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Scope and History

The International Symposium on Mathematical Theory of Networks and Systems (MTNS) is a biennial international
conference in the general area of mathematical systems theory. The symposium is interdisciplinary and attracts
mathematicians, engineers and researchers working in all aspects of systems theory. The symposium is organized
every two years and traditionally covers areas involving a wide range of research directions in mathematical systems,
networks and control theory. Mathematical methods which play a role in these areas stem from a broad range of
fields of pure and applied mathematics, including ordinary and partial differential equations, dynamical systems,
complex and functional analysis, numerical analysis, probability theory and stochastic analysis, operator theory, graph
theory, linear and commutative algebra, as well as algebraic and differential geometry. There is a wide range of
applications ranging from problems in biology, medical sciences, coding and communications, to problems in
chemical engineering, circuits, distribution networks, power systems, nanosystems, robotics, and mechatronics.
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Plenary & Semi-Plenary Talks

Plenary - Mean Field Games and the Control of Large Scale Systems: An
Overview
Peter Caines
McGill University
http://www.cim.mcgill.ca/~peterc/ 

Tuesday, July 12, 09:00-10:00, Willey 175

Abstract: Mean Field Game (MFG) theory provides tractable strategies for the decentralized
control of large scale systems. The power of the formulation arises from the relative tractability
of its infinite population McKean-Vlasov (MV) Hamilton-Jacobi-Bellman equations and the
associated MV-Fokker-Planck-Kolmogorov equations, where these are linked by the distribution
of the state of a generic agent, otherwise known as the system's mean field. The resulting
decentralized feedback controls yield approximate Nash equilibria and depend only upon an
agent’s state and the mean field. Applications of MFG theory are being investigated within
engineering, finance, economics and social dynamics, while theoretical developments include
existence and uniqueness theory for solutions to the MFG equations, major-minor (MM) agent
systems containing asymptotically non-negligible agents, non-linear estimation theory for MM-

MFG systems, and the comparison of centralized (optimal) control and MFG control performance.

Plenary - Rapid stabilization
Jean-Michel Coron
Pierre and Marie Curie University 
http://www.ann.jussieu.fr/coron/ 

Wednesday, July 13, 09:00-10:00, Willey 175

Abstract: We start by presenting some old results on the "rapid" (including in finite time)
stabilization of control systems modeled by means of ordinary differential equations. We show
the interest and the limitation of the damping method for the stabilization of control systems. We
then describe various methods to construct feedback laws leading to rapid stabilization. These
methods will be applied to some control systems modeled by means of either nonlinear
differential equations or partial differential equations (Korteweg-de Vries, hyperbolic,
Schroedinger and heat equations).

http://www.cim.mcgill.ca/~peterc/
http://www.ann.jussieu.fr/coron/


Plenary - The “power network” of genetic circuits: Hidden interactions and
their mitigation through distributed feedback control
Domitilla Del Vecchio 
Massachusetts Institute of Technology 
http://www.mit.edu/~ddv/ 

Thursday, July 14, 09:00-10:00, Willey 175

Abstract: The past several years have witnessed a substantial increase in the size of synthetic
genetic circuits that are inserted in living cells for biotechnology applications ranging from energy,
to environment, to medicine. These circuits are “powered” by cellular resources, which are in
limited amounts. As the circuit size increases, resource limitations cannot be neglected any
longer and in fact they can even lead to dramatic failures, just like blackouts in the power grid. In
this talk, I will illustrate that because nodes in a network compete for limited resources, hidden
interactions appear that dramatically change the expected network’s behavior. I will present a
systematic modeling framework that captures hidden interactions in resource-limited networks
and provides simple graphical rules to draw emergent interaction graphs. With the aim of
modularly designing synthetic genetic circuits in which the effects of hidden interactions is

mitigated, I will illustrate a distributed feedback control scheme that makes each node robust to fluctuations of
available resources. I will present initial experimental results from bacterial cells, which validate some of the
theoretical predictions. These results improve the predictive power of current mathematical models of gene networks
and present a first step toward the engineering of genetic circuits that are robust to unavoidable resource fluctuations.
I will finish the talk by highlighting a number of research questions that remain open due to the challenging
mathematical structure of these systems.

Plenary - Optimal transportation between unequal dimensions
Robert J. McCann
University of Toronto 
http://www.math.toronto.edu/mccann/ 

Friday, July 15, 09:00-10:00, Willey 175

Abstract: Over the last few decades, the theory of optimal transportation has blossomed into a
powerful tool for exploring applications both within and outside mathematics. Its impact is felt in
such far flung areas as geometry, analysis, dynamics, partial differential equations, economics,
machine learning, weather prediction, and computer vision. The basic problem is to transport
one probability density onto other, while minimizing a given cost c(x,y) per unit transported. In the
vast majority of applications, the probability densities live on spaces with the same (finite)
dimension. After briefly surveying a few highlights from this theory, we focus our attention on
what can be said when the densities instead live on spaces with two different (yet finite)
dimensions. Although the answer can still be characterized as the solution to a fully nonlinear
differential equation, it now becomes badly nonlocal in general. Remarkably however, one can

identify conditions under which the equation becomes local, elliptic, and amenable to further analysis.

http://www.mit.edu/~ddv/
http://www.math.toronto.edu/mccann/


Plenary - Adventures in imaging
Peter Olver 
University of Minnesota
http://www.math.umn.edu/~olver/ 

Friday, July 15, 14:00-15:00, Willey 175

Abstract: I will survey developments in the application of
invariants of various types, including invariant histograms and
differential invariant signatures, for object recognition and
symmetry detection in digital images. Recent applications,
including automated jigsaw puzzle assembly and cancer
detection, will be presented.

Semi-Plenary - Controllability of systems defined on graphs
Kanat Camlibel 
University of Groningen
http://www.math.rug.nl/~kanat/ 

Tuesday, July 12, 14:00-15:00, Willey 175

Abstract: The study of networks of dynamical systems became one of the most popular themes
within systems and control theory in the last two decades. This talk focuses on controllability of
networks consisting of identical dynamical systems. For such networks, the overall dynamics
determined by the (identical) dynamics of the individual systems as well as the graph capturing
the network structure. First, we will focus on a particular system defined over graphs, namely
diffusively coupled leader/follower systems. These systems admit models in which graph
Laplacians play an important role. By studying certain partitions of the underlying graph, we will
provide purely graph theoretical necessary as well as sufficient conditions for the controllability of
diffusively coupled leader/follower multi-agent systems. After that, we shift our attention to more

general graph related matrices than Laplacians and look at the problem of minimal leader selection, that is rendering
the overall network controllable by choosing as few as possible number of leaders.

Semi-Plenary - Reconstruction of interconnectedness in networks of
dynamical systems based on passive observations
Murti Salapaka 
University of Minnesota
http://www.ece.umn.edu/~murtis/ 

Tuesday, July 12, 14:00-15:00, Willey 125

Abstract: Determining interrelatedness structure of various entities from multiple time series
data is of significant interest to many areas. Knowledge of such a structure can aid in identifying
cause and effect relationships, clustering of similar entities, identification of representative
elements and model reduction. In this talk, a methodology for identifying the interrelatedness
structure of dynamically related time series data based on passive observations will be
presented. The framework will allow for the presence of loops in the connectivity structure of the
network. The quality of the reconstruction will be quantified. Results on the how the sparsity of
multivariate Wiener filter, the Granger filter and the causal Wiener filter depend on the network
structure will be presented. Connections to graphical models with notions of independence
posed by d-separation will be highlighted.

http://www.math.umn.edu/~olver/
http://www.math.rug.nl/~kanat/
http://www.ece.umn.edu/~murtis/


Semi-Plenary - Resilient control of network flow dynamics
Giacomo Como 
Lund University 
http://www.control.lth.se/Staff/GiacomoComo.html 

Thursday, July 14, 14:00-15:00, Willey 175

Abstract: In the control of large network systems efficiency, resilience, and scalability are key
issues. We focus on distributed control of network flow dynamics, governed by routing and flow
control policies within constraints imposed by the network structure and physics laws.
Depending on the application (e.g., road transport or distribution networks), such policies are
meant to represent local routing and scheduling controls, users’ behavior, or a combination of the
two. The considered models include cascading failures mechanisms, whereby overloaded links
become inactive and potentially induce the overload and failure of other nodes and links in the
network. First, we focus on throughput and resilience properties of decentralized feedback
policies that use local information only and require no global knowledge of the network. Then, we
discuss cases in which optimal network flow control can be cast as a convex problem which is

amenable to iterative distributed computation solutions. Finally, we deal with multi-scale flow dynamics and the use of
incentive mechanisms to influence users' behaviors. Throughout, we illustrate how structural properties of the
dynamics, such as monotonicity, contraction, and convexity, can be leveraged to obtain tractable models whose
performance can be related to connectivity and other network properties.

Semi-Plenary - Mathematics and swimming of aquatic organisms
Marius Tucsnak 
University of Bordeaux
http://www.math.u-bordeaux1.fr/imb/fiche-personnelle?uid=mtucsnak 

Thursday, July 14, 14:00-15:00, Willey 125

Abstract: Understanding the motion of aquatic organisms is a problem which fascinated
scientists and philosophies for centuries. Our aim consists in showing that this modelling
problem raises highly challenging questions for various fields of mathematics, such as partial
differential equations, numerical analysis or control theory. We begin by emphasizing that,
depending on the flow regime, the governing equations may exhibit a wide range of properties,
leading to a rich mathematical structure. We next discuss wellposedness issues, where the
major difficulty to be solved consists in tackling the presence of free boundaries. Finally we study
the displacement of the solids (under the action of an exterior force or in a self-propelled
manner) from a control theoretical perspective.

Semi-Plenary - Linear Matrix Inequalities and Interpolation Problems for CP
Maps
Igor Klep 
University of Auckland
https://www.math.auckland.ac.nz/~igorklep/ 

Thursday, July 14, 14:00-15:00, Blegen 150

Abstract: Linear matrix inequalities (LMIs) are common in many areas: control systems,
mathematical optimization, statistics, etc. The solution set of an LMI is called an LMI domain (or
a spectrahedron) and is a convex subset of the euclidean space. LMIs often have unknowns
which are scalars, but in many problems the unknowns enter naturally as matrices rather than
scalars. There is a class of maps naturally associated to LMI domains, the completely positive
(cp) maps. A linear map is positive if it maps positive semidefinite (psd) matrices to psd
matrices, and is completely positive (cp) if each of its ampliations is positive. (Completely)
positive maps are ubiquitous in matrix theory and mathematical physics. For instance, trace-
preserving cp maps, i.e., quantum channels, are fundamental objects in quantum information
theory, while unital cp maps are central to understanding LMIs and their matrix solution sets.

In this talk we show some theory for cp maps recently developed for LMIs and analogous results for quantum
channels, e.g. a tracial Hahn-Banach theorem and a quantum interpolation theorem. The talk is based on joint work
with Bill Helton and Scott McCullough.

http://www.control.lth.se/Staff/GiacomoComo.html
http://www.math.u-bordeaux1.fr/imb/fiche-personnelle?uid=mtucsnak
https://www.math.auckland.ac.nz/~igorklep/
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Technical Program for Tuesday July 12, 2016

 

TuPL1 Willey 175

Prof. Caines Plenary (PL1) Plenary Session

 

09:00-10:00, Paper TuPL1.1  

Mean Field Games and the Control of Large Scale Systems: An Overview
Caines, Peter E. McGill Univ

Keywords: Large Scale Systems
Abstract: Mean Field Game (MFG) theory provides tractable strategies for the decentralized control of large scale
systems. The power of the formulation arises from the relative tractability of its infinite population McKean-Vlasov
(MV) Hamilton-Jacobi-Bellman equations and the associated MV-Fokker-Planck-Kolmogorov equations, where these
are linked by the distribution of the state of a generic agent, otherwise known as the system's mean field. The
resulting decentralized feedback controls yield approximate Nash equilibria and depend only upon an agent’s state
and the mean field. Applications of MFG theory are being investigated within engineering, finance, economics and
social dynamics, while theoretical developments include existence and uniqueness theory for solutions to the MFG
equations, major-minor (MM) agent systems containing asymptotically non-negligible agents, non-linear estimation
theory for MM-MFG systems, and the comparison of centralized (optimal) control and MFG control performance.
 

TuA01 Blegen 110

Constructions of Strict Lyapunov Functions: Stability, Robustness, Delays, 
and State Constraints

Mini-course session

Chair: Malisoff, Michael Louisiana State Univ

Co-Chair: Mazenc, Frederic INRIA-SUPELEC

 

10:25-12:30, Paper TuA01.1  

Constructions of Strict Lyapunov Functions: Stability, Robustness, Delays, and State Constraints
Mazenc, Frederic INRIA-SUPELEC

Malisoff, Michael Louisiana State Univ

Keywords: Stability, Feedback Control Systems, Delay Systems
Abstract: This mini-course presents several developments involving constructions of strict Lyapunov functions for
systems with uncertainties, state constraints, or input delays. It will be understandable and beneficial to those who
are familiar with the material in a standard graduate course on nonlinear control systems. The three 50-minute
lectures are entitled as follows: Matrosov's Approach, Lyapunov-Krasovskii Methods, and Robust Forward Invariance.
 

TuA02 Blegen 120

Composite Control of Networks Via Singular Perturbation Theory Mini-course session

Chair: Boker, Almuatazbellah M Marshall Univ

 

10:25-12:30, Paper TuA02.1  

Composite Control of Networks Via Singular Perturbation Theory
Boker, Almuatazbellah M Marshall Univ

Chakrabortty, Aranya NC State Univ

Nudell, Thomas North Carolina State Univ

Keywords: Networked Control Systems, Large Scale Systems, Systems on Graphs
Abstract: Our goal in this mini-course is to educate control engineers about modeling and control of multi-time-scale



networked systems, to formulate problems on making the control systems distributed and scalable, and to point out
how singular perturbation theory can play an instrumental role in solving these problems. Our target audience for this
course are faculty members, postdoctoral researchers, graduate students, and industry practitioners who want to
learn about the recent advancements in the field of control of clustered networks and the constructive role that
singular perturbation theory can play in this field. The session will provide an insightful thrust to network system
education for control engineers, especially for new graduate students who are looking for fresh research problems.
 

TuA03 Blegen 130

Distributed Parameter Systems-I Invited Session

Chair: Demetriou, Michael A. Worcester Pol. Inst

Co-Chair: Jacob, Birgit Bergische Univ. Wuppertal

Organizer: Demetriou, Michael A. Worcester Pol. Inst

Organizer: Jacob, Birgit Bergische Univ. Wuppertal

Organizer: Fahroo, Fariba Naval Postgraduate School

 

10:25-10:50, Paper TuA03.1  

Distributed Parameter Systems I
Demetriou, Michael A. Worcester Pol. Inst

Jacob, Birgit Bergische Univ. Wuppertal

Fahroo, Fariba Naval Postgraduate School

 

10:50-11:15, Paper TuA03.2  

Optimal Actuator Design with a Linear-Quadratic Performance Measure (I)
Morris, Kirsten A. Univ. of Waterloo

Vest, Ambroise Lycée Henri Poincaré

Keywords: Control of Distributed Parameter Systems, Optimization : Theory and Algorithms
Abstract: In control of distributed parameter systems (DPS's), the location, size, distribution and number of actuating
and sensing devices constitute a challenging design problem. For instance, in control of flexible structures and
acoustic noise reduction, both the type of actuators and sensors, as well as their locations, can be chosen.
Furthermore, due to advances in materials, the shape of the hardware is sometimes also a design variable. Since the
final system is affected by the controller design, it is sensible to design the actuators using the same criterion as
used to design the controller.

Previous work on optimal actuator location is here generalized in several different important directions. First, the
control operator is not assumed fixed, which allows for the consideration of such problems as optimizing the shape
of a smart material used as an actuator. Also, in earlier work, it was assumed that the actuator did not affect the
internal dynamics of the system. This assumption is relaxed here, allowing for the consideration of a wider class of
problems, for instance, those where the actuator has a non-negligable mass.

 

11:15-11:40, Paper TuA03.3  

Lyapunov Stabilization Via Boundary Control for Scalar Conservation Laws (I)
Blandin, Sebastien IBM Res

Litrico, Xavier Cemagref

Delle Monache, Maria Laura Rutgers Univ

Piccoli, Benedetto Rutgers Univ

Bayen, Alexandre M. Univ. of California at Berkeley

Keywords: Control of Distributed Parameter Systems, Stability, Infinite Dimensional Systems Theory
Abstract: We consider the problem of Lyapunov boundary stabilization of the weak entropy solution to a scalar
conservation law with strictly convex flux in one dimension of space, around a uniform equilibrium. We show that for
a specific class of boundary conditions, the solution to the initial-boundary value problem for an initial condition with
bounded variations can be approximated arbitrarily closely in the L {̂1} norm by a piecewise smooth solution with
finitely many discontinuities. The constructive method we present designs explicit boundary conditions in this class,
which guarantee Lyapunov stability of the weak entropy solution to the initial-boundary value problem. The stabilization



result accounts for the proper treatment of boundary conditions in the weak sense. We also design a greedy
controller obtained by maximizing the instantaneous decrease rate of the Lyapunov function, and illustrate the
limitations of such simple controllers. Finally, we design improved boundary feedback controller which guarantees
Lyapunov asymptotic stability while accounting for proper treatment of weak boundary conditions. Controllers
performance is illustrated on numerical benchmarks using the Godunov scheme.
 

11:40-12:05, Paper TuA03.4  

Optimal Control Locations for Time-Varying Systems on a Finite-Time Horizon (I)
Jacob, Birgit Bergische Univ. Wuppertal

Wu, Xueran Forschungszentrum Juelich/Univ. of Wuppertal

Elbern, Hendrik RIU at the Univ. of Cologne/Forschungszentrum Juelich

Keywords: Infinite Dimensional Systems Theory, Control of Distributed Parameter Systems
Abstract: The choice of the location of controllers is of great importance for designing control systems. We study the
linear-quadratic optimal location control problem for deterministic as well as stochasticsystems and develop
conditions guaranteeing the existence of optimal locations of linear quadratic control problems. Associated with
practical applications, since optimal control problems cannot be solved directly in infinite-dimensional spaces, a
sequence of approximations of the original time-varying system have to be considered. Thus, we introduce
approximation conditions for evolution operators to ensure that the approximated control problems converge to the
optimal control problem of the original infinite-dimensional time- varying system. Further, we show the convergence of
minimal costs and optimal locations of the sequence of approximations.
 

12:05-12:30, Paper TuA03.5  

Optimal Sensor Selection for Optimal Filtering of Spatially Distributed Processes (I)
Demetriou, Michael A. Worcester Pol. Inst

Fahroo, Fariba Naval Postgraduate School

Keywords: Control of Distributed Parameter Systems, Infinite Dimensional Systems Theory, Optimization : Theory

and Algorithms
Abstract: We consider the problem of the integrated design of an optimal state estimator and its associated optimal
sensor positioning for a class of distributed parameter systems. The optimal estimator is parameterized by the
admissible sensor locations and an appropriate performance measure is used to obtain the optimal sensor location.
It turns out that this performance measure is given by the trace of a location parameterized solution to an operator
Riccati equation. The conditions ensuring that the optimal sensor of the finite dimensional optimization problem
converges to the optimal sensor of the infinite dimensional optimization problem are summarized. Studies of the
effects of the spatial distribution of the process noise on 1D diffusion PDE are performed in order to shed light on the
effects of the optimal sensor location.
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Algebraic Methods and Symbolic-Numeric Computation in Systems Theory-I Invited Session

Co-Chair: Zerz, Eva RWTH Aachen Univ

Organizer: Quadrat, Alban INRIA Lille

Organizer: Zerz, Eva RWTH Aachen Univ

 

10:25-10:50, Paper TuA04.1  

Musical Wind Instruments, Graphs and Orthogonal Polynomials (I)
Le Vey, Georges Ec. Des Mines De

Nantes/IRCCyN CNRS

Keywords: Physical Systems Theory, Systems on Graphs
Abstract: Orthogonal polynomials are ubiquitous in mathematical physics since the XIX {̂rm th} century and are still
an active research field. In this work relationship between discrete acoustical resonators, harmonicity of resonance
frequencies and ultraspherical polynomials is established. It relies upon recent work done by the author on modelling
musical wind instruments within graph theory. The approach originates from the mathematical study of evolution
equations on networks. It furnishes closed-form expressions, even for complex instruments, useful for musical
acoustics purposes. When searching for resonators with harmonicity property, it was found that a huge class of
resonators meet the requirement. Thus, the additional property of orthogonality is imposed for restricting this class



and related consequences are investigated.
 

10:50-11:15, Paper TuA04.2  

A Symbolic-Numeric Method for the Parametric H∞ Loop-Shaping Design Problem (I)

Rance, Guillaume Sagem Defense Securite

Bouzidi, Yacine INRIA

Quadrat, Alban INRIA Lille

Quadrat, Arnaud Sagem Ds

Keywords: Robust and H-Infinity Control, Numerical and Symbolic, Optimal Control
Abstract: In this paper, we present a symbolic-numeric method for solving the H∞ loop-shaping design problem for
low order single-input single-output systems with parameters. Due to the system parameters, no purely numerical
algorithm can indeed solve the problem. Using Gröbner basis techniques and the Rational Univariate Representation
of zero-dimensional algebraic varieties, we first give a parametrization of all the solutions of the two Algebraic Riccati
Equations associated with the H∞ control problem. Then, a certified symbolic-numeric algorithm is obtained for the
computation of the positive definite solutions of these two Algebraic Riccati Equations. Finally, we present a certified
symbolic-numeric algorithm which solves the Hinf loop-shaping design problem for the above class of systems. This
algorithm is illustrated with a standard example.
 

11:15-11:40, Paper TuA04.3  

Modelling and Structural Properties of Distributed Parameter Wind Power Systems (I)
Mounier, Hugues Univ. Paris Sud 11

Greco, Luca Univ. Paris Sud

Keywords: Algebraic Systems Theory, Control of Distributed Parameter Systems, Delay Systems
Abstract: We examine two distributed parameter models for strings of generators connected to a wind farm. We
show that these models boil down to delay systems either with or without continuous dynamics, depending on the
type of the chosen boundary conditions. We then investigate the differential flatness of the systems.
 

11:40-12:05, Paper TuA04.4  

Certified Algorithms for Proving the Structural Stability of Two Dimensional Systems Possibly with
Parameters (I)
Bouzidi, Yacine INRIA

Rouillier, Fabrice INRIA

Keywords: Algebraic Systems Theory, Multidimensional Systems, Numerical and Symbolic
Abstract: In a recent work by Bouzidi et al., a new method for testing the structural stability of multidimensional
systems has been presented. The key idea of this method is to reduce the problem of testing the structural stability to
that of deciding if an algebraic set has real points. Following the same idea, we consider in this work the specific
case of two-dimensional systems and focus on the practical efficiency aspect. For such systems, the problem of
testing the stability is reduced to that of deciding if a bivariate algebraic system with finitely many solutions has real
ones. Our first contribution is an algorithm that answers this question while achieving practical efficiency. Our second
contribution concerns the stability of two dimensional systems with parameters. More precisely, given a two-
dimensional system involving a set of parameters, we present a new algorithm that computes regions of the
parameters space in which the considered system is structurally stable.
 

12:05-12:30, Paper TuA04.5  

Algebraic Analysis for the Ore Extension Ring of Differential Time-Varying Delay Operators (I)
Quadrat, Alban INRIA Lille

Ushirobira, Rosane Inria

Keywords: Algebraic Systems Theory, Delay Systems, Linear Systems
Abstract: To the best of our knowledge, no algebraic (polynomial) approach exists for the study of linear differential
time-delay systems in the case of a (sufficiently regular) time-varying delay. Based on the concept of skew
polynomial rings developed by Ore in the 30s, the purpose of this paper is to construct the ring of differential time-
delay operators as an Ore extension and to analyze its properties. A characterization of classical algebraic properties



of this ring, such as noetherianity, its homological and Krull dimensions and the existence of Gröbner bases, are
given in terms of the time-varying delay function. In conclusion, the algebraic analysis approach to linear systems
theory allows us to study linear differential time-varying delay systems (e.g. existence of autonomous elements,
controllability, parametrizability, flatness, behavioral approach) through methods coming from module theory,
homological algebra and constructive algebra.
 

TuA05 Blegen 145

Optimization: Theory and Algorithms-I Regular Session

Chair: Karlsson, Johan Royal Inst. of Tech. (KTH)

 

10:25-10:50, Paper TuA05.1  

Finite Model Approximations and Asymptotic Optimality of Quantized Policies in Decentralized
Stochastic Control
Saldi, Naci Univ. of Illinois at Urbana-Champaign

Yuksel, Serdar Queen's Univ

Linder, Tamas Queen's Univ

Keywords: Networked Control Systems, Stochastic Control and Estimation, Optimization : Theory and Algorithms
Abstract: In decentralized stochastic control problems, there is a lack of a universal systematic method to obtain
optimal solutions unlike in centralized stochastic control problems and even establishing the existence of optimal
policies is a challenging problem with few results available in the literature. The intricacies in decentralized stochastic
control have been convincingly exhibited in Witsenhausen's celebrated counterexample which has puzzled the
control community for more than 40 years with its philosophical impact demonstrating the challenges that arise due
to its non-classical information structure, and the formidable difficulty of obtaining an optimal solution or its
approximations. In fact, optimal policies and their value are still unknown, even though the existence of an optimal
policy has been established using various methods.

In this paper, we consider finite model approximations of a large class of static and dynamic team problems where
these models are constructed through uniform quantization of the observation and action spaces of the agents. The
strategies obtained from these finite models are shown to approximate the optimal cost with arbitrary precision under
mild technical assumptions. In particular, quantized team policies are asymptotically optimal where the quantization
operation involves the uniform quantizers, and thus a finite model is obtained through a constructive algorithm.

This result is then applied to Witsenhausen's celebrated counterexample and the Gaussian relay channel problems.
For Witsenhausen's counterexample, our approximation approach provides, to our knowledge, the first rigorously
established result stating that one can construct an varepsilon-optimal strategy for any varepsilon > 0 through a
solution of a simpler problem.

 

10:50-11:15, Paper TuA05.2  

A Riemannian Optimization Approach for Role Model Extraction
Marchand, Melissa Florida State Univ

Huang, Wen Florida State Univ

Browet, Arnaud Univ. Catholique De Louvain

Van Dooren, Paul Univ. Catholique De Louvain

Gallivan, Kyle Florida State Univ

Keywords: Numerical and Symbolic, Optimization : Theory and Algorithms
Abstract: The ability to compute meaningful clusters of nodes is important in the analysis of large networks. A
particular approach to this problem is the use of role models of a graph. For large networks, the algorithms must be
specifically designed to extract role models while maintaining efficiency in storage and computations. Browet et al.
have investigated the computation of role models for both moderately sized and large networks. They proposed an
efficient iteration on low-rank matrices to compute an approximation to the required pairwise node similarity measure
at MTNS 2014. In this paper, we summarize a new approach to compute an approximation to the pairwise node
similarity measure for large networks based on Riemannian optimization. A comparison of our optimization approach
with that of Browet et al. shows that our approach computes the same approximate solution in significantly less time.
 

11:15-11:40, Paper TuA05.3  

Seeking Saddle-Points for Non-Convex QCQPs Via the Distributed Optimization Dynamics Approach



Ma, Xu Iowa State Univ

Elia, Nicola Iowa State Univ

Keywords: Optimization : Theory and Algorithms, Stability
Abstract: This paper focuses on solving general, non-convex Quadratically Constrained Quadratic Programmings
(QCQPs) via the continuous-time optimization dynamics. In general, any equilibrium to the optimization dynamics is
a KKT point of the optimization problem. However, because of the non-convexity of QCQPs, KKT conditions are only
necessary for locally optimal solutions. Once the QCQP's KKT point is found, we also have to check whether or not it
is globally optimal.

In this paper, we first develop an easily checkable necessary and sufficient condition characterizing when the
QCQP's KKT point is a saddle-point. Under this condition, a global optimum can be obtained from the saddle-point.
Next we analyze locally asymptotic stability of the saddle-point equilibrium with respect to the optimization dynamics.
For certain networked QCQPs, we point out that our approach exhibits an intrinsic distributed computational
structure. A MAXCUT example is also given to illustrate the distributedness and effectiveness of our approach.

 

11:40-12:05, Paper TuA05.4  

Super-Resolution Methods and Metric Uncertainty Via Optimal Transport
Karlsson, Johan Royal Inst. of Tech. (KTH)

Ning, Lipeng Harvard Medical School

Keywords: Optimization : Theory and Algorithms, System Identification, Signal Processing
Abstract: The use of regularization in sparse estimation methods has recently received huge attention impacted
virtually all fields of applied mathematics. This interest was sparked by the recovery results of Candès, Donoho, Tao,
Tropp, et al. and has resulted in a framework for solving a set of combinatorial problems in polynomial time by using
convex relaxation techniques.

In this work we study the use of total-variation regularization methods for inverse problems in high-resolution imaging,
widely used in remote sensing. For these problems, the dictionary is typically coherent and existing theory for
robust/exact recovery does not apply. In fact, the robustness cannot be guaranteed in the usual strong sense.
Instead, we consider metrics inspired by the Monge-Kantorovich transportation problem and show that the solution
can be robustly recovered if the original signal is sufficiently sparse and separated.

 

12:05-12:30, Paper TuA05.5  

Distributed Optimization with Multi-Agent Gradient Information
Sajjanshetty, Kiran Univ. of Southern California

Tatikonda, Sekhar Yale Univ

Keywords: Optimization : Theory and Algorithms, Systems on Graphs, Large Scale Systems
Abstract: We propose a distributed optimization model wherein agents exchange gradient information along with
their states to minimize a sum of convex functions. It is shown that the local state update equations converge to the
classical gradient descent algorithm if an agent’s degree information is also transmitted. Theoretical results showing
the convergence rate estimates for the proposed update rule are provided. Simulation examples with various fixed
graph structures are shown which indicate significant improvement in the speed of convergence when compared to
the model which uses just the state information of its neighbors.
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Model Reduction-I Invited Session

Chair: Kawano, Yu Kyoto Univ

Organizer: Kawano, Yu Kyoto Univ

Organizer: Scherpen, Jacquelien M.A. Univ. of Groningen

Organizer: van der Schaft, Arjan J. Univ. of Groningen

 

10:25-10:50, Paper TuA06.1  

Algebraic Gramians for Quadratic-Bilinear Systems and Their Application in Model Order Reduction
(I)



Benner, Peter Max Planck Inst. for Dynamics of Complex Tech. Systems

Goyal, Pawan Max Planck Inst. for Dynamics of Complex Tech. Systems

Keywords: Computations in Systems Theory, Nonlinear Systems and Control, Large Scale Systems
Abstract: We discuss algebraic Gramians for continuous time quadratic-bilinear (QB) systems in the context of
model order reduction (MOR) based on system balancing. MOR for linear systems via balanced truncation requires
the computation of the Gramians of the system, namely controllability and observability Gramians, which are
extended to the general nonlinear setting in Scherpen, 1993. Therein, it is shown that Gramians for nonlinear systems
are solutions to state-dependent Hamilton-Jacobi equations. However, determining solutions to these equations is
very challenging in large-scale settings, and also they are not easy to apply in the MOR framework. In this work, we
derive alternative controllability and observability Gramians based on the kernels of the Volterra series of QB systems
and their Hilbert adjoint QB systems, respectively. We also show connections between Gramians and solutions of
Lyapunov equations. Moreover, we relate input/output energy functionals with these algebraic Gramians. Furthermore,
we employ these Gramians for balancing of QB systems and for determining reduced-order systems. We illustrate
the efficiency of the proposed balancing method by applying it to various systems with dynamics modeled by
nonlinear partial differential equations.
 

10:50-11:15, Paper TuA06.2  

Moments at ``discontinuous Signals'' with Applications: Model Reduction for Hybrid Systems and
Phasor Transform for Switching Circuits (I)
Scarciotti, Giordano Imperial Coll. London

Astolfi, Alessandro Imperial Coll. London

Keywords: Hybrid Systems, Mathematical Theory of Networks and Circuits
Abstract: We provide an overview of the theory and applications of the notion of moment at "discontinuous
interpolation signals", i.e. the moments of a system for input signals that do not satisfy a differential equation. After
introducing the theoretical framework, which makes use of an integral matrix equation in place of a Sylvester
equation, we discuss some applications: the model reduction problem for linear systems at discontinuous signals,
the model reduction problem for hybrid systems and the discontinuous phasor transform for the analysis of circuits
powered by discontinuous sources.
 

11:15-11:40, Paper TuA06.3  

Kron-Based Model Reduction of Physical Network Systems (I)
van der Schaft, Arjan J. Univ. of Groningen

Keywords: Physical Systems Theory, Mathematical Theory of Networks and Circuits
Abstract: This work focusses on structure-preserving model reduction of physical network systems using Kron
reduction. It is well-known that any Schur complement of a symmetric weighted Laplacian matrix results in another
symmetric weighted Laplacian matrix. The same turns out to hold for an asymmetric Laplacian matrix, and for a
balanced asymmetric Laplacian matrix. Kron reduction is also shown to have close relations with recently studied
notions of effective resistance. Kron reduction yields a method for model reduction of physical network systems,
where the Hamiltonian (stored energy) may be non-quadratic, corresponding to nonlinear dynamics. In the present
paper close attention is paid to the relation of Kron reduction with singular perturbation balanced model reduction of
physical network dynamical systems; in particular for network systems described as gradient or reciprocal port-
Hamiltonian systems.
 

11:40-12:05, Paper TuA06.4  

Clustering-Based Model Reduction of Network Systems with Error Bounds (I)
Cheng, Xiaodong Univ. of Groningen

Kawano, Yu Kyoto Univ

Scherpen, Jacquelien M.A. Univ. of Groningen

Keywords: Systems on Graphs, Mathematical Theory of Networks and Circuits, Linear Systems
Abstract: In this paper, we present a structure-preserving model reduction procedure for network systems by means
of graph clustering. In our approach, vertices in the graph are iteratively aggregated if they have similar frequency
responses to the external inputs. The resulting reduced-order system can still be interpreted as a network system but
defined on a graph with fewer vertices. Furthermore, we establish an approximation error bound of one-step
clustering.
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Control of Large-Scale Systems-I Invited Session

Chair: Seiler, Peter Univ. of Minnesota

Co-Chair: Khong, Sei Zhen Lund Univ

Organizer: Khong, Sei Zhen Univ. of Minnesota

Organizer: Seiler, Peter Univ. of Minnesota

 

10:25-10:50, Paper TuA07.1  

Solidifying and Expandable Network System Constructed by Interconnection of Gamma-Passive
Systems (I)
Urata, Kengo Keio Univ

Inoue, Masaki Keio Univ

Keywords: Stability, Large Scale Systems, Feedback Control Systems
Abstract: We study a network system whose dissipation performance is strictly improved by network expansion.
Assuming that each subsystem is gamma-passive: a special class of dissipative systems, we analyze dissipation
performance of the entire network system. We show that the performance is strictly improved and the entire network
system is solidifying with the increase of the number of subsystems. This analysis can be a basis for decentralized
design of a stable and expandable network system with guaranteeing high control performance.
 

10:50-11:15, Paper TuA07.2  

Cluster Consensus Over Strongly Connected Voltage Graphs (I)
Chen, Xudong Univ. of Illinois at Urbana-Champaign

Belabbas, Mohamed Ali Univ. of Illinois at Urbana-Champaign

Basar, Tamer Univ. of Illinois at Urbana-Champaign

Keywords: Networked Control Systems, Systems on Graphs, Linear Systems
Abstract: A cluster consensus system is a multi-agent system in which the autonomous agents communicate to
form multiple clusters, with each cluster of agents asymptotically converging to the same clustering point. We
introduce in this paper a special class of cluster consensus dynamics, termed the G-clustering dynamics for G a
point group, whereby the autonomous agents can form as many as |G| clusters, and moreover, the associated |G|
clustering points exhibit a geometric symmetry induced by the point group. The definition of a G-clustering dynamics
relies on the use of the so-called voltage graph. We recall that a G-voltage graph is comprised of two elements---one
is a directed graph (digraph), and the other is a map assigning elements of a group~G to the edges of the digraph.
For example, in the case when G = {1, -1}, i.e., a cyclic group of order 2, a voltage graph is nothing but a signed
graph. A G-clustering dynamics can then be viewed as a generalization of the so-called Altafini's model, which was
originally defined over a signed graph, by defining the dynamics over a voltage graph. One of the main contributions of
this paper is to identify a necessary and sufficient condition for the exponential convergence of a G-clustering
dynamics. Various properties of voltage graphs that are necessary for establishing the convergence result are also
investigated, some of which might be of independent interest in topological graph theory.
 

11:15-11:40, Paper TuA07.3  

On the Positive Systems and Integral Linear Constraints (I)
Kao, Chung-Yao National Sun Yat-Sen Univ

Khong, Sei Zhen Lund Univ

Keywords: Robust and H-Infinity Control, Networked Control Systems, Large Scale Systems
Abstract: The theory of integral linear constraints (ILCs) for robustness analysis of positive feedback systems is
generalized to accommodate multipliers taking the forms of linear time-varying operators. This serves as a
counterpart to the well-studied theory of integral quadratic constraints. A list of ILCs characterizing commonly
encountered uncertainties and sufficient conditions for verifying ILCs are provided. This note also demonstrates how
ILCs can be used for scalable analysis of network systems manifesting the positivity property.
 

11:40-12:05, Paper TuA07.4  

Robust Consensus in Multi-Agent Networked Systems with Nonlinear or Time-Varying Uncertainties (I)



Hu, Bin Univ. of Minnesota, Twin Cities

Khong, Sei Zhen Lund Univ

Keywords: Networked Control Systems, Stability, Operator Theoretic Methods in Systems Theory
Abstract: This paper presents an input-output approach for convergence analysis of robust consensus in multi-agent
networks with nonlinear or time-varying uncertainties. The robustness analysis of the consensus algorithm is
reformulated as an input-output stability verification problem involving two related interconnections. The resultant
input-output stability tests are derived using integral quadratic constraints. The key feature of the proposed input-
output approach is that only time domain arguments are used, whereby time-varying/nonlinear uncertainties can be
directly incorporated.
 

TuSL1 Willey 175

Prof. Camlibel Semi-Plenary Semi-plenary session

 

14:00-15:00, Paper TuSL1.1  

Controllability of Systems Defined on Graphs
Camlibel, Kanat Univ. of Groningen

Keywords: Networked Control Systems
Abstract: The study of networks of dynamical systems became one of the most popular themes within systems and
control theory in the last two decades. This talk focuses on controllability of networks consisting of identical
dynamical systems. For such networks, the overall dynamics determined by the (identical) dynamics of the individual
systems as well as the graph capturing the network structure. First, we will focus on a particular system defined over
graphs, namely diffusively coupled leader/follower systems. These systems admit models in which graph Laplacians
play an important role. By studying certain partitions of the underlying graph, we will provide purely graph theoretical
necessary as well as sufficient conditions for the controllability of diffusively coupled leader/follower multi-agent
systems. After that, we shift our attention to more general graph related matrices than Laplacians and look at the
problem of minimal leader selection, that is rendering the overall network controllable by choosing as few as possible
number of leaders.
 

TuSL2 Willey 125

Prof. Salapaka Semi-Plenary Semi-plenary session

 

14:00-15:00, Paper TuSL2.1  

Reconstruction of Interconnectedness in Networks of Dynamical Systems Based on Passive Observations
Salapaka, Murti V. Univ. of Minnessota

Keywords: Linear Systems, System Identification
Abstract: Determining interrelatedness structure of various entities from multiple time series data is of significant
interest to many areas. Knowledge of such a structure can aid in identifying cause and effect relationships, clustering
of similar entities, identification of representative elements and model reduction. In this talk, a methodology for
identifying the interrelatedness structure of dynamically related time series data based on passive observations will
be presented. The framework will allow for the presence of loops in the connectivity structure of the network. The
quality of the reconstruction will be quantified. Results on the how the sparsity of multivariate Wiener filter, the
Granger filter and the causal Wiener filter depend on the network structure will be presented. Connections to
graphical models with notions of independence posed by d-separation will be highlighted.
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Stochastic Modeling and Control Regular Session

Chair: Picci, Giorgio Univ. Di Padova

Co-Chair: Camlibel, Kanat Univ. of Groningen

 

15:30-15:55, Paper TuB01.1  

An Alternating Minimization Algorithm for Structured Covariance Completion Problems
Zare, Armin Univ. of Minnesota



Chen, Yongxin Univ. of Minnesota

Jovanovic, Mihailo Univ. of Minnesota

Georgiou, Tryphon T. Univ. of Minnesota

Keywords: Optimization : Theory and Algorithms, Linear Systems, Stochastic Modeling and Stochastic Systems

Theory
Abstract: State statistics of linear systems satisfy certain structural constraints that arise from the underlying
dynamics and the directionality of input disturbances. These statistics are relevant in understanding the fundamental
physics and can be used to develop control-oriented models for large-scale dynamical systems, e.g., stochastically
forced linearized Navier-Stokes equations. The problem of completing partially known state statistics via
stochastically driven linear time-invariant systems gives rise to a class of structured covariance completion
problems. In this, nuclear norm minimization is used to identify forcing models of low complexity. Herein, we develop
a customized alternating minimization algorithm (AMA) to solve this optimization problem for large-scale systems.
We interpret AMA as a proximal gradient for the dual problem which allows us to prove convergence for the algorithm
with fixed step-size.
 

15:55-16:20, Paper TuB01.2  

Towards Realization Theory of Interconnected Linear Stochastic Systems
Jozsa, Monika Univ. of Groningen

Petreczky, Mihaly CNRS

Camlibel, Kanat Univ. of Groningen

Keywords: Linear Systems, Stochastic Modeling and Stochastic Systems Theory
Abstract: In this paper we present necessary and sufficient conditions for an output process to admit a minimal
realization by a coordinated linear stochastic system in forward innovation form.
 

16:20-16:45, Paper TuB01.3  

A New Approach to Circulant Band Extension
Picci, Giorgio Univ. Di Padova

Keywords: Stochastic Modeling and Stochastic Systems Theory, Algebraic Systems Theory, Operator Theoretic

Methods in Systems Theory
Abstract: The circulant band-extension problem has been object of intense study in recent years which have led to a
solution in terms of optimization of an Entropy-like functional. It is shown here that the problem can also be solved in
terms of a special kind of matrix spectral factorization. The extension can be computed via the matrix Levinson-
Whittle algorithm and by solving a two point boundary value problem.
 

16:45-17:10, Paper TuB01.4  

On the Robustness of Mean Square Exponential Stability of a Discrete-Time Linear System with
Markovian Jumping Subject to White Noise Perturbations
Dragan, Vasile Romanian Acad

Morozan, Toader Inst. of Mathematics "Simion Stoilow", Romanian Acad. Buc

Stoica, Adrian-Mihail Univ. Pol. of Bucharest

Keywords: Stochastic Modeling and Stochastic Systems Theory, Stability, Linear Systems
Abstract: In the present paper the problem of robust stability in mean square of the discrete-time linear dynamic
systems with Markov jumps and corrupted with multiplicative (state-dependent) white noise perturbations is
considered. The robustness analysis is performed with respect to the intensity of the white noises. The theoretical
developments are illustrated by a numerical example.
 

17:10-17:35, Paper TuB01.5  

A Chance-Constrained Approach to the Quantized Control of a Heat Ventilation and Air Conditioning
System with Prioritized Constraints
Brocchini, Caterina Pol. Di Milano

Falsone, Alessandro Pol. Di Milano



Manganini, Giorgio Pol. Di Milano

Holub, Ondrej Honeywell

Prandini, Maria Pol. Di Milano

Keywords: Stochastic Control and Estimation, Linear Systems
Abstract: This paper addresses quantized control of a heat ventilation and air conditioning system. The objective is to
guarantee comfort, defined in terms of desired temperature and humidity, with a higher priority assigned to the
temperature control. The system is described by a linear model with a stochastic input to account for model
uncertainty. A chance-constrained control design strategy is proposed where constraints on the temperature and
humidity ranges are enforced over some look-ahead time horizon with a predefined (high) probability with respect to
the uncertain initial state and the stochastic input. Feasibility of the constraints is guaranteed by minimizing the
temperature and humidity variability around the desired set-points, with the variability range on the humidity eventually
enlarged when needed to squeeze the one on the temperature. The resulting quantized control is applied in a
receding horizon fashion, leading to a closed-loop solution that integrates state filtering to reduce on the fly the
uncertainty on the state.
 

TuB02 Blegen 120

Positive Systems - Convex Invertible Cones Point of View Invited Session

Chair: Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ

Organizer: Alpay, Daniel Aron Ben-Gurion Univ

Organizer: Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ

 

15:30-15:55, Paper TuB02.1  

Convex Invertible Cones in System Theory - an Overview (I)
Alpay, Daniel Aron Ben-Gurion Univ.

Lewkowicz, Izchak Elect. Eng. dept., Ben-Gurion Univ.

 

15:55-16:20, Paper TuB02.2  

Convex Invertible Cones of Matrices (I)
Alpay, Daniel Aron Ben-Gurion Univ

Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ

Keywords: Nonlinear Systems and Control
Abstract: Convex Invertible Cones of Matrices
 

16:20-16:45, Paper TuB02.3  

Nevanlinna-Pick Interpolation and Lyapunov Orderings: The Noncommutative Setting (I)
Ball, Joseph A. Virginia Tech

Keywords: Robust and H-Infinity Control, Cellular Automata, Multidimensional Systems
Abstract: The classical Nevanlinna-Pick theorem, now approaching 100 years old, gives a criterion for the existence
of a holomorphic function mapping the open unit disk into the closed unit disk and simultaneously satisfying finitely
many interpolation conditions in terms of the positive-semidefiniteness of the associated so-called Pick matrix. Fairly
recent work of Cohen and Lewkowicz as part of their study of invertible cones of Hermitian matrices considered an
operator-valued/operator-argument version of the Nevanlinna-Pick problem and obtained a criterion related to a
Lyapunov ordering on Hermitian matrices for solution of the problem in lieu of the Pick-matrix test. More recently there
has been a slew of activity on a new kind of function theory called (e.g. free noncommutative function theory} (with
motivation from free probability theory, noncommutative functional calculus, the theory of automata and formal
languages inter alia) and there have now appeared Nevanlinna-Pick interpolation theorems for this setting. We survey
here some of these results, and in particular an analogue of the Cohen-Lewkowicz Lyapunov-ordering criterion for the
solvability of a noncommutative version of the Nevanlinna-Pick interpolation problem.
 

16:45-17:10, Paper TuB02.4  

Sector Preserving and Monotonicity (I)



Alpay, Daniel Aron Ben-Gurion Univ

Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ

Keywords: Nonlinear Systems and Control
Abstract: Sector Preserving and Monotonicity
 

17:10-17:35, Paper TuB02.5  

The Kalman - Yakubovich - Popov Lemma (I)
Alpay, Daniel Aron Ben-Gurion Univ

Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ

Keywords: Nonlinear Systems and Control
Abstract: The Kalman - Yakubovich - Popov Lemma
 

17:35-18:00, Paper TuB02.6  

Positive Systems - Convex Invertible Cones Point of View
Alpay, Daniel Aron Ben-Gurion Univ

Lewkowicz, Izchak Elect. Eng. Dept., Ben-Gurion Univ
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Distributed Parameter Systems-II Invited Session

Chair: Demetriou, Michael A. Worcester Pol. Inst

Co-Chair: Jacob, Birgit Bergische Univ. Wuppertal

Organizer: Demetriou, Michael A. Worcester Pol. Inst

Organizer: Jacob, Birgit Bergische Univ. Wuppertal

Organizer: Fahroo, Fariba Naval Postgraduate School

 

15:30-15:55, Paper TuB03.1  

Robust Regulation for Port-Hamiltonian Systems of Even Order (I)
Humaloja, Jukka-Pekka Tampere Univ. of Tech

Paunonen, Lassi Tampere Univ. of Tech

Pohjolainen, Seppo Tampere Univ. of Tech

Keywords: Control of Distributed Parameter Systems, Robust and H-Infinity Control, Feedback Control Systems
Abstract: We present a controller that achieves robust regulation for a port-Hamiltonian system of even order. The
controller is especially designed for impedance energy-preserving systems. By utilizing the stabilization results for
port-Hamiltonian systems together with the theory of robust output regulation for exponentially stable systems, we
construct a simple controller that solves the Robust Output Regulation Problem for an initially unstable system. The
theory is illustrated on an example where we construct a controller for one-dimensional Schrödinger equation with
boundary control and observation.
 

15:55-16:20, Paper TuB03.2  

Realization of Infinite-Dimensional Systems, Part I: Input/output Approach Based on Fractional
Representations (I)
Yamamoto, Yutaka Kyoto Univ

Keywords: Infinite Dimensional Systems Theory, Delay Systems, Control of Distributed Parameter Systems
Abstract: This two part presentation gives an overview of an approach to infinite-dimensional systems. This first part
gives a brief overview of realization theory based on a class of fractional representations called {em pseudorational}.
This class can be expressed as a ratio of distributions of compact support in the convolution algebra of distributions.
We start with a description of Hankel operators, and it leads to a natural state space realization as a closed
subspace of output functions derived from a denominator of a transfer function. It is seen that this class yields a
natural input/output approach to delay-differential systems. For example, the well-known M_2 space realization can



be naturally derived from such a realization procedure. A close connection with complex analysis, such as the Paley-
Wiener theorem, is exhibited, and it in turn leads to a natural characterization of the spectrum of the infinitesimal
generators of such a realization.
 

16:20-16:45, Paper TuB03.3  

Realization of Infinite-Dimensional Systems, Part II: - Invariant Subspaces, Coprimeness, and
Bezoutidentities (I)
Yamamoto, Yutaka Kyoto Univ

Keywords: Infinite Dimensional Systems Theory, Control of Distributed Parameter Systems, Delay Systems
Abstract: This second part discusses various coprimeness issues in the class of pseudorational transfer functions.
Given a pseudorational impulse response p/q, there can be variaed notions of coprimeness. When there are no
common zeros between hatp and hatq, the pair is spectrally coprime. If the pair satisfies an additional condition, the
pair is approximately coprime in the sense that there exists a sequence phi_{n} and psi_{n} such that

p*phi_{n} + q*psi_{n} rightarrow delta. There is a close connection of these notions with some reachability properties.
As an application of a representation of the standard state space X {̂q}, we give a new characterization of invariant
subspaces of H {̂2}. This in turn leads to a new formula for the one-block H {̂infty} weighted sensitivity problem. We
then give a condition under which the pair (p, q) satisfies a Bezout identity. We conclude the paper with applications
to behaviors, particularly characterizations of controllable behaviors defined by pseudorational pairs.

 

16:45-17:10, Paper TuB03.4  

A New Lyapunov-Barbalat Theorem with Application to Adaptive Control of Mildly Nonlinear Infinite-
Dimensional Systems on Hilbert Space (I)
Balas, Mark Embry Riddle Aeronautical Univ

Frost, Susan NASA Ames Res. Center

Keywords: Control of Distributed Parameter Systems, Adaptive Control, Infinite Dimensional Systems Theory
Abstract: This paper presents an exponential stability result for distributed parameter systems based on a version of
Barbalat’s lemma for infinite dimensional Hilbert spaces. Given a mildly nonlinear continuous-time infinite-dimensional
plant on a Hilbert space and disturbances of known and unknown waveform, we will use this infinite-dimensional
Lyapunov-Barbalat Lemma to show that there is an exponentially stabilizing direct adaptive control law with certain
disturbance rejection and robustness properties.
 

17:10-17:35, Paper TuB03.5  

Control Preserving Positivity in Diffusion and Population Dynamics Systems (I)
Tucsnak, M. Univ. of Bordeaux/CNRS

Keywords: Infinite Dimensional Systems Theory
Abstract: The motivation of this study comes from various infinite dimensional systems modelling heat propagation,
diffusion processes or population dynamics, in which the state variable is necessarily described by a positive
function. Most of the controllability or stabilization results on these systems neglect these constraints so that the
controlled trajectories do not necessarily describe physically or biological relevant situations. In this work we give
simple examples, involving parabolic or transport partial differential equations, for which we are able to design
controls preserving positivity constraints. We show that satisfying such constraints requires, in general, a large
enough controllability time.
 

TuB04 Blegen 135

Algebraic Methods in Symbolic/Numeric Computations in Systems Theory-II Invited Session

Co-Chair: Zerz, Eva RWTH Aachen Univ

Organizer: Quadrat, Alban INRIA Lille

Organizer: Zerz, Eva RWTH Aachen Univ

 

15:30-15:55, Paper TuB04.1  

Gröbner Bases Over Finitely Generated Affine Monoids and Applications. the Direct Sum Case (I)
Scheicher, Martin Univ. Innsbruck



Keywords: Computations in Systems Theory, Multidimensional Systems, Algebraic Systems Theory
Abstract: For multidimensional linear systems with constant coefficients, Gröbner bases are the universal tool to
solve algorithmically a multitude of problems which arise in control theory. Gröbner bases are defined over the
polynomial ring which means that the domain of definition of discrete systems is the positive orthant. However, often
the individual variables are interpreted diversely, e.g., some as time, which should be nonnegative, and some as
space, which extends in positive as well as in negative directions. In these situations, the usefulness of conventional
Gröbner bases is limited.

In response to this, we consider monoid algebras of finitely generated submonoids of the integer lattice, define
Gröbner bases for modules over these monoid algebras and present a method for computing them. Finally, we apply
these results to three tasks from multidimensional systems theory, namely, to decide when two systems of
homogeneous equations are equivalent, to determine when a system is controllable and to the Cauchy problem. We
specialise to the case that the submonoid is a direct sum of a pointed monoid and a group, which includes the most
relevant examples.

 

15:55-16:20, Paper TuB04.2  

Controlled and Conditioned Invariant Varieties for Polynomial Control Systems with Rational
Feedback (I)
Schilli, Christian RWTH Aachen Univ

Zerz, Eva RWTH Aachen Univ

Levandovskyy, Viktor RWTH Aachen Univ

Keywords: Nonlinear Systems and Control, Applications of Algebraic and Differential Geometry in Systems Theory,

Feedback Control Systems
Abstract: The present paper deals with polynomially non-linear state-space systems with rational feedback. A given
variety V is said to be controlled invariant for such a system if we can find a rational state feedback law that causes
the resulting rational closed loop system to have V as an invariant set. If this task can be achieved by a rational output
feedback law, V is called controlled and conditioned invariant with rational feedback. Under some additional
assumptions on the variety, we will give algorithms, which allow to decide whether it is controlled (and conditioned)
invariant and which compute a rational (output) feedback law achieving the task.
 

16:20-16:45, Paper TuB04.3  

Multiplicity and Stable Varieties of Time-Delay Systems: A Missing Link (I)
Boussaada, Islam IPSA & Lab. Des Signaux Et

Systèmes

Unal, Hakki Ulas Anadolu Univ

Niculescu, Silviu-Iulian Umr Cnrs 8506, Cnrs-Supelec

Keywords: Delay Systems, Linear Systems, Stability
Abstract: Multiple spectral values in dynamical systems are often at the origin of complex behaviors as well as
unstable solutions. However, in some recent studies, an unexpected property is emphasized. More precisely, an
example of real scalar delay system is constructed, where the maximal multiplicity of an appropriate delay-dependant
real and negative spectral value leads to a negative spectral abscissa and, as a consequence, the asymptotic
stability of the corresponding steady state solution. In algebraic terms (with respect to the parameter space), the
variety corresponding to such a multiple root defines a stable variety for the steady state. Furthermore, for the
reduced examples we consider, we show that, under mild assumptions, such a multiple spectral value is nothing else
than the spectral abscissa. To the best of the authors' knowledge, such a property was not deeply investigated.
Motivated by the potential implication of such a property in control systems applications, this note is devoted to better
explore the connexion between those varieties. Finally, the sunflower dynamical equation illustrates the study.
 

TuB05 Blegen 145

Optimization: Theory and Algorithms-II Regular Session

Co-Chair: Enqvist, Per KTH

 



15:30-15:55, Paper TuB05.1  

Comparing Regularized Spectral Estimation Methods on Voiced Speech
Enqvist, Per KTH

Kleijn, W. Bastiaan Victoria Univ. of Wellington

Keywords: System Identification, Signal Processing, Optimization : Theory and Algorithms
Abstract: In many speech processing applications it is important to estimate the envelope of the power spectral
density of speech signals. Voiced speech has a harmonic structure and this causes difficulties for many estimation
methods. Hence an increased robustness of the estimator is needed and several regularized methods have been
proposed. One of the contributions of this paper is the introduction of a common Bayesian framework to derive a
selection of these robust methods from the same general set-up but with different assumptions on a priori
information. The main contribution is the evaluation of the methods performed by studying their performance on
artificial speech signals with and without noise. Several of the methods have previously only been tested on a few
theoretical examples. The results indicate that regularization improves the performance and that the best method
depends on the characteristics of the speech signal and the demands on computation speed.
 

15:55-16:20, Paper TuB05.2  

Global Optimality Bounds for ICA Algorithms
Colombo, Nicolo Univ. of Luxembourg

Thunberg, Johan Univ. of Luxembourg

Goncalves, Jorge M. Univ. of Luxembourg

Keywords: Optimization : Theory and Algorithms, Signal Processing, Applications of Algebraic and Differential

Geometry in Systems Theory
Abstract: Independent Component Analysis is a popular statistical method for separating a multivariate signal into
additive components. It has been shown that the signal separation problem can be reduced to the joint
diagonalization of the matrix slices of some higher-order cumulants of the signal. In this approach, the unknown
mixing matrix can be computed directly from the obtained joint diagonalizer. Various iterative algorithms for solving the
non-convex joint diagonalization problem exist, but they usually lack global optimality guarantees. In this paper, we
introduce a procedure for computing an optimality gap for local optimal solutions. The optimality gap is then used to
obtain an empirical error bound for the estimated mixing matrix. Finally, a class of simultaneous matrix decomposition
problems that admit such relaxation procedure is identified.
 

16:20-16:45, Paper TuB05.3  

Inverse Problems for Matrix Exponential in System Identification: System Aliasing
Yue, Zuogong Univ. of Luxembourg

Thunberg, Johan Univ. of Luxembourg

Goncalves, Jorge M. Univ. of Luxembourg

Keywords: Optimization : Theory and Algorithms, System Identification
Abstract: This note addresses identification of the A-matrix in continuous time linear dynamical systems on state-
space form. If this matrix is partially known or known to have a sparse structure, such knowledge can be used to
simplify the identification. We begin by introducing some general conditions for solvability of the inverse problems for
matrix exponential. Next, we introduce ``system aliasing'' as an issue in the identification of slow sampled systems.
Such aliasing give rise to non-unique matrix logarithms. As we show, by imposing additional conditions on and prior
knowledge about the A-matrix, the issue of system aliasing can, at least partially, be overcome. Under conditions on
the sparsity and the norm of the A-matrix, it is identifiable up to a finite equivalence class.
 

16:45-17:10, Paper TuB05.4  

Masking Method of Private Information for Distributed Optimization and Its Application to Real-Time
Pricing
Wada, Kazuma Tottori Univ

Sakurama, Kazunori Tottori Univ

Keywords: Optimization : Theory and Algorithms, Large Scale Systems, Networked Control Systems
Abstract: In this paper, we propose a masking method to protect private information for a distributed optimization.
This method enables us to obtain the solution of the optimization problem even if local information is masked by a



signal. Moreover, we evaluate the privacy protection performance by the correlation coefficient between original and
masked data, and show that the private information can be protected by the proposed method. Finally, we apply the
proposed method to real-time pricing for the supply and demand balance in a power grid.
 

17:10-17:35, Paper TuB05.5  

Matricial Wasserstein and Unsupervised Tracking
Ning, Lipeng Harvard Medical School

Sandhu, Romeil Departments of Computer Science and Applied Mathematics/Statisti

Georgiou, Tryphon T. Univ. of Minnesota

Tannenbaum, Allen Stony Brook Univ

Keywords: Stability, System Identification
Abstract: The context of this work is spectral analysis of multivariable times-series as this may arise in processing
signals originating in antenna and sensor arrays. The salient feature of these time signals is that they contain
information about moving scatterers/targets which may not be known a priori. That is, neither the number nor the
physical properties of scatterers may be known in advance, a fact which necessitates that analysis needs to be
model free. Thus, what is important is to attain reliable and high resolution spectral estimates based on short-time
observations due to the expected motion of objects within the scattering field.

Traditional spectral analysis methods such as spectrograms and maximum entropy, Capon, etc. techniques, are
often severely constrained by the non-stationary nature of time-series, which necessitates very short observation
records. Thus, our goal has been to develop natural regularization techniques that allow smooth interpolation of
spectrograms in time, thereby improving resolution and robustness. Since power spectra are matrix-valued measure,
we sought to develop geometric tools that are based on weak* continuous metrics, such as Wasserstein metrics,
only for matrix-valued functions. The present work is largely based on cite{ning2015matrix} where such a theory was
laid out.
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Model Reduction-II Invited Session

Chair: van der Schaft, Arjan J. Univ. of Groningen

Co-Chair: Kawano, Yu Kyoto Univ

Organizer: Kawano, Yu Kyoto Univ

Organizer: Scherpen, Jacquelien M.A. Univ. of Groningen

Organizer: van der Schaft, Arjan J. Univ. of Groningen

 

15:30-15:55, Paper TuB06.1  

Structure Preserving Truncation for Linear Port Hamiltonian Systems (I)
Kawano, Yu Kyoto Univ

Scherpen, Jacquelien M.A. Univ. of Groningen

Keywords: Large Scale Systems, Linear Systems
Abstract: In this paper we present a novel balancing method for linear port Hamiltonian systems based on the
Hamiltonian and the controllability Gramian. This balanced truncation method preserves the port Hamiltonian
structure in contrast to the traditional balanced truncation method based on the controllability and observability
Gramians. In addition, we study a similar method for gradient systems, and show that our method provides an
equivalent reduced order model as the model obtained by traditional balancing.
 

15:55-16:20, Paper TuB06.2  

Balancing of Linear Time-Varying Symmetric Systems (I)
Kawano, Yu Kyoto Univ

Scherpen, Jacquelien M.A. Univ. of Groningen

Keywords: Large Scale Systems, Linear Systems
Abstract: In this paper, we introduce the notion of symmetry and the cross Gramian for linear time-varying systems.
Then, we show that both the controllability and observability Gramians of symmetric systems are obtained from the



cross Gramian and the time-varying version of the metric. This implies that a uniformly balanced realization can be
obtained without separately computing the controllability and observability Gramians. Furthermore, the symmetric
structure is preserved by uniform balanced truncation if all Hankel singular values are distinct.
 

16:20-16:45, Paper TuB06.3  

Clustering-Based Model Order Reduction for Multi-Agent Systems with General Linear Time-Invariant
Agents (I)
Mlinarić, Petar Max Planck Inst. for Dynamics of Complex Tech. Systems

Grundel, Sara Max Planck Inst. for Dynamics of Complex Tech. Systems

Benner, Peter Max Planck Inst. for Dynamics of Complex Tech. Systems

Keywords: Computations in Systems Theory, Systems on Graphs, Networked Control Systems
Abstract: In this paper, we extend our clustering-based model order reduction method for multi-agent systems with
single-integrator agents to the case where the agents have identical general linear time-invariant dynamics. The
method consists of the Iterative Rational Krylov Algorithm, for finding a good reduced order model, and the QR
decomposition-based clustering algorithm, to achieve structure preservation by clustering agents. Compared to the
case of single-integrator agents, we modified the QR decomposition with column pivoting inside the clustering
algorithm to take into account the block-column structure. We illustrate the method on small and large-scale
examples.
 

TuB07 Blegen 155

Control of Large Scale Systems-II Invited Session

Chair: Seiler, Peter Univ. of Minnesota

Co-Chair: Khong, Sei Zhen Lund Univ

Organizer: Khong, Sei Zhen Univ. of Minnesota

Organizer: Seiler, Peter Univ. of Minnesota

 

15:30-15:55, Paper TuB07.1  

Input-Output Stability of Linear Discrete-Time Consensus Processes (I)
Liu, Ji Univ. of Illinois at Urbana-Champaign

Basar, Tamer Univ. of Illinois at Urbana-Champaign

Keywords: Mathematical Theory of Networks and Circuits, Linear Systems, Stability
Abstract: In a network of n agents, consensus means that all n agents reach an agreement on a specific value of
some quantity via local interactions. A linear discrete-time consensus process can typically be modeled by a
discrete-time linear recursion equation, whose equilibria include nonzero states of the form amathbf{1} where a is a
constant and mathbf{1} is a column vector in R n̂ whose entries all equal 1. Using a suitably defined semi-norm, this
work extends the standard notion of input-output stability from linear systems to linear recursions of this type. A
sufficient condition for input-output consensus stability is provided. A connection between uniform bounded-input,
bounded-output consensus stability and uniform exponential consensus stability is established. A certain type of
additive perturbation to a consensus process is also considered.
 

15:55-16:20, Paper TuB07.2  

Products of Doubly Stochastic Matrices (I)
Xia, Weiguo Dalian Univ. of Tech

Liu, Ji Univ. of Illinois at Urbana-Champaign

Cao, Ming Univ. of Groningen

Johansson, Karl Henrik Royal Inst. of Tech

Basar, Tamer Univ. of Illinois at Urbana-Champaign

Keywords: Mathematical Theory of Networks and Circuits, Linear Systems, Stability
Abstract: Doubly stochastic matrices constitute an important class of stochastic matrices, playing a critical role in
the study of discrete-time distributed averaging and distributed optimization algorithms. In this extended abstract, we
report on several properties of such matrices. Furthermore, we utilize these properties to establish necessary and



sufficient conditions for deciding whether a set of doubly stochastic matrices is a consensus set or not.

 

TuME Room T1
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Chair: Gruene, Lars Univ. of Bayreuth

Co-Chair: Trumpf, Jochen The Australian National Univ
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Prof. Coron Plenary (PL2) Plenary Session

 

09:00-10:00, Paper WePL1.1  

Rapid Stabilization
Coron, Jean-michel Univ. Paris 6

Keywords: Stability
Abstract: We start by presenting some old results on the "rapid" (including in finite time) stabilization of control
systems modeled by means of ordinary differential equations. We show the interest and the limitation of the damping
method for the stabilization of control systems. We then describe various methods to construct feedback laws
leading to rapid stabilization. These methods will be applied to some control systems modeled by means of either
nonlinear differential equations or partial differential equations (Korteweg-de Vries, hyperbolic, Schroedinger and heat
equations).
 

WeA01 Blegen 110

Algebraic Systems Theory Regular Session

Chair: Trumpf, Jochen The Australian National Univ

Co-Chair: Belabbas, Mohamed Ali Univ. of Illinois at Urbana-Champaign

 

10:25-10:50, Paper WeA01.1  

Generalised Rigidity and Path-Rigidity for Agent Formations
Stacey, Geoff Australian National Univ

Mahony, Robert Australian National Univ

Trumpf, Jochen The Australian National Univ

Keywords: Algebraic Systems Theory
Abstract: The classical concept of rigidity characterises conditions under which distance constraints between agents
in R3 enforce a rigid structure on the whole collection of agents. The present paper has two goals. Firstly, we propose
a generalised theory for rigidity to allow heterogeneous agent states on non-Euclidean spaces and general non-linear
relative state constraints. To do this, we characterise rigidity as an invariance property with respect to a topological
group action that is introduced as a natural structure in the problem formulation. Secondly, we use this new
framework to formulate a new concept of path-rigidity, which captures the property that allows a rigid formation to be
steered continuously between any two configurations that are congruent. This is an important property for path
planning and control of rigid formations. The main result of the second part of the paper provides a simple and easily
checked condition to determine if a globally rigid formation is also path-rigid.
 

10:50-11:15, Paper WeA01.2  

The Classical and Tautological Orbit Theorems
Jafarpour, Saber Queen's Univ

Lewis, Andrew D. Queen's Univ

Keywords: Applications of Algebraic and Differential Geometry in Systems Theory, Nonlinear Systems and Control
Abstract: In this paper, we first review the orbit theorem. Then, using the notion of presheaf of vector fields, we
generalize the orbit theorem for tautological control systems. We introduce ``coherent'' presheaves and show that
they play an important role in studying real analytic tautological orbit theorem.
 

11:15-11:40, Paper WeA01.3  



Optimal Sensor and Actuator Placement with Sparsity Constraints
Belabbas, Mohamed Ali Univ. of Illinois at Urbana-Champaign

Keywords: Linear Systems, Applications of Algebraic and Differential Geometry in Systems Theory
Abstract: We derive necessary and sufficient conditions for the optimal, in the least square sense, actua- tor/sensor
problem for a linear, time-invariant system when there are sparsity constraints on the allow- able actuators/sensors.
We furthermore present an algorithm that produces optimal actuator/sensor with probability one.
 

11:40-12:05, Paper WeA01.4  

Interconnection and Memory in Linear Time-Invariant Systems
Adam, Elie Massachusetts Inst. of Tech

Dahleh, Munther A. Massachusetts Inst. of Tech

Ozdaglar, Asuman MIT

Keywords: Networked Control Systems, Algebraic Systems Theory
Abstract: We characterize the role played by memory when linear time-invariant systems interact. This study is of
interest as the phenomenon that occurs in this setting is arguably the same phenomenon that governs cascading
failure and contagion effects in interconnected systems. We aim to later extend solutions found here to problems in
other desired settings.

The characterization relies on basic methods in homological algebra, and is reminiscent of the rank-nullity theorem of
linear algebra. Interconnection of systems is first expressed as an exact sequence, then loss of memory causes a
loss of exactness, and finally exactness is recovered through specific algebraic invariants of the systems that encode
the role of memory.

The characterization allow us to update the behavior of a system, without any need of recomputation, when local
changes (e.g., an addition of a new component) are made to the system, overcoming the obstruction that memory
would naturally set.

 

12:05-12:30, Paper WeA01.5  

On the Structural Controllability of Sparse Bilinear Control Systems
Belabbas, Mohamed Ali Univ. of Illinois at Urbana-Champaign

Gharesifard, Bahman Queen's Univ

Keywords: Nonlinear Systems and Control, Algebraic Systems Theory, Networked Control Systems
Abstract: We study the structural controllability of the class of driftless sparse bilinear control system, where the
control matrices are forced to be of certain sparse patterns. We prove that sparse bilinear control systems are struc-
turally controllable, hence extending the classical results of Boothby and Wilson to the class of sparse bilinear control
systems. Along the way, we prove that a driftless bilinear sparse control systems is controllable if and only if there
exist two sparse matrices in the same class of sparse matrix system such that their corresponding bilinear control
systems is controllable. Our result generalizes the result of Boothby and moreover, our proof provides an alternative
proof for the classical result of Kuranshi, which states that any real semi-simple Lie subalgebra can be generated by
two elements of it.
 

WeA02 Blehen 120

Hyperbolic Polynomials Invited Session

Chair: Knese, Greg Washington Univ. in St. Louis

Co-Chair: Vinnikov, Victor Ben Gurion Univ. of the Negev

Organizer: Tuncel, Levent Univ. of Waterloo

Organizer: Vinnikov, Victor Ben Gurion Univ. of the Negev

 

10:25-10:50, Paper WeA02.1  

Real Fibered Morphisms (I)
Shamovich, Eli Tech. - Israel Inst. of Mathematics



Keywords: Applications of Algebraic and Differential Geometry in Systems Theory
Abstract: We will discuss a generalization of the notion of hyperbolicity to arbitrary projective varieties. We will show
how this notion relates to the classical definition of hyperbolicity and discuss generalizations of classical results to the
new setting. In particular we will see what conditions are enforced on the topology of weakly hyperbolic smooth
varieties.
 

10:50-11:15, Paper WeA02.2  

Hyperbolic Varieties and Ulrich Sheaves (I)
Kummer, Mario Univ. Konstanz

Keywords: Applications of Algebraic and Differential Geometry in Systems Theory
Abstract: The notion of a hyperbolic variety is a generalization of the well studied notion of hyperbolic polynomials. A
projective variety is called hyperbolic if there is a certain family of linear spaces which all intersect the variety in only
real points. Shamovich and Vinnikov introduced the notion of Livsic-type determinantal representations, a concept
motivated by the works of Moshe Livsic on the theory of commuting nonselfadjoint operators. It makes sense to say
that a Livsic-type determinantal representation of a projective variety is positive definite at a linear subspace of the
correct dimension and if it is, the variety is hyperbolic. We explain how this is related to Ulrich sheaves, objects that
are studied in algebraic geometry and commutative algebra, and present some applications of this theory. This is joint
work with Eli Shamovich and Cynthia Vinzant.
 

11:15-11:40, Paper WeA02.3  

Reciprocal Linear Spaces and Combinatorial Structures in Stable Varieties (I)
Kummer, Mario Univ. Konstanz

Vinzant, Cynthia North Carolina State Univ.

 

11:40-12:05, Paper WeA02.4  

Stable Polynomials and Boundary Zeros (I)
Knese, Greg Washington Univ. in St. Louis

Keywords: Operator Theoretic Methods in Systems Theory
Abstract: We discuss two questions associated with bivariate stable polynomials, those with no zeros on the bidisk,
which possess zeros on the two-torus (or bi-circle). First, when is a rational function, analytic on the bidisk, square
integrable on the two-torus? Second, when is a rational function, again analytic on the bidisk, an extreme point in the
set of analytic functions on the bidisk with positive real part (and normalized to map 0 to 1)? The first question can be
answered by fixing the denominator of a rational function and studying the ideal of those numerators giving a square
integrable rational function. The generators of this ideal can be explicitly described and the dimensions of certain finite
dimensional subspaces of this ideal can be computed. The second question is not yet answered but we can describe
a class of rational functions (which involve stable polynomials with as many zeros as possible on the two-torus in a
certain sense) that may contain all of the extreme points.
 

12:05-12:30, Paper WeA02.5  

Contractive Determinantal Representations of Complex Stable Polynomials (I)
Vinnikov, Victor Ben Gurion Univ. of the Negev

Keywords: Optimization : Theory and Algorithms, Multidimensional Systems, Stability
Abstract: We show that any polynomial without zeroes on the closure of a domain in a certain class (containing
balls, polydiscs, and more generally Cartan domains of types I-III) admits a contractive determinantal representation
witnessing its stability. In general, the determinantal representation may have an additional factor, however we prove
that if the domain is a product of matrix balls, then no additional factor is needed.
 

WeA03 Blegen 130

Stochastic and Optimal Control Regular Session

Chair: Lamperski, Andrew Univ. of Minnesota

Co-Chair: Chen, Yongxin Univ. of Minnesota

 



10:25-10:50, Paper WeA03.1  

Natural Gradients for the H2 Problem
Lamperski, Andrew Univ. of Minnesota

Keywords: Adaptive Control, Stochastic Control and Estimation, Optimal Control
Abstract: A common method for computing approximately optimal control laws involves fixing a parametric form of
the controller controller and then performing gradient descent on the cost-to-go function. Several successful methods
for state-feedback reinforcement learning are based on the natural gradient. The natural gradient rescales the
classical gradient by the inverse Fisher information matrix of the parameters, thereby incorporating information about
the sensitivity of the system to changes in the parameters. In this extended abstract, we study describe natural
gradient algorithms for dynamic output feedback problems such as H2 control. For the H2 problem, we give explicit
formulas to compute the natural gradient when plant matrices are known, and give a method to approximate it from
samples when plant matrices are not known.
 

10:50-11:15, Paper WeA03.2  

Stochastic Control - a Moment Approach to Sparse Control Design
Kamgarpour, Maryam ETH Zurich

Summers, Tyler H. Univ. of Texas at Dallas

Keywords: Optimal Control, Large Scale Systems, Linear Systems
Abstract: We consider design of sparse controllers for a stochastic linear system with infinite horizon quadratic
objective. We formulate the non-sparse optimal solution through a semidefinite program for the second order
moments of the states and inputs. Given that the centralized non-sparse controller solves a linear equation in these
moments, we find sparse least squares approximate solutions to this linear equation. The performance of the
approach is shown with several simulations.
 

11:15-11:40, Paper WeA03.3  

The Minimum Time Function for a Control System on Su(2)
Albertini, Francesca Univ. Di Padova

D'Alessandro, Domenico Iowa State Univ

Keywords: Quantum Control, Optimal Control
Abstract: In this paper, we consider the problem of driving in minimum time to a given final condition the state of a
right invariant system on SU(2), in the case where two (orthogonal) controls are present, u_x and u_y, and a bound
on the Euclidean norm of the control is given, i.e., u_x 2̂+u_y 2̂ less or equal to γ 2̂. The goal of the paper is twofold.
On the one hand, we illustrate the results of [2] and the method of that paper to find the minimum time optimal
control. This method is very explicit and based on concepts and ideas which are of general interest in optimal control
problems. On the other hand, we give a detailed analysis of the minimum time function for fixed final state as a
function of the bound γ. We show that this function is not continuous but presents jump discontinuities at an infinite
number of values of γ which have γ = 0 as a cluster point. The problem is motivated by the control of two level
quantum systems which are the elementary unit of information in quantum computation.
 

11:40-12:05, Paper WeA03.4  

Stochastic Control, Entropic Interpolation and Gradient Flows on Wasserstein Product Spaces
Chen, Yongxin Univ. of Minnesota

Georgiou, Tryphon T. Univ. of Minnesota

Pavon, Michele Univ. Di Padova

Keywords: Stochastic Control and Estimation, Stochastic Modeling and Stochastic Systems Theory, Optimal

Control
Abstract: Since the early nineties, it has been observed that the Schroedinger bridge problem can be formulated as a
stochastic control problem with atypical boundary constraints. This in turn has a fluid dynamic counterpart where the
flow of probability densities represents an entropic interpolation between the given initial and final marginals. In the
zero noise limit, such entropic interpolation converges in a suitable sense to the displacement interpolation of optimal
mass transport (OMT). We consider two absolutely continuous curves in Wasserstein space W2 and study the
evolution of the relative entropy on W2 × W2 on a finite time interval. Thus, this study differs from previous work in
OMT theory concerning relative entropy from a fixed (often equilibrium) distribution (density). We derive a gradient
flow on Wasserstein product space. We find the remarkable property that fluxes in the two components are opposite.



Plugging in the “steepest descent” into the evolution of the relative entropy we get what appears to be a new formula:
The two flows approach each other at a faster rate than that of two solutions of the same Fokker-Planck. We then
study the evolution of relative entropy in the case of uncontrolled- controlled diffusions. In two special cases of the
Schroedinger bridge problem, we show that such relative entropy may be monotonically decreasing or monotonically
increasing.
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Max-Plus and Idempotent Techniques in Dynamical Systems, Control, and Games Invited Session

Chair: McEneaney, William Univ. of California, San
Diego

Co-Chair: Dower, Peter M. Univ. of Melbourne

Organizer: McEneaney, William Univ. of California, San
Diego

Organizer: Dower, Peter M. Univ. of Melbourne

 

10:25-10:50, Paper WeA04.1  

A Dynamic Game Approximation for a Linear Regulator Problem with a Log-Barrier State Constraint (I)
Dower, Peter M. Univ. of Melbourne

McEneaney, William Univ. of California, San
Diego

Cantoni, Michael Univ. of Melbourne

Keywords: Optimal Control, Computational Control, Nonlinear Systems and Control
Abstract: An exact supremum-of-quadratics representation for log-barrier functions is developed for, and
subsequently applied in, a state-constrained linear regulator problem. By approximating this representation, it is
shown that this regulator problem can be approximated by an unconstrained linear quadratic dynamic game. It is
anticipated that this game approximation may facilitate the computation of approximate solutions to such state-
constrained regulator problems.
 

10:50-11:15, Paper WeA04.2  

A Stationary-Action Control Representation for the Dequantized Schrodinger Equation (I)
McEneaney, William Univ. of California, San

Diego

Keywords: Stochastic Control and Estimation, Stochastic Modeling and Stochastic Systems Theory, Optimal

Control
Abstract: A stochastic control representation for solution of the Schrodinger equation is obtained, utilizing complex-
valued diffusion processes. The Maslov dequantization is employed, where the domain is complex-valued in the
space variable. The control problem is defined in terms of stationarity rather than optimality. The notion of stationarity
is utilized to relate the Hamilton-Jacobi form of the dequantized Schrodinger equation to its stochastic control
representation. Convexity of the action functional is not required, and there is no restriction on the duration of the
problem.
 

11:15-11:40, Paper WeA04.3  

Solving Hamilton-Jacobi-Bellman Equations by Combining a Max-Plus Linear Approximation and a
Probabilistic Numerical Method (I)
Akian, Marianne INRIA Saclay--Ile-De-

France and CMAP, Ec. Pol

Fodjo, Eric I-Fihn Consulting and INRIA
and CMAP, Ec. Pol. CNRS

Keywords: Stochastic Control and Estimation, Numerical and Symbolic
Abstract: We consider fully nonlinear Hamilton-Jacobi-Bellman equations associated to diffusion control problems
involving a finite set-valued (or switching) control and possibly a continuum-valued control. We construct a lower
complexity probabilistic numerical algorithm by combining the idempotent expansion properties obtained by
McEneaney, Kaise and Han (2011) for solving such problems with a numerical probabilistic method such as the one



proposed by Fahim, Touzi and Warin (2011) for solving some fully nonlinear parabolic partial differential equations.

 

11:40-12:05, Paper WeA04.4  

An Accretive Operator Approach to Ergodic Problems for Zero-Sum Games (I)
Hochart, Antoine Ec. Pol. and INRIA

Keywords: Nonlinear Systems and Control, Optimal Control
Abstract: Mean payoff stochastic games can be studied by means of a nonlinear spectral problem involving the
Shapley operator: the ergodic equation. A solution consists in a scalar, called the ergodic constant, and a vector,
called bias. The existence of such a pair entails that the mean payoff per time unit is equal to the ergodic constant for
any initial state, and the bias gives stationary strategies. By exploiting two fundamental properties of Shapley
operators, monotonicity and additive homogeneity, we give a necessary and sufficient condition for the solvability of
the ergodic equation for all the Shapley operators obtained by perturbation of the transition payments of a given
stochastic game with finite state space. If the latter condition is satisfied, we establish that the bias is unique (up to an
additive constant) for a generic perturbation of the transition payments. To show these results, we use the theory of
accretive operators, and prove in particular some surjectivity condition.
 

12:05-12:30, Paper WeA04.5  

The Hamilton-Jacobi Equation Corresponding to Complex-Valued Stationary-Action Problems
McEneaney, William Univ. of California, San

Diego

Dower, Peter M. Univ. of Melbourne

Keywords: Optimal Control, Nonlinear Systems and Control, Physical Systems Theory
Abstract: Stationary action may be used to address complex-valued dynamical systems. Use of stationary-action to
analyze such systems requires an extension of Hamilton-Jacobi theory. Because of the use of stationarity rather than
optimization, many classical tools from optimal control theory are inapplicable. Nonetheless, a relation between the
viscosity solution of a certain HJ PDE and the associated stationary-action problem is established.
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Distributed Parameter Systems-III Invited Session

Chair: Demetriou, Michael A. Worcester Pol. Inst

Organizer: Demetriou, Michael A. Worcester Pol. Inst

Organizer: Jacob, Birgit Bergische Univ. Wuppertal

Organizer: Fahroo, Fariba Naval Postgraduate School

 

10:25-10:50, Paper WeA05.1  

Model Reduction of a Nonlinear Cable-Mass PDE System with Dynamic Boundary Input (I)
Batten, Belinda Oregon State Uiversity

Shoori, Hesam Oregon State Uiversity

Singler, John Missouri Univ. of Science and Tech

Weerasinghe, Madhuka Missouri Univ. of Science and Tech

Keywords: Infinite Dimensional Systems Theory
Abstract: We consider the motion of a flexible cable attached to a mass-spring system at each end. The input to the
system is the driving force to the mass-spring system at the left end, and the output of interest is the displacement
and velocity of the mass at the right end. We model the system by a 1D damped wave equation coupled to second
order oscillators holding on the boundaries. The mass-spring model at the right end includes a nonlinear stiffening
force. We prove the linearized system is well-posed and exponentially stable. We perform balanced truncation model
reduction of the linearized system, and use the resulting modes to obtain a nonlinear reduced order model. We
numerically compare the input-output response of the nonlinear PDE system and the nonlinear reduced order model
for various driving forces and model parameters.
 

10:50-11:15, Paper WeA05.2  

Control of Dissipative PDE Systems with Strong Convective Phenomena Based on Model Reduction



(I)
Yang, Manda Pennsylvania State Univ

Armaou, Antonios The Pennsylvania State Univ

Keywords: Control of Distributed Parameter Systems
Abstract: The focus of this work is to control dissipative partial differential equation systems with strong convective
phenomena by employing model-order reduction methods. The accuracy of the resulting reduced order model (ROM)
and the ROM-based observer decreases as a system behavior switches from diffusion-dominated to convection-
dominated. We propose to use adaptive proper orthogonal decomposition (APOD) to enhance the accuracy of the
observer by updating the ROM. A case study of regulating a tubular reactor at an open-loop unstable steady state is
presented, where the performance of the ROM-based observer is evaluated. It’s also demonstrated that APOD can
improve the accuracy of the observer when an unexpected disturbance occurs.
 

11:15-11:40, Paper WeA05.3  

Nonlinear Optimal Control of Fluid Flows Governed by the Burgers’ Equation Reduced Order Model (I)
Sahyoun, Samir Univ. of Tennessee

Djouadi, Seddik Univ. of Tennessee

Lancewicki, Tomer Univ. of Tennessee

Keywords: Control of Distributed Parameter Systems, Optimal Control, Nonlinear Systems and Control
Abstract: The main motivation of using model reduction techniques for large order systems is to design
computationally less expensive and faster controllers based on reduced models, and then apply them to the full order
systems. Proper orthogonal decomposition (POD) is a classical model reduction technique that is widely used for
model reduction for nonlinear systems especially in fluid dynamics. In this paper we design the Proper Orthogonal
Decomposition model order reduction technique for the nonlinear Burgers' equation. We first show how to compute
the optimal POD basis functions and apply the Galerkin Projection to get the reduced order system, in which explicit
parameters for the states and the control appear. Then we derive explicitly the nonlinear optimal controller for a
quadratic optimization problem. Finally we compare our nonlinear controller with linearized controllers for highly
nonlinear systems.
 

11:40-12:05, Paper WeA05.4  

Modified Gaussian Interpolation for PDE Approximation (I)
Elmetennani, Shahrazed King Abdullah Univ. of Science and Tech.

Laleg, Taous-Meriem KAUST
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Large Scale Systems Regular Session

Chair: Smith, Malcolm C. Univ. of Cambridge

Co-Chair: Salapaka, Srinivasa Univ. of Illinois

 

10:25-10:50, Paper WeA06.1  

On Additive Lyapunov Functions and Existence of Neutral Supply Rates in Acyclic LTI Dynamical
Networks
Jokic, Andrej Faculty of Mechanical Engineering and Naval Architecture, Univ

Nakic, Ivica Univ. of Zagreb

Keywords: Large Scale Systems, Linear Systems, Systems on Graphs
Abstract: In this paper we are concerned with linear time invariant (LTI) systems which admit a Lyapunov function
with a specific additive structure. We prove that if a dynamical network, composed as set of LTI systems
interconnected over an acyclic graph, admits an additive quadratic Lyapunov function, then the systems are
dissipative with respect to a set of interconnection neutral supply rates (we show that this set is necessarily
nonempty), where each supply rate from the set is defined on a single interconnection link in the network.
 

10:50-11:15, Paper WeA06.2  

Recursive Features in Heterogeneous Mass Chains with Passive Interconnection



Yamamoto, Kaoru Univ. of Minnesota

Smith, Malcolm C. Univ. of Cambridge

Keywords: Large Scale Systems, Networked Control Systems, Mechanical Systems
Abstract: This note studies a heterogeneous chain of masses with passive interconnection where a single point is
subject to an external disturbance. The problem arises in the design of multi-storey buildings subjected to earthquake
disturbances or bidirectional control of vehicle platoons albeit with the passivity constraint, for example. It will be
shown that the scalar transfer functions from the disturbance to a given intermass displacement can be represented
in the form of complex iterative maps.
 

11:15-11:40, Paper WeA06.3  

Rhythmic Behavior in Large Scale Systems: A Model Related to Mean-Field Games
Dai Pra, Paolo Univ. Di Padova

Sartori, Elena Univ. Di Padova

Tolotti, Marco Univ. Ca' Foscari Venezia

Keywords: Large Scale Systems, Stochastic Modeling and Stochastic Systems Theory, Stochastic Control and

Estimation
Abstract: Systems comprised by many interacting components may exhibit, in the thermodynamic limit, time-
periodic behavior in some macroscopic observable. When the microscopic dynamics are described by irreducible,
continuous-time Markov processes, this is a purely thermodynamic phenomenon, since no periodicity is allowed at
the microscopic level. The study of this phenomenon is mainly motivated by its applications to neurosciences, more
specifically to systems of interacting neurons, but is occurs in many other contexts, including multi-agent systems in
Economics. In this work we suggest a mechanism producing rhythms that is related to strategic behavior of
microscopic units, and requires a game-theroretic approach.
 

11:40-12:05, Paper WeA06.4  

Determining Clusters with Similar Electrical Influences in a Power Network: A Deterministic Annealing
Based Approach
Baranwal, Mayank Univ. of Illinois

Salapaka, Srinivasa Univ. of Illinois

Keywords: Large Scale Systems, Systems on Graphs
Abstract: This extended abstract provides a tool for clustering an electrical power network with many buses into pre-
specified number of groups such that buses within each group have a similar influence over the remainder of the
network. The proposed approach is general in the sense that different notions that quantify similarity and that quantify
influence can be used. For ease of exposition the approach is presented for a particular practical notion of influence;
more precisely the influence of one bus on another is characterized in terms sensitivity of voltage fluctuations at one
bus due to reactive power perturbations at the other bus. This notion of influence is particularly useful since it
encompasses electrical connectivity rather than only the network topology; for instance, two buses that are strongly
electrically coupled through the network even though not directly physically connected to each other will be
considered similar in this notion, since voltage variation at one bus brings about similar variation at the other bus.
Furthermore, the grouping of buses achieved after clustering using this notion of influence is such that the voltage
fluctuations at a bus due to perturbations at buses within the same group are typically more than voltage fluctuations
due to perturbations at buses from other groups.
 

12:05-12:30, Paper WeA06.5  

Coherence and Stability in Large-Scale Networks with Distributed Dynamic Feedback
Tegling, Emma KTH Royal Inst. of Tech

Mitra, Partha Cold Spring Harbor Lab

Sandberg, Henrik KTH Royal Inst. of Tech

Bamieh, Bassam Univ. of California at Santa Barbara

Keywords: Networked Control Systems, Large Scale Systems
Abstract: We consider consensus and vehicular formation control problems and address the question of
performance in large-scale networks subject to distributed disturbances. We study performance in terms of "global



order", quantified through nodal state fluctuations, which captures the notion of network coherence. It has previously
been shown that coherence of networks with regular lattice structures depends on the lattice dimension, and that
three spatial dimensions are necessary to achieve full coherence in networks with local, static, feedback. Here, we
address the question of whether a dynamic feedback law, where the controller at each node has an internal memory
state, can improve coherence properties of large-scale networks, so that full coherence can be achieved in lower
lattice dimensions. We show that it is not possible to design such a dynamic feedback protocol, based on local
relative state measurements, that exhibits better coherence properties than static, memoryless, feedback. If the
controller, however, can access certain global, absolute, state information, we show that it suffices to have such
information of one of the states to achieve full coherence, provided the measurement is noiseless. In particular,
dynamic feedback with absolute velocity feedback can make a 1-dimensional vehicular platoon coherent, whereas a
static protocol also requires feedback from absolute position measurements.
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Coding and Information Regular Session

Chair: Rocha, Paula Univ. of Porto

 

10:25-10:50, Paper WeA07.1  

Rank Metric Convolutional Codes
Napp, Diego Univ. of Aveiro

Pinto, Raquel Univ. of Aveiro

Rosenthal, Joachim Univ. of Zurich

Vettori, Paolo Univ. of Aveiro

Keywords: Coding Theory, Information Theory, Mathematical Theory of Networks and Circuits
Abstract: In this contribution, we propose a first general definition of rank-metric convolutional codes for multi-shot
network coding. To this aim, we introduce a suitable concept of distance and we establish a generalized Singleton
bound for this class of codes.
 

10:50-11:15, Paper WeA07.2  

On Periodically Time-Varying Convolutional Codes
Pereira, Ricardo Univ. of Aveiro

Rocha, Paula Univ. of Porto

Keywords: Coding Theory, Linear Systems
Abstract: Given a code with a periodically time-varying encoder, we construct a corresponding time-invariant code by
means of a lifting technique.Our aim is to study the relations between the properties of the original time-varying code
and of the its lifted time-invariant version. Moreover we investigate how to obtain (periodic) state space realizations for
the periodic code via the construction of state space realizations of the associated time-invariant code.
 

11:15-11:40, Paper WeA07.3  

On Nonlinear Feedforward Logic for sigma-LFSRs
Roy, Suman IIT Guwahati

Krishnaswamy, Srinivasan IIT Guwahati

Goyal, Pushpinder Samsung India Limited

Keywords: Communication Systems, Coding Theory, Information Theory
Abstract: Nonlinear feedforward logic is used to increase the linear complexity of sequences generated by LFSRs. In
this paper, we have proposed a method of using Nonlinear feedforward logic with word based sigma-LFSRs. The
statistical properties of sequences generated by this method have been analyzed and the results have been
compared to an earlier method available in literature.
 

11:40-12:05, Paper WeA07.4  

Vulnerability of Linear Systems against Sensor Attacks-A Systems's Security Index
Chong, Michelle Siu Tze Lund Univ

Kuijper, Margreta Univ. of Melbourne



Keywords: Linear Systems, Coding Theory
Abstract: The `security index' of a discrete-time LTI system under sensor attacks is introduced as a quantitative
measure on the security of an observable system. We derive ideas from error control coding theory to provide
sufficient conditions for attack detection and correction.
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Hybrid Systems Regular Session

Chair: Raimondo, Davide Martino Univ. of Pavia

Co-Chair: Pasumarthy, Ramkrishna Indian Inst. of Tech. Madras

 

10:25-10:50, Paper WeA08.1  

Solvability of Linear Singular Impulsive Systems
Kablar, Natasa A. Lola Inst.

 

10:50-11:15, Paper WeA08.2  

Active Fault Diagnosis for Hybrid Systems
Foguth, Lucas MIT

Braatz, Richard D. Massachusetts Inst. of Tech

Raimondo, Davide Martino Univ. of Pavia

Keywords: Hybrid Systems, Optimization : Theory and Algorithms
Abstract: This article considers the problem of designing an input to improve the diagnosability of faults in hybrid
systems that are subject to initial condition uncertainty, process noise, and measurement noise. An outer
approximation of the set of inputs that do not guarantee fault isolation is computed offline by solving a series of mixed
integer linear programs (MILPs). By parameterizing this set as a function of the initial condition uncertainty set, we
enable the implementation of closed-loop fault diagnosis strategies. Then, online, we take a slice of the set at the
appropriate initial condition parameterization. Finally, a minimally harmful input sequence is obtained by solving an
optimization over the relative complement of this slice with respect to input constraints. The effectiveness of the
method is illustrated on a benchmark three-tank example.
 

11:15-11:40, Paper WeA08.3  

Multi-Agent Consensus by Quantized Communication with Subtractive Dither
Morita, Ryosuke Gifu Univ

Keywords: Networked Control Systems, Stochastic Control and Estimation, Hybrid Systems
Abstract: This paper considers multi-agent consensus problem by quantized communication. For the quantization,
subtractive dither is used. Subtractive dither method is that the additive noise-like signal is introduced before
quantization and then the same signal is subtracted after quantization. The author focuses here the difference of the
performance between using subtractive and non-subtractive dither method. Enemy or broken agents are
distinguished from the normal agents by the difference of the performance.
 

11:40-12:05, Paper WeA08.4  

Multi-Objective Switching Controller with Application to Computing Systems
Penamakuri Shesha, Sai Krishna INDIAN Inst. OF Tech. MADRAS

Pasumarthy, Ramkrishna Indian Inst. of Tech. Madras

Keywords: System Identification, Stability, Feedback Control Systems
Abstract: This paper presents a new algorithm to develop a multi-objective controller to ensure asymptotic stability of
linear switched systems with pole placement in distinct sub-regions of the z-plane called the DR-regions. The
conditions for switching stability and desired performance via pole placement are derived assuming full state
feedback. These results are applied to the dynamic model of a web-server hosted on a private cloud formulated as a
linear switched system with the switching signal defined as the workload arrival rate. The constituent MIMO LTI state
space models of the hosted web-server are identified at various operating regions using grey-box identification
technique.



 

12:05-12:30, Paper WeA08.5  

Data-Driven Control: The Full Interconnection Case
Maupong, Thabiso Univ. of Southapton

Rapisarda, Paolo Univ. of Southampton

Keywords: Discrete Event Systems, Linear Systems, System Identification
Abstract: We show how to compute a controller directly from data for a class of linear-time invariant systems. To do
this, we use the interconnection paradigm where the control variables and to-be-controlled variables coincide, i.e. full
interconnection. We also illustrate this process with an example.
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Prof. Del Vecchio Plenary (PL3) Plenary Session

 

09:00-10:00, Paper ThPL1.1  

The “power Network” of Genetic Circuits: Hidden Interactions and Their Mitigation through Distributed
Feedback Control
Del Vecchio, Domitilla Massachusetts Inst. of Tech

Keywords: Biological Systems
Abstract: The past several years have witnessed a substantial increase in the size of synthetic genetic circuits that
are inserted in living cells for biotechnology applications ranging from energy, to environment, to medicine. These
circuits are “powered” by cellular resources, which are in limited amounts. As the circuit size increases, resource
limitations cannot be neglected any longer and in fact they can even lead to dramatic failures, just like blackouts in the
power grid. In this talk, I will illustrate that because nodes in a network compete for limited resources, hidden
interactions appear that dramatically change the expected network’s behavior. I will present a systematic modeling
framework that captures hidden interactions in resource-limited networks and provides simple graphical rules to draw
emergent interaction graphs. With the aim of modularly designing synthetic genetic circuits in which the effects of
hidden interactions is mitigated, I will illustrate a distributed feedback control scheme that makes each node robust to
fluctuations of available resources. I will present initial experimental results from bacterial cells, which validate some
of the theoretical predictions. These results improve the predictive power of current mathematical models of gene
networks and present a first step toward the engineering of genetic circuits that are robust to unavoidable resource
fluctuations. I will finish the talk by highlighting a number of research questions that remain open due to the
challenging mathematical structure of these systems
 

ThA01 Blegen 110

Monotone Dynamic Systems and Applications-I Invited Session

Chair: Zlotnik, Anatoly Los Alamos National Lab

Co-Chair: Sootla, Aivar Univ. of Liege

Organizer: Zlotnik, Anatoly Los Alamos National Lab

Organizer: Sootla, Aivar Univ. of Liege

Organizer: Como, Giacomo Lund Univ

 

10:25-10:50, Paper ThA01.1  

On (Eventually) Monotone Dynamical Systems and Positive Koopman Semigroups (I)
Sootla, Aivar Univ. of Liege

Mauroy, Alexandre Univ. De Liege

Keywords: Operator Theoretic Methods in Systems Theory, Biological Systems
Abstract: Monotone systems are dynamical systems whose solutions preserve a partial order in initial conditions for
all times. It stands to reason that some systems may preserve a partial order only after an initial transient. These
systems are usually called eventually monotone. While monotone systems have an easy characterization in terms of
the sign pattern of the Jacobian matrix (i.e. Kamke-Muller condition), eventually monotone systems have not been
characterized in such an explicit manner. In order to provide such a characterization, we drew inspiration from the
results for linear systems, where eventually monotone (positive) systems are studied using the spectral properties of
the system (i.e. Perron-Frobenius property). In the case of nonlinear systems, a spectral characterization of nonlinear
eventually monotone systems is not straightforward, but can be obtained in the framework of the so-called Koopman
operator. Additionally, we explore connections between (eventual) monotonicity and (eventual) positivity of the
Koopman semigroup. This allows to view our results as a generalization of the Perron-Frobenius theory to nonlinear
dynamical systems. We consider a biologically inspired example to illustrate the applicability of eventual monotonicity.
 



10:50-11:15, Paper ThA01.2  

Using the Monotone Property and Sensors Placement As a Basic Tools to Design Set-Membership
State Estimators (I)
Meslem, Nacim INP Grenoble (GIPSA-Lab)

Prieur, Christophe CNRS

Keywords: Nonlinear Systems and Control, Nonlinear Filtering and Estimation, Hybrid Systems
Abstract: In this work, we propose to combine the monotone property of dynamical systems with sensor placement
techniques to design efficient set-membership state estimators. The basic idea exploited in this approach consists in
decomposing the system as an interconnection of monotone subsystems where the input of each subsystem is a
function of the outputs of the remainder subsystems. Thereby, the sensors placement is dictated by this monotone
decomposition of the original system. Due to the new configuration of the system, one can efficiently cope with the
pessimism propagation linked to set-membership computation and so one can enhance substantially the accuracy of
the estimated time-varying state enclosure. Two versions of this guaranteed state estimation approach are
presented. The first one is based on the principle of output injections. The second version relies on an event-triggered
policy, which reduces greatly the use of measurements. In fact, with this policy, the measurements are used only
when it is necessary.
 

11:15-11:40, Paper ThA01.3  

On the Optimal Control Problem for a Class of Monotone Bilinear Systems (I)
Colombino, Marcello ETH Zurich

Dhingra, Neil Univ. of Minnesota

Jovanovic, Mihailo Univ. of Minnesota

Rantzer, Anders Lund Univ

Smith, Roy S. ETH Zurich

Keywords: Robust and H-Infinity Control, Optimal Control, Biological Systems
Abstract: We consider a class of positive systems in which the control signal enters bilinearly with the state. Such
dynamics arise naturally, for example, from modeling the evolutionary dynamics of HIV in the presence of drug
therapy. For this class of system, we formulate an infinite horizon optimal control problem and show that the optimal
control signal is constant over time. We further extend our results to the case of uncertain dynamics and provide a
characterization of the optimal robust controller.
 

11:40-12:05, Paper ThA01.4  

On the Identification of Polytrees of Linear Dynamic Systems with Hidden Nodes
Sepehr, Firoozeh Univ. of Tennessee Knoxville

Materassi, Donatello Univ. of Tennessee, Knoxville

Keywords: Systems on Graphs, System Identification, Networked Control Systems
Abstract: This article considers the problem of reconstructing the interconnection structure of a polytree network
when only non-invasive observations are available and in the potential presence of hidden nodes. Previous results
were limited to tree networks with single roots. Polytrees (directed trees with multiple roots) instead represent a
much richer and more expressive class of models than rooted trees. Thus the extensions obtained in this article
provide a significant methodological improvement with applications to several areas such as adaptive bitrate
estimation, leader detection, and disease spreading.
 

ThA02 Blegen 120

Systems Biology-I Regular Session

Co-Chair: Salapaka, Murti V. Univ. of Minnessota

 

10:25-10:50, Paper ThA02.1  

Binding Mechanisms Determines Retroactivity Effects in Transcriptional Regulation
Pantoja-Hernandez, Libertad Inst. De Ec. UNAM

Garay-Arroyo, Adriana Inst. De Ec. UNAM

Alvarez-Buylla Roces, Elena Departamento De Ec. Funcional, Inst. De Ec. UNAM



Soria, Alberto CINVESTAV

Martinez-Garcia, Juan Carlos CINVESTAV-IPN

Keywords: Systems Biology, Computations in Systems Theory, Stochastic Modeling and Stochastic Systems

Theory
Abstract: In transcriptional gene regulatory networks, transcription factors bind to DNA via specific binding
mechanisms. Dynamical modularity of these networks conditions the robustness of the cell. Moreover, modularity
require insulatory dynamics, and this requirement is related to the retroactivity phenomenon, that is characterized by
reactive signals that propagate from downstream modules to upstream ones. The biological function of these effects
is increasingly becoming an area of interest. In functional terms, downstream targets may induce behaviors such as
ultrasensitive responses or even represent an undesired issue in regulation. To the best of our knowledge, the role of
the binding mechanisms of transcription factors in relation to minimizing -or enhancing- retroactivity effects has not
been previously addressed. Our aim is to evaluate retroactivity effects in free functional transcription factor (FFTF)
molecules in a simple model, depending on the binding process, in both connected and disconnected cases. Each
binding process implies a detailed transcriptional mechanism, and a binding strength regime, which can be strong or
weak. Based on their simplicity and biological relevance, we selected simple monomer binding, dimer formation prior
to binding, cooperative sequential binding and cooperative sequential binding with dimerization mechanisms. These
mechanisms were simulated to find the actual change, and variability in the number of FFTF upon interconnection.
Our results show that for the mechanism models used here, retroactivity effects strongly depend on binding
mechanisms.
 

10:50-11:15, Paper ThA02.2  

Geometric Stability Considerations of the Ribosome Flow Model with Pool
Halter, Wolfgang Univ. of Stuttgart

Montenbruck, Jan Maximilian Univ. of Stuttgart

Allgower, Frank Univ. of Stuttgart

Keywords: Biological Systems, Stability, Nonlinear Systems and Control
Abstract: In order to better understand the process of gene translation, the ribosome flow model (RFM) with pool was
introduced recently. This model describes the movement of several ribosomes along an mRNA template and
simultaneously captures the dynamics of the finite pool of ribosomes. Studying this system with respect to the
number and stability of its equilibria was so far based on monotone systems theory (Margaliot et al., 2012). We
extend the results obtained therein by using a geometric approach, showing that the equilibria of the system
constitute a normally hyperbolic invariant submanifold. Subsequently, we analyze the Jacobi linearization of the
system evaluated at the equilibria in order to show that the equilibria are asymptotically stable relative to certain affine
subspaces. As this approach does not require any monotonicity features of the system, it may also be applied for
more complex systems of the same kind such as bi-directional ribosome flows or time-varying template numbers.
 

11:15-11:40, Paper ThA02.3  

Steady State Distribution of Molecular Motor Ensembles
Talukdar, Saurav Univ. of Minnesota

Bhaban, Shreyas Univ. of Minnesota

Salapaka, Murti V. Univ. of Minnessota

Keywords: Biological Systems, Systems Biology
Abstract: Directed transport of intracellular cargo is predominantly carried out by nanoscale bio-mechanical agents
called molecular motor proteins. Often, multiple motors with same or different mechano-chemical properties team up
to transport cargoes inside cells. In this article we analyze the behavior of homogeneous multi-motor ensembles and
prove the existence of a transient state in the state space describing the various configurations for a two-motor
ensemble. We further show that the various motor configurations for such an ensemble have a unique steady state
probability distribution, implying that such a system possesses a degree of robustness. Results of this nature can be
extended to ensembles containing higher number of motors, with the associated steady state distributions providing
insights into possible mechanisms employed by motors while transporting a common cargo.
 

11:40-12:05, Paper ThA02.4  

Modelling Type 1 Diabetes Mellitus Blood Glucose Dynamics As a Monotone System
Sootla, Aivar Univ. of Liege

Cescon, Marzia Univ. of California Santa Barbara



Keywords: Biological Systems, Nonlinear Systems and Control
Abstract: In this presentation, we study an FDA-approved Type 1 diabetes mellitus (T1DM) blood glucose dynamics
simulator used in the majority of the practical studies on Artificial Pancreas (AP). We show that under some
physiologically plausible assumptions, the glucoregulatory system described by the model is monotone. This means
that the system generates trajectories which are monotone with respect to specific changes in initial conditions and
control signals. This strong property leads to many interesting observations. By using monotonicity, for example, it
becomes straightforward to compute bounds on glucose concentration subject to variations in intake of
carbohydrates and insulin injections. Monotonicity also rigorously justifies recent studies on fundamental limitations in
glucose control.
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Networked Control Systems Regular Session

 

10:25-10:50, Paper ThA03.1  

A Smooth Distributed Control Law for Global Rendezvous of Unicycles
Roza, Ashton Univ. of Toronto

Maggiore, Manfredi Univ. of Toronto

Scardovi, Luca Univ. of Toronto

Keywords: Networked Control Systems, Nonlinear Systems and Control, Robotics
Abstract: This extended abstract presents a solution to the rendezvous control problem for a network of unicycles on
the plane. A smooth, static control law is presented that drives the unicycles to a common position from arbitrary
initial conditions. Each unicycle is equipped with an onboard camera and can measure its relative displacement to its
neighbors in body frame. The feedback is a function only of these onboard measurements and no global positioning
system is required, nor any information about the unicycles’ attitudes.
 

10:50-11:15, Paper ThA03.2  

Global and Invariant Aspects of Consensus on the N-Sphere
Markdahl, Johan KTH

Song, Wenjun KTH Royal Inst. of Tech

Hu, Xiaoming Royal Inst. of Tech

Goncalves, Jorge M. Univ. of Luxembourg

Keywords: Networked Control Systems, Aerospace and Avionic Systems, Nonlinear Systems and Control
Abstract: This paper concerns two aspects of the multi-agent consensus problem on the n-sphere. Firstly, it proves
that a standard consensus protocol, in a certain sense, yields asymptotical stability on a global level for a nontrivial
class of graph topologies. Secondly, it provides a novel consensus protocol that leaves the centroid of agent states in
Euclidean space projected back to the sphere invariant. It hence becomes possible to determine the consensus point
as a function of the initial states. Much of the stability analysis has an intuitive geometric appeal since it is based on
the symmetries of the n-sphere rather than generic Lyapunov theory.
 

11:15-11:40, Paper ThA03.3  

Laplacian Global Similarity of Networks
Sandhu, Romeil Departments of Computer Science and Applied Mathematics/Statisti

Georgiou, Tryphon T. Univ. of Minnesota

Tannenbaum, Allen Stony Brook Univ

Keywords: Networked Control Systems
Abstract: In this paper, we describe a methodology for comparing networks represented as weighted graphs. The
key idea is to associate a probability density function derived from the graph Laplacian, and then compute the
Wasserstein distance between the derived densities of the respective graphs. This has wide applications to various
networks including biological and financial.
 

11:40-12:05, Paper ThA03.4  



On the Design of Output Feedback Controllers for Networked Control Systems Over Fading Channels

Su, Lanlan The Univ. of Hong Kong

Chesi, Graziano Univ. of Hong Kong
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Multidimensional Moment Problems Invited Session

Chair: Kimsey, David Newcastle Univ

Co-Chair: Karlsson, Johan Royal Inst. of Tech. (KTH)

Organizer: Kimsey, David Newcastle Univ

Organizer: Karlsson, Johan Royal Inst. of Tech. (KTH)

 

10:25-10:50, Paper ThA04.1  

Moment Problem for Symmetric Algebras of Locally Convex Spaces (I)
Kuhlmann, Salma Univ. of Konstanz

Keywords: Applications of Algebraic and Differential Geometry in Systems Theory, Operator Theoretic Methods in

Systems Theory
Abstract: In this talk, I will explain how a locally convex (lc) topology tau on a real vector space V extends to a locally
multiplicatively convex (lmc) topology overline{tau} on the symmetric algebra S(V). This allows application of the
results on lmc topological algebras obtained by Ghasemi, Kuhlmann and Marshall to obtain representations of
overline{tau}-continuous linear functionals L: S(V)rightarrow mathbb{R} satisfying L(sum S(V) {̂2d}) subseteq [0,infty)
(more generally, L(M) subseteq [0,infty) for some 2d-power module M of S(V)) as integrals with respect to uniquely
determined Radon measures mu supported by special sorts of closed balls in the dual space of V. The result is
simultaneously more general and less general than the corresponding result of Berezansky, Kondratiev and Sifrin. It
is more general because V can be any lc topological space (not just a separable nuclear space), the result holds for
arbitrary 2d-powers (not just squares), and no assumptions of quasi-analyticity are required. It is less general
because it is necessary to assume that L : S(V) rightarrow mathbb{R} is overline{tau}-continuous (not just continuous
on each homogeneous part of S(V)).
 

10:50-11:15, Paper ThA04.2  

Positivity and Representing Measures in the Truncated Moment Problem (I)
Fialkow, Lawrence SUNY New Paltz

Keywords: Multidimensional Systems
Abstract: We discuss results concerning the gap between positivity of Riesz functionals and the existence of
representing measures in the truncated moment problem. We discuss the core variety of a multisequence and
cases in which the presence of a nonempty core implies the existence of a representing measure.
 

11:15-11:40, Paper ThA04.3  

Multidimensional Rational Covariance Extension with Approximate Covariance Matching (I)
Ringh, Axel KTH Royal Inst. of Tech

Karlsson, Johan Royal Inst. of Tech. (KTH)

Lindquist, Anders Royal Inst. of Tech

Keywords: Multidimensional Systems, System Identification, Optimization : Theory and Algorithms
Abstract: In this extended abstract we use rational systems to model multidimensional stochastic processes
obtained from noisy input data and, in particular, we investigate how the framework for rational covariance extension
can be adapted to handle noisy covariance estimates. Covariance estimation errors impede the accuracy of the
resulting model and in some cases there does not even exist a positive extension consistent with an estimated
covariance sequence. To deal with this, we consider relaxations of the exact covariance matching constraint. This
approach is compared with exact matching to the biased covariance estimate, which is extendable.
 



11:40-12:05, Paper ThA04.4  

The Subnormal Completion Problem in Several Variables (I)
Kimsey, David Newcastle Univ

Keywords: Optimization : Theory and Algorithms
Abstract: We present an approach to the subnormal completion problem for weighted shift operators in d-variables.
 

12:05-12:30, Paper ThA04.5  

Nonlinear Systems, Moments and Moment Completions (I)
Choi, Hayoung Univ. of Wyoming

Cockburn, Juan C. Rochester Inst. of Tech

Jafari, Farhad Univ. of Wyoming

Keywords: Nonlinear Systems and Control, Operator Theoretic Methods in Systems Theory, Optimization : Theory

and Algorithms
Abstract: Abstract. The standard (nonlinear) problem of optimal control or variational calculus can be converted into
a (linear) problem over the space of measures. Function theoretic considerations of the variational problem further
reduces this problem to a problem of moments with respect to specifi c classes of (orthogonal) polynomials. While
SDP methods can be used to solve this reformulation, analytically this problem is convertible to fi nding measures for
which some moments or linear combination of moments are speci ed and a functional of other moments are
minimized. In particular, this is a moment completion problem where not only completions are sought, but a "best"
completion is expected.
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Problems with Matrix and Operator Variables Invited Session

Chair: Klep, Igor The Univ. of Auckland

Organizer: Klep, Igor The Univ. of Auckland

Organizer: Helton, J. William UC San Diego

 

10:25-10:50, Paper ThA05.1  

Changing Variables to Produce an LMI, Part 1 (I)
Helton, J. William UC San Diego

Klep, Igor The Univ. of Auckland

Keywords: Operator Theoretic Methods in Systems Theory, Optimization : Theory and Algorithms
Abstract: The talk concerns inequalities for functions having matrix variables. The functions are typically
(noncommutative) polynomials or rational functions. A focus of much attention are the inequalities corresponding to
convexity. Such mathematics is central to linear systems problems which are specified entirely by a signal flow
diagram and L 2̂ performance specs on signals.

Since systems problems seldom produce an LMI directly it is important to have a theory for changing variables to
produce an LMI or a theory of convex hulls. This talk will concern what is known now about changing variables to
produce convex problems. While this is hopeless for classical polynomials in commuting variables, there is some
chance of an informative theory for matrix variables. For noncommuting variables this produces a wide range of
subsidiary problems which need to be solved.

The work originates in trying to develop some theory for studying the matrix inequalities which are ubiquitous in linear
engineering systems and control. Most of the work is done jointly by J. William Helton, Igor Klep and Scott A.
McCullough. The talks of Bill Helton and Igor Klep in this session are both on this topic and will be coordinated. No
paper will be submitted to the proceedings.

