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Abstract 

Empirical evidence for occurrences of shockwaves as a primary cause of rear-

end crashes on freeways is well documented in the transportation safety 

literature. However, existing studies fail to provide a satisfactory explanation of 

why some shockwaves produce rear-end crashes and others do not. In pursuit of 

answering such a question, my doctoral research focuses on understanding the 

behavior of individual drivers involved in brake-to-stop events on congested 

freeways, and using this understanding to evaluate the implications for future 

safety measures.  

Using video recordings of shockwaves from a section of a congested freeway my 

doctoral research verifies a sufficient condition for a rear-end collision to happen 

when a sequence of drivers interact with each other in a brake-to-stop situation. 

Then drawing on classic results from the theory of random walks, it is possible to 

estimate the probability that successive braking by a platoon of drivers results in 

a rear-end crash.  

Finally, as the ultimate goal of this research is to understand the underlying 

mechanism that governs the behavior of drivers involved in rear-end events, this 

research treats drivers in a brake-to-stop event as engaged in strategic 

interactions in the roles of a leader and follower, who aim to maximize individual 

utilities. This leads to a population game whose steady state distribution 

describes the long-run behavior of the drivers in the population. The proposed 

framework is then extended to investigate (a) the safety implications of mixtures 

of human-operated and automated vehicles (b) the safety implications of 

negligence-based liability policies where individual drivers are penalized based 

on degree of causal contribution to the crash. 
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                                              CHAPTER 1   

 Introduction 

1.1 Problem Statement 

Rear-end crashes on congested freeways rarely result in fatal or severe injuries, 

but are a primary cause of non-recurring congestion and delay due to reduced 

freeway capacity. It has been estimated that non-recurring congestion makes up 

about 50% of the congestion experienced on urban roadways, with capacity-

reducing incidents being responsible for about 25% (FHWA, 2012b). Rear-end 

crashes tend to occur when a platoon of vehicles successively brakes and the 

braking deceleration of at least one vehicle is not sufficient to prevent it from 

colliding with the vehicle ahead. Hourdos (2005), in a study of the relation 

between crashes and traffic conditions on Interstate-94 (I-94), identified the 

occurrence of a shockwave as a necessary condition for rear-end crashes. The 

theoretical claims that traffic instability may be a cause of rear-end crashes is of 

long standing (Tanaka et al. 2008, Tampere et al. 2005). The well-known stability 

theory of the General Motors (GM) car-following models shows that in an 

unstable traffic condition the vehicle speed and headway fluctuations will 

increasingly propagate to the vehicles at the end of a platoon, thereby exposing 

the rear vehicles to a relatively higher crash risk condition (Leutzbach, 1988). 

Although several engineering countermeasures, such as variable message signs, 

variable speed limits, and more recently advances in vehicle technologies are 

under consideration (Jo et al. 2012, Li et al. 2014, Lee et al. 2002),  at present 

there is a shortage of demonstrably-proven countermeasures targeted at freeway 

rear-end crashes (FHWA, 2012a). For example, a recent study by Hourdos and 

Zitzow (2014) investigating the safety impact of variable speed limit (VSL) at one 

of the high crash locations in Minneapolis found no significant difference between 

crash and near-crash rates before and after the VSL installation. The authors 

further found that a majority of the vehicles involved in crashes or near-crashes 
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failed to receive advanced information regarding speed reduction, which thereby 

reduced the effectiveness of the VSL system. Earlier in another related study on 

the effectiveness of advisory VSL, Hourdos and Zitzow (2013) found a poor 

drivers’ compliance rate to advisory speed limits, suggesting a weak impact of 

VSL on driving behavior. A primary reason for the shortage of effective safety 

measures is the lack of thorough understanding of the underlying mechanism 

behind rear-end crashes. Findings from previous studies clearly indicate that 

conditions characterized by slow traffic downstream and relatively fast traffic 

upstream of a section of the freeway are typically associated with the 

occurrences of rear-end crashes (Lee, 2003). However, these studies fail to 

provide a satisfactory explanation of why some shockwaves produce rear-end 

crashes and others do not. To date, only a few studies have attempted to 

address such issues. Among them, Brill (1972) illustrated in a brake-to-stop 

event how a driver with a long reaction time and a short following headway must 

compensate with a high braking deceleration, which in turn reduces the available 

stopping distance and thus making crashes more likely for drivers behind in the 

sequence. Later, Davis and Swenson (2006), looking at trajectories of the 

individual vehicles involved in three rear-end crashes on a freeway, found 

evidence supporting Brill's hypothesis. The findings from both studies, although 

limited by lack of sufficient empirical validation, identified driver reaction time and 

following headway as the key driving features determining the outcome of a rear-

end crash. Similar evidence can be also found in human factors studies 

suggesting driver distraction, which often results in long reaction times can be a 

significant causal factor in road crashes (Lee et al. 2002, Liang et al. 2012). An 

earlier investigation by Knipling et al. (1993) identified driver inattention as a 

contributing factor in over 60% of the rear-end crashes. Although there has been 

considerable interest recently in individual driving behavior, particularly 

aggressive driving and driver inattention, as crash risk factors, it is unclear how 

prevalent these factors are or how to incorporate such considerations into crash-
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prediction models. Hence, a comprehensive study focusing on understanding 

and quantifying individual driver’s contribution to rear-end crashes is needed.  

1.2 Research Objectives and Contributions 

1.2.1 Primary objectives 

This research has three primary objectives: 

(i)  To better understand driver behavior when confronting a freeway shockwave. 

(ii) To evaluate the risk of a rear-end crash when a platoon of vehicles interact in 

a shockwave. 

(iii)  To develop an analytical framework explaining driving behavior observed in 

the real-world brake-to-stop events and then provide its implications for future 

traffic safety measures. 

1.2.2 Research contributions 

The findings from the past studies clearly suggest that on congested freeways 

traffic instabilities, and especially stopping shockwaves, are implicated in the 

occurrence of freeway rear-end crashes. This leads to an interesting research 

question: given that a stopping wave occurs, under what conditions does a rear-

end crash occur?  

Analyzing rear-end crashes first requires identifying a crash prone condition and 

then quantifying the crash risk associated with it. Studies related to rear-end 

crashes in the past typically involved developing statistical-based crash 

prediction models relating crash frequencies to geometric features and average 

traffic conditions. Although statistical-based approaches can sometimes estimate 

aggregate causal effects, identifying how the actions of drivers interact with each 

other and how drivers interact with roadway features to produce crashes requires 

a more microscopic approach to both the modeling of crash events and the 

collection of crash data.  Historically, a major obstacle to the development of 

such microscopic crash prediction models has been a scarcity of data on driver 

behavior in crash and near-crash conditions, especially since events, such as 

rear-end crashes involving more than one vehicle, can arise out of the interaction 
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among individual drivers. This research aims to fill the gap by developing a 

microscopic rear-end crash prediction model accounting for interactions between 

individual drivers involved in brake-to-stop events. This research will utilize 

numerous traffic data sources, including video recordings of shockwaves, traffic 

measurements from loop detectors, and machine vision sensor data to 

incorporate both macroscopic features such as average traffic conditions and 

microscopic characteristics related to individual driver behavior into the crash 

prediction model.  

So far our focus has been first identifying driving features which are critical to 

rear-end crashes and then quantifying the crash risk associated with them. To 

have a complete understanding of rear-end crash mechanisms, a more 

fundamental research contribution is to seek an explanation for drivers’ behaviors 

observed in rear-end crashes. For example, answering questions such as why 

drivers are often found distracted even after being aware of the potential risk of 

collision requires characterization of drivers’ willingness to be engaged in such 

distracting behavior. A driver’s occasional engagement in such unsafe behavior 

can be viewed as the outcome resulting from a desire to maximize personal 

utility. The application of utility maximization to traffic safety-related behavior is 

not new and can be found in classical studies about the effect of liability rules on 

traffic accidents. Typically such studies begin with treating involved drivers as 

players in a two-person, non-cooperative game who attempt to maximize their 

own utilities as a function of driving behavior. Then the equilibrium solution of the 

game predicts the outcome of a strategic interaction between the involved 

drivers. Analyzing driver interactions within this game-theoretical framework 

requires specifying utility functions that assign pay-offs to each driver depending 

on his/her and the opponent's actions. However, so far, the focus of these efforts 

has been on comparative analyses using abstract forms of utility functions 

satisfying certain regularity conditions. This research will attempt to characterize 

a driver utility function specific to the driver's action while confronting a 
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shockwave on congested freeways. This will require both analytical and empirical 

efforts.  

In particular, the analytical effort will involve proposing a random utility model for 

driver behavior, focusing on drivers’ choices of reaction times and following 

headways in car-following situations. Then treating drivers as players in a two-

person game with strategies chosen according to random utility maximization 

would lead to a population game whose stationary distribution will be used to 

describe the long-run behavior of the drivers in the population.  

The objective of the empirical effort is to characterize utility functions of drivers 

involved in brake-to-stop shockwaves. Using driving features extracted from 

video recorded shockwaves, this study will develop a maximum likelihood 

technique to estimate parameters of drivers’ utility functions by treating drivers’ 

choices of reaction times and following headways as outcomes from a long-run 

distribution of driving strategies in the population. 

Finally, the proposed framework can be extended to evaluate the potential 

effectiveness of future engineering and behavioral safety measures in reducing 

rear-end crashes. Currently, there is a mounting interest regarding the effects 

that automated vehicles could have on both the efficiency and safety of 

transportation facilities. It is likely that future traffic streams will contain a mixture 

of autonomous and human-operated cars. Although it is usually argued that 

automated vehicles are safer due to their shorter and more reliable reaction 

times, it is possible that the presence of a significant number of automated 

vehicles on a freeway could encourage human drivers to engage in more 

distracted activities, leading to an unknown overall effect on safety. Within the 

current framework, this study will investigate what effects the prevalence of 

autonomous vehicles may have on the human driving habits and subsequently its 

impact on rear-end crashes. 

 In addition to or as a substitute for engineering countermeasures, liability rules, 

through which the direct cost associated with a crash is divided between drivers 

and their insurance companies, are currently a primary mechanism for 
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influencing the occurrence of freeway rear-end crashes. The extent to which 

liability policies prevent accident-producing behavior depends on how much a 

potential tort-feaser (i.e. negligent party) is liable to compensate for the loss 

incurred by the victim in an accident. But as currently implemented, liability 

policies are likely to be inefficient, partially due to the fact that in a two vehicle 

rear-end event the driver of the leading vehicle is rarely considered at-fault 

irrespective of his/her care level. Such a convention, however, is not consistent 

with the physics of rear-end crashes and overlooks the causal role played by the 

lead driver's response (Davis and Swenson, 2006). Consequently the existing 

liability policies are often proved to be inefficient and inequitable, resulting in a 

higher frequency of crash-producing actions. In recent years legal theorists have 

proposed alternative liability policies which are targeted towards penalizing 

unsafe driving behavior. This need has also been recognized by the automobile 

insurance industry through recent initiatives such as the Pay-As-You-Drive 

insurance scheme (Bolderdijk et al., 2011; Bordoff et al., 2008). However, no 

proper framework has been proposed so far to evaluate the effectiveness of such 

policies in reducing rear-end crashes. Through this research, we will propose a 

framework which can be used to evaluate the effect of such negligence based 

liability policies on driving habits. 

1.2.3 Dissertation organization 

 Chapter 2 provides a comprehensive survey on existing studies related to 

rear-end crashes on freeways. 

 Chapter 3 establishes a sufficient condition for a shockwave to produce a 

rear-end crash and then provides empirical evidence by analyzing 

kinematic features of shockwaves on a congested freeway.  

 Chapter 4 develops a rear-end crash prediction model accounting for 

interactions between individual drivers confronting a shockwave on a 

freeway. 
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 Chapter 5 develops a game-theoretical approach to explain driving 

behavior observed in the real-world brake-to-stop events and to provide 

implications for future traffic safety measures, such as self-driving cars 

and negligence based liability policies. 

 Chapter 6 summarizes the research findings and highlights the research 

gaps that need to be addressed in the future. 

Figure 1.1 below shows the necessary research components for this dissertation. 

 

 

             Figure 1.1 Research components of the dissertation.  
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CHAPTER 2 

 Literature Review 

2.1 Introduction 

This chapter summarizes the past research related to rear-end crashes on 

freeways. Instead of providing an exhaustive review, here we will highlight some 

of the key findings from previous studies that have improved our understanding 

of how rear-end crashes happen, and discuss some of their limitations. The 

literature on rear-end crashes can be broadly divided into three categories, 

namely (i) Statistical models for predicting rear-end crashes; (ii) Understanding 

driver contribution to rear-end crashes; and (iii) Modeling driver behavior involved 

in rear-end events and the role of liability policies in reducing rear-end crashes. 

The studies related to the first category typically take a macroscopic approach, 

primarily focusing on estimating the average effect of traffic and geometric 

factors on the risk of rear-end crashes. The second category adopts a more 

microscopic approach, understanding an individual driver’s contribution to rear-

end crashes.  The third category of studies primarily focuses on modeling the 

underlying mechanism that explains drivers’ behavior involved in rear-end 

crashes. 

2.2 Rear-End Crash Prediction 

Traditional traffic safety study efforts involve developing statistical models that 

explains the relationship between crash frequency and explanatory variables 

including traffic, geometric, and environmental factors. Typically, a parametric 

form is assumed for the distribution of the crash frequency, where the expected 

crash frequency is specified as a function of the aforementioned explanatory 

variables.  Poisson and negative-binomial are the most popular choices used for 

crash prediction models (AASHTO, 2010). Recently several variants of mixture 

distribution, such as Poisson-Inverse-Gaussian distribution and the Negative-

binomial Lindley distribution have been found to provide a better fit to highly 

dispersed crash data (Geedipally et al., 2012; Zha et al., 2016).  However, these 
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statistical models primarily use static measures of traffic conditions, such as 

average annual daily traffic (AADT).  As a result, they often fail to capture the 

impact of short-term variation in traffic conditions on rear-end crash risks. This 

motivates researchers to incorporate real-time traffic parameters to predict such 

risks.  

Hence, a substantial portion of the literature on rear-end collisions on freeways is 

focused on analyzing traffic conditions prior to a crash occurrence, which are 

often referred to as “crash precursors”. In recent years, a significant effort has 

been put in place to implement instrumented freeway traffic management 

systems, allowing real-time traffic conditions to be monitored. Such information 

can then be used to develop proactive safety measures, such as variable 

message signs, warning signs, and ramp metering. Hence, a comprehensive 

understanding of the traffic conditions contributing to changes in crash risk is 

essential. To date, several real-time crash prediction models have been 

proposed with the goal of predicting the risk of a crash on a selected section of a 

road way over a short time period (Lee et al., 2002; Abdel-Aty et al., 2004; Pande 

and Abdel-Aty, 2006, Hossain and Muromachi, 2013, Xu et al., 2013). Several 

past studies have demonstrated a strong correlation between the crash risk and 

traffic states both upstream and downstream of a freeway (Abdel-Aty et al. 2004, 

Abdel-Aty and Pande, 2005). Traffic states are characterized by fundamental 

traffic flow parameters such as flow rate, density/occupancy, and speeds. 

Traditionally, traffic states are broadly divided into six categories based on traffic 

density ranging from level of service (LOS) A to F (National Research Council, 

2010), with LOS A and LOS F denoting free flowing and heavily congested  traffic 

conditions, respectively. Such a classification of traffic states are primarily used 

for traffic operation and congestion management. Only in recent years have 

safety researchers in pursuit of predicting real-time risks of a crash realized the 

impact of traffic states on the likelihood of crash events. In the next section some 

major findings from crash precursor related studies will be highlighted. 
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Golob et al. (2004) used traffic flow data extracted from single loop detectors 

located on six major freeways in Orange county, California to demonstrate a 

strong relationship between traffic states and different categories of crashes. 

Using a standard clustering technique, the authors classified traffic condition into 

eight different regimes of speed-flow, namely light free flow, mixed free flow, 

heavy and variable free flow, flow approaching capacity with heavy flow at 

moderate speed, variable-speed and congested flow, variable-volume and 

congested flow, and heavily congested flow.  Subsequently nonlinear canonical 

correlation analysis (NLCCA) was used to relate collision types (such as single-

vehicle hit object, two-vehicle straight-on rear end, etc.) with each of the eight 

identified regimes. Findings from their study showed that during congested 

conditions, two-vehicle and multi-vehicle rear-end crashes accounted for more 

than 83% of all crashes. Further analysis indicated that rear-end crashes tend to 

cluster in regions with lower variation in speeds and relatively low speeds (such 

as stop-and-go traffic). However, further analysis was needed to quantify the 

crash risk associated with each traffic state. 

Lee et al. (2002) analyzed crash precursors using loop detector data from 38 

sections on a 10-km stretch of the Gardiner expressways in Toronto for a period 

of over one year. The authors considered two types of crash precursors: (i) 

coefficient of variation (COV) in speed both within and across lanes, and (ii) 

traffic density. Other variables included in the prediction model were weather 

effect, road geometry, exposure in vehicle-kilometers of travel, and time of day.  

A log-linear model relating expected crash frequency with the explanatory 

variables was developed. In their model, expected crash frequency took the 

following form, 

   
Expected Crash Frequency

Exposureβ =  ��COV  of Speed, Traffic Density, Speed Difference�  (2.1.1) 

Findings from the study indicated that the variation of speed differences both 

along section and across lanes significantly increased the risk of collision. They 

also found crashes are more likely to occur with the increase in traffic density. 
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Further, the study identified that crashes are more likely to occur in the sections 

of freeways with frequent lane changes. Overall, the findings from the study are 

consistent with the previous studies (Corby and Saccomanno, 1997; Feng, 2001) 

which concluded variability in speeds as one of the most critical traffic 

parameters impacting the risk of a rear-end collision. Similar findings were 

reported in a separate study conducted by Lee et al. (2003). 

Pande and Abdel-Aty (2006) did a comprehensive analysis of traffic conditions 

impacting the risk of rear-end crashes on freeways. The authors argued that 

traffic conditions preceding crashes on freeways are different for different crash 

types. Hence, a separate treatment for each crash type is warranted. Focusing 

on rear-end crash data over a 5-year period collected from a 36.5 mile corridor of 

I-4 in Orlando, and using 5-minute average speed data from the near-by loop 

detectors during a 5 minute pre-crash period, the authors classified the rear-end 

crash cases into two categories. The first category denoted those rear-end 

crashes which occurred during an extended congestion period, while the second 

category involved relatively free-flow conditions prevailing 5 to 10 minutes before 

the occurrence of a crash. Of the 1,620 reported rear-end crashes, 47.2% were 

classified under the first category while the remaining 52.8% were grouped under 

the second category. Then using loop detector data from randomly selected non-

crash periods, the authors developed a tree-based classification method to 

identify the traffic and geometric conditions associated with the risk of rear-end 

crashes for each category.  Findings from their analyses suggested that for rear-

end crashes of category 1, coefficient of variation for speed and variation in 

occupancy measured at the detector stations in the close vicinity of the crash 

locations were found to be the most critical traffic parameters.  For category 2, 

besides traffic parameters, such as average speed and occupancy at the 

downstream of the crash locations, time of day and presence of on-ramps in the 

downstream direction were found to be significant, indicating the impact of 

shockwaves triggered by high on-ramp demand. 
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Zheng et al. (2010) used high resolution traffic and crash data from a 12 mile 

section in the north bound direction of I-5 in Portland to investigate the impact of 

speed variations on rear-end crashes. A conditional logistic regression model for 

predicting crash probability was developed based on a case-control framework, 

where cases referred to the traffic conditions 10 minutes prior to each crash, 

while the traffic conditions from the same period during non-crash days were 

considered as controls. Results from their analyses indicated that the probability 

of a rear-end crash increased by about 8% with each additional unit increase in 

the standard deviation of speed, suggesting a significant impact of traffic 

oscillations on rear-end crash risks. However, findings from their study were 

limited to crashes that occurred only during congested periods. 

In a similar study, Hossain and Muromachi (2013) used high resolution loop 

detector data from urban expressways in Tokyo to identify traffic patterns 

impending hazardous driving conditions. The authors attempted to identify crash 

prone conditions by separately treating five different sections of a freeway which 

included basic freeway sections, as well as areas near upstream and 

downstream of both on and off ramp. Their study involved two instrumented 

expressways of 11.9 km and 13.5 km length with a total of 15 on and off-ramps. 

Traffic data from a total of 210 loop detectors including 5 minute average speeds, 

vehicle counts and occupancy data were extracted and analyzed. In addition, the 

dataset contained a total of 1141 crash samples, out of which 55% of the crashes 

occurred within 375 meters from ramp locations. Among the crash types, 60% of 

the crashes on basic freeway sections were rear-end in nature, whereas for 

upstream of the ramp the rear-end crash share was only 30%. Pre-crash 

condition data for each crash record was extracted using loop detectors from the 

associated sections of the freeways where the pre-crash period was defined as a 

5 minute time period ending at least 4 minutes before the recorded crash. The 

authors used the Random Multinomial Logit tool (Prinzie and Poel, 2008) which 

couples the benefits of both random forest and logistic regression to rank the 

variables in terms of importance and then used classification techniques, such as 
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Expectation–Maximization (EM) and regression trees to identify traffic patterns 

that were associated with specific crash types. EM results underscored two crash 

risk traffic patterns: (i) traffic situations characterized by shockwaves triggered by 

congested downstream traffic coupled with fast approaching upstream traffic; and 

(ii) high speed downstream conditions trailed by low speed upstream traffic. 

While the former traffic pattern was found consistent with previous studies, the 

later condition was triggered by the local traffic oscillations where a sudden 

alleviation of downstream congestion created the opportunity for upstream 

drivers to engage in higher speeds, which ultimately led to rear-end collisions. 

Further findings from regression tree analysis identified occupancy difference as 

the most critical traffic parameter determining the outcome of a rear-end crash. 

For instance, it was noted that when the upstream occupancy was higher than 

the downstream occupancy by 7.45%, most of the crashes are of the rear-end 

type. Overall, findings from the study accentuated that whenever there exists a 

substantial difference in speed and occupancy between upstream and 

downstream sections of a freeway, the rear-end collision risk tends to increase 

significantly. 

In another study, Xu et al. (2012) used traffic flow data from 47 loop detector 

stations from a 22-mile north bound section of the I-880 freeway in the state of 

California to classify traffic conditions into 5 different states, and then using crash 

data the authors analyzed the crash risk associated with each traffic state.  Both 

traffic and crash data were obtained from the Highway Performance 

Measurement System (PeMS) maintained by the California Department of 

Transportation (Caltrans). Using traffic occupancy data collected form four 

nearby loop detector locations upstream and downstream of the crash location 

during crash and non-crash periods, the authors used the K-means clustering 

technique to classify traffic conditions into five states. Once the traffic states were 

determined, a case-control based conditional logistic regression method was 

used to analyze the relationship between the crash risk and traffic states. Here 

the cases referred to the traffic states immediately before the crash occurrences, 
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while the controls were the combined upstream and downstream traffic states 

during appropriate non-crash periods. The odds ratio for traffic states with a free 

flow condition as the reference state was evaluated to identify the most crash 

prone traffic state. Results from the study showed traffic state 4, which denoted 

the scenario with upstream free-flow traffic and downstream slow moving traffic, 

as the most hazardous state with an odds ratio as high as 8.1. Traffic state 2, 

with both downstream and upstream traffic in a congested condition, was found 

to be the second most hazardous state. Traffic state 5, which denoted the free 

flow condition, was reported to be the least hazardous. All the results were found 

to be consistent with the previous studies (Lee et al., 2003) indicating 

downstream congested conditions followed by a relatively free flow upstream 

condition as the most critical traffic condition with significantly high risk of rear-

end crash. 

