the primitive and the other cells of the infinite periodic lattice.

This involves infinite number of interactions. For the practical purpose in MD, which

allows simulation for finite number of particles, the interactions can be approximated by

truncation of potential for a system with short-range interactions. ‘Simple truncation’ is

one method where all interactions are ignored beyond a spherically cut-off radius rc. In

another similar procedure, the potential is truncated and shifted such that beyond the

cut-off radius there exists no interaction. Another quite common method is ‘minimum

image convention’. This is the method employed in our simulations. Here, any particle

in the primitive cell interacts with the most nearest periodic image of other N − 1

particles. Metropolis and co-workers [72] first used this method. There is stillN(N−1)/2
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interactions involved for pair-potential system, which could be further reduced for short-

range interactions by using ‘Simple truncation’, i.e., by forcing the pair-potential Ũ (r)

to zero when r ≥ rc. In a cubic cell of length-size L, the number of neighbors explicitly

considered is reduced by a factor of 4πr3c/3L
3 [90]. Also, the cut-off radius rc should

not be more than 1
2 Lmax, Lmax = max{Li : i = 1, . . . , d}, where d be the dimensional

space of the system, to be consistent with ‘minimum image convention’.

3.1.4 Neighbor Lists

The time spent in checking all pair separations, so that the separation distances remain

within the cut-off radius rc for which pair forces can be computed, is proportional to

N(N − 1)/2. Verlet [78] suggested an improved way for the pair force calculation in

which a list of the neighbors for a particular particle is maintained. This list is updated

at certain intervals. The potential cut-off sphere with radius rc around all particles

is enlarged by adding a ‘skin’ distance, so that a bigger sphere of radius rl = rc +

skin surrounds a particular atom or molecule. At first, a list is constructed of all the

neighbors, defined by the pair separation less than rl, i.e., by counting all the particles

that lie in a spherical ball of radius rl surrounding each particle. The list is reconstructed

from time to time. The ‘skin’ distance is chosen such that between each reconstruction

the particles which don’t belong to the neighbors of a particular atom or molecule should

not penetrate the list cut-off sphere with the radius rl. The process of list construction

can be automated on the basis that total displacement of each particle since the last

reconstruction can be recorded at each time-step, and when the magnitudes of two largest

displacements exceed the ‘skin’ distance, then the next reconstruction is triggered [90].

There is a trade-off between choosing rl and the number of times the list demands to be

updated. For large number of particles under simulation, cell index methods and linked

list method can also be used [90].

3.1.5 Temperature

A usual definition of temperature in a classical many-particle system considers the use

of Equipartition Theorem, which states that at thermal equilibrium each microscopic

degree of freedom has average internal kinetic energy 1
2kBθ, where kB is Boltzmann
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constant and θ is the temperature. When pα be the α component of the momentum

vector of a particle, the following relation should hold:
〈

p2
α

2mα

〉
=

1

2
kBθ, (3.20)

where any instantaneous property A (Γ), Γ =
(
rN ,pN

)
be a point in phase-space

{rN ,pN}, has experimentally measurable property Am, which is reasonably assumed

to be equal to the time average of A (Γ) taken over a long time-interval:

Am = 〈A〉 = lim
t→∞

1

t

∫ t0+t

t0

A (Γ(τ)) dτ. (3.21)

Therefore, in the case of internal kinetic energy K corresponding to the total number of

internal degrees of freedom Nf , thermodynamic temperature is defined as

〈K〉 = Nf

2
kBθ, or, θ =

2

NfkB
〈K〉 . (3.22)

Following Jellinek and Li [93], the internal kinetic energy can be separated from “rigid-

body" part, i.e. rotational and translational part of the total kinetic energy of the system

of N particles. The instantaneous internal kinetic energy is given by,

K =
N∑

i=1

p̃2
i

2mi
, (3.23)

where peculiar momentum p̃i is given by,

p̃i = pi − pcm − ωcm × (ri − rcm) . (3.24)

Here pcm is the momentum of the center of mass of the system and ωcm is the angular

velocity of the system expressed in terms of inertia tensor Icm of the system relative to

the center of mass and angular momentum Lcm of the system about the center of mass,

where

Icm = Lcmωcm, Icm =
N∑

i=1

mi (ri − rcm)⊗ (ri − rcm) , (3.25)

Lcm = rcm × pcm, rcm =

∑
imi ri∑
imi

, pcm =

∑
imi pi∑
imi

. (3.26)
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In line with instantaneous internal kinetic energy, instantaneous kinetic temperature T
can also be defined as

T =
2

NfkB
K, (3.27)

and thermodynamic temperature is the ensemble average of T , i.e., θ = 〈T 〉.
Following the above formulation, the linear and angular momenta of the system

vanish when particles have peculiar velocities. Also, since we have enforced the balance

of linear and angular momenta of the system when the frame is chosen with respect to

the center of mass, this means the number of constraints = 2d in d-dimensional space.

Therefore, total number of internal degrees of freedom becomes Nf = d(N − 2).

3.1.6 Thermostats

A modified MD algorithm in Eq. (3.1) or Eq. (3.12) so that a thermodynamic ensem-

ble at constant temperature can be produced is called thermostat algorithm. Normally,

the thermodynamic ensemble of MD in Eq. (3.1) is the microcanonical NV E ensem-

ble [90, 94], because the Hamiltonian H or the total energy E remains conserved as sug-

gested by Eq. (3.13), provided that the number of particles N and the volume occupied

V also remains constant during the simulation and the errors in numerical integration

remains negligible. But for various purposes the simulation demands that a part of the

system (e.g. NEMD) or the full system remains at constant temperature. Here, we

expect that canonical Maxwell-Boltzmann distribution should be obtained for the phase

space distribution function, so that canonical isothermal-isochoric NV T ensemble, or

the conjugate isothermal-isobaric NPT ensemble or isobaric-isoenthalpic NHT ensem-

ble can be imitated. Since there are measures defined for these ensembles on phase

space such as exp
(
−βH(pN , rN )

)
for NV T or exp

(
−β(PV +H(pN , rN ))

)
for NPT

or exp
(
−β(PV +H(pN , rN )−H)

)
for NPH, where β = 1

kBθ and kB be Boltzmann

constant, therefore, the tools of Statistical Mechanics can be widely used with the help

of these measures to mimic the real experiments [95].

But not all algorithms meant for controlling the temperature follow these ensem-

bles [96]. For example, simple velocity rescaling algorithm, where after each update the
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peculiar momenta of all the particles are rescaled by a parameter λs =
√

θ0
θ(t) as

p̃i(t+ δt) = λsp̃i(t), (3.28)

where θ0 is the target temperature and θ(t) is the instantaneous temperature. Another

improved velocity rescaling algorithm given by Berendsen et al [97] also fails to produce

canonical ensemble, in which the rescaling parameter is λs =
[
1 + δt

τθ

(
θ(t)
θ0

− 1
)]1/2

,

where τθ is a constant called the “rise time" of the thermostat. But this thermostat is

still widely used.

The first canonical ensemble producing thermostat was developed by Andersen [95]

in which the system is coupled to a heat bath, represented by stochastic collision forces,

which ensure that all accessible constant energy surface are sampled to their Boltzmann

weight. The mixing of Newtonian equation of motion with stochastic collisions turns MD

simulation into a Markov process, which is irreducible and aperiodic, thus generating a

canonical distribution. The particle undergoing the collision with the heat bath is given a

velocity from a Maxwell-Boltzmann distribution corresponding to the target temperature

θ. Times between collisions with bath are chosen from a Poisson distribution with a

specified mean collision time. The first deterministic thermostat, or Gaussian/isokinetic

thermostat was developed by Hoover et al [98] and Evans [99], which generates isokinetic

ensemble where total kinetic energy is strictly kept constant. But experimentally this

is not realized. However, since thermostatting in this case is part of the equations of

motion, hence its analysis becomes direct with the help of the response theory [100].

There are numerous thermostat algorithms but two of the widely used canonical

NV T ensembles generating thermostats are discussed next.

3.1.7 Langevin Thermostat

As like in Andersen thermostat, here also the particle interacts with a heat bath in a

stochastic manner. Inside the heat bath exists extremely fast modes as compared to

the availability of slow modes in the main system. When both fast and slow modes

are present, then solving the Newtonian equation of motion for both heat bath and the

main system becomes highly expensive if short time-steps are chosen to capture all fast

modes. But here fast modes are not of so much interest and the equations of motion can

be simplified. The theoretical basis for removing rapidly changing degrees of freedom is
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given by Mori [101, 102] and Zwanzig [103, 104, 105]. Consider two dynamical variables

A (Γ(t)) , B (Γ(t)), where Γ(t) =
(
rN (t),pN (t)

)
, with a scalar product or equilibrium

average defined by

〈B,A∗〉 =
∫
f0(Γ)B(Γ)A∗(Γ) dΓ, (3.29)

where f0 be the equilibrium phase distribution function for any microcanonical, canonical

or isobaric-isoenthalpic ensemble. Phase variable B doesn’t depend explicitly upon time

and its rate of change is given by

Ḃ(Γ) = Γ̇ �
∂

∂Γ
B = iL(Γ)B(Γ), (3.30)

where operator iL(Γ) is termed as p-Liouvillean. The solution for the eq. (3.30) is

B(t) = exp [iLt]B(0), (3.31)

where exp [iLt] is termed as p-propagator. Now, we will defining a projector operator

which transforms B to a vector which has no correlation with the dynamic variable A.

The component of B parallel to A is given by the projection operator P as

PB(Γ(t)) =
〈B(Γ(t)), A∗(Γ)〉
〈A(Γ), A∗(Γ)〉 A (Γ) . (3.32)

We define another operator Q = 1− P , complement of P , which defines the component

of B orthogonal to A as QB. Clearly,

〈QB(t), A∗〉 = 〈B(t)− 〈B(t), A∗〉
〈A,A∗〉 A,A∗〉 (3.33)

= 〈B(t), A∗〉 − 〈B(t), A∗〉
〈A,A∗〉 〈A,A∗〉 = 0. (3.34)

Using above equations of projectors PP = P , QQ = Q and PQ = QP . The direct

and random parts of p-Liouvillean iL are iPL and iQL, which define the corresponding

random and direct propagators, exp [iPLt] and exp [iQLt]. Now Dyson equation [100]

can be used to relate these propagators:

exp [iLt] = exp [iQLt] +

∫ t

0
exp [iL(t− τ)]iPL exp [iQLτ ]dτ (3.35)

Using eq. (3.31), the time-derivative of A(t) becomes:

dA(t)

dt
= exp [iLt]iLA(0) = exp [iLt]i(Q+ P )LA(0). (3.36)
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Defining the frequency operator iΩ as

exp [iLt]iPLA(0) =
〈iLA,A∗〉
〈A,A∗〉 exp [iLt]A(0) = iΩA(t), (3.37)

and using Eq. (3.35), and then taking exp [iQLt]iQLA(0) as the random force R(t),

because

〈R(t), A∗〉 = 〈exp [iQLt]iQLA(0), A∗〉 = 〈QR(t), A∗〉 = 0. (3.38)

Here, we have used the property QQ = Q and Eq. (3.34) for arbitrary phase variable

R. Further, using the properties of projectors and above equations, and then setting the

term 〈R(0),R(0)∗〉
〈A,A∗〉 as the memory kernel M(t), we can show that

dA(t)

dt
= iΩA(t)−

∫ t

0
M(τ)A(t− τ) dτ +R(t). (3.39)

This is the generalized Langevin Equation. Multiplying both sides of this equation by

A∗(0) and taking ensemble average gives

dC(t)

dt
= iΩC(t)−

∫ t

0
M(τ)C(t− τ) dτ, (3.40)

where C(t) be the equilibrium autocorrelation function for A, defined by C(t) = 〈A(t)A∗(0)〉.
Now we will be showing how classical Langevin equation is obtained. Take the phase

variable A as single component piα, a component of the generalized momentum vector

of a particle in α direction. This makes Eq. (3.39) of this form in Cartesian coordiantes:

ṗiα(t) = −
∫ t

0
M(τ)piα(t− τ) dτ +Riα(t), (3.41a)

riα = piα/mi (3.41b)

where random force Riα(t) = exp [iQLt]iQLpiα(0) Assume that elements of the memory

kernel M(t) are proportional to Dirac delta function of time δ(t). Then we have,

〈Riα(t)Riα(0)〉 =M(t)〈piα2〉 = 2ξδ(t)〈piα2〉 = 2mikBθξδ(t), (3.42)

where ξ is friction coefficient. Also using delta function approximation for M(t), the

equation of motion gives classical Langevin equation:

ṗiα(t) = −ξ piα(t) +Riα(t). (3.43)
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Also, the momentum autocorrelation function C(t) = 〈piα(t)piα(0)〉 has the solution:

C(t) = 〈piα2〉 exp−ξt. (3.44)

For eq. (3.43) to be treated as simulation, the statistical properties of the random force

Riα(t) must be completely specified. Usually, Riα(t) is assumed to be a normal random

process. The linear form of Eq. (3.41b) gives Maxwellian velocity distribution. For this

random process [106], and any function g(t), the variable

δpiα =

∫ t+δt

t
g(τ)Riα(τ) dτ (3.45)

is a random variable with a normal distribution function

f(δpiα) =
1

σ
√
2π

exp{−(δpiα)
2

2σ2
} (3.46)

with zero mean and variance

σ2 = 2ξmikBθ

∫ t+δt

t
g2(τ) dτ. (3.47)

For a system of N interacting particles, we add force acting on each particle in

Eq. (3.43) to get equations for each particle:

ṗi(t) = f i − ξ pi(t) +Ri(t) . (3.48)

Friction coefficient ξ is scalar and doesn’t depend upon particles position and momenta,

but may depend upon the nature of particles. Usually, even for all the particles, they

are set a constant value. The random forces Ri(t) are independent of each other for

i = 1, . . . , N and each vectorial component satisfies equations Eqs. (3.42), (3.45)-(3.47).

The random forces Ri(t) are uncorrelated with the velocities ṙN (τ) and conservative

forces f i(t) at previous time τ < t; their time-averages are zero, and

〈Riα(t)Rjν(τ)〉 = 2mi kB θ ξ δij δαν δ(t− τ). (3.49)

It can be showed that a trajectory generated by Langevin equation maps a canonical dis-

tribution at constant volume corresponding to the target temperature θ. The Langevin

equation is smooth, non-deterministic and irreversible. If the friction coeffs are two low,

then after a very long evolution, canonical distribution will be achieved, but that may

drift the total energy away from the desired results. On the other hand, too large friction

coefficients may cause large random and frictional forces to interfere with the system in

a great detail. So a trade-off is required.
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3.1.8 Nosé Hoover Thermostat

Nosé [107, 108] discovered a most unusual temperature-dependent Hamiltonian for ther-

mostatting number of degrees of freedom, where deterministic instead of stochastic

Molecular Dynamics at constant temperature can be performed, so that equations of

motion become time-reversible. It uses the concept of extended Lagrangian by intro-

ducing additional coordinate s, which Nosé interpreted as “time-scaling" . The new

Lagrangian becomes:

LNose =
N∑

i=1

1

2
mi s

2 ṙ2i − V (rN ) +
M

2
ṡ2 − l

β
ln s, (3.50)

where l is a parameter and M is an “effective mass" associated to s. The corresponding

Hamiltonian becomes:

HNose =
N∑

i=1

1

2mi

(pi

s

)2
+ V (rN ) +

p2s
2M

+
l

β
ln s, (3.51)

corresponding to the momenta pi =
∂L
∂ṙi

= mi s
2ṙi and ps = ∂L

∂ṡ =Mṡ. This Hamiltonian

gives the following equations of motion:

ṙi =
∂HNose

∂pi

=
pi

mi s2

ṗi = −∂HNose

∂ri
= −∂V (rN )

∂ri

ṡ =
∂HNose

∂ps
= ps/M

ṗs =
∂HNose

∂s
=
∑[

p2i
mi s3

− l

β s

]
.

Clearly, the equations of motion are smooth, deterministic and time-reversible. Writing

the above equations in a new set of “time-scaled" variables r′ = r, p′ = p/s, s′ = s and
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δt′ = δt/s, the new equations take this form:

dr′i
dt′

=
p′

i

mi
(3.52a)

dp′

i

dt′
= −∂V (r′N )

∂r′i
− ξ p′

i (3.52b)

dξ

dt
=

1

M

∑
[
p′2i
mi

− l

β

]
(3.52c)

1

s

ds′

dt′
= ξ (3.52d)

where ξ = s′p′s
M is the thermodynamic friction coefficient. By using friction coeffiecient ξ,

Hoover [109, 110] showed the importance of the scaled equations of motion and complete

irrelevance of the scaling variable s, as the last Eq. (3.52d) in the above set is redundant.

For these equations, the following quantity is conserved:

H ′
Nose =

N∑

i=1

1

2mi
p′

i
2
+ V (r′

N
) +

ξ2M

2
+
l

β
ln s′. (3.53)

This conserved term H ′
Nose is not a Hamiltonian because equations of motion are not

derivable from it, therefore, Nosé-Hoover thermostat is a non-Hamiltonian thermostat.

This thermostat is global since the temperature is defined globally as the same friction

coefficient in Eq. (3.52c) is used for all the particles and then an ensemble of particles are

enforced to maintain an average internal kinetic energy over time. One can show that

this extended system indeed generates canonical ensemble [88], provided there is only

one constant of motion, for example, presently it is H ′
Nose. In the case of more than

one conservation laws or the case where there is no external force field but the center

of mass doesn’t remain fixed, Nosé-Hoover chain algorithm is used [88, 111]. Here the

thermostatted variable is thermostatted by another thermostatting variable and thus all

thermostatting variables form a chain. Some modifications are done in the algorithm to

generate NPT ensemble [88].

3.1.9 Binning for spatial and temporal averaging

The integration of the equations of motion by MD provides the positions and momenta of

all particles in the system as a function of time. We are interested in computing the time-

dependent profiles along the beam of thermodynamic properties such as the temperature
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Figure 3.2: Division of the nanobeam into bins.

θ(x, t) and heat flux q(x, t). Such profiles are needed for computing thermal properties

and also for the imposition of thermal BCs. In order to do so, we divide the beam into

Nbins bins of equal size as shown for example in Fig. 3.2 for Nbins = 7. The value of a

thermodynamic property is then obtained as a spatial average over an appropriate phase

function across all atoms in a bin. For example the instantaneous temperature of bin n

is

θinstn =
2K

3NnkB
, (3.54)

where K is kinetic energy (with rigid-motion removed [93]) of all Nn atoms in bin n

and kB is Boltzmann’s constant. The temperature follows as the phase average of the

instantaneous temperature which in an MD simulation is obtained by performing a time

average:

θn(t) =
〈
θinstn

〉
=

1

∆t

∫ t+∆t

t
θinstn (τ) dτ. (3.55)

In this relation ∆t is a time interval which must be taken sufficiently long to ensure that

local thermodynamic equilibrium (LTE) is established but not so long as to smear out

nonequilibrium effects. The basic assumption in LTE is that during a nonequilibrium

process, there exists a timescale over which thermodynamic variables such as tempera-

ture are well-defined and obey standard thermodynamic relations such as equations of

state [84]. The TPI approach for parameter extraction described below assumes that

LTE exists so that temperature profiles are meaningful and can be used in a curve fitting

procedure.