 

10:50-11:15, Paper ThA05.2  

Changing Variables to Produce an LMI, Part 2 (I)
Helton, J. William UC San Diego

Klep, Igor The Univ. of Auckland



Keywords: Operator Theoretic Methods in Systems Theory, Optimization : Theory and Algorithms
Abstract: The talk concerns inequalities for functions having matrix variables. The functions are typically
(noncommutative) polynomials or rational functions. A focus of much attention are the inequalities corresponding to
convexity. Such mathematics is central to linear systems problems which are specified entirely by a signal flow
diagram and L 2̂ performance specs on signals.

Since systems problems seldom produce an LMI directly it is important to have a theory for changing variables to
produce an LMI or a theory of convex hulls. This talk will concern what is known now about changing variables to
produce convex problems. While this is hopeless for classical polynomials in commuting variables, there is some
chance of an informative theory for matrix variables. For noncommuting variables this produces a wide range of
subsidiary problems which need to be solved.

The work originates in trying to develop some theory for studying the matrix inequalities which are ubiquitous in linear
engineering systems and control. Most of the work is done jointly by J. William Helton, Igor Klep and Scott A.
McCullough. The talks of Bill Helton and Igor Klep in this session are both on this topic and will be coordinated. No
paper will be submitted to the proceedings.

 

11:15-11:40, Paper ThA05.3  

Modeling Containment of Projected Spectrahedra Via Matrix Polynomials (I)
Kellner, Kai Goethe-Univ. Frankfurt

Keywords: Operator Theoretic Methods in Systems Theory
Abstract: Spectrahedra can be defined as affine sections of the cone of positive semidefinite matrices or,
equivalently, by linear matrix inequalities (LMI). We investigate the problem of deciding containment of projections of
spectrahedra (sometimes called LMI representable sets). The main concern is to study these containment problems
by formulating them as nonnegativity problems of matrix polynomials. This allows to state hierarchies of sufficient
semidefinite conditions by applying (and proving) a sophisticated Positivstellensatz. It turns out that the initial step of
the hierarchy coincides with a solitary sufficient semidefinite criterion for the nonprojected case extended to the
projective case. We also extend results on the connection between containment and the theory of (completely)
positive linear maps.
 

11:40-12:05, Paper ThA05.4  

Matrix Monotonicity in Several Variables (I)
Pascoe, James Eldred Washington Univ. in St. Louis

Keywords: Operator Theoretic Methods in Systems Theory, Algebraic Systems Theory, Robust and H-Infinity

Control
Abstract: A function is said to be matrix monotone if it preserves matrix inequalities. Classically, Loewner showed
that a function is matrix monotone if and only if it analytically continues to a self map of the upper half plane. We will
discuss a multi-variable analog of Loewner's theorem.
 

12:05-12:30, Paper ThA05.5  

Noncommutative Sinkhorn Theorem and Generalizations (I)
Chen, Yongxin Univ. of Minnesota

Georgiou, Tryphon T. Univ. of Minnesota

Pavon, Michele Univ. Di Padova

Keywords: Operator Theoretic Methods in Systems Theory, Quantum Control, Optimization : Theory and Algorithms
Abstract: In 1964, Sinkhorn proved that a (stochastic) matrix which is strictly positive element-wise can be
transformed into a doubly stochastic matrix by diagonal scaling on both sides, i.e., by scaling rows and columns
accordingly. The topic relates to an even earlier theme to reconcile empirical joint distributions of random variables
with given marginals -- a problem that is central in determining contingency tables in statistics. The purpose of the
presentation is to highlight the theory underlying these two classical topics as well as to explain a natural non-
commutative generalization. This is the problem to reconcile known density matrices at two ends of a quantum
channel by suitable modification of the corresponding completely positive trace preserving map that defines the
channel, i.e., by a modification of this quantum stochastic map by suitable scaling at the ends of the channel.
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Distributed Parameter Systems-IV Regular Session

Chair: Hu, Weiwei Univ. of Southern California

 

10:25-10:50, Paper ThA06.1  

Stabilization of Coupled Wave Equations with Boundary or Internal Distributed Delay
Rebiai, Salah-Eddine Univ. of Batna 2

Ghechamm, Wassila Batna 2 Univ

Sidi Ali, Fatima Zohra Batna 2 Univ

Keywords: Control of Distributed Parameter Systems, Delay Systems, Stability
Abstract: We consider in a bounded domain of Rn; a coupled system of two wave equations with distributed delay on
the boundary or into the domain. In both cases, under some assumptions, we prove the exponential stability of the
solution. These results are obtained by introducing suitable energy functions and by establishing some observability
estimates.
 

10:50-11:15, Paper ThA06.2  

Balanced Truncation Error Bound for Temporally and Spatially-Varying Interconnected Systems
Al-Taie, Fatimah Tu-Harburg

Werner, Herbert Hamburg Univ. of Tech

Keywords: Control of Distributed Parameter Systems, Multidimensional Systems
Abstract: In this short note, a balanced truncation approach, based on operator theory, is proposed to reduce
temporally- and spatially-varying (LTSV) interconnected systems defined in discrete domain. This is done by
considering two operators defined on l2-space, which can be used to represent multidimensional (LTSV) systems.
An improved error bound for this case is presented as well.
 

11:15-11:40, Paper ThA06.3  

Linear-Quadratic Optimal Control of a Non-Isothermal Catalytic Packed-Bed Reactor Model
Aksikas, Ilyasse Qatar Univ

Alizadeh Moghadam, Amir Univ. of Alberta

Forbes, J Fraser Univ. of Alberta

Keywords: Control of Distributed Parameter Systems, Optimal Control, Process Control
Abstract: This work deals with the linear-quadratic control problem for a non-isothermal packed-bed catalytic reactor,
which is described by coupled hyperbolic and parabolic partial differential equations model. The classical Riccati
equation approach, in the infinite-dimensional setting, is adopted. An optimal LQ-feedback is computed via the
eigenvalues and the eigenfunctions of the parabolic subsystem, while a differential Riccati equation is derived for the
hyperbolic subsystem. Numerical simulations are performed to show the performance of the designed controller on
non-linear reactor system.
 

11:40-12:05, Paper ThA06.4  

Feedback Control of a Thermal Fluid Based on a Reduced-Order Observer
Hu, Weiwei Univ. of Minnesota

Singler, John Missouri Univ. of Science and Tech

Zhang, Yangwen Missouri Univ. of Science and Tech

Keywords: Control of Distributed Parameter Systems, Stability, Feedback Control Systems
Abstract: We discuss the problem of designing an observer-based feedback law which locally stabilizes the solution
to a two dimensional thermal fluid modeled by the Boussinesq equations. We consider a finite number of controls
acting on a portion of the boundary through Neumann/Robin boundary conditions and construct a linear Luenberger
observer based on point observations of the linearized Boussinesq equations. The sensor locations for the point
observations are determined based on the geometric structure of the feedback functional gains. The current setting
of the system leads to a problem with unbounded control inputs and outputs. Therefore, Linear Quadratic Gaussian
(LQG)-balancing is employed to obtain the reduced-order model for the linearized system. The feedback law can be
obtained by solving an extended Kalman filter problem. The numerical results show that the nonlinear system



coupled with the reduced order observer through the feedback law is locally exponentially stabilizable.
 

12:05-12:30, Paper ThA06.5  

Stability Result for a Class of Sampled-Data Systems and Application to Observer Design for
Cascade ODE-PDE Systems
Ahmed-Ali, Tarek Greyc Umr Cnrs 6072

Karafyllis, Iasson National Tech. Univ. of Athens

Giri, Fouad Univ. of Caen Normandy

Krstic, Miroslav Univ. of California at San Diego

Lamnabhi-Lagarrigue, Francoise CNRS

Keywords: Control of Distributed Parameter Systems, Stability, Nonlinear Filtering and Estimation
Abstract: Hybrid continuous-discrete (HCD) systems naturally emerge when sampled-data observers or controllers
are applied to continuous-time systems. This paper is focused on a class of HCD systems composed of an
autonomous subsystem, modelled by a parabolic PDE, connected to a linear subsystem modelled with an ODE.
Exponential stability of these systems is established under conditions involving the maximum sampling interval using
a small-gain stability analysis. Then, it is shown that this stand-alone theoretical result is useful in the design of
sampled-output exponentially convergent observers for ODE-PDE systems constituted of an LTI linear subsystem
connected in series with an infinite-dimensional subsystem modelled by a parabolic PDE.
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Control of Uncertain Systems Regular Session

Chair: Cantoni, Michael Univ. of Melbourne

Co-Chair: Ozbay, Hitay Bilkent Univ

 

10:25-10:50, Paper ThA07.1  

A Note on Robust Stability Analysis for Feedback Interconnections of Time-Varying Linear Systems
Akram, Muhammad Saeed COMSATS Inst. of Information Tech

Cantoni, Michael Univ. of Melbourne

Keywords: Linear Systems, Operator Theoretic Methods in Systems Theory, Robust and H-Infinity Control
Abstract: A generalization of Vinnicombe's nu-gap metric and corresponding robust feedback stability results are
proposed for a class of linear time-varying (LTV) systems in "Robust stability analysis of time-varying linear systems,"
SIAM J. Control and Optimization, Vol. 51, pp. 353-379, 2013. An error in the analysis presented therein leads to an
omission in the time-domain definition of a nu-gap metric for the class of continuous-time systems studied. This
omission and the underlying error in the development are corrected herein. Specifically, the omission is a norm-
coercivity constraint to be satisfied in conjunction with the family of Fredholm index conditions that generalize the
winding-number condition in the frequency-domain definition for time-invariant systems.
 

10:50-11:15, Paper ThA07.2  

Adaptive Robust Output Tracking of Uncertain Nonlinear Systems with Completely Unknown Dead-
Zone Input Nonlinearities
Wu, Hansheng Prefectural Univ. of Hiroshima

Keywords: Nonlinear Systems and Control, Adaptive Control, Robust and H-Infinity Control
Abstract: Adaptive robust output tracking problem is considered for a class of uncertain nonlinear systems with
dead-zone input. A simple approach is proposed to synthesize some adaptive robust tracking controllers of uncertain
nonlinear systems with any nonsymmetric dead-zone input, where its information is assumed to be completely
unknown. In the paper, a nonlinear dead-zone input is firstly represented as a time-varying input-dependent function
such that the considered nonlinear dynamical system with dead-zone input can be transfered into an uncertain
nonlinear dynamical system subject to a linear input with time-varying input coefficient. Then, a class of adaptive
robust output tracking control schemes with a rather simple structure can be designed. A numerical example is also
given to demonstrate the validity of the theoretic results obtained in this paper.
 

11:15-11:40, Paper ThA07.3  



Enhanced Approximation of the Decentralized Assignability Measure by Subgradient Methods
Alavian, Alborz Univ. of Maryland, Coll. Park

Rotkowitz, Michael The Univ. of Maryland

Keywords: Optimization : Theory and Algorithms, Robust and H-Infinity Control, Networked Control Systems
Abstract: This paper discusses the controllability of linear time-invariant (LTI) systems with decentralized controllers.
Whether an LTI system is controllable (by LTI controllers) with respect to a given information structure can be
determined by testing for fixed modes, but this gives a binary answer with no information about robustness.
Measures have been developed to further determine how far a system is from having a fixed mode, in particular the
decentralized assignability measure of Vaz and Davison in 1988, but these measures cannot actually be computed in
most cases. We thus seek an easily computable, non-binary measure of controllability for LTI systems with
decentralized controllers of arbitrary information structure.

This problem has been addressed by utilizing modern optimization techniques that tackle the decentralized
assignability measure. The main difficulties which have previously precluded its widespread use, are that it involves
the minimization of the n-th singular value of a matrix, which must further be minimized over a power set of the
subsystems. A recently developed algorithm uses the nuclear norm in place of the singular value, then employs
Alternating Direction Method of Multipliers (ADMM) to decouple those variables that cause further non-convexity. In
this paper, we aim to improve this algorithm by using its solution as a starting point for a tuning method that utilizes
subgradient methods to directly target the n-th singular value, which is the original objective of the decentralized
assignability measure.

 

11:40-12:05, Paper ThA07.4  

On the Optimal Nevanlinna-Pick Interpolant and Its Applications to Robust Control of Systems with
Time Delays
Yucesoy, Veysel Bilkent Univ

Ozbay, Hitay Bilkent Univ

Keywords: Robust and H-Infinity Control, Delay Systems, Linear Systems
Abstract: Computation of the optimal interpolant in the Nevanlinna-Pick problem is revisited. Based on a the fact that
the optimal interpolant has to be an inner function, whose order is one less than the number of interpolation points, an
eigenvalue-eigenvector problem is constructed. The numerical properties of the proposed computational procedure
are discussed. The method is applied to robust control problems for time delay systems.
 

12:05-12:30, Paper ThA07.5  

Computing the Distance between Time-Periodic Dynamical Systems
Vuglar, Shanon Leigh The Univ. of Melbourne

Cantoni, Michael Univ. of Melbourne

Keywords: Robust and H-Infinity Control, Operator Theoretic Methods in Systems Theory, Stability
Abstract: A recent generalization of Vinnicombe's nu-gap metric accommodates linear time-varying (LTV) dynamics
for a class of systems with graphs that admit normalized coprime representations. Such graph representations exist
for systems generated by stabilizable and detectable LTV state-space models. In general, construction of normalized
coprime representations is computationally challenging. In this paper, a numerical method for constructing
normalized graph representations is provided for periodic state-space models. The construction involves the periodic
solutions of corresponding periodic differential Riccati equations. Based on this, a bisection algorithm for computing
the nu-gap metric is also provided.
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Prof. Como Semi-Plenary Semi-plenary session

 

14:00-15:00, Paper ThSL1.1  

Resilient Control of Network Flow Dynamics
Como, Giacomo Lund Univ

Keywords: Networked Control Systems
Abstract: In the control of large network systems efficiency, resilience, and scalability are key issues. We focus on



distributed control of network flow dynamics, governed by routing and flow control policies within constraints imposed
by the network structure and physics laws. Depending on the application (e.g., road transport or distribution
networks), such policies are meant to represent local routing and scheduling controls, users’ behavior, or a
combination of the two. The considered models include cascading failures mechanisms, whereby overloaded links
become inactive and potentially induce the overload and failure of other nodes and links in the network. First, we
focus on throughput and resilience properties of decentralized feedback policies that use local information only and
require no global knowledge of the network. Then, we discuss cases in which optimal network flow control can be
cast as a convex problem which is amenable to iterative distributed computation solutions. Finally, we deal with multi-
scale flow dynamics and the use of incentive mechanisms to influence users' behaviors. Throughout, we illustrate
how structural properties of the dynamics, such as monotonicity, contraction, and convexity, can be leveraged to
obtain tractable models whose performance can be related to connectivity and other network properties.

 

ThSL2 Blegen 150

Prof. Klep Semi-Plenary Semi-plenary session

 

14:00-15:00, Paper ThSL2.1  

Linear Matrix Inequalities and Interpolation Problems for CP Maps
Klep, Igor The Univ. of Auckland

Keywords: Optimization : Theory and Algorithms
Abstract: Linear matrix inequalities (LMIs) are common in many areas: control systems, mathematical optimization,
statistics, etc. The solution set of an LMI is called an LMI domain (or a spectrahedron) and is a convex subset of the
euclidean space. LMIs often have unknowns which are scalars, but in many problems the unknowns enter naturally
as matrices rather than scalars.

There is a class of maps naturally associated to LMI domains, the completely positive (cp) maps. A linear map is
positive if it maps positive semidefinite (psd) matrices to psd matrices, and is completely positive (cp) if each of its
ampliations is positive. (Completely) positive maps are ubiquitous in matrix theory and mathematical physics. For
instance, trace-preserving cp maps, i.e., quantum channels, are fundamental objects in quantum information theory,
while unital cp maps are central to understanding LMIs and their matrix solution sets.

In this talk we show some theory for cp maps recently developed for LMIs and analogous results for quantum
channels, e.g. a tracial Hahn-Banach theorem and a quantum interpolation theorem.

The talk is based on joint work with Bill Helton and Scott McCullough.
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Prof. Tucsnak Semi-Plenary Semi-plenary session

 

14:00-15:00, Paper ThSL3.1  

Mathematics and Swimming of Aquatic Organisms
Tucsnak, M. Univ. of Bordeaux/CNRS

Keywords: Physical Systems Theory
Abstract: Understanding the motion of aquatic organisms is a problem which fascinated scientists and philosophies
for centuries. Our aim consists in showing that this modelling problem raises highly challenging questions for various
fields of mathematics, such as partial differential equations, numerical analysis or control theory. We begin by
emphasizing that, depending on the flow regime, the governing equations may exhibit a wide range of properties,
leading to a rich mathematical structure. We next discuss wellposedness issues, where the major difficulty to be
solved consists in tackling the presence of free boundaries. Finally we study the displacement of the solids (under the
action of an exterior force or in a self-propelled manner) from a control theoretical perspective
 

ThB01 Blegen 110

Monotone Dynamic Systems and Applications-II Invited Session

Chair: Zlotnik, Anatoly Los Alamos National Lab

Co-Chair: Sootla, Aivar Univ. of Liege

Organizer: Zlotnik, Anatoly Los Alamos National Lab



Organizer: Sootla, Aivar Univ. of Liege

Organizer: Como, Giacomo Lund Univ

 

15:30-15:55, Paper ThB01.1  

Control of the Linear Threshold Model of Cascades in Large-Scale Networks (I)
Rossi, Wilbert Samuel Univ. of Twente

Como, Giacomo Lund Univ

Fagnani, Fabio Pol. Di Torino

Keywords: Optimal Control, Networked Control Systems, Large Scale Systems
Abstract: The spread of new ideas and technologies in social and economic networks - as well as contagion
dynamics in financial networks - are often driven by cascading mechanisms. We focus on the Linear Threshold
Model (LTM), that was first introduced by Granovetter (1978). In the LTM the state of each agent depends on the state
of the neighbors via a threshold rule and multiple switch are possible. We analyze the LTM on sparse large-scale
directed networks that feature heterogeneous agents. Using a local mean-field approach, we obtain a nonlinear, one-
dimensional, recursive equation that approximates the evolution of the fraction of active agents. We prove that this
approximation is sound on most of the networks of given size and given statistics of degrees and thresholds.
Remarkably, the local mean-field approach continues to hold even if the threshold distribution is dynamically adjusted,
allowing the formulation of an optimal control problem. We present a case study in which the optimal solution can be
reproduced by applying a suboptimal heuristic method.
 

15:55-16:20, Paper ThB01.2  

Robust Control Invariant Sets for Positive Monotone Systems (I)
Sadraddini, Sadra Boston Univ

Belta, Calin Boston Univ

Keywords: Nonlinear Systems and Control, Transportation Systems, Mathematical Theory of Networks and Circuits
Abstract: Robust control invariant sets play a major role in safety control of cyber-physical systems that are subject
to various constraints and objectives. In this work, we characterize geometrical properties of robust control invariant
sets for discrete time positive monotone (cooperative) systems with bounded disturbances and provide a novel
algorithm to compute them. Unlike fixed-point iterative algorithms that rely on computationally intensive set
operations, our method can be cast as an optimization problem. Furthermore, monotonicity properties enable us to
find controlled limit-cycles of the system. We also show that, under some mild assumptions, safety control of
monotone systems does not require state feedback. We demonstrate the results of our methods on a signalized
urban traffic network where the safety objective is to keep the traffic flow uncongested.
 

16:20-16:45, Paper ThB01.3  

Monotone Order Properties for Control of Nonlinear Parabolic PDE on Graphs (I)
Misra, Sidhant Los Alamos National Lab

Vuffray, Marc Los Alamos National Lab

Zlotnik, Anatoly Los Alamos National Lab

Chertkov, Michael Los Alamos National Lab

Keywords: Networked Control Systems, Robust and H-Infinity Control
Abstract: We derive conditions for the propagation of monotone ordering properties for a class of nonlinear parabolic
partial differential equation (PDE) systems on metric graphs. For such systems, PDEs with a general nonlinear
dissipation term define evolution on each edge, and balance laws create Kirchhoff-Neumann boundary conditions at
the vertices. Initial conditions, as well as time-varying parameters in the coupling conditions at vertices, provide an
initial value problem (IVP). We first prove that ordering properties of the solution to the IVP are preserved when the
initial conditions and time-varying coupling law parameters at vertices are appropriately ordered. Then, we prove that
when monotone ordering is not preserved, the first crossing of solutions occurs at a graph vertex. We consider the
implications for robust optimal control formulations and real-time monitoring of uncertain dynamic flows on networks,
and discuss application to subsonic compressible fluid flow with energy dissipation on physical networks.
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Systems Biology-II Regular Session

Chair: Verriest, Erik I. Georgia Inst. of Tech



 

15:30-15:55, Paper ThB02.1  

Explicitly Solvable Bilinear Optimal Control Problems with Applications in Ecology
Verriest, Erik I. Georgia Inst. of Tech

Dirr, Gunther Univ. of Wuerzburg

Helmke, Uwe R. Univ. of Wuerzburg

Mitesser, O. Biocenter, Department of Animal Ec. and Tropical Biology, Un

Keywords: Nonlinear Systems and Control
Abstract: It is well-known that even very simple nonlinear optimal control problems are hard to solve. Controllability
properties of such bilinear systems have been analyzed by Brockett and Hayek, who established convexity of the
reachable sets under mild conditions. In this paper, we show how one can solve the optimal control problem for
linear, possibly time dependent reward functionals
 

15:55-16:20, Paper ThB02.2  

Bakry-Emery Ricci Curvature on Weighted Graphs with Applications to Biological Networks
Pouryahya, Maryam Stony Brook Univ

Elkin, Rena Stony Brook Univ

Sandhu, Romeil Departments of Computer Science and Applied Mathematics/Statisti

Tannenbaum, Sarah Columbia

Georgiou, Tryphon T. Univ. of Minnesota

Tannenbaum, Allen Stony Brook Univ

Keywords: Systems Biology
Abstract: In this note, we describe several notions of graph curvature and their relation to functional network
robustness with applications to studying mechanisms of robustness and resistance in cancer. We are especially
interested in using this methodology to identify drug targets. We will focus on describing formulations of curvature
that are applicable to weighted graphs with both positive and negative weights. The ideas contained here, may also
be applied to any network that may be represented as a weighted graph.
 

ThB03 Blegen 130

Graphs and Networks Regular Session

Chair: Scardovi, Luca Univ. of Toronto

 

15:30-15:55, Paper ThB03.1  

Complete Synchronizability in Networks of LTI Systems
Xia, Tian Univ. of Toronto

Scardovi, Luca Univ. of Toronto

Keywords: Networked Control Systems, Linear Systems, Systems on Graphs
Abstract: This paper introduces and characterizes the classes of completely synchronizable and practically-
completely synchronizable systems. Passivity and output-feedback passivity are shown to be sufficient conditions for
complete synchronizability and practically-complete synchronizability respectively. A full characterization is provided
for the class of SISO systems.
 

15:55-16:20, Paper ThB03.2  

An Iterative Projection Method for Synchronization of Invertible Matrices Over Graphs
Thunberg, Johan Univ. of Luxembourg

Colombo, Nicolo Univ. of Luxembourg

Yue, Zuogong Univ. of Luxembourg

Goncalves, Jorge M. Univ. of Luxembourg



Keywords: Optimization : Theory and Algorithms, Systems on Graphs, Large Scale Systems
Abstract: This paper addresses synchronization of invertible matrices over graphs. The matrices represent pairwise
transformations between n euclidean coordinate systems. Synchronization means that composite transformations
over loops are equal to the identity. Given a set of measured matrices that are not synchronized, the synchronization
problem amounts to fining new synchronized matrices close to the former. Under the assumption that the
measurement noise is zero mean Gaussian with known covariance, we introduce an iterative suboptimal method for
the maximum log-likelihood problem. As initialization, a recently proposed direct method is used where a related
problem with convex objective function is solved. The method is free of step size determination and tuning and
numerical simulations show fast convergence and significant improvement of the solution to the direct method as
well as the solution obtained with the Gauss-Newton method.

 

16:20-16:45, Paper ThB03.3  

A Game Theoretic Approach to a Peer-To-Peer Cloud Storage Model
Fagnani, Fabio Pol. Di Torino

Franci, Barbara Pol. Di Torino

Grasso, Ennio Joint Open Lab - Telecom Italia

Keywords: Systems on Graphs, Computer Networks, Stochastic Modeling and Stochastic Systems Theory
Abstract: Classical cloud storage based on external data providers has been recognized to suffer from a number of
drawbacks. This is due to its inherent centralized architecture which makes it vulnerable to external attacks,
malware, technical failures, as well to the large premium charged for business purposes. In this paper we propose an
alternative distributed peer-to-peer cloud storage model which is based on the observation that the users themselves
often have available storage capabilities to be offered in principle to other users. Our set-up is that of a network of
users connected through a graph, each of them being at the same time a source of data to be stored externally and a
possible storage resource. We cast the peer-to-peer storage model to a Potential Game and we propose an original
decentralized algorithm which makes units interact, cooperate, and store a complete back up of their data on their
connected neighbors. We present theoretical results on the algorithm as well a good number of simulations which
validate our approach.
 

16:45-17:10, Paper ThB03.4  

Diffusion of Innovation in Large Scale Graphs: A Mean Field Analysis
Fagnani, Fabio Pol. Di Torino

Zino, Lorenzo Pol. Di Torino

Keywords: Systems on Graphs, Stochastic Modeling and Stochastic Systems Theory, Large Scale Systems
Abstract: Will a new smartphone application diffuse deeply in the population or will it sink into oblivion soon? To
predict this, we argue that common models of spread of innovations based on cascade dynamics or epidemics may
not be fully adequate. Therefore we propose a novel stochastic network dynamics modeling the spread of a new
technological asset, whose adoption is based on the word-of-mouth and the persuasion strength increases the more
the product is diffused. We carry on a mean field analysis on large scale graphs to show off how the parameters of
the model and, possibly, the initial diffusion of the asset, determine whether the spread of the asset is successful or
not. In particular we study the case of a complete graph using both a deterministic approximation of the system and a
direct analysis of the stochastic process. Thereafter we consider the case of two complete disjoint subgraphs
through a deterministic approximation, pointing out many common features with the previous case. Finally we
present numerical simulations showing that similar behaviors are present in very general graphs.
 

17:10-17:35, Paper ThB03.5  

A Model for Lane-Less Traffic with Local Control Laws
Mulla, Ameer Kalandar Indian Inst. of Tech. Bombay

Chavan, Rakesh U. Indian Inst. of Tech. Bombay

Chakraborty, Debraj Indian Inst. of Tech. Bombay

 

ThB04 Blegen 135

Operator Theoretic Approach to Control and Signal Processing Invited Session



Chair: Minami, Yuki Nara Inst. of Science and Tech

Co-Chair: Yamamoto, Yutaka Kyoto Univ

Organizer: Kashima, Kenji Kyoto Univ

Organizer: Ohta, Yoshito Kyoto Univ

 

15:30-15:55, Paper ThB04.1  

Noise-Shaping A/D Conversion of Graph Signals (I)
Imoda, Nobuyuki Graduate School of Informatics, Kyoto Univ

Azuma, Shun-ichi Kyoto Univ

Kitao, Taichi Kyoto Univ

Sugie, Toshiharu Kyoto Univ

Keywords: Signal Processing, Operator Theoretic Methods in Systems Theory
Abstract: Graph signals are signals defined on a graph. In this talk, we briefly show our idea of the noise-shaping
analog-digital conversion of graph signals.
 

15:55-16:20, Paper ThB04.2  

Dynamic Quantizer Design Based on Serial System Decomposition (I)
Minami, Yuki Nara Inst. of Science and Tech

Kashima, Kenji Kyoto Univ

Keywords: Networked Control Systems, Signal Processing
Abstract: In this paper, a novel quantizer design method for discrete-valued input control is proposed. The key
technique of the proposed method is a serial decomposition of systems whose input is discrete-valued. More
specifically, we perform an inner-outer like factorization, and a dynamic quantizer is analytically derived for the outer
part. The proposed method enables us to design stable dynamic quantizers for non-minimum phase systems.
 

16:20-16:45, Paper ThB04.3  

Control Theoretical Approach for Single-Frequency Full-Duplex Wireless Relaying (I)
Sasahara, Hampei Tokyo Inst. of Tech

Nagahara, Masaaki Kyoto Univ

Hayashi, Kazunori Kyoto Univ

Yamamoto, Yutaka Kyoto Univ

Keywords: Signal Processing, Communication Systems
Abstract: In wireless communications, relay stations are employed for relaying radio waves between radio stations
that cannot communicate with each other directly because of decreasing of their signal powers. Meanwhile, it is
crucial to efficiently use the bandwidth owing to the limitation of frequency re-sources [1], while traditional relay
stations ordinarily utilize different wireless resources, such as frequency, time, and code, for their transmission and
reception of their radio waves. For the reason, single-frequency full-duplex relaying, with which radio waves with the
same carrier frequency are transmitted and received at the same time, is regarded as one of the key technologies in
the fifth generation (5G) mobile communications systems [2]. In order to realize such full- duplex relaying, self-
interference made by coupling waves is the important issue [3].
 

16:45-17:10, Paper ThB04.4  

Stabilizability of Some Neutral Delay Systems with Chains of Poles Clustering the Imaginary Axis (I)
Bonnet, Catherine Inria Saclay-Ile-De-France

Yamamoto, Yutaka Kyoto Univ

Keywords: Delay Systems, Robust and H-Infinity Control
Abstract: When dealing with phenomena such as transport, propagation or communication, it is a crucial issue to
take delays into account to avoid bad performances. Neutral type delay systems are the most delicate to analyze as
they may have chains of poles clustering the imaginary axis. We investigate here the Hinfinity-stabilizability of two
particular neutral delay systems with a chain of poles clustering the imaginary axis: the first one having a chain of



poles in the left-half plane and the second one having a chain of poles in the right-half plane.In both case, we show
how to construct a coprime factorization over Hinfinity proving then they are both Hinfinity-stabilizable.

 

ThB05 Blegen 145

Robust Control and Applications Regular Session

Chair: Salapaka, Srinivasa Univ. of Illinois

Co-Chair: Ntogramatzidis, Lorenzo Curtin Univ

 

15:30-15:55, Paper ThB05.1  

Multivariable Tracking Control for MIMO Linear Systems: An LMI Approach
Garone, Emanuele Univ. Libre De Bruxelles

Ntogramatzidis, Lorenzo Curtin Univ

Ferrante, Augusto Univ. Di Padova

Keywords: Linear Systems, Feedback Control Systems
Abstract: In this paper we consider the problem of achieving monotonic tracking control for multiple-input multiple-
output (MIMO) linear time-invariant (LTI) systems, from any initial condition. First, we show that this property is
equivalent to achieving non-overshooting and non-undershooting starting from any initial condition. Second, we prove
that a stable system is monotonic from every initial condition if and only if all the rows of the output matrix are left
eigenvectors of the space transition matrix. In this way, the design of a controller which ensures global monotonic
tracking can be reformulated as a convex optimization problem described by a set of Linear Matrix Inequalities (LMIs).
 

15:55-16:20, Paper ThB05.2  

Rank Characterization of Solutions of Discrete Algebraic Riccati Equations
Dilip, Sanand UC Louvain, Louvain-La-Neuve

Pillai, Harish Indian Inst. of Tech. Bombay

Jungers, Raphaël Univ. Catholique De Louvain

Keywords: Linear Systems, Optimal Control
Abstract: We give a rank characterization of the solution set of discrete algebraic Riccati equations involving real
matrices. We show that under appropriate conditions, all solutions of a DARE can be obtained from the maximal rank
solution with Schur complement manipulations.
 

16:20-16:45, Paper ThB05.3  

Optimal Structures for Voltage Controllers in Inverters
Johnson, Brian National Renewable Energy Lab

Salapaka, Srinivasa Univ. of Illinois

Lundstrom, Blake National Renewable Energy Lab

Salapaka, Murti V. Univ. of Minnessota

Keywords: Robust and H-Infinity Control
Abstract: Output voltage regulation is a primary performance objective in power electronics systems which are not
supported by a stiff voltage source. In this paper, we pose an optimal voltage control problem for ac inverter systems
and study the structure of the resulting feedback laws. Here, it is demonstrated that the solution to the optimal voltage
regulation control problem exhibits an inner current-controller structure even though there are no explicit objectives on
tracking current which are targeted. Furthermore, the outer-loop voltage control and inner-loop current control
structure is insensitive to the weighting transfer functions used in the optimal control problem. Although the inner-
outer structure has been used in prior works, the optimal nature of such a structure was not known. In deriving the
optimal controller, we also present a systematic design framework which is cognizant of the physical properties of
inverters. Case studies are used to study the optimal controller and its performance.
 

16:45-17:10, Paper ThB05.4  

Stabilization of a Planar Slow-Fast System at a Non-Hyperbolic Point
Jardón-Kojakhmetov, Hildeberto Univ. of Groningen



Scherpen, Jacquelien M.A. Univ. of Groningen

Keywords: Stability, Feedback Control Systems, Nonlinear Systems and Control
Abstract: In this document we study the stabilization problem of a planar slow-fast system at a non-hyperbolic point.
At these type of points, the classical theory of singular perturbations is not applicable and new techniques need to be
introduced in order to design a controller that stabilizes such a point. We show that using geometric desingularization
(also known as blow up), it is possible to design, in a simple way, controllers that stabilize non-hyperbolic equilibrium
points of slow-fast systems. Our results are exemplified on the van der Pol oscillator.

 

17:10-17:35, Paper ThB05.5  

Subspace Identification Method under LMI Constraint
Abe, Yuma Keio Univ

Inoue, Masaki Keio Univ

Adachi, Shuichi Keio Univ

Keywords: System Identification
Abstract: In this paper, we propose a unified approach to system identification that incorporates various a priori
information into an identified model. We study a class of system properties that are expressed in terms of linear
matrix inequalities (LMIs). Then, they are combined with the subspace identification method, and an LMI constrained
optimization problem is formulated.
 

ThB06 Blegen 150

Computational Methods in Systems and Control Regular Session

Chair: Kime, Katherine Univ. of Nebraska Kearney

 

15:30-15:55, Paper ThB06.1  

Finding Explicit Controls for Discretizations of the Schrodinger Equation with Maple
Kime, Katherine Univ. of Nebraska Kearney

Keywords: Computational Control, Computations in Systems Theory, Control of Distributed Parameter Systems
Abstract: We consider discretizations of a control system for the Schrodinger equation in which the controls appear
as unknowns in systems of nonlinear equations. We discuss an approach to solving such systems using the
computer algebra system Maple, finding explicit real controls under certain conditions.
 

15:55-16:20, Paper ThB06.2  

A Subspace Intersection Based Method for Faster Computation of the Storage Function for the
Lossless and All-Pass Cases
Kothyari, Ashish IIT Bombay

Praagman, Cornelis Univ. of Groningen

Belur, Madhu N. Indian Inst. of Tech. Bombay

Pal, Debasattam Indian Inst. of Tech. Bombay

Keywords: Computational Control, Computations in Systems Theory, Optimal Control
Abstract: The Algebraic Riccati Equation (ARE) cannot be formulated for the conservative/lossless and allpass
cases, though the notion of `storage function' is well-defined for these cases too. New properties have been
formulated recently about the storage function matrix for this case, which gave rise to new computational procedures.
This paper targets improvement of this algorithm by avoiding some key computation intensive steps in minimal
polynomial basis computation. We use the Zassenhaus method for basis computation for the sum and intersection of
two subspaces. In addition to the conventional Zassenhaus method, for improved numerical accuracy, we propose
LU and QR factorization methods with pivoting and compare the results.
 

16:20-16:45, Paper ThB06.3  

Computation of Discrete Frequency Truncated System Norm



Shekhawat, Hanumant Singh Indian Inst. of Tech. Guwahati

Keywords: Computations in Systems Theory, Signal Processing, Hybrid Systems
Abstract: This paper contains result on the discrete frequency truncated system norm. Calculation of this norm is
important in multi-rate signal processing and sampled-data system theory. This paper provides closed form
expressions for the discrete frequency truncated system norm.

 

16:45-17:10, Paper ThB06.4  

On Existence and Uniqueness of Stationary Action Trajectories
Dower, Peter M. Univ. of Melbourne

McEneaney, William Univ. of California, San Diego

Keywords: Optimal Control, Operator Theoretic Methods in Systems Theory, Computations in Systems Theory
Abstract: The stationary action principle is a fundamental physical postulate that identifies all trajectories of any
energy conserving system with stationarity of its associated action functional (integrated Lagrangian). For sufficiently
short time horizons, stationary action reduces to least action, due to convexity of the action functional. This convexity
facilitates the application of standard optimal control tools in the analysis of such systems over short time horizons.
On longer horizons, loss of convexity invalidates this optimal control characterization, thereby motivating the analysis
of so-called stationary control problems. In this work, fundamental issues of existence and uniqueness of such
stationary controls are considered.
 

17:10-17:35, Paper ThB06.5  

Computing the Stabilizing Solution of a Class of Generalized Differential Riccati Equations: A
Deterministic Approximation
Dragan, Vasile Romanian Acad

Aberkane, Samir Uhp, Nancy 1

Keywords: Stochastic Control and Estimation, Robust and H-Infinity Control, Computations in Systems Theory
Abstract: This paper addresses the problem of the numerical computation of the stabilizing solution of a class of
stochastic Riccati differential equations. A globally convergent iterative algorithm is proposed for this purpose. The
main idea behind the proposed algorithm is to solve at each main iteration a deterministic H_infinity-type Riccati
equation.
 

ThB07 Blegen 155

Distributed and Sparse Control Invited Session

Chair: Gruene, Lars Univ. of Bayreuth

Organizer: Gruene, Lars Univ. of Bayreuth

 

15:30-15:55, Paper ThB07.1  

Sparse Control of Second-Order Cooperative Systems and Partial Differential Equations to
Approximate Alignment (I)
Piccoli, Benedetto Rutgers Univ

Rossi, Francesco Aix-Marseille Univ

Trelat, Emmanuel Univ. Pierre Et Marie Curie (Paris 6)

Keywords: Control of Distributed Parameter Systems, Large Scale Systems
Abstract: Second-order cooperative systems are second-order systems in which the forces among agents are non-
repulsive. The celebrated Cucker-Smale model is a well known example. Depending on the strength of the forces,
the free evolution of such systems is to converge either to a single group of strongly connected agents, or to
clustering. In this article, we design a simple and robust control strategy steering any second-order cooperative
system to approximate alignment. The computation of the control at any instant of time only requires the knowledge
of the size of the support and the Lipschitz constant of the interaction force. Moreover, the control is sparse in the
sense that the (time-varying) support of the control is a small subset of the configuration space. Our strategy
provides approximate alignment, on the one hand, for second-order cooperative systems with any number N of
agents, and on the other, for the mean-field limit of such systems, i.e., when N tends to infinity. Such a limit is a



transport partial differential equation involving nonlocal terms, called a cooperative Partial Differential Equation.

 

15:55-16:20, Paper ThB07.2  

Quantized Self-Triggered Control by Sum-Of-Absolute-Values Optimization (I)
Ikeda, Takuya Kyoto Univ

Nagahara, Masaaki The Univ. of Kitakyushu

Quevedo, Daniel Univ. of Paderborn

Keywords: Networked Control Systems, Optimal Control, Discrete Event Systems
Abstract: In this article, we propose self-triggered control with quantized control inputs for networked control
systems. We first propose a design method of finite-horizon discrete-valued control on a given finite alphabet set
based on the sum-of-absolute-values (SOAV) optimization. Then, we extend the finite-horizon quantized control to
feedback control using the self-triggering strategy, of which we prove the recursive feasibility and the stability.
Simulation results are shown to illustrate the effectiveness of the proposed method.
 

16:20-16:45, Paper ThB07.3  

Maximal Islanding Time for Microgrids Via Distributed Predictive Control (I)
Braun, Philipp Univ. of Bayreuth

Faulwasser, Timm Ec. Pol. Fédérale De Lausanne

Gruene, Lars Univ. of Bayreuth

Kellett, Chris Univ. of Newcastle

Weller, Steven Univ. of Newcastle

Worthmann, Karl Tech. Univ. Ilmenau

Keywords: Optimization : Theory and Algorithms, Control of Distributed Parameter Systems
Abstract: Motivated by a specific application in electricity distribution networks, we present a hierarchical model
predictive control algorithm for scheduling energy storage devices. We demonstrate that, for the proposed
optimization problem, the alternating direction method of multipliers can be implemented in a distributed fashion.
Numerical experiments supporting the theoretical results are provided.
 

16:45-17:10, Paper ThB07.4  

On the Hierarchical Optimal Control of a Chain of Distributed Systems (I)
Befekadu, Getachew Univ. of Florida REEf

Veremyev, Alexander Univ. of Florida

Pasiliao, Eduardo Munitions Directorate, Air Force Res. Lab

Keywords: Control of Distributed Parameter Systems, Optimal Control, Stochastic Modeling and Stochastic

Systems Theory
Abstract: We consider a chain of distributed systems governed by a degenerate parabolic equation, which satisfies a
weak H"{o}rmander type condition, with a control distributed over an open subdomain. In particular, we consider two
objectives that we would like to accomplish. The first one being of a controllability type that consists of guaranteeing
the terminal state to reach a target set starting from an initial condition; while the second one is to keep the state
trajectory of the overall system close to a given reference trajectory over a given finite time interval. We introduce the
following framework. First, we partition the control subdomain into two disjoint open subdomains that are compatible
with the strategy subspaces of the {it leader} and that of the {it follower}, respectively. Then, using the notion of
Stackelberg's optimization, we provide a new result on the existence of optimal control strategies for such an
optimization problem, where the {it follower} (which corresponds to the second criterion) is required to respond
optimally, in the sense of {it best-response correspondence} to the strategy of the {it leader} (which is associated to
the controllability-type problem) so as to achieve the overall objectives. Finally, we remark on the implication of our
result in assessing the influence of the target set on the strategy of the {it follower} with respect to the direction of {it
leader-follower} information flow.
 

17:10-17:35, Paper ThB07.5  

Restatements of Input-To-State Stability in Infinite Dimensions: What Goes Wrong? (I)
Mironchenko, Andrii Univ. of Passau



Wirth, Fabian R. Univ. of Passau

Keywords: Stability, Nonlinear Systems and Control, Infinite Dimensional Systems Theory
Abstract: We show by means of counterexamples that many characterizations of input-to-state stability (ISS) known
for ODE systems are not valid for general differential equations in Banach spaces. Moreover, these notions or
combinations of notions are not equivalent to each other, and can be classified into several groups according to the
type and grade of nonuniformity. We introduce the new notion of strong ISS which is equivalent to ISS in the ODE
case, but which is strictly weaker than ISS in the infinite-dimensional setting. We characterize strong ISS as a strong
asymptotic gain property plus global stability.

 

17:35-18:00, Paper ThB07.6  

Distributed Nonlinear Control of Multi-Agent Systems with Switching Topologies (I)
Liu, Tengfei Northeastern Univ

Jiang, Zhong-Ping Pol. Inst. of New York Univ

Keywords: Nonlinear Systems and Control
Abstract: The study of distributed control could be traced back to the 1980’s, when the problem of asynchronous
asymptotic agreement was studied in the context of distributed decision making and parallel computing. In the past
decade, the distributed control of multi-agent systems has been widely studied in the controls community. Under
communication constraints, distributed control is a natural way to realize some desired group behavior for multi-agent
systems by taking advantage of local system information and information exchanges among neighboring systems.
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Prof. McCann (PL4) Plenary Session

 

09:00-10:00, Paper FrPAL1.1  

Optimal Transportation between Unequal Dimensions
McCann, Robert Univ. of Toronto

Keywords: Optimization : Theory and Algorithms, Optimal Control
Abstract: Over the last few decades, the theory of optimal transportation has blossomed into a powerful tool for
exploring applications both within and outside mathematics. Its impact is felt in such far flung areas as geometry,
analysis, dynamics, partial differential equations, economics, machine learning, weather prediction, and computer
vision. The basic problem is to transport one probability density onto other, while minimizing a given cost c(x,y) per
unit transported. In the vast majority of applications, the probability densities live on spaces with the same (finite)
dimension. After briefly surveying a few highlights from this theory, we focus our attention on what can be said when
the densities instead live on spaces with two different (yet finite) dimensions. Although the answer can still be
characterized as the solution to a fully nonlinear differential equation, it now becomes badly nonlocal in general.
Remarkably however, one can identify conditions under which the equation becomes local, elliptic, and amenable to
further analysis.
 

FrA01 Blegen 110

Ensemble Control Invited Session

Chair: Schoenlein, Michael Univ. of Wuerzburg

Co-Chair: Chen, Yongxin Univ. of Minnesota

Organizer: Helmke, Uwe R. Univ. of Wuerzburg

Organizer: Schoenlein, Michael Univ. of Wuerzburg

 

10:25-10:50, Paper FrA01.1  

Uniform Ensemble Controllability of Parametric Systems (I)
Dirr, Gunther Univ. of Wuerzburg

Helmke, Uwe R. Univ. of Wuerzburg

Schoenlein, Michael Univ. of Wuerzburg

Keywords: Linear Systems, Quantum Control, Infinite Dimensional Systems Theory
Abstract: In this paper we study classes of parametric ensembles of systems which are defined by a parameter
dependent family of linear and bilinear control systems. Using well-known characterizations of approximate
controllability of systems in a Banach space, we present a unified approach to uniform ensemble control of
parameter-varying linear and bilinear systems. Both time-invariant and time-varying linear systems are treated,
leading to new necessary and sufficient conditions for ensemble controllability. We also address the issue of output
controllability, thus extending recent results on average controllability of linear systems. A characterization of output
controllability of families of bilinear systems is derived, together with a counterexample that shows the limitations of
our approach to controlling ensembles of nonlinear systems.
 

10:50-11:15, Paper FrA01.2  

On the Ensemble Observability of Dynamical Systems (I)
Zeng, Shen Univ. of Stuttgart

Allgower, Frank Univ. of Stuttgart

Keywords: Large Scale Systems, Nonlinear Systems and Control, Infinite Dimensional Systems Theory



Abstract: The ensemble observability problem consists of reconstructing a density of initial states from the evolution
of the density of outputs under a finite-dimensional dynamical system. The importance of this problem is twofold.
First, it addresses the fundamentals of emerging problems in the state estimation of large-scale population systems
in applied fields. Second, by considering the observability problem for densities rather than points, specific geometric
features of the observability problem manifest themselves particularly prominently, leading eventually to a description
of this observability problem as a mathematical tomography problem. Our goal is to give a broad overview of the
ensemble observability problem for both linear and nonlinear systems. We review some established theoretical
results in the linear case and also touch upon open problems in more general cases.

 

11:15-11:40, Paper FrA01.3  

Model Predictive Control for the Fokker-Planck Equation: Analysis and Structural Insight (I)
Fleig, Arthur Univ. of Bayreuth

Gruene, Lars Univ. of Bayreuth

Keywords: Stochastic Control and Estimation, Optimal Control, Stability
Abstract: For the control of ensembles governed by controlled stochastic differential equations we follow the
approach to control the corresponding probability density function. To this end, we propose to use Model Predictive
Control (MPC) for the Fokker-Planck equation. In this talk we start by describing the basic setup and illustrating the
approach by numerical examples. Then, we provide first results on the analysis of the stability and performance of
the MPC approach. Finally, we discuss the structure of the controller resulting from the MPC approach, particularly its
dependence on space, time and on the probability density function of the ensemble under consideration.
 

11:40-12:05, Paper FrA01.4  

Control of Discrete-Time Linear Ensemble Systems with Linear Parameter Variation (I)
Li, Jr-Shin Washington Univ. in St. Louis

Tie, Lin Beihang Univ. (Beijing Univ. of Aeronautics and Astron

Keywords: Linear Systems, Large Scale Systems, Infinite Dimensional Systems Theory
Abstract: The control of ensembles of dynamic systems is receiving increased attention due to newly emerging
applications in science and engineering. Controllability of linear ensemble systems has been extensively studied in
recent years with a special focus on continuous-time systems. In this paper, we study a class of discrete-time linear
ensemble systems, whose natural dynamics vary linearly with the system parameter. We establish explicit
controllability and reachability conditions for these ensemble systems and show that stability plays an important role
for controllability. In addition, we analyze how controllability can be affected through discretization for continuous-time
linear ensemble systems and provide a sufficient condition under which the controllability property is invariant with
discretization.
 

12:05-12:30, Paper FrA01.5  

Optimal Steering of Ensembles (I)
Chen, Yongxin Univ. of Minnesota

Georgiou, Tryphon T. Univ. of Minnesota

Pavon, Michele Univ. Di Padova

Keywords: Stochastic Control and Estimation, Stochastic Modeling and Stochastic Systems Theory, Optimal

Control
Abstract: We consider ensembles of particles or systems, all obeying the same dynamics or, equivalently, dynamical
systems with uncertain states. In either case, we discuss i) the problem of optimally steering ensembles to a desired
probability density, and ii) the problem of maintaining an ensemble at a specified admissible stationary distribution. In
the context of linear dynamics and Gaussian distributions, our topic relates classical LQR and LQG theory and
covariance control, while more generally it pertains to the controllability and optimal control of the Fokker-Planck and
Liouville equations.
 

FrA02 Blegen 120

Network Organization and Performance Regular Session

Chair: Kim, Yoonsoo Gyeongsang National Univ

 



10:25-10:50, Paper FrA02.1  

Combining Greedy Hyperbolic Routing with Back-Pressure Scheduling for Better Network
Performance
Rabieekenari, Ladan Univ. of Maryland

Baras, John S. Univ. of Maryland

Keywords: Communication Systems
Abstract: The back-pressure algorithm (BP) has received much attention for jointly routing and scheduling over
multihop networks. The back-pressure algorithm is throughput optimal, but it has poor delay performance. This is due
to selection of unnecessarily long paths and routing loops, as the algorithm operates without accounting for the
network topology. In this paper, we propose a throughput-optimal routing and scheduling algorithm that improves
delay performance by greedy embedding of the network in hyperbolic space. We improve delay performance by
solving an optimization problem, which aims to send packets mostly to greedy neighbors, subject to throughput-
optimality constraints. The algorithm that solves this optimization problem has a design parameter M. We study the
effect of M on delay performance analytically. We validate our theoretical results via simulations and demonstrate that
the proposed algorithm improves the delay performance.
 

10:50-11:15, Paper FrA02.2  

Self-Organization in Multi-Agent Swarms Via Distributed Computation of Diffeomorphisms
Krishnan, Vishaal Univ. of California, San Diego

Martinez, Sonia Univ. of California at San Diego

Keywords: Networked Control Systems, Robotics, Applications of Algebraic and Differential Geometry in Systems

Theory
Abstract: In this work, we address the problem of self-organization for multi-agent swarms in 1D and 2D spatial
domains. The objective is to achieve a desired density distribution over a continuous spatial domain. Since individual
agents in a swarm are not themselves of interest and we are concerned only with the macroscopic objective, we
view the swarm as a discrete approximation of a continuous medium and design spatial control laws to shape the
density distribution of the continuous medium. The key feature of this work is that the agents in the swarm do not
have access to position information nor do they have the capability to measure the distances to their neighbors. Each
individual agent is capable of measuring the current local density of agents and can communicate with its neighbors.
The agents implement a distributed algorithm, which we call pseudo-localization, to localize themselves in a new
coordinate frame, and a distributed control law to converge to the desired spatial density distribution. We start by
studying self-organization in one-dimension, which is then followed by the two-dimensional case.
 

11:15-11:40, Paper FrA02.3  

On the Stability Margin of a Dynamic Network
Kim, Yoonsoo Gyeongsang National Univ

Keywords: Networked Control Systems, Stability
Abstract: This paper is concerned with the stability (gain and phase) margin of a network of dynamical systems, e.g.
vehicles, each of which has access to the state of its neighbours and subsequently uses a state feedback gain F for
a certain global objective such as formation flight. Here, the network topology is directed and described by a
generalized Laplacian matrix L. An individual dynamical system can adopt its own state feedback control law such as
a LQR controller for an ample stability margin, but it may lose the stability margin to a great extent when the same
control strategy utilizing relative state information is used after being interconnected with other dynamical systems.
This paper reveals and elaborates upon the following four facts: (1) The stability margin after interconnection is
quantified via the minimum singular value of a frequency-dependent matrix made up of F and L; (2) The stability
margin of a network of dynamical systems having a pole at the origin with a low control gain, is likely to be the inverse
of the zero-eigenvalue sensitivity of L when the sensitivity is large; (3) There exists an upper bound of the stability
margin that has a computational merit, and asymptotically converges to the exact margin with respect to network
size, probability of link existence and control gain in a random network setting; and (4) L can be designed to maximize
the stability margin.
 

11:40-12:05, Paper FrA02.4  

Traffic Delay Reduction Via Distributed Dynamic Lane Reversal and Rerouting
Gravelle, Evan Univ. of California, San Diego

Martinez, Sonia Univ. of California at San Diego



Keywords: Transportation Systems, Networked Control Systems, Stability
Abstract: Traffic congestion is a major source of delays in road networks. In this paper, we address this issue and
propose two algorithms to reduce delays: a distributed dynamic lane reversal algorithm and a rerouting algorithm.
When there is a large density of vehicles on one side of a road and a small density on the other, time can be saved by
reallocating lanes from the less dense side to the more dense side, which motivates dynamic lane reversal. When
certain roads have greater densities than nearby roads, time can be saved by reducing flow into the most congested
roads, this motivates dynamic rerouting. Given a communication system between infrastructure and vehicles on the
road, the local state of the network can be approximated and used in the algorithms to minimize travel time.
Equilibrium conditions for the system are analyzed, convergence of the lane reversal algorithm to a critical point is
proved, and performance of a few examples are examined in simulation.
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10:25-10:50, Paper FrA03.1  

Negative Imaginary and Counter-Clockwise Systems As Input-Output Hamiltonian Systems with
Dissipation
van der Schaft, Arjan J. Univ. of Groningen

Keywords: Physical Systems Theory, Nonlinear Systems and Control, Mathematical Theory of Networks and

Circuits
Abstract: Negative imaginary and counter-clockwise systems have recently attracted considerable attention as an
interesting class of systems, which is well-motivated by applications. In this talk first the formulation of negative
imaginary and counter-clockwise systems as input-output Hamiltonian systems with dissipation is summarized. A
major advantage, apart from the added insight and physical structure, is the natural formulation of nonlinear input-
output Hamiltonian systems with dissipation. New main results include a converse to positive feedback
interconnection of negative imaginary systems, expressing that the positive feedback interconnection of two arbitrary
linear systems is negative imaginary if and only if the systems themselves are negative imaginary. Subsequently, it is
shown that the network interconnection of nonlinear input-output Hamiltonian systems with dissipation via a
symmetric adjacency matrix results in another input-output Hamiltonian system with dissipation. Furthermore, a
stability analysis of the resulting system is given in terms of the Hamiltonians and output mappings of the component
systems associated to the nodes, and the topology of the network encoded in the adjacency matrix.
 

10:50-11:15, Paper FrA03.2  

Ladenheim's Catalogue: Group Action, Equivalence and Realisation
Morelli, Alessandro Univ. of Cambridge

Smith, Malcolm C. Univ. of Cambridge

Keywords: Mathematical Theory of Networks and Circuits
Abstract: This paper provides a new outlook on the classification of the positive-real biquadratic functions which can
be realised by five-element RLC networks with at most two reactive elements - the networks of the "Ladenheim
catalogue". A group action is defined on this set, and the resulting partition into orbits is determined. For each orbit,
the set of impedances that can be realised may be derived in explicit form as a semialgebraic set. Based on such
derivations, the complete set of equivalences for the catalogue may be determined. An example of the derivation of
the semialgebraic set for a given network is provided.
 

11:15-11:40, Paper FrA03.3  

A Unified Approach to Nevanlinna-Pick Interpolation Problems
Baratchart, Laurent INRIA, Sophia Antipolis

Olivi, Martine INRIA

Seyfert, Fabien INRIA

Keywords: Mathematical Theory of Networks and Circuits, Operator Theoretic Methods in Systems Theory,

Applications of Algebraic and Differential Geometry in Systems Theory



Abstract: This work deals with Complex-valued interpolation by a Schur rational function of given degree at a set of
nodes located in the closed lower half-plane, with prescribed maximum points for the modulus (i.e. points where it is
equal to 1) on the real axis. The motivation comes from broadband matching, for which the technique we develop
offers a new tool.

 

11:40-12:05, Paper FrA03.4  

Convergence of One-Step Adjoint Methods
Flynn, Thomas Graduate Center, City Univ. of New York

Keywords: Neural Networks, Optimization : Theory and Algorithms
Abstract: The application of adjoint methods for optimizing the equilibrium point of a network of dynamical elements
involves two processes: a gradient estimation process and a parameter update process. In order to guarantee
convergence it is necessary to balance the relative rates of these activities. This work addresses the convergence of
this procedure in the discrete time case. We find sufficient conditions on the step-size and initial network state that
enable the application of a standard result on approximate gradient descent.
 

12:05-12:30, Paper FrA03.5  

Single Input Reachability of Interconnected Linear Systems
Helmke, Uwe R. Univ. of Wuerzburg

Fuhrmann, Paul A. Ben Gurion Univ. of the Negev, Beer Sheva

Keywords: Linear Systems, Algebraic Systems Theory, Mathematical Theory of Networks and Circuits
Abstract: We study a class of interconnected linear systems, where the couplings between the node systems are
defined by a weighted directed graph. Necessary and sufficient conditions for reachability of such networks are given
in terms of co- prime factorizations of the node transfer functions. Known characterizations of structural reachability
of linear systems are generalized to homogeneous networks of arbitrary identical strictly proper node systems.
Sufficient results on the reach- ability of more general networks are provided as well. We investigate when single
inputs, broadcasted to the control nodes, suffice for structural reachability of homogeneous networks, and
characterize networks that have this this property.
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10:25-10:50, Paper FrA04.1  

A Novel Perspective on Structured Balanced Truncation and New Results
Sootla, Aivar Univ. of Liege

Keywords: Linear Systems
Abstract: In this presentation, we discuss a proof of error bounds for structured balanced truncation and consider its
implications. This proof uses a dilation of a system in order to recast the structured truncation as the classical
truncation method. Using the dilation idea, it is also straightforward to derive the error bounds for structured balanced
singular perturbation reduction. We develop further the dilation idea and derive the error bounds for frequency-
weighted structured balanced truncation for general types of weights and the error bounds for the stochastic
balanced truncation. We conclude by presenting numerical examples.
 

10:50-11:15, Paper FrA04.2  

Partial State Reachability and Observability of Series Connections of Linear Systems
Helmke, Uwe R. Univ. of Wuerzburg

Verriest, Erik I. Georgia Inst. of Tech

Keywords: Linear Systems, Algebraic Systems Theory, Networked Control Systems
Abstract: We explore the issue of characterizing reachability and observability for a subset of component systems in
the series connection of multivariable linear discrete--time systems. Such a characterization is readily given in state
space form, but hard to work with. Using tools from algebraic systems theory, partial state reachability and



observability of a series connection are characterized in terms of more easily manageable conditions on Toeplitz
operators and coprime factorizations of the component transfer functions. Our results extend earlier results by Callier
and Nahum (1975) on reachability of the series connection of two systems, as well as a more recent characterization
by Fuhrmann and Helmke (2013) of the full observability on the series connection of an arbitrary number of linear
systems. In addition, duality is briefly explored, showing that the notions of partial reachability and observability are not
dual, unless all systems in the series connection are considered.

 

11:15-11:40, Paper FrA04.3  

New Results in the Computation of Output-Nulling Subspaces for Descriptor Systems
Kazantzidou, Christina Curtin Univ

Ntogramatzidis, Lorenzo Curtin Univ

Keywords: Linear Systems, Feedback Control Systems
Abstract: This paper deals with the computation of basis matrices of output-nulling and reachability subspaces for
linear time-invariant (LTI) descriptor systems, which have been found to appear in the solution of many control and
estimation problems. In particular, one of the classic approaches for the computation of these subspaces, which
exploits the calculation of the null-space of the Rosenbrock system matrix pencil and which has found important
applications in non-interacting and fault-detection problems, is generalized for descriptor systems.
 

11:40-12:05, Paper FrA04.4  

Algorithms and Intractability Results for Minimal Controllability Problems
Olshevsky, Alexander Univ. of Illinois at Urbana-Champaign

Keywords: Linear Systems, Networked Control Systems
Abstract: We consider the problem of actuator selection: given a linear system, we would like to choose a set of
variables to actuate which make the system controllable. We discuss polynomial-time algorithms with optimal
approximation guarantees for this problem.
 

12:05-12:30, Paper FrA04.5  

On the Cone-Invariant Realizations of Nonnegative Impulse Responses
Qiu, Li Hong Kong Univ. of Sci. & Tech

Zheng, Jianying Hong Kong Univ. of Science and Tech

Zhang, Yanqiong HKUST

Keywords: Linear Systems, Operator Theoretic Methods in Systems Theory, Multidimensional Systems
Abstract: The nonnegative realization of nonnegative inpulse responses has attracted much research interest.
However, the limitations in the eigenvalue positions suggest that nonnegative systems are not adequately powerful as
a modeling tool. Since nonnegative systems are a special class of cone-invariant systems, we propose to implement
the more powerful cone-invariant realization of nonnegative inpulse responses. In this paper, we utilize the family of
symmetric cones. We give some motivating examples to demonstrate the advantage of symmetric cone-invariant
systems over nonnegative systems in realizing nonnegaitve impulse responses.
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10:25-10:50, Paper FrA05.1  

A Decomposition Procedure for the Construction of Flat Outputs of Discrete-Time Nonlinear Control
Systems
Kolar, Bernd Johannes Kepler Univ. Linz

Schöberl, Markus Johannes Kepler Univ. Linz

Schlacher, Kurt Johannes Kepler Univ. Linz

Keywords: Applications of Algebraic and Differential Geometry in Systems Theory, Nonlinear Systems and Control
Abstract: In this contribution we address the problem of constructing flat outputs of discrete-time nonlinear control
systems. For this purpose, we introduce a normal form which is based on the representation of discrete-time



systems as submanifolds and which, by its structure, is 1-flat. Then we suggest a constructive method for the
transformation of a given system to this normal form and demonstrate it by two examples. Finally we show how the
method simplifies in the special case of static feedback linearizable systems.

 

10:50-11:15, Paper FrA05.2  

Expanding the Class of Globally Convergent Fliess Operators
Winter-Arboleda, Irina Michelle Old Dominion Univ

Gray, W. Steven Old Dominion Univ

Duffaut Espinosa, Luis Augusto George Mason Univ

Keywords: Nonlinear Systems and Control, Algebraic Systems Theory
Abstract: A common representation of an input-output system in nonlinear control theory is the Chen-Fliess
functional series or Fliess operator. Such a functional series is said to be globally convergent when there is no a priori
upper bound on both the L1-norm of an admissible input and the length of time over which the corresponding output is
well defined. It is known that every Fliess operator having a generating series with Gevrey order 0<=s<1 is globally
convergent. In this paper it is shown that there exists a subset of series with Gevrey order s=1 which also exhibit
global convergence. In particular, the example of Ferfera, which arises in the context of system interconnections, is
shown to be one such example.
 

11:15-11:40, Paper FrA05.3  

Nonrecursively Interconnected Fliess Operators Preserve Global Convergence: An Expanded View
Winter-Arboleda, Irina Michelle Old Dominion Univ

Duffaut Espinosa, Luis Augusto George Mason Univ

Gray, W. Steven Old Dominion Univ

Keywords: Nonlinear Systems and Control, Algebraic Systems Theory
Abstract: A common representation of an input-output system in nonlinear control theory is the Chen-Fliess
functional series or Fliess operator. Such a functional series is said to be globally convergent when there is no a priori
upper bound on both the L1-norm of an admissible input and the length of time over which the corresponding output is
well defined. Recent developments have expanded the class of globally convergent Fliess operators. The goal of this
paper is to show that the global convergence property is preserved for nonrecursive interconnections (i.e., the
parallel, product and cascade connections) involving this largest known class of globally convergent input-output
systems. The goal is only partially achieved, however, as some qualification is still needed for the cascade
connection.
 

11:40-12:05, Paper FrA05.4  

Results on Stability and Stabilization of a Continuum of Equilibria
Goebel, Rafal Loyola Univ. Chicago

 

12:05-12:30, Paper FrA05.5  

Towards Synthesis of Polynomial Controllers - a Multi-Affine Approach
Ribard, Nicolas Aalborg Univ

Wisniewski, Rafael Section for Automation and Control, Aalborg Univ

Sloth, Christoffer Aalborg Univ

Keywords: Stability, Nonlinear Systems and Control, Computational Control
Abstract: In the paper, we strive to develop an algorithm that simultaneously computes a polynomial control and a
polynomial Lyapunov function. This ensures asymptotic sta- bility of the designed feedback system. The above
problem is translated to a certificate of positivity. To this end, we use the representation of the given control system in
Bernstein basis. Subsequently, the control synthesis problem is reduced to finite number of evaluations of a
polynomial on vertices of cubes in the space of parameters representing admissible controls and Lyapunov functions.
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10:25-10:50, Paper FrA06.1  

Transfer-Function Realization for Solutions of Zero/pole Matrix-Divisor Interpolation Problems on a
Riemann Surface (I)
Ball, Joseph A. Virginia Tech

Keywords: Operator Theoretic Methods in Systems Theory, Linear Systems, Multidimensional Systems
Abstract: We use a higher-genus analogue of a transfer-function realization to solve a null/pole matrix-divisor
interpolation problem on a Riemann surface.
 

10:50-11:15, Paper FrA06.2  

Commutative Unitary Dilations of Commuting Semigroups of Contractions (I)
Shamovich, Eli Tech. - Israel Inst. of Mathematics

Keywords: Linear Systems, Operator Theoretic Methods in Systems Theory
Abstract: Given a d-tuple of commuting dissipative operators on a separable Hilbert space, we construct an
overdetermined conservative linear system on mathbb{R} d̂. we obtain unitary dilations of the commuting semigroup
of contractions generated by the original d-tuple on the Hilbert space of square-summable trajectories of our system.
 

11:15-11:40, Paper FrA06.3  

Bounded Real Lemma: The Infinite Dimensional Case (I)
Ball, Joseph A. Virginia Tech

Groenewald, Gilbert North-West Univ

ter Horst, Sanne North-West Univ

Keywords: Infinite Dimensional Systems Theory, Large Scale Systems, Operator Theoretic Methods in Systems

Theory
Abstract: The Bounded Real Lemma, i.e., the state-space LMI characterization (referred to as Kalman-Yakubovich-
Popov or KYP inequality) of when an input/state/output linear system satisfies a dissipation inequality, has recently
been studied for infinite-dimensional discrete-time systems in a number of different settings (time-invariant/time-
variant, with or without stability assumptions, with or without controllability/observability assumptions, etc.). In these
various settings, sometimes unbounded solutions of the KYP inequality are required while in other instances bounded
solutions suffice. In this report we apply the storage function approach, originating from the work of Willems, and we
show how these diverse results can be reconciled and unified.
 

11:40-12:05, Paper FrA06.4  

De Branges Spaces on Compact Riemann Surfaces and a Beurling-Lax Type Theorem (I)
Pinhas, Ariel Ben Gurion Univ

Keywords: Operator Theoretic Methods in Systems Theory
Abstract: Using the notion of commutative operator vessel we study de Branges Rovnyak spaces, whose elements
are multiplicative sections of a line bundle on a real compact Riemann surface. As a special case we obtain a
Beurling-Lax type theorem in the setting of the corresponding Hardy space on a finite bordered Riemann surface. The
inner function in the classical Beurling's theorem is replaced by the joint characteristic function of two--operator
vessel, introduced by M.S. Livsic.
 

12:05-12:30, Paper FrA06.5  

From Characteristic Functions to Realization and Interpolation Problems on Noncommutative
Domains (I)
Vinnikov, Victor Ben Gurion Univ. of the Negev



Keywords: Operator Theoretic Methods in Systems Theory, Multidimensional Systems, Linear Systems
Abstract: We discuss a generalization of the classical interpolation and realization theorems in the setting of
noncommutative functions.
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10:25-10:50, Paper FrA07.1  

Consensus and Synchronized Periodicity in Nonlinear Delayed Networks
Somarakis, Christoforos Univ. of Maryland, Coll. Park

Baras, John S. Univ. of Maryland

Motee, Nader Lehigh Univ

Keywords: Networked Control Systems, Delay Systems, Nonlinear Systems and Control
Abstract: In this paper, we investigate stability and convergence properties of a class of nonlinear delayed consensus
networks. Using tools and techniques from functional differential equations, sufficient stability conditions with respect
to a common state as well as estimates on the convergence rate are derived. We characterize the limit (consensus)
state for time-invariant sub-classes of these networks. More importantly, we specify under what conditions a delayed
network exhibits periodic synchronized solutions. We provide sufficient conditions for existence, uniqueness and
stability of this interesting phenomenon that we illustrate with a simulation example.
 

11:15-11:40, Paper FrA07.3  

Asymptotic Behaviour of Platoon Systems
Paunonen, Lassi Tampere Univ. of Tech

Seifert, David Univ. of Oxford

Keywords: Operator Theoretic Methods in Systems Theory, Infinite Dimensional Systems Theory, Stability
Abstract: In this paper we study the asymptotic behaviour of various platoon-type systems using the general theory
developed by the authors in a recent article. The aim is to steer an infinite number of vehicles towards a target
configuration in which each vehicle has a prescribed separation from its neighbour and all vehicles are moving at a
given velocity. More specifically, we study systems in which state feedback is possible, systems in which observer-
based dynamic output feedback is required, and also a situation in which the control objective is modified to allow the
target separations to depend on the vehicles' velocities. We show that in the first and third cases the objective can be
achieved, but that in the second case the system is unstable in the sense that the associated semigroup is not
uniformly bounded. We also present some quantified results concerning the rate of convergence of the platoon to its
limit state when the limit exists.
 

11:40-12:05, Paper FrA07.4  

Comparison of Stabilization of Piezoelectric Euler-Bernoulli Beam Models
de Jong, Matthias C. Univ. of Groningen

Scherpen, Jacquelien M.A. Univ. of Groningen

Morris, Kirsten A. Univ. of Waterloo

Keywords: Stability, Control of Distributed Parameter Systems, Infinite Dimensional Systems Theory
Abstract: Piezoelectric materials are used in many control and sensing applications; such as vibration control in
small and large mechanical structures, shape control of beams, plates, and surfaces, and on-line measurement and
compensation in aerospace and other high-precision areas. A strip of piezoelectric material is known as a
piezoelectric beam. The behavior of piezoelectric beams depends on interactions between electrical, magnetic and
mechanical effects and is rather complex. A number of different assumptions for the mechanical part of the beam



and the electric-field can be used. For stabilization, and more generally, controller design, a finite-dimensional
approximation must be used. In this work the linear Euler-Bernoulli model for the mechanical behavior is used with
the quasi-static electric-field assumption, the dynamic electromagnetic-field assumption, and static case. The
mathematical models are put in the port-Hamiltonian framework. The contribution of this work is the investigation of
the influence of the type of approximation on stabilization and controlled system performance. The obtained models
are compared to other (port-Hamiltonian) models under different modeling assumptions on the basis of different
modeling assumptions and their influence on stabilization and controllability for the infinite- and finite-dimensional
systems. The stability properties of the approximated linear port-Hamiltonian-model are investigated under the two
assumptions for the electric-field and compared to the original infinite-dimensional model. The energy functions of the
various models are also compared.
 

12:05-12:30, Paper FrA07.5  

On Characteristic Cones of Scalar Autonomous Nd Systems, with General N
Mukherjee, Mousumi Indian Inst. of Tech. Bombay, Powai, Mumbai

Pal, Debasattam Indian Inst. of Tech. Bombay

Keywords: Multidimensional Systems, Algebraic Systems Theory, Infinite Dimensional Systems Theory
Abstract: In this paper, we give an algebraic condition that is equivalent to a given cone being a characteristic cone
for a scalar autonomous nD system, for a general n. The nD systems that we consider are described by linear partial
difference equations with real constant coefficients. We obtain this result by exploring the fact that cones in the
domain (the nD integer grid) have a rich algebraic structure – that of an affine semigroup. The need for a novel
algebraic characterization arises because the method used for 2D systems does not extend for n>=3; we show this
by an example. The necessary and sufficient condition that we derive can be used to check whether a given cone is a
characteristic cone for a scalar autonomous nD system by standard computer algebra packages.
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14:00-15:00, Paper FrPBL1.1  

Adventures in Imaging
Olver, Peter Unversity of Minnesota

Keywords: Signal Processing
Abstract: I will survey developments in the application of invariants of various types, including invariant histograms
and differential invariant signatures, for object recognition and symmetry detection in digital images. Recent
applications, including automated jigsaw puzzle assembly and cancer detection, will be presented.

 
 

 
 



A Decomposition Procedure for the Construction of Flat Outputs

of Discrete-Time Nonlinear Control Systems

Bernd Kolar, Markus Schöberl and Kurt Schlacher

Abstract— In this contribution we address the problem of
constructing flat outputs of discrete-time nonlinear control
systems. For this purpose, we introduce a normal form which
is based on the representation of discrete-time systems as
submanifolds and which, by its structure, is 1-flat. Then we
suggest a constructive method for the transformation of a given
system to this normal form and demonstrate it by two examples.
Finally we show how the method simplifies in the special case
of static feedback linearizable systems.

I. INTRODUCTION

The concept of flatness introduced by Fliess, Lévine,

Martin and Rouchon for continuous-time systems, see e.g.

[1], has become quite popular since it greatly facilitates the

solution of many feedforward and feedback problems. For

discrete-time systems flatness can be defined analogously

to the continuous-time case (roughly speaking by replacing

time derivatives by forward-shifts), and like in the continuous

case flatness is a very beneficial property for the solution

of control problems. Nevertheless, flatness of discrete-time

systems has so far received only little attention by the control

and systems theory community, see e.g. [2] and [3] where the

closely related problem of dynamic feedback linearization

is discussed, or the more recent paper [4]. Like in the

continuous-time case, determining whether a system is flat

and the construction of flat outputs still remain difficult prob-

lems. Only for single-input systems this problem is solved,

since in this case flatness and static feedback linearizability,

which is discussed for discrete-time systems e.g. in [5], [6]

and [7], coincide. In this paper we will be interested in multi-

input systems which are not static feedback linearizable. We

will suggest a constructive method for the calculation of 1-

flat outputs (1-flat means that the flat output may depend on

the state and the input), which is based on a representation

of discrete-time systems as submanifolds and a normal form

that is, by its structure, 1-flat. This constructive method

can be seen as the discrete-time counterpart to the method

introduced in [8] for continuous-time systems. However,

since we are dealing here with difference equations instead

of differential equations, the geometric objects we use for a

coordinate-independent system representation are different.

In [8] a system of differential equations is represented as

Pfaffian system (i.e. as codistribution), since for Pfaffian

systems there exist differential geometric tools which allow

to find representations where certain variables are eliminated,

Bernd Kolar, Markus Schöberl and Kurt Schlacher are with the Institute
of Automatic Control and Control Systems Technology, Johannes Kepler
University Linz, 4040 Linz, Austria
bernd.kolar@jku.at, markus.schoeberl@jku.at,
kurt.schlacher@jku.at

and this elimination is the basis for the system decompo-

sition (see also [9]). In contrast, for discrete-time systems

it will turn out to be advantageous for the elimination of

variables and the system decomposition to identify a system

of difference equations with a submanifold of a certain larger

manifold.

It is worth mentioning that discrete-time systems may

occur in various situations. They may stem from the exact or

approximate discretization of continuous-time systems, but

there are also many models in fields like biology, finance

or economics that are naturally formulated in discrete-time

[5]. However, in this contribution we consider discrete-time

systems per se and do not distinguish whether the discrete-

time system we analyze stems from a continuous-time system

or not.

The paper is organized as follows: After some preliminar-

ies in Section II, in Section III we introduce the geometric

framework we will employ as well as a normal form for

discrete-time systems which is structurally 1-flat. In Section

IV we then present a constructive method which attempts to

transform a system to this normal form in order to find a

1-flat output. The method is illustrated by two examples in

Section V, and in Section VI we discuss how it simplifies

in the special case of static feedback linearizable systems.

Finally Section VII contains some proofs.

II. PRELIMINARIES AND NOTATION

We consider discrete-time systems

xi,+ = f i(x, u) , i = 1, . . . , n (1)

with dim(x) = n and dim(u) = m, where we assume

that the functions f i are smooth and rank(∂uf) = m.

Furthermore, we assume that f is a submersion (i.e. its

Jacobian matrix has maximal rank). This is not restrictive,

since submersivity is necessary for accessibility (see [10]),

and thus also for flatness.

Remark 1: Instead of the more common notation xik+1 =
f i(xk, uk) we use the notation (1) to avoid too many indices.

More precisely, if zi is a system variable (state, input or

neither in case of an implicit system) then instead of zik we

just write zi and instead of zik+1 we write zi,+. If we need

higher than first forward-shifts (this will be the case in the

definition of flatness we state below), then instead of zik+α

we write zi[α]. Sequences will be denoted by round brackets

in the form zi(k).
In the following we state a definition for flatness of discrete-

time systems which makes use of the forward-shift operator

δ (see e.g. [2]), which acts on functions h(x, u, u[1], . . . , u[γ])
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that depend on x, u and forward-shifts of u according to the

rule

δh(x, u, u[1], . . . , u[γ]) = h(f(x, u), u[1], u[2], . . . , u[γ+1]) .

By δβ we denote the β-fold application of δ.

Definition 1: The system (1) is called 1-flat if there exist

m smooth functions yj = ϕj(x, u) and smooth functions

F i
x, F

j
u as well as an integer r > 0 such that locally

xi = F i
x(ϕ, δϕ, . . . , δ

r−1ϕ) , i = 1, . . . , n
uj = F j

u(ϕ, δϕ, . . . , δ
rϕ) , j = 1, . . . ,m

(2)

holds, i.e. x and u can be expressed as functions of y and

its forward-shifts. The m-tuple y is called a 1-flat output.

Note that (2) implies that the functions ϕ, δϕ, . . . , δβϕ are

functionally independent for arbitrary β ≥ 0. Consequently,

locally arbitrary sequences y(k) satisfy the system equations

(1). Thus, it is not necessary to require this property explicitly

in the definition. Via the maps Fx and Fu of (2), the

sequences x(k) and u(k) can be calculated from y(k) and

its forward-shifts. Note furthermore that the maps Fx and Fu

are necessarily submersions, and that the number of forward-

shifts that occur in (2) is in general not the same for all

components of the flat output, i.e. in the above definition r

is the maximum over all components.

Remark 2: More generally it is possible to define q + 1-

flatness, where the flat output may depend on forward-shifts

of the input u up to some order q. If the flat output depends

only on x, we call it 0-flat. The system (1) is called flat if

it is q + 1-flat for some q ≥ −1. Like for continuous-time

systems, flatness is equivalent to the property of linearizabil-

ity by endogenous dynamic feedback, which is discussed for

discrete-time systems e.g. in [3].

Note that in this contribution we use the language of differ-

ential geometry and frequently apply index notation and the

Einstein summation convention. Let X be an nx-dimensional

manifold, equipped with local coordinates xi, i = 1, . . . , nx.

By ∂xi we denote the partial derivatives resp. basis vector

fields and by dxi the differentials corresponding to the local

coordinates. We denote by dω the exterior derivative of a

p-form ω and by v⌋ω the contraction (interior product) of ω

by a vector field v. Furthermore note that all our results are

local, because of the use of the implicit function theorem or

the existence of flows. The notion of a submanifold of some

larger manifold will be one of the fundamental concepts we

employ. Since the term submanifold is not used uniformly

in the literature, we state the definition we will use.

Definition 2: Let X be a manifold with coordinates

(x1, . . . , xnx). A subset S ⊂ X is called a submanifold of

codimension ne if around each point p ∈ S there exist local

coordinates (x̄1, . . . , x̄nx) such that locally S is given by

x̄i = 0 , i = 1, . . . , ne .

This type of submanifold is often called a regular subman-

ifold, see e.g. [11]. We also need the following theorem,

which deals with the question under which conditions a set

of functions determines a submanifold in the sense of above

definition.

Theorem 1: Let X be a manifold with coordinates

(x1, . . . , xnx) and let wi(x) ∈ C∞(X ), i = 1, . . . , ne be

smooth functions. If the solution set S of the equations

wi(x) = 0 , i = 1, . . . , ne (3)

is nonempty and the differentials dwi are linearly indepen-

dent on S, then S ⊂ X is a submanifold of codimension

ne.

The formulation of Definition 2 and Theorem 1 roughly

follows [5].

III. GEOMETRIC FRAMEWORK AND A TRIANGULAR

FORM FOR 1-FLAT SYSTEMS

The basic idea of our suggested procedure for the construc-

tion of flat outputs is, roughly spoken, the following: Starting

with the system (1) in state representation, we successively

perform coordinate transformations and combine/manipulate

equations such that the system (1) is finally represented in an

implicit normal form which is structurally 1-flat and where

the 1-flat output can be read off. So, we sacrifice the state

representation of the system (1) for a form where we can read

off the flat output. Thus, we have to use a framework that

allows to handle not only explicit but also implicit discrete-

time systems. However, since the implicit (sub-) systems we

have to cope with arise from the system (1), we can assume

that certain rank conditions hold.

A. Geometric framework for implicit discrete-time systems

Consider an implicit discrete-time system of the form

wi(z, z+) = 0 , i = 1, . . . , ne (4)

with rank(∂z+w) = ne, dim(z) = nz and nz ≥ ne.

From Theorem 1 it is obvious that the equations (4) define

a (2nz − ne)-dimensional submanifold S of the manifold

E = Z × Z+, where Z and Z+ are manifolds with

coordinates z and z+, and E is their Cartesian product.

Hence, we can identify the discrete-time system (4) with the

submanifold S, which is a geometric object. The meaning

of S is clear: Given a point p ∈ Z at the present instant

of time, at the next instant of time all points of the subset

pr2(pr
−1
1 (p) ∩ S) ⊂ Z+ are admissible. Here pr1 : E → Z

and pr2 : E → Z+ are the canonical projections, and

pr−1
1 (p) denotes the inverse image of p under pr1. Since

shifted and non-shifted variables transform in the same way,

i.e. a coordinate transformation on Z induces a coordinate

transformation on Z+ and vice versa, we have to restrict

ourselves to coordinate transformations on E of the form

z̄ = Φ(z) z̄+ = Φ(z+) . (5)

Throughout this paper, for simplicity we will often only write

the transformation for either the shifted or the non-shifted

variables.

It is important to note that we can modify the repre-

sentation of a system/submanifold (4) in two ways. First,

we can perform coordinate transformations (5). The sys-

tem/submanifold is then described by the transformed equa-

tions w(Φ̂(z̄), Φ̂(z̄+)) = 0, where Φ̂ denotes the inverse of
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Φ. Second, we can replace the equations (4) by equations

that satisfy the conditions of Theorem 1 and have the same

solution set (i.e. that define the same submanifold). For

instance, we could manipulate the equations by solving for

some of the variables by the implicit function theorem, which

does not change the solution set.

Remark 3: If the system (4) is in state representation (1),

then z = (x, u), and E has coordinates ((x, u), (x+, u+)). If

we now apply a coordinate transformation (5) which is of

the special form

x̄ = Φx(x) x̄+ = Φx(x
+)

ū = Φu(x, u) ū+ = Φu(x
+, u+) ,

(6)

i.e. a combination of state- and input transformations (here

z̄ = (x̄, ū)), then by the implicit function theorem we can

solve the transformed equations w(Φ̂(x̄, ū), Φ̂(x̄+, ū+)) =
0 for x̄+ (note that by construction these equations are

independent of ū+), and obtain again a state representation.

However, we want to emphasize that even though the pro-

cedure for the construction of flat outputs we suggest starts

with a system in state representation, it requires in general

transformations of the form (5) where Φ is an arbitrary

diffeomorphism and not of the special form (6).

B. A triangular form for 1-flat systems

It is well-known that a system (1) can be represented in

Brunovsky normal form if and only if it is static feedback

linearizable. Thus, if a system is flat but not static feedback

linearizable, a transformation to Brunovsky normal form

is not possible (without dynamic feedback). Therefore we

suggest the following normal form, which is more general

but keeps the central property that some variables are free

(the flat output) and all other variables can be uniquely

determined from these variables and their forward-shifts.

Definition 3: Consider a manifold E = Z × Z+ with

coordinates (z, z+), where z (and likewise z+) is partitioned

into s+ 1 blocks zκ = (yκ, ẑκ) according to

z = (zs, zs−1, . . . , z1, z0)
= (ys, (ys−1, ẑs−1), . . . , (y1, ẑ1), ẑ0)

with nzκ = nyκ
+ nẑκ and nyκ

≥ 0, κ = 1, . . . , s − 1. A

representation of a submanifold S ⊂ E where the equations

are decomposed into s blocks Ξκ of the form

Ξs : ajss (zs, z
+
s )− ẑ

js
s−1 = 0

Ξs−1 : a
js−1

s−1 (zs, zs−1, z
+
s , z

+
s−1)− ẑ

js−1

s−2 = 0
...

Ξ2 : a
j2
2 (zs, . . . , z2, z

+
s , . . . , z

+
2 )− ẑ

j2
1 = 0

Ξ1 : a
j1
1 (zs, . . . , z1, z

+
s , . . . , z

+
1 )− ẑ

j1
0 = 0

(7)

with jκ = 1, . . . , nẑκ−1
is called implicit triangular form.

Remark 4: Note that for κ 6= s the variables yκ may be

empty, i.e. nyκ
= 0. Furthermore note that the decomposition

of the equations into s blocks Ξκ gives rise to a nested

sequence of submanifolds S0 ⊂ S1 ⊂ . . . ⊂ Ss−1 ⊂ E ,

where Sκ is the submanifold determined by the equations

(Ξκ+1, . . . ,Ξs) and S0 = S.

Example 1: The equations

Ξ3 :
[

y
1,+
3

]

−
[

ẑ12
]

=
[

0
]

Ξ2 :
[

ẑ
1,+
2

y1
2−ẑ1

2y
1,+
2

y1
2

]

−
[

ẑ11
]

=
[

0
]

Ξ1 :





ẑ1
2y

1,+

2
+ ẑ

1,+
1

y1
2−(y1

2)
2

ẑ1
2
y1
2

ẑ
1,+
1

−y1
2

ẑ1
2



−

[

ẑ10
ẑ20

]

=

[

0
0

]

(8)

are in implicit triangular form with

z = (z3, z2, z1, z0)
= ((y13), (y

1
2 , ẑ

1
2), (ẑ

1
1), (ẑ

1
0 , ẑ

2
0)) .

Clearly, if there exists a coordinate transformation z =
Φ(x, u) such that the system (1) can be represented in the

form (7), then y = (ys, . . . , y1) is a 1-flat output of (1).

From the structure of (7) it is obvious that the y’s are not

subject to any restrictions, and that all other variables ẑ =
(ẑs−1, . . . , ẑ0) are uniquely determined by y and its forward-

shifts: We can choose an arbitrary sequence ys(k) = zs(k),
and from the equations Ξs we get ẑs−1(k). Then we can

insert zs(k), ẑs−1(k) and (if ys−1 is not empty) an arbitrary

sequence ys−1(k) in Ξs−1 and get ẑs−2(k). Continuing this

gives us ẑ(k) = (ẑs−1(k), . . . , ẑ0(k)) as function of y(k) =
(ys(k), . . . , y1(k)) and its forward-shifts. From the inverse

coordinate transformation (x, u) = Φ̂(z) it is then clear that

x and u can be expressed as functions of y and its forward-

shifts, and since moreover by construction the variables y are

functions of (x, u) and do not depend on forward-shifts of

u, y is a 1-flat output. For this reason, in Section IV we will

suggest a constructive method which attempts to transform a

system (1) step by step to the form (7) in order to construct

a 1-flat output. Before, in the next subsection we present the

mathematical foundations on which the method is based.

C. Elimination of variables

If we want to transform a system to the form (7), we

have to deal with the problem of finding coordinate trans-

formations such that a part of the new coordinates is not

needed to represent a given submanifold. In case we work

on a manifold where arbitrary coordinate transformations

are allowed this is a simple task, since if we introduce

coordinates according to Definition 2 we immediately get

a description for the submanifold with a minimal number

of variables, which is ne. However, on the manifold E =
Z × Z+ we are restricted to coordinate transformations

of the form (5), which makes the task more complicated.

The following theorem will be of vital importance for the

decomposition procedure we present in Section IV.

Theorem 2: Let the conditions of Theorem 1 be satisfied

and let ∆ be an involutive distribution on X such that for

all vector fields v ∈ ∆

v⌋ dwi
∣

∣

S
= 0 , i = 1, . . . , ne (9)

holds. If we introduce coordinates (x̄, x̂) = Φ(x) such that

∆ = span{∂x̂}, then in these coordinates there exist func-

tions w̄i(x̄) ∈ C∞(X ), i = 1, . . . , ne which are independent
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of x̂, satisfy the conditions of Theorem 1 and the equations

w̄i(x̄) = 0 , i = 1, . . . , ne

have the same solution set S as the equations (3).

The proof of this theorem is given in Section VII. Note

that according to condition (9) the distribution ∆ only needs

to annihilate the codistribution span{dw} on S ⊂ X . If

∆ annihilates the codistribution span{dw} not only on S
but on X , then in new coordinates (x̄, x̂) the transformed

functions w ◦ Φ̂(x̄, x̂), where Φ̂ denotes the inverse of Φ,

are independent of x̂. Consequently, in this special case we

can choose w̄(x̄) = w ◦ Φ̂(x̄, x̂) to get a representation

for S which is independent of x̂. In the general case, the

transformed functions w ◦ Φ̂(x̄, x̂) are not independent of x̂,

but there exists another set of functions w̄(x̄) such that the

equations w̄(x̄) = 0 determine the same submanifold S as

the equations w ◦ Φ̂(x̄, x̂) = 0.

Remark 5: It can be shown easily that the condition (9)

is not only sufficient but also necessary for the existence

of a representation of S which is independent of x̂. The

geometric meaning of condition (9) is that the vector fields v

are tangential to S at all points of S. This property clearly is

independent of the representation of the submanifold S (i.e.

independent of the choice of coordinates and the functions

we use to describe S). Consequently, if we have a vector

field v which violates (9) and introduce coordinates (x̄, x̂1) =
Φ(x) such that v = ∂x̂1 , there does not exist a representation

of the form w̄(x̄) = 0 for S which is independent of x̂1. If

such a representation w̄(x̄) = 0 for S would exist, then

v = ∂x̂1 would obviously satisfy the condition (9), which is

a contradiction.

Now let us consider a manifold E = Z×Z+ with coordinates

(z, z+), dim(z) = nz , and let wi(z, z+) ∈ C∞(E), i =
1, . . . , ne be smooth functions which satisfy the conditions

of Theorem 1, i.e. the equations

wi(z, z+) = 0 , i = 1, . . . , ne (10)

define a submanifold S ⊂ E of codimension ne. The

following two questions arise naturally in the decomposition

procedure we present in Section IV:

1) Does there exist a coordinate transformation (z̄, ẑ) =
Φ(z) such that in new coordinates S can locally be

represented without the coordinates ẑ+?

2) Does there exist a coordinate transformation (z̄, y) =
Φ(z) such that in new coordinates S can locally be

represented without the coordinates y and y+?

First we address Question 1. From Theorem 2 and Remark 5

it is clear that if we want to find a coordinate transformation

(z̄, ẑ) = Φ(z) for E such that S can be represented without

the coordinates ẑ+, we have to find vector fields v =
vl(z+)∂zl,+ on E which only depend on z+ (since otherwise

we would get coordinate transformations which mix shifted

and non-shifted variables) and satisfy

v⌋dwi(z, z+)
∣

∣

S
= 0, i = 1, . . . , ne .

So for the problem of eliminating shifted variables from our

equations the distribution

V = span{vl(z+)∂zl,+

∣

∣

vl(z+)∂zl,+⌋dwi(z, z+)
∣

∣

S
= 0,

i = 1, . . . , ne} ,

which is spanned by all such vector fields, plays the key role.

If we choose any involutive subdistribution F ⊂ V which

only depends on z+ and introduce coordinates (z̄, ẑ) =
Φ(z) such that F = span{∂ẑ+}, by Theorem 2 S can be

represented in the form

w̄i(z̄, ẑ, z̄+) = 0 , i = 1, . . . , ne ,

i.e. without the variables ẑ+.

Example 2: Consider the manifold E = Z × Z+ with

coordinates ((z1, . . . , z4), (z1,+, . . . , z4,+)) and the subman-

ifold S ⊂ E of codimension two defined by the equations

w1 = z3,+ + z4 − z1z4,+ = 0
w2 = z1,+z3 + z2,+z2 = 0 .

If we solve these equations for (z1, z2) and insert the solution

into vl∂zl,+⌋dwi we get

v⌋dw1(z, z+)
∣

∣

S
= v3 − z3,++z4

z4,+ v4

v⌋dw2(z, z+)
∣

∣

S
= z3

(

v1 − z1,+

z2,+ v
2
)

.

Since we cannot find nonzero functions v3(z+) and v4(z+)

such that v3 − z3,++z4

z4,+ v4 vanishes identically, we get V =

span{∂z1,+ + z2,+

z1,+ ∂z2,+}. The coordinate transformation

ẑ1 = z1 z̄3 = z3

z̄2 = z2

z1 z̄4 = z4

results in V = span{∂ẑ1,+}, and indeed S can be represented

in the form

w̄1 = z̄3,+ + z̄4 − ẑ1z̄4,+ = 0
w̄2 = z̄3 + ẑ1z̄2z̄2,+ = 0

which is independent of ẑ1,+.

The problem of finding coordinate transformations (z̄, y) =
Φ(z) such that in new coordinates S can be represented

without the coordinates y and y+, as stated in Question 2,

can be tackled in a similar way. The only difference is that

now we have to find vector fields v = vl(z+)∂zl,+ on E
such that both the shifted and the non-shifted version of v

annihilate the differentials dwi on S. So for the problem

of eliminating redundant variables from our equations the

distribution

C = span{vl(z+)∂zl,+

∣

∣

vl(z)∂zl⌋dwi(z, z+)
∣

∣

S
= 0,

vl(z+)∂zl,+⌋dwi(z, z+)
∣

∣

S
= 0,

i = 1, . . . , ne}

is of importance. If we choose any involutive subdistribution

G ⊂ C which only depends on z+ and introduce coordinates
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(z̄, y) = Φ(z) such that G = span{∂y+}, by Theorem 2 S
can be represented in the form

w̄i(z̄, z̄+) = 0 , i = 1, . . . , ne ,

i.e. without the variables y and y+. Note that by construction

C ⊂ V .

We conclude this section with the following theorem

which addresses the problem of finding a state representation.

Its proof can be found in Section VII.

Theorem 3: Consider the system (10), where

rank(∂z+w) = ne and nz > ne. There exists a

diffeomorphism (x, u) = Φ(z) such that S can be

represented in the form

xi,+ − f i(x, u) = 0 , i = 1, . . . , ne (11)

if and only if the distribution V is involutive and dim(V) =
nz − ne.

Remark 6: The condition rank(∂z+w) = ne in Theorem

3 guarantees that there are no restrictions in the non-shifted

variables z alone, i.e. to every value of z there exists some

z+ such that w(z, z+) = 0 holds. This follows immediately

if, by the implicit function theorem, we solve w(z, z+) = 0
for ne elements of z+.

IV. CONSTRUCTION OF FLAT OUTPUTS

We now present a method which attempts to transform a

system (1) successively to the structurally 1-flat form (7).

If it succeeds, it yields a 1-flat output of (1). The idea is to

decompose the system (1) step by step to smaller subsystems

and construct the form (7) from bottom to top, i.e. step by

step we split off the blocks Ξ1, Ξ2, . . . and proceed with the

remaining subsystems until finally we have transformed the

system to the form (7).

A. Basic idea for the system decomposition

Consider the submanifold S0 ⊂ E defined by the equations

wi
0 = xi,+ − f i(x, u) = 0 , i = 1, . . . , n (12)

in state representation. Obviously, in the functions wi
0 there

occur no forward-shifts of the input variables. Because of

rank(∂uf) = m we can partition x = (x1, x2) such that

x
i,+
1 − f i

1(x, u) = 0 , i = 1, . . . , n−m

x
j,+
2 − f

j
2 (x, u) = 0 , j = 1, . . . ,m

with rank(∂uf2) = m. Solving the equations x+2 −
f2(x, u) = 0 for u gives uj = a

j
1(x, x

+
2 ), and by substituting

this in the remaining equations we get a representation for

S0 of the form

wi
1 = x

i,+
1 − f i

1(x, a1(x, x
+
2 )) = 0 , i = 1, . . . , n−m

Ξ1 : aj1(x, x
+
2 )− uj = 0 , j = 1, . . . ,m ,

(13)

where the functions wi
1 are independent of u and the second

line corresponds (up to a renaming of the variables) to the

block Ξ1 of (7).

Remark 7: Note that instead of eliminating all input vari-

ables it also would have been possible to eliminate only a

subset of the u’s, possibly after a preceding input transforma-

tion (this would result in a block Ξ1 of smaller dimension).

In the next step we have to proceed with the equations

wi
1(x, x

+) = 0, which describe the submanifold S1 ⊂ E , and

construct the block Ξ2. Since in general S1 will not admit a

state representation, we must formulate the decomposition

procedure such that it also works for implicit equations.

However, the idea will be the same: Solve some of the

equations for variables that only occur non-shifted, and

insert the solution in the remaining equations. This will be

explained in detail in the following section.

B. Step κ of the system decomposition

Consider the submanifold Sκ ⊂ E defined by the equations

wi
κ(ξ, ξ

+) = 0 , i = 1, . . . , ne , (14)

where (ξ, zκ−1, . . . , z0) (and their shifts) are coordinates for

E and (zκ−1, . . . , z0) (and their shifts) only occur in the

blocks Ξ1, . . . ,Ξκ constructed in the previous steps. First,

we construct a representation of Sκ which depends only on

a minimal number of variables, i.e. as many variables as

possible shall occur neither shifted nor non-shifted. There-

fore, we calculate the distribution C according to Section III,

where we only take into account the coordinates (ξ, ξ+) since

the other coordinates do not appear in (14) anyway. If C is

nontrivial, we choose a maximal involutive subdistribution

G ⊂ C which only depends on ξ+ and introduce coordinates

(ξ̄, yκ) = Φ(ξ) such that G = span{∂y+
κ
}. By Theorem 2

we can then find a representation for Sκ of the form

w̄i
κ(ξ̄, ξ̄

+) = 0 , i = 1, . . . , ne (15)

that does not depend on the variables yκ and y+κ . Note

that for the original system (12) the distribution C is al-

ways trivial, and thus y0 is empty. Next, we try to find a

coordinate transformation (ξ̃, ẑκ) = Φ(ξ̄) such that Sκ can

be represented without the shifted variables ẑ+κ . Thus, we

calculate the distribution V according to Section III, where

we only take account of the coordinates (ξ̄, ξ̄+) since (15) is

independent of the other coordinates. If V is nontrivial, we

choose a (not necessarily maximal) involutive subdistribution

F ⊂ V which only depends on ξ̄+ and straighten it out such

that F = span{∂ẑ+
κ
}. By Theorem 2 we can then find a

representation for Sκ of the form

w̃i
κ(ξ̃, ẑκ, ξ̃

+) = 0 , i = 1, . . . , ne . (16)

If rank(∂ẑκw̃κ) = dim(ẑκ), we can solve dim(ẑκ) of

the equations (16) for ẑκ and insert the solution into the

remaining equations. This results in a representation for Sκ

of the form

wi
κ+1(ξ̃, ξ̃

+) = 0 , i = 1, . . . , ne − dim(ẑκ)

Ξκ+1 : ajκ+1(ξ̃, ξ̃
+)− ẑjκ = 0 , j = 1, . . . , dim(ẑκ) ,

where the functions wi
κ+1 are independent of ẑκ and the

second line corresponds to the block Ξκ+1 of (7).
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In the next step we have to proceed with the submanifold

Sκ+1 defined by the equations

wi
κ+1(ξ̃, ξ̃

+) = 0 , i = 1, . . . , ne − dim(ẑκ) .

Remark 8: Note that the coordinate transformations in

the step κ affect the functions a1, . . . , aκ in the previously

constructed blocks Ξ1, . . . ,Ξκ, but they do not affect the

coordinates ẑ0, . . . , ẑκ−1. Thus, the structure of the blocks

Ξ1, . . . ,Ξκ is preserved.

If in some step κ = s− 1 we find a representation for Ss−1

of the form

Ξs : a
j
s(ξ̃, ξ̃

+)− ẑ
j
s−1 = 0 , j = 1, . . . , dim(ẑs−1) = ne

where no equations are left for the next step, setting ξ̃ =
ys completes the transformation to triangular form. On

the contrary, if in some step the distribution V is trivial

we cannot find a further decomposition and have to stop.

However, since the decompositions we do in each step are

not uniquely determined, a transformation to triangular form

still might be possible with different decompositions. So

our decomposition procedure is of constructive nature, if

it succeeds we have shown that the system is 1-flat, if it

fails this does in general not imply that the system is not

1-flat. The degrees of freedom we have in the choice of the

decompositions also reflect the fact that for one and the same

system different triangular forms with different 1-flat outputs

may exist.

Remark 9: If in the first step κ = 0 we eliminate all input

variables as shown in (13), we can only find flat outputs that

do not depend on u and are thus 0-flat (which is a special

case of 1-flatness). We can only find a flat output that is not

0-flat if we do not eliminate all input variables in the first

step, see also Remark 7.

V. EXAMPLES

In this section we illustrate the constructive method for the

transformation to implicit triangular form by two examples.

A. Example I

Consider the system

w1
0 = x1,+ − x2(u1 + 1) = 0

w2
0 = x2,+ − u1 = 0

w3
0 = x3,+ − (x4 + u2 − 1) = 0

w4
0 = x4,+ − (x5 + 1− x1(u1+1)

x2+1 ) = 0

w5
0 = x5,+ − (x2 + u2) = 0 .

Since the system is in state representation we have V =
span{∂u1,+ , ∂u2,+}, and we choose F = V which is clearly

involutive and already straightened out. If we solve the

equations w2
0 = 0 and w5

0 = 0 for (u1, u2) and insert the

solution into the remaining equations, we get a representation

for S0 of the form

w1
1 = x1,+ − x2(x2,+ + 1) = 0

w2
1 = x3,+ − x5,+ + x2 − x4 + 1 = 0

w3
1 = x4,+ − x5 − 1 + x1(x2,++1)

x2+1 = 0

Ξ1 :

[

x2,+

x5,+ − x2

]

−

[

u1

u2

]

=

[

0
0

]

,

where the first three equations determine the submanifold S1

and the last two equations correspond to the block Ξ1. It can

be verified that for S1 the distribution C is trivial, and that

V = span{∂x3,+ + ∂x5,+}. Since dim(V) = 1 we can only

choose F = V . The coordinate transformation

x̄3 = x3 − x5 , (17)

where all coordinates except x3 are left unchanged, re-

sults in F = span{∂x5,+}. In the new coordinates

(x1, x2, x̄3, x4, x5), S1 can be represented in the form

w̃1
1 = x1,+ − x2(x2,+ + 1) = 0

w̃2
1 = x̄3,+ + x2 − x4 + 1 = 0

w̃3
1 = x4,+ − x5 − 1 + x1(x2,++1)

x2+1 = 0

which does not depend on x5,+. Note that S1 does not allow

a state representation (this would have been possible only

if dim(V) = 2 and V involutive). Now we can solve the

equation w̃3
1 = 0 for x5 and get

w1
2 = x1,+ − x2(x2,+ + 1) = 0

w2
2 = x̄3,+ + x2 − x4 + 1 = 0

Ξ2 :
[

x4,+ − 1 + x1(x2,++1)
x2+1

]

−
[

x5
]

=
[

0
]

,

where we do not even have to insert the solution for x5

into the first two equations since they do not depend on

this variable. The equations w1
2 = 0 and w2

2 = 0 deter-

mine the submanifold S2, and again it can be verified that

for S2 the distribution C is trivial. Since the distribution

V = span{ x1,+

x2,++1∂x1,+ +∂x2,+ , ∂x4,+} is involutive, we can

choose F = V . The coordinate transformation

x̄1 = x1

x2+1 , (18)

where all coordinates except x1 are left unchanged, re-

sults in F = span{∂x2,+ , ∂x4,+}. In the new coordinates

(x̄1, x2, x̄3, x4), S2 can be represented in the form

w̃1
2 = x̄1,+ − x2 = 0

w̃2
2 = x̄3,+ + x2 − x4 + 1 = 0

which is a state representation. Now we can solve for

(x2, x4) and get

Ξ3 :

[

x̄1,+

x̄1,+ + x̄3,+ + 1

]

−

[

x2

x4

]

=

[

0
0

]

.

Since no further equations are left, the transformation to the

implicit triangular form is complete and y = (y3) = (x̄1, x̄3)
is a 1-flat output. The transformed system reads

Ξ3 :

[

x̄1,+

x̄1,+ + x̄3,+ + 1

]

−

[

x2

x4

]

=

[

0
0

]

Ξ2 :
[

x4,+ + x̄1(x2,+ + 1) − 1
]

−
[

x5
]

=
[

0
]

Ξ1 :

[

x2,+

x5,+ − x2

]

−

[

u1

u2

]

=

[

0
0

]

(19)

(note that after renaming the variables

y13 = x̄1 ẑ12 = x2 ẑ11 = x5 ẑ10 = u1

y23 = x̄3 ẑ22 = x4 ẑ20 = u2

(19) matches (7)). In original coordinates the flat output is

given by y = ( x1

x2+1 , x
3 − x5). This follows immediately

from (17) and (18).
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B. Example II

Consider the system

w1
0 = x1,+ − x2 = 0

w2
0 = x2,+ −

(

x3 + x2(u1 − u2)
)

= 0
w3

0 = x3,+ − (x4 + x2u2) = 0
w4

0 = x4,+ − x4(u1 − u2) = 0 .

If we apply our procedure to this system, we get the implicit

triangular form (8) of Example 1. In the first step we

eliminate both inputs, which results in the block Ξ1 with

dim(Ξ1) = 2 and a submanifold S1 which is described by

two equations. In the second step the distribution C is trivial

and V is 1-dimensional. Therefore we get the block Ξ2 with

dim(Ξ2) = 1 and a submanifold S2 which is described by

one equation. In the third step there occurs a 1-dimensional

distribution C, which means that the corresponding variable

y12 of (8) is a component of the flat output (provided that the

procedure succeeds) and does not occur in the blocks above

Ξ2. Since in addition we find a 1-dimensional distribution V ,

the submanifold S2 can be represented as block Ξ3 of (8),

and the transformation is complete. In original coordinates

the flat output is given by y = (x1, x4).

VI. CONNECTION WITH STATIC FEEDBACK

LINEARIZABILITY

If the system (1) is static feedback linearizable, then there

exists a state transformation x̄ = Φx(x) such that it can be

represented in an explicit triangular form

x̄+r = f̄r(x̄r , x̄r−1)
...

x̄+2 = f̄2(x̄r, x̄r−1, . . . , x̄2, x̄1)
x̄+1 = f̄1(x̄r, x̄r−1, . . . , x̄2, x̄1, u)

(20)

with rank(∂uf̄1) = dim(x̄1) = m, rank(∂x̄κ−1
f̄κ) =

dim(x̄κ), κ = 2, . . . , r and dim(x̄κ) ≥ dim(x̄κ+1), κ =
1, . . . , r− 1, where we have s = r blocks (with r according

to Definition 1) and each block is in state representation, see

[5] or [6].

Remark 10: By further state- and input transformations

which are based on above rank conditions and the implicit

function theorem, the Brunovsky normal form can be ob-

tained from (20) easily.

Regarding our implicit decomposition procedure introduced

in Section IV, as the form (20) already suggests, static

feedback linearizability means that in each step κ there

exists a state representation for Sκ, and we get Sκ+1 by

eliminating all input variables of Sκ. In the following we

will demonstrate this exemplarily for the first step and

give a sketch of the proof that S1 indeed admits a state

representation: Let X×U denote a manifold with coordinates

(x, u), and X+ a manifold with coordinates x+. If the system

(1) is static feedback linearizable, then the pushforward

f∗(span{∂u}) = span{∂ujf i∂xi,+ , j = 1, . . . ,m}

with f : X ×U → X+ is a well-defined m-dimensional and

involutive distribution on X+ (see e.g. [5]). This means that

there exist m independent vector fields vj = vij(x
+)∂xi,+ on

X+ such that their pairwise Lie brackets vanish and

f∗(span{∂u}) = span{vj, j = 1, . . . ,m} . (21)

Now the elimination of all input variables u of S0 results in

the submanifold S1 given by the equations

wi
1 = x

i,+
1 − f i

1(x, a1(x, x
+
2 )) = 0 , i = 1, . . . , n−m

of (13). If we take the vector fields vj of (21) as vector fields

on E , it can be shown that on S1 ⊂ E they annihilate the

differentials dwi
1, i.e.

vj⌋dw
i
1

∣

∣

S1
= 0 , i = 1, . . . , n−m.

Consequently, the distribution V of S1 has an m-dimensional

involutive subdistribution, and because of rank(∂x+w1) =
n−m even equality

V = span{vj, j = 1, . . . ,m}

holds. According to Theorem 3 this guarantees that S1 admits

a state representation. In the same way it can be shown

that the submanifolds S2, . . . ,Sr−1 we get in the subsequent

decomposition steps also allow state representations.

VII. PROOFS

A. Proof of Theorem 2

After the coordinate transformation (x̄, x̂) = Φ(x) condi-

tion (9) takes the form

∂x̂j⌋ dwi
∣

∣

S
= 0 , i = 1, . . . , ne ,

and thus the Jacobian matrix ∂x̂w vanishes on S. Since also

in new coordinates (x̄, x̂) the differentials dwi are linearly

independent we have rank(∂(x̄,x̂)w) = ne, and thus on S
the condition rank(∂x̄w) = ne must hold. Consequently,

we can split x̄ = (x̄1, x̄2) with dim(x̄1) = ne such that

rank(∂x̄1
w) = ne and, by the implicit function theorem,

solve the equations w = 0 for x̄1, which results in equations

of the form

x̄i1 = ψi(x̄2, x̂) , i = 1, . . . , ne

with smooth functions ψi. From this it is clear that the

functions

w̄i = x̄i1 − ψi(x̄2, x̂) , i = 1, . . . , ne

are smooth and their differentials linearly independent, and

that the equations w̄ = 0 have locally the same solution

set S as (3). To complete the proof, we have to show that

the functions ψi are independent of x̂. Therefore, first note

that since the equations w = 0 and w̄ = 0 determine the

same submanifold S ⊂ X , the codistributions span{dw}
and span{dw̄} coincide on S. Thus

∂x̂j⌋ dw̄i
∣

∣

S
= 0 , i = 1, . . . , ne

holds, which means that the functions

∂x̂j⌋dw̄i = −∂x̂jψi(x̄2, x̂)

vanish identically if we insert the equations x̄1 = ψ(x̄2, x̂)
which describe S. However, the fact that these functions are

independent of x̄1 implies ∂x̂jψi(x̄2, x̂) = 0, which shows

that the functions ψi are independent of x̂.
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B. Proof of Theorem 3

Necessity follows from the fact that for equations of the

form (11) we have V = span{∂u+}, which is involutive

and, because of nx = ne, has dimension nz − ne. To

show sufficiency we can proceed similarly as in the proof

of Theorem 2. First note that if we introduce coordinates

(x, u) = Φ(z) such that V = span{∂u+}, the Jacobian

matrix ∂u+w vanishes on S. Since also in new coordinates

(x, u) we have rank(∂(x+,u+)w) = ne, on S the condition

rank(∂x+w) = ne must hold. Because of nx = nz −
dim(V) = ne, by the implicit function theorem we can solve

the equations w = 0 for x+. This results in equations of the

form

xi,+ = f i(x, u) , i = 1, . . . , ne

with smooth functions f i which, as shown in the proof of

Theorem 2, do not depend on u+.
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Motivation & Objectives

Systems that communicate through networks are ubiquitous in this day and age. The complexity of such
systems is continuously increasing as a result of the decreasing cost of communication (with the prevalence
of the internet for example) and the growing number of smart devices used for monitoring and actuation.
There is also, on the other hand, an increasing need to take the different privacy and security concerns of
the interconnected systems into consideration. However, many conventional analysis and design methods,
such as the ones that make use of the Information Technology (IT) concepts, may not be adequate in dealing
with such systems, especially if they are dependent on central monitoring and control strategies. This
necessitates the need for adapting alternative control-theoretic methods that help in re-framing the complex
and potentially large-scale problems into relatively convenient ones for which efficient solutions can be
found.

Taking deeper look at many natural and engineered networks, such as social networks, wireless sensor
networks and power systems networks, it can be seen that they tend to be organized into a number of
interconnected clusters. The notion of clustering here is loosely defined as the ratio between the strength
of the internal connections to the external connections. This special structure is shown to exhibit two time-
scales behavior, where the average of the states within each cluster evolve in a slower time-scale compared
to the relative motion of the internal states. This motivates considering singular perturbation theory as
a main tool in their analysis and control. Singular perturbation theory has been shown to be effective in
dealing with systems that exhibit multi-time-scale properties. It can effectively allow us to consider each
time-scale component of the system separately and, hence, can lead to considerable simplification of the
entire system dynamics. By decomposing the system into its slow and fast components, one can also have
a deeper understanding of the system dynamics and can design targeted control strategies independently for
each time-scale dynamics. Traditionally, however, singular perturbation has been used to primarily study
model reduction of standalone centralized systems without consideration to any spatial structure, and to
study how these reduced-order models can be used for control designs. Our focus, in contrast, is to explore
how network-theoretic concepts can be merged with these model reduction and control techniques. More
specifically, we will combine graph theory and singular perturbation theory to show how network structure
can be an additional design component that can be exploited for conventional singular perturbation-based
designs.

From a different prospective, the majority of the so called control problems of the cyber-physical sys-
tems, where networks constitute a vital part of their structure, so far have either been addressed very in-
crementally, or have been defined in a broad and intuitive way without rigorous mathematical formulation.
As a step towards bridging this gap, we propose to organize this mini-course in MTNS 2016 to inform and
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educate our control audience, especially young students and scientists, about the tremendous potential of
exploiting two-time-scale properties of networks for the purpose of their analysis and control. In particular,
our goal in this mini-course is to educate control engineers about modeling and control of multi-time-scale
networked systems, to formulate problems on making the control systems distributed and scalable, and to
point out how singular perturbation theory can play an instrumental role in solving these problems. The
total duration of the tutorial will be 125 minutes. It will consist of 3 talks of respective lengths 50 minutes,
50 minutes and 25 minutes. Details of these talks are given as follows.

Time schedule
Talk Duration Title Speaker

Talk 1 50 minutes
Singular Perturbation Theory and its Use in

State-Feedback Control
Almuatazbellah Boker

Talk 2 50 minutes
Two-Time-Scale Modeling and Control of

Clustered Networks
Almuatazbellah Boker,
Aranya Chakrabortty

Talk 3 25 minutes
Role of Singular Perturbation for Attack

Localization in Graphs
Thomas Nudell

Description of Talks

• Talk 1: Singular Perturbation Theory and its use in State-Feedback Control

- This 50-min talk will cover the fundamental aspects of singular perturbation theory. In particular, it
will cover the following topics:

1. Modeling techniques of two-time scale systems: a discussion on the standard form of singularly
perturbed systems.

2. Linear time-invariant systems: brief review of block-triangular and block-diagonal forms and
their eigenspace properties; observability and controlability properties.

3. Composite control of linear systems: eigenvalues assignment; near optimal regulators; high-gain
feedback; robust output-feedback design.

4. Composite control of nonlinear systems: stability analysis.

• Talk 2: Two-Time-Scale Modeling and Control of Clustered Networks

- This 50-min talk will cover the following topics:

1. Two-time scale modeling of clustered networks: representing clustered networks in the standard
singular perturbation models; review of multi-cluster modeling technique, where each cluster
can have an approximate and unique model that represents the whole network.