In recent years several engineering measures have been implemented targeted 

towards reducing rear-end crashes. Among them, variable speed limit (VSL) 

control has been the most popular choice implemented by many state agencies 

on freeways across the nation. The main goal of the VSL control is to proactively 

intervene and adjust speed limits to prevent crashes. The primary strategy 

associated with the operation of VSL is to decide the time point for the initiation 

of VSL control and by how much the speed limit is to be adjusted. Findings from 

several studies suggest that VSL control can significantly decrease the risk of 

collision with a percentage reduction in crash risk ranging from 10 to 30% (Lee et 

al., 2006; Lee et al., 2008; Abdel-Aty et al., 2006). The usual method for 

evaluating the effectiveness of VSL control involves first evaluating the effect of 

VSL control on traffic characteristics in a simulated environment and then 

estimating the crash potential using crash prediction models developed 

separately based on reported crash frequencies and associated traffic conditions. 

However, most of the studies either assumed 100% or pre-defined level of driver 

compliance to the suggested speed regulations, whereas several studies such as 

Boyle and Mannering (2004) found evidence that drivers actually tend to 
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compensate for speed reduction with higher speeds at the downstream section, 

thereby increasing the potential risk of collision. In a separate study, Hourdos et 

al. (2013) observed a poor compliance rate of drivers to an advisory VSL system 

implemented along the I-35W corridor in Minneapolis, thereby reducing the 

effectiveness of VSL system.  

2.3 Driver Behaviors and their Contribution to Rear-End Crashes 

This section discusses the existing literature on the role of driver 

inattention/distraction in crash and near-crash events. So far most of the 

literature covered here is primarily focused on investigating the relationship 

between traffic conditions and rear-end crash risks. Findings from the studies 

clearly indicated that conditions characterized by slow traffic at downstream and 

relatively fast traffic at upstream of the freeway section are typically associated 

with the occurrences of rear-end crashes. However, the aforementioned studies 

fail to provide an adequate explanation on why some shockwaves produce rear-

end crashes and others do not; therefore, investigating individual drivers’ 

contributions to a rear-end event is warranted. Brill (1972), in one of the earlier 

studies on rear-end crashes, provided some insight to such issues. Using a 

simple kinematic model of successive braking by vehicles in a platoon, Brill 

argued that drivers with a relatively longer braking response time than their 

temporal headway reduced the available stopping distance and made crashes 

more likely for later drivers. However, with limited data available on real-world 

brake-to-stop behavior, the analysis suffered from a lack of empirical validation. 

Later on, Davis and Swenson (2006) verified Brill’s hypothesis by examining 

vehicle trajectory measurements extracted from the video recordings of three 

rear-end collisions on a section of I-94 westbound near downtown Minneapolis. 

Using a causal counterfactual framework proposed by Pearl (2009), Davis and 

Swenson demonstrated in all the three events that at least one driver ahead of 

the colliding vehicles had a reaction time  longer than his/ her following headway 

and had the reaction time been equal to the following headway, the rear-end 
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collision could have been avoided.  Further, Davis and Swenson argued that risk 

associated with an individual driver’s choice of headway has both a local and 

global component. The local component is based on the behavior of the vehicle 

just ahead and behind, while the global component captures the cascading effect 

of the driver’s stopping behavior ahead in the platoon, implying that prevention of 

a rear-end crash in congested conditions may often require a driver to take action 

based on both local and global information. Observations from their study, 

although limited to only three rear-end crashes,  provided a useful insight on how 

stopping waves may lead to rear-end crashes, and how a collective contribution 

of drivers in a platoon play a significant role in their occurrences. 

Earlier, a study conducted by the Volpe National Transportation System Center, 

in conjunction with the National Highway Safety Administration (NHTSA) 

identified the five most frequently occurring rear-end pre-crash scenarios, 

including traffic conditions, driving characteristics, and vehicle features using the 

NHTSA’s General Estimates System (GES) crash database from 1992 through 

1996 (Wiacek and Najm, 1999). Findings from the study provided a useful 

resource for developing and estimating safety benefits of advanced technology 

such as rear-end collision avoidance systems in mitigating both the severity and 

frequency of rear-end crashes. Pre-crash scenarios were identified based on 

investigating a combination of two parameters: (i) “Movement prior to Critical 

Event” which included scenarios, such as a vehicle changing lanes, leading 

vehicle decelerated to stop, and other vehicle maneuvers (ii) “Critical Events”, 

which described the precipitating event that made the crash imminent. Based on 

approximately 12,000 rear-end crash cases from the 1996 GES database, their 

investigation identified five most frequent rear-end pre-crash scenarios as shown 

in the following tables. 
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Table 2.1 Relative frequency of top 5 rear-end pre-crash scenarios (Najm et al., 1998) 

No. Pre-crash Scenario % 

1 
Both leader and follower traveling at a constant 
speed and leader initiated braking 37.0 

2 
Following vehicle traveling at a constant speed 
encountered lead vehicle stopped  in a traffic lane 30.2 

3 
Following vehicle  traveling at a  constant speed 
encountered a lead vehicle traveling at lower speed 14.1 

4 
Both leader and follower decelerated with leader 
braking at a higher rate 4.5 

5 
Following vehicle traveling at a constant speed 
encountered a stopped vehicle on a curved road 3.0 

 

Table 2.1 indicates that in most scenarios, an encounter with relatively slow- 

moving traffic resulted in rear-end crashes. Further analysis based on the 1996 

GES database on drivers’ attempted avoidance behavior in each of the five rear-

end pre-crash scenarios revealed the following statistics as summarized in Table 

2.2. The reported statistics are based on the Police Accident Reports (PARS). 

 
Table 2.2 Distribution of avoidance maneuvers (Wiacek and Najm, 1999) 

 
 
 

 

 

 

 

 

 

Statistics from Table 2.2 showed that in all five rear-end pre-crash scenarios the 

following driver’s failure to take corrective action was found to be the most 

common feature. Further investigation on driver contributing factors revealed that 

among the top five pre-crash scenarios, drivers were found more distracted in 

Action Chosen No. 1 No. 2  No. 3 No. 4 No. 5  

No Action 81.40% 78.40% 83.80% 68.60% 86.20% 

Braked 12.20% 15.50% 8.10% 25.70% 11.10% 

Steered 1.10% 2.20% 1.70% 1.40% 0.70% 

Steered and Braked 0.50% 1.00% 0.40% 1.40% 0.20% 

Accelerated 0.10% 0.00% 0.00% 0.00% 0.00% 

Unknown 4.80% 2.90% 6.00% 2.90% 1.80% 
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scenarios 2 and 3 in about 7% and 8% of the cases respectively. The most 

frequent contributory factor across all the five scenarios was reported as 

“Violation Charged” which included illegal driving behavior, such as speeding, 

failure to yield-right of way, alcohol/drug use, and other violations. When driver 

age and gender were considered, drivers between the ages of 16 and 24 years 

were found to be over-represented in all five scenarios along with a slightly 

higher male driver population. Overall, the study provided a useful 

characterization of rear-end crashes based on analyzing the top five rear-end 

pre-crash scenarios. In summary, the study indicated that most rear-end events 

happened whenever a following vehicle encountered a relatively slow moving 

vehicle, and interestingly in the majority of the cases following driver’s lack of 

evasive action led to the rear-end collision. 

To date, a substantial amount of literature on human factors has specifically 

focused on driver distraction/inattention and its impact on crashes and near 

crashes. However, these studies tend to use different definitions and 

categorization of driver behavior resulting in a wide range of estimates for driver 

distraction and inattention effects which makes comparisons across studies 

difficult.  According to the National Highway Traffic Safety Administration 

(NHTSA), distraction is defined as “a specific type of inattention that occurs when 

drivers divert their attention from the driving task to focus on some other activity 

instead.” The NHTSA definition describes distraction as a broad category 

including a wide range of driver behavior, such as secondary activities, incidents, 

driver fatigue, physical conditions for the driver, and the drivers’ psychological 

traits. Stutts et al. (2005) in their investigation of crash data from the 

Crashworthiness Data System (CDS) between 2000 and 2003 reported that 

overall in 25% of the reported crashes driver distraction was involved. Additional 

analyses by Stutts et al. (2005) indicated that distracted drivers are more likely to 

be involved in single-vehicle rear-end collisions than attentive drivers. 

In a recent study conducted by the National Motor Vehicle Crash Causation 

Study (NHTSA, 2008) between 2005 and 2007 including 5,471 crashes, 



 

 19 

distraction was categorized into two sub-categories: namely internal distraction 

and external distraction. Internal distraction was attributed to non-driving related 

tasks, such as conversation with passengers, cell phone use, adjusting internal 

car controls, while the external distraction primarily involved off-road glances. 

Their study revealed that internal distraction and external distraction accounted 

for 10.7% and 3.8% of the crashes respectively.  

Several studies from human factors literature have particularly focused on the 

drivers’ brake reaction time in rear-end situations. Among a few notable ones, 

Green (2000) provided a comprehensive summary of the surveys reporting driver 

perception-brake times. Based on the survey, Green found driver’s expectancy 

as the most significant factor affecting drivers’ brake reaction time. For example, 

with the onset of common signals, such as brake lights, the expected brake 

response time was reported to be 1.25 seconds, whereas for unexpected 

situations, such as a sudden lane changing maneuver by a vehicle in front of the 

car, the expected brake time was found to be 1.5 seconds. Urgency was another 

important factor reported to influence brake reaction time. Several studies in the 

past (Chang et al., 1985; Malaterre, et al., 1988) found evidence for drivers 

demonstrating faster brake times when the time-to-collision was relatively short. 

Green also highlighted several studies which specifically looked at the impact of 

cognitive loads on brake reaction time. Studies based on epidemiological 

principles have concluded a significant increase in crash risk when drivers are 

engaged in non-driving activities, such as cell phone use (Redelmeier and 

Tibshirani, 1997; Violanti, 1998). Interestingly, these studies found similar results 

for drivers using both with and without hands control cell phone. Similarly, 

several other experimental studies found use of cellular phone increases reaction 

time by about half a second (McKnight and Mcknight, 1993; Brookhuis and De 

Waard, 1994).  

Recent years have witnessed significant efforts at developing and evaluating 

vehicle-based passive and active safety systems to reduce traffic accidents. 

Such efforts require quantitative characterization of driver behavior in real world 
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situations. Historically such characterizations have been difficult to obtain, but the 

data available from large-scale naturalistic driving studies (NDS) have the 

potential to change this situation. In a NDS, the personal vehicles of subject 

drivers are instrumented so as to collect and store detailed data as the drivers 

experience their normal driving conditions. A participant vehicle is equipped with 

an on-board data acquisition system (DAS) which measures and records several 

kinematic variables, such as the vehicle’s speedometer speed, forward radar 

(including forward and lateral range, range-rate), acceleration from 

accelerometers, lane position, and the states of different controls (e.g. brake 

pedal, gas pedal) typically at every 1/10th of a second. In addition, forward and 

backward viewing cameras and in-vehicle cameras recording views of the 

driver’s face and hands are also installed. Such sophisticated sensing 

technologies provide a wealth of data regarding both normal driving and crash or 

near-crash events. In one of the first comprehensive studies on driver behavior 

related crashes using naturalistic driving data, Dingus et al. (2006) reported that 

78% of the 69 recorded crashes and 65% of the 761 near-crashes involved driver 

inattention just prior to the incident. In another study on the impact of driver 

inattention involving 100-car study data, Klauer et al. (2006) reported that any 

secondary task with duration of more than 2 seconds significantly elevates the 

risk of a crash or near-crash compared to normal driving.  

It was recognized early on that data from naturalistic driving studies (NDS) could 

be used to support the design and evaluation of vehicle-based countermeasures 

(Najm, 2003). Arguably the most complete methodology for evaluating vehicle-

based countermeasures prior to widespread implementation is that outlined in 

(Najm, 2003) and applied by Najm et al. (2006) to evaluate a collision avoidance 

system. This approach involves first mining large-scale national crash databases 

to identify the types of crashes likely to be affected by the countermeasure, and 

second estimating the countermeasure’s effect on the identified crash types 

using smaller-scale data, such as those from driving simulator experiments, 

limited field trials of the system in question, or  reconstruction of crash or near-
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crash events. This estimate is then applied to the national database to predict the 

overall impact. McLaughlin et al. (2008) outlined a methodology by which data 

from the 100-Car NDS (Dingus et al., 2006) might be used to assess rear-end 

collision avoidance systems, while Ebner et al. (2011) indicated that data from an 

NDS could be used to identify “causes and conditions” of safety-critical events 

and to develop reference scenarios for the evaluation of vehicle-based 

countermeasures.  Ebner et al. also noted that since NDS collects very large 

amounts of data, the usefulness of NDS data could be enhanced by algorithms 

which automatically detect events of interest. However, identifying relevant 

events from within an NDS database and then reducing the NDS data so as to 

estimate relevant features of the events are still something of a challenge.  Using 

freeway brake-to-stop events on congested freeways as examples, Chatterjee et 

al. (2014) described a two-level approach for reduction and analysis of the NDS 

data. In the first level, using NDS forward video and time-series data, each 

braking event was characterized using six elements: the initial speeds of the 

leading and following drivers, the follower’s headway and reaction time, and the 

average decelerations used by the leader and follower. The second level of 

reduction and analysis involved replacing the average deceleration rates of the 

first level with more detailed estimates of the acceleration profiles used by the 

leader and follower. This was done by detailed modeling of the leading and the 

following vehicle’s trajectories, using primarily the NDS forward radar and 

speedometer time-series. In a recent study, Wu and Thor (2015) using a similar 

approach analyzed a sequence of events that led to two rear-end events, 

including one rear-end and one near-crash event from Field Operational Test 

(FOT) data of the Integrated Vehicle-Based Safety System (IVBSS) program. 

The authors evaluated the relationship between the follower’s reaction time and 

minimum successful braking rate to analyze the potential risk of a rear-end 

collision for a given set of initial traffic conditions. However, further analysis was 

needed to quantify the likelihood of a rear-end collision as a function of drivers’ 

car-following features.  
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In a recent study under the Strategic Highway Research Program’s (SHRP2) 

initiative for the analysis of naturalistic driving study data, Victor et al. (2015) 

investigated the relationship between driver inattention and the risk of rear-end 

crash. The study analyzed 46 rear-end crashes, 211 near-crash events, and 

about 500 baseline events. Findings from the study were consistent with previous 

results indicating distracting activities are more likely to be involved in crashes 

and near-crash events. For example, the study reported an odds ratio of 2.7 

(confidence interval: 1.4-5.2) for drivers who were engaged in portable electronic 

visual-manual activities (e.g. dialing hands free cell phone, cellphone texting, 

responding to cell phone calls, operating a PDA). In particular, they reported that 

texting while driving had the highest odds-ratio of 5.6 (confidence interval: 2.2-

14.5), identifying it as a substantially risky activity. In addition, the study analyzed 

the impact of off-road glances on crash risk in relation to the interaction between 

the leader and the follower. The authors concluded that off-road glances that 

happen during a rapid change in the lead vehicles kinematics tend to elevate the 

risk of rear-end collision substantially. Further, they found that drivers’ brake 

reaction times are strongly coupled to vehicle kinematics between the leader and 

the follower and only weakly affected by the onset of the lead vehicle’s brake-

lights. Particularly, their study found that drivers only tend to react when the time-

to-collision (TTC) is less than 5 secs. 

2.4 Modeling Driver Interactions and the Role of Liability Policies 

Currently several engineering countermeasures, such as variable message signs 

or variable speed limits are under consideration (Li et al., 2014). However, at 

present there is a shortage of demonstrably-proven countermeasures targeted at 

freeway rear-end crashes. A primary reason for the shortage of effective safety 

measures is the lack of a thorough understanding of how drivers interact with 

each other and the consequence of their actions towards crash outcomes. As a 

consequence, liability rules, through which the direct costs associated with a 

crash are divided between the drivers and/or their insurance companies, are 
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currently a primary mechanism for influencing the occurrence of freeway rear-

end crashes. This section will highlight some of the relevant work done in the 

past analyzing liability policies and their impact on reducing crashes.  

In liability literature, “negligence” is associated with those involved drivers whose 

behavior falls below an established standard of care. For example, a driver’s 

failure to take reasonable care may include actions, such as (i) failing to pay 

attention to the road; (ii) failing to stop within a reasonable time;(iii) failing to drive 

below the speed limit; (iv) failing to control the vehicle (v) failing to yield the right 

of way; (vi) failing to use turn signals; and (vi) failing to follow at a safe distance 

(Wither, 2016). In a typical accident model involving two drivers, each involved 

party chooses a particular level of care based on his/her expectation of the level 

of care chosen by the other party. Such strategic interactions eventually lead to 

Nash equilibrium, where no party has incentive to deviate from his/her current 

choice (Shavell, 2009). As a consequence, the outcome of an interaction 

depends on the level of care chosen by both the parties. One traditional way to 

motivate individual parties to exercise an adequate care level is to make either 

party fully or partially liable for the loss incurred by the other party in an accident. 

Usually the party who fails to exercise an adequate or due (a legal term) care 

level is referred to as the “injurer”, while the other party who has suffered a loss 

from the accident is called the “victim”. Such legal obligation of one party for the 

loss of the other is also known as tort liability. The primary goal for tort liability is 

to deter accident prone behavior. Most of the tort liability rules in their current 

form are targeted to distribute the internal loss occurred in an accident between 

the parties directly involved in the accident according to the principles of 

insurance (James, 1948). Particularly, as Demsetz (1972) suggested, in a typical 

road accident, where the negotiation cost between involved parties is high, the 

rule of liability will have an allocation effect on the level of care adopted by each 

party. However, such rules may not always prove to be socially efficient. The 

economic efficiency of liability rules has been studied extensively by legal 

theorists for some time. Efficiency of a liability rule primarily depends on how the 
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cost of an accident is accounted for by the involved parties. Typically an accident 

cost comprises two components: (i) private costs, which are the immediate 

losses suffered by the involved parties and (ii) social costs or the negative 

externalities which include the costs imposed on society, including travel delay 

costs, emergency vehicle response costs, which is inflicted on "third parties". The 

notion of such accident externalities is not new and can be found in Jansson’s 

(1994) and Persson and Ödegaard’s (1995) work. Studies, such as Boyer and 

Dionne (1987), suggest that until social costs are internalized through 

appropriate interventions, liability rules are unlikely to produce socially optimum 

outcomes. That is, divergence between social and private costs of an activity 

would create incentives for users to behave in a socially inefficient way. To 

address such issues, legal theorists have proposed alternative liability policies, 

such as negligence-based liability rules. 

Existing negligence based liability rules can be broadly classified into two 

categories, namely (i) Contributory negligence; (ii) Comparative negligence. 

Under the first category, an injurer is only liable to compensate for the victim's 

loss if the victim is not found negligent. In the second type, the comparative 

negligence rule is identical to contributory negligence except when both injurer 

and victim are found negligent, the total loss is divided according to each party's 

causal contribution to the accident. In addition to the above two rules, several 

other modifications can be found in the liability literature (Baird et al., 1998). A 

significant proportion of research on liability analysis focuses on comparing the 

efficiency of different liability rules. However, no uniform consensus about the 

efficiency of one liability rule over the other can be found. Conceptually, under 

comparative negligence rule a partially at fault victim is more likely to get 

compensation compared to contributory negligence rule. As a consequence, 

usually victims are better off under comparative negligence. On the contrary, as 

noted by Sloan et al. (1994), injurers tend to be unaffected by the degree of a 

victim's percentage fault as the insurance company's premium surcharge 

depends primarily on claim frequency rather than the claim amount. As a 
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consequence, drivers seem to have more incentive to exercise due care under 

contributory negligence in contrast to comparative negligence rules. Sloan et al. 

(1994) in their study used fatal accident data from 1982-1990 collected by Fatal 

Accident Reporting System (FARS) to investigate the impact of liability rules on 

fatality rates. A logistic regression approach was adopted with the dependent 

variable being the motor vehicle fatalities per 1000 population divided into three 

age groups, and the explanatory variables included insurance policies and other 

government regulations such as alcohol distribution policies. The results 

indicated that compulsory liability insurance can provide a deterrence effect on a 

driver's accident prone behavior as long as hefty insurance premiums were 

imposed for failure to exercise the due care. Further, the empirical analysis 

suggests that transition from contributory to comparative negligence-based 

liability rules had no significant impact on fatality rates. 

In another interesting study, White (1989) developed an empirically testable 

model to compare driver incentives to exercise due care under contributory and 

comparative negligence based rules. The author argued that both contributory 

and comparative negligence-based liability rules can achieve social optimal 

outcome only under certain specific conditions. In particular, the author showed 

that when the proportional gain for a particular driver from reduction in his/her 

share of total damages is less than the proportional gain from the reduced 

damages for the other driver, the particular driver will have a weaker incentive to 

exercise the social optimal care level. Further, the author's empirical analysis of 

rear-end accident court cases in California from 1974 to 1976, (during which 

liability rules in California shifted from contributory negligence to a comparative 

negligence rule) suggests that drivers tend to have a greater incentive to 

exercise due care under contributory negligence compared to a comparative 

negligence rule. However, because of the observational nature of the study, such 

a conclusion might be confounded due to self-selection bias.  

A relatively recent study by Parisi and Fon (2004) on comparative causation, 

where a causation function is used to apportion liability according to the relative 
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contribution of a driver's action is relevant here and worth discussing. The 

authors considered the case in which the overall crash causation function can be 

expressed as a product of an individual party's causal contribution: c�(p,x)c�(q,y) 

where, c�(p,x) is the injurer's causation function which depends on the injurer's 

activity level p  and care level   x . Similarly, c�(q,y) is the victim's causation 

function depending on the victim's activity level q and care level y. Further, it is 

assumed that low activity level of one party would lower his/her causal 

contribution towards the accident. Similarly, greater level of care would reduce 

that party's contribution to the overall loss, i.e., 
���
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> 0,
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Then, if u�(p,x)  and u�(q,y)  are the injurer's and victim's utility functions 

respectively, the social optimization problem is given by 

                    max
�,�,�,�

��(�,�) + �� (�,�) − ��(�,�)�� (�,�)���(�,�)             (2.4.1) 

Under the pure comparative causation rule, the involved parties bear the loss 

proportional to their respective causal contributions, i.e., the injurer's share in the 

accident loss is given by  
��(�,�)

��(�,�)���(�,�)
 and the victim's share takes the form 

of 
��(�,�)

��(�,�)���(�,�)
. Then the optimization problem for the injurer would be given by, 

                  max
�,�

��(�,�) −
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��(�,�)�� (�,�)���(�,�)               (2.4.2) 

The authors showed that when causation functions depend on both care and 

activity levels, such apportionment of liability fails to produce a socially optimal 

outcome. That is, when each party has to bear only a fraction of total loss 

irrespective of whether they are negligent or not, the parties have incentives to 

choose less than socially optimal care. However, in another recent study, Singh 

(2007) argued that when activity levels are kept constant, it can be shown that 

comparative based liability rules produce a unique and socially efficient 

equilibrium outcome. Such assumptions of constant activity levels are relevant 

here. For example, rear-end incidents on freeways typically tend to happen 

during peak hours when people either travel to work or return from work. Their 
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activity levels tend to be constant irrespective of any past involvement in a rear-

end crash. Hence, the above study shows, at least in abstract, idealized 

contexts, that efficient apportioning rules do exist. 