The objective is then to find the smallest value of ∆t for which LTE is established.

To test for LTE, we compute the relative fluctuation defined by

∆r.f. = max{δθn/θn; n = 1, . . . , Nbins}, (3.56)
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where δθn is the fluctuation (or standard error) of the temperature in bin n,

δθn =
[
〈(θinstn )2〉 − 〈θinstn 〉2

]1/2
. (3.57)

If the maximum relative fluctuation ∆r.f. is sufficiently small, for example [42] less than

1%, then it can be assumed that the LTE assumption is satisfied. In order to improve

the statistics, and reduce the necessary ∆t, simulations can be repeated multiple times

with different initial conditions drawn from a distribution associated with the initial

temperature. Bin averages are then computed over all realizations of a given bin. This

reduces the fluctuation δθn and therefore allows for a smaller averaging time interval.

3.2 Standard methods for calculating thermal properties

The non-Fourier Jeffreys-type model described in Chapter 2 includes three material pa-

rameters: the steady-state thermal conductivity k and two relaxation times τq and τθ.

Two standard approaches for calculating k are (1) the Green-Kubo method using equi-

librium MD, and (2) the “direct method” using NEMD. These approaches are described

below, followed in Section 3.2.3 by the TPI method which obtains all three non-Fourier

parameters.

3.2.1 Green-Kubo method

The Green-Kubo method is based on the fluctuation-dissipation theorem. The thermal

conductivity is2

k =
1

V kBθ2

∫ ∞

0
〈J(t)⊗ J(0)〉∇θ=0 dt, (3.58)

where V is the volume and J = V q is the microscopic heat current. For practical

calculations, the thermal conductivity tensor in Eq. (3.58) can also be written as [40]

k = lim
τI→∞

1

V kBθ2

∫ τI

0
〈J(t)⊗ J(0)〉∇θ=0 dt

= lim
S,I→∞
S≫I

∆tMD

V kBθ2

I∑

a=1

1

S − a

S−a∑

b=1

Ja+b ⊗ J b,
(3.59)

2 This expression is obtained by writing the energy equation in terms of fluctuations around the equi-
librium value in the linear regime and the wave-vector-dependent internal energy density autocorrelation
function. A more detailed analysis is available in Ref. [100].
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where ∆tMD is the MD time step, S is the total number of simulation steps, I is the

total number of integration steps, τI is the integration time (τI = I∆tMD), and Jm =

J(m∆tMD). In order to obtain a bulk property, τI must be very large, i.e., I must be a

large number.

We consider a system of N atoms with mass mi and position ri. The distance

between atoms i and j is rij = ‖rj − ri‖. The velocity of atom i relative to the center-

of-mass velocity of the nanobeam (or bin) is denoted ṽi. For pair potential interactions,

the heat current J is [39, 112, 113, 114],

J =
N∑

i=1

eiṽi +
N∑

i,j
i<j

[
f ij ·

ṽi + ṽj

2

]
(ri − rj). (3.60)

Here ei is the local site energy of atom i which includes both kinetic and potential terms.

For a monoatomic system with pair potential interactions this is

ei =
1

2
mi ṽ

2
i +

1

2

N∑

j
j 6=i

φ2(rij), (3.61)

where φ2(r) is the pair potential function. Also appearing in Eq. (3.60), f ij is the force

on atom i due to the presence of atom j. For a pair potential this is

f ij = φ′2(rij)
rj − ri

rij
. (3.62)

For the interatomic potential involving 3 body terms, such as the Stillinger-Weber (SW)

potential [115], the heat current can be written as

J =
N∑

i=1

eiṽi +
N∑

i,j
i<j

[
f ij ·

ṽi + ṽj

2

]
(ri − rj) +

1

6

N∑

i=1

N∑

j=1
j 6=i

N∑

k=1
k 6=i,j

(
f ijk · ṽi

)
(rij + rik),

(3.63)

where three-body force term f ijk = −∇iφ3 (ri, rj , rk) is the result of three-body poten-

tial function as defined in Eqs. (3.2) and (3.3). Rest of the terms are the same as for

pairwise potential except the local site energy ei, which is given by

ei =
1

2
mi ṽ

2
i +

1

2

N∑

j
j 6=i

φ2(rij),+
1

6

N∑

i=1

N∑

j=1
j 6=i

N∑

k=1
k 6=i,j

φ3 (ri, rj , rk) . (3.64)
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Figure 3.3: Schematic diagram of a beam partitioned into bins with periodic BCs.
Shaded regions are thermostatted.

3.2.2 Direct method

In the direct method, a temperature gradient is created in the nanobeam by thermostat-

ting the left and right ends of the nanobeam at the same temperature, i.e. θL = θR,

and maintaining the middle bin at a temperature θM (see Fig. 3.3) with periodic BCs

applied in all directions. Thus for a nanobeam of length L, the BCs are

θ (0, t) = θL, θ (L, t) = θR, θ (L/2, t) = θM. (3.65)

The temperature gradients to the left and right of the middle bin are calculated

by fitting straight lines to the steady-state temperature profiles in the regions away

from thermostats. For this purpose, the two nearest bins to each thermostatted bin are

excluded from the linear fitting. Then the thermal conductivity along the x direction is

estimated from Eq. (1.1) as

k =
1

2

(
〈q〉L

(
∆θ

∆x

)−1

L

+ 〈q〉R
(
∆θ

∆x

)−1

R

)
, (3.66)

where the x-component of the heat flux vector is obtained from Eq. (3.60) (q = Jx/Vbin,

where Vbin is the volume of each bin) and ∆θ/∆x is the temperature gradient obtained

from the linear fit. The subscripts L and R refer to left and right sides of the nanobeam,

and 〈q〉 represents the average of the x-component of the heat flux vector of all bins

included in the linear fitting.

The thermal conductivity depends on the length (size) of the beam for two rea-

sons [40, 116, 117]: (a) shorter nanobeams have fewer phonon modes available and

therefore include less phonon-phonon scatterings; (b) when the nanobeam length is

smaller than the bulk phonon mean-free paths, phonon-boundaries scattering effects

increase significantly.
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3.2.3 Regression-based thermal parameter identification

In the TPI approach, an NEMD simulation is performed starting with initial condi-

tions similar to Daly et al. [55], in which the nanobeam has a sinusoidal temperature

distribution of the form:

θ(x, 0) = θ0 +∆θ0 cos(2πx/L), 0 ≤ x ≤ L, (3.67)

where θ0 and ∆θ0 are the initial temperature and fluctuation amplitude. The initial

temperature profile is applied by dividing the nanobeam into bins (as shown in Fig. 3.2)

and individually thermostatting each bin in accordance with Eq. (3.67). The thermostats

are then switched off and the nanobeam is left to evolve freely subject to periodic BCs,

θ(0, t) = θ(L, t), for t ≥ 0. The relaxation of the temperature and heat flux profiles are

analyzed to calculate the thermal parameters by comparing to the following analytical

solution for the non-Fourier models.

Given the slender nanobeam geometry, we approximate the three-dimensional heat

transfer problem as 1D. Using the expression for the speed of the heat waves, we rewrite

Eq. (2.39) in 1D as

τq
∂2θ

∂t2
+
∂θ

∂t
=
k

γ

∂2θ

∂x2
+
k

γ
τθ

∂3θ

∂x2∂t
. (3.68)

Since there are no heat sources in the system, it is reasonable to assume that the tem-

perature rate of change at time t = 0 is zero, i.e.,

∂θ

∂t
(x, 0) = 0, 0 ≤ x ≤ L. (3.69)

Rather than solving for θ : (0, L)× (0,+∞) → R+, where R+ is the set of non-negative

real numbers, we solve for the perturbation φ(x, t) in the temperature from the mean

temperature θ0, defined as φ(x, t) := θ(x, t)− θ0. We thus seek to solve,




τq
∂2φ
∂t2

+ ∂φ
∂t = α∂2φ

∂x2 + ατθ
∂3φ
∂x2∂t

,

φ(0, t) = φ(L, t), t ≥ 0,

φ(x, 0) = ∆θ0 cos(2πx/L), 0 ≤ x ≤ L,

∂φ
∂t (x, 0) = 0, 0 ≤ x ≤ L.

(3.70)
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where α = k/γ is thermal diffusivity. Using the method of separation of variable, we can

write all solutions of the above problem in the special form φ(x, t) = X(x)T (t), where

X(x) and T (t) are unknown functions of x and t. Substituting this into Eq. (3.70), we

obtain

[
τqT̈ (t) + Ṫ (t)

]
X(x) = αX ′′(x)

[
T (t) + τθṪ (t)

]
,

=⇒ X ′′(x)

X(x)
=

1

α

τqT̈ (t) + Ṫ (t)

T (t) + τθṪ (t)
= −ω2, (3.71)

where ω is the separation constant independent of x and t. Using the initial and bound-

ary conditions in Eq. (3.70), Eq. (3.71) leads to two separate problems:




X ′′(x) + ω2X(x) = 0,

X(0) = X(L), X(x) = ∆θ0 cos(2πx/L),
(3.72)

and




τqT̈ (t) +
(
1 + ω2ατθ

)
Ṫ (t) + ω2αT (t) = 0,

T (0) = 1, Ṫ (0) = 0.
(3.73)

The solution to Eq. (3.72) is X(x) = ∆θ0 cos(ωx), with ω = 2π/L. The solution to

Eq. (3.73) is

T (t;λi) =





eλ1t
(
cosλ2t− λ1

λ2
sinλ2t

)
, if λ22 > 0,

eλ1t

2λ3

[
(λ3 − λ1)e

λ3t+

(λ3 + λ1)e
−λ3t

]
, if λ22 < 0,

eλ1t (1− λ1t) , if λ22 = 0,

(3.74)

where λi; i = 1, 2, 3, are parameters defined by

λ1 = − 1

2τq

(
1 + ω2ατθ

)
, λ2 =

√
ω2

α

τq
− λ21, λ

2
3 = −λ22. (3.75)

Thus the solution to the Jeffreys-type model in Eq. (3.68) subject to the initial conditions

in Eqs. (3.67) and (3.69) under periodic BCs is given by

θ(x, t) = θ0 +∆θ0 cos(2πx/L)T (t), 0 ≤ x ≤ L, (3.76)
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where T (t) is given by Eq. (3.74). The existence, uniqueness and stability of the solution

in Eq. (3.76) is demonstrated in the Appendix A.

We will also require an expression for the x-component of the heat flux vector. We

start with a 1D version of Eq. (2.37):

q(x, t) = −k1
∂θ

∂x
(x, t)− k2

τq

∫ t

0

∂θ

∂x
(x, t′)e−(t−t′)/τqdt′, (3.77)

where the lower limit in the integral is t′ = 0, since the initial conditions are known at

this time.3 Substituting Eq. (3.76) into Eq. (3.77), we obtain

q(x, t) = π∆θ0 sin(2πx/L)
[
Q(t) + k1e

−t/τq
]
, (3.78)

where k1 = kτθ/τq, k2 = k − k1, and

Q(t;λi) = (3.79)




eλ1t

λ2

k
τq
sinλ2t, if λ22 > 0,

eλ1t

2λ3

[(
k1 +

k2
τq(λ1+λ3)+1

)
(λ3 − λ1)e

λ3t+
(
k1 +

k2
τq(λ1−λ3)+1

)
(λ3 + λ1)e

−λ3t
]
, if λ22 < 0,

−eλ1t
(
k1 +

k2
τqλ1+1

)
λ1t, if λ22 = 0.

(3.80)

Next, we introduce the cosine average of temperature over the length of the nanobeam:

θ̄(t) :=
2

L

∫ L

0
θ(x, t) cos(2πx/L)dx. (3.81)

Substituting θ from Eq. (3.76) into Eq. (3.81), we obtain

θ̄(t)/∆θ0 = T (t), t ≥ 0. (3.82)

Similarly, we introduce the sine average of the x-component of heat flux vector:

q̄(t) :=

∫ L

0
q(x, t) sin(2πx/L)dx. (3.83)

Substituting q from Eq. (3.78) into Eq. (3.83), we obtain

q̄(t)/π∆θ0 = Q(t) + k1e
−t/τq , t ≥ 0. (3.84)

3 It can be shown that despite the change in the integration bounds, the Jeffreys-type model in
Eq. (2.38) is still obtained by differentiating Eq. (3.77) with respect to time t.



53

The CV model has similar solutions for θ̄(t) and q̄(t) as in Eqs. (3.82) and (3.84) with

different coefficients λi; i = 1, 2, 3 obtained by setting τθ = 0 in Eq. (3.75). For the

Fourier model, we have

θ̄(t)/∆θ0 = e−ω2αt, t ≥ 0, (3.85)

q̄(t)/π∆θ0 = ke−ω2αt, t ≥ 0, (3.86)

where ω = 2π/L.

The binning procedure in Section 3.1.9 is used to obtain the temperature and heat

flux of each bin at discrete time intervals. The resulting spatio-temporal temperature

and heat flux profiles are used to calculate θ̄(t) and q̄(t) using Eqs. (3.81) and (3.83).

Then, the nonlinear function T (t;λi) in Eq. (3.74) is fit to the calculated dependent

variable y = θ̄(t)/∆θ0 appearing in Eq. (3.82) to calculate the model parameter vector

λ = (λ1, λ2, λ3). Thus we have ym at each time tm = m∆t (m = 1, 2, . . . , Nprofiles),

where Nprofiles is the number of stored temperature profiles. Assuming the parameters

λ are constant over the range of temperatures being explored, the following relationship

exists between ym and tm,

ym = T (tm;λ) +Rm, (3.87)

where Rm are residual terms representing the noise in the data. In order to obtain the

parameters λ, a nonlinear regression method is used to minimize the sum of the square

of the residuals:

min
λ

∑

m

Rm(λ)2 = min
λ

∀i=1,2,3

∑

m

(ym − Ti(tm;λ))2, (3.88)

where Ti(tm); i = 1, 2, 3, corresponds to T (t) for the three different cases of Eq. (3.74)

depending upon whether λ22 is positive, negative or zero. The value of λ2 is unknown a

priori, therefore we minimize the sum of residuals for all three cases and select the λ2

value for which the sum of residuals is minimal.

Once the parameters λi are known, Eq. (3.75) provides a system of two equations

for the three unknowns α = k/γ, τθ and τq. If we are fitting the CV model, then τθ = 0,

and we can solve for the remaining coefficients:

k = γ(λ21 + λ22)
τq
ω2
, τq = − 1

2λ1
. (3.89)



54

For the Jeffreys-type model, we can solve for k and τθ in terms of τq:

k = γ(λ21 + λ22)
τq
ω2
, τθ = − 1 + 2τqλ1

(λ21 + λ22)τq
. (3.90)

Substituting these relations and the values of λi into Eq. (3.80), we rewrite Q = Q̂(t; τq)

in terms of τq. Thus Eq. (3.84) becomes

q̄(t; τq)/π∆θ0 = Q̃(t; τq), t ≥ 0, (3.91)

where Q̃(t; τq) = Q̂(t; τq) − γ
1+2τqλ1

ω2τq
e−t/τq . In order to determine the parameter τq, we

fit the nonlinear function Q̃(t; τq) to the dependent variable z = q̄/π∆θ0 appearing in

Eq. (3.91). This leads to the following relation,

zm = Q̃(tm; τq) + R̃m, (3.92)

where zm is the value of the dependent variable at time tm = m∆t (m = 1, 2, . . . , Nprofiles),

and R̃m is the corresponding residual term. Since the λi values and the form of Q̃ are

known, τq can be solved using a nonlinear regression method:

min
τq

∑

m

R̃m(τq)
2 = min

τq

∑

m

(zm − Q̃(tm; τq))
2, (3.93)

subject to the constraint (τq, k, τθ) ≥ (0, 0, 0). Finally, Eq. (3.90) is used to calculate k

and τθ.

3.3 Summary

To summarize, we have first provided the nuts and bolts of the equilibrium and nonequi-

librium molecular dynamics. Then we propose different methods to compute the thermal

conductivity of the system. We also develop a novel method to compute the conductivity

as well as time lag parameters for the non-Fourier models with the help of the sinusoidal

temperature and flux profiles.



Chapter 4

Numerical results

In order to test the methods described in Chapter 3, MD and NEMD simulations were

carried out on argon nanobeams. The atomic interactions were modeled using a LJ pair

potential [85, 86] with LJ parameters [118] σ = 3.4 Å and ǫ = 0.01025423 eV, and a

simple truncation cutoff, i.e., φ(r) = 0 for r ≥ rcut, archived in OpenKIM [119, 120,

121]. The cutoff radius was taken to be rcut = 4.5σ = 15.3 Å. Temperature BCs were

applied using either a Nosé-Hoover chain thermostat [88, 107, 108, 109, 110, 111] or a

Langevin thermostat [100, 122] using a definition for the temperature which is invariant

with respect to rigid-body motions due to Jellinek and Li [93]. The parallel MD code

LAMMPS [123, 124] was used to integrate the equations of motion with the following

modifications: (a) temperature calculations employed the Jellinek and Li [93] approach

mentioned above; (b) the binning procedure of Section 3.1.9 was used instead of a similar

feature in LAMMPS called “layers”1 ; and (c) heat-flux was computed for each bin after

removing rigid-body translation.2

1 In the LAMMPS implementation the number of layers (bins) changes during the simulation, which
is undesirable for the TPI approach.

2 It was observed that the removal of rigid-body rotation did not significantly affect the temperature
and heat-flux values; therefore in order to save computational time only rigid-body translation was
removed in most cases.

55
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4.1 Initialization

All simulations begin with an initialization stage during which the system is equilibrated

to the initial target temperature θ0 and allowed to expand to its equilibrium volume.

The argon nanobeam has an fcc structure and is oriented so that the x, y and z axes

coincide with the crystallographic [100], [010] and [001] directions. A nanobeam of size

nxa0 × nya0 × nza0 (with ny = nz) is constructed, where a0 = 5.26 Å is the zero-

temperature equilibrium constant for argon. Periodic BCs are applied in all directions.

The initial momenta of all the atoms are selected from a Maxwell-Boltzmann distribution

for twice the target temperature (2θ0). This is done because approximately half of the

initial kinetic energy is transformed to potential energy due to the equipartition of energy,

and so the final temperature after equilibration will be about θ0. The velocities of the

atoms are adjusted to ensure that the system has zero linear and angular momentum.

After assigning the initial velocities, the nanobeam is evolved subject to NPT conditions

with the pressure set to zero and the temperature set to θ0. A coupled Nosé-Hoover chain

thermostat (chain length = 3) and barostat as described in Shinoda et al. [125] were

used. This method combines the hydrostatic equations of Tobias et al. [126] with the

strain energy proposed by Parrinello and Rahman [127]. The method is implemented

within the LAMMPS code. The damping times defined by LAMMPS for the thermostat

and barostat were taken to be 100 fs and 400 fs, respectively. The system is evolved for

a total of 3 × 106 MD steps with a time step size ∆tMD = 2 fs. The lattice constant

at the target temperature θ0 is determined by computing the average volume V̄ over

the final 104 MD steps, then a = [V̄ /(nxnynz)]
1/3. The averaging is necessary because

under NPT conditions the volume fluctuates about the mean value. Lattice constants

at different temperatures obtained using this procedure are presented in Table 4.1.