2. Cluster-level composite control of networks: overview of the cyber-physical structure of the
closed-loop system, control aggregation concept.

3. Control problems/applications: distributed consensus control; design of robust controllers with
respect to inter-cluster feedback communication delays.
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• Talk 3: Role of Singular Perturbation for Attack Localization in Graphs

- This 25-min talk will cover the following topics:

1. The graph Laplacian of clustered networks: eigenvalues and eigenvectors.

2. Discrete nodal domains of Laplacian eigenvectors: an introduction to basic concepts and theory.

3. Discrete nodal domains and transfer function residues: a brief theoretical foundation.

4. Tractable attack localization algorithms in clustered graphs, i.e., putting it all together: singular
perturbation, transfer function residues, and discrete nodal domains.

All the talks will be made interactive to promote participation from the audience. Matlab demos, visu-
alization charts and graphics will be shown as much as possible to illustrate theoretical concepts. A detailed
handout listing references to textbooks and online study materials for further reading will be provided to the
attendees at the end of the course.

Our target audience for this course are faculty members, postdoctoral researchers, graduate students, and
industry practitioners who want to learn about the recent advancements in the field of control of clustered
networks and the constructive role that singular perturbation theory can play in this field. The session will
provide an insightful thrust to network system education for control engineers, especially for new graduate
students who are looking for fresh research problems. We will encourage interested audience to interact
with the speakers after their talks, thereby promoting the chances of collaborative research.
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Partial state reachability and observability of series connections of linear systems

Uwe Helmke1 Erik I. Verriest2

Abstract— We explore the issue of characterizing reachability
and observability for a subset of component systems in the series
connection of multivariable linear discrete–time systems. Such
a characterization is readily given in state space form, but hard
to work with. Using tools from algebraic systems theory, partial
state reachability and observability of a series connection are
characterized in terms of more easily manageable conditions on
Toeplitz operators and coprime factorizations of the component
transfer functions. Our results extend earlier results by Callier
and Nahum [2] on reachability of the series connection of two
systems, as well as a more recent characterization in [5] of
the full observability on the series connection of r ≥ 2 linear
systems. In addition, duality is briefly explored, showing that
the notions of partial reachability and observability are not
dual, unless all systems in the series connection are considered.

Keywords: Linear systems. Observability. Reachability.
Series connections. Toeplitz operators.

AMS subject classifications: 93B05, 93B07, 93B25

I. INTRODUCTION

In control and observation of systems in a network full
state reachability and observability were strived for in much
of the past research. See for instance [7]. However, typically
one may only be interested in controlling and/or determining
the states of certain subsystems. For instance, if systems
are linked through sensors and/or actuators, which may have
their own dynamical models, it seems reasonable to assume
that the precise states of these sensors and actuators may
not be of any concern. More generally, controlling precisely
all the states of a large network is rarely a goal in itself,
as is the case of exact reachability of a controlled PDE
[1] [10]. While this seems like a more relaxed condition of
reachability and observability, its precise formulation poses
fascinating challenges and is far from trivial. In practice
this situation occurs when systems of interest are linked by
channels exhibiting communication, transport or computation
delays (e.g., for coding/decoding) [8].

An example in point is a river network [11]. From stream-
gaging at certain locations, one may be interested in the

*It is with deep sorrow that we report the untimely demise of our friend
and co-author Prof. Uwe Helmke while preparing the final manuscript.

*The work by U. Helmke is supported by DFG Grant HE 1858/13-
1. E.I. Verriest gratefully acknowledges the hospitality at the Center of
Interdisciplinary Mathematical Research (IFZM) of the Julius-Maximilian-
University Würzburg during his Professional Development Leave from
Georgia Tech during the Fall of 2015.

1Uwe Helmke is with the Institute of Mathemat-
ics, University of Würzburg, 97074 Würzburg, Germany.
helmke@mathematik.uni-wuerzburg.de

2Erik I. Verriest is with the Department of Electrical and
Computer Engineering, Georgia Tech, Atlanta, GA 30332, USA.
erik.verriest@ece.gatech.edu

states at certain reservoirs along the rivers, without having
to know the states along flood plains or unpopulated areas.
Streamgaging is generally done in two ways
(See for instance (http://water.usgs.gov/edu/
measureflow.html):
(i) Measuring stream stage means obtaining a continuous
record of stage, i.e., the height of the water surface at a
location along a stream or river.
(ii) Measuring discharge measurement involves a periodic
measurements of the quantity of water passing a certain
location along a stream.
A stage-discharge relation defines the natural but often
changing relation between the stage and discharge, thus
converting the continuously measured stage into estimates
of stream flow or discharge. In flood control, one may want
to focus on setting or limiting river levels at some precise
locations.

We are not aware of references to partial state reachabil-
ity/observability in networked systems. Thus we will focus
on the simplest case, i.e., on the series connection of several
systems. This is a first step towards our ultimate goal of
describing partial observability of a network with arbitrary
connectivity graph.

Σ1

u

x1

Σ2 Σ3

x3

x2

y

Fig. 1. Series system Σ1 → Σ2 → Σ3 with output

In Figure 1 a series connection of three subsystems is
shown, with the subsystems Σ1 and Σ3 being the ones
of interest for which the states should be observed from
measurements of the output of the last system, and controlled
via the input to the first subsystem. What values the state x2

assumes if of no concern in this problem.
A more abstract formulation of this problem is the control

of an arbitrary subset of component systems in the series
connection of a series of systems, Σ1 to Σr. Assume that
the i-th component has a state space realization

Σi :
xi(t+ 1) = Aixi +Biui(t)

wi(t) = Cixi(t).
(1)

The coupling structure of the series connection requires the
identifications of the subsystems’ external signals

u(t) = u1(t), wi(t) = ui+1(t), i = 1, . . . , r,
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thus leading to the overall system equations

x(t+ 1) = Ax(t) + Bu(t)

y(t) = Cx(t)
(2)

with system matrices

A=















A1

B2C1 A2

B3C2 A3

. . .
. . .

BrCr−1 Ar















, B=

















B1

0
...
...
0

















C= [ 0, · · · · · · 0, Cr ].
(3)

The contribution of this paper is a precise characterization
of the reachability and observability of a subset of systems in
a a series connection. Let I = {i1, i2, . . . , ik} be a subset of
the index set {1, . . . , r}, ordered as 1 ≤ i1 < · · · < ik ≤ r.
We refer to the reachability/observability of the states
of the subsystems indexed by I as partial state
reachability/observability of the series connection
Σ1 → · · · → Σr. In what follows, F is an arbitrary
field.

Definition 1: The Σ1 → · · · → Σr series connection is I-
partial state reachable if, for some integer T ≥ 0, the states
of the I-subsystems, i.e., xi1(T ) ∈ F

ni1 , . . . , xik (T ) ∈ F
nik ,

can be arbitrarily assigned by a judicial choice of the input
sequence, u(0), u(1), . . . , u(T ) to the first system Σ1 in the
series connection,.

Definition 2: The Σ1 → · · · → Σr series connection
is I-partial state observable if the initial states of the
I-subsystems, i.e., xi1(0) ∈ F

ni1 , . . . , xik(0) ∈ F
nik , can

be unambiguously determined from knowledge of the output
sequence, y(0), y(1), . . . , y(T ) of the last system, Σr, and
the input sequence u(0), . . . , u(T ) to the first system Σ1 in
the series connection, for some integer T ≥ 0.

Thus Figure 1 addresses (1,3)-reachability and (1,3)-
observability. Throughout this paper we shall assume that
each of the systems Σi with i ∈ I is reachable when we
shall discuss reachability, and observable when observability
is discussed. Clearly, these are necessary condition for the
corresponding I-partial state property. Full reachability of
the series connection of two systems was first characterized
by Callier and Nahum [2], see also [9]. It has subsequently
been extended by Fuhrmann and Helmke [5], [6] for an
arbitrary number of systems in a series connection. Partial
state reachability is a special case of output observability,
where the read-out matrix C projects the full state state
space onto the state space of Σi1 ,Σi2 , . . . ,Σik . The clas-
sical characterization of output reachability may be found
in [13]. However, its implementation as a rank test does
not take the coupling structure of series connections into
account and therefore does not help in solving the problem

considered here. The problem of characterizing (1, 3)-partial
state reachability in a series connection of three systems has
been addressed in [14], and it was shown that it is not a
trivial problem.

Whereas the definitions of partial state reachability and
partial state observability appear to be dual, this is not the
case. It will be shown that partial observability, somewhat
surprisingly, is equivalent to full observability if some ad-
ditional observability condition holds [6]. Here we attempt
to generalize this preliminary work towards an ab initio
approach to partial state observability of an arbitrary number
of systems in a series connection.

The paper is organized as follows. Section II briefly
introduces the polynomial system framework. Section III
gives a precise characterization of the notion of partial state
reachability, and illustrates with the complete solution to the
(1, 3)- partial reachability problem. In section IV, we present
our main results on partial state observability: the Toeplitz
matrix characterization and equivalent characterizations in
polynomial matrix fashion. Examples illustrating the con-
cepts are given in Section V. In Section VI, duality is briefly
discussed and a comparison to an alternative but seemingly
less useful notion of partial observability is given.

II. THE SHIFT REALIZATION

We begin by reviewing some unavoidably abstract for-
malism, refering to [6] for complete proofs of the subse-
quent results on polynomial models. Since we focus on
discrete-time systems, we work over an arbitrary field F.
Let F((z−1))m denote the vector space of truncated Laurent
series, i.e., f(z) =

∑nf

j=−∞
fjz

j , fj ∈ F
m. Thus f−1

denotes the residue of f(z). We denote the canonical projec-
tions onto the strictly proper and polynomial parts, respec-
tively, by π− : F((z−1))m −→ z−1

F[[z−1]]m and π+ :
F((z−1))m −→ F[z]m. For a nonsingular polynomial matrix
T (z) ∈ F[z]m×m, define a linear projection map πT :
F[z]m −→ F[z]m by

πT f = Tπ−(T
−1f), f ∈ F[z]m.

The spaces

XT := ImπT = {f ∈ F[z]m | T−1f strictly proper}

XT := T−1XT = {h ∈ z−1
F[[z−1]]m | Th ∈ F[z]m}

are called the polynomial model and rational model
of T (z), respectively. It is easily seen that both spaces
XT , X

T are finite dimensional F-vector spaces of dimension
dimXT = dimXT = deg detT. Moreover, XT can be
endowed as follows with an F[z]-module structure. We note
that f(z) ∈ XT holds if and only if T (z)−1f(z) is strictly
proper. Introduce the shift operator ST : XT −→ XT by

ST f = πT (zf) = zf − T (z)ξf , f ∈ XT ,

where ξf = (T−1f)−1. The polynomial model XT then
becomes an F[z]-module by using the ST -induced module
structure, i.e.,

p · f = πT (pf), p ∈ F[z], f ∈ XT .
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Consider r decoupled discrete–time systems

xi(t+ 1) = Aixi(t) +Biui(t)

wi(t) = Cixi(t)

with minimal realizations (Ai, Bi, Ci) ∈ F
ni×ni ×F

ni×mi ×
F
pi×ni , i = 1, 2, . . . , r, m := m1. Let Gi(z) = Ci(zI −

Ai)
−1Bi denote the associated transfer function. The series

connection of these systems then has the state space repre-
sentation (A,B, C) as in (3), with transfer function

G(z) = Gr(z) · · ·G1(z) = C(zI −A)−1B.

In terms of right coprime factorizations Gi(z) =
Ni(z)Di(z)

−1, i = 1, . . . , r, one has a polynomial matrix
fraction description of the series connection as G(z) =
V (z)T (z)−1U(z), where

T (z) =











D1(z) 0 · · · 0
−N1(z) D2(z)

. . .
. . .

0 · · · −Nr−1(z) Dr(z)











U(z) = col
[

I 0 0 · · · 0
]

V (z) =
[

0 0 · · · 0 Nr(z)
]

, W (z) = 0.

(4)

Then the system in the state space XT

ΣV T−1U+W :=







Af = ST f f ∈ XT

Bξ = πT (Uξ), ξ ∈ F
m

Cf = (V T−1f)−1 f ∈ XT ,
(5)

defined by linear maps A : XT −→ XT , B : Fm −→ XT ,
and C : XT −→ F

p, is a realization of G(z). We will refer
to the realization (5) as the shift realization. It is easily seen
by inspection, see [6] for the terminology and further details,
that the two polynomial system matrices

[

zI −A −B
C 0

]

,

[

T (z) −U(z)
V (z) 0

]

are Fuhrmann strict system equivalent and thus their shift
realizations are similar. This implies that the shift realization
(5) is state space equivalent to the triple of matrices (A,B, C)
defined in (3). The observability map associated with (3) is
the linear map O : XzI−A → z−1

F[[z−1]]p, defined by

Of := C(zI −A)−1f.

Equivalently, one can show that the observability map asso-
ciated with (5) on XT is given as OT : XT → z−1

F[[z−1]]p

with

OT f = π−(V T−1f), f ∈ XT .

By the state space isomorphism theorem, there exists a mod-
ule isomorphism Z : XT → XzI−A such that O ◦ Z = OT .
Dually, the reachability map of (3) is R : F[z]m → XzI−A,
defined as

Ru = πzI−A(Bu(z)). (6)

Similarly, the reachability map for the shift realization (5) is
given as RT : F[z]m → XT , defined as

RTu = πT (Uu(z)).

This is of the same form as in (6), with A,B replaced by A
and B, respectively. Again, one obtains R = RT ◦ Z . The
shift realization theorem from [6] characterizes observability
and reachability in terms of the associated polynomial system
matrices. Explicitly, the realization (5), and hence (3), is
reachable (or observable), if and only if T (z) and U(z) are
left coprime (or T (z) and V (z) are right coprime).

Using these well-known characterizations we obtain the
following polynomial condition of reachability and observ-
ability for the series connection (3).

Theorem 1 ([5]): The series connection (3) is reachable
if and only if the polynomial matrix







N1(z) D2(z) 0
. . .

. . .
0 · · · Nr−1(z) Dr(z)






(7)

is left prime. Choose left coprime factorizations Gi(z) =
Di(z)

−1N i(z). Observability holds if and only if




















D1(z) 0 · · · 0
N2(z) D2(z) 0 0

0 N3(z) 0
...

. . .
...

0
. . . Dr−1(z)

0 · · · 0 N r(z)





















(8)

is right coprime.
Proof. Reachability of the series connection is equivalent to
left primeness of [T (z), U(z)]. Thus the first claim follows
immediately from (4). For the second part we refer to [6].

�

As an immediate consequence of the preceding result we
obtain the classical result of [2] that a series connection of
two systems is reachable if and only if N1 and D2 are left
coprime; observability holds if and only if D1 and N2 are
right coprime.

III. PARTIAL STATE REACHABILITY

In the preceding section we developed a clean polynomial
characterization of full state reachability and observability of
the series connection (3). We now turn to discuss the more
general problem of I-partial state reachability. Unfortunately,
as we will see, no simple polynomial characterization is
available for partial state reachability. Our first result char-
acterizes partial state reachability in terms of polynomial
Toeplitz operators.

Let

Ti : F[z]
mi → F[z]pi,Tiu := π+(Giu)

denote the Toeplitz operator with symbol Gi(z) and let
R(Ai, Bi) : F[z]

mi → F
ni denote the reachability operator

R(Ai, Bi)(f) = πzI−Ai
(Bif)

of the i–th system (Ai, Bi).
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Theorem 2: The series connection is I-partial state reach-
able if and only if the linear operator

RI :=











R(Ai1 , Bi1)Ti1−1 · · ·T1

R(Ai2 , Bi2)Ti2−1 · · ·T1

...
R(Aik , Bik)Tir−1 · · ·T1











is surjective. Note that for i1 = 1 the first row has to be
replaced by R(A1, B1).
Proof. The reachability map of A,B is equal to

R : F[z]m −→ XzI−A, Ru = πzI−A(Bu).

From the identity

(zI −A)−1B =











(zI −A1)
−1B1

(zI − A2)
−1B2G1(z)
...

(zI −Ar)
−1BrGr−1(z) · · ·G1(z)











we conclude that the i-th blockrow of Ru is

πzI−Ai
(BiGi−1(z) · · ·G1(z)u)−

BiCi−1π−((zI −Ai−1)
−1Bi−1Gi−2 · · ·G1u)

Using the identity

BiCi−1π−((zI −Ai−1)
−1Bi−1Gi−2 · · ·G1u)

= π−(BiGi−1 · · ·G1u)

and

πzI−Ai
(BiGi−1 · · ·G1u) =

= πzI−Ai
(Biπ+(Gi−1 · · ·G1u))+Biπ−(Gi−1 · · ·G1u),

we conclude that

RIu =











πzI−Ai1
(Bi1π+(Gi1−1 · · ·G1u))

πzI−Ai2
(Bi2π+(Gi2−1 · · ·G1u))

...
πzI−Aik

(Bikπ+(Gir−1 · · ·G1u))











.

The result follows. �

We emphasize that the partial reachability matrix RI does
not coincide with the reachability matrix of the truncated
series connection Σi1 → Σi2 → · · · → Σik . Thus, I-partial
reachability is not equivalent to reachability of the truncated
series connection.

The preceding characterization is in terms of infinite
matrices and therefore somewhat hard to deal with. The next,
more explicit, characterization is in terms of image spaces of
Toeplitz operators and is as close as possible to the Sylvester
matrix characterization of full reachability in Theorem 1. We
omit the proof which will appear elswehere [15].

Theorem 3: Let r = 2k + 1 and m :=
∑k

i=0 m2i+1,
p :=

∑k

i=1 p2i. The series connection Σ1 → . . . → Σr

is (1, 3, . . . , 2k + 1)–partial state reachable if and only if

the Toeplitz operator TGc
: F[z]m → F[z]p of the rational

function

Gc =











G2N1 D3 · · · 0
0 G4N3 D5 0
...

. . .
. . .

...
0 · · · 0 G2kN2k−1 D2k+1











is surjective.

For (1, 3)-partial state reachability we conclude

Corollary 1: The series connection Σ1 → Σ2 → Σ3

is (1, 3)-partial state reachable if and only if the Toeplitz
operator T[G2N1,D3] : F[z]

m1+p2 → F
p2 is surjective.

�

We have not been able to find an explicit coprimeness
condition for partial state reachability, similar to the one
in Theorem 1. In fact, as the following corollary shows
there exists probably no such characterization in terms of
coprimeness of associated polynomial matrices. This shows
very clearly the intrinsic difficulty of the partial state reach-
ability problem for a series connection. Explicit conditions
for surjectivity of the Toeplitz operator TG with a rational
symbol G are well-known. Thus TG is surjective whenever
G is proper rational and of full column rank. This implies the
following sufficient condition for partial state reachability.

Corollary 2: Assume that all transfer functions Gi(z) are
square m×m rational. The series connection Σ1 → . . . →
Σr is (1, 3, . . . , 2k+1)–partial state reachable, provided the
rational functions

G2N1, G4N2, . . . , G2kN2k−1

are all proper and of full column rank. In particular, for
series connections of SISO systems, I–partial state reachable
holds provided the relative degrees δj of Gj satisfy for
s = 1, . . . , k − 1

degN2s+1 ≤ δ2s+2.

�

A. Parallel-Series Connections

We close this section with an indication of how one might
extend the previous reachability results to more complicated
network structures. For simplicity we focus on the special
case of a parallel connection of two series connections Σ1 →
Σ2 → Σ3 and Σ1 → Σ2. We want to characterize when
one can find a single control that simultaneously assigns the
states in Σ1,Σ1,Σ2 and Σ3. Let Gi = NiD

−1
i , i = 1, 2, 3

and Gi = N iD
−1

i denote right coprime factorizations of
the transfer functions of systems Σ1,Σ2,Σ3 and Σ1,Σ1,Σ2,
respectively. The control task then is equivalent to find–for
arbitrary ξ1, ξ3, ξ1, ξ2– a pair of control functions v, v such
that v = v and

πzI−A1
(B1v) = ξ1, πzI−A2

(B2π+(G1v)) = ξ2

πzI−A1
(B1v) = ξ1, πzI−A3

(B3π+(G2G1v)) = ξ3.
(9)
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Select unique elements u∗
i ∈ XDi

, u∗
i ∈ XDi

with
πzI−Ai

(Biu
∗
i ) = ξi for i = 1, 3 and πzI−Ai

(Biu
∗
i ) = ξi

for i = 1, 2. Note that the kernel of the reachability map
u 7→ πzI−Ai

(Biu) is equal to Di(z)F[z]
mi ; similarly for

Ai, Bi. Thus the preceding condition is equivalent to the
existence of polynomials w,w, v2, v3 satisfying

v := u∗

1 +D1w = v := u∗

1 +D1w

π+(G1v) = u∗

2 +D2v2, π+(G2G1v) = u∗

3 +D3v3.

Now assume that D1 and D1 are left coprime, or equiva-
lently, that the parallel connection of Σ1 and Σ1 is reachable.
Then there exists right coprime polynomial matrices X,Y

with D1X + D1Y = 0. Moreover, there exist polynomial
matrices w∗, w∗ with

u∗

1 +D1w
∗ = u∗

1 +D1w
∗.

Thus the set of all pairs of polynomials (w,w) satisfying
u∗
1 +D1w = u∗

1 +D1w can be written as

{(w∗ + Y p,w∗ +Xp) | p polynomial},

By substituting the expressions for v, v in (9) into the other
equations we obtain

π+(N1Xp) = u∗

2 − π+(G1(u
∗

1 +D1w
∗) +D2v2

π+(G2G1Y p) = u∗

3 − π+(G2G1(u
∗

1 +D1w
∗) +D3v3.

Next note that u∗
i ∈ XDi

, u∗

i ∈ XDi
can be chosen arbitrar-

ily. Furthermore, the direct sum decomposition XD⊕DF[z]m

holds for any nonsingular m × m–polynomial matrix D.
Decompose G1(u

∗

1 + D1w
∗)+ and π+(G2G1Y p) = u∗

3 −
π+(G2G1(u

∗
1 +D1w

∗) with respect to such decompositions
for D = D2 and D = D3, respectively. Then we conclude
that the preceding condition is equivalent to the one that for
all u2

∗ ∈ XD2
, u∗

3 ∈ XD3
there exist polynomials p, v2, v3

such that

π+(N1Xp) = u∗

2 +D2v2

π+(G2G1Y p) = u∗

3 +D3v3.

We conclude with the following characterization of partial
state reachability for the parallel-series connection network.

Theorem 4: Assume that D1 and D1 are left coprime;
let X,Y be right coprime polynomial matrices satisfying
D1X +D2Y = 0. Let D = diag(D2, D3) and

Γ =

[

N1X

G2N1Y

]

.

The parallel-series connection of Σ1 → Σ2 → Σ3 with
Σ1 → Σ2 is ((1, 3); (1, 2))–partial state reachable if and only
if

F[z]• = D(z)F[z]• + TΓ(F[z]
•).

IV. PARTIAL STATE OBSERVABILITY

The notions of partial state observability and partial state
reachability, although appearing in a dual form to each other,
are in fact not in any dual relationship to each other. In order
to see this we first reformulate partial state observability
using observability matrices and Toeplitz operators. We begin
by introducing a general notion of observability for series
connections Σ1 → · · · → Σr. Let I,J be disjoint subsets
of {1, . . . , r} with I 6= ∅ and let Ic := {1, . . . , r}\I denote
the complement.

Definition 3: The Σ1 → · · · → Σr series connection
is (I,J )-partial state observable if there exists T ≥ 0
such that the initial states of the I-subsystems, i.e., xi(0) ∈
F
ni , i ∈ I, can be unambiguously determined from knowl-

edge of the the initial states xj(0) ∈ F
nj , j ∈ J , of the

output sequence y(0), y(1), . . . , y(T ) of the last system, Σr,
and the input sequence u(0), . . . , u(T ) to the first system Σ1

in the series connection.

Of course, this definition is more general than that in the
introduction. Specifically, for J = ∅ we obtain I–partial
state observability in the sense of definition 2, while the
choice J = Ic leads to the dual of partial state reachability
in the sense of definition 1.

To simplicity our subsequent analysis we focus on the case
r = 2k + 1 and I = {1, 3, . . . , 2k + 1}. Let

T
−

i : z−1
F[[z−1]]mi → z−1

F[[z−1]]pi , T−

i h := π−(Gih)

denote the dual Toeplitz operator with symbol Gi(z). Let
Oi : F

ni → z−1
F[[z−1]]pi denote the observability operator

Oiξ = Ci(zI −Ai)
−1ξ

of the i–th system (Ai, Bi, Ci). Let O denote the observabil-
ity operator of the full cascade Σ1 → Σ2 → · · · → Σ2k+1.
Then a straightforward computation reveals that

O :=
[

O1, T
−

1 O2, · · · , T
−

1 · · ·T−

2kO2k+1.
]

.

Let

OI :=
[

O1, T
−

1 T
−

2 O3 · · · , T
−

1 · · ·T−

2kO2k+1

]

denote the submatrix of O with block columns indexed
by I and let OIc denote the submatrix consisting of all
complementary columns of O that are not in OI . Let P

denote a full row rank matrix with Ker P = ImOIc .

Theorem 5: The series connection Σ1 → Σ2 → Σ3 →
· · · → ΣN is (1, 3, . . . , 2k + 1)-partial state observable if
and only if for all ξ

Oξ = 0 =⇒ ξ1 = ξ3 · · · = ξ2k+1 = 0. (10)

Equivalently, I-partial state observability holds if and only
if POI is injective.
Proof. That I–partial state observability is equivalent to the
condition in (10) follows immediately from the definition.
Thus it remains to show that this is in turn equivalent to injec-
tivity of POI . Assume that POIξI = 0. Then obviously, for
ξ = col(ξI , ξIc), the condition OIξI + OIcξIc = Oξ = 0
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implies that POIξI = 0. Thus ξI = 0. Conversely, assume
that (10) holds and POIξI = 0. Then there exists η such
that

OIξI = OIcη.

Thus OIξI + OIc(−η) = 0 and by applying (10) we
conclude that ξI = 0. This completes the proof. �

In order to obtain more efficient characterizations of
partial state observability we embed the notion of I-partial
state observability into the more general general concept of
functional observability, introduced in [6]. Let

xt+1 = Axt + But (11)

yt = Cxt (12)

zt = Kxt (13)

with x, y, u, z taking values in F
n,Fp,Fm and F

k. Following
[6] we say that the variable z is observable from (y, u) if
each pair of solutions (x, y, u, z), (x, y, u, z) of (11) satisfies
z = z. Equivalently, all initial conditions x0 that satisfy yt =
0 and ut = 0 for all t ≥ 0 also satisfy zt = 0 for all t ≥ 0.
We also say that the system is functionally observable. If
(11) arises from the cascade system (2) and K is of the form

K =











I 0 · · · 0 0
0 0 I 0 · · · 0

. . .
0 · · · · · · 0 I











, (14)

with identity matrices at columns 1, 3, . . . , 2k + 1, then the
series connection (2) is I-partial state reachable if and only
if z = Kx is observable from (y, u) in (11). In the sequel we
will make use of the following characterization of functional
observability.

Proposition 1 (Cor. 7.15, [6], p. 373,): Assume that

(

[

C
K

]

,A) is observable. Then the output z = Kx is

observable from (y, u) if and only if (C,A) is observable.

We now apply this proposition to the I-partial observabil-
ity problem.

Theorem 6: Let r = 2k + 1 and I = {1, 3, . . . , 2k +
1}. Assume that all realizations (A2i, B2i, C2i) are minimal
with B2i+1 full column rank. Then the series connection (2)
is I-partial state observable if and only if it is observable.
Observability of (2) is equivalent to the polynomial matrix





















D1 · · · 0

N1 D2 0
...

0 N2

...
. . .

. . .
...

0 N2k D2k+1

0 · · · 0 N2k+1





















being right prime, provided all realizations (Aj , Bj , Cj), j =
1, . . . , 2k + 1, are minimal.
Proof. For a proof of the second statement we refer to [6].
Moreover, observability implies partial state observability, so

it remains to prove the converse direction. By Proposition 1
it suffices to proof that the cascade with extended output

(

[

C
K

]

,A) is observable. Note that

[

C
K

]

=















0 0 · · · 0 C2k+1

I 0 0 0
0 0 I 0
...

. . .
...

0 0 I















and therefore it suffices to show that (K,A) is observable.
We prove this for k = 1 using the Hautus criterion; the proof
easily extends by induction for k > 1. By inspection,













zI −A1 0 0
−B2C1 zI −A2 0

0 −B3C2 zI −A3

I 0 0
0 0 I













is right prime if and only if
[

zI −A2

−B3C2

]

(15)

is right prime. But this is the case if B3 is full column rank
and if (C2, A2) is observable. This completes the proof. �

The preceding result may come as a surprise, by asserting–
under the mild full column rank condition on Bi–that the
notions of (1, 3, . . . , 2k + 1)–partial state observability and
observability of the entire series connection are in fact
equivalent. Thus the dual notion of I–partial state observ-
ability should be close to complete reachability of the entire
cascade. We see in particular, that the notions of (1, 3)–
partial satte reachability and partial state observability are
not dual.

V. EXAMPLES

Example 1. The series connection

z + 1

z(z + 2)
→

z

(z + 2)(z + 1)
→

1

z + 1

cannot be fully reachable, however, it is (1,3)-reachable.
Example 2: (1)-partial observability in Σ1 → Σ2 with

n1 = 1 and n2 = 2, both systems observable.

Here

A =





α

b1 −a1 1
b2 −a2 0



 , C = [ 0 | 1 0 ].

The full observability matrix is

O(A, C) =





0 1 0
b1 −a1 1

(α− a1)b2 + b2 a21 − a2 −a1



 .

We see that the (1)-partial observability matrix
[0 b1 (α− a1)b2 + b2]

⊤ has full rank iff [b1 b2]
⊤ 6= 0.
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Example 3: (1)-partial observability in Σ1 → Σ2 with
n1 = 2 and n2 = 1, and both systems observable.

Here

A =





−a1 1 0
−a2 0 1
β 0 −α



 , C = [ 0 0 | 1 ].

The full observability matrix is

O(A, C) =





0 0 1
β 0 α

(α− a1)β β α2



 .

We see that the (1)-partial observability matrix




0 0
β 0

(α− a1)β β



 has full rank iff β 6= 0.

Example 4: (1)-partial observability in Σ1 → Σ2 with
n1 = 1 and n2 = 2, and Σ2 not observable.

Here

A =





α

b1 a 0
b2 0 a



 , C = [ 0 | c1 c2 ].

The full observability matrix is

O(A, C) =





0 c1 c2
c1b1 + c2b2 c1a c2a

(α + a)(c1b1 + c2b2) c1a
2 c2a

2



 .

We see that the (1)-partial observability matrix
[0 c1b1 + c2b2 (α + a)(c1b1 + c2b2]

⊤ and has full
rank iff h1 = c1b1 + c2b2 6= 0.

VI. DUALITY

Finally, we add a comment regarding duality within the
state space setting; a complete discussion of duality in the
context of polynomial models being out of the scope of
this paper. For simplicity we assume that F = R is the
field of real numbers. The notion of partial state reachability
involves surjectivity of the partial reachability operator. By
virtue of the Cayley-Hamilton theorem, this relates to full
rankness of a “suffiently large” truncated partial reachability
matrix. Let K denote the matrix in (14) that selects the states
labeled by I that are to be assigned by the input, while
Kc denotes the related matrix that selects its complementary
state variables labeled by Ic. Then I–partial state reachabil-
ity is equivalent to the full rank property of a “sufficiently
large” (N block columns) truncated KRN (A,B). Partial
state observability on the other hand is the full rank prop-
erty of the “suffiently large” truncated partial observability
operator PNON (A, C)K⊤, where PN is a full row rank
matrix that satisfies KerPN = ImON (A, C)K⊤

c . Hence
ImP⊤

N = KerKcRN (A⊤, C⊤).
Obviously these two problems are not dual. However it is

clear that partial state reachability and partial state observ-
ability each have a dual. Let’s call these duals respectively

restricted observability and restricted reachability. Thus we
define:

1. The series combination is I-restricted observable if
and only if ON (A, C)K⊤ is injective.

2. The series combination is I-restricted reachable if and
only if KRN (A,B)P⊤

N is surjective, for PN satisfying
ImP⊤

N = KerKcRN (A,B).

What are the system theoretic meanings of these conditions?
Let ON (I) := ON (A, C)K⊤, ON (Ic) := KON (A, C)⊤. It
follows from

YN = ON (A, C)x0

that
YN = ON (A, C)(K⊤K+K⊤

c Kc)x0.

Hence, using xI
c

0 := Kcx0, x
I
0 := Kx0,

YN −O(Ic)xI
c

0 = ON (I)xI

0 .

This means that if the initial states xI
c

0 are known, then
the remaining initial states xI

0 are uniquely determined
if the system is I-restricted observable. Equivalently,
I-restricted observability is the same as (I, Ic)-partial
state observability.

Likewise it follows from

xT = RN (A,B)P⊤

N vN

that
KxT = KRN (A,B)P⊤

N vN

and that
KcxT = KcRN (A,B)P⊤

N vN = 0

Hence, if x0 = 0 and KRN (A,B)P⊤

N is surjective, i.e., if
the system is I-restricted reachable, one can always find an
input sequence U = col(u(0), u(1), . . . , u(N−1)) ∈ ImP⊤

N ,
namely, U = P⊤

N vN , such that the states xI are arbitrarily
assigned, and the states xI

c

return to the zero state at some
time N . Thus, I-restricted reachability is equivalent to
the ability of steering from zero to arbitrary states in
the prescribed subsystems, while the states in the other
components return to zero.

One can clearly envision even more general types of
restricted or partial reachability and their duals. Their study
is an ongoing effort.

VII. CONCLUSIONS

Motivated by control problems for networks of linear
discrete–time systems with communication delays on the
interconnection channels, we considered the tasks of partial
state assignment and partial state observation in a series
connection. Using methods from algebraic system theory,
such as polynomial models and the shift operator, necessary
and sufficient conditions for partial state reachability and
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observability of a series connection were derived. Some-
what surprisingly, although both definitions for partial state
reachability and observability are natural, they are not dual
to each other. In particular, partial state reachability does
not imply partial state observability for the dual system. We
leave it as an open problem to relate more general notions of
observability and reachability and their duality, in particular
for a deeper understanding of the observation and control
problems in simple interconnected linear systems.
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Global and Invariant Aspects of Consensus on the n-Sphere*

Johan Markdahl1,2, Wenjun Song1, Xiaoming Hu1, and Jorge Goncalves2

Abstract—This paper concerns two aspects of the multi-
agent consensus problem on the n-sphere. Firstly, it proves
that a standard consensus protocol, in a certain sense, yields
asymptotical stability on a global level for a nontrivial
class of graph topologies. Secondly, it provides a novel
consensus protocol that leaves the centroid of agent states

in Rn+1 projected back to the sphere invariant. It hence
becomes possible to determine the consensus point as a
function of the initial states. Much of the stability analysis
has an intuitive geometric appeal since it is based on the
symmetries of the n-sphere rather than generic Lyapunov
theory.

I. Introduction

Consider a system consisting of N agents, each of which is

equipped with some limited communication and sensing

capabilities. The goal is for all agents to converge to

the same state, i.e., to reach a consensus. This type of

problem is widely studied in the literature, see e.g., [14]

and the references therein. As the �eld of networked and

multi-agent system has matured, research focus shifts from

linear dynamics to more realistic models such as switched

and highly nonlinear systems including those featured in

the attitude synchronization problem [16], [19], [20], [22],

[25]. Research on attitude synchronization is motivated by

applications such as satellite formation �ying [7], [11], co-

operative robotic manipulation [17], multi-camera networks

[23], and distributed rotation averaging [2], [4].

The reduced attitude is a property of objects that for vari-

ous reasons, such as task redundancy, cylindrical symmetry,

or actuator failure, lack one degree of rotational freedom in

three-dimensional space and whose orientation corresponds

to a pointing direction with no regard for the rotation about

the axis of pointing [9]. The reduced attitude synchroniza-

tion problem is equivalent to the consensus problem on the

sphere. The problem of cooperative control on the sphere

has received some attention in the literature [3], [15], but

comparatively less than the full attitude synchronization

problem. Other applications of consensus on the sphere

include planetary scale mobile sensing networks [5].

This paper concerns two aspects of the consensus prob-

lem for a multi-agent system on the n-sphere. One problem

concerns the possibility of �nding a control law that makes

the consensus manifold almost globally asymptotically sta-

ble. A basic control law is shown to render all equilib-

rium manifolds except the consensus manifold unstable

* This work was not supported by any organization
1 Department of Mathematics, KTH Royal Institute of Technology,

Stockholm Sweden, hu@kth.se, wenjuns@kth.se
2 Luxembourg Centre for Systems Biology, University of Luxembourg,

Luxembourg City, Luxembourg, markdahl@kth.se

for a nontrivial class of graph topologies. The question

of whether this result holds for general graph topologies

is explored in simulation. Another problem concerns the

determination of the �nal state, i.e., the particular point

on the consensus manifold to which the agents converge.

Applications can be found in the �eld of distributed com-

putation. A control law is provided that leave the centroid

of agent states in R
n+1 projected back to the n-sphere

invariant.

Related research concerns the problem of almost global

consensus on S1 [18], on SO(3) [24], and on Sn in the

special case of a complete graph [3], [15]. The work [24]

makes use of a particular reshaping function to establish

almost global consensus for general graph topologies. The

authors apply an optimization based method to characterize

the stability of all equilibria. Their approach is roughly

equivalent to the direct method of Lyapunov. By shifting

consideration from SO(3) to the n-sphere, this paper uses

an analysis based on the symmetries of the n-sphere to

establish stability results like those in [24] without the use

of any reshaping function.

The work [24] divides the literature on attitude consen-

sus into two categories: extrinsic and intrinsic algorithms.

An algorithm is said to be extrinsic if it makes use of

a parametrization that embeds SO(3) in some Euclidean

space. There are algorithms in this class that provide

consensus on a global level. For the second category of

algorithms that work with SO(3) directly, global level re-

sults had not been obtained prior to the publication of [24].

To the best of our knowledge, previous work concerning

intrinsic cooperative control on the n-sphere only regards

the case of a complete graph [3], [15].

The 2-sphere is akin to a subset of SO(3), and as such

many results obtained for SO(3) also applies to S2. Special

cases sometimes allow for stronger results. The �ndings of

this paper indicates that the conditions for achieving almost

global consensus are, in a certain sense, more favorable

on the 2-sphere than the particularization of previously

known results concerning SO(3) would imply. There are

graph topologies for which standard consensus protocols

render all equilibria except the consensus point unstable

on S2 whereas simulation results indicate that some of the

corresponding equilibria are asymptotically stable on SO(3)

[24].

The main contributions of this paper are summarized

as follows. Firstly, it provides a convergence results on

a global level for topologies apart from trees and the

complete graph, i.e., for a larger class of topologies than

what has previously been found on the n-sphere [3], [15],
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[25]. Secondly, it provides a novel consensus protocol that

leaves the centroid of agent states invariant. There is, to

the best of our knowledge, no such previous result, nor

has the problem of determining the consensus point of a

continuous time multi-agent system on the n-sphere been

addressed previously.

II. Problem Description

The following notation is used throughout this paper. The

inner product and outer product of x, y ∈ Rn are denoted

by 〈x, y〉 and x⊗y respectively. The Euclidean norm is used

for vectors and the Frobenius norm is used for matrices.

The general linear group of invertible n × n matrices over

the �eld R is written GL(n). The special orthogonal group

is SO(n) = {R ∈ GL(n) | R−1 = R⊤, detR = 1}. The Lie

algebra of SO(n) is so(n) = {S ∈ R
n×n | S⊤ = −S}. The n-

sphere is denoted by Sn = {x ∈ R
n+1
| ‖x‖ = 1}, where

n ≥ 2. A graph is a pair G = (V, E) where V is the

node set and E ⊂ V × V is the edge set. For any graph

G, the notation V (G) and E (G) refers to its node and

edge sets respectively. The union of two graphs G1 and G2
is de�ned as the graph (V (G1) ∪ V (G2), E (G1) ∪ E (G2)).

Some special graphs that will be used are the complete

graphs K0 = (∅, ∅), K1 = ({1}, ∅), K2 = ([2], {(1, 2)}), and

Kn = {[n], {(i, j ) | i, j ∈ [n], i , j}} where n ∈ N and

[ ] : n 7→ {k ∈ N | k ≤ n}. The symbol
∼
∈ denotes an

isomorphism between a graph and an element of a set of

graphs, i.e., G
∼
∈ {H1, . . . ,Hm } if G ≃ Hi for some i ∈ [m].

The symbol ∼⊂ denotes an isomorphism relation between

sub- and supersets, namely S1
∼
⊂ S2 implies that S1 ⊂ S3

and S3 ≃ S2. In particular, S
∼
⊂ S

1 denotes that S belongs

to a great circle.

An equilibrium manifold is, roughly speaking, a set of

equilibria of a system that also constitute a manifold. The

concepts of stability of an equilibrium can be extended to

sets and hence to manifolds [13], [21]. This paper introduces

the following terminology to describe stability properties of

manifolds.

Definition 1. An equilibrium manifold is said to be max-

imal if it is connected and not a strict subset of any other

connected equilibrium manifold.

Definition 2. A maximal equilibrium manifold is said to

be uniquely stable if it is stable and no other maximal

equilibrium manifold is stable, uniquely attractive if it is

attractive and no other maximal equilibrium manifold is

attractive, and uniquely asymptotically stable if it is both

uniquely stable and uniquely attractive.

Remark 3. Note that for an equilibrium manifold to be

uniquely asymptotically stable is stronger than for it to be

the only asymptotically stable maximal equilibrium mani-

fold since it also excludes any other maximal equilibrium

manifold being either stable or attractive.

A. Distributed Control Design

Consider a multi-agent system where each agent is iden-

ti�ed by an index i ∈ [N ]. The agents are capable of

limited pairwise communication and local sensing. The

topology of the communication network is described by

an undirected connected graph G = (V, E), where V =

[N ] = {1, 2, . . . ,N }, and the presence of an edge (i, j ) ∈ E

implies that agent i and j can communicate, or equivalently

that agent i and j can sense the so-called local or relative

information regarding the displacement of their states.

Control is assumed to be based on a minimal amount of

relative information and to be carried out on a kinematic

level.

The information Ii j that agent i has access to regarding

one of its neighboring agents j includes

Ii j ⊃ span{(I − Xi ) (xj − xi )} = span{xj − 〈xj , xi 〉xi }, (1)

where Xi = xi⊗xi and I−Xi : R
n+1
→ Txi

S
n is a projection.

The space of relative information known to any agent i ∈ V

is ∪j∈NiIi j . The subset of Ii j given by (1) corresponds to

the customary relative information in linear spaces Ii j ⊃

span{xj − xi } projected on Txi
S
n. An agent can calculate

this aspect of Ii j based on local sensing since all it needs

to discern is the direction towards its neighbor along its

tangent space.

System 4. The system is given by N agents, an undirected

and connected graph G = (V, E), agent states xi ∈ S
n ,

where n ≥ 2, and dynamics

ẋi = ui − 〈ui , xi 〉xi , (2)

where ui =
∑

j∈Ni
fi jxj ∈ R

n+1 for some continuously dif-

ferentiable fi j : Si → (0,∞), where Si ⊆
∏

j∈Ni
Ii j , such

that ḟi j ≤ 0 for all j ∈ Ni , for all i ∈ V .

Note that the dynamics (2) projects the input ui on the

space of relative information. While some agent i ∈ V may

not be able to calculate ui based on the information (1)

obtained from all its neighbors, that agent can still calculate

an input vi whose projection on Txi
S
n is identical to that

of ui . This holds for any input that belongs to span{xj | j ∈

Ni }, and in particular for any element of the positive cone

pos{xj | j ∈ Ni }. Intuitively speaking, it is reasonable to

assume that agent i should be able to move towards any

point in pos{xj | j ∈ Ni }, i.e., that pos{xj | j ∈ Ni } ⊂ Ii j .

All vectors in this section are de�ned in the world frame

W . To implement the control law in a distributed fashion,

ui must be transfered to the body frame Bi of agent i .

Let [x]F denote that the coordinates of vector x are given

with respect to the F . Suppose Bi is related to W by

means of a rotation Ri : [v]W 7→ [v]Bi . The control law in

W is given by [ui ]W =
∑

j∈Ni
fi j[xj ]W . Hence [ui ]Bi =

∑

j∈Ni
fi jRi [xj ]W =

∑

j∈Ni
fi j[xj ]Bi . Moreover,

[ẋi ]Bi = Ri [ui ]W + 〈[ui ]W ,R
⊤
i Ri [xi ]W〉Ri [xi ]W

= [ui ]Bi + 〈[ui ]Bi , [xi ]Bi 〉[xi ]Bi , (3)

due to inner products being invariant under orthonormal

changes of coordinates. From the perspective of stability

analysis, (3) is the same as equation (2).
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The problem of multi-agent consensus on the n-sphere

concerns the design of distributed control protocols {ui }
N
i=1

based on relative information, as discussed in the above

paragraphs, that stabilize the consensus manifold

C = {{xi }
N
i=1 ∈ (Sn )N | xi = xj , ∀ i, j ∈ V} (4)

of System 4. If all agents converge to one point on the

n-sphere, then they are said to reach consensus. For all

connected graphs, it can easily be shown to su�ce that the

states of any pair of neighboring agents are equal.

B. Problem Statement

This paper concerns two aspects of consensus on the n-

sphere.

Problem 5. Design a consensus protocol, i.e., input signals

ui for all i ∈ V , for System 4 such that the consensus

manifold is uniquely asymptotically stable.

Problem 6. Design a consensus protocol, ui for all i ∈ V ,

for System 4 such that the system converges asymptotically

to a point on the consensus manifold for which an explicit

expression can be given in terms of the initial states of the

agents.

Problem 5 concerns the global behavior of the system.

Under certain assumptions regarding the connectivity of G,

local consensus on SO(3) can be established with the region

of attraction being the largest geodesically convex set on Sn,

i.e., open hemispheres. See for example [25] in the case of

an undirected graph and [22] in the case of a directed and

time-varying graph. A global stability result for discrete-

time consensus on SO(3) is provided in [24]. The algorithm

of [24] does however require the use of a reshaping function

which depends on an unknown parameter. Almost global

asymptotical stability of the consensus manifold on the n-

sphere is known to hold when the graph is a tree [25] or

is complete in the case of �rst- and second-order models

[3], [15]. The author of [15] conjectures that global stability

also holds for a larger class of topologies.
Problem 6 concerns the invariant state information that

can be extracted by means of local communication, and

is of importance in the �eld of distributed computing. This

problem is well-known in the linear case [14] but it does not

appear to have been given much attention in the n-sphere

case; see [2], [4], [25] for treatments of related problems

in the SO(n) case. The problem of calculating averages on

sphere has been studied in the context of computer graphics

[12]. Splines are used to port these results to systems

that evolve in continuous time. The authors of [3] remark

that initial conditions at rest for a second order system

on a hemisphere results in consensus on said hemisphere.

Note that although it may be argued that establishing a

consensus is trivial in the case of a complete graph, it

may still be nontrivial to calculate the �nal state. Moreover,

previous works on cooperative control on the sphere [3],

[15] focus on the complete graph case.
The next section presents solutions to Problem 5 and 6.

The following result, Theorem 7, may be considered as one

of the many known facts concerning consensus on convex

subsets of manifolds [25]. To solve Problem 5 this paper

provides a weaker companion to Theorem 7 that holds for

a larger class of graph topologies.

Theorem 7. Consider System 4. The consensus manifold (4)

is stable. Suppose that the positions of all agents belong to an

open hemisphere, then they reach consensus asymptotically.

Remark 8. A proof of this result—or generalizations thereof

such as consensus over directed graph topologies—can be

obtained by following lines of reasoning that is found in

many works within the consensus literature, and is there-

fore omitted here. Theorem 7 is similar to a result which

establishes asymptotical convergence for a class of discrete-

time consensus protocols on convex subsets of Riemannian

manifolds [25]. The �ndings of [25] can also be used to

show almost global asymptotical consensus in case the

graph G is a tree. Other results of note include proofs that

the consensus manifold is almost globally asymptotically

stable when G is complete [3], [15].

III. Main Results

A. Instability of Undesired Equilibria

This section concerns System 4 governed by Algorithm 9

which provides a basic protocol for consensus on the n-

sphere.

Algorithm 9. The feedback is given by ui =
∑

j∈Ni
wi jxj ,

where wi j ∈ (0,∞) and wi j = w ji for all (i, j ) ∈ E.

Algorithm 9 can be derived by taking the gradient of the

potential function

V (xi , xj ) =
1
2

∑

(i, j )∈E

fi j ‖xi − xj ‖
2
, (5)

in the case that fi j = wi j for all (i, j ) ∈ E, see the proof of

Proposition 10. It is possible to work with more general

functions fi j than those of Algorithm 9, but we prefer

constant weights for ease of notation. Proposition 10 implies

that there are no limits cycles in System 4 under Algorithm

9. If the graph in System 4 under Algorithm 9 were directed,

then there would exist examples of topologies that result

in limit cycles.

Proposition 10. System 4 converges to an equilibrium.

Proof. Consider the potential function (5). It holds that

V̇ (xi , xj ) =
∑

(i, j )∈E

fi j 〈xi − xj , ẋi − ẋj 〉 +
1
2
ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j 〈xi − xj , ui − uj − 〈ui , xi 〉xi

+ 〈uj , xj 〉xj 〉 +
1
2 ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j (〈uj , xj 〉〈xi , xj 〉 + 〈ui , xi 〉〈xi , xj 〉

− 〈uj , xi 〉 − 〈ui , xj 〉) +
1
2 ḟi j ‖xi − xj ‖

2

=

∑

(i, j )∈E

fi j [〈ui , (xi ⊗ xi − I)xj 〉
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+ 〈uj , (xj ⊗ xj − I)xi 〉] +
1
2
ḟi j ‖xi − xj ‖

2

=

∑

i ∈V

∑

j∈Ni

fi j 〈ui , (xi ⊗ xi − I)xj 〉 +
1
2
ḟi j ‖xi − xj ‖

2

= −
∑

i ∈V

〈ui , (I − xi ⊗ xi )ui 〉 +
1
2 ḟi j ‖xi − xj ‖

2

≤ −
∑

i ∈V

〈ui , (I − xi ⊗ xi )ui 〉,

since ḟi j ≤ 0 by de�nition of System 4. System 4 converges

to the set {{xi }
N
i=1 | ‖ui ‖ xi } by LaSalle’s theorem, i.e., the

input and state of each agent align up to sign. This implies

ẋi = 0 for all i ∈ V by inspection of (2).

Consider the �nal state of System 4 under Algorithm

9 given in the proof of Proposition 10. The following

equilibrium con�gurations may be attractive:

(xi , ui ) ∈

{(

−
si
‖si ‖
, si

)

,

(

si
‖si ‖
, si

)

, (xi , 0)

}

,

where si =
∑

j∈Ni
wi jxj . The global behavior of the system

is hence determined by the stability of these equilibria. It

can be showed that any equilibrium where xi = −si/‖si ‖ or

si = 0 for some i is unstable. An example of xi = −si/‖si ‖ is

given by a tetrahedron formation with a tetrahedral graph,

i.e., G = K4. An example of xi = 0 for all i ∈ V in the case

of all weights being equal is provided by the octahedral

graph, see Figure 1. The remaining case of xi = si/‖si ‖ for

all i ∈ V poses a more di�cult challenge.

Fig. 1. An unstable equilibrium of a system on S2 (left) with an
octahedral graph (right).

Proposition 11. Any equilibrium {xi }
N
i=1 of System 4 under

Algorithm 9 where xi = −si/‖si ‖ or si = 0 for some i ∈ V is

unstable.

Proof. The proof makes use of the linearization provided by

Lemma 27 in Appendix A. Further details are omitted.

Proposition 12. Take any equilibrium of System 4 which is

not part of the consensus manifold. If all agents belong to a

hyperplane in R
n+1, then the equilibrium is unstable.

Proof. Let {xi }
N
i=1 denote the equilibrium. The tangent space

Txi
Sn = {x ∈ R

n+1 | 〈xi , x〉 = 0} contains any normal n of

the hyperplane. Consider a sequence of initial conditions

{xi (ε, n)}i ∈V depending on a parameter ε ∈ [0,∞). For any

equilibrium {xi }i ∈V on the hyperplane it holds that

xi (ε, n) =
xi + εn

‖xi + εn‖
∈ S

n

is a continuous function of ε that satis�es xi (0, n) = xi .

Consider ε ∈ (0,∞]. Note that 〈xi (ε, n), n〉 > 0, i.e., the

initial states xi (ε ) belong to an open hemisphere whereby

the agents reach consensus by Theorem 7.

Any tree that branches out from a root node on the graph

turns out to have little in�uence on the possible equilibrium

con�gurations of the system. This notion is made precise

by the next proposition.

Proposition 13. Suppose G = H ∪T where T is a tree and

T∩H ≃ K1. At any equilibrium of System 4 under Algorithm

9, the states of all agents in T are equal up to sign.

Proof. The proof is by induction. Take any leaf node l and

let p denote its parent node. Consider the state xl at an

equilibrium,

ẋl = wlp (xp − 〈xp , xl 〉xl ) = 0,

i.e., xl ∈ {−xp , xp }. Suppose this holds for all nodes from

the leaves down to depth d in the tree. For any agent i at

depth d − 1 in the tree, let C denote its set of children and

p its parent. It follows that

ẋi =
∑

j∈C

wi j (xj − 〈xj , xi 〉xi ) +wip (xp − 〈xp , xi 〉xi )

= wip (xp − 〈xp , xi 〉xi ) = 0.

Hence xi ∈ {−xp , xp }.

Remark 14. By Proposition 13, any analysis of the equilibria

of System 4 under Algorithm 9 can essentially be reduced

to considerations of graph topologies where the leaf nodes

of G have been removed in a recursive fashion to yield a

graph where every node belongs to the node set of at least

one cycle.

Consider the case when the agents’ states are con�ned

to a great circle. The great circle is invariant. Proposition

16 states that if a graph consists of a cycle then, at any

equilibrium, all agents belong to a great circle. Moreover,

if all agents belong to a great circle, and all agents but one

are at rest, then that last agent is also at rest. This result is

the �rst of two concerning equilibria that belong to great

circles.

Definition 15. The term wi j (xj − 〈xj , xi 〉xi ) is referred to

as the contribution to ẋi from agent j . A set S ⊂ V is said

to contribute zero to the velocity of agent i if
∑

j∈S∩Ni

wi j (xj − 〈xj , xi 〉xi ) = 0.

Proposition 16. Suppose the graph can be decomposed as

G = H ∪C∪F where C is a cycle graph on k nodes. Assume

that H ∩C ≃ K1 and that the agents in V (F \C) contribute

zero to the derivatives ẋi for all i ∈ C at any equilibrium.

Then, at any equilibrium of System 4 under Algorithm 9,

{xi | i ∈ C}
∼
⊂ S

1. Suppose {xi | i ∈ V (C)}
∼
⊂ S

1 and the

agents in V (C)\{k} are at rest. Suppose that the agents in

V (F \C) contribute zero to ẋi for all i ∈ C\{k}. At that

moment the agents in V (C) contribute zero to the velocity

of agent k .

Proof. Denote the agents on the cycle by 1, . . . ,k . Let both 0

and k denote the same agent. Consider any agent i ∈ V (C).
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Then

ẋi =
∑

j∈Ni

wi jxj −wi j 〈xj , xi 〉xi

= wii−1xi−1 +wii+1xi+1 −wii−1〈xi−1, xi 〉xi−

wii+1〈xi+1, xi 〉xi ,

which can only sum to zero if xi−1, xi , and xi+1 are coplanar,

i.e., if they lie on a great circle. This holds for any three

consecutive numbers in [k] whereby {xi | i ∈ C}
∼
⊂ S

1.

Assume {xi | i ∈ C}
∼
⊂ S

1. Let ϑ1, . . . ,ϑk be angle

coordinates on the great circle. As shown in [15], it holds

that ϑ̇i =
∑

j∈Ni
wi j sin(ϑj − ϑi ). Add the derivatives of the

states on the cycle,

k−1
∑

i=1

ϑ̇i =

k−1
∑

i=1

∑

j∈Ni

wi j sin(ϑj − ϑi ) =

k−1
∑

i=1

wii−1 sin(ϑi−1 − ϑi )

+wii+1 sin(ϑi+1 − ϑi )

= w10 sin(ϑ0 − ϑ1) +wk−1k sin(ϑk − ϑk−1)+

k−2
∑

i=2

wi−1i sin(ϑi − ϑi−1) +wii−1 sin(ϑi−1 − ϑi )

= w10 sin(ϑ0 − ϑ1) +wk−1k sin(ϑk − ϑk−1)

=

∑

j∈Nk∩V (C)

wk j sin(ϑj − ϑk ).

The sum of derivatives is zero, and so is the contribution

to the velocity of agent k .

Proposition 17. Suppose the graph can be decomposed as

G = H ∪C1 ∪C2 ∪ F where C1, C2 are cycles, C1 ∩C2 ≃ K2,

H ∩ C1 ≃ K0, and H ∩ C2
∼
∈ {K1,K2}. Furthermore assume

that the agents in V[F \(C1 ∪ C2)] contribute zero to ẋi for

all i ∈ V (C) at any equilibrium of System 4 under Algorithm

9. That equilibrium then satis�es {xi | i ∈ V (C1 ∪ C2)}
∼
⊂ S1.

Proof. By reasoning as in the proof of Proposition 16, it is

�rst shown that {xi | i ∈ V (C1)}
∼
⊂ S

1. It can then be shown

that {xi | i ∈ V (C1 ∪ C2)}
∼
⊂ S

1.

Remark 18. The case of C1∩C2 being a path graph with k ≥

3 vertices is qualitatively di�erent since it admits equilibria

where the states on V (C1\C2), V (C2\C1), and V (C1 ∩ C2)

are spread out over three great circles. The approach of this

paper can sometimes be used in that case, but it does not

apply to all such graphs.

The next results states that certain cycles in a graph have

little in�uence, relative to the rest of the graph, on the

stability of any equilibrium manifolds. It amounts to the

main technique of this paper for showing the instability of

equilibrium manifolds. The intuitive idea is to show that the

states of the agents are distributed over a number of great

circles and then to rotate the circles one by one into the

others, thereby obtaining an equilibrium where all agent

states belong to the same great circle. The instability of

such an equilibrium manifold follows from Proposition 12.

Proposition 19. Suppose G = H ∪ F where H ∩ F =

({k}, ∅). Consider an equilibrium {xi }
N
i=1 of System 4 under

Algorithm 9 such that {xi | i ∈ F }
∼
⊂ S

1. Let M denote the

maximal equilibrium manifold that contains {xi }
N
i=1. Suppose

the contribution to ẋk from agents in V (F ) is zero. Then

{{Ri (ϑ )xi }
N
i=1 | ϑ ∈ (−π , π ]} ⊂ M where Ri (ϑ ) = I if i < F ,

Ri (ϑ ) = R (ϑ ) if i ∈ F , and R (ϑ ) ∈ SO(n) is any rotation of

ϑ radians that leaves the state of agent k invariant.

Proof. Since R (ϑ ) acts on the agents inV (F ) as a change of

coordinates, they remain at an equilibrium. By assumption,

the contribution to ẋk from its neighbors belonging to

V (F ) is zero. The other neighbors of k are una�ected by

R (ϑ ) wherefore ẋk = 0 after the rotation. The agents in

V (H ) remain at an equilibrium for all ϑ ∈ (−π , π ].

Theorem 20. Suppose G = ∪mi=1Ci ∪ F for some choice of

cycle graphs Ci such that Ci ∩ Cj
∼
∈ {K0,K1,K2} for all

i, j ∈ [m] such that i , j . Furthermore assume that the agents

in V (F )\∪mi=1V (Ci ) contribute zero to the derivatives of the

states of agents in ∪mi=1V (Ci ) at any equilibrium. Introduce

the graph

T = ([m], {(u,v ) ∈ E (G) |u ∈ V (Ci ),v < V (Ci )}).

The consensus manifold of System 4 under Algorithm 9 is

uniquely asymptotically stable if T is a tree.

Proof. Take some r ∈ V (T ) to be the root of the tree. For

any i ∈ V (T ) let Ti ⊂ T denote the maximal subtree

branching out of node i away from the the root, i.e.,

V (Ti ) = {j ∈ T | d (j, r )}, where d : V × V → N ∪ {0}

denotes the graph distance. Suppose that the equilibrium

manifold which contains {xj }
N
j=1 also contains an equilib-

rium {yj }
N
j=1 such that Si = {yj |j ∈ V (Ck ), k ∈ V (Ti )}

belongs to a great circle for some i ∈ T . Moreover, suppose

the agents in V (Ti ) contribute zero to {ẏj | j ∈ V (G )\∪k ∈Ti
V (Ck )}. The proof is by induction over decreasing values

of the graph distance d (r , i ). An induction basis is provided

by the set V (Cl ) where l is a leaf of T that satis�es

l = argmaxj∈T d (r , j ). The truthfulness of this follows by

Proposition 16 or 17 since Cl is a cycle that only intersects

one other cycle of the graph, Cj , and Cl ∩ Cj
∼
∈ {K1,K2}.

Suppose the induction hypothesis holds for some value

k of the graph distance and let c ∈ V (T ) be such that

d (r , c ) = k . If there is no such c aside from r , then

the induction hypothesis holds for all i ∈ V (T ) and we

are done. The agents in {V (Ci ) | i ∈ V (Tc )} belong to

a great circle and contribute zero to the derivatives of

all other agents. It follows by Proposition 16 and 17 that

the agents in V (Cp ) belong to a great circle. Rotate the

equilibrium continuously as described in Proposition 19

so that {xi | i ∈ V (Cj ), j ∈ V (Tc )} belongs to the same

great circle as {xi | i ∈ V (Cp )}. This shows that p, where

d (r ,p) = k−1, satis�es the induction hypothesis. Proceed in

the same manner with all subtrees Ti such that d (r , i ) = k

to complete the induction step.

There is hence a path in the equilibrium manifold which

leads to a con�guration where all agents belong to a great

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

444



circle. But any such con�guration is unstable by Proposition

12. If all agents are perturbed from the great circle into a

hypersphere, then they reach consensus by Theorem 7. It

follows that the equilibrium manifold which the equilibrium

under consideration belongs to is unstable. Together with

Theorem 7, this implies that the consensus manifold is

uniquely asymptotically stable.

Theorem 20 implies that the consensus manifold is

uniquely asymptotically stable for the class of graphs con-

taining exactly one and exactly two cycles as stated in

the following corollary. These two cases can be considered

the next level of generality as compared to trees and

the complete graphs, for which almost global asymptotical

stability has either been shown or is implied by results in

the literature [3], [15], [25]. Theorem 20 also applies to

certain graph topologies containing an arbitrary number

of cycles, such as the one in Figure 2. Note that the

decomposition G = ∪mi=1Ci ∪ F in Theorem 20 may not

be unique. It is only required that one decomposition exists

which results in T being a tree.

Fig. 2. A graph for which the consensus manifold is uniquely
asymptotically stable.

Corollary 21. Consider the case of n ≥ 2. Suppose G

contains exactly one or exactly two cycles. The consensus

manifold is then uniquely asymptotically stable.

Proof. If C1∩C2 < {K0,K1}, then there would be more than

two cycles in G.

Remark 22. The results of Theorem 20 and its corollary do

not hold when n = 1. It is the fact that a great circle

is the boundary of an asymptotically stable region, i.e., a

hemisphere, that gives rise to the instability of equilibrium

formations that belong to great circles. On the 1-sphere, or

circle, there is no degrees of freedom such as the ones used

in the proof of Theorem 20. The circle case is a subject for

separate study. It is sometimes referred to as a Kuramoto

model in the literature, see e.g., [1], [15], [18].

B. Calculation of the Final State

This section presents a solution to Problem 6 in the case of

a complete graph.

Algorithm 23. The feedback is given by ui =
1
〈s,xi 〉

s, s =
∑

j∈V w jxj , where wi ∈ (0,∞) for all i ∈ V .

The closed loop system is ẋi =
1
〈s,xi 〉

s − xi .

Remark 24. The results of this section still hold if s is

replaced by si =
∑

j∈V\{i }w jxj . The di�erence lies in

whether the relative information is de�ned as the salient

cone spanned by the states of agents in V or V/{i}

respectively. It is preferred to use s over si for ease of

notation.

Theorem 25. Suppose that G is a complete graph and that

the initial conditions satisfy 〈s, xi 〉 > 0 for all i ∈ V . Apply

Algorithm 23 to System 4. The projection of s =
∑

j∈V w jxj on

the n-sphere is invariant. Moreover, the agents reach consensus

in this point.

Proof. First calculate

ṡ =
∑

j∈V

w j ẋj =
∑

j∈V

w j

〈s, xj 〉
s −w jxj =

*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- s.
(6)

Assume 〈s, xi 〉 is positive for all i ∈ V . It follows that the

coe�cient of s in the right-hand side of (6) is positive since
∑

j∈V

w j

〈s, xj 〉
≥

∑

j∈V

w j

‖s‖
≥

∑

j∈V

w j
∑

j∈V w j

= 1. (7)

The set S = {{xi }
N
i=1 | 〈s, xi 〉 > 0∀ i ∈ V} is invariant since

d
dt
〈s, xi 〉 =

*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- 〈s, xi 〉 +

1
〈s,xi 〉
‖s‖2 − 〈s, xi 〉

≥
*.
,
∑

j∈V

w j

〈s, xj 〉
− 1

+/
- 〈s, xi 〉

is positive. This establishes the desired invariance; since s

is constant in direction, its projection on the n-sphere is

constant.

Algorithm 23 satis�es

ḟi j =
d
dt
〈s, xi 〉

−1
= −〈s, xi 〉

−2 d
dt
〈s, xi 〉,

which is negative over the set S which also belongs to an

open hemisphere. The agents reach consensus asymptoti-

cally by Theorem 7.

Remark 26. A su�cient requirement for 〈xi , s〉 > 0 to hold

is that all agents belong to an open ball with radius π/4 in

terms of the geodesic distance on the n-sphere, i.e.,

max
(i, j )∈E

arccos〈xi , xj 〉 < π/2.

Note that the exact region of attraction,

R = {(x1, . . . , xm ) ∈ (Sn )N | 〈s, xi 〉 > 0, ∀ i ∈ V},

allows for initial conditions where the agents are spread

out over an open hemisphere, extending beyond an open

ball with radius π/4.

IV. Discussion

This paper investigates two problems of multi-agent con-

sensus on the sphere. The problems are prompted by the

two questions: (i ) is it possible to determine the consensus

point and (ii ) is it possible to establish consensus from

almost all initial conditions using a basic consensus pro-

tocol. The answer to (i ) is yes. As for (ii ), the answer
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is known to be yes for graphs that are either trees or

complete. This paper extends those results to a larger class

of connected graphs including graphs with exactly one or

two cycles and all graphs with up to four vertices. The

result obtained is not almost global asymptotical stability

but unique asymptotical stability of the consensus manifold.

This result does not exclude almost global asymptotical

stability, which appears to hold in simulation. The result

concerning the exactly one cycle case on the manifold S2

is interesting since it di�ers from the Lie groups S1 and

SO(3) where unique asymptotical stability is not generated

by the corresponding basic consensus protocols [18], [24].
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A. Lemmas

Lemma 27. The (n + 1) × (n + 1) blocks of the N (n + 1) ×

N (n + 1) matrix A that describes the linearized dynamics of

System 4 under Algorithm 9 are given by

Ai j =


−(xi ⊗ si + 〈si , xi 〉 I) (I − Xi ) if j = i,

wi j (I − Xi ) (I − Xj ) if j , i,

for (i, j ) ∈ E and Ai j = 0 otherwise. The matrix A is

symmetric.

Proof. For systems evolving on manifolds, a perturbation

technique is used to obtain the linearized dynamics. Let xi
for all i ∈ V be a solution to (2). Consider a perturbed

solution xi (ε, vi ) given by

xi (ε, vi ) =
xi + εvi
‖xi + εvi ‖

,

where vi is a smooth function. The perturbed solution is

required to satisfy the di�erential equation

ẋi (ε, vi ) = ui (ε, vi ) − 〈ui (ε, vi ), xi (ε, vi )〉xi (ε, vi ).

The linearized dynamics on Sn can be derived by studying

the linear e�ect of vi on ẋi (ε, vi ). De�ne

wi =
d
dε xi (ε, vi ) |ε=0 =

vi
‖xi + εvi ‖

�����ε=0 −
xi + εvi

‖xi + εvi ‖
3
〈xi , vi 〉

�����ε=0
= vi − xi ⊗ xivi = (I − Xi )vi , (8)

where Xi = xi ⊗ xi . The matrix I − Xi projects onto the

tangent space Txi
S
n where wi lives. Note that

d

dε
Xi (ε, vi ) |ε=0 = wi ⊗ xi + xi ⊗ wi

by the product rule. Then

ẇi =
d2

dtdε
xi (ε, vi ) |ε=0 =

d
dε
ẋi (ε, vi ) |ε=0

=
d
dε
(I − Xi (ε, vi ))

∑

j∈Ni

wi jxj (ε, vj )

= −
[
d
dε
Xi (ε, vi )

] ∑

j∈Ni

wi jxj (ε, vj )
���ε=0 +

(I − Xi (ε, vi ))
∑

j∈Ni

wi j
d
dε xj (ε, vj )

���ε=0
= − (wi ⊗ xi + xi ⊗ wi )

∑

j∈Ni

xj+

(I − Xi )
∑

j∈Ni

wi jwj
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= − (wi ⊗ xi + xi ⊗ wi )ui + (I − Xi )
∑

j∈Ni

wi jwj

= − (〈ui , xi 〉I + xi ⊗ ui )wi+

(I − Xi )
∑

j∈Ni

wi jwj

= − (〈ui , xi 〉I + xi ⊗ ui ) (I − Xi )vi+

(I − Xi )
∑

j∈Ni

wi j (I − Xj )vj , (9)

where the relation 〈x, y〉z = (z ⊗ x) y = (z ⊗ y)x for all

x, y, z ∈ R
n+1 is used. The vector w = [w⊤1 . . .w

⊤
N ]
⊤ has

N (n+1) components whereas the linearized system actually

evolves on an Nn-dimensional space that lies embedded in

R
N (n+1) . The dimension reduction is given implicitly by the

de�nition of wi which requires wi ∈ TxiS
n . This constraint

is removed by using variables that are premultiplied by the

projection matrices I−Xi : R
n+1
→ Txi

S
n , i.e., the variables

vi in (8). The matrix A is obtained by inspection of (9).

It remains to show that A is symmetric. Write

Aii = −(xi ⊗ ui + 〈ui , xi 〉 I) (I − Xi ),

= −(xi ⊗ ui + ui ⊗ xi + 〈ui , xi 〉 I) (I − Xi ),

which is clearly symmetric. Moreover,

A⊤ji − Ai j = w ji [(I − Xj ) (I − Xi )]
⊤
−

wi j (I − Xi ) (I − Xj ) = 0,

since wi j = w ji for all (i, j ) ∈ E.
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Sparse control of second-order cooperative systems and partial
differential equations to approximate alignment*

Benedetto Piccoli1, Francesco Rossi2 and Emmanuel Trélat3

Abstract— Second-order cooperative systems are second-
order systems in which the forces among agents are non-
repulsive. The celebrated Cucker-Smale model is a well known
example. Depending on the strength of the forces, the free
evolution of such systems is to converge either to a single group
of strongly connected agents, or to clustering.

In this article, we design a simple and robust control strategy
steering any second-order cooperative system to approximate
alignment. The computation of the control at any instant of
time only requires the knowledge of the size of the support and
the Lipschitz constant of the interaction force. Moreover, the
control is sparse in the sense that the (time-varying) support of
the control is a small subset of the configuration space.

Our strategy provides approximate alignment, on the one
hand, for second-order cooperative systems with any number
N of agents, and on the other, for the mean-field limit of such
systems, i.e., when N tends to infinity. Such a limit is a transport
partial differential equation involving nonlocal terms, called a
cooperative Partial Differential Equation.

Keywords: control of transport PDEs, PDEs with nonlocal
terms, cooperative systems, collective behavior.

I. INTRODUCTION

In recent years, the study of collective behavior of a
crowd of autonomous agents has drawn a great interest
from scientific communities, e.g. in civil engineering (for
evacuation problems), robotics (coordination of robots), com-
puter science and sociology (social networks), and biology
(crowds of animals). In particular, it is well known that
some simple rules of interaction between agents can promote
the formation of special patterns, like in formations of bird
flocks, lines, etc... This phenomenon is often referred to as
self-organization.

Beside the problem of analyzing the collective behavior
of a “closed” system, it is interesting to understand what
changes of behavior can be induced by an external agent
(e.g. a policy maker). For example, one can try to enforce
the creation of patterns when they are not formed naturally,
or break the formation of such patterns. This is the problem
of control of crowds, that we address here in a specific case.

* The work was partially supported by the NSF Grant # 1107444 entitled
“KI-Net: Kinetic description of emerging challenges in multiscale problems
of natural sciences”.

1 Benedetto Piccoli is with Department of Mathemati-
cal Sciences, Rutgers University - Camden, Camden, NJ.
piccoli@camden.rutgers.edu
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3 Emmanuel Trélat is with Université Pierre et Marie Curie (Univ. Paris 6)
and Institut Universitaire de France, CNRS UMR 7598, Laboratoire Jacques-
Louis Lions, F-75005, Paris, France emmanuel.trelat@upmc.fr

From the mathematical analysis point of view, passing
from a huge set of simple rules for each individual to a model
capable of capturing the dynamics of the whole crowd, is
performed by mean-field process, which permits to consider
the limit of a set of ordinary differential equations (one for
each agent) and yields a partial differential equation (PDE)
for the whole crowd.

We focus here on a well-known family of models for
crowds dynamics, called the cooperative systems (or mono-
tone systems, see, e.g., [1], [2]). Such models may reproduce
the behavior of a human or animal crowd, in which each
agent tries to align its velocity with the velocities of its
neighbors. The dynamics of the i-th agent is given by{

ẋi = vi,

v̇i = 1
N

∑N
j=1 ψ(xj − xi, vj − vi), i = 1, . . . N,

(1)

where the function ψ : Rd × Rd → Rd provides an account
for the influence between two individuals. From now on, we
will require the following condition on ψ, that is the natural
definition of a second-order binary cooperative system:

ψ(x, v) // v and ψ(x, v) · v ≥ 0, (2)

i.e., either v is the zero vector or there exists λ ≥ 0 depending
on x, v such that ψ(x, v) = λv. For more details on this
assumption, see Section II. We will also assume that

ψ is a L-Lipschitz function. (3)

Under (2), it is easy to prove that the set of velocities is
invariant with respect to the dynamics, i.e.

min
i=1,...,N

vki (t) ≤ vkj (t+ s) ≤ max
i=1,...,N

vki (t),

for each agent j = 1, . . . , N , each dimension k = 1, . . . , d
and all t ∈ R, s ≥ 0. Nevertheless, this does not imply that
the system converges to alignment or approximate alignment,
in general. In this article, approximate alignment means
that velocities of all agents are in a small neighborhood of
a given value (see Definition 10 further).

Then, it is interesting to understand how an external
controller can enforce alignment. In this article, we define
a simple strategy providing convergence of the system to
approximate alignment. Observe that conditions (2) and
(3) are the only ones that we require to ensure that our
strategy drives any initial data to alignment. No more precise
knowledge of ψ than the Lipschitz constant L is required to
define the control strategy.

We choose a specific action of the control, which can
be extended to the so-called mean-field limit of the system
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(1), discussed below. Our control u = u(t, x, v) will be a
Lipschitz function with respect to x, v and it will act as
follows on the system (1):

ẋi = vi,

v̇i = 1
N

∑N
j=1 ψ(xj − xi, vj − vi)

+χω(t)u(t, xi, vi), i = 1, . . . N,
(4)

where χω(t) is the indicator function in R2d of the time-
dependent set ω(t), defined as the control set. In other
words, for every t the function u(t, ·, ·) is a Lipschitz vector
field, not depending on the specific agent. Its action on the
i-th agent is given by the evaluation of u in (xi, vi).

We also impose constraints on the control function. In
particular, we assume that the control strength is bounded:

|u(t, x, v)| ≤ 1 (5)

for any t ≥ 0 and that

ω(t) = supp(u(t, ·, ·)) is compact, with |ω(t)| ≤ c, (6)

where c > 0 is a small, fixed parameter, and |ω| is the
Lebesgue measure of ω. This constraint models a sparsity
property of the control, i.e. the control can only act on a
small part of the configuration space (see [3], [4], [5]).

We now present the mean-field limit, describing the be-
havior of the system (1) when the number N of agents
tends to infinity (see Section II-B). The crowd at time t is
then represented by the density of agents µ(t, x, v), and its
dynamics is given by the transport PDE

∂tµ+ v · ∇xµ+∇v · (Ψ [µ]µ) = 0, (7)

with Ψ [µ] (x, v) =
∫

Rd×Rd ψ(y − x,w − v)dµ(y, w). This
velocity field is non-local since its value at some point
depends on the value of µ in a whole neighborhood of it
(see Section II-A). The controlled version is given by

∂tµ+ v · ∇xµ+∇v · ((Ψ [µ] + χωu) f) = 0, (8)

The fact that the mean-field limit of (4) is (8) uses the specific
form of the control u introduced in (4). Indeed, u is Lipschitz
and independent on the agents, hence it passes to the mean-
field limit (see Section II-B).

Our objective is to treat the control of both (4) and (8)
in a unified way. We will first prove that our strategy drives
the finite-dimensional system (4) to approximate alignment.
Then, a mean-field limit argument will provide the result for
the mean-field limit (8).

Theorem 1: Let v∗ ∈ Rd and ε > 0 be arbitrary.
Let (x1(0), v1(0), . . . , xN (0), vN (0)) be a given initial

data for (4). There exist a time T > 0 and a control u
satisfying (5)-(6) defined on a time interval [0, T ] such that
the corresponding solution of (4) satisfies |vi(t) − v∗| < ε,
for every i = 1, . . . , N and every t ≥ T .

Similarly, let µ(0) be a given initial data for (8) with
compact support. There exist a time T and a control u
satisfying (5)-(6) defined on a time interval [0, T ] such that

the corresponding solution of (8) satisfies supp(µ(t)) ⊂
Rd ×B(v∗, ε) for every t ≥ T .

The interest of controlling cooperative systems, both in
finite and infinite dimension, was motivated by some specific
examples, such as the Cucker-Smale model for flocking
of birds (see [6]), the finite-dimensional version of which
was studied in [5], [7] and its mean-field limit in [8],
[9]. Here, this is the first time that the control problem is
treated with a unified approach. In contrast to [9, Section
3] where our control results for the Cucker-Smale model
were deeply rooted in precise estimates of the dynamics, in
the present paper only a rough knowledge of the dynamics
is required. Moreover, the function ψ describing interaction
among agents may have bounded support, and in particular
the graph of connections between agents may not be con-
nected at some times.

In the perspective of control of network systems, it is
interesting to observe that the controller does not need to
know the position of all agents, but only global bounds on
their positions, i.e., extreme values. As a result, the con-
trol strategy presented here is more robust to perturbations
than our previous results in [9]. The drawback is that our
alignment result is slightly weaker than consensus for the
Cucker-Smale models (see Remark 11).

II. COOPERATIVE SYSTEMS

We consider the system (1), that is a second-order system
with binary interactions.

In general, a system ẋ = f(x) is said to be cooperative if
∂fk

∂xj ≥ 0 for j 6= k (see, e.g., [2]). In the particular case of
binary interactions, this would give ∂v̇k

i

∂xl
j

≥ 0 for all i, j =

1, . . . , N and all k, l = 1, . . . , d, and ∂v̇k
i

∂vl
j

≥ 0 for i 6= j

or k 6= l. Simple computations show that this would imply
∂ψ(x,v)
∂x = 0 and the condition (2).
Here, in our study, we only keep the condition (2), showing

that it is sufficient to achieve control to alignment. This is
why, in order to underline the difference, we have used the
wording “second-order cooperative system”.

Given an initial data (x1(0), v1(0), . . . , xN (0), vN (0)) for
(1), the Lipschitz property of ψ guarantees existence and
uniqueness of the solution of (1) for all positive times.
Moreover, (2) implies that the set of velocities is invariant,
in the following sense.

Proposition 2: Let

V = [V 1, V
1
]× [V 2, V

2
]× · · · × [V d, V

d
] (9)

be a box such that vi(0) ∈ V for every i = 1, . . . , N . Then,
the solution of (1) satisfies vi(t) ∈ V for every t ≥ 0.

Proof: It suffices to prove that the set Rd×V is invariant
for the dynamics (1). Indeed, (2) implies that:
• for each agent i satisfying vki = V k for some k =

1, . . . , d, we have v̇ki ≥ 0;
• for each agent i satisfying vki = V

k
for some k =

1, . . . , d, we have v̇ki ≤ 0.
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This means that the dynamics is pointing inwards the box
domain. We prove the first condition, the second being
completely equivalent. We have ψ(xj − xi, vj − vi) =
ξ(xj − xi, vj − vi) (vj − vi), where ξ is a nonnegative
function due to (2). Let now the agent i satisfy vki =
V k: then vkj − vki ≥ 0 for every j = 1, . . . , N , hence
ψ(xj − xi, vj − vi) · ek = ξ(xj − xi, vj − vi) (vkj − vki ) ≥ 0,
and thus v̇ki = 1

N

∑N
j=1 ψ(xj − xi, vj − vi) · ek ≥ 0. The

result then follows by Cauchy uniqueness.

Corollary 3: Let

X (0) = [X1, X
1
]× [X2, X

2
]× . . .× [Xd, X

d
] (10)

and V given by (9) be two boxes such that (xi(0), vi(0)) ∈
X (0)× V for every i = 1, . . . , N . Then, the solution of (1)
satisfies xi(t) ∈ X (t) with

X (t) = [X1 + tV 1, X
1

+ tV
1
]× [X2 + tV 2, X

2
+ tV

2
]

× · · · × [Xd + tV d, X
d

+ tV d]. (11)

Proof: This follows from Proposition 2 and from the
fact that ẋi(t) ∈ V for all times.

In the following, the lower index i = 1, . . . , N refers to
the i-th agent, while the upper index k = 1, . . . , d refers to
the k-th coordinate in Rd.

A key property for the class of systems (1) is their
invariance under translations. Consider a translation in the
position variables at time t = 0, such as yi(0) = xi(0) + a
with a ∈ Rd. Then, the solution (x(t), v(t)) of (1)
with initial data (x1(0), v1(0), . . . , xN (0), vN (0))
and the solution (y(t), w(t)) with initial data
(y1(0), v1(0), . . . , yN (0), vN (0)) satisfy yi(t) = xi(t) + a
and wi(t) = vi(t) for all times and all agents. Similarly,
consider a translation in the velocity variable at time t = 0,
such as wi(0) = vi(0) + a, then the solution (x(t), v(t)) of
(1) with initial data (x1(0), v1(0), . . . , xN (0), vN (0))
and the solution (y(t), w(t)) with initial data
(x1(0), w1(0), . . . , xN (0), wN (0)) satisfy yi(t) = xi(t) + at
and wi(t) = vi(t) + a for all times and all agents.

A. Transport Equations with non-local velocities

In this section, we present a general theory for transport
equations with non-local velocities, of which (7) and (8) are
particular cases. Let Pc(Rm) be the space of probability
measures in Rm with compact support, endowed with the
weak-star topology. In the following, we will take m = 2d.
We recall that µN ⇀ µ if

∫
f dµN →

∫
f dµ for every

f ∈ C∞c (Rm). Let us recall the definition of the Wasserstein
distance in Pc(Rm) (see [10], [11]).

Definition 4: Let µ, ν ∈ Pc(Rm) be two measures.
A transference plan from µ to ν is a probability den-
sity in Pc(R2m) satisfying

∫
R2m(f(x) + g(y)) dπ(x, y) =∫

Rm f(x) dµ(x) +
∫

Rm g(y) dν(y) for all functions f, g ∈
C∞c (Rm), i.e., π has marginals µ, ν. The Wasserstein dis-
tance is defined by

Wp(µ, ν) = inf
π∈Π(µ,ν)

{(∫
R2m |x− y|p dπ(x, y)

)1/p}
,

where Π(µ, ν) is the set of transference plans from µ to ν.

A crucial property of the Wasserstein distance is that it
metrizes weak convergence in a compact space.

Proposition 5: Let µn ∈ Pc(K) with K compact. Then
µn ⇀ µ if and only if Wp(µn, µ) → 0. Moreover, in this
case we have µ ∈ Pc(K).

Proof: The condition above is a particular case of [11,
Thm 7.12]. It is also clear that µ ∈ Pc(K): indeed, for any
function f with support outside K we have

∫
f dµn = 0,

hence
∫
f dµ = 0.

The fundamental result for existence and uniqueness of
solutions of

∂tµ+∇ · (Φ[µ, t]µ) = 0 (12)

is then stated in terms of the Wasserstein distance (see [3],
[12], [13], [14]).

Theorem 6: We assume that

Φ [µ, t] :
{
Pc(Rm)× R → C1(Rm) ∩ L∞(Rm)

(µ, t) 7→ Φ [µ, t]

satisfies:
• Φ [µ, t] is measurable with respect to t;
• Φ [µ, t] is uniformly Lipschitz and with sublinear

growth, i.e., there exist L, M not depending on µ, t,
such that |Φ [µ, t] (x) − Φ [µ, t] (y)| ≤ L|x − y| and
|Φ [µ, t] (x)| ≤ M(1 + x), for all µ ∈ Pc(Rm), t ∈
R, x, y ∈ Rm;

• Φ is a Lipschitz function with respect to µ, i.e., there
exists K not depending on t such that ‖Φ [µ, t] −
Φ [ν, t] ‖C0 ≤ KWp(µ, ν).

For every µ0 ∈ Pc(Rm), there exists an unique solution µ(t)
of (12), i.e., a curve in Pc(Rm) continuous with respect to
time and satisfying (12) in weak form. Moreover, for all
initial data µ0, ν0 ∈ Pc(Rm), the corresponding solutions
µ(t), ν(t) satisfy Wp(µ(t), ν(t)) ≤ e4(L+K)|t|Wp(µ0, ν0)
(continuous dependence of solutions).

Clearly, (7) is a particular case of (12), with Φ [µ] =
(v,Ψ [µ])>, independent of t. Moreover, if the control func-
tion χω(t)u(t, x, v) is measurable with respect to time and
Lipschitz with respect to (x, v) with Lipschitz constant
independent of t, then (8) is as well a particular case of (12),
with Φ [µ, t] = (v,Ψ [µ]+χωu)>. For both cases (7) and (8),
the assumptions of Theorem 6 are satisfied with p = 1. While
first and second conditions can be checked directly, the third
condition is a consequence of the following estimate:∥∥∥∥( v

Ψ [µ] + χωu

)
−
(

v
Ψ [ν] + χωu

)∥∥∥∥ (x, v) =

= ‖Ψ [µ]−Ψ [ν] ‖(x, v) ≤ LW1(µ, ν),

which follows from the Kantorovich-Rubinstein duality for-
mula (see, e.g., [11])

LW 1(µ, ν) = sup
f∈Lip(R2d),|f |Lip≤L

∫
f d(µ− ν).

Hence we have existence and uniqueness for (7) and (8).
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B. Mean-field limits

Definition 7: Let (y1, y2, . . . , yN ) ∈ (Rm)N be a vector
representing the position of N particles in Rm. The empirical
measure is defined as µN = 1

N

∑N
i=1 δyi

∈ Pc(Rm).

Definition 8: Consider a family of finite-dimensional
models describing a system of N particles. Given a trajectory
(yN1 (t), . . . , yNN (t)) of the system, consider the correspond-
ing empirical measure µN (t). The family of models indexed
by N converges to a mean-field model (to be defined) if
for any sequence of empirical measures indexed by N and
satisfying µN (0) ⇀ µ(0), we have µN (t) ⇀ µ(t), where
µ(t) is the solution of the mean-field model starting at µ(0).

Let us now prove that the mean-field limit of the sys-
tem (1) is (7). If the initial data for (7) is µ(0) =
µN (0) = 1

N

∑N
i=1 δ(xi(0),vi(0)), an empirical measure of

N agents, then the solution at time t of (7) is the
empirical measure µN (t) = 1

N

∑N
i=1 δ(xi(t),vi(t)), where

(x1(t), v1(t), . . . , xN (t), vN (t)) is the unique solution of
(1) with initial data (x1(0), v1(0), . . . , xN (0), vN (0)). By
density of the empirical measures in the space Pc(R2d)
with respect to the convergence of measures, and continuous
dependence of solutions to (7) with respect to the initial data,
we obtain that the PDE (7) is the mean-field limit of (1) (see,
e.g., [15], [16] for more details on mean-field limits).

Similarly, the mean-field limit of the family of control
systems (4) is the controlled PDE (8). The key observation
is that u(t, ·, ·) is a Lipschitz function, not depending on the
specific i-th agent (see [4], [9]).

The same technique allows one to extend several results
established for the finite-dimensional system (1) to the mean-
field limit (7). In particular, Proposition 2 and Corollary 3
yield the following result.

Proposition 9: Let X (0),V given by (9)-(10) be boxes
such that supp(µ(0)) ∈ X (0)× V . Then the solution of (7)
satisfies supp(µ(t)) ⊂ X (t)×V for every t ≥ 0, with X (t)
given by (11).

The invariance properties described above for the finite-
dimensional system (1) are as well valid for the mean-field
limit (7). We do not provide any details.

C. Approximate alignment and consensus

Definition 10: A solution of the finite-dimensional sys-
tem (1) or of the mean-field system (7) is said to be ε-
approximately aligned around v∗ ∈ Rd from time T if, for
every t ≥ T , we have
• for (1): vi(t) ∈ B(v∗, ε) for every i = 1, . . . , N ;
• for (7): supp(µ(t)) ∈ Rd ×B(v∗, ε).

The concept of approximate alignment is weaker than the
concept of consensus. In the finite-dimensional case, we
recall that a crowd of agents converges to consensus (or
flocking) if there exists X such that |xi(t) − xj(t)| ≤ X
for every t ≥ 0 and |vi(t)− vj(t)| → 0 as t→ +∞, for all
i, j = 1, . . . , N .

Remark 11: Approximate alignment does not imply uni-
form compactness of the position variable for t ≥ 0. More-
over, approximate alignment does not provide convergence
of velocities to v∗, as it is the case for flocking.

We recall that we require only weak conditions on
the dynamics for (1); as a consequence, even an ε-
approximately aligned system with ε very small can result
in non-compactness of the position variables and in non-
convergence of the velocity variable. As a degenerate exam-
ple, choose no interaction among agents, i.e., ψ = 0. This
is similar to the difference between stability and asymptotic
stability for dynamical systems.

III. CONTROL OF COOPERATIVE SYSTEMS (4) AND (8)

In this section, we define a strategy driving any initial data
of (4) or (8) with compact support to approximate alignment.
We first perform the analysis for the finite-dimensional
system (4), and then for the mean-field limit (8).

Following the arguments of Proposition 2 and Corollary 3,
we have the following result on the evolution of the support
of solutions of (4), provided that the control vector points
inwards along the boundary of the velocity support.

Proposition 12: Let u(t, x, v) be a control for (4),
and X (0),V be boxes defined in (9)-(10) such that
(xi(0), vi(0)) ∈ X (0) × V for every i = 1, . . . , N . We
assume that, if v satisfies v = V k (resp., v = V

k
) for some

k, then u(t, x, v) · ek ≥ 0 (resp., u(t, x, v) · ek ≤ 0). Then,
the solution of (4) satisfies (xi(t), vi(t)) ∈ X (t)× V for all
i = 1, . . . , N and t ≥ 0, with X (t) given by (11).

We are going to design a control satisfying the assump-
tions of Proposition 12. Using the invariance properties of
the system, we focus on alignment around v∗ = 0 ∈ Rd
and we assume that X = 0. Also, without loss of generality,
we assume throughout that V k = 0 and V

k
> 0 for any

dimension k = 1, . . . , d. Indeed, if V j < 0 < V
j

for a given
dimension j and one wants to achieve approximate alignment
around 0, one can use the following strategy:

1) Define the translated variables

yji (t) = xji (t)− tV
j , wji (t) = vji (t)− V

j ,

yki = xki , wki = vki for k 6= j,

and note that they follow the dynamics (4);
2) Control this system to approximate alignment around

0 in dimension j with precision ε√
d

+ V j , with the
strategy described below, then reducing the support
of velocities of the original system to [V j , ε√

d
) in

dimension j;
3) Define the reversed variables

ȳji (t) = −xji (t)− t
ε√
d
, w̄ji (t) = −vji (t) +

ε√
d
,

ȳki = xki , wki = vki for k 6= j.

They follow the dynamics (4) with ψ̄(x, v) =
−ψ(−x,−v), which satisfies (2)-(3). The support of
velocities in dimension j is contained in (0,−V j+ ε√

d
].
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4) Control this system to approximate alignment with pre-
cision 2 ε√

d
. Then, the support of the original velocities

vi in dimension j is contained in
(
− ε√

d
; ε√

d

)
, i.e.,

we have achieved approximate alignment around 0 in
dimension j with precision ε√

d
.

Repeating the same strategy for each dimension, we obtain
ε-approximate alignment around 0.

To simplify notation, we denote X = X and V = V
in what follows. Using Proposition 12, the solution satisfies
(xi(t), vi(t)) ∈ [0, X+ tV ]× [0, V ] for all i = 1, . . . , N and
t ≥ 0.

The control strategy is based on the repetition of a funda-
mental step, until reaching approximate alignment. In Section
III-A, we define the fundamental step of our strategy, and we
establish precise estimates of its action on the dynamics (4).
In Section III-B, we apply the fundamental step repeatedly
on a 1D system, and we prove that it yields approximate
alignment. In Section III-C, we prove that the use of the
strategy on the sequence of dimensions k = 1, . . . , d yields
approximate alignment for (4). Finally, in Section III-D, we
prove that our strategy yields approximate alignment for the
mean-field limit (8).

A. The fundamental step

We assume that d = 1. In Section III-C we will show how
to deal with any dimension d.

To define the fundamental step, we only need to know
three parameters1: the Lipschitz constant L of ψ, and the
values X and V (support of the initial data).

Remark 13: It is interesting to observe that one does not
need to know the precise values of the parameters X,V, L,
but only upper bounds. Indeed, having the knowledge of
upper bounds, the control strategy given below drives the
system to approximate alignment, with a possibly larger final
time T . For this reason, the strategy presented below is very
robust to perturbation of the parameters and/or the dynamics.

We now define the fundamental step of the control strat-
egy, based on three parameters l, η,W to be chosen later.
We set A = [X,X + l]× [η, V ] and

ũ(x, v) = max
(

0, 1− d((x, v), A)
η

)
, (13)

where d is the Euclidean distance. The function ũ is non-
negative, 1

η -Lipschitz, and is equal to 1 in A. Note that
ũ(x, 0) = 0, i.e., ũ is zero for the target velocity. Now, we
define the control function by

u(t, x, v) = −ũ(x+ tW, v)
v

|v|
, (14)

for t ∈ [0, T ] with

T =
X + l

W
. (15)

1In general, one also needs to know the minimal values X, V to perform
translations.

The control function u is well defined, even for v = 0, since
ũ(x, 0) = 0. The control strategy is based on the following
idea: at time t = 0 the control u coincides with ũ. Then, the
same function is shifted to lower values of positions with
velocity W , until the value of ũ at X+l reaches the minimal
value of the position variable, that is larger or equal than 0.
Note that u satisfies the assumptions of Proposition 12.

The support ω(t) of u at time t is the rectangle

ω(t) = [X − η − tW,X + l + η − tW ]× [0, V + η] .

We have |ω(t)| = (l+2η)(V +η). Note that the control χωu
is a Lipschitz vector field at each time, as required to ensure
existence and uniqueness of solutions of (4) and (8).

Remark 14: It is possible to perform the same strat-
egy with a more regular control, by replacing ũ(x, v) by
f(ũ(x, v)) with f(a) = sin2

(
π
2 a
)
. The control is then a

function in C∞(Rd × Rd) for each time.

Consider an initial data (x1(0), v1(0), . . . , xN (0), vN (0))
for a N -particle system (4). Assuming that (xi(0), vi(0)) ∈
[0, X]×[0, V ] for each i = 1, . . . , N , we want to estimate the
solution to (4) at time T defined by (15) with the control u
given by (14). In particular, we want to prove that the interval
of velocity variables is reduced to a set [0, V ′] ⊂ [0, V ].
Considering the i-th particle in (4), we have

v̇i =
1
N

N∑
j=1

ψ(xj − xi, vj − vi) + u(t, xi, vi)

≤ 1
N

N∑
j=1

L(vj − vi) + u(t, xi, vi)

≤ L(V − vi) + u(t, xi, vi),

where we used that ψ(x, v) ≤ ψ(x, 0) + Lv = Lv. By
applying the Gronwall lemma to vi − V , we get that

vi(T ) ≤ e−LT (vi(0)− V ) + V (16)

+e−LT
∫ T

0

u(t, xi(t), vi(t)) dt.

We now have two cases. First, assume that v(t) ≥ η for
every t ∈ [0, T ]. Then u(t, xi(t), vi(t)) = −1 in an interval
of length l in the space variable, hence in a time interval at
least l

W−V , since the relative velocity of the particle with
respect to the moving control is smaller than W . Then (16)
gives

vi(T ) ≤ e−LT (vi(0)− V ) + V − e−LT l

W
. (17)

The second case is when there exists t ∈ [0, T ] such that
vi(t) < η. If such a condition is satisfied for any t, then
vi(T ) < η. Otherwise, consider the maximal time t for which
vi(t) = η and note that vj(s)− vi(s) ≤ V −η for s ∈ [t, T ],
thus v̇i ≤ L(V − η), hence

vi(T ) ≤ η + L(V − η)(T − t) ≤ η(1− LT ) + LV T. (18)
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We now merge the two cases. For all agents, we have
vi(0)− V ≤ 0, hence vi(T ) ∈ [0, V ′] with

V ′ = max
{
V − e−LT l

W
, η(1− LT ) + LV T

}
. (19)

Note that the support may actually be smaller, but the esti-
mate given here is sufficient to prove approximate alignment.

B. Proof of Theorem 1 in 1D
Let us prove ε-approximate alignment of a solution of (4)

around 0 in 1D. The proof is constructive and the strategy
follows a sequence of fundamental steps (i.e., a sequence of
W, l, η) steering the system to approximate alignment.

We denote by [0, X0] × [0, V 0] the box containing
(xi(0), vi(0)) for every i = 1, . . . , N . We apply the fun-
damental step with parameters W 0, l0, η0 for the time T 0

given by (15), with W 0 > V 0. The corresponding solution
of (4) satisfies (xi(T 0), vi(T 0)) ∈ [0, X1] × [0, V 1] for
every i = 1, . . . , N . We then reiterate the same strategy,
with parameters W 1, l1, η1 for the time T 1, and iteratively
for K times (to be chosen), until reaching ε-approximate
alignment around 0. The objective of this section is to design
an appropriate choice of W k, lk, ηk, with k = 0, . . . ,K − 1.
The index xk represents here the k-th step of the algorithm.

The key observation is that, as a consequence of (19) and
Ẋ ≤ V , it holds

V k+1 = max

{
V k − e−LT

k

lk

W k
,

ηk(1− LT k) + LV kT k
}
, (20)

Xk+1 = Xk + T kV k (21)

Now, we define

lk =
k + 1
k + 4

c

V k
, (22)

ηk = min
{

1
k + 4

c

V k
,

1
k + 4

V k,
3

4α2
V k
}
,

W k = max
{
αL(Xk + lk), α

k + 1
k + 4

c

(V k)2

}
,

until reaching V k < ε. Here, α > 2 is arbitrary. Note that

|ω| = (lk + 2ηk)(V k + ηk) ≤ (k + 3)(k + 5)
(k + 4)2

c < c. (23)

We have LT k = LX
k+lk

Wk ≤ 1
α . Using e−LT

k ≤ 1− LT k +
L2 (Tk)2

2 , we infer that

V k − e−LT
k

lk

W k
− LV kT k − ηk ≥ V k −(

1− LT k + L2 (T k)2

2

)
k + 1
k + 4

c

V k
(k + 4)(V k)2

α(k + 1)c
+

−LV kT k − 3
4α2

V k ≥

V k
(

1− 1
α

+
LT k

α
− L2 (T k)2

4
− LT k − 3

4α2

)
≥

V k

((
1− 1

α

)2

− 1
α2

)
=
(

1− 2
α

)
V k. (24)

Since α > 2, the maximum in (20) is always reached by the
first term, and

V k+1 = V k − e−LT
k

lk

W k
. (25)

The sequence V k is then decreasing and thus has a limit
V ∗. If V ∗ = 0, then we have approximate alignment for any
precision ε > 0.

We study this limit in two cases. First, assume that W k =
αk+1
k+4

c
(V k)2

for an infinite number of indices kj . For such

indices, using e−LT
kj ≥ 1 − LT kj , similarly to estimates

for (24), from (25) we get

V kj+1 ≤ V kj

(
1− 1

α
+

1
α2

)
< V kj

(
1− 1

2α

)
.

Since for the other indexes the sequence is decreasing, we
have V kj+1 ≤ V kj

(
1− 1

2α

)
, hence limj→∞ V kj = 0,

and thus limk→∞ V k = 0. Hence we have approximate
alignment for any precision ε > 0.

In the second case, we assume to have a finite number of
indices for which W k = αk+1

k+4
c

(V k)2
. Then, there exists k0

such that W k = αL(Xk + lk) for every k ≥ k0. We also
have T k = 1

αL .
Let us now establish, by contradiction, that limk→∞ V k =

0. Assume that limk→∞ V k = V ∗ > 0. As a first conse-
quence, we have limk→∞ lk = l∗ > 0. Let δ < V ∗ and note
that there exists k1 ≥ k0 such that

Xk+1 = Xk + T kV k (26)

∈
(
Xk +

V ∗ − δ
αL

,Xk +
V ∗ + δ

αL

)
,

for every k ≥ k1. In particular limk→∞Xk = +∞. As a
consequence, limk→∞W k = +∞, hence from (25) there
exists k2 ≥ k1 such that

V k+1 ≤ V k − r1l
∗

W k
≤ V k − r2

Xk
, (27)

for every k ≥ k2, with constants r1, r2 > 0 computed with
limits. Note that Xk+k2 ≤ Xk2 + (V ∗ + δ)k, due to (27).
Then, from (27), we have

V k+k2 ≤ V k2 −
k∑
j=0

r2

Xk2 + (V ∗ + δ)j
.

But the right-hand side tends to −∞, since
∞∑
j=0

r2

Xk2 + (V ∗ + δ)j
≥
∞∑
j=J

r3

j
= +∞,

with J ≥ Xk2

V ∗+δ and r3 = r2
V ∗+δ . As a consequence, we have

limk V
k = −∞ < V ∗, which is a contradiction.

Summing up, the strategy yields limk→∞ V k = 0. Hence,
for every ε > 0, there exists K such that V K < ε, and
then the algorithm terminates. Moreover, since T k ≤ 1

αL ,
the total time of the algorithm is finite, bounded by K

αL , and
the space variable satisfies XK ≤ X0 + V 0 K

αL .
Finally, note that the control is a Lipschitz func-

tion for each time, with Lipschitz constant bounded by
max

{
1
ηk | k = 0, . . . ,K − 1

}
.
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C. Proof of Theorem 1 in dimension d

We still focus on the system (4), but now in dimension d.
Without loss of generality, we assume that (xi(0), vi(0)) ∈
X (0)× V for every i = 1, . . . , N , with X (0),V defined by
(9)-(10). In what follows, we use the double index xj,k to
denote the j-th dimension at the k-th step of the algorithm.

To reach ε-approximate alignment around 0, we first
achieve ε√

d
-approximate alignment in the first coordinate.

We define the sequence (l1,k, η1,k,W 1,k) by

l1,k =
k + 1
k + 4

c1,k

V 1,k
, (28)

η1,k = min
{

1
k + 4

c

V 1,k
,

1
k + 4

V 1,k,
3

4α2
V 1,k

}
,

W 1,k = max
{
αL(X1,k + l1,k)d, αk+1

k+4
c

(V 1,k)2

}
,

where c1,k = c
(X2,k+V 2,k)...(Xd,k+V d,k)(V 2,k+1)...(V d,k+1)

.
We define the sets

A1,k = [X1,k, X1,k + l1,k]× [η1,k, V 1,k],

B1,k = R×
[
0, X2,k +

1
2
V 2.k

]
×
[
0, X3,k +

1
2
V 3,k

]
×
[
Xd,k +

1
2
V d,k

]
× R×

[
V 2,k + 1

]
. . .
[
V d,k + 1

]
,

and the functions

ũ1,k(x, v) = max
(

0, 1− d((x1, v1), A1,k)
η1,k

)
, (29)

ū1,k(x, v) = max

(
0, 1− d((x, v), B1,k)

min
{

1
2 ,

1
V 2,k , . . . ,

1
V d,k

}) ,
where (x1, v1) are the coordinates in the first dimension of
(x, v). We define the control u by

u1,k(t, x, v) = −ũ1,k(x+ tW 1,ke1, v)ū1,k(x, v)
v1

|v1|
, (30)

where e1 is the unit vector in the first dimension. The control
set ω is the support of u1,k. Similarly to (23), we have

|ω| ≤ (l1,k + 2η1,k)(X2,k + V 2,k) . . . (Xd,k + V d,k)
×(V 1,k + η1,k)(V 2,k + 1) . . . (V d,k + 1) < c.

Note that, at each step, the support of any uncontrolled
variable passes from Xj,k to Xj,k+1 = Xj,k + 1

2V
j,k as a

consequence of the fact that, for each step of the algorithm,
the final time T 1,k is bounded by 1

α < 1
2 . Hence, if

(xi(0), vi(0)) ∈ X (0)×V , then (xi(T 1,k), vi(T 1,k)) ∈ B1,k,
hence the value of the control function u depends only on
the coordinate (x1, v1).

The main difference with respect to the 1D case is that,
here, the limit of l1,k is c

V 1,kkd−1 , whereas in the previous
section the limit of lk was c

V k .
We now prove that a finite number of fundamental steps

ensures approximate alignment in the first variable. The
idea is to repeat the proof of the 1D case, by highlighting
the differences due to the change in l1,k,W 1,k. First, it is
easy to prove that estimates equivalent to (20)-(27) hold for

X1,k, V 1,k, T 1,k too, since they hold for any positive value
of c1,k. This also implies that (24) holds, hence (25) can be
rewritten as

V 1,k+1 = V 1,k − e−LT
1,k

l1,k

W 1,k
. (31)

As in the 1D case, the sequence V 1,k is decreasing and
has a limit. We study this limit in two cases. First, assume
that W 1,k = αk+1

k+4
c

(V 1,k)2
for an infinite number of indices

kj . This implies that V 1,kj+1 ≤ V 1,kj
(
1− 1

2α

)
, hence

limk→∞ V 1,k = 0.
In the second case, we assume to have a finite number of

indices for which W 1,k = αk+1
k+4

c1,k

(V 1,k)2
. Then, there exists

a k0 such that W 1,k = αL(X1,k + l1,k)d for every k ≥ k0.
We also have T 1,k = 1

αL .
Let us establish, by contradiction, that limk→∞ V k = 0.

Denoting by V ∗ > 0 the limit, we have X1,k ≥ r1k and
W 1,k ≥ r2(X1,k)d for a sufficiently large k and constants
r1, r2 > 0. Since Xj,k+1 = Xj,k + 1

αV
j,k and V j,k+1 =

V j,k for j = 2, . . . , d, we have

lim
k→∞

kd−1c1,k = c∗ > 0, lim
k→∞

kd−1l1,k =
c∗

V ∗
> 0.

It follows that

V 1,k+1 ≤ V 1,k − r3l
1,k

W 1,k
= V 1,k − r4

X1,k
,

for some constants r3, r4. This implies convergence of V 1,k

to −∞ similarly to the 1D case, raising a contradiction.
As a consequence, after a finite number K1 of steps, we

have V 1,K1
< ε√

d
, and the total time to reach approximate

alignment is T 1 =
∑K−1
k=0 T 1,k ≤ K1

αL . Then, the solution of
(4) at time T 1 satisfies, for every i = 1, . . . , N ,

xi(T 1) ∈ [0, X1 + V 1T 1]× [0, X2 + V 2T 1]
× . . .× [0, Xd + V dT 1],

vi(T 1) ∈
[
0,

ε√
d

)
× [0, V 2]× . . .× [0, V d].

Now, we achieve ε√
d

-approximate alignment in the second
coordinate by defining l2,k, η2,k,W 2,k, A2,k, u2,k similarly
to the previous case. This control strategy yields approxi-
mate alignment in K2 steps, with finite total time T 2. The
key observation is, due to invariance of the velocities, this
strategy does not expand the velocity set in the first variable,
i.e., v1

i (T 1 + T 2) ∈
[
0, ε√

d

)
for every i = 1, . . . , N .

Repeating the same process for all other dimensions, we
have a total final time T ∗ = T 1 + T 2 + . . . + T d, that is
finite, and the solution of (4) at time T ∗ satisfies

xi(T ∗) ∈ [0, X1 + V 1T ∗]× [0, X2 + V 2T ∗]
× . . .× [0, Xd + V dT ∗],

vi(T ∗) ∈
[
0,

ε√
d

)d
for every i = 1, . . . , N . In particular, |vi(T ∗)| < ε, as
required.
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Finally, note that the control is a Lipschitz function for
each time, with Lipschitz constant bounded by

L′ = max
{

2, V i,k | i = 1, . . . , d,
k = 0, . . . ,Ki − 1

}
+

max
{

1
ηi,k

| i = 1, . . . , d,
k = 0, . . . ,Ki − 1

}
. (32)

Remark 15: The control that we have designed is piece-
wise smooth with respect to t, and for each t is Lipschitz with
respect to (x, v). This is exactly what is required to pass to
the mean-field limit, by letting the number N of particles
go to infinity. Indeed, for the mean-field limit, we need
regular flows of the ODE, and then L1 regularity in time,
and Lipschitz in (x, v), suffices to have Filippov solutions.
As said in Remark 14, we could design a control that is
smooth in (x, v). We could also have smoothness in time,
by designing a control moving fast left and right (W positive
and negative), but then this would be at the price of having
a larger time to reach approximate alignment.

D. Proof of Theorem 1 for the mean-field model (8)

In this section, we prove that the strategy yielding approx-
imate alignment for the finite-dimensional system (4) also
yields approximate alignment for the mean-field model (8).

The crucial observation is that the control strategy does
not focus on a specific i-th agent, but focuses on agents that
are in a given subset of the space. In this sense, the limit of
the control strategy “passes to the limit” with respect to the
mean-field limit from (4) to (8). Another key property is that
the definition of the control strategy is based on the size of
the support of the solution Xi,k, V i,k, that are quantities that
are well defined for the finite-dimensional and the mean-field
dynamics.

Consider an initial measure µ(0) and a sequence of
empirical measures µN (0) = 1

N

∑N
i=1 δ(xi,N (0),vi,N (0)) sat-

isfying supp(µN (0)) ⊂ supp(µ∗(0)) for every N and
limN→∞W1(µN (0), µ(0)) = 0. Such a sequence is built
for instance by space discretization. Let Xi, V i be such that

supp(µ(0)) ⊂ [0, X1]× [0, X2]× . . .× [0, Xd]
×[0, V 1]× [0, V 2]× . . .× [0, V d].

For a fixed ε, define the strategy to achieve ε-approximate
alignment of a finite-dimensional system (4) with support in
such a set. Note that the strategy does not depend on N , and
that all parameters lk, ηk,W k are completely determined by
the size of the support at step k, that is in turn completely
determined by the size of the support at step k − 1 thanks
to (20)-(21). As a consequence, the strategy is completely
determined by parameters X1, . . . , Xd, V 1, . . . , V d for the
initial support. Moreover, the final time T ∗ is given, and the
control is a Lipschitz function for all times, with Lipschitz
constant L′ given by (32).

We now study the solution of (8) on the time interval
[0, T ∗] with the control χωu given by the strategy, hence not
depending on µ or on µN . For any initial data µ(0), µN (0),

the solution µ(t), µN (t) exists for t ∈ [0, T ∗] and is unique,
and supports of µ(t), µN (t) are contained in

[0, X1 + V 1T ∗]× [0, X2 + V 2T ∗]× . . .
×[0, Xd + V dT ∗]× [0, V 1]× [0, V 2]× . . .× [0, V d].

These properties follow from Section II-A. Moreover,
continuous dependence for solutions to (8) implies
that limN→∞W1(µ(T ∗), µN (T ∗)) = 0, and therefore
µN (T ∗) ⇀ µN (T ∗).

Now, note that the solution of (8) with initial data
µN (0) = 1

N

∑N
i=1 δ(xi,N (0),vi,N (0)) is the empirical measure

µN (t) = 1
N

∑N
i=1 δ(xi,N (t),vi,N (t)), where (xi,N (t), vi,N (t))

is the solution of the finite-dimensional system (4) with N
particles and control χωu. The results of Section III-C imply
that supp(µN (T ∗)) ⊂ A∗ with

A∗ = [0, X1 + V 1T ∗]× [0, X2 + V 2T ∗]

× . . .× [0, Xd + V dT ∗]×
[
0,

ε√
d

)d
.

Since A∗ does not depend on N , Proposition 5 implies that
supp(µ(T ∗)) ⊂ A∗, i.e., µ(T ∗) is ε-approximately aligned
around 0. This proves Theorem 1.
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Balanced Truncation Error Bound for Temporally- and

Spatially-Varying Interconnected Systems

Fatimah Al-Taie and Herbert Werner

Abstract— In this short note, a balanced truncation approach,
based on operator theory, is proposed to reduce temporally-
and spatially-varying (LTSV) interconnected systems defined
in discrete domain. This is done by considering two operators
defined on l2−space, which can be used to represent multidi-
mensional (LTSV) systems. An improved error bound for this
case is presented.

I. INTRODUCTION

We consider spatially distributed systems represented by a

spatial discretization of partial differential equations, PDE’s,

which require a high number of variables. When space-

invariant, such systems can be seen as a spatial intercon-

nection of identical subsystems; we assume each subsystem

has its own sensing and actuation capability. Such spatially

interconnected systems are causal with respect to time, but

non-causal with respect to space. A framework proposed

in [1] makes the complexity of the analysis and synthesis

problem independent of the number of subsystems and

reduces it to the size of a single subsystem. For spatial-

LPV systems defined with suitable scheduling parameters,

the latter framework stated in [1] for space-invariant systems

can be extended to the case of spatial-LPV systems [2], [3].

In contrast, when considering LTSV systems without spatial

scheduling, we loose the benefit of reducing complexity to a

single subsystem, therefore model reduction is an important

issue.

Many authors studied model order reduction for

parameter-invariant 1-D (lumped-parameter) systems, using

different methods. Arguably, the most popular method for

model order reduction is balanced truncation, where a high-

order system is approximated by a lower order system, that

captures the significant properties of the original one, with

a priori error bound, by removing states which have little

influence both in terms of controllability and observability.

Further, the reduction preserves the stablility of the system.

Balanced truncation was first proposed in [4]. For a survey

of balanced model reduction for 1-D systems see e.g. [5] and

references therein.

In [6] and [7] an error bound for balanced truncation

of 1-D (lumped-parameter) LTV systems has been derived,

where the generalized singular values being truncated are

constant over time. An improved result is presented in [8]

where the singular values vary over time. The authors in [9]

extend the results of [8] to structured Gramians varying with

F. Al-Taie and H. Werner are with the Institute of Control Sys-
tems, Hamburg University of Technology, 21073 Hamburg, Germany
{fatima.al-taie, h.werner}@tuhh.de

respect to time. See also [10], [11], [12] and [13] and the

references therein. In [14] a model reduction approach for

LPV and uncertain systems based on coprime factorization

was presented.