Pedersen (2001) adopted a similar game-theoretical approach for evaluating the 

outcome of strategic interactions among road users and the potential impact on 

external road safety interventions. Pederson defined the net utility for a road user 

as a function of the individual care chosen by the user and expected loss from an 

accident. If �� is the individual gross utility for choosing �� level of care, then the 

expected net utility for user � is given by, 

                             �� = ������ − ��(��,��,… ,�� ,�)��(��,��,… ,�� ,�)          (2.4.3) 

where, ��(. ) is the probability of user � being involved in an accident. ��(. ) gives 

the corresponding loss associated with it. One interesting point is that both the 

loss and the accident probability depend on the action (care) chosen by both 

user � and the simultaneous actions of other road users. Further assumptions 

were made to produce a tractable problem. Individual gross utility was assumed 

to be strictly decreasing and concave with respect to the level of care chosen by 

an individual , i.e., 
���

��� ≤ 0  and 
����

���
� ≤ 0.  Also, 

���

��� ≤ 0,
���

��� ≤ 0  implying the 

expected loss from an accident decreases as the level of care chosen by an 

individual increases. Pedersen’s study showed that when strategic interactions 

among road users exist, the care levels chosen by road users would not be 

socially efficient if the total costs, including direct and indirect costs resulting from 

an accident, are not assigned to the crash involved users.  
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                                                                    CHAPTER 3 

 Empirical Analysis of Rear-End 
Events on Congested Freeways 

3.1 Introduction 

The primary goal of this chapter is to advance the understanding of how drivers 

behave when confronted with a stopping shockwave. The objective will be 

achieved by first revisiting an existing theory behind rear-end crashes, and then 

by providing empirical evidence through an analysis of kinematic features of 

shockwaves on a congested freeway. In an earlier study, Brill (1972) illustrated 

how, in a brake-to-stop event, a driver with a long reaction time and short 

following headway must compensate with a high braking deceleration, which in 

turn reduces the available stopping distance, making crashes more likely for 

drivers later in the sequence. A limited empirical investigation by Davis and 

Swenson (2006), on driver behavior in braking-to-stop shockwaves, found 

evidence suggesting that actions of drivers early in a braking-to-stop shockwave, 

especially reaction times longer than the following headways, can be causes of a 

crash between drivers later in the wave. 

3.2 Rear-End Crash Mechanism on Freeways 

3.2.1 Brake-to-stop event 

To begin, consider the simple braking-to-stop model, originally proposed by Brill 

(1972), where a leader and follower initially traveling at a constant speed of �� 

initiate braking at constant decelerations of ��  and ����  respectively. Let, ℎ��� 

denote the time headway of the following vehicle at the moment the lead vehicle 

begins braking, and ����  denote the follower’s reaction time. A rear-end collision 

is avoided when the stopping distance needed by the follower is less than the 

sum of the leader’s stopping distance and the space headway. This leads to a 

lower bound on the braking deceleration needed by the follower to avoid a 

collision, i.e., 
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The stopping distance available to the follower is given by 

                         S���= )(
2

110

2
0
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rhv
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v
                                                   (3.2.2)      

Equation (3.2.1) indicates that, other things being equal, when a following driver’s 

reaction time (����) is longer than his/her following headway (ℎ���), the follower 

will require a deceleration higher than that of the leader in order to stop without 

colliding.  For example, Figure 3.1 shows the minimum successful braking 

required by the follower as a function of his/her reaction time, where both the 

follower and the leader were initially traveling at a speed of 66 feet/sec (45 mph) 

with the following headway of 3 seconds, when the leader initiated braking at 6 

feet/sec2. Essentially, the figure illustrates that as reaction time of the follower 

exceeds his/her following headway, the required braking rate for the follower to 

avoid the collision exceeds that of the leader.   

 
 
Figure 3.1 Illustration of a successful brake-to-stop event in a leader-follower 

scenario. 
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Equations (3.2.1) and (3.2.2) have two critical implications: (i) a crash could 

become unavoidable in a stopping wave where reaction times exceed following 

headways, and (ii) long reaction times by drivers earlier in a stopping wave 

reduce the available stopping distance for later drivers and make crashes more 

likely. Figure 3.2 illustrates the second implication by simulating the trajectories 

of a platoon of vehicles, each vehicle having an initial speed of 66 feet/sec (45 

mph) and following headway of 2 seconds. Each driver is assumed to choose a 

reaction time of 2.5 seconds. As the figure indicates, each driver’s reaction time 

being longer than his/her following headway reduces the available stopping 

distance, which in-turn increases the minimum successful braking rate for later 

drivers. 

 

Figure 3.2  Minimum successful braking condition for a sequence of vehicles. 

 

To apply this model to real-world cases, it is necessary to allow for platoons 

where drivers can have different speeds, following headways and reaction times. 

Consider a sequence of vehicles in a platoon where individual speeds, following 

headways and reaction times are denoted by ��, ℎ� and ��  respectively. Here, the 
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following headway is defined as the time elapsing between when the rear 

bumper of the lead vehicle and the front bumper of the following vehicle cross a 

point in space. Now, suppose a stopping wave is triggered when driver 0 brakes 

with a deceleration, denoted by ��.  

Then the available stopping distance for vehicle 1 is given by 

                          �� =
��

�

���
+ ��(ℎ� − ��)                                               (3.2.3) 

Similarly, the available stopping distance for the nth vehicle in the sequence is 

given by 

                         �� =
��

�

���
+ ∑ ��(ℎ� − ��)

�
��� − (� − 1)�,                        (3.2.4) 

where b is the average distance separating the  stopped vehicles, which typically 

ranges from 3 feet to 10 feet in normal brake-to-stop events (Park and 

Schneeberger, 2003). 

Then, minimum successful braking rate required by the nth vehicle in the 

sequence is given by 

                                               �� =
��

�

�

��
�

���
�∑ ��(�����)�(���)��

�� �

                         (3.2.5) 

Therefore, the nth vehicle is involved in a rear-end collision whenever the required 

successful braking rate ( ��)  exceeds a maximum achievable braking limit, 

denoted here by ����. Based on the maximum observable braking rates in this 

study, ����  is chosen to be -22 feet/sec2, which is consistent with the previously 

reported results on emergency braking (Fambro et al., 1997). Using equation 

(3.2.5), and after some simplification, one gets the following collision condition for 

the nth vehicle. 

        �� >
�

�
�

��
�

��
−

��
�

����
− 2(� − 1)�� , where  �� = ∑ ��(�� − ℎ�)

�
���           (3.2.6) 

The above condition for rear-end collision reveals several key facts:  

(i) The initial driver’s stopping distance, 
��

�

���
 functions as a shared resource to 

which each successive driver either contributes or deducts. 
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 (ii) ��(�� − ℎ�), which is the difference between  the distance traveled by the ��� 

driver during the reaction phase and the following distance at the beginning of 

the reaction phase, represents ���  driver’s consumption of the shared resource, 

with  a negative value of  ��(�� − ℎ�) indicating a positive contribution. On the 

other hand ��(�� − ℎ�) > 0 indicates a subtraction, thereby reducing the available 

stopping distance for the succeeding drivers.  

(iii) The cumulative sum ∑ ��(�� − ℎ�)�
���  represents the collective consumption of 

stopping distance by n  vehicles. The right hand side of equation (3.2.6) is defined 

as the collision threshold for the ��� vehicle in the sequence. The crash condition 

is satisfied whenever the collective consumption by n  vehicles reaches a 

threshold that would require the ��� vehicle to decelerate at a rate higher than a 

maximum feasible value.  

Although this extended version of Brill’s model offers an interesting account of 

how a stopping wave can lead to a crash, empirical support for this account is 

limited. In what follows we investigate whether the derived crash condition 

accurately characterizes the real world brake-to-stop behavior of drivers on 

freeways. The next section provides a detailed description of the data collection 

and reduction of vehicle trajectories from freeway shockwaves, followed by an 

analysis of kinematic features of the drivers.  

3.3 Data Extraction and Reduction 

Currently, several sources of data on individual driver behavior are available, 

including video-based vehicle trajectories such as from Next Generation 

Simulation program (NGSIM) (NGSM, 2006), event data recorder (EDR) data 

(Frickle, 2010), and data from naturalistic driving studies (NDS) (TRB, 2015).  

However, EDR data is limited to vehicles directly involved in crashes, while NDS 

data is limited to an instrumented vehicle and possibly its leader. Neither is well-

suited to studying the behavior of multiple drivers in a stopping wave, so the 

primary source of data in this study will be vehicle trajectories extracted from site-
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based video. The next section describes the video data collection and reduction 

in detail. 

3.3.1 Video-based trajectory extraction 

The site chosen for video analysis is the right-most lane of a 700-foot section of I-

94 westbound, near downtown Minneapolis. Because of heavy traffic demand 

coupled with complex traffic dynamics, this section  has one of the highest 

recorded crash rates among Minnesota freeways (roughly 4.81 crashes/million 

vehicles miles), which roughly translates to one crash every two days (Hourdos, 

2005). The dominant crash type is rear-end crash, as drivers often fail to slow 

down sufficiently when confronted with shockwaves initiated downstream at a 

high volume entrance ramp (Lu and Hourdos, 2014). Using cameras installed on 

the roof of a nearby high-rise building, the Minnesota Traffic Observatory (MTO) 

has archived daily video recordings of traffic along this section for more than 10 

years. For this study, video recordings from the both months of May and June of 

2012 and 2013 were analyzed. 

The first task was to identify shockwaves on the chosen section. Using virtual 

detectors implemented by the Autoscope system (Michalopoulos, 1991), average 

traffic speeds over one-minute intervals were computed to identify significant 

drops in average speed. Figure 3.3  shows the flow chart for identifying the onset 

of shockwaves. Essentially, a shockwave was identified at a given time point 

whenever the average speed computed over one minute period preceding the 

time point exceeded the average one-minute speed following the time point by 

more than 15 mph. The 15 mph speed drop threshold was found suitable in 

capturing all major speed drops, and ignored small fluctuations in speed 

measurements.  
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Figure 3.3 Identifying onset of shockwaves based on speed comparison. 

 
Figure 3.4 shows a typical speed drop, where the vertical lines indicated the 

onset of a shockwave.  

 
 

 Figure 3.4 Typical Speed drops identified from Autoscope speed data. 

Yes No 
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Once the onset of a shockwave was identified, the segment of the video showing 

the vehicles involved in the shockwave was extracted. Using a computer 

program, VideoPoint (version 2.5), the screen coordinates of each vehicle from 

each frame (10 frames per second) of the recorded video were extracted until 

complete trajectories of the vehicles were obtained. Because of perspective and 

scale differences between the video image and the real world, the two-

dimensional rectification method described by Bleyl (1976) was used to develop 

equations which transformed the screen coordinates extracted by VideoPoint to 

the corresponding real-world coordinates. The transformation equations take the 

following form 

                ����� =
������������

�����������
; ����� =

������������

�����������
,            (3.3.1)  

where, 

����� and �����= real-world coordinates 

�� and �� = screen coordinates 

(�� … ��) = transformation coefficients  

The transformation coefficients were estimated by solving equation (3.3.1) for a 

known set of control points.  Once the transformation coefficients were found, 

real world position of a vehicle at a given time point was calculated by plugging 

the corresponding screen coordinate of the vehicle into equation (3.3.1).  

Once a vehicle’s trajectory was obtained, the next step was to estimate the 

driving features such as speed, initial acceleration, braking response time, 

deceleration, and following headways at the time of brake initiation. These 

features were estimated by applying non-linear least square technique (i.e. 

minimizing sum of squared errors) to a simple trajectory model, as described by 

equation (3.3.2), with one change point where a driver switched from a no-

braking phase to a braking phase. The explanatory variables were driver’s initial 

speed �� , initial acceleration �� , the braking initiation time �� , and the final 

braking deceleration ��, 
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�(�)  =

⎩
⎪
⎨

⎪
⎧

 ��� + 0.5����,                                                           � ≤ ��

���� + 0.5����
� + (�� + ����)(� − ��) − 0.5��(� − ��)�,   �� < � ≤ �� +  

�� + ����

��
  

���� + 0.5����
� +
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,                                       � > �� +
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                                                                                 (3.3.2) 

Key kinematic features such as initial speed, acceleration, following headway, 

and brake initiation time were computed from the fitted model.  For example, the 

following headway was defined as the time gap between the rear of the lead 

vehicle and the front of the following vehicle passing when the leader began 

braking. The reaction time was defined as the difference between the brake 

initiation time of the follower and the brake initiation time of the leader. The brake 

initiation time was estimated by performing a grid search over a plausible range 

of time interval with the goal of minimizing the sum of squared error resulted from 

fitting the above trajectory model (see equation (3.3.2)) to the video-based 

extracted vehicle trajectory data.  A two-stage procedure was employed, where 

conventional nonlinear regression was embedded inside a grid search for the 

parameter ��. The estimation procedure is summarized as below: 

(i) For a given vehicle trajectory, we first determined a plausible value of �� by 

inspections and then set up the search range for �� within ±  2 secs of our 

initial guess with a step size of 0.1 seconds. Then for each value of �� within 

the search space, we computed the non-linear least square estimates for the 

remaining parameters of the model. The value of ��  that resulted in the 

lowest sum of squares became the initial guess for the next search iteration. 

(ii) In the second iteration a finer grid search with step size of 0.01 secs was 

employed around the �� value from the preceding step. The new search 

space was set to be �� ± 0.1 secs. Finally, the value of �� along with the other 

parameters that resulted in the lowest sum of squares were retained as the 

final estimates. 

More details of the estimation procedure can be found in Davis and Hourdos 

(2012). 
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Figure 3.5 shows trajectories of a platoon of three vehicles interacting in a 

shockwave, along with their estimated speed profiles. Reaction time of a driver 

was estimated as the difference between the change point of his/her own and the 

leader’s speed profile, as shown in Figure 3.5. The described estimation 

procedure was implemented in the R statistical software (R Core Team, 2014). 

 

 

Figure 3.5 Extracted trajectories of vehicles interacting in a shockwave. 

 

The final data set used in this study included 51 shockwaves, with 35 successful 

brake-to-stop shockwaves, 5 resulting in rear-end crashes, and 11 shockwaves 

where drivers undertook swerving action to avoid the collision. The kinematic 

feature extraction procedure is summarized by Figure 3.6. 
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Figure 3.6 Flow chart for extracting kinematic features. 

 

3.4 Data Analysis 

The average following headway was found to be 1.39 seconds, while the 

average reaction time was 1.50 seconds. Figure 3.7 compares the drivers’ car 

following behavior with their braking response behavior. The figure suggests a 

strong correlation between drivers’ choices of following headways and their 

braking response time.  
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Figure 3.7 Strong correlation between drivers’ following headway and reaction time. 

 

About 57% of the drivers in the extracted sample had a reaction time longer than 

his/her following headway. A simple one-sided paired t-test indicated that the 

mean reaction time was significantly longer (with p value=.00045) than the mean 

following headway. The pattern becomes more prominent when we focus on 

vehicle interactions preceding a crash or swerving event, as denoted by squared 

boxes in Figure 3.8. 
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Figure 3.8 Comparing each driver’s following headway and reaction time. 

 
Also, among other notable features, we found only 25% of the drivers exhibited 

reaction time shorter than 1 second. On the other hand, only about 16% of the 

drivers maintained a following headway longer than 2 secs. Also, it was found 

that drivers with relatively long reaction time (> 2 secs) were more likely to 

compensate with large following headway (> 2 secs) than those drivers with 

relatively short reaction time (< 2 secs). 

Another critical feature associated with rear-end crashes occurs when following 

drivers brake at rates substantially higher than their leaders. Figure 3.9 shows a 

plot comparing the braking behavior of pairs of drivers involved in the 

shockwaves. The braking behavior of pairs of vehicles preceding a crash or 

swerving event are shown separately on the plot, indicating a consistent pattern 

of the following vehicles braking at stronger rates than their leaders. 
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               Figure 3.9 Comparison of braking behavior between leader and follower. 

To illustrate how driver behavior can affect rear-end crashes, detailed 

descriptions of the car-following and braking features from two separate rear-end 

events are presented next. 

3.4.1 Case study 1: Rear-end crash 

A platoon of 26 vehicles interacted in a shockwave where the first observed 

vehicle was traveling at 42 mph and initiated braking at -4.4 feet/sec2. While the 

23rd and 24th vehicles in the sequence were just able to avoid colliding, both the 

25th and 26th vehicles rear-ended their respective leading vehicles. Table 3.1 lists 

the key car-following and braking behavior for each driver in the sequence. The 

average headway of the vehicles involved in the shockwave was found to be 

1.42 seconds, while the average reaction time was 1.55 seconds. The individual 

braking rates from Table 3.1 show a consistently increasing pattern as one 
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moves to the end of the sequence, suggesting an increasing likelihood of a 

crash, which in this case eventually happened. 

Table 3.1 Kinematic features of vehicles from a rear-end event on freeway. 

Vehicle 
Position 

 
Headways 

(secs) 
 Reaction 

Time (secs) 

 Braking 
Rate 

(feet/sec2) 

Speed at 
Braking 

Initiation 
(mph)  

1 2.56 2.89 -5.41 44.07 

2 0.81 1.52 -7.25 42.48 

3 1.41 1.29 -7.52 42.09 

4 1.36 0.54 -4.86 38.16 

5 0.34 1.05 -4.73 35.52 

6 0.93 1.2 -3.97 34.20 

7 0.26 1.25 -4.05 31.41 

8 2.19 2.02 -5.28 37.53 

9 0.76 1.27 -5.67 34.30 

10 1.32 0.76 -5.91 37.44 

11 1.81 2.02 -5.98 37.22 

12 0.72 0.81 -5.54 35.57 

13 2.41 2.41 -7.33 39.64 

14 1.42 1.18 -7.38 39.81 

15 2.16 2.28 -7.84 39.65 

16 1.52 1.48 -7.86 38.67 

17 2.10 1.43 -7.36 38.82 

18 0.91 1.81 -10.34 38.85 

19 0.75 0.31 -10.32 40.02 

20 2.08 2.33 -13.4 40.39 

21 3.04 3.22 -11.98 36.18 

22 1.41 1.79 -16.97 36.82 

23 2.38 2.19 -10.43 31.43 

24 0.70 0.77 -12.85 30.56 

25 0.73 1.36 -19.92 31.59 

26 0.81 1.03 -18.92 28.92 
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To further understand individual drivers’ contribution to the crash, each driver’s 

braking rate, along with his or her share of consumption of the available stopping 

distance resource, is shown in Figure 3.10. The figure indicates that the majority 

of the drivers earlier in the shockwave with a positive share of consumption 

reduced the available stopping distance, which ultimately led the 25th and 26th 

drivers to collide.   

 

 
Figure 3.10 Individual driver’s contribution in a rear-end crash. 

 

Figure 3.11 illustrates the rear-end crash condition given by equation (3.2.6). 

Essentially, the rear-end collision happened for the 25th vehicle when the 

cumulative consumption of the initial stopping distance exceeded the collision 

threshold defined by the right hand side of equation (3.2.6). 
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Figure 3.11 Rear-end collision condition for a sequence of vehicles. 

3.4.2 Case study 2: Swerving scenario 

The second case discussed here is a swerving event where a platoon of 27 

vehicles interacted in a stopping shockwave and the first observed driver had 

initial braking of -6.24 feet/sec2. The 27th driver swerved onto the shoulder to 

avoid a collision with the 26th vehicle. Figure 3.12 again illustrates behavior 

consistent with equation (3.2.6), where the collective consumption of the 

available stopping distance almost reached the collision threshold for the 27th 

vehicle. Figure 3.12 also illustrates a pattern of increasing braking rates for the 

drivers later in the sequence. It further shows that whenever the available 

stopping distance was reduced by an individual’s negative contribution, for 

example drivers 16, 17, 18, and 19, the following drivers compensated with a 

stronger braking. 
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Figure 3.12 Rear-end condition in a swerving event. 

To verify the accuracy of the proposed rear-end crash condition, outcomes for all 

51 shockwaves were examined. Out of the 51 shockwaves Table 3.2 classifies 

40 brake-to-stop events with regard to the condition given in equation (3.2.6).  

Equation (3.2.6) was able to correctly identify all successful brake-to-stop events. 

Among the five crash events, the test was able to confirm three of those but 

failed to identify two.  

Table 3.2 Classification of shockwaves with regard to equation (3.2.6). 

Crash Condition: 

Equation (6) 

Observed 

Crash Events 

Observed Non- 

Crash Brake-to-

Stop Events 

Satisfied 3 0 

Not Satisfied 2 35 

 

Further investigation from video recordings revealed that one of the misclassified 

crash events occurred when a vehicle from an adjacent lane suddenly changed 

lane and subsequently rear ended a slower moving vehicle in the new lane. The 

proposed crash test failed to capture such abrupt lane changing behavior while 
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interacting with a stopping shockwave. The second misclassified crash event 

was caused by a relatively benign shockwave.  However, as shown in Figure 10, 

the 20th vehicle, with a braking rate of -0.5 feet/sec2, barely reacted to the 

decelerating lead vehicles and eventually rear-ended the 19th vehicle. 

 
Figure 3.13 Speed profiles of the vehicles involved in a rear-end collision. 

The remaining 11 events where drivers swerved were investigated separately as 

these events involved drivers undertaking both braking and swerving as evasive 

actions. Table 3.3 shows the required minimum successful braking effort by the 

swerving driver involved in each of the swerving events. 
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Table 3.3 Minimum successful braking effort in swerving events 

 
 
 

 

 

 

 

 

 

Based on the estimated braking rates adopted by the swerving drivers the table 

suggests that had the involved drivers not taken the swerving action all but one 

of these events would have resulted in a rear-end crash. Table 3.3 also shows 

that in each swerving event the minimum successful braking effort required was 

well below the feasible braking limit (-22 feet/sec2), and still drivers chose a 

braking rate below the minimum successful braking rate. This suggests that 

drivers not necessarily engage in a braking rate as high as -22 feet/sec2 even in 

emergency situations. One plausible explanation for drivers not being 

comfortable with such a high braking rate could be attributed to drivers’ 

apprehension of being rear-ended because of such sudden deceleration to low 

speeds. Hence the maximum feasible braking value chosen in this study to 

determine an outcome of a rear-end event should be treated as a calibration 

factor rather than a strict criterion. As in any robust model the calibration factor 

Following 

Headways 

(secs) 

Reaction 

Time(secs) 

Estimated 

Braking 

(feet/sec2) 

Min. Successful 

Braking 

(feet/sec2) 

1.51 1.68 -7.71 -8.3 

1.35 1.46 -11.38 -16.7 

2.41 1.81 -10.08 -13.71 

0.83 1.22 -10.79 -14.79 

0.77 0.58 -11.38 -19.76 

1.15 1.27 -11.36 -14.81 

1.08 1.5 -13.26 -12.82 

0.46 0.84 -14.85 -19.46 

0.62 0.22 -11.85 -13.59 

8.13 7.83 -5.92 -7.65 

1.00 1.28 -11.58 -18.7 
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should be adjusted according to the observed braking rates chosen by the 

drivers in emergency situations.   