Table 4.1: Lattice constants a (Å) at different temperatures θ0 (K).

θ0 a θ0 a θ0 a θ0 a θ0 a
5 5.262 10 5.267 15 5.278 20 5.284 25 5.291
30 5.312 40 5.338 50 5.364 60 5.394 70 5.430
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4.2 Green-Kubo method

Following the equilibration procedure of the previous section, an NVT simulation is

performed for 2× 106 MD steps followed by an NVE simulation for 6× 106 MD steps,

with a time step size of ∆tMD = 1 fs. The lack of a thermostat means that the system

temperature will oscillate about the target temperature, however, this approach ensures

that perturbations caused by thermostats do not affect the computation of the heat

current autocorrelation function. The NVE data is divided into six groups each corre-

sponding to 1 ns of simulation time. The thermal conductivity tensor for each group, as

a function of the integration time τI is computed using Eq. (3.59) with the first 5× 105

steps excluded. The statistical error is estimated using the approach described in Ref. [

40]. The thermal conductivity k of the system is taken to be the average of the diagonal

components of the ensemble average of the tensor. This value oscillates about a plateau

within a range of τI (see Fig. 4.1). Finally, a mean of all thermal conductivities com-

puted within this range along with the maximum standard error is reported. (See the

tabulated results presented below.)

1
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3

k
[W

/m
K
]

30 60 90 120
τI [ps]

kxx kyy

kzz k

Figure 4.1: Thermal conductivity tensor diagonal components and their average, k, as
a function of the integration time τI for a beam of size 33× 4× 4 unit cells at θ0 = 15 K
subject to periodic BCs. Within the range 50 ps ≤ τI ≤ 100 ps, k oscillates around a
plateau.
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4.3 Direct method

In the direct method, a temperature gradient is imposed along the length of the beam

by thermostatting certain regions of the beam. The beam is partitioned into bins by the

method described in the Section 3.1.9. As a typical example, consider a beam of size

123 × 4 × 4 unit cells with θL = θR = 12.5 K and θM = 17.5 K. The beam is divided

into Nbins = 41 bins with each bin consisting of 192 atoms. The bins at the two ends

and in the middle are thermostatted by Langevin dynamics [122]. The initial lattice

parameter is taken to be the average of values computed for the end bins and middle

bin temperatures (see Table 4.1). Figure 4.2 presents the temperature and heat current

profiles at steady state for different damping times used in the Langevin dynamics. The

damping time tdamp is akin to a relaxation time which is normally inversely proportional

to the viscosity of the medium. A damping time with a value of 1.0 means that during

the thermostatting process, temperature is relaxed over a time span of roughly 1 ps.
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Figure 4.2: Profiles of steady-state (a) temperature and (b) heat current along the length
of the beam for different damping times under periodic BCs for an argon beam of size
123× 4× 4 unit cells.

From Fig. 4.2(a) it is clear that the temperature profiles are piecewise linear with

discontinuous jumps between thermostatted and adjacent unthermostatted bins. These

jumps are due to the Kapitza effect discussed in the introduction. Standard errors in

thermal conductivity are calculated using the method of Zhou et al. [116]. Details are

given below.

Following the application of thermostats, steady state conditions are typically achieved
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after about 106 MD steps with a step size of ∆tMD = 2 fs. We run each simulation for a

total time of 6×106 MD steps, and discard the initial 106 time steps, which is equivalent

to 2 ns. The remaining simulation time is uniformly divided into N blocks. For example,

if we take N = 10, each block corresponds to 5 × 105 MD steps, which is equivalent

to 1000 ps of data. The heat flux and temperature are averaged for each bin during

this time block. The temperature gradient is calculated by fitting a straight line over

the steady state temperature profile of all bins except the thermostatted bins and the

adjacent two bins to the thermostats. So the temperature of bin n in time block j is

given by

〈θn〉j = 〈θn=4〉j +
〈
∆θ

∆x

〉

j

(n− 4), (4.1)

where n ∈ [4, Nbins − 3] and j ∈ [1,N ]. The corresponding thermal conductivities, kj ,

are given by

kj = 〈〈q〉〉j
〈
∆θ

∆x

〉−1

j

. (4.2)

The standard deviations of the thermal conductivities, σsn, are first calculated with

respect to N blocks by

σs =

√∑N
j=1 (kj − 〈k〉)2

N − 1
, (4.3)

where

〈k〉 =
∑N

j=1 kj

N . (4.4)

To calculate the standard deviations over long runs the following formula is used:

σn =
σsn√
N
. (4.5)

4.4 Thermal parameter identification method

We illustrate the TPI method for a beam of size 153×4×4 unit cells. The initialization

stage is first performed as outlined in Section 4.1 to bring the beam to steady state at

the target temperature of θ0 ≈ 15 K. Then binning is performed with a total number
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of Nbins = 51 bins such that each bin contains 192 atoms (see Section 3.1.9). Next the

sinusoidal temperature distribution in Eq. (3.67) is applied by setting the temperature

of n-th bin to

θn = θ0 +∆θ0 cos(2πn/Nbins), 1 ≤ n ≤ Nbins, (4.6)

where ∆θ0 = 0.1θ0, using a Langevin thermostat with a damping time of 1 ps. Thus

Nbins thermostats with same damping time (but different temperatures) are employed.

The system is run for 2 × 106 MD steps with a time step of ∆tMD = 2 fs. Having

attained the sinusoidal temperature distribution, the system is run for another 5 × 105

MD steps, during which the positions and momenta of all atoms are stored at inter-

vals of 104 MD steps. Thus 50 independent realizations satisfying the initial conditions

described by Eq. (4.6) are obtained for further relaxation of the system. For each re-

alization, the thermostats are switched off and the system is left to evolve under NVE

conditions for another 56× 104 MD steps with a time step of ∆tMD = 1 fs. The temper-

ature and x-component of the heat flux current for each bin, θn and Jxn, are recorded,

using Eqs. (3.54) and (3.60), and averaged over ∆t = 1.4 ps using Eq. (3.55). Thus

Nprofiles = 400 temperature and heat current profiles are collected. We vary ∆t for

different lengths so that before reaching the steady-state we collect enough profiles to

analyze the nonsteady relaxation behavior of the system. Thermal fluctuations are fur-

ther reduced by averaging over multiple realizations. Averaging over all 50 realizations,

the temperature and heat current profiles are shown in Fig. 4.3. Next, we calculate

θ̄(t) and q̄(t) using Eqs. (3.81) and (3.83) for these profiles,3 and perform the nonlin-

ear least square fitting of functions θ̄/∆θ0 and q̄(t)/π∆θ0 as defined in Eqs. (3.88) and

(3.93), respectively. The plots of these functions are shown in Fig. 4.4. The expres-

sion of θ̄(t)/∆θ0 in Eq. (3.82) is same for both the CV and the Jeffreys-type model, and

these models successfully capture the NEMD data. However, we note that the NEMD

data includes a short wave length oscillation with a periodicity of about 50 ps. In order

to investigate the origin of this oscillation, we calculate the cosine average of the stress

3 We have explored the effect of the number of profiles used in computing Eqs. (3.81) and (3.83).
We found that increasing the number of bins had only a small effect (less than the standard errors) on
the final values of the parameters.



61

14

15

16

17
T
em

p
er
at
u
re

(K
)

10 20 30 40 50
Bin number

Temperature plot

(a)

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

H
ea
t
C
u
rr
en
t
(e
v
*A

n
g/
p
s)

10 20 30 40 50
Bin number

Heat current plot

(b)

Figure 4.3: Temperature and heat current profiles for an argon beam of size 153 ×
4 × 4 unit cells with the base temperature θ0 ≈ 15 K and the amplitude of sinusoidal
perturbation ∆θ0 ≈ 1.5 K. Each profile is an average of 14 ps of data. The black arrows
show the direction of time.

component σxx over length of the beam:

σ̄xx(t) =
2

L

∫ L

0
σxx(x, t) cos(2πx/L)dx. (4.7)

The plot of σ̄xx(t) with respect to time t and its periodogram power spectral density

(PSD) are shown in Fig. 4.5. The PSD has a dominant spike at a frequency of 0.018 ps−1,

which suggests that the system has a stress wave of period 55.14 ps. This is very close

to the oscillation period present in the θ̄(t)/∆θ0 plot. Moreover, the longitudinal speed

of sound in solid argon at 15 K is around [128] 1600 m/s, thus a stress wave at this

speed will travel the length of the nanobeam in about 50.5 ps. This time is also very

close to the oscillation period. Hence we conclude that the system develops a very low

stress wave, of the order of a few bars in magnitude, that affects θ̄(t)/∆θ0 through

thermomechanical coupling and leads to the observed oscillations.

We also tried fitting the NEMD θ̄(t)/∆θ0 data with the Fourier model given in

Eq. (3.85). The results in Fig. 4.4(a) may suggest that the Fourier model adequately

captures the NEMD data. However, it is clear in Fig. 4.4(b) that the exponentially

increasing part of the q̄(t)/π∆θ0 curve (near t = 0) cannot be captured by the exponen-

tially decaying expression for the Fourier model in Eq. (3.86). In contrast, the expression

for the Jeffreys-type model given in Eq. (3.84) provides a good fit to the NEMD data.

The volumetric heat capacity γ appearing in Eqs. (3.89) and (3.90) is computed in
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Figure 4.4: (a) Plot of θ̄(t)/∆θ0 with respect to time t for the beam under study. The
red, blue and black lines correspond to NEMD data, CV/Jeffreys-type model and Fourier
model, respectively. (b) Plot of q̄(t)/π∆θ0 with respect to time t. The red and dark
blue lines correspond to NEMD data and Jeffreys-type model, respectively.

a separate calculation. The entire beam is brought to steady state at θ = 15 K with

a Langevin thermostat for 2 × 106 MD steps with a time step size ∆tMD = 2 fs. The

beam continues to be thermostatted for another 3× 105 MD steps and the energy of the

beam is recorded at each MD step. Then γ is related to the average energy fluctuations

through the following relation [90]:

kBθ
2γ V =

〈
E2
〉
− 〈E〉2 , (4.8)

where kB is Boltzmann’s constant. Using Eq. (4.8), we obtain γ = 7.14 ± 0.04 ×
10−6 eV/(Å3 K). We find that γ does not change significantly with system size. Sub-

stituting γ into Eqs. (3.89) and (3.90), the following results are obtained for the CV

parameters of argon, kCV = 1.72 W/mK and τCV
q = 12.11 ps, and the Jeffreys pa-

rameters for argon, k = 1.75 W/mK, τq = 12.33 ps, and τθ = 1.94 ps. In order to

calculate standard errors in these parameters, we partition all 50 realizations into 4 sets

and perform the nonlinear least square fitting over each set separately.

Table 4.2 presents the values of the thermal conductivity for different temperatures

and beam lengths under periodic BCs obtained by the Green-Kubo and NEMD direct

methods. Tables 4.3-4.5 present the thermal parameters for the Fourier, CV and Jeffreys-

type models obtained using the TPI method. We see that the thermal conductivities

obtained for all three models are nearly the same, but the relaxation times vary.
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Figure 4.5: (a) σ̄xx(t) vs time t, (b) Periodogram power spectral density estimate of the
signal ¯σxx(t) about its mean value.

A striking result is that at a given temperature, the thermal parameters obtained us-

ing the direct and TPI methods are length (size) dependent. After a critical length [117],

the dependence of thermal conductivity k on length L takes the following form [40, 52,

117]:

1

k
=

1

k∞
+
c

L
, (4.9)

where c is a constant dependent on the method of calculation, and k∞ is the bulk value.

Fig. 4.6(a) presents a plot of 1/k versus 1/L at θ0 = 15 K for three different methods: (i)

Green-Kubo method, (ii) direct method, (iii) TPI method for the Jeffreys-type model.

Fitting the data in this plot to the relation in Eq. (4.9), yields k∞ values for the three

methods which are in good agreement: 2.32 ± 0.10, 2.39 ± 0.06, 2.57 ± 0.14 W/mK.

The uncertainty reported for the bulk thermal conductivity for each method is taken as

the maximum over the standard errors of the length-dependent thermal conductivities

computed using that method, i.e. it is the L∞-norm. Not shown in Fig. 4.6(a), the TPI

results for the Fourier and CV models give k∞ values that are very close to that of the

TPI method for the Jeffreys-type model. The temperature dependence of the

bulk thermal conductivity obtained using these three methods is shown in Fig. 4.7. The

computed values are in good agreement with each other and with the MD simulation

results of Kaburaki et al. [129].

Non-Fourier relaxation times also exhibit a length dependence as shown in Fig. 4.6(b).

This effect can be understood by considering the contributions to the relaxation time
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Table 4.2: Thermal conductivity k in W/mK obtained using the Green-Kubo and direct
method for different beam lengths L in unit cells and different temperature. Values in
parentheses are the standard errors of the thermal conductivities.

Green-Kubo method under periodic BCs
Temp (K)

L 15 25 35 45 55
33 2.34 (1.10) 1.06 (0.52) 0.72 (0.20) 0.51 (0.31) 0.35 (0.09)
63 2.67 (2.48) 1.14 (0.44) 0.74 (0.20) 0.47 (0.20) 0.36 (0.17)
93 2.58 (1.24) 1.10 (0.61) 0.73 (0.29) 0.47 (0.18) 0.35 (0.19)
153 2.89 (1.85) 1.07 (0.21) 0.81 (0.26) 0.46 (0.13) 0.36 (0.10)
303 2.28 (1.69) 1.08 (0.79) 0.70 (0.23) 0.51 (0.40) 0.34 (0.11)
603 2.52 (1.91) 1.09 (0.65) 0.74 (0.25) 0.51 (0.31) 0.35i (0.15)

Direct method under periodic BCs
Temp (K)

L 15 25 35 45 55
33 1.82 (0.06) 0.73 (0.02) 0.61 (0.04) 0.40 (0.01) 0.32 (0.02)
63 2.06 (0.02) 1.05 (0.04) 0.65 (0.01) 0.49 (0.03) 0.34 (0.04)
93 2.16 (0.02) 1.12 (0.01) 0.68 (0.03) 0.50 (0.01) 0.37 (0.04)
153 2.22 (0.03) 1.11 (0.03) 0.68 (0.03) 0.50 (0.02) 0.41 (0.03)
303 2.33 (0.04) 1.18 (0.01) 0.69 (0.02) 0.50 (0.02) 0.39 (0.04)
603 2.34 (0.06) 1.13 (0.03) 0.70 (0.03) 0.50 (0.02) 0.40 (0.04)

due to normal and Umklapp processes of intrinsic phonon-phonon scattering phenom-

ena [66], and applying the Matthiesen rule which assumes that all scattering mechanisms

are independent. This leads to a linear relationship between 1/τ and 1/L (where τ is

either τq or τθ) similar to that obtained for thermal conductivity [117, 130]:

1

τ
=

1

τ∞
+
cτ
L
. (4.10)

Here cτ is a constant dependent on the model. Fitting to the data presented in Fig. 4.6(b),

we find at θ0 = 15 K that the bulk values τ∞ for the Jeffreys-type relaxation times τq

and τθ are 120.36± 7.35 ps and 6.88± 4.21 ps, respectively, and the bulk value for τq in

the CV model is 96.65± 10.92 ps. Again, the bulk value uncertainty is taken to be the

L∞-norm (maximum) of the standard errors in the length-dependent data.
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Table 4.3: The Fourier thermal conductivity k in units of W/mK at different tempera-
tures obtained using the TPI method by nonlinear fitting of the expression for θ̄(t)/∆θ0
in Eq. (3.85). Values in parentheses are the standard errors of the parameters.

Fourier thermal conductivity
Temp (K)

Length 15 25 35 45
33 0.75 (0.06) 0.46 (0.02) 0.36 (0.05) 0.29 (0.02)
63 0.99 (0.07) 0.65 (0.03) 0.48 (0.03) 0.36 (0.07)
93 1.19 (0.03) 0.83 (0.07) 0.50 (0.01) 0.38 (0.02)
153 1.71 (0.08) 0.87 (0.04) 0.56 (0.02) 0.44 (0.04)
303 2.09 (0.09) 1.06 (0.05) 0.60 (0.01) 0.47 (0.03)
603 2.32 (0.03) 1.24 (0.03) 0.75 (0.03) 0.51 (0.02)
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Figure 4.6: Plots at θ0 = 15 K of (a) 1/k versus 1/L for the Green-Kubo method, direct
method, and the TPI method with the Jeffreys-type model, (b) 1/τ vs 1/L for the TPI
method with CV and Jeffreys-type models.

4.5 Heat waves

In this section, we study the propagation of heat pulses as originally done by Tsai and

MacDonald [41]. The introduction of a heat pulse generates several waves that propagate

at different speeds corresponding to different phonon modes, second sound waves, and

diffusive components [41, 43, 131]. An argon beam of size 303 × 4 × 4 is divided into

101 bins, where each bin consists of 243 atoms. Periodic BCs are employed. The beam

temperature is initially set to 0 K. The middle bin is then subjected to a heat pulse

while the rest of the beam evolves under NVE conditions. The heat pulse is introduced



66

Table 4.4: The CV model parameters at different temperatures obtained using the TPI
method by nonlinear fitting of the expression for θ̄(t)/∆θ0 in Eq. (3.82). For each length,
the two rows are the values of thermal conductivity kCV in W/mK and the relaxation
time τCV

q in ps. Values in parentheses are the standard errors of the parameters.

CV parameters
Temp (K)

Length 15 25 35 45
0.75 (0.15) 0.47 (0.02) 0.37 (0.04) 0.29 (0.02)

33 1.83 (1.18) 0.63 (0.84) 2.00 (2.59) 2.43 (2.24)
1.00 (0.09) 0.65 (0.03) 0.48 (0.03) 0.36 (0.07)

63 2.90 (2.38) 1.21 (1.42) 4.07 (4.43) 3.56 (3.71)
1.20 (0.03) 0.83 (0.07) 0.50 (0.01) 0.38 (0.02)

93 4.62 (3.81) 5.58 (2.06) 6.35 (2.35) 3.29 (2.87)
1.73 (0.09) 0.89 (0.01) 0.56 (0.02) 0.44 (0.04)

153 12.79 (6.81) 9.02 (8.31) 7.41 (6.08) 17.69 (8.49)
2.09 (0.10) 1.06 (0.05) 0.60 (0.01) 0.47 (0.04)

303 19.40 (7.09) 11.26 (8.88) 39.23 (11.01) 12.45 (8.91)
2.33 (0.03) 1.24 (0.04) 0.78 (0.03) 0.51 (0.03)

603 14.03 (10.92) 13.03 (8.01) 10.45 (8.11) 14.51 (8.51)

by rescaling the temperature of the middle bin at each MD time step (∆tMD = 2 fs).