In [15] these results were further extended to

multidimensional-LPV systems (temporal- and spatial-

LPV interconnected systems with temporal and spatial

scheduling parameters) and applied to an experimentally

identified actuated beam. In [15], a bound on the error

between the original system and the reduced one for

frozen scheduling parameters was proposed, which is

conservative due to not taking the temporal- and spatial-

varying scheduling parameters into account. We overcome

this issue in the current paper.

Here, we present an improved error bound for linear

temporal- and spatial-varying (LTSV) interconnected sys-

tems with constant dimensions over time and space, where

nontrivial modifications of [15] are needed to compute the

new error bound.

Since the systems we consider are non-causal with respect

to space, some constraints regarding the inertia of operators

will be imposed. For the results presented here, we need two

bounded linear operators defined on the signal space l2; first

the hyperdiagonal operator [16], and second the bilateral shift

operator together with unilateral shift operator, composing

the composite shift operator.

Our proposed approach based on hyperdiagonal operators

provides low-order models and allows to employ methods

that are usually restricted to temporal- and spatial-invariant

systems, see [17] and [18].

After notation, in Section II we define the system under

consideration with some preliminaries. Section III presents

the main contribution of this short note with improved error

bound result for the balanced truncation of LTSV systems.

We conclude the work in section IV. This paper is meant as

a complement to the work in [15].

A. Notation

Z represents the set of integers and Z+ represents the set of

nonnegative integers; real numbers are denoted by R and nat-

ural numbers (including zero) are denoted by N0. The direct

sum is denoted as ⊕. For a single spatial dimension, ln
2 (we

abbreviate it by l2 when contextually clear) represents the set

of spatio-temporal functions taking values in R
n, for which

the l2 norm is bounded (i.e. ‖x‖2 <∞), where the l2 norm of

x : Z+×Z→R
n is taken as ‖x‖2 =

(

∑∞
t=0 ∑∞

s=−∞ |x(t,s)|22
)

1
2 .

Here |·|2 denotes the Euclidean norm. The l2 to l2 induced
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norm (denoted by ‖•‖l2→l2 , or simply ‖•‖) of a bounded

linear operator G is defined as ‖G‖= sup
0 6=x∈l2

‖Gx‖2

‖x‖2
.

For the rest of the paper, we will restrict the discussion to

distributed systems with 1-spatial dimension, even though all

results can be extended to systems of multi-spatial dimen-

sions. Further, we will not allow varying state dimension.

X∗ denotes the adjoint operator of X defined on l2, and

X−∗ stands for (X−1)∗. A block diagonal matrix X with

matrices X1, · · · ,Xp on its main diagonal is denoted by

diag(X1, · · · ,Xp). The inertia of a matrix H = H∗ is defined

as in(H) = (in+(H), in0(H), in−(H)), where (in+, in0, in−)
denote the number of positive, zero and negative eigenvalues

of the matrix, respectively.

II. LTSV SYSTEM BALANCED TRUNCATION WITH

IMPROVED ERROR BOUND

First, we define the type of system considered in this work.

A spatially interconnected system is comprised of (infinitely

many) subsystems; neighboring subsystems are interacting

via interconnection signals. If the system is time- and space-

invariant, then all subsystems are of identical dynamics (see

Fig. 1, the interconnection signals v+, w+, v− and w− are

defined later), such that each subsystem G is defined as

the temporal- and spatial-invariant state-space version of (1)

below.

G GG

u(t,s− 1) y(t,s− 1) u(t,s) y(t,s) u(t,s+ 1) y(t,s+ 1)

w+(t,s− 1) = v+(t,s)

w−(t,s) = v−(t,s− 1)

w+(t,s) = v+(t,s+ 1)

w−(t,s+ 1) = v−(t,s)

Fig. 1: Part of a spatially interconnected model.

Here, we consider a spatially interconnected system vary-

ing with respect to t ∈ Z+ and s ∈ Z in discrete domain,

where a state-space model of each subsystem is [16]








x(t + 1,s)
w+(t,s)
w−(t,s)
y(t,s)









= M(t,s)









x(t,s)
v+(t,s)
v−(t,s)
u(t,s)









, (1)

M(t,s) =









AT T (t,s) A+
TS(t,s) A−

T S(t,s) BT (t,s)
A+

ST (t,s) A++
SS (t,s) A+−

SS (t,s) B+
S (t,s)

A−
ST (t,s) A−+

SS (t,s) A−−
SS (t,s) B−

S (t,s)

CT (t,s) C+
S (t,s) C−

S (t,s) D(t,s)









=

[

A(t,s) B(t,s)

C(t,s) D(t,s)

]

where x(t,s) denotes the temporal states, v+(t,s) and v−(t,s)
denote the spatial states in positive and negative direc-

tions, respectively. The state vector is defined as ξ (t,s)T =
[

xT (t,s) vT
+(t,s) vT

−(t,s)
]T

. The real vector-valued sig-

nals x(t,s), v+(t,s), v−(t,s), w+(t,s), w−(t,s), u(t,s) and

y(t,s) have constant dimensions, where dim(v+(t,s)) =

dim(v−(t,s)) = dim(w+(t,s)) = dim(w−(t,s)). We denote

the dimensions of these signals by n1, n2, n3, n2, n3, nu and

ny, respectively, such that n = ∑3
i=1 ni.

The exchange of information among subsystems is repre-

sented by introducing the spatial forward shift operator S+

and the spatial backward shift operator S− as:

S+v+(t,s) = v+(t,s+ 1) = w+(t,s),

S−v−(t,s) = v−(t,s− 1) = w−(t,s),

respectively. Moreover, we define the temporal shift operator

T− as (T−x(t,s)) = x(t − 1,s), and (T+x(t,s)) = x(t + 1,s).
In (1), A(t,s), B(t,s) and C(t,s) are partitioned according

to the temporal and forward/backward spatial parts, respec-

tively. We assume that these matrix sequences are uniformly

bounded (i.e., for different values of t ∈ Z+ and s ∈ Z, the

time- and space-varying matrices, e.g. A(t,s), are bounded

(in a matrix norm) by one constant which is time- and space-

invariant, see e.g. [19]).

Next we define the hyperdiagonal operator [16], which

helps in representing the LTSV system in a framework that

allows to directly apply standard methods for time- and

space-invariant systems.

An operator Q containing the blocks Q(t,s), for infinitely

many different values of t ∈Z+ and s∈Z, along its diagonal,

is known as a hyperdiagonal operator (a direct generalization

of the block diagonal operator). We use bold letters to denote

such operators on l•2 , where • is the constant dimension of

the matrix Q(t,s). An explicit definition of such an operator

is given as follows.

Definition 1: (Hyperdigonal Operator, [16])

An operator Q : l•2 → l•2 is said to be hyperdiagonal, if there

exists a uniformly bounded sequence of matrices Q(t,s) such

that the equality (Qh)(t,s) =Q(t,s)h(t,s) holds for each t,s.

Consider for example t ∈ [1,∞) and s ∈ [1,2], then

(Qh)(t,s) =















Q(1,1)
Q(1,2)

Q(2,1)
Q(2,2)

. . .





























h(1,1)
h(1,2)
h(2,1)
h(2,2)

...















,

such that, (Qh)(2,1) = Q(2,1)h(2,1). The inertia of a self-

adjoint hyperdiagonal operator H is defined as a map In(H) :

Z+×Z→N0 such that In(H)(t,s) = in(H(t,s)), [16].

Note that for time-invariant but space-varying systems, we

define Q as a block diagonal operator [18], [9] if there exists

a uniformly bounded sequence of matrices Q(s) such that for

all h,z, if z = Qh, then z(s) = Q(s)h(s) holds. That is Q has

the representation diag(...,Q(−1),Q(0),Q(1), ...), such that

e.g., at s = 1 then (Qh)(1) = Q(1)h(1).
Also, we define a partitioned hyperdiagonal operator J :

(l•2 ⊕·· ·⊕ l•2)→ (l•2 ⊕·· ·⊕ l•2) which is one whose constituent

operators are hyperdiagonal; these operators are suitably per-

muted such that the correct order of each block is preserved,

i.e., [[J]] : l
(•+···+•)
2 → l

(•+···+•)
2 , where the notation [[J]] refers

to the permuted version as shown next. To illustrate this,

consider the case of time-invariant but spatially varying
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systems, such that if there are block-diagonal operators

F,G,R,S and J =

[

F G

R S

]

. We use the notation

[[J]] = diag
(

· · · ,
[

F(−1) G(−1)
R(−1) S(−1)

]

,
[

F(0) G(0)
R(0) S(0)

]

,
[

F(1) G(1)
R(1) S(1)

]

, · · ·
)

in contrast to

J =
[

diag(· · · ,F(−1),F(0),F(1), · · ·) diag(· · · ,G(−1),G(0),G(1), · · ·)
diag(· · · ,R(−1),R(0),R(1), · · ·) diag(· · · ,S(−1),S(0),S(1), · · ·)

]

in order to obtain [[J]] (s) =

[

F(s) G(s)
R(s) S(s)

]

.

Then, for the multidimensional case, we have

[[J]] (t,s) =

[

F(t,s) G(t,s)
R(t,s) S(t,s)

]

.

Clearly, these concepts generalise to an arbitrary number

of partitions. Also, for partitioned hyperdiagonal operators

J, W and L of suitable dimensions, it is easy to see that

[[J+W]] = [[J]]+ [[W]] and [[JL]] = [[J]] [[L]], see [15] and

[16] for more details.

According to the definition of hyperdiagonal operators,

note that AT T is a hyperdiagonal operator that contains the

blocks ATT (t,s) (in (1)) varying with respect to t,s along its

diagonal; the same is true for the others as well. Then accord-

ing to the definition of partitioned hyperdiagonal operators,

the hyperdiagonal operators AT T , A+
T S, A−

T S, A+
ST , A++

SS ,

A+−
SS , A−

ST , A−+
SS and A−−

SS define a partitioned hyperdiagonal

operator A; similarly BT , B+
S and B−

S define a partitioned

hyperdiagonal operator B, and the same for C and D.

With the above definition of hyperdiagonal operators, and

by defining the operator Λ : ln
2 → ln

2 as

Λ = diag(T−,S−,S+), (2)

where T− : l
n1
2 → l

n1
2 , S− : l

n2
2 → l

n2
2 and S+ : l

n3
2 → l

n3
2 , the

model (1) can be rewritten as

ξ = ΛAξ +ΛBu

y = Cξ +Du
(3)

Thus an input-output mapping G, defined by the state-space

equations (1), can be expressed as G=C(I−ΛA)−1ΛB+ D,

[16]. As mentioned before, here we do not allow matrix di-

mensions to vary, so the system (1) has the same dimensions

for all t and s, even though all results can be extended to the

state dimensions varying case as well.

Note 1: In [15], a temporal- and spatial-LPV system has

been considered, where also hyperdiagonal operators have

been used to define the system. As mentioned before, the

introduction of the hyperdiagonal operator helps in defin-

ing a framework that allows to directly apply standard

methods (stated for temporal- and spatial-invariant systems)

to temporal- and spatial-varying systems. Therefore, this

framework is suitable for LTSV systems as well as LPV

systems.

III. BALANCED TRUNCATION OF LTSV SYSTEMS

In this section, we present balanced truncation with a

standard error bound result (defined between the original

system and the reduced one) for LTSV systems. In addition,

an improved error bound result is presented as well. This is

done by extending the results of [9] and [8] (which are based

on balanced truncation for 1-D (lumped-parameter) systems)

to multidimensional (LTSV) systems.

The problem considered here is: given G defined by (3),

and n defined by (1) as n = n1 + n2 + n3, find Gr with r =
r1 + r2 + r3 < n, such that, ‖ G−Gr ‖ is minimized, where

Gr will be defined later.

When solving the reduction problem, in order to preserve

the spatial-forward -backward and temporal structure of the

system (see [15] for more details), we need to define the

set of structured operators X to be the set of self-adjoint,

partitioned hyperdiagonal operators of the form

X = {X : X = diag (X1,X2,X3), X1 > 0} . (4)

where X1, X2 and X3 are hyperdiagonal operators defined on

l
n1
2 , l

n2
2 and l

n3
2 , respectively. Note that X1 corresponds to the

temporal part, and X2, and X3 correspond to the forward

and backward spatial parts, respectively. The reason for

defining X in this structured form is to preserve the spatial-

forward -backward and temporal structure of the system

through the reduction procedure. In addition, we define the

set of operators T to be the set of partitioned hyperdiagonal

operators that have bounded inverses and are of the form

T = {T : T = diag (T1,T2,T3)} , (5)

where each Ti, i = 1,2,3 is a hyperdiagonal operator.

First we recall a stability result.

Theorem 1: The system (1) is stable if one of the follow-

ing is true:

(i) there exists X ∈X satisfying A∗Λ∗XΛA−X < 0 and

In−(Λ
∗XΛ) = In−(X)

(ii) there exists Y ∈ X satisfying AYA∗−Λ∗YΛ < 0 and

In−(Λ
∗YΛ) = In−(Y).

Proof: See [15].

Note that (Λ∗XΛ) and (Λ∗YΛ) are still partitioned hyper-

diagonal operators, [16].

Next, before we define the balanced realization, we present

the following procedure to construct the partitioned hyper-

diagonal operator T ∈ T defined in (5).

Consider a pair of partitioned hyperdiagonal operators

X,Y ∈ X satisfying

AXA∗− (Λ∗XΛ)+B B∗ < 0, A∗ (Λ∗YΛ)A−Y+C∗C < 0

(6)

In−(Λ
∗XΛ) = In−(X), In−(Λ

∗YΛ) = In−(Y)
(7)

To construct an operator T ∈ T one can use the following

steps1 (which are extensions of the non-causal parameter-

invariant systems case presented in [15], Algorithm 1):

1The decomposition steps for constructing T should be applied at each
value of t,s.
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step 1. Form constraints (6), (7)

step 2. Decompose X, Y ∈ X , such that X = S∗S and

Y = R∗R

step 3. Compute the SVD of R S∗ such that R S∗ =UΣΣΣV∗

step 4. Define T = ΣΣΣ−(1/2)U∗R and T−1 = S∗VΣΣΣ−(1/2).

Now, we are ready to define a balanced realization as

follows.

Definition 2: For a partitioned hyperdiagonal operator T∈
T , we define a balanced LTSV representaion as: Ã =
(Λ∗TΛ)AT−1, B̃ = (Λ∗TΛ)B, C̃ = CT−1, D̃ = D, and ΣΣΣ =
TXT∗ = T−∗YT−1, satisfying the inequalities

ÃΣΣΣÃ
∗
− (Λ∗ΣΣΣΛ)+ B̃B̃

∗
< 0, Ã

∗
(Λ∗ΣΣΣΛ)Ã−ΣΣΣ+ C̃

∗
C̃ < 0

(8)

In−(Λ
∗ΣΣΣΛ) = In−(ΣΣΣ),

(9)

such that C(I −ΛA)−1ΛB = C̃(I −ΛÃ)−1ΛB̃; where Σ(t,s)
is diagonal for all t and s.

Remark 1: As stated before, the considered system is

causal with respect to time, but non-causal with respect to

space. Thus according to (4), X and Y ∈ X have both

positive and negative eigenvalues, so does ΣΣΣ, where ΣΣΣ =
diag(ΣΣΣ1,ΣΣΣ2,−ΣΣΣ3), see [15]. Accordingly, note that the above

inertia (In−) condition (in (7), (9) and in Theorem 1) appears

because the considered system is non-causal with respect to

space; while for the causal multidimensional system, this

specific inertia condition disappears.

For the integer r =∑3
i=1 ri, such that ri ≤ ni for all or some

i, we partition

ΣΣΣ =

[[

ΣΣΣs

ΣΣΣns

]]

where ΣΣΣs = diag(ΣΣΣs
1,ΣΣΣ

s
2,−ΣΣΣs

3), and ΣΣΣns = diag(ΣΣΣns
1 ,ΣΣΣns

2 ,−ΣΣΣns
3 )

corresponding to the significant and non-significant

generalized singular values2 along time and space.

Accordingly, partition the block system matrices as well.

Truncating the states corresponding to ΣΣΣns from the system,

gives the desired reduced system.

Details for constructing the reduced system are presented

in [15], these details are omitted here for lack of space.

Therefore, we directly give the following standard error

bound result in Theorem 2 below, and in the next section

we propose an improved error bound result.

Define the error bound ε such that ‖G−Gr‖ ≤ ε , where

Gr is the balanced truncation of G; it is expressed as

Gr = Cr(I −ΛrAr)
−1ΛrBr +D, where Ar, Br and Cr are

the reduced versions of A, B and C, respectively, and Λr is

the reduced version of (2) such that Λr : lr
2 → lr

2 and

G−Gr =





ΛA 0 ΛB

0 ΛrAr ΛrBr

C −Cr D−Dr



 . (10)

In order to define an error bound between the original

system and the reduced one, we have to consider twice the

sum of all truncated generalized singular values along time

2The generalization of Hankel singular values, [20].

and space, as shown in e.g., [8], [21], [9] and [7] for LTV

systems. In some of the latter references, the error bound is

possibly infinite, while in others it is not; that depends on

whether one considers the finite extent case or a periodic

system or, in some cases, the truncated singular values are

very small (to be neglected) except in a finite time interval.

The error bound considered in Theorem 2 below (which

is inspired by [7] ) can be infinite; we present it here only

in order to compare it with our improved result.

Theorem 2: For a balanced reduced LTSV system which

satisfies the stability conditions of Theorem 1, we have

‖G−Gr‖ ≤ ε = 2

(

3

∑
i=1

∞

∑
t=0

∞

∑
s=−∞

|ṽi,t,s|

)

, (11)

where ṽi,t,s are the distinct entries3 of the partitioned hyper-

diagonal operator ΣΣΣns = diag(ΣΣΣns
1 ,ΣΣΣns

2 ,−ΣΣΣns
3 ).

Proof: See Theorem 6.3 in [15] for constructing a

reduced system that is balanced and stable (i.e. preserves

the stability of the system). The error bound (11) can be

shown following the result of [7].

As mentioned before, if one considers the finite extent

case, the inequalities become LMIs and the error bound in

(11) has a finite number of terms, which is then suitable

for the comparison. Therefore, we define finite time and

space intervals; we assume the system (1) is varying over

t ∈ κ+ = [t0, t f ] ⊂ Z+ and s ∈ κ = [s0,s f ] ⊂ Z. Note that

in this case, the shift operators (given at the beginning of

Section III) will be defined as

T−x(t,s) = x(t − 1,s), for t0 < t ≤ t f and s0 ≤ s ≤ s f ,
T−x(t,s) = x(t,s), for t = t0 and s0 ≤ s ≤ s f ,

S−v−(t,s) = v−(t,s− 1), for t0 ≤ t ≤ t f and s0 < s ≤ s f ,
S−v−(t,s) = v−(t,s), for t0 ≤ t ≤ t f and s = s0,

S+v+(t,s) = v+(t,s+ 1), for t0 ≤ t ≤ t f and s0 ≤ s < s f ,
S+v+(t,s) = v+(t,s), for t0 ≤ t ≤ t f and s = s f .

A. Improved Error Bounds

So far, we present a balanced truncation result for LTSV

systems with standard error bound. In this section, the error

bound of Theorem 2 is improved.

Here, we will for simplicity suppose that, for all i = 1,2,3
and at each value of t ∈ κ+,s ∈ κ , we have Σns

i (t,s) =
ṽi,t,s Ini−ri

; the desired result follows easily by scaling.

We distinguish four cases regarding the truncated

generalized singular values.

First: Monotonic in time and space.

Second: Nonmonotonic in time and space.

Third: Nonmonotonic in time but monotonic in space.

Fourth: Nonmonotonic in space but monotonic in time.

Next, we will go through these four cases one by one.

3|•| represents the absolute value.
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Monotonic Case: If the generalized singular values being

truncated are monotonic in both time and space, then freeze

time at t and choose the supremum generalized singular value

over space; after that search for the supremum over time as

well. Do this for i = 1,2,3. The error is then upper-bounded

by twice the sum of the three suprema as

ε = 2

(

3

∑
i=1

sup
t∈κ+

sup
s∈κ

|ṽi,t,s|

)

. (12)

Note that for multidimensional systems we have four cases

regarding the above monotonic sequences: (1) nondecreasing

with respect to time and space, (2) nonincreasing with

respect to time and space, (3) nondecreasing with respect

to time but nonincreasing with respect to space, and last (4)

nondecreasing with respect to space but nonincreasing with

respect to time.

To illustrate the above cases, consider as example case

(3). Suppose we are to truncate the states corresponding to

Σns
1 (t,s) = ṽ1,t,sIn1−r1

, for t ∈ [1,3] and s ∈ [1,3], where

at t = 1 : {|ṽ1,t,s|}
3
s=1 = {1, 0.9, 0.8}

at t = 2 : {|ṽ1,t,s|}
3
s=1 = {2, 1.9, 1.8}

at t = 3 : {|ṽ1,t,s|}
3
s=1 = {3, 2.9, 2.8}.

Then ε = 2× (3) = 6.

The error bound given in (12) is significantly improved over

Theorem 2, where the error bound is

ε = 2× (1+0.9+0.8+2+1.9+1.8+3+2.9+2.8)= 34.2.

Nonmonotonic Case: When the truncated generalized

singular values are not monotonic, then for each i = 1,2,3,

define an array v̂i to consist of the elements |ṽi,t,s| for all

t ∈ κ+ = [t0, t f ], s ∈ κ = [s0,s f ], see (13) below. The array v̂i

has ns local maxima v̂
max,is
i and ns local minima v̂

min,is
i (for

some integer ns > 0, such that is = 1,2, · · · ,ns) along space

at fixed time t, as shown in Fig. 2 which is adopted from

[9], (note that for fixed time, v̂i is simply a vector)4.

|ṽi,t,s0
|

|ṽi,t,s f
|

v̂
min,1
i

v̂
max,1
i

v̂
max,2
i

v̂
min,2
i

v̂
max,ns

i

· · ·

Fig. 2: m local maxima and minima of the vector v̂i =
(

|ṽi,t ,s0
|, · · · , |ṽi,t ,s f

|
)

at fixed t

Then for some integer nt > 0 , v̂i has nt local maxima

v̂
max,is,it
i and nt local minima v̂

min,is,it
i along time as well as

space. For

v̂i =







|ṽi,t0,s0
| · · · |ṽi,t0,s f

|
. . .

|ṽi,t f ,s0
| · · · |ṽi,t f ,s f

|






, (13)

4Consider that |ṽi,t,s0
| cannot be a local maximum and |ṽi,t,s f

| cannot be
a local minimum.

define the max-min ratio as

Sv̂i
= |ṽi,t0,s0

|
nt

∏
it=1

ns

∏
is=1

v̂
max,is,it
i

v̂
min,is,it
i

, ns > 0, nt > 0

Sv̂i
= |ṽi,t0,s0

| , ns = 0, nt = 0.

Then, we have the following main result which establishes

a general error bound that covers the four cases given at the

beginning of the current section.

Theorem 3: Let Gr be the balanced truncation of G. Then,

the upper bound on the error is defined as

ε = 2

(

3

∑
i=1

Sv̂i

)

.

Proof. Can be shown by applying the proof of Theorem 17

in [9] first over space with fixed time t, and then over time

(note that the proof is valid with both infinite and finite

intervals; strictly speaking it is valid with hyperdiagonal

operators as well as with finite dimensional matrices), and

invoking Theorem 2 of this paper instead of Theorem 12 in

[9].

Note that the latter error bound applies to both monotonic

and nonmonotonic cases, and as a consequence, the above

general error bound formula also holds in the cases ns > 0,

nt = 0 and nt > 0, ns = 0, which can be considered as the

monotonic case in one variable but nonmonotonic in the

other (the third and fourth cases considered at the beginning

of this section).

For further illustration, assume we want to truncate the

states corresponding to Σns
1 (t,s) = ṽ1,t,sIn1−r1

, for t ∈ [1,3]
and s ∈ [1,3], where

at t = 1 : {|ṽ1,t,s|}
3
s=1 = {1, 0.5, 2}

at t = 2 : {|ṽ1,t,s|}
3
s=1 = {2, 9, 1}

at t = 3 : {|ṽ1,t,s|}
3
s=1 = {0.5, 0.4, 3}.

Fig. 3 shows the distribution of the above values over time

and space.

t

s

-

-

-

- - -

1 0.5 2

2 9 1

0.5 0.4 3

1 2 3

1

2

3

Fig. 3: The distribution of |ṽ1,t ,s|, nonmonotonic case

We have

for t = 1,s ∈ [1,3] : Sv̂i
= 1×

(

2
0.5

)

= 4

for t = 2,s ∈ [1,3] : Sv̂i
= 2×

(

9
2

)

= 9

for t = 3,s ∈ [1,3] : Sv̂i
= 0.5×

(

3
0.4

)

= 3.7.

Then for t ∈ [1,3] and s ∈ [1,3], we have Sv̂i
= 4×

(

9
4

)

= 9

and ε = 2× (9) = 18.
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Remark 2: For some cases, further improvements are dis-

cussed in [9] and [13].

When the ratio of each local maxima and local minima

(v̂
max,is,it
i / v̂

min,is,it
i ) is large, then Sv̂i

is large. Therefore, it

would be unreasonable to apply the latter case directly.

For an improvement we can divide the nonmonotonic se-

quence into several monotonic sequences (that are not neces-

sarily restricted to connected intervals) and truncate the states

recursively in more than one step (i.e., at each monotonic

sequence), and then simply add the resulting values from

each step.

IV. CONCLUSION

In this paper which is meant as a complement to the work

in [15], results on balanced truncation of non-causal LTSV

systems with improved error bound are derived by extending

an existing result for causal 1-D (lumped-parameter) LTV

systems.
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A new approach to circulant band extension

Giorgio Picci †

Abstract— The circulant band-extension problem has been
object of intense study in recent years which have led to a
solution in terms of optimization of an Entropy-like functional.
It is shown here that the problem can also be solved in terms
of a special kind of matrix spectral factorization. The extension
can be computed via a circulant analog of the matrix Levinson-
Whittle algorithm and by solving a two point boundary value
problem.

I. STATIONARY PERIODIC PROCESSES AND
BLOCK-CIRCULANT MATRICES

All random variables in this paper have zero mean and
finite variance. Stationarity is understood in the weak sense.
Random elements are denoted by lower case boldface letters
while upper case boldface symbols are for block-matrices.
Normally the blocks are of dimension m×m so an N ×N
block matrix will be actually of dimension Nm × Nm. In
particular, a N × N block-circulant matrix has a block-
Toeplitz structure of the following kind

C =


C0 CN−1 . . . . . . C1

C1 C0 CN−1 . . . . . .
...

. . .
...

...
. . . CN−1

CN−1 CN−2 . . . C1 C0

 .

where Ck ∈ Rm×m. A block-circulant matrix C is fully
specified by its first block-row (or column). It will be denoted
by

C = Circ{C0, C1, . . . , CN−1}. (I.1)

A vector-valued random process y defined on a
finite interval, say [ t1, t2 ] of the integer line Z, is
written as a column vector by listing its components
with older variables in descending order; i.e. as
y> =

[
y(t2)> . . . y(t1)>

]
. It has been shown

[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci]
that stationary processes defined on a finite interval
can be extended to a larger interval of finite length
say [−N + 1, N ] where they admit a description
as periodic processes or as skew-periodic processes
[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci],
[Levy et al.(1990)Levy, Frezza, and Krener]. In this
paper we shall just deal with the periodic extension. It is
important to keep in mind that the covariance matrix of a
periodic process needs to have a special structure. We quote

This work was not supported by any agency.
† Professor Emeritus, Department of Information Engineering, Uni-

versity of Padova, via Gradenigo 6/B, 35131 Padova, Italy; e-mail:
picci@dei.unipd.it

from [Carli et al.(2011)Carli, Ferrante, Pavon, and Picci]
the following basic fact.

Theorem 1: An m-dimensional vector stochastic process
y on a finite interval [−N + 1, N ] is the restriction to the
same interval of a wide-sense stationary, periodic process ỹ
of period 2N defined on Z, if and only if its 2N×2N block
covariance matrix Σ is symmetric block-circulant.
Any periodic process of period 2N can be imagined as being
defined on the finite group Z2N of the integers mod 2N and
all the analysis of these objects can be carried on in this
finite time setting.

Examples of periodic processes are the
reciprocal processes of finite order n introduced in
[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci] 1, also
called n-reciprocal for short, which generalize the ordinary
reciprocal processes which are just of order 1. White noise
on a finite interval is a reciprocal process of order zero with
covariance I2N which is trivially (block-) circulant. Let Σ
be the 2N × 2N positive definite covariance matrix of a
vector process x which is reciprocal of order n. Then Σ
must have a block-banded inverse of badwidth n

M := Σ−1 = Circ{M0, . . . ,Mn, 0, . . . , 0, M−n, . . . ,M−1}
(I.2)

where by symmetry

M−k = M>k , k = 1, . . . , n . (I.3)

These matrices provide a dynamical model of x which is a
bilateral autoregression (AR) of order n

n∑
k=−n

Mk x(t− k) = e(t) , t ∈ Z2N (I.4)

The solution of this difference equation is completely spec-
ified by assigning 2n boundary conditions. Because of peri-
odicity we shall impose cyclic boundary conditions at the 2n
endpoints of the interval. This is automatic in the circulant
matrix formalism which will be used throughout. Introducing
column vectors with 2N blocks, the model (I.4) together with
the cyclic boundary conditions can be written compactly as

M x = e (I.5)

where M is the block-circulant matrix (I.2) and the nor-
malized conjugate process e = {e(t)} (originally called
double sided innovation by [Masani(1960)]) satisfies the
orthogonality relation

Ex e> = I2N . (I.6)

1The order of a vector reciprocal process is the number of lags appearing
in its bilateral difference equation model.
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It is easy to show that M is actually the covariance matrix
of the normalized conjugate process e. For multiplying (I.6)
from the right by e> and taking expectations, one gets
E {ee>} = ME {xe>} which obviously yields

Var {e} = M (I.7)

and, in particular, Var {e(t)} = M0.

II. PRELIMINARIES ON FINITE HARMONIC ANALYSIS

Let ζ1 := ei∆ be the primitive 2N -th root of unity; i.e.,
∆ = π/N , and define the discrete variable ζ taking the
2N values ζk ≡ ζk1 = ei∆k ; k = −N + 1, . . . , 0, . . . , N
running counterclockwise on the discrete unit circle T2N . In
particular, we have ζ−k = ζk (complex conjugate).

The discrete Fourier transform F maps a finite signal g =
{gk; k = −N + 1, . . . , N}, into a sequence of complex
numbers

ĝ(ζj) :=
N∑

k=−N+1

gkζ
−k
j , j = −N+1,−N+2, . . . , N.

(II.1)
and the signal g can be recovered from its DFT ĝ by the
formula

gk =

N∑
j=−N+1

ζkj ĝ(ζj)
∆

2π
, k = −N + 1,−N + 2, . . . , N,

(II.2)
where ∆

2π = 1
2N plays the role of a uniform discrete measure

dν with total mass one on the discrete unit circle T2N . The
map F is in fact unitary. If f̂ , ĝ are the DFT of {fk}, {gk},
then

N∑
k=−N+1

fkgk =

N∑
k=−N+1

f̂(ζk)ĝ(ζ−k)
1

2N

=

∫ π

−π
f̂(eiθ)ĝ(eiθ)∗dν(θ) (II.3)

which is Plancherel’s Theorem for DFT.

A. Spectral representation of periodic stationary stochastic
processes

Let y be a zero-mean stationary process defined on a finite
interval [−N + 1, N ] of the integer line Z and extended to
all of Z as a periodic stationary process with period 2N .
Let Σ−N+1,Σ−N+2, . . . ,ΣN be the covariance lags Σk :=
E {y(t+k)y(t)>}, so that the discrete Fourier transformation
of Σ,

Φ(ζj) :=

N∑
k=−N+1

Σk ζ
−k
j , j = −N+1, . . . , N, (II.4)

is a real-valued positive function of ζ, called by analogy, the
spectral density of the process y. Then, as seen from (II.2)
and (II.2),

Σk =

N∑
j=−N+1

ζkj Φ(ζj)
∆

2π
=

∫ π

−π
eikθΦ(eiθ)dν(θ) , (II.5)

for k = −N + 1, . . . , N . In fact, let

ŷ(ζk) :=

N∑
t=−N+1

y(t)ζ−tk , k = −N + 1, . . . , N, (II.6)

be the discrete Fourier transformation of the process y. The
random variables (II.6) turn out to be uncorrelated, and

1

2N
E {ŷ(ζk)ŷ(ζ`)

∗} = Φ(ζk)δk` (II.7)

which leads to a spectral representation of y analogous to
the usual one for stationary processes on Z, namely

y(t) =

N∑
k=−N+1

ζtk ŷ(ζk)
1

2N
=

∫ π

−π
eitθdŷ(θ), (II.8)

where dŷ(θ) := ŷ(eiθ)dν(θ).
Any block circulant matrix M can be represented in the

form,

M =

N∑
k=−N+1

MkS
−k, (II.9)

where S is the nonsingular 2N × 2N cyclic shift matrix,

S :=



0 I 0 0 . . . 0
0 0 I 0 . . . 0
0 0 0 I . . . 0
...

...
...

. . . . . .
...

0 0 0 0 0 I
I 0 0 0 0 0


, (II.10)

and the matrix products in (II.9) are Kronecker products.
Now, from (II.1) we get, for an arbitrary ζk ∈ T2N ,

ζk f̂(ζk) =

N∑
τ=−N+1

f(τ)ζ−τ+1
k =

N∑
τ=−N+1

[Sf ](τ)ζ−τk

so that the operator of multiplication by ζ on the Fourier
transform of sequences f of length 2N corresponds to the
action of the cyclic left shift on the vectorized signal f ; i.e.

ζ f̂(ζ) = F(Sf)(ζ) , ζ ∈ T2N . (II.11)

Any block-circulant matrix can be represented as a polyno-
mial in the shift whereby the action of M on a vectorized
signal f is a combination of shifted versions of the signal

Mf =

N∑
k=−N+1

Mk (S−k f)

and in the Fourier domain one gets,

F (Mf) (ζ) =

(
N∑

k=−N+1

Mk ζ
−k

)
f̂(ζ) . (II.12)

Hence, multiplication of a (vectorized) signal by a block-
circulant matrix corresponds to pointwise multiplication of
its Fourier transform by a matrix-valued polynomial in ζ.
The polynomial matrix

M(ζ) =

N∑
k=−N+1

Mk ζ
−k (II.13)
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is called the symbol of the circulant. For example, the symbol
of S is just Iζ where I is the m×m identity matrix. Note that
the word “polynomial” here is used for linear combination
of both positive and negative powers of ζ. When M is
symmetric M−k = M>k the polynomial is also symmetric,
namely

M(ζ−1) = M(ζ)> . (II.14)

For example, the right shift S−3 has a block-circulant
representative where all Mk’s are zero except for M3 which
is equal to the identity. Its symbol is therefore Iζ−3.

A matrix polynomial of degree n involving only negative
powers of ζ

M(ζ) =

n∑
k=0

Mk ζ
−k, n < N/2 (II.15)

is the symbol of a block-upper banded circulant matrix
of bandwidth n and an analogous characterization holds
for polynomials involving only positive powers of ζ as
representatives of block-lower banded circulant matrices of
bandwidth n.

Theorem 2 (Circulant convolution theorem): Let A, B
be N ×N -block circulants of the same size with blocks of
dimension m×m. Then the sum and the product C := A B
are also block circulant and the symbol of C is the product
of the symbols of A and B. In fact, the DFT is an algebra
homomorphism of the set of block-circulant matrices with
N blocks onto the m × m matrix polynomials of degree
N − 1 in the variable ζ ∈ TN .

Proof: The first block column of C is just the circulant
convolution of the first block column of A and the first block
column of B. Hence C(ζ) = A(ζ)B(ζ).
In particular, if A is non singular; i.e. there is a matrix, B,
necessarily block-circulant, such that

A B = I

then, since the symbol of I is the matrix function identi-
cally equal to the m × m identity matrix, by the circulant
convolution theorem we have

A(ζ)B(ζ) = I , ζ ∈ TN

so that
Corollary 3: The symbol of the inverse A−1 is equal to

the inverse of the symbol of A.
In other words, if A(ζ) =

∑N
−N+1 Ak ζ

−k is the symbol of
A, then the matrix polynomial B(ζ) with values

B(ζk) :=

[
N∑

−N+1

Ah ζ
−h
k

]−1

is the symbol of A−1. The polynomial with these values is
unique and is their Lagrange interpolating polynomial. The
coefficients of B(ζ) can therefore be computed by Lagrange
interpolation.

The corollary 3 is an instance of a more general spec-
tral mapping theorem [Dunford and Schwartz(1958), p. 557]
valid in much wider generality (but not valid for Toepltz

matrices). The theorem below is a matrix generalization of
a well-known result on diagonalization of scalar-circulant
matrices by the Fourier map [Tee(2005)].

Theorem 4 (Spectral decomposition of block-circulants):
The spectrum of a block-circulant M is the union
of the spectra of the DFT symbol M(ζ); i.e. is
the union of the spectra of the m × m matrices
{M(ζk) ; k = −N + 1, . . . ,−1, 0, 1, . . . , N}. If M is
symmetric then M(1/ζk)> = M(ζk); i.e. each M(ζk) is
Hermitian. Hence its spectrum and the spectrum of M are
real.

III. FACTORIZATION AND UNILATERAL AR
REPRESENTATIONS

The problem of representing periodic processes by unilat-
eral recursions leads to the problem of causal or anticausal
factorization of a (block-) circulant matrix. This problem is
discussed next.

A N -blocks upper banded block-circulant matrix of band-
width n, U = Circ{U0, 0 , . . . , 0 , Un Un−1 . . . , U1} has the
following structure

U0 U1 . . . Un−1 Un 0 . . . 0

0 U0 U1
. . . Un−1 Un . . . 0

...
. . . . . . . . . . . .

...
0 0 . . . U0 U1 . . . Un−1 Un
Un 0 . . . 0 U0 . . . Un−1

Un−1 Un . . . . . . 0 U0 . . .
...

. . . . . . . . . U1

U1 U2 . . . Un . . . . . . 0 U0


(III.1)

where the n+ 1-st block Un in the list is nonzero Dually, a
N -blocks lower banded block-circulant matrix of bandwidth
n, has the representation

L = Circ{L0, 0, . . . , 0, Ln, Ln−1, . . . , L1}.

Note that upper or lower banded block-circulant matrices
of bandwidth N − 1; i.e. with UN−1 6= 0, are just full
block-circulant matrices. In this case the concept of upper
or lower banded block-circulant degenerates. U or L are
said to be normalized when U0 = I or L0 = I . Later in this
paper the number of blocks will actually be 2N according
to the conventions established in the previous section. The
modifications to be introduced to adapt to this situation are
obvious.
Note that while the inverse of a upper or lower triangular
matrix is still upper or lower triangular, the inverse of a upper
(lower) banded block-circulant matrix is in general neither
upper nor lower banded.

Consider a stochastic process y on Z2N described by the
unilateral AR model

n∑
k=0

Aky(t− k) = w(t) , t ∈ Z2N . (III.2)

where w is stationary white noise on Z2N ; that is

E {ww>} = diag{D, . . . ,D} ; D > 0 .
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Lemma 5: If the recursion (III.2) is associated to the
cyclic boundary values

y(−n) = y(N − n) , . . . ,y(0) = y(N) (III.3)

then the process y is reciprocal of order n.
The covariance matrix of a reciprocal process of order n has
a symbol whose inverse is a bilateral polynomial matrix of
degree n. Therefore computing unilateral AR representations
leads to a particular kind of polynomial spectral factorization
of the symbol. Before discussing this point we shall address
spectral factorization in general terms.

Since the frequency samples Φ(ζk) of a spectral density
matrix (II.4) are Hermitian positive definite, they admit a
factorization

Φ(ζk) = Ŵ (ζk)Ŵ (ζk)∗ , k = −N + 1, . . . , N (III.4)

where Ŵ (ζk) can be chosen square and invertible whenever
Φ(ζk) is such. Since Φ(ζ−k) = Φ(ζk)>, we may also choose
Ŵ (ζ−k) to be the complex conjugate of Ŵ (ζk). The inverse
Fourier transform of the sequence {Ŵ (ζk)},

Wk :=

N∑
j=−N+1

Ŵ (ζj) ζ
k
j

∆

2π
,

is therefore a sequence of real matrices whose “Zeta-
transform”

W (ζ) :=

N∑
k=−N+1

Wk ζ
−k (III.5)

takes by construction, the values Ŵ (ζj) at the frequencies
ζj ; i.e.

W (ζj) := Ŵ (ζj) , j = −N + 1, . . . , N . (III.6)

Hence by (III.4) the function W (ζ) satisfies the Spectral
Factorization equation

Φ(ζ) = W (ζ)W (ζ−1)> , ζ ∈ T2N . (III.7)

Since Φ(ζ) is the symbol of the circulant covariance matrix
Σ and in force of the isomorphism of Theorem 2, this
equation is equivalent to the factorization of the circulant
covariance matrix of the process as

Σ = WW> (III.8)

where W is the block circulant matrix with symbol W (ζ).
Hence spectral factorization of the symbol Φ(ζ) is equiva-
lent to circulant covariance factorization. Note that this is
generally not true for the Toeplitz covariance of stationary
processes defined on the integer line.
Consider the matrix polynomial W (z) obtained by substitut-
ing the discrete variable ζ in (III.5) by the complex variable
z. Since for ζ running on the discrete torus T2N the sample
values W (ζj) determine uniquely the matrix coefficients
Wk by means of the inverse finite Fourier transform, the
matrix polynomial W (z), z ∈ C is uniquely determined by
the discrete counterpart W (ζ), ζ ∈ T2N and there is an

isomorphic continuous polynomial spectral density Ψ(z); z ∈
C such that

Ψ(z) = W (z)W (z−1)> , z ∈ C . (III.9)

which is in fact the spectrum of a stationary (non periodic)
process of the Moving Average (MA) type. Hence it fol-
lows that the discrete spectral factorization problem (III.7)
becomes isomorphic to the ordinary spectral factorization of
a matrix polynomial spectrum Ψ(z), z ∈ C. Even if the
two processes have little to do with each other, once the
problem (III.9) is solved the discrete factors W (ζ) can be
obtained just by identifying the coefficients of the two matrix
polynomials W (z) and W (ζ). In fact the polynomial spectral
factorization (III.9) can be solved by a number of known
techniques, see e.g. [Rissanen(1973)]. Therefore we have
the following discrete version of a well-known continuous
spectral factorization result.

Theorem 6: Every nonsingular spectral density of a full
rank reciprocal process on T2N admits square spectral factors
satisfying (III.7). Any such factor is determined modulo right
multiplication by an arbitrary collection of (square) unitary
matrices U(ζk) ; k ∈ T2N such that

U(ζk)U(ζ−1
k )> = I , k = −N + 1, . . . , N .

Equivalently, every symmetric positive definite block circu-
lant matrix Σ admits a block-circulant factorization

Σ = W W> , (III.10)

where each block-circulant factor W is unique modulo right
multiplication by a unitary block-circulant matrix U which
satisfies U U> = I.
If the process y is full-rank, namely Σ > 0, the square factor
W in (III.10) must be invertible. Hence we may define the
random process w on Z2N by setting

w := W−1 y

This process is (periodic) white noise since

Ew w> = W−1ΣW−> = I

therefore whitening and spectral factorization are related
exactly as in the standard theory of stationary processes on
Z. In particular, from the existence of block-circulant factors
of the covariance Σ in Theorem 6, it follows that every
stationary periodic process can be whitened; i.e. there always
exist a sequence {Wk ; k = −N + 1, . . . , N} such that the
process

w(t) =

N∑
k=−N+1

Wk y(t− k) , t ∈ Z2N

is white noise.
Matrix symbols whose coefficients of the positive powers

of ζ are equal to zero are called Analytic. These factors are
of the form

A(ζ) =

N∑
k=0

Ak ζ
−k
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while coanalytic symbols have all coefficients of the negative
powers equal to zero. They have an obvious dual expres-
sion. Analytic symbols correspond to block-upper banded
circulant matrices and, dually, coanalytic symbols correspond
to block-lower banded circulant matrices (naturally, “lower
banded and upper banded” circulant matrices are not exactly
lower banded and upper banded in the ordinary sense because
of the circulant structure). A relevant question in this respect
is the following.

Problem 7: Characterize the spectral densities which ad-
mit analytic (or coanalytic) spectral factors. In other words,
under what conditions does a spectral density Φ(ζ) admit
matrix functions

A(ζ) :=

n∑
k=0

Ak ζ
−k , B(ζ) :=

n∑
k=0

Bk ζ
k (III.11)

with n < N , such that

Φ(ζ) = A(ζ)A(ζ−1)> , Φ(ζ) = B(ζ)B(ζ−1)> .
(III.12)

Essentially the same argument used in the continuous case
yields the following result.

Theorem 8: A positive definite Hermitian block-circulant
matrix M admits lower or upper banded factors of bandwidth
n if and only if it is bilaterally banded of bandwidth n.
Therefore a periodic process y with a block-circulant covari-
ance matrix Σ admits causal or anticausal whitening filters.
Define

w := A−1y , w̄ := B−1y (III.13)

then both w and w̄ are white noise processes since their
variances are block-diagonal; that is,

Eww> = I , E w̄w̄> = I

and hence any process y having a banded covariance admits
the representations y = Aw and y = Bw̄ which can be
written as causal and anticausal Moving Average (MA)-
type models which may formally be written as y(t) =
A(ζ)w(t) and y(t) = B(ζ)w̄(t). As we shall see in a
moment this result applies in particular to the conjugate of a
reciprocal process. Below is the main result of this section.
The statement appeared already in [Carli and Picci(2010)].
Due to length the proof is skipped; it can be found in the
forthcoming paper [Picci(2015)].

Theorem 9: Every full rank reciprocal process of order n
can be described by a n-th order unilateral AR-type model
(either causal or anticausal) with cyclic initial (or terminal)
conditions. Conversely, every stationary full-rank process
described by a unilateral AR-type model of order n < N ,
can also be described by a bilateral model of the same order.
Hence the class of full-rank processes of order n described
by unilateral AR-type models on Z2N coincides with the
class of reciprocal processes of order n.
This equivalence has been briefly addressed in
[Levy et al.(1990)Levy, Frezza, and Krener, Sect. V]
for non stationary reciprocal processes of order one and as
a limit case for stationary processes on a doubly infinite

interval, in the paper [Levy(1992)]. We have generalized
these representation results to reciprocal processes of
arbitrary order n.

IV. CIRCULANT BAND EXTENSION

In practice the data of an estimation problem are neces-
sarily finite and may just consist of (estimates of) a finite
sequence of n+ 1 covariance matrices {Ck} which we shall
collect in a block-Toeplitz matrix

Tn :=


C0 C1 . . . Cn
C>1 C0 C1 . . .
. . . . . .
C>n . . . C>1 C0

 , (IV.1)

assumed to be positive definite. The problem we shall
discuss in this section, is how to compute bilateral AR
representations of finite order of the type (I.4), starting
from the initial covariance data (IV.1) of the process. This
realization problem can be phrased as a moment problem
with complexity constraints and has been discussed in detail
in [Carli et al.(2011)Carli, Ferrante, Pavon, and Picci]. Here
we shall propose an approach which is not based on opti-
mization but rather on spectral factorization.

Consider a unilateral n-th order AR model (III.2) asso-
ciated with cyclic boundary conditions on [−N + 1, N ],
namely y(−N) = y(N) , . . . ,y(−N + n) = y(N − n)
which can be written in matrix form as Ay = w where
A = Circ{I, A1, . . . , An, 0, . . . , 0} is an invertible block-
circulant matrix and w is white noise of covariance D. The
covariance of y must admit the factorization

Σ = Eyy> = A−1DA−>

which, rewritten in terms of symbols reads

Φ(ζ) = A(ζ)−1DA(ζ−1)−> . (IV.2)

This formula is reminiscent of the well-known formula of the
classical maximum entropy Toeplitz extension of the block-
Toeplitz matrix of covariance data (IV.1) which we shall very
briefly review in the following paragraphs.

Recall that the (Toeplitz) maximum entropy extension
of Tn is the infinite covariance matrix of a process y
admitting an autoregressive description of order n of the form
Ln(z−1)y(t) = w(t) where Ln(z−1) is the n-th Levinson-
Whittle polynomial associated to the data matrix (IV.1) and
w is a white noise on Z having the same variance matrix of
the forward innovation process of memory n, denoted en(t).
In fact this extension is the unique covariance extension
having a banded inverse of (symmetric) bandwidth n.
Note that the so-called Toeplitz extension is not really a
Toeplitz matrix since its elements vary along the diag-
onals. In particular, in the main diagonal are listed the
variance matrices of the sequance e1(t), . . . , en(t), .. of
the finite memory innovation processes which are gener-
ally different. For more details see for example the survey
[Carli and Picci(2010)] presented at the 2010 MTNS confer-
ence.
Instead of the classical banded Toeplitz extension it will be
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more convenient to consider the banded Laurent extension
problem of Tn, as this avoids dealing with the “transient”
phenomenon alluded at before.
Now a block-Laurent matrix Λ is a doubly infinite array of
matrix blocks [ Λi,j ]i,j∈Z, having a Toeplitz structure that
is Λi,j = Λj−i for all i, j ∈ Z. Every south-east principal
corner of a Laurent matrix is Toeplitz. The symbol of Λ is

Ψ(z) :=

+∞∑
k=−∞

Λkz
−k , z ∈ C

which we shall assume to be well defined and invertible a.e.2.
We shall say that Λ is positive definite if it is symmetric, the
principal minors of any order are positive and convene to say
that Λ has a banded inverse of bandwidth n if all elements
of Λ−1 external to the two n-th diagonals, are zero.

Problem 10: Given a positive definite data matrix (IV.1)
find an infinite positive definite symmetric block-Laurent
matrix Λ satisfying the moment conditions

Λk =

∫ π

−π
Ψ(ejθ)ejkθ

dθ

2π
= Ck k = 0, 1, . . . , n ,

(IV.3)
and such that Λ−1 is banded of bandwidth n.
This problem can also be restated by saying that the inverse
symbol Ψ(z)−1 should be a finite symmetric Laurent (i.e.
bilateral) polynomial matrix of degree n. It is then immediate
that Λ−1 will be banded of bandwidth n if and only if
Ψ(z)−1 admits polynomial spectral factors of degree n. In
particular analytic and co-analytic polynomial factors will
correspond to doubly infinite upper and lower banded block-
Laurent matrix factors.

The solution of Problem 10 is essentially the same as
that of the well-known Toeplitz band extension problem of
[Dym and Gohberg(1981)].

Theorem 11: There is a unique banded Laurent extension
of Tn whose symbol is

Ψn(z) = Ln(z)−1DnLn(z−1)−> , z ∈ C , (IV.4)

where Ln(z) is the n-th Levinson-Whittle polynomial as-
sociated to the data matrix (IV.1) and Dn is the variance
matrix of the forward, memory n innovation en(t), of the
underlying stationary process y.

Proof: Since the Levinson-Whittle polynomials
Ln(z) = I +

∑n
k=1 Lkz

−k associated to Tn are analytic,
the infinite Laurent matrix L with symbol Ln(z) is upper
triagular. An arbitrary principal submatrix of L has the
following structure

L =


I L1 . . . Ln 0 . . . 0 0
0 I L1 . . . Ln 0 0 . . .

. . .
. . . . . . . . . . . . . . .

. . . 0
. . . 0 I L1 . . . Ln 0
0 0 0 . . . . . . . . . . . .

 .
(IV.5)

2Invertibility conditions of infinite Toplitz and Laurent matrices in
terms of their symbol are discussed in many places in the literature. See
[Hartman and Wintner(1950)] for the first original characterization.

Each row of this matrix is a whitening filter which applied
to the underlying stationary process y, written as a semi-
infinite column vector

y =
[
y(t)> y(t− 1)> . . . y(t− n)> . . .

]>
produces the memory n innovation at successive times
t, . . . , t− n, . . ., so that

en(t)
. . .

en(t− n)
. . .

 = Ly

Computing the covariance matrix of both members in this
expression we find

LΣL> = DnI

where Σ is the Toeplitz covariance matrix of y. Since the
symbols of the Laurent extension Λ and of Σ are the same,
this relation can also be written Ln(z)Ψn(z)Ln(z−1)> =
Dn, which is equivalent to (IV.4). 2

Return now to the circulant band ex-
tension problem. It has been shown in
[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci] that,
for N large enough the data (IV.1) have a unique extension
to a symmetric block circulant covariance matrix of N
blocks having a banded inverse. This unique extension
can in fact be computed by solving a variational problem
[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci]. Hence,
for N large enough and positive Toeplitz data matrix (IV.1),
there is a unique process y, reciprocal of order n, defined on
Z2N ≡ [−N + 1, N ], whose covariance is a block-circulant
extension of Tn. This N ×N blocks covariance has in fact
a banded inverse of bandwidth n.

By Theorem 9 this process admits a description by nor-
malized causal (or anticausal) AR models of order n on
Z2N of the form (III.2). The question is how to compute
the coefficients. The following argument is inspired by the
similarity of the formulas (IV.2) and (IV.4).

V. A CIRCULANT LEVINSON-WHITTLE ALGORITHM

We want to see if there is a circulant analog of the
Levinson-Whittle algorithm.
Assume that N is large enough for Tn to admit a circulant
extension. Then there is a stationary n-reciprocal periodic
process y on Z2N , whose initial covariance lags are the
entries of the matrix Tn. Now, inspired by the procedure
explained in e.g. [Carli and Picci(2010)], we introduce the
innovation process of finite memory n of y, defined as

en(t) := y(t)− Ê [y(t) | y[t−n,t )] , (V.1)

where the time interval is Z2N with modular arithmetic mod
2N .

Proposition 12: The process en(t) is the output of a
circulant convolution filter depending only on the previous
n+ 1 variables of the process

en(t) =

n∑
k=0

A(k) y(t− k) , t ∈ Z2N (V.2)
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where the coefficients {A(k)} are independent of t and are
uniquely determined by the initial data (IV.1). They coincide
with the coefficients Ln(k) of the n-th Levinson-Whittle
polynomial Ln(z) computed from the initial covariance data
(IV.1).

Proof: Time invariance follows from the joint station-
arity of en(t) and {y(t), y(t− 1), y(t− 2) . . . , y(t− n)}
for all t ∈ Z2N which implies that all cross covariances of
these random elements do not depend on t. The coefficients
A(k) are determined by the orthogonality condition en(t) ⊥
{y(t − 1), y(t − 2) . . . , y(t − n)} which must hold for
all t ∈ Z2N . To make formulas easier to read we shall
provisionally shift the time axis from [−N + 1, N ] to
[1, 2N ] as an isomorphic representation of Z2N . Due to
stationarity this shift does not change the cross covariances
and since the coefficients {A(k)} are determined by the cross
covariances of the process intervening in the orthogonality
condition, they will also remain unchanged. Without loss of
generality, for this proof the variable t will run from 1 to
2N with arithmetics mod 2N .

For n < t, (V.1) is just the same forward innovation of
memory n introduced in the standard Toepltz case. Note
however that, when n ≥ t, the subinterval of [t− n, t ) with
nonpositive times gets “folded around” by the arithmetics
mod 2N , so that we have3

en(1) := y(1)− Ê [y(1) | y[1−n,0 ]]

= y(1)− Ê [y(1) | y(0),y(−1), . . . ,y(−n+ 1) ]

= y(1)− Ê [y(1) | y(2N),y(2N−1),. . .,y(2N−n+1)]

en(2) := y(2)− Ê [y(2) | y[2−n,1 ]]

= y(2)− Ê [y(2) | y(1),y(0), . . . ,y(−n+ 2)]

= y(2)− Ê [y(2) | y(1),y(2N), . . . ,y(2N − n+ 2)]

. . . . . .

en(n) := y(n)− Ê [y(n) | y[0,n−1 ]]

= y(n)− Ê [y(n) | y(0),y(1), . . . ,y(n− 1) ]

= y(n)− Ê [y(n) | y(2N),y(1), . . . ,y(n− 1) ]

and so on, for all t ∈ Z2N . Rearranging the variables of the
process y into a column vector with the endpoint variable
y(2N) in the last block and y(1) at the top, the expressions
above can be rewritten as a causal filter of the form (V.2) as

en(1):=
[
I 0 . . . 0 A(n) A(n− 1) . . . A(1)

]
y

en(2):=
[
A(1) I 0 . . . 0 A(n) A(n− 1) . . . A(2)

]
y

. . . . . .

en(n):=
[
A(n− 1) A(n− 2) . . . I 0 . . . 0 A(n)

]
y

en(n+1):=
[
A(n) A(n− 1) . . . A(1) I 0 . . . 0

]
y .

(V.3)

which has a block-circulant structure. Now, enforcing the pe-
riodic boundary conditions on y, the orthogonality condition

en(1) ⊥ {y(0), y(−1), . . . ,y(−n+ 1)}

3The symbol Ê [· | ·] denotes wide-sense conditional expectation.

is the same as en(1) ⊥ {y(2N), y(2N − 1) . . . , y(2N −
n+ 1)}. Rearranging the first equation in (V.3), we obtain[
I A(1) . . . A(n− 1) A(n)

]
×

E


y(1)

y(2N)
y(2N − 1)

...
y(2N − n+ 1)




y(2N)
y(2N − 1)

...
y(2N − n+ 1)


>

= 0

(V.4)

On the other hand E en(1)y(1)> = E en(1)2 = Dn, which
yields[

I A(1) . . . A(n− 1) A(n)
]
×

Σ0 Σ>2N−1 Σ>2N−2 . . . Σ>2N−n
Σ2N−1 Σ0 Σ1 . . . Σn−1

Σ2N−2 Σ>1 Σ0 Σ1 . . .

. . .
. . . . . . . . .

Σ2N−n . . . Σ>1 Σ0

=
[
Dn 0 . . . 0

]

Substituting the known boundary values Σk = Ck ; Σ>N−k =
Ck ; k = 1, 2, . . . , n imposed by circulant symmetry, one
obtains the “circulant” Yule-Walker equation[

I A(1) . . . A(n− 1) A(n)
]
×

C0 C1 C2 . . . Cn
C>1 C0 C1 . . . Cn−1

C>2 C>1 C0 C1 . . .
. . . . . .
C>n C>n−1 . . . C>1 C0

=
[
Dn 0 . . . 0

]
(V.5)

which is exactly the same holding for the Toeplitz case see
[Whittle(1963)] and has the unique solution[
A(1) . . . A(n− 1) A(n)

]
= −

[
C1 C2 . . . Cn

]
T−1
n−1 ;

Dn = C0 +

n∑
k=1

A(k)C>k (V.6)

so that
A(1) = Ln(1), . . . , A(n) = Ln(n) , (V.7)

where Ln(k), k = 1, 2, . . . , n are the coefficients of the
Levinson-Whittle polynomial of order n for the data matrix
(IV.1). It can be checked that, imposing the orthogonality
condition en(t) ⊥ {y(t − 1), y(t − 2) . . . , y(t − n)} and
taking into account the periodic boundary values, all other
model equations in (V.3) yield exactly the same Yule Walker
equation (V.5).
Remarks

1. This result clearly agrees with the statement of Theorem
11. Since the circulant Yule Walker equation is exactly the
same as that for the Toeplitz case then determining the
polynomial Ln(ζ) =

∑n
k=0 Ln(k)ζ−k can be done by the

same recursive algorithm used to compute the n-th order
Levinson-Whittle polynomial in the Toeplitz case.

2. Let N be large enough and Σ be the unique
circulant extension of Tn with a banded inverse, see
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[Carli et al.(2011)Carli, Ferrante, Pavon, and Picci]. We
have just proved that the correspondence

Tn ↔ ({Ln(k) k = 1, 2, . . . , n}, Dn = Var {en(t)} )

is one-to-one. This is so because the coefficients L(k) and
the innovation covariance Dn are uniquely determined by
Tn as it follows from (V.6). On the other hand Tn is in
turn uniquely determined by the n-th order Levinson-Whittle
polynomial Ln(z−1) and by the relative innovation variance
Dn since equation (V.5) can be interpreted as a recursion in
the Ck’s, namely

Cn +

n∑
k=1

A(k)Cn−k = Dnδn,0

which, of course, also follows from classical Toeplitz ex-
tension theory. Hence the circulant extension Σ, must be
uniquely determined by the parameters Ln(k) and Dn. How
this circulant extension is concretely implemented is the
content of the next theorem.

Theorem 13: Assume N is large enough for (IV.1) to
admit a positive circulant extension and form the upper
triangular N ×N block-circulant matrix

L := Circ{I, Ln(1), Ln(2), . . . , Ln(n), 0 . . . 0} (V.8)

having symbol Ln(ζ). Let

M := L>D−1L (V.9)

where D := DnI, Dn being the covariance matrix of en(t)4.
Then M is a non-singular block-circulant symmetric matrix
which is banded of bandwidth n.
Then the covariance matrix Σ, solution of the circulant band
extension problem for the data (IV.1), satifies the equation

MΣ = I (V.10)

which is equivalent to the sequence {Σk ; k ∈ ZN} being
the solution of the two point boundary value problem:

n∑
j=−n

M(j)Σk−j = Iδk ; k ∈ ZN (V.11)

Σk = Ck ΣN−k = C>k ; k = 1, 2, . . . , n . (V.12)
Proof: Clearly (V.9) is a block-circulant positive def-

inite banded symmetric matrix of bandwidth n as required
for modes of reciprocal processes of order n, in (I.2). Then
(V.10) implies that

Σ = M−1 = L−1DL−>

and it obvioous that Σ is a block-circulant matrix having a
banded inverse of bandwidth n. We just need to show that
it is an extension of Tn.
The last equation, once rewritten in terms of symbols shows
that the symbol of Σ is isomorphic to that of the Laurent
extension of Tn as stated in Theorem 11, namely we have
Φ(ζ) = Ψ(ζ) as it follows from (IV.2) and (IV.4). Therefore,

4Note that we do not need to assume that D is the covariance of en; i.e.
that en is a white process.

since their symbols are isomorphic matrix polynomials, Σ−1

turns out to be a circulant N -section of the inverse Laurent
extension Λ−1 (see Definition 14 and Lemma 15 in the
appendix). This implies that both Σ and Λ are banded
extensions of the same Tn.
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APPENDIX

Definition 14: Let H = [Hi,j ]i,j∈Z be a banded sym-
metric block-Laurent (or Toeplitz) matrix of (not necessarily
symmetric) bandwidth n and let N > n. A block-circulant
N -section of H is a circulant completion of a finite principal
submatrix of N ×N blocks, namely

HN = Circ {H0, H−1 . . . H−n , 0 , . . . , 0 , Hn , . . . , H1}
(.1)

We have the following immediate but important fact.
Lemma 15: Let H be a banded infinite block-Laurent ma-

trix. Then H and HN have isomorphic polynomial symbols
H(z) and H(ζ). Hence for every factorization H(z) =
A(z)B(z−1)> there corresponds a circulant factorization
HN = ANB>N where AN has symbol A(ζ) and BN has
symbol B(ζ)..
The lemma in particular applies to upper or lower triangular
matrices.
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Abstract— The application of adjoint methods for optimizing
the equilibrium point of a network of dynamical elements
involves two processes: a gradient estimation process and a
parameter update process. In order to guarantee convergence
it is necessary to balance the relative rates of these activities.
This work addresses the convergence of this procedure in the
discrete time case. We find sufficient conditions on the step-
size and initial network state that enable the application of a
standard result on approximate gradient descent.

I. INTRODUCTION

Designing an algorithm for optimization in networks poses
several challenges from the distributed point of view, arising
from the locality constraints in a network. The procedure
should be local in space, meaning that communication hap-
pens along connections already present in the network, and
it should also be local in time, meaning at each step the
procedure only uses information about the present state of the
network. Here we are concerned with optimizing the fixed-
point in a network. This arises in a number of areas, including
neural networks. The problem is to optimize the (distributed)
parameters that determine an attractive fixed-point of the
system. Applying the adjoint method of sensitivity analysis
yields a procedure for this problem that can meet the criteria
above. It involves a gradient estimation process running
alongside the existing system. In this work we investigate
conditions that guarantee a type of convergence of this
algorithm.

The forward and adjoint sensitivity analysis procedures
are two common methods for calculating derivatives in
dynamic optimization problems. In particular, the adjoint
method has wide applications, ranging from PDE-constrained
optimization problems arising in aerospace engineering to
neural networks. Certain of these problems can be phrased
as optimizing the long-time behavior of a dynamical system.
That is, problems where the goal is to find the parameter
w that minimizes (at least locally) a cost function e on the
fixed-point x∗(w) of a dynamical system x+ ← f(x,w)
that depends on parameter w. When forward or adjoint
methods are used to calculate the derivatives ∂

∂w (e◦x∗) they
inherit the dynamical properties of the underlying system f ,
in the sense that just as the true objective value e(x∗(w))
can only be attained asymptotically, e.g. by simulations, the
derivatives can also only be approximated, by iterating a
dynamical system derived from the dynamics f and objective
e. Although it has been noted that this leads to methods for

computing derivatives that have the same rate of convergence
as the underlying dynamical system, the various approxi-
mations involved make convergence analysis of the over all
optimization procedure more complex than vanilla gradient
descent.

From an optimization perspective, a distinguishing feature
of these algorithms is that, in addition to the usual step-size
requirements of gradient descent, there is new consideration
in tuning the parameters of the procedure, arising from the
dynamical nature of the underlying model. Namely, in this
problem it is necessary to approximate derivatives, and in
the algorithm considered, the approximation is a dynamical
process taking place alongside the usual parameter update
step of gradient descent. The new consideration is to properly
calibrate the relative timescale or “rate of activity” between
derivative estimation and parameter changes.

We assume a strong convergence property on the under-
lying dynamics f . It should be differentiable in x with a
constant 0 ≤ β < 1 such that ‖∂f∂x‖ ≤ β for all (x,w) ∈
X × W . Then as a consequence of contraction mapping
theorem, for any starting point x0 the iterates fn(x0, w) tend
to a point x∗(w) that depends only on w; this x∗(w) is the
unique solution to x∗(w) = f(x∗(w), w).

Given an objective function e : X → R, one obtains the
optimization problem:

Starting from w0 ∈W , find a local minimum of (e◦x∗)(w)

We will motivate the algorithm by first considering how to
compute the derivative of the above function e◦x∗. Assuming
also differentiability of f in w, one can use the chain rule
and implicit function theorem to conclude that

∂

∂w
(e ◦ x∗)[w] = ABC

where

A =
∂e

∂x
(x∗(w)), B =

(
I − ∂f

∂x
(x∗(w), w)

)−1

,

C =
∂f

∂w
(x∗(w), w)

In this context, the forward and adjoint approaches to com-
puting ∂

∂w (e ◦ x∗) differ by whether they decompose this
expression as (AB)C (adjoint) or A(BC) (forward). More
detailed derivations and comparisons of these methods can
be found elsewhere [1]. Roughly speaking, a choice is made
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Fig. 1. Update pattern for the adjoint-method studied in this work. (x, y)
is the state of the joint system, where x is the state of the network and
y is the state of the adjoint system. The left graph shows how (x, y) and
w are calculated at time n from their values at time n − 1. On the right
is the update pattern of the map T , showing details of how (xn, yn) are
calculated from (xn�1, yn�1).

between two hard problems - computing AB or BC. In the
adjoint approach, the computation of AB is independent of
how the dynamics are parameterized. On the other hand, the
computation of BC is independent of the objective function
begin applied to the system. In the type of problems that
motivated this work, the adjoint method seems to be cheaper,
so that will be our focus.

Using the adjoint method one can define a gradient descent
procedure where the search direction ∆wn is calculated at
each time step n as follows

• Solve the nonlinear equation f(x∗n, wn) = x∗n for x∗n
• Solve the linear system

(
I − ∂f

∂x (x
∗
n, wn)

)T
y∗n =

∂e
∂x (x

∗
n) for the vector y∗n

• Define ∆wn =
(

∂f
∂w (x∗n, wn)

)T
y∗n.

A general implementation for solving these equations will
likely involve iterative methods. One choice is the following
map T :

T ((x, y), w) =

(
f(x,w)(

∂f
∂x (x,w)

)T
y − ∂e

∂x (x)

)
(1)

It is easy to verify that for each parameter w ∈ W
the map T has as a fixed point the pair (x∗(w), (I −
∂f
∂x (x

∗(w), w))−T ∂e
∂x (x

∗(w)). With the assumptions on f
and e we will employ, one can also show that this is the
only fixed-point of T and that T converges to this point; in
short that T inherits the contraction property from f . More
details on this are given below. So far, this only specifies a
way to compute approximate derivatives. The optimization
procedure investigated alternates between iterating T , and
updating the parameter w using an approximate gradient
derived from the variables (x, y):

(xn+1, yn+1) = T ((xn, yn), wn) (2a)

wn+1 = wn + ε

(
∂f

∂w
(xn+1, wn)

)T

yn+1 (2b)

Figure 1 shows the (somewhat arbitrary) update pattern of
the variables x, y, w at each step of the algorithm. Other
patterns may be more appropriate depending on the setting.

The parameter to tune is the step-size ε. After step (2a),
if (xn+1, yn+1) is close to the equilibrium point (x∗n, y

∗
n),

then the calculated search direction will be accurate. After
performing the update in step (2b), there is a new parameter
wn+1 and therefore a new equilibrium point (x∗n+1, y

∗
n+1).

The following iteration of T , which brings (xn+1, yn+1)
to (xn+2, yn+2) takes a step towards this new equilibrium
point. If the equilibrium has not moved very much, then
perhaps only a single iteration of T suffices to guarantee
feasibility of the next computed search direction. Intuitively,
the smaller the step-size ε, then the smaller the motion on
the equilibrium point (x∗n+1, y

∗
n+1), and therefore it should

require less work (fewer applications of T ) to ensure that the
next search directions are good. This illustrates the additional
role of the step-size in such dynamic gradient approximation
schemes. Formalizing this and showing that indeed ε can
be chosen small enough that some form of convergence of
the optimization procedure can be guaranteed is the main
contribution of this work.

The main result, Theorem 4.5, says that given boundedness
of the derivatives of f and e, and a uniform contraction
property on f , then one can choose ε so that the algorithm
defined by equations (1) and (2) generates parameter updates
that are accurate enough for a standard convergence result
on gradient descent to be applied. It can be roughly stated
as follows:

Theorem 1.1: Assume f is uniformly contracting, with
bounded derivatives up to order 2, and that e is bounded
from below, with bounded derivatives up to order 2. Then
there are ε and c such that if the initial point (x0, y0, w0)
satisfies

‖(x0, y0)− (x∗0, y
∗
0)‖ ≤ c

∥∥∥∥ ∂f∂w (x0, w0)
T y0

∥∥∥∥
then (e◦x∗)(wn) converges and limn→∞

∂
∂w (e◦x∗)(wn) =

0.
A couple of remarks about this result. As long as the
assumptions hold, the initial condition can be verified using
only the data (x0, y0, w0) with the inequality ‖z0 − z∗0‖ ≤

1
1−βT

‖T (z0, w0) − z0‖ from the contraction mapping prin-
ciple (βT is the Lipschitz constant of T in z). Secondly, a
z0 such that ‖T (z0, w0)− z0‖ ≤ (1− βT )c‖h(z0, w0)‖ can
always be found if w0 is not a stationary point, simply by
iterating T long enough starting from an arbitrary point.

Our analysis uses basic properties of contraction mappings
and gradient descent. As shown in Proposition 4.2, the map
T is a contraction mapping under our assumptions on f
and e. We find in Section III that in order to have accurate
gradient estimates, it suffices that the iterates (xn, yn) stay
near the equilibrium point of T (·, wn). Then we use a result
about autonomous perturbations of contractions, Proposition
4.3, that enables us to satisfy this condition by choosing
ε properly. In Section VI a numerical example on a ring
of nonlinear units is presented. Each unit has a real valued
parameter, and the goal of the optimization procedure is to
make the network have a given target vector as its stable
point.
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A. Related Work

Here we highlight related work in two areas: Neural
networks and PDE-constrained optimization. In neural net-
works, there is a body of work on attractor networks, which
are neural networks with feedback connections that are used
in “attractor mode” in the sense that the output of interest
is the fixed-point of the network dynamics (as opposed
to a trajectory). Works that investigated optimization in
these networks started in [2],[3],[4]. The back-propagation
procedure, originally formulated as a protocol for optimizing
the parameters of a feed forward network, also “makes sense”
when cycles are present, but the analysis of the procedure
is more complicated for the reasons described above. In
particular, the work [5] formulated the “recurrent backprop-
agation” algorithm in essentially the form of equations (2a,
2b), as three simultaneous processes: forward propagation
(the xn), backward propagation (the yn), and the parameter
adaptation process (the wn). The need to balance the relative
rates of these activities was not investigated rigorously except
in a few limited instances. Some local convergence results
were obtained in [6], [7]. Similar considerations apply in a
variety of dynamical settings for neural networks, including
stochastic models [8], [9], [10].

Often a PDE-constrained problem is transformed into a
discrete-time fixed-point optimization problem by spatial and
temporal discretization; the map f above then corresponds
to an iteration of the numerical integrator, and the parameter
of interest w determines the fixed-point of the integrator.
So called ”one-shot” methods alternate between iterating the
integrator and performing a parameter update or ”design
step”. The introduction of this method is often attributed to
[11]. It has been applied in a variety of situations, including
aerodynamics problems [12], [13]. Several recent works have
analyzed the convergence of one shot methods [14], [15].
One approach is to consider the algorithm Eqns. (2a,2b) and
to identify preconditioners, as opposed to mere step-sizes as
we do, that guarantee contractivity of the overall procedure
[16].

Perhaps the main difference between this work and pre-
vious analyses of this type of optimization procedure is that
we don’t assume any convexity, local or otherwise, of the
overall optimization problem. The main “stability” type of
assumption is that of the underlying dynamic system f .
The goal is to guarantee a convergence property about the
procedure that is independent of the initial parameter w0 and
without assuming the the problem is convex. Of course, the
conclusion is correspondingly weaker; our result guarantees
descent of the true objective e ◦ x∗ at each step, but the
long-term guarantee is typical of gradient descent without
convexity; (e◦x∗)(wn) converges, ∂

∂w (e◦x∗)(wn)→ 0, but
not convergence of wn itself. With this in mind, in a recent
work [17] the author studied a continuous-time version of the
optimization procedure defined by Eqns. (2a, 2b), where the
focus is on how to choose a time-scale or rate parameter that
guarantees convergence. This work can be seen as a discrete
time counterpart of those results.

hn α|hn|

hn
*

Fig. 2. Visualization of the angle condition for gradient descent used in
Proposition 3.1 below.

II. ASSUMPTIONS

We assume that X is a convex region in Rn, and that W is
a finite dimensional vector space. We use the 2-norm in both
X and W but note that none of below the results intrinsically
depend on the 2 norm or other inner-product norms.

The cost function e : X → R and the dynamics f : X ×
W → X should satisfy the following conditions, uniformly
for all (x,w) ∈ X ×W :

Assumption 2.1 (Contraction property): There is a β ∈
[0, 1) such that ‖∂f∂x‖ ≤ β.

Assumption 2.2 (Other derivatives are bounded): There
is an L such that ‖Af‖ ≤ L for A ∈ { ∂

∂w ,
∂2

∂x2 ,
∂2

∂w2 ,
∂2

∂x∂w}
We make a number of assumptions on the error function

e : X → R as well.
Assumption 2.3: The function e is bounded from below

and has ‖Ae‖ ≤ L for A ∈ { ∂
∂x ,

∂2

∂x2 }
At times we will refer to bounds on specific derivatives. For
this we use the following notation: Lwf refers to an upper
bound on ‖ ∂f∂w‖, likewise for Lxe, Lx2e, etc.

III. OPTIMIZATION CRITERIA

Here we formulate a condition which the optimization
system (2) should satisfy, so that descent of the objective
at each iteration and overall convergence of the procedure
can be guaranteed. This is a gradient based procedure and
we aim to apply the following well known result on gradient
descent with errors.

Proposition 3.1: Let E : W → R be differentiable, with
an L-Lipschitz gradient, and bounded from below. Consider
a sequence

wn+1 = wn − εhn
where ‖hn − ∂E

∂w (wn)‖W ≤ α‖hn‖W for some α ∈
[0, 12 ) and ε ∈ (0, 2(1−α)

L(1+α)2 ). Then E(wn) converges and
∂E
∂w (wn)→ 0.
Note that when there is no error in the derivatives (α = 0)
this gives the usual ε < 2

L requirement of gradient descent.
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According to this result it suffices to show that the
sequence of hn defined by hn = h(zn+1, wn) =(

∂f
∂w (xn+1, wn)

)T
yn+1 used in the parameter updates can

be made to satisfy the condition

‖hn −
∂(g ◦ x∗)
∂w

(wn)‖W ≤ α‖hn‖W (3)

by a suitable choice of α, ε and initial conditions. The true
gradient occurs at h(z∗n, wn) where z∗n is the fixed point of
T (·, wn). If one defines a vector norm on Z = X ×Rn and
shows that h is an Lzh-Lipschitz function of z = (x, y), for
some Lzh, then a sufficient condition for inequality (3) is

‖zn+1 − z∗n‖Z ≤
α

Lzh
‖h(zn+1, wn)‖W (4)

We will show that this property can be maintained over
each iteration by a suitable choice of ε, α, and corresponding
conditions on the initial point (x0, y0).

IV. TIME-SCALE SELECTION

First we formalize that the adjoint system y inherits the
stability of the forward system x. This is a well known
fact in sensitivity analysis. We present here perhaps a novel
way of quantifying it. It is shown that the joint dynamics,
consisting of the forward and adjoint systems, is contracting
on a subspace of X × Rn, in a norm ‖ · ‖Z defined by
bounds on the various derivatives of f and e. Specifically, it
is a hierarchy of contractions, a situation addressed by the
following proposition:

Proposition 4.1: Let X,Y be metric spaces. Let f : X →
X be a βf -contraction. Let g : X×Y → Y have the property
dY
(
g(x1, y1), g(x2, y2)

)
≤ βgdY (y1, y2)+(Lxg)dX(x1, x2)

for any two points (x1, y1) and (x2, y2) of X × Y , where
0 ≤ βg < 1, and Lxg ≥ 0. Let p1, p2 be positive
numbers such that βf + p2

p1
Lxg < 1. Then the function

h(x, y) = (f(x), g(x, y)) is a βh-contraction in the metric
dZ
(
(x1, y1), (x2, y2)

)
= p1dX(x1, x2) + p2dY (y1, y2) on

X × Y , where βh = max{βf + p2

p1
Lxg, βg}.

Proof: Let (x1, y1) and (x2, y2) be any two points of
X × Y . By definition of h and d we have

dZ
(
h(x1, y1), h(x2, y2)

)
= p1dX

(
f(x1), f(x2)

)
+ p2dY

(
g(x1, y1), g(x2, y2)

)
Using the assumptions on f and g, this is upper bounded by

≤
(
βf + p2

p1
Lxg

)
p1dX(x1, x2) + βgp2dY (y1, y2)

≤ max
{
βf + p2

p1
Lxg, βg

}
dZ
(
(x1, y1), (x2, y2)

)
In the next proposition the above is applied to the function

T defined in (1) describing the joint dynamics. The closed
ball of radius r centered at the origin in Rn is denoted Bn(r).

Proposition 4.2: Let f, e satisfy (2.1, 2.2), and (2.3). Let
p1, p2 be any positive numbers such that β+ p2

p1
k < 1 where

k =
(Lx2f)(Lxe)

1−β + Lx2e. Then the map T defined by

T ((x, y), w) =

(
f(x,w)(

∂f
∂x (x,w)

)T
y + ∂e

∂x (x)

)
is a contraction mapping with rate βT in the norm ‖ · ‖Z
on the set Z where βT = β + p2

p1
k, ‖(x, y)‖Z = p1‖x‖X +

p2‖y‖X , and Z = X ×Bn(
Lxe
1−β )

Proof: Set Y = Bn(
Lxe
1−β ) and let g : X × Y → Y

be the function g(x, y) = ∂f
∂x (x,w)

T y + ∂e
∂x (x). By the

assumption on f and e it is clear that g(Z) ⊆ Y , so that g is
well-defined. Additionally, it is evident that ‖∂g∂y (x, y)‖ =

‖∂f∂x (x, y)‖ ≤ β. Next, whenever (x, y) ∈ Z we have
‖ ∂g∂x (x, y)‖ ≤ (Lx2f) Lxe

1−β + Lx2e. These two inequalities
imply ‖g(x1, y1)− g(x2, y2)‖ ≤ β‖y1 − y2‖+ (Lxg)‖x1 −
x2‖, for Lxg =

(Lx2f)(Lxe)

1−β +Lx2e. Then apply Proposition
4.1 for the pair (f, g) to obtain the result.

This next result regards autonomous perturbations of con-
tractions. It assumes a discrete time system consisting of
two components: A contracting system x and a ”param-
eter” system w. The system alternates between iterating
the contraction and taking a step of the parameter process.
For simplicity we first assume that multiple contraction
steps are taken each time. The result gives conditions so
that the distance to equilibrium of the contracting system
‖zn+1 − z∗n‖ remains bounded by the disturbance to the
parameter controlling the fixed-point, ‖wn+1 −wn‖. It uses
a bound on the Lipschitz constant of the fixed-point of a
contraction. One such bound is K = LwT

1−βT
where βT is

the Lipschitz constant of T in z and LwT is the Lipschitz
constant of T in w.

Proposition 4.3: Let z0, w0 be given and consider the
sequence

zn+1 = Tm(zn, wn)

wn+1 = wn + εh(zn+1, wn)

where T has Lipschitz constants βT < 1 in x and h has
Lipschitz constants Lzh and Lwh in z and w respectively.
If ‖z0 − z∗0‖Z ≤ c‖h(z0, w0)‖W then for all n ≥ 0,

‖zn+1, z
∗
n‖Z ≤ c‖h(zn+1, wn)‖W

whenever ε, c and m satisfy the following:
There are some α1, α2 < 1 such that

c =
α1

2Lzh
, ε =

α2(1− α1)

2(Lzh)K + Lwh

and m is large enough so that

βm
T ≤

(1− α1)(1− α2)c

c+Kε

where K is a Lipschitz constant for z∗.
Proof: For n = 0, we show that if ‖z0 − z∗0‖Z ≤

c‖h(z0, w0)‖W then ‖z1 − z∗0‖Z ≤ c‖h(z1, w0)‖W . Using
the contraction property and assumption on z0 we have

‖z1 − z∗0‖Z ≤ βm
T c‖h(z0, w0)‖W (5)
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Using the Lipschitz property we get

‖h(z0, w0)‖W ≤ ‖h(z1, w0)‖W + (Lzh)‖z0 − z1‖Z (6)

The distance between the iterates z0 and z1 satisfies

‖z0 − z1‖Z ≤ ‖z0 − z∗0‖Z + ‖z∗0 − z1‖Z
≤ (1 + βm

T )c‖h(z0, w0)‖W
≤ 2c‖h(z0, w0)‖W

Combining this with (6) we have ‖h(z0, w0)‖W ≤
‖h(z1,w0)‖
1−2(Lzh)c

. Then applying (5),

‖z1−z∗0‖Z ≤
βm
T c

1− 2(Lzh)c
‖h(z1, w0)‖W ≤ c‖h(z1, w0)‖W

The last inequality follows from the fact that 1− 2(Lzh)c =
1− α1, and that

βm
T

1− α1
≤ (1− α2)

c

c+Kε
< 1

This concludes the case n = 0.
For n ≥ 1, assume ‖zn − z∗n−1‖Z ≤ c‖h(zn, wn−1)‖W .

Using the contraction property we obtain

‖zn+1 − z∗n‖Z ≤ βm
T ‖zn − z∗n‖Z (7)

By the assumption on zn and the Lipschitz property of z∗,

‖zn − z∗n‖Z ≤ ‖zn − z∗n−1‖Z + ‖z∗n−1 − z∗n‖Z (8)
≤ (c+Kε)‖h(zn, wn−1)‖W (9)

Applying both Lipschitz properties of h one obtains

‖h(zn, wn−1)‖W ≤ ‖h(zn+1, wn)‖W (10)
+ (Lzh)‖zn − zn+1‖Z (11)
+ (Lwh)ε‖h(zn, wn−1)‖W (12)

For ‖zn − zn+1‖Z we have, as in the base case,

‖zn − zn+1‖Z ≤ 2‖z∗n − zn‖Z (13)

Combining (13) with (9) and (12) we have

‖h(zn, wn−1)‖W ≤
‖h(zn+1, wn)‖W

1− 2(Lzh)(c+Kε)− (Lwh)ε
(14)

Applying (7), (9) and (14),

‖zn+1 − z∗n‖Z ≤
βm
T (c+Kε)‖h(zn+1, wn)‖W

1− 2(Lzh)(c+Kε)− (Lwh)ε

=
βm
T (c+Kε)‖h(zn+1, wn)‖W

(1− α1)(1− α2)

≤ c‖h(zn+1, wn)‖W
The last two steps follow by the assumption on c, ε and m.

An inspection of the requirements on ε and c shows that if
they are chosen to be small enough, then only one step (m =
1) of the contraction is required to maintain the invariant.

Corollary 4.4: If ε and c are defined as in Proposition 4.3
then a single step (m = 1) suffices to maintain the invariant
if α1, α2 satisfy the additional constraints

α1 < 1− βT , α2 ≤
α1(1− α1 − βT )

βT + α1(1− α1 − βT )

Proof: Based on the proof of Proposition 4.3, we will
show βT (c+Kε)

(1−α1)(1−α2)
≤ c Note that

c+Kε ≤ α1 + α2(1− α1)

2Lzh

Therefore it suffices that

βT
α1 + α2(1− α1)

(1− α1)(1− α2)
≤ α1

After some manipulations, this is seen to be equivalent to

α2 ≤
α1(1− α1 − βT )

βT + α1(1− α1 − βT )
Choose α1 < 1− βT to avoid the trivial constraint α2 = 0.

We collect these results into the main statement about the
algorithm defined by equations (2). The above result is com-
bined with the result about approximate gradient descent to
get initial conditions and a step-size that guarantee gradient
convergence.

Theorem 4.5: Under the assumptions (2.1, 2.2), and (2.3)
there is some choice of constants (c, ε) and a norm ‖ · ‖Z so
that if z0 = (x0, y0) satisfies ‖z0 − z∗0‖Z ≤ c‖h(z0, w0)‖W
then the sequence of wn generated by (2), starting from
the point (x0, y0, w0) has the property that (e ◦ x∗)(wn)
converges and ∂

∂w (e ◦ x∗)(wn)→ 0
Proof: Let ‖ · ‖Z be a norm on X ×Rn satisfying the

conditions of Proposition 4.2.
By assumption on the derivatives of f and e, the function

h : Z ×W → W where h((x, y), w) = ∂f
∂w (x,w)T y is a

Lipschitz function of z, with some Lipschitz constant Lzh.
Additionally, by those assumptions the function z∗, which
gives the fixed-point of T (·, w), is also a Lipschitz function.
Since ∂

∂w (e◦x∗)(w) = h(z∗(w)), we can conclude that e◦x∗
has a Lipschitz gradient.

According to the gradient descent result Proposition 3.1,
and the ensuing remarks, for all α < 1

2 there is a step-size
ε(α) so that, if the {zn} satisfy ‖zn+1 − z∗n‖ ≤ α

Lzh
‖hn‖,

then convergence will be guaranteed when ε ≤ ε(α).
According to Corollary 4.4, there is a pair c, ε′, with

c < 1−β
2Lzh

so that ‖zn+1 − z∗n‖ ≤ c‖h(zn+1, wn)‖ for all n,
whenever ‖z0 − z∗0‖ ≤ c‖h(z0, w0)‖, and a step-size ε ≤ ε′

is used.
Therefore it suffices to use the pair (c,min{ε′, ε(cLzh)})

V. STEP-SIZE AND INITIAL CONDITION CONSTRAINTS

In this section we sketch out how to compute a sufficient
choice of ε, the norm ‖(x, y)‖Z = p1‖x‖ + p2‖y‖, and c,
based on the given bounds on derivatives of f and e. Assume
the following:
• Dxf ≤ β, Dwf ≤ Lwf
• Dx2f ≤ Lx2f,Dw2f ≤ Lw2f,Dx,wf ≤ Lx,wf
• Dxe ≤ Lxe,Dx2e ≤ Lx2e

First, p1, p2 and a βT may be computed according to
Proposition 4.2:
• Define My = Lxe

1−β .
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Fig. 3. A ring network was used for experiments. The network activity
proceeds along the solid arrows while the adjoint system flows in the
opposite direction.

• Define LxTy = (Lx2f)My + (Lx2e)
• Choose p1, p2 be such that β + p2

p1
(LxTy) < 1

• Define ‖(x, y)‖Z = p1‖x‖+ p2‖y‖.
• Define βT = β + p2

p1
(LxTy).

The norm ‖ · ‖Z just defined should be used to verify the
initial condition.

To compute ε, c we need Lipschitz constants
LwT, Lwh, Lzh and LwT

∗. The following choices suffice,
and can be verified using the definitions of ‖ · ‖Z and the
assumptions on f and e.
• Define Lwh = (Lw2f)My

• Define Lzh = max{ (Lx,wf)My

p1
, Lwf

p2
}

• Define LwT = p1(Lwf) + p2(Lx,wf)My .
• Define LwT

∗ = LwT
1−βT

Now we can compute c, ε; according to the proof of The-
orem 4.5, these should satisfy both Proposition 4.3 and the
requirements of gradient descent.
• Choose α1 < 1− βT .
• Define α2 = α1(1−α1−βT )

βT+α1(1−α1−βT ) .
• Define c = α1

2(Lzh)

• Define εPC = α2(1−α1)
2(Lzh)(LwT∗)+Lwh .

• Define Lw2E = (Lzh)(LwT
∗)

• Define the function εGD(α) = 2(1−α)
(Lw2E)(1+α)2 .

• Use the above c, and take ε = min{εGD(α1/2), εPC}.

VI. NUMERICAL EXPERIMENTS

We applied the above procedure to optimize the fixed-
point of a network of nonlinear units. The units form a ring,
each unit having one real valued parameter bi. Initially the
network has a stable point x∗(b) and the goal is to adapt
the parameter vector b so that a target vector t becomes the
stable point.

A. Network dynamics

The network was made up of n = 30 units with the
dynamics of the i’th given by

fi(x, b) = viS(xi−1) + bi (15)

Here S : R → R was taken to be S = sin, and with the
convention that xi−1 = xn for i = 1. The weights v ∈ R30

are fixed during optimization, and were chosen as follows.
Each vi, which is the weight on the connection from i to it’s
predecessor, was chosen uniformly at random from the set
{−β, β} where β = 3

4 .

B. Contraction property

There is a simple condition for the network dynamics (15)
to be contracting. If S has bounded derivative, |S′| ≤ M ,
then f is a contraction mapping in the 2-norm if ‖v‖∞ < 1

M .
In the case of S = sin, it suffices that ‖v‖∞ < 1. Hence
with β = 3

4 as above, f is a contraction. Importantly, this
sufficient condition is independent of b, the parameter that
is being optimized.

C. Optimization problem

A target vector t ∈ R30 was generated randomly. Each
component ti was sampled from a normal distribution with
mean 0 and unit variance. The error function e was

e(x) =

30∑
i=1

a(xi − ti)

where a is the smooth absolute-value-like function a(u) =
log( 12 (exp(u)+exp(−u))). Therefore the optimization prob-
lem is

min
b
e(x) subject to x = f(x, b)

D. Step-size

For this problem the computation of the constants is
somewhat simpler than the general case; one can use for
the Lipschitz constants

Lxf = β, Lbf = 1

Lb2f = 0, Lx,bf = 0, Lx2f = β

Lxe = 30, Lx2e = 1

Given this, we can use the results of Section V to compute
a ‖ · ‖Z , c, and ε that enable the application of Theorem 4.5.
No serious attempt was made to explore the possible choices
of p1, p2 and α1, which are variables in the recipe of Section
V. Using the choice p1 = 1, p2 = 0.2 ∗ (1.0−β)/(LxTy) ≈
0.0005 yields a βT of 0.8; Then α1 was chosen to be 0.5 ∗
(1.0−βT ). The final value of the step-size ε is on the order
of 10−6 and c is near 10−5. Not surprisingly, the numerical
experiments showed that this choice of step-size was very
conservative.

E. Initialization

The initial parameter b was selected randomly as well;
bi was sampled from a normal distribution with mean 0
and variance 1. The initial point (x0, y0) was obtained as
(x0, y0) = T 100(0, 0). That is, T was iterated 100 times
starting from (0, 0) before optimization was started.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

742



F. Algorithm

After obtaining the initial point (x0, y0), the optimization
process (the dynamics on the bn) begins. For completeness,
the algorithm takes the following form with this choice of f
and e:

xin+1 = viS(x
i−1
n ) + bin (16a)

yin+1 = vi+1S
′(xin)y

i+1
n + tanh(xin − ti) (16b)

bin+1 = bin − εyin+1 (16c)

G. Results

We ran the algorithm several times with varying values of
ε. The results exhibit the usual behavior of gradient descent.
When the step-size is very small, the objective function is
decreasing but very slowly. Then comes an interval where
the decrease happens rapidly and the function values seem
to converge. When the step size gets too large, the process
is characterized by a rapid initial decrease followed by
oscillations.

With the initial data {(x0, y0), w0} we performed op-
timization, as specified by (16), with values of ε =
0.005, 0.01, 0.015, . . . , 0.2. The (approximate) trajectory of
the error e(x∗n) as optimization progressed was recorded and
is plotted Figure 4. For instance, the first row in that figure
shows how the error decreases as optimization progresses,
when a stepsize of ε = 0.005 is used. In subsequent rows
the step-size is increased by a constant amount ∆ε = 0.005
in each experiment, while the underlying problem and initial
state remains the same. Near a step-size ε = 0.10 the proce-
dure begins to lose stability. When using such large step-
sizes, optimization starts out working well but eventually
exhibits oscillations. It seems to be reflective of the need
to use more accurate gradients near a local minimum, a
requirement expressed in Proposition 3.1 on gradient descent.

For comparison, we ran the same algorithm but where
accurate gradients are used instead of the one-step update
procedure. This was achieved by iterating T 10 times be-
tween each parameter update, instead of once. The results of
this are plotted in Figure 5. When using accurate gradients,
we did not notice oscillations in the function values during
optimization until the step-sizes got significantly larger than
ε = 0.2.

VII. CONCLUSION

In this work we investigated conditions under which a dis-
tributed optimization procedure based on adjoint sensitivity
analysis satisfies a convergence property. The requirements
we gave, which concern the step size and initial condition,
are based on bounds on the various derivatives of the system
f and error function e. Furthermore, the conditions can be
satisfied whenever these derivatives are bounded and when
the underlying system is uniformly contracting.

Currently, the update pattern (see Figure 1) leaves a strong
mark in the main part of the analysis (Proposition 4.3).
However there are several other reasonable update patterns
one could use. An argument that is somehow independent of
this choice may be more insightful.
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Fig. 4. Error trajectories for different step-sizes ε using the one-step
method. Each row corresponds to a different choice of step-size and the
column indicates the iteration. The color indicates the approximate error at
that step of optimization.
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Fig. 5. Error trajectories for different step-sizes ε, when very accurate
gradient estimates are used. The procedure is more stable at large step-sizes
but this requires more time spent approximating gradients.

Secondly, there is also the question of how to optimally
select the parameters of the procedure, namely the step-size
ε. As shown above, using bounds on the derivatives of f and
e one can calculate a sufficient ε in terms of these quantities,
in a tedious but straightforward way. We did not investigate
what is the optimal way to do so, but it may be crucial
in complex problems in order to guarantee descent of the
overall error.
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THE MINIMUM TIME FUNCTION FOR A CONTROL SYSTEM ON
SU(2)

Francesca Albertini1 and Domenico D’Alessandro2

Abstract— In this paper, we consider the problem of driving
in minimum time to a given final condition the state of a right
invariant system on SU(2), in the case where two (orthogonal)
controls are present, ux and uy , and a bound on the Euclidean
norm of the control is given, i.e., u2

x+u
2
y ≤ γ2. The goal of the

paper is twofold. On the one hand, we illustrate the results of [2]
and the method of that paper to find the minimum time optimal
control. This method is very explicit and based on concepts and
ideas which are of general interest in optimal control problems.
On the other hand, we give a detailed analysis of the minimum
time function for fixed final state as a function of the bound
γ. We show that this function is not continuous but presents
jump discontinuities at an infinite number of values of γ which
have γ = 0 as a cluster point. The problem is motivated by the
control of two level quantum systems which are the elementary
unit of information in quantum computation.

I. INTRODUCTION

The minimum time optimal control problem on SU(2) has
received much attention in recent literature, see [1], [3], [4],
[6], [7], [8], [10], [11], [13], [18], [20]. Besides its math-
ematical interest, this problem is motivated by the fact that
systems on SU(2) model the evolution of two level quantum
systems, quantum bits, which are the fundamental object
of interest in quantum information theory. In this context,
evolution in minimum time is a natural requirement since,
in the circuit based model (see, e.g., [15]), the computation
is a cascade of elementary operations on quantum bits which
therefore have to be performed quickly in order to maximize
the speed of the overall information processing. In the above
recalled literature, the minimum time problem is posed under
different dynamics on SU(2) and different constraints on
the control. In this paper, we consider a model with two
controls, ux and uy , corresponding to orthogonal components
of a driving electro-magnetic field with a constraint of the
form u2

x + u2
y ≤ γ2, and possibly a drift term. This model

corresponds to the one considered in [3], [8], [18] and may
represent a spin 1

2 particle in a driving electro-magnetic field
after a rotating wave approximation (cf., e.g., [12] Section
7.1). The model has the K −P structure (see, e.g., [5]) and
can be treated with techniques of sub-Riemannian geometry
since finding the minimum time control to steer between two
points is equivalent (after elimination of the drift) to finding a
length minimizing sub-Riemannian geodesic (see, e.g., [14]).

To be more specific, we shall consider the system given by
the Schrödinger operator equation (see, e.g., [19]) for a spin

1Francesca Albertini is with Dipartimento di Tecnica e
Gestione dei Sistemi Industriali, Università di Padova, Italy
francesca.albertini@unipd.it

2Domenico D’Alessandro is with Department of Mathematics, Iowa State
University, Ames, Iowa, U.S.A. daless@iastate.edu

1
2 particle in a magnetic field with time varying components
(controls) in the x and y direction, ux and uy . The equation
is written as

Ẋ = σ̃zX + uxσ̃xX + uyσ̃yX, X(0) = 1, (1)

where X ∈ SU(2), 1 denotes the 2× 2 identity, and σ̃x,y,z
are proportional to the Pauli matrices, σx,y,z , and form a
basis of the Lie algebra su(2). They are defined as

σ̃x :=
i

2
σx =

1

2

(
0 i
i 0

)
, σ̃y :=

−i
2
σy =

1

2

(
0 −1
1 0

)
,

σ̃z :=
i

2
σz =

1

2

(
i 0
0 −i

)
, (2)

and satisfy the commutation relations,

[σ̃x, σ̃y] = σ̃z, [σ̃y, σ̃z] = σ̃x, [σ̃z, σ̃x] = σ̃y. (3)

The Lie algebra su(2) is equipped with an inner product
between matrices, 〈·, ·〉, defined as 〈A,B〉 := Tr(AB†),
so that the associated norm is ‖A‖ :=

√
〈A,A〉, and the

matrices σ̃x,y,z are mutually orthogonal. The coefficient
of σ̃z in (1) (which is called Larmor frequency in NMR
applications) is normalized to 1, in the appropriate units,
without loss of generality, since to this situation we can
always reduce ourselves with an appropriate re-scaling and-
or reversing of the time variable and-or a redefinition of
the bound on the control1 (cf. Remark 1.1 in [3]). The
commutation relations (3) underly the K − P structure of
the problem [5]. This means that, we have a system on a Lie
group, Ẋ = AX +

∑
j BjXuj , and there exists a Cartan

decomposition of the corresponding Lie algebra L, in this
case su(2), that is, L := K ⊕ P , with

[K,K] ⊆ K, [K,P] ⊆ P, [P,P] ⊆ K, (4)

and A ∈ K, and the Bj’s are in P . Using (3), one can
easily verify that this is indeed the situation for system (1),
if we take L = su(2) and K := span{σ̃z}, and P :=
span{σ̃x, σ̃y}. The minimum time problem considered here
is, given a desired final condition Xf ∈ SU(2), to find the
control functions, ux, uy , that steer the state X of system
(1) from the identity, 1, to Xf , in minimum time, under the
constraint that u2

x(t) + u2
y(t) ≤ γ2, for every t.

The K − P structure implies several desirable properties
of this problem, including the fact that the equations of the

1This is true unless the Larmor frequency is zero in which case we have a
driftless system whose treatment is a special case of what follows in which
we omit the elimination of drift step.
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Pontryagin maximum principle are explicitly integrable and
that singular extremals are never optimal [3], [5].

This paper has two goals: First we want to summarize
the method to find the optimal control which was proposed
in [2]. This method is a development of previous ideas
which were proposed in [3] and [18] and it involves the
application of several concepts which are of general interest
such as symmetry reduction of the optimal control problem
and the analysis of the reachable sets. It allows us to find
the time optimal control explicitly with very minimal and
straightforward numerical work. This is done in section
II. The second goal is to investigate the robustness of the
optimal control design. We do that by providing an analysis
of the minimum time function, as a function of the bound
γ, and its continuity properties. In this setting we use results
of [3], [18]. This is the more technical part of the paper.
We prove that the minimum time function has an infinite
number of jump discontinuities which have γ = 0 as their
cluster point. This is done in section III. This implies that the
design becomes less robust as the value of γ becomes small.
It also means that it is not always possible to slow down the
system by simply using an optimal control corresponding to
a smaller value of γ. Geometrically, the reachable sets are
not monotonically increasing with time. Concluding remarks
are given in section IV.

II. A METHOD TO FIND THE MINIMUM TIME CONTROL

Let us denote by eK the (one dimensional) Lie group
associated to the Lie algebra K := span{σ̃z}. The first step
of the procedure of [2] is to make a time varying change of
coordinates for X in (1) so as to eliminate the drift term (if
present), i.e., we define

U(t) := e−σ̃ztX(t), (5)

so that the corresponding equation for U is

U̇ = (vxσ̃x + vyσ̃y)U, U(0) = 1 (6)

with (
vx
vy

)
:=

(
cos(t) sin(t)
− sin(t) cos(t)

)(
ux
uy

)
. (7)

This is sometimes named the ‘interaction picture’ in the
physics literature. In our optimal control context, we notice
that this does not modify the constraint on the control since
u2
x + u2

y ≤ γ2 if and only if v2
x + v2

y ≤ γ2. Elimination of
the drift is useful because the reachable sets for a driftless
system such as (6) are monotonically non decreasing. More
specifically, let us denote by RU (≤ T ) and RU (T ) the set of
states reachable with the available control functions in time
at most T and in exactly time T , respectively, for system
(6). We have that RU (≤ T ) is non decreasing with T and

RU (≤ T ) = RU (T ). (8)

The geometry of the reachable set RU (≤ T ) can be studied
using its connection with the time optimal control problem.
It is a well known fact in geometric control theory that if
Uf is the final point of a time optimal trajectory at time T ,

then Uf is on the boundary of the reachable RU (≤ T ). This
fact will be used to determine the geometry of RU (T ). Let
us denote by R(T ) the set of states reachable at time T for
system (1). From (5), we have

eσ̃zTRU (T ) = R(T ). (9)

The second step of the procedure is to recognize that
the Lie group eK acts as a group of symmetries for the
optimal control problem of equation (6) (and equation (1)).
In particular, consider the action of eK on SU(2) given
by conjugacy transformation, i.e., with K ∈ eK, X in
SU(2) is transformed as X → KXK† = KXK−1. If
Uo = Uo(t) is an optimal trajectory for (6) from the identity
to Uf , in time Topt, then KUoK

† := KUo(t)K
† is an

optimal trajectory driving the state U of (6) from the identity
to KUfK

† in the same time Topt. This can be seen by
multiplying (6) on the left by K and on the right by K†,
and noticing that Kspan{σ̃x, σ̃y}K† = span{σ̃x, σ̃y}, and
on P := span{σ̃x, σ̃y} each K ∈ eK acts as an isometry.
We can simply modify the control without changing its
norm (cf. (7)) to get the corresponding trajectory in (6).
We have therefore families of optimal trajectories (geodesics)
which can be mapped one onto the other by conjugacy by
an element of eK. It makes sense therefore to put them
together in a single object. To do that we consider the
orbit space SU(2)/eK, that is, the space of orbits in SU(2)
under the conjugacy transformations by elements in eK. Each
element in SU(2)/eK is a class of equivalence of elements
in SU(2) where X1 ∼ X2 if there exists a K ∈ eK such
that X1 = KX2K

†. Denote by π the natural projection
π : SU(2) → SU(2)/eK. According to this discussion, we
can consider the optimal control problem on the orbit space
SU(2)/eK.

This type of ‘symmetry reduction’ has a long history in
control theory and we refer to [16] for a recent account.
The complication here is that the conjugacy action of eK

on SU(2) is not free, that is, the isotropy group of each
element in SU(2) is not just the trivial one {1} ⊆ eK. For
instance the identity in SU(2) has isotropy group equal to
the whole eK, and, in fact, the same is true for any diagonal
matrix in SU(2). As a consequence of this, the orbit space
SU(2)/eK is not simply a manifold but it has a more general
structure, the structure of a stratified space, [9], [17]. In our
case, the structure of SU(2)/eK can be easily understood
by noticing that K ∈ eK is a diagonal matrix and the action
X → KXK† only modifies the phase of the off diagonal
elements of X ∈ SU(2) by leaving the diagonal elements
unchanged. Since every matrix X ∈ SU(2) can be written
as

X =

(
α β
−β̄ ᾱ

)
, (10)

with |α|2 + |β|2 = 1, every element (orbit) in SU(2)/eK is
uniquely identified by α ∈ CI which is such that |α| ≤ 1,
therefore an element of the closed unit disk in the complex
plane. Thus, we identify SU(2)/eK with the closed unit disk
in the complex plane, which is a manifold with boundary,
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a special case of a stratified space. Therefore the whole
analysis is performed in the unit disk. In particular instead
of the reachable sets RU (T ) and R(T ) we study their
projection onto the unit disk, π(RU (T )) and π(R(T )) and
recover them as inverse images under π of sets in the unit
disk.2

The third step of the procedure is the application of the
Pontryagin maximum principle to obtain the form of the
optimal control candidates. General properties of K − P
problems [5] or a direct computation [3] show that abnormal
extremals are never optimal, so that the optimal candidates
vx and vy for system (6) are of the form

vx = γ sin(ωt+ φ), vy = −γ cos(ωt+ φ), (11)

for appropriate values of the frequency ω and phase φ. The
actual controls ux and uy for the original model (1) are
obtained from these by inverting equation (7). We have

ux = γ sin((ω+1)t+φ), uy = −γ cos((ω+1)t+φ). (12)

With the controls (11), equation (6) can be explicitly inte-
grated3 to give

U(t, ω, φ) :=

(
eiω

t
2 (cos(a t2 )− iωa sin(a t2 )) u2,1

−e−i(ω t2 +φ) γ
a sin(a t2 ) u2,2

)
, (13)

with a :=
√
ω2 + γ2 and where u2,1 is minus the conjugate

of the element (1, 2), and u2,2 is the conjugate of the element
(1, 1). The projection of an extremal trajectory (13) to the
unit disk SU(2)/eK is given by the (1, 1) element in (13),
that is, the parametric curve (which is independent of φ)

x = cos(ω
t

2
) cos(a

t

2
) +

ω

a
sin(ω

t

2
) sin(a

t

2
), (14)

y = sin(ω
t

2
) cos(a

t

2
)− ω

a
cos(ω

t

2
) sin(a

t

2
). (15)

There are two ways to look at these curves, for fixed t and
varying ω or for fixed ω and varying t. Let us fix a t ∈
(0, 2π

γ ] and consider the curves Ft given by (14), (15) for

|ω| ≤
√

4π2

t2 − γ2. These curves are symmetric with respect
to the x-axis and join two opposite points on the unit circle.
Some technical work is done in the Appendix of [2] to show
that they do not have self-intersections, do not intersect each
other and the curve (14) (15) for values of |ω| >

√
4π2

t2 − γ2

is all to the right of Ft. As t increases in (0, 2π
γ ], Ft moves

from right to left and eventually collapses to the point (−1, 0)
for t = 2π

γ . Examples of such curves for various value of t
are the curves in blue and black in Figure 1.

Any point on a curve Ft is reached optimally with the
control (11) with the corresponding value of ω in time t.
This is because this is the smallest t for which the point
could be written in the form (14) (15) for any ω. For smaller
t both the corresponding Ft and its extension for values of

2An analogous argument to the one above for optimal trajectories shows
that X1 ∈ SU(2) is reachable at time T1 if and only if KX1K† is
reachable, and this is true both for system (1), (6). This allows us to study
the reachable sets by studying its projections onto the orbit space.

3This, again, is a general feature of K − P type of problems (cf. [5]).

Fig. 1. Boundary of the reachable sets, i.e., curves Ft, in blue and black,
for increasing values of t from right to left. For the smallest value of t,
we also depict in green the curve for values of ω outside of the range

|ω| ≤
√

4π2

t2
− γ2, which is just chattering on the unit disk to the right of

the curve Ft. The points on the disk with radius 1√
2

(in red) correspond to

the point e−i
t
2 Pf , with Pf = − 1√

2
for increasing values of t. The point

in black meets the corresponding curve (in black) and the corresponding
value of t is the minimum time.

ω outside the range |ω| ≤
√

4π2

t2 − γ2 are to the right of
Ft. The curves Ft are therefore the boundaries of π(RU (t))
and the reachable sets RU (t) are the inverse images (under
the natural projection π) of the region of the unit disk to the
right of the curve Ft.

Now that we have a description of the reachable sets
RU (t) for system (6) and therefore for the original system
(1), from (9), the fourth step is to determine the minimum
time T to reach the desired final condition Xf . This is the
first T so that (cf. (9)) Xf ∈ eσ̃zTRU (T ) or equivalently

e−σ̃zTXf ∈ RU (T ), (16)

which is equivalent to

π(e−σ̃zTXf ) ∈ π(RU (T )). (17)

The right hand side of (17) has been already described. The
left hand side is the (1, 1) element of the matrix e−σ̃zTXf .
If Pf is the (1, 1) element of the matrix Xf , using the
expression of σ̃z in (2),

π(e−σ̃zTXf ) = e−i
T
2 Pf . (18)

The point e−i
T
2 Pf describes a circle inside the unit disk

of radius |Pf | starting from the point Pf and going coun-
terclockwise as T increases. While T increases the curves
FT move from right to left. The optimal T , Topt, is the
first T where intersection occurs. In Figure 1 we have
described in red the circle corresponding to the desired final
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condition Xf :=

(
− 1√

2
1√
2

1√
2

1√
2

)
, so that the initial point

Pf is Pf = (− 1√
2
, 0). The value of ω at the intersection

gives the frequency ω := ωopt to be used in (12), (11). With
these controls equation (1) can be explicitly integrated or
alternatively we can use (13) and (5), to obtain

X(t, ω, φ) :=

(
ei(ω+1) t2 (cos(a t2 )− iωa sin(a t2 )) x2,1

−e−i((ω+1) t2 +φ) γ
a sin(a t2 ) x2,2

)
,

(19)
and where x2,1 is minus the conjugate of the element
(1, 2), and x2,2 is the conjugate of the element (1, 1). By
construction, the element (1, 1) of this matrix for t = Topt
and ω = ωopt is the desired one. This implies also that the
(2, 2) element is the desired one and the magnitudes of the
off-diagonal elements are the desired ones. The fifth and
final step is to determine φ = φopt in (12) so that the phase
of the (1, 2) element in (19) when t = Topt and ω = ωopt
is the desired one. This completes the design of the optimal
control. The optimal control function has the form (12) for
ω = ωopt, φ = φopt in the interval [0, Topt].

In the next section we analyze how the minimum time
control depends on the bound γ and in particular how it
changes for small perturbations of γ, which is one aspect of
the robustness properties of the time optimal synthesis. This
will be done by using the results of [3] [18] on the char-
acterization of all optimal trajectories. Some qualitatively
aspects can however be appreciated as a consequence of the
construction above outlined. If γ becomes smaller, the curves
Ft move from right to left more ‘slowly’. Also if Xf changes
the curve {e−i t2Pf | t ≥ 0} will be, in general, moving on
a different circle and starting from a different point. If the
intersection happens transversally as in figure 1, then we can
expect the design to be robust to small perturbations and
in particular the minimum time function to be continuous
with respect to γ. It is however possible that the intersection
happens tangentially. In this case, a small decrease in the
value of γ will prevent the intersection to happen. Then the
point will have to go around the circle one more time, more
or less completely, before the intersection can happen again
and this causes a jump in the minimum time.

III. ANALYSIS OF THE MINIMUM TIME FUNCTION

The minimum time function is a function of the final
state Xf ∈ SU(2) and of the bound on the control γ. As
discussed above, it only depends on the projection of Xf

onto the orbit space SU(2)/eK, i.e., on π(Xf ) = Pf , a
point in the unit disk. For any γ > 0, and for any final
condition Pf = (xf , yf ), with 0 ≤ x2

f + y2
f ≤ 1, we

denote by tPf = tPf (γ) the optimal time to reach the fixed
final condition, and by ωPf = ωPf (γ) the corresponding
frequency ω of the optimal control (cf. (12)). Our first task
is to qualitatively describe the time optimal synthesis in the
unit disk for system (1), i.e., the set of all (projections of)
optimal trajectories in the unit disk which are each labeled
by a value of ω and with t as a free parameter. This can
be achieved with the method of the previous section but it

was achieved in [3], [18], directly without considering the
elimination of the drift and the analysis of the reachable sets
which were introduced in [2]. We shall use the results of
[3], [18], without going through an alternative derivation.
Expressions for the calculation of the minimum time were
also given in [8] for the driftless case.

A. Qualitative description of the optimal synthesis

Let x = x(t) and y = y(t) be the real and the imaginary
part of the (1,1) element in (19), which, parametrized by ω,
is given by:

x(t) := xω(t) = cos

(
(ω + 1)

t

2

)
cos

(
a
t

2

)
+

ω

a
sin

(
(ω + 1)

t

2

)
sin

(
a
t

2

)
, (20)

y(t) := yω(t) = sin

(
(ω + 1)

t

2

)
cos

(
a
t

2

)
−ω
a

cos

(
(ω + 1)

t

2

)
sin

(
a
t

2

)
. (21)

Thus,
xf = xωPf (γ)(tPf (γ))

yf = yωPf (γ)(tPf (γ))
(22)

Let aPf (γ) :=
√

(ωPf (γ))2 + γ2. There are two values of
the frequency ω which play an important role in the time
optimal synthesis, and also in the study of the continuity
of the minimum time function. The first one is ω = ω∗ :=
γ2−1

2 . In this case since ω∗+1 = a∗, the parametric equations
(20) and (21) represent a circle with center in P =

(
γ2

1+γ2 , 0
)

and with radius 1
1+γ2 . We shall call this circle the separatrix

since it separates optimal trajectories that reach the boundary
of the unit disk from the others. It holds that (see [3],
[18]) all the optimal trajectories outside the separatrix loose
optimality when they reach the boundary of the unit disk.
On the other hand, optimal trajectory inside the separatrix
curve loose optimality when they intersect another trajectory,
which we call the critical trajectory. This curve corresponds
to ω = ωc := γ2, so that, ac := γ

√
1 + γ2. The critical

trajectory, presents a cuspid point, i.e., a point where both ẋ
and ẏ are zero, when t = π

ac
(see [3]). It turns out that

the critical trajectory is optimal for all t ≤ π
ac

, and all
the trajectories inside the separatrix curve loose optimality
when they intersect this critical curve. Figure 2 describes the
optimal synthesis inside the unit disk. As compared to figure
1 now the curves represented correspond to fixed values of ω
and with varying parameter t. They are moreover trajectories
on the full system (1), i.e., with drift. The circle in red is the
separatrix and the trajectory in blue is the critical trajectory
depicted here until the cuspid point.