3.5 Discussion 

This chapter focused on analyzing a rear-end crash mechanism caused by 

stopping shockwaves on congested freeways. Extending Brill’s (1972) earlier 

work, a collision condition for a platoon of vehicles interacting in a stopping 

shockwave was established. The proposed condition suggested that drivers with 

reaction times longer than their following headways could be considered unsafe, 

as they reduce the available stopping distance for the succeeding drivers and 

making crashes more likely.  To verify the plausibility of the proposed crash 

condition, detailed trajectories of vehicles involved in 51 freeway shockwaves, 

including 5 resulting in rear-end crashes and 11 resulting in swerving behavior 

were extracted and analyzed. Kinematic features from the extracted trajectories 

suggested that a significant portion of the drivers interacting in shockwaves 

maintained shorter headways than their reaction times. Similar evidence for such 

unsafe car-following behavior was found in an earlier experimental study by 

Taieb-Maimon and Shinar (2001). 

When the rear-end collision condition was tested for 40 brake-to-stop events out 

of the 51 shockwaves, the proposed condition was able to correctly identify all 

non-crash brake-to-stop events, indicating that the proposed condition is 

sufficient for a shockwave to produce a crash. However, the test did produce two 

false negatives where the proposed test failed to identify two rear-end crash 

events. One of the misclassified events resulted when the proposed crash test 

failed to capture a rear-end event when a vehicle suddenly changed lane and 

subsequently rear-ended a slower moving vehicle in the new lane. In the second 

misclassified crash event, the driver involved in the crash didn’t react to the 

stopping shockwave and subsequently ended up in a rear-end collision. It would 

be interesting to further analyze such cases where drivers barely react when 

confronted with a slow-moving traffic. At present, SHRP 2’s Naturalistic Driving 
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Study data continues to be a promising source for analyzing such distracted 

driving behavior and its impact on rear-end crashes.  

For the swerving cases, further investigation revealed that had the drivers not 

engaged in swerving action, all but one of them would have resulted in a rear-

end crash. It was further noted that drivers involved in swerving action tend to 

brake at a milder rate than the minimum successful braking rate. However, to be 

able to extrapolate such observations to all swerving events, and more 

importantly identifying factors that led drivers to take such evasive action 

warrants investigation of more swerving cases on freeways. An earlier study of 

drivers’ emergency response behavior found similar evidence of drivers’ 

propensity to choose steering over braking as the time-to-collision decreases 

(Malaterre et al. 1988).  

In conclusion, a proposed criterion was shown to be sufficient to determine if a 

stopping wave resulted in a crash, and its absence was necessary for a stopping 

wave to avoid a crash. The key feature of the condition is the relation between 

drivers’ reaction times and their following headways, with a sequence of relatively 

long reaction times cumulating to make crashes more likely. This implies that 

interventions which can successfully modify the reaction time/headway 

relationship should be able to reduce the frequency of rear-end crashes on 

congested freeways. Findings from this study can be used as design guidelines 

for developing effective future in-vehicle safety systems targeted towards 

reducing rear-end crashes on freeways. For instance, future systems, such as 

advanced cruise control features or automated vehicles should be designed in 

such a way that would enable vehicles to maintain a following headway longer 

than its braking response time, and thus reducing the likelihood of rear-end 

crashes on freeways. 
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CHAPTER 4 

 A Structural/Empirical Approach  
to Predict Rear-End Crashes  

4.1 Introduction 

Traditionally, predicting crash risk involves a regression-based approach, where 

statistical models are developed explaining the relationship between crash 

frequency and explanatory variables including traffic, geometric, and 

environmental factors. The Highway Safety Manual provides guidelines for 

developing such regression-based approaches for predicting crash frequencies 

at a location under clearly defined base conditions (AASHTO, 2010). Although 

statistical-based safety methods can sometimes estimate aggregate causal 

effects, identifying how the actions of drivers interact and how drivers interact 

with roadway features to produce crashes requires a more microscopic approach 

to both the modeling of crash events and the collection of crash data. One such 

approach that recently gained some attention is a structural modeling approach, 

which promises to fill the existing gaps in traditional safety studies. Typically a 

structural model consists of a set of input variables and one or more equations 

which give predicted outputs as functions of the input variables. For example in a 

road-safety application, the explanation of an individual crash is accomplished by 

determining particular values for the structural model’s variables, while expected 

crash frequencies or relative risks can be computed by placing probability 

distributions on the model’s exogenous (input) variables. In an earlier study Davis 

(2013), using vehicle/pedestrian collisions as an example, demonstrated how 

structural knowledge describing the crash mechanism can be utilized to perform 

both reconstruction of individual crashes and crash predictions. In this study we 

demonstrate how a structural/empirical modeling approach, where limited 

structural knowledge of a crash is supplemented with empirically-developed 

relationships, can be extended to explain rear-end crashes and accurately 

predict crash risks on a section of a freeway. Historically, a major obstacle to the 

development of such microscopic based modeling approaches has been a 
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scarcity of data on driver behavior in crash and near-crash conditions. In recent 

years, with more advanced and sophisticated data collection techniques 

emerging, it has been possible to collect individual vehicle data under naturalistic 

driving conditions.  Using  numerous data sources, such as video recordings of 

shockwaves, loop detector traffic measurements, machine vision sensor data, 

and an archived crash database, we will illustrate the application of a 

structural/empirical technique in predicting rear-end crashes on freeways. The 

rest of the chapter is organized as follows: In section 4.2, we revisit Brill’s rear-

end collision model which is fundamental to our work. In section 4.3, based on 

Brill’s model we formulate a random walk approach to evaluate the probability of 

rear-end collision from a shockwave triggered on a section of freeway. Finally, in 

section 4.4, we validate the proposed model by comparing it with empirically 

derived crash risks on a selected section of a freeway.  

4.2 Rear-End Collision Prediction  

We first revisit Brill’s simple model for two vehicles involved in a brake-to-stop 

event, with the leader denoted by index j and the follower denoted by index � +

1. For the sake of simplicity, we assume both vehicles are traveling at a constant 

speed of �� with a forward spatial headway of ��ℎ���, where ℎ��� represents the 

following time headway measured from the rear bumper of the leading vehicle to 

the front bumper of the following vehicle. This convention allows us to ignore the 

effect of the vehicle length. If the leading vehicle initiates braking at the rate of �� 

and comes to a complete stop, the minimum successful braking (����) required 

for the following driver having a reaction time of ���� to come to a stop without 

colliding with the leading vehicle is given by 

                          ���� = ������� − 2������� − ℎ�����
��

                            (4.2.1) 

One can immediately notice from equation (4.2.1) that as long as the reaction 

time (����) is longer than the following headway (ℎ���), the minimum successful 

braking rate required by the follower exceeds that of the leader’s. 
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Figure 4.1 depicts a successful brake-to-stop event, where both vehicles 

traveling at an initial speed of 45 mph with the following headway of 3 seconds 

decelerate at a rate of 6 feet/sec2. Essentially Figure 4.1 suggests that under the 

given condition the follower’s stopping time has to be longer than that of the 

leader to successfully avoid a rear-end collision.   

 

          Figure 4.1 Sufficient condition for a successful brake-to-stop event. 

 
Brill further extended the argument from the two-vehicle scenario to a platoon of 

vehicles, where the minimum successful braking rate required by the ��� vehicle 

in the platoon to avoid a collision is given by 

                                   �� = ����[�� − 2����]��,                             (4.2.2) 

where �� = ∑ �� − ℎ�,�
���  and index 0 denotes the first vehicle in the platoon to 

trigger the shockwave. 

The following proposition verifies the above claim. 

Proposition 4.2.1 

If equation (4.2.1) holds true for each �, then the minimum successful braking rate 

required by the ��� vehicle is given by  
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                            �� = ����[�� − 2����]��, where �� = ∑ (�� − ��
�
��� ) 

Proof: 

We use the principle of induction to prove the above claim.  Indeed, we know that 

the relation is true for n=1. Now, suppose the relation holds for n=m. We will 

show that the same is true for � = � + 1, which completes the proof. We know 

that equation (4.2.1) holds for all vehicle indices, i.e. 

���� = ����[�� − 2��(���� − ℎ���)]�� 

Then substituting �� = �0�0[�0 − 2�0��]− 1 in the above equation gives 

                                  ���� =

������
��� �����

���
�����

��� �����
(��� �� ��� �)

 

Simplifying the above equation we get,  

                                        ���� =
����

��������� �
, which completes the proof.∎  

The above formulation provides the collision condition for the ���  vehicle in a 

platoon. Essentially, the ��� vehicle rear ends whenever the minimum successful 

braking effort exceeds the maximum braking limit (��), i.e. 

                                         ����[�� − 2����]�� > ��                                    (4.2.3) 

From equation (4.2.3), we see that the first vehicle in a platoon to be involved in 

a collision satisfies the following condition 

              � = min {�:�� >
��(�����)

�����
}, where �� = ∑ (�� − ℎ�)�

���            (4.2.4) 

If one treats an individual driver’s reaction time (��) and following headway (ℎ�) 

as i.i.d random outcomes with a joint cumulative distribution function (denoted by 

(�,ℎ)) , then � denotes the first passage time of the random walk {��} to the 

collision region,(�,∞ ), where � =
��(�����)

�����
 . 

As Brill pointed out, the collective contribution of the drivers ahead in the platoon 

decides the collision outcome of a vehicle later in the platoon. To see this, we 
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express the conditional probability for the (� + 1)��  vehicle to be involved in a 

crash as a function of the responses of � drivers ahead in the platoon, i.e.  

                 �(���� = 1|� > �,��) = Pr(���� − ℎ��� > � − ��),               (4.2.5) 

where ���� is an indicator function for the collision outcome of the n+1 th vehicle,  

and � is given by equation (4.2.4).  

Brill further provided two following conditions for evaluating the probability of a 

rear-end collision resulting from a shockwave. 

Condition I:      

                    Pr(� < ∞ ) = 1 if and only if � = �[�� − ℎ�]≥ 0             (4.2.6) 

Essentially, the above condition states that for a sufficiently large sequence of 

drivers where the average reaction time is longer than the average following 

headway, rear-end collision is guaranteed to occur when a shockwave is 

triggered.  

Condition II: 

                                    � < 0 =>   Pr(� < ∞ ) ≤ ��� ,                         (4.2.7) 

where the value of �  satisfies � (�) = 1 . Here � (�)  denotes the moment 

generating function for (�� − ℎ�). 

This condition provides an upper bound of the collision probability when the 

average reaction time is shorter than the average following headway.  

The detailed proof of the above two conditions can be found in Brill’s doctoral 

dissertation (Brill, 1970). Condition I can be proven by appealing to the strong 

law of large numbers which implies that if  � > 0 => �� → ∞  . For condition II, 

using the fact that � is a stopping time for the random walk {��}, and then Wald’s 

fundamental identity (Wald, 1973) can be employed to prove the claim. 

Both conditions relate the risk of a rear-end collision to the average behavior of 

the involved drivers. Particularly, the utility of condition II can be seen by the 

following example. 

Assume the initial speed of the vehicles to be 45 mph (�� = 66 feet/sec).  

Let ��~ �(�� = 1.5,�� = 0.30), ℎ�~ �(�� = 2,�� = .25) and Cov (��,ℎ�) = 0.05.  
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Then, �� − ℎ�~ �(− 0.5,.88).  

Further, if we assume that the braking rate that triggered the shockwave is �� =

10 feet/sec2, and the maximum feasible braking effort is �� = 21feet/sec2. Then 

the collision threshold is given by, � =
��(�����)

�����
= 1.728. 

According to Condition II, Pr(Collision) ≤ exp �− 2 ∗ 1.728 ∗
.��

.���� = 0.10, where we 

have used the fact that the moment generating function for a normal random 

variable is given by exp ��� +
�

�
����.  The above result implies that for the given 

traffic condition, there is more than 90% chance that the shockwave will not 

result in a rear-end collision. 

Although Brill’s conditions offer interesting insights about collision probability, it 

has limited applications. First, both conditions require knowledge of drivers’ 

choices of headways and reaction times. Second, more importantly, both 

conditions evaluate the probability of a rear-end collision considering the effect of 

a shockwave on an infinite sequence of vehicles. However, from a practical point 

of view, evaluation of crash risks limited to a specific section of a roadway and 

within a finite time interval is desired. Hence, a model evaluating the probability 

of a rear-end crash occurring within a fixed section of a freeway during a short 

time period is needed. In the next section we will address both the limitations. 

4.3 Rear-End Collision Probability 

Before we develop the rear-end collision prediction model, we provide a brief 

review of finite Markov chains highlighting the essential results that will be used 

to evaluate the collision probability. Detailed treatment of this subject can be 

found in standard text books on Markov chain (Grinstead and Snell, 2012). 

4.3.1 Review of absorbing Markov chains 

A state in a Markov chain is called absorbing if it is not possible to leave the state 

once the state is reached, i.e., if state � is absorbing then, Pr[� → �]= 1. A Markov 

chain is called absorbing Markov chain if at least one of the states is absorbing, 

and it is possible to reach the absorbing states from other non-absorbing states. 
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The non-absorbing states in an absorbing Markov chain are referred to as 

transient states. A useful representation of the transition matrix associated with 

an absorbing Markov chain with � transient states and � absorbing states takes 

the following canonical form, 

                                 � = �
��×� ���×�

0�×� ��×�
�,                                        (4.3.1) 

where R represents the transition probability between transient states, while Pa 

denotes the transition from transient states to absorbing states, and � is the 

identity matrix representing the transition within absorbing states. The n-step 

transition probability can be expressed as 

                               �� = ��� (�− �)��(�− ��)��
0 �

�,                           (4.3.2) 

where we have used the fact that (�− �)��,  also known as Fundamental matrix, 

exists for an absorbing Markov chain (chapter 11 of Grinstead’s book). Each (�,�) 

element of the Fundamental matrix denotes the expected number of times the 

chain is in a transient state � given it starts from a transient state �.  

Next, we will use the stated results on finite absorbing Markov chain to evaluate 

the rear-end collision probability. 

4.3.2 Rear-end collision: A random walk approach 

To begin with, let us assume both reaction time and headway are discrete 

random outcomes. Later on, we will relax this assumption and provide an 

approximate solution for the continuous case. A rear-end collision occurs 

whenever the cumulative sum of the difference between reaction time and 

following headway exceeds the collision threshold (i.e. �� > �). We also note 

that �� can be written in a recursive form as, �� = ���� + �� − ℎ�. Therefore {��} 

forms a Markov chain, whose states are all possible values that ��  can take. 

Transitions between states are governed by the distribution of (�� − ℎ�). Once the 

collision threshold is reached, the process remains in the collision state, allowing 

the collision state to be treated as an absorbing state of the Markov chain.  We 

further require an arbitrarily low value of ��  as the no-collision absorbing 
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state (�), such that once the state is reached the probability of reaching the 

collision state in a finite number of steps is 0. 

Figure 4.2 provides a schematic representation of the occurrence of a rear-end 

collision when a sequence of vehicles interact with a shockwave. Figure 4.2 

shows that as cumulative sum, ��, for the 9th vehicle exceeds the collision 

threshold, �, a rear-end collision is observed. 

 

 
 

Figure 4.2 Random walk representation of rear-end collision event. 

Now, consider a sequence of vehicles (indexed by � = 1,2,3 … ) interacting with a 

shockwave. The probability of the  (� + 1)��  vehicle being involved in a crash 

given the current state of {��} is given by 

                    Pr(���� = 1|��) = Pr (���� − ℎ��� > � − ��),    (4.3.3) 

where �� = �1 if the nth vehicle collides
0                                        �. �

.                                               

We denote �� as the number of steps required to reach the collision state starting 

from the initial condition, (�� = 0). Then, the probability of the ��� vehicle to be 

involved in a crash can be computed by Pr(�� = �). Therefore, the probability of 

observing a collision in a platoon of size � is given by Pr(�� ≤ �), which can be 

expressed as 
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        Pr (�� ≤ �) = Pr(�� = 1) + ∑ ∏ Pr��� = 0� Pr (�� = 1)���
���

�
���                   (4.3.4) 

Therefore, the first passage time distribution of the random walk to the collision 

state evaluates the likelihood of observing a rear-end collision in a platoon of 

vehicles. 

Now, consider the continuous case, where (� − ℎ)  follows a continuous 

probability distribution. It turns out that problems of similar nature are well studied 

in the Statistical Process Control (SPC) literature. SPC methods are widely used 

in industrial applications for process improvements and for monitoring changes in 

process parameters such as mean and variance.  The majority of SPC methods 

are used to detect significant shifts in the mean of a process. Cumulative sum 

(CUSUM) charts and exponentially weighted moving average charts are the most 

popular methods found in SPC literature for identifying shifts in the mean level 

(Hawkins and Olwell, 1998). Usually, a CUSUM process is identified as out-of-

control when the cumulative sum of deviations of observations from the target 

mean exceeds a pre-defined decision interval. The run length of a CUSUM 

process is the number of observations from a starting point to the point where 

CUSUM crosses the decision interval. Hence, the distribution of run length 

determines the performance of a CUSUM process. The CUSUM approach can 

be used directly to interpret the random walk approach introduced earlier for 

evaluating the collision probability, where the first passage time to the collision 

state can be calculated using similar techniques as used in SPC literature for 

determining the run length distribution of a CUSUM process. 

Traditionally two methods are used to evaluate the run length distribution of 

CUSUM, namely, Markov chain (Lucas and Saccucci, 1990) and integral 

equations (Van Dobben de Bruyn, 1968). The Markov chain approach involves 

discretization of cumulative sum process,{��}, and then uses properties of finite 

Markov chains to calculate the run length distribution of the chain. On the other 

hand, the integral equation approach uses approximate methods to solve 

integrals for evaluating the run length distribution. Camp and Rigdon (1991) have 

done a comparative analysis and concluded that both approaches provide good 
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approximate solutions. Here, we focus on the Markov chain approach, which 

essentially first approximates the original problem and then obtains an exact 

solution to the approximate problem. Next, we apply the Markov chain approach, 

as described by Brook and Evans (1972), to our collision model. 

Let us denote the difference between reaction time and headway as Z, i.e. 

 � = � − ℎ. If Z follows a continuous distribution then the cumulative sum,{��}, 

forms a Markov process with a continuous state space. The basic idea for the 

Markov chain approach is to partition the continuous state space into finite 

number of intervals and choose a number in each interval (e.g. midpoint) to 

represent the true state of the process. To illustrate, suppose we wish to 

approximate the continuous scheme by � number of finite Markov states labelled 

from 1,2,… . �, where state 1 represents the non-collision stated, state � 

represents the collision state, and states 2,3,… ,(� − 1) denote the intermediate 

CUSUM states. The process remains in the same state at the next step as long 

as the cumulative sum for � does not change by more than an amount of 
�

�
, i.e., 

|�� − ����|<
�

�
. Here, � denotes the width of the interval defining a state. Since, 

the run-length distribution is sensitive to a particular choice of  �, Brook and 

Evans (1972) suggested selecting a value of �,  such that the probability of a 

jump from a state � to the collision state equals the probability that the cumulative 

sum for �  jumps beyond the collision threshold (�)  from a position which 

approximately corresponds to state �.  

Based on the recommendation, we chose,� =
(���)

���
, where � is the non-collision 

threshold.  

Then the transition probabilities among non-absorbing states (� → �) are given by  

               ��,� = Pr ��� −
�

�
≤ � ≤ �� +

�

�
�,                                 (4.3.5) 

where � = � − � and � = � − ℎ.  

Transition to the non-collision state is given by 

                                     ��,� = �(� < � − ��),                                          (4.3.6) 
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where ��  represents the value of a non-absorbing state � , which can be 

expressed as, �� = � + (� − 1) ∗ � − 0.5 ∗ � 

Similarly, the transition probability to a collision state is given by the following 

expression 

                                    ��,� = 1 − �(� < � − ��)                                    (4.3.7)                      

Once the distribution of � = (� − ℎ) is known, the transition matrix governing the 

evolution of the random walk can be calculated. Then using the properties of 

finite Markov chains, as mentioned in section 4.3.1, the distribution of the first 

passage time to the collision state can be evaluated. Next, we provide a useful 

result for evaluating the probability of first passage time to an absorbing state of 

a finite Markov chain.  

Proposition 4.3.1 

Let �� be the number of steps required to reach an absorbing state, �, starting 

from a transient state, �, then the distribution of the run length is given by 

                               ��(�� ≤ �) = ∑ [��]�
��� (�,�)

,                                  (4.3.8) 

where �� = (�− �)���(�− �)���� ∀ � = 2,3 … .,and �� = ��.  [��](�,�)denotes the 

(�,�)�� element of the matrix, ��. 

Proof: 

First, we note from the n-step transition matrix (see equation (4.3.2)) that the 

probability of reaching an absorbing state � from a transient state � in less than or 

equal to � steps can be expressed by 

                           �� = ��(�� ≤ �) = [(�− �)��(�− ��)��](�,�).                    (4.3.9) 

It follows then that the probability of reaching the absorbing state � in exactly � 

steps starting from the transient state � is given by 

                                 [��](�,�) = [�� − ����],                                                  (4.3.10) 

which can be further simplified by substituting the formulae for ��,  

                      [��](�,�) = [(�− �)��(���� − ��)��](�,�)                             (4.3.11) 

Applying induction, we get the following recursive form for [��](�,�) 
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                 [����](�,�) = [(�− �)���(�− �)��](�,�) (n=1,2,3….),                   (4.3.12) 

where �� = �� 

Then, by noting ��(�� ≤ �) = ∑ �(�� = �)�
��� = ∑ [��](�,�)

�
���  completes the 

proof.∎  

To illustrate the utility of Markov chain formulation for evaluating the collision 

probability, we look at the following traffic scenario. 

Consider a platoon of vehicles initially travelling at a speed of 40 mph on a 

section of freeway confronts a stopping wave initiated by a braking rate of 10 

feet/sec2. Further, based on the empirical analysis from chapter 3, the distribution 

of the difference between drivers’ reaction time and following headway is given 

by Figure 4.3.  

 
Figure 4.3 Empirical distribution of difference between reaction time and 

headway. 
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Then under the given traffic scenario, the probability of a rear-end collision is 

evaluated by equation (4.3.8), where the absorbing state � refers to the collision 

state  ((�,∞ ) ), the transient state �  refers to the initial state  (�� = 0), and n 

denotes the platoon size. 

Figure 4.4 provides the collision probability as a function of the platoon size. The 

figure shows that the collision probability approaches one as the platoon size 

increases. The observations are consistent with Brill’s condition I, which 

guarantees the occurrence of a collision whenever the average reaction time (1.5 

seconds) is longer than the average following headway (1.4 seconds). 