For the first 100 MD steps the temperature is linearly increased from 0 K to 20 K. It

is then maintained at 20 K for another 500 MD steps and then linearly decreased from

20 K to 0 K over 100 MD steps. The temperature rescaling is done by adjusting the

momenta of all the atoms in the middle bin by

p̃i(t+∆t) = p̃i(t)

√
θ0
θ(t)

, (4.11)

where θ0 is the target temperature, θ(t) is the instantaneous temperature, and p̃(t) is

the adjusted momentum after removing the total linear and angular momentum of the

middle bin. This is equivalent to adding or subtracting an energy ∆E = ∆Ekin to the

middle bin:

∆Ekin =
N∑

i=1

1

2mi

(
p̃2
i (t+∆t)− p̃2

i (t)
)
, (4.12)

where N is the total number of atoms in the middle bin and mi is the mass of the i-th

atom.
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Table 4.5: Parameters at different temperatures obtained with the TPI method by non-
linear fitting of the expression for θ̄(t)/∆θ0 in Eq. (3.82) and q̄(t; τq)/π∆θ0 in Eq. (3.91).
The first column is the beam length in unit cells. For each length, the three rows are
the values of thermal conductivity k in W/mK and the two time lags τθ and τq in ps.
Values in parentheses are the standard errors of the parameters.

Jeffreys-type parameters
Temp (K)

Length 15 25 35 45
0.74 (0.14) 0.49 (0.09) 0.36 (0.06) 0.33 (0.03)

33 0.53 (0.45) 0.15 (0.10) 1.55 (1.15) 1.93 (2.13)
2.59 (0.40) 1.90 (1.23) 5.27 (0.05) 4.69 (2.15)
1.04 (0.14) 0.70 (0.08) 0.48 (0.03) 0.35 (0.03)

63 0.59 (0.13) 1.49 (1.23) 0.66 (0.58) 4.84 (3.45)
4.90 (0.30) 3.81 (2.41) 2.76 (1.35) 4.98 (4.39)
1.22 (0.05) 0.86 (0.08) 0.52 (0.02) 0.40 (0.03)

93 1.99 (2.43) 2.09 (1.90) 4.06 (3.58) 2.43 (2.16)
7.40 (4.06) 5.79 (2.21) 6.33 (4.36) 5.71 (1.90)
1.77 (0.12) 0.92 (0.01) 0.59 (0.03) 0.46 (0.06)

153 1.85 (2.46) 6.22 (3.81) 9.40 (4.56) 19.54 (11.54)
13.15 (7.35) 13.67 (6.45) 12.85 (3.28) 22.79 (5.08)
2.14 (0.08) 1.08 (0.07) 0.63 (0.01) 0.48 (0.06)

303 3.62 (4.21) 9.11 (4.48) 39.69 (5.09) 21.45 (12.21)
23.17 (1.14) 16.38 (4.07) 40.73 (11.55) 25.87 (6.81)
2.32 (0.01) 1.25 (0.05) 0.78 (0.03) 0.51 (0.03)

603 3.62 (2.82) 12.88 (6.79) 12.42 (4.23) 23.55 (11.89)
20.34 (1.90) 20.45 (5.90) 20.81 (4.28) 26.56 (5.11)

Following the application of the heat pulse, the system is left to evolve under NVE

conditions for 3 × 104 MD steps with a step size of ∆tMD = 2 fs. The simulation

is repeated six times with different initial velocities drawn from a Maxwell-Boltzmann

distribution for the initial temperature. Figure 4.8 shows a plot of the temperature along

the length of the beam as function of time following the heat pulse. The temperature

data are an average of 100 MD time steps and six ensembles corresponding to different

initial velocities.

The presence of waves is clear in Fig. 4.8, where L indicates the longitudinal stress

wave, and there are five distinct heat waves ranging from H1 and H5. Stress and heat
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Figure 4.7: Bulk thermal conductivity versus temperature obtained by fitting Eq. (4.9)
using data from the Green-Kubo method, direct method, and the TPI method with the
Jeffreys-type model.

waves are distinguished by comparing the longitudinal x and transverse y and z com-

ponents of temperature; heat waves have nearly the same longitudinal and transverse

components whereas for stress waves these components differ. Since the disturbances

propagate in straight lines, we can calculate their speeds. The calculated speed of the

stress-wave L is 1608 m/s and the calculated average speed of the heat waves from H1

to H5 is approximately 630 m/s. Feldman and Klein [132] report the longitudinal speed

of sound cl for solid argon at 0 K, computed using a LJ potential, as

ρc2l ≈ 49 kbar = 4.9GPa, (4.13)

where ρ is the mass density of crystal. The density in our case is ρ = 2307.225 kg/m3.

Then from Eq. (4.13), we have cl ≈ 1457 m/s, which is in reasonable agreement (within

9.4%) of the longitudinal stress-wave computed from Fig. 4.8, thus confirming the validity

of the calculation. Theoretically, the average speed of heat waves is [41] cav/
√
3, where

cav is the average speed of sound appropriate to a Debye solid. Taking [41] cav = 0.731cl,

the theoretical average speed of the heat wave is cav/
√
3 ≈ 678 m/s, which is comparable

to the calculated average speed found above. Thus the existence of second sound in solid

argon is confirmed.

It is of interest to see whether the Jeffreys-type model with parameters obtained using

TPI is able to describe the heat pulse problem discussed above. This would validate
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Figure 4.8: A plot of the temperature along the length of the beam as a function of time
showing the following modes: L and H1 to H5. The displayed temperatures are limited
to a range of 0 to 1 K to make the presence of the waves more clear. (Any temperature
larger than 1 K appears white.)

the TPI approach and demonstrate that the Jeffreys-type model provides an adequate

description for the thermal response of solid argon and is transferable to different thermal

problems. Using the TPI approach we obtain the thermal parameters for a beam (of

the same size as the heat pulse beam) with periodic BCs and θ0 = 2.5 K. Taking

an experimental value [133] for γ at 2.5 K, the estimated parameter values are k =

0.013 ± 0.001 W/mK, τθ = 6.21 ± 1.03 ps, and τq = 15.57 ± 3.47 ps. The heat wave

speed predicted by the Jeffreys-type model is c =
√
k/(γτq) = 596.62 ± 70.72 m/s.

This value is comparable to the speeds calculated above from the heat pulse simulation.

Figure 4.9 compares NEMD temperature profiles with the numerical solution of the

Jeffreys-type model. We see that the Jeffreys-type model with parameters obtained

using the TPI method successfully describes the propagation of heat waves associated

with the spreading of a thermal pulse. A similar analysis using a Fourier model (not

shown) was not able to capture the sharp peaks of the temperature profiles.
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4.6 Summary

A new simple TPI method has been proposed for extracting the thermal non-Fourier

(Jeffreys-type) parameters k, τθ and τq from a sequence of NEMD temperature and heat-

flux profiles. An initial sinusoidal temperature distribution is applied using thermostats

to a nanobeam. The thermostat are then removed, and the nanobeam temperature

decays to a constant average value under constant energy conditions. The thermal

parameters are obtained by fitting analytical solutions for scalars obtained as cosine and

sine-averages of the temperature and heat flux, respectively, to the NEMD data during

the decay process. (Implementations of the TPI approach in MATLAB are available in

the supplementary online material.)

The TPI method was applied to argon nanobeams of various sizes at different tem-

peratures. The values of the thermal conductivity k were found to be in good agreement

with those computed using the Green-Kubo and direct NEMD methods. In addition,

the TPI method provides the relaxation times τq and τθ, which cannot be obtained us-

ing the other methods. The TPI approach also has the advantage that no thermostats

are used during the calculation of the thermal parameters. It is therefore unaffected by

issues, such as the Kapitza effect, that corrupt direct method results.
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It was found that a Jeffreys-type model with three parameters was better able to re-

produce NEMD temperature profiles in thermal problems than a simple Fourier model.

This was demonstrated by performing an NEMD simulation of the spreading of a heat

pulse applied to the center of a nanobeam. The heat propagates out in waves, confirming

the existence of second sound in argon. A Jeffreys-type model with parameters obtained

using the TPI approach predicts heat wave speeds in agreement with the NEMD simu-

lations and reproduces the temperature profiles to good accuracy.



Chapter 5

Kapitza effect

In experimental and computational studies of heat transfer, thermal boundary condi-

tions (BCs) must be applied to the system. For example, in an experiment, a constant

temperature BC can be applied by exposing a portion of the body to a large heat

bath which maintains a constant temperature. This is demonstrated schematically in

Fig. 5.1(a), where the left end ABC of a long solid beam OABCO′ is exposed to a hot

fluid at temperature θL that serves as the heat bath. The insulator LL′ prevents contact

between the hot fluid and the rest of the beam. Heat is transferred from the fluid to

the solid beam through the surfaces A, B and C, and from there it can flow along the

length of the beam. This setup ensures that a temperature close to θL is maintained at

cross-section D.

In a nonequilibrium molecular dynamics (NEMD) study of heat transfer, the exper-

imental setup in Fig. 5.1(a) is typically modeled by applying a numerical thermostat,

such as Langevin or Nosé-Hoover, to the region ABC shown shaded in Fig. 5.1(b). Such

thermostats maintain the average temperature at a desired level while correctly repro-

ducing the fluctuations expected from equilibrium statistical mechanics (see for example

Ref. [84]). Unfortunately, it is well-known that applying thermostats in this manner

leads to artificial discontinuous jumps in the temperature between the thermostatted

and unthermostatted regions (interface D in Fig. 5.1(b)), which depend on the system

size and thermostat parameters [46].

Temperature jumps across real material interfaces were first observed by Kapitza [134]

in 1941 in experimental studies of the superfluidity of helium II. Kapitza measured the

72
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Figure 5.1: (a) Physical system: The left end ABC of a solid beam OABCO′ is immersed
in the hot fluid at temperature θL, which is separated from the rest of the beam by an
insulator LL′. (b) An NEMD model where the region to the left of D is thermostatted
(shown dark gray).

distribution of temperature in the neighborhood of a heated metal surface freely sus-

pended in helium II. He observed temperature discontinuities across the metal–helium II

interface with a corresponding thermal flux [135]. This behavior suggested the existence

of an interfacial thermal resistance Rk, which is now known as Kapitza resistance [136].

This term was originally reserved for solid–liquid helium II interfaces, but has since been

generalized to thermal boundary resistance for arbitrary solid–solid and solid–liquid in-

terfaces.

Different theories have been proposed to explain Kapitza resistance, most notably

the Khalatnikov model, which is based on acoustic mismatch theory [135, 136, 137].

The basic idea is that due to the change in acoustic properties at the interface, some

phonons will reflect there reducing the total thermal transport. The interface thus acts

as a thermal barrier, which can support a temperature jump [138]. Referring back to

the physical system in Fig. 5.1(a), we may expect to observe Kapitza resistance at the

interfaces A, B and C between the beam and the fluid, however not across D which
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is an internal interface in the beam. In contrast, as noted above, Kapitza resistance

does exist across D in the NEMD system (Fig. 5.1(b)). The reason for this is that the

thermostat interferes with the dynamics of region ABC and thus effectively changes the

material properties which in turn leads to (an artificial) Kapitza resistance. Specifically,

the thermostat reduces correlation effects between atoms and consequently reduces the

heat flux. This poses a problem when NEMD simulations are used to compute physical

properties, such as thermal conductivity, that are affected by the presence of artificial

Kapitza resistance. We contrast this with NEMD simulations that are designed to

measure actual Kapitza resistance at physical material interfaces (see for example Refs. [

139, 140, 141, 142]).

A standard approach for computing the thermal conductivity k of a material is the

NEMD “direct method” [40, 116, 143] described in Section 3.2.2 and Section 4.3. A

common solution to dealing with artificial Kapitza resistance in NEMD simulations is to

compute the thermal conductivity from the slope of a linear function fit to the tempera-

ture profile away from the thermostatted regions [40]. The objective in such simulations

is to obtain bulk thermal conductivity. In order to remove finite size effects, a series of

simulations is carried out of increasing system size and the results are extrapolated to

infinity. This convergence can be slow and therefore requires simulations of very large

systems that is computationally very expensive. In this chapter, we take a different

approach, and introduce a phenomenological model that explicitly includes the effect of

the numerical thermostat and associated Kapitza resistance. This makes it possible to

obtain the bulk thermal conductivity to a desired level of accuracy without having to go

to very large system sizes. Instead a set of simulations is performed in which both the

system size and thermostat parameters are varied. This significantly reduces the com-

putational cost of the calculations. In addition, including the thermostat in the model

may make it possible in future work to design the thermostat to mimic real physical

boundary conditions as opposed to being a numerical artifact that must be removed.

5.1 Kapitza effects in thermal conductivity measurements

Figure 4.2 shows the temperature and heat current (heat flux times bin volume) profiles

at steady state for different values of the Langevin thermostat damping time ǫ. The
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abrupt changes in temperature at the interface between the thermostatted and unther-

mostatted bins due to the Kapitza effect are clear in Fig. 4.2(a). It is important to point

out that the change in temperature across the interface is not a discontinuous jump, but

involves a nonlinear variation on the scale of the phonon mean free path. In argon this is

about [144] 4.8 nm, which is on the same scale as the 1.6 nm bin size in the simulations.

As a result most of the nonlinearity is smoothed out by bin averaging. Irrespective

of this nonlinearity, a discontinuous jump in temperature can be defined by fitting a

straight line to the temperature profile away from the thermostat and extrapolating to

the end [49]. The magnitude of this jump is reduced by increasing ǫ, or by increasing the

length of the simulated beam. The former is understandable since increasing the damp-

ing time reduces the effect of the thermostat on the dynamics of the system. However,

increasing the damping time also reduces the ability of the thermostat to maintain the

target temperature; thus a trade-off is involved. The reason that increasing the beam

length reduces the Kapitza effect is that the jump in temperature is proportional to the

temperature gradient [49] and the gradient is decreased by increasing the length. Both

effects are captured by the phenomenological model described below.

5.1.1 Phenomenological model

As discussed in Section 3.2.2 and Section 4.3, the left and right ends of the nanobeam

are thermostatted at the same temperature (θL = θR), and the middle bin is maintained

at a temperature θM. Under conditions where the difference between θL and θM is small,

the thermal conductivity k can be assumed to be constant, and the heat equation for

steady-state conditions leads to the following relation:

∂2θ

∂x2
= 0, x ∈ [0, Lm]. (5.1)

Here x = 0 and x = Lm correspond to the centers of the first and middle bins. Solving

for θ, we obtain a linear temperature profile for the left half of the beam,

θ(x) = a1x+ a2, (5.2)

where a1 and a2 are constants. (The right half of the beam has a similar relation.) Due

to the Kapitza effect, the linear temperature profile in Eq. (5.2) associated with the bins
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away from the thermostats does not agree with the temperatures set by the thermostats

when the profile is extended to the thermostatted bins, i.e.

θ(0) 6= θL, θ(Lm) 6= θM. (5.3)

Instead, we represent the interaction of the nanobeam with the thermostatted bins

through convection BCs:

−kθ,x(0) = h[θL − θ(0)], (5.4)

−kθ,x(Lm) = h[θ(Lm)− θM], (5.5)

where �,x indicates differentiation with respect to x, and h = R−1
k is the (a priori

unknown)“Kapitza conductance.” Equations (5.4) and (5.5), relate the convective heat

transfer of the interface, modeled as a fictitious “gas”, to the thermal conductivity in the

adjacent unthermostatted bins. This reasoning leads to a form similar to the approach of

Pitaveskii and Lifshitz [49, pages 51–53], who proposed the following phenomenological

model for the jump in temperature due to the Kapitza effect,

θ(0)− θL = ηjumpθ,x(0), (5.6)

where ηjump is called the temperature discontinuity coefficient. Comparing Eqs. (5.5)

and (5.6), we have ηjump = k/h.

Substituting Eq. (5.2) into Eqs. (5.4) and (5.5), and solving for a1 and a2, we obtain

a1 =
∆θ

2k/h+ Lm
, a2 =

(k/h+ Lm)θL + (k/h)θM
2k/h+ Lm

, (5.7)

where ∆θ = θM − θL. Substituting these values back into Eq. (5.2), and evaluating at

x = 0 and x = Lm, we obtain

θ∗L ≡ θ(0) = a2, (5.8)

θ∗M ≡ θ(Lm) = a1Lm + a2. (5.9)

The star superscripts indicate that these are the extrapolated temperatures at the ends

of the left half of the nanobeam and not the values set by the thermostats. The heat

flux through the nanobeam under steady-state conditions is

qss = −kθ,x = −k∆θ
∗

Lm
, (5.10)
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where ∆θ∗ = θ∗M−θ∗L. Using Eqs. (5.2) and (5.4), the above equation can also be written

as

qss = −ka1 = h[θL − θ(0)]. (5.11)

The thermal conductivity k increases with increasing beam length [40, 52] and ap-

proaches the bulk value k∞ as the length goes to infinity, i.e.,

k∞ = lim
Lm→∞

k(Lm). (5.12)

The physical reason for this size dependence is due to the availability of acoustic phonons

of longer mean free paths. Long wavelength phonons on the scale of hundreds of lattice

constants carry significant heat. As a phonon’s mean free path approaches the beam

length Lm, its contribution to the thermal conductivity reduces. Moreover, phonons

with longer mean free paths travel ballistically along the beam without diffusing through

multiple collisions. This allows them to enter the periodic system multiple times and

interfere with the system randomly, which is another reason for the size dependent

reduction in the values of computed thermal conductivities [145]. The dependence of k on

beam length is also affected by the choice of thermostat and its parameters. A separate

issue is whether the size dependence is linear or nonlinear. This will be addressed below.

Our objective is to obtain the physical, limiting value, k∞ defined in Eq. (5.12).

In principal, one can perform simulations of increasing beam length until the value of

k appears to converge. However, in practice, this convergence is very slow and the

computational expense of the simulations becomes prohibitive. As an alternative, we

propose the following phenomenological relation for the steady-state heat flux, relating

it to the temperature difference across the nanobeam (exclusive of the thermostats) ∆θ∗,

and the thermostat damping time ǫ:

qss = − ∆θ∗

c0Lm + cǫα
, (5.13)

where c0, c and α are constants. The power law dependence for ǫ is motivated by our

numerical simulations.

The expression in Eq. (5.13) makes it possible to fit the model (and hence predict

the bulk thermal conductivity) by performing a set of simulations with different lengths
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and ǫ values without having to go to the large lengths needed by the standard NEMD

direct approach. The result is a significant reduction in computation time.

The functional form in Eq. (5.13) ensures that as Lm → ∞, the steady state heat flux

is independent of ǫ and tends to zero (since ∆θ∗ tends to ∆θ as Lm tends to infinity).

Equating Eqs. (5.10) and (5.13), we have

1

k
=

1

k∞
+
cǫα

Lm
, (5.14)

where we have set 1/c0 = k∞ to ensure that Eq. (5.12) is satisfied.