As γ goes to 0+, the separatrix becomes closer to the
unit circle, and the critical trajectory looks like a spiral
winding around the origin more and more times. Thus any
final condition which is in the interior of the unit circle, for
γ sufficiently small, it will be also inside the separatrix.
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Fig. 2. [3] Time optimal synthesis for γ = 1 for system (1). Each curve
corresponds to a different value of ω. The circle in red corresponds to
ω∗ := 0 and it gives the separatrix curve. The curve in blue corresponds
to ωc = 1. This is the critical curve.

B. Monotonicity and continuity of the minimum time function

Let Pf = (xf , yf ) be a point in the interior of the unit
disk, i.e., 0 ≤ x2

f + y2
f < 1. The next result gives a bound

on the value of the optimal frequency ω to be used in (12).

Define KPf :=

√
x2
f+y2f

1−(x2
f+y2f )

.

Lemma 3.1: If ω ∈ RI and t > 0 is such that xω(t) = xf
and yω(t) = yf , then

|ω| ≤ γKPf . (23)
Proof: If (23) does not hold, then (use a2 := γ2 + ω2)

γ2

a2
sin2(a

t

2
) <

1

1 +K2
Pf

.

By using equations (20) and (21), we have:

x2
f + y2

f = 1− γ2

a2
sin2(a

t

2
) >

K2
Pf

1 +K2
Pf

= x2
f + y2

f , (24)

which is a contradiction.
The above lemma gives bounds on the frequencies to be used
for a given desired final condition Pf . This can be used in the
search of the optimal control described in the previous sec-
tion. In particular, if Pf = (0, 0), which corresponds to NOT-

like final conditions, Xf :=

(
0 eiφ

e−iφ 0

)
, then KPf = 0,

so the only admissible ω is ω = ωPf (γ) = 0, independently
of γ (these are the resonant controls considered for example
in [5]).

We now study the limit of tPf (γ) as γ goes to zero. Notice
that the function tPf (γ) is monotonic non increasing since
all controls available for γ = γ1 are also available for any

γ ≥ γ1, thus the limit as γ goes to zero always exists and is
equal to supγ≥0{tPf (γ)}

Proposition 3.2: If Pf is in the interior of the unit disk,
then

lim
γ→0+

tPf (γ) = +∞. (25)

If Pf is on the boundary of the unit disk and corresponds to
a phase ψf , i.e., Pf = eiψf , then

lim
γ→0+

tPf (γ) = 2ψf . (26)

Proof:
Consider first the case where Pf is inside the unit circle.

Using the bound proved in lemma 3.1, applied to the optimal
control, we have:

lim
γ→0+

|ωγPf | = 0 (27)

Assume, by the way of contradiction, that (25) does
not hold. This would imply that limγ→0+ tPf (γ) =
supγ≥0{tPf (γ)} = K ∈ RI , thus 0 < tPf (γ) < K.

Thus using (27):

lim
γ→0+

√
(ωγPf )2 + γ2 tPf (γ) = 0.

Since γ2

(ωγPf
)2+γ2 ≤ 1, the previous equation would imply

that

lim
γ→0+

γ2

(ωγPf )2 + γ2
sin2

(√
(ωγPf )2 + γ2 tPf (γ)

)
= 0.

This contradicts the fact that (see equation 24):

γ2

(ωγPf )2 + γ2
sin2

(√
(ωγPf )2 + γ2 tPf (γ)

)
= 1− (x2

f + y2
f )

Thus (25) holds.
For points on the unit circle, formula (26) follows from the

explicit expression of the minimum time for a point Pf =
eiψf which was derived in [3] under the assumption γ ≤ 1.
This is

tPf (γ) =
2ψf (2π − ψf )

π − ψf +
√
π2 + γ2ψf (2π − ψf )

. (28)

Taking the limit as γ → 0 we obtain (26).
The bound (26) corresponds to the time needed using a
singular trajectory which is given by controls ux ≡ uy ≡ 0.

In order to study the continuity of the function tPf (γ) as
a function of γ (or as a function of Pf ) we study, more
generally, the continuity of the ‘joint’ function T (Pf , γ) :=
T (xf , yf , γ) := tPf (γ). This is a function defined on a half
infinite cylinder C := {xf , yf , γ | 0 ≤ x2

f + y2
f ≤ 1, γ >

0}. We shall restrict ourselves to study this function in the
interior of C, i.e., int C := {xf , yf , γ | 0 ≤ x2

f + y2
f <

1, γ > 0}.

Lemma 3.3: The function T := T (xf , yf , γ) is continu-
ous at all points (Pf , γ) ∈ int C such that Pf is not on the
critical trajectory corresponding to γ.
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Proof: For a given Pf and γ̄, with Pf not in the critical
trajectory of γ̄, consider the corresponding values tPf (γ̄) and
ωPf (γ̄) which are optimal. Then the two equations

F1(t, ω, x, y, γ) := x(t, ω, γ)− x = 0,
F2(t, ω, x, y, γ) := y(t, ω, γ)− y = 0,

(29)

hold at t = tPf (γ̄), ω = ωPf (γ̄), x = xf , y = yf , γ = γ̄.
Moreover, from the Implicit Mapping Theorem, they define
in an open neighborhood N of (xf , yf , γ̄) two continuous
functions t := t(x, y, γ), ω = ω(x, y, γ), as long as the
Jacobian with respect to the variables t and ω is different
from zero. We calculate using (20) (21),

Det

 ∂
∂tF1

∂
∂tF2

∂
∂ωF1

∂
∂ωF2

 =

=
γ2(γ2 − ω)

2a4
sin(a

t

2
)

[
sin(a

t

2
)− a t

2
cos(a

t

2
)

]
.

This expression is zero if and only if t = 0, t = 2π/a
or ω = γ2. However, the optimal time tPf (γ̄) is always
positive and strictly less then 2π

a . In fact at t = 2π
a every

optimal candidate trajectory is at the boundary of the unit
circle where it looses optimality, if it had not lost it before
by intersecting the critical trajectory (see also [3] [18]).
Furthermore, since the point Pf does not belong to the
critical trajectory, ωPf (γ̄) 6= γ̄2. Therefore, the Jacobian
is not zero, so the two continuous functions are defined.
We know that t(xf , yf , γ̄) = tPf (γ̄) and ω(xf , yf , γ̄) =
ωPf (γ̄). Let V = (t(N), ω(N)), this is a neighborhood of(
tPf (γ̄), ωPf (γ̄)

)
, moreover if (t, ω, x, y, γ) ∈ V × N , and

satisfies the equations in (29), then necessarily t = t(x, y, γ)
and ω = ω(x, y, γ).

To show continuity of the map T at (Pf , γ̄), i.e., of
the time optimal function, we prove that there exists a
neighborhood W ⊆ N , such that if (x, y, γ) ∈ W then
T (x, y, γ) coincides with the implicit map t(x, y, γ), whose
continuity is guaranteed by the Implicit Mapping Theorem.

It is obvious by definition that t(x, y, γ) ≥ T (x, y, γ).
Assume, by the way of contradiction, that the statement
is false, then for all n sufficiently large, there exists a
sequence {Pn = (xn, yn)} and a sequence {γn}, such that
the sequence Pn goes to Pf , the sequence γn goes to γ̄, and
t(xn, yn, γn) > T (xn, yn, γn). On the other hand, we have:

xn = x (t(xn, yn, γn), ω(xn, yn, γn), γn)
= x

(
T (xn, yn, γn), ω(xn,yn)(γn), γn

)
,

yn = y (t(xn, yn, γn), ω(xn, yn, γn), γn)
= y

(
T (xn, yn, γn), ω(xn,yn)(γn), γn

)
,

where ω(xn,yn)(γn) are the optimal values. Since
T (xn, yn, γn) and ω(xn,yn)(γn) belong to compact sets (for
the values ω see lemma 3.1), we can assume, after passing
if necessary to a subsequence, that:

ω(xn,yn)(γn)→ ω̄, T (xn, yn, γn)→ t̄.

Since by continuity

x
(
T (xn, yn, γn), ω(xn,yn)(γn), γn

)
→ x(t̄, ω̄, γ̄),

y
(
T (xn, yn, γn), ω(xn,yn)(γn), γn

)
→ y(t̄, ω̄, γ̄),

we must have

xf = x(t̄, ω̄, γ̄), yf = y(t̄, ω̄, γ̄).

From the fact that t(xn, yn, γn) > T (xn, yn, γn), we have
tPf (γ̄) = t(xf , yf , γ̄) ≥ t̄, since tPf (γ̄) is optimal we
conclude tPf (γ̄) = t(xf , yf , γ̄) = t̄. This, in turn, implies
that also ω̄ = ωPf (γ̄), since the optimal frequency is
unique (see [3] or section II). Thus for n sufficiently large(
T (xn, yn, γn), ω(xn,yn)(γn)

)
belongs to V , and we must

have T (xn, yn, γn) = t(xn, yn, γn) since the Implicit Map
Theorem guarantees uniqueness of the function t, which
contradicts t(xn, yn, γn) > T (xn, yn, γn).

Given a final condition Pf inside the unit disk, it is easily
verified that there exists a value of γ, which we call γ̃Pf
such that Pf is outside the separatrix circle for γ > γ̃Pf ,
belongs to the separatrix circle for γ = γ̃Pf and is inside the
separatrix circle for γ < γ̃Pf . The next theorem summarizes
the continuity properties of the function tPf = tPf (γ), and
it shows that if the final condition belongs to the critical
trajectory then the function is right continuous, but has a
jump discontinuity from the left.

Theorem 1: Let Pf = (xf , yf ) be a fixed final condition.
Then
• If Pf belongs to the unit circle, then the function tPf =
tPf (γ) is continuous.

• If Pf is inside the unit circle, then the function tPf =
tPf (γ) is continuos for all γ ≥ γ̃Pf . For γ < γ̃Pf ,
the function tPf = tPf (γ) is continuous if Pf does
not belong to the critical trajectory (except for the end
point), while for the values of γ for which Pf belongs
to the critical trajectory it presents a jump discontinuity
on the left and it is right continuous.
Proof: If Pf belongs to the unit circle, then continuity

of the optimal time function follows easily from (28). Conti-
nuity of the function tPf = tPf (γ), for every γ except for the
γ’s such that Pf is on the critical trajectory, follows from
lemma 3.3, where it is proved that the function is indeed
continuous as a function of both variables Pf and γ. Thus
we only need to prove the statement concerning points lying
on the critical trajectory.

Fix a value γ̄. First we first prove right continuity, which
holds everywhere. By monotonicity of the function tPf , we
know that:

lim
γ→γ̄+

tPf (γ) = sup
γ>γ̄

tPf (γ) := l+(γ̄) ≤ tPf (γ̄), (30)

We will prove that l+(γ̄) = tPf (γ̄). By definition of l+(γ̄),
we know that for each n ≥ 1 there exists γ̄ < γn < γ̄ + 1

n ,
such that l+(γ̄) − 1

n < tPf (γn) < l+(γ̄). Then for each
n ≥ 1 consider the corresponding optimal frequency value
ωPf (γn). By lemma 3.1, these values are bounded, thus
they admit a converging subsequence ωPf (γnk). Along this
subsequence we have that tPf (γnk) → l+(γ̄), ωPf (γnk) →
ω̄, and γnk → γ̄. By using equations (20) and (21) we have

xf = x(ω̄, lγ̄+) and yf = y(ω̄, lγ̄+).
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Thus l+(γ̄) = tPf (γ̄), otherwise tPf (γ̄) would not be the
optimal time, since we have found a control that reaches
Pf = (xf , yf ) in time l+(γ̄).

Assume now that Pf is a point such that for γ = γ̄ it
belongs to the critical trajectory, but it is not the end point.
Therefore tPf (γ̄) = απ

γ̄
√

(1+γ̄2)
with 0 < α < 1. From

the analysis in [3] [18] it follows that for γ smaller than
γ̄, optimal trajectories reaching Pf travel around the end
point of the critical trajectory corresponding to that γ, before
reaching Pf . The time to reach Pf is therefore greater than
the maximum time on the critical trajectory. Thus, for ε > 0
sufficiently small, tPf (γ̄ − ε) > π

(γ̄−ε)
√

1+(γ̄−ε)2
. This gives

lim
γ→γ̄−

tPf (γ) = lim
ε→0+

tPf (γ̄−ε) ≥ π

γ̄
√

1 + γ̄2
> α

π

γ̄
√

1 + γ̄2
.

(31)
If Pf is exactly at the endpoint of the critical trajectory

(case α = 1), as γ → γ̄− the two end points of the critical
trajectories and the two times coincide, so the optimal time
function is also left continuous.

Remark 3.4: If Pf corresponds to a NOT-like operator,
then, since Pf := (0, 0) is not on any critical trajectory,
tPf is a continuous function of γ. This also agrees with the
observation made at the end of the previous section since, in
this case, the circular trajectory {e−i t2Pf | t ∈ RI } collapses
to a single point. For other points Pf however in the interior
of the unit disc, there are infinitely many values of γ such
that Pf is on the corresponding critical trajectory. They have
a limit point at zero. At each of these values, the function
tPf has a jump on the left. If we are trying to reach a point
at exactly a time T , possibly larger than the minimum time
corresponding to a bound γ̄, we cannot always use the time
optimal control for a γ smaller than γ̄. The time T might not
be in the range of the function tPf . Another way to see this
is that the point might not be in the reachable sets for values
of the time following the minimum time. A consequence of
the presence of the drift in model (1).

IV. CONCLUSIONS

The problem of minimum time control for a right invariant
control system on SU(2) such as (1) can be treated via
symmetry reduction and analysis of the reachable sets on
the orbit space of a particular group action. With these tech-
niques, we obtained an explicit method to find the optimal
control. In fact our method gives us more information than
just the optimal control as it characterizes the reachable
sets at every time. We believe that the procedure can be
extended to more general models which share the K − P
structure. The main difficulties are to describe and correctly
parametrize the associated orbit space and the fact that the
explicit expression of the optimal trajectory extending (19)
may involve the computation of exponentials of matrices of
dimensions larger than two [5]. Using this technique one can
in principle obtain the complete time optimal synthesis, i.e.,
all time optimal trajectories with a method alternative to the

one for the case of SU(2) described in [3], [18]. We have
used the results of these papers and studied the continuity
and monotonicity properties of the minimum time function
as a function of the bound γ on the control. We have shown
that such a function is continuous at almost all points but
presents left discontinuities at values of γ which become
more frequent as γ → 0.
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Uniform Ensemble Controllability of Parametric Systems*

Gunther Dirr1 and Uwe Helmke1 and Michael Schönlein1

Abstract— In this paper we study classes of parametric
ensembles of systems which are defined by a parameter de-
pendent family of linear and bilinear control systems. Using
well-known characterizations of approximate controllability of
systems in a Banach space, we present a unified approach
to uniform ensemble control of parameter-varying linear and
bilinear systems. Both time-invariant and time-varying linear
systems are treated, leading to new necessary and sufficient
conditions for ensemble controllability. We also address the
issue of output controllability, thus extending recent results on
average controllability of linear systems. A characterization of
output controllability of families of bilinear systems is derived,
together with a counterexample that shows the limitations of
our approach to controlling ensembles of nonlinear systems.

I. INTRODUCTION

There has been recently much interest in studying motion
control problems for spatio-temporal systems and infinite
platoons of vehicles [2], [7], [11], [23], where control actions
and measurements take place in a spatially distributed way.
Such control systems are described by partial differential
or partial difference equations and therefore belong to the
realm of infinite-dimensional systems theory. Using Fourier-
transform techniques, infinite platoons of systems, where the
controls are broadcasted to all subsystems, can be identified
with parameter-dependent families of control systems

∂x
∂t (t, θ) = A(θ)x(t, θ) +B(θ)u(t).

Other classes of parametric ensembles include families of
discrete-time linear systems [16], time-varying linear sy-
stems [19] and bilinear control systems [20], [21]. The latter
class is of particular interest in applications to quantum
control and the robotics [3], [4], [20], [21]. A classical
and well-studied case of parametric ensembles is defined
by the family of output feedback equivalent systems (A +
BKC,B,C), parameterized by a compact subset P ⊂ Rm×p
of output feedback gains K; see [15] for stabilizability results
of one-parameter families. The analysis of such families of
systems relates to the classical blending problem in robust
feedback controller design [18]. In stochastic control of
finite-dimensional systems, a frequently considered statistical
technique consists in controlling probability distributions of
the state variables [12]. This leads to the control of partial
differential equations, such as the Liouville transport equa-
tion [5] or, more generally, Fokker-Planck equations [10].
We refer to [6] for a recent approach to ensemble control

*This research has been supported by DFG Grant HE 1858/14-1 from
the German Research Foundation.

1Institute for Mathematics, University of Würzburg, 97074
Würzburg, Germany dirr,helmke,schoenlein
@mathematik.uni-wuerzburg.de

of probability distributions based on ideas from Monge-
Kantorovich optimal mass transport. We also mention recent
work by [29] on average control of parametric linear systems.
The problems studied in [29] are equivalent to output ensem-
ble controllability, a topic which is discussed subsequently.
In all these areas the question arises of how to approximately
control, or observe, a family of systems and state variables.

A key point in controlling ensembles of systems is that
the control tasks have to be achieved using an input function
which is independent of the parameters of the systems. From
an operator theoretic point of view, parametric ensembles of
systems can therefore be regarded as infinite dimensional sy-
stems on Banach spaces, with the special feature that the in-
put operator has finite-dimensional range. In this framework,
ensemble controllability becomes equivalent to the classical
notion of approximate controllability. We refer to [8], [13],
[14], [28] for characterizations of approximate controllability
of infinite-dimensional linear systems. Although functional
analytic methods have been applied to ensemble control for a
longer time [3], [7], [19], [20], [21], our systematic approach
to ensemble controllability of linear systems seems to be new.

This paper is organized as follows. In Section II we
consider ensembles of linear time-invariant systems. Using
standard characterizations of approximate controllability in
a separable Banach space we present new proofs of the
main known results for ensemble control of linear parameter
dependent time-invariant systems [19], [16], [25]. In Sec-
tion III the main contributions are presented. In Theorem 4
we extend these results to time-varying systems and illustrate
the effectiveness of our approach by discussing a controlled
variant of the Sturm-Liouville equation. Based on [1], [28],
necessary and sufficient conditions for output controllability
of ensembles of linear and bilinear systems are derived in
Section IV that extend recent results by [24], [29]. Finally,
in Section V we present an example that shows that the
approach in [20], [21], developed for a specific example of
quantum control systems, cannot be extended in a straight-
forward way to general ensembles of bilinear systems.

II. ENSEMBLE CONTROLLABILITY OF PARAMETRIC
LINEAR SYSTEMS

In this paper our focus is on linear continuous-time
systems, but most of the results hold also for discrete-time
systems. We assume that the parameters θ of the system
vary in a nonempty compact subset P ⊂ Rd. This includes
the well-understood case of parallel interconnected linear
systems, where P is a finite set.
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A. Parametric ensembles

We consider a family of parameter-dependent linear time-
invariant control systems represented by

∂x
∂t (t, θ) = A(θ)x(t, θ) +B(θ)u(t)

x(0, θ) = x0(θ) ∈ Rn.
(1)

We assume that the system matrices A(θ) ∈ Rn×n and
B(θ) ∈ Rn×m depend continuously on θ ∈ P, i.e. A ∈
C(P,Rn×n), B ∈ C(P,Rm×n). For u ∈ L1([0, T ],Rm),
the solution to (1) is

ϕ
(
T, x0(θ), u

)
= eA(θ)Tx0(θ) +

∫ T

0

eA(θ)(T−s)B(θ)u(s) ds.

An ensemble Σ = {
(
A(θ), B(θ)

)
| θ ∈ P} is called

uniformly ensemble controllable on [0, T ], if for any con-
tinuous families of initial states x0(θ) ∈ Rn and terminal
states x∗(θ) ∈ Rn and any ε > 0 there is an input function
u ∈ L1([0, T ],Rm) such that

sup
θ∈P
‖ϕ(T, x0(θ), u)− x∗(θ)‖ < ε. (2)

If T ≥ 0 is not fixed in advance, i.e. if T ≥ 0 may
additionally depend on the intial and terminal states families
x0(θ) and x∗(θ), then Σ is called uniformly ensemble con-
trollable. We emphasize that a crucial requirement in both
definitions is the independence of the input function form
the parameters. Without this requirement the controllability
analysis of systems (1) would be much simpler.

From an operator theoretic point of view, ensembles (1)
can be regarded as infinite dimensional systems defined on
a separable Banach space (X, ‖ · ‖X) of functions from the
parameter space P to Rn. Here we assume that X contains
the space of continuous functions. Examples include, e.g.,
the Banach spaces X = C(P,Rn) and X = Lq(P,Rn),
with q ∈ [1,∞). Every continuous family of system matrices(
A(θ), B(θ)

)
induces the bounded linear operators A : X →

X and B : Rm → X , where

(Ax)(θ) = A(θ)x(θ), Bu(θ) = B(θ)u. (3)

The parametric ensemble of linear systems (1) then is equi-
valent to the linear control system on the Banach space X

ẋ(t) = Ax(t) + Bu(t). (4)

With this identification at hand, the above notion of uni-
form ensemble controllability for (1) becomes equivalent to
approximate controllability of the infinite-dimensional linear
system (4) on the Banach space C(P,Rn). Approximate
controllability of (4) on another Banach space, such as
Lq(P,Rn), q ∈ N, then corresponds to an equivalent notion
of Lq-ensemble controllability.

Remark 1: Note that for arbitrary bounded linear opera-
tors A and B one has the following equivalences, see [28],
Thm. 3.1.1 and Remark 3.1.2:

(a) System (4) is approximately controllable.
(b) There exists T > 0 such that system (4) is approxima-

tely controllable on [0, T ].

(c) For all T > 0, system (4) is approximately controllable
on [0, T ].

Hence, the parametric ensemble (1) is uniformly ensem-
ble controllable if and only if it is uniformly ensemble
controllable on some [0, T ]. For time-dependent systems(
A(t),B(t))

)
, however, the implications (a) =⇒ (b) and

(a) =⇒ (c) fail in general, even if the state space X is
finite dimensional and A(t), B(t) depend analytically on t.
An example follows. For time-independent, but unbounded
operators A, B similar problems occur, see [8].

Example 1: Consider the time-dependent linear system

ẋ = Ax(t) + u(t)B(t)y0, x0 ∈ R2, (5)

where A and B(t) are given by

A := α

(
0 1
−1 0

)
, B(t) := eαt

(
cos t sin t
− sin t cos t

)
,

with α ∈ R fixed and y0 6= R2\{0} can be chosen arbitrarily.
Note, that B(t) = eAt holds for all t ∈ R. A straightforward
computation shows that (5) is never approximately control-
lable on any finite subinterval of [0,∞). However, for each
pair (x0, x

∗) of initial and final states there exists a nontrivial
subinterval [t0, T ] ⊂ [0,∞) and a control u : [t0, T ] → R
which steers x0 to x∗. Moreover, if |α| < 1 holds, one can
choose t0 = 0 for all x0 ∈ R2 and x∗ 6= 0.

Fundamental contributions to the controllability analysis
of infinite–dimensional systems (4) were obtained for Hilbert
spaces by Fuhrmann [13], [14], and for general separable
Banach spaces by Trigianni [28]. Two central results are pro-
ven in [28]. The first result shows that exact controllability
of (4) never holds, due to the fact that the input operator
B : Rm → X has a finite-dimensional range. This implies
that ensemble controllability for systems (1) is never satisfied
in an exact sense, i.e., for ε = 0. Second, Trigianni shows
that approximate controllability of (4) is equivalent to the
density condition ∑

k∈N0

imAkB = X.

By re-interpreting this characterization in the Banach space
C(P,Rn) we arrive at the following characterization of
uniform ensemble controllability.

Theorem 1 ([25]): Let A ∈ C(P,Rn×n), B ∈
C(P,Rn×m) and let b1, . . . , bm denote the columns of B.
The following assertions are equivalent.

(a) The ensemble Σ = {
(
A(θ), B(θ)

)
| θ ∈ P} is

uniformly ensemble controllable.
(b) The set

LΣ := span{Akbj | 1 ≤ j ≤ m, k ∈ N0}

is dense in C(P,Rn) with respect to the sup-norm.

This result, which is an immediate consequence of Theo-
rem 3.1.1 in [28], comprises previous characterizations of
uniform ensemble controllability by [22] and [25]. We note
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that Theorem 1 is valid for discrete-time ensembles, too. Also
we emphasize that LΣ is dense in C(P,Rn) if and only if
for each ε > 0 and each x∗ ∈ C(P,Rn) there exist real
scalar polynomials p1, . . . , pm such that

sup
θ∈P
‖
m∑
j=1

pj(A(θ)) bj(θ)− x∗(θ)‖ < ε. (6)

The key issue is that this links uniform ensemble controllabi-
lity to a polynomial approximation problem. The following
result in [16] is a simple consequence of Theorem 1, using
Mergelyan’s Theorem from complex approximation theory.
For the definition of the Hermite indices of a reachable pair
(A,B) see, e.g. [17].

Theorem 2 ([16]): Let P ⊂ R be a finite union of disjoint
compact intervals. The ensemble of linear systems Σ =
{(A(θ), B(θ)) | θ ∈ P} is uniformly ensemble controllable
if the following conditions are satisfied:

(a) (A(θ), B(θ)) is reachable for all θ ∈ P.
(b) The input Hermite indices K1(θ), . . . ,Km(θ) of

(A(θ), B(θ)) are independent of θ ∈ P.
(c) For any pair of distinct parameters θ, θ′ ∈ P, θ 6= θ′,

the spectra of A(θ) and A(θ′) are disjoint:

σ(A(θ)) ∩ σ(A(θ′)) = ∅.

(d) For each θ ∈ P, the eigenvalues of A(θ) have algebraic
multiplicity one.

Concerning the necessity of the above conditions, the
following in known: If Σ = {

(
A(θ), B(θ)

)
| θ ∈ P} is

uniform ensemble controllable then it is easy to show that
for every θ ∈ P the linear system (A(θ), B(θ)) has to be
reachable. Moreover, for each number s ≥ m+ 1 of distinct
parameters θ1, . . . , θs ∈ P, the spectra of A(θ) must satisfy

σ(A(θ1)) ∩ · · · ∩ σ(A(θs)) = ∅.

This shows that condition (a) in Theorem 2 is necessary,
while condition (c) is necessary for single input systems. In
contrast, one can show cf. [16], [25], that neither conditions
(b) nor (d) in Theorem 2 are necessary for uniform ensemble
controllability.

B. Homogenous Ensembles

Starting from these two results we study a simple example.
For fixed matrices A ∈ Rn×n and B ∈ Rn×m consider the
parametric ensemble

∂
∂tx(t, θ) = θAx(t, θ) +Bu(t), (7)

controlled by m = n independent inputs. Let λ1, . . . , λn
denote the (real or complex) eigenvalues of A. A special
case is given by the family of harmonic oscillators

A =

(
0 −1
1 0

)
, B =

(
1 0
0 1

)
.

By the above spectral condition, A has to be invertible if
Σ = {(θA,B) | θ ∈ P} is uniformly ensemble controllable.
Moreover, provided 0 ∈ P, then B must be invertible, too.

Thus, if 0 ∈ P the invertibility of A,B is necessary for (8) to
be uniformly ensemble controllable. We next show that these
two are also sufficient for uniform ensemble controllability.
After linear coordinate transformations in the state space and
input space one sees that (A,B) is equivalent to a system
(SAS−1, SBU) in Jordan canonical form

∂
∂tx(t, θ) = θ

J1

. . .
Jr

x(t, θ) +

I . . .
I

u(t).

(8)
It is immediately seen from the decoupled form of (8) that
(8) is uniformly ensemble controllable if and only if each
subsystem

∂
∂txi(t, θ) = θJixi(t, θ) + ui(t) (9)

is uniformly ensemble controllable. By inspection, these
subsystems are uniformly ensemble controllable if and only
if the last component equation ẋiki = θλixiki + uiki(t)
in (9) is uniformly ensemble controllable. But this follows
immediately from Theorem 2 for the special case m = 1,
thus proving the following generalization of a result by [22]
(which treated the simpler case where P is an interval).

Corollary 1: Let m ≥ n and let P ⊂ R be the fini-
te union of compact intervals with 0 ∈ P. Then Σ =
{(θA,B) | θ ∈ P} is uniformly ensemble controllable if
and only if rankA = n and rankB = n.

Corollary 1 deals with the situation where the number of
inputs is bigger or equal to the number of states. It implies
that the harmonic oscillator family with two independent
inputs is always uniformly ensemble reachable; a fact that
was first proven in [19] using complicated computations. If
m < n, an application of Theorem 2 immediately yields the
next result.

Corollary 2 ([25]): Let m ≤ n and let P be the finite
union of compact real intervals with 0 6∈ P. Define λP :=
{λ θ | θ ∈ P}.

(a) If Σ = {(θA,B) | θ ∈ P} is uniformly ensemble con-
trollable then (A,B) is controllable and A is invertible.

(b) Let (A,B) be controllable and let A be invertible with
simple eigenvalues λk such that λkP ∩ λlP = ∅ for
all k 6= l. Then Σ = {(θA,B) | θ ∈ P} is uniformly
ensemble controllable.

Proof: (a) If Σ = {(θA,B) | θ ∈ P} is uniformly
ensemble controllable, then (θA,B) is controllable for every
θ ∈ P, i.e. (A,B) is controllable. Suppose that zero is an
eigenvalue of A. For distinct parameters {θ1, ..., θm+1} ∈ P
then 0 ∈ σ

(
θ1A

)
∩ · · · ∩ σ

(
θm+1A

)
, in contradiction to

σ
(
θ1A

)
∩ · · · ∩ σ

(
θm+1A

)
= ∅.

(b) We verify the sufficient conditions of Theorem 2. The
reachability of the pair (A,B) and the fact that 0 6∈ P implies
that (θ A,B) is reachable for every θ ∈ P. Since 0 6∈ P, the
Hermite indices of (θA,B) are independent of θ. Moreover,
λkP∩λlP = ∅ for all k 6= l implies that σ

(
θA
)
∩σ
(
θ′A
)

= ∅
for all θ 6= θ′ ∈ P. Thus the assumptions of Theorem 2 are
satisfied and we are done.
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III. TIME-VARIANT ENSEMBLES

In this section we consider ensembles defined by linear
time-varying parameter-dependent systems

∂x
∂t (t, θ) = A(t, θ)x(t, θ) +B(t, θ)u(t)

x(0, θ) = x0(θ) ∈ Rn.
(10)

We assume that A(t, θ) and B(t, θ) are of class C∞,0, i.e.,
the matrices A(t, θ) and B(t, θ) are smooth with respect to t
and all partial derivatives ∂k

∂tk
A(t, θ) and ∂k

∂tk
B(t, θ), k ∈ N0

are continuous on [0,∞)×P. Moreover, if the t-expansions

A(t, θ) =

∞∑
k=0

1

k!

∂k

∂tk
A(τ, θ)(t− τ)k

and

B(t, θ) =

∞∑
k=0

1

k!

∂k

∂tk
B(τ, θ)(t− τ)k

converge uniformly in θ ∈ P we say the A(t, θ) and B(t, θ)
are of class Cω,0u Let Φ(t, s, θ) denote the transition matrix
of the time-varying system ẋ(t) = A(t, θ)x(t). Then, for
u ∈ L1([0, T ],Rm), the solution to (10) is

ϕ(T, x0(θ), u) =

Φ(T, 0, θ)x0(θ) +

∫ T

0

Φ(T, s, θ)B(θ)u(s) ds.

The ensemble control task for (10) then is equivalent to
approximate controllability of a time-varying linear system
of the from (12) on a suitable Banach space X of functions
P → Rn, where A has to be chosen as multiplication
operator A(t) : X → X defined by

A(t)x(θ) := A(t, θ)x(θ),

and similarly for B(t). Ensemble controllability of (10) has
been first characterized by [19] in terms of growth conditions
on the non-zero singular values of the reachability operator

RT : u 7→
∫ T

0

Φ(T, s, ·)B(s, ·)u(s) ds (11)

into L2(P,Rn). However, these conditions are very difficult
to check, even for very simple second-order time-invariant
linear systems. Moreover, they are valid only for studying
ensemble controllability in a Hilbert space context. Thus
problems of uniform ensemble controllability are not acces-
sible with the methods of [19]. Therefore, we aim at both
simplifying and extending this approach, using a classical
approximate controllability condition on Banach spaces, first
derived by [28].

In a finite dimensional vector space, necessary and suf-
ficient conditions for controllability of time-varying linear
systems are well-known for a long time; see e.g. [26], [27].
Triggiani has generalized this characterization to approxima-
te controllability of time-varying linear systems in separable
Banach spaces.

Let X and U be separable Banach spaces. Assume that
A(t) : X → X and B(t) : U → X are bounded operators
which depend smoothly on t ∈ [0,∞) and consider

ẋ(t) = A(t)x(t) + B(t)u(t). (12)

Moreover, define recursively the operators Γ0(t) := B(t) and
Γk+1(t) := d

dtΓk(t) − A(t)Γk(t). As a short hand notation
we use

Γk =
(

d
dtI −A

)kB , k ∈ N0. (13)

To avoid miss interpretations, see also the subsequent exam-
ple of Sturm-Liouville equation. The reachability subspace
of (12) at τ ∈ [0,∞) is then given by∑

k∈N0

im
(

d
dtI −A

)kB∣∣∣
t=τ
⊂ X .

Theorem 3 ([28]): The nonautonomous system (12) is
approximately controllable on [t0, T ] ⊂ [0,∞) provided∑

k∈N0

im
(

d
dtI −A

)kB∣∣∣
t=τ
⊂ X . (14)

holds for some τ ∈ [t0, T ]. If A(t) and B(t) are analytic
on [0,∞), then (12) is approximately controllable on every
nontrivial subinterval of [0,∞) if and only if (14) holds for
some τ ∈ [0,∞).

Applying the preceding result to time-variant linear en-
sembles immediately yields the following explicit characte-
rization of ensemble controllability on C(P,Rn).

Theorem 4: Suppose that A(t, θ) and B(t, θ) are of
class C∞,0. Then the time-varying ensemble Σ :=
(A(t, θ), B(t, θ)) is uniformly ensemble controllable on
[t0, T ] if

LΣ(τ) := span
{(

d
dtI −A

)k
bj
∣∣
t=τ

∣∣∣ 1 ≤ j ≤ m, k ∈ N0

}
is dense in C(P,Rn) with respect to the sup-norm for
some τ ∈ [t0, T ], where bj denotes the j-th column of B.
If A(t, θ) and B(t, θ) are additionally of class Cω,0u , then
Σ is uniformly ensemble controllable on every nontrivial
subinterval of [0,∞) if and only if LΣ(τ) is dense for some
τ ∈ [0,∞).

The above theorem is stated for uniform ensemble con-
trollability, using the Banach space C(P,Rn) of continuous
functions. More general results hold and can be stated for
weaker notions of ensemble controllability, e.g., by working
in the Hilbert space L2(P,Rn). It is in fact easily seen that
the reachability operator RT : L2([0, T ],Rm)→ L2(P,Rn)
in (11) has a dense image if and only if LΣ(τ) is dense in
L2(P,Rn). In order to illustrate the efficiency of the prece-
ding condition we study a simple but nontrivial example.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

680



Sturm-Liouville equation

Let φ(t) be a real analytic function on [0,∞) and ω a
parameter that varies in a compact interval [ω−, ω+]. Let
a(t, ω) := ωφ(t) and

A(t, ω) =

(
0 1

−a(t, ω) 0

)
, b =

(
0
1

)
.

We consider the issue of controllability for the time-varying
second order control system

ẍ(t) + ωφ(t)x(t) = u(t). (15)

A straighforward computation shows that the first Γk are
given by, where dots denote time-derivatives:

Γ0 = b = e2

Γ1 = (A− d
dtI)b = e1,

Γ2 = (A− d
dtI)2b = −ae2,

Γ3 = (A− d
dtI)3b = −ae1 + ȧe2,

Γ4 = (A− d
dtI)4b = 2ȧe1 + (a2 − ä)e2,

Γ5 = (A− d
dtI)5b = (a2 − 3ä)e1 + (a(3) − 4aȧ)e2,

Γ6 = (A− d
dtI)6b

= (4a(3) − 6aȧ)e1 − (a3 − 7aä+ a(4) − 4ȧ2)e2.

It is easily seen by induction that every term (A − d
dtI)kb

is a differential polynomial in a which, for fixed values of
t, defines a polynomial of degree ≤ n in ω. Define for n =
0, 1, 2, . . . the sequence of finite dimensional subspaces

Vn := span{(A− d
dtI)kb | k = 0, . . . , 2n}

⊂ C([0,∞)× [ω−, ω+],R2).

Then for each τ ∈ [0,∞), the sets

Vn(τ) = span{f(τ) | f ∈ Vn}

and
V̇n(τ) = span{ḟ(τ) | f ∈ Vn}

are finite-dimensional R-subspaces of R[ω]2. Let R[ω]≤n
denote the space of polynomials of degree ≤ n. Then one
has the following result.

Lemma 1: Let τ be any real number with φ(τ) 6= 0. Then

Vn(τ) = R[ω]2≤n

holds for all n ∈ N0.

Proof: We prove the assertion by induction on n. For
n = 0 we have V0 = Rn = R[ω]2≤0 and therefore the claim
holds for n = 0. Now assume that the assertion holds for
Vn. Every element of Vn and V̇n is a polynomial in ω of
degree ≤ n. Therefore Vn(τ) and V̇n(τ) are linear subspaces
of R[ω]2≤n. Let f = col(u, v) ∈ Vn and

g := (A− d
dtI)f =

(
v − u̇

ωφ(t)u− v̇.

)

By induction, the vectors col(u, v)(τ) ∈ Vn(τ) span R[ω]2≤n.
Therefore the elements col(v, ωφu)(τ) span R[ω]≤n ⊕
ωR[ω]≤n. Let

Wn := Rb+ (A− d
dt )Vn ⊂ Vn+1.

Since col(u̇, v̇)(τ) ∈ R[ω]2≤n we conclude that the elements
of Wn(τ) ⊂ Vn+1(τ) span R[ω]≤n ⊕ R[ω]≤n+1. Let ḡ :=
col(ū, v̄) ∈ Wn be arbitrary. Then both components of (A−
d
dtI)ḡ = col(v̄ − ˙̄u, ωφu − ˙̄v) are polynomials of degree
n+ 1 in ω. Moreover, by varying ḡ one argues as before to
conclude that every pair of polynomials of degree n+ 1 can
be realized in

Vn+1 = Rb+
(
(A− d

dtI)Wn

)
(τ) = R[ω]2≤n+1.

This completes the proof.

By combining this Lemma with Theorem 4 we obtain:

Theorem 5: Let φ(t) be real analytic on [0,∞) with
φ(t) 6= 0 for some t ∈ [0,∞). Then the second order
parametric system

ẍ(t) + ωφ(t)x(t) = u(t)

with ω ∈ [ω−, ω+] is uniform ensemble controllable on every
nontrivial subinterval of [0,∞).

Proof: Lemma 1, together with the Weierstrass appro-
ximation theorem implies that the union

⋃
n≥0 Vn is dense

in the space of continuous functions C([ω−, ω+],R2). Thus
the result follows from Theorem 4.

In particular, the generalized Airy equation

ẍ(t) + ωtqx(t) = u(t)

is uniform ensemble controllable, for any q ∈ N0 and
compact parameter interval [ω−, ω+]. This is nontrivial even
for q = 0 and parameter intervals [ω−, ω+] that contain 0. In
fact, for ω = 0, the zero eigenvalue of A(0) has multiplicity
> 1; a case that has been excluded in Theorem 2.

More generally, one can consider the ensemble control
task for the controlled Sturm-Liouville equation (p > 0)

p(t)ẍ+ ṗ(t)ẋ+ (q(t) + ωp(t)φ(t))x = u(t, x, ẋ).

Then ensemble controllability holds via mixed open loop and
state feedback controls of the form

u(t, x, ẋ) = p(t)u(t) + q(t)x+ ṗ(t)ẋ.

IV. OUTPUT ENSEMBLE CONTROLLABILITY

In applications to, e.g. cell biology or quantum systems,
a frequently met task is to extract information of the system
from average measurements. This motivates the study of
families of parameter-dependent systems where the measu-
rements are given by an average output functional, i.e. the
ensemble is of the form

∂x
∂t (t, θ) = A(t, θ)x(t, θ) +B(t, θ)u(t)

y(t) =

∫
P
C(t, θ)x(t, θ) dθ

(16)
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with initial condition x(0, θ) = x0(θ) ∈ Rn and x0 ∈ X .
We assume that either X = C(P,Rn) or X = Lq(P,Rn)
with q ∈ N. An ensemble Σ is called output ensemble
controllable, if for any x0 ∈ X and any y∗ ∈ Rp there
exist a T > 0 and an input function u ∈ L1([0, T ],Rm)
such that ∫

P

C(T, θ)ϕ(T, θ, u) dθ = y∗. (17)

In [28, Theorem 7.3.1] Triggiani provides a characteriza-
tion of output controllability for infinite dimensional systems
of the form

ẋ(t) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t),
(18)

Theorem 6 ([28]): The system (18) is output controllable
on [t0, T ] if there exist N ∈ N and τ ∈ [t0, T ] such that

N∑
k=0

im C(T )
(

d
dtI −A

)k
B
∣∣∣
t=τ

= Rp. (19)

If A(t) and B(t) are analytic on [0,∞), then the system
(18) is output controllable if and only if (19) holds for some
τ ∈ [0,∞).

We now apply this result to the special situation where the
bounded linear operators A(t) and B(t) are defined as in (3)
while C(t) : X → Rp denotes the finite–dimensional linear
operator

C(t)x =

∫
P

C(t, θ)x(θ) dθ.

Applied to the ensembles of the form (16) we obtain

Γk =
(

d
dtI −A(·, θ)

)k
B(·, θ)

∣∣
t=τ

(20)

and hence the following characterization of output ensemble
controllability.

Theorem 7: Suppose that the matrices A(t, θ) and B(t, θ)
are of class Cω,0u . Then the time-varying ensemble (16) is
output ensemble controllable if and only if there exist N ∈ N
and τ > 0 such that Rp is spanned by the columns of the
p×m-matrices∫

P

C(T, θ)
(

d
dtI −A(·, θ)

)k
B(·, θ)

∣∣∣
t=τ

dθ, k = 0, ..., N.

Applied to time-invariant ensembles this characterization
yields the following mild improvement of a result in [29] on
output ensemble controllability. Observe that in the autono-
mous case one has

Γk =
(

d
dtI −A(θ)

)k
B(θ) = (−1)kA(θ)kB(θ).

Corollary 3: The ensemble Σ = {(A(θ), B(θ), C(θ))|θ ∈
P} is output ensemble controllable if and only if there is a
N ∈ N such that Rp is spanned by the columns of the p×m-
matrices ∫

P
C(θ)A(θ)kB(θ) dθ, k = 0, ..., N.

V. BILINEAR ENSEMBLES

A. Output Controllability for Bilinear Ensembles

Similar to the linear time-invariant case, we are interested
in output controllability of bilinear ensembles

∂x
∂t (t, θ) =

(
A(θ) + u(t)B(θ)

)
x(t, θ)

y(t) =

∫
P
C(θ)x(t, θ) dθ

(21)

with initial condition x(0, θ) = x0(θ) ∈ Rn and a single
control function u ∈ L1([0, T ],R). Let

ẋ(t) = (A+ u(t)B)x(t), x(t) = x0 ∈ X

denote the associated bilinear system on the Banach space
X = C(P,Rn), or X = Lq(P,Rn), q ∈ [1,∞). Here
A,B are the multiplication operators on X defined by the
continuous matrix families (A(θ), B(θ)), respectively. Since
the output space Rp is finite dimensional, we can apply a
result from [1] on local controllability along the uncontrolled
drift trajectory. In our situation, the result reads as follows.
Let adA denote the ad-operator defined as adA(B) = AB−
BA.

Theorem 8: The rank condition

span

{∫
P
C(θ) adkA(θ)B(θ)x0(θ) dθ | k ≥ 0

}
= Rp

implies local output controllability of (21) along the trajec-
tory t 7→ eAtx0, i.e., for all T > 0 there exists εT > 0 such
that for all y∗ ∈ Rp with

‖y∗ −
∫

P
C(θ)eA(θ)Tx0(θ) dθ‖ ≤ εT

there is a control u : [0, T ] → R which steers the output
y(0) =

∫
P C(θ)x0(θ) dθ to y(T ) = y∗.

Proof: This is an immediate consequence of Theorem
4.1 in [1] and the fact that A is a bounded operator on X
and therefore the infinitesimal generator of an analytic one-
parameter group.

B. A Negative Result on Ensemble Controllability

The preceding results have characterized ensemble con-
trollability for linear systems in terms of approximate reacha-
bility sets, related to the familiar Lie algebra rank condition
from nonlinear control. In this section, we present a counter-
example which demonstrates that for bilinear ensembles the
simplest possible Lie algebraic condition does neither imp-
ly ensemble controllability nor (approximate) accessibility.
Thus this example shows that it is not possible to extend the
previous analysis straightforwardly to ensembles of bilinear
systems. In fact, the main difficulty lies in the absense of a
good Lie algebraic characterization of approximate control-
lability/accesibility in infinite–dimensional Banach spaces.

Recall that a finite dimensional bilinear control

ẋ(t) = (A+ u(t)B)x(t), x(0) = x0 ∈ Rn
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is accessible from x0 if and only if the Lie algebra rank
condition (LARC) is satisfied at x0, i.e. if and only if

dim{Mx0 |M ∈ 〈A,B〉L} = n,

where 〈A,B〉L denotes the Lie subalgebra of Rn×n which
is spanned by all finite Lie brackets of A and B. Now, let

A(θ) := θ

(
0 1
1 0

)
and B :=

(
1 0
0 −1

)
and consider the bilinear ensemble

∂x
∂t (t, θ) =

(
A(θ) + u(t)B

)
x(t, θ) (22)

with initial condition x(0, θ) = x0(θ) ∈ R2, x0 ∈
L1([a, b],R2) and 0 < a < b. We will show that this
ensemble, interpreted as a bilinear system

ẋ(t) = (A+ u(t)B)x(t) (23)

on the Banach space X := L1([a, b],R2), is not appro-
ximately accessible, in the sense that the closure of the
reachable set of x0 does not contain any interior points in
L1([a, b],R2). However, the approximate LARC is satisfied.
Thus, the most natural Lie algebraic condition does not imply
approximate reachability.

Proposition 1: Let 0 < a < b. System (23) is not
approximately controllable within the invariant cone C :=
L1([a, b],R+

0 × R+
0 ). Morover, the reachable set of x0 ∈

R+ × R+ does not contain any interior points in X =
L1([a, b],R2) even though the “approximate” Lie algebra
condition

{Mx0 |M ∈ 〈A,B〉L} = X

is satisfied.

Proof: Due to the fact that A(θ) + uB is a Metzler
matrix for all θ ∈ [a, b] and all u ∈ R it is easy to
see that the convex cone C is invariant under the system
semigroup of (22). Since C is a closed convex cone with
empty interior in L1([a, b],R2) it follows that the closure
of the reachable set of any initial states x0 ∈ C has empty
interior in L1([a, b],R2). Hence, the bilinear ensemble (22) is
neither approximately controllable nor approximately acces-
sible. Furthermore, by exploiting the fact that V : R2 → R,
V (x1, x2) := −x1x2 is a Lyapunov function, one observes
that approximate controllability within C fails.

Next, we compute the system Lie algebra 〈A,B〉L of (22).
A straightforward induction argument shows that 〈A,B〉L
consists of the linear span of all parameter dependent matri-
ces (

θ2k 0
0 −θ2k

)
,

(
0 θ2k+1

θ2k+1 0

)
,

and (
0 −θ2k+1

θ2k+1 0

)
, k ∈ N0.

Thus the elements in the Lie algebra 〈A,B〉L are given by(
p(θ2) θq1(θ2)
θq2(θ2) −p(θ2)

)
,

where p, q1, q2 are arbitrary real polynomials. Choose for
simplicity as initial value the constant function x0(θ) =
(1, 1)>. Since any polynomial can be uniquely represented
as the sum of its even and odd part, we conclude that
{Mx0 |M ∈ 〈A,B〉L} equals the closure of all functions
of the form (

f(θ)
θg(θ2)− f(θ)

)
with arbitrary real polynomials f, g. In order to prove that the
approximate LARC is satisfied it suffices to show that any
L1-function over [a, b] can be approximated by a sequence
of real polynomials of odd degree. This, however, follows
from the following two facts: (i) the set of all continuous
functions is dense in L1([a, b],R2); (ii) any continuous func-
tion h : [a, b] → R can be uniformly approximated by even
polynomials, cf. Stone–Weierstrass Theorem in [9]. Hence,
ĥ : [a, b] → R, ĥ(x) := x−1h(x) can be approximated by
even polynomials and this results in a uniform approximation
of h by odd polynomials. Here, the assumption 0 < a <
b is essential. Finally, we infer {Mx0 |M ∈ 〈A,B〉L} =
L1([a, b],R2).

The preceding result shows that the ad hoc approximation
techniques for quantum control in [20], [21] are limited to
special cases and do not extend in any obvious way to general
ensembles of bilinear systems.

VI. CONCLUSIONS

We derived necessary and sufficient conditions for uniform
ensemble controllability of ensembles of linear parameter-
dependent systems, using well-known results from infinite–
dimensional systems theory on Banach spaces. Comple-
te characterizations of ensemble controllability for time-
invariant and time-varying linear systems were obtained,
together with corresponding results for output controllability
of linear and bilinear parametric ensembles. A counter-
example shows that the familiar approximate Lie algebra
rank condition for ensembles of bilinear systems does neither
imply ensemble controllability nor accessibility. Finding the
appropriate sufficient condition for approximate controllabi-
lity that replaces the Lie algebra rank condition is left as an
open problem.
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Asymptotic Behaviour of Platoon Systems

Lassi Paunonen1 and David Seifert2

Abstract— In this paper we study the asymptotic behaviour of
various platoon-type systems using the general theory developed
by the authors in a recent article. The aim is to steer an infinite
number of vehicles towards a target configuration in which each
vehicle has a prescribed separation from its neighbour and all
vehicles are moving at a given velocity. More specifically, we
study systems in which state feedback is possible, systems in
which observer-based dynamic output feedback is required, and
also a situation in which the control objective is modified to
allow the target separations to depend on the vehicles’ velocities.
We show that in the first and third cases the objective can be
achieved, but that in the second case the system is unstable
in the sense that the associated semigroup is not uniformly
bounded. We also present some quantified results concerning
the rate of convergence of the platoon to its limit state when
the limit exists.

Index Terms— Vehicle platoon, system, ordinary differential
equations, asymptotic behaviour, control, adaptive control, state
feedback, rates of convergence

I. INTRODUCTION

The purpose of this paper is to study dynamic properties
the so-called platoon system [1–5], which describes the
behaviour of an infinite chain of vehicles on a highway.
The main objective is to ensure that the distances between
the vehicles converge asymptotically to given target values.
The behaviour of the full system is described by ordinary
differential equations of the form

ẋk(t) = A0xk(t) +A1xk−1(t), k ∈ Z, t ≥ 0, (1)

where A0 and A1 are m×m matrices for some m ∈ N and
where the initial states xk(0) ∈ Cm for k ∈ Z are known.

The exact forms of the matrices A0 and A1 depend on the
formulation of the control problem for the platoon system. In
this paper we consider the following three different versions:
(i) In the first version we assume that state feedback can

be employed in the control of the individual vehicles.
(ii) In the second version we assume that the states of

the vehicles are not available for feedback, and we
instead use observer-based dynamic output feedback in
the control of the vehicles.

(iii) In the third version we consider a modified control
objective employing a so-called constant headway time
policy in which the target distances between the vehicles
depend on the velocities of the vehicles.

This work was carried out while the first author visited Oxford in
December 2015. The visit was funded by the Vilho, Yrjö and Kalle Väisälä
Foundation.

1Department of Mathematics, Tampere University of Technology, PO.
Box 553, 33101 Tampere, Finland lassi.paunonen@tut.fi

2St John’s College, St Giles, Oxford OX1 3JP, United Kingdom
david.seifert@sjc.ox.ac.uk

The system (1) can be written as an abstract linear
differential equation

ẋ(t) = Ax(t), x(0) = x0 ∈ X (2)

on the infinite-dimensional state space X = `∞(Cm). The
system operator A is a bounded linear operator defined by
Ax = (A0xk +A1xk−1)k∈Z for all x = (xk)k∈Z ∈ X . Each
of the situations (i)–(iii) can be formulated in such a way that
the separations between the vehicles converge to appropriate
target distances if the solutions x(t), t ≥ 0, of (2) decay to
zero asymptotically, i.e., x(t)→ 0 as t→∞ for all x0 ∈ X .
The main purpose of this paper is to present conditions
for the convergence of the solutions of (2) as t → ∞. In
addition we are interested in the rate of the convergence. Our
results are based on application of recent theory for a more
general class of infinite systems of differential equations
presented in [6] and on recent developments in the theory for
asymptotic behaviour of strongly continuous semigroups [7–
9].

In the situation (i) we investigate the behaviour of the
full platoon system under suitable stabilising state feedback
control in the individual vehicles. We characterise the spec-
trum of A and show that semigroup generated by the system
operator A is uniformly bounded. We also characterise the
initial states of the full system that lead to convergent
solutions and show that under additional conditions the
convergence x(t) → z as t → ∞ happens at a particular
rational rate. In the earlier references the platoon model
has been studied on the state space X = `2(Cm), and
it has in particular been shown that the system is not
exponentially stabilisable [2], [5] but that strong stability can
be achieved [2], [10]. Our results characterise the asymptotic
behaviour of the full system on the space X = `∞(Cm)
which can be argued to be a more realistic choice for a
state space [2]. In particular, our results demonstrate that the
behaviour of the platoon system on the spaces `2(Cm) and
`∞(Cm) differs in the respect that on the latter space some
solutions do not converge at all and some of them converge
to nonzero final states. This is in contrast to the fact that on
`2(Cm) the corresponding system (2) is strongly stable and
all solutions satisfy x(t)→ 0 as t→∞.

In the situation (ii) we use identical observer-based output
feedbacks to study the dynamics of the individual vehicles.
We prove that regardless of the choice of the observer
parameters, the system will be unstable and in particular
some of the solutions x(t), t ≥ 0, of (2) will diverge at
exponential rates.

Finally, in the situation (iii) the requirement for the con-
vergence of the distances to static values is replaced by the
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objective which allows the target distances to depend on
the velocities of the vehicles. This modification has been
observed to improve the so-called string stability [11–13],
which is often used in the study of platoon-type systems. In
this paper we demonstrate that the same spacing policy also
improves the stability properties of the semigroup associated
to the system (2). In particular, the main stability properties
of the semigroup related to the platoon system become
independent of the precise locations of the eigenvalues
σ(A0) ⊂ C−. This is in contrast with the regular version of
the platoon system, where the full system may be unstable
even if σ(A0) ⊂ C−, as demonstrated in Section III.

The paper is organised as follows. In Section II we recall
the main results for general infinite systems of differential
equations from [6]. The behaviour of the regular platoon
system, that is to say version (i) of the model, is studied in
Section III. The situation (ii) with dynamic output feedback
is considered in Section IV, and in Section V we turn to
version (iii), the platoon system with the modified spacing
policy.

We use the following notation throughout the paper. For
m ∈ N and 1 ≤ p ≤ ∞ we denote by `p(Cm) the space
of doubly infinite sequences (xk)k∈Z such that xk ∈ Cm
for all k ∈ Z and

∑
k∈Z ‖xk‖p < ∞ if 1 ≤ p < ∞ and

supk∈Z ‖xk‖ <∞ if p =∞. We consider `p(Cm) with the
norm given for x = (xk)k∈Z by ‖x‖ = (

∑
k∈Z ‖xk‖p)1/p if

1 ≤ p <∞ and ‖x‖ = supk∈Z ‖xk‖ if p =∞. With respect
to this norm `p(Cm) is a Banach space for 1 ≤ p ≤ ∞ and a
Hilbert space when p = 2. Moreover we write B(X) for the
space of bounded linear operators on a Banach space X , and
given A ∈ B(X) we write N (A) for the kernel and R(A)
for the range of A. Moreover, we let σ(A) and σp(A) denote
the spectrum and the point spectrum of A, respectively and,
for λ ∈ C\σ(A) we write R(λ,A) for the resolvent operator
(λ − A)−1. Given two functions f and g taking values in
(0,∞), we write f(t) = O(g(t)), t → ∞, if there exists a
constant C > 0 such that f(t) ≤ Cg(t) for all sufficiently
large values of t. Finally, we denote the open right/left half
plane by C± = {λ ∈ C : Reλ ≷ 0}, and we use a horizontal
bar over a set to denote its closure.

II. ASYMPTOTICS FOR GENERAL SYSTEMS

In this section we recall the main results for general
infinite systems of differential equations presented in [6]. The
infinite system (1) of differential equations is formulated as
the abstract Cauchy problem (2) on the space X = `∞(Cm)
with m ∈ N by choosing x(t) = (xk(t))k∈Z for t ≥ 0,
x0 = (xk(0))k∈Z and by defining the operator A ∈ B(X)
by

Ax = (A0xk +A1xk−1)k∈Z, x = (xk)k∈Z ∈ X.

Note that convergence of x(t) → z as t → ∞ is equiva-
lent to uniform convergence of all components of x(t) =
(xk(t))k∈Z to the components of z = (zk)k∈Z, that is

sup
k∈Z
‖xk(t)− zk‖ → 0, t→∞.

We make the following general assumptions on the matri-
ces A0 and A1. These assumptions are in particular satisfied
if rankA1 = 1, which is true in all three formulations (i)–
(iii) of the platoon system.

Assumption 2.1: We assume that

A1 6= 0. (A1)

Moreover we assume that there exists a function φ such that

A1R(λ,A0)A1 = φ(λ)A1, λ ∈ C \ σ(A0). (A2)

If this assumption is satisfied we call φ the characteristic
function.

A. The spectrum of the generator

The spectrum of the operator A is determined by the
characteristic function φ of the system (1). In particular, as
will be demonstrated in Section III, the property σ(A0) ⊂
C− is in general insufficient to guarantee stability or uniform
boundedness of the semigroup T = (exp(tA))t≥0 generated
by A.

Theorem 2.2: Suppose that (A1), (A2) hold and let

Ωφ :=
{
λ ∈ C \ σ(A0) : |φ(λ)| = 1

}
.

Then the spectrum of A satisfies

σ(A) \ σ(A0) = Ωφ. (3)

Moreover, σ(A) \ σ(A0) ⊂ σp(A) and if λ ∈ σ(A) \ σ(A0),
then

N (λ−A) =
{

(φ(λ)kx0)k∈Z : x0 ∈ R(R(λ,A0)A1)
}
, (4)

so that dimN (λ−A) = rank(A1), and finally R(λ−A) is
not dense in X .

Proof: See [6, Thm. 2.3].
Remark 2.3: As observed in [6, Rem. 2.4], the eigenvalues

of A0 may belong to either σ(A) or ρ(A).

B. The asymptotic behaviour of the semigroup

The following result presents a sufficient condition for the
uniform boundedness of the semigroup T in the situation
where σ(A) ⊂ C− ∪ {0}, which is characteristic for the
platoon systems. For a more general sufficient condition,
see [6, Thm. 3.1].

Theorem 2.4: Suppose that (A1), (A2) hold, and assume
the characteristic function φ is of the form

φ(λ) =
ζk

(λ+ ζ)k
, λ ∈ C \ {−ζ}

for some ζ > 0 and k ∈ N. Then T is uniformly bounded.
Proof: See [6, Lemma 3.2].

The results in [6] show that if the semigroup T is uni-
formly bounded and σ(A) ⊂ C− ∪ {0}, then the asymptotic
behaviour and rates of convergence of the solutions x(t),
t ≥ 0, of (2) are determined by the behaviour of the
characteristic function φ on the imaginary axis iR near the
origin. In particular, there exists c > 0 and an even integer
2 ≤ nφ ≤ 2m such that

1− |φ(is)| ≥ c|s|nφ , 0 < s ≤ 1. (5)
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The following theorem characterises the initial states that
correspond to convergent solutions x(t), t ≥ 0, and describes
the rate of convergence of the derivatives ẋ(t) as t→∞.

Theorem 2.5: Assume that (A1), (A2) hold, that σ(A0) ⊂
C− and that σ(A) ⊂ C− ∪ {0}. Suppose furthermore that
the characteristic function φ satisfies φ′(0) 6= 0 and that the
semigroup T is uniformly bounded. Then the following hold:
(i) For all initial states x0 ∈ X the solutions x(t), t ≥ 0,

of (2) satisfy

‖ẋ(t)‖ = O

((
log t

t

)1/nφ)
, t→∞

(ii) The solution x(t), t ≥ 0, corresponding to the initial
state x0 = (xk(0))k∈Z ∈ X converges as t → ∞, i.e.
there exists z ∈ X such that limt→∞ x(t) = z, if and
only if there exists z0 ∈ R(A−10 A1) such that

sup
j∈Z

∥∥∥∥A1A
−1
0

[
z0 −

1

n

n∑
k=1

φ(0)k−jxj−k(0)

]∥∥∥∥
Cm
→ 0, (6)

as n → ∞. If this is true, then z = limt→∞ x(t) is
given by z = (φ(0)kz0)k∈Z.

(iii) If the decay in (6) is like O(n−1) as n→∞ then

‖x(t)− z‖ = O

((
log t

t

)1/nφ)
, t→∞.

Proof: See [6, Thm. 4.3].

III. PLATOON SYSTEMS

In this section we study the regular linearised model for
a platoon of vehicles. The aim is to drive the solution of the
system to a configuration in which all vehicles are moving at
a given constant velocity v ∈ C and the separation between
the vehicles k and k − 1 is equal to ck ∈ C, k ∈ Z. For
k ∈ Z and t ≥ 0, we write dk(t) for the separation between
vehicles k and k−1 at time t, vk(t) for the velocity of vehicle
k at time t and ak(t) ∈ C for the acceleration of vehicle k
at time t. We denote by yk(t) = ck − dk(t) the deviation of
the actual separation from the target separation of vehicles k
and k − 1 at time t, and we let wk(t) = vk(t)− v stand for
the excess velocity of vehicle for all k at time t. Note that
the variables are allowed to be complex, so that the model
can be used to describe the dynamics of vehicles in the two-
dimensional plane. On the other hand, if all the variables are
constrained to be real, the same model can be used to study
the behaviour of an infinitely long chain of vehicles.

The behaviour of the platoon system is described by the
differential equations ẏk(t)

ẇk(t)
ȧk(t)

 =

 wk(t)− wk−1(t)
ak(t)

−τ−1ak(t) + τ−1uk(t)

 , k ∈ Z, (7)

where τ > 0 is a parameter and uk(t) is the control input of
vehicle k ∈ Z; see [3–5]. In this section we assume that the
state variables yk(t), wk(t) and ak(t) of each of the vehicles
are known for all k ∈ Z and t ≥ 0. We stabilise the dynamics
of the individual vehicles with identical state feedbacks

uk(t) = −α0τyk(t)−α1τwk(t) + (1−α2τ)ak(t), k ∈ Z,

where α0, α1, α2 ∈ C are constants. The system (7) can then
be written in the form (1) with the choices

xk(t) =

yk(t)
wk(t)
ak(t)

 , k ∈ Z, t ≥ 0,

of the states of the vehicles, and with matrices

A0 =

 0 1 0
0 0 1
−α0 −α1 −α2

 and A1 =

0 −1 0
0 0 0
0 0 0

 .

Since rankA1 = 1, the conditions (A1) and (A2) of
Assumption 2.1 are satisfied, and the characteristic function
φ is given by

φ(λ) =
α0

p(λ)
, λ ∈ C \ σ(A0),

where p(λ) = λ3 + α2λ
2 + α1λ + α0 is the characteristic

polynomial of A0. Since φ(0) = 1, it is immediate that
0 ∈ σ(A), and thus Theorem 2.2 implies that the platoon
system cannot be stabilised exponentially. Our main goal is
to choose α0, α1, α2 ∈ C in such a way that the platoon
system achieves best possible stability properties. If we
restrict ourselves to real parameters α0, α1, and α2, then
it is well-known that the eigenvalues of A0 belong to the
half-space C− if and only if α0, α1, α2 > 0 and α2α1 > α0.
Figure 1 depicts the spectra of σ(A) and σ(A0) for different
choices of the parameters α0, α1, α2 ∈ R. The simplest
possible characteristic polynomial is p(λ) = (λ + ζ)3 with
some ζ > 0 corresponding to the choices α0 = ζ3, α1 = 3ζ2,
and α2 = 3ζ.

Fig. 1. The set Ωφ and σ(A0) for four different matrices A0.

The third graph in Figure 1 illustrates that the operator
A may have unstable spectrum even if σ(A0) ⊂ C−. The
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following proposition presents a condition for the spectrum
to satisfy σ(A) ⊂ C− ∪ {0}.

Proposition 3.1: Suppose that α0, α1, α2 ∈ R are such
that σ(A0) ⊂ C−. Then σ(A) ⊂ C− ∪ {0} if and only if

4α1α2 > α3
2 + 8α0 or (8a)

α4
2 ≥ 4α2

1 ≥ 2α3
0α2. (8b)

Proof: Since σ(A0) ⊂ C−, we have σ(A)∩C+\{0} 6=
∅ if and only if there exists s ∈ R\{0} such that |φ(is)| = 1,
or equivalently, |p(is)|2 = α2

0. A direct computation shows
that this is equivalent to

s4 + (α2
2 − 2α1)s2 + α2

1 − 2α0α2 = 0.

The existence of positive roots is determined by the value of
the discriminant D, which satisfies

D = (2α1−α2
2)2+4(2α0α2−α2

1) = α2(α3
2−4α1α2+8α0).

In particular, the equation has no real solutions s2 if and
only if (8a) holds, and it has only negative real solutions s2

if and only if (8b) holds.
Observe that the even integer nφ ≥ 2 in (5) determining

the asymptotic behaviour of x(t), t ≥ 0, is the least positive
integer for which there exist c, s0 > 0 such that

|p(is)| ≥ c|s|nφ + |α0|, 0 < s ≤ s0.

The value of nφ is uniquely determined by the locations of
the eigenvalues of A0. The following proposition shows that
nφ = 2 for most spectra σ(A0), but also the cases nφ = 4
and nφ = 6 are possible. A case with nφ = 4 is illustrated
in the last graph in Figure 1.

Proposition 3.2: Suppose that α0, α1, α2 ∈ R. Then the
following hold:
(i) nφ = 4 if and only if

α2
1 = 2α0α2 and α2

2 6= 2α1.

(ii) nφ = 6 if and only if

α2
1 = 2α0α2 and α2

2 = 2α1.

In all other cases nφ = 2.
Proof: We have

|p(is)| − |α0| =
|p(is)|2 − α2

0

|p(is)|+ |α0|
,

where |p(is)| + |α0| is bounded from below and above for
s ∈ R near s = 0. This implies that nφ is the least even
integer for which there exists s0 > 0 and c > 0 such that
|p(is)|2 − α2

0 ≥ c|s|nφ for 0 < s ≤ s0. The claims of the
proposition now follow from the fact that

|p(is)|2 − α2
0 = s6 + (α2

2 − 2α1)s4 + (α2
1 − 2α0α2)s2

for all s ∈ R.
The following theorem collects our main results for the

stability of the platoon system in the case where σ(A0) =
{−ζ} for some ζ > 0. It should also be noted that the
semigroup generated by the operator A is not contractive [6,
Rem. 5.2(b)].

Theorem 3.3: If we choose α0 = ζ3, α1 = 3ζ2 and
α2 = 3ζ, where ζ > 0 is constant, then σ(A) ⊂ C− ∪ {0}
and the semigroup T generated by A is uniformly bounded.
Furthermore, the following hold:

(i) For all initial states x0 ∈ X the solutions x(t), t ≥ 0,
of the platoon system satisfy

‖ẋ(t)‖ = O

((
log t

t

)1/2)
, t→∞.

(ii) The solution x(t) corresponding to the initial state
x0 = (xk(0))k∈Z ∈ X converges as t → ∞, i.e.
there exists z ∈ X such that limt→∞ x(t) = z, if
and only if there exists c ∈ C such that for the vector
(yk(0))k∈Z ∈ `∞(Z) of initial deviations we have

sup
j∈Z

∣∣∣∣c− 1

n

n∑
k=1

yj−k(0)

∣∣∣∣→ 0, n→∞. (9)

If this is true, then the limit z = limt→∞ x(t) is given
by

z =

. . . ,
 c
−ζc/3

0

 ,

 c
−ζc/3

0

 ,

 c
−ζc/3

0

 , . . .

 .

(iii) If the decay in (9) is like O(n−1) as n→∞ then

‖x(t)− z‖ = O

((
log t

t

)1/2)
, t→∞.

Proof: Note that (A1) holds and that (A2) is satisfied
for the function

φ(λ) =
ζ3

(λ+ ζ)3
, λ 6= −ζ.

We have σ(A0) = {−ζ} ⊂ C− and

Ωφ = {λ ∈ C : |λ+ ζ| = ζ},

and hence Ωφ ⊂ C− ∪ {0}. Moreover, φ′(0) 6= 0 and, by
Theorem 2.4, the semigroup generated by A is uniformly
bounded. A simple calculation shows that nφ = 2. Noting
that φ(0) = 1 and that

A1A
−1
0 =

−1 0 0
0 0 0
0 0 0

 , A−10 A1 =

0 3/ζ 0
0 −1 0
0 0 0

 ,

the claims of the theorem now follow from Theorem 2.5.
Remark 3.4: Our more recent results show that the loga-

rithms in parts (i) and (iii) of Theorem 3.3 can be omitted,
and thus in both cases the decay rates are O(t−1/2).

IV. INSTABILITY OF PLATOON SYSTEMS WITH OUTPUT
FEEDBACK

In this section we consider the platoon system in a
situation where the states xk(t) of the subsystems are not
available for feedback, but instead the subsystems are sta-
bilised using observer-based output feedback. We show that
even though the dynamics of the individual vehicles can
be stabilised with identical observers, the full system will
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remain unstable regardless of the choice of parameters in
the observer.

If we assume that we can measure the displacements
between the vehicles, the platoon system (7) can be written
in the form

ẋk(t) = A0xk(t) +A1xk−1(t) +B0uk,

yk(t) = C0xk(t),

where k ∈ Z, t ≥ 0, and moreover

A0 =

0 1 0
0 0 1
0 0 −1/τ

 , A1 =

0 −1 0
0 0 0
0 0 0

 ,

B0 = (0, 0, 1/τ)T and C = (1, 0, 0).
The observer-based stabilising dynamic output feedback

controller is given by

żk(t) = (A0 + LC0)zk(t) +B0uk(t)− Lyk(t),

uk(t) = Kzk(t)

for k ∈ Z and t ≥ 0. Here L and K are matrices such that
the eigenvalues of the matrices A0 + B0K and A0 + LC0

belong to C−. With the stabilising controller the dynamics
of the vehicles can be written in the form(

ẋk(t)
żk(t)

)
= Ae0

(
xk(t)
zk(t)

)
+Ae1

(
xk−1(t)
zk−1(t)

)
, k ∈ Z, (10)

where

Ae0 =

(
A0 + LC0 B0K
−LC0 A0 +B0K + LC0

)
, Ae1 =

(
A1 0
0 0

)
.

The spectrum of Ae0 satisfies σ(Ae0) = σ(A0 + B0K) ∪
σ(A0 + LC0). Since Ae1 is of rank one, there exists a
characteristic function φ such that Ae1R(λ,Ae0)Ae1 = φ(λ)Ae1
for all λ ∈ C \ σ(Ae0). A direct computation also shows that
the characteristic funtion can be obtained from the identity

A1RK(λ)(λ−A0 −B0K − LC0)RL(λ)A1 = φ(λ)A1,

where RK(λ) = R(λ,A0 +B0K) and RL(λ) = R(λ,A0 +
LC0). If K = (k1, k2, k3) and L = (`1, `2, `3)T for some
k1, k2, k3, `1, `2, `3 ∈ R, then the characteristic function is
of the form

φ(λ) =
aλ2 + (bKcL + cKbL)λ+ cKcL

pK(λ)pL(λ)
, λ ∈ C \ σ(Ae0),

where a = (k1`1 + k2`2 + k3`3)/τ and where

pK(λ) = λ3 + aKλ
2 + bkλ+ cK

pL(λ) = λ3 + aLλ
3 + bLλ+ cL

are the characteristic polynomials of the matrices A0 +B0K
and A0 + LC0, respectively. More precisely, we have

aK =
1− k3
τ

, bK = −k2
τ
, cK = −k1

τ
,

aL =
1

τ
− `1, bL = −`1

τ
− `2, cL = −`2

τ
− `3.

The requirements that σ(A0 + B0K) ⊂ C− and
that σ(A0 + LC0) ⊂ C− imply in particular that
aK , bK , cK , aL, bL, cL > 0.

The following theorem shows that it is impossible to
achieve stability of the full platoon system with dynamic
feedback control scheme considered in this section. The state
space of the full system is chosen to be X = `∞(C6),
but the same conclusion also holds for X = `p(C6) for all
1 ≤ p <∞.

Theorem 4.1: For all choices of k1, k2, k3 ∈ R and
`1, `2, `3 ∈ R such that σ(A0 + B0K) ⊂ C− and σ(A0 +
LC0) ⊂ C− the infinite system of differential equations (10)
is unstable in the sense that the semigroup generated by the
operator

Ax = (Ae0xk +Ae1xk−1)k∈Z, x = (xk)k∈Z ∈ X,

is not uniformly bounded.
Proof: Assume that k1, k2, k3, `1, `2, `3 ∈ R are such

that σ(A0 + B0K) ⊂ C− and σ(A0 + LC0) ⊂ C−. Then
aK , bK , cK , aL, bL, cL > 0. By Theorem 2.2

σ(A) \ σ(Ae0) = Ωφ =
{
λ ∈ C ⊂ σ(Ae0) : |φ(λ)| = 1

}
and this part of the spectrum of A consists of eigenvalues.
Our aim is to show that Ωφ ∩ C+ 6= ∅, which will
immediately imply that the semigroup associated to the
platoon system is not uniformly bounded. Clearly φ(0) = 1,
so 0 ∈ σ(A). For λ ∈ C+ we can write λ = reiθ with r > 0
and θ ∈ (−π/2, π/2). We have that |φ(λ)| = 1 precisely if
f(r, θ) = 0, where

f(r, θ) = |ar2e2iθ + (bKcL + cKbL)reiθ + cKcL|2

− |pK(reiθ)pL(reiθ)|2.

Expanding the formula for f(r, θ) shows that for a fixed θ
the lowest order term in r is given by

−2cKcL(aKcL + aLcK + bKbL − a) cos(2θ)r2.

If aKcL + aLcK + bKbL − a 6= 0 we can choose θ0 ∈
(−π/2, π/2) so that

−2cKcL(aKcL + aLcK + bKbL − a) cos(2θ0) > 0.

Then for sufficiently small r > 0 we necessarily have
f(r, θ0) > 0. However, since the highest order term in
f(r, θ0) is equal to −a2Ka2Lr8, we have f(r, θ0) → −∞
as r → ∞. Since r 7→ f(r, θ0) is continuous, there exists
r0 > 0 such that f(r0, θ0) = 0, and thus |φ(λ0)| = 1 and
λ0 ∈ σ(A) for λ0 = r0e

iθ0 ∈ C+, which proves the claim.
It remains to consider the case where aKcL + aLcK +

bKbL − a = 0. In this situation the lowest order term in r
of f(r, θ) will be equal to

−2cKcL(aKbL + aLbK) cos(3θ)r3

where 2cKcL(aKbL + aLbK) > 0. If we choose θ0 ∈
(−π/2, π/2) so that cos(3θ0) < 0, we can prove the
existence of r0 > 0 such that f(r0, θ0) = 0 as above, and
we again have λ0 = r0e

iθ0 ∈ σ(A) ∩ C+.
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V. CONSTANT HEADWAY TIME POLICY

In this final section we consider the platoon system with
a modified control objective studied in [3], [4]. In partic-
ular, instead of aiming to drive the distances between the
vehicles to fixed target values, we require that they approach
ck + hvk(t), where h > 0 and ck ∈ C are constants and
vk(t) is the velocity of vehicle k ∈ Z at time t ≥ 0. This
modification has been observed to improve string stability
of the platoon system [11], [12]. We demonstrate that it
also leads to stronger stability properties of the semigroup
associated to the platoon system. In particular, we will show
that in contrast to the results in Section III, the rational decay
rate of the solutions of the system will be independent of the
locations of the assigned eigenvalues of A0, and the rates will
always have the best possible exponent 1/nφ = 1/2.

We begin by describing the dynamics of the platoon
system similarly as in [3]. For k ∈ Z and t ≥ 0, let

ek(t) = yk(t)− ck − hvk(t)

and xk(t) = (ek(t), ėk(t), ëk(t), uk(t))T . Then it is shown
in [3] that the behaviour of the platoon system is described
by the equations

ẋ(t) = A0xk(t) +A1xk−1(t), k ∈ Z, t ≥ 0, (11)

with

A0 =


0 1 0 0
0 0 1 0

−β1/τ −β2/τ −(β3 + 1)/τ 0
β1/h β2/h β3/h −1/h

 ,

A1 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1/h

 .

The values β1, β2, β3 ∈ R are parameters of a feedback
control law, and can be freely assigned to achieve stability of
the individual vehicles. If we choose β1 = α0τ , β2 = α1τ
and β3 = α2τ − 1 where α0, α1, α2 > 0 and α1α2 > α0,
then A0 is of the form

A0 =


0 1 0 0
0 0 1 0
−α0 −α1 −α2 0
α0τ/h α1τ/h (α2τ − 1)/h −1/h

 ,

and σ(A0) ⊂ C−. Since rankA1 = 1, Assumption 2.1 is sat-
isfied and a direct computation shows that the characteristic
function is given by

φ(λ) =
1

hλ+ 1
, λ ∈ C \ {−1/h}.

By Theorem 2.2,

σ(A) \ σ(A0) = {λ ∈ C : |hλ+ 1| = 1},

which a circle of radius 1/h centred at −1/h. On the
other hand, because R(λ − A0) + R(A1) 6= C4 for λ ∈
σ(A0) \ {−1/h}, we have from [6, Rem. 2.4] that in fact

σ(A0) \ {−1/h} ⊂ σ(A). Hence the stability of the platoon
system requires that σ(A0) ⊂ C− even though not all
eigenvalues of A0 affect the characteristic function φ. On
the other hand, we will see that the precise locations of the
other eigenvalues of A0 besides −1/h will have a smaller
effect on the asymptotic behaviour of the platoon system than
in the situation in Section III.

Since φ(λ) = ζ/(λ+ ζ) for ζ = 1/h > 0, we have from
Theorem 2.4 that the semigroup generated by A is uniformly
bounded. Moreover, a direct computation shows that nφ = 2.
The main results of this section are presented in the following
theorem. We let X = `∞(C4).

Theorem 5.1: Suppose that α0, α1, α2 > 0 are such that
α1α2 > α0. Then σ(A) ⊂ C− ∪ {0} and the semigroup
generated by A is uniformly bounded. Furthermore, the
following hold:

(i) For all initial states x0 ∈ X the solutions x(t), t ≥ 0,
of (2) satisfy

‖ẋ(t)‖ = O

((
log t

t

)1/2)
, t→∞.

(ii) The solution x(t), t ≥ 0, corresponding to the ini-
tial state x0 = (xk(0))k∈Z ∈ X with xk(0) =
(ek(0), ėk(0), ëk(0), uk(0)) converges as t → ∞, i.e.
there exists z ∈ X such that limt→∞ x(t) = z, if and
only if there exists c ∈ C such that

sup
j∈Z

∣∣∣∣ch− 1

n

n∑
k=1

[
ėj−k(0) + τ ëj−k(0) + huj−k(0)

]∣∣∣∣→ 0

as n → ∞. If this is true, then the limit z =
limt→∞ x(t) is given by

z =

. . . ,


0
0
0
c

 ,


0
0
0
c

 ,


0
0
0
c

 , . . .

 .

(iii) If the decay in part (ii) is like O(n−1) as n→∞ then

‖x(t)− z‖ = O

((
log t

t

)1/2)
, t→∞.

Proof: Note that (A1) holds and that (A2) is satisfied
for the function

φ(λ) =
1

hλ+ 1
, λ ∈ C \ {−1/h}.

We have σ(A0) ⊂ C− due to the assumptions on α0, α1, α2.
Moreover,

Ωφ = {λ ∈ C : |hλ+ 1| = 1} ⊂ C− ∪ {0}

and φ′(0) 6= 0, and it follows from the form of the
characteristic function φ and from Theorem 2.4 that the
semigroup generated by A is uniformly bounded. A simple
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calculation shows that nφ = 2. Since φ(0) = 1 and

A1A
−1
0 =

1

h


0 0 0 0
0 0 0 0
0 0 0 0
0 −1 −τ −h

 ,

A−10 A1 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

 ,

the claims of the theorem follow from Theorem 2.5.
Remark 5.2: Our more recent results show that if

α0, α1, α2 > 0 are chosen in such a way that σ(A0) =
{−1/h}, then the logarithms in parts (i) and (iii) of The-
orem 5.1 can be omitted. The decay rates then become
O(t−1/2).
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Optimal actuator design with a
linear-quadratic performance measure

Extended Abstract

Kirsten A. Morris1 Ambroise Vest2

Abstract

In control of distributed parameter systems (DPS’s), the location, size, distribution
and number of actuating and sensing devices constitute a challenging design problem.
For instance, in control of flexible structures and acoustic noise reduction, both the type
of actuators and sensors, as well as their locations, can be chosen. Furthermore, due to
advances in materials, the shape of the hardware is sometimes also a design variable. Since
the final system is affected by the controller design, it is sensible to design the actuators
using the same criterion as used to design the controller.

Previous work on optimal actuator location is here generalized in several different
important directions. First, the control operator is not assumed fixed, which allows for the
consideration of such problems as optimizing the shape of a smart material used as an
actuator. Also, in earlier work, it was assumed that the actuator did not affect the internal
dynamics of the system. This assumption is relaxed here, allowing for the consideration
of a wider class of problems, for instance, those where the actuator has a non-negligable
mass.

Keywords: Control of distributed parameter systems; Optimization: theory and algo-
rithms

In control of distributed parameter systems (DPS’s), the location, size, distribution
and number of actuating and sensing devices constitute a challenging design problem.
For instance, in control of flexible structures and acoustic noise reduction, both the
type of actuators and sensors, as well as their locations, can be chosen.

Since the performance of the controlled system is intimately coupled to the actuator
and sensor locations e.g. [3], [9], the actuator/sensor location is part of the controller
design problem. In [1], [4], [5] for example the actuator locations are chosen to
minimize the linear-quadratic (LQ) cost. In [8] conditions for well-posedness of the
LQ-optimal actuator problem were obtained and [10] similar conditions for the H2-
problem were considered. A numerical scheme for finding the global minimum for
simultaneous optimal LQ-controller design and actuator location is described in [2].
If there is a known disturbance, H2-controller synthesis is appropriate and this is
computationally identically to LQ-design [10]. If the disturbance frequency (or time)

1 K. A. Morris is with the University of Waterloo, Department of Applied Mathematics, Waterloo, Canada,
kmorris@uwaterloo.ca . The author gratefully acknowledges financial support of this research by
NSERC.

2 A. Vest is with Lycée Henri Poincaré, Nancy France ambroise.vest@yahoox.fr.
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2

content is unknown then an H∞-approach is appropriate. In [6] , conditions for well-
posedness of the problem of simultaneous H∞-optimal controller design and actuator
location are obtained and also a framework for using approximations in finding H∞-
optimal actuator locations. An algorithm suitable for large scale problems using an
iterative H∞-solver [7] is presented.

This previous work on optimal actuator location is here generalized in several
different important directions. First, the control operator is not assumed fixed, which
allows for the consideration of such problems as optimizing the shape of a smart
material used as an actuator. Also, in earlier work, it was assumed that the actuator
did not affect the internal dynamics of the system. This assumption is relaxed here,
allowing for the consideration of a wider class of problems, for instance, those where
the actuator has a non-negligable mass.

Letting Ω indicate the set of possible actuator designs, and r ∈ Ω the particular
design, leads to the family of control systems

ż(t) = A(r)z(t) +B(r)u(t), t ≥ 0; z(0) = z0. (1)

The state space Z , the control space U and the observation space Y are Hilbert
spaces. For any parameter r in Ω, A(r) : D(A(r)) ⊂ Z → Z is the infinitesimal
generator of a strongly continuous semigroup in Z , denoted by etA(r). Note that the
domain D(A(r)) may depend on r. It is assumed that there exist constants ω ∈ R
and c ≥ 1, independent of r, such that for all r ∈ Ω and t ≥ 0, ‖etA(r)‖ ≤ ceωt.
Moreover, for all r ∈ Ω the control operator is bounded, i.e. B(r) ∈ L(U ,Z).

Let F : Ω → [0,+∞] indicate the cost functional to be minimized over some
admissible set Ω. Assume that F takes at least one finite value so that the infimum
of F over Ω is finite. If only the location of the actuators can be chosen, then Ω is a
compact subset of Rn; see for example [8]. If however, the shape of the actuator is
also a design variable, Ω is a subset of a function space, for instance a closed ball in
L∞. In this situation, the appropriate topology needs to be selected and compactness
is problematic.

A well-known and popular cost functional for controller design is the linear-
quadratic (LQ) cost

Jr(u, z0) :=

∫ ∞
0

〈
Cz(t), Cz(t)

〉
Y +

〈
u(t), Ru(t)

〉
U dt, (2)

with C ∈ L(Z,Y), where the operator R ∈ L(U) is self-adjoint and positive definite
and z(t) is the solution to (1) with initial condition z0 and control u.

Definition 1. The pair
(
A(r), B(r)

)
is stabilizable if there exists an operator K(r) ∈

L(Z,U) and positive constants c and µ such that

‖et(A(r)−B(r)K(r))‖L(Z) ≤ ce−µt, t ≥ 0.

The pairs
(
A(r), B(r)

)
are uniformly stabilizable with respect to Ω if the constants

c and µ are independent on r and if the operators K(r) are unformly bounded.
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3

Definition 2. The pair
(
A(r), C

)
is detectable if there exists an operator F (r) ∈

L(Y ,Z) and positive constants c and µ such that

‖et(A(r)−F (r)C)‖L(Z) ≤ ce−µt, t ≥ 0.

The pairs
(
A(r), B(r)

)
are uniformly stabilizable with respect to Ω if the constants

c and µ are independent on r and if the operators F (r) are unformly bounded.

Let
〈
z0,Π(r)z0

〉
indicate the optimal cost for the LQ criterion (2) for controller

synthesis, with actuator configuration r. The optimal cost corresponding to the “worst”
initial condition is

sup
z0∈Z
‖z0‖=1

Jr(u∗, z0) = sup
z0∈Z
‖z0‖=1

〈
Π(r)z0, z0

〉
H

= ‖Π(r)‖L(Z).

A relevant cost functional is then

F (r) := ‖Π(r)‖L(Z) . (3)

Letting Ω indicate the set of all admissible actuator configurations, optimizing the
actuator design or location is the optimization problem

min
r∈Ω
‖Π(r)‖L(Z) .

Alternatively, if the initial condition is regarded as random, with covariance V ,
then the cost is, letting ‖ ‖1 indicate the nuclear norm [8],

F (r) = ‖V
1
2 Π(r)V

1
2‖1.

Theorem 1. Assume that
(A1) for at least one r ∈ Ω, the pair

(
A(r), B(r)

)
stabilizable;

(A2) for any converging sequence (rn) ⊂ Ω, the pairs
(
A(rn), C

)
are uniformly

detectable;
(A3-a) for any sequence (rn) ⊂ Ω that converges to r ∈ Ω,

‖B(rn)−B(r)‖L(U ,Z) → 0;

(A3-b) for any sequence (rn) ⊂ Ω that converges to r ∈ Ω, for each z ∈ Z,

‖etA(rn)z − etA(r)z‖Z → 0;

‖etA(rn)∗z − etA(r)∗z‖Z → 0;

(A4) the set Ω is sequentially compact.
Then there exists an optimal actuator configuration i.e. there is r∗ ∈ Ω such that

‖Π(r∗)‖L(Z) = inf
r∈Ω
‖Π(r)‖L(Z).

This theoretical result will be illustrated with several examples.
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Abstract

We discuss the problem of designing a feedback control law based on a reduced-
order observer, which locally stabilizes a two dimensional thermal fluid modeled by the
Boussinesq equations. To describe the buoyancy-driven flows, the Boussinesq model
considers that the Navier-Stokes equations and the convection-diffusion equation are
coupled via buoyancy in the Boussinesq approximation and via convective heat trans-
fer. The investigation of stability for a fluid flow in the free convection problem is
important in the theory of hydrodynamical stability (see e.g., [14]). The controllability
and stabilizability of the Navier-Stokes equations and Boussinesq equations have been
widely discussed (see e.g., [7], [8], [9], [10], [13]). In the current work, we consider the
mixed boundary control problem for the Boussinesq equations in a two dimensional
open bounded and connected domain Ω, with a regular boundary Γ. The system of
the equations is governed by

∂v

∂t
+ v · ∇v =

1

Re
div (gradv + (gradv)T )−∇p+ ē

Gr

Re2 θ + fv in Ω, (1)

divv = 0 in Ω, (2)

∂θ

∂t
+ v · ∇θ =

1

RePr
∆θ + fθ in Ω, (3)

where v(x, t) is the velocity, p(x, t) is the pressure, θ(x, t) is the fluid temperature, Re
is the Reynolds number, Gr is the Grashof number, Pr is the Prandtl number, and
ē = [0, 1]T is the gravitational force direction. We assume that fv is a time independent
external body force and fθ is a time independent heat source density.

In particular, we consider a finite number of controls acting on a portion of the
boundary through Neumann/Robin boundary conditions. Assume that the airflow
is coming in through the inlet, denoted by ΓI, which is defined as a portion of the
boundary Γ, with Robin boundary control for both velocity and temperature. The
airflow exits at the vent defined by the boundary ΓO with stress-free fluid and natural
(or unforced) convective flux boundary conditions. In addition, let ΓH denote the
radiant heating strip on the floor with Neumann boundary control for temperature.

1
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We impose no slip boundary conditions for the velocity on Γf = Γ \ (ΓI ∪ΓO) and zero
Dirichlet boundary condition for temperature on ΓD = Γ \ (ΓI ∪ ΓO ∪ ΓH). Note that
the boundaries ΓI, ΓO and ΓH are disjoint. The mixed boundary conditions are given
by

(T (v, p) · n + v)|ΓI
=

L∑
i=1

bvi(x)uvi(t), (4)

(T (v, p) · n)|ΓO
= 0, v|Γf

= 0, (5)

(
1

RePr

∂θ

∂n
+ θ)|ΓI

=

L∑
i=1

bθIi(x)uθIi(t), (6)

(
1

RePr

∂θ

∂n
)|ΓH

=
L∑
i=1

bθHi
(x)uθHi

(t), (
1

RePr

∂θ

∂n
)|ΓO

= 0, θ|ΓD
= 0, (7)

where n is the outward normal vector and T (v, p) is the fluid Cauchy stress tensor
defined by

T (v, p) =
2

Re
ε(v)− pI, where ε(v) =

1

2
(∇v + (∇v)T ).

It is known that the steady state of equations (1)–(3) can be unstable if the Reynolds
number is large or the body force is strong. The goal is to use linear control theory to
design a feedback law based on a reduced order observer, which stabilizes the nonlinear
system about its unstable steady state solution. To be more specific, we construct a
reduced order Luenberger observer with the help of point observations of the linearized
Boussinesq equations. The sensor locations for the output measurement are determined
by the geometric structure of the feedback functional gains (see e.g., [2], [3], [4]). Note
that the current setting of the system leads to a problem with unbounded control inputs
and outputs. Therefore, Linear Quadratic Gaussian (LQG)-balancing is employed
to obtain the reduced-order model for the linearized system (see e.g., [5], [6]). The
feedback law can be obtained by solving an extended Kalman filter problem. The
basic strategy is standard, but the technical details and computational algorithms are
complex.

The simulation of the Navier-Stokes equations is based on the Taylor-Hood finite
element method, where we use linear elements for pressure and quadratic elements for
velocity. We use a uniform triangulation in the domain Ω and apply quadratic elements
with respect to the same triangulation for temperature. A penalty method is applied
to decouple the pressure term from the velocity equations by introducing a penalty
term to the incompressibility condition (2) (seee.g., [1], [11], [12]). The pressure can be
solved in terms of velocity with a penalty parameter after discretization. The numerical
results show that the nonlinear system coupled with the reduced order observer through
the feedback law is locally exponentially stabilizable.

2
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Abstract— Hybrid continuous-discrete (HCD) systems 

naturally emerge when sampled-data observers or controllers 

are applied to continuous-time systems. This paper is focused 

on a class of HCD systems composed of an autonomous 

subsystem, modelled by a parabolic PDE, connected to a linear 

subsystem modelled with an ODE. Exponential stability of 

these systems is established under conditions involving the 

maximum sampling interval using a small-gain stability 

analysis. Then, it is shown that this stand-alone theoretical 

result is useful in the design of sampled-output exponentially 

convergent observers for ODE-PDE systems constituted of an 

LTI linear subsystem connected in series with an infinite-

dimensional subsystem modelled by a parabolic PDE. 

I. INTRODUCTION 

The problem of designing sampled-data observers for 
continuous-time nonlinear systems has been  given a great 
deal of interest, especially on the last decade. Data-sampling 
has been accounted for in various ways in the observer 
design and analysis, leading to different observers with 
different stability properties.  A natural way is one that 
consists in discretizing the system model and design a 
(discrete-time) observer on the basis on the discrete-time  
model. This approach, which works well for linear systems, 
is not always applicable for nonlinear systems because their 
(exact) discrete-time models might be too complex and so 
useless. A practical alternative consists in letting observer 
design be performed on the basis of tractable approximate 
discrete-time models obtained using e.g. Euler-like 
techniques [1], is one that. The obtained observers 
constructively provide state estimates only at sampling 
instants and are generally shown to guarantee semi-global 
practical stability of the observation error. In [2], discrete-
continuous time observers have been designed on the basis 
of the system continuous-time model. The proposed 
observers include in effect two parts: an open-loop state 
estimator (with zero innovation term) operating between 
two successive sampling times and a feedback state 
estimator operating at the sampling times. The output 
estimation error is shown to be exponentially vanishing 
under ad hoc assumptions. Another approach has been 
proposed by [3] that consisted in using a single hybrid 
continuous-discrete observer with a ZOH sampled 
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innovation term. The observer is applicable to a class of 
systems with Lipschitz nonlinearity in the state and linear 
matrix inequalities (LMIs) are established to meet global 
stability. In [4] a hybrid continuous-discrete observer 
involving an inter-sample output predictor has been 
proposed. Only the output predictor is reinitialized at each 
sampling time, while the state estimate is continuously 
updated by a standard structure observer where the 
(unavailable) inter-sample output measurement is replaced 
by the output prediction.  More recent contributions 
involving time-varying observer gains are found in [5],[6]. 
The observer is applicable to triangular globally Lipschitz 
systems and features exponential convergence of the state 
observation. All observers discussed above have only been 
focused on systems described by ODEs. The problem of 
designing sampled-output observers for systems involving 
PDEs has yet to be investigated. A first design approach has 
been presented in [7] for a semi-linear scalar diffusion 
equation. The proposed observer involves a ZOH sampled 
innovation term and its analysis has been performed making 
use of Lyapunov-Krasovskii functional and Wirtinger’s and 
Halanay’s inequalities. Sufficient conditions for exponential 
stability are emphasized in terms of LMIs which allow the 
determination of the observer gain and sampling interval.  

This paper is focused on cascade systems introduced in 
[8] and composed of an ODE connected in series with a 
PDE of parabolic type that might account for diffusion 
sensor dynamics. The aim is to design an observer that 
provides online estimates of both the ODE-subsystem state 
of the PDE-subsystem state, based on sampled 
measurements of the system output. In the case where 
continuous-time output measurements are available, 
exponentially stable observers are obtained using the 
backstepping design approach developed in [8]. Key design 
features of this approach are Volterra-type state 
transformation and a Lyapunov functional.  

Inspired by this approach, a new design method is 
presently developed to get exponentially observers in the 
case of sampled-output measurements. The new design 
approach is built on a stand-alone exponential-stability 
result that we establish for a class of HCD systems 
consisting of an autonomous parabolic PDE connected to an 
ODE through a ZOH sampler. The stability analysis is 
performed using the small-gain method. A second 
contribution of this study consists in developing a sampled-
output version of the backstepping-based observer design 
method of [8] and showing that the resulting estimation 
error system fits the class of HCD systems that is analyzed 
in the aforementioned stability result. Applying this result, 
we get sufficient conditions involving the sampling interval 
for the observer to be exponentially stable. 

Stability Result for a Class of Sampled-Data Systems and 

Application to Observer Design for Cascade ODE-PDE systems 
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The paper is organised as follows: in Section 2, the new 
stand-alone exponential stability result is established; the 
observer problem under study is formulated and dealt with 
in Section 3; a conclusion and reference list end the paper. 

Notation. Throughout the paper, R  and R  

respectively denote the set of real numbers and the set 

nonnegative real numbers. n
R  is the n  dimensional real 

space and the corresponding Euclidean norm is denoted . 

mn
R  is the set of all mn  real matrices and  designates 

matrix norm induced by vector Euclidian norm. Rt  

denotes the continuous-time while  0kkt  refers to any real 

increasing time sequence such that 00 t , 
 k

k
tlim , and 

  Ttt kk
k




1
0

sup , for some constant  T0 . A time 

sequence  0kkt  with these properties is called a partition of 

R  and the associated smallest real constant T  is its 

diameter. Functions that are continuously differentiable with 

respect to all their arguments are denoted 1C .   is the 2L -

norm of a function defined on the interval ]1,0[  and ]1,0[2L  

the Hilbert space of measurable and absolutely square 

integrable functions. That is,  ]1,0[2L    measurable 

and    
2/11

0

2
)(  d

def

. )1,0(1H  is the Sobolev space 

of absolutely continuous functions R]1,0[:  with 

]1,0[/ 2Ldd  . )1,0(2H  is the Sobolev space of scalar 

functions R]1,0[:  with absolutely continuous 

]1,0[/ 2Ldd   and ]1,0[/ 222 Ldd  . Given a function 

;]1,0[: RR  w  ),(),( txwtx  , the notations ),( txwx  

and ),( txwt  refer to its partial derivatives while ][tw  and 

][twx  refer to the functions defined on 10  x  by  

),()])([( txwxtw   and xtxwxtwx  /),()])([( . 

II. STABILITY RESULT FOR A CLASS OF HCD SYSTEMS 

In this section, we will analyze a class of linear systems 
composed of a parameter distributed subsystem and a finite-
dimensional subsystem, interacting as shown by the 
following model: 

)(),0()()()( 10 tGvtbwtXAtXAtX kk   

for all ),[ 1 kk ttt  a.e. and all integers  0k ,   

),(),( txwtxw xxt  ,   for ),0()1,0(),( tx , a.e.  

with boundary conditions, 

0),0( twx and 0),1( tw , for all 0t     

with initial conditions, 

 0)0( XX   and )])(0[()0,( xwxw   for ]1,0[x   

where ntX R)(  denotes a finite-dimensional state vector, 

R),( txw  a distributed state variable, and mtv R)(  is 

its external control signal that is measurable and locally 

essentially bounded; nnAA R10 ,  and mnG R  are 

constant matrices and nb R  is vector;  0kkt  is a 

partition of R . It is seen that the distributed parameter 

subsystem, represented by the linear parabolic PDE (2)-(3), 

is continuous-time and autonomous (no control signal 

applied to it). It acts on the finite-dimensional subsystem 

represented by the linear ODE (1), through a ZOH-sampler 

making the whole system is a HCD one. The exponential 

stability of this system is analyzed in the following 

proposition which constitutes an instrumental tool in the 

subsequent observer design. 

Proposition 1 . Consider the HCD system modelled by 

equations (1)-(3) and suppose the matrix 10 AA   is 

Hurwitz. Let 0, R  be any real constants and 

  RR:  be any continuous function such that: 

   )exp()(exp 10 tRtAA    and    )(exp 0 ttA  ,   

for all 0t . 

Also, let 0T  and ]4/,0(),0( 2   be any real 

constants satisfying: 

  T
dssAATAR

0101 )()exp(   

Then, there exist real constants 0, K  such that for 

every  m

locLz RR ;
 , nX R0 , )1,0(]0[ 2Hw   with 

0)0])(0[()1])(0[(  xww , and any T -diameter partition 

 0kkt  of R , the unique solution of the initial value 

problem (1)-(4) exists for all 0t   and satisfies the 

following inequalities: 

 

   )(sup]0[)exp()(
0

0 szwXtKtX
ts

x


  ,  

 for all  0t                   (

]0[
4

exp][
2

wttw 










,   

]0[
4

exp][
2

xx wttw 










,  

 for all 0t      

where )1,0(][ 2Htw  ,  for all 0t . 

Proof. Existence and uniqueness of the initial value 

problem (1)-(3) is a direct consequence of 

existence/uniqueness of the solution of the linear parabolic 

initial value problem (2)-(3) (see for instance [9]) and the 

step-by-step construction of the solution of (1) in each 

interval ],[ 1kk tt . Now, let us establish inequalities (6)-(7). 
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First, the solution of (2)-(3) (with initial condition (4)) is 

known to be well-defined and satisfying, for all 0t : 













 







 

0

22

4

)12(
exp

2
)12(cos2),(

l

t
lx

ltxw


 

  





 

1

0 2
)12(cos)])(0[( ds

s
lsw


 

The inequalities in (7) are in fact direct consequences of 

(8). To show this, notice first that 
















 

0
2

)12(cos2)(

l

l

x
lx

  is an orthonormal basis 

of )1,0(2L  (they are the eigenfunctions of the Sturm-

Liouville operator 
2

2

dx

d
 defined on 

 






  0)0()1(:];1,0[2

dx

df
fCf R ). Then, applying 

Parseval’s identity to ),( txw  one gets, using the right side 

of (8): 
2

0

1

0

2

2
)12(cos)])([(2][  


















 

l

ds
s

lstwtw
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2
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1

0
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2
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1

0

22

]0[
2
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2
)12(cos)])(0[(
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exp2

2
)12(cos)])(0[(

4

)12(
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ds
s

lswt
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lswt
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which proves the first inequality in (7). On the other hand, 

differentiating both sides of (8) with respect to x  one gets, 

for 0t : 












 







 

0

22

4

)12(
exp

2
)12(sin)12(),(
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x t
lx

lltxw


  

  





 

1

0 2
)12(cos)])(0[( ds

s
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22
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2
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1

0 2
)12(sin)(

]0[
dx

x
lx

dx

dw 
 

where the last equality has been obtained using an 

integration by parts and the fact that 0)1])(0[( w . Note 

that the functions 
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)12(sin2)(
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x
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constitutes an orthonormal basis of )1,0(2L  (they are the 

eigenfunctions of the Sturm-Liouville operator 
2

2

dx

d
 

defined on  






  0)1()0(:];1,0[2

dx

df
fCf R ). 

Then, applying Parseval’s identity to ),( txwx  one gets, 

using the right side of (9): 
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which proves the second inequality (7). To establish (6), 

introduce the following auxiliary variables: 

)()0,()( tGvtbwtv k

def

a  , for all ),[ 1 kk ttt   

 and all integers 0k  

k

def

ttq )( , for all ),[ 1 kk ttt   

 and all integers 0k      

Also, by (3) one has 
1

0
),()0,( dstswtw x , for all 0t . 

Furthermore, from the Cauchy-Schwarz inequality one gets 

][)0,( twtw x , for all 0t , which together with the 

second inequality in (7) give: 

]0[
4

exp)0,(
2

xkk wttw 










,  

 for all integers 0k  

Using (12) and the fact that 4/2   and 

  Ttt kk
k




1
0

sup , it follows from (10) that: 

     ]0[expexp)(sup
0

xa
ts

wTbssv  


 

    )(supexp
0

svtG
ts

   

Using definitions (9) and (10), equation (1) rewrites 

)())())((()()()( 110 tvtXtqXAtXAAtX a , with 

initial condition 0)0( XX  . It follows that the solution of 

(1) satisfies the following equation: 

  010 )(exp)( XtAAtX   

   
t

dssXsqXAstAA
0 110 ))())((())((exp  

   
t

a dssvstAA
0 10 )())((exp  
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Since ),0(    and   )exp()(exp 10 tRtAA  , for 

all 0t , it follows from (14) that, for all 0t : 

   )exp()(sup)exp()(sup
0

0
0

ssv
R

XRssX a
tsts





 

   

  )exp()())((sup
0

1
ssXsqx

AR

ts










    (15) 

Since   RR:  is a continuous function satisfying 

  )(exp 0 ttA   for all 0t , one has 


t

dssAItA
0

00 )()exp(   for all 0t . Also, applying 

the variations of constants formula one gets, using (1) and 

(10)-(11): 

  
t

t

kkk

k

dstxAstAtxttAtx )())(exp()())(exp()( 100   

  
t

tk

dssbvstA )())(exp( 0  

for all ),[ 1 kk ttt  and all integers 0k . From the above 

observations it readily follows that, for all ),[ 1 kk ttt  and 

all integers 0k : 

  )()()()(
0

10 k

tt

k tXdssAAtXtX
k




   

  )exp()(sup)exp()()exp(
0

ssvdssst a
tst

tt

k

k






  (16) 

Again, using the inequality   Ttt kk
k




1
0

sup  and 

definition (11), it follows from (16) that, for all 0t : 

 )exp())(()(sup
0

ssqXsX
ts




      

    )exp()(sup)()exp(
00

10 ssXdssAAT
ts

T




  

  )exp()(sup)exp()(
00

ssvdsss a
ts

T




      (17) 

Combining (15) and (17), one gets for all 0t : 

  )0()exp()(sup
0

XRssX
ts




   

   )exp()(sup)()exp(
00

10

1
ssXdssAAT

AR

ts

T


 




   

 )exp()(sup)exp()(1
00

1 ssvdsssA
R

a
ts

T


 












   (18) 

Using (5), inequality (18) yields:  

 )exp()(sup
0

ssX
ts




   

 


















T

a
ts

T

dssAATAR

ssvdsssAbX

R

0

101

00

1

)()exp(

)exp()(sup)exp()(1)0(





 

which, together with (13) and (10), establishes (6) with 

some constants 0, K . The proof of Proposition 1 is 

complete.   

. 

III. APPLICATION TO SAMPLED-OUTPUT OBSERVER DESIGN 

A. Class of observed systems 

In this section, we are interested in a class of continuous-

time systems assuming an ODE-PDE cascade structure and 

modelled as follows: 

)()()( tBvtAXtX  ,  for 0t    (19) 

))(,(),(),( tvxgtxutxu xxt  ,   

 for ),0()1,0(),( tx    (20) 

0),0( tux ,  for all 0t     (21) 

)(),1( tCXtu  ,  for all 0t  (22) 

with 0)0( XX   where ntX R)(  denotes the state vector 

of the finite-dimensional LTI subsystem, described by the 

ODE (19), and mtv R)(  is its external control signal of 

class  mC RR ;1

 ;  R),( txu  is the state of the infinite-

dimensional subsystem described by the parabolic type 

PDE (20) with boundary conditions (21)-(22); nnA R , 
mnB R , nC  1

R  are constant matrices, and ),( vxg  is a 

function of class  RR ;]1,0[1 mC  . The pair ),( CA  is 

supposed to be observable and the whole system is 

observed through a ZOH sampling of the output signal 

),0( tu . That is the available measurements are 

),0()( ktuty   ,  

 for all ),[ 1 kk ttt  and all integers 0k    (23) 

where  0kkt  denotes the sampling time sequence, 

supposed to be a partition of R  and its diameter is denoted 

T . We seek an observer that provides accurate online 

estimates of both the (finite-dimensional) state vector )(tX  

and the distributed state ),( txu , 10  x , based only the 

system input )(tv  and the (sampled ZOH) output )(ty . The 

signal ),1( tu  is not accessible to measurements. 

Remark 1. 1) In the case where )())(,( xgtvxg   is input-

independent, the infinite-dimensional subsystem (20)-(22) 

can be seen as a diffusion-type sensor associated with the 

finite-dimensional LTI plant described by the ODE (19). 
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2) In the case where the continuous-time output 

)(),0( tCXtu   is accessible to measurements and 

0))(,( tvxg , continuous-time exponentially stable 

observers are obtained using the backstepping-like design 

method developed in [8]. An extension of that observer 

design has been developed in [11] to deal with a larger 

class of ODE-PDE systems involving Lipschitz triangular 

nonlinear dynamics in the ODE subsystem while 

0))(,( tvxg . Presently, a sampled-output version of the 

observer of [8] will be developed and shown to meet the 

desired objective.  

3) Following e.g. Proposition 1 in [11], it is readily 

checked that for every  mCv RR ;1

 , nX R0 , 

)1,0(]0[ 2Hu   with   0)0(]0[ xu , 0)1])(0[( CXu  , the 

initial value problem (19)- (22) with initial condition 

0)0( XX  , )])(0[()0,( xuxu   for ]1,0[x , exists for all 

0t  and is unique.  

B. Observer design and analysis 

Inspired by [8], the following backstepping transformation 

is considered: 

)()1()(),(),( 1 tXMxCMtxutxp  , (24) 

for ),0[]1,0[),( tx , where  nnxM R)(  undergoes 

the following ODE equation: 

AxMx
dx

Md
)()(

2

2

    (25) 

IM )0( ,  0)0( 
dx

dM
   (26) 

The matrix gain )(xM  plays an instrumental role in the 

considered observer. For convenience, some of its 

properties are summarized in Appendix A. Using (25), 

(26), (19) and (20), it follows that the new state 

),( txp defined by (24) undergoes the following PDE: 

)()1()())(,(),(),( 1 tBvMxCMtvxgtxptxp xxt

 ,  

 for ),0()1,0(),( tx    (27) 

For convenience, the new system representation expressed 

in terms of the states  )),(),(( txptX  is rewritten: 

)()()( 0 tBvtXAtX  , for 0t    (28) 

)()1()())(,(),(),( 1 tBvMxCMtvxgtxptxp xxt

 , 

 ),0()1,0(),( tx  (29)  

0),1(),(  tptxpx , for all 0t    (30) 

)()1()(),(),( 1 tXMxCMtxptxu  , 

  for ),0[]1,0[),( tx   (31) 

where the boundary conditions (30) are immediately 

obtained from (24) using (21), (22) and (26). A key feature 

of the new model is that the infinite-dimensional 

subsystem, here defined by (29)-(30), is decoupled from 

the finite-dimensional subsystem described by (28) (while 

a coupling existed in the initial model (19)-(22)). 

Now, the following sampled-output observer structure is 

considered for the system (28)-(31):  

))()(ˆ()1()()(ˆ)(ˆ
kk tytyLMtBvtXAtX 

,   

 for all ),[ 1 kk ttt  and all integers 0k    (32) 

)()1()())(,(),(ˆ),(ˆ 1 tBvMxCMtvxgtxptxp xxt

 ,  

 ),0()1,0(),( tx  (33) 

0),1(ˆ),(ˆ  tptxpx , for all 0t  (34) 

)(ˆ)1()(),(ˆ),(ˆ 1 tXMxCMtxptxu  , 

  for ),0[]1,0[),( tx   (35) 

with ),0(ˆ)(ˆ
kk tuty  , where nL R  is arbitrary vector 

such that LCA  is a Hurwitz matrix. The last requirement 

is not an issue since the pair ),( CA  is observable. In fact, 

the observer is a copy of the system (28)-(31) with an 

additional innovation term in equation (32). To analyze this 

observer, the following state estimation errors are 

introduced: 

)()(ˆ)(
~

tXtXtX  , ),(),(ˆ),(~ txptxptxp  ,    

 and ),(),(ˆ),(~ txutxutxu   (36) 

Then, subtracting each equation of the system (28)-(31) 

from the corresponding equation in the observer (32)-(35), 

one gets the following error system: 

),0(~)1()(
~

)1()1()(
~

)(
~ 1

kk tpLMtXCMLMtXAtX  
,  

 for all ),[ 1 kk ttt  and all integers 0k   (37) 

),(~),(~ txptxp xxt      (38) 

0),1(~),(~  tptxpx , for all 0t   (39) 

)(
~

)1()(),(~),(~ 1 tXMxCMtxptxu  ,  

 for ),0[]1,0[),( tx   (40) 

where the first equation is obtained using the fact that 

),0(~)()(ˆ
kkk tutyty   and equations (31) and (35). It is 

readily seen that, if ),( wX  is substituted to )~,
~

( pX  then, 

the error system (37)-(40) fits the form of the HCD system 

(1)-(3) with AA 0 , )1()1( 1

1

 LCMMA , LMb )1(  

and 0)( tv . Then, Proposition 1 can be invoked to 

analyze the former, provided that 1AA  is Hurwitz. This 

actually is the case because LCA  is Hurwitz and 

)1())(1()1()1( 11

10

  MLCAMLCMMAAA , 

using the fact that AAMM  )1()1( 1  (due Property 3 of 

Appendix A). Then, Proposition 1 can be applied to the 

error system (39)-(41). Doing so, one gets the following 

result: 

Theorem 1. Consider the system (19)-(22) and the 

observer (32)-(35) where the gain nL R  is selected so 

that the matrix 
nnLCA  R  is Hurwitz. Then, there exist 
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real constants 0,, T  such that, for any T -diameter 

partition  0kkt ,  mCv RR ;1

 , nXX R00
ˆ, , 

)1,0(]0[ˆ],0[ 2Hpu  , with   0)0(]0[ˆ)1])(0[ˆ(  xpp , 

  0)0(]0[ xu , 0)1])(0[( CXu  , the initial value problem 

defined by (19)-(22) and (32)-(35) with initial conditions 

0)0( XX  , 0
ˆ)0(ˆ XX  , )])(0[()0,( xuxu  , 

)])(0[ˆ()0,(ˆ xpxp   for ]1,0[x , has a unique solution that 

satisfies, for all 0t : 

 ]0[~ˆ)exp(][~][~)(
~

00 xx pXXttututX   ,  

 for all 0t  (41) 

where )(
~

tX , )1,0(][~ 2Htu   and )1,0(][~ 2Htp   (with 

0t )  are defined by (36). 

Proof. It has already been pointed out that Proposition 1 is 

applicable to the system (37)-(39). Accordingly, for any 

]4/,0(),0( 2   and any 0T  sufficiently small so 

that (5) is satisfied, there exists a constant 0K   such that 

(6) and (7) hold, replacing there ),( wX  by )~,
~

( pX  and 

letting 0)( tv . Specifically, one gets the following 

inequalities: 

]0[~

4
exp][~

2

pttp 










 

 and  ]0[~

4
exp][~

2

xx pttp 










, for all 0t  (42) 

 ]0[~)0(
~

)exp()(
~

xpXtKtX   ,  for all 0t   (43) 

Due to (39) one has, applying Wirtinger's inequality [10], 

][~][~ tptp x , for all 0t . This together with (40) and 

(36) yield, for all 0t : 

  )(
~

)1()(max][~][~ 1

10
tXMxCMtptu

x




  

   )(
~

)1()(max][~ 1

10
tXMxCMtp

x
x




   (44) 

)(
~

)1()(max][~][~ 1

10
tXMx

dz

dM
Ctptu

x
xx 








 


   (45) 

It follows from (42)-(45) that there exists a constant 0  

such that: 

 ]0[~)0(
~

)exp(][~][~)(
~

xx pXttututX   ,  

 for all 0t  (46) 

which establishes (41) and completes the proof of Theorem 

1.   