 

Figure 4.4 Collision probability as a function of platoon size. 

 
Figure 4.4 shows the probability of a collision when the initial braking rate is 10 

feet/sec2. If severity of a shockwave can be measured by the initial braking rate 

that triggers the shockwave, the proposed method allows evaluating the impact 

of severe shockwaves on the collision probability. Figure 4.5 indicates an 

increase in crash risks as initial braking rates become stronger. 
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Figure 4.5 Collision probability as a function of initial trigger condition. 

 

4.3.3 Formulation for collision probability during a 15-minute period 

In this section, we provide the formulation for the probability of a rear-end 

collision within a 15-minute period on a fixed section of a freeway.  

First, we need to introduce additional notation to derive the formulation for the 

15-minute collision probability. Let �� denote the probability of a collision resulting 

from a shockwave, and ��(�) denote the probability that �  shockwaves occur 

within a 15-minute period. We will only consider scenarios where at most one 

crash can occur during a 15 minute interval. We further assume that occurrences 

of shockwaves within a 15-minute period are independent of each other and do 

not have any cascading effect on the collision outcome. Based on the 

assumptions, the probability of a collision during a 15-minute period is given by 

                                    ��� = ∑ [∑ ���
��� (1 − ����� )���]��(�)                   (4.3.13) 
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After simplification, one can express the above equation as 

                             ��� = 1 − [��(0) + ∑ (1 − ��)���(�)]�
���                     (4.3.14) 

To compute the 15-minute collision probability (���) we need to calculate both �� 

and ��(�). 

Figure 4.5 shows how different initial braking rates affect the probability of a rear-

end collision. Therefore, the collision probability given a shockwave can be 

calculated by summing up the collision probability over the distribution of initial 

braking rates, i.e.  

                                �� = ∑ Pr(����ℎ|��) Pr(��) ,��
                               (4.3.15) 

where Pr(����ℎ|��) can be calculated by equation (4.3.8). 

Empirical analysis from chapter 3 provides the distribution for initial braking rates, 

as depicted in Figure 4.6. 

 
Figure 4.6 Distribution of initial braking rate. 

 
To compute ��� , it remains to estimate the distribution of shockwave (��(�)) 

during each 15-minute interval. Although, one expects only a finite number of 

shockwaves to occur during a 15-minute interval, evaluation of shockwave 
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distribution requires a non-trivial effort in estimating multiple probabilities in the 

form of {��(� = 0),��(� = 1),��(� = 2),��(� = 3) … }. Instead, we provide the 

following alternative formulation where only one parameter is needed to estimate 

���. 

Proposition 4.3.2 

Suppose a 15-minute period can be divided into � small ∆ intervals, such that 

only one shockwave is permissible during each interval and occurrences of 

shockwaves during these intervals are independent of each other. Then, the 15-

minute collision probability can be expressed as 

                                        ���� = 1 − [1 − ���∆]�,                                    (4.3.16) 

where �∆ is the probability of a shockwave during each ∆ interval of a 15-minute 

period. 

Proof: 

Based on the given assumptions, we note,  �~  Binomial (�,�∆) .  

Then, ��(�) =
�!

�!(���)!
�∆

�(1 − �∆)��� 

Substituting  ��(�) into equation (4.3.14) gives 

             ���� = 1 − ��(0) − ∑
�!

�!(���)!

�
��� ��1 − ����∆�

�
(1 − �∆)���.            (4.3.17) 

The above equation can be further simplified as 

                 ���� = 1 − ∑
�!

�!(���)!
��1 − ����∆�

�
(1 − �∆)����

��� ,                     (4.3.18) 

where we have used the fact that ��(0) = (1 − �∆)�. 

Applying the formulae for Binomial theorem, we get ���� = 1 − [1 − ���∆]�, which 

completes the proof.∎  

4.4 Model Validation 

This section describes the data used for validation of the proposed 15-minute 

collision prediction model followed by a discussion on the model performance.  

The list of parameters required as an input to the proposed collision model is 

summarized below: 
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 Number of cars (�) denoting the platoon size considered in the collision 

model. 

 Average speed during a 15-minute time period. 

 Shockwave probability (�∆)  during a time interval ∆  within a 15-minute 

period. 

 Empirical distribution of braking rates, as shown in Figure 4.6. 

 Empirical distribution of the difference between reaction time and following 

headway, as shown in Figure 4.3. 

To restrict the occurrence of a collision within a particular section of a freeway, 

we fixed the platoon size (�) for evaluating the rear-end collision. One plausible 

way is to use the average traffic conditions to determine the number of vehicles 

present within the section for each 15-minute period. In the following section, we 

describe the detailed methodology to evaluate �. 

First, we selected a fixed section of a freeway for evaluating the probability of 

observing a rear-end collision within the section. Figure 4.7 shows the selected 

section of a freeway of 1350 feet long from Google Earth. This section of the 

freeway where a ramp from I-35W northbound merges with I-94 westbound is a 

major source of bottleneck. More importantly, this section has no entry and exit 

ramps making it suitable for our analysis. We only considered the traffic on the 

rightmost lane of the I-94 westbound section. 
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Length=1350 feet 

Figure 4.7 The chosen freeway section for evaluating the collision model. 

The next step was to evaluate the average traffic condition in the chosen section, 

which would determine the number of vehicles present within the section during 

each 15-minute period. Traffic data collected from the nearby loop detector 

station along with machine sensor data (i.e., Autoscope) were used to evaluate 

the average traffic conditions during each 15-minute interval from 10 AM to 6 PM. 

Figure 4.8 shows the layout of MnDOT’s traffic detectors used for extracting the 

average traffic condition.  

  I-94 W 
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Figure 4.8 Layout of the loop detectors used for average traffic flow conditions. 

 
To estimate the average traffic condition, particularly the average density during 

each period, we referred to the widely known triangular fundamental diagram 

proposed by Newell (1993), which describes the mean relationship among three 

fundamental macroscopic traffic flow parameters, namely, flow, density, and 

speed. The following sets of equations provide the Newell’s relationship among 

the three fundamental parameters: 

     Flow = �

�� × Density,                                                    Density < �����

��� + ��� × ����� − �� × Density,      ����� ≤ Density < ����

0,                                                                     Density ≥  ����

        (4.4.1) 

where ��  denotes the free-flow speed; ��  represents the average shockwave 

speed; ���� denotes the jam density, and ����� is the critical density when traffic 

condition switched from the free-flow condition to the congested condition. 

Figure 4.9 shows the typical relationship between average traffic flow and density 

based on the triangular fundamental diagram (Cho et al., 2014). 
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Figure 4.9 Flow-density relation based on Newell’s fundamental diagram. 

Based on the flow-density relation, the speed-density relation can be expressed 

as 

    Speed = �

��,                                      Density < ����� 

�������×�����

Density
− ��,   ����� ≤ Density < ����

0,                                    Density ≥  ����    

                             (4.4.2) 

Inverting the relationship between speed and density, we can express density as 

a function of speed, 

                 Density = �
< �����,                    Speed > ��

�����

Speed ���
�����,         Speed ≤ ��

                              (4.4.3)   

 
We extracted 30-second average flow-density data from the nearby loop detector 

(see Figure 4.8) over several weekdays of the month of July 2013, and fit  a 

piece-wise linear regression model to Newell’s flow-density relation, as given by 

equation (4.4.1). 

Figure 4.10 shows the estimated speed-density relation from four randomly 

chosen weekdays of July 2013. Estimation results from other days also revealed 

a similar pattern and are not reported here for brevity.  
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Based on the fitting results, average density as a function of average speed was 

estimated as, 

      ������������������ = �

< 34 veh/mile/lane,                 Speed > 55 ��ℎ 
(����.�)

 Speed+11.3
                                      Speed ≤ 55 ��ℎ

  

                  (4.4.4) 

 

 
Figure 4.10 Estimated speed-density relation based on Newell’s fundamental 

diagram. 

Once the average speed condition during a 15-minute period was known, 

equation (4.4.4) was used to estimate the average density of vehicles within the 

section, which subsequently determined the number of vehicles within the 

section during the period. To illustrate it, we refer to Figure 4.11 which shows the 

average speed condition during 15-minute periods of a week day from 10 AM to 

6 PM. 
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Figure 4.11  Average 15-minute speed between 10 AM to 6 PM using Autoscope data. 

Suppose, we are interested in estimating the average number of cars present 

within the selected section of the freeway between 11:45 am and noon. We can 

refer to the average speed pattern at 12 pm from the above figure and then plug 

in the corresponding speed value (roughly 44 mph) in equation (4.4.4) to get an 

estimate of the average density. Finally, the number of vehicles within the section 

of the freeway can be calculated by multiplying the section length with the 

estimated density corresponding to the period.  

Next, to evaluate �∆, we identified an appropriate interval (∆) within a 15-minute 

period, where only one shockwave was allowed. One suitable candidate for ∆ is 

the time required for the shockwave to travel from the beginning to the end of the 

section, i.e., ∆=
�

��
, where �  is the section length (1350 feet) and ��  is the 

average speed of a shockwave which was estimated to be 11.3 mph from the 

triangular fundamental diagram. Therefore, ∆ was found to be 80 seconds. Next, 

we calculated the probability of a shockwave during a ∆ interval within each 15-

minute period from 10 AM to 6 PM. In a recent study on operational and safety 

benefits of variable speed limit signs, Hourdos and Zitzow (2014) used archived 
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video data to record shockwaves at the chosen section of the freeway. However, 

the study only reported the occurrences of first three shockwaves for each day, 

which proved to be of limited use for our purpose. Hence, the methodology for 

identifying shockwaves based on average speed drops, as discussed in chapter 

3, was used to analyze machine sensor speed data for 83 weekdays during the 

period of May to September of 2013. Essentially, the methodology recorded a 

shockwave whenever the average speed computed over a period of one minute 

dropped by more than 15 mph. Based on the identified speed drops, Figure 4.12 

shows the distribution of shockwaves during each 15-minute period between 10 

AM to 6 PM. 

 

Figure 4.12 Shockwave distribution over 15-minute intervals based on identified 

speed drop. 

Then, for each 15-minute, �∆ =
number of shockwaves during 15 min period

83*m
, where m 

is the number of ∆  intervals in a 15-minute period, i.e., � =
��∗��

∆
=

���

��
≅ 12.  

Figure 4.13 shows �∆ for each 15-minute period with the highest value between 2 

PM and 2:15 PM. 
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Figure 4.13 Distribution of shockwave probability during Δ time interval (�∆). 

Finally, with all the required model inputs being specified, the collision probability 

over 15-minute periods from 10 AM to 6 PM was computed according to equation 

(4.3.16). To compare the predicted collision probability with the empirical crash 

rate, information regarding crash and near-crash events on the chosen section of 

the freeway was extracted from MTO’s crash database. Figure 4.14 shows the 

distribution of crash and near-crash events that occurred during a period of 185 

days from the year of 2012 to 2013. 
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Figure 4.14 Distribution of rear-end events extracted from MTO’s event 

database. 

The above frequency distribution was then converted to the empirical crash risk 

for each 15-minute period, as, 

                              ���
���

=
Frequency of rear-events during a 15-minute

Total time period
,      

where the total time period=185 days. In calculating the empirical crash risk, a 

primary reason for including near-crash events which involved drivers 

undertaking both swerving and braking effort was based on the findings from the 

investigation of 11 swerving events in chapter 3, where it was found that most of 

the swerving events would have resulted in a rear-end crash had the involved 

drivers not undertaken the swerving action. 

Figure 4.15 compares the predicted collision probability with the empirical crash 

rate during each 15-minute period between 10 AM and 6 PM.  
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Figure 4.15. Comparing predicted collision probability with empirical probability. 

 

4.5 Discussion 

The proposed rear-end crash prediction model performed best during the 

midafternoon period, which is not surprising, as the kinematic features related to 

individual vehicles were extracted during the corresponding period, specifically 

between 1 PM and 2 PM. The periods where particularly the model performed 

poorly were between noon and 1 pm and in the late afternoon, i.e., between 5 

and 6 PM. The primary reason for under prediction during the late afternoon 

periods can be attributed to the model’s inability to capture the impact of stop-

and-go traffic conditions. With low average speed conditions and high speed 

drops being rarely observed, the proposed model under-predicted the crash rates 

during the late afternoon periods. Previous studies on stop-and-go traffic 

conditions reported that in such traffic conditions drivers often tend to over-adjust 

their speed either by first adopting a relatively low speed or by a relatively high 
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speed compared to that of the leader and then compensate for such 

overcorrection later on, which creates local instabilities (Laval and Leclercq, 

2010). Failure to capture effects of speed fluctuations within the modeling 

framework resulted in the poor prediction of the crash events. On the other hand, 

there is no clear explanation for the model’s under-prediction of the crash risk 

around the noon period. There can be two possible sources for such mismatch.  

First, the algorithm for identifying shockwaves, which only captured speed drops 

greater than 15 mph might prove to be a restrictive criterion, thereby missing 

several shockwaves that had occurred during the noon period and eventually 

resulted in an overall lower prediction of crash rates. Further investigation of the 

shockwave pattern corresponding to the noon period would address such a 

concern. Second, it is possible that the driving features, such as headways and 

reaction times which were used as inputs to the model, might not be consistent 

with the actual driving features corresponding to the noon period, resulting in a 

mismatch between the observed and predicted crash rates. It would be 

interesting to actually use driving features corresponding to the noon period as 

inputs to verify if the model’s prediction can be improved. This requires more 

kinematic feature extraction efforts in the future.  

In spite of the noted shortcomings, the proposed model was able to capture the 

overall variation in the rear-end crash risk between 10 AM and 6 PM. Further, our 

analysis suggests that if the model is well calibrated using empirically-derived 

driving features and traffic characteristics, it promises to produce accurate 

predictions for the rear-end crash risks. The developed methodology is not 

limited to the selected section of the freeway, and in principle can be verified for 

other freeway locations. One potential application is that it allows identification of 

periods of day with a high risk of rear-end crash. This would enable local 

transportation agencies to adopt pre-emptive safety measures accordingly to 

prevent the occurrences of rear-end crashes. For example, based on the 

proposed model, Figure 4.16 provides the collision hazard ranking for each of the 

32 fifteen-minute periods between 10 AM and 6 PM. The figure identifies the 
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period around 2 PM and 2:30 PM as the most critical period with the highest 

crash risk. 

 

 
 
 Figure 4.16 Predicted collision hazard rating during 15-minute intervals. 

 
In summary, as a relatively novel method, the proposed methodology takes a 

holistic approach incorporating individual driving features and macroscopic traffic 

parameters to analyze risk of rear-end events on a section of a freeway.  

 
 
 
 
 
 
 
 
 
 



 

 78 

CHAPTER 5 

 A Game-Theoretical Approach for  
Modeling Driver Interaction 

5.1 Introduction 

The goal of this chapter is to understand the underlying mechanism that governs 

the behavior of drivers involved in brake-to-stop situations with particular focus 

on drivers’ choices of reaction times and following headways. A driver’s 

preference for reaction times and following headways can be viewed as resulting 

from a desire to maximize personal utility within a time budget. For example, 

drivers with preference for long reaction times may get higher utility by engaging 

in secondary tasks, such as talking on phone, texting, adjusting car accessories, 

and conversation with fellow passengers. Similarly, aggressive drivers may 

prefer to have shorter headways whenever possible, thereby maximizing their 

driving utilities. The principle of driver utility maximization is not entirely new to 

traffic safety research. An earlier effort by Blomquist (1986) on analyzing traffic 

safety behavior proposed a driver utility structure (�) as shown below 

                                    � = �− �(�,�) − �(�,�)�(�,�),                                  (5.1.1) 

where � denotes base utility, �(�,�) is the dis-utility associated with the driver’s 

own safety effort, denoted by �, and exogenous safety measures, �. �(�,�) is the 

probability of an accident and �(�,�) is the loss from the accident. The author 

argued that the optimal amount of care shown by an individual motorist satisfies 

the condition for which the marginal cost of exercising the care is equal to the 

marginal benefit of reduction in the expected loss from the accident. In other 

words, the balance between dis-utility and the reduction in the expected loss 

determines the care level chosen by a motorist. The author also discussed the 

possible adverse effect of external safety measures on choice of care levels 

exercised by drivers. However, the author did not account for possible 

interactions among road users where an individual driver's outcome not only 

depends on his/her care level but also on other road users’ actions. In this 

chapter we will extend Blomquist’s game-theoretical model to rear-end events 
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involving a leader and a follower, and where the crash outcome of the interaction 

depends jointly on both the drivers’ actions.  The rest of the chapter is organized 

as follows: Section 5.2 begins with a simplified game-theoretical framework 

modeling drivers’ actions in a car-following scenario. Section 5.3 extends the 

simplified driver interaction model to analyze driver characteristics observed in a 

driver population by first deriving the long run distribution of the driving strategies 

in the population, and then estimating the underlying driver utility function by 

using the observed driving features extracted from real world brake-to-stop 

events. Finally, in section 5.4 we illustrate how the proposed game-theoretical 

framework can be applied to evaluate the potential effectiveness of future safety 

measures, such as self-driving cars and negligence-based liability policies. 

5.2 Game-Theoretical Approach 

Consider a simple 3-vehicle platoon scenario (see Figure 5.1), where driver 0 

first brakes at a deceleration of a0, followed by drivers 1 and 2 braking at rates a1 

and a2, respectively. We are interested in the collision outcome between vehicles 

1 and 2. 

 
Figure 5.1 Rear-end scenario with 3 vehicles. 

 

Based on Brill's (1972) proposed model for brake-to-stop event, the condition for 

driver 1 to avoid both rear-end with vehicle 0 and being rear-ended by vehicle 2 

is given by the following relation (Davis and Swenson, 2006): 
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where ��, ℎ�, �� denote speed, following headway, and reaction time for the ��� 

driver. In the simplest case, assume that all vehicles in the platoon are traveling 

at the same speed, �  and with equal headways, ℎ. Then using equation (5.2.1), 



 

 80 

the rear-end collision condition for vehicle 2 with vehicle 1 can be expressed by 

the crash indicator variable, �� as 
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Equation (5.2.2) suggests that to avoid the rear-end collision, the total reaction 

time of drivers 1 and 2 has to be bounded by a value which is a function of 

prevailing traffic conditions, the action of driver 0, and the physical limits to 

braking (��). The above collision criteria also suggests that drivers’ reaction times 

are substitutes in nature, which means that increased level of attention from one 

driver will reduce the incentive for the other driver to be more attentive.  

One can also express the collision speed of vehicle 2 in the event of a collision 

with vehicle 1 as  

                               2cV )]2(
2

[ˆ2 21

0

2
2 rrhv

a

v
av                                                  (5.2.3) 

For example, Figure 5.2  shows the collision speed plot as a function of �� and ��, 

when � = 40 mph, ℎ = 1.5 secs, �� = 20 feet/sec2,  and �� = 10 feet/sec2. 

 
Figure 5.2 Collision speed contour as a function driver’s reaction time. 
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If collision speed is treated as a measure of crash severity, then the above figure 

suggests that longer reaction times result in stronger crash impact, and as a 

consequence produce greater loss from an accident. 

As noted earlier, a driver’s preference for a long reaction time can be viewed as 

resulting from a desire to maximize personal utility. Then in a large population of 

drivers, individual drivers can be thought of as randomly matched pair-wise in a 

car following scenario to play a two-person, non-cooperative game who attempt 

to maximize their own utilities. The first question we would like to address is the 

outcome of such repeated pair-wise interactions on the long-run distribution of 

driving strategies in a population of drivers. 

Similar problems have been studied by evolutionary biologists for some time, 

where game-theoretical ideas are used to describe the evolution of traits in 

animal populations (Smith, 1982). There is a strong connection with Darwin’s 

principle of natural selection, which essentially says that those behavioral traits 

resulting in higher fitness (or pay-off) would eventually replace inferior traits in a 

population. Evolutionary game theorists adopted a similar principle by introducing 

the concept of Evolutionary Stable Strategies (ESS). An ESS is a strategy such 

that, if adopted by an entire population, no mutant (intruder) could successfully 

invade it (Smith, 1982). To give a formal introduction to ESS, let us assume a 

small fraction say, � > 0  of new individuals arrived in a population. Pairs of 

individuals from this mixed population are then randomly matched to play a 

symmetric two-player game. Let � be the mixed strategy adopted by each non-

mutated agent and � played by a mutated individual. If �(. ) represents the pay-

off function then the expected pay-off for the incumbent strategy is given by 

                                         �(�,�� + (1 − �)�)                                                 (5.2.4) 

  Similarly, expected pay-off for the mutant strategy is 

                                                    �(�,�� + (1 − �)�)                                                (5.2.5)  

Then the pay-off for player � with a mixed strategy � playing against an opponent 

with mixed strategy � is ,),( xAyyxui  where A denotes the pay-off matrix whose 
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elements are the pay-offs for player � for each combination of his/her and the 

opponent’s pure strategies. 

The strategy �  is an ESS if there exists an )1,0(  such that all 

  and 0between  satisfies the following condition (Smith,1982) 

         ))1(,())1(,( xyyuxyxu                                                  (5.2.6)  

A simpler set of conditions can be deduced from the above definition, as 

x is an ESS if and only if following two conditions are satisfied (Weibull,1997) 
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(5.2.7) 
It is clear from the above definition that an ESS satisfies the conditions for a 

Nash equilibrium (condition (a)), but in addition it must also satisfy the stability 

condition (b). 

To illustrate how the ESS condition can be applied to our simple rear-end 

scenario, assume there are only two strategies available to a driver: Attentive (A) 

and In-attentive (I). Next, we need to specify the pay-off structure for the game. 

Suppose the pay-off matrix is given according to Table 5.1. 

 

Table 5.1 Pay-Off matrix for driver 1 and 2 

 Driver 2 

Driver 1 A I 

A 2.75,2.75 0.57,2.82 

I 2.82,0.57 -2.17,-2.17 

 
 

where, “a,b” denotes: “a”  pay-off for driver 1 and “b” pay-off for driver 2. 

According to the above pay-off structure, an in-attentive driver always gets higher 

payoff than an attentive driver as long as he/she doesn’t interact with another in-
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attentive driver. Interaction between two in-attentive drivers can be viewed as an 

instance of a collision.  

Proposition 5.2.1 (All Attentive State is not ESS). 

For the two-player symmetric game with pay-off matrix given by Table 5.1, all 

drivers being attentive is not evolutionary stable. 

Proof:  

To see this, first note that in this symmetric two-player game there are two pure 

and one symmetric mixed Nash equilibrium, as 

 Two pure Nash:(�,�) and (�,�). 

 Mixed Nash (��� ) is (0.975, 0.025), i.e. each driver adopt strategy � with 

probability 0.975 and strategy � with probability 0.025. 

To verify whether all drivers being attentive is ESS or not, we check the first 

condition of equation (5.2.7) i.e. �(�,�)  >  �(�,�). 

Clearly,  2.75 =  �(�,�) ≤ �(�,�)  =  2.82. Hence, the condition of ESS is not 

satisfied.∎  

Similarly, one can also verify that all drivers being in-attentive is not an ESS. In 

fact, only the mixed Nash strategy satisfies the condition of ESS. Hence, we 

demonstrated a scenario where reaction times are causal substitutes, and when 

both drivers suffer equally when a crash occurs, a population of all attentive 

drivers is not evolutionary stable. 