The linear dependence of 1/k on 1/Lm in Eq. (5.14) has been put into question by

recent studies. Sellan et al [117] find that the linear model is only accurate when the

minimum length used in the simulations is comparable to the largest mean free paths of

the phonons that dominate the thermal transport. They proposed adding to Eq. (5.14)

a higher-order dependence on 1/Lm. Allen [145] concluded that the extrapolation proce-

dure should include fractional powers of 1/Lm based on a model that includes a nonlocal

dependence of the heat current on the temperature gradient. In our simulations of solid

argon, the heat current appears nearly constant away from the thermostats (see Fig-

ure 4.2) suggesting that nonlocal effects would be small. Nevertheless, it is of interest

to explore the change in temperature gradient and heat current along the beam to make

contact with the nonlocal model of Allen [145]. Figure 5.2 presents the absolute values

of the temperature gradient and thermal conductivity for bins away from thermostats

for the case of ǫ = 1.0 ps shown in Fig. 4.2. Comparing Fig. 5.2(b) in this work and

Fig. 3 in Allen [145], we note some similarities. This suggests that the nonlocal model

may be a promising approach, in particular in case where the temperature gradients

vary significantly.

In order to later test whether the higher-order effects of Sellan et al [117] or the

fractional dependence of Allen [145] are important for argon, we consider an alternative

model to Eq. (5.14):

1

k
=

1

k∞
+
cǫα

Lp1
m

+
d

Lp2
m
, (5.15)

where d ≤ 0 is a fitting constant and p1, p2 are power law coefficients to be selected.

We explore the differences in the prediction of the linear model in Eq. (5.14) and the

nonlinear model in Eq. (5.15) in Section 5.2.
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Figure 5.2: (a) Temperature gradients, |∂θ/∂x|n = |(θn+1 − θn−1)/(xn+1 − xn−1)|, and
(b) thermal conductivities, kn = qn|∂θ/∂x|−1

n , where the subscript n refers to the bin
number. Only bins away from the thermostats have been included. The argon beam is
of size 123× 4× 4 unit cells with θL = θR = 12.5 K and θM = 17.5 K, and ǫ = 1.0 ps.

In addition to thermal conductivity, we can obtain an expression for the Kapitza

resistance Rk at the interface between the thermostatted and unthermostatted regions.

Using Eqs. (5.7), (5.8) and (5.11), we have

Rk = −1

2

(
∆θ

qss
+
Lm

k

)
. (5.16)

Moreover, substituting qss from Eq. (5.13) and k from Eq. (5.14) into Eq. (5.16) and

using c0 = 1/k∞, Rk can be written as

Rk = −1

2

(
1− ∆θ

∆θ∗

)(
Lm

k∞
+ cǫα

)
. (5.17)

Finally, the temperature jump due to the Kapitza effect δθ can be obtained from

Eqs. (5.4) and (5.5). Noting from Eq. (5.2) that θ,x = a1 and using the solution for a1

in Eq. (5.7), we find that the temperature jump is equal on both ends, δθ = θ∗L − θL =

θM − θ∗M , and given by

δθ =
∆θ

2 + Lm (kRk)
−1 . (5.18)

5.1.2 Procedure for obtaining bulk thermal conductivity

To summarize, the procedure for obtaining the bulk thermal conductivity k∞ is as

follows:
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(I) The thermal conductivity k is calculated for different beam lengths (Lm) and

thermostat damping times (ǫ) using using the NEMD direct method.

(II) The data for different k, Lm and ǫ are fit to Eq. (5.14) or Eq. (5.15) to obtain the

k∞.

5.2 Results for argon with Langevin thermostatting

In order to explore whether the phenomenology of the previous section is adequate, we

apply it to results from NEMD simulations of argon nanobeams for different lengths

ranging from 45 to 603 unit cells and Langevin thermostats damping times, at θL =

12.5 K and θM = 17.5 K. Figure 5.3(a) shows the plots of |qss| versus ǫ for different

lengths of the nanobeam (not all computed lengths are shown), and Fig. 5.3(b) shows

the inverse thermal conductivity versus inverse length for different damping parameters.

We see that the 1/k versus 1/Lm curves converge to the same value of 1/k∞ with

different slopes that depend on ǫ. The key result is in Fig. 5.3(c), which shows that the

results in Fig. 5.3(b) largely collapse onto a single curve when the relation in Eq. (5.14)

is used with the following parameters obtained by fitting the data to the curve: c =

17.37 ± 1.13 ps1−αm2K/Joules, α = 0.20 ± 0.04, and k∞ = 2.35 ± 0.03 W/mK with a

95% confidence interval. The goodness of fit measured by the adjusted R2 is 0.97. These

parameters quantify the dependence of the bulk thermal conductivity on the nanobeam

length and Langevin damping time at the given temperature, θ̄ = (θL + θM)/2 = 15 K.

This makes it clear that the length dependence is not just due to physical effects, but

also depends on the details of the thermostatting. Only the limiting value, k∞, is a

physical material property. This value is in good agreement with the MD simulations of

Kaburaki et al [129] which give 2.38± 0.09 W/mK, and with the theoretical prediction

of 2.20 W/mK reported in Table II of Christen and Pollack [146].

Fitting the data with the nonlinear model in Eq. (5.15) with p1 = 1 and p2 = 2, we

obtain k∞ = 2.36 ± 0.05 W/mK, c = 18.73 ± 4.47 ps1−αm2K/Joules, α = 0.18 ± 0.06,

and d = (−140.1 ± 49.1) × 10−20 m3K/W, with adjusted R2 = 0.97. In order to test a

fractional order model, we set d = 0 and p1 = 0.5 in Eq. (5.15). Fitting the data, we

obtain k∞ = 2.67 ± 0.09 W/mK with adjusted R2 = 0.93. This result is significantly

different from the Green-Kubo and experimental results and therefore we conclude that
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this model is not suitable. We also checked other fractional and higher-order models, but

in all cases found that they either provided similar k∞ as obtained by fitting the linear

model in Eq. (5.14), or they deviated significantly from Green-Kubo values. Based on

this we conclude that nonlinear effects are not significant for argon. However preliminary

results for silicon (not reported here) reveal that there the linear model is inadequate.

These observations are consistent with those of Sellan et al [117], who argued that the

thermal conductivity of solid argon is dominated by phonons with mean free paths that

are spread over a small range (0.5–3 nm at 40 K), and therefore phonon properties

can be approximated reasonably by an average mean free path. This leads to a linear

dependence of 1/k on 1/Lm. The spread in phonon mean free paths is much greater for

silicon, and hence the linear dependence breaks down.

An advantage of using Eq. (5.14) or Eq. (5.15) compared with the standard NEMD

direct method that does not account for thermostat damping is that good results can

be obtained with smaller system sizes. To demonstrate this we include only those data

for which 45 ≤ L ≤ 105 unit cells. Fitting to the linear model in Eq. (5.14), we obtain

k∞ = 2.35 ± 0.08 W/mK, which is identical to the result obtained with lengths up to

603 unit cells at a significantly lower computational cost.

The plots of Rk and δθ versus ǫ, computed using Eqs. (5.17) and (5.18), respectively,

for different lengths of the nanobeam are presented in Fig. 5.4. It is clear from Fig. 5.4(a)

that the Kapitza resistance depends strongly on the damping parameter but is insensitive

to the length of the beam. This is not surprising since this resistance is a local effect

that depends primarily on the physics occurring close to the interface. In contrast,

the temperature jump, δθ, depends on both the damping parameter and beam length.

Figure 5.4(b) shows that the jump is decreased either by increasing the length of the

beam or the damping time ǫ up to a value of about 0.5 ps (beyond this value the

temperature jump slowly increases with ǫ).

The simulations were repeated for different temperatures and similar trends were

observed. Figure 5.5 shows the dependence of k∞ and the phenomenological coefficients

c and α appearing in Eq. (5.14) on the temperature. We see that the bulk thermal

conductivity decreases with increasing temperature. This is an expected physical effect,

since the mean free path decreases with increasing temperature [129, 146]. The coeffi-

cient c increases with increasing temperature, whereas the exponent α is insensitive to
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Figure 5.3: For θL = 12.5 K and θR = 17.5 K: (a) Plots of |qss| versus ǫ for L =
63, 123, 183, 303, 603 unit cells; Plots of (b) 1/k versus ǫ/Lm and (c) 1/k versus ǫα/Lm

for different damping times and various lengths.

temperature. It may be possible to extend the proposed phenomenology by postulating

a functional form for the temperature dependence of c and assuming a constant α, but

we have not attempted to do so here.

5.3 Summary

In the NEMD direct method, thermal conductivity is computed by applying a temper-

ature gradient across a system by thermostatting the ends to different temperatures

and measuring the steady state heat flux. The thermal conductivity then follows from
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Fourier’s law. A problem with this approach is that due to an artificial Kapitza resis-

tance at the interfaces between the thermostatted and unthermostatted regions, there is

an abrupt change between the temperature maintained by a thermostat and the temper-

ature experienced by the system across the interface. As a result, the thermal conduc-

tivity obtained from the NEMD direct method depends on the length of the system, the

thermostatting algorithm, and its parameters. In this chapter, we have proposed linear

and nonlinear phenomenological models in Eqs. (5.14) and (5.15), which account for

the dependence of the thermal conductivity on these variables. These relations make it

possible to compute the system-independent bulk thermal conductivity by performing a

number of simulations at different lengths and with different thermostat parameters, and

fitting to either Eq. (5.14) or Eq. (5.15). The main advantage of the approach is that by



84

explicitly accounting for the thermostat parameters, good results can be obtained with

smaller system sizes than needed to obtain converged results with the standard direct

NEMD approach.



Chapter 6

Hybrid KMC-continuum modeling

in silicon nanobeams

The Si(001) surface attracts much attention since most silicon devices are fabricated on

it. This surface is known to undergo a simple reconstruction that involves the formation

of rows of dimers along 〈110〉 directions [147]. Historically, Schlier and Farnsworth [148]

using low-energy electron diffraction (LEED) measurements first discovered the p(2×1)

structure, which involves 2× 1 periodic cells of the ideal surface structure. Later LEED

experiments detected a c(4 × 2) pattern [149, 150]. Scanning tunneling microscopy

(STM) studies of the Si(001) surface at room temperature show both symmetric and

asymmetric p(2×1) reconstructions [151]. The ground state configuration of the Si(001)

surface at low temperature is still an issue of debate with arguments made for symmetric

p(2×1) [152], asymmetric p(2×1) [153], c(4×2) [154], and a mixture of c(4×2), p(2×2)

and asymmetric p(2× 1) [155, 156, 157]. Several authors [158, 159, 160, 161, 162] have

studied the energetics of silicon surface reconstruction and provide estimates for the

latent heat released per dimer from the ideal unreconstructed structure to the symmetric

p(2× 1), asymmetric p(2× 1), c(4× 2) and other reconstructions.

In this chapter, we study how the released latent heat, which is delivered to the

material as a localized heat pulse, can cause a significant increase in temperature in

nanostructures. To motivate this, Fig. 6.1 shows the results of a non-equilibrium molec-

ular dynamics (NEMD) simulation of a silicon nanobeam with exposed {001} surfaces

85
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modeled using the Stillinger-Weber (SW) potential [115]. The nanobeam temperature is

initially 10 K and then the temperatures of both ends are raised to 30 K and maintained

at this level. The figure shows a series of temperature profiles at increasing time. The in-

terior of the beam gradually heats up, but rather than stabilizing at 30 K as expected, a

dramatic overshooting in temperature that exceeds 200 K occurs due to release of latent

heat that accompanies dimer formation in the reconstruction process. The maximum

temperature is reached after 231 ps after which the temperature gradually decreases

back to 30 K as the excess heat is absorbed at the ends.
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Figure 6.1: NEMD temperature profiles at increasing time for a silicon nanobeam of size
505× 16.3× 16.3 Å with an initial temperature of 10 K and with the ends held at 30 K.
Each profile is an average over 3 ps. The arrow indicates the direction of increasing time.

To model this phenomenon we use a continuum partial differential equation (PDE)

for non-Fourier heat transfer [2] parametrized using a novel thermal parameter identifi-

cation (TPI) scheme based on an iteratively reweighted least squares (IRLS) regression

method [56]. The injection of energy due to the latent heat released by dimerization is

modeled using a stochastic Kinetic Monte Carlo (KMC) algorithm [57] that is coupled

to the continuum PDE through the source term. The KMC rates are estimated using

harmonic transition state theory (h-TST) with the activation barrier for dimer forma-

tion computed from the atomistic model using the climbing-image nudged elastic band

(CI-NEB) method [58].
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The structure of the chapter is as follows. In Section 6.1, we begin with a brief

overview of Fourier and non-Fourier heat conduction models. In Section 6.2, we describe

the TPI-IRLS procedure for extracting thermal parameters from the NEMD temperature

profiles obtained prior to surface reconstruction. The results of applying TPI-IRLS to

silicon are described in Section 6.3. In Section 6.4, the surface reconstruction on the

Si(001) surface and activation barriers for dimerization are studied. In Section 6.5, we

describe the hybrid continuum-KMC method that models the latent heat released during

the surface reconstruction process and predicts the evolution of the temperature profiles.

We conclude in Section 6.6 with a summary and suggestions for future work. 1

6.1 Fourier and non-Fourier heat transfer models

The simplest theory of heat conduction assumes Fourier’s law. For a one-dimensional

(1D) homogeneous body, this can be written as

q = −k(θ)∂θ
∂x
, (6.1)

where q = q(x, t) and θ = θ(x, t) are the heat flux and temperature, respectively, at

position x in the current configuration at time t, and k(θ) is the temperature-dependent

thermal conductivity.

The energy equation for a rigid solid body without heat sources is (see for example

Section 10.2 in Ref. [1])
∂e

∂t
= γ

∂θ

∂t
= −∂q

∂x
, (6.2)

where e = e(x, t) is the internal energy per unit volume and γ = ∂e/∂θ is the volumetric

heat capacity. Substituting the expression for q(x, t) in Eq. (6.1) into Eq. (6.2), we

obtain Fourier’s heat equation for a temperature-dependent thermal conductivity:

γ
∂θ

∂t
= k′(θ)

(
∂θ

∂x

)2

+ k(θ)
∂2θ

∂x2
, (6.3)

where k′ = dk/dθ. This is a parabolic PDE that describes heat transfer as a diffusive

process and assumes infinite speed of heat propagation.

1 Some miscellaneous works were also done. More prominent among them is the analysis of phonons
on silicon nanobeams. The readers are suggested to contact the author to know more about the work.
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In order to account for wavelike heat propagation at finite speed, Cattaneo [7, 8] and

Vernotte [9, 10] introduced a relaxation time τq into the heat flux constitutive relation

in Eq. (6.1). This leads to a non-Fourier model for heat flux:

τq
∂q

∂t
+ q = −k(θ)∂θ

∂x
. (6.4)

Taking the derivative of Eq. (6.4) with respect to x and substituting in the energy

equation in Eq. (6.2), yields the Cattaneo-Vernotte (CV) wave equation,

γτq
∂2θ

∂t2
+ γ

∂θ

∂t
= k′(θ)

(
∂θ

∂x

)2

+ k(θ)
∂2θ

∂x2
. (6.5)

An alternative non-Fourier model for heat transfer was proposed by Joseph and

Preziosi [2] based on earlier work by Gurtin and Pipkin [67] and Nunziato [68]. They refer

to their model as a “Jeffreys-type” heat flux constitutive relation due to an analogy with

a stress model developed by Jeffreys [163]. The Jeffreys-type model has the form [143]:

τq
∂q

∂t
+ q = −k(θ)∂θ

∂x
− τθk(θ)

∂2θ

∂x∂t
, (6.6)

where τθ is an additional relaxation time. Following the procedure outlined above leads

to a Jeffreys-type equation for the temperature:

γτq
∂2θ

∂t2
+ γ

∂θ

∂t
= k′(θ)

(
∂θ

∂x

)2

+ k(θ)
∂2θ

∂x2
(6.7)

+ τθ

[
k′(θ)

∂θ

∂x

∂2θ

∂x∂t
+ k(θ)

∂3θ

∂x2∂t

]
. (6.8)

Assuming the following phenomenological relation for the thermal conductivity,

k(θ) = k0
(
θ/θ0

)s
, (6.9)

where k0 is the thermal conductivity at temperature θ0, and s is a real exponent, the

Jeffreys-type equation can be written as

∂θ

∂t
= −τq

∂2θ

∂t2
+
k0
γ

[( θ
θ0

)s(s
θ

(∂θ
∂x

)2
+
∂2θ

∂x2

)]

+
k0τθ
γ

[( θ
θ0

)s(s
θ

∂θ

∂x

∂2θ

∂x∂t
+

∂3θ

∂x2∂t

)]
. (6.10)

The CV wave equation and the Fourier equation follow from this equation as special

cases with τθ = 0 and τq = τθ = 0, respectively.
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6.2 Obtaining thermal parameters using the TPI-IRLS method

As a first step toward modeling the behavior in Fig. 6.1, we seek to obtain the thermal

parameters appearing in the continuum models described in Section 6.1 by performing

NEMD simulations of silicon nanobeams with free ideal (001) surfaces. We choose a

slender nanobeam of length L and square cross-section of sideW with L≫W . Given the

slender nanobeam geometry, we approximate the three-dimensional (3D) heat transfer

problem as 1D consistent with the derivation in Section 6.1.

In order to apply temperature boundary conditions (BCs) for computing thermal

parameters, the nanobeam is divided into Nbins bins of equal size as shown for example

in Fig. 6.2(a) for Nbins = 11. The bins centers are located at xn = ∆x/2 + (n − 1)∆x

(n = 1, . . . , Nbins), where ∆x is the bin length along the x-direction. The instantaneous

temperature in a given bin is computed as a spatial average over the appropriate phase

function across all atoms within it. The thermodynamic temperature of a bin is obtained

as a time average of the instantaneous bin temperature over a predefined time interval

of ∆t (see details in Ref. [143]). In order to improve the statistics, simulations can be

repeated multiple times with different initial conditions drawn from a distribution asso-

ciated with the initial temperature. Bin averages are then computed over all realizations

of a given bin.

(a)

(b)

Figure 6.2: (a) Division of a nanobeam into bins in an NEMD simulation. (b) Thermal
BCs applied to the beam for the TPI-IRLS method. Shaded regions are thermostatted.
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Initially, at time t = 0, the nanobeam has a uniform temperature θ0:

θ (x, 0) = θ0, 0 < x < L. (6.11)

Next the temperatures of the bins at the left and right ends of the nanobeam are set to

new values, θL and θR:

θ (0, t) = θL, θ (L, t) = θR. (6.12)

In the NEMD simulations, the temperature BCs are applied to the bins at the ends of

the nanobeam using a suitable thermostat as shown in Fig. 6.2(b).

In the TPI-IRLS approach, an NEMD simulation is performed starting with the

initial condition in Eq. (6.11) and with the BCs specified in Eqs. (6.12). The resulting

spatio-temporal temperature profiles after binning are then smoothed and a least squares

regression method is used to determine the Jeffreys-type model parameters, k0, τq and

τθ, appearing in Eq. (6.10). (The same procedure can be applied to the Fourier or CV

models to obtain their parameters.)2 We assume that the volumetric heat capacity γ

is constant over the temperature range of the simulation. We compute γ from a separate

molecular dynamics simulation at a temperature equal to the average of initial and BC

temperatures.