Remark 2. Estimates of the constants 0, T  in 

Theorem 1 can be obtained using available information. By 

Proposition 1, one knows that ]4/,0(),0( 2   where 

  is any real constant such that 

    )exp()1()(exp)1()(exp 1

1 tRMtLCAMtAA   , 

for all 0t , with )1()1( 1

1

 LCMMA . Then, 0T  is 

selected so that (5) holds where   RR:  is any 

continuous function satisfying   )(exp tAt   for all 0t . 

 

IV. CONCLUSION 

The main contribution of this paper is twofold. First, the 

exponential stability result of Propositions 1 is established 

for the class of HCD systems described by (1)-(4). Then, a 

sampled-output observer design method is developed for a 

class of continuous-time ODE-PDE cascade systems 

described by (19)-(22). The design method relies on the 

backstepping-like transformation (24), which is inspired by 

[8]. This transformation plays a crucial role as it makes the 

observation error system, described by (37)-(40), fit the 

structure of the HCD system analyzed in Proposition 1. The 

latter is then invoked to get sufficient conditions for the 

observer to be exponentially stable (Theorem 1). As a matter 

of fact, Proposition 1 can as well constitute a suitable 

framework for sampled-data control of continuous-time 

systems composed of a linear ODE and a PDE. This 

perspective is currently being investigated. 

APPENDIX 

The function )(xM  defined by (36)-(37),  has the 

following properties (see proof in [8] or [11]: 

1) 





1

2

)!2(
)(

k

k
k

A
k

x
xM I  

2) )()( xAMAxM    

3) )()( 11 xAMAxM    

4)   nn
def

x
A

exM 























 R

I
I

I

0
0)(

0

0

, x . 
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On the Robustness of Mean Square Exponential Stability of a
Discrete-Time Linear System with Markovian Jumping Subject to

White Noise Perturbations

Vasile Dragan1, Toader Morozan2 and Adrian-Mihail Stoica3

Abstract— In the present paper the problem of robust sta-
bility in mean square of the discrete-time linear dynamic
systems with Markov jumps and corrupted with multiplicative
(state-dependent) white noise perturbations is considered. The
robustness analysis is performed with respect to the intensity of
the white noises. The theoretical developments are illustrated
by a numerical example.

Keywords: Stochastic systems, Markovian jumps, multi-
plicative white noise, robust stability, Lyapunov operators

I. INTRODUCTION

Markov jump linear systems are well known class of
stochastic switching systems which have received a great
deal of attention from the control research community.
Usually they are regarded as reliable mathematical model of
dynamics characterized by random jumps between different
subsystems induced by external causes as: random falls,
unexpected events, uncontrolled configuration changes [2],
[5], [7].

On the other hand, in the last few years many works deal
with stochastic systems with dynamic subject to variations
due to the multiplicative noises. Such kind of modeling of
the uncertainties has found many applications in engineering
and finance. Some examples of such applications may be
found in nuclear fission and heat transfer, population mod-
els and portfolio optimization. In many cases the intensity
of the multiplicative white noise type perturbations is not
completely known. Sometimes, only information regarding
the linear or nonlinear character of the state dependence of
the intensity of the white noise perturbation affecting the
dynamic of a process is available. In the case of structured
linear parametric uncertainties multiplying white noise type
perturbations the robustness of exponential stability was stud-
ied in [12] when the nominal system is a deterministic time-
invariant continuous-time linear system and in [10] when
the nominal system is a discrete-time time-invariant deter-
ministic linear system. The result from [12] was extended to
deterministic continuous-time time-invariant linear systems
perturbed by Lipschitzian uncertainties with multiplicative
white noises in [3]. A powerful tool in the investigation
of the robustness of the stability with respect to various

1,2Vasile Dragan and Toader Morozan are with Institute of
Mathematics ”Simion Stoilow”, Research Unit No. 2, Romanian
Academy, Bucharest, Romania vasile.dragan@imar.ro,
toader.morozan@imar.ro

3Adrian-Mihail Stoica with the Faculty of Aerospace Engineering,
University ”Politehnica” of Bucharest, Bucharest, Romania
adrian.stoica@upb.ro

types of linear parametric uncertainties is the well known
concept of the stability radius. A comprehensive historical
perspective of the different aspects regarding the stability
radius both in deterministic and stochastic framework may
be found in [9]. In [11] a concept of stability radius was
introduced in the study of robustness of stability of some
continuous time linear systems affected by a Markov process
with an infinite number of states. Recently, in [1] a stochastic
version of the small gain theorem was used to derived a lower
bound of the stability radius in the case of discrete-time
time-varying linear stochastic systems subject to random
switching according with a nonhomogeneous Markov chain
in the presence of some linear parametric uncertainties.

II. THE PROBLEM SETTING

Consider the discrete-time linear system described by

x(t+ 1) =

[
A(ηt) +

r∑
k=1

µk(t)wk(t)bk(ηt)c
T
k (ηt)

]
x(t) (1)

t ∈ Z+ = {0, 1, 2, ...}, where x(t) ∈ Rn is the state vector at
the time instance t, {ηt}t≥0 is a homogeneous Markov chain
defined on a given probability space (Ω,F ,P) taking values
in the finite set N = {1, 2, ..., N} and having the transition
probability matrix P = (pij)(i,j)∈N×N. This means that
P{ηt+1 = j|ηt = i} = pij if P{ηt = i} > 0. For more
details we refer to [4], [6].

In (1) {w(t)}t≥0, (w(t) = (w1(t), ..., wr(t))
T ) is a

sequence of r-dimensional independent random vectors with
zero mean and E

[
w(t)wT (t)

]
= Ir, t ∈ Z+.

Throughout the paper we assume that {ηt}t≥0, {w(t)}t≥0
are independent stochastic processes. For each 1 ≤ i ≤ N ,
A(i) ∈ Rn×n, bk ∈ Rn×1, ck ∈ Rn×1, 1 ≤ k ≤ r, are
known matrices, while, {µk(t)}t≥0 ⊂ R, 1 ≤ k ≤ r, are
unknown bounded sequences.

The system (1) may be regarded as a perturbation of the
nominal system with Markovian jumping,

x(t+ 1) = A(ηt)x(t), t ∈ Z+. (2)

In this way, the scalars µk(t), can be interpreted as modeling
the intensities of the noises wk(t), which are affecting some
coefficients of the nominal system. Beside the perturbed
system (1) we consider the following system

x(t+ 1) =

[
A(ηt) +

r∑
k=1

µ̃kwk(t)bk(ηt)c
T
k (ηt)

]
x(t) (3)
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where the intensities µ̃k ∈ R of the noises wk(t) are known,
but not depending upon t.

Assuming that the nominal system (2) is exponentially
stable in mean square (ESMS) the problem we want to
solve is to find a necessary and sufficient condition which
will be satisfied by the scalars µ̃k, such that all perturbed
systems of type (1) and (3) to be strongly exponentially
stable in mean square (SESMS) for all unknown sequences
{wk(t)}t≥0 satisfying |µk(t)| ≤ |µ̃k|, t ∈ Z+.

For precise definitions of the concept of exponential stabil-
ity in mean square (ESMS) for time invariant system of type
(2) and strong exponential stability in mean square (SESMS)
for time varying systems of type (1) we refer to Chapter 3
from [8].

III. SOME AUXILIARY RESULTS

This section collects several known issues which help us
to prove the main results of the work.

Let Sn ⊂ Rn×n be the linear subspace of symmetric
matrices of size (n×n) and define SNn = Sn⊗Sn⊗ ...⊗Sn.
The vector space SNn has a structure of a Hilbert space
induced by the inner product

〈X,Y〉 =

N∑
i=1

Tr[X(i)Y (i)] (4)

for all X = (X(1), ..., X(N)) ∈ SNn and Y =
(Y (1), ..., Y (N)) ∈ SNn .

Regarding the exponential stability in mean square of a
discrete-time linear system (3) we recall the following result
which may be directly derived from Corollary 3.3 from [8].

Proposition 3.1. The following are equivalent:
(i) The system (3) is ESMS.
(ii) For any H = (H(1), ...,H(N)) ∈ SNn with H(i) > 0,

1 ≤ i ≤ N , the affine equation on SNn

X(i) = AT (i)Ei(X)A(i) + (5)
r∑
l=1

µ̃2
l cl(i)b

T
l (i)Ei(X)bl(i)c

T
l (i) +H(i)

Ei(X) =

N∑
j=1

pijX(j) (6)

has a solution X = (X(1), ..., X(N)) with X(i) > 0, 1 ≤
i ≤ N .

Combining Theorem 3.7 from [8] and Proposition 3.1 from
above, we obtain the following result.

Corollary 3.2. If the system (3) is ESMS, then the
perturbed system (1) is SESMS for arbitrary unknowns
sequences {µk(t)}t≥0 satisfying |µk(t)| ≤ |µ̃k|, t ∈ Z+,
k = 1, 2, ..., r.

Proof. Employing Theorem 3.7 from [8] we have to show
that there exist bounded sequences {Y (t, i)}t≥0 and the

positive scalars εi, αi, 1 ≤ i ≤ N satisfying

AT (i)Ei(Y(t+ 1))A(i)− Y (t, i) +
r∑
l=1

µ2
l (t)cl(i)b

T
l (i)Ei(Y(t+ 1))bl(i)c

T
l (i) ≤ −αiIn (7)

Y (t, i) ≥ εiIn

1 ≤ i ≤ N, t ∈ Z+, Ei(Y(t+ 1)) being computed as in (6)
with X(i) replaced by Y (t+ 1, i).

If the system (3) is ESMS then the equation (5) with
H(i) = In, 1 ≤ i ≤ N has a solution X̂ =
(X̂(1), ..., X̂(N)) with X̂(i) > 0, 1 ≤ i ≤ N . By
direct calculation one obtains that (7) is satisfied if we take
Y (t, i) = X̂(i), t ∈ Z+, εi = λmin(X̂(i)) and αi = 1,
1 ≤ i ≤ N . Thus the proof is complete.

Let L : SNn → SNn , L : SNn → SNn be linear operators
defined as follows:

L[X] = (L[X](1), ...,L[X](N)),

L[X] = (L[X](1), ...,L[X](N)),

L[X](i) = AT (i)Ei(X)A(i), 1 ≤ i ≤ N (8)

L[X](i) =

N∑
j=1

pjiA(j)X(j)AT (j), 1 ≤ i ≤ N (9)

for all X = (X(1), ..., X(N)) ∈ SNn .
By direct calculations one checks that the operator L is

the adjoint operator of L with respect to the inner product
(4).

Invoking Theorem 3.9 from [5] we deduce that the nomi-
nal system (2) is ESMS if and only if the spectral radius of
the operator L satisfies ρ(L) < 1.

Applying Theorem 2.5 (iii), (iv) from [8] in the special
case of the operator L = L∗ we obtain the following result.

Corollary 3.3. If the nominal system (2) is ESMS then
for any H = (H(1), ...,H(N)) ∈ SNn the affine equation on
SNn

X = L[X] + H (10)

has a unique solution X. This solution has the representation
X = (X(1), ..., X(N)), where

X(i) = [I− L]−1[H](i) (11)

1 ≤ i ≤ N , I denoting the identity operator on SNn .
Furthermore,

[I− L]−1[H](i) ≥ 0, (12)

for all i ∈ N if H(j) ≥ 0, for all j ∈ N. Also,

[I− L]−1[X]](i) > 0, i ∈ N (13)

if H(j) > 0 for all j ∈ N.
Further, let us consider the ordered space (Rd,Rd+) where

the order relation is induced by the convex cone Rd+ =
{x = (x1, x2, ..., xd)

T ∈ Rd|xi ≥ 0, 1 ≤ i ≤ d}. The
interior IntRd+ of the convex cone Rd+ consists of the set
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IntRd+ = {x = (x1, x2, ..., xd)
T ∈ Rd+|xi > 0, 1 ≤ i ≤ d}.

If D = (dij)ij ∈ Rd×d is the matrix of a linear operator
D : Rd → Rd then DRd+ ⊂ Rd+ if and only if dij ≥ 0,
1 ≤ i, j ≤ d. In this case D will be called positive matrix.
Applying Theorems 2.6 and 2.7 from [8] in the special
case of the ordered linear space (Rd,Rd+) one obtains the
following result.

Proposition 3.4. For a positive matrix D ∈ Rd×d the
following are equivalent:

(i) ρ(D) < 1, ρ(·) being the spectral radius.
(ii) There exists ν ∈ IntRd+ such that the equation

(Id −D)ζ = ν (14)

has a solution ζ ∈ IntRd+.
(iii) For any ν ∈ IntRd+ such that the equation (14) has

a solution ζ ∈ IntRd+.

IV. MAIN RESULTS

In this section we shall derive a necessary and suf-
ficient condition which must be satisfied by the vector
µ̃ = (µ̃1, ..., µ̃r) of noise intensities such that the perturbed
system (3) is ESMS.

Let H = (H(1), ...,H(N)) ∈ SNn with H(i) > 0, i ∈
N. If the system (3) is ESMS, then the equation (5) has a
solution X = (X(1), ..., X(N)) with X(i) > 0, i ∈ N.
Using (8) we rewrite (5) as

X = L[X] + H̃ (15)

where H̃ = (H̃(1), ..., H̃(N)),

H̃(i) =

r∑
l=1

µ̃2
l b
T
l (i)Ei(X)bl(i)cl(i)c

T
l (i) +H(i), (16)

1 ≤ i ≤ N. Further, we rewrite H̃ in the form

H̃ =

r∑
l=1

N∑
j=1

µ̃2
l b
T
l (j)Ej(X)bl(j)Ξlj + H (17)

where Ξlj = (Ξlj(1), ...,Ξlj(N)) ∈ SNn ,

Ξlj(i) =

{
cl(j)c

T
l (j), ifi = j

0, ifi 6= j.
(18)

Since the nominal system (2) is necessarily ESMS if the
perturbed system (3) is ESMS, we deduce via Corollary 3.3
and (17) that the solution X of equation (15) satisfies the
identity

X =

r∑
l=1

N∑
j=1

µ̃2
l b
T
l (j)Ej(X)bl(j)(I−L)−1[Ξlj ]+(I−L)−1[H].

The component wise version of this identity is

X(i) =

r∑
l=1

N∑
j=1

µ̃2
l b
T
l (j)Ej(X)bl(j)(I− L)−1[Ξlj ](i)

+ (I− L)−1[H](i). (19)

Further (6) and (19) yield

Ei(X) =

r∑
l=1

N∑
j=1

µ̃2
l b
T
l (j)Ej(X)bl(j)Ei(Γlj) + Ei(Ψ) (20)

i ∈ N, where Γlj = (Γlj(1), ...,Γlj(N)), Ψ =
(Ψ(1), ...,Ψ(N)) are given by

Γlj(i) = (I− L)−1(Ξlj)(i) ≥ 0 (21)

and

Ψ(i) = (I− L)−1[H](i) > 0 (22)

∀i ∈ N. Pre and post-multiplying (20) by bTk (i) and bk(i),
respectively, we get

bTk (i)Ei(X)bk(i)

=
r∑
l=1

N∑
j=1

mki,lj(µ̃)bTl (j)Ej(X)bl(j) + ψki
(23)

(k, i) ∈ {1, 2, ..., r} ×N, where:

mki,lj(µ̃) = bTk (i)Ei(Γlj)bk(i)µ̃2
l (24)

ψki = bTk (i)Ei(Ψ)bk(i) (25)

for all (k, i), (l, j) ∈ {1, 2, ..., r} ×N.
Let us notice that for each integer α ∈ {1, 2, ..., rN} there

exists a unique pair of positive integers (k, i) ∈ {1, 2, ..., r}×
{1, 2, ..., N} such that α = (k − 1)N + i. This allows us to
rewrite (23) as an equation of type (14) on the space RrN .
To this end we set ζ = (ζ1, ..., ζrN )T , ν = (ν1, ..., νrN )T ,

D(µ̃) = (dαβ(µ̃)), 1 ≤ α, β ≤ rN

as follows:

ζβ = bTl (j)Ej(X)bl(j) (26)

if (l − 1)N + j = β,

να = ψki = bTk (i)Ei(Ψ)bk(i) (27)

if (k − 1)N + i = α,

dαβ(µ̃) = mki,lj(µ̃) = µ̃2
l b
T
k (i)Ei(Γlj)bk(i) (28)

if (k − 1)N + i = α and (l − 1)N + j = β.
With these notations (23) may be rewritten in a compact

form as:

(IrN −D(µ̃))ζ = ν. (29)

Now, we are in a position to prove the main result of this
work.

Theorem 4.1. Assume: bk(i) 6= 0, for all (k, i) ∈
{1, 2, ..., r} × N. Under this condition the following are
equivalent:

(i) The perturbed system (3) corresponding to the vector
µ̃ = (µ̃1, ..., µ̃r) of noise intensities in ESMS;

(ii) The nominal system (2) is ESMS and the matrix D(µ̃)
associated via (28) to the perturbed system (3) satisfies:
ρ[D(µ̃)] < 1.
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Proof. We start with the proof of the implication (i) ⇒
(ii). Let H = (H(1), ...,H(N)) ∈ SNn with H(i) >
0, 1 ≤ i ≤ N . If the perturbed system (3) is ESMS
then the nominal system (2) is also ESMS. Based on the
implication (i)⇒ (ii) from Proposition 3.1 we deduce that
the equation (15)-(16) has a solution X = (X(1), ..., X(N))
with X(i) > 0, ∀i ∈ N. Reasoning as in the first part of
this section we may associate the vectors ζ, ν ∈ RrN , as
in (26), (27), respectively, and the matrix D(µ̃) as in (28).

Since bk(i) 6= 0, ∀(k, i) and
N∑
j=1

pij = 1 we may infer that

ζβ > 0, 1 ≤ β ≤ rN . Also, (22) and (27) yield να > 0,
∀1 ≤ α ≤ rN . On the other hand, (21) together with (28)
allow us to conclude that dαβ(µ̃) ≥ 0 for all 1 ≤ α, β ≤ rN .
Thus, we have shown that the equation (29) corresponding
to the perturbed system (3) satisfies the conditions (ii) from
Proposition 3.4. Therefore, ρ(D(µ̃)) < 1. Thus we have
shown that the assertion (ii) from the statement holds if (i)
is true.

Let us prove now, (ii) ⇒ (i). To this end, we have to
show that if H = (H(1), ...,H(N)) ∈ SNn with H(i) > 0
for all i ∈ N, then the equation (5) has a solution X =
(X(1), ..., X(N)) with X(j) > 0, for all 1 ≤ j ≤ N . If the
nominal system (2) is ESMS, then ν ∈ RrN and the matrix
D(µ̃) are well defined by (27) and (28), and additionally, the
components να of the vector ν are positive and the entries
dαβ(µ̃) of the matrix D(µ̃) are nonnegative. If ρ(D(µ̃)) < 1
then the implication (i)→ (iii) from Proposition 3.4 allows
us to deduce that the equation (29) has a solution ζ ∈ RrN
having all components positive numbers. The equation (29)
may be written in a component wise version as

ζα =

rN∑
β=1

dαβ(µ̃)ζβ + να, 1 ≤ α ≤ rN. (30)

Defining ζ̃lj and ζ̃ki by ζ̃lj = ζβ if (l − 1)N + j = β and
ζ̃ki = ζα if (k− 1)N + i = α, we may rewrite the equation
(30) in the form

ζ̃ki =

r∑
l=1

N∑
j=1

mki,lj(µ̃)ζ̃lj + ψki (31)

for all (k, i) ∈ {1, 2, ..., r} ×N.
The correspondences να ← ψki and dαβ(µ̃)← mki,lj(µ̃)

are those from (27) and (28), respectively. Using the numbers
ζ̃lj involved in (31) we defined the matrices X(i) by

X(i)=

r∑
l=1

N∑
j=1

ζ̃ljµ̃
2
l (I−L)−1[Ξlj ](i)+(I−L)−1[H](i) (32)

i ∈ N. Based on (21) and (22) we may infer that
X(i) defined in (32) are positive definite matrices. Setting
X = (X(1), ..., X(N)) we rewrite (32) in the compact form

X =
r∑
l=1

N∑
j=1

µ̃2
l ζ̃lj(I− L)−1[Ξlj ] + (I− L)−1[H].

The last equality is equivalent to

X = L[X] +

r∑
l=1

N∑
j=1

µ̃2
l ζ̃ljΞlj + H. (33)

Employing (18) we obtain the following component wise
version of (33)

X(i) = L[X](i) +

r∑
l=1

µ̃2
l ζ̃licl(i)c

T
l (i) +H(i) (34)

1 ≤ i ≤ N . In order to end the proof it remains to show that

ζ̃ki = bTk (i)Ei(X)bk(i) (35)

for all (k, i) ∈ {1, 2, ..., r} × N. To this end let us remark
that (32) together with (21), (22), (24), (25) yield

bTk (i)Ei(X)bk(i) =

r∑
l=1

N∑
j=1

mki,lj(µ̃)ζ̃lj + ψki (36)

for all (k, i) ∈ {1, 2, ..., r} × N. From (31) and (36) we
deduce that (35) is true. Based on (35) we may substitute
ζ̃lj by bTl (j)Ej(X)bl(j) in (34). In this way we have shown
that X defined by (32) is a positive defined solution of (5).
Thus the proof is complete.

Remark 4.1. a) The results proved in Theorem 1 and
Corollary 3.2 show that, to decide if the perturbed systems
(1) are SESMS for any sequences {µk(t)}t∈Z+

of noise
intensities satisfying −|µ̃k| ≤ µk(t) ≤ |µ̃k|, t ∈ Z+ we
have to check if the nominal system (2) is ESMS and the
spectral radius of the matrix D(µ̃) is less than 1.

b) The matrix D(µ̃) introduced by (28) has the following
block partitions

D(µ̃) =


M11 M12 ... M1r

M21 M22 ... M2r

... ... ... ...
Mr1 Mr2 ... Mrr

 (37)

where Mkl ∈ RN×N . The entry on the position ij of the
matrix Mkl is mki,lj(µ̃) in (24).

We notice that Γlj defined by (21) and involved in (24) is
a unique solution of the Lyapunov type equation on SNn

Γlj = L[Γlj ] + Ξlj . (38)

V. SOME SPECIAL CASES

A. The case without Markov jumps

In this subsection we consider the special case of systems
(1)-(3) with N = 1, p11 = 1, so, the perturbed system (1)
with time varying intensities of noises becomes

x(t+ 1) =

[
A+

r∑
k=1

µk(t)wk(t)bkc
T
k

]
x(t), t ∈ Z+. (39)

The corresponding nominal system is

x(t+ 1) = Ax(t) (40)

and the perturbed system with constant noise intensities takes
the form

x(t+ 1) =

[
A+

r∑
k=1

µ̃kwk(t)bkc
T
k

]
x(t). (41)
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In this special case, the block components Mkl of the matrix
D(µ̃) from (37) are of dimension 1× 1. More precisely, we
have:

D(µ̃) =


bT1 Γ1b1µ̃

2
1 bT1 Γ2b1µ̃

2
2 ... bT1 Γrb1µ̃

2
r

bT2 Γ1b2µ̃
2
1 bT2 Γ2b2µ̃

2
2 ... bT2 Γrb2µ̃

2
r

... ... ... ...
bTr Γ1brµ̃

2
1 bTr Γ2b2µ̃

2
2 ... bTr Γrbrµ̃

2
r

 (42)

where Γl is the unique solution of the Lyapunov equation:

Γl = ATΓlA+ clc
T
l , 1 ≤ l ≤ r. (43)

Based on the results proved in Corollary 3.2 and in Theorem
4.1 we obtain the following result.

Corollary 5.1. For a vector µ̃ = (µ̃1, ..., µ̃r) of noise
intensities the following are equivalent:

(i) The perturbed system (39) is ESMS for any noise
intensities µk(t) satisfying −|µ̃k| ≤ µk(t) ≤ |µ̃k|;

(ii) The nominal system (40) is exponentially stable and
ρ(D(µ̃)) < 1, where D(µ̃) is given in (42)-(43).

Remark 5.1. The result stated in Corollary 5.2 recover
the result proved in [10].

B. The case of linear systems with periodic coefficients
Let us consider the discrete-time linear system

x(t+ 1) =

[
A(t) +

r∑
k=1

µk(t)wk(t)bk(t)cTk (t)

]
x(t) (44)

where A(t) ∈ Rn×n, bk(t), ck(t) ∈ Rn×1 are known and
µk(t) ∈ R represent the intensities of the noises wk(t).
Assume that there exists an integer N ≥ 2 such that A(t+
N) = A(t), bk(t + N) = bk(t), ck(t + N) = ck(t), t ∈ Z+.
The system (44) may be regarded as a perturbation of the
nominal system

x(t+ 1) = A(t)x(t), t ∈ Z+. (45)

Beside these systems we also consider the auxiliary system

x(t+ 1) = [A(t) +

r∑
k=1

µ̃kwk(t)bk(t)cTk (t)]x(t). (46)

Based on the Lyapunov functions technique, one may show
that the systems (45) and (46) are exponentially stable and
exponentially stable in mean square, respectively, if and only
if the systems with Markovian switching

x(t+ 1) = Â(ηt)x(t) (47)

and

x(t+ 1) = [Â(ηt) +

r∑
k=1

µ̃kwk(t)b̂k(ηt)ĉ
T
k (ηt)]x(t) (48)

respectively, are ESMS, where {ηt}t≥0 is an homogeneous
Markov chain with the state space N = {1, 2, ..., N} and the

Mkl = µ̃2l


bTk (0)Γl0(1)bk(0) bk(0)T Γl1(1)bk(0) ... bTk (0)ΓlN1

(1)bk(0)
bTk (1)Γl0(2)bk(1) bTk (1)Γl1(2)bk(1) ... bTk (1)ΓlN−1(2)bk(1)

... ... ... ...
bTk (N−2)Γl0(N−1)bk(N−2) bTk (N−2)Γl1(N−1)bk(N−2) ... bTk (N−2)ΓlN−1(N−1)bk(N−2)
bTk (N−1)Γl0(0)bk(N − 1) bTk (N−1)Γl1(0)bk(N−1) ... bTk (N−1)ΓlN−1(0)bk(N−1)

 (49)

transition probabilities given by pii+1 = 1, 1 ≤ i ≤ N − 1,
pN1 = 1, and pij = 0 otherwise. In (47) and (48)

Â(i) = A(i− 1), b̂k(i) = bk(i− 1), ĉk(i) = ck(i− 1), (50)

1 ≤ i ≤ N. Using (24) and (50) we obtain the following
structure of the block Mkl, 1 ≤ k, l ≤ r of the matrix D(µ̃)
associated by (37) to the system (48) (see the matrix Mkl

from(49)) where Γlj = (Γlj(0), ...,Γlj(N − 1)) satisfies the
Lyapunov equation

Γlj(i)=AT (i)Γlj(i+1)A(i)+Ξlj(i), 0 ≤ i ≤ N − 1, (51)

Γlj(N) = Γlj(0),Ξlj(i) = cl(j)c
T
l (j) if i = j and

Ξlj(i) = 0 if i 6= j, 0 ≤ j ≤ N − 1. Specializing the result
from Theorem 4.1 and Corollary 3.2 to the system (44)-(46)
and employing their relationship with systems (47)-(48) we
obtain the following result.

Corollary 5.2. For the vector µ̃ = (µ̃1, µ̃2, ..., µ̃r), the
following are equivalent:

(i) The perturbed system (44) is exponentially stable
in mean square for any noise intensities µk(t) satisfying
−|µ̃k| ≤ µk(t) ≤ |µ̃k| for all 1 ≤ k ≤ r, t ∈ Z+;

(ii) The nominal system (45) is exponentially stable and
the matrix D(µ̃) (37) with the block components (49)
satisfies ρ(µ̃) < 1.

Proof. First, one obtains the equivalence of assertion (ii)
from the statement with the following

(i’) The system (46) is ESMS.
Further, the equivalence between (i’) and (i) is obtained

with the technique of Lyapunov functions as in the proof of
Corollary 3.2.

VI. A NUMERICAL EXAMPLE

In order to illustrate the result stated in Theorem 4.1, a
numerical example is presented. Consider the second order
stochastic system of form (1) which includes a multiplicative
noise and a Markov chain with two states, namely n =
2, r = 1 and N = 2. The chosen transition probability is

P =

[
0.7 0.3
0.5 0.5

]
,

and the matrices arising in the realization (1) are

A(1) =

[
−0.1 0.2
0.1 −0.3

]
, A(2) =

[
−0.2 0.1
0.1 −0.1

]
,

b(1) =

[
1
2

]
, b(2) =

[
0
1

]
, c(1) =

[
1
1

]
, c(2) =

[
1
0

]
.

To determine the elements (28) of the matrix D(µ̃),
the solution Γlj(i) of the system (21) is required. For the
considered numerical example this system becomes
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Γ11(1) = AT (1) (P11Γ11(1) + P12Γ11(2))A(1) + c1(1)cT1 (1)
Γ11(2) = AT (2) (P21Γ11(1) + P22Γ11(2))A(2)
Γ12(1) = AT (1) (P11Γ12(1) + P12Γ12(2))A(1)
Γ12(2) = AT (2) (P21Γ12(1) + P22Γ12(2))A(2) + c1(2)cT1 (2).

For the computation of the solution to the above system of
coupled Lyapunov equations one used the iterative numerical
procedure presented in [8], Chapter 5, obtaining

Γ11(1) =

[
1.0001 0.9998
0.9998 1.0076

]
,

Γ11(2) =

[
0.0051 −0.0001
−0.0001 0.0001

]
,

Γ12(1) =

[
0.0032 −0.0066
−0.0066 0.0135

]
,

Γ12(2) =

[
1.0004 −0.0003
−0.0003 0.0002

]
.

Based on (28) and (6) it results that

D(µ̃) = µ̃2

[
6.3222 0.3217
0.5038 0.0068

]
,

for which ρ(D(µ̃)) < 1 if µ̃ ∈ (−0.3967, 0.3967).
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Gröbner Bases over Finitely Generated Affine Monoids and Applications.
The Direct Sum Case

Martin Scheicher

Abstract— For multidimensional linear systems with constant
coefficients, Gröbner bases are the universal tool to solve
algorithmically a multitude of problems which arise in control
theory. Gröbner bases are defined over the polynomial ring
which means that the domain of definition of discrete systems
is the positive orthant. However, often the individual variables
are interpreted diversely, e.g., some as time, which should be
nonnegative, and some as space, which extends in positive as
well as in negative directions. In these situations, the usefulness
of conventional Gröbner bases is limited.

In response to this, we consider monoid algebras of finitely
generated submonoids of the integer lattice, define Gröbner
bases for modules over these monoid algebras and present a
method for computing them. Finally, we apply these results
to three tasks from multidimensional systems theory, namely,
to decide when two systems of homogeneous equations are
equivalent, to determine when a system is controllable and
to the Cauchy problem. We specialise to the case that the
submonoid is a direct sum of a pointed monoid and a group,
which includes the most relevant examples.

I. INTRODUCTION

Let F be a field and let N be a finitely generated sub-
monoid of Z1×n, i.e., a subset of Z

1×n which contains zero
and is closed under addition. We consider the system of
partial linear difference equations

l

∑
j=1

∑
µ∈N

Ri j(µ)w j(µ +η) = vi(η),

where i ∈ {1, . . . ,k} and η ∈ N,

(1)

with constant coefficients Ri j(µ) ∈ F (only finitely many
of them nonzero), inhomogeneity v ∈ (FN)k, and solution
w ∈ (FN)l . For brevity, we use the notation R◦w = v for the
system (1). In the literature, mainly the cases N = N

1×n or
N = Z

1×n are investigated. However, in many applications,
some directions in N represent space, which extends in
positive as well as in negative directions, and some stand
for time, which is assumed to be nonnegative since, in the
majority of cases, the behaviour of the system’s solutions in
the future is more important than the one in the past. This
gives rise to the more general monoid N = N

1×n1 ×Z
1×n2

and it motivates the treatment of general N.
In this article, we discuss several control theoretic prob-

lems for systems of the type (1), namely

1. the question when two homogeneous systems R1 ◦w = 0
and R2 ◦w = 0 are equivalent, i.e., when they have the
same solution set,

Institut für Mathematik, Universität Innsbruck, Tecknikerstraße 13, 6020
Innsbruck, Austria. E-Mail: martin.scheicher@uibk.ac.at

The author has been supported by the Austrian FWF via project J3411-
N25.

2. the question when the solution set of the homogeneous
system R◦w= 0 is controllable in the sense of [16, Def. 5]
and [14, Def. 16], and

3. the Cauchy problem, which is the task of finding suitable
subsets in {1, . . . , l} × N which can be interpreted as
initial value areas1 as well as a method for computing the
solution from its initial values and the inhomogeneity v,

and we give algorithms to solve all these problems compu-
tationally.

In order to be able to use algebraic techniques, we re-
formulate the system (1) by introducing the monoid algebra
F [N] of N, which is a subalgebra of the algebra F [Z1×n] =
F [σ ,σ−1] = F [σ1, . . . ,σn,σ

−1
1 , . . . ,σ−1

n ] of Laurent polyno-
mials in n variables. The elements of F[N] act on the
sequence space FN by shifts, i.e., (σ µ ◦w)(η) = w(µ +η)
for µ , η ∈ N and w ∈ FN . In this way, we can interpret
the coefficients in (1) as a matrix R ∈ F [N]k×l , where Ri j =

∑µ∈N Ri j(µ)σ
µ , which gives rise to the compact notation

R◦w = v.
If N = N

1×n, i.e., F [N] = F[σ ] is a polynomial ring,
the problems can be solved using Gröbner bases and the
accompanying algorithms for polynomial division and the
computation of syzygy modules, see [1], [7], [6] and [8,
Chap. 5], for instance. The first three articles are surveys
which include also tutorials on Gröbner bases, while the last
one is a specific reference for the Cauchy problem.

For general N, a Gröbner bases theory has been developed
in [11], [10], and [9]. Similarly as in the polynomial case
F [N] = F [σ ], where Gröbner bases are defined with respect
to a term order on N

1×n, one needs generalised term orders
(see Section II) for the definition of Gröbner bases on F [N]
for general N. The method of [11], [10], and [9] has two
major deficiencies. Firstly, the algorithms work directly in
the submonoid algebra F [N], which necessitates a complete
reimplementation of the Buchberger algorithm, and secondly,
it is not shown whether there exist generalised term orders
for all N nor how to construct them, and this limits the
applicability of the theory.

In this article, we present in Section IV the algorithm
from [13] for the computation of Gröbner bases over F [N],
which uses a parametrisation of F[N] by a polynomial ring
F [s], special term orders on F[s] which we call “compatible”
and the conventional Buchberger algorithm for multivariate
polynomials. Furthermore, we give a division algorithm and

1These areas have the property that, if the system is solvable at all, then
any choice of values in the initial value area can be extended uniquely to a
solution of the system (1).
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a method for computing syzygy modules. Together, this
eliminates the first disadvantage of [11], [10], and [9].
Then, in Section V, we apply these algorithms to solving
the three systems theoretic problems described above. In
Section VI, we derive compatible term orders for the case
that N is a direct sum N = N1⊕N2, where N1 is pointed
and N2 is a subgroup of Z

1×n. This includes the special
case N =N

1×n1×Z
1×n2 . In [13, Sec. 6], it is shown how to

obtain compatible term orders for general finitely generated
submonoids N, but this method is more complicated than the
one presented here and the most important submonoids for
systems theory are of the form N = N1⊕N2. We conclude
the article with an example in Section VII.

II. GRÖBNER BASES OVER FINITELY GENERATED

SUBMONOIDS

In the following, we establish the notation we use in this
article and recapitulate the definition of a Gröbner basis
according to [10] and [9].

Let N ⊆ Z
1×n be a finitely generated submonoid of the

integer grid Z
1×n and denote by ZN = N −N the abelian

group generated by N. The submonoid N gives rise to the
monoid algebra

F[N] :=
⊕

µ∈N

Fσ µ ⊆ F [Z1×n] = F [σ ,σ−1],

which is a subalgebra of the Laurent polynomial algebra
F [σ ,σ−1] = F [σ1, . . . ,σn,σ

−1
1 , . . . ,σ−1

n ]. The elements of
F [N] are of the form p = ∑µ∈N pµσ µ , where the coefficients
pµ lie in F and only finitely many of them are nonzero. For
every polynomial p ∈ F [N] we define the support

supp(p) := {µ ∈ N; pµ 6= 0}.

We identify the submonoid algebra F [N] with the space F (N)

of finite sequences and thus consider the polynomial p equal
to its sequence (pµ)µ∈N of coefficients.

Since term orders, i.e., total group orders2 with zero as
minimal element, are necessary for a Gröbner bases theory
and, if the monoid N is not pointed3, there exist no term
orders on N, we use generalised term orders with respect to
conic decompositions of the monoid as in [11] and [10].

A conic decomposition of N is a finite family (NJ)J∈J

of finitely generated pointed submonoids NJ with ZNJ =ZN

such that
⋃

J∈J NJ = N. We use the short hand notation [l] :=
{1, . . . , l} for l ∈ N. A generalised term order 6 on [l]×N

with respect to the conic decomposition (NJ)J∈J is a total
order which satisfies that (i,0) = min

(

{i}×N
)

for all i ∈ [l]
as well as

∀J ∈J ∀(i,µ) ∈ [l]×N ∀( j,ν) ∈ [l]×NJ ∀η ∈ NJ :
(

(i,µ)6 ( j,ν) =⇒ (i,µ +η)6 ( j,ν +η)
)

. (2)

2A group order is an order where µ 6 ν implies µ + η 6 ν + η for
µ ,ν ,η ∈N. By [3, Prop. 1.4.14], any total group order on N can be extended
uniquely to the group ZN, hence we use the name “group order” even though
N is not a group in general.

3A monoid N is pointed if µ ∈ N and −µ ∈ N implies that µ = 0. An
equivalent formulation is that the group of invertible elements of N, namely
U(N) = {µ ∈ N; −µ ∈ N}, is zero.

Thus, if restricted to any single NJ , J ∈J, a generalised
term order is a term order. When several NJ are involved,
however, the group order property is sacrificed in favour of
the well-orderedness, i.e., the property that zero is minimal.

We denote by (δi)i∈[l] the standard basis of F [N]1×l .

For p = ∑l
i=1 ∑µ∈N pi,µσ µδi ∈ F [N]1×l we write supp(p) :=

{(i,µ); pi,µ 6= 0}. A generalised term order allows us to
define the degree

deg(p) := maxsupp(p) ∈ [l]×N

of p ∈ F[N]1×l \ {0} as well as the degree set of a subset
X ⊆ F [N]1×l , namely

deg(X) =
{

deg(p); p ∈ X \ {0}
}

⊆ [l]×N.

For p∈F [N]1×l \{0} let J ∈J be such that deg(p)∈ [l]×NJ

and let η ∈ NJ . Then we have that deg(pση ) = deg(p)+η ,
where we use the notation

(i,µ)+ν := (i,µ +ν) for i ∈ [l] and µ ,ν ∈ N.

For any submodule U ⊆ F[N]1×l there is the direct sum
decomposition of F-vector spaces

F [N]1×l = F

(

[l]×N
)

= F

(

([l]×N)\deg(U)
)

⊕U,

p = pnf +(p− pnf),
(3)

The decomposition signifies that for every p ∈ F [N]1×l there
is a unique pnf ∈ F [N]1×l , the normal form of p, such that
p− pnf ∈U and supp(pnf)∩deg(U) = /0.

According to [10, Def. 2.4], a generating system G of U

which satisfies

deg(U) =
⋃

(g,J)∈G×J, deg(g)∈[l]×NJ

{

deg(gση); η ∈ NJ

}

=
⋃

(g,J)∈G×J, deg(g)∈[l]×NJ

(

deg(g)+NJ

)
(4)

is called a Gröbner basis of U with respect to (NJ)J∈J and
6. A Gröbner basis G is reduced if, for every g ∈ G , the
leading coefficient of g is equal to 1 and the identity

supp(g)∩deg
(

∑
g′∈G \{g}

F [N]g′
)

= /0

holds. As a consequence, every element g of a reduced Gröb-
ner basis G is of the form g = sµ δi−(sµδi)nf, where (i,µ) =
deg(g). In particular, we have that supp(g) ∩ deg(U) =
{

deg(g)
}

.
A Gröbner basis has the advantage over an arbitrary

generating system that using it, one can compute the data
of (3), in particular, the degree set deg(U) and the normal
form pnf of p ∈ F[N]1×l .

In the case that N = N
1×n is the positive orthant, i.e.,

F [N] = F[σ1, . . . ,σn] is a polynomial ring, and the conic
decomposition is trivial, i.e., J has only one element, a
generalised term order is a term order and the notions of
the degree and of a (reduced) Gröbner basis coincide with
the usual ones.
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III. PARAMETER SPACE

Let θ ⊆ Z
m×n be a matrix whose rows θi−, i ∈ [m],

form a generating system of our submonoid N ⊆ Z
1×n, i.e.,

N = N
1×mθ = ∑m

i=0Nθi−. Then N is parametrised via the
surjective linear map

ψ = ·θ : N
1×m−→N, ˜µ 7−→ψ(˜µ) = ˜µθ =

m

∑
i=1

˜µiθi−. (5)

The map ψ induces the algebra epimorphism

ϕ : F [s] = F [s1, . . . ,sm]−→ F[N], s
˜µ 7−→ σψ(˜µ) = σ ˜µθ .

(6)
Its kernel is the lattice ideal

IN := ker(ϕ) = ∑
˜µ,˜ν∈N1×m, ψ(˜µ)=ψ(˜ν)

F
(

s
˜µ − s

˜ν
)

(7)

and via the homomorphism theorem we obtain the isomor-
phism

ϕind : F [s]/IN

∼=
−→ F [N], s˜µ 7−→ σψ(˜µ).

We extend the maps ψ and ϕ , and consequently also ϕind,
to

ψ : [l]×N
1×m −→ [l]×N, (i, ˜µ) 7−→ (i,ψ(˜µ)), and

ϕ : F[s]1×l −→ F [N]1×l ,

p =
(

p1, . . . , pl

)

7−→
(

ϕ(p1), . . . ,ϕ(pl)
)

and use the same designations for the new maps. The kernel
of the new map ϕ is I1×l

N = (IN)
1×l . Therefore, we have the

isomorphism

ϕind : F [s]1×l/I1×l
N

∼=
−→ F[N]1×l .

From now on, we assume a term order 4 on [l]×N
1×m.

The surjective map ψ and the total order 4 induce the map

ρ : [l]×N −→ [l]×N
1×m,

(i,µ) 7−→ ρ(i,µ) :=
(

i,ρ2(i,µ)
)

:= minψ−1(i,µ).
(8)

The map ρ is a section of ψ , i.e., the identity ψ ◦ρ = id[l]×N

holds. With

Γ := im(ρ) = ρ([l]×N) =
(

[l]×N
1×m
)

\ deg(I1×l
N ) (9)

(see [13, Lem. 3]), we obtain the bijection

ψ |Γ : Γ←→ [l]×N : ρ , (i, ˜µ) 7−→ ψ(i, ˜µ),

ρ(i,µ)←− [ (i,µ).
(10)

The map ρ induces the F-linear map

χ : F [N]1×l −→ F [s]1×l , σ µ δi 7−→ sρ2(i,µ)δi,

which is a section of ϕ . Its image is the space F(Γ) =
⊕

(i,˜µ)∈Γ Fs˜µδi of polynomials with support in Γ and we
obtain the mutually inverse isomorphisms of F-vector spaces

ϕ |
F(Γ) : F(Γ)←→ F [N]1×l : χ ,

s
˜µδi 7−→ ϕ(s˜µδi) = σψ(˜µ)δi,

sρ2(i,µ)δi = χ(σ µδi)←−[ σ µδi.

(11)

All the objects of this section can be computed. There exist
algorithms for the computation of the lattice ideal IN , for
deciding if µ ∈ Z1×n lies in N and for computing preimages
˜µ ∈ ψ−1(µ), for deciding if p ∈ F [σ ,σ−1] lies in F [N] and
for computing preimages p̃∈ ϕ−1(p), and for computing the
minimal preimages ρ(i,µ) and χ(p), see [2], [15, Alg. 4.5,
Alg. 5.6] and [13, Sec. 3.2].

IV. THE COMPUTATION OF GRÖBNER BASES

For J ⊆ [m] we identify N
1×m = N

1×J ×N
1×([m]\J), ˜µ =

(˜µi)i∈[m] = (˜µJ , ˜µ[m]\J), where ˜µJ = (˜µi)i∈J .

Definition 1. A triple consisting of a finite generating system

θ ⊆Z
1×n of N, a subsetJ⊆P([m]) of the power set of [m]

and a term order 4 on [l]×N
1×m is compatible if the family

(NJ)J∈J, where NJ := ∑i∈J Nθi−, is a conic decomposition

of N and the two conditions

∀J ∈J ∀(i,µ) ∈ [l]×NJ : ρ(i,µ) ∈ [l]×N
1×J (12)

and

∀J ∈J ∀(i, ˜µ) ∈ [l]×N
1×m ∀( j,˜ν) ∈ [l]×N

1×J :
(

(i, ˜µ)4 ( j,˜ν) =⇒ ρ
(

ψ(i, ˜µ)
)

4 ρ
(

ψ( j,˜ν)
)

)

(13)
are satisfied.

In Section VI, we show that compatible data exist for all
finitely generated submonoids N which can be written as a
direct sum N =N

1×m1θ1⊕U(N). From now on, we assume
that θ ,J, and 4 are compatible.

The subset Γ of [l]×N
1×m carries the induced order. By

transferring this order to [l]×N via the bijection (10), we
obtain the total order 6 on [l]×N given by

(i,µ)6 ( j,ν) :⇐⇒ ρ(i,µ)4 ρ( j,ν) (14)

for (i,µ),( j,ν) ∈ [l]×N. Since ρ is in general not linear,
the resulting order 6 is not a group order. However, it is a
generalised term order on [l]×N with respect to the conic
decomposition (NJ)J∈J, see [13, Lem. 9].

Theorem 2 ([13, Thm. 11]). Let U ⊆ F[N]1×l
be a sub-

module and let ˜U := ϕ−1(U) ⊆ F [s]1×l
. Let ˜G be the

reduced Gröbner basis of ˜U with respect to 4. Then G :=
ϕ( ˜G ∩F (Γ)) is a Gröbner basis of U with respect to the conic

decomposition (NJ)J∈J and the generalised term order 6.

Theorem 2 suggests the following method for computing
a Gröbner basis of U with respect to (NJ)J∈J and 6.

Algorithm 3 ([13, Alg. 13]). Let U ⊆ F [N]1×l
be generated

by the rows of the matrix R ∈ F [N]k×l
, i.e., U = F[N]1×k

R.

Let ˜R ∈ F [s]k×l
with ϕ(˜R) = R and let p̃1, . . . , p̃r be genera-

tors of the lattice ideal IN ⊆ F [s]. Then

˜U = F[s]1×(k+lr)
̂R, where ̂R :=





˜R
p̃1 idl...
p̃r idl



 ∈ F [s](k+lr)×l .

(15)
Compute the reduced Gröbner basis ˜G of ˜U with respect to

4. Identify those g̃∈ ˜G with supp(g̃)⊆ Γ, i.e., ρ
(

ψ(i, ˜µ)
)

=
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(i, ˜µ) for (i, ˜µ) ∈ supp(g̃). The images ϕ(g̃) of these g̃ form

a Gröbner basis G of U with respect to (NJ)J∈J and 6.

In the following algorithm, we show how to compute the
normal form of p ∈ F [N]1×l .

Algorithm 4 ([13, Alg. 15]). Let p ∈ F [N]1×l
. A repre-

sentation p = zR + pnf, i.e., a tuple z ∈ F [N]1×k
and the

normal form pnf of p with respect to U, (NJ)J∈J, and 6

can be computed as follows. Find a preimage p̃ ∈ ϕ−1(p).
Use the usual Gröbner bases methods for computing the

normal form p̃nf with respect to ˜U and 4 as well as

(z̃, ẑ1, . . . , ẑr)∈F [s]1×(k+lr)
such that p̃=(z̃, ẑ1, . . . , ẑr)̂R+ p̃nf.

Then pnf = ϕ(p̃nf) and z = ϕ(z̃).

As a side product of the computation of a Gröbner basis
of ˜U in Algorithm 3, one obtains a universal left annihilator
̂L∈F [s]q×k of ̂R, which means that the rows of ̂L generate the
relation module or syzygy module of the rows of ̂R, namely

F[s]1×q
̂L = { p̂ ∈ F [s]1×k; p̂̂R = 0},

see [3, Thm. 3.1.8] and [1, Sec. 5]. In the following algorithm
we show how to use this for computing universal left
annihilators of matrices over the monoid algebra F [N].

Algorithm 5 ([13, Lem. 18]). Let ̂L ∈ F [s]h×(k+lr)
be a

universal left annihilator of the matrix ̂R from (15). Let
˜L :=

(

̂L−i

)

i∈[k]
∈ F [s]h×k

be the matrix which consists of the

first k columns of ̂L. Then ϕ(˜L) ∈ F [N]h×k
is a universal left

annihilator of R.

These algorithms suffer the same worst case complexity
as the Buchberger algorithm on which they are based, and
as over the polynomial ring, in most examples they perform
much better than the worst case. Compared to the methods
of [11], [10], and [9], some overhead is added due to the
computation of the lattice ideal IN and the preimage ˜R.
However, in systems theory, the complexity of the problem
comes mostly from the system itself, i.e., from R, and not
from the underlying space N. This means that deriving IN

is negligible compared to the computation of ˜G and G . The
advantages of the algorithms presented here are that they use
existing, optimised algorithms for the main computational
task and that they are easy to implement.

I have programmed these three algorithms together with
those mentioned in Section III in the computer algebra
system SINGULAR, and I contemplate publishing them as
a library.

Algorithms 3 to 5 form the basis for many computational
tasks in systems theory. We will describe some of those
applications in the following section.

V. SOME APPLICATIONS OF GRÖBNER BASES IN

SYSTEMS THEORY

In this section, we give several examples for the ap-
plication of Gröbner bases in systems theory. As in the
introduction, we interpret the elements of F [N] as difference
operators which act on the space of multi-indexed sequences
W = FN . A matrix R ∈ F [N]k×l gives rise to the system of

homogeneous equations R◦w = 0 and to the solution set or
behaviour

B := ker(R◦ : W l −→W k) = {w ∈W l = (FN)l ; R◦w = 0}.
(16)

A. The Inclusion Problem

Here, we will show when two matrices Ri ∈ F [N]ki×l ,
i = 1,2, describe the same behaviour, i.e., we will give an
exact condition for when the equality ker(R1◦) = ker(R2◦)
holds or, in other words, for when the two matrices describe
equivalent systems of equations.

Since the signal space W = FN is an injective cogenerator
over F [N], it holds that ker(R1◦) ⊆ ker(R2◦) if and only if
the reverse inclusion of the modules generated by R1 and R2

holds, i.e., if and only if U1 := F [N]1×k1R1 ⊇ F[N]1×k2R2 =:
U2 [8, Cor. 48 on p. 29]. This is the case exactly if every
generator of U2 is contained in U1, i.e., one has to check
whether (R2)i− ∈ U1 holds for all i ∈ [k2]. This is known
as the submodule membership problem and the key to its
solution lies in (3), namely, (R2)i− lies in U1 if and only
if its normal form

(

(R2)i−

)

nf with respect to U1 and some

generalised term order on F[N]1×l is equal to zero. This, in
turn, can be checked with Algorithm 4.

The equality ker(R1◦) = ker(R2◦) is checked by verifying
the two inclusions ker(R1◦) ⊆ ker(R2◦) and ker(R1◦) ⊇
ker(R2◦).

B. Controllability

The behaviour (16) is called controllable if the following
four equivalent condtions are satisfied.

1. For all pairs of subsets X1,X2 ⊆ N which are sufficiently
distant4 and for all w1,w2 ∈B and all ν1,ν2 ∈ N there is
a trajectory w ∈B such that

w(µ) = wi(µ−νi) for all µ ∈ Xi∩ (νi +N) for i = 1,2.

2. The behaviour has an image representation or potential,
i.e., there is a matrix P ∈ F [N]l×r for some r ∈ N such
that the map

P◦ : W r −→B, z 7−→ P◦ z,

is well-defined and surjective. In other words, the trajec-
tories of B are parametrised by this map P◦.

3. The factor module M := F [N]1×l/F[N]1×k
R is torsion-

free5.
4. The matrix R is left factor prime, i.e., if R can be written

as a product R = X1R1 of two matrices where R1 has the
same rank as R, then there is a matrix X of appropriate
size such that R1 = XR.

The first condition expresses controllability as the ability to
steer the system from a given trajectory w1 into a desired
one w2.

4The distance of X1 and X2 is defined as inf
{

‖v1−v2‖; vi ∈ Xi, i = 1,2
}

,
where ‖−‖ is an arbitrary norm on Q

1×n.
5M is torsion-free if px = 0 for p ∈ F[N] and x ∈M implies that p = 0

or x = 0.
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Proof. 1.⇐⇒ 2. This has been shown in [16, Thm. 6] for
N = N

1×n1 × Z
1×n2 and in [14, Thm. 24] for general

finitely generated submonoids N ⊆ Z
1×n.

2.⇐⇒ 3. By duality [8, Thm. 56 on p. 33], P◦ being an
epimorphism is equivalent to the map

(·P)ind : M −→ F [N]1×r, p 7−→ pP, (17)

being a monomorphism. Thus, 2. implies that M is torsion-
free. On the other hand, if M is torsion-free, then it can be
embedded in F [N]1×r for some r ∈N [4, p. 44], i.e., there
is a matrix P such that (17) is injective—in other words,
2. holds.

3.⇐⇒ 4. See [8, Thm. 21 on pp. 141, 142].

To decide whether B is controllable, we consider the
largest controllable subbehaviour Bcont = ker(Rcont◦) of B

given by a matrix Rcont ∈ F [N]k
′×l which we will construct

below. The behaviour B is controllable if and only if
B = Bcont and this can be checked via the algorithm in
Section V-A—in fact, since Bcont ⊆ B by definition, one
only has to verify the inclusion B ⊆Bcont, viz. F [N]1×k

R⊇

F [N]1×k′
Rcont.

The method for constructing Rcont is from [8, pp. 143–
144]. First, compute a universal right annihilator of R, i.e.,
a matrix X ∈ F [N]l×r with

XF[N]r = {q ∈ F[N]l; Rq = 0}.

This can be done by computing a universal left annihilator Y

of the transpose R
⊺ of R using Algorithm 5 and setting X :=

Y
⊺. Then compute—again with Algorithm 5—a universal left

annihilator Rcont of X . This matrix has the desired property
ker(Rcont◦) = Bcont.

C. The Cauchy Problem

Here we consider a system of inhomogeneous linear
equations R ◦w = v for given data R ∈ F[N]k×l and v ∈W k

and unknown w ∈W l . The Cauchy problem consists of two
parts. The first one is to find suitable initial value regions
G ⊆ [l]×N such that the solution w—if one exists—can
be chosen freely on G and is then uniquely determined on
[l]×N. The second part of the problem is to give a method
for computing the values of w on the whole space [l]×N.

Let L ∈ F [N]q×k be a universal left annihilator of R. The
equation R ◦w = v has a solution if and only if the inte-
grability conditions L◦ v = 0 are satisfied. This equivalence
is the fundamental principle, see [8, Lem. and Def. 31 on
pp. 23, 24]. It is clear that the condition L◦v= 0 is necessary
for the existence of a solution. To show that it is indeed
sufficient one needs the fact that the signal space W = FN is
injective. Thus one can decide the solvability of the system
using Algorithm 5.

To compute a solution w, let 6 be a generalised term order
on [l]×N with respect to a conic decomposition (NJ)J∈J. We

consider the row module U = F [N]1×k
R⊆ F [N]1×l generated

by the rows of R, its degree set D := deg(U) and the
complement G := ([l]×N)\ deg(U). The following method
for solving the Cauchy problem is from [9].

The zero input operator Hs is the infinite matrix

Hs =
(

Hs
(

(i,µ),( j,ν)
)

)

(

(i,µ),( j,ν)
)

∈([l]×N)×G
such that

(σ µ δi)nf = ∑
( j,ν)∈G

Hs
(

(i,µ),( j,ν)
)

σνδ j for (i,µ) ∈ [l]×N,

(18)
i.e., its (i,µ)-th row consists of the coefficients of the normal
form of σ µδi. Its action on x ∈ FG is given as

(Hsx)i(µ) = ∑
( j,ν)∈G

Hs
(

(i,µ),( j,ν)
)

x j(ν)

for (i,µ) ∈ [l]×N.
To introduce the zero state operator H , let H(i,µ) ∈

F [N]1×k be such that

σ µδi− (σ µδi)nf = H(i,µ)R (19)

and define the infinite matrix

H =
(

H
(

(i,µ),(q,η)
)

)

(

(i,µ),(q,η)
)

∈([l]×N)×([k]×N)
via

H(i,µ) = ∑
(q,η)∈[k]×N

H
(

(i,µ),(q,η)
)

ση δq for (i,µ) ∈ [l]×N.

(20)
The action of this matrix on v ∈ ker(L◦)⊆W k is given by

(H v)i(µ) = ∑
(q,η)∈[k]×N

H
(

(i,µ),(q,η)
)

vq(η)

for (i,µ) ∈ [l]×N.
While the zero input operator Hs is unique, the represen-

tation of σ µδi−(σ µδi)nf as a linear combination of the rows
of R is not unique in general, and consequently, the matrix
H is not unique either. However, the map v 7−→H v for
v ∈ ker(L◦) is unique.

As can be seen from Equations (18), (19), and (20), for any
given (i,µ)∈ [l]×N, the corresponding row of the row finite
matrices Hs and H can be computed with Algorithm 4.

Theorem 6 ([9, Thm. 5]). Let R ∈ F [N]k×l
and v ∈ (FN)k.

Assume that the equation R ◦w = v is solvable, i.e., that

L◦ v = 0, where L is a universal left annihilator of R. Then

the following holds:

1. The map

{

w ∈ (FN)l; R◦w = 0
} ∼=
−→ FG, w 7−→ w|G

is an isomorphism of F-vector spaces. This means that

G = ([l]×N) \ deg(U) is an initial value region for the

system R◦w = v.

2. Let x∈FG. The unique solution w of R◦w= v with w|G =
x is w = Hsx+H v. Explicitly, for (i,µ) ∈ [l]×N, this

means that

wi(µ) = ∑
( j,ν)∈G

Hs
(

(i,µ),( j,ν)
)

x j(ν)

+ ∑
(q,η)∈[k]×N

H
(

(i,µ),(q,η)
)

vq(η).
(21)

Proof. We show only that the formula (21) holds true and
refer the reader to [9, Thm. 5] for a complete proof. Let
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(i,µ) ∈ [l]×N. From wi(µ) =
(

σ µδi ◦w
)

(0) and σ µδi =
(σ µδi)nf +H(i,µ)R follows that

wi(µ) =
(

(σ µ δi)nf ◦w
)

(0)+
(

(H(i,µ)R)◦w
)

(0)

=
(

(σ µ δi)nf ◦w
)

(0)+
(

H(i,µ) ◦ (R◦w)
︸ ︷︷ ︸

=v

)

(0)

(18),(20)
= ∑

( j,ν)∈G

Hs
(

(i,µ),( j,ν)
)((

σν δ j ◦w
)

(0)
)

+ ∑
(q,η)∈[k]×N

H
(

(i,µ),(q,η)
)((

ση δq ◦ v
)

(0)
)

= ∑
( j,ν)∈G

Hs
(

(i,µ),( j,ν)
)

w j(ν)
︸ ︷︷ ︸

=x j(ν)

+ ∑
(q,η)∈[k]×N

H
(

(i,µ),(q,η)
)

vq(η)

= (Hsx)i(µ)+ (H v)i(µ).

VI. COMPATIBLE DATA IN THE DIRECT SUM CASE

In this section, we construct compatible data for the case
that the finitely generated submonoid N ⊆ Z

1×n is the direct
sum of a pointed submonoid and a group, which enables us
to use Algorithms 3, 4 and 5.

If (θ ,J,4) is compatible data for N, then one obtains
compatible data (θ ,J,4′) for [l]×N via the generalised
position-over-term order

(i, ˜µ)4′ ( j,˜ν) :⇐⇒ i < j or
(

i = j and ˜µ 4 ˜ν
)

.

Similarly, one can define a term-over-position order. There-
fore, we assume for simplicity in the following that l = 1,
i.e., that [l]×N = N.

Let N = N
1×mθ be generated by a matrix θ ∈ Z

m×n and
let U(N) := {µ ∈N; −µ ∈N} denote the group of invertible
elements of N. We re-arrange the rows of θ such that its first
m1 rows do not and the last m2 := m−m1 rows do lie in
U(N), and write θ =

(

θ1
θ2

)

∈ Z
m×n = Z

(m1+m2)×n. Accord-

ing to [14, Lem. 12], the submonoid N
1×m1θ1 is pointed,

N
1×m2θ2 = U(N), and moreover N = N

1×m1θ1 +U(N) and
N

1×m1θ1 ∩U(N) = {0}. Contrary to intuition, the last two
identities do not imply in general that N =N

1×m1θ1 +U(N)
is a direct sum, i.e., representations µ = µ1 + µ2 with µ1 ∈
N

1×m1θ1 and µ2 ∈U(N) are generally not unique, as can be
seen in the following example.

Example 7. Let N = N
1×mθ ⊆ Z

1×2 be the submonoid
generated by the rows of the matrix

θ =

(

θ1

θ2

)

=







1 0
2 1

0 2
0 −2






, (22)

see Figure 1 for a sketch. The rows of θ are already arranged
such that the last two ones generate the group U(N). The
point (4,2) ∈ N can be written in two ways as

(4,2) = 4 · (1,0)+ (0,2) = 2 · (2,1)+ 0,

where in both sums the first summand lies in the pointed
part N

1×m1θ1 and the second summand lies in the group

-2 -1 0 1 2 3 4 5 6
-4

-3

-2

-1

0

1

2

3

4

Fig. 1. The submonoid generated by the rows of the matrix θ from (22).
The elements of the submonoid are marked by • and the generators are
additionally marked by ◦

N
1×m2θ2 = U(N). Clearly, the representations are different

and thus the sum N = N
1×m1θ1 +U(N) is not direct.

Even though the pointed part N
1×m1θ1 depends on the

generating matrix θ , it can be easily seen that independently
of θ , the sum is never direct. Thus this phenomenon is an
inherent property of the submonoid N.

In the following lemma, we give a criterion for checking
whether the sum N

1×m1θ1 +U(N) is direct.

Lemma 8. The sum N =N
1×m1θ1+U(N) is direct, i.e., N =

N
1×m1θ1⊕U(N), if and only if Z1×m1 θ1∩U(N) = {0}.

Proof. =⇒. Let µ ∈Z1×m1θ1∩U(N). Then µ can be written
as µ = ν−η ∈Z1×m1θ1 =N

1×m1θ1−N
1×m1θ1. This leads

to ν +0 = ν = η +µ ∈N
1×m1θ1 +U(N). By assumption,

the sum is direct and we conclude that ν = η and µ = 0.
⇐=. The subgroups Z

1×m1θ1 and U(N) of ZN intersect in
zero only, therefore we have a direct sum Z

1×m1θ1⊕U(N).
Since N

1×m1θ1 ⊆ Z
1×m1 θ1, the sum N

1×m1θ1 +U(N) is
also direct.

The group Z
1×m1θ1 = N

1×m1θ1 −N
1×m1θ1 is generated

over N by the rows of θ1 and −θ1 and thus a finitely
generated submonoid. In [13, Lem. 25, 2.], it is shown
that the intersection of two finitely generated submonoids is
again a finitely generated submonoid and this proof contains
an algorithm for computing its generators. Therefore, the
intersection condition of Lemma 8 can be checked algorith-
mically.

From now on, we assume that the sum N = N
1×m1θ1 +

U(N) is direct. We identify N
1×m = N

1×m1 ×N
1×m2 ∋ ˜µ =

(˜µ1, ˜µ2) and define the parametrisations

ψi : N
1×mi −→N

1×miθi, ˜µi 7−→ ˜µiθi, for i = 1,2.

Then ψ(˜µ) = ψ1(˜µ1) + ψ2(˜µ2) ∈ N
1×m1θ1 ⊕U(N) is the

unique representation of ψ(˜µ).
Now we give compatible data first for the pointed part

N
1×m1θ1, then for the group U(N), and finally we put both

together and obtain compatible data for N.

A. Pointed Submonoids

With J1 := {[m1]} the family (NJ1 )J1∈J1
= (N1×m1 θ1) is

trivially a conic decomposition of N1×m1θ1 and a relation 61

on N
1×m1θ1 is a generalised term order with respect to this

trivial decomposition if and only if it is a term order.
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To construct such a term order 61 on N
1×m1θ1, we proceed

similarly as in the polynomial case, see [12]. We choose
h linearly independent elements α1, . . . ,αh ∈ R

1×n from the
dual cone of N

1×m1θ1, i.e., the αi satisfy that µα
⊺

i > 0 for
all µ ∈ N

1×m1θ1. Let A ∈ R
h×n be the matrix whose rows

are the αi, i.e., Ai− = αi for i = 1, . . . ,h and define

µ 61 ν :⇐⇒ µA
⊺
6lex νA

⊺
,

where 6lex is the lexicographic order on R
1×h. If h is large

enough, then 61 is a term order on N.
We obtain a term order 41 on the parameter space N

1×m1

via

˜µ1 41 ˜ν1 :⇐⇒ ψ1(˜µ1)<1 ψ1(˜ν1)

or
(

ψ1(˜µ1) = ψ1(˜ν1) and ˜µ1 41′ ˜ν1
)

,

where an arbitrary term order 41′ on N
1×m1 is used to break

the ties. Then (θ1,J1,41) is compatible.

B. Subgroups

Here, we give an example for compatible data for
N

1×m2θ2 = U(N) = Z
1×k. In general, U(N) is a subgroup

of Z
1×n and thus isomorphic to Z

1×k for some k ∈ N [5,
p. 38 and Thm. 7.3], which legitimates the identification.

Let θ2 :=
(

idk
− idk

)

∈ Z
2k×k, which means in particular that

m2 = 2k, and define

J2 := {J ⊆ [2k]; ∀ j ∈ [k] : either j ∈ J or j+ k ∈ J}.

These θ2 and J2 furnish the conic decomposition of Z
1×k

into its 2k orthants. Due to this special decomposition, the
triple (θ2,J2,42) forms compatible data for any term order
42 on N

1×2k = N
1×m2 , see [13, Sec. 7.1], [10, Ex. 2.1].

For an alternative conic decomposition of Z1×k, a gener-
alised term order with respect to it, and for corresponding
compatible data, see [13, Sec. 7.2] and [10, Ex. 2.4, Ex. 2.5].

C. The Direct Sum Case

Now we derive compatible data for N = N
1×m1θ1 ⊕

N
1×m2θ2, where N

1×m1θ1 is pointed and N
1×m2θ2 = U(N).

Let (θi,Ji,4i) be compatible data for N
1×miθi, i = 1,2,

with J1 = {[m1]}. By 61 we denote the term order which
41 induces on N

1×m1θ1 as in (14). We define

J := {[m1]∪ (m1 + J2); J2 ∈J2} ⊆P([m])

and an order 4 on N
1×m = N

1×(m1+m2) ∋ ˜µ = (˜µ1, ˜µ2) via

˜µ 4 ˜ν :⇐⇒ ψ1(˜µ1)<1 ψ1(˜ν1)

or
(

ψ1(˜µ1) = ψ1(˜ν1) and ˜µ2 ≺2 ˜ν2

)

or
(

ψ1(˜µ1) = ψ1(˜ν1) and ˜µ2 = ˜ν2 and ˜µ1 41′ ˜ν1

)

,

(23)
where 41′ is an arbitrary term order on N

1×m1 , which we use
to break ties. Since ψ1 is a linear map, the relation 4 is a
term order on N

1×m. We use the parametrisation ψ(˜µ) = ˜µθ ,
the section ρ : N −→N

1×m, µ 7−→min4 ψ−1(µ) as well as
the sections ρi : N

1×miθi −→ N
1×mi , µi 7−→ min4i

ψ−1
i (µi)

for i = 1,2.

Theorem 9. The triple (θ ,J,4) is compatible data for N =
N

1×m1θ1⊕U(N).

Proof. The family (NJ)J∈J is clearly a conic decomposition
of N. Before we show that the term order 4 has the necessary
properties, we prove as a preparation that for µ = µ1 +µ2 ∈
N = N

1×m1θ1⊕U(N) the identity

ρ(µ) =
(

ρ1(µ1),ρ2(µ2)
)

(24)

holds. Clearly,
(

ρ1(µ1),ρ2(µ2)
)

∈ ψ−1(µ). Let (˜µ1, ˜µ2) ∈
ψ−1(µ). From

µ1 + µ2 = ψ1(˜µ1)+ψ2(˜µ2) ∈ N
1×m1θ1⊕U(N)

we infer that ψi(˜µi) = µi and therefore ρi(µi) 4i ˜µi for
i = 1,2. This, together with the definition of 4 implies that
(

ρ1(µ1),ρ2(µ2)
)

4 (˜µ1, ˜µ2) and the assertion follows.
4 satisfies (12). Let J ∈J and µ ∈ NJ . Let J2 ∈J2 be

such that J = [m1]∪ (m1 + J2). We write µ = µ1 + µ2 ∈
NJ = N

1×m1θ1 ⊕N
1×J2θ2 ⊆ N

1×m1θ1 ⊕U(N). Since 42

has the property (12), we have that ρ2(µ2) ∈N
1×J2 . This,

together with our preparation (24), implies that ρ(µ) =
(

ρ1(µ1),ρ2(µ2)
)

∈ N
1×m1×N

1×J2 = N
1×J .

4 satisfies (13). Let J ∈J, ˜µ ∈ N
1×m, and ˜ν ∈ N

1×J with
˜µ 4 ˜ν . If ψ1(˜µ1) <1 ψ1(˜ν1) then ψ1

(

ρ1

(

ψ1(˜µ1)
))

=
ψ1(˜µ1), Equation (24), the analogous expressions for ˜ν ,
and the definition of 4 imply that ρ

(

ψ(˜µ)
)

≺ ρ
(

ψ(˜ν)
)

.
In the case that ψ1(˜µ1) = ψ1(˜ν1), the assumption ˜µ 4 ˜ν
implies that the relation ˜µ2 42 ˜ν2 holds. Let J2 ∈J2
be such that J = [m1]∪ (m1 + J2). Then ˜ν2 ∈ N

1×J2 and,
since 42 satisfies (13), it follows that ρ2

(

ψ2(˜µ2)
)

42

ρ2
(

ψ2(˜ν2)
)

. Furthermore, ψ1(˜µ1) = ψ1(˜ν1) implies that
ρ1
(

ψ1(˜µ1)
)

= ρ1
(

ψ1(˜ν1)
)

. Using these two facts, Equa-
tion (24), and the definition of 4 we conclude that
ρ
(

ψ(˜µ)
)

4 ρ
(

ψ(˜ν)
)

.

Example 10. To finish this section, we return to the special
case N = N

1×n1 × Z
1×n2 . We parametrise N

1×n1 by the
identity. Then the term oder 4 from (23) is given by

˜µ 4 ˜ν ⇐⇒ ˜µ1 ≺1 ˜ν1 or
(

˜µ1 = ˜ν1 and ˜µ2 42 ˜ν2
)

,

i.e., we have a term order which favours the timelike vari-
ables lexicographically over the space variables.

VII. EXAMPLE

In this section, we demonstrate the algorithms of this
article in a comprehensive example.

We use the submonoid N = N× Z ⊆ Z
1×2 which we

parametrise via the rows of

θ =

(

θ1

θ2

)

=

(

1 0

0 1
0 −1

)

.

This gives rise to the parametrisation

ψ : F[s] = F [s1,s2,s3]−→ F [N] = F[N×Z],

s1 7−→ σ1, s2 7−→ σ2, s3 7−→ σ−1
2 ,

of the monoid algebra. Its kernel is the lattice ideal IN =
ker(ψ) = F [s]p with p = s2s3 − 1. We use the conic de-
composition (N1,N2) with N1 = N×N and N2 = N× (−N).
According to Example 10, any term order where s1 is greater
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than any monomial si
2s

j
3 leads to compatible data for N and

we choose the lexicographic term order 4lex on N
1×3. On

[2]×N
1×3 we use the lexicographic term-over-position term

order 4 to obtain compatible data.
Let U = F[N]1×3

R⊆ F [N]1×2 be given by the rows of

R =

(

σ 2
1 σ1−1

σ1+σ2 σ 2
2−1

σ 3
1+σ1σ2+σ 2

2 σ 2
1−σ1+σ 3

2−σ2

)

∈ F [N]3×2.

The preimage ˜U = ψ−1(U) = F [s]1×5
̂R ⊆ F [s]1×2 is gener-

ated by the rows of

̂R =

(

˜R

p id2

)

=









s2
1 s1−1

s1+s2 s2
2−1

s3
1+s1s2+s2

2 s2
1−s1+s3

2−s2

s2s3−1 0
0 s2s3−1









∈ F [s](3+2)×2,

where ψ(˜R) = R. The reduced Gröbner basis of ˜U with
respect to 4 and written as a matrix is

˜G =









0 s2s3−1
s2s3−1 0

s1+s2 s2
2−1

1 2s1s2
3−s1+s2−s2

3−s3

−s2 s1s2−2s1s3−s2
2+s3+1









.

Only the first two rows of ˜G contain terms whose exponents
lie in deg(IN), the images of the remaining rows under ψ
form the Gröbner basis

G =

(

σ1+σ2 σ 2
2−1

1 2σ1σ−2
2 −σ1+σ2−σ−2

2 −σ−1
2

−σ2 σ1σ2−2σ1σ−1
2 −σ 2

2 +σ−1
2 +1

)

of U with respect to the conic decomposition (N1,N2) and
the generalised term order 6 which is induced on [2]×N by
4. From the leading terms of G or of ˜G we can read off the
degree set of U , namely

deg(U) =
((

1,(1,0)
)

+(N×Z)
)

∪
((

2,(1,−2)
)

+N2
)

∪
((

2,(1,1)
)

+N1)
)

,

see Figure 2. According to Algorithm 5, the images of the
first three columns of the universal left annihilator

̂L =

(

0 −s2s3+1 0 s1+s2 s2
2−1

s1 s2 −1 0 0
s2s3−1 −s1s2s3+s1+s2

2s3−s2 0 −s2
2 s1s2−2s−1−s3

2+s2+1

)

of ̂R give rise to a universal left annihilator L = (σ1,σ2,−1)
of R. We omitted two zero rows.

Let v ∈ (FN)3 be such that L◦ v = 0. To obtain the value
w2(1,−3) of a solution w of R ◦w = v, we compute the
representation

s1s3
3δ2 =

1
2

(

s3
3 −s1s3

3+s2s3
3 0 ∗ ∗

)

̂R+ 1
2

(

−s3 s1s3+s3
3+s2

3−1
)

.

By applying ψ we derive

σ1σ−3
2 δ2 =

1
2

(

σ−3
2 −σ1σ−3

2 +σ−2
2 0

)

R

+ 1
2

(

−σ−1
2 σ1σ−1

2 +σ−3
2 +σ−2

2 −1
)

,

where the second summand is the normal form of σ1σ−3
2 δ2,

and we conclude that

w2(1,−3) = 1
2

(

v1(0,−3)− v2(1,−3)+ v2(0,−2)

−w1(0,−1)+w2(1,−1)+w2(0,−3)

+w2(0,−2)−w2(0,0)
)

.
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Fig. 2. The degree set of the module U from Section VII. The first
component is plotted in the left graph, the second in the right one. The
points in the degree set are marked by •, the ones not in the degree set by
×. In addition, the degrees of the Gröbner basis elements are marked by ◦.

For the computation of w2(1,−3) we need only values of w

on points in the initial value area ([2]×N)\ deg(U).
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Generalised Rigidity and Path-Rigidity for Agent Formations

Geoff Stacey, Robert Mahony and Jochen Trumpf1

Abstract— The classical concept of rigidity characterises con-
ditions under which distance constraints between agents in R3

enforce a rigid structure on the whole collection of agents. The
present paper has two goals. Firstly, we propose a generalised
theory for rigidity to allow heterogeneous agent states on
non-Euclidean spaces and general non-linear relative state
constraints. To do this, we characterise rigidity as an invariance
property with respect to a topological group action that is
introduced as a natural structure in the problem formulation.
Secondly, we use this new framework to formulate a new
concept of path-rigidity, which captures the property that allows
a rigid formation to be steered continuously between any
two configurations that are congruent. This is an important
property for path planning and control of rigid formations.
The main result of the second part of the paper provides a
simple and easily checked condition to determine if a globally
rigid formation is also path-rigid.

I. INTRODUCTION

Over the past few decades, the classical concept of rigidity
[8] involving distance constraints between nodes in R2 or R3

has drawn widespread interest for applications such as the
design of beam structures or the study of chemical molecules
(see e.g. the collection of references in [13]). Recently, more
general notions of rigidity have been applied to problems of
network localisation [5], computer-aided design (CAD) [10]
and formation control [1].

In formation control, rigidity theory can not only be used
to determine whether a desired formation is uniquely defined
by the available sensor measurements, but it can also play a
key role in the control analysis [1]. While numerous control
architectures have been proposed for formations based on
classical range-only constraints with states in R2 or R3 [9],
[3], growing interest in the use of other sensor modalities
and more general agent state-spaces has led to the need
for a more general development of the concepts of rigidity.
For example, formations based only on relative bearing or
direction measurements [4], [6] will always be invariant to
scale, and are therefore never rigid in the normal sense.
To address this, the term parallel rigidity [4] has been
specifically introduced. However, this ad-hoc definition is
no longer valid for scenarios that combine direction and
distance constraints [12]. A major limitation of the literature
in dealing with such situations is the dependence of classical
rigidity theory on agent states lying in Euclidean space, while
common measurement modalities (e.g. bearings) depend on
the full pose of agents. We note a recent exception that
considers rigidity with regard to states in SE(2) [14].

1G. Stacey, R. Mahony and J. Trumpf are with the Research School
of Information Science and Engineering, Australian National Univer-
sity, ACT 2601, Australia. {geoffrey.stacey, robert.mahony,
jochen.trumpf}@anu.edu.au

In [10], rigidity is interpreted as a type of symmetry action
of a group. This formulation has been used to solve system
constraints in Computer Aided Design (CAD) applications.
A similar formulation has been used for the notion of affine
rigidity [7]. Apart from these few references there appears
to be little other work in this direction and to the best of
the authors’ knowledge, there is no general formation of
rigidity based on invariance principles. In particular, the
authors are not aware of any existing theory that allows
the case of heterogeneous (non-Euclidean) agent states as is
necessary in modern robotics applications with formations
of different vehicles and multiple sensor modalities. Clearly,
as autonomous vehicle sensor networks and agent models
become more sophisticated, there is a strong motivation to
generalise existing rigidity theory so that it may be more
readily and more widely applied.

In this paper, we present a general framework for rigidity
analysis based on invariance principles. Although we use
formation control as a primary motivation, the proposed
framework is general and will apply to a wide range of
applications. We define rigidity in the context of an explicit
symmetry action on the full state-space that preserves a spec-
ified set of state constraints. We define generalised rigidity
by the condition that the only transformations admitted by the
constraints are those associated with the natural symmetry. A
particular benefit of the proposed framework is that neither
the vehicles, nor the relative state constraints, need to lie
in identical state-spaces. We develop generalised rigidity
theory to the extent that we define and motivate the classical
concepts of local rigidity and global rigidity. In the second
part of the paper we propose a new concept of path-rigidity.
This concept captures the particular case of a globally
rigid system where any two congruent configurations are
connected by a continuous path preserving all constraints,
allowing the formation to be steered from one configuration
to the other. The principal technical result is the derivation of
an easily verifiable group theoretic characterisation of path-
rigidity for a globally rigid system.

Following the present introduction, Section II formally
introduces the system structure necessary for the framework
and defines helpful terminology. In Section III we present
the formal definition of generalised rigidity for formations,
followed by some analysis and discussion with regard to
path-rigidity in Section IV. Finally, we provide a brief
conclusion in Section V.

II. PROBLEM FORMULATION

In this section we develop the framework with which
we study rigidity, and introduce some key concepts for the
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discussion. The formulation applies to a very broad class
of agent state-spaces and sensor modalities, with a topo-
logical group describing the symmetries of the system. The
generality of the formulation is a significant consideration
in this paper, and we demonstrate it with several examples.
Subsection II-A models the full state-space and the available
sensor measurements, along with associated assumptions.
Subsection II-B then introduces the notions of symmetry with
which we define rigidity.

A. Generalised agent networks and formations

Consider a system whose full state x lies in a topo-
logical space Mτ ∶= (M, τ(M)), where τ(M) denotes
a Hausdorff topology on the set M. We envision the full
state x being derived from the individual states of n agents;
however, we do not specify a particular construction of the
full state-spaceMτ from the individual state-spaces, in order
to preserve the generality of our formulation.

Example 2.1: A simple and very common scenario is
where the ith agent state xi lies in a Hausdorff topological
spaceMτ

i , and the full system state lies in the product space
M℘ ∶= ∏

n
i=1M

τ
i . In this case, M℘ inherits the Hausdorff

property from the individual state-spacesMτ
i . Note that this

construction does not assume the individual state-spaces to
be identical, i.e. we do not require Mτ

i =M
τ
j for i ≠ j. ◇

Example 2.2: To motivate the consideration of non-
product structures for Mτ , suppose that all agent states
xi ∈ M

τ
i lie in the same Hausdorff topological space (i.e.

that Mτ
i = Mτ

j for all i, j ∈ {1, . . . , n}), and that the
agents are regarded as interchangeable (i.e. that we are
not concerned with which agent assumes each position). In
this case, a state x̃ = (x1, . . . , xn) in the product space
M℘ is equivalent to another state x̃′ ∈ M℘ if it can be
obtained from x̃′ by switching the positions of the agents
(or reassigning the agent indexes). Let Pn(x̃) denote the
group of permutations of the n-tuple x̃; that is, σ(x̃) ∶=

(σ1(x̃), . . . , σn(x̃)) for σ ∈ Pn(x̃), with each σi(x̃) = xj
for some j ∈ {1, . . . , n} and each j appearing exactly once
in the list. With interchangeable agents, the full system
state x lies in the quotient space Mτ ∶= M℘/ ∼, where
x̃ ∼ x̃′ ⇔ ∃σ ∈ Pn(x̃) ∶ x̃

′ = σ(x̃) defines an equivalence
relation for x̃, x̃′ ∈M℘. The quotient topology τ(M) is the
final topology of the natural projection π ∶M℘ →M℘/ ∼;
equivalently, a set U ⊆Mτ is open if and only if the pre-
image π−1(U) ⊆M℘ is open. Observe that the map π is open
since the equivalence relation maps open sets to a union of
open sets. Furthermore, the graph of the equivalence relation
is closed in M℘ ×M℘ since it is the product of M℘ with a
finite number of singletons corresponding to the permutations
of the agents. These conditions ensure that the quotient space
Mτ is Hausdorff [11, Proposition 7.1.6]. ◇

Example 2.3: A further practical consideration is the ex-
clusion of some points from a product space M℘. Consider
a collection of physical vehicles in a common state-space,
i.e. where xi ∈Mτ

i and Mτ
i =M

τ
j for all i ≠ j. With this

arrangement, the case where xi = xj is not physically feasible
since the vehicles cannot be physically co-located. Such

points can be problematic for particular sensor modalities,
e.g. direction measurements become ill-defined when the
agents are co-located (see Example 2.10). For the purposes
of rigidity analysis, it is therefore appropriate to consider the
state-space Mτ ∶=M℘ ∖Wτ , where Wτ ∶= {x ∈M℘ ∣ xi =
xj for some i ≠ j}. Here, Mτ is an open subset of M℘,
and has the induced topology of the product space; i.e., a
set U ⊆ Mτ is open if and only if it is open as a subset
U ⊆ M℘. We emphasise that Mτ is not a product space;
each vehicle can assume any state in Mτ

i , but its position
imposes a constraint on those of the others. ◇

The state of the system is measured by an output map
h ∶ Mτ → Y , which will be used to specify constraints
on the system state. For the general notion of rigidity, we
do not require a topology on the output space Y . Should
a topology τ(Y) be considered, we denote the topological
space by Yτ . We will use y ∶= h(x) to denote the particular
output value of a state x. Throughout the following examples
and remarks, we will commonly suppose h(x) is composed
of m individual sensor modalities as outlined in Remark 2.4.

Remark 2.4: The typical interpretation of this formulation
is that y = (y1, . . . , ym) will be composed of m individual
state measurements yk, each of which corresponds to an
available sensor modality hk ∶ Mτ → Yk with Y℘ ∶=

∏
m
k=1Yk. Often, a sensor modality hk will not be a function

of the full state x, but will instead describe a relative
measurement between only two agent states. We emphasise
that the individual sensor modalities hk or the output spaces
Yk need not be the same, and we will also consider cases
where Y does not possess a product structure. ◇

Remark 2.5: Although a topology on Y (or Yk) is often
not strictly required for rigidity analysis, it is desirable
for many applications that h(x) be continuous (or even
differentiable). For example, this may be the case when h(x)
is used to derive a control law for a group of vehicles.
We will therefore provide some discussion concerning the
continuity of hk in the sequel, with the assumption of at
least a T0 (Kolmogorov) topology on Y (or each Yk). Note
that some common sensor modalities (e.g. directions, see
Example 2.10) are not continuous with any finer topology.
The product space Y℘ will inherit the T0 property, and also
preserve the continuity of each hk(x). ◇

Remark 2.6: We emphasise that for this paper we are
not interested in the availability of a measurement yk to
particular agents in the system. Rigidity is concerned only
with whether certain constraints yk = y⋆k are satisfied; the
information topology of the network only becomes relevant
when considering applications such as control algorithms. ◇

Remark 2.7: Although we regard hk as a sensor modality,
it may alternatively be interpreted as a task function that
measures the system state with respect to a goal. Examples
of task functions are described in [2]. ◇

Example 2.8: Consider two agents with states xi, xj ∈ Rd
(for d ≥ 1), and a product structure on the full state-space.
A range or distance measurement between these agents is
given by

yk ∶= hk(x) ∶= ∥xi − xj∥ ∈ R≥0, (1)
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where ∥ ⋅ ∥ denotes the Euclidean norm of a vector and R≥0

denotes the set of nonnegative real numbers. ◇

Example 2.9: Consider two agents with states1 Xi,Xj ∈

SE(3) in the Special Euclidean group of dimension 3,
and a product structure on the full state-space. The matrix
representation of each state is

Xi ∶= (
Ri ξi
0⊺3 1

) ,

where Ri ∈ SO(3) is a 3×3 rotation matrix (i.e. an orthogonal
matrix of determinant 1), 03 denotes the 3 × 1 zero vector
and ξi ∈ R3. Let ẙj ∈ R3 be a point fixed with respect to
the coordinate frame Xj (typically the origin). A position
measurement of ẙj from agent i is described using a sensor
modality hk ∶ SE(3) × SE(3)→ R3 as follows:

ȳk ∶= hk(X) ∶=XiX
−1
j

¯̊yj . (2)

Here, v̄ ∶= (v⊺,1)⊺ denotes a vector v expressed in homo-
geneous coordinates. The intuition here is that yk expresses
the position of ẙj with respect to the body-fixed frame Xi.◇

Example 2.10: Consider two agents with states xi, xj ∈

R3 and a product structure on the full state-space. An inertial
direction measurement between agents i and j is defined by

yk ∶= hk(x) ∶=

⎧⎪⎪
⎨
⎪⎪⎩

(xi−xj)
∥xi−xj∥ ∈ S

2 xi ≠ xj

ℵ otherwise,
(3)

where S2 denotes the unit sphere. The measurement space is
Yk ∶= {S2 ∪ {ℵ}}, which we give the T0 topology τ(Yk) ∶=
{τ(S2),{S2 ∪ {ℵ}}} to make hk(x) continuous. Note that
this is the final topology with respect to hk(x), i.e. there is
no T1 topology such that hk is continuous. ◇

In some scenarios, a sensor may detect another vehicle
without identifying which vehicle it is.

Example 2.11: Suppose agent p is equipped with a sensor
modality hk(x) that measures the range to each other agent,
without differentiating which agent corresponds to which
distance. We model this sensor modality as a mapping

hk(x) ∶= {∥xi − xp∥}i≠p ∈ Y
τ
k , (4)

where Yτk ∶= Rn−1
≥0 / ∼yk . Here, the equivalence relation is

defined by yk ∼yk y
′
k⇔ ∃σ ∈ Pn−1(yk) ∶ y

′
k = σ(yk). ◇

We now provide a generalised definition of an agent
network, based on the state x ∈Mτ and output y ∈ Y .

Definition 2.12: A generalised agent network N ∶=

(Mτ ,Y, h) consists of a Hausdorff topological space Mτ ,
an output space Y and an output map h ∶Mτ → Y . ◇

Although our generalised notion of an agent network does
not involve a graph structure, it allows a similar interpretation
to the classical concept of a network via the construction of
Mτ and h, as illustrated by the prior examples and remarks.
For convenience, we will simply use the term agent network
for this generalised form in the sequel. For the discussion of
agent networks we introduce the following concepts.

Definition 2.13: A configuration of an agent network
N ∶= (Mτ ,Y, h) is specified by a fixed state x ∈Mτ . ◇

1We use capital letters to indicate states with a matrix representation.

Remark 2.14: The popular concept of a framework [8],
[9], [14] is defined by an agent network N ∶= (Mτ ,Y, h)
along with a configuration x ∈Mτ . We do not use the notion
of a framework in this paper. ◇

Definition 2.15: For a given agent network N ∶=

(Mτ ,Y, h), two configurations x,x′ ∈ Mτ are equivalent
[8] or indistinguishable if y = h(x) = h(x′) = y′. ◇

A major advantage of our framework is that it accommo-
dates somewhat more general structures than those allowed
in existing rigidity formulations; for example, we can con-
sider state-dependent network topologies (Remark 2.16) and
interchangeable agents (Remark 2.17).

Remark 2.16: In practical scenarios it is commonly the
case that a sensor (such as an onboard camera) has a limited
field of view, i.e. that the availability of a measurement yk
depends upon the states of certain agents. Such situations can
be appropriately modelled in our framework by augmenting
a measurement space Ỹk with an additional point ℵ (i.e. to
obtain Yk ∶= Ỹk ∪ {ℵ}). This point is used to indicate that
the measurement is not available, which can itself be useful
knowledge of the system state. ◇

Remark 2.17: Consider the case of interchangeable agents
as described in Example 2.2, where ∼ denotes the equivalence
relation of agent permutations. Let h̃ ∶ M℘ → Yτ be a
continuous sensor modality, and suppose x̃ ∼ x̃′ implies that
x̃, x̃′ ∈M℘ are indistinguishable, i.e. that h̃(x̃) = h̃(x̃′). Let
π ∶ M℘ → Mτ be the natural projection to the quotient
space M℘/ ∼. The universal property of quotient spaces
then ensures the existence of a unique continuous map
h ∶ Mτ → Yτ such that h̃ = h ○ π. The existence of such
a map h shows that our formulation readily accommodates
this scenario. ◇

Example 2.18: Consider a group of four agents, where
agents 1 and 2 are both equipped with a range sensor that
does not distinguish between other agents, as in Exam-
ple 2.11. The quotient structure of the measurement space
Yτk means that agents 3 and 4 are indistinguishable, and
can therefore be regarded as interchangeable. Agents 1 and
2 are not indistinguishable because the measurements y1

and y2 correspond to measurements from agents 1 and 2,
respectively (i.e. the full measurement space has the product
topology Y℘ ∶= Yτ1 ×Y

τ
2 ). However, we could choose to make

them indistinguishable by defining an equivalence relation
(y1, y2) ∼y (y2, y1) on Y℘ (independent of the equivalence
relation on each Yτk described in Example 2.11), and using
the measurement space Yτ ∶= Y℘/ ∼y . This would enable us
to regard agents 1 and 2 as an interchangeable pair, and
agents 3 and 4 as another interchangeable pair, with the
output map h remaining well-defined on the corresponding
quotient space Mτ ∶=M℘/ ∼. In this way, we can create a
network of several different types of agents, with all agents
of each type being interchangeable. ◇

The following definition formalises the concept of an agent
formation, which is associated with a fixed output y⋆ ∈ Y .

Definition 2.19: For a given agent network N ∶=

(Mτ ,Y, h) on a Hausdorff topological spaceMτ , a forma-
tion F(y⋆) is defined as the set of configurations x ∈Mτ
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such that h(x) = y⋆. That is,

F(y⋆) ∶= {x ∈Mτ
∣ y = h(x) = y⋆}. ◇

Conceptually, a configuration fixes the state x ∈ Mτ of
the system while a formation is the set of configurations in
the pre-image of a fixed output y⋆ ∈ Y . We may alternatively
regard F(y⋆) as the set of configurations that are equivalent
to some reference configuration x̊ ∈Mτ that generates the
reference measurement y⋆ = h(x̊). It should be noted that a
particular specification y⋆ may not be realisable; in this case
the corresponding formation is the null set.

B. Equivariance and Congruence

We define rigidity with respect to a symmetry of the
system. Let G be a Hausdorff topological group2 with a
continuous group action Φ ∶G×Mτ →Mτ . In this paper we
shall work with left group actions, but the choice is arbitrary.

Remark 2.20: Although it is quite common to have an
individual group action for each agent (i.e. to have Φ
composed of n group actions φi ∶ G × Mτ

i → Mτ
i ),

the more general definition is crucial for enabling other
possibilities. For example, one may wish the symmetry to
allow permutations of the agent positions, or reflections of
an agent’s location through a line between two others. ◇

There are two types of invariance that are of interest to
our study of rigidity, depending upon the scenario at hand.
The first of these is as follows.

Definition 2.21: An output map h(x) is termed invariant
with respect to a continuous group action Φ of a Hausdorff
topological group G if h(x) = h(Φ(S,x)) for all S ∈G and
x ∈Mτ . ◇

Example 2.22: For a range measurement (Example 2.8),
we can act on agent states xi ∈ R3 by a rigid-body transfor-
mation and (optionally) a reflection,

Φ((Q, ξ), x) ∶= (Qx1 + ξ, . . . ,Qxn + ξ).

That is, the same element S = (Q, ξ) ∈ E(3) (where Q ∈

O(3)) is applied to each individual state xi. Then

hk(Φ(S,x)) = ∥Qxi + ξ −Qxj − ξ∥ = ∥xi − xj∥ = hk(x),

and we confirm the well-known result that distances are
invariant to rigid-body transformations and reflections. ◇

Example 2.23: For a relative position measurement be-
tween agents in SE(3) (Example 2.9), the group action asso-
ciated with a rigid-body transformation is left multiplication
by the Lie-group SE(3), i.e.

Φ(S,X) ∶= (SX1, . . . , SXn)

where S ∈ SE(3). The relative position measurement is

hk(Φ(S,X)) = (X−1
i S−1SXj)˚̄yk = (X−1

i Xj)˚̄yk = ȳk. ◇

In practice, full invariance of the output map may be
stronger than required for rigidity of a specific formation. It

2A topological group is Hausdorff [11, Proposition 12.1.6] and Tychonoff
[11, Theorem 12.1.7] if and only if it is a Kolmogorov (T0) space.

can be sufficient to have an invariance property hold at the
specific output value that defines a formation. This motivates
the following definition.

Definition 2.24: An output value y⋆ is termed invariant
with respect to a continuous group action Φ of a Hausdorff
topological group G if, for all x ∈Mτ such that h(x) = y⋆,
it holds that h(Φ(S,x)) = y⋆ for all S ∈G. ◇

Clearly, every output value is invariant if the associated
output map is invariant. The distinction between Defini-
tions 2.21 and 2.24 is illustrated by the following example.

Example 2.25: Let xi, xj ∈ R3 be the states of two agents
with an inertial direction measurement as in Example 2.10.
Considering invariance with respect to a Euclidean transform
S = (Q, ξ) ∈ E(3) (with φi(S,xi) ∶= Qxi + ξ), we have

hk(Φ(S,x)) =
Q(xi − xj)

∥xi − xj∥
= Qhk(x) (5)

if xi ≠ xj , and hk(Φ(S,x)) = hk(x) = ℵ otherwise.
Hence, the sensor modality hk is invariant with respect to
the translational component of E(3), but not to the rotations
or reflections3. However, the particular measurement y⋆k =

ℵ is invariant with respect to the group action of E(3).
Furthermore, we see from (5) that a fixed inertial direction
measurement y⋆k ∈ S2 is invariant with respect to rotations
about the axis of that measurement. ◇

Remark 2.26: Consider a Hausdorff topological group G
and a continuous group action Φ̄ ∶ G × M℘ → M℘.
Let Mτ ∶= M℘/ ∼ be a Hausdorff quotient space with
an equivalence relation ∼. The continuity of the natural
projection π ∶M℘ →Mτ ensures that the map Φ̃ ∶= π ○ Φ̄
is also continuous. Furthermore, analogously to the case in
Remark 2.17, suppose that x̃ ∼ x̃′ (where x̃, x̃′ ∈M℘) implies
Φ̃(S, x̃) = Φ̃(S, x̃′) for all S ∈ G. In this case there exists
a unique continuous map Φ ∶ G ×Mτ → Mτ such that
Φ(S,π(x̃)) ∶= Φ̃(S, x̃). ◇

Remark 2.27: Consider a Hausdorff topological group G
and a continuous group action Φ̃ ∶G×M̃τ → M̃τ . Suppose
we wish to consider the state-space Mτ ∶= M̃τ ∖W , where
W ⊂ M̃τ is an exceptional set. We can use the induced
group action Φ ∶ G ×Mτ → Mτ ,Φ(S,x) ↦ Φ̃(S,x) if
Φ̃(S,x) ∈Mτ for all S ∈G and all x ∈Mτ , i.e. if the orbits
of G intersecting W are contained in W . In particular, note
that this condition is always satisfied in the common case
where the group action acts on each agent state xi ∈Mτ

i in
the same way and W is the set of points where two agent
states coincide (as in Example 2.3). ◇

Rigidity of a formation is a property concerned with how
the symmetries of the system relate to the formation. The
two notions of invariance defined above (Definitions 2.21
and 2.24) lead to two classes of symmetry.

Definition 2.28: Let N ∶= (Mτ ,Y, h) be an agent net-
work on a Hausdorff topological space Mτ , let F(y⋆)
be a formation of the agent network N , and let G be a
Hausdorff topological group with a continuous group action
Φ ∶G ×Mτ →Mτ .

3Note that inertial direction measurements are also invariant to scaling,
but we have omitted demonstrating this in the interest of space.
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(i) If the output map h(x) is invariant with respect to Φ,
then we say that the agent network N is equivariant
with respect to Φ.

(ii) If an output value y⋆ is invariant with respect to Φ,
then we say that the formation F(y⋆) is equivariant
with respect to Φ. ◇

Note that if an agent network is equivariant, then any
formation of that agent network is equivariant. We emphasise
that equivariance of a formation requires all measurements
y⋆k to be invariant to the same group action.

The final concept we require to define rigidity is a gener-
alised form of congruence [8].

Definition 2.29: Two configurations x,x′ ∈ Mτ of an
agent network are congruent with respect to a continuous
group action Φ ∶G×Mτ →Mτ of a Hausdorff topological
group G if there exists a transform S ∈ G such that
Φ(S,x) = x′. ◇

III. DEFINING RIGIDITY

In this section we provide a generalised definition of
rigidity for formations, using the concepts of equivalent and
congruent configurations. We then apply group theory to
study the relationship between the group symmetry and the
space of configurations in a rigid formation.

Definition 3.1: (Generalised rigidity) Let F(y⋆) be a
formation that is equivariant with respect to a continuous
group action Φ ∶G×Mτ →Mτ of a Hausdorff topological
group G. The formation F(y⋆) is locally rigid with respect
to Φ if, for any configuration x ∈ F(y⋆), there exists an open
neighbourhood Ux ⊆ Mτ of x such that all configurations
x′ ∈ (F(y⋆)∩Ux) are congruent. That is, there exists S ∈G
such that Φ(S,x) = x′. If this holds with Ux =Mτ , we say
that F(y⋆) is globally rigid. ◇

We emphasise that global rigidity is a special case of
local rigidity. The essence of global rigidity for a formation
is that all possible configurations equivalent to an element
of the formation are reachable in state-space by applying a
suitable symmetry transformation. That is, the group action
is transitive on the set of valid configurations, and therefore
the formation has the structure of a homogeneous space. We
shall explore this insight further after a few examples.

Example 3.2: Consider four agents forming a rectangle in
R2 with nonzero distance constraints (Example 2.8) specified
between all pairs (i.e. m = 6). This formation F(y⋆) will
be globally rigid with respect to the group action of E(2).
However, it is only locally rigid with respect to the action
of SE(2), because in this case the neighbourhood Ux about
any configuration x ∈ F(y⋆) must be small enough not to
include a reflected configuration. ◇

Example 3.3: To demonstrate the flexibility of our frame-
work, we extend the scenario of the previous example by
adding a fifth agent with state X5 = (R5, ξ5) ∈ SE(3), where
the third element of the position ξ5 ∈ R3 is constrained
to be positive (i.e. e⊺3ξ5 > 0, where e3 ∶= (0,0,1)⊺). This
scenario might correspond in practice to the case of four
ground vehicles (i.e. in the x-y plane) maintaining formation
with a single aerial vehicle. Suppose that the aerial vehicle

is equipped with a downwards pointing camera that obtains
a bearing measurement (in the body-fixed frame) to each of
the ground vehicles, modelled as follows:

hk(xi,X5) ∶=
R⊺

5(x̃i − ξ5)

∥x̃i − ξ5∥
∈ S2.

Here, i ∈ {1,2,3,4} and x̃i ∶= (x⊺i ,0)
⊺ is the embedding of

the R2 state into R3. Note that the constraint e⊺3ξ5 > 0 ensures
the agents are not co-located. Since the ground vehicles are
constrained to the plane, we consider rigidity with respect to
SE(2). The group action on X5 with S = (RS , ξS) ∈ SE(2)
is simply given by φ5(S,X5) ∶= S̃X5, where S̃ denotes the
block matrix

S̃ ∶=
⎛
⎜
⎝

RS 0 ξS
0 1 0
0 0 1

⎞
⎟
⎠
∈ SE(3).

Using this construction, we determine that the formation is
globally rigid with respect to the group action of SE(2); in
particular, note that a reflection in E(2) would result in a
state for vehicle 5 that does not lie in SE(3). This stronger
rigidity property is a result of the orientation constraints im-
posed by the bearing measurements, and cannot be achieved
with distance constraints alone. ◇

Example 3.4: To illustrate the interest in invariant output
values (rather than invariant output maps), consider the case
of two vehicles in R2 (in the x-y plane) with a distance
measurement between them. Suppose a third vehicle in R3

measures the relative height (i.e. the z-component of the
relative position) and the inertial direction (Example 2.10) of
the first vehicle, with the goal of being positioned directly
above it. Although the directional sensor modality is not
invariant to rotations, the particular desired measurement
y⋆k = (0,0,−1)⊺ is invariant to rotations about the z-axis.
Hence, the formation will still be globally rigid with respect
to the group E(2) acting in the x and y directions. ◇

We define the stabiliser of a point x ∈Mτ as stab Φx ∶=
{S ∈ G ∣ Φ(S,x) = x} ⊆ G, i.e. the set of transformations
in G that leave x unchanged by the group action. It is
well-known (and straightforward to verify) that this is a
subgroup of G. Since it is the pre-image of a singleton set
in Mτ (which is T1, and indeed Hausdorff), the continuity
of Φx(S) ∶= Φ(S,x) implies that it is closed. It follows
that the quotient space G/ stab Φx is Hausdorff [11, Propo-
sition 7.1.6, note also Proposition 12.3.1]. The following
theorem considers some well-known characteristics of homo-
geneous spaces in the context of globally rigid formations.

Theorem 3.5: Let F(y⋆) be a formation and let G be a
Hausdorff topological group with a continuous group action
Φ ∶G ×Mτ →Mτ . Then, the following hold:

(i) if F(y⋆) is globally rigid, then all stabilisers stab Φx̊
with x̊ ∈ F(y⋆) are homeomorphic. More specifically,
for all x̊, x̊′ ∈ F(y⋆), there exists S ∈ G such that
stab Φx̊′ = S ⋅ stab Φx̊ ⋅ S

−1.
(ii) the formation F(y⋆) is globally rigid with respect to

Φ if and only if there exists some reference state x̊ ∈
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F(y⋆) such that the mapping

Ψx̊ ∶G/ stab Φx̊ →M
τ ,Ψx̊(S ⋅ stab Φx̊)↦ Φx̊(S)

is continuous and bijective onto F(y⋆), where S ∈ G
(see Figure 1).
Proof: To show (i), we note that there exists S ∈ G

such that Φ(S, x̊) = x̊′ since F(y⋆) is globally rigid. For any
S′ ∈ stab Φx̊′ , we have Φ(S′, x̊′) = x̊′ and therefore Φ(S−1 ⋅

S′ ⋅S, x̊) = Φ(S−1, x̊′) = Φ(S−1 ⋅S, x̊) = x̊. This implies that
stab Φx̊′ ⊆ S ⋅ stab Φx̊ ⋅ S

−1. The analogous argument with
Φ(S−1, x̊′) = x̊ shows that the relation can be reversed, so
the two sets are equal. Note that the group operation (⋅) is a
homeomorphism in either of its arguments.

For (ii), the forward implication is well-known [11, p. 352]
in the context of orbit spaces. For the reverse implication, we
observe that since Ψx̊ is bijective, then for any x,x′ ∈ F(y⋆)
there exist S ⋅ stab Φx̊, S

′ ⋅ stab Φx̊ ∈ (G/ stab Φx̊) such
that Ψx̊(S ⋅ stab Φx̊) = Φx̊(S) = x and Ψx̊(S

′ ⋅ stab Φx̊) =
Φx̊(S

′) = x′. Thus, we have Φ(S′ ⋅ S−1, x) = Φ(S′, x̊) = x′.
The formation F(y⋆) is equivariant since it is the image of
Ψx̊ (Figure 1). It follows that F(y⋆) is globally rigid.

Remark 3.6: In Figure 1, the canonical projection π is
continuous and open [11, Proposition 12.3.1]. Therefore, if
F(y⋆) is globally rigid then Ψx̊ will be a homeomorphism
if and only if Φx̊ is also open. ◇

G

π

��

Φx̊

''

G/ stab Φx̊
Ψx̊

// F(y⋆)

Fig. 1. Mappings between spaces, with a globally rigid formation F(y⋆).
Here, π is the canonical projection, and the diagram commutes.

Example 3.7: The idea of Theorem 3.5 can be illustrated
by returning to Example 3.2. For the given situation, the
stabiliser of any point x̊ ∈ F(y⋆) is the identity of E(2).
However, if the agent states are elements of R3, the formation
is then globally rigid with respect to E(3). In this case,
the stabiliser of x̊ ∈ F(y⋆) would include any reflection
combined with the SE(3) action that compensates for the
change induced by that reflection. The existence of such an
SE(3) transform is a consequence of the formation being
planar; if the fourth vehicle lay outside the plane of the other
three, no SE(3) transform following a reflection would be
able to return the vehicle to the original “side” of that plane
(note that the plane is fixed to the other three vehicles, not
fixed to the inertial frame). ◇

IV. PATH-RIGIDITY

In this section we introduce the concept of path-rigidity,
which is a stronger property than global rigidity. In the
classical literature, this concept is overlooked in favour of
infinitesimal rigidity [8], but it is of significant interest in the
general case where h may not be differentiable. Path-rigidity
is particularly relevant to trajectory planning tasks because
it guarantees that the agents can continuously transition

between any two configurations of the formation without
breaking the state constraints. We begin with the formal
definitions of continuous congruence and path-rigidity.

Definition 4.1: For a given agent network N ∶=

(Mτ ,Y, h) and a Hausdorff topological group G with con-
tinuous group action Φ ∶G×Mτ →Mτ , two configurations
x,x′ ∈Mτ of N are continuously congruent with respect to
Φ if there exists a continuous parametrised function σ(t) ∶
[0,1] → G such that σ(0) = ι (where ι ∈ G denotes the
identity) and Φ(σ(1), x) = x′. ◇

Definition 4.2: (Path-rigidity) Let F(y⋆) be a formation
that is equivariant with respect to a continuous group action
Φ ∶ G ×Mτ → Mτ of a Hausdorff topological group G.
The formation F(y⋆) is path-rigid with respect to Φ if all
configurations x,x′ ∈ F(y⋆) are continuously congruent. ◇

Clearly, path-rigidity implies global rigidity. A simple
topological characterisation of path-rigidity is as follows.

Lemma 4.3: Let G be a Hausdorff topological group with
a continuous group action Φ ∶ G ×Mτ → Mτ . Then, a
globally rigid formation F(y⋆) is path-rigid with respect
to Φ if and only if, for any configuration x̊ ∈ F(y⋆), the
quotient G/ stab Φx̊ is path-connected.

Proof: The forward implication follows by projecting
the path in G onto G/ stab Φx̊ (cf. Figure 1). For the reverse
implication, recall from Theorem 3.5 that the stabilisers
of each x̊ ∈ F(y⋆) intersect the same number of path-
connected components (since the group operation (⋅) is a
homeomorphism), and that Ψx̊ ∶ G/ stab Φx̊ → F(y⋆) is a
continuous bijection. Since the quotient G/ stab Φx̊ is path-
connected, for any two points x,x′ ∈ F(y⋆) there exists a
path σ ∶ [0,1]→G/ stab Φx̊ such that Ψx̊ ○σ is a path from
x to x′. By the universal property of quotients, σ lifts to a
continuous path σ̃ ∶ [0,1]→G, which will have σ̃(0) = ι ∈G
and Φ(σ̃(1), x) = x′.

A. Group theoretic analysis

In this subsection we prove a useful group-theoretic result
(see Theorem 4.7) that provides an algebraic criterion for the
application of Lemma 4.3.

For any group, we can define G0 as the connected com-
ponent [11] of the identity, which is closed since connected
components are closed [11, Proposition 3.2.2]. Similarly, we
denote G1 as the path-connected component [11] of the
identity. Note that G1 ⊆G0. It is well-known that both G0

and G1 are normal subgroups of G [11, Proposition 12.2.4,
Exercise 21 from §12.2].

Our analysis concerns the quotient space G/H for a closed
subgroup H ⊆ G. It is well-known that H being closed is
necessary and sufficient for this quotient to be Hausdorff [11,
Proposition 7.1.6 with Proposition 12.3.1]. As a simplifying
assumption, we suppose that G/H is path-connected if it
is connected. Proposition 4.4 presents a useful sufficient
condition for this to hold.

Proposition 4.4: Let G be a Hausdorff topological group
with a closed subgroup H ⊆G, and suppose that the quotient
G/H is connected. Then, G/H is path-connected if the path-
connected component G1 of the identity is open in G.
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Proof: The coset G ⋅G1 is an open, path-connected
component of G since left multiplication by G is a homeo-
morphism. Since G ∈ G ⋅G1, every path-connected compo-
nent of G is of this form. In particular, they are all open,
and as a consequence they are all closed. It follows that all
connected components of G are path-connected.

Note that the canonical projection π ∶ G → G/H is
a continuous and open surjection [11, Proposition 12.3.1].
It follows from the continuity of π that the image of a
path-connected component is path-connected [11, Proposi-
tion 3.3.5]. Also note that if two (or more) path-connected
subspaces (in G/H) share a point, their union is path-
connected [11, Corollary 3.3.3].

Now suppose, for a contradiction, that G/H is not path-
connected. There must then exist two complementary collec-
tions {Ga∈I} and {Gb∈I} of (path-)connected components
of G whose images (under π) are disjoint (here, I denotes an
index set). Since π is open these images are open, and since
π is a surjection these images form a partition of G/H. This
would imply that G/H is not connected, which contradicts
the assumption of the proposition.

Note that in the particularly common case where G is
locally path-connected, G1 is open [11, Corollary 3.4.7].
In the sequel, it is convenient to assume that G1 is open
rather than the more general requirement that G/H be path-
connected if it is connected. The authors are not aware of
any practical scenario where this distinction is relevant, but
all following results in this paper hold for the broader case.

The following proposition concerns the relationship be-
tween the connected components of a group G and those of
a closed subgroup H.

Proposition 4.5: Let G be a Hausdorff topological group
and H ⊆G a closed subgroup. Let G0 and H0 be the con-
nected components of the identities in G and H, respectively.
Then the subgroup H∩G0 ⊆H is normal in H and the group
homomorphism

α ∶H/H0
→H/(H ∩G0

),H ⋅H0
↦H ⋅ (H ∩G0

) (6)

is well-defined and surjective for H ∈ H. Furthermore, the
group homomorphism

β ∶H/(H ∩G0
)→G/G0,H ⋅ (H ∩G0

)↦H ⋅G0 (7)

is well-defined and injective.
Proof: Note that H ⋅ (H∩G0) ⋅H−1 ⊆H ⋅H ⋅H−1 ⊆H

since H is a group and H ⋅(H∩G0)⋅H−1 ⊆H ⋅G0 ⋅H−1 ⊆G0

since G0 is normal in G. It follows that H ⋅(H∩G0) ⋅H−1 ⊆

H ∩G0 and so H ∩G0 is normal in H.
Let H1,H2 ∈H with H1 ⋅H

0 =H2 ⋅H
0. Then there exists

H3 ∈H
0 such that H1 =H2 ⋅H3. Since H0 is path-connected

and contains the identity element of H and G, we have
H0 ⊆G0 and hence H3 ∈H∩G0. Therefore H1 ⋅(H∩G0) =

H2 ⋅(H∩G0) and so α is well-defined. It is surjective since
H0 ⊆H ∩G0.

Now consider H1,H2 ∈H with H1 ⋅(H∩G0) =H2 ⋅(H∩

G0). Then there exists H3 ∈H∩G0 with H1 =H2 ⋅H3. Since
H3 ∈ G0, this implies that β(H1 ⋅ (H ∩G0)) = H1 ⋅G

0 =

H2 ⋅G
0 = β(H2 ⋅ (H ∩G0)) and so β is well-defined.

Finally, let H1,H2 ∈H with β(H1 ⋅(H∩G0)) =H1 ⋅G
0 =

H2 ⋅G
0 = β(H2 ⋅(H∩G0)). Then there exists H3 ∈G

0 such
that H1 =H2 ⋅H3. This implies that H3 =H

−1
2 ⋅H1 ∈H and

hence that H3 ∈ H ∩G0. It follows that H1 ⋅ (H ∩G0) =

H2 ⋅ (H ∩G0) and therefore β is injective.
Definition 4.6: Let G be a Hausdorff topological group

and let G0 be the connected component of the identity. The
component group of G is defined as π0(G) ∶=G/G0. ◇

For a subgroup H ⊆G we define the following homomor-
phism on the component groups:

πid
0 ∶ π0(H)→ π0(G),H ⋅H0

↦ id(H) ⋅G0. (8)

Here, id ∶H↪G,H ↦H is the inclusion group homomor-
phism. We are now ready to present the main result.

Theorem 4.7: Let G be a Hausdorff topological group,
let H be a closed subgroup of G, and let G0 and H0 be
the connected components of the identities in G and H,
respectively. Assume the path-connected component G1 of
the identity in G is open. Then the following are equivalent:

(i) The homogeneous space G/H is connected.
(ii) The subgroup H contains an element from every con-

nected component of G.
(iii) The homomorphism πid

0 (8) of component groups is
surjective.