Although the above analysis highlights the basic approach for this research, it 

suffers from several limitations, making it unsuitable for real world implications. 

First, the current concept of evolutionary stability highlights the traditional role of 

mutation in evolutionary biologists, but does not tell much about the underlying 

process by which the frequency of individuals with a particular strategy changes 

in the population. To understand such a mechanism one has to construct a 

population dynamic which controls the behavior and the relative share of 

individuals playing a pure strategy. As our objective is to evaluate the relative 

share of drivers who are more likely to be involved in rear-end events, we will 

propose an explicit form for the population dynamic. The equilibrium points of the 
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proposed dynamic will then govern the long run distribution of driving strategies 

in the population. Stability criteria for dynamical systems can then be used to 

verify the robustness of the equilibrium points against possible changes in the 

population.  

Second, the current analysis considers only two driving states (either attentive or 

in-attentive). However, in reality only two driving states are not adequate to 

explain driving behavior observed in the field. Particularly, we are interested to 

characterize driving behavior based on drivers’ choices of reaction times and 

following headways, as they proved to be one of the most critical features 

determining the outcome of rear-end crashes. Hence, both reaction time and 

following headway should be included as a part of a driver’s action.  

Third, in the above example the pay-off function for driver types is somewhat 

arbitrarily assigned. A plausible form of utility function describing driver’s 

preference for reaction times and following headways is needed. This research 

will attempt to characterize drivers’ utility functions specific to the drivers’ actions 

while confronting a shockwave on congested freeways. This will require 

estimating the parameters of the drivers’ utility functions by treating observed 

choices of drivers’ reaction times and following headways as random outcomes 

from the long-run distribution of the driving strategies in a population. In the 

subsequent sections each of the limitations will be addressed.  

5.3 Markov Population Game 

Suppose a driver population can be divided into � finite categories based on the 

drivers’ choices of reaction times and following headways. Let  � = {� =

��,��,… ,��):∑ �� = 1�
���  ��� �� ≥ 0 ∀� = 1,2,. . ,�,  where  ��  represents the 

fraction of the population in category � , and each � ∈ �  denotes a population 

profile. We are interested to analyze how the fraction of the driver population in a 

particular category evolves over time. Particularly we are interested in the long 

run behavior of the population which will then determine the expected fraction of 

drivers in each category.   
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For a driving population of size  �,  we define a stochastic process  {��(�) =

���(�),���(�),… ���(�)} denoting the number of individuals in each category at a 

time �. Then, 
�

�
��(�) represents the fraction of population in each category. The 

following assumptions are made regarding the evolution of the driver population. 

(a) An individual driver’s future choice only depends on his/her current choice 

and is independent of the past choices. Hence, an individual driver’s 

choices follow a Markov process characterized by a transition matrix 

which governs a transition from one driving category to another. 

(b) Each individual driver’s decision to choose a category depends only on 

his/her current state and the current population profile. This assumption 

implies that individual’s decisions are independent of each other and only 

depends on the current population distribution. Therefore, the transition 

probability matrix ,�  is a function of the current population profile. To 

underline the dependence, we write the transition matrix, as � �
�

�
��(�)�.  

Based on the stated assumptions we note that given ��(� − 1),  ��(�) can be 

expressed as a sum of �  independent multinomial random variables with 

parameters ���(�) and (��,�,��,�,… ,��,�) for 1 ≤ � ≤ �, where, ��,� is the transition 

probability from category � to category �. 

Then, the conditional expectation of ��(�) given ��(� − 1) is  

                              �[��(�)|��(� − 1)]= ∑ ���(� − 1)��,
�
�                             (5.3.1) 

and the conditional covariance of  ��(�) given ��(� − 1) is  

                 ���[��(�)|��(� − 1)]= ∑ ���(� − 1) × (����(��) − ����
��

� )        (5.3.2) 

�� is a K-dimensional vector whose ��� element is given by ��,� �
�

�
��(� − 1)�. 

��(�)  is a Markov process where transition probabilities are functions of the 

population distribution. Such a Markov process is commonly known as interactive 

Markov chain, where the primary focus is to characterize the macroscopic 

properties of a population consisting of randomly interacting individuals (Conlisk , 

1976). Extensive applications of interactive Markov chains can be found in 
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mathematical sociology (Brumelle and Gerchak, 1980; Ingenbleek and 

LeFevre,1980) and more recently in route choice behavior (Davis, 1993; Watling, 

1999). Although calculating conditional expectation and covariance is 

straightforward, computing stationary distribution of an interactive Markov chain 

is cumbersome. An alternative approach, often adopted in the past is to develop 

a tractable approximation which becomes increasingly accurate as the number of 

interacting individuals grows large. We will use similar approach drawing strongly 

from the paper by Lehoczky (1980) on approximations for interactive Markov 

chains.  

5.3.1 Deterministic approximation 

We first provide Lehoczky’s result for large population approximation of 

interactive Markov chains. Lehoczky’ showed that in an interactive Markov chain 

if the initial proportion of individuals  in each category is assigned in a 

deterministic fashion, then the proportions on next iteration also converge to a 

deterministic quantity. Since the logic of the claim can be repeated for each 

successive iterations, the proportion in each category generated from the original 

Markov process can be approximated by a deterministic process. Considering 

the relevance of Lehozcky’s result, a detailed proof of Lehozcky’s argument is 

provided in the appendix A. 

In particular, Lehoczky showed that for an interactive Markov chain {��(�),� =

0,1,… . ,} if the transition probability, ���(�) is a continuous function on the unit 

simplex, {� ∈  ℝ�|�� ≥ 0,∑ �� = 1}�
���  and the initial proportion in each category, 

�

�
��(0) converges almost surely to a deterministic quantity �(0) , then the 

proportion in each category at a time �, 
�

�
��(�) converges almost surely to �(�), 

where, �(�) is given by the following recursive form 

                                 �(�) = �(� − 1)�(�(� − 1))   

To apply Lehozcky’s result to our problem, we first need to specify a transition 

matrix for the driver population model. 
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Here, we make further assumptions regarding drivers’ decision to choose a 

particular category. Suppose at every opportunity, drivers consider revising their 

current choice with probability � and decide to stay with their current choice with 

probability (1 − �). Given that a driver considers revising his/her current choice, 

he/she chooses an alternative in a way that attempts to maximize his/her utility. 

Therefore, random utility maximization principles can be used to derive the 

driver’s choice probabilities. To see this, suppose driver � ’s utility of choosing 

reaction time ��  and following headway ℎ�  when interacting with driver � having 

reaction time �� and headway ℎ� is given by the following form 

                           �����,ℎ�,��,ℎ�� = ��(��,ℎ�) − �����,ℎ�,��ℎ�� + ��,                    (5.3.3) 

where ��(��,ℎ�) denotes the systematic utility driver � gets by his/her choice of 

reaction time (��) and following headway (ℎ�), while ��(��,ℎ�,��,ℎ�) represents the 

loss or penalty that the driver suffers in case of a collision. We note that the 

outcome of the loss depends on both the driver’s own and the opponent’s choice 

of action. �� captures the unobserved factors that affect utility but are not included 

in the systematic components. Every time a driver decides to revise his/her 

current choice he/she does so with the goal of maximizing the utility. However, 

due to imperfect information, a driver can only form an expectation of the 

opponent driver’s category. Hence, the drivers’ choices are based on maximizing 

their expected utility, which in this case takes the following form 

                                ��
� ���,ℎ�,��,ℎ�� = ���(��,ℎ�,�) + ��                   

                       ���(��,ℎ�,�) = ��(��,ℎ�) − ∑ �����,ℎ�,��,ℎ����,�
���                              (5.3.4) 

where {� = ��,��,… ��} represents the proportion of the driver population in each 

category.   

Therefore, probability a driver chooses category � among � categories is given 

by 

             �� �������,ℎ�,�� + �� ≥ max
 ���

(������,ℎ�,�� + ��)�                                     (5.3.5)      



 

 88 

 If ��s are assumed to be i.i.d Gumbel random variables (0,�), the above choice 

probability takes the following logit form (Train, 2003; Ben-Akiva and Lerman, 

1985) 

          Probability of choosing category �,��(�) =
�

�������,��,��

∑ ��������,��,���
�� �

,               (5.3.6) 

where � is the scale parameter that characterizes the variance of the Gumbel distribution 

(i.e.,  Var(��) =
��

���). 

Therefore, the probability matrix, �  governing the individual driver’s transition 

from one category to another at a given time, �  is given by 

                            � �
�

�
��(�)� = (1 − �) ∗ �+ � ∗ Π,                             (5.3.7) 

where � is a � × � identity matrix,  Π is � × � matrix with identical rows having 

values (��,��,… ,��), given by equation (5.3.6). With the transition matrix being 

specified, we can use Lehozcky’s result to provide a deterministic approximation 

of our driver population model. Following proposition gives the desired result. 

Proposition 5.3.1 

Suppose in a driver population of size, �, characterized by � distinct categories, 

the number of drivers in each category,{��(�) = ���(�),���(�),… ,���(�)} forms 

an interactive Markov chain whose transition probability, � is given by equation 

(5.3.7). If the initial proportion of drivers, 
�

�
��(0) → �(0) almost surely, then                         

                     
�

�
��(�) → �(�) almost surely as � → ∞ ,  where   

                           �(�) = (1 − �)�(� − 1) + ��(�(� − 1))                                (5.3.8) 

 Here, �(�) is a K-dimensional vector valued function whose each element is 

given by equation (5.3.6). 

Proof: 

The proof follows from an immediate application of Lehozcky’s result. To see 

this, we first note that the current proposition satisfies both the conditions stated 

in Lehozcky’s result. First, the transition probability, ���(. )  is a continuous 

function, which can be easily verified from equation (5.3.7). And second, 
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�

�
��(0) → �(0) satisfies the initial assignment condition for the fraction of drivers 

in each category. Then according to Lehozcky’s result,  

                    
�

 �
��(�) → �(� − 1)���(� − 1)� ∀ � = 1,2,,3,..  almost surely as � → ∞   

Therefore, applying Lehozcky’s result, we get 

                       
�

  �
��(�) → �(� − 1) ∗ [(1 − �) ∗�+ � ∗Π�y(t− 1)�], which after 

further simplification gives the desired result.∎  

Next, using the deterministic approximation, we wish to predict the long-run 

distribution of the drivers in each category. Following proposition provides the 

answer. 

Proposition 5.3.2 

The equilibrium distribution of the deterministic approximation, given by equation 

(5.3.8), satisfies the following fixed point problem 

                                                  �∗ = �(�∗),   

 where each element of �(�∗) is given by, ��(�∗) =
�

�������,��,�∗�

∑ ��������,��,�∗��
�� �

                 (5.3.9) 

Proof: 

The result is a straight forward application of Brouwer’s fixed point theorem by 

noting that the deterministic dynamic, �(�) = (1 − �)�(� − 1) + ��(�(� − 1)) is a 

continuous mapping on a compact set. ∎   

Interestingly, the fixed point takes the form of Quantal Response Equilibria 

proposed by Mackelvey and Palfery (1995), which converges to Nash equilibria 

as  � →  ∞ . Essentially, this implies that the fixed points of the deterministic 

approximation of the original interactive Markov process correspond to Quantal 

Response Equilibria. Since a closed-form solution does not exist, traditional 

numerical techniques, such as method of successive averages (Sheffi, 1985) can 

be used to solve the fixed point problem. 

5.3.2 Stability analysis 

The next issue to be addressed concerns the stability of the long-run distribution 

of the driving strategies, and its relation to the concept of evolutionary stability. 
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From an evolutionary game-theoretical point of view, the stability of the 

equilibrium point indicates its robustness against small perturbation in the 

population distribution, which in turn satisfies the notion of evolutionary stable 

equilibrium. Essentially to verify such criteria, we need to produce conditions on 

local (asymptotic) stability of the fixed point of the (K-1)-dimensional recursion, 

                          �(�) = (1 − �)�(� − 1) + ��(�(� − 1)) 

An equilibrium, y* of the dynamical system is locally (asymptotically) stable, if 

lim
�→ �

�� = �∗    ∀ �� such that |�� − �∗|< �  for some � > 0 (Galor, 2007). 

That is, as long as the system starts out close enough to the equilibrium, it will 

converge to that equilibrium. Clearly, the above definition of local stability 

captures the essence of robustness of a stationary distribution of driving 

strategies in response to a (small) change in the population distribution. Next, we 

derive the condition for local stability for the proposed dynamic. 

Let �∗ be an equilibrium point of the above dynamic (see equation (5.3.8)). Then 

Jacobian matrix of the dynamic evaluated at �∗ is given by  

                                        �(�∗) = (1 − �)�+ � �
��

��
�

�∗
                                  (5.3.10) 

For the logit dynamic, where each element of � is given by ��(�) =
�

������,��,��

∑ �������,��,���
�� �

, 

we can express �
��

��
� as 

                
���

���
= ∑ �����

� − ������� − �����
���  , ��

� = �
1 �� � = �
0 �� � ≠ �

 ,          (5.3.11) 

where  
���

���
 represents (�,�)�� element of �

��

��
�.  ��� denotes the loss resulted from 

an interaction between driver category � and �.    

Then by Ostrokowsky’s Theorem (Ortega, 1990), �∗ is a stable equilibrium if the 

spectral radius of the Jacobian matrix,  ���(�∗)� < 1. 

Davis (1989) provided a more useful sufficient condition for the local stability 

which relates parameters �  to  �
��

��
� . Using a similar method as described by 
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Isaacson and Keller (1994), Davis (1989) verified that the following two 

conditions are sufficient to show the stability of the equilibrium point, �∗ 

(i) 1 − �
��

��
�

�,�
> ∑ ��

��

��
�

�,�
����    � = 1,2,… (� − 1) 

(ii) 0 < � < min
�

�
�

���
��

��
�

�,�
�∑ ��

��

��
�

�,�
����

�                                        (5.3.12) 

where, the partial derivatives are computed at the equilibrium point, �∗. 

Davis (1989), in his proof of the above claim, first showed that if the above two 

conditions are true then the norm of the Jacobian matrix is less than unity, and 

then using the fact that the spectral radius is always bounded from above by 

matrix norm, Ostrokowsky’s condition for stability is satisfied. Essentially, the 

above condition suggests that higher habitual tendency for drivers to stay with 

the current driving strategy satisfies the stability criteria for the equilibrium 

distribution.  

5.4 Estimation of Driver Utility Function 

The equilibrium distribution of the deterministic dynamic, given by equation 

(5.3.9) predicts how drivers would behave in the long run. This allows estimating 

the driver utility function by treating observed choices of reaction times and 

following headways as random outcomes from the long-run distribution of the 

driving strategies in the population. However, this will first require accomplishing 

multiple tasks. First, in order to apply the proposed framework, a suitable 

categorization of the driver population based on the drivers’ choices of reaction 

times and following headways is needed. Second, a plausible form of the utility 

function is needed which can adequately explain the drivers’ actions observed in 

the real world brake-to-stop events.  

To find a suitable finite categorization of the driver population based on the 

choices of reaction times and following headways, we refer to the driving features 

extracted from the 51 shockwaves, as described in chapter 3. Figure 5.3 shows 

the distribution of reaction times and following headways for 343 drivers who 
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were involved in brake-to-stop events on freeway.  The highlighted numbers in 

the figure denote the number of drivers with a particular combination of reaction 

times and following headways. For example, the figure tells that out of the 343 

drivers, 114 drivers (i.e., roughly one-third of the sample) had both reaction times 

and following headways between 1 and 2 seconds. Similarly, 42 drivers had 

reaction times between 1 and 2 seconds and following headways less than 0.5 

seconds.  Since this group of drivers had reaction times longer than their 

following headways, they are labelled as unsafe drivers. The figure reveals that a 

non-trivial portion of the drivers exhibited unsafe driving behavior by having 

reaction times longer than their following headways. 

 
Figure 5.3 Two-dimensional histogram of observed choices of drivers’ reaction 

times and headways from brake-to-stop events on freeway. 

 
To further verify if the observed choices can be partitioned into finite groups, a 

popular clustering technique, such as the K-Means clustering method is used, 

where the optimal number of clusters is decided based on the within-group sum 

of squared error (SSE) which is a measure of the percentage of variance 

explained by the identified clusters (Friedman et al., 2001). Specifically, SSE is 
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defined as, ��� = ∑ ∑ �����(��,�)�∈��

�
��� , where � is a data point in cluster  ��, �� 

is the representative point for cluster ��, and ���� () is the Euclidean distance 

between points. Figure 5.4 shows a plot between SSE and the number of 

clusters. The figure suggests that 10 clusters explain a significant portion of the 

variation observed in drivers’ choices of reaction times and following headways. 

 

 

                Figure 5.4 SSE for K-Means as a function of number of clusters. 

Figure 5.5 shows the characteristics of the clusters corresponding to size 10. The 

figure suggests that drivers’ following headways tend to cluster around 0.5 

seconds, 1 second, 1.5 seconds, and 2.5 seconds. While drivers’ reaction times 

tend to cluster around 0.5 seconds, 1.5 seconds, 2.5 seconds, and 3 seconds. 
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Figure 5.5 Characteristics of clusters using K-Means technique. 

Based on the empirical distribution (see Figure 5.3) and the results from the K-

means cluster analysis, we finally categorize the driver population into twelve 

categories (see Table 5.2), where each category is characterized by a 

combination of reaction time and following headway. For example, category 1 

represents a reaction time of 0.5 seconds and following headway of 0.5 seconds. 

Each of the 343 drivers in the sample is then assigned to one of these 12 

categories according to their observed choices of reaction time and following 

headway. For example, if a driver’s reaction time and headway were both found 

to be between 1 and 2 seconds, then the driver is assigned to category 5. 

Similarly, if a driver’s reaction time was between 1 and 2 seconds while the 

following headway was less than 1 second, then the driver is assigned to type 4.  
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Table 5.2 Categorization of driving behavior into 12 types 

Type 
Reaction Time 

(secs)  
Headway 

(secs) Type 
Reaction Time 

(secs)  
Headway 

(secs) 

1 0.5 0.5 7 2.5 0.5 

2 0.5 1.5 8 2.5 1.5 

3 0.5 2.5 9 2.5 2.5 

4 1.5 0.5 10 3.5 0.5 

5 1.5 1.5 11 3.5 1.5 

6 1.5 2.5 12 3.5 2.5 
 

For notational convenience, we denote each driving category by an ordered pair 

(�,ℎ), where �  represents reaction time in seconds and ℎ  denotes following 

headway in seconds. 

Figure 5.6 shows the empirical distribution of driving categories separately for 

leaders and followers in the extracted sample. 

 

Figure 5.6 Frequency of driver types in the role of both leader and follower. 

According to the above figure, category 5 (1.5, 1.5) is the most preferred 

category for both the leader and the follower. Next, we specify drivers’ utility as a 

function of their reaction times and following headways. 
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5.4.1 Driver utility function 

In this section we will propose two separate forms of drivers’ utility function. 

 Model 1: 

The utility of having a reaction time ��  and headway ℎ�  for driver � when 

interacting with driver �  who has a reaction time of �� and headway of ℎ� is given 

by 

                              �� = ���� + ��ℎ� + �������,ℎ�,��,ℎ��,                                    (5.4.1) 

where the loss function, ��()  is expressed in terms of the square of the collision 

speed, i.e., 

�����,ℎ�,��,ℎ�� = 0,        ��   �� − ℎ� + �� − ℎ� ≤
�

�
[

�

��
−

�

��
]  

                   = 2������ − ℎ� + �� − ℎ�� − ��� �
��

��
− 1��        �. �                       (5.4.2) 

We note that the loss function ��  is increasing with respect to (�� − ℎ�) for driver �, 

suggesting that the higher the level of care, the lower will be the loss from a 

collision. Model 1 captures the linear effect of reaction times and headways on 

driver utility. For example, in equation (5.4.1) if  �� turns out be positive, it would 

imply drivers’ preference for long reaction times. Similarly, a negative value of �� 

would suggest drivers’ preference for short following headways, while ��  <0 

would imply a negative contribution to drivers’ utility when a collision occurs. 

However, model 1 doesn’t capture any non-linear effect, such as drivers’ 

preference for a particular driving category. The following second form of the 

utility function attempts to capture such effects 

Model 2: 

�� = ����.� + ����.� + ����.� + ����.� + ����.� + ����� �����,ℎ�,��,ℎ��,               (5.4.3) 

 
where the loss function, ��() is given by equation (5.4.2). 
 
Model 2 specifically captures the utility a driver extracts by choosing a particular 

driving category. For example, if a driver chooses driving category 1(0.5,0.5), 

then according to the model, a driver in a no collision scenario gets a pay-off of  

(����.� + ����.�)  relative to the pay-off that the driver would have obtained if 
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he/she had chosen category 5 (1.5, 1.5). Hence, model 2 captures a driver’s 

preference for a particular category relative to category 5. 

5.4.2 Formulation of the likelihood function 

So far we have derived an equilibrium distribution that describes the expected 

proportion of drivers in each category of the population. If each driver in the 

population randomly chooses a driving category according to the equilibrium 

distribution given by equation (5.3.9), then the observed choices form a 

multinomial likelihood function, which is given by the following equation 

               ���⃗� = ∏ ∏ ��,����,�⃗�
(��,�

� ���,�
� )

,��
���

�
���                      (5.4.4) 

where �⃗ denotes the vector of utility parameters. Here � represents an interaction 

between a leader and a follower. ��,� denotes the probability of choosing driving 

category �  according to the equilibrium distribution given the initial trigger 

condition, ��  for the ���  leader-follower interaction in the sample. ��,�
�

 and 

��,�
�

denote the observed choices of driving categories by the leader and the 

follower fo the ��� interaction, where   

        ��,�
� = �

1,  if leader chooses category �  
0                                                         

  

and  ��,�
� = �

1,  if follower chooses category �  
0                                                              

 

Then the maximum likelihood estimates (MLE) for �⃗  are obtained by solving the 

following maximization problem 

                  �� = arg max
���⃗

∑ ∑ (��,�
� + ��,�

� ) ∗��
���

�
��� ln ��,�(��,��)              (5.4.5) 

To solve the above problem, for a given value of � we first obtain the equilibrium 

distribution for each leader-follower interaction by solving the fixed point problem 

given by equation (5.3.9), and then embedding it inside a numerical search 

routine gives the optimal value of � that maximizes the likelihood function. The 

maximum likelihood estimation was performed for 120 unique leader-follower 

interactions involved in braking events. 
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Table 5.3 shows sample rows of data used for the maximum likelihood estimation 

of  �⃗, where each row represents an interaction between two drivers in the role of 

a leader and a follower involved in a braking event triggered by an initial braking 

rate defined by the column, “Brake trigger”. “Speed lead” and “Speed fol” 

represent the speed of the leader and the follower at the initiation of braking. 

”Type lead” and “Type Fol” denote the driving categories for the leader and the 

follower respectively. 