6.2.1 Temperature profile smoothing

The binning procedure described above yields the temperature θmn of bin n (n =

1, . . . , Nbins) at time tm = m∆t (m = 0, 1, . . . , Nprofiles), where Nprofiles is the num-

ber of stored temperature profiles. In the following, we refer to the initial m = 0 profile

as the “zeroth profile.”

Although the bin temperatures θmn are obtained as an average over multiple NEMD

simulations with different initial conditions, this data is still expected to be quite noisy

due to the stochastic nature of NEMD and the small system size being studied. Therefore

before attempting to fit this data to the continuum model in Eq. (6.10), it is necessary

2 Note that the TPI-IRLS approach differs from the TPI method we describe in Ref. [143], where
an analytical solution for a decaying initial sinusoidal temperature profile is used to extract thermal
parameters. A different approach is needed because the TPI method assumes that the thermal conduc-
tivity is independent of temperature, whereas in the present case the change in temperature is large and
this assumption is not valid.
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to apply a suitable smoothing procedure. We follow Müller and Timmer [164] and seek

a surface θ̃(x, t) in x–t space that “best” approximates the discrete bin data θmn.

Different choices for the form of θ̃(x, t) can be made. Schoenberg [165] and Rein-

sch [166] suggested that a natural cubic spline was optimal for smoothing noisy data.

However, splines have the propensity to follow the data too closely. At the other ex-

treme, a least squares linear fit captures the average slope of the data without tracking

deviations from the mean. We adopt a method described by de Boor [167] that uses a

“smoothing parameter” α to balance between smoothness and closeness to the data. In

this approach, α = 0 corresponds to a cubic spline and α = 1 corresponds to a linear

least squares fit, with intermediate values corresponding to a mixture of the two. By

tuning the value of α in the range [0,1], the level of agreement with the data can be

controlled. Since our data is discretized in both space x and time t, smoothing is per-

formed with a two-dimensional surface spline in the directions x and t. The smoothing

parameters in these directions are taken to be

αx = ex/(1 + ex), αt = et/(1 + et), (6.13)

where

ex = ((∆x)
3/16)× 10ap , et = ((∆t)

3/16)× 10ap .

The power ap can vary from 1 to 10. A value of ap = 1 was used in most of our

calculations. Data from the thermostatted bins is excluded in the smoothing procedure.

6.2.2 Iteratively reweighted least squares regression (IRLS)

Next we turn to the least squares parameter extraction technique. The Jeffreys-type

equation in Eq. (6.10) is assumed to hold at all points along the nanobeam at all

time. It therefore holds at the bin centers xn (n = 2, . . . , Nbins − 1) at times tm

(m = 1, 2, . . . , Nprofiles). This provides a system ofNdata = (Nbins−2)×Nprofiles equations

with which to determine the parameter vector p = (p1, p2, p3)
T = (τq, k0/γ, k0τθ/γ)

T .

Formally, we write

∂tθ|mn = f(p, ∂ttθ|mn, ∂xxθ|mn, ∂xxtθ|mn; s), (6.14)
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where ∂tθ ≡ ∂θ
∂t , ∂ttθ ≡ ∂2θ

∂t2
, ∂xxθ ≡

(
θ
θ0

)s(
s
θ

(
∂θ
∂x

)2
+ ∂2θ

∂x2

)
, and ∂xxtθ ≡

(
θ
θ0

)s(
s
θ
∂θ
∂x

∂2θ
∂x∂t+

∂3θ
∂x2∂t

)
, for a given value of s (the thermal conductivity exponent defined in Eq. (6.9)).

The notation (·)|mn means that the argument is evaluated at position xn at time tm.

So for example ∂ttθ|mn = (∂2θ/∂t2)|(xn,tm). Equation (6.14) is now approximated by re-

placing θ(x, t) with the function θ̃(x, t) obtained by the smoothing procedure described

in the previous section:

∂tθ̃|mn = f(p, ∂ttθ̃|mn, ∂xxθ̃|mn, ∂xxtθ̃|mn; s). (6.15)

The derivatives are computed from the surface spline function.

From a regression standpoint, we take the left-hand side of Eq. (6.15), ymn = ∂tθ̃|mn,

to be the dependent variable, and the variables on the right, Xmn = (−∂ttθ̃|mn, ∂xxθ̃|mn, ∂xxtθ̃|mn)
T ,

to be the regressors (or “independent variables”). We now assume that the parameters

p are constant over the range of temperatures being explored. We again emphasize that

the regressors depend upon s, so that p is being estimated for a given value of s. We

drop s in the formal representation for the sake of clarity.

Examining Eq. (6.10), we see that a linear relationship exists between ymn and Xmn,

ymn = Xmn · p+Rmn, (6.16)

where Rmn are residual terms representing the noise in the data. The residuals are not

known a priori and are obtained by inverting Eq. (6.16) for a given choice of p,

Rmn(p) = ymn −Xmn · p. (6.17)

The Ndata equations in Eq. (6.16) can be represented in compact form as

y = Xp+R, (6.18)

where y = {ymn} and R = {Rmn} are Ndata×1 vectors and X = {Xmn} is an Ndata×3

array. This system of equations is overdetermined since there are only three unknowns

(the parameters p1, p2 and p3) whereas the number of equations is Ndata ≫ 3. A

coefficient inversion problem [168] must therefore be solved by minimizing the sum of
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the square of the residuals

Γ(p) =
∑

m,n

(Rmn(p))
2

=
∑

m,n

(ymn −Xmn · p)2 ≡ ‖y −Xp‖22. (6.19)

This is known as the l2-norm least squares regression method. A limitation of this

approach is that it a priori assumes that the system is homoscedastic, i.e., that the

random noise variables Rmn all have the same variance. If this is not the case and the

system is heteroscedastic, and the results obtained by minimizing Γ(p) will be invalid.

Instead, a method that corrects for heteroscedasticity by estimating the variance of the

variables along with the parameters must be used. An example of such an approach is

the IRLS (iteratively reweighted least squares) regression method. We follow the IRLS

implementation of the hybrid l2–l1 norm adopted by Guitton and Verschuur [56], where

the minimizing function is

ΓW (p) = ‖W (y −Xp)‖22, (6.20)

and W is the following diagonal Ndata ×Ndata weighting matrix:

W = diag

(
1

(1 +R2
mn/ǫ

2)1/4

)
. (6.21)

Here ǫ is a scaling constant that we take to be

ǫ = max
|y|
100

. (6.22)

With this choice of W , minimizing ΓW (p) is equivalent to minimizing [56]:

Z(p) =
∑

m,n

z(Rmn(p)) =
∑

m,n

(
[1 +Rmn(p)/ǫ]

1/2 − 1
)
, (6.23)

where Rmn(p) is given in Eq. (6.17). For a given residual Rmn, we have

z(Rmn) ≈





1
2 (Rmn/ǫ)

2 for small |Rmn| /ǫ,

|Rmn| /ǫ, for large |Rmn| /ǫ.
(6.24)

Hence, we obtain an l2 treatment for small residuals and an l1 treatment for large

residuals with a smooth transition between the two determined by the parameter ǫ.
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The IRLS algorithm consists of iteratively recomputing the weights W and the

parameters p until a convergence criterion is satisfied. The algorithm proceeds as follows.

Given p(k) (the parameters vector at iteration k) the residual at iteration k follows from

Eq. (6.17) and the corresponding weighting matrix W (k) from Eq. (6.21). The values of

the parameters at iteration k + 1 are then obtained by solving the weighted linear least

squares problem:

p(k+1) = argmin
p

‖W (k) (y −Xp)‖22

=
(
XTW (k)X

)−1
XTW (k)y.

(6.25)

The algorithm is initialized by setting W (0) to the identity matrix. This is equivalent

to obtaining the first guess for the parameters, p(1), through a standard least squares

fitting procedure by minimizing Γ(p) in Eq. (6.19). The iterations in Eq. (6.25) con-

tinue until the minimizer Z defined in Eq. (6.23) converges to a specified tolerance, i.e.,
∣∣Z(p(k+1))−Z(p(k))

∣∣ < tol. In our case, the tolerance was set to tol = 10−10.

The IRLS method described above is used to obtain the parameters p for a given

value of s. To obtain s, we minimize the l2-norm of the residual,

min
s

√
Γ(p; s) = min

s
‖y −X(s)p(s)‖2, (6.26)

and obtain p(s̃), where s̃ is the minimizer of Eq. (6.26).

6.3 Numerical results for the thermal parameters

The boundary-value problem described at the start of Section 6.2 of a silicon nanobeam

with thermal BCs is solved using NEMD. The nanobeam is modeled as a collection of N

atoms that interact via the three-body SW interatomic potential [115] with parameters

for silicon archived in OpenKIM [121, 169, 170]. For details on NEMD simulations, see

for example Ref. [84].

Temperature BCs were applied using either a Nosé-Hoover chain thermostat [88, 107,

109, 111] or a Langevin thermostat [100, 122] using a definition for temperature invariant

with respect to rigid-body modes due to Jellinek and Li [93]. The parallel molecular

dynamics code LAMMPS [123, 124] was used to integrate the equations of motion with

modifications suggested by Singh and Tadmor [143].
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All simulations begin with an initialization stage during which the system is equi-

librated to the initial target temperature θ0 and allowed to expand to its equilibrium

volume. The silicon nanobeam has a diamond structure and is oriented so that the

x, y and z axes coincide with the crystallographic [100], [010] and [001] directions. A

nanobeam of size nxa0 × nya0 × nza0 (with ny = nz) is constructed where a0 = 5.43 Å

is the zero-temperature equilibrium constant for argon. Periodic BCs are applied in all

directions, so during the initial phase the “nanobeam” is actually a bulk system. The

initial momenta of all the atoms are selected from a Maxwell-Boltzmann distribution for

twice the target temperature (2θ0). This is done because approximately half of the ini-

tial kinetic energy is transformed to potential energy due to the equipartition of energy,

and so the final temperature after equilibration will be about half the original value and

hence close to θ0. After assigning the initial velocities, the nanobeam is evolved subject

to NPT conditions with the pressure set to P = 0 and the temperature to T = θ0. A

coupled Nosé-Hoover chain thermostat (chain length = 3) and barostat as described in

Shinoda et al. [125] were used. The method is implemented within the LAMMPS code.

The system is evolved for a total of 2× 106 MD steps with a time step of ∆tMD = 2 fs.

Following the NPT simulation, the periodicity along z axis is removed, and (001) and

(001̄) surfaces are exposed. An NVT simulation follows for 2 × 106 MD steps with the

same time step in which only temperature is controlled to complete the initialization

process. This is necessary to allow the surfaces to relax to their equilibrium structure

at the target temperature.

We illustrate the TPI-IRLS method for a beam of size 33 × 3 × 3 unit cells. After

the initialization stage with θ0 ≈ 10 K. The number of bins is set to Nbins = 11 each

containing 216 atoms. Next the temperature BCs in Eq. (6.12) are enforced by setting

the temperatures of the leftmost and rightmost bins to θL = θR = 30 K using a Langevin

thermostat with a damping time of 0.5 ps. The system is run for 2× 105 MD steps with

a time step of ∆tMD = 1 fs. Thermal fluctuations are reduced by running the simulation

ten times with different initial momenta drawn from a Maxwell-Boltzmann distribution

for θL = θR = 30 K. Nprofiles = 200 temperature profiles are stored by taking averages of

instantaneous values over ∆t = 1 ps. This temporal averaging ensures the existence of

local thermodynamic equilibrium conditions [143]. Since we are interested in extracting

the thermal parameters prior to the initiation of surface reconstruction, we only take the
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first 15 profiles (i.e. we only take temperature data from the first 15 ps of the simulation

before any reconstructions are observed to occur). These profiles are spline smoothed

according to the procedure outlined in Section 6.2.1, where the parameters ap, ∆t and

∆x in Eq. (6.13) are equal to 1, 1 ps and 16.29 Å, respectively.

We apply the IRLS method described in Section 6.2.2 and obtain the estimated co-

efficients p with components p1 = τq, p2 = k0/γ, and p3 = k0τθ/γ. Only positive values

of these coefficients are considered. Using the estimated parameters, the continuum

Jeffreys-type model in Eq. (6.10) is numerically solved by employing the finite difference

discretization scheme described in the Appendix B. We calculate the root-mean-square

deviation (RMSD) in temperature values between the continuum model and the atom-

istic data. We obtain different p values for different subsets of profiles such as m ∈ [0, 3],

m ∈ [1, 3], and so on, and select the p values for which the RMSD value is minimum.

The volumetric heat capacity γ appearing in p2 and p3 is computed using a separate

calculation. The entire beam is brought to steady state at θ = 20 K with a Langevin

thermostat for 2×106 MD steps with a time step size ∆tMD = 2 fs. The beam continues

to be thermostatted for another 3×105 MD steps and the energy of the beam is recorded

at each MD step. Using Eq. (4.8) we find γ = 1.40±0.10×10−5 eV/(Å3 K). Substituting

γ into p2 and p3, the following results are obtained for the Jeffreys parameters for

silicon, s = −1.5 ± 0.1, k0 = 16.36 ± 1.25 W/mK, τq = 5.18 ± 0.36 ps, τθ = 1.50 ±
0.45 ps. The error bars on the parameters are obtained using a statistical t-test procedure

and all coefficients are estimated at a 5% statistical significance level [171]. The t-test

provides the standard errors SEp1 , SEp2 , SEp3 , for the three components of the parameter

vector p. The standard errors of k0, τq, τθ, i.e., SEk0, SEτq , SEτθ , are computed from

SEp1 , SEp2 , SEp3 , γ and its standard deviation σγ using the following relations:

SEτq = SEp1 ,

SEk
2
0

k20
=

SE2
p2

p22
+
σ2γ
γ2
,

SE2
τθ

τ2θ
=

SE2
p3

p23
+

SE2
p2

p22
,

(6.27)

which are derived based on the assumption that the covariance terms between p2, p3

and γ are zero.

The TPI-IRLS procedure was also applied to the CV model (Eq. (6.5)) and the
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Fourier model (Eq. (6.3)) for the same size beam. We obtain s = −1.9 ± 0.1, k0 =

24.85 ± 1.63 W/mK, τq = 2.42 ± 0.20 ps for the CV model and s = −1.9 ± 0.1, k0 =

28.43 ± 1.64 W/mK, for the Fourier model. Figure 6.3 shows a comparison between

the NEMD temperature profiles and the continuum profiles for the Fourier, CV and

Jeffreys-type models.
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Figure 6.3: Comparison of the smoothed NEMD temperature profiles and the contin-
uum models for (a) Fourier, (b) CV, and (c) Jeffreys-type thermal models for a silicon
nanobeam of size 33× 3× 3 unit cells prior to surface reconstruction. The initial beam
temperature is θ0 = 10 K and the boundary temperatures are set to 30 K. Profiles are
separated by 3 ps and each profile corresponds to an average of 1 ps of data. The zeroth
profile is also shown.

Close examination of Fig. 6.3 and statistical testing reveal that the CV and the

Jeffreys-type models are in better agreement with the NEMD data. In particular, the

RMSD in temperature for the Fourier model is 2.41 as opposed to 2.03 for the Jeffreys-

type model and 1.57 for the CV model. For systems with different sizes we obtain similar

results. Thus we find that the CV model provides the best fit for the atomistic data for

silicon nanobeams. We therefore choose the CV model for further analysis.3 Results

3 We also note that Jeffreys-type parameters obtained using the TPI-IRLS procedure are not unique,
whereas they are for the Fourier and CV models. Unique Jeffreys-type parameters can be obtained by
including heat flux profiles in the fitting procedure [143]. This is another reason why we have chosen
CV over the Jeffreys-type model for the present work.
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for the CV model for three different nanobeam sizes needed for the continuum-KMC

calculations in Section 6.5.3 are given in Table 6.1.

Table 6.1: The CV parameters for three different nanoslab sizes along x-axis in unit cell.
The size along the y and z axis is 3 unit cells. Values in parentheses are the standard
errors of the parameters.

size k0 [W/mK] τq [ps] s
33 24.85 (1.63) 2.42 (0.20) -1.9 (0.1)
63 33.38 (1.43) 4.29 (0.33) -1.9 (0.1)
93 36.15 (1.34) 3.59 (0.68) -1.9 (0.1)

In order to check the validity of the fitting scheme, we test whether the parameters

obtained for one set of BCs can be used to describe a problem with different BCs.

Figure 6.4 shows a comparison between atomistic NEMD data and the CV model for

a different boundary-value problem with θR = 30 K and θL = θ0 = 10 K using the

parameters obtained from the problem in Fig. 6.3(b). The agreement is quite good. This

suggests that CV provides a good model for thermal transport in silicon nanobeams and

is transferable to different loading conditions.
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Figure 6.4: Comparison of the NEMD temperature profiles with the predictions of the
continuum CV model using the thermal parameters obtained from the temperature
profiles in Fig. 6.3(b). The initial beam temperature is θ0 = 10 K and the temperature
of the rightmost bin is increased to 30 K. In all simulations, NEMD profiles are an
average of ten runs with different initial momenta. Except for the zeroth profile, each
profile is an average of 1 ps of data.
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6.4 Surface Reconstruction

In the fitting process described in Section 6.3, temperature profiles from only the first

15 ps were used (see Fig. 6.3 and accompanying discussion). This is because at later

times the surfaces of the nanobeam begin to reconstruct as the temperature rises. In

this section we explore the energetics of the reconstruction process of an exposed (001)

surface in a vacuum. We start with an ideal unreconstructed (001) surface as shown

in Fig. 6.5(a). The rows of dangling bonds, which are clearly visible in the figure, are

less energetically favorable than the reconstructed states described below. For the SW

potential, we find that dangling bonds on the surface rotate to form dimers along the

[1̄10] direction as shown in Fig. 6.5(b) (3D view) and Fig. 6.5(c) (plan view). This

reconstruction is different from the experimentally observed structures discussed in the

beginning of this chapter. Rather than the commonly observed p(2× 1) reconstruction,

the SW potential predicts a structure consisting of rows of dimers along the [1̄10] direc-

tion separated by a row of dangling bonds. We refer to this as the symmetric p(3 × 1)

reconstruction. For the SW potential, the symmetric p(2 × 1) and symmetric p(3 × 1)

structures have surface energies of 246.4 meV/Å2 and 259.3 meV/Å2, respectively. This

means that the p(2 × 1) structure is more favorable than the p(3 × 1). However, as we

show below, a small energy barrier exists for the formation of dimers. For SW, this bar-

rier is a little higher for creating an adjacent dimer in the p(2× 1) structure (22.5 meV)

than for creating a dimer separated by a row of dangling bonds in the p(3 × 1) struc-

ture (20.8 meV). This difference is the reason that the SW potential favors the p(3× 1)

structure at low temperature. At higher temperatures, the system has more energy to

overcome energy barriers and can more fully explore its configuration space. Due to en-

tropic effects, a mixture of p(2×1) and p(3×1) structures is observed, with the fraction

of p(2 × 1) increasing with temperature. This is clear in Figs. 6.5(d) and 6.5(e) that

show the reconstructed surfaces predicted by SW at at 300 K and 1100 K. The high

temperature results are in agreement with other molecular dynamics simulations using

the SW potential [172, 173].