(iv) The homomorphism β (7) is an isomorphism.
(v) For every G ∈G there exist H ∈H and G0 ∈G0 such

that G =H ⋅G0.
Proof: The proof is given as a sequence of implications

and equivalences.
(i)⇒ (ii): By Proposition 4.4, G/H is path-connected. Let

σ ∶ [0,1]→G/H be a continuous path connecting ι⋅H to any
G⋅H in G/H. By the universal property of quotients, the path
σ lifts to a continuous path σ̃ ∶ [0,1]→G such that σ = π○σ̃,
where π ∶G→G/H is the canonical projection. By design,
the path σ̃ connects some element ι ⋅H1 = H1 ∈ H ⊆ G to
some element G ⋅ H2 ∈ G, where H2 ∈ H. It follows that
σ̃ ⋅H−1

2 is a continuous path connecting H1 ⋅H
−1
2 ∈H ⊆G to

G ∈G1 ⊆G, where G1 is the path-connected component of
G. This implies that H1 ⋅H

−1
2 ∈G1∩H. Since G is arbitrary,

every path-connected component G1 contains an element of
H.

(ii) ⇒ (i): Let G1, G2 be two path-connected components
of G (we allow G1 = G2), with G1 ∈ G1 and G2 ∈ G2.
Pick H1 ∈G1 ∩H and H2 ∈G2 ∩H. The map γ ∶G →G,
G ↦ G ⋅ (H−1

1 ⋅ H2) is a homeomorphism, so the image
of G1 is a path-connected component of G. Since H2 =

H1 ⋅(H
−1
1 ⋅H2) = γ(H1), we have γ(G1) =G2. In particular,

γ(G1) = G1 ⋅(H
−1
1 ⋅H2) ∈G2 and hence there is a continuous

path σ̃ ∶ [0,1] → G connecting G1 ⋅ (H
−1
1 ⋅H2) to G2. Let

π ∶G→G/H be the canonical projection, and then σ ∶= π○σ̃
is a continuous path connecting G1 ⋅H to G2 ⋅H in G/H.
Since G1 and G2 are arbitrary, the quotient G/H is path-
connected.

(ii) ⇒ (iii): For any G ∈ G there exists H ∈ H with
H ∈ G ⋅G0. This implies that πid

0 (H ⋅H0) =H ⋅G0 = G ⋅G0,
and since G ∈G is arbitrary this means that πid

0 is surjective.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

248



(iii) ⇒ (ii): For any G ∈ G there exists H ∈ H such that
G ⋅G0 = H ⋅G0 = πid

0 (H ⋅H0). In particular, H ∈ G ⋅G0.
Since G ∈ G is arbitrary, for every connected component
G ⋅G0 there exists H ∈H with H ∈ G ⋅G0.

(iii) ⇔ (iv): By definition the homomorphism πid
0 factors

as πid
0 = β ○ α with α surjective. Hence, πid

0 is surjective if
and only if β surjective. Since β is always injective, this is
the case if and only if β is an isomorphism.

(iv) ⇒ (v): For any G ∈ G there exists H ∈ H such that
G ⋅G0 = β(H ⋅ (H ∩G0)) = H ⋅G0. Hence, there exists
G0 ∈G0 such that G =H ⋅G0.

(v)⇒ (iv): For any G ∈G there exists H ∈H and G0 ∈G0

such that G = H ⋅ G0. This implies G ⋅ G0 = H ⋅ G0 =

β(H ⋅ (H ∩G0)). Since G ∈ G is arbitrary, β is surjective
and hence an isomorphism.

B. An algebraic characterisation of path-rigidity

In this subsection we employ Theorem 4.7 with H =

stab Φx̊ to acquire the following algebraic characterisation
for path-rigid formations.

Corollary 4.8: Let G be a Hausdorff topological group
with a continuous group action Φ ∶G×Mτ →Mτ . Assume
the path-connected component G1 of the identity in G
is open. Then, a globally rigid formation F(y⋆) is path-
rigid with respect to Φ if and only if the stabiliser of any
configuration x̊ ∈ F(y⋆) contains at least one element from
every (path-)connected component of G.

Proof: By Theorem 4.7, the quotient G/ stab Φx̊ is
path-connected if and only if stab Φx̊ contains an element
from every (path-)connected component of G. The result
follows from Lemma 4.3.

Due to space constraints, we shall illustrate the application
of this result with just a few simple examples.

Example 4.9: In Example 3.3 the formation is globally
rigid with respect to SE(2). This group has only one
(path-)connected component and the stabiliser trivially con-
tains the identity, so the formation is path-rigid. ◇

Example 4.10: Consider four agents in R3 with a distance
measurement between each of the six pairs, and suppose
we constrain all distances to be equal to 2. This results in
a triangular pyramid formation that is globally rigid with
respect to the action of E(3). Since the stabiliser is the
identity, the formation is not path-rigid.

Now suppose that we quotient the output space by the
equivalence relation y ∼y y′ ⇔ ∃σ ∈ P6(y) ∶ y

′ = σ(y), i.e.
let Yτ ∶= Y℘/ ∼y , and further suppose that agents 1 and 2
are interchangeable (see Example 2.18). Clearly, the specified
formation is still a triangular pyramid that is globally rigid
with respect to the group action of E(3). Now, if we align the
pyramid such that x1 = (−1,0,0)⊺ and x2 = (1,0,0)⊺, both
x3 and x4 will lie in the y-z plane. Reflecting the formation
through this plane will therefore only switch the positions
of agents 1 and 2, which are interchangeable, and hence this
reflection is an element of the stabiliser. From Corollary 4.8
it follows that the formation is path-rigid. ◇

As illustrated by the last example, a nice feature of the
corollary is that we only need to consider the stabiliser at

a single configuration of the formation. The authors believe
the corollary will be of particular appeal for more complex
scenarios involving non-product topologies on the state-
space.

V. CONCLUSION

We have presented a generalised formulation for the
concept of rigid formations. The definition of rigidity is asso-
ciated with a Hausdorff topological group and a continuous,
transitive group action on the space of valid configurations, to
which the constraints specifying the formation are invariant.
Our framework allows an extremely broad class of state-
spaces and output spaces, requiring only that the former are
Hausdorff. The framework therefore enables a very wide
range of possible scenarios in fields such as formation
control. In addition, we introduced the concept of path-
rigidity, where agents can move continuously between any
two configurations of the formation without breaking it. Our
final result provides a very useful characterisation of this
property in terms of the stabiliser of the group action.
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The talk concerns inequalities for functions having matrix variables. The functions are
typically (noncommutative) polynomials or rational functions. A focus of much attention are
the inequalities corresponding to convexity. Such mathematics is central to linear systems
problems which are specified entirely by a signal flow diagram and L2 performance specs on
signals.

At this point we have:

A. versions of the classical real algebraic geometry description of when one polynomial p is
nonnegative on the domain where another polynomial q is nonnegative.

B. classification of convex non-commutative polynomials, rational functions and varieties.
Now we know that such matrix convexity typically forces the presence of some LMI.

Since systems problems seldom produce an LMI directly it is important to have a
theory for changing variables to produce an LMI or a theory of convex hulls. This talk will
concern what is known now about changing variables to produce convex problems. While
this is hopeless for classical polynomials in commuting variables, there is some chance of an
informative theory for matrix variables. For noncommuting variables this produces a wide
range of subsidiary problems which need to be solved.

The work originates in trying to develop some theory for studying the matrix inequali-
ties which are ubiquitous in linear engineering systems and control. Most of the work is done
jointly by J. William Helton, Igor Klep and Scott A. McCullough. The talks of Bill Helton
and Igor Klep in this session are both on this topic and will be coordinated. No paper will
be submitted to the proceedings.
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On the ensemble observability of dynamical systems

Shen Zeng and Frank Allgöwer

Abstract— The ensemble observability problem consists of
reconstructing a density of initial states from the evolution of the
density of outputs under a finite-dimensional dynamical system.
The importance of this problem is twofold. First, it addresses
the fundamentals of emerging problems in the state estimation
of large-scale population systems in applied fields. Second,
by considering the observability problem for densities rather
than points, specific geometric features of the observability
problem manifest themselves particularly prominently, leading
eventually to a description of this observability problem as a
mathematical tomography problem. Our goal is to give a broad
overview of the ensemble observability problem for both linear
and nonlinear systems. We review some established theoretical
results in the linear case and also touch upon open problems
in more general cases.

I. INTRODUCTION

The classical observability problem asks under which
conditions one can reconstruct the initial state of a dynamical
system from the observation of a certain output of the
system. In the ensemble observability problem, we place the
question in a slightly more general framework, i.e. instead of
focussing on points in finite-dimensional space we consider
(probability) distributions of initial states. The consideration
of this generalization is motivated from both theoretical and
practial point of views, and is moreover deeply rooted in the
field of ensemble control.

The idea of studying the evolution of a density of “par-
ticles” rather than the evolution of a single particle under
a dynamical system has been articulated and considered al-
ready several years ago within the general study of dynamical
systems, see e.g. [1]. Within the control community, a related
viewpoint was first advocated by R. W. Brockett in [2], [3].
Therein it is articulated why for certain situations it makes
more sense to design control strategies for a continuous
distribution of initial states instead of designing control
strategies for single initial states. The underlying ideas, as
well as their study, are of theoretical interest for control
theory. In addition, such problems do in fact also appear
in applied problems involving systems with uncertainty, as
well as populations of structurally identical systems. Applied
problems in the latter range from the control of processes
involving particles, or the control of heterogeneous cell
populations in cell biology. Recent work in this area can
be grouped into the field of ensemble control [4], [5], [6].
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We consider the counterpart of this paradigm shift for
state reconstruction of dynamical systems, i.e. we consider
the problem of reconstructing a distribution of initial states
from the evolution of output distributions as opposed to
output trajectories of one single system. From a practical
point of view, this is motivated by state estimation problems
for populations of structurally identical individual systems
with heterogeneous quantities such as initial states. As an
example for this system class, we can consider heteroge-
neous cell populations, where quantifying the heterogeneity
of initial states is crucial, see e.g. [7]. This is because
such a heterogeneity in initial states ultimately leads to
heterogeneous responses having wide ranging consequences
such as the survival of a subpopulation of cancer cells
during cancer therapy. The fundamental problem in the state
estimation problem for heterogeneous cell populations is
due to the fact that measurements are typically obtained
through high-throughput devices such as flow cytometers.
This process provides a vast number of cells in a population,
but without any reference to the cell that produced it. Such
measurement data are called aggregate data or population
snapshots. Figure 1 illustrates this type of measurements.

Output space

t =
t1

t =
t2

t =
t3

t =
t4

Fig. 1. An illustration of aggregate data. In each time step t1, . . . , t4 we
have a snapshot of certain output values of a population. The crucial point
is that in a snapshot, information relating an output value to the individual
producing that output value is completely missing. Taken from [8].

In fact, not only do we not obtain references of individuals
from those measurements, population snapshots at different
times can contain measurements from completely different
individuals because measuring a cell (e.g. its protein concen-
tration) often requires destroying the cell. Therefore, it seems
that an adequate mathematical model for such aggregate
data is given by a probabilistic one in which we view the
aggregate data at a given time as samples from a (common)
output distribution at that time.
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The output distribution is, of course, the propagation of the
initial state distribution through a given dynamical system
that describes the structure of an individual system in the
population. This consideration directly leads to the ensem-
ble observability problem of reconstructing an initial state
distribution from the evolution of the output distribution.

II. ENSEMBLE OBSERVABILITY OF LINEAR SYSTEMS

Motivated by the emerging parameter and state estimation
problems for populations from population snapshot data, we
consider a linear population model given by

ẋ = Ax, x(0) ∼ P0,

y = Cx,

where P0 describes the distribution of initial states, and the
initial state x(0) is a random vector with P0 as the underlying
distribution. Then, of course, for any subsequent time point,
y(t) is also random vector whose distribution Py(t) we can
measure for all t ≥ 0. The ensemble observability problem
is hence reconstructing P0 from the evolution of Py(t).

In the following, we briefly review our two approaches
from [8]. We begin with stating the formal definition of
ensemble observability of a linear system using a natural
distinguishability formulation.

Definition 1 (Ensemble observability of a linear system):
Let P be a class of continuous probability distributions. A
linear system is called ensemble observable for P if

(∀t ≥ 0 Py(t)|P′0 = Py(t)|P′′0 ) ⇒ P′0 = P′′0 ,

for all P′0,P′′0 ∈ P .
The starting point is to first formulate the relationship

between P0 and Py(t), which, by basic probability theory,
is given through a pushforward relationship. More precisely,
for any measurable set By ⊂ Rm, we have

Py(t)(By) = P0((CeAt)−1(By)) =

∫
(CeAt)−1(By)

p0 dx.

This consideration shows that the ensemble observability
problem is equivalent to reconstructing the integrand p0 from
its integrals along sets (CeAt)−1(By) where both time t ≥ 0
and the measurable sets By ⊂ Rm are allowed to vary. A
typical picture for this situation is illustrated in Figure 2.

unknown p0(x)

(CeAt)−1(By)

Fig. 2. This figure illustrates the problem that is at the core: The
reconstruction of an unknown density p0 from its integrals along sets
(CeAt)−1(By) for different t ≥ 0 and By ∈ B(Rm). Taken from [8].

We can see that for a fixed time t ≥ 0, the infor-
mation that we can obtain about p0 is very limited. This
is because we are integrating out any information about
p0 along the direction of kerCeAt. Therefore, in order to
reconstruct p0, the strategy would be to combine all the
small pieces of information in terms of integrals of p0 along
different directions. This is exactly the same fundamental
problem as in mathematical tomography problems, yielding
a direct connection between the ensemble observability and
mathematical tomography. This connection is, perhaps, not
too surprising from a conceptual point of view since both
problems are well-known to be about inferring an internal
density from external projections which both the radiographs
in tomography and the output distributions are.

An example which reflects the connection particularly
clearly is given by considering a harmonic oscillator of the
form

ẋ(t) =

(
0 −1
1 0

)
x(t), y =

(
1 0

)
x, (1)

as the underlying linear system, which amounts to gathering,
over time, a full 180◦ view of p0 in terms of projections. A
slightly less specific example is given by

ẋ(t) =

(
−1 1

0 0

)
x(t), y =

(
1 0

)
x, (2)

cf. the detailed illustration in [8], for which the kernel
kerCeAt = e−At(kerC) evolves as illustrated in Figure 3.
We would like to highlight two interesting points here. First,
note that despite the lack of oscillatory modes in the system,
the kernel undergoes a rotation. This is in accordance with
the observability of the system, which can also be cast as⋂

t≥0

kerCeAt = {x ∈ Rn : CeAtx ≡ 0} = {0},

cf. the situation in Figure 3. Second, unlike the first example
of the harmonic oscillator, the range of available directions
for the ensemble observability problem is clearly restricted.

x1

x2

Fig. 3. The evolution of the kernel kerCeAt is given by transporting
the kernel kerC with the flow of ẋ(t) = Ax(t) back in time. The color
intensities of the kernels indicate the advancement in time. Taken from [8].

The classical solution to the uniqueness problem in tomog-
raphy is based on a close connection between the Fourier
transform of the internal density and the Fourier transform
of the radiograph, known as the Projection slice theorem.
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For the ensemble observability problem of linear systems,
we can instead use a probabilistic framework to describe
the reconstruction problem in a slightly simpler fashion:
instead of using Fourier transforms, we use their probabilistic
analogue, namely the characteristic function. We derive

ϕCeAtX0
(s) := Ee i 〈s,CeAtX0〉

= Ee i 〈(CeAt)>s,X0〉 = ϕX0
((CeAt)>s).

(3)

That is, we can see that knowing the distribution of the
random vector Y (t) is the same as knowing the characteristic
function of X0 on the image space Im(CeAt)>. Based
on this insight we can formulate conditions on the family
of mappings (CeAt)t≥0 so that it is ensured that we can
gather enough information of the Fourier transform ϕX0

to
infer the underlying density of X0. Yet, since the family of
mappings (CeAt)t≥0 is clearly parameterized by the scalar
t ≥ 0, we cannot expect to be able to reconstruct the
whole Fourier transform ϕX0 in general and need to draw
on to further regularity properties. This is also the reason
why we restricted ourselves to a certain class of probability
distributions in the definition of ensemble observability.

The first main result in [8] then reads as follows.
Theorem 2: A linear system (A,C) is ensemble

observable for the class of initial distributions for which
s 7→ ϕX0

(sv), for all non-zero v ∈ Rn, is real analytic, if⋃
t≥0

(kerCeAt)⊥ =
⋃
t≥0

Im(CeAt)> (4)

is not contained in a proper algebraic subvariety of Rn.
This result is of course closely related to our discussion

of (3). Intuitively, it gives a geometric condition on the
available “directions” at which we have projections of the
initial density p0, cf. [9]. While for classical observability,
the directions are merely not allowed to be contained in a
proper subspace (a zero set of a polynomial of degree 1),
for the ensemble observability problem, the directions are
not allowed to be contained in a zero set of a homogeneous
polynomial of any degree. The condition as it stands, is
not easy to verify, which motivated us to consider a second
approach.

Our second approach was in a more systems theoretic
spirit. We introduce the vector

x[p] =
(
xp
1 xp−1

1 x2 xp−1
1 x3 . . . xp

n

)>
,

of all monomials of x of degree p. In the case of linear
systems ẋ = Ax, y = Cx, it is remarkable that the pth order
powers x[p] also satisfy a linear differential equation which
we can write as

ẋ[p] = A[p]x
[p]

with some extended matrix A[p] that can be readily con-
structed [10]. Likewise, we have for the output

y[p] = C [p]x[p].

Since y = Cx is a static equation in contrast to the
differential equation ẋ = Ax, we note that the matrix C [p]

needs to be constructed differently from the matrix A[p].

The reason why we are interested in the systems

ẋ[p] = A[p]x
[p]

y[p] = C [p]x[p],

is because if we take expectations in this linear system, then
we obtain the dynamics of the pth order moments of the
density. In fact, a closer look into the proof of Theorem 2
reveals that the result is eventually established by match-
ing the moments of the distribution, though the argument
involves an additional step of expanding the characteristic
function into a power series. If we omit this additional step
and assume that the considered distributions are moment-
determinate, and if, in turn, the LTI systems of the pth order
moments are observable, then, indeed, we can reconstruct the
distribution. The second main result in [8] gives a complete
characterization of ensemble observability.

Theorem 3: The union
⋃

t≥0 Im(CeAt)> is not contained
in a proper algebraic variety if and only if the systems

ẋ[p] = A[p]x
[p]

y[p] = C [p]x[p]

are observable for all p ∈ N. Under these equivalent
conditions, the system (A,C) is ensemble observable for the
class of moment-determinate distributions.

We will not discuss the full scope of the result here, and
refer the interested reader to [8] for a more complete picture.

III. NONLINEAR ENSEMBLE OBSERVABILITY

For the nonlinear ensemble observability problem, we
consider a population of the form

ẋ = f(x), x(0) ∼ P0

y = h(x),

where f : Rn → Rn and h : Rn → Rm are sufficiently
smooth nonlinear functions, and furthermore h is assumed
to be a surjection for the sake of simplicity.

It should not come as a surprise that the methods of
the linear case which yielded our two main results do not
generalize particularly nicely to the nonlinear case. Indeed,
both approaches seem to rely on linearity in a crucial way.
For example, even if we restrict ourselves to polynomial
vector fields and output mappings, a major problem in the
moment-based approach is that the dynamics of the pth order
powers do not close in the sense that they depend on higher
order powers.

However, an approach that still leads to interesting and
meaningful insights about the core of the problem is one
having the pushforward equation as its starting point. Note
that the output distribution is again naturally given in terms of
the pushforward distribution of the initial state distribution.
This time, we have the slightly more general expression

Py(t)(By) := P0((h ◦ Φt)
−1(By)),

where the set (h ◦ Φt)
−1(By) denotes the pre-image of a

measurable set By ⊂ Rm under x 7→ (h ◦ Φt)(x), and Φt

denotes the flow of the nonlinear system.
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As before, in the inverse problem, we are given the distri-
butions Py(t) and want to infer the initial state distribution
P0. Therefore, the ensemble observability problem is to infer
a density p0 from its integral values along sets of the form
(h ◦ Φt)

−1(By), where t ≥ 0 and By ⊂ Rm are allowed to
vary. This is illustrated in Figure 4.

(h ◦ Φt)
−1(By)

initial density p0

Fig. 4. The reconstruction of an unknown density p0 from its integral
values along sets (h ◦ Φt)−1(By). Taken from [11].

Similarly to the linear case, the problem of nonlinear
ensemble observability can be formulated as the question
whether the family of output mappings (h ◦ Φt)t≥0 does
possess sufficient richness so that knowing only Py(t)(By)
for all times t ≥ 0 and all sets By , we can infer the initial
state distribution P0. Instead of referring to the mappings
(h ◦ Φt)t≥0 we can of course also focus our attention on
the foliation of the state space, for a given t ≥ 0, into
manifolds (h ◦ Φt)

−1({(h ◦ Φt)(x0)}) through the point x0

in state space. While for a classical setup, the condition⋂
t≥0

(h ◦ Φt)
−1({(h ◦ Φt)(x0)}) = {x0}

is sufficient for observability of a nonlinear system, for the
ensemble observability problem, the foliations needs to admit
an even more sophisticated structure as we learned from
previous results for ensemble observability of linear systems.
This consideration of the family of foliations adds a more
geometric flavor to the problem, and also leads to a “global”
description of (ensemble) observability through which the
nonlinear ensemble observability problem readily becomes
amenable to computational solutions. We refer to [11] for
a more detailed illustration of the geometric picture and an
implementation of the practical reconstruction scheme.

We would like to end the brief presentation of the nonlin-
ear ensemble observability problem by mentioning a possible
future direction to approach the problem. This approach
is based on the well-known description of the considered
nonlinear ensemble as a linear partial differential equation
known as the Liouville equation. The resulting problem
formulation is given by

∂

∂t
p(t, x) = −div(p(t, x)f(x)),

py(t, y) =

∫
h−1({y})

p(t, x) dS,
(5)

where p(t, ·) and py(t, ·) denote the propagated state and
output density, at time t, respectively. The integral refers to
a surface integral over the level surface h−1({y}).

We note that this description for the output density is
valid for a large class of important output mappings. The
reformulation (5) also provides an additional framework to
approach the problem, and also points to a direction to pose
the ensemble observability problem for a much larger class
of population models described by more general PDEs.

IV. CONCLUSIONS AND OUTLOOK

We described the problem of reconstructing a distribution
of initial states from the evolution of a distribution of
outputs evolving under a dynamical system with measure-
ment outputs. On the one hand, this problem represents a
natural transition of a basic control theoretic problem. On
the other hand, it is relevant for state estimation problems
for populations in which the measurement data needs to be
treated as samples from a common output distribution of a
population. We illustrated that the core of this problem is a
nonlinear (non-standard) tomography problem: the inference
of a nonparametric probability distribution from its integral
values along sets (h ◦ Φt)

−1(By), which provides an in-
sightful geometric view on the mathematical problem, and,
more generally, a natural connection between the systems
theoretic property of observability of a dynamical system
and the geometric structures generated by the system’s vector
field and output mapping. In the case of linear systems, this
description can be formulated in terms of both algebraic
geometric and systems theoretic characterizations.
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Multi-Objective Switching Controller with Application to
Computing Systems

Saikrishna PS, Ramkrishna Pasumarthy

Abstract— This paper presents a new algorithm to develop
a multi-objective controller to ensure asymptotic stability of
linear switched systems with pole placement in distinct sub-
regions of the z-plane called the DR-regions. The conditions for
switching stability and desired performance via pole placement
are derived assuming full state feedback. These results are
applied to the dynamic model of a web-server hosted on a
private cloud formulated as a linear switched system with
the switching signal defined as the workload arrival rate. The
constituent MIMO LTI state space models of the hosted web-
server are identified at various operating regions using grey-box
identification technique.

I. INTRODUCTION

Switched systems are an important class of hybrid systems
which consist of continuous or discrete-time sub-systems and
a rule to orchestrate switching between them [8]. A switched
linear system alternates between different linear modes of
operation. In this work, arbitrary switching between linear
discrete-time systems is considered.
The desired performance specifications like speed and damp-
ing in each mode of the switched system translate to placing
the poles of the closed-loop system at the corresponding loca-
tions in the complex plane via an appropriate state feedback.
This technique is usually referred to as pole placement [9].
Due to the wide range of applications of pole placement
techniques, extensions of Ackermanns explicit formula [10]
and various numerical algorithms such as [11]–[13] were
developed. It was found that the numerical results become
inherently ill-conditioned when the system size increases
[14]. One has to distinguish between two different aspects
of the pole placement technique, one is the computation
of the state feedback gain K and second the computation
of the closed loop matrix (A + BK) or equivalently its
spectrum. Even though, these aspects can be viewed as result
of the pole placement technique but they exhibit different
perturbation results [14]. Therefore, a non-strict approach to
pole placement in region also called regional pole placement
has been developed. This technique is helpful in placing
poles in several possibly disjoint regions in the complex
plane to separate the fast and slow dynamics of the target
system.
The results pertaining to the switched systems in this paper
can be viewed as an extension of recent work by Daafouz
et al. [8], [15], [16], Peaucelle et al. [17] and Montagner
et al. [18] to ensure switching stability with regional pole
placement in the desirable sub-regions of the z-plane also

Saikrishna PS and Ramkrishna Pasumarthy are with Department of Elec-
trical Engineering IIT Madras, India. ee12d025@ee.iitm.ac.in,
ramkrishna@ee.iitm.ac.in

called the DR-regions [17]. We accomplish this objective
by partial regional pole placement and an aggregation tech-
nique discussed later in the paper. To the best of authors
knowledge, there are very few techniques in literature to
accomplish such a design objective.
The obtained results are applied to the dynamic model of a
web-server hosted on a private cloud to guarantee the QoS
(quality of service) requirements of the users such as the
response time and the throughput (the response time is the
time taken to respond to a client request and throughput is
the average rate of successful delivery of the web-page to
the client).
Cloud computing is a recent paradigm for hosting various
services such as web-servers, email, e-commerce and video
streaming services to name a few. It is a service based
framework which enables ubiquitous access to a network
of computing and storage resources. More details of the
cloud terminology may be found in our earlier work on
cloud [20]–[22]. In this paper, we apply switching control for
performance management of web-server hosted on a private
cloud called Eucalyptus. The hosted web-server (henceforth
called the target system) performance is evaluated by mod-
eling it as a switched linear state space system with the
constituent models obtained at several well defined operating
regions by system identification technique. The target system
is modeled with two control inputs and three states. The
states are the average CPU utilization, the response time and
the throughput. The control inputs are the number of virtual
machines, which is indicative of the capacity of the cloud
and the admission control used for regulating the workload.
Since the arrival rate of the workload changes for a web-
server [5]–[7], it is considered as the switching signal to
alternate between appropriate model.

The rest of the paper is organized as follows: Section
II describes the problem formulation and the main results,
while Section III describes the application of switching con-
trol to cloud computing systems. Section IV, presents pole
placement results for the multiobjective switching controller.
Finally the concluding remarks are presented in Section V.

II. PROBLEM FORMULATION AND MAIN RESULTS

The aim of the present work is to develop a multi-
objective switching controller for a linear switched system
to ensure switching stability with pole placement in distinct
sub-regions of the DR-region (defined later in the paper).
The developed controller is useful in quality of service
(QoS) guarentees of the target system in terms of response
time under changing workload conditions. This performance
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objective translates to placing pole of the target system at
the desired regions.

A. Notation

The set of natural numbers is denoted by N and a set of
real numbers is denoted by R. All the matrices, scalars and
vectors corresponding to the local LTI models are denoted by
standard font e.g., A,B, C,D. Systems with polytopic un-
certainty are denoted by Caligraphic letters, e.g., A,B, C,D.
Zero matrix of appropriate dimension is denoted by 0 and Id
represents identity matrix of dimension d. Matrix inequalities
≥ 0 (> 0) and ≤ 0 (< 0) stand for (semi-) positive definite
and (semi-) negative definite respectively. M ′ and M−1

represent the transpose and the inverse respectively for a
matrix M . denotes The Kronecker product is denoted by
⊗. Some of the useful relations with Kronecker product are
as follows:

(A⊗B)⊗ C = A⊗ (B ⊗ C)

(A+H)⊗ (B +R) = A⊗B +A⊗R+H ⊗B +H ⊗R
(A⊗B)′ = (A′ ⊗B′)

(A⊗B)−1 = (A−1 ⊗B−1)

trace(A⊗B) = trace(A) trace(B)

(Im ⊗B)(A⊗ In) = (A⊗ In)(Im ⊗B)

(Ip ⊗ w)A = A⊗ w
A(Iq ⊗ w′) = A⊗ w′

B. Stability of Discrete-time switched systems

Consider a linear discrete-time autonomous system (with-
out switching) given by:

x(k + 1) = Ax(k) (1)

The discrete-time system (without switching) with control
input is given by

x(k + 1) = Ax(k) +Bu(k) (2)

where A ∈ Rn×n, B ∈ Rn×m, x(k) ∈ Rn is the state vector,
u(k) ∈ Rm×1 is the control input and and k is the sampling
time.
Stability of Switched systems: Consider the autonomous
switched system with N modes of operation given by

x(k + 1) = Aαx(k) (3)

where Aα ∈ Rn×n and x(k) ∈ Rn is the state, {Aα : α ∈ I}
is a family of system matrices parametrized by the index set
I = {1, 2, ..., N} and α is a switching rule which takes its
values from the set I . Consider the indicator function

ζ(k) = [ζ1(k) ζ2(k), . . . , ζN (k)] (4)

where ζi = 1, when the switched system is described by the
i-th mode Ai and ζi = 0 otherwise. Therefore, the switched
system (3) can be written as

x(k + 1) =

N∑
i=1

ζi(k)Aix(k) (5)

Fig. 1. DR stability region in the z-plane

Proposition 1: [8] Consider the discrete-time switched
system (5) with each of the sub-systems to be asymptotically
stable, then there exists a switched Lyapunov function of the
form

V (k, x(k)) = x(k)T

(
N∑
i=1

ζi(k)Xi

)
x(k) with Xi = X ′i > 0

(6)

such that
[
Xi A′iXj

XjAi Xj

]
> 0, ∀(i, j) ∈ (I × I)

(7)

which ensures its asymptotic stability under arbitrary switch-
ing sequences.
Stabilization of Switched systems: Consider now a switched
system with control input

x(k + 1) = Aαx(k) +Bαu(k) (8)

{(Aα, Bα) : α ∈ I} are a family of matrices parametrized
by the index set I = {1, 2, ..., N} and α is a switching rule
which takes its values from the set I .

Problem 1: Find the state feedback gain such that the
discrete-time switched system (8) is asympotically stable
under arbitrary switching with poles in desired regions called
DR-regions in the z-plane.
The DR-region and DR-stability are defined as follows [17].

Definition 2: A DR-region in the z-plane is given by

DR = {z ∈ C : R11 +R12z +R′12z
∗ +R22zz

∗ < 0} (9)

where R ∈ R2d×2d be a symmetric matrix partitioned as

R =

[
R11 R12

R′12 R22

]
with R11 ∈ Rd×d and R22 ∈ Rd×d

A DR-region is shown in Figure 1 with σ and r as the centre
and radius respectively.

Definition 3: The matrix A ∈ Rn×n is said to be DR-
stable if and only if all its eigen values lie in the DR region
defined by (9).
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The following proposition is used to address the Problem 1,
i.e. to ensure asymptotic stability of discrete-time switched
system (8) with pole placement in DR-regions.

Proposition 2: If there exist N positive definite matrices
Xi, Xj and N matrices Hi ∈ Rn×n and Si ∈ Rq×n,
∀(i, j) ∈ {1, 2, ..., N} such that[

M11 M12

M13 M22

]
< 0 (10)

M11 = R11⊗Xj +R12⊗ (AiHi +BiSi) +R′12⊗ (AiHi +
BiSi)

′

M12 = R′12 ⊗ (Xi −H ′i) +R22 ⊗ (AiHi +BiSi)
M13 = R12 ⊗ (Xi −Hi) +R22 ⊗ (AiHi +BiSi)

′

M22 = R22 ⊗ (Xi −Hi −H ′i)
then the switched system (8) is DR stabilizable by switched
state feedback gain given by Ki = SiH

−1
i

Proof: The proof is motivated from a similar objective
for polytopic systems in [17]. Since the matrices Xi, Xj

and R22 are positive definite, this means Hi +H ′i > 0, this
implies Hi is non-singular. Substituting, KiHi = Si and
Aci = Ai+BiKi, Fi = R′12⊗H ′i and Gi = R22⊗Hi in (10),
the following LMI (11) is obtained (Evaluations upto LMI
(15)) are shown in the next page due to space constraints).

For a discrete time system, unit circle is the DR stability
region. Therefore, R11 = −1, R12 = 0 and R22 = 1, the
LMI (15) can be written as:[

−Xj (Aci )
′Xi

X ′i(A
c
i ) −Xi

]
< 0 (16)

Letting Pi = X−1i and Pj = X−1j implies[
Pi (Aci )

′Pj
P ′j(A

c
i ) (Pj)

]
> 0 (17)

This is same as the Proposition 1 for asymptotic stability of
switched systems.
As one of the aim of the multi-objective controller is to
place poles in distinct sub-regions of the DR-region. This is
accomplished by dividing the complete set of poles n of Aα
into r subsets (n1, n2, ..., nr) such that (n1+n2+...+nr) =
n. One approach is to diagonalize the system matrices and
then choosing the appropriate blocks of the diagonal matrix
for partial pole placement.

Problem 4: Given a discrete-time switched system (8), is
it possible to place poles in distinct sub-regions of the DR
region by succesive partial pole placement ?
To address Problem 4, an aggregation technique is used to
enable partial pole placement in DR regions for all the sub-
systems of the discrete-time switched system (8). Later, the
individual gains are combined to get the full state feedback
gain. The aggregation technique for the discrete-time system
(2) is illustrated as follows (It can then be applied to each of
the system matrices Aα of (8) individually). This technique
is motivated from a similar objective presented in [24].

C. Aggregation Technique

Consider the linear discrete time system given by (2). Let
T be a matrix defined as:

T = [Ip 0]V −1 (18)

where p ∈ {n1, n2, ..., nr} such that (n1 + n2 + ...+ nr) =
n and V is the modal matrix of A, that is ∧ = V −1AV
and ∧ = blockdiag(∧1,∧2) with ∧1 ∈ Cp×p is the Jordan
canonical form. Also define a state feedback gain K = K̂T
where the gain K̂ is called the aggregated state feedback
gain chosen in such a way that it effects the component of
the system matrix ∧1. Also define B̂ and B̄ as follows:

B̂ = [Ip 0]V −1B, B̄ = [0 In−p]V −1B

The closed loop matrix (A+BK̂T ) is given by:

= A+BK̂[Ip 0]V −1

= V (V −1AV + V −1BK̂[Ip 0])V −1

= V

([
∧1 0
0 ∧2

]
+

[
Ip 0
0 In−p

]
V −1BK̂[Ip 0]

)
V −1

= V

([
∧1 0
0 ∧2

]
+

[
B̂K̂ 0
B̄K̂ 0

])
V −1

= V

([
∧1 + B̂K̂ 0
B̄K̂ ∧2

])
V −1 (19)

This implies that A+BK̂T is similar to
[
∧1 + B̂K̂ 0
B̄K̂ ∧2

]
and the eigenvalues of ∧2 are invariant by the feedback gain
K = K̂T . It should be noted that the matrix V has be
rearranged according to ∧ for successive pole placements. At
this point, it is important to address the following problem.

Problem 5: Consider a set of square real matrices of the
same size Aα = {A1, A2, ..., AN} with Aα ∈ Rn×n where
each matrix is partitioned, in the same way, into blocks
such that the diagonal ones are square matrices. Under the
assumption that the diagonal blocks in the same position
have a switched Lyapunov solution, is it possible to find the
condition for the existence of a switched Lyapunov solution
for Aα?

D. Simultaneous block diagonal stability

Recent results in [25] have proved the existence of a
common Lyapunov function for stability of switched system
(3) with unpartitioned Aα when simultaneous block diagonal
matrices of Aα have a common Lyapunov function.

This result is extended in the current paper for the exis-
tence of switched Lyapunov function. The condition for 2-
block case is presented, as it suits the present application.
However, this may be easily extended for larger blocks.
(Proposition 3 for simultaneous block diagonal stability are
shown in the next page).

E. Algorithm for Multi-Objective controller

In this algorithm all the matrix variables are indexed with
q to represent iteration number and i to represent constituent
matrices of the switched system. Let r be the number of
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[
R11 ⊗Xj + Fi(Id ⊗Aci )′ + (Id ⊗Aci )F ′i R′12 ⊗Xi + (Id ⊗Aci )Gi − Fi

R12 ⊗Xi +G′i(Id ⊗Aci )′ − F ′i R22 ⊗Xi −Gi −G′i

]
< 0 (11)

This is equivalent to the transpose of the following LMI[
R11 ⊗Xj + Fi(Id ⊗Aci ) + (Id ⊗ (Aci )

′)F ′i R12 ⊗Xi + (Id ⊗ (Aci )
′)Gi − Fi

R′12 ⊗Xi +G′i(Id ⊗Aci )− F ′i R22 ⊗Xi −Gi −G′i

]
< 0 (12)

Let V represent LMI (12), U =

[
Idn

Id ⊗ (Aci )

]
, since U has full rank, (12) implies

U ′V U < 0 (13)

LMI (13) is equivalent to

R11 ⊗Xj +R12 ⊗ (XiA
c
i ) +R′12 ⊗ ((Aci )

′Xi) +R22 ⊗ ((Aci )
′Xi(A

c
i )) < 0 (14)

Applying Schur’s complement implies[
R11 ⊗Xj +R12 ⊗ (XiA

c
i ) +R′12 ⊗ ((Aci )

′Xi) R22 ⊗ ((Aci )
′Xi)

∗ R22 ⊗ (−Xi)

]
< 0 (15)

Proposition 3: Consider the switched system (8) with each of the sub-systems in the form (19) which is similar to a 2-block
matrix [Aij ] with i, j = {1, 2} such that Pα1 and Pα2 are the switched Lyapunov solutions of Aα11 and Aα22 respectively.
Consider Qα1 = Pα1 − (Aα11)′Pα1 A

α
11 and Qα2 = Pα2 − (Aα22)′Pα2 A

α
22. Then Pα = diag(Pα1 , ε

αPα2 ) is a switched Lyapunov
solution for [Aij ]

α if there exists an εα > 0 such that[
Qα1 − εαAα21Pα2 Aα21 −((Aα11)′Pα1 A

α
12 + εα(Aα21)′Pα2 A

α
22)

−((Aα12)′Pα1 A
α
11 + εα(Aα22)′Pα2 A

α
21) εαQ2 − ((Aα12)′Pα1 A

α
12)

]
> 0 (20)

Proof: Consider a sub-system of the switched system (8) of the form [Aij ] with i, j = {1, 2}, where Q1 = P1 −
A′11P1A11 and Q2 = P2−A′22P2A22 Let P1 and P2 be the Lyapunov solutions for A11 and A22 respectively. Then necessary
condition for existence of a Lyapunov solution of the form P = diag(P1, εP2) for the sub-system [Aij ] is given by [25]:[

Q1 − εA21P2A21 −(A′11P1A12 + εA′21P2A22)
−(A′12P1A11 + εA′22P2A21) εQ2 − (A′12P1A12)

]
> 0 (21)

As Pα1 and Pα2 are the switched Lyapunov solutions of Aα11 and Aα22 respectively. Therefore, invoking Proposition 1, it can
be concluded that diag(Pα1 , ε

αPα2 ) with α = 1, . . . , N are the Lyapunov solutions for [Aαij ]. This implies (20) is true.
Remark 1: In the present case, the switched Lyapunov solutions of the switched system (8) is in the 2-block form [Aαij ]
by the multi-objective LMI given by Proposition 2. Therefore, using Proposition 3, the stability of the switched system
diagonalized by the proposed aggregation technique can be proved. This ensures that a switched Lyapunov function given
by Pα exists for switched system (8), proving stability under arbitrary switching.

diagonal blocks for each of the matrices Aqi with each block
having size {n1, n2, ..., nr} such that (n1+n2+...+nr) = n.
Let pq ≤ n be the number of eigen values to be shifted into
desired locations in iteration q.

1) Start: Let q = 1; Let Aqi ∈ Rn×n and V qi ∈ Rn×n be
the system and modal matrices of the linear switched
system (8) with i = 1, 2, . . . , N .

2) Let q = q + 1
3) Diagonalization: Compute V qi and ∧qi such that ∧qi =

V qi A
q
i (V

q
i )−1 and rearrange ∧qi as follows:[

∧qi1 0
0 ∧qi2

]
(22)

where ∧qi1 contains the pq eigenvalues to be shifted to
the desired locations. It must be noted that the matrix

V qi has be rearranged according to ∧qi . Futhermore, the
matrix T qi is given by T qi = [Ip 0](V qi )−1

4) Compute Âqi = T qi A
q
i (T

q
i )† and B̂qi = T qi B

q
i .

5) Pole placement in DR-region ensuring switching sta-
bility: Find the multi-objective state feedback gain K̂q

i

such that there exist N symmetric positive definite
matrices Xq

i and matrices Hq
i and Sqi satisfying the

Proposition 2.
6) Evaluate the state feedback gain at step q as Kq

i =

K̂q
i T

q
i and the closed loop sytem matrix is given by

A
(q+1)
i = Aqi +BqiK

q
i

7) If q = r+ 1 then go to step (8) or else go to step (2).
8) Compute the state feedback using: K =

∑r+1
q=2 Kq

i .
9) Check simultanous block diagonal stability:

Find εi > 0, i = {1, . . . , N} such that Proposition 3
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is satisfied.
10) Stop

III. APPLICATION TO CLOUD COMPUTING SYSTEMS

The experimental work of system identification is con-
ducted on the Eucalyptus [3] private cloud testbed. A de-
tailed description of Eucalyptus cloud and the identification
technique with validations can be found in our earlier work
[20]–[22] and our recent work to be published [23].
The main results obtained in the earlier sections would be
applied to the model of cloud with a virtualized Fuzitsu
server machine (also called Node controller 1 in Figure 2)
hosting the web-server on the VMs.
The workload for experimentation is generated by the syn-
thetic load generator called httperf and is distributed by a
load balancer to be directed to the individual web-servers on
the Node controller 1. The distribution of requests is done
evenly in a round robin fashion to all the running virtual
machines hosting web-servers depending on the admission
control input. This control enables the adjustment of rate
of incoming requests represented by λ. The rate at which
requests are serviced is given by the mean service rate µ.
The maximum number of requests that can be served without
rejection by the the private cloud with one Node controller
machine is 3000 requests/sec. However, this limit may
be increased by adding more VPMs to the resource pool.
We chose ten operating regions are identified based on fixed
arrival rate λ of the incoming requests to the target system
in the range [300 3000]. The VM control input (uvm) and
the admission control (ureq) range for the experiments are
chosen as [1 10] and [10 1000] (corresponding to maximum
workload of 3000 requests/sec) respectively. A sampling
interval of 3 seconds is chosen, as it is the minimum time
taken for reliable measurements from the target system by
synthetic workload generator.

A. State Space Model of the hosted web-server

The state variables chosen for the target system are the
average CPU utilization CPU(k) (of all the running VMs on
a VPM), the response time RT (k) and the throughput TP (k)
are represented as x1(k), x2(k) and x3(k) respectively. The
control inputs are the admission control and the VM control
denoted by uadm(k) and uvm(k) respectively.
The admission control used for regulating the workload
whereas the VM control input is used to modulate the
number of running VMs serving the workload. The requests
served by the hosted web-server, denoted by ureq(k) is cho-
sen as the exogenous input to the model. This is because, the
serviced requests affect the dynamics of the state variables
apart from the control inputs. Consequently, all the state
variables at any instant would also depend on the exogenous
input. As the CPU is the available computing resource, the
response time and throughput depend on the state CPU(k).
Hence, the MIMO LTI model over an operating region can

be written as:CPU(k + 1)
RT (k + 1)
TP (k + 1)

 =

a1 0 0
a2 a3 0
a4 0 a5

CPU(k)
RT (k)
TP (k)


+

b1 b2 b3
b4 b5 b6
b7 b8 b9

uadm(k)
uvm(k)
ureq(k)

 (23)

The proposed model is often described as the workload
based model as it considers the workload characteristic i.e.
the service rate (µ) or ureq (in the present model) as the
exogenous input. It is obtained by using input-output data by
exciting the target system with the representative workload
or arrival rate (λ) while altering the control inputs.

Ten such MIMO LTI models are obtained using system
identification technique. The arrival rate (λ) of the workload
is used as a switching signal to switch between operating
regions of the target system. The exogenous input ureq is
decoupled from the model (23) to differentiate it from the
control inputs uadm and uvm. Therefore the linear switched
system representing the target system is given by:

x(k + 1) = Aαx(k) + (B1)αu1(k) + (B2)αu2(k) (24)

where α(k) describes the switching rule defined by:
α : λ → I the index set I ∈ {1, . . . , N} and u1(k) =
[uadm(k) uvm(k)]′ and u2(k) = ureq(k).

In the next section, we present the pole placement results
based on the MIMO state space models obtained after
parameter estimation.

IV. POLE PLACEMENT RESULTS

In the z-plane the dominant poles are those which
are present inside and closest to the unit circle, whereas
insignificant region is present near the origin. This is
because the time response has slowest decay for poles near
the origin. Moreover, closer the poles are to the origin,
the more is the control effort. The poles need to lie closer
to the unit circle, but not too close to the unit circle to
avoid oscillations in the output response. As a test case,
we chose two regions (for all the sub-systems) for placing
poles: region 1 has centre at (0.7, 0) and radius of 0.2 and
the region 2 has centre at (0.2, 0) and radius of 0.1. Two
poles of all the sub-systems are placed in region 1 whereas
one pole is placed in region 2. Implementing the developed
algorithm (in Section II-E, considering r = 2, n1 = 2
and n1 = 1) using Yalmip toolbox in MATLAB [29], two
iterations are needed for placing poles in the two distinct
regions. ε = 1 is chosen for all the sub-systems to verify
diagonal block stability condition i.e. Proposition 3.
The results of pole placement are presented in Table I and
DR-regions for the cloud application is shown in Figure
3. The bold eigen values show the modified eigen values
after iteration 1 and iteration 2. It is observed that pole
placement has been achieved in the desired regions, except
for small deviations for the values obtained in operating
region 4 and 8 where the poles are placed slightly outside
the desired region (See iteration2 for operating region 4 and
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Fig. 2. Web-server hosted on a Eucalyptus Private Cloud
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Fig. 3. Pole placement in DR-regions for cloud application
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Operating region Actual Poles After Iteration 1 After Iteration 2
1 0.4426, 0.4366, 0.7158 0.7299, 0.7158, 0.5133 0.1534, 0.5133, 0.7158
2 0.5738, 0.6223, 0.7761 0.7761 0.7036 0.6214 0.1534, 0.7036, 0.6214
3 0.4482, 0.4557, 0.8310 0.8310, 0.7176, 0.4896 0.1541, 0.8310, 0.7176
4 0.5483, 0.6073, 0.9263 0.9263, 0.7019, 0.6251, 0.2104, 0.7019, 0.6251
5 0.4842, 0.4960, 0.3224 0.3224, 0.7080, 0.5173 0.1534, 0.7080, 0.5173
6 0.5123, 0.6252, 0.1053 0.1053, 0.7037, 0.6410 0.1534, 0.7037, 0.6410
7 0.4042, 0.4720, 0.0999 0.0999, 0.7090, 0.5107 0.1534, 0.7090, 0.5107
8 0.5197, 0.5955, 0.9471 0.9471, 0.6142, 0.7040 0.4125, 0.7040, 0.9471
9 0.5153, 0.5706, 0.9699 0.9699, 0.7050, 0.5772 0.1544, 0.7050, 0.5772
10 0.5253, 0.6101, 0.9650 0.9650, 0.7042, 0.6136 0.1543, 0.7042, 0.6136

TABLE I
POLE PLACEMENT RESULTS USING MULTI-OBJECTIVE SWITCHING CONTROLLER ALGORITHM

8 respectively; 0.2104 and 0.4125). This is quite obvious as
the algorithm is based on sufficient conditions. A general
procedure in such a situation is to vary the radius of the
region such that the conditions of the alogithm are satisfied.

V. CONCLUSIONS

In this paper, necessary theory is developed for pole
placement in DR-regions ensuring stability under arbitary
switching for a linear switched system. A multi-objective
switching controller algorithm is then illustrated. Secondly,
the developed algorithm is applied to linear switched model
of a web-server hosted on a private cloud. The switched
model is based on the MIMO LTI models which are obtained
at several operating regions of the target system using system
identification technique. The switching signal was chosen to
be arrival rate of the workload. Lastly, the pole placment
results using the developed algorithm are presented with two
DR-regions for the cloud application.
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[13] M. Valášek, N. Olgac, Efficient eigenvalue assignments for general
linear mimo systems, Automatica 31 (11) (1995) 1605–1617.

[14] V. Mehrmann, H. Xu, An analysis of the pole placement problem ii.
the multi-input case, Electronic Transactions on Numerical Analysis
5 (1997) 77–97.

[15] J. Daafouz, P. Riedinger, C. Iung, Observer-based switched control
design with pole placement for discrete-time switched systems, Inter-
national Journal of Hybrid Systems 3 (2) (2004) 263–282.

[16] J. Daafouz, J. Bernussou, Parameter dependent lyapunov functions
for discrete time systems with time varying parametric uncertainties,
Systems & control letters 43 (5) (2001) 355–359.

[17] D. Peaucelle, D. Arzelier, O. Bachelier, J. Bernussou, A new robust
d-stability condition for real convex polytopic uncertainty, Systems &
Control Letters 40 (1) (2000) 21–30.

[18] V. E. Montagner, V. J. Leite, P. L. Peres, Discrete-time switched
systems: Pole location and structural constrained control, in: Decision
and Control, 2003. Proceedings. 42nd IEEE Conference on, Vol. 6,
IEEE, 2003, pp. 6242–6247.

[19] L. Ljung, System identification: Theory for the user, PTR Prentice
Hall Information and System Sciences Series 198.

[20] P. Saikrishna, A. Chandrasekar, R. Pasumarthy, Performance guaran-
tees via pole placement for a webserver hosted on a private cloud, in:
Control Conference (ECC), 2015 European, IEEE, 2015, pp. 854–859.

[21] P. Saikrishna, N. P. Bhatt, R. Pasumarthy, An lpv approach to per-
formance modeling of a web server on a private cloud, in: American
Control Conference (ACC), 2015, IEEE, 2015, pp. 1519–1524.

[22] P. Saikrishna, R. Pasumarthy, H. Kruthika, Stability analysis of cloud
computing systems under uncertain time delays, in: International
symposium on mathematical theory of networks and systems, 2015,
pp 1657–1664.

[23] P. Saikrishna,R. Pasumarthy, Multi-Objective Switching Controller
for Cloud Computing Systems, in: Journal of Control Engineering
Practice, Under Revision.

[24] N. Maamri, O. Bachelier, D. Mehdi, Pole placement in a union
of regions with prespecified subregion allocation, Mathematics and
Computers in Simulation 72 (1) (2006) 38–46.

[25] I. Bras, A. Carapito, P. Rocha, A note on simultaneous block diag-
onally stable matrices, Electronic Journal of Linear Algebra 26 (1)
(2013) 7.

[26] http://httpd.apache.org/docs/2.2/misc/perf-tuning.html.
[27] http://www.hpl.hp.com/research/linux/httperf/.
[28] L. Ljung, System identification toolbox for use with {MATLAB}.
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Data-Driven Control: The Full Interconnection Case

Thabiso Maupong and Paolo Rapisarda

Abstract— We show how to compute a controller directly
from data for a class of linear-time invariant systems. To do
this, we use the interconnection paradigm where the control
variables and to-be-controlled variables coincide, i.e. full inter-
connection. We also illustrate this process with an example.

Index Terms— Data-driven control, behaviours, interconnec-
tion, annihilators.

AMS Subject— 93C05, 93C55.

I. INTRODUCTION

Consider given: observed noise free trajectories from a li-
near time-invariant unknown system; an “example trajectory”
of the desired controlled system. We show how to find a
representation of a controller that implements the desired
controlled system. We call this approach data-driven control,
as in [3] .

Data-driven control has been studied from different points
of view and different names, for example data-based control
[6]; model-free control [1] and unfalsified control [5]. In [1],
[3], [6] system data is used to find control inputs, whereas
in [5] input/output data is used to falsify a control law
from a set of available admissible control laws. We have
shown in [4], that under suitable conditions, we can find
a controller that implements a desired controlled system
directly from data. We use the interconnection paradigm, see
[9], to find a controller directly from data for both the general
interconnection, i.e., when the system variables are split into
control variables and to-be-controlled variable and the full
interconnection case. In this paper, we further study the
full interconnection case. We prove necessary and sufficient
conditions suitable for finding a controller from data using
full interconnection. Then, under such conditions, we present
an algorithm. We also present an example to illustrate this
procedure.

The structure of this paper is as follows. In Section
II we introduce some background material including the
notation used and some relevant concepts of the behavioral
approach. In Section III we cover some aspects of control
as interconnection, focusing mainly on full interconnection.
Then, in Section IV we formally state the full interconnection
data-driven control problem and present our solution to the
problem. In Section we V provide an example. Finally, in
Section VI we give some conclusions.

Both Thabiso Maupong and Paolo Rapisarda are with the VLC group,
School of Electronics and Computer Science, University of Southampton,
Great Britain {tmm204,pr3}@ecs.soton.ac.uk

II. BACKGROUND
A. Notation

We denote the space of w dimensional real vectors by
Rw and that of g × w real matrices by Rg×w. colspan(A)
denotes the subspace consisting of all linear combination of
the columns of A and leftkernel(A) denotes the subspace
spanned by all vectors v such that vA = 0. col(A,B) is
the matrix obtained by stacking the matrix A ∈ Rg1×w over
B ∈ Rg2×w. The ring of polynomials with real coefficients
in the indeterminate ξ is denoted by R[ξ] and the set of g×w
matrices in the indeterminate ξ is denoted by Rg×w[ξ]. Let
R := R0 + · · ·+RLξ

L ∈ Rg×w[ξ] with RL 6= 0 then L is the
degree of R, denoted by deg(R). The set of all maps from
Z to Rw is denoted by (Rw)Z. The collection of all linear,
closed, shift-invariant subspaces of (Rw)Z equipped with the
topology of pointwise convergence is denoted by L w. The
backward shift σ is defined by (σf)(t) := f(t+ 1).

B. Linear difference behaviors

We define a dynamical system as Σ = (T,W,B), with T
the time axis, W the signal space and B ⊆WT the behavior.
Let T = Z and W = Rw. We consider a class of systems
whose behavior is a subspace of L w, i.e., B is linear, shift
invariant and closed. It has been proven in Prop. 4.1A pp.
232-233 of [8] that if B ∈ L w then there exists R ∈ Rg×w[ξ]
such that

B := {w : Z→ Rw|R(σ)w = 0},

where the operator R(σ) is called polynomial operator in
the shift and R(σ)w = 0 is called kernel representation.
Henceforth we write B = ker(R(σ)). R induces a minimal
representation if no other kernel representation of B has less
than g rows. It has been proven in [9] Prop. 1, p. 331 that if
R,R′ ∈ R•×w[ξ] are both minimal, then B = ker(R(σ)) =
ker(R′(σ)) iff there exists a unimodular matrix (see Lemma
6.3-1, p. 375 of [2]) U ∈ R•×•[ξ] such that R = UR′.
B ∈ L w is controllable if for any two trajectories

w1, w2 ∈ B there exists t1 ≥ 0 and w ∈ B such that
w(t) = w1(t) for t ≤ 0 and w(t) = w2(t−t1) for t ≥ t1. We
denote by L w

contr the collection of all controllable elements
of L w.

Let L ∈ N. The restriction of trajectories of B on the
interval [1, L] is defined by

B|[1,L] :={w : [1, L]→ Rw|∃w′ ∈ B s.t.
w(t) = w′(t) for all 1 6 t 6 L}.

The integer L in the above equation is called the lag.
We denote by L(B) the smallest L such that [w|[t,t+L] ∈
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B|[t,t+L] for all t ∈ T] ⇒ [w ∈ B]. Equivalently, L(B)
is the smallest degree over all R such that B = ker(R(σ)).
We also use the following integer invariants: n(B), McMillan
degree, the smallest state-space dimension among all possi-
ble state representations of B; and l(B), the shortest lag
described as follows. Let B = ker(R(σ)) and define the
degree of each row of R to be the largest degree of the
entries. Then the minimum of degrees of the rows of R is
the minimal lag associated with R and l(B) is the smallest
possible minimal lag over all R such that B = ker(R(σ)).
Hence, all kernel representations of B has rows of lag at
least l(B).

Let w ∈ B. A partition of w := (w1, w2) is an
input/output partition if w1 is maximally free i.e., πw1

(B) =
(Rm)Z, where πw1

(B) := {w1| ∃ w2 s.t (w1, w2) ∈ B}, and
w2 contains no free components (see pp. 243-244 of [8]).
Then w1 is an input and w2 an output. We denote by p(B)
the output cardinality, i.e. number of outputs and m(B) input
cardinality, the number of inputs.

C. Annihilators and fundamental lemma
The module of annihilators of B is defined by NB :=

{n ∈ R1×w[ξ]|n(σ)B = 0}. Let B = ker(R(σ)), then NB

is equal to the R[ξ]-submodule of R1×w[ξ] generated by the
rows of R, see [10] pp. 83-84. The set of annihilators of
B of degree less than j ∈ Z+ is defined by Nj

B := {r ∈
R1×w[ξ]|r ∈ NB and r has degree 6 j}. Let r1, . . . ri ∈
Nj

B and r̃1 . . . r̃i be the coefficients of r1, . . . ri. Then Ñj
B

is the set containing r̃1 . . . r̃i.
Definition 1: Let L ∈ N. The Hankel matrix associated

with a vector w(1), . . . w(T ) for T > L is defined by

HL(w) :=


w(1) w(2) . . . w(T − L+ 1)
w(2) w(3) . . . w(T − L+ 2)

...
... . . .

...
w(L) w(L+ 1) . . . w(T )

 .
Definition 2: A vector ũ = ũ(1), ũ(2), . . . , ũ(T ) is per-

sistently exciting of order L if HL(ũ) is full row rank.
Now we state the fundamental lemma cf. [11].
Lemma 1: Assume B ∈ L w

contr. Let w̃ =
w̃(1), w̃(2), . . . , w̃(T ) := col(ũ, ỹ), w̃ ∈ B|[1,T ] such
that ũ(k) ∈ Rm(B) and ỹ(k) ∈ Rp(B) for 1 6 k 6 T .
Finally, let L ∈ N such that L > L(B). If ũ is persistently
exciting of order L+ n(B), then colspan(HL(w̃)) = B|[1,L]

and leftkernel(HL(w̃)) = ÑL
B.

Proof: See Th. 1 pp. 327-328 of [11].
Under the conditions of Lemma 1, for all w̃′ ∈ B|[1,L]

there exists υ̃ ∈ RT−L+1 such that w̃′ = HL(w̃)υ̃. Moreover,
we can recover from w̃ the laws of the system B that
generated w̃. This leads us to following definition.

Definition 3: Let L ∈ N such that L > L(B) and
T ∈ N such that T � L. Then w̃ ∈ B|[1,T ] is sufficiently
informative about B if colspan(HL(w̃)) = B|[1,L] and
leftkernel(HL(w̃)) = ÑL

B.

III. FULL INTERCONNECTION
In the following discussion we assume that the plant

behavior, the controller behavior and the controlled behavior

are all elements of L w
contr. Let the to-be-controlled plant

behavior be described by

P := {w : Z→ Rw|w satisfies the plant equations}

and a to-be-designed controller defined by the control beha-
vior

C := {w : Z→ Rw|w satisfies the controller equations}.

The interconnection of the plant and the controller through
the w denoted by P ∧w C results in the w’s obeying both the
laws of the plant and the controller. Therefore the controlled
behavior is defined by

D := {w : Z→ Rw |w ∈ P and w ∈ C} = P ∩ C.

It has been shown in [12], Theo.1 p. 62 that a controller
C implementing D exists iff D ⊆ P .

Let NP ,NC and ND be the module of annihilators asso-
ciated with P, C and D, respectively. To prove necessary
and sufficient conditions for C to implement D via full
interconnection consider the follow lemmas.

Lemma 2: Let RC ∈ Rc×w[ξ], RP ∈ Rp×w[ξ] and RD ∈
Rg×w[ξ] where c, p, g ∈ N, be such that C = ker(RC(σ)),
P = ker(RP (σ)) and D = ker(RD(σ)). Then the following
statements are equivalent,

1) NP + NC = ND
2) there exist F1 ∈ Rg×c[ξ] and F2 ∈ Rg×p[ξ] such that

F1RC + F2RP = RD.
Lemma 3: Let r1, . . . , rp and c1, . . . , cc be bases gene-

rators of NP and NC , respectively. Assume that NP +
NC = ND, then {r1, . . . , rg, c1, . . . , cc} is a basis of ND
iff NP ∩NC = {0}.

In the following theorem we prove necessary and sufficient
conditions for C to implement D via full interconnection.

Theorem 1: Let C = ker(RC(σ)), P = ker(RP (σ)) and
D = ker(RD(σ)). Assume that RD, RP and RC induce
minimal representations, and that NP ∩ NC = {0}. Then
a controller C implements D iff NP + NC = ND.

Proof: (Only if) Assume that C implements D, then

C ∩ P = ker(

[
RC(σ)
RP (σ)

]
). Since D = ker(RD(σ)) then

ker(RD(σ)) = ker(

[
RC(σ)
RP (σ)

]
). Therefore there exists F ∈

R•×•[ξ] such that RD = F

[
RC

RP

]
. Partition the columns

of F := [F1 F2] accordingly with respect to the rows of
RC and RP . Then RD = F1RC + F2RP . Now it follows
from Lemma 2 that RD = F1RC + F2RP which implies
that NP +NC = ND. (If) From Lemma 2 NP +NC = ND
implies that there exist F1 ∈ Rg×c[ξ] and F2 ∈ Rg×p[ξ] such

that F1RC + F2RP = RD. Now, RD =
[
F1 F2

] [RC

RP

]
with

[
F1 F2

]
∈ Rg×(c+p)[ξ]. By the assumption that

RD, RP and RC are minimal, and that NP ∩NC = {0} then
c + p = g moreover, since ND = NP + NC then [F1 F2]

is unimodular. Consequently, ker(RD(σ)) = ker(

[
RC(σ)
RP (σ)

]
)

which implies that D = P ∩ C.
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IV. DATA-DRIVEN FULL INTERCONNECTION

We state the data-driven full interconnection problem and
present our solution.

Problem 1: Let T ∈ N be “sufficiently large”. Given
sufficiently informative trajectories w̃ ∈ P and w̃d ∈ D,
both of length T . Find a minimal representation of C such
that P ∧w C = D.

Let NP ,NC and ND be the module of annihilators of
P , C and D, respectively. Under assumption of Theo. 1, to
find C we first find bases generators of NP and ND. Then,
under the assumptions of Lemma 3, we compute a basis
generator for NC . To find bases of NP and ND we use
the fact that w̃ and w̃d are sufficiently informative, therefore
leftkernel(HL(w̃)) = ÑL

P and leftkernel(HL(w̃d)) = ÑL
D

where L ∈ Z+ is greater than both L(P) and L(D). A
procedure for finding minimum lag bases generators has been
illustrated in Algorithm 2, p. 679 of [7].

Our solution to Problem 1 is summarised in Algorithm
1. Note that in Algorithm 1 we denote by Nn

C a set of
annihilators of C of degree n.

Remark 1: In Problem 1, we assumed that observed tra-
jectories are of sufficiently large length T , whereas Algo-
rithm 2, p. 679 of [7] is under the assumptions that observed
trajectories are of infinite length. This brings about the issues
of how large is sufficiently large and of consistency. We do
not address these issues in this paper, but reserve them for
future research, along with the effect of noise on observed
data.

We now prove the correctness of Algorithm 1.
Proposition 1: Let w̃ ∈ P and w̃d ∈ D be sufficiently

informative about their respective behaviors. Assume that
r1, . . . , rg and a1, . . . , at in Algorithm 1 are minimum lag
bases of NP and ND, respectively, and that C implements
D then NC in Algorithm 1 is a module of annihilators of C
that implements D.

Proof: The fact that r1, . . . , rg and a1, . . . , at in
Algorithm 1 are minimum lag bases of NP and ND follows
from Theo. 14, p. 679 of [7]. Furthermore, the fact that C
implements D follows from Theo. 1. Now, let al′1 , . . . , al′q
and rl1 , . . . , rlk as in step 1 of Algorithm 1. Denote by
Nn
D and Nn

P a set containing al′1 , . . . , al′q and rl1 , . . . , rlk ,
respectively and Nn

C set of annihilators of C of degree n.
Since a1, . . . , at is a basis of ND then NC ∩ NP = {0}
which implies that Nn

C ∩Nn
P = {0} therefore in Algorithm

1 if k = q then al′1 , . . . , al′q ∈ Nn
P . Hence, Nn

C = {0}.
Now, if k = 0 and q 6= 0, then al′1 , . . . , al′q ∈ Nn

D such
that al′1 , . . . , al′q /∈ Nn

P implies that al′1 , . . . , al′q ∈ Nn
C ,

therefore Nn
C = {al′1 , . . . , al′q}. Finally, k < q means Nn

D has
more annihilators of degree n than Nn

P , therefore some of
them belong to Nn

C . Denote by Ñn
P and Ñn

D sets containing
ãl′1 , . . . , ãl′q and r̃l1 , . . . , r̃lk , respectively. Since Nn

C ∩Nn
P =

{0} then Ñn
C ∩ Ñn

P = {0}. Moreover, NP + NC = ND
implies that Nn

P +Nn
C = Nn

D hence Ñn
P + Ñn

C = Ñn
D. Since

Ñn
C ∩Ñn

P = {0}, Ñn
P+Ñn

C = Ñn
D, and r̃l1 , . . . , r̃lk is a basis

of Ñn
P then the projection matrix P exists and ũ>1 , . . . ũ

>
x are

the coefficients vectors of annihilators of C of lag n. Hence

Input : w̃ ∈ P and w̃d ∈ D
Output : NC
Assumptions: Theorem 1 and Lemma 3

1 Determinations of bases of NP and ND
i. Using Algorithm 2, p. 679 of [7] determine

minimum lag bases r1, . . . , rg and a1, . . . , at of NP
and ND, respectively.

ii. Define r̃1, . . . , r̃g and ã1, . . . , ãt as the coefficients
of r1, . . . , rg and a1, . . . , at respectively.

iii. Define dm := deg(am) for m = 1, . . . , t,
t := {1, 2, . . . , t} and g := {1, 2, . . . , g}. Let
d = max(d1, . . . dm).

2 Compute steps 3-4 recursively starting from n = 0 to d.

3 Classifying r̃1, . . . , r̃g and ã1, . . . , ãt by their lags
i. choose l1, . . . lk ∈ g such that r̃l1 , . . . , r̃lk are all of

lag n. If there is no r̃l1 , . . . , r̃lk of lag n set k = 0 .
ii. choose l′1, . . . l

′
q ∈ t such that ãl′1 , . . . , ãl′q are all of

lag n. If there is no ãl′1 , . . . , ãl′q of lag n set q = 0.

4 Compute coefficients of Nn
C as follows

if k = q then
Nn
C := {0}

else if k = 0 and q 6= 0 then
ãl′1 , . . . , ãl′q defines the coefficients of
annihilators of C of degree n, therefore define
Nn
C := {al′1 , . . . , al′q}.

else if k < q then Define the matrix A whose
columns are r̃l1 , . . . , r̃lk as

A :=

r̃0l1 . . . r̃0lk
... . . .

...
r̃nl1 . . . r̃nlk

 ;

Define a projection matrix P := A[A>A]−1A>;
Define H := [ãl′1 − P ãl′1 , . . . , ãl′q − P ãl′q ];
Compute x rank of H and compute the SVD of
H = UΣV >;

Partition U = [U1 U2] where U1 has x columns;
The columns of U1, ũ>1 , . . . ũ

>
x defines the

coefficients of annihilators of C of degree n,
therefore define Nn

C := {u1, . . . , ux};
end ;

5 Specification of NC

i. Define NC :=
d⋃

k=0

Nk
C

Algorithm 1: Solution of Problem 1
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Nn
C = {u1, . . . , ux}.

V. EXAMPLE

We consider a simple example of power factor rectificati-
on. Let the circuit in Fig. 1 be the to-be-controlled system
with w = col(iz, iv, is, v), m(P) = 2 and p(P) = 2. The
input/output variables are is, v and iz, iv , respectively. To
generate w̃ ∈ P with T = 200000 samples, the circuit in
Fig. 1 is simulated in Matlab Simulink with sampling
rate of 50µs. To guarantee that w̃ is sufficiently informative
is and v are generated by current and voltage sources which
are driven by a random number generator so that both are
persistently exciting of sufficiently high order. The values of
R,L and C are 100Ω,0.01H and 0.001C, respectively.

v

iv

is

iz

C

L

L

C

R

Fig. 1. To-be controlled system

The controlled system, i.e. circuit with the correct power
factor, is chosen as in Fig. 2. wd = col(iz, iv, is, v), with
m(D) = 1 and p(D) = 3. To generate w̃d ∈ D the circuit in
Fig. 2 is simulated like the one above but this time with only
v generated by voltage sources which is driven by a random
number generator. The values of R,L and C are the same
while Lf = 0.001H and Rf = 0.4252Ω

v

iv

Lf

is

Rf

iz

C

L

L

C

R

Fig. 2. Example of controlled system

Using Algorithm 1, NP has 2 basis generators, one of
degree 0 and the other 2. ND has 3 basis generators, one of
degree 0, and others of degree 1 and 2. Hence, the generator
of ND of degree 1 belongs to NC . Consequently, a controller
representation is

[
− 322 σ

1611 + 266
1155

322 σ
1611 −

226
1155 − 965 σ

2414 + 452
1155 − 151 σ

10180−
151

10180

] 
iz

iv

is

v

=0

We verify the controller above by interconnecting it with
the to-be-controlled systems then comparing the impulse
response with that of the controlled system. The impulse
responses coincide as shown in Fig. 3.

T
o
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u
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1
)
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Impulse Response
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A
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p
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u
d
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Fig. 3. Impulse responses of the to-be-controlled system interconnected
with computed controller (blue) and that of the controlled system(red)

VI. CONCLUSIONS
We have proved necessary and sufficient data-driven con-

ditions for a controller to implement the desired controlled
behavior via full interconnection. Then, under those con-
ditions, we illustrated how the controller can be computed
directly from data. As a matter of future research we intend
to investigate whether such data-driven approach can be
extended to two-dimensional systems and be applied to
boundary condition control problems.
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Stabilization of a planar slow-fast system at a non-hyperbolic point

H. Jardón-Kojakhmetov1 and Jacquelien M.A. Scherpen1

Abstract— In this document we study the stabilization prob-
lem of a planar slow-fast system at a non-hyperbolic point.
At these type of points, the classical theory of singular per-
turbations is not applicable and new techniques need to be
introduced in order to design a controller that stabilizes such
a point. We show that using geometric desingularization (also
known as blow up), it is possible to design, in a simple way,
controllers that stabilize non-hyperbolic equilibrium points of
slow-fast systems. Our results are exemplified on the van der
Pol oscillator.

I. INTRODUCTION

In this document we study the stabilization of a planar
slow-fast system at a non-hyperbolic point of its critical
manifold. By a slow-fast system (SFS), we mean a singularly
perturbed ordinary differential equation of the form

ẋ = f(x, z, ε)

εż = g(x, z, ε),
(1)

where x ∈ R, z ∈ R, and f and g are assumed to be C∞.
The parameter ε > 0 is assumed to be small, i.e., ε � 1.
Note that by this assumption z evolves much faster than x
and therefore we refer to z, resp. x, as the fast, resp. slow,
variable. For ε > 0 we can define a new time parameter τ
by τ = t/ε. With this new time (1) is rewritten as

x′ = εf(x, z, ε)

z′ = g(x, z, ε),
(2)

where now the prime denotes the derivative with respect to
the scaled time parameter τ . Note that for ε > 0 and f 6= 0,
the systems (1) and (2) are equivalent. In the limit ε → 0
we have that (1) and (2) become

ẋ = f(x, z, 0)

0 = g(x, z, 0),
(3)

and

x′ = 0

z′ = g(x, z, 0),
(4)

respectively. The system given by (3) is known as Differential
Algebraic Equation (DAE) (or also Constrained Differential
Equation (CDE) [24] ) while (4) is called the layer equation
[28]. Associated to these two systems, the following impor-
tant set is defined.

Definition 1: The critical manifold is defined by

S = {(x, z) ∈ Rm × Rn | g(x, z, 0) = 0} .
1H. Jardón-Kojakhmetov and Jacquelien M.A. Scherpen are with

the Engineering and Technology Institute (ENTEG), University of
Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands.
{h.jardon.kojakhmetov, j.m.a.scherpen}@rug.nl

Remark 1:
• In e.g. [1] it is proved that for generic maps g(x, z, 0),
S is indeed a smooth m-dimensional manifold.

• The critical manifold S serves as the phase space of
the DAE (3) and as the set of equilibrium points of the
layer equation (4).

Associated to the layer equation we now recall the defini-
tion of normal hyperbolicity.

Definition 2: Let Xε be an ε-parameter family of smooth
vector fields given by (2). Denote by S the set of equilibrium
points of X0. The manifold S is called normally hyperbolic
if each point of S is a hyperbolic equilibrium point of X0.

Remark 2: A hyperbolic point is also known as a singu-
larity of index-1 in the field of DAEs [6], [20].

In the context of SFSs, the importance of normal hyperbol-
icity is due to [5], [7], see also [11], [12]. Briefly put, if S0 ⊂
S is a compact, normally hyperbolic subset of S, then there
exists a manifold Sε (the slow manifold) which is invariant
under the flow of Xε. Moreover, Sε is diffeomorphic to S0,
lies within distance of order O(ε) from S0; and the flow of
(3) restricted to S0 provides a first approximation of the flow
of Xε along Sε. However, these conclusions are not valid
around non-normally hyperbolic points of S, and the analysis
of the corresponding dynamics is much more complicated
compared to the classical situation, see e.g. [4], [8], [17].

In the context of control theory, a lot of attention has been
given to problems of the form

ẋ = f(x, z, ε) + u(x, z, ε)

εż = g(x, z, ε) + v(x, z, ε),

where u and v are control functions and where the associated
critical manifold S, of the open-loop system, is normally
hyperbolic, see for example [13], [14]. Normal hyperbolicity
has been the key ingredient in order to design simplified
controllers in the slow and fast time scales, some examples
are given in [3], [15], [21], [23], [29]. Less attention has been
given to the situation where S is not normally hyperbolic,
especially in the nonlinear case. At non-hyperbolic points,
the dynamics of a certain system may change drastically via
jumps. This behavior is interesting as it is present in many
phenomena [2], [8], [16], [30], [22], [25], [26], [27], however
it is difficult to analyze.

In this document we investigate the stabilization problem
of a SFS with two novel features: 1) The stabilization prob-
lem is developed at a non-hyperbolic point; in other words,
we do not make the classical assumption that (1) satisfies
∂g
∂z (0) 6= 0. In this sense we give the first steps towards an
extension of the theory of singular perturbations in control
systems. 2) The critical manifold S (see Definition 1) is left
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invariant. In practical terms, this means that the controller
to be designed does not modify the overall behavior of the
system, like rapid transitions between stable states or the
dynamics along normally hyperbolic parts of the critical
manifold, see Section V.

II. SETTING OF THE PROBLEM

In the rest of this document we study the stabilization
problem at the origin of the planar SFS

x′ = ε(Ax+Bz + u(x, z, ε))

z′ = −(z2 + x).
(5)

where A ∈ R and B ∈ R. The motivation behind studying
(5) is that it is one of the simplest systems to have a
non-hyperbolic point (at the origin) but yet it has linear
slow dynamics. Note the absence of control signal in the
equation of z′. The associated critical manifold is given by
S =

{
(x, z) ∈ R2 |x = z2

}
. To avoid working with an ε-

family of vector fields as (5), it is customary [4], [19], [18]
to incorporate the trivial equation ε′ = 0 and then consider
the three-dimensional vector field

X :


x′ = ε(Ax+Bz + u(x, z, ε))

z′ = −(z2 + x)

ε′ = 0.

(6)

Note that the origin is a nilpotent singularity of (6).
Remark 3:
• Any compact subset S0 ⊂ S around the origin is not

normally hyperbolic.
• The control problem (6) has the important characteristic

of leaving the critical manifold S invariant. Note a
linear feedback v = −z could be proposed so that the
closed loop system is of the form

ẋ = Ax+Bz + u(x, z, ε)

εż = −(z2 − x)− z.

In this way the ‘closed-loop critical manifold’ would
be normally hyperbolic in a compact neighborhood of
the origin. Hence, classical techniques could be used
to design a controller u. However in such a case the
topological properties of the critical manifold are lost.
More precisely, a jump at the origin (due to non-
hyperbolicity) would disappear due to the action of the
controller. Therefore, we emphasize that a novelty of
our approach is to propose a controller that does not
change S.

• The main goal of our contribution is to extend the
theory of singular perturbations for control systems to
non-hyperbolic points. An important ingredient in this
process is the geometric desingularization technique,
see Section III-B.

III. PRELIMINARIES

In this section we present the open loop dynamics of the
problem of interest and point-out the main properties of the
geometric desingularization technique.

A. The open-loop dynamics

First of all, note that the slow manifold S is a parabola as
depicted in Figure 1.

x

z

Fig. 1: The critical manifold S =
{

(x, z) ∈ R2 |x = −z2
}

.
The origin is also called the fold point.

The corresponding DAE and layer equations related to (6),
for u = 0, are given by

ẋ = Ax+Bz

0 = −(z2 + x),
(7)

and
x′ = 0

z′ = −(z2 + x),
(8)

respectively.
Remark 4: Our analysis is of local nature. Therefore we

assume that A and B are suitably chosen constants such that
in a sufficiently large neighborhood U of the origin, the fold
point (x, y) = (0, 0) is the only singularity of the vector field
x′ = Ax+Bz.

By a simple analysis it can be shown that the local phase
portraits (in a small neighborhood of the origin) of (7) and
(8) are as depicted in Figure 2.

B. Geometric desingularization

In order to design the controller u of (6) we propose
to use the geometric desingularization or blow up method.
This technique was introduced in the context of SFSs in [4]
(see also [18]). However, to the authors’ best knowledge,
geometric desingularization has not been used to design
controllers of singularly perturbed control systems around
non-hyperbolic points before.

Briefly speaking, geometric desingularization is a well
suited change of coordinates under which the non-hyperbolic
singularity (the fold point) of (6) is simplified. By this
we mean that after the coordinate transformation, the new
singularities of the induced vector field are hyperbolic or
semi-hyperbolic. Such a change of coordinates is of the form

x = rα1 x̄, z = rα2 z̄, ε = rα3 ε̄, (9)

where (x̄, z̄, ε̄) ∈ S2 and r ∈ [0,∞), and where α1, α2, α3

are suitable positive integers depending on the vector field.
Since we have assumed that ε > 0, we may also assume
that ε̄ ∈ [0,∞). Let Φ : S2 × [0,∞) → R3 denote the
blow up map (9). Note that Φ maps the the sphere S2×{0}
to the origin of R3. Moreover, the map Φ induces a vector
field X̃ defined by Φ∗X̃ = X (where X is given by (6)). It
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x

z

(a) Phase portrait of (7) for
B < 0

x

z

(b) Phase portrait of (7) for
B > 0

x

z

(c) Phase portrait of (8).

Fig. 2: Phase portraits of (7) and (8) in a sufficiently small
neighborhood of the origin.

may happen that X̃ is degenerate along S2 × {0} in which
case one defines a new vector field X̄ by X̄ = 1/rmX̃ for a
suitable integer m such that X̄ is not degenerate at S2×{0}.
In this way, the dynamics of X̃ and X̄ are equivalent outside
S2 × {0} and thus it is equally useful to study X̄ . One then
obtains a complete description of the dynamics of X around
the origin by studying X̄ around S2 × [0, r0) for r0 > 0.

When studying SFSs of dimensions greater than 2 it is
more convenient to use charts [2], [4], [8], [17], [18]. A
chart is a parametrization of distinct hemispheres of S2 ×
[0, r0). More precisely in our particular problem, the charts
are defined by

K±x̄ = {x̄ = ±1} , K±z̄ = {z̄ = ±1} ,
Kε̄ = {ε̄ = 1} .

We show in the following section that a controller designed
for the blown up vector field X̄ induces a controller for X .
Moreover, the closed-loop characteristics of X̄ are carried
over X .

IV. CONTROLLER DESIGN VIA GEOMETRIC
DESINGULARIZATION

For the specific problem given by (6), the blow up map
reads as

x = r2x̄, z = rz̄, ε = r3ε̄. (10)

Next, the most important chart to consider is Kε̄ since in this
chart we desingularize the singular behavior induced by the
parameter ε. Moreover, the dynamics in Kε̄ are equivalent
to the dynamics of (10) in a small neighborhood Uε of the
origin of size O(ε2/3)×O(ε1/3).

Remark 5: The analysis of the remaining charts (K±x̄ and
K±z̄) is non-trivial and may provide insightful information
on the dynamics of (6) near the origin.

A. Analysis in the chart Kε̄

In this chart the blow up map is given by

x = r2x̄, z = rz̄, ε = r3. (11)

The corresponding blown up vector field X̄ reads as

X̄ :


r′ = 0

x̄′ = Ar2x̄+Brz̄ + ū(x̄, z̄, r)

z̄′ = −(z̄2 + x̄),

(12)

which is obtained after rescaling time by a factor of r and
where the prime denotes time derivative with respect to this
re-scaled time. Furthermore, ū denotes the transformation
of u under the blow up map (11) that is ū(x̄, z̄, r) =
u(r2x̄, rz̄, r3).

Theorem 1: Consider the ‘blown up’ control problem
(12). Let the controller ū be given by ū = −Ar2x̄−Brz̄ +
αx̄ + βz̄ with α < 0, β > 0. Then, the origin is a locally
asymptotically stable equilibrium point of the closed-loop
system.

Proof: The closed loop dynamics of (12) given by the
controller ū = −Ar2x̄ − Brz̄ + αx̄ + βz̄ are uniform in r
and read as

X̄cl :


r′ = 0

x̄′ = αx̄+ βz̄

z̄′ = −(z̄2 + x̄).

(13)

It is easy to verify that the eigenvalues of the Jacobian

DX̄cl(0) are λ1,2 =
α±
√
α2−4β

2 . It follows from classical
stability arguments that α < 0, β > 0 are necessary and
sufficient conditions to make the origin locally asymptoti-
cally stable.

The controller designed in Theorem 1 provides necessary
and sufficient conditions for local asymptotic stability of the
origin. For didactic purposes let us choose α and β in such a
way that the origin has a pair of complex-conjugated stable
eigenvalues1. Thus, let us choose α < −K < 0, with K >
0, and α2 − 4β < −Q < 0 with Q > 0. Next, note that
the closed-loop system has another equilibrium point p′ =(
−
(
β
α

)2

, βα

)
. We want to place this secondary equilibrium

point sufficiently away from the origin and therefore let us
further choose β > −α, compare with Remark 4. The phase
portrait of (13) is shown in Figure 3.

B. Region of attraction

It is interesting to see the qualitative properties of the
region of attraction of the origin in the closed loop system
(13). For this we study the local properties of the equilibrium

point p′ =

(
−
(
β
α

)2

, βα

)
.

1The case where the origin has a pair of purely real stable eigenvalues is
completely similar to the one presented here.
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x̄

z̄

Fig. 3: Phase portrait of (13) for α = −1, β = 2 .

Proposition 1: The equilibrium point p′ is a saddle point

with eigenvalues λ1,2 =
−ρ±
√
ρ2+4β

2 , where ρ = 2β
α − α.

The stable (Es) and unstable (Eu) eigenspaces are given by

Es =

{[
v−

1

]}
, Eu =

{[
v+

1

]}
,

where v± = −α2 −
β
α ∓

√
4β2

α2 +α2

2 . Moreover we have 0 <
v+ < v−.

Proof: The result follows from standard linear analysis
at the equilibrium point p′ and the assumption that βα < −1.

It follows from Proposition 1 that there exist 1-
dimensional stable (W s(p′)) and unstable (Wu(p′)) invariant
manifolds intersecting at p′.

Let S̄ denote the manifold S̄ =
{
z̄2 + x̄ = 0

}
. We have

that W s(p′) intersects transversally S̄ as shown by the
following Lemma.

Lemma 1: Let s > 0 denote the slope of the tangent line
of the manifold S̄ at p′. Then 1

v− < s.
Proof: First, it is straightforward to show that the slope

s is given by s = − 1
2
α
β . On the other hand, the slope of

W s(p′) at p′ is 1
v− . Next, recall that β

α < −1 and note that

v− = −α
2
− β

α︸ ︷︷ ︸
>0

+

√
4β2

α2 + α2

2

=

√
α2

4
+
β2

α2
+ β +

√
α2

4
+
β2

α2
> −2

β

α
> 1.

The proof is concluded by noting that 1
v− < − 1

2
α
β = s.

From the results of this section it follows that the region
of attraction of the origin is bounded by the stable manifold
W s(p′) as shown in Figure 4.

C. The induced controller

From the blow up map (11), it follows that the correspond-
ing controller u obtained from ū is u = ū ◦Φ−1. Therefore,
due to Theorem 1, the induced controller in coordinates
(x, z, ε) is given by

u = −Ax−Bz + αε−2/3x+ βε−1/3z.

x̄

z̄

W s(p′)

p′

Fig. 4: Region of attraction of the closed-loop system X̄cl.

The rational powers in the controller are important and
depend on the blow up map (11). Note that εu is well defined
in the limit ε → 0. Moreover, the closed loop system (6)
reads as

X :


x′ = αε1/3x+ βε2/3z

z′ = −(z2 + x)

ε′ = 0.

(14)

The corresponding phase portrait of (14) is shown in Figure
5

Remark 6 (On Lyapunov functions): Even though we
used the direct Lyapunov Method to design the controller,
recall that Lyapunov functions are invariant under change
of coordinates. In fact, let X be a smooth vector field on a
manifold M and Φ : N →M a blow up map. Let X̄ be the
induced blown up vector field on N defined by Φ∗X̄ = X
(up to equivalence). Let W be a Lyapunov function for the
vector field X̄ . Let V = W ◦ Φ−1. Let ζ̄ and ζ be local
coordinates on the manifolds N and M respectively. By
definition, the Lyapunov function W satisfies
• W (ζ̄∗) = 0

• W (ζ̄) > 0, ∀ζ̄ ∈ Ū\ {0}
• W ′(ζ̄) ≤ 0, ∀ζ̄ ∈ Ū

where Ū is some neighborhood of ζ̄∗ = Φ−1(0). It follows
that
• V (0) = W ◦ Φ−1(0) = 0

x

z

Fig. 5: Phase portrait of (14) for α = −1, β = 2, ε = 0.05.
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• V (ζ) = W ◦ Φ−1(ζ) > 0, ∀ζ ∈ U\{0}
• V ′(ζ) = d

dt

(
W ◦ Φ−1(ζ)

)
≤ 0, ∀ζ ∈ U ,

where U is a neighborhood of 0 ∈M defined by U = Φ(Ū).
The last equality is true since the blow up map restricted to U
has positive definite Jacobian. Note that the same conclusion
holds for asymptotic stability, i.e., for W ′(ζ̄) < 0.

D. The induced region of attraction

Let us denote by Ū the region of attraction found in
Section IV-B, see Figure 4. Following the arguments of
Section IV-C we have that Ū is also mapped (via the blow-
up map (11)) to a region U of attraction in the original
coordinates (x, z), that is U = Φ(Ū). This induced region
depends on ε and has a well defined limit as ε → 0. Just
as in Section IV-B, it is bounded by the stable manifold of
the induced equilibrium point p = Φ(p′). The corresponding
region of attraction and its limit as ε → 0 are shown in
Figure 6.

Remark 7: The regions of attraction Ū and U are topo-
logically equivalent. Moreover, they are diffeomorphic for
ε > 0. The difference on their shape is due to the dependence
of U on ε.

V. APPLICATION: TRIGGER CONTROL OF THE VAN DER
POL OSCILLATOR

Let us consider the van der Pol oscillator given by

ẋ = z − a+ u

εż = −(z3 − z + x),
(15)

where a ∈ R is a parameter that defines the position of the
equilibrium point of the slow dynamics. For simplicity let
a = 0, in this way there is no equilibrium point along the
stable branch of the slow manifold S =

{
z3 − z + x = 0

}
.

In turn, there exists a unique stable limit cycle as shown in
Figure 7.

By using geometric desingularization we want to design a
controller that stabilizes one of the fold points, in particular

p = (x∗, z∗) =

((
4

27

)1/2

,

(
1

3

)1/2
)
.

Moreover, we shall provide a trigger signal that, together
with the controller, decides when the system oscillates.

x

z

W s(p)

p

x

z

Fig. 6: Left: Region of attraction U of the closed-loop system
(14). The point p is given by p = Φ(p′), compare with Figure
4. Right: limit of the region of attraction as ε→ 0

p

x

z

0 30
t [seconds]

x(t)

z(t)

Fig. 7: Left: Phase portrait of the open-loop dynamics of
(15). Right: Signals x(t) and z(t), the dashed line represents
the values of the fold point p.

Proposition 2: Consider the van der Pol oscillator (15).
The controller

u = −z + αε−2/3
(
x− (4/27)

1/2
)

+ βε−1/3
(
z − (1/3)

1/2
)
,

with α < 0 and β > 0 makes the fold point p locally
asymptotically stable.

Proof: The proof follows from the exposition of Section
IV, so let us provide only a sketch. The proof can be divided
in three steps: 1) Move the origin to the singular point
p = (x∗, z∗); in this way, the local system is of the form
studied above. 2) Design the controller following Section
IV. 3) Return to the original coordinates.

In Figure (8) we show a simulation of Proposition 2.
The controller u is applied at certain intervals to allow the
trajectories reach the equilibrium point. After a while the
controller is turned off to allow a rapid transition to the lower
stable branch of the critical manifold. Then the trajectories
converge again to the fold point p.

VI. CONCLUSIONS AND FINAL REMARKS

In this document we have studied the stabilization problem
of a planar SFS at a non-hyperbolic point. We have applied
the technique called geometric desingularization. Several
advantages are carried from this method:
• The control problem of a SFS at a non-hyperbolic point

(where classical techniques do not apply) is translated
to the control problem of a non linear vector field via
geometric desingularization.

• The local stability properties of the blown up system are
equivalent to those of the original (slow-fast) system.

• Although we have studied the planar case, it is evident
from our analysis that the results are immediately ap-
plicable to slow-fast control systems of the form

Xε :

{
x′ = ε(L(x, z) + u(x, z, ε))

z′ = −(z2 + x1),
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x(t)

z(t)
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t [seconds]

0

1
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ig
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z(t) =
(
1
3

)1/2

x(t) =
(

4
27

)1/2

Fig. 8: Top and middle: the corresponding x(t) and z(t)
signals of (15). Bottom: the trigger signal for the controller
u. Note that when the controller is active, the trajectories
(x(t), z(t)) converge to the non-hyperbolic equilibrium point
p. However, when the controller is off, we allow a fast
transition towards the lower branch of S.

where x ∈ Rm, z ∈ R, L : Rm+1 → Rm is a linear
map and u : Rm+2 → Rm.

• The controller design is not only valid at non-hyperbolic
points but also within arbitrarily small neighborhoods of
such points.

• Remark 6 suggests that Lyapunov based controllers are
also applicable to SFS even at non-hyperbolic points,
see also [10].

• The analysis of more general slow-fast control systems
near non-hyperbolic points is an ongoing research topic.
A general treatment and results shall appear in [9].
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Lyapunov Stabilization via boundary control for scalar conservation
laws

Sébastien Blandin1, Xavier Litrico2, Maria Laura Delle Monache3, Benedetto Piccoli4 and Alexandre Bayen5

Abstract— We consider the problem of Lyapunov bound-
ary stabilization of the weak entropy solution to a scalar
conservation law with strictly convex flux in one dimension
of space, around a uniform equilibrium. We show that for
a specific class of boundary conditions, the solution to the
initial-boundary value problem for an initial condition with
bounded variations can be approximated arbitrarily closely in
the L1 norm by a piecewise smooth solution with finitely many
discontinuities. The constructive method we present designs
explicit boundary conditions in this class, which guarantee
Lyapunov stability of the weak entropy solution to the initial-
boundary value problem. The stabilization result accounts for
the proper treatment of boundary conditions in the weak sense.
We also design a greedy controller obtained by maximizing
the instantaneous decrease rate of the Lyapunov function,
and illustrate the limitations of such simple controllers. Fi-
nally, we design improved boundary feedback controller which
guarantees Lyapunov asymptotic stability while accounting for
proper treatment of weak boundary conditions. Controllers
performance is illustrated on numerical benchmarks using the
Godunov scheme.

Index Terms— Lyapunov stabilization, control, conservation
laws
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Self-Organization in Multi-Agent Swarms via Distributed
Computation of Diffeomorphisms

Vishaal Krishnan and Sonia Martı́nez

Abstract—In this work, we address the problem of self-
organization for multi-agent swarms in 1D and 2D spatial do-
mains. The objective is to achieve a desired density distribution
over a continuous spatial domain. Since individual agents in a
swarm are not themselves of interest and we are concerned
only with the macroscopic objective, we view the swarm as
a discrete approximation of a continuous medium and design
spatial control laws to shape the density distribution of the
continuous medium. The key feature of this work is that the
agents in the swarm do not have access to position information
nor do they have the capability to measure the distances to
their neighbors. Each individual agent is capable of measuring
the current local density of agents and can communicate with
its neighbors. The agents implement a distributed algorithm,
which we call pseudo-localization, to localize themselves in a
new coordinate frame, and a distributed control law to converge
to the desired spatial density distribution. We start by studying
self-organization in one-dimension, which is then followed by
the two-dimensional case.

I. INTRODUCTION

The emergence of long-range order or coordination from
local interactions in large collectives of dynamic agents is the
class of phenomena broadly referred to as self-organization
in swarms. Self-organization is a pervasive phenomenon in
nature, observed in biological [1] and other natural systems
[2]. The development of low-cost robotic sensor, communi-
cation, and computation systems has led to the development
of large scale robotic counterparts [3], with applications to
monitoring, manipulation, and construction. This transition
does not merely involve an increase in the size of these
networks, but it also introduces new theoretical challenges
for analysis and control design. In particular, large groups
of agents have some essential characteristics that distinguish
them from other smaller-scale multi-agent systems. In a
swarm, agents have no individual significance and only the
macroscopic objectives are of importance. A swarm largely
remains unaffected by the removal of a large, but discrete,
number of agents. It is also nearly infeasible to localize all
individual agents in a swarm via a global positioning system.
Moreover, it is difficult (and needlessly complicated) to
specify the global configuration of the swarm using the states
of individual agents; instead, it is more appropriate to employ
macroscopic quantities such as the swarm spatial density

The authors are with the Department of Mechanical and Aerospace
Engineering, University of California at San Diego, La Jolla CA 92093
USA (email: v6krishn@ucsd.edu; soniamd@ucsd.edu). This work has been
partially supported by the grant AFOSR - 11RSL548

distribution to specify its configuration. From an analysis and
control-theoretic viewpoint, the dynamic modeling of swarms
can be established by means of PDEs, for which control
theoretic tools are less well developed in comparison to
ODEs. These theoretical challenges motivate the investigation
of self-organization in swarms.

In the literature, Markov-chain based methods have ar-
guably been the most effective at addressing some of the key
theoretical problems pertaining to swarm self-organization.
By means of it, the spatial domain is partitioned into a
finite number of disjoint sub-regions or “bins,” on which a
probability distribution is defined. Then, the self-organization
problem is reduced to the design of the transition matrix
governing the evolution of this probability density function to
ensure its convergence to a desired profile. A recent approach
to density control using Markov chains is presented in [4],
which includes additional conflict-avoidance constraints. In
this setting every agent is able to determine the bin to which
it belongs at every instant of time, which essentially means
that individual agents have self-localization capabilities. Also,
the dimensional transition matrix is synthesized in a central
way at every instant of time by solving a convex optimization
problem. In [5], the authors make use of inhomogeneous
Markov chains to minimize the number of transitions to
achieve a swarm formation. In this approach, the algorithm
necessitates the estimation of the current swarm distribution,
and computes the transition Markov matrices for each agent,
at each instant of time. The fact that every agent needs to
have an estimate of the global state (swarm distribution) at
every time may not be desirable or feasible. The localization
of each agent still remains to be a main assumption. Under
similar conditions, one can find the manuscript [6], which
describes probabilistic swarm guidance algorithms.

In this work, we adopt the viewpoint outlined in [7],
wherein we make an amorphous medium abstraction of the
swarm, an amorphous medium being a manifold with an
agent (mobile computational device) at each point. We then
model the system using PDEs and design distributed control
laws for them. Previous literature on PDE-based methods
includes [8], where the authors present algorithms for the
deployment of agents onto families of planar curves. Here,
the swarm collective dynamics are modeled by the reaction-
advection-diffusion PDE and the particular family of curves
to which the swarm is controlled to is parametrized by the
continuous agent identity in the interval of unit length. An
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extension of this work to deployment on a family of 2D
manifolds in 3D space can be found in [9]. In [10], the authors
present a distributed optimal control problem formulation for
swarm systems, where microscopic control laws are derived
from the optimal macroscopic description using a potential
function approach.

In the context of robotic swarms, programmable self-
assembly of two-dimensional shapes with a thousand-robot
swarm is demonstrated in [11]. These robots are capable of
measuring distances to nearby neighbors which they use to
localize themselves relative to other localized robots. Each
robot then uses its position to implement an edge-following
algorithm.

The main contribution of this paper is the development
of distributed control laws for the index- and position-free
density control of swarms to achieve general 1D and a large
class of 2D density profiles. In very large swarms with
thousands of agents, particularly those deployed indoors or
at smaller scales, presupposing the availability of position
information or pre-assignment of indices to individual agents
would be a strong assumption. In this paper, in addition to
not making the above assumptions, we suppose that the agents
are not capable of measuring distances to their neighbors. The
agents are only capable of measuring the local density, and
in the 2D case, the boundary agents are capable of estimating
the normal direction to the boundary.

Under these assumptions, we present distributed pseudo-
localization algorithms for 1 and 2 dimensions that agents
implement to compute their position identifiers. Since every
agent occupies a unique spatial position, we are able to
rigorously characterize the resulting position assignment as a
one-to-one correspondence between the set of spatial coordi-
nates and the set of position identifiers, which corresponds
to a diffeomorphism of the continuum domain. Based on
this assignment, control strategies for self-organization in one
and two dimensions are provided, under the assumption that
motion control of agents is noiseless. The extension to the
2D case leads to new difficulties related to the control of
the swarm boundaries. To address these, a variant of the 1D
pseudo-localization algorithm is implemented at the boundary
during an initialization phase.

II. PRELIMINARIES

Let R denote the set of all real numbers, R≥0 the set of non-
negative real numbers, and Rn the n-dimensional Euclidean
space. We use boldface letters to denote vectors in Rn. The
norm |x| of a vector x ∈ Rn is the standard Euclidean 2-
norm, unless otherwise specified. Let ∇=

(
∂

∂x ,
∂

∂y

)
denote the

gradient operator in R2. As a short-hand, we let ∂

∂ z (.) = ∂z(.)

for a variable z. We denote by
(

∂ f
∂x

)
g

the partial derivative

of f with respect to x holding the function g constant. We
denote by either Ṡ or dS

dt the time derivative of S(t). Given
functions f ,g : R → R, we write f = O(g) if there exist
positive constants C and c such that | f (h)| ≤ C|g(h)|, for
all |h| ≤ c. Let S denote the set of agents in the swarm,

and N its cardinal. For the 1D case, let l ∈ S denote the
leftmost agent, and r ∈S the rightmost one. Let Ni denote
the spatial neighborhood of agent i, which comprises those
agents located inside a small ball centered at i. For a spatial
domain M ⊂ Rn, ∂M denotes the boundary of M.

We now state some well-known results that we will be used
in the subsequent sections of this paper.

Lemma 1 (Divergence Theorem [12]). For a vector field F
over a region M⊆Rn with boundary ∂M, the volume integral
of the divergence ∇ ·F of F over M is equal to the surface
integral of F over ∂M:∫

M
(∇ ·F)dµ =

∫
∂M

F ·ds. (1)

•

For a scalar field U and a vector field F defined over a
region M ⊆ Rn:∫

M
F ·∇U =

∫
∂M

UF ·ds−
∫

M
U∇ ·F.

Lemma 2 (Leibniz Integral Rule). Let f : Mt(⊂Rn)×R→R.
Then:

d
dt

(∫
Mt

f (r, t)dµr

)
=
∫

Mt

∂

∂ t
f (r, t)dµr +

∫
∂Mt

f (r, t)v ·n,

where v is the velocity of the boundary and n is the normal
to the boundary. •

Lemma 3 ([13]). Let M : R → R2 be a (smoothly) time-
varying compact 2-manifold and let f : R×M → Rn be a
time-varying (scalar or vector-valued) function on M. Let
U be the energy functional defined as U = 1

2
∫

M | f |2. Then,

∂tU =
∫

M f ·
(

d f
dt

)
+ 1

2
∫

M | f |2∇ ·v, where d
dt = ∂t +v ·∇. •

Lemma 4 (Poincaré-Wirtinger Inequality [14]). For p∈ [1,∞]
and Ω a bounded connected open subset of Rn with a
Lipschitz boundary, there exists a constant C depending only
on Ω and p such that for every function u in the Sobolev
space W 1,p(Ω):

‖u−uΩ‖Lp(Ω) ≤C‖∇u‖Lp(Ω),

where uΩ = 1
|Ω|
∫

Ω
udµ , and |Ω| is the Lebesgue measure of

Ω. •

A. Continuum approximation

Given that N, the number of agents in the swarm, is
very large, we will analyze and design the swarm dynamics
through a continuum approximation. Let t ∈ R≥0, and let
M(t)⊂Rn describe the spatial region in which the continuum
of agents is deployed at time t. We denote ṙi(t) = vi, ∀i∈S ,
where ri(t) ∈ M(t) is the position of the ith agent in the
swarm at time t. Let ρ : R×M→R>0 be the spatial density
function, such that ∀r ∈ M(t),

∫
M(t) ρ(t,r)dµr = 1, where

dµr is the volume measure in M(t). We assume that M(t)
is simply connected and that the boundary ∂M(t) does not
self-intersect. By assuming that ρ is smooth, the macroscopic
agent dynamics can now be described by the continuity
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equation [12], assuming that the total number of agents is
conserved:

∂ρ

∂ t
+∇ · (ρv) = 0, ∀r ∈Mt , (2)

where v : R≥0×M→ Rn, and vi(t) = v(t,ri).

B. Harmonic maps

A map φ : (M,g)⊂ R2→ (N,h)⊂ R2 (where g and h are
Riemannian metrics) is called harmonic if it minimizes the
functional:

E(φ) =
∫

M
|dφ |2dvg. (3)

The Euler-Lagrange equation for the functional E, for Eu-
clidean metrics g and h, which also yields the minimum is
given by ∆φ = 0, the Laplace equation. We now state a lemma
from [15] on harmonic diffeomorphisms between Riemann
surfaces.

Lemma 5 (Harmonic diffeomorphism [15]). Let (M,g) be a
compact surface with boundary and (N,h) a compact surface
with non-positive curvature. Suppose that ψ : M → N is a
diffeomorphism onto ψ(M). Assume that ψ(M) is convex.
Then there is a unique harmonic map φ : M→ N with φ = ψ

on ∂M, such that φ : M→ φ(M) is a diffeomorphism. •

We note that the non-positive curvature constraint in the
lemma is essentially a constraint on the metric h on N, and
the curvature is zero for the Euclidean metric.

III. SELF-ORGANIZATION IN ONE DIMENSION

This section presents the pseudo-localization algorithm and
derives a distributed control law for the 1D self-organization
problem that we aim to solve.

The problem at hand is to ultimately design a distributed
control law for the swarm to converge to a desired config-
uration, which is specified using a density distribution. At
t ∈ R≥0, let M(t) = [0,L(t)] ⊂ R be the interval in which
the agents are distributed, and let ρ : R×M → R>0 be the
normalized density function describing the swarm on that
interval. Without loss of generality, we place the origin at
the leftmost agent of the swarm. We also assume that the
leftmost and the rightmost agents, l and r, are aware that
they are at the boundary. Let ρ∗ : M∗ = [0,L∗]→R>0 be the
desired normalized density distribution, Θ∗(x) =

∫ x
0 ρ∗(x̄)dx̄,

Θ∗(L∗) = 1. We would like to achieve ρ → ρ∗ by assuming
that agents know the functional form of ρ∗. To do this, an
agent is able to measure the local density ρ(t,x) at time t;
however, its position x within the swarm is unknown, and,
thus, the value of the desired local density ρ∗(x) can not
be directly computed. This is precisely the context in which
we introduce the pseudo-localization algorithm, which is
essentially a distributed algorithm that the agents implement
to find a new set of coordinates on the spatial domain M(t)
that contains the agents and captures information on the
current density ρ(t,x). The distributed control law is then
a function of these new coordinates and the measured local

density function. Now, let p∗ : R→R>0, and θ ∗ ∈Θ∗(M∗) =
[0,1], such that p∗(θ ∗) = ρ∗(Θ∗−1(θ ∗)) = ρ∗(x). We use the
function p∗, which represents the desired density distribution
in the transformed coordinate system, to derive the distributed
control law.

A. Pseudo-localization algorithm for the swarm in 1D

Here, we present the pseudo-localization algorithm for the
distributed computation of diffeomorphism for the swarm.
This algorithm involves simple computation steps and local
communication with the immediate left and right neighbors’
of each agent. We first describe the idea of the coordinate
transformation (diffeomorphism) we employ and construct a
PDE that converges asymptotically to this diffeomorphism.
We then discretize the PDE to obtain the distributed pseudo-
localization algorithm. This will allow us to analyze and
design a distributed control law in terms of the macroscopic
density function ρ in Subsection III-B.

We use the cumulative distribution function to construct a
coordinate transformation from the spatial domain to the unit
interval [0,1]. We define Θ : M = [0,L]→ [0,1] as

Θ(x) =
∫ x

0
ρ(x̄)dx̄. (4)

such that Θ(L) = 1.

Lemma 6. Given ρ : M→ R>0, the mapping Θ : M→ [0,1]
is a diffeomorphism and Θ(M) = [0,1]. •

The proofs for lemmas have not been presented here owing
to constraints on space. For detailed proofs for the lemmas
in this paper, the reader is referred to [13].

Our goal now is to set up a partial differential equation
with appropriate boundary conditions such that it yields the
diffeomorphism Θ as its asymptotically stable steady state
solution. Let X : R×M→ R, such that (t,x) 7→ X(t,x) ∈ R,
and v is the velocity field, such that:

∂tX =
1
ρ

∂x

(
∂xX
ρ

)
− v∂xX ,

X(t,0) = 0,
X(t,L(t)) = β (t),

X(0,x) = 0.

(5)

From (4), we observe that ∂x

(
∂xΘ

ρ

)
= 0. Letting w = X−Θ,

the error, and from (5), we get:

∂tw =
1
ρ

∂x

(
∂xw
ρ

)
− v∂xw,

w(t,0) = 0,
w(t,L) = β (t)−1,
∂tw(t,L) =−w(t,L),

w(0,x) =−Θ.

(6)

Lemma 7 ([13]). The system (5), with v = 0 (stationary
condition) converges asymptotically to the diffeomorphism
Θ =

∫ x
0 ρ(x̄)dx̄. •
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We now discretize (5) to obtain the distributed pseudo-
localization algorithm. Let Xi =X(xi), where xi is the position
of the i-th agent. We identify the agent i with its co-
ordinate Θ(x) = θ ∈ [0,1]. From (4), we get ρ(x) = ∂xΘ(x). It
follows that ∂x(·) = ∂θ (·)∂xθ = ∂θ (·)ρ . Therefore, 1

ρ
∂x(·) =

∂θ (·). From (5), we have:

dX
dt

= ∂tX + v∂xX =
1
ρ

∂x

(
∂xX
ρ

)
= ∂θ (∂θ X) =

∂ 2X
∂θ 2 .

(7)

Discretizing (7), with dX
dt = Xi(t+1)−Xi(t)

∆t and ∂ 2X
∂θ 2 =

Xi+1−2Xi+Xi−1
(∆θ)2 , and the choice 3∆t = (∆θ)2, and from (5), we

get for i ∈S \{l,r}:

Xi(t +1) = Xi(t)+
1
3

i+1

∑
j=i−1

[X j(t)−Xi(t)] ,

Xl(t) = 0,
Xr(t) = β (t),

Xi(0) = 0.

(8)

which is the distributed pseudo-localization algorithm.

B. Distributed Control and Analysis

In this subsection, we propose a distributed feedback con-
trol law to achieve ρ → ρ∗ and w→ 0 through a distributed
control input v and a boundary control β (t). We refer the
reader to [16] for an overview of Lyapunov-based methods
for the stability of distributed systems.

From (2) we have:

∂tρ =−∂x(ρv), (9)

which along with (5) constitutes the dynamics of the swarm.
We assume that the agent at position x at time t is able to
measure ρ(t,x). However, the agents in the swarm do not
have access to their positions, and therefore cannot access
ρ∗(x), which could be used to construct such feedback. To
circumvent this problem, we propose a scheme in which the
agents use the position identifier X involved in the pseudo-
localization algorithm to access p∗◦X(t,x), using this as their
dynamic set-point. The idea is to then design a distributed
control law and a boundary control law such that ρ→ p∗ ◦X
and X →Θ∗, to obtain ρ → p∗ ◦Θ∗ = ρ∗.

Consider the distributed control law, defined as follows for
all time t:

v(t,0) = 0,

∂xv = (ρ− p∗ ◦X)− ∂X p∗

ρ(ρ + p∗ ◦X)
∂x

(
∂xX
ρ

)
.

(10)

And the boundary control law:

X(t,0) = 0,

βt = 2−β (t)− Xx

ρ

∣∣∣∣
L(t)

.
(11)

It is worth noting here that the agents implementing the
control laws (10) and (11) do not require position information,

because for the agent at position x, ρ(t,x) is a measurement,
X(t,x) is the pseudo-localization variable (through which
p∗◦X(t,x) can be accessed). Discrete versions of control laws
will be derived in Section III-C.

Theorem 1. The system, (5) and (9), with the control laws
(10) and (11) is asymptotically stable at ρ = ρ∗, X = θ ∗ a.e.

Proof. Consider the candidate control Lyapunov functional
V :

V =
1
2

∫ L(t)

0
|ρ− p∗ ◦X |2dx+

1
2

∫ L(t)

0

|wx|2

ρ(x)
dx+

1
2
|w|2(L(t)).

Taking the time derivative of V along the dynamics (9), along
with the control law (10) and (11), we get (steps omitted
owing to space constraints. The reader is referred to [13] for
an extended proof):

V̇ =− 1
2

∫ L(t)

0
(ρ + p∗ ◦X)|ρ− p∗ ◦X |2dx−

∣∣∣∣∂xw
ρ

+w
∣∣∣∣2
L(t)

−
∫ L(t)

0

1
ρ

∣∣∣∣∂x

(
∂xw
ρ

)∣∣∣∣2 dx.

Clearly, V̇ ≤ 0. Therefore, the system converges to (V̇ )−1{0}.
The following hold a.e.:

ρ = p∗ ◦X ,

∂x

(
∂xw
ρ

)
= 0⇒ ∂xw

ρ
= a⇒ w(x) = a

∫ x

0
ρ,

w(L) = a
∫ L

0
ρ = a,(

∂xw
ρ

∣∣∣∣
L
+w(L)

)
=

w(L)ρ
ρ

∣∣∣∣
L
+w(L) = 0⇒ w(L) = 0.

(12)

We have ρ = p∗ ◦X a.e. Our aim is to prove that ρ = ρ∗,
which is the case when X = Θ∗. Therefore, it remains
to be shown that ρ = p∗ ◦ X ⇒ X = Θ∗. Now, we have
X(x) = Θ(x) =

∫ x
0 ρ(x̃)dx̃ (since w = X −Θ = 0 from (12)).

Thus, from Lemma 6, X is a diffeomorphism. Now, we
define p : [0,1]→R>0 such that p◦X(x) = ρ(x), and because
X(x) = Θ(x), we have Xx(x) = ρ(x) = p ◦ X(x), and with
a slight abuse of notation identifying X(x) with X , we get
dX
dx = p(X)> 0 ∀X ∈ [0,1]. We therefore have:

x =
∫ X(x)

0

(
p(X̃)

)−1 dX̃ .

Recall from the definition of p∗ and (4) that p∗ ◦Θ∗(x) =
ρ∗(x), and Θ∗x(x) = ρ∗(x) = p∗ ◦Θ∗(x) ⇒ dΘ∗

dx = p∗(θ ∗)> 0,
where θ ∗ = Θ∗(x). Therefore:

x =
∫

Θ∗(x)

0

(
p∗(X̃)

)−1 dX̃ .

From the above two equations,
∫ X(x)

0

(
p(X̃)

)−1 dX̃ =∫ Θ∗(x)
0

(
p∗(X̃)

)−1 dX̃ , and since X = Θ, p∗ ◦X(x) = ρ(x) =
p◦X(x). Therefore:∫ X(x)

0

(
p∗(X̃)

)−1 dX̃ =
∫

Θ∗(x)

0

(
p∗(X̃)

)−1 dX̃ ,
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and p∗ is strictly positive ⇒ X(x) = Θ∗(x) ∀x, and we obtain
ρ(x) = p∗ ◦X(x) = p∗ ◦Θ∗(x) = ρ∗(x). Therefore, the system
(9) with control laws (10) and (11) is asymptotically stable
at ρ = ρ∗, X = Θ∗ a.e.

C. Discrete Implementation

In this subsection, we discretize (10) and (11) to obtain
implementable laws for a finite number of agents i ∈S , and
a numerical simulation is later presented in Section V.

Let i ∈ S \ {l,r}. First note that ∂xv = (∂θ v)(∂xΘ) =
(∂θ v)ρ . Using backward differencing and recalling that ∆θ =
ε , we can write:

∂xv = ρi
vi− vi−1

∆θ
= ρi

vi− vi−1

ε
,

where ρi is agent i’s density measurement.
Recall that, from Section III-A, 1

ρ

∂

∂x

(
Xx
ρ

)
=

1
ε2 ∑

i+1
j=i−1 (X j−Xi). With κ = 1

2ε
, from (10) and the

above equation, we obtain the law for agent i as:

vi = vi−1−
2κ

ρi(ρi + p∗(Xi))

(
p∗(Xi+1)− p∗(Xi−1)

Xi+1−Xi−1

)
×

i+1

∑
j=i−1

(X j−Xi) .

With vl = 0. Now, (11) is discretized to:

∂tβ = 1−β (t)−2κ (Xr−Xr−1) .

IV. SELF-ORGANIZATION IN TWO DIMENSIONS

In this section, we present the two-dimensional self-
organization problem. Although our approach to the 2D
problem is fundamentally similar to the 1D case, we en-
counter a problem in the two-dimensional case that did not
require consideration in one dimension, and it is the need to
control the shape of the spatial domain in which the agents
are distributed. We overcome this problem by controlling
the shape of the domain with the agents on the boundary,
while controlling the density distribution of the agents in the
interior.