 
Table 5.3 Sample data used for the estimation of the utility function 

No 

Type lead Type Fol 
Speed 
lead 

(feet/s) 

Speed 
   fol 
(feet/s) 

Brake 
trigger 

(feet/s2) 

Speed 
trigger 
(feet/s) 

1 5:(1.5,1.5) 12:(3.5,2.5) 64.13 67.48 -6.39 75.58 

2 1:(0.5,0.5) 4:(1.5,0.5) 74.66 69.45 -7.46 63.77 

3 1:(0.5,0.5) 1:(0.5,0.5) 72.87 73.48 -11.89 74.79 

4 5:(1.5,1.5) 2:(0.5,1.5) 67.72 74.3 -5.53 73.23 

5 9:(2.5,2.5) 4:(1.5,0.5) 62.91 65.79 -12.93 71.84 

6 5:(1.5,1.5) 8:(2.5,1.5) 58.42 58.01 -13.66 70.44 

7 9:(2.5,2.5) 1:(0.5,0.5) 52.54 51.2 -13.61 66.66 

8 1:(0.5,0.5) 2:(0.5,1.5) 39.94 38.04 -8.36 42.74 

9 4:(1.5,0.5) 2:(0.5,1.5) 58.63 57.12 -17.63 68.71 

10 8:(2.5,1.5) 2:(0.5,1.5) 53.52 58.2 -7.79 61.85 

11 4:(1.5,0.5) 1:(0.5,0.5) 39.03 41.7 -2.49 42.19 

12 1:(0.5,0.5) 9:(2.5,2.5) 51.01 52.18 -5.98 54.72 

13 5:(1.5,1.5) 4:(1.5,0.5) 65.84 67 -8.38 74.95 

14 1:(0.5,0.5) 9:(2.5,2.5) 66.05 60.77 -10.15 65.51 

15 5:(1.5,1.5) 4:(1.5,0.5) 69.32 72.28 -11.06 77.43 

16 5:(1.5,1.5) 4:(1.5,0.5) 47.83 47.76 -3.75 46.36 

17 4:(1.5,0.5) 5:(1.5,1.5) 47.6 46.42 -3.78 51.02 

18 5:(1.5,1.5) 9:(2.5,2.5) 48.8 46.58 -4.66 49.95 

19 6:(1.5,2.5) 8:(2.5,1.5) 49.54 55.23 -8.53 57.03 

20 5:(1.5,1.5) 8:(2.5,1.5) 61.09 57.48 -8.355 71.15 

 
The computation is implemented in R statistical software (see Appendix B for the 

R implementation).  
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5.4.3 Maximum Likelihood Estimation Results 

Table 5.4 shows the maximum likelihood estimates for the utility parameters of 
model 1. 
 

Table 5.4 Maximum likelihood estimates for model 1 

  
Reaction Time 

�� 
  Headway 

 �� 
Loss  

�� 

Estimates 0.0476 -0.6386* -0.006* 

Standard Error 0.0775    0.09 0.0015 

 
From Table 5.4 we note that the drivers tend to gain higher pay-offs from 

collision-free interactions, short headways, and long reaction times (although the 

latter is not statistically significant). When compared with the observed categories 

for the leader and the follower (see Figure 5.7 and Figure 5.8), model 1 under- 

predicts driver category 5 (1.5, 1.5), while over-predicting driver categories 3 

(0.5, 2.5) and 7 (2.5, 0.5). The results suggest that model 1 fails to capture 

drivers’ strong preference for type 5 (1.5, 1.5). On the other hand, model 1 tends 

to overestimate the frequency of unsafe category 3 (0.5, 2.5) and overcautious 

category 7 (2.5, 0.5).   

 
Figure 5.7 Comparison between observed and predicted distribution of driver 

categories for follower from model 1. 
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Figure 5.8 Comparison between observed and predicted distribution of driver 

category for leader from model 1. 

In comparison, Table 5.5 provides the estimation results for model 2.  

Table 5.5 Maximum likelihood estimates for model 2 

 
 

 
For model 2, all parameters, except ����.�, are found to be significant. Model 2 

with lower Akaike information criterion value (AIC=988) provides a better fit when 

compared to Model 1 (AIC=1052). Based on model 2’s estimation results, 

following inferences can be drawn. 

Parameters Estimates Std. Error

-0.765 0.158

-0.4362 0.1751

-1.3445 0.381

-0.1139 0.148

-1.519 0.201

-0.0048 0.001

����.�

����.�

����.�

����.�

����.�

�����



 

 101 

(i) Category 5, where both reaction time and following headway equal to 1.5 

seconds, is the most satisfying driving category. All other categories offer 

relatively less utility to the drivers. 

(ii) Drivers are averse to both too short and too long reaction times. For 

example, drivers tend to prefer reaction time of 2.5 seconds to reaction time 

of 0.5 seconds and 3.5 seconds. These findings are in contrast to our 

original hypothesis that other things remaining same drivers always prefer 

long reaction times.  

(iii) Similarly, drivers are averse to both too short and too long headways. 

However, drivers have relatively less preference for longer headways (2.5 

seconds) compared to shorter headways (0.5 seconds). 

When compared to the observed categories for both the leader and the follower, 

model 2 shows a better fit than model 1 (see Figure 5.9 and Figure 5.10).  

However, model 2 tends to under-predict driving category 1 (0.5, 0.5) and over-

predict unsafe category 3 (0.5, 2.5) and overcautious category 7 (2.5, 0.5).  It is 

interesting to note that both model 1 and model 2 tends to over-predict the 

unsafe and overcautious categories. To understand such pattern as predicted by 

both the models, we further looked into those interactions in the dataset where 

model 2 showed relatively high preference for categories 3 and 7. It was found 

that the interactions where the model assigned higher probability to category 3 

(reaction time=2.5 seconds and headways=0.5 seconds), the average braking 

rate that triggered those interactions was about -13 feet/sec2 (-0.4 g), which is 

significantly higher than the braking rates observed in typical braking events. As 

a result, the model assigned high probability to the overcautious category 

minimizing the risk of collision. On the other hand, when we looked at those 

interactions where the model assigned high probability for the unsafe category 7 

(reaction time=0.5 seconds and headways=2.5 seconds), the average braking 

rate was found to be only -5 feet/sec2 (-0.15 g), which according to the model 

allowed the drivers to maintain a relatively short headway and long reaction time, 

and still avoid a collision.  
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The primary reason for such mis-prediction is due to the fact that the model 

assumes that drivers have perfect information about the initial conditions, such 

as initial speeds and braking rates that trigger the interaction, and consequently 

predicts the optimal action for the drivers. However, in reality drivers do not have 

such information, and therefore their observed actions are primarily based on 

their expectation regarding the nature of traffic interactions. Hence, a mismatch 

between the predicted and the observed frequencies is found particularly for 

cases which involved extreme and unexpected traffic interactions.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.9 Comparing model 2’s prediction with observed categories for followers 
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Figure 5.10 Comparing model 2’s prediction with observed categories for leader 

 

5.4.4 Discussion on estimation results 

The driving characteristics are often based on drivers’ past experience while 

driving in similar traffic conditions which lead drivers to prefer certain driving 

habits. In this data set drivers seem to pick category 5 (1.5,1.5) as the most 

satisfying driving category based on their expectation regarding their interaction 

with the other drivers, which suggests that our original hypothesis that other 

things remaining same, drivers always have preference for long reaction time 

may not be necessarily true. In fact, on the contrary the current data set suggests 

that the drivers don’t prefer to have a very long reaction time irrespective of the 

crash consequence. However, at this point it is unknown whether such an 

observation is a specific feature of this particular data set or if it is transferrable to 

other data sets.  To extrapolate such an observation to a general driving 

population would require more driving feature extraction efforts from different 

freeway sections across the nation. It is also possible that drivers tend to behave 

differently under different traffic and environmental conditions. For example, 

drivers may demonstrate a different level of attention or following behavior in a 

congested condition when compared to a relatively light traffic condition. Driving 
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features extracted from various traffic conditions, ranging from relatively light to 

heavy traffic can provide further insight. 

Another interesting fact, found through our analysis regarding those interactions 

where the model assigned high probably to either unsafe or overcautious driving 

categories.  Further investigation suggested that a primary reason for such mis- 

prediction is due to the model’s underlying assumption that the drivers have 

perfect knowledge about the initial traffic conditions that trigger the interaction. 

Currently, drivers have no or limited access to such information. However, 

considering the potential for connected and automated vehicle systems in the 

future, access to such information is a high possibility. This implies that given 

such information available to some drivers, they are expected to behave 

differently compared to those drivers who don’t have access to such information. 

This would have a significant impact on analyzing future traffic streams 

comprising a mix of connected/automated vehicles and traditional vehicles. 

Through our analysis it is at least possible to recognize such potential change in 

driving behavior that may happen when connected/automated vehicles will be an 

integral part of future transportation systems. 

5.5 Application: Impact of future traffic safety measures 

So far we have developed a framework for understanding how drivers involved in 

a brake-to-stop situation interact with each other in the roles of a leader and 

follower, and subsequently choose reaction times and following headways. 

Further, we demonstrated how driving features extracted from real world brake-

to-stop events can be used to estimate drivers’ utility as a function of drivers’ 

reaction time and following headway. This framework can now be applied to 

predict the effect of external interventions, including engineering and behavioral 

measures on the brake-to-stop behavior of human drivers. Particularly, we are 

interested in evaluating the potential impact of self-driving vehicles and 

negligence-based liability policies on human driving behavior related to brake-to-

stop events.  
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5.5.1 Impact of self-driving cars 

In recent times, there is a mounting interest regarding the effects that self-driving 

vehicles could have on both the efficiency and safety of transportation facilities. It 

is likely that future traffic streams will contain a mixture of self-driving and human-

operated vehicles. Currently, it is not clear how the presence of self-driving 

vehicles would impact the behavior of human drivers in a population, with an 

unknown overall effect on safety. Although it is usually argued that self-driving 

vehicles are safer, due to their short reaction times and safe following headways, 

it is also possible that the presence of a significant number of self-driving 

vehicles could encourage human drivers to engage in more unsafe activities. 

Such an effect is referred to as a “moral hazard” effect and is well studied in 

economics literature (Arrow, 1963). In road safety literature, Pederson (2003) 

used a game-theoretical framework to argue that such an effect may exist, where 

an increase in unsafe behavior of road users is expected due to improvements in 

external safety conditions. Therefore to assess the true effectiveness of self-

driving cars in improving road safety, it is important to develop a framework 

analyzing and identifying conditions where such effects are prevalent. However, 

at present the major obstacle for such an analysis is a lack of sufficient data 

involving interactions between self-driving cars and human drivers. Currently, 

about 10 companies including Google and other commercial car manufacturers 

have been approved to perform test drives for self-driving cars in the state of 

California. Recently, the California Department of Motor Vehicles (DMV) released 

a report of 11 accidents involving self-driving cars (California DMV, 2016) which 

included nine Google cars and one car each from Delphi and Cruise Automation. 

Interestingly in most of the reported accidents, the self-driving car was the lead 

vehicle which got rear-ended by a human-driven car. Initial descriptions of the 

event suggest an error on the part of the human driver. However, with the limited 

information available it is not possible to quantify the human driver’s contribution 

to those crashes.  
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To predict the outcome of such interactions in the future it is necessary to 

understand the dynamics between driverless and human operated vehicles. In 

this section we will apply the proposed driver utility framework to predict the 

distribution of human driving habits in the presence of self-driving cars. 

Suppose we have a driver population comprising a mix of human drivers and 

self-driving cars.  We are interested to simulate the impact on human driving 

behavior as the proportion of self-driving cars increases in the population. As 

before, suppose the human driver population is divided into 12 categories based 

on the choices of reaction times and following headways (see Table 5.2). We 

further assume that the human diver population that we are interested in has 

preference for long reaction times and short following headways. Therefore, 

considering the population of interest, drivers’ utility function given by model 1 

(see equation 5.4.1) is deemed more appropriate. Also, let the parameters of the 

utility function be known and given by �� = 0.5,�� = − 0.5 and �� = − 0.05. If ����� 

denote the proportion  of self-driving cars, and vehicles are randomly matched 

pairwise to interact in the roles of a leader and  follower, then every time a 

human driver interacts with another human driver with a probability of (1 − �����), 

and with probability �����  interacts with a self-driving car. Then, the current 

game-theoretical framework can be used to compute the equilibrium distribution 

of human driving categories for a given initial trigger condition. To compute the 

equilibrium distribution we need to assign driving features for self-driving cars. At 

present, no such operating guidelines for self-driving cars are available. 

However, for our purpose, it is sufficient to assume some minimal driving 

characteristics for self-driving cars. We assume self-driving cars are designed to 

follow 2.0 seconds following rule (DFT, 1999) and a nominal reaction time of 1 

second. 

Now, consider a brake-to-stop scenario, where the initial operating speed was 

about 35 mph and the initial braking rate that triggered the braking event was 12 

feet/sec2. Then according to the driver population model, Figure 5.11 shows the 

long-run distribution of human driving categories in the absence of self-driving 
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cars. The figure suggests only a negligible proportion of human drivers to have 

reaction times longer than their following headways. However, as the proportion 

of self-driving cars increases to 60%, Figure 5.12 indicates an increase in 

proportion of the human driving categories where the reaction time is longer than 

the following headway. Such a pattern becomes more prominent as the 

proportion of self-driving cars continues to increase. Thus, we illustrate a 

scenario where the presence of self-driving cars with more reliable and safe 

operating characteristics actually provides higher incentives for human drivers to 

take less care and thus increases the risk of a collision, particularly for 

interactions involving other human-operated vehicles.  

 

Figure 5.11 Predicted dristribution of human choices when ����� = 0%. 
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Figure 5.12 Predicted dristribution of human choices when ����� = 60%. 

 

5.5.2 Impact of negligence-based liability polices 

In addition to, or as a substitute for, engineering countermeasures, liability rules, 

through which the direct cost associated with a crash is divided between the 

drivers and or their insurance companies, are currently a primary mechanism for 

influencing the occurrence of freeway rear-end crashes. The extent to which a 

liability rule prevents accident producing behavior depends on how much a driver 

at fault is liable to compensate for the loss incurred by the other driver in a 

collision. We wish to verify if negligence-based liability policies could be effective 

in counteracting the “moral hazard” effect caused by the presence of self-driving 

cars. Particularly, we are interested in two regimes of negligence-based liability 

rules: (i) Negligence with contributory negligence (Baird et al., 1998) and (ii) 

Comparative-causation (Parisi and Fon, 2004).  Negligence with contributory 

negligence is a liability regime where in an accident involving two vehicles, the 

negligent driver has to compensate for the loss incurred by the non-negligent 

party, but where costs are divided equally if both parties are negligent. On the 
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hand, under Comparative-causation liability, a causation function is used to 

apportion liability according to the relative importance of individual care level in 

causing crashes. To investigate the impact of such policies, the first step is to 

identify the negligent driver involved in a crash and then distribute the loss 

according to the policy. Following paragraphs describe the loss sharing rule 

under the two aforementioned liability regimes.  

Loss under Contributory Negligence  
Under the contributory negligence rule, if one of the drivers is found at fault and 

other is not, then the faulty driver has to compensate for the other’s loss. On the 

other hand, if both the drivers are found at fault, then each one pays for his/her 

own loss. To apply this rule in our context, in a collision we label a driver at fault if 

his/her reaction time is longer than his/her following headway. Then the loss 

(equation 5.4.2) can be shared accordingly. Following equations summarize the 

loss sharing rule under the contributory negligence regime. 

Share for driver �= �

0,    (�� − ℎ�) < 0 ���  ��� − ℎ�� > 0

1,    (�� − ℎ�) > 0 ��� ��� − ℎ�� < 0

0.5,   (�� − ℎ�) > 0 ��� ��� − ℎ�� > 0

                            (5.4.5) 

 
Loss under Comparative Negligence 
Under the comparative-causation rule, the loss is apportioned according to the 

relative contribution of driver’s action. If a driver’s reaction time relative to his/her 

following headway measures his/her contribution to a collision, then the loss 

(equation 5.4.2) incurred in an accident can be shared in the following way. 

The share for driver � is given by  
 

                               �����,ℎ�,��,ℎ�� =
��� (�����,�)

���(�����,�)���� (�����,�)
  

 
whereas driver �′� share is expressed as 
 

                               �����,ℎ�,��,ℎ�� =
��� (�����,�)

���(�����,�)���� (�����,�)
                        (5.4.6) 

 
Figure 5.13 shows an example for the loss suffered under (a) contributory 

negligence and (b) comparative negligence policy by a driver in an interaction 
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with another driver as a function of their reaction times, while the other 

parameters remaining fixed. 

 

  
                               (a)                                                                  (b) 

 Figure 5.13 Loss to Driver 1 as a function of reaction times under (a) Contributory and 

(b) Comparative rule. 

 When the liability policies are applied to the current traffic scenario as described 

in the previous section, Figure 5.14 and Figure 5.15 indicate that both 

contributory and comparative liability policies are able to reduce the proportion 

of human drivers in unsafe categories even in the presence of self-driving cars. 

Through this example we illustrate that negligence base liability policy can have 

a deterrent effect on accident prone human driving behavior and successfully 

undermine the “moral hazard” effect caused by the presence of self-driving 

vehicles. Therefore, through our limited analysis, at least we are able to identify 

the need of negligence-based liability policies in the future to complement the 

potential improvement in the road safety as promised by self-driving cars. 
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Figure 5.14 Potential effect of contributory negligence liability rule on human driver  

behavior. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.15 Potential effect of comparative-causation based liability rule on human 

driver behavior. 
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                                                      CHAPTER 6 

 Conclusions 

In this chapter, we will first summarize three significant research contributions of 

this dissertation in the areas of empirical validation, theoretical modeling, and 

application of drivers’ contribution to rear-end crashes on congested freeways. 

Second, we will highlight the research gaps of this dissertation leading to the 

direction for future work.  

6.1 Summary of the Findings 

Rear-end crashes are one of the most frequently occurring crash types on 

freeways and are a primary cause of nonrecurring congestion and delay. Hence, 

reducing these events would significantly enhance freeway throughput, 

particularly during peak hours. Currently, there is a shortage of demonstrably-

proven countermeasures targeted at freeway rear-end crashes. A primary reason 

for the shortage of effective safety measures is the lack of thorough 

understanding of the underlying mechanisms behind rear-end crashes.  To fill 

this gap, this study proposed a microscopic framework where individual drivers’ 

actions were analyzed, and their impact on the risk of rear-end collision was 

quantified.  

First, this study established a sufficient condition for a shockwave to produce a 

rear-end crash, and then verified it using video recordings of 51 shockwaves, 

including 5 resulting in rear-end crashes, from a section of Interstate I-94 in 

Minneapolis.  For each shockwave, key kinematic features of the involved drivers 

including initial speeds, following headways, average decelerations, and reaction 

times were estimated. The key feature of the proposed condition was the relation 

between drivers’ reaction times and their following headways, with a sequence of 

relatively long reaction times cumulating to make rear-end crash more likely. The 

proposed crash condition was able to successfully distinguish between 

successful brake-to-stop events and rear-end crash events. 
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Second, this study developed a structural/empirical modeling approach, where 

limited structural knowledge of the underlying crash mechanism was 

supplemented with empirically-developed relationships, to explain rear-end 

crashes and accurately predict crash risks on a section of a freeway. Extending 

an earlier work on a brake-to-stop model, and treating an individual driver’s 

reaction time and following headway as random outcomes from a given 

population distribution,  the probability of a rear-end collision was calculated 

using classic results on passage times of random walks. When the model was 

calibrated using empirically-derived driving features and traffic characteristics 

from the crash location, comparable predictions for rear-end crash risks over 15-

minute intervals were possible. The above formulation allowed identification of 

the period of a day with the highest risk for a rear-end crash. 

Third, as a final goal to understand the mechanism governing drivers’ behavior, 

this research treated drivers in a brake-to-stop event as engaged in strategic 

interactions in the roles of a leader and follower, who select reaction times and 

following headways to maximize personal utility within a time budget. This leads 

to a population game, whose stationary distribution describes the long-run 

distribution of driving strategies in the population. Then the observed choices of 

reaction times and following headways extracted from the vehicle trajectories 

involved in brake-to-stop events on freeway provided the data with which the 

parameters of the drivers’ utility functions were estimated. The estimation results 

suggest that drivers tend to have a strong preference for certain combination of 

reaction time and following headway. 

Finally, as an application, the proposed game-theoretical framework was 

extended to evaluate the potential impact of self-driving vehicles and negligence-

based liability policies on human driving habits related to brake-to-stop events. 

Our limited investigation suggests that under certain traffic conditions the 

presence of a significant number of self-driving vehicles may create higher 

incentives for human drivers to exhibit crash prone behavior; however, such 

effects can be mitigated under the negligence-based liability policy regimes. 
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6.2 Research Gaps and Future Directions 

Though this dissertation provides a comprehensive framework for understanding 

individual driver’s contribution to rear-end crashes on freeways, there are few 

limitations that needed to be addressed as a part of future research.  

6.2.1 Rear-end collision prediction model 

The proposed structural/empirical model provided a comparable prediction for 

the risk of rear-end collision; however, it suffers from few limitations. First, the 

driving features, such as distribution of drivers’ reaction times and following 

headways, which are used as inputs to the model, are currently derived based on 

a limited empirical effort. Particularly, the driving features related to individual 

vehicles were extracted primarily from a period between 1 PM and 2 PM, which 

may not be consistent with the driving characteristics from other periods of the 

day. For example, reaction times observed during congested time periods may 

be significantly different from those periods with relatively light traffic conditions. 

Such variability in driving features would significantly affect the performance of 

the proposed model. Therefore, a more extensive effort with driving features 

collected from different periods of a day is required. Second, the current model 

assumes that occurrences of shockwaves during a 15 minute period are 

independent of each other and do not have any cascading effect on the rear-end 

collision outcome. Though such an assumption is true for light to near-capacity 

conditions, it may not be valid for heavily congested conditions. As a 

consequence, the model performed poorly particularly during periods of stop-

and-go traffic behavior where the formation of successive shockwaves are 

dependent on each other. Therefore a more refined model accounting for such 

interdependency among successive shockwaves is warranted in the future.  
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6.2.2 Characterization of driver population 

The proposed driver population model assumes that the drivers in the population 

are divided into finite categories based on the choices of reaction times and 

following headways. This assumption permits using existing results to predict the 

long-run behavior of the drivers. However, such predictions are only an 

approximation to the actual driving behavior observed in real world, where both 

reaction times and following headways take values on a continuum. In order to 

capture the driving behavior as one would expect to observe in the real world, a 

population model allowing player’s strategy set to be continuous is desired. To 

date, several models in economics literature have attempted to model such 

population games involving players equipped with a continuous action space 

(Anderson et al., 1999; Anderson et al., 2008; Friedman and Ostrov, 2010). In 

particular, Anderson et al. (1999) proposed a model on noisy directional learning 

by considering a population consisting of a continuum of strategically identical 

players, where each player is randomly matched with another player from the 

population to play a symmetric 2-player game. Each agent selects a strategy, �  

from a closed continuous action space, ��,��. At any time, the distribution of 

choices in the population is given by the distribution function �(�,. ), where �(�,�) 

denotes the proportion of population choosing a strategy, � ∈ [�,�]  less than �. 

Further, players make decisions in the direction of increasing expected pay-off. 