The fact that dimerization is not observed at very low temperatures (over the dura-

tion of an NEMD simulation) but does occur at elevated temperature, suggests that it
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(a) (b)

(c) (d)

(e)

Figure 6.5: (a) 3D view of the ideal unreconstructed (001) surface, and (b) the recon-
structed surface at 30 K of the silicon nanobeam of size 33 × 3 × 3 unit cells. The top
layer of the reconstructed (001) surface seen from above at (c) 30 K, (d) 300 K, (e)
1100 K.

is an activated process. The h-TST transition rate R for dimer formation is

R = νd exp
(
−∆Eb/kBθ

)
, (6.28)

where νd is the attempt frequency, θ is the local temperature, kB is Boltzmann’s constant,

and ∆Eb is the energy barrier separating the undimerized and dimerized states.

We use the CI-NEB method of Henkelman et al. [58] to obtain the energy barrier

∆Eb and the energy released during dimerization ∆Er. We start with a nanobeam of

size 33× 3× 3 unit cells equilibrated at 10 K as discussed in Section 6.3 and focus on a

single bin along the [1̄10] direction. Taking the ideal unreconstructed (001) surface as the

first configuration C1, we displace the two atoms in the front towards each other by 0.13

Å and minimize the total energy to obtain the second configuration C2 with one dimer

formed. We repeat the process for the next two atoms in the row to obtain the third

configuration C3 with two dimers formed, and so on to obtain configurations C4 and

C5 as shown in Fig. 6.6. Our intention in creating this sequence of configurations is to
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see whether the barrier and energy release for dimer formation is affected by previously

formed dimers in the vicinity. We apply the CI-NEB procedure with C1 as

the initial state and C2 as the final state with a total of 16 replicas along the band

generated by linear interpolation. We repeat the process for C2 and C3, and so on.

Figure 6.6(f) presents the energy along the minimum energy path for the resulting series

of transitions. We find that the energy barrier ∆Eb for the first dimer formation is

approximately 22 meV and the energy released during this process is ∆Er ≈ 1.65 eV.

The energy barrier and energy released in all subsequent dimerizations is about the same

with ∆Eb ≈ 6.8 meV and ∆Er ≈ 1.71 eV. It is noteworthy that the barrier for the first

dimerization is about three times higher than for subsequent dimerizations. Thus it is

easier to dimerize after the process begins.

Instead of the process described above where all dimers form in a single row, it is also

possible for dimers to form in alternate rows. A corresponding series of configurations

C1–C2–C3′–C4′–C5′ for this alternate process are shown in Fig. 6.7 (configurations C1

and C2 are the same ones shown in Figs. 6.6(a) and 6.6(b)). The energy along the corre-

sponding minimum energy path obtained by CI-NEB is shown in Fig. 6.7(d). Three

types of transitions are observed in this process:

Type I The first dimer formed on an ideal surface (C1–C2) has ∆Eb = 22 meV and

∆Er = 1.65 eV (as also reported in Fig. 6.6).

Type II A dimer formed on an alternate row to an adjacent one (C2–C3′ and C3′–C4′)

has ∆Eb = 33 meV and ∆Er = 1.61 eV.

Type III A dimer formed on the same row as an adjacent dimer (C4′–C5′) has ∆Eb =

6.8 meV and ∆Er = 1.71 eV (as also reported in Fig. 6.6(f)).

These results indicate that dimer formation is easiest along the same row. The energy

barrier for alternate dimerization is more than four times higher. In addition to the

above, CI-NEB calculations were carried out for several other systems with free (001)

surfaces for different system sizes (3×3×4, 6×6×4, 33×4×4, and others) and different

dimer configurations. In all cases, only Type I, II and III transitions were observed.

We calculated the attempt frequency νd appearing in Eq. (6.28) using the Vineyard
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equation [174]:

νd =

∏3N
j=1 νj∏3N−1

j=1 ν‡j
(6.29)

where ν and ν‡ are normal frequencies of vibration at the initial and saddle point states,

respectively, and N is the total number of atoms in the system. We find νd = 50.1,

1.5, and 0.16 ps−1 for Type I, II and III transitions, respectively. These numbers are

comparable to the values found by other workers [175, 176].

6.5 Hybrid continuum-KMC model

In this section we describe the hybrid continuum-KMC method developed to model the

heating of a nanobeam due to surface reconstruction.

6.5.1 The continuum model

In Section 6.3, we demonstrated that the continuum CV model in Eq. (6.5) provides a

good description of temperature evolution in silicon nanobeams. However, a stochastic

source term r(x, t) must be added to the energy equation in Eq. (6.30) to model the

latent heat released per unit time during the dimerization process:4

∂e

∂t
= −∂q

∂x
+ r. (6.30)

Using the constitutive CV model for the heat flux in Eq. (6.4), the energy equation

in Eq. (6.30) and the thermal conductivity k in Eq. (6.9), yields the CV wave equation

with a source term:

∂θ

∂t
= −τq

∂2θ

∂t2
+
k0
γ

[( θ
θ0

)s(s
θ

(∂θ
∂x

)2
+
∂2θ

∂x2

)]
+ r/γ. (6.31)

To simplify the model, we assume that the thermal conductivity k becomes constant for

4 See for example Section 10.2 in Ref. [1].
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temperatures exceeding the boundary values:5

k(θ) =




k0
(
θ/θ0

)s
, if θ ≤ θL,

k(θ = θL), otherwise,
(6.32)

where k0 is the thermal conductivity at initial temperature θ0, s is a real exponent and

θL is the boundary temperature. We choose the value of τq obtained from the TPI-IRLS

method described in Section 6.3.

We employ the explicit 1D finite difference discretization schemes described in the

appendix to numerically solve the PDE in Eq. (6.31). The spatial grid size is taken equal

to the bin size in the NEMD simulations, so that the continuum grid points along the

x-axis are located at xn (n = 1, . . . , Nbins) (the geometric centers of the NEMD bins)

as defined in Section 6.2. The discretization time step is taken to be ∆t = 0.001 ps to

ensure that the explicit scheme satisfies the Courant-Friedrichs-Lewy condition [177] for

numerical stability.6

The heat source term r = r(x, t) appearing in Eq. (6.31) accounts for the latent

heat that is released whenever a dimer is formed. A dimerization event at position xn

(n = 2, . . . , Nbins − 1) and time t is modeled as a uniform heat pulse of duration ∆tR.

Thus over the time interval [t, t+ tR], we have

r(xn, t) = Q̇e, (6.33)

where Q̇e is the energy released per unit volume per unit time. Since the volume asso-

ciated with a grid point is Vbin (volume of a bin) and a dimerization event releases ∆Er

energy, we have

Q̇e =
1

Vbin

∆Er

∆tR
. (6.34)

5 Adopting a temperature-dependent thermal conductivity as in Eq. (6.9) beyond the boundary
temperatures requires the thermal parameter extraction process described in Section 6.2 to be done for
temperatures exceeding 30 K. This means taking into account the surface reconstruction process and
would require a significant modification to the TPI-IRLS method. Moreover, it becomes difficult to
handle the PDE with temperature dependent thermal conductivity due to the instabilities introduced
by the presence of the stochastic term. In addition, the highly nonequilibrium nature of latent heat
release leads to large sudden changes in the temperature gradients. This suggest the need for a nonlocal

dependence of thermal conductivity on the temperature gradient field [54, 145]. For these reasons, we
have opted to use a simple constant thermal conductivity in this analysis for temperatures above the
boundary temperature, reserving more complex models for future work.

6 The time step violating the CFL condition for all cases in the present work is greater than 0.1 ps.



104

The energy ∆Er for the dimerization types being considered is given in Section 6.4.

We estimate the time interval ∆tR over which the latent heat energy is absorbed in

a bin based on the following heuristic argument. Consider a constant heat source Q̇e

located at the origin of an infinite medium. Assuming Fourier’s model, the axisymmetric

temperature field at a radial distance ξ is given by [178]

θ(ξ, t) =
Q̇e

4πkξ
erfc

(
ξ√
4αt

)
, (6.35)

where α = k/γ is the thermal diffusivity and erfc is the error function. We identify

∆tR with the time at which the temperature reaches 90% of its steady-state value at

ξ = ∆x/2 corresponding to the distance from a heat source at a bin center to its edges,

i.e.

θ(∆x/2,∆tR) = 0.9 lim
t→∞

θ(∆x/2, t),

=⇒ erfc

(
∆x/2√
4α∆tR

)
= 0.9. (6.36)

The interval ∆tR is an estimate for the time that a localized heat pulse generated by a

dimerization event is uniformly distributed across the enclosing bin. For a nanobeam of

size 33× 3× 3 unit cells, ∆x = 3a0 = 16.29 Å. The thermal diffusivity for a nanobeam

of this size follows from the results of Section 6.3 as α = k/γ = 157.18 Å2 ps, where

k = k0(θ/θ0)
s = 28.43(30/10)−1.9 = 3.53 W/mK and γ = 1.40× 10−5 eV/(Å3 K). Using

these values in Eq. (6.36), we obtain ∆tR = 0.08 ps. The value of ∆tR depends on

the nanobeam size because thermal conductivity is size dependent. For systems of size

63× 3× 3 and 93× 3× 3, we find ∆tR = 0.06 and 0.05 ps, respectively.

The numerical formulation for solving the PDE is now complete except for the de-

termination of the dimerization events. This is a stochastic process that we model using

the KMC algorithm described in the next section.

6.5.2 The KMC method and the algorithm

The source term r(x, t) in Eq. (6.31) represents dimerization events on the surfaces of

a nanobeam that inject heat pulses into the system. Since dimerization is a random

activated process, we use a stochastic KMC algorithm to determine the locations and

waiting times for dimerization events.



105

In the KMC method, a catalog (rate table) of all possible events is prepared at a

given time. In our case, the events correspond to the formation of dimers at grid points

associated with internal bin centers (n = 2, . . . , Nbins−1). We make several assumptions

to simplify the formulation and make it computationally tractable:

1. Each grid point is associated with a bin in the original NEMD simulation and

therefore has a finite number of possible dimerizations dmax, which depends on

the top and bottom bin surface area. In the simulations reported below the bin

surfaces are 3 × 3 unit cells, for which dmax = 12 on average. Once all 12 dimers

are formed, further dimerization is not possible in that bin.

2. The first dimer on the upper and lower (001) surfaces of each bin has to be of

Type I as described in Section 6.4. Once a type I dimer forms, a maximum of

five dimers of either Type II or Type III can form on that surface. However, to

simplify the formulation we require two Type I dimers to form first, and then ten

dimers of either Type II or Type III can be formed.

3. Only one grid point can undergo dimerization at a time. This greatly reduces the

computational intensity of the KMC computations. This is a reasonable approx-

imation since dimerization events are independent and the probability of two or

more dimers forming simultaneously is negligible in comparison to single dimer

formation. This is an important assumption since it reduces the number of events

to O(Nbins) making the calculation tractable.

A continuum-KMC formulation consistent with the above assumptions is given in

Algorithm 1. Between dimerization events, the PDE in Eq. (6.31) is integrated without

a source term. When a dimerization event occurs the PDE is integrated for a period

∆tR (computed in the previous section) with the constant source term Q̇e given in

Eq. (6.34). The dimerization events and the times they occur are determined using

a KMC algorithm for time-dependent transition rates due to Prados et al.[179]. (A

time-dependent algorithm must be used because the temperature along the nanobeam

is changing during the KMC process and hence the rates are changing.) The average

waiting time ∆tKMC between events is obtained by solving
∫ ∆tKMC

0
Rtot(t

′)dt′ ≤ − lnu, (6.37)
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where u is a uniform random number in the range [0, 1], Rtot(t) =
∑Np

i=1Ri(t) is the

total transition rate at time t, Np is the number of events (all possible dimerization events

at all grid points that can occur during the time interval ∆tKMC), and Ri (i = 1, . . . , Np)

are the rates for forming the dimers. We assume that at each grid point two dimers of

Type I form first (one on the top surface and one on the bottom) followed by ten dimers

of either Type II or III.7 Thus the number of dimers dn at grid point n ranges from 0

to 12. The rate Ri for an event occurring at grid point xn is computed from Eq. (6.28)

with θ = θn(t), and the attempt frequency νd and activation barrier ∆Eb for a Type I,

Type II, Type III dimer given in Section 6.4. Once the time to the next event ∆tKMC

has been obtained by solving Eq. (6.37), the rate table at that time is constructed and

the event that happens is randomly selected in standard KMC fashion as described in

Algorithm 1. Once all dimerization sites are exhausted, the KMC algorithm is no longer

applied and the PDE in Eq. (6.31) is integrated without a source term from then on.

6.5.3 Numerical results

We now revisit the problem described in the beginning of this chapter and the results

shown in Fig. 6.1. A silicon nanobeam with exposed {001} surfaces is equilibrated at

10 K and then its ends are heated to 30 K and maintained at this temperature as a fixed

thermal BC. As the temperature of the interior begins to rise, dimerization events begin

to occur that due to the latent heat released cause the nanobeam temperature in the

center to dramatically overshoot the BC temperature.

In this section, we simulated this problem using the continuum-KMC model outlined

in Algorithm 1 using the thermal parameters for the CV model obtained using the TPI-

IRLS method described in Section 6.3. Three different nanobeam sizes are studied:

33 × 3 × 3, 63 × 3 × 3, and 93 × 3 × 3. The models contain 2574, 4914 and 7254

atoms respectively. NEMD simulations were carried out on a parallel cluster using

LAMMPS with 24 cores. Simulation times for the three systems were 2.2, 4.5 and 8

hours, respectively. The continuum-KMC calculations were carried out using the CV

7 This is clearly an approximation. A more accurate approach would track the topology of dimer
formation on the surface and include all possible events. (For example Type II dimers should only form
adjacent to Type I dimers, and more than two Type I dimers can in principle form.) However this
would greatly increase the complexity of the code and its computational expense and it was felt that
the simpler more approximate approach was consistent with the overall level of accuracy of the model.
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parameters given in Table 6.1. The results comparing the NEMD profiles (red) and

continuum-KMC predictions (blue) are shown in Fig. 6.8. (Note that the results shown

in Fig. 6.1, correspond to Fig. 6.8(c) here.) The plots show a series of temperature profiles

at increasing time. Clearly the continuum-KMC results are in good overall agreement

with the NEMD results, correctly capturing the thermal overshooting. Although not

apparent in the figure, the temperature first rises to reach the maximum temperature

profile and then cools down to the BC temperature of 30 K as heat is dissipated through

the thermostatted ends. The times it takes the nanobeams to reach the maximum

temperature profile and then cool back down to the BC temperature are: 110 ps/300 ps

(33 × 3 × 3), 220 ps/600 ps (63 × 3 × 3), and 234 ps/900 ps (93 × 3 × 3). These times

may be sensitive to the damping parameter used in the thermostatted bins at the ends

of the nanobeam.

Having established the validity of the continuum-KMC model for smaller system

sizes it is of interest to explore its predictions for larger systems that are difficult to

simulate using NEMD due to the computational cost. Figure 6.9 shows the results for

a nanobeam of length 603 unit cells (0.327 µm). The CV parameters were estimated as

k0 = 303.13 W/mK, τq = 6.11 ps, s = −1.9. The dimer latent heat absorption time

is taken to be ∆tR = 0.0065 ps. The thermal overshooting in this case is even more

significant.

In general, we find that the degree of overshooting, characterized by the maximum

temperature along the beam,

θmax = max {θ(x, t)|0 ≤ x ≤ L, 0 ≤ t <∞}, (6.38)

increases with increasing nanobeam length L as shown in Fig. 6.10(a). The same data

is plotted on a semi-log plot in Fig. 6.10(b). A linear fit of the form,

θmax(L) = a lnL− b, (6.39)

where a = 75.91±3.79 K/ ln nm, b = 1.93±1.07 K with θmax in K and L in nm provides

a good fit to the data above a length of 123 unit cells (L = 123 × 0.543 = 66.8 nm).

The deviation from the logarithmic fit can be understood by considering the length-

dependence of the thermal conductivity and time lag shown in Figs. 6.11(a) and 6.11(b).

Above about 123 unit cells (1/L = 0.015 nm−1), the dependence of thermal conductivity
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k0 on length L takes the following form [54, 117]:

1

k0
=

1

k∞
+
c

L
, (6.40)

where c is a constant and k∞ is the bulk value at 10 K. Below 123 unit cells the fit

breaks down, which explains the deviation seen in Fig. 6.10(b). Fitting the data in in

Fig. 6.11(a) to the relation in Eq. (6.40), yields k∞ = 2676.70 ± 124.84 W/mK, which

is close to the experimental result of Thompson and Younglove [180]. The dependence

of τq on L takes a similar form [117, 143]:

1

τq
=

1

τ∞
+
cτ
L
, (6.41)

were cτ is a constant dependent on the thermostat parameters.[54] Fitting to the data

in Fig. 6.11(b), we find that the bulk value τ∞ is 8.67± 0.37 ps.

The logarithmic divergence of the overshooting temperature with nanobeam length

seen in Fig. 6.10 can be understood from an analysis of the spatially non-dimensionalized

form of Eq. (6.31),

∂θ

∂t
= −τq

∂2θ

∂t2
+
k0(L)

γL2

[( θ
θ0

)s(s
θ

( ∂θ
∂x′

)2
+
∂2θ

∂x′2

)]
+ r′/γ, (6.42)

where x′ = x/L, and r′(x′, t) is the dimensionless source term. As the length of the

nanobeam increases, the diffusion term coefficient k0(L)/γL2 tends to zero. The wave

term does not play an important role due to the small value of τq in this system. As

a result heat is transported at a slower rate as the nanobeam length increases. At the

same time, the source term r′(x′, t) tends to infinity as the number density of surface

dimerization sites increase over the unit length. Basically as the length of the nanobeam

increase more heat is generated and the ability of the nanobeam to diffuse the heat away

decreases. This trend will continue until the maximum temperature reaches the melting

point. From Eq. (6.39) and the melting point of Si (θm ≈ 1700 K), the length required

for this to happen is about 5.45 m.

6.6 Summary

Silicon nanobeams with free {001} surfaces undergo a surface reconstruction process in

NEMD simulations. This involves dimer formation along 〈110〉 directions on the exposed
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surfaces resulting in the release of latent heat, which can lead to a significant increase in

the temperature. For example, NEMD simulations using the SW potential show that a

silicon nanobeam of size 505× 16.3× 16.3 Å that is initially at 10 K and then heated at

the ends to 30 K, exhibits thermal overshooting reaching above 200 K at its center. The

overshooting temperature diverges logarithmically with beam length until the melting

temperature is reached.