Precisely, the rate at which a player changes his/her action is proportional to the 

marginal benefit of changing it, where the marginal benefit is given by  

                                               ��(�(�),�) =
��(�(�),�)

��(�)
                             (6.2.1) 

�(�(�),�) denotes the expected pay-off that a player gets by adopting a strategy 

�  at time � . When such a directional adjustment is subjected to independent 

white noise, the distribution function evolves according to the following Fokker-

Planck equation (Friedman and Ostrov, 2010) 

                             
��(�,�)

��
= − ��(�(�),�)

��(�,�)

��
+ �� ���(�,�)

��� ,                   (6.2.2) 
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where �� denotes the variance of the white noise. 

Equation (6.2.2) defines the dynamics of the system, where the state of the 

system is characterized by the distribution of the players’ action at any given 

time. It can be further shown that the equilibrium distribution of the above 

dynamic can be expressed as a continuous version of the logit dynamic, which is 

given by (Anderson et al., 1999) 

                                      �(�) =
��� (�(�)/�)

∫ ��� (
�

� �(�)/�)��
,                                      (6.2.3) 

where � =
��

�
. One can see in the limiting case, � = 0, the equilibrium condition is 

given by, ��(�)�(�) = 0, which satisfies the Nash condition, where either the 

selected strategy maximizes the expected pay-off or otherwise it is not chosen. 

Later, Basov (2001) provided a multi-dimensional extension of the above 

formulation allowing for multiple features to be included in the player’s action 

space.  

In principle, the gradient dynamic approach can be applied to our driver 

population model by considering driver’s joint choice of reaction time and 

following headway as a part of the driver’s action space. However, the above 

approach assumes differentiability of the player’s utility function which proves to 

be a restrictive condition for our driver utility model consisting of a loss 

component when a collision happens. Therefore, an additional analytical effort is 

needed in future to address such issue.  

With additional driver feature extraction efforts in the future, a more refined and 

robust characterization of driver behavior involved in brake-to-stop events is 

possible. 
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 Appendix A: 
 Lehozcky’s Proof for Large Population Approximation 

 
Before we dive into Lehoczky’s argument for large population approximation of 

interactive Markov chains, we review some common mathematical concepts that 

will be used throughout the proof. 

1. Definition of deterministic limit 

We say a sequence �� → �  if ∀ � > 0 ∃ � � ≥ 1,  s.t ∀� ≥ �,|�� − �|< � 

A counter definition of limit says �� ↛ � �� ∃  � > 0 ,∀� ≥ 1, s.t ∃ � ≥

�,|�� − �|> � which is equivalent to saying ∃  � > 0  �. � |�� − �|>

� happens infinitely often (i.o). 

2. Almost sure convergence (probabilistic limit) 

We say a sequence of random variables �� → � ������ ������(�. �) or with 

probability (w.p) 1 when  �(�� → �) = 1.  

Using the above definition of limit one can easily verify, 

               �� → � a.s if and only if �(|�� − �|> �   i. o) = 0   ∀� > 0  

3. Borel-Cantelli Lemma 

Let (��,� ≥ 1) be a sequence of events defined on a probability space 

(Ω,ℱ,�) such that ∑ �(��) < ∞��� . Then �(��  i. o) = 0 

Borel-Cantelli is one tool often used to show almost sure convergence. 

Indeed, by Borel-Cantelli lemma, if ∀ � > 0 ∑ �(|�� − �|> �) < ∞ ,���  then 

�(|�� − �|> �   i. o) = 0, which is an alternate characterization of almost sure 

convergence (see the above definition). 

Formal statement of Lehoczky’s Theorem: 

Suppose {��(�),� = 0,1,2 … } is a sequence of Markov chains with transition 

probability matrix �(�), where  ���(�) denotes transition from category � to  �. 

 Let � = {� = (��,��,��,… . ,��):∑ �� = 1, �� ≥ 0}�
���           

Any element � ∈ � is called population profile where �� denotes the fraction of 

the population in category �. 
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      If the following assumptions are true, 

     (1) ���(�) is continuous function on the unit simplex, {� = (��,��,,��):∑ �� = 1,�
���

               �� ≥ 0}  

     (2) ∑ Pr ��
���(�)

�
− ��� > ���

��� < ∞  for 1 ≤ � ≤ � and for all � > 0;  then, 

 

       ∑ �� �|
���(�)

�
− ∑ �����(�)|> ��

��� � < ∞�
���  for 1 ≤ � ≤ � and all � > 0. 

 
Lehoczky’s Proof: 
 

First we note that, by Borel-Cantelli lemma, assumption (2) implies that 

                                   
��(�)

�
→ � almost surely 

To complete the proof one needs to show for each �, 

                                         �� �|
���(�)

�
− ∑ �����(�)|> ��

��� � < ∞             (A1) 

Lehoczky began the proof by noting that, 

                              ���(1) = ∑ ��� ����(0),��� �
�

�
���(0)���

���                 (A2) 

 Let ��
�
~ ��� ����(0),��� �

�

�
���(0)��, then (A1) becomes  

                         �� �|∑ (
��

�

�
− �����(�))|> ��

��� � < ∞                               (A3) 

 Since, 

   �|∑ (
��

�

�
− �����(�))|> ��

��� � ⊂ �∑ �
��

�

�
− �����(�)� > ��

��� � ⊂ �⋃ �
��

�

�
−�

���

�����(�)� >
�

�
�                         

and using the fact that, 

 �� �⋃ �
��

�

�
− �����(�)� >

�

�

�
��� � ≤ ∑ �� ��

��
�

�
− �����(�)� >

�

�
��

��� , it is then sufficient 

to show the following 

                         ∑ �� ��
��

�

�
− �����(�)� > �� < ∞�

��� ,                                (A4) 

where we have replaced 
�

�
 with �, as � > 0 can be chosen arbitrarily. 
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Lehoczky divided the proof into two main cases: 

Case I: �� = � 

The proof is immediate by first noting that, 

                       � ≤
��

�

�
≤

���(�)

�
⇒ �

��
�

�
> �� ⊂ �

���(�)

�
> ��  

Therefore,     ∑ �� �
��

�

�
> �� ≤ ∑ �� �

���(�)

�
> ���

���
�
���                            (A5) 

By assumption 2, we know the the quantity on the right hand side of the 

above inequality is finite; hence, the proof for case I is completed. 

Case II: �� > � 

One first notes the following 

�
��

�

�
− �����(�)� > �  

⇒ �
��

�

�
− �����(�) + ����� �

�

�
��(0)� − ����� �

�

�
��(0)� +

���(�)

�
��� �

�

�
���(0)� −

���(�)

�
��� �

�

�
���(0)�� > �  

Then an application of triangular inequality shows that to complete the proof 

for case II, three following conditions have to be justified.  

Condition A:  ∑ �� ������� �
�

�
��(0)� − �����(�)� > ���

���                        (A6) 

Condition B: ∑ �� ��
���(�)

�
��� �

�

�
���(0)� − ����� �

�

�
��(0)�� > ���

���         (A7) 

Condition C: ∑ �� ��
��

�

�
−

���(�)

�
��� �

�

�
���(0)�� > ���

���                            (A8) 

Lehoczky’s Proof for Condition A:     

Lehoczky began the proof by pointing out that since � is a closed and 

bounded set, i.e. compact, and  ���(�)  is a continuous function of � ∈ �, it 

follows that  ���(�)  is uniformly continuous on the set �, i.e., 

∀ �, �� ∈ �,∃ � �(�) > 0 �. � ����(�) − ���(��)� > �, whenever |� − ��|< �(�).  

Therefore, using the criteria for uniform continuity, we can see 

                   ���� �
�

�
���(0)� − ���(�)� < �  if max

�
�

�

�
���(0) − �� < �( �) 
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   ⇒ �max
�

�
�

�
���(0) − �� > �(�)� ⊃ ����� �

�

�
���(0)� − ���(�)� > ��  

  ∴ �� �max
�

�
�

�
���(0) − �� > �(�)� ≥ �� ����� �

�

�
���(0)� − ���(�)� > ��     (A9) 

Then for condition A, it is sufficient to show the following 

                     ∑ �� ������� �
�

�
��(0)� − �����(�)� > �� < ∞  �

���   

                   ⇒ ∑ �� ����� �
�

�
��(0)� − ���(�)� >

�

��
� < ∞�

���   

Since � > 0 can be chosen arbitrarily, and �� > 0, we can set � =
�

��
  

Therefore, for condition A one needs to show 

∑ �� ����� �
�

�
��(0)� − ���(�)� > ���

��� < ∞   

One notes the following inequality, 

 �� �max
�

�
�

�
���(0) − �� > �� = �� �⋃ �

�

�
���(0) − �� > ��

��� � ≤

∑ �� ��
�

�
���(0) − �� > ���

���                                                                   (A10) 

∴ From (A9), �� ����� �
�

�
���(0)� − ���(�)� > �� ≤ ∑ �� ��

�

�
���(0) − �� > ���

���                                       

(A11) 

     where we have suppressed the dependence of � on �. 

By assumption 2,  ∑ �� ��
�

�
���(0) − �� > ���

��� < ∞          ∀ � =

1,2,3,… � and  � > 0  

    ∴ ∑ ∑ ���
���

�
��� ��

�

�
���(0) − �� > �� < ∞   

    ⇒ ∑ �� ����� �
�

�
���(0)� − ���(�)� > �� < ∞�

��� , which completes the proof for 

condition A.     

Lehoczky’s Proof for Condition B: 

Proof of condition B is relatively straight forward.  

∑ �� ��
���(�)

�
��� �

�

�
���(0)� − ����� �

�

�
��(0)�� > ���

���  can be expressed as  
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∑ �� ���� �
�

�
���(0)� �

���(�)

�
− ��� > ���

���   

Then, we note that  ��� �
�

�
���(0)� �

���(�)

�
− ��� ≤ �

���(�)

�
− ��� 

⇒ ���� �
�

�
���(0)� �

���(�)

�
− ��� > �� ⊂ ��

���(�)

�
− ��� > ��  

∴ ∑ �� ���� �
�

�
���(0)� �

���(�)

�
− ��� > ���

��� ≤ ∑ �� ��
���(�)

�
− ��� > �� < ∞�

���  , 

by assumption 2, which completes the proof of condition B. 

Lehoczky’s Proof for Condition C: 

Lehoczky pointed that proving the following, 

                ∑ �� ��
��

�

�
−

���(�)

�
��� �

�

�
���(0)�� > ���

��� < ∞   is equivalent to 

showing  

 ∑ �� �
��

�

�
−

���(�)

�
��� �

�

�
���(0)� > ���

��� + ∑ �� �
��

�

�
−

���(�)

�
��� �

�

�
���(0)� < − ���

��� < ∞                                                                      

(A12) 

Here we show Lehoczky’s proof for 

                        ∑ �� �
��

�

�
−

���(�)

�
��� �

�

�
���(0)� < − ���

��� < ∞                (A13) 

Similar argument can be constructed to show ∑ �� �
��

�

�
−�

���

���(�)

�
��� �

�

�
���(0)� > �� . Hence, is not repeated here. 

�� �
��

�

�
−

���(�)

�
��� �

�

�
���(0)� < − �� = �� ���

�
< − ���(0)��� �

�

�
���(0)� − ���  

= ∑ �� ���
�

< ���(0)��� �
�

�
��(0)� − ��|��(0) = �� ��(��(0) = �)�∈�   

where � = {�:∑ �� = �}�
���  

= ∑ �� ���
�

< ����� �
�

�
� − ����∈� ��(��(0) = �)  

Lehoczky further decomposed the set �, as � = �� ⋃ ��, where 

�� = {�:�
��

�
− ��� < � for all �}  and �� = {�:�

��

�
− ��� > � for some �}   

 ∴ ∑ �� ���
�

< ����� �
�

�
� − ����∈� �(��(0) = �)  
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= ∑ �� ���
�

< ����� �
�

�
� − ����∈��

��(��(0) = �) + ∑ �� ���
�

< ����� �
�

�
� −�∈��

��� ��(��(0) = �)     

Focusing on set ��,  one notes,       

∑ �� ���
�

< ����� �
�

�
� − ����∈��

��(��(0) = �) ≤ ∑ ��(��(0) = �) =�∈��

�� �⋃ �
���(�)

�
− ��� > ��

��� �  

≤  ∑ �� ��
���(�)

�
− ��� > ���

��� ,  which is summable by assumption 2. 

Now, considering the set ��, 

∑ �� ���
�

≤ ����� �
�

�
� − ����∈��

��(��(0) = �)  

= ∑ �� �
��

�

��
≤ ��� �

�

�
� −

��

��
��∈��

��(��(0) = �)                                             (A14) 

It follows that ��
�
~ ���(���(0),��� �

�

�
��(0)�. Then when conditioned on 

��(0) = �, we see 

                                              ��
�
~ ��� ���,��� �

�

�
��.   

Next, Lehoczky used a classical result from probability theory, Chernoff’s 

inequality, to show a bound on the probability conditioned on ��(0). 

Chernoff’s inequality states, 

 If, � =
������⋯���

�
, where ��,��,… �� �  are i.i.d random variables, then 

                           ��(� < �) ≤ �inf
���

�(��(����)�
�

                                       (A15) 

Then applying Chernoff’s inequality to equation (A14), we get 

�� �
��

�

��
≤ �|��(0) = �� ≤ �inf

���
�����(����)�

��

, where                                 (A16)   

� = ��� �
�

�
� ,� = � −

��

��
 ��� ��~ ����(�)  

The right hand side of equation (A16) takes the following form, 

inf
��� 

�(��(����) = ���
(���)�

�(���)
�

���

+ (1 − �) �
(���)�

�(���)
�

��

�                                (A17) 

where the following fact about moment generating function, (�[���])  is used. 
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For Bernoulli random variable, �(�), �[���])  = ��� + (1 − �). 

Then, substituting equation (A17) into equation (A16) and after some algebra, 

we get 

                       �� �
��

�

��
≤ �|��(0) = �� ≤ ��

(���)�

�(���)
�

� (���)

(���)
�

��

                      (A18) 

Next, Lehoczky claimed, � = �
(���)�

�(���)
�

� (���)

(���)
 <1 whenever � < � 

Since, � = � −
��

��
, it is equivalent to show that � < 1 whenever � > 0. To see 

his claim, we first express � as a function of  �̅ =
��

��
, as 

                             �(�)̅ = �
�(������

(����)(���)
�

����

�
���

������
�                                   (A19) 

Then first taking logarithm on both sides of (19) and then derivative of   

ln��(�)̅� with respect to � ̅we get 

                                
���(�)

���
= �� �

����

�
� + �� �

���

������
�                                  (A20) 

Now, whenever � > 0 ⇒ �̅ > 0 ⇒ � − �̅ < � 

From (A20), we get  
���(�)

���
< 0 ���   � ̅ > 0  and further ��(�) = 0 at �̅ = 0. 

Therefore, using monotonic property of logarithm function, we can see 

                                      �(�) < 1 ∀ � > 0  

It is only left to find a uniform upper bound for �  in � ∈ �� and � . To see the 

existence of such upper bound, we first note in the set ��,�� � → 0  
��

�
→ ��. 

Then it follows 

�
(1 − �)�

�(1 − �)
�

�
(1 − �)

(1 − �)
→ �

�1 − �(�)��(�)

�(�)�1 − �(�)�
�

�(�)
�1 − �(�)�

�1 − �(�)�
< 1 

as long �(�) < �(�) or equivalently �
�

��
> 0�, which is true for � > 0.   

To see this, we note 

� > 0 ⇒
�

�
��� ≥ � => �� > 0 (∵  � > 0). Also, we know that in the set ��, 

�
��

�
− ��� < � ⇒

��

�
− � < �� <

��

�
+ �.  
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 ∴ For small � > 0,�� > 0.  Hence,  
�

��
> 0.  Further, since the limiting point of 

�
(���)�

�(���)
�

� (���)

(���)
 is bounded by 1, and �(�) being a continuous function implies 

that choosing � sufficiently small, one can find a uniform upper bound, �̅ < 1,  

such that �
(���)�

�(���)
�

� (���)

(���)
< �̅ for all � ∈ �� and  �. 

Therefore, from (A18) we get, 

 �� �
��

�

��
≤ �|��(0) = �� ≤ �̅�� ≤ �̅�(����), where we have used the fact that in 

the set ��,�� ≥ ���� − ��. 

∴ ∑ ∑ �� �
��

�

��
≤ ��� �

�

�
� −

��

��
��∈��

�(��(0) = �) ≤�
��� ∑ �̅�(����)�

��� < ∞ , where 

the last inequality is shown using the convergence property of a geometric 

series with �̅���� ∈ (0,1) for sufficiently small values of �. Hence, condition C 

is proved. 

All three conditions A, B and C are now justified and thus completing 

Lehozcky’s proof for  �� �|
���(�)

�
− ∑ �����(�)|> ��

��� � < ∞  , which by Borel-

Cantelli lemma implies,               

                                                   
���(�)

�
→ ∑ �����(�)       �

���  �. �.                

Similarly, the proof can be shown for each � = 1,2,… . ,�., implying, 

                                        
��(�)

�
→ ���(�) �. �.                

Since the argument for almost sure convergence can be repeated for 

successive iterations, one concludes that 
��(�)

�
→ �(�) a.s,  

where �(�) = �(� − 1)�(�(� − 1)) and �(0) = �.∎  
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 Appendix B:  
R Code for Implementing the Estimation of Model 2 

Input Data 

rm(list=ls(all=TRUE)) 
setwd( "C:/Users/Indrajit/Documents/I-94 studies") 
dat<<-read.table("final_form_estimation.txt",header=T) 
#dat<<-read.table("fixed_pnt_test.txt",header=T) 
attach(dat) 
names(dat) 
n_dat<-dim(dat)[1] 
r<-c(0.5,1.5,2.5,3.5) 
h<-c(0.5,1.5,2.5) 
ahat<<-21 
Type<<-seq(1,12) 
nr<-length(r) 
nh<-length(h) 
diff<-rep(0,(nr*nh)) 
st<-matrix(0,(nr*nh),2) 
count<-0 
for(i in 1:nr){ 
   for(j in 1:nh){ 
      count<-count+1 
   diff[count]<-r[i]-h[j] 
   st[count,1:2]<-c(r[i],h[j]) 
  } 
 } 
st_mat<<-st 
Loss Function 

Loss<-function(Type1,Type2,k) 
{ 
  r1<-st_mat[Type1,1] 
  h1<-st_mat[Type1,2] 
  r2<-st_mat[Type2,1] 
  h2<-st_mat[Type2,2] 
  Lc1<-vlead1[k]*(r1-h1)+vfol2[k]*(r2-h2) 
  Lc2<-0.5*(v0[k]^2/(-a0[k])-vfol2[k]^2/ahat)  ## negative acceleration in data file 
  L<-(Lc1>Lc2)*(vfol2[k]^2-2*ahat*(v0[k]^2/(-2*a0[k])-Lc1)) 
 return(L) 
} 
x<- array(0, dim=c(12,12,n_dat)) 
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for(k in 1:n_dat){ 
    for (i in 1:12){ 
     for (j in 1:12){ 
      x[i,j,k]<-Loss(Type[i],Type[j],k) 
     }} 
      x[,,k]<-(x[,,k]+t(x[,,k]))/2  # Symmetrize the loss matrix 
     } 
L<<-x 
Fixed Point Function 

fixedpnt<-function(param) 
{ 
theta.old<-
matrix(rep(c(0.17,.08,.005,0.122,0.35,0.03,0.002,0.113,0.1,0,0.008,0.02),n_dat),nrow=n
_dat,ncol=12,byrow=T) 
 err<-10 
 nfxp.reps<-0 
 while(err>1E-10 & nfxp.reps<1200){ 
 nfxp.reps<-nfxp.reps+1 
  L1<-matrix(0,nrow=n_dat,ncol=12)  
  np<-matrix(0,nrow=n_dat,ncol=12) 
 for(i in 1:12){  
  L1[1:n_dat,i]<-apply(t(L[i,1:12,1:n_dat])*theta.old,1,sum) 
  np[1:n_dat,i]<-
exp(param[1]*(st_mat[i,1]==0.5)+param[2]*(st_mat[i,1]==2.5)+param[3]*(st_mat[i,1]==
3.5)+ aram[4]*(st_mat[i,2]==0.5)+param[5]*(st_mat[i,2]==2.5)+param[6]*L1[1:n_dat,i])   
   } 
  theta.new<-matrix(0,nrow=n_dat,ncol=12) 
 for (i in 1:12){ 
   theta.new[1:n_dat,i]<-
theta.old[1:n_dat,i]+(1/nfxp.reps)*(np[1:n_dat,i]/apply(np,1,sum)-theta.old[1:n_dat,i]) 
   } 
   err<-max(abs(theta.old-theta.new)) 
   theta.old<-theta.new 
   } 
  if(nfxp.reps>1200) 
    {stop("The number of NFXP reps exceeded\n")} 
  cat("Number of iterations for convergence=",nfxp.reps,"\n") 
  cat("Convergence Error=",err,"\n")    
  return(theta.old)} 
 
Likelihood Function 
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nfxp.nll<-function(para){  
   LL<-rep(0,n_dat) 
   prob<-fixedpnt(param=para) 
    tt<-sum(prob<0) 
    if(tt>0){ 
     ind<-which(solution<0) 
     nvalue<-solution[ind] 
      cat("Negative probability generated at k=",k,"\n") 
      cat("negative component is",ind,"negative values are",nvalue,"\n") 
      cat("Corrsponding parameter values are", para,"\n") 
       stop("Error caused by Negative log likelihood.\n") 
     } 
    for(k in 1:n_dat){ 
    LL[k]<-log(prob[k,Type_lead[k]])+log(prob[k,Type_fol[k]]) 
    } 
  nl<--sum(LL) 
   return(nl) 
 } 
Estimation of parameters 

para<-c(-.5,-0.05,-0.14,-0.06,-0.5,-0.005)  ## reaction pref(.5,1.5,2.5,3.5); headways; loss 
start.time<-Sys.time() 
final<-optim(para,nfxp.nll,control=list(trace=10,maxit=5000),method="L-BFGS-
B",lower=c(-5,-5,-5,-5,-5,-5),upper=c(5,5,5,5,5,0),hessian=T) 
end.time<-Sys.time()   
elapsed.time<-end.time-start.time  
param_est<-final$par 
param_sd<-sqrt(diag(solve(final$hessian))) 
final_result<-rbind(param_est,param_sd) 
write.table(round(final_result,4),"Parameter_Estimates_bias_new2.txt",col.names=past
e0(c('\u03b2','\u03b2','\u03b2','\u03b2','\u03b2','\u03b2'),c("_r=0.5","_r=2.5","_r=3.5",
"_h=0.5","_h=2.5","_loss")),row.names=TRUE) 
Predicted Probability 

est_bias<-read.table("Parameter_Estimates_bias_new2.txt ",header=T) 
param_est_bias<-as.numeric(est_bias[1,]) 
theta.bias<-fixedpnt(param_est_bias) 
final.bias<-cbind(Type_lead,Type_fol,theta.bias) 
write.table(round(final.bias,3),"Result_final_bias_new2.txt",col.names=TRUE) 
 