A hybrid continuum-KMC method is proposed to model the thermal overshooting

behavior. In this method, thermal transport is modeled using a non-Fourier continuum

model in which heat propagates as a wave with a finite velocity. (This is in contrast to

Fourier’s model that predicts diffusive heat transfer with infinite propagation speed). In

the first part of the chapter, non-Fourier thermal parameters are obtained from NEMD

simulations with the SW potential using a novel TPI-IRLS regression method. Results

for the non-Fourier CV and Jeffreys-type models, as well as for Fourier’s model, for

different nanobeam sizes are given in Section 6.3. Based on these results, it is deter-

mined that the CV model is best able to capture thermal transport observed in NEMD

simulations of silicon nanobeams.

In the second part of the chapter, the CV wave equation is augmented with a source

term to account for the energy injected into the system by the latent heat released

during dimer formation accompanying surface reconstruction. The dimerization process

is stochastic and is modeled using a KMC algorithm for time-dependent transition rates

that is coupled to the continuum CV equation. The rates needed for the KMC algorithm

are estimated using h-TST with activation barriers obtained using CI-NEB and attempt

frequencies computed using Vineyard’s equation. The resulting continuum-KMC method

is described in Algorithm 1. The predictions of the method are found to be in good

agreement with the NEMD simulation results mentioned above that show dramatic

thermal overshooting.

Although the phenomenon observed here is somewhat academic since it is predicted

to occur for silicon at very low temperatures in a vacuum, it can have technological

applications for other material systems where reconstructions occur at higher tempera-

tures under ambient conditions. For example, Zheng et al [181] observed superheating of

Cu2S nanorods due to phase transformations from a low-chalcocite to a high-chalcocite

phase induced by electron beam heating. The TPI-IRLS and continuum-KMC methods
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described in this chapter can be applied to this problem and to an entire class of physical

phenomena of similar nature. These are promising areas for future research.
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Figure 6.6: (a) Configuration C1 associated with the unreconstructed (001) surface, (b)–
(e) configurations C2, C3, C4 and C5 with one, two, three and four dimers, respectively,
and (f) the minimum energy path for the series of transitions from C1 to C5 indicated
by different colors. The number on the left of each curve is the energy released ∆Er and
the number on the right is the energy barrier ∆Eb.
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Figure 6.7: (a)–(c) show the configurations C3′, C4′, and C5′ with two, three and
four dimers along two adjacent rows, and (d) The minimum energy path for C1–C5′

transition. The black, green, blue and red curves are the minimum energy paths for
C1–C2, C2–C3′, C3′–C4′ and C4′–C5′ transitions. The numbers to the left of each curve
is the energy released ∆Er and the number to the right is the energy barrier ∆Eb.
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Algorithm 1 Continuum-KMC method for nanobeam temperature evolution in the
presence of surface reconstructions.
t := 0
dn := 0 (n = 2, . . . , Nbins)
dimers_exhausted := false
while t < tfinal do

u := uniform random number ∈ [0, 1]
∆tKMC := 0
I := 0 [I is the left-hand side of Eq. (6.37)]
while I ≤ − lnu & dimers_exhausted = false do

Construct rate table:
Np := 0
for n = 2 to Nbins do

if dn < 2 then

Add to rate table 2− dn rates for Type I dimer
Np := Np + 2− dn

else if dn < dmax then

Add to rate table dmax − dn rates for Type II dimers
Add to rate table dmax − dn rates for Type III dimers
Np := Np + 2(dmax − dn)

end if

end for

if Np 6= 0 then

Compute rates Ri(i = 1, . . . , Np)

Rtot :=
∑Np

i=1Ri

I := I +Rtot∆t
Integrate the PDE in Eq. (6.31) for one discretization time step with zero

source term
t := t+∆t
∆tKMC := ∆tKMC +∆t

else

dimers_exhausted := true
end if

end while

if dimers_exhausted = false then

R̃i :=
∑i

j=1Rj

u := uniform random number ∈ [0, 1]
Select event i for which R̃i−1 < uR̃Np

≤ R̃i

dn := dn + 1 [where n is bin associated with event i]
Integrate the PDE in Eq. (6.31) for ∆tR time with constant heat source Q̇e

given in Eq. (6.34)
t := t+∆tR

else

Integrate the PDE in Eq. (6.31) for one discretization time step with zero source
term

t := t+∆t
end if

end while
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Figure 6.8: Comparison of the NEMD temperature profiles (red) with the predictions of
a hybrid continuum-KMC CV model (blue) for silicon nanobeams of size (a) 33× 3× 3,
(b) 63 × 3 × 3, and (c) 93 × 3 × 3 unit cells with free (001) surfaces. The initial
beam temperature is θ0 = 10 K and the boundary temperatures are set to 30 K. In all
simulations, NEMD profiles are averaged over ten different initial momenta distribution.
The hybrid continuum-KMC profiles are averaged over five simulations with different
seeds for the pseudo random number generator used by the KMC calculations. Each
profile is an average of 1 ps 2 ps and 3 ps of data for three different sizes, respectively.
For the sake of clarity every alternate profile for case (a), every two consecutive profiles
for case (b) and (c) have been omitted.
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Figure 6.9: Hybrid continuum-KMC temperature profiles for a silicon nanobeam of size
603× 3× 3 unit cells when the initial temperature θ0 = 10 K and the boundary temper-
atures were raised to θL = θR = 30 K. The thermal parameters are k0 = 303.13 W/mK,
τq = 6.11 ps, s = −1.9, and ∆tR = 0.0065 ps.
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Figure 6.10: (a) Plot of θmax versus L. The maximum value for a given length is
obtained by averaging over ten different ensembles. The error bars are the standard
deviations in the bin temperature over these ensembles. (b) Plot of θmax versus the
natural log of L. The data for lengths smaller than 123 unit cells (lnL = 4.2, where
L = 123 × 0.543 = 66.8 nm) were not included in the curve fitting. The dashed line
shows the extension of the fit to smaller lengths.
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Figure 6.11: Plots of (a) 1/k0 versus 1/L, (b) 1/τq versus 1/L, where data for lengths
smaller than 123 unit cells (1/L > 0.015 nm−1) are not included in the linear fit.



Chapter 7

Conclusion

A new simple TPI method has been proposed for extracting the thermal non-Fourier

(Jeffreys-type) parameters k, τθ and τq from a sequence of NEMD temperature and heat-

flux profiles. An initial sinusoidal temperature distribution is applied using thermostats

to a nanobeam. The thermostat are then removed, and the nanobeam temperature

decays to a constant average value under constant energy conditions. The thermal pa-

rameters are obtained by fitting analytical solutions for scalars obtained as cosine and

sine-averages of the temperature and heat flux, respectively, to the NEMD data during

the decay process. We apply the method on the argon nanobeams and we find that a

Jeffreys-type model with three parameters was better able to reproduce NEMD temper-

ature profiles in thermal problems than a simple Fourier model. This was demonstrated

by performing an NEMD simulation of the spreading of a heat pulse applied to the center

of a nanobeam.

Then we suggest a modification in NEMD direct method to reduce the artificial

Kapitza resistance at the interfaces between the thermostatted and unthermostatted

regions. We propose linear and nonlinear phenomenological models to account for the

dependence of the thermal conductivity on variables such as length of the beam and

damping parameters of the thermostat. The main advantage of the approach is that by

explicitly accounting for the thermostat parameters, good results can be obtained with

smaller system sizes than needed to obtain converged results with the standard direct

NEMD approach.

A hybrid continuum-KMC method is proposed to model the thermal overshooting
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behavior in silicon nanobeams with free {001} surfaces. In this method, thermal trans-

port is modeled using a non-Fourier continuum model in which heat propagates as a

wave with a finite velocity. The non-Fourier thermal parameters are obtained from

NEMD simulations with the SW potential using a novel TPI-IRLS regression method.

Based on the results of this method, it is determined that the CV model is best able to

capture thermal transport observed in NEMD simulations of silicon nanobeams. This

CV wave equation is augmented with a source term to account for the energy injected

into the system by the latent heat released during the dimer formation accompanying

surface reconstruction. The dimerization process is stochastic and is modeled using a

KMC algorithm that is coupled to the continuum CV equation. The rates needed for

the KMC algorithm are estimated using h-TST with activation barriers obtained using

CI-NEB and attempt frequencies computed using Vineyard’s equation. Although the

phenomenon observed here is somewhat academic since it is predicted to occur for sil-

icon at very low temperatures in a vacuum, it can have technological applications for

other material systems where reconstructions occur at higher temperatures under ambi-

ent conditions. For example, Zheng et al [181] observed superheating of Cu2S nanorods

due to phase transformations from a low-chalcocite to a high-chalcocite phase induced

by electron beam heating. The TPI-IRLS and continuum-KMC methods described in

this chapter can be applied to this problem and to an entire class of physical phenomena

of similar nature. These are promising areas for future research.
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Appendix A

Well-Posedness of the TPI solution

We demonstrate that the PDE in Eq. (3.68) is well-posed in the Hadamard sense, i.e.,

we show the existence, uniqueness and stability of the solution in Eq. (3.76).

Existence: The solution in Eq. (3.76) is infinitely differentiable as sinλ2t, cosλ2t,

eλ1t, eλ3t, t are infinitely differentiable functions. From Eq. (3.75) we have λ1 < 0, if

τq > 0 and α, τθ ≥ 0, so eλ1t ≤ 1. Also λ3 < |λ1|, so e(λ1+λ3)t < 1 and e(λ1−λ3)t < 1. For

all cases in Eq. (3.74), it can be easily shown that maxt≥0 T (t) = T (0) = 1. When λ22 > 0,

we have
∣∣∣Ṫ (t)

∣∣∣ < λ2
1+λ2

2

λ2
, and

∣∣∣T̈ (t)
∣∣∣ < λ2

1+λ2
2

λ2
(|λ1|+ |λ2|). When λ22 < 0, we have

∣∣∣Ṫ (t)
∣∣∣ <

λ2
1−λ2

3

2λ3
, and

∣∣∣T̈ (t)
∣∣∣ < λ2

1−λ2
3

2λ3
(|λ1|+ λ3). And for the final case when λ22 = 0, we have

maxt≥0

∣∣∣Ṫ (t)
∣∣∣ =

∣∣∣Ṫ (t = −1/λ1)
∣∣∣ = |λ1| /e and maxt≥0

∣∣∣T̈ (t)
∣∣∣ =

∣∣∣Ṫ (t = −2/λ1)
∣∣∣ = λ21/e

2.

Therefore, |θ(x, t)|,
∣∣∂θ
∂t (x, t)

∣∣,
∣∣∣∂2θ
∂t2

(x, t)
∣∣∣,
∣∣∣ ∂2θ
∂x2 (x, t)

∣∣∣,
∣∣∣θ ∂3θ

∂x2∂t
(x, t)

∣∣∣, all are bounded in

their domain (0, L)×(0,+∞). Thus the solution and derivatives appearing in the model

are bounded up and the existence of the solution is confirmed.

Uniqueness: If θ̃ is another solution to Eq. (3.68), then w := θ − θ̃ solves





wtt +
1
τq
wt = c2wxx + c2τθwxxt,

w(x, 0) = 0, 0 ≤ x ≤ L,

wt(x, 0) = 0, 0 ≤ x ≤ L,

(A.1)

where wt =
∂w
∂t , wtt =

∂2w
∂t2

, wxx = ∂2w
∂x2 , wxxt =

∂3w
∂x2∂t

, and c2 = α/τq. We define the
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energy function as

E(t) :=
1

2

∫ L

0

(
w2
t + c2w2

x

)
dx. (A.2)

Using periodic BCs so that wx(0, t) = wx(L, t) and wxx(0, t) = wxx(L, t), and integration

by parts, we have
∫ L
0 wxwxtdx = −

∫ L
0 wtwxxdx and

∫ L
0 wtwxxtdx = −

∫ L
0 w2

xtdx. Thus

dE

dt
=

∫ L

0

(
wtwtt + c2wxwxt

)
dx

=

∫ L

0
wt

(
wtt − c2wxx

)
dx =

∫ L

0
wt

(
−wt

τq
+ c2τθwxxt

)

= −
∫ L

0

w2
t

τq
dx− c2τθ

∫ L

0
w2
xtdx < 0.

Thus for τq > 0 and τθ ≥ 0, we have dE
dt ≤ 0. This means E(t) ≤ E(0). Since w(x, 0) = 0

and w is continuous, we have wx(x, 0) = 0. Also, wt(x, 0) = 0. Thus, E(0) = 0. Hence

E(t) = 0 for t ≥ 0. This means wt(x, t) = wx(x, t) = 0. Consequently, w is constant,

and w(x, t) = w(x, 0) = 0. This implies that the solution is unique.

Stability: If θ̃ is a different solution to θ due to very small changes in the initial

conditions, then as above for w := θ − θ̃, we can show that E(t) ≤ E(0). We define the

function F (t) :=
∫ L
0 w2dx = ‖w‖2, where ‖.‖ is the L2−norm. Taking the derivative

with respect to time, we obtain dF
dt = 2

∫ L
0 wwtdx. Since

∫ L
0 (w − wt)

2 dx ≥ 0, we have

dF

dt
≤
∫ L

0
(w2 + w2

t )dx ≤ F (t) + 2E(t) ≤ F (t) + 2E(0). (A.3)

Multiplying both sides of Eq. (A.3) by e−t, we obtain

d

dt

(
F (t)e−t

)
≤ 2E(0)e−t.

Integrating with respect to time over t ∈ [0, t0], we obtain

F (t) ≤ F (0)et0 + 2E(0)(et0 − 1).

This means

‖w(x, t)‖2 ≤ ‖w(x, 0)‖2et0 + c2‖wx(x, 0)‖2(et0 − 1),

≤
(
‖w(x, 0)‖2 + c2‖wx(x, 0)‖2

)
et0 .
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Thus for any small constant ǫ > 0, if ‖w(x, 0)‖ < ǫ, and ‖wx(x, 0)‖ < ǫ, then ‖w(x, t)‖2 ≤
(1 + c2)et0ǫ2, or ‖w(x, t)‖ ≤ Cǫ, where C is a constant. This means that the difference

between the two solutions θ and θ̃ is bounded. Hence, the solution is stable.



Appendix B

Finite difference discretization

schemes

The method used in Chapter 6 to numerically solve the continuum thermal partial

differential equations is described.

B.1 Finite difference discretization scheme

In Chapter 6 two different partial differential equations (PDEs) were discretized: Jeffreys-

type PDE as described in Eq. 6.10 and the Cattaneo-Vernotte (CV) model with heat

source term as described in Eq. 6.32 of the main article. We call these two PDEs as PDE

I and PDE II. (See Section 6.2, Section 6.3 and Section 6.6 of Chapter 6 for details.)

B.1.1 Solving PDE I

In Section 6.2 of Chapter 6, we derive a one-dimensional (1D) Jeffreys-type partial

differential equation for temperature evolution:

∂θ

∂t
= −τq

∂2θ

∂t2
+
k0
γ

[( θ
θ0

)s(s
θ

(∂θ
∂x

)2
+
∂2θ

∂x2

)]

+
k0τθ
γ

[( θ
θ0

)s(s
θ

∂θ

∂x

∂2θ

∂x∂t
+

∂3θ

∂x2∂t

)]
. (B.1)
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Assuming that this equation holds at the bin centers xn (n = 2, . . . , Nbins − 1) at times

tm (m = 1, 2, . . . ,M), where tM is the stopping time, we have from Eq. (B.1):

∂tθ|mn = −τq∂ttθ|mn +
k0
γ
∂xxθ|mn +

k0τθ
γ

∂xxtθ|mn, (B.2)

where

∂tθ =
∂θ

∂t
, (B.3a)

∂ttθ =
∂2θ

∂t2
, (B.3b)

∂xxθ =
( θ
θ0

)s(s
θ

(∂θ
∂x

)2
+
∂2θ

∂x2

)
, (B.3c)

∂xxtθ =
( θ
θ0

)s(s
θ

∂θ

∂x

∂2θ

∂x∂t
+

∂3θ

∂x2∂t

)
. (B.3d)

All thermal parameters are obtained using the TPI-IRLS method described in Section 6.3

of Chapter 6.

Now Eq. (B.2) together with the initial and boundary conditions described in the

main article is numerically solved by discretizing the differential terms with respect to

time t and the spatial variable x using a Taylor series expansion [182]. In order to

discretize ∂tθ|mn and ∂ttθ|mn, a forward time discretization scheme and a central time

discretization scheme are used, respectively. The central space discretization scheme is

used to discretize ∂xxθ|mn. For the term ∂xxtθ|mn that involves derivative of temperature

in both variables t and x, we use backward difference in time and central difference in
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space for discretization. Specifically, we have the following discretization expressions:

∂tθ|mn =
1

∆t

[
θ|(m+1)n − θ|mn

]
+O(∆t),

∂ttθ|mn =
1

∆t2
[
θ|(m+1)n − 2θ|mn + θ|(m−1)n

]
+O(∆t2),

∂xθ|mn =
1

∆xL +∆xR

(
θ|m(n+1)

∆xL
∆xR

− θ|m(n−1)
∆xR
∆xL

)

+
∆xR −∆xL
∆xL∆xR

θ|mn +O(∆x2),

∂xxθ|mn =
(θ|mn

θ0

)s[ 2

∆xL +∆xR

(
θ|m(n+1) − θ|mn

∆xR
+
θ|m(n−1) − θ|mn

∆xL

)

+
s

θ|mn
(∂xθ|mn)

2

]
+O(∆x2),

∂xxtθ|mn =
(θ|mn

θ0

)s[ 2

∆t(∆xL +∆xR)

(
θ|m(n+1) − θ|mn

∆xR
+
θ|m(n−1) − θ|mn

∆xL

−
θ|(m−1)(n+1) − θ|(m−1)n

∆xR
−
θ|(m−1)(n−1) − θ|(m−1)n

∆xL

)

+
s

θ|mn∆t

(
(∂xθ|mn)

2 −
(
∂xθ|(m−1)n

)2
)]

+O(∆t,∆x2),

(B.4)

where ∆t = tm+1 − tm = tm − tm−1, ∆xL = xn − xn−1, ∆xR = xn+1 − xn.

Next we solve the continuum equation using an explicit scheme1 where the current

time step is the (m + 1)th step. The temperature for each bin is calculated by all the

known terms on the right hand side already stored from the previous time update.

B.1.2 Solving PDE II

This section describes the finite difference discretization scheme used to solve the CV

model in Eq. (6.31) with the stochastic heat source term r(x, t). Assuming that the

equation holds at the bin centers xn (n = 2, . . . , Nbins − 1) at times tm (m = M,M +

1, . . . ,∞), we can discretize this PDE as before and write the following discretized

equation:

∂tθ|mn = −τq∂ttθ|mn +
k0
γ
∂xxθ|mn + r|mn, (B.5)

1 Schemes that are independent of the information from the current step in the time update are
called explicit schemes.
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where r|mn is the heat source term modeled by the KMC algorithm. This remains zero

for all n and all time except for the bin n for which the dimerization event is selected

by the KMC method during the time ∆tR described in Section 6 of Chapter 6. The

terms ∂tθ, ∂ttθ, ∂xxθ have the same meaning as described in Section B.1.1 and they are

discretized accordingly.
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