Let M ∈ R2 be the spatial domain in which the agents
are distributed, and ρ : R×M → R>0 the density function
defined on the domain. Without loss of generality, we shift
the origin to a point on the boundary of the domain, such
that (0,0) ∈ ∂M. Let ρ∗ : M∗→ R>0 be the desired density
distribution, where M∗ is the target spatial domain. Just as in
the 1D case, the agents do no have access to their positions.

In what follows we present our strategy to solve this
problem, which we divide into three stages. In the first stage
the agents converge to the target spatial domain M∗ with the
boundary agents controlling the shape of the domain. In stage
two, the agents implement the pseudo-localization algorithm
to compute the coordinate transformation. In the third stage,
the boundary agents remain stationary and the agents in the
interior converge to the desired density distribution. We begin
by presenting the pseudo-localization algorithm.

A. Pseudo-localization algorithm for the swarm in 2D

In this subsection, we present the pseudo-localization algo-
rithm for the agents in the interior of the spatial domain. We
first describe the idea of the coordinate transformation (dif-
feomorphism) we employ and construct a PDE that converges
asymptotically to this diffeomorphism. We then discretize the
PDE to obtain the distributed pseudo-localization algorithm.

We use the idea of harmonic maps to construct a coordinate
transformation (diffeomorphism) from the spatial domain of
the swarm to a unit disk.

Let M ∈ R2 (compact) be the spatial domain and N =
{(x,y) ∈ R2 : (x− 1)2 + y2 ≤ 1} the unit disk. The mani-
folds M and N are both equipped with Euclidean metrics
gi j = hi j = δi j. Let Γ : ∂M→ [0,1) be a parametrization of
the boundary of M. Let ψ : M̄→ N be any diffeomorphism
that takes the following form on the boundary of M:

ψ(Γ−1(γ)) = (1− cos(2πγ),sin(2πγ)), γ ∈ [0,1), (13)

and we know that Γ−1[0,1) = ∂M. From Lemma 5, there is a
unique harmonic diffeomorphism R : M→N such that R=ψ

on ∂M. We know, by definition, that R = (X ,Y ) satisfies:{
∆X = 0,
∆Y = 0,

for r ∈ int M,

R = ψ, on ∂M,

(14)

where ∆ is the Laplace operator.
Now, we define a function p∗ : N→R>0 by p∗= ρ∗◦R∗−1,

(where R∗ is the harmonic diffeomorphism from M∗ to N)
the image of the desired spatial density distribution on the
unit disk.

We now construct a PDE that asymptotically converges to
the harmonic diffeomorphism, which we then discretize to
obtain the distributed pseudo-localization algorithm. We use
the heat flow equation as the basis for the algorithm, which
yields a harmonic map as its asymptotically stable steady state
solution. Let M ⊂R2 be a compact spatial domain, N be the
unit disk as defined before, R = (X ,Y ) : M→ N, and v the
velocity field, such that:{

∂tX = ∆X−∇X ·v,
∂tY = ∆Y −∇Y ·v,

for r ∈ int M,

R = ψ, on ∂M.

(15)

The heat flow equation (Equation (15) with v = 0) has been
studied extensively in the literature. For well-known existence
and uniqueness results, we refer the reader to [15].

Lemma 8 ([13]). The system (15) with v = 0 (stationary
case), is asymptotically stable at the harmonic map (14). •

We now discretize (15) to get the distributed pseudo-
localization algorithm. We have ρ : M → R>0, the density
distribution of the swarm on the domain M. We view the
swarm as a discrete approximation of the domain M with
density ρ , and it follows that the PDE (15) is approximated by
a distributed algorithm by the swarm. Equivalently, the task of
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discretization is to propose a candidate distributed algorithm,
which would yield the heat flow equation via a continuum
approximation. We begin with a weighted Laplacian-based
consensus algorithm, owing to the connection between Lapla-
cian consensus and the heat flow equation.

Xi(t +1) = Xi(t)+
1

(di +1) ∑
j∈Ni

wi j(X j−Xi), (16)

where di =∑ j∈Ni wi j. The same holds for Y , which we skip at
this stage for brevity. Noting that the neighbours j ∈Ni of i
are also the spatial neighbours of i in M, such that r j ∈ Bε(ri)
(a ball of radius ε centered at ri), and using Xi(t+1)−Xi(t) =
dX
dt ∆t, we make a continuum approximation of (16):

dX
dt

∆t =
1

(d(r)+1)

∫
Bε (ri)

ρ(s)w(ri,s)(X(t,s)−X(t,ri))dµs,

where w ∈ C∞(M × M), w(ri,r j) = wi j and d(r) =∫
Bε (ri)

ρ(s)w(r,s)dµs. Now, for very small ε (neglecting the
O(ε3) term), the above equation reduces to:

dX
dt

∆t = kρw
[

∆X +2
∇ρ

ρ
·∇X +2

∇sw
w
·∇X

]
,

where k = 1
4ε

∫
Bε (ri)

(s− r) · (s− r)dµs, ∇sw is the gradient
of w w.r.t the second argument s in w(r,s). With the choice
w(r,s) = 1

ρ(s) (where in the discrete setting this corresponds
to wi j =

1
ρ j

), where wi j is the estimate of w(ri,r j), and with
the choice ∆t = k, we obtain:

dX
dt

=
∂X
∂ t

+v ·∇X = ∆X ,

which is the PDE (15). Therefore, after substituting in (16),
we get the distributed pseudo-localization algorithm for the
agents in the interior of the swarm to be:

Xi(t +1) = Xi(t)+
1

(di +1) ∑
j∈Ni

1
ρ j

(X j−Xi),

Yi(t +1) = Yi(t)+
1

(di +1) ∑
j∈Ni

1
ρ j

(Yj−Yi).
(17)

For the agents on the boundary, we have:

Ri = (Xi,Yi) = ψi,

where ψi is the estimate of ψ(ri) for ri ∈ ∂M.

B. Localization of the boundary agents

Here, we present a localization algorithm for the agents
on the boundary. We assume that the agents have a bound-
ary detection capability (can approximate the normal to
the boundary), the ability to communicate with neighbors
immediately on either side along the boundary curve, and
can compute the density of agents along the boundary.

Let M ⊂ R2 be a compact 2-manifold with boundary
∂M and let (0,0) ∈ ∂M (i.e., one of the agents on the
boundary of the swarm is considered to be the origin). First,
the agents on ∂M implement the distributed 1D pseudo-
localization algorithm presented in Section [1D pseudo]. This

yields a parametrization of the boundary Γ : ∂M→ [0,1), with
Γ(0,0) = 0, such that the closed curve which is the boundary
∂M is identified with the interval [0,1). We have that, for
γ ∈ [0,1), Γ−1(γ) ∈ ∂M. For γ ∈ [0,1), let s(γ) be the arc
length of the curve ∂M from the origin, such that s(0) = 0
and limγ→1 s(γ)= l. We assume that the boundary agents have
access to the unit normal n(γ) to the boundary, and thus the
unit tangent s(γ).

Let q : [0, l)→R>0 denote the normalized density of agents
on the boundary, such that we have

∫ l
0 q(s)ds = 1. Now the

1D localization algorithm of Section III-A serves to provide a
2D localization as follows. Note that ds

dγ
= 1

q(γ) , and (dx,dy)=
sds, which implies (dx,dy) = 1

q(γ) s(γ)dγ . Therefore, we
get the position of the boundary agent γ , (x(γ),y(γ)) =∫ γ

0
1

q(γ̄) s(γ̄)dγ̄ , and the arc-length s(γ) =
∫ γ

0
1

q(γ̄)dγ̄ , which is
implemented in the discrete setting by finite differencing,
since the agents have access to q(·) and s(·). This way, the
boundary agents are localized at time t = 0, and they update
their position estimates using their velocities, for t ≥ 0.

C. Distributed control in the continuum domain and analysis

In this section, we derive the distributed feedback control
law to converge to the desired density distribution over
the target domain in the two-dimensional case. The swarm
dynamics are given by:

∂tρ =−∇ · (ρv), for r ∈ int M(t),

∂tr = v, on ∂M(t).
(18)

1) Stage 1: In this stage, the objective is for the swarm to
converge to the target spatial domain M∗.

Let r∗ : [0,1]→ ∂M∗ be the closed curve describing the
boundary. Let e(γ) = r(γ)− r∗(γ) be the position error of
agent γ on the boundary, where r(γ) is the actual position of
agent γ computed as presented in section IV-B.

Let φ : R×M → R be a smooth function. Let M(t) be
the spatial domain at time t. We will use a heat flow-based
method to design the distributed control law for swarm motion
as follows:

∂tφ =

{
∆φ , for r ∈ int M(t),
− 1

2 |∇φ |2− e ·n−∇φ ·n, on ∂M(t),
(19)

And:

v =

{
∇φ , for r ∈ int M(t),
(∇φ ·n)n− (e · s)s, on ∂M(t),

(20)

where n and s are the unit normal and unit tangent to the
boundary.

Theorem 2. The system (18), with the distributed control law
(19) and (20) asymptotically converges to the target spatial
domain M∗.

Proof. We consider an energy functional E1 given by:

E1 =
1
2

∫
M(t)
|∇φ |2 + 1

2

∫
∂M(t)

|e|2.
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The time derivative ∂tE1, under the dynamics (18) and the
control law (19) and (20) is given by (we omit the steps
owing to space constraints [13]):

∂tE1 =−
∫

M(t)
|∆φ |2−

∫
∂M(t)

|∇φ ·n|2−
∫

∂M(t)
|e · s|2.

Clearly, ∂tE1 ≤ 0, which implies that the system converges
to (∂tE1)

−1{0} (say, at time t∞), and ∂tE1 = 0 if and only if
∆φ = 0 a.e in M(t∞), ∇φ ·n = 0 and e · s = 0 on ∂M(t∞). It
follows that:∫

M(t∞)
|∇φ |2 =

∫
M(t∞)

∇φ ·∇φ

=
∫

∂M(t∞)
φ(∇φ ·n)−

∫
M(t∞)

φ∆φ = 0.

Hence, ∇φ = 0 a.e in M(t∞), and from (19) we have ∂tφ = 0
necessarily on M̄, which implies that the system converges
to e = enn+ ess = 0, which corresponds to the domain M∗.
Therefore, the swarm converges to the target spatial domain
M∗ at the end of Stage 1.

2) Stage 2: Stage two consists of the agents in the swarm
implementing the pseudo-localization algorithm presented in
Section IV-A. Since the agents are distributed across the target
spatial domain M∗, implementing the pseudo-localization al-
gorithm yields the coordinate transformation R∗. We therefore
have ∂tR∗ = 0, which implies that dR∗

dt = ∂tR∗+∇(R∗)v =
∇(R∗)v, which will be used in Stage 3.

3) Stage 3: In this stage, the boundary agents of the swarm
remain stationary and interior agents converge to the desired
density distribution.

Consider the distributed control law, defined as follows for
all time t:{

dv
dt =−ρ∇(ρ− p∗ ◦R∗)+(v ·∇)v−v, for r ∈ int M∗,
v = 0, on ∂M∗,

(21)

where dv
dt at r ∈M is the acceleration of the agent at r, the

control input. Using the relation d
dt = ∂t + v ·∇, it follows

from (21) that ∂tv =−ρ∇(ρ− p∗ ◦R∗)−v.

Theorem 3. The system (18) with M(t) = M∗, under the
distributed control law (21), is asymptotically stable at ρ = ρ∗

almost everywhere.

Proof. We consider an energy functional E3 given by:

E3 =
1
2

∫
M∗
|ρ− p∗ ◦R∗|2 + 1

2

∫
M∗
|v|2.

The time derivative ∂tE3, is given by (steps omitted owing to
space constraints [13]):

∂tE3 =−
∫

M∗
|v|2.

Hence, the system converges to (∂tE3)
−1{0}, which corre-

sponds to v = 0 and ∂tv = 0. This therefore implies that
∇(ρ − p∗ ◦R∗) = 0 a.e., from the choice of ∂tv. Using the
Poincare-Wirtinger inequality, we get that ‖(ρ − p∗ ◦R∗)−

(ρ − p∗ ◦ R∗)M∗‖ ≤ C‖∇(ρ − p∗ ◦ R∗)‖ = 0, where (ρ −
p∗ ◦R∗)M∗ =

1
|M∗|

∫
M∗(ρ − p∗ ◦R∗). Since

∫
M∗ ρ =

∫
N p∗ =∫

M∗ p∗ ◦R∗ = 1, we have (ρ− p∗ ◦R∗)M∗ = 0, and therefore
ρ = p∗ ◦R∗ a.e. in M∗. We know that p∗ ◦R∗ = ρ∗ and
therefore, ρ = p∗ ◦R∗ = ρ∗, which is the desired density
distribution.

D. Discrete Implementation

1) Computing the Jacobian: When the steady-state is
reached in the pseudo-localization algorithm (17) (i.e., Xi(t+
1) = Xi(t) and Yi(t +1) = Yi(t)), we have, ∀ i ∈S :

Xi =
∑ j∈Ni

1
ρ j

X j

∑ j∈Ni
1
ρ j

, Yi =
∑ j∈Ni

1
ρ j

Yj

∑ j∈Ni
1
ρ j

, (22)

where i is the index of the agent located at r∈M and Ni is the
set of agents in a disk-shaped neighborhood Bε(r) of area ε

centered at r. We assume that the agents have the capability
in their hardware to perturb the disk of communication Bε(r)
(by moving an antenna, for instance). The Jacobian J = ∇R,
where R = (X ,Y ) is computed through perturbations to Ni
(i.e., the neighborhood Bε(r)) and using the approximations:

∂xX =
X(r+δx)−X(r)

δx
, ∂yX =

X(r+δy)−X(r)
δy

,

and similarly for Y . Now, X(r+δx) is computed as in (22)
for N δx

i , the set of agents in Bε(r + δx) and X(r + δx)
from Bε(r+δy).

2) Computing the spatial gradient using the Jacobian:
Let J(r) = ∇R(r) be the Jacobian of the diffeomorphism R :
M→ N at r ∈M. Clearly, J is non-singular. Let ∇ = (∂x,∂y)
and ∇̄= (∂X ,∂Y ), where R= (X ,Y ). We have ∂x = (∂xX)∂X +
(∂xY )∂Y and ∂y = (∂yX)∂X +(∂yY )∂Y . Therefore, ∇ = J>∇̄.
For a smooth function f : M→R, we have, ∇ f = J>∇̄ f , and
the agents numerically compute ∇̄ by:(

∂ f
∂X

)
i
=

1
|Ni| ∑

j∈Ni

f j− fi

X j−Xi
,

(
∂ f
∂Y

)
i
=

1
|Ni| ∑

j∈Ni

f j− fi

Yj−Yi
,

where i is the index of the agent located at r ∈M and Ni is
the set of agents in a disk-shaped neighbourhood of area ε

centered at r.
3) Computing the spatial gradient without the Jacobian:

In the absence of a Jacobian estimate, we use the following
alternative method for computing an approximate spatial
gradient estimate. This is used in Stage 1 of the self-
organization process. Let f̄ (r) be the mean value of f over
a small disk-shaped neighbourhood of area ε centered at r,
where f̄ (r)= 1

ε

∫
Bε (r) f dµ = 1

|Ni| ∑ j∈Ni f j. We have from [13],((
∂ f
∂x

)
,
(

∂ f
∂y

))
= 1

ε

(
∂ f̄
∂x ,

∂ f̄
∂y

)
, which the agents use as the

estimate of the gradient ∇ f in the numerical algorithms.

V. NUMERICAL SIMULATION

In this section, we present a numerical simulations of
swarm self-organization, that is, of the control laws presented
in Sections III-B and IV-C.
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A. 1D Self-organization
In the simulation of the 1D case, we consider a swarm of

N = 10000 agents, the desired density distribution given by
ρ∗(x) = asin(x)+b, where a = 1− π

2N and b = 1
N , x ∈

[
0, π

2

]
.

We use a kernel-based method as a scheme to approximate the
continuous density function. We discretize the spatial domain
with ∆x = 0.001 units, and use an adaptive time step scheme.
The self-organization begins from an arbitrary initial density
distribution. Figure 1 shows the initial density distribution,
an intermediate distribution and the final distribution. We
observe that there is convergence to the desired density
distribution, even with noisy density measurements.
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Fig. 1: Numerical Simulation of a 10000-agent swarm

B. 2D Self-organization
In the simulation of the 2D case, we focus on Stage 3 of the

self-organization process, where the agents already distributed
over the target spatial domain, converge to the desired density
distribution. The target spatial domain, a circle of radius 0.5
units, given by M∗ = {(x,y) ∈ R2 : (x− 0.6)2 + y2 ≤ 0.25},
with the desired density distribution ρ∗ given by ρ∗(x,y) =

1

((x−0.4)2+y2)
0.3 . The initial density distribution of the swarm

is uniform, and the distributed control law of Stage 3 in
Section IV-C, following the discretization scheme outlined
in Section IV-D is implemented. Figure 2 shows the spatial
density error plot, where e(ρ) =

∫
M∗ |ρ −ρ∗|2 is the spatial

density error.

Fig. 2: Spatial density error e(ρ) =
∫

M∗ |ρ−ρ∗|2 vs time

VI. CONCLUSIONS

In this paper, we considered the problem of self-
organization in multi-agent swarms, in one and two dimen-
sions, respectively. The primary contribution of this paper is
the analysis and design of position and index-free distributed
control laws for swarm self-organization for a large class of
configurations. This was accomplished through the introduc-
tion of a distributed pseudo-localization algorithm that the
agents implement to find their position identifiers, which then
use in their control laws. The validation of the results for more
general non-simply connected domains will be considered
in the future. An extension to this work will involve the
characterization of constraints on the local density function to
capture finite robot sizes and collision avoidance constraints,
as well as identifying the dynamic restrictions on densities to
reflect the dynamical constraints of robots.
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Finite Model Approximations and Asymptotic Optimality of Quantized
Policies in Decentralized Stochastic Control

Naci Saldi, Serdar Yüksel, Tamás Linder

Abstract— In decentralized stochastic control problems, there
is a lack of a universal systematic method to obtain optimal
solutions unlike in centralized stochastic control problems
and even establishing the existence of optimal policies is a
challenging problem with few results available in the literature.
The intricacies in decentralized stochastic control have been
convincingly exhibited in Witsenhausen’s celebrated counterex-
ample which has puzzled the control community for more
than 40 years with its philosophical impact demonstrating
the challenges that arise due to its non-classical information
structure, and the formidable difficulty of obtaining an optimal
solution or its approximations. In fact, optimal policies and
their value are still unknown, even though the existence of an
optimal policy has been established using various methods.

In this paper, we consider finite model approximations of a
large class of static and dynamic team problems where these
models are constructed through uniform quantization of the
observation and action spaces of the agents. The strategies
obtained from these finite models are shown to approximate
the optimal cost with arbitrary precision under mild technical
assumptions. In particular, quantized team policies are asymp-
totically optimal where the quantization operation involves the
uniform quantizers, and thus a finite model is obtained through
a constructive algorithm.

This result is then applied to Witsenhausen’s celebrated
counterexample and the Gaussian relay channel problems. For
Witsenhausen’s counterexample, our approximation approach
provides, to our knowledge, the first rigorously established
result stating that one can construct an ε-optimal strategy
for any ε > 0 through a solution of a simpler problem. The
results and the proofs of this work can be found in the full
paper version (‘Finite model approximations and asymptotic
optimality of quantized policies in decentralized stochastic
control’, arXiv:1511:04657, 2015).

Index Terms— Decentralized control, finite model approxi-
mations, quantization, Witsenhausen’s counterexample.

This research was supported in part by the Natural Sciences and Engi-
neering Research Council (NSERC) of Canada.

N. Saldi is with the Coordinated Science Laboratory, University of
Illinois, Urbana, IL 61801-2307, USA, Email: nsaldi@illinois.edu

S. Yüksel and T. Linder are with the Department of Mathematics
and Statistics, Queen’s University, Kingston, ON, Canada, Email: {yuk-
sel,linder}@mast.queensu.ca

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

57



Algebraic Gramians for Quadratic-Bilinear Systems and their
Application in Model Order Reduction

Peter Benner1 and Pawan Goyal1

Abstract— We discuss algebraic Gramians for continuous-
time quadratic-bilinear (QB) systems in the context of model
order reduction (MOR) based on system balancing. MOR for
linear systems via balanced truncation requires the computation
of the Gramians of the system, namely controllability and
observability Gramians, which are extended to the general
nonlinear setting in [1]. Therein, it is shown that Gramians for
nonlinear systems are solutions to state-dependent Hamilton-
Jacobi equations. However, determining solutions to these
equations is very challenging in large-scale settings, and also
they are not easy to apply in the MOR framework. In this
work, we derive alternative controllability and observability
Gramians based on the kernels of the Volterra series of QB
systems and their Hilbert adjoint QB systems, respectively.
We also show connections between Gramians and solutions of
Lyapunov equations. Moreover, we relate input/output energy
functionals with these algebraic Gramians. Furthermore, we
employ these Gramians for balancing of QB systems and for
determining reduced-order systems. We illustrate the efficiency
of the proposed balancing method by applying it to various
systems with dynamics modeled by nonlinear partial differential
equations.

I. INTRODUCTION

In order to capture the essential dynamical behavior of
systems, a high fidelity discretization of the governing equa-
tions w.r.t. the spatial domain is often necessary. This results
in large-scale dynamical systems. Numerical simulations of
such large-scale systems are computationally cumbersome.
One way to mitigate this issue is model order reduction
(MOR), seeking to substitute these large-scale systems by
low-dimensional surrogate systems (reduced-order systems)
such that the input-output behaviors of both systems are
sufficiently close, and important properties of the original
system are preserved in the reduced-order system, e.g.,
stability, passivity, etc.

MOR techniques and strategies for linear systems are very
well established and are widely applied in many applica-
tions; see, [2], [3], [4]. But still, there are many open and
challenging problems, when it comes to model reduction for
nonlinear systems. In this work, we discuss model reduction
for a class of nonlinear systems, the so-called quadratic-
bilinear (QB) systems. These systems can be written as

This research is supported by a research grant of the “International Max
Planck Research School (IMPRS) for Advanced Methods in Process and
System Engineering“ (Magdeburg).

1Max Planck Institute for Dynamics of Complex Technical Systems,
Sandtorstr. 1, 39106 Magdeburg, email: {benner,goyalp}@mpi-magdeburg.
mpg.de

follows:

ẋ(t) = Ax(t)+H (x(t)⊗ x(t))+
m

∑
i=1

Nix(t)ui(t)+Bu(t),

y(t) =Cx(t), x(0) = 0,
(1)

where x(t) ∈ Rn, u(t) ∈ Rm and y(t) ∈ Rp denote the state,
input, and output of the system. Consequently, A,Ni ∈Rn×n,
H ∈ Rn×n2

, B ∈ Rn×m, and C ∈ Rp×n. Since the system (1)
is quadratic in the state vector x(t), and also has bilinear
terms Nix(t)ui(t), which are products of the state vector
and inputs, these systems are often called quadratic-bilinear
systems in the literature. A beauty of this class of nonlinear
systems is that systems, containing only (concatenations
of) smooth mono-variate nonlinearities such as polynomials,
exponentials, etc., can also be rewritten as QB systems by
introducing some additional variables in the state vector [5],
[6].

Interpolation methods have evolved as one of the leading
MOR techniques, aiming to determine reduced-order systems
whose transfer function interpolates that of the original
system at pre-defined interpolation points. These methods
have been extended from linear systems to QB systems [5],
[6], [7]. However, shortcomings of these methods are the
difficult choice of the order of the reduced systems and also
how to select interpolation points. In this work, we rather
focus on balancing-type MOR which can provide a priori
knowledge about the order of the reduced-order systems.
Balanced truncation for linear systems requires Gramians,
namely controllability and observability Gramians; see, e.g.,
[2]. This methodology has been extended to weakly non-
linear systems, the so-called bilinear systems. For bilinear
systems, Gramians can be determined by solutions of certain
generalized Lyapunov equations; see [8], [9] for detailed
insights. We, in the subsequent section, present Gramians for
QB systems which can be used for balancing systems and
show their relations to energy functionals of QB systems.
Furthermore, we determine reduced-order systems based on
these Gramians.

II. GRAMIANS FOR QB SYSTEMS
Balanced truncation mainly relies on energy functionals

which are defined as follows for general nonlinear systems:
Definition 2.1 ([1], [10]): The controllability/input en-

ergy functional is defined as the minimum amount of energy
required to steer the system from x(−∞) = 0 to x(0) = x0:

Lc(x0) = min
u∈L2(−∞,0)

x(−∞)=0, x(0)=x0

1
2

∫ 0

−∞

‖u(t)‖2dt.
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Definition 2.2 ([10]): The observability/output energy
functional is defined as the maximum energy generated by
the initial condition x(0) = x0 with zero control input:

Lo(x0) =
1
2

∫
∞

0
‖y(t)‖2dt.

For linear systems, these energy functionals can be de-
termined in terms of the Gramians of the considered linear
system as follows:

Lc(x0) =
1
2

x0P−1
l x0,

Lo(x0) =
1
2

x0Qlx0,
(2)

respectively, where Pl and Ql are the controllability and
observability Gramians of the linear system. The main idea
of balanced truncation is to identify state components which
are hard to control and at the same hard to observe. In
other words, such state components absorb most of the
input energy, yet produce the least output energy. Having
removed these state components, we can obtain reduced-
order systems.

The concept of system Gramians is extended to the non-
linear setting in [1], where it is shown that these Gramians
are solutions of state-dependent Hamilton-Jacobi equations.
These equations are not easy to solve in large-scale settings
and also, they are not convenient to utilize in the model
reduction framework. In this work, we present alternative
controllability Gramians for QB systems based on the kernels
of the Volterra series of QB systems. For the observability
Gramians, we define Hilbert adjoint systems of QB systems
by making use of the existing knowledge on Hilbert adjoint
operators for nonlinear systems [11]. We then define ob-
servability Gramians based on the kernels of the Volterra
series of their adjoint QB systems. Moreover, we show
relations between these Gramians and solutions of Lyapunov
equations, which are stated in the following theorem.

Theorem 2.3: Consider the QB system as defined in (1)
with a stable matrix A. If P and Q are the controllability
and observability Gramians of this QB system, then P and
Q satisfy the following quadratic matrix equations:

AP+PAT +
m

∑
i=1

NiPNT
i +H(P⊗P)HT +BBT = 0,

AT Q+QA+
m

∑
i=1

NT
i QNi +H(2)(P⊗Q)(H(2))T +CTC = 0,

(3)
respectively, where H(2) is the 2-matricization of the Hessian
tensor H of the QB system.
Readers are referred to [5], [12] for detailed insights into the
required matricization.

Unlike in the linear case, we cannot determine energy
functionals exactly by using the proposed algebraic Gramians
for QB systems in Theorem 2.3. Nevertheless, we can prove
a lower bound for the controllability energy functional and
an upper bound for the observability energy functional in
terms of Gramians, analogous to the bilinear case [9].

This allows us to find state components which are hard to
control as well as hard to observe, helping us determining
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Fig. 1: Comparison of the limit-cycles obtained via the
original system and the reduced-order system.

reduced-order systems. Such components can be found via
balancing QB systems using the Gramians, analogous to
linear and bilinear systems; see [2] for linear systems and
[8] for bilinear systems.

III. NUMERICAL RESULTS

We illustrate the proposed methodology exemplarily by
utilizing the FitzHugh-Nagumo (F-N) system, a simplified
model of the Hodgkin-Huxley model, describing activation
and deactivation dynamics of a spiking neuron. We refer to
[13] for more details on governing equations and boundary
conditions of the system. This system contains a cubic
nonlinearity which can be rewritten in the QB form [14].
The state vector contains the discretized state variables v
and w which are voltage and recovery voltage, respectively.
The system dynamics produces limit cycles in the system
variables v and w at each spatial variable. We, therefore,
plot a phase-space diagram, illustrating the solutions v and
w at different spatial positions x in Figure 1. This figure
demonstrates that the reduced-order system, obtained via the
proposed balancing method, replicates the dynamics of the
original system faithfully. More details and numerical results
will be presented in the talk.
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Quantized Self-triggered Control by Sum-of-Absolute-Values
Optimization

Takuya Ikeda1, Masaaki Nagahara2, and Daniel E. Quevedo3

Abstract— In this article, we propose self-triggered control
with quantized control inputs for networked control systems.
We first propose a design method of finite-horizon discrete-
valued control on a given finite alphabet set based on the
sum-of-absolute-values (SOAV) optimization. Then, we extend
the finite-horizon quantized control to feedback control using
the self-triggering strategy, of which we prove the recursive
feasibility and the stability. Simulation results are shown to
illustrate the effectiveness of the proposed method.

Index Terms— quantization, optimal control, self-triggered
control, model predictive control, sum of absolute values,
sparsity (AMS subject classifications: 93B52, 49K15, 49N05)

I. INTRODUCTION

Networked control has recently attracted considerable
attention from the fields of control, communications, and
informatics (see e.g. [1], [2], [3]). In particular, this is
a fundamental control technique in cyber-physical systems
[4], where sensors and actuators are located far away from
controllers. An example is so-called Internet of Things (IoT)
[5], in which cheap but a lot of sensors are distributed
to gather real data from physical systems through wireless
networks and the Internet. For such systems, physical (or
analog) signals should be quantized and sampled to be
transmitted through digital communication channels.

There have been numerous studies on the stability and
performance of networked control systems under quantiza-
tion errors; see e.g. [1] and references therein. These studies
assume the use of quantizers in the feedback loop, and
discuss how the quantization errors effect the stability and
performance. However, if the control signals are inherently
discrete-valued, no quantization is needed. This idea leads
to the design of discrete-valued control, which is a control
that achieves control objectives, e.g. stability, with control
inputs taking values in a finite alphabet. An example is
the bang-bang control, a 1-bit control taking values of ±1.
In this article, we propose to use the technique of sum-
of-absolute-values optimization (SOAV) [6] for the design
of discrete-valued control. By SOAV optimization, we can
obtain discrete-valued control on a prescribed finite alphabet
with a fast numerical optimization algorithm [7].

1T. Ikeda is with Graduate School of Informatics, Kyoto University,
Kyoto, 606-8501, Japan. email: ikeda.t@acs.i.kyoto-u.ac.jp

2M. Nagahara is with Institute of Environmental Science and Technol-
ogy, The University of Kitakyushu, Hibikino, Wakamatsu-ku, Kitakyushu,
Fukuoka 808-0135, Japan. email: nagahara@ieee.org (corresponding author)

3D. E. Quevedo is with the Department of Electrical Engineering (EIM-
E), The University of Paderborn, Warburger Str. 100, 33098 Paderborn,
Germany. email: dquevedo@ieee.org

In addition to quantization, it is also important to consider
sampling in networked control. A standard textbook of
digital control (e.g. [8, Chapter 11]) suggests a sampling
rate several tens of times greater than the closed-loop band-
width. However, such a high rate is often unacceptable in
rate-limited networks. To solve this problem, event- and
self-triggered control [9], [10] has been proposed, where
sensing and actuation is performed when needed, while it
is periodically done in the standard sampled-data control.
In this article, we adopt the self-triggered control technique
[11], [12] combined with the quantized control based on the
SOAV optimization to reduce the data rate for networked
control systems. The contribution of the paper is to show
the recursive feasibility and the stability of the quantized
self-triggered control system.

The remainder of this article is organized as follows: In
Section II, we formulate the SOAV optimal control problem.
In Section III, we extend the finite-horizon SOAV optimal
control to self-triggered control and confirm the recursive
feasibility and the stability. Section IV presents a design
example of the quantized self-triggered control based on
SOAV to illustrate the effectiveness of the proposed method
compared with a conventional L2-based quantized control.
Section V offers concluding remarks.

Notation

Throughout this article, we use the following notation. Let
T > 0 be fixed. For a continuous-time signal u : [0, T ]→ R,
we define its Lp and L∞ norms respectively by

‖u‖p ,

{∫ T

0

|u(t)|p dt
}1/p

, ‖u‖∞ , ess sup
t∈[0,T ]

|u(t)|,

where p ∈ [1,∞).

II. SUM-OF-ABSOLUTE-VALUES OPTIMIZATION

In this article, we consider a linear time-invariant system
modelled by

ẋ(t) = Ax(t) +Bu(t), t ≥ 0, (1)

where x(t) ∈ Rn, u(t) ∈ R, A ∈ Rn×n, and B ∈ Rn×1.
Let an initial state ξ ∈ Rn and a horizon length T > 0 be
given. For the system (1), we call a control u = {u(t) : t ∈
[0, T ]} ∈ L1 feasible if it steers x(t) from the initial state
x(0) = ξ to the origin at time T , that is, x(T ) = 0, and
satisfies the magnitude constraint ‖u‖∞ ≤ 1. We denote by
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U(ξ) the set of all feasible controls for a given initial state
ξ ∈ Rn, that is,

U(ξ) ,

{
u ∈ L1 :

∫ T

0

e−AtBu(t)dt = −ξ, ‖u‖∞ ≤ 1

}
.

The control objective is to obtain a discrete-valued (or
quantized) control u ∈ U(ξ) such that u(t) on [0, T ] takes
only elements of a fixed finite alphabet set

U , {±U1,±U2, . . . ,±UN}, (2)

where N is a positive integer and U1, . . . , UN are non-
negative real numbers satisfying

0 ≤ U1 < U2 < · · · < UN = 1. (3)

Here we assume the maximum value UN = 1 without loss
of generality (otherwise, use B/UN instead of B in (1)).
We will show in this article that such a control can be
efficiently obtained by solving the sum-of-absolute-values
(SOAV) optimal control problem.

SOAV optimal control is an extended version of L1

optimal control (also known as minimum-fuel control [13]),
which is a control that minimizes the L1 cost function ‖u‖1
among all feasible u ∈ U(ξ). It is known that the L1 optimal
control takes only 0 and ±1 under an assumption that the
coefficient matrix A is non-singular and the pair (A,B) is
controllable1 [13, Theorem 6-13]. In other words, the L1

optimal control may give a discrete-valued control taking
only elements of U with U1 = 0 and U2 = 1. In SOAV
optimization, we extend this idea to a general set U as in (2).
Our approach is based on the observation that if u(t) = Ui

on a set I ⊂ [0, T ], then u(t) − Ui = 0 on I, which is
sparse and reduces the L1 norm ‖u− Ui‖1 as discussed in
[14], [15]. This motivates the use of a cost function in which
the control effort is penalized by ‖u− Ui‖1.

Now we define the SOAV optimal control problem for
generating quantized controls taking only the discrete values
of U.

Problem 1 (Sum-of-Absolute-Values Optimization): For a
given initial state ξ ∈ Rn, find a feasible control u ∈ U(ξ)
that minimizes

J(u) ,
N∑
i=1

wi

(
‖u− Ui‖1 + ‖u+ Ui‖1

)
=

∫ T

0

N∑
i=1

wi

(
|u(t)− Ui|+ |u(t) + Ui|

)
dt,

where w1, w2, . . . , wN are weights satisfying

w1 + w2 + · · ·+ wN = 1,

and we assume N ≥ 2.

1For the single-input model (1), the pair (A,B) is controllable if and
only if the matrix [B,AB,A2B, . . . , An−1B] is non-singular.

A. Optimal Control

Here we review from [7] the existence, discreteness, and
the number of discontinuities of the (finite-horizon) SOAV
optimal controls.

Let us define

R ,

{∫ T

0

e−AtBu(t) dt : ‖u‖∞ ≤ 1

}
⊂ Rn. (4)

Note that the set R is known as the reachable set at time T
from the time optimal control theory [13], [16] and consists
of all initial states for which there exists at least one feasible
control. Hence, for any initial state outside the set R, no
optimal control exists obviously.

Theorem 1 (existence): There exist optimal solutions to
Problem 1 for each initial state ξ ∈ R. If the coefficient
matrix A is non-singular, the pair (A, B) is controllable,
and U1 = 0, then the optimal control is unique.

Proof: See the proof of [7, Theorem 1 and Theorem
4].

Theorem 2 (discreteness): If the coefficient matrix A is
non-singular, the pair (A, B) is controllable, and U1 = 0,
then for any initial state ξ ∈ R the optimal control u∗(t)
takes only elements of U for almost all t ∈ [0, T ].

Proof: See the proof of [7, Theorem 2].
From these theorems, we assume the following assumption

for the uniqueness and the discreteness of the SOAV optimal
control.

Assumption 1: The coefficient matrix A is non-singular,
the pair (A,B) is controllable, and U1 = 0.

Note that this assumption is also a sufficient condition for
any L1 optimal (or minimum-fuel) control for initial states
in R to be a discrete-valued control [13, Theorem 6-13].
Note also that the discreteness and the uniqueness of SOAV
optimal control hold under an assumption even if U1 6= 0;
see [7].

Under the above assumption, the SOAV optimal control
is a piece-wise constant control. We finally give a theorem
that ensures the number of discontinuities in the control is
bounded.

Theorem 3 (number of discontinuities): If Assumption 1
holds, then for any initial states in R the number of discon-
tinuities of any optimal control, denoted by M , satisfies

M < 2n(N − 1)

(
1 +

Tω

π

)
,

where ω is the maximum imaginary part of eigenvalues of
the coefficient matrix A.

Proof: See the proof of [7, Theorem 5].

III. QUANTIZED SELF-TRIGGERED CONTROL

From Theorem 2 and Theorem 3, the finite-horizon SOAV
optimal controls take only elements of U and have finite
switching instants. Based on these properties, we extend
the finite-horizon SOAV optimal control to infinite-horizon
self-triggered control [9]. In self-triggered control, the next
triggering time is determined by the current plant state. For
this, we assume that the state x(t) can be obtained for every
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t ∈ [0,∞). In other words, we assume that we can construct
a state feedback control system.

The control algorithm adopted here is given as follows.
First, let us assume that the horizon length T > 0 and the
initial state x(0) = ξ ∈ R are given. With these parameters,
we first solve the SOAV optimal control problem and obtain
the SOAV optimal control u1(t), which is unique from
Theorem 1 and takes only the elements of the set U. Then,
we define the first triggering time by T1 , max{τ1, Tmin},
where τ1 ∈ [0, T ] is the first switching instant of u1(t)
and Tmin ∈ [0, T ] is a given positive time length that
prevents the sampling period from zero (thereby avoiding
Zeno executions [17]). Then we input the control u1(t) on
the time interval [0, T1].

At the triggering instant T1, we observe the state x(T1)
and solve the SOAV optimal control problem on the time
interval [T1, T1 + T ], where the current state x(T1) is used
as the (local) initial state. Then the optimal control u2(t)
is obtained, and the second triggering time is taken as T2 ,
max{τ2, Tmin}, where τ2 ∈ [0, T ] is again the first switching
instant of u2(t), and we input u2(t) on the time interval
[T1, T1 + T2]. Continuing this process gives a self-triggered
feedback control law, as described in Algorithm 1.

Algorithm 1 SOAV Self-triggered Control
Given initial state ξ and minimum inter-sampling time
Tmin.
Let x(0) = ξ and t1 = 0.
for k = 1, 2, . . . do

Measure xk := x(tk).
Compute finite horizon SOAV optimal control

uk = arg min
u∈U(xk)

J(u).

Measure the first switching instant τk of uk.
Put Tk := max {τk, Tmin}.
Put tk+1 := tk + Tk.
Apply u(t) = uk(t− tk), t ∈ [tk, tk+1] to the plant.

end for

Note that the state x(t) for t ∈ [0, T1] obviously exists in
the reachable set R while the control u1 is used, since every
point out of the set R needs a time duration more than T
to be steered to the origin by any control v with ‖v‖∞ ≤ 1.
Therefore, we have x(T1) ∈ R, and the next optimal control
u2 exists on the next interval [T1, T1 + T2]. Then the state
x(t) for t ∈ [T1, T1 + T2] exists in the reachable set R
while the control u2 is used. It follows that the state x(t)
exists in the reachable set R for all t ∈ [0,∞), and then
each optimization has the unique optimal solution. Hence, the
recursive feasibility is satisfied, and Algorithm 1 produces an
infinite-horizon control

u(t) = uk(t− tk), t ∈ [tk, tk+1], k = 1, 2, . . . , (5)

where tk+1 = tk + Tk with t1 = 0, Tk , max{τk, Tmin},
and τk is the first switching time of uk(t). It is easily seen
that u(t) ∈ U for almost all t ∈ [0,∞).
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reachable set

Fig. 1. Reachable set R and the state variable x(t) = [x1(t), x2(t)]>

according to the proposed control u(t) based on SOAV (solid line) and the
L2-based control (dashed line)

Moreover, we have the following stability result.
Theorem 4: If Assumption 1 holds, then the origin is

stable in the sense of Lyapunov under the control (5).
Proof: Assumption 1, the recursive feasibility, and the

non-pathological triggering instants (i.e. Tk ≥ Tmin for every
k) lead to the stability by [7, Theorem 7].

IV. EXAMPLE

In this section, we give an example of quantized self-
triggered control based on the finite-horizon SOAV optimal
control.

Let us consider an unstable system represented in

ẋ(t) =

[
0 1
3 2

]
x(t) +

[
0
1

]
u(t), t ≥ 0.

The reachable set R defined in (4) of the above system is
given by (see [13, Section 7.3])

R =

{[
x1
x2

]
∈ R2 : x1 =

3y1 + y2
12

, x2 =
−y1 + y2

4
,[

y1
y2

]
∈ R1 ∪R2

}
,

R1 =

{[
y1
y2

]
∈ R2 : y2 = −2

(
2

1 + eT − y1

)3

+ 1 + e−3T ,

|y1| ≤ eT − 1

}
,

R2 =

{[
y1
y2

]
∈ R2 : y2 = 2

(
2

1 + eT + y1

)3

− 1− e−3T ,

|y1| ≤ eT − 1

}
.

Fig. 1 shows the reachable set, which is clearly a bounded
and closed convex set including the origin. For this system,
we consider the following SOAV optimal control problem:

minimize J(u) =

4∑
i=1

wi(‖u− Ui‖1 + ‖u+ Ui‖1)

subject to x(0) = [1,−1]>, x(2) = 0, ‖u‖∞ ≤ 1
(6)
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Fig. 2. Quantized self-triggered control u(t) by SOAV

where wi = 0.1i (i = 1, 2, 3, 4), and U1 = 0, U2 = 0.4,
U3 = 0.6, and U4 = 1, that is,

U = {0,±0.4,±0.6,±1}.

For this, we compute the quantized self-triggered control
according to Algorithm 1 with Tmin = 0.1. Fig. 2 shows the
SOAV self-triggered control u(t) defined by (5). This figure
illustrates that the control takes the discrete values in U. The
state x(t) = [x1(t), x2(t)]

> according to the control u(t) is
shown in Fig. 1. We can see that the state [x1(t), x2(t)]

>

stay in the reachable set R and approaches the origin.
For comparison, we compute the quantized control based

on L2 optimal control, that is, we optimize the following L2

cost function

J2(v) = ‖v‖22 =

∫ T

0

|v(t)|2dt,

among all feasible controls, instead of J(u) in (6), and
quantize the control value to the nearest value in U on
each time interval [tk, tk + T ]. This gives a piece-wise
constant control signal vk(t) on [tk, tk + T ], and then the
first switching time is chosen as the next triggering instant
as in Algorithm 1. The obtained self-triggered control v(t)
is shown in Fig. 3, and the associated state is shown in
Fig. 1. We observe that the state according to this control
v(t) diverges from the origin because of the quantization
error of the control. Eventually, at the 8th triggering instant
(t = 3.213) the state goes out of the reachable set R, where
we can not take any finite-horizon feasible controls, and
hence the recursive feasibility is lost.

V. CONCLUSIONS

In this article, we have proposed a new design method of
quantized self-triggered feedback control based on the finite-
horizon sum-of-absolute-values (SOAV) optimal control. We
have shown the discreteness of the control, the recursive
feasibility, and the stability. Simulation results have been
shown to illustrate the effectiveness of the proposed method.
Future work includes the analysis of the quantized self-
triggered control in the presence of noise.

0 2 4 6 8 10

-1

-0.6

-0.4

0

0.4

0.6

1

time (sec)

 

 

L2

Fig. 3. Quantized self-triggered control v(t) by L2 optimal control: the
recursive feasibility is lost at 8th triggering time (t = 3.213).
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Linear-quadratic optimal control of a non-isothermal catalytic
packed-bed reactor model

Ilyasse Aksikas1 and Amir Alizadeh Moghadam2 and Fraser Forbes2

Abstract— This work deals with the linear-quadratic control
problem for a non-isothermal packed-bed catalytic reactor,
which is described by coupled hyperbolic and parabolic partial
differential equations model. The classical Riccati equation
approach, in the infinite-dimensional setting, is adopted. An
optimal LQ-feedback is computed via the eigenvalues and the
eigenfunctions of the parabolic subsystem, while a differential
Riccati equation is derived for the hyperbolic subsystem.
Numerical simulations are performed to show the performance
of the designed controller on non-linear reactor system.

I. INTRODUCTION

Catalytic reactors are widely used in chemical processes to
carry out gas-solid chemical reactions. Examples include
catalytic combustion, methanol to olefins and reduction
of oxides of nitrogen. These processes are distributed
parameter and modelled by systems of Partial Differential
Equations (PDEs). Due to differences in the mass and
energy transport mechanism in the gas and solid phases, the
PDE systems describing catalytic reactors are of particular
interest. The transport phenomena in the gas phase is
dominated by convective mechanism and are modelled by
first-order hyperbolic PDEs whereas the dominant transport
mechanism in the solid phase is diffusion and the transport
phenomena are modelled by second-order parabolic PDEs.
The resulting coupled system inherits the characteristics of
both hyperbolic and parabolic PDEs. The objective of this
work is solve the linear quadratic control problem for a
coupled parabolic-hyperbolic PDEs model that describes the
dynamics of a non-isothermal catalytic packed-bed reactor.

Linear quadratic control (LQ) optimal control plays an
important role in the control literature. The linear quadratic
regulator design involve the determination of an input signal
to drive a linear system from initial state to a desired state
while minimizing certain quadratic cost criterion. The main
advantage is that the optimal input is expressed as state
feedback that guarantees the exponential stability of the
closed-loop system. The state feedback operator can be
obtained by the state-space approach leading to the well-
known Riccati equation [3] [6] or by the frequency-domain
approach that involves the solution of a spectral factorization
problem [5], [4] . Here the state space approach is adopted
and the corresponding operator Riccati equation is solved.

1 Ilyasse Aksikas is with Department of Mathematics, Statistics and
Physics, University of Qatar, Doha, Qatar aksikas@qu.edu.qa

2 Amir Alizadeh Moghadam and Fraser Forbes are with Department
of Chemical and Materials Engineering, University of Alberta, Edmonton,
Canada

II. PROBLEM STATEMENT

The process considered in this work is a non-isothermal
catalytic packed-bed reactor. In this reactor, an endothermic
reaction of the form A −→ B takes place on a catalyst [1].
To supply the heat required by the reaction, a jacket is used to
heat the reactor. With the assumptions of negligible diffusion
transport phenomena in the gas phase; constant physical
properties; and excessive component 8A′ in the reactor, the
energy balance of the process can be represented by the
following dimensionless PDEs [1]:

∂Tc
∂t

=
∂2Tc
∂ξ2

+βbe

γTc
1 + Tc −βc(Tc−Tg)−βp(Tc−Tj) (1)

ε
∂Tg
∂t

= −∂Tg
∂ξ

+αc(Tc−Tg)−αg(Tg−Tj) (2)

with the following boundary and initial conditions:

∂Tc(0, t)

∂ξ
=
∂Tc(1, t)

∂ξ
= 0,

Tg(0, t) = 0, Tc(ξ, 0) = Tg(ξ, 0) = 0

where Tc and Tg are the dimensionless catalyst and gas
temperatures, respectively; Tj is the dimensionless jacket
temperature; αc, αg , βc and αp are the dimensionless
heat transfer coefficients; γ is the dimensionless activation
energy and βb is the dimensionless heat of the reaction. The
subscripts 8c′ and 8g′ denote the catalyst and gas, respectively.

The system above presents a two-time-scale property as the
heat capacity of the catalytic phase is larger than the heat
capacity of the gas phase, which introduces a challenging
control problem. The control objective is to regulate the
catalyst and gas temperatures around their desired profiles
along the reactor by manipulating the jacket temperature
Tj . It should be noted that in practice the flow rate of the
heating fluid is used for manipulation. In this study, the
dynamics of the jacket is ignored and the manipulation is
achieved directly by the jacket temperature.

After some transformations and manipulations, the
linearization of the system (1)-(2), around the steady-
state profile [Tc, ss Tg, ss]

T , can be formulated as an
infinite-dimensional state space system on the Hilbert space
H = L2(0, 1)× L2(0, 1).
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Let us define the state vector

x =

[
x1
x2

]
=

[
e−

v
2 ξ(Tc − Tc, ss)
Tg − Tg, ss

]
(3)

and the input function

u =
Tj − Tj, ss

ε

The state-space abstract equation is given by{
ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
(4)

where A is a linear operator defined on its domain

D(A) = {x ∈ H : x1, x2 and
dx1
dξ

are absolutely continuous,

d2x1
dξ2

∈ L2(0, 1),
dx1
dξ |ξ=0

=
dx1
dξ |ξ=1

= 0

and x2(ξ = 0) = 0}
(5)

and is given by

A =

 d2.

dξ2
+ m11 m12

m21 −v d.
dξ

+ m22

 :=

[
A11 A12

A21 A22

]
(6)

and the input operator B and the output operator C are given

by

B =

[
b1

b2

]
and C =

[
c1 0
0 c2

]
(7)

where the functions mij , 1 ≤ i, j ≤ 2 and the parameters

v,b1 and b2 are given by

m11(ξ) =
βbγ

(1 + Tc, ss)2
e

γTc, ss
1 + Tc, ss − βc − βp

m12(ξ) = βc, m21(ξ) =
αc
ε
, m22(ξ) = −αc + αg

ε
,

v =
1

ε
b1 = βp, b2 =

αg
ε
.

This work is devoted to design an optimal linear-quadratic
(LQ) state feedback for the linearized system Σ(A,B,C)
given by (4)-(7). More precisely the aim is to find a control
law to minimize the following cost functional:

J(x0, u) =

∫ ∞
0

(〈y(s),Py(s)〉+ 〈u(s),Ru(s)〉)ds (8)

where the operator P = P · I =

[
p11 p12

p21 p22

]
· I such that

the matrix P is positive semi-definite and R = r · I such
that r > 0.

In this work, it has been shown that the pair (A,B)
is exponentially stabilizable and the pair (P1/2C,A) is
exponentially detectable. These dynamical properties are
important to guarantee the existence and uniqueness of the
solution of the LQ-control problem, which can be obtained
via the corresponding operator Riccati equation ([2]).

[A∗Qo + QoA + C∗PC−QoBRB∗Qo]x = 0 (9)

for all x ∈ D(A) and Qo(D(A)) ⊂ D(A∗), which admits
a unique non-negative self adjoint solution and for any x0 ∈
H , the quadratic cost (8) is minimized by the unique control
uo given for any t ≥ 0 by

uo(t) = Kox(t) := −R−1B∗Qox(t), x(t) = e(A+BKo)tx0
(10)

Moreover, the C0-semigroup e(A+BKo)t generated by the
closed-loop system is exponentially stable on H .
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Single Input Controllability of Interconnected Linear Systems*

Paul A. Fuhrmann1 and Uwe Helmke2

Abstract— We study a class of interconnected linear systems,
where the couplings between the node systems are defined by
a weighted directed graph. Necessary and sufficient conditions
for reachability of such networks are given in terms of co-
prime factorizations of the node transfer functions. Known
characterizations of structural reachability of linear systems
are generalized to homogeneous networks of arbitrary identical
strictly proper node systems. Sufficient results on the reach-
ability of more general networks are provided as well. We
investigate when single inputs, broadcasted to the control nodes,
suffice for structural reachability of homogeneous networks,
and characterize networks that have this this property.

I. INTRODUCTION

Reachability of complex networks of linear dynamical
systems has attracted much attention recently, studied from
various points of view by e.g. [11], [2], [25], [12], [13],
[21], [15]. The analysis in [11] uses a classical graph
theoretic characterization of structural reachability, due to
[10] and [18]. Liu et al. used these methods to identify the
input nodes in a network, i.e., those nodes that, suitably
controlled by independent inputs, enable one to control the
entire network. Closely related is the work of [12], [13], [21]
on minimum complexity control of graph structured linear
systems. The results in [11] are stated under two restrictive
assumptions: (a) that the input nodes are independently
controlled, and (b) that the network is built up from identical
first order integrators. In order to develop a theory under less
restrictive assumptions, [2] considers networks of distinct
scalar rational node transfer functions that are controlled
by single inputs. However, the results in [2] are of limited
value only, as the inputs are distributed to all node systems
instead of to a set of specifically chosen input nodes. Thus
[2] does not satisfactorily resolve the reachability issues
addressed in [11] and the challenge remains to extend the
results in [2], [11] to a wider class of networks without
imposing the restrictive assumptions (a), (b).

In this paper we will develop such a theory for the class
of graph structured interconnected linear systems

ẋi(t) = Aixi(t)+
N

∑
j=1

Ki jbic jx j(t)+
m

∑
j=1

biLi ju j(t) (1)

with N node systems Σ j, j = 1, . . . ,N, having strictly proper
transfer functions g j(z) = c j(zI − A j)

−1b j. Here the state

*This research has been supported by DFG Grants HE 1858/13-1, HE
1858/14-1 from the German Research Foundation.

1 Department of Mathematics, Ben Gurion University of the Negev, Beer
Sheva, Israel, fuhrmannbgu@gamil.com

2 Institute of Mathematics, University of Würzburg, 97074 Würzburg,
Germany helmke@mathematik.uni-wuerzburg.de

coupling matrix K = (Ki j) denotes the weighted adjacency
matrix of an arbitrary directed graph on N vertices. The
input coupling matrix L = (Li j) describes which of the m
inputs u1, . . . ,um are influencing the i-th node subsystem.
A particular case of interest is L = (ei1 , . . . ,eim), which
guarantees that the k-th input function function is affecting
the ik-th node system only. The subsystems Σi1 , . . . ,Σim which
are directly influenced by the controls are called the input
node systems.

By imposing linear constraints u j =∑
k
`=1 β j`v` on the input

functions we obtain an input restricted network

ẋi(t) = Aixi(t)+
N

∑
j=1

Ki jbic jx j(t)+
k

∑
`=1

(
m

∑
j=1

biLi jβ j`

)
v`(t)

(2)
whose reachability properties we want to characterize, using
appropriate conditions on K,L.

The class of graph structured systems is rich enough to
contain several interesting examples of networks of linear
systems. For example, it contains all systems obtained by
parallel, series and feedback connections of finitely many
node systems. The special choice of L = I covers arbitrary
decentralized control systems [19], while networks with
identical first order node transfer function g(z) = 1

z become
equivalent to structured linear systems, a class which have
been extensively studied in the literature; see e.g. [10], [18]
[3]. Another network of interest are pinning control systems
[22], [20], where typically the graph adjacency matrix is
replaced by the graph Laplacian; see e.g. [14] for reachability
properties of structured linear systems (8) whose graphs are
restricted to simple paths or cycles. Most of this prior work
analyzed reachability either for a restricted class of graphs
(cycles, paths, product graphs), or for networks with one-
dimensional node systems.

In this paper we extend the prior results on reachability
of interconnected systems in several directions. First, we
develop a module theoretic approach using coprime factor-
izations of transfer functions that is more efficient than by
applying standard state space methods. Theorem 2 presents
a simple characterization of network reachability in terms of
left coprimeness of polynomial system matrices. We then
show, see Theorem 4, that the classical graph theoretic
characterizations [10], [18] of structural reachability can
be extended to arbitrary homogeneous networks (1) with
identical node systems (A j,b j,c j). This includes an extension
of the main results by [11] to homogeneous networks, where
the controls inluence only a specific set of input nodes. Our
results therefore partially extend characterizations of struc-
tural controllability by [16] for interconnected decentralized
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control systems. Third, we do not assume that the input
nodes are controlled by independent controls. In particular,
we allow that a single input is simultaneously broadcasted to
all input nodes. This is important in situations, where it may
not always be possible or desirable to control the node sys-
tems by independent inputs, e.g., in parallel-series networks
frequently occurring in circuit analysis, or in leader–follower
networks where the leader subsystem sends inputs to some of
the follower nodes. Using a classical result by Wonham [24],
we characterize the graphs that allow for broadcast control by
single inputs are those having a cyclic interconnection matrix
K. This leads to new sufficient conditions for structural
controllability of homogeneous networks using broadcast
single input control. Finally, we treat some extensions to
networks with infinite dimensional node systems, as well as
to systems depending polynomially on parameters.

II. GRAPHICALLY INTERCONNECTED LINEAR SYSTEMS

To describe the network model of interest to us, we
consider interconnected linear systems where the couplings
between the node subsystems are specified by a finite,
weighted directed graph. For simplicity of the exposition we
focus on interconnecting N linear single-input single-output,
discrete-time node systems Σi

xi(t +1) = Aixi(t)+bivi(t)

wi(t) = cixi(t),
(3)

although an extension to multivariable continuous is possible,
too. Here Ai ∈ Fni×ni , bi ∈ Fni and ci ∈ F1×ni , i = 1, . . . ,N,
are the associated system matrices and F denotes an arbitrary
field. We assume that (Ai,bi,ci) are reachable and observable,
having coprime factorizations

gi(z) = ci(zI−Ai)
−1bi =

pi(z)
qi(z)

for the associated transfer function. We refer to [8] for pro-
viding basic concepts and results for linear systems defined
over an arbitary field F. Set n := ∑

N
i=1 ni. Written in more

compact form, the reachable and observable node system is

x(t +1) = Ax(t)+Bv(t)

w(t) =Cx(t)
(4)

with x := col(x1, · · · ,xN) ∈ Fn, and similarly for v,w. Thus,

A = diag(A1, . . . ,AN), B = diag(b1, . . . ,bN),

C = diag(c1, . . . ,cN).

are n×n, n×N, and N×n block diagonal matrices, respec-
tively.
To interconnect the node systems we apply static coupling
laws, described a finite directed graph. The interconnection
graph is a directed graph Γ=(V,E) on a finite set of vertices
V = {1, . . . ,N}, identified with the N nodes of the network,
and a finite set of M := |E| directed edges E ⊂ V ×V . The
unique edge from vertex i to vertex j is denoted by i j. To
each edge i j ∈ E we assign an arbitrary real number Ki j,

which is the weight of the edge. This then defines a square
weighted graph adjacency matrix K = (Ki j) ∈ FN×N via

Ki j = 0 for all i j 6∈ E.

The set of all such graph adjacency matrices is denoted as
KΓ. It is a real vector space space of dimension M that is
in one-to-one correspondence with the graph.

In addition to these data we fix a full column rank matrix
L ∈ FN×m which serves as the input coupling matrix for
the interconnected system. A particular choice of interest is

LI =
(
ei1 · · · eim

)
∈ FN×m,

where ei denote the i-th standard basis vector of FN and

I := {i1, . . . , im} ⊂V

denotes a finite set of m ≤ N vertices, which we refer to
as the input nodes of the graph. Using this input coupling
matrix LI , the k-th input uk is controlling only the subsystem
Σik . Thus a decentralized control system is characterized by
L = IN , i.e., by L = LI with I =V .

For coupling matrices K ∈KΓ and L, the interconnection
structure of the network is

v(t) = Kw(t)+Lu(t). (5)

The state space representation of the closed loop graph
structured network is

x(t +1) = A x(t)+Bu(t) (6)

with

A := A+BKC ∈ Fn×n, B := BL ∈ Fn×m (7)

Here u(t) ∈ Fm is the external input applied to the network.
This is the class of networks we are interested in.

A special class of graph structured systems is obtained by
assuming first order integrator models

xi(t +1) = vi(t), i = 1, . . . ,N

for the node dynamics. The transfer function of each node
system is g(z) = 1

z and network has the dynamics of the
structured linear system (6)

z(t +1) = Kz(t)+Lu(t). (8)

A more general class of networks (6) is described by so-
called homogeneous network, which are characterized by
the property that the transfer functions of the node systems
are equal, i.e., n := n1 = · · ·= nN and

g(z) := c1(zI−A1)
−1b1 = · · ·= cN(zI−AN)

−1bN .

Otherwise, the network is called heterogeneous. Let (A,b,c)
denote a minimal realization of the node transfer function
g(z). The system matrices of a homogeneous network (6) can
be conveniently expressed using Kronecker matrix product
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notation as follows:

A = IN⊗A+K⊗bc, B = L⊗b. (9)

III. REACHABILITY PROPERTIES

We recall the standard ballistic definition of reachability of
a linear system (6), i.e., that every initial state x0 ∈ Fn can be
steered into any final state x∗ ∈ Fn in finite time T > 0, using
an appropriate open loop control function u(t). Standard state
space conditions for reachability of large scale networks (6),
such as the Kalman rank test rk(B, . . . ,A n−1B) = n or the
PBH test, are problematic in our situation, due to the poten-
tially large scale of the involved matrices. Moreover, these
tests do not reflect well the interconnection structure of the
network and therefore do not easily enable one to study the
dependence of reachability on the interconnection structure.
Module theoretic techniques from algebraic system theory,
involving polynomial system matrices and shift operators,
are more useful in this respect and are briefly summarized
next.

A. Shift realization

Let F((z−1))m denote the vector space of truncated Lau-
rent series, i.e., f (z) = ∑

n f
j=−∞

f jz j, f j ∈ Fm. We denote the
canonical projections onto the strictly proper part by π− :
F((z−1))m −→ z−1F[[z−1]]m. For a nonsingular polynomial
matrix T (z) ∈ F[z]m×m, define a linear projection map πT :
F[z]m −→ F[z]m by

πT f = T π−(T−1 f ), f ∈ F[z]m.

The image space
XT := ImπT

is called the polynomial model of T (z). It is easily seen
that XT is a finite dimensional F-vector space of dimension
dimXT = deg detT. Moreover, XT consists of all polynomial
vectors f (z) such that T (z)−1 f (z) is strictly proper. Introduce
the shift operator ST : XT −→ XT by

ST f = πT (z f ), f ∈ XT .

The following result from [5], [6] is central as it enables
one to write down a canonical state space realization, the
so-called shift realization associated with any coprime poly-
nomial matrix factorization of a proper transfer function.
Consider any polynomial system matrix

P =

(
T (z) −U(z)
V (z) W (z)

)
∈ F[z](r+p)×(r+m)

with T (z) ∈ F[z]r×r nonsingular. Let G(z) be the associated
p×m rational transfer function defined as

G(z) =V (z)T (z)−1U(z)+W (z). (10)

Assume, that G(z) is proper with G(∞) = G0. Then the

system

ΣV T−1U+W :=


A f = ST f f ∈ XT
Bξ = πT (Uξ ), ξ ∈ Fm

C f = (V T−1 f )−1 f ∈ XT
D = G0

(11)

is a realization of G(z). We will refer to (11) as the shift
realization; see [5], [8] for a proof of the next result.

Theorem 1 (Shift Realization Theorem [5], [6]): The
shift realization (11) is observable if and only if V (z) and
T (z) are right coprime and reachable if and only if T (z)
and U(z) are left coprime.

B. Reachability of Networks

We next turn to the task of characterizing reachability
properties of the graph structured interconnected systems (6).
The subsequent Theorem 2, see [7] for a slightly different
proof, provides a Hautus-type characterization of reachability
of (6) via left coprimeness of N×N and N×m polynomial
matrices Q(z)−KP(z) and L, respectively. It has the adavan-
tage of being more efficient than the usual PBH test for state
space representations (6), which involves left coprimeness of
larger scale n×n and n×m polynomial matrices zI−A ,B,
respectively. Of course, n̄ > N, unless n1 = · · ·= nN = 1. The
second part of Theorem 2 also contains an earlier result by
[9] on reachability of homogeneous networks. Let

pi(z)
qi(z)

= ci(zIni −Ai)
−1bi

be a coprime factorization of the i-th node transfer func-
tion and define P(z) = diag (p1(z), . . . , pN(z)), Q(z) =
diag (q1(z), . . . ,qN(z)). A matrix A is called k-cyclic when-
ever zI−A has at most k nontrivial invariant factors.

Theorem 2: 1. The graph structured network (6) is
reachable if and only if the polynomial matrices Q(z)−
KP(z) and L are left prime.

2. A homogeneous network (9) is reachable if and only
if zI−K,L are left prime.

3. A is k ≤ m-cyclic if and only if

rk [Q(λ )−KP(λ )]≥ N− k ∀λ ∈ C.

In particular, A is cyclic if and only if

rk [Q(λ )−KP(λ )]≥ N−1 ∀λ ∈ C.

Proof: A straightforward computation shows the equal-
ity of transfer functions

C̄(zI−A )−1B̄ = P(z)(Q(z)−KP(z))−1.

Note that (A , B̄,C̄) are reachable and observable and P,Q−
KP are both left and right coprime. Since any two minimal
realizations of a transfer function are similar, Theorem 1
implies that the shift realization of P(z)(Q(z)−KP(z))−1

is similar to (A , B̄,C̄). Arguing as in [7], we conclude that
(A ,B = B̄L) is similar to the shift realization of P(z)(Q(z)−
KP(z))−1L. Again, by Theorem 1, this shows that (A ,B) is
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reachable if and only if Q(z)−KP(z) and L are left coprime.
This completes the proof of the first statement.
Moroever, the matrix A is seen to be similar to shift operator
of Q(z)− KP(z). Thus zI −A has the same number of
invariant factors as Q(z)−KP(z). This completes the proof
of assertion 3.
From the first part of Theorem 2 we deduce that a homo-
geneous networks with node transfer function g(z) = p(z)

q(z) is
reachable if and only if q(z)I− p(z)K and L are left prime.
But this is equivalent to wI −K,L be left prime, i.e., to
reachability of K,L. This completes the proof of the second
assertion.

Theorem 2 both includes and extends classical character-
izations for reachability of series and parallel connections
by [1], [7]. The preceding condition for network reachability
takes a simplified form if the input coupling matrix is L= LI .
In this case, decompose the matrics K,Q,P according to the
partition of the set of nodes V = I ∪ J into disjoint subsets
I,J := Ic. Then Q(z)−P(z)K,L are left coprime if and only
if QJ(z)−KJJ and PJ(z)KJI are left coprime. This shows

Corollary 1: Let L = LI . The network (6) is reachable if
and only if the reduced size polynomial matrices QJ(z)−KJJ
and PJ(z)KJI are left coprime. In particular, a homogeneous
network is reachable if and only if

rk
(
zI−KJJ KIJ

)
= N−m ∀z ∈ C.

We emphasize that the node transfer function g(z) does not
enter into the above reachability conditions for homogeneous
networks. This suggests an interesting new approach to
reachability of homogeneous networks with infinite dimen-
sional node dynamics. We leave this extension to infinite
dimensional systems as an open problem; see Section VI for
a first step into this direction.

IV. REACHABILITY OF NETWORKS WITH A REDUCED
NUMBER OF INPUTS

We next address the issue under which conditions on
the coupling matrices reachability in a network is preserved
using linear restrictions on the inputs. This makes contact
with a classical topic from linear systems theory, i.e., that of
controlling a multivariable linear system using scalar single
inputs. The reduction of a multivariable state space system to
a single input system has been instrumental to linear system
theory for proving pole placement results for state feedback
and output feedback, respectively [23]. Here we stress its
importance for open loop control.

Consider a multivariable linear input-to-state system

x(t +1) = Ax(t)+Bv(t), (12)

with A ∈ Fn×n and B ∈ Fn×m. We are interested in character-
izing when such a reachable multivariable system (12), with
β ∈ Fm×k generic, leads to a reachable system

x(t +1) = Ax(t)+Bβu(t). (13)

We refer to (13) as the input reduced system. It is easily
seen by examples that a multivariable linear system cannot
always be reduced to a reachable single input system (13)
in this way. In fact, a necessary condition that the single
input system (13) is reachable is that the system matrix A is
cyclic. Thus, if A is not cyclic, then (13) is never reachable,
irrespective of the choice of β . For example, the system

A =

0 1 0
0 0 0
0 0 0

 , B =

0 0
1 0
0 1


with two inputs is reachable, but the single-input system
(A,Bβ ) is not reachable, for every choice of β ∈ F2. More-
over, even if A is cyclic, simple examples such as

A =

0 1 0
0 0 1
0 0 0

 , B =

0 0
1 0
0 1


show that (13) is not reachable for all nonzero vectors β .
This shows that genericity requirements on β are essential.
The subsequent Lemma 1 (which is a mild generalization of
Lemma 3 in [23]; see also Chapter 1 in [24]) completely
solves the problem; note that the assumptions on k-cyclicity
of A and genericity of β are necessary conditions.

Lemma 1: [Wonham’s Lemma] Assume that the field F
has infinitely many elements. Let A be k-cyclic and β ∈
Fm×k generic. Then (12) is reachable if and only if (13) is
reachable.

Proof: The sufficiency part is trivial. For the converse
direction choose a right coprime factorization N(z)D(z)−1 of
(zI−A)−1B. Since (A,B) is reachable, the nontrivial invariant
factors of zI−A and D(z) coincide. Thus k-cyclicity of A
implies that the polynomial matrix D(z) has nontrivial monic
invariant factors dk(z)| · · · |d1(z) and dk+1(z) = · · ·= dm(z) =
1. In particular, the rank of D(λ ) is ≥ m− k for each λ in
the algebraic closure F with detD(λ ) = 0. This implies that

(D(z),β )

is left prime for generic choices of β ∈ Fm×k (those for
which the linear subspace Imβ is transversal to ImD(λ ),
with detD(λ ) = 0). We emphasize that such β exist since the
field F contains infinitely many elemnts. Since N(z)D(z)−1

is right coprime, for such choice of β the factorization

N(z)D(z)−1
β

is left and right coprime. Therefore

(zI−A)−1Bβ = N(z)D(z)−1
β

is left coprime and right coprime, i.e., zI −A,Bβ are left
coprime. By the PBH-test this is equivalent to reachability
of (A,Bβ ). This completes the proof.

The preceding result is wrong for finite fields F; see
Exercise 1.7 in [24] for a counterexample. We also need
the following proposition.
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Proposition 1: Let (A,b,c) be reachable and observable
and let 1≤ k ≤ m. A weighted adjacency matrix K ∈KΓ is
k-cyclic if and only if A = I⊗A+K⊗bc is k-cyclic.

Proof: By part 3 of Theorem 2, the system matrix A =
I⊗A+K⊗bc is k-cyclic if and only if the polynomial matrix
q(z)I − p(z)K has at most k nontrivial invariant factors.
Equivalently, the pencil wI − K has at most k-nontrivial
invariant factors, i.e., K is k-cyclic.

The preceding proposition leads a simple sufficient condi-
tion for reachability of homogeneous networks (9) by single
inputs.

Theorem 3: Assume that the field F has infinitely many
elements. Assume further that the SISO node system (A,b,c)
is reachable and observable. Let (K,L) be reachable. For
every k-cyclic interconnection matrix K ∈ KΓ and almost
every β ∈ Fm×k, the input reduced homogeneous network

x(t +1) = (IN⊗A+K⊗bc)x(t)+(L⊗b)βu(t) (14)

is reachable.
Proof: By Proposition 1, k-cyclicity of K implies k-

cyclicity of A = IN⊗A+K⊗bc. Thus, using Lemma 1 we
see that (A ,Bβ ) is reachable for almost all β . The result
follows.

V. STRUCTURAL REACHABILITY

Structural reachability refers to a weaker notion than
open loop reachability. Here one regards (6) as a family of
systems, parameterized by the interconnection matrix K.
The family then is called structurally reachable if (6) is
reachable for some choice of coupling matrices K ∈ KΓ.
Thus the difference between structural reachability and
classical reachability lies in the assumption on the coupling
matrix: for the former one this is supposed to be a an
unconstrained generic matrix while for reachability the
coupling matrix K is regarded to be fixed.

Structural reachability of linear systems defined over the
field of real or complex numbers has been considered in
many papers. From now on we assume that F=R; the case
of general fields is addressed at the end of the section. In
the simplified situation of a homogeneous network whose
node transfer function is equal to g(z) = 1

z , graph-theoretic
characterizations of structural reachability for (8) are well-
known; see [10], [18], [3]. The basic result by [10] (for SISO
systems) and [18] (for MIMO systems) can be summarized
as follows. Given a graph Γ and a set of input nodes
I, one constructs a new extended graph ΓI = (V ′,E ′), by
adding a new set vertices U = {u1, . . . ,um} to V , together
with a new directed edge from each u j to the vertex i j.
Recall, that an input rooted path is a path in the extended
graph ΓI that starts in a vertex of U . Similarly, a finite
number of mutually disjoint input-rooted paths is called an
input-rooted family. A finite set of disjoint cycles of Γ is
called a cycle family. We emphasize that [16] contains a

graph theoretic characterization of structural reachability for
interconnected decentralized control systems. The results in
[16] are however not applicable to our situation, as in their
decentralized control setting every subsystem receives an
independent control input, while in our case only certain
subsystems may be controlled by an input function. The next
result gives a graph theoretic characterization of structural
reachability for homogeneous networks; therefore partially
extending [16].

Theorem 4: Let (A,b,c) be reachable. A homogeneous
network

x(t +1) = (IN⊗A+K⊗bc)x(t)+LI⊗bu(t) (15)

is structurally reachable on FnN if and only if
(a) Every vertex of Γ is the end point of an input-rooted

directed path.
(b) There exists a disjoint union of an input-rooted path

family and a cycle family in ΓI that covers all vertices
of Γ.

Proof: By Theorem 2, the homogeneous network
(A ,B) is structurally reachable on FnN if and only if the
reduced system ż(t) =Kz(t)+LIu(t) is structurally reachable
on FN . This completes the proof, using the graph theoretic
charcterizations of structural controllability in [10], [18].

It is of obvious interest how to characterize the graphs
that enable one pass from a reachable multi-input system to
a reachable single input one. Specifically, we want to see
when one can achieve reachability by broadcasting a single
input to a set of given input nodes.

Definition 1: A graph Γ is called cyclic if there exists a
cyclic weighted adjacency matrix K ∈KΓ.

We need the following proposition.

Proposition 2: A finite graph Γ is cyclic, provided there
exists a disjoint union of a cycle family that covers all
vertices of Γ.

Proof: By assumption on Γ, one can set suitable entries
of K to be zero, so that K becomes permutation equivalent
to a block–diagonal matrix of the form

K = diag (C1, · · · ,Cr).

Here the blocks are circulant-like matrices of the form

Ci =



0 c(i)1 0 · · · 0
0 0 c(i)2 0
...

. . . . . . . . .
...

0
. . . 0 c(i)Ni−1

c(i)Ni
0 · · · 0 0


.

Each of the submatrices Ci is cyclic and by chosing the
entries c(i)j pairwise disjoint one concludes that K is cyclic.
This completes the proof.

The next result provides a sufficient condition that any
homogeneous network (6) is structurally reachable through
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a single input channel that is broadcasted to all m input nodes
of the network.

Theorem 5: Let (A,b,c) be reachable and observable and
LI = (ei1 , . . . ,eim). Assume that the graph Γ is cyclic and
satisfies the additional two conditions

1) Every state vertex of Γ is the end point of an input-
rooted directed path.

2) There exists a disjoint union of an input-rooted path
family and a cycle family in ΓI that covers all state
vertices.

Then, for almost every K ∈KΓ and almost every β ∈ Fm,
the single-input homogeneous network

x(t +1) = (IN⊗A+K⊗bc)x(t)+(LI⊗b)βu(t) (16)

is reachable.
Proof: By Theorem 4, the assumptions (1) and (2)

imply that the homogeneous network dynamics

x(t +1) = A x(t)+Bv(t)

with m independent input functions v(t) =
col(v1(t), . . . ,vm(t)) is structurally reachable, for almost all
choices of K ∈KΓ. Since the cyclic matrices K are open and
dense in KΓ, there exists a generic class of cyclic matrices
K such that the homogeneous network is structurally
reachable. If K ∈KΓ is cyclic then, by Proposition 1, also
A is cyclic. Thus the result follows from Proposition 1.

We briefly discuss the extension of the previous results to
systems with parameters. Let K : Rd → RN×N denote a
polynomial map, which defines in turn the polynomially
parametrized matrices

A (θ) = A+BK (θ)B, B(θ) = BL.

Then

xt+1 = A (θ)xt +B(θ)ut (17)

denotes a polynomial family of systems on Rn. Consider the
rational function field

F := R(z1, . . . ,zd)

in d independent variables. Since every entry of the matrices
A ,B can be regarded as a polynomial in θ1, . . . ,θd , the
family of systems (17) can be equivalently regarded as a
linear system

xt+1 = A xt +But (18)

over the rational function field F=R(z1, . . . ,zd). Recall that
the family (17) is called structurally reachable if and only
if there exists a parameter θ for which (17) is reachable.
This is equivalent to (17) being reachable for a generic set
of parameters θ ∈Rd . It is easily seen by inspection that this
in turn is equivalent that the single system (18) is reachable
over the infinite field F=R(z1, . . . ,zd). With these definitions
in mind we obtain the following result.

Theorem 6: Assume that the real system (A,b,c) ∈
Rn×n × Rn × R1×n is reachable. Assume further that the
system on FN

zt+1 = K zt +Lvt

is reachable over F = R(z1, . . . ,zd) and that K is cyclic.
Then there exists β ∈ Fm such that for almost all θ ∈Rd the
homogeneous network

xt+1 = (IN⊗A+K (θ)⊗bc)xt +(L⊗b)β (θ)ut (19)

is reachable.
Proof: By assumption on (A,b,c) and (K ,L), the

combined system

xt+1 = (IN⊗A+K (θ)⊗bc)xt +(L⊗b)vt (20)

is reachable for almost all θ . Equivalently, (20) regarded as a
system over the function field F=R(z1, . . . ,zd) is reachable.
By cyclicity of K , Wonham’s Lemma applies over the
infinite field F= R(z1, . . . ,zd) and we are done.

VI. INFINITE-DIMENSIONAL NODE SYSTEMS

We briefly discuss an extension of the preceding re-
sults to infinite-dimensional networks. Consider a selfadjoint
bounded linear operator A : H→H on a Hilbert space H and
let b ∈ H such that (A,b) is approximately reachable. Let
(K,L) denote a reachable pair with L∈RN×m and K ∈RN×N

diagonalizable with nonnegative real and distinct eigenvalues
λ1, . . . ,λN . We then consider the homogenous network

ẋ = (IN⊗A+K⊗bb∗)x+L⊗bu. (21)

This is an infinite-dimensional control system on the N-fold
product space HN and we want to know if this system is
approximately reachable on HN . By diagonalizing K this is
equivalent to

A = diag(A+λ1bb∗, · · · ,A+λNbb∗), B = diag(b, · · · ,b)L

being approximately reachable. Equivalently, the space

{diag(p(A+λ1bb∗)b, · · · , p(A+λNbb∗)b) ImL | p ∈ R[z]}

is dense in HN . We prove the following sufficient condition
for approximate reachability.

Theorem 7: Let (A,b) be approximately reachable. As-
sume that A is a selfadjoint positive semidefinite compact lin-
ear operator with dense image, such that the nonzero spectra
spec(A+λ jbb∗)\{0} are pairwise disjoint. Then the infinite-
dimensional network (21) is approximately reachable.

Proof: Without loss of generality, let us assume that
m = 1 and L = col(1, . . . ,1). If (A,b) is approximately
reachable, so is (A + λ jbb∗,b), j = 1, . . . ,N. Since A has
dense image, KerA= {0} and therefore Ker(A+λbb∗)= {0}
for each λ ≥ 0. Thus A j :=A+λ jbb∗ has dense image, which
implies that the span

span{Ak
jb | k = 1,2, . . .}

is dense in H. Thus, for any elements x∗1, . . . ,x
∗
N ∈ H and

any ε > 0, there exist polynomials p1, . . . , pN ∈ R[z] with
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p j(0) = 0 and

‖p j(A+λ jbc)b− x∗j‖< ε

Let K j ⊂R denote the spectrum of A+λ jbb∗. By assump-
tion we have Ki∩K j = {0} for all i 6= j. Thus the polynomials
p j|K j extend to a continuous function f : K → R on K =⋃N

j=1 K j with f |K j = p j|K j. Moreover, the complement of
the union K = K1 ∪ ·· · ∪KN is connected in the extended
Riemannian sphere. Applying Mergelyan’s theorem from
complex approximation theory [4] we see that there exists
a polynomial p ∈ R[z] that approximates the continuous
function f on K arbitrarily well. The spectral mapping
theorem implies for any selfadjoint linear map B that

‖B‖= sup
z∈spec(B)

|z|.

Thus there exists polynomials p ∈ R[z] satisfying

‖p(A+λ jbc)− p j(A+λ jbc)‖= sup
z∈K j

|p(z)− p j(z)|

≤ sup
z∈K
|p(z)− f (z)|< ε.

Therefore

‖p(A+λ jbc)b− x∗j‖ ≤ ‖p(A+λ jbc)b− p j(A+λ jbc)b‖
+‖p j(A+λ jbc)b− x∗j‖
< (1+‖b‖)ε.

The result follows.

VII. CONCLUSIONS AND OPEN PROBLEMS

An extension of Wonham’s lemma is proven that char-
acterizes when a multivariable linear system is reachable
through a generic reduced set of input channels. This leads
to a characterization of homogeneous networks that are
structurally reachable through a single input signal that
is broadcasted to all input nodes. It is shown that this
holds if and only if the interconnection graph is cyclic and
contains an input spanning cactus. One sufficient (but not
necessary) condition for cyclicity is that all vertices can be
covered by mutually disjoint cycles. Open problems include
the extension to infinite-dimensional node systems and the
combinatorial characterization of graphs which admit cyclic
weighted adjacency matrices.
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Interconnection and Memory in Linear Time-Invariant Systems

Elie M. Adam, Munther A. Dahleh and Asuman Ozdaglar

Abstract— We characterize the role played by memory when
linear time-invariant systems interact. This study is of interest
as the phenomenon that occurs in this setting is arguably the
same phenomenon that governs cascading failure and contagion
effects in interconnected systems. We aim to later extend
solutions found here to problems in other desired settings.

The characterization relies on basic methods in homological
algebra, and is reminiscent of the rank-nullity theorem of linear
algebra. Interconnection of systems is first expressed as an
exact sequence, then loss of memory causes a loss of exactness,
and finally exactness is recovered through specific algebraic
invariants of the systems that encode the role of memory.

The characterization allow us to update the behavior of a
system, without any need of recomputation, when local changes
(e.g., an addition of a new component) are made to the system,
overcoming the obstruction that memory would naturally set.

Index Terms— LTI systems, memory, interconnection, cas-
cade effects, modules over commutative rings, exact sequences,
(co)homology.

EXTENDED ABSTRACT

Consider the following two discrete-time dynamical sys-
tems A and B given by the difference equations:

(A) x[n] = y[n] + y[n− 1] and (B) y[n] = x[n].

The signals are real-valued and causal, i.e., x[n] = y[n] = 0
for n < 0. Although the signals are labelled with matching
letters, the systems A and B are distinct and independent. We
will be interconnecting them later on, and using matching
letters proves to be convenient. One may, although unnec-
essary, think of A (resp. B) as having input y (resp. x)
and output x (resp. y). Our goal is to understand the role
that memory plays when the systems A and B interact.
This goal is of interest as the phenomenon that occurs in
this setting is arguably the same phenomenon that governs
cascading failure and contagion effects in interconnected
systems. Solutions to problems posed in this setting, with
more work, will evolve to solutions to problems in other
desired settings.

We may devise a simple experiment to capture this role.
We will quickly describe it in a very informal manner, and
then expound and formalize it afterwards throughout this
abstract. The experiment consists of two steps. In the first
step, we allow A and B to naturally interact, forming a
combined system A&B, and then forget that A&B has any
capacity for memory, to get (A&B)mem. In the second step,
we first forget each of A’s and B’s capacity for memory, to
get Amem and Bmem, and then let the memoryless systems

All authors are with the Laboratory for Information and Decision
Systems, Massachusetts Institute of Technology, Cambridge, MA 02139.
(emails: eadam@mit.edu, dahleh@mit.edu, asuman@mit.edu)

interact to form the combined system Amem&Bmem. We
now compare the combined system obtained through the two
steps. If (A&B)mem and Amem&Bmem are the same system,
then memory plays no role during interaction. If they are not
the same system, then memory certainly has its role.

Formally, suppose we keep from each of A and B only the
set of pairs (x[0], y[0]) that can appear through trajectories
satisfying the respective dynamics, i.e. the set {(x[0], y[0]) :
x[n] = y[n] + y[n − 1]} from A and the set {(x[0], y[0]) :
y[n] = x[n]} from B. In doing so, we inherently forget (or
destroy) all the potential a system possesses to remember the
past. Such a set would correspond to the memoryless system
that can best explain the trajectories of its respective system.
The systems Amem and Bmem may then be respectively
identified with those two sets. In particular, the pairs that
appear in A correspond to pairs of the form (r, r) for r ∈ R.
Those pairs generate the trajectories coming from A if we
assumed that A is memoryless, i.e. A is instead given by the
equation x[n] = y[n] where y[n − 1] is dropped. Similarly,
as B is already memoryless, we also recover all pairs of the
form (r, r) for r ∈ R. We now interconnect A and B allowing
them to interact by identifying signals together. In our case,
the signal x in A is identified with x in B, and y in A is
identified with y in B. We get the system A&B:

x[n] = y[n] + y[n− 1]

y[n] = x[n]

We see that no pair (x[0], y[0]) other than (0, 0) can be ob-
served in A&B. Namely, the system (A&B)mem corresponds
to {(0, 0)}. However, the separate pieces Amem and Bmem

would have naively informed us to expect any pair (r, r) to
be observed. Indeed, the system Amem&Bmem corresponds
to {(r, r) : r ∈ R}. This discrepancy lets us conclude that
memory plays at least some role. We may then ask ourselves:
how big of a role does it play? And, would an answer to such
a question be even useful in understanding the operation of
the interconnected system?

Let BA and BB denote the behaviors of the systems A
and B, namely the set of trajectories (x, y) that are allowed
through A and B respectively. If BA&B denotes the behavior
of A&B, then we have BA&B = BA ∩ BB , where ∩ is
set intersection. We are only casting the example into Jan
Willems’ behavioral approach to system theory (see e.g., [3]
and [5]). If we define Φ(B) := {(x[0], y[0]) : (x, y) ∈ B} to
be the projection of B on time 0, we then get:

Φ(BA&B) 6= Φ(BA) ∩ Φ(BB).

The inequality points out to the discrepancy mentioned
above. It thus lets us conclude that memory plays at least
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some role. The extent of the role played by memory is
captured by how unequal the two sides are. Of course, in
general, both A and B may be arbitrary linear time-invariant
systems.

The work in this paper enables us to characterize, how
unequal those two sides are, and link the quantity ΦBA&B

to both ΦBA and ΦBB through such a characterization.
The characterization relies on basic methods in homological
algebra, and is reminiscent of the rank-nullity theorem of
linear algebra. Interconnection of systems is first expressed
as an exact sequence, then destruction of memory causes a
loss of exactness, and finally the inexact sequence is made
exact via specific algebraic invariants of the systems at hand.
As a working application, the characterization allow us to
update Φ(B), without any need of recomputation, when local
changes (say an addition of a new component) are made to
the system, overcoming the obstruction that memory would
naturally set.

As a follow up, the quantity ΦBA&B is necessarily a linear
subspace of R2. We know that it is the 0 subspace. It loses
one dimension out of two from the fact that BA and BB are
the same and isomorphic to R. It loses the second dimension
due to memory. Let z−1x denote the shifted signal where
z−1x[n] = x[n − 1]. If we consider BA + BB = {tA +
tB : tA ∈ BA, tB ∈ BB}, then ΦBA&B will lose its second
dimension because the linear space {t : z−1t ∈ BA + BB}
has dimension 1 when quotiented by BA +BB . We leave the
justification for the content.

Why memory?

This effort falls within a grander effort to understand
interconnection of systems and the interaction-related phe-
nomena such interconnections produce. The situation that
occurs when we forget memory is the same, on the ap-
propriate abstract level, as the phenomenon observed in
contagion or cascading failure related problems. See for
instance Appendix A for one concrete example, and [1] for
more details on that example. Indeed the distinctive property
of the phenomenon in such problems can be cast into an
inequality similar to that evoked above. All those problems
share the same abstract mathematical structure, and we aim
to extend the methods and solutions provided here to those
settings.

Why linear time-invariant systems?

We consider in this paper only linear time-invariant sys-
tems for at least three reasons. First, if some general theory
were to be established, it would require a notion of system
and a notion of interconnection. In our linear world, those
notions can correspond perfectly to those advocated by the
behavioral approach to system theory. This alleviates us from
introducing new unfamiliar ideas on that front. Second, linear
time-invariant system are familiar objects, and it is our hope
that the phenomena presented (in terms of inequality) would
not seem too elusive and can be quickly made to be familiar.
Our goal is to focus on the nature of the solution we get
in such problems. Third, homological algebra is done most

directly through abelian objects, e.g. vector spaces or abelian
groups. Linear system theory provide us with such objects
without much effort. The behaviors will be modules over
rings of formal power series.

Our contribution.

Our contribution is set to answer the following two
questions. First, if we are to forget a system’s capacity
for memory, what piece of information (and in what form)
should we retain to characterize the role that would have been
played by memory during interaction? Second, how can we
use that information to uncover memory related phenomena
that occur? The contribution may be summarized in three
steps:

i We link interconnection of linear time-invariant systems
to short exact sequences of modules.

ii We pin the elusive role played by loss of memory as a
certain loss of exactness.

iii We mend the loss of exactness by extracting algebraic
objects from the systems, and then constructing a long
exact sequence.

The extracted algebraic objects are the pieces of infor-
mation that encode the role of memory during interaction.
The long exact sequence then uses those algebraic objects
to relate ΦBA&B to both ΦBA and ΦBB . As a working
application, we develop a method to update Φ(B), without
any need of recomputation, when local changes (say an
addition of a new component) are made to the system,
overcoming the obstruction that memory would naturally set.

One may, naturally, forget only delays of length at least
T , by keeping only information on signals up to time
T − 1. Specifically, we keep, from A and B, the pairs
{(x[0, · · · , T−1], y[0, · · · , T−1])} instead of {(x[0], y[0])}.
The same phenomenon occurs, and the same techniques and
solution apply.
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APPENDIX

A. Example on contagion.

Each system consists of a three node graph. Each node
in the graph can be either black or white, and is assigned
an integer k as a threshold. All nodes are white initially. A
node then becomes black, if at least k of its neighbors are
black. Once a node is black it remains black forever.

For instance, let A and B denote the systems on the left
and right, respectively.
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2

3

1 0

2

2

Given our rule above, a threshold of 0 indicates that a node
automatically becomes black. If no threshold of 0 exists, then
necessarily all nodes will remain white. We are interested in
understanding the role that the evolution rules play when A
and B interact.

We can forget the evolution rules that are prone to interact
with others by keeping from the systems only the set of final
black nodes. Indeed, every set of black nodes S corresponds
to a decision-free system having a threshold of 0 on the nodes
in S and a threshold of ∞ on the nodes not in S. Let us
denote by Adec and Bdec the decision-free systems derived
from A and B respectively. Then the set of final black nodes
of Adec is empty, and that of Bdec contains the left node.

Two systems interact by combining their evolution rules.
The system A&B corresponds to the graph that keeps on
each node the minimum threshold between that of A and B:

0

2

1

Likewise, the system Adec&Bdec corresponds to the graph
that keeps on each node the minimum threshold between
that of Adec and Bdec. It can then be seen that (A&B)dec is
different than Adec&Bdec:

0

0

0 0

∞

∞

The evolution rules do play a role then, and we get an
inequality similar to that presented in the case of linear
systems.

When A and B are combined, the left black node in B
interacts with the rules of A to color the right node black.
Both the left and the right nodes then interact with the rules
of B to color the middle node black. This effect is encoded
in the inequality.
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Maximal Islanding Time For Microgrids via Distributed Predictive
Control

Philipp Braun1, Timm Faulwasser2, Lars Grüne1, Christopher M. Kellett3,
Steven R. Weller3 and Karl Worthmann4

Abstract— Motivated by a specific application in electricity
distribution networks, we present a hierarchical model predic-
tive control algorithm for scheduling energy storage devices. We
demonstrate that, for the proposed optimization problem, the
alternating direction method of multipliers can be implemented
in a distributed fashion. Numerical experiments supporting the
theoretical results are provided.

I. INTRODUCTION

A major challenge in decarbonizing energy generation
is the integration of small-scale renewable generation and
storage devices into existing distribution grids. In this con-
text, the term microgrids is frequently used; c.f. [1], [2],
[3], [4], [5]. One example of a microgrid is a residential
neighborhood with a single point of common coupling be-
tween the neighborhood and the main grid. For our purposes,
each residence in the neighborhood consists of a residential
load, generation (e.g., in the form of solar photovoltaics),
and storage (e.g., in the form of a battery). We refer to this
collection of residential load, generation, and storage as a
Residential Energy System (RES) [6], [7], [8], [9].

One benefit of an electricity distribution network contain-
ing microgrids is the potential to disconnect a microgrid
from the main distribution network. This is referred to as
islanding, whereby the microgrid maintains normal operation
using only the locally stored energy, energy locally generated
by renewable generation units (photovoltaic panels, wind
power, etc.), and, if present, conventional generators [1].
An important question in this context is whether or not
microgrids should be operated by a central entity, e.g. a
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microgrid operator. While many works suggest decentralized
or distributed approaches to frequency and voltage stabiliza-
tion [10], [11], scheduling of available storage devices, which
is also important for reliable operation of microgrids, is often
done in a centralized fashion [12], [13].

In previous papers [7], [9], we proposed a distributed
model predictive control scheme minimizing variations in
the vertical grid load, i.e. the load transferred at the point
of common coupling. In the present paper, we extend these
results to cover another important issue related to islanded
operation with limited or even no conventional generation.
At the start of and during islanded operation it is vital to
know the maximal allowable time window for which the
microgrid is able to locally maintain supply on its own
without any need for conventional generation or connection
to the grid. Herein, we propose an optimization problem to
compute the maximal time interval (starting from a specific
point) for which the microgrid can be disconnected without
experiencing a shortage of energy.

In principle, such an optimization problem could be solved
by a central entity—like the microgrid operator—provided
knowledge of parameters and current state of charge of all
storage devices as well as future net consumption profiles
of each RES in the microgrid. This, however, would lead
to an inflexible and communication intensive setup, since
every change in an RES as well as the network topology
would have to be monitored by the central entity. Moreover,
privacy considerations may prevent the individual RESs
from sharing all this information with a central entity. For
this reason, we propose a hierarchical distributed solution
strategy with limited information exchange based on the
alternating direction method of multipliers (ADMM) [14].

The paper is structured as follows: In Section II the
model of the microgrid is introduced and the problem of
islanded operation is formulated. In Section III the hierar-
chical ADMM algorithm is developed and embedded in a
receding horizon formulation in Section IV. In Section V
we propose an optimization problem returning the maximal
grid disconnection window in the optimal solution. The
paper closes with numerical simulations in Section VII and
conclusions in Section VIII.

II. MODEL AND PROBLEM DESCRIPTION

Firstly, in Subsection II-A, a model for a microgrid of
RESs introduced in [6], [7] is recalled and extended. Sec-
ondly, in Subsection II-B, the general optimization problem,
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which will be tackled by means of a distributed setup, is
described.

A. Distributed renewable energy systems

∑I
i=1 zi

zI

z2

z1

...

RES I

RES 2

RES 1

Main Grid

S

Fig. 1. Visualization of a microgrid. A number of I ∈ N RESs connected
to the main grid through a point of common coupling. We assume that the
RESs can be disconnected from the main grid through the switch S.

wi

u+
i

zi

γiu
−
i

Fig. 2. Visualization of Equation (2) for a single RES. The power demand
zi depends on the power consumption and power generation wi and can be
manipulated by charging/discharging the battery.

We consider a network, visualized in Figure 1, of I RESs,
I ∈ N connected to a main grid through the individual power
demand zi, i = 1, . . . , I. We assume that the RESs are
physically decoupled and that the system dynamics of the
i-th RES, i ∈ {1, 2, . . . , I}, is defined as

xi(k + 1) = αixi(k) + T
(
βiu

+
i (k) + u−i (k)

)
(1)

zi(k) = wi(k) + u+i (k) + γiu
−
i (k) (2)

with (αi, βi, γi) ∈ [0, 1]3.
The variables zi(k) [kW], representing the power demand

drawn from/supplied to the grid by each RES and given
by Equation (2), depend on the net consumptions wi(k)
[kW], i.e., the power generation of solar photovoltaic panels
minus the energy demand of the residents, and the battery
usage. The dynamics of the battery, Equation (1), are defined
through the state of charge xi(k) in [kWh] and the input
variables u+i (k) and u−i (k) in [kW]. The input u+i (k)
represents the power drawn from the grid to increase the state
of charge of the battery and the power demand zi(k), while
u−i (k) can be used to discharge the battery and decrease the
power demand of the i-th RES. The parameter αi models
losses due to self-discharge, βi and γi model losses due
to energy conversion, and T (in hours [h]) represents the

discretization in time. Additionally, the storage device of
each RES is constrained by:

0 ≤ xi(k) ≤ Ci (3a)
ui ≤ u−i (k) ≤ 0 (3b)
0 ≤ u+i (k) ≤ ui (3c)

0 ≤ u−i (k)

ui
+

u+
i (k)

ui
≤ 1 (3d)

If max{βi, γi} < 1 holds, energy can be wasted meaning
that an RES can get rid of an energy surplus by continuously
charging and discharging its battery. Note that this possibility
is limited due to the battery constraint (3d). Additionally,
it is possible to change from charging to discharging (and
vice versa) between consecutive time steps k and k + 1.
Since in this case only a fraction of the time interval of
length T is used for charging and discharging, the upper
and lower bounds for charging and discharging have to
be adapted, which is captured by the constraint (3d). The
dynamics (1)–(2) and the constraints (3) extend the models
introduced in [6], [7]. Similar models of energy networks are
for example described in [15] and [16].

B. Problem formulation

In this section we define the optimization problem which
we will apply later in this paper to the islanded operation of
the microgrid model described in the previous section. For
a given time k and a prediction horizon N ∈ N the notation
z = (zT1 , z

T
2 , . . . , z

T
I )T is defined componentwise by

zi = (zi(k), . . . , zi(k +N − 1))T ;

i.e., z ∈ RNI . Moreover, we use · to denote the average of
a vector, e.g.

z :=
1

I

I∑
i=1

zi, z ∈ RN , (4)

defines the average power demand drawn from the grid. The
same notation is used for the other variables, e.g. x, w, u+

and u−. 1 denotes the vector of appropriate dimension
with all entries equal to one, and I denotes the identity
matrix of appropriate dimension. For fixed initial values
x0i = xi(k) and given net consumptions wi, the variables zi,
i ∈ {1, 2, . . . , I}, are confined to the compact and convex
(polytope) set

Di =

{
zi ∈ RN

∣∣∣∣ ∃ xi,ui satisfying xi(k) = x0i ,
(1) – (3) ∀ j ∈ {k, . . . , k +N − 1}

}
.

Let the cost function F : RNI ×RM → R be of the form

F (z, s) :=

I∑
i=1

fi(zi) + g (z) + h(s)

where fi : RN → R are local cost functions of the individual
RESs, g : RN → R is a cost function chosen by the grid
operator coupling the individual RESs, and h : RM → R
is another cost function defined by the grid operator in the
auxiliary variable s ∈ S ⊆ RM , which will be used to
identify the maximal time the RESs can be disconnected
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from the grid operator (i.e., the maximal time the microgrid
can be islanded) in Section V. Here, S ⊆ RM is a polytope,
which equals RM≥0 in our application. At every time step k,
we consider a minimization problem of the form

(z?, s?) := argmin
z,s

F (z, s)

s.t. A
∑I
i=1 zi +Bs− b ≤ 0

zi ∈ Di ∀ i ∈ {1, 2, . . . , I}
s ∈ S

(5)

where A ∈ Rm×N , B ∈ RM×m, b ∈ Rm define polyhedral
coupling constraints between the systems and the artificial
variable s. Recall that we have assumed that the RESs
are physically decoupled. Nevertheless, in the minimization
problem (5), the RESs are coupled through the objective
function and the inequality constraints, and hence a cen-
tralized controller is necessary to solve the optimization
problem to compute the individual charging and discharging
strategies. In the following section we will present a method
to rewrite the optimization problem in such a way that
distributed optimization on the local level is possible without
losing optimality with respect to the original formulation (5).

III. THE ALTERNATING DIRECTION METHOD OF
MULTIPLIERS

The alternating direction method of multipliers (ADMM)
is an iterative algorithm for solving the optimization problem
(5). In our presentation we focus on a hierarchical form of
the method which is suited to our problem and refer to [14]
and [17] for more general forms of ADMM algorithms and
dual decomposition methods.

A. The basic ADMM formulation and convergence results

To obtain a hierarchical algorithm, we introduce the vari-
ables ai ∈ RN (i = 1, . . . , I), a = (aT1 ,a

T
2 , . . . ,a

T
I )T , and

rewrite the minimization problem (5) in the form

(z?,a?, s?) := argmin
z,a,s

I∑
i=1

fi(zi) + g (a) + h(s)

s.t. (a, s) ∈ P
zi ∈ Di ∀ i ∈ {1, 2, . . . , I}
zi − ai = 0 ∀ i ∈ {1, 2, . . . , I}

where the polytope P is defined as

P =

{
(a, s) ∈ RN × RM

∣∣∣∣ I ·Aa +Bs− b ≤ 0
s ∈ S

}
. (6)

Observe that the optimization problem implicitly contains
the constraints a = 1

I
∑I
i=1 ai. To simplify the notation,

this constraint is not given in the problem formulation. The
augmented Lagrangian Lρ(z,a, s, λ) of the minimization
problem is given by
I∑
i=1

fi(zi) + g (a) + h(s) +
ρ

2
‖z− a‖2 +

I∑
i=1

λTi (zi − ai).

for Lagrange multipliers

λ = (λT1 , λ
T
2 , . . . , λ

T
I )T ∈ RIN

and a positive constant ρ ∈ R>0. For ρ = 0, we obtain the
usual definition of the Lagrangian.

The idea of ADMM is to iteratively find a solution of
the minimization problem (5) by repeatedly performing the
following sequence of update steps:

z`+1
i := argmin

zi∈Di

Lρ
(
z,a`, s`, λ`

)
(7a)

(a`+1, s`+1) := argmin
(a,s)∈P

Lρ
(
z`+1,a, s, λ`

)
(7b)

λ`+1 := λ` + ρ
(
z`+1 − a`+1

)
(7c)

for ` ∈ N. Convergence of the sequence (z`,a`, s`, λ`)`∈N
can be shown under certain convexity assumptions on the
objective function F . We use the assumptions and results
given in [14, Chapter 3.2] which are directly applicable to
the objective function proposed in the following section.

Assumption 3.1: Suppose that the following holds:
(i) The (extended-real-valued) functions fi, i = 1, . . . , I,

g and h are closed, proper, and convex.
(ii) The unaugmented Lagrangian L0 has a saddle point,

i.e., there exists (z?,a?, s?, λ?) such that

L0(z?,a?, s?, λ) ≤ L0(z?,a?, s?, λ?)

≤ L0(z,a, s, λ?)

holds for all λ ∈ RIN and (z,a, s) ∈ (RNI)2 × RM .
Remark 3.2: One class of problems satisfying Assump-

tion 3.1 are convex functions subject to nonempty, convex,
and compact constraints. Since convex functions attain their
minimum on compact sets, there exists a (possibly non
unique) primal optimal solution (z?,a?, s?). This implies the
existence of an optimal dual solution λ? satisfying the saddle
point condition (ii). For the results showing these properties
we refer to [18, Appendix C].

Theorem 3.3: If Assumption 3.1 holds, the iterates of (7)
satisfy the following convergence properties:
(i) The residuals r` := z`−a` converge to zero for `→∞.

(ii) The sequence (F (z`, s`))`∈N converges to the optimal
value F ? of Problem (5) for `→∞.

(iii) The dual variables λ` converge to the optimal dual point
λ? for `→∞.

A proof of this result, which is sufficient for our application,
is given in [14, Appendix A]. For a more detailed analysis
of the convergence properties of the ADMM scheme (7) we
refer to the references in [14].

B. Simplification of the ADMM formulation

The ADMM algorithm (7) can be solved in a distributed
manner because Equation (7a) splits into I separable opti-
mization problems

z`+1
i = argmin

zi∈Di

fi(zi) +
ρ

2
‖zi − ai‖2 + λTi (zi − ai) ,

which can be solved in parallel by every RES individually.
The optimization problem (7b) cannot be separated due to
the coupling in the function g. However, it is possible to
make the number of unknowns in this problem independent
of the number of RESs I by using the average variables
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a ∈ RN instead of a ∈ RIN . In order to show this, we first
rewrite the minimization problem (7b) as

(a`+1, s`+1) = argmin
(a,s)∈P

Lρ
(
z`+1,a, s, λ`

)
= argmin

(a,s)∈P
g (a) + h(s) +

ρ

2

∥∥∥z`+1 − a
∥∥∥2 + I∑

i=1

λ`
T

i (z`+1
i − ai)

= argmin
(a,s)∈P

g (a) + h(s) +

I∑
i=1

ρ

2

∥∥∥z`+1
i − ai

∥∥∥2 + λ`
T

i (z`+1
i − ai)

= argmin
(a,s)∈P

g (a) + h(s) +
ρ

2

I∑
i=1

∥∥∥∥λ`iρ + z`+1
i − ai

∥∥∥∥2 . (8)

We then require the following lemma.
Lemma 3.4: For c,yi ∈ RN (i = 1, . . . , I) the minimizer

of

min
vi∈RN

I∑
i=1

‖vi − yi‖ s.t.
1

I

I∑
i=1

vi = c

is given by vi = yi + c − y for all i ∈ {1, . . . , I} where
y = (1/I)

∑I
i=1 yi.

Proof: For yi = 0 for all i ∈ {1, . . . , I} the triangular
inequality implies

‖I · c‖ = min
vi,

1
I
∑I

i=1 vi=c

∥∥∥∑Ii=1 vi

∥∥∥
≤ min

vi,
1
I
∑I

i=1 vi=c

∑I
i=1 ‖vi‖

and equality is obtained for vi = c for all i ∈ {1, . . . , I}.
For the general case we use the coordinate transformation
ṽi = vi − yi. Then the equality constraint reads

1

I

I∑
i=1

ṽi =
1

I

I∑
i=1

vi −
1

I

I∑
i=1

yi = c− y

which shows the assertion.
Applying this result to the minimization problem (8) and

fixing the variables (a, s), we see that the optimal solution
satisfies

λ
`

ρ
+ z`+1 − a =

λ`i
ρ

+ z`+1
i − ai (9)

for all i ∈ {1, . . . , I} according to Lemma 3.4 with the
definition λ = 1

I
∑I
i=1 λi. Hence the minimization problem

(8) is equivalent to

min g (a) + h(s) + ρ
2

∑I
i=1

∥∥∥λ`

ρ + z`+1 − a
∥∥∥2

s.t. (a, s) ∈ P
(10)

where the number of optimization variables is independent
of the number of RESs.

Additionally, it can be shown that λi = λj holds for
all i, j ∈ {1, . . . , I} after the first iteration and hence, the
Lagrange multiplier λ ∈ RNI can be replaced by a Lagrange
multiplier λ ∈ RN . The update of the Lagrange multipliers
in Equation (7c) simplifies to

λ`+1
i = λ`i + ρ

(
z`+1
i − a`+1

i

)
= λ

`
+ ρ(z`+1 − a`+1),

i.e., λ`+1
i = λ`+1

j for all i, j ∈ {1, . . . , I}. Hence also the
update of the dual variables is independent of the number of
RESs.

With these considerations, which follow the arguments
given in [14, Chapter 7.3], the updates of Equation (7b) and
(7c) reduce to the minimization problem

argmin
(a,s)∈P

g (a) + h(s) +
ρ · I

2

∥∥∥∥∥λ
`

ρ
+ z`+1 − a

∥∥∥∥∥
2

and the update

λ
`+1

= λ
`

+ ρ(z`+1 − a`+1).

The update (7a) of the variables zi of the individual RESs
given by the solution of the minimization problem

argmin
zi∈Di

fi(zi) +
ρ

2

∥∥∥∥∥zi +
λ
`

ρ
− a`i

∥∥∥∥∥
2

involves the variable ai which differs for all i ∈ {1, . . . , I}
and hence has to be transmitted to every RES individually.
To avoid the need to communicate individual ai’s, define

Π` :=
λ
`

ρ
+ z` − a`.

Then Equation (9) can be rewritten in the form

λ`i
ρ
− a`i = −z`i +

λ
`

ρ
+ z`+1 − a` = −z`i + Π`.

If the variable Π` is known by the individual systems then
the update z`+1

i can be computed by

argmin
zi∈Di

fi(zi) +
ρ

2

∥∥zi − z`i + Π`
∥∥2 (11)

without the knowledge of individual variables specific to
RES i.

C. The hierarchical distributed optimization algorithm

Algorithm 1 summarizes the ideas of this section and splits
the ADMM iterates in tasks which can be carried out by
the individual RESs in parallel and tasks which have to be
done by the central entity or the grid operator, respectively.
Algorithm 1 provides several properties beneficial for our
application including:
• Only the parameter Π is transmitted to the RESs and not

the energy demand zi. Hence privacy of data between
the individual RESs is maintained. Furthermore, the
dimension of Π is independent of the number of RESs.
Thus, the communication overhead scales well with the
size of the microgrid.

• The number of unknowns in the optimization problem
of the grid operator is independent of the number of
RESs. Thus, the computational complexity of the central
entity and the RESs are independent of I.

• Safeguarded by Theorem 3.3, ADMM recovers an op-
timal solution of a centralized optimization algorithm.

• The RESs do not need to know the objective functions
g and h defined by the central entity. This allows the
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Algorithm 1 Hierarchical distributed optimization algorithm
Phase 1 (RES i, i ∈ NI): Receive Π`.
• Solve the minimization problem

z`+1
i := argmin

zi∈Di

fi(zi) +
ρ

2

∥∥zi − z`i + Π`
∥∥2

and send z`+1
i to the central entity.

Phase 2 (Central Entity): Receive z`+1
i , i = 1, 2, . . . , I.

• Compute the average z`+1 = 1
I
∑I
i=1 z

`+1
i .

• Solve the minimization problem

(a`+1, s`+1) = argmin
(a,s)∈P

(
g (a) + h(s)

+ρ·I
2

∥∥∥z`+1 − a + λ
`

ρ

∥∥∥2 ).
• Update the Lagrange multiplier

λ
`+1

= λ
`

+ ρ
(
z`+1 − a`+1

)
.

• Compute and broadcast

Π`+1 = z`+1 − a`+1 +
λ
`+1

ρ
.

Increment the iteration counter `.

grid operator to modify the objective function without
communicating this to the RESs.

IV. RECEDING HORIZON CONTROL

The final point in the preceding list is of particular
interest when Algorithm 1 is embedded in a receding horizon
scheme described in Algorithm 2, since it allows the grid
operator to change the objective function at every time step
k without changing the network or communication structure
and without changing the optimization problem on the local
level. Moreover, the grid operator does not need to react
to changes in the local system dynamics (1) and (2) or to
changes in the constraints (3).

Algorithm 2 Distributed model predictive control
1) Initialization:

RES i, (i ∈ NI):
• Measure the initial state of charge of the battery
xi(k) = x0i and predict the net consumption wi.

Central Entity:
• Define the objective functions g and h.

2) Distributed optimization: Apply Algorithm 1 to com-
pute the solutions u+?

i and u−?i for i = 1, . . . , I.
3) Apply u+?

i (k) and u−?i (k) for i = 1, . . . , I and
increment the time index k

V. ISLANDED OPERATION OF A MICROGRID

In this section, we set up an optimal control problem which
serves two purposes: when solved once at time k, its solution
tells us the number of time steps k̄ ∈ N0 the grid can be

operated in islanded mode after a given time instant k+ k?,
k? ∈ N0 (i.e., the microgrid can be disconnected from the
main grid at time k + k?, visualized in Figure 1 using the
switch S, without failing to meet the local energy demand).
When solved iteratively within Algorithm 2, it yields the
control strategy for keeping the microgrid in islanded mode
from k + k? to k + k? + k̄.

We have the following two distinct applications in mind.
• k? ≥ 1: A scheduled disconnection from the grid for

an a priori specified time window.
• k? = 0: An unscheduled disconnection.

The main difference between the two cases is that in the
first scenario the microgrid can specifically prepare itself
in advance by charging the batteries until time k + k?,
neglecting (possibly conflicting) other objectives. Despite
these differences, both settings can be handled with the
proposed methodology by adequately adapting the objective
function and the constraints in Algorithm 1, which shows
the flexibility of our approach.

The possibility of disconnecting the grid at time k? is
equivalent to the existence of zi ∈ Di (for i ∈ {1, . . . , I})
such that 1

I
∑I
i=1 zi(k

?) ≤ 0 is satisfied, i.e., the overall
power demand is less or equal to zero at time k?. To find
the maximal consecutive number of time steps from k? to
k? + q? (q? ≥ 0) such that 1

I
∑I
i=1 zi(k

? + q) ≤ 0 holds
for all q ∈ {0, . . . , q?} we define the following minimization
problem.

Definition 5.1: For a given time index k? ∈ {0, . . . , N −
1}, set M = N − k? and define the grid disconnection
problem as

(a?, s?) ∈ argmin
(a,s)∈Ps

h(s)

where

Ps =

(a, s) ∈ RN+M

∣∣∣∣∣∣
(

0 I
)
a− s ≤ 0

a = 1
I
∑I
i=1 zi

s ∈ S = RM≥0, zi ∈ Di

 . (12)

and the objective function h : RM≥0 → R is defined as

h(s) =

M∑
q=1

(M + 1− q)κ · s(q)

for a positive constant κ > 0.
We will show, that the number of leading zeros of a pos-

sibly non-unique optimal solution s? provides the maximal
disconnection time if the weighting factor κ > 0 is chosen
appropriately. Observe that the objective function h is linear
and places a heavier penalty on the smaller indices of s.

To give an illustrative motivation for choice of the objec-
tive function and the choice of κ, we assume that, for all
i ∈ {1, . . . , I}, αi = 1 before we prove the general case in
Theorem 5.2.

Since the weighting parameters in the objective function h
are positive, the constraint s ∈ RM≥0 implies a(k? − 1 +
q) = s(q) for all optimal s? with a(k? − 1 + q) ≥ 0,
q ∈ {1, . . . ,M}. For simplicity, consider an isolated (power)
exchange between s(q1) and s(q2) (q1 < q2) of a feasible
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solution s. Due to the linear system dynamics, reducing s(q1)
by γiε leads to an increase of s(q2) by εβ−1i in the case that
losses have maximal impact. This is for example the case
if a(k? − 1 + q1) = s(q1) and a(k? − 1 + q2) = s(q2)
and a(k?−1+q1) can only be decreased by using a smaller
u−i (k?−1+q1) by at least one RES i (i.e., discharge ε more
from the battery at time k? − 1 + q1) and simultaneously
increase u+i (k? − 1 + q2) (i.e., charge ε more at time
k? − 1 + q2). Charging more at time k? − 1 + q2 could for
example be necessary to prevent that the battery constraints
(3a) are violated at time steps k?−1+q for q > q2. Moreover,
these considerations show, that decreasing s(q1) by γiε can
always be compensated by maximally increasing s(q2) by
ε/βi.

If this power exchange results in a new feasible s̃ with

s̃(q1) = s(q1)− γiε and s̃(q2) = s(q2) + ε/βi

and s̃(q) = s(q) for all q /∈ {q1, q2}, and since q1 < q2 by
assumption, κ has to be chosen such that the value of the
objective function decreases, i.e., h(s̃) < h(s) holds. Hence
we obtain the estimate

0 > h(s̃)− h(s)

= −(M + 1− q1)κγiε+ (M + 1− q2)κε/βi (13)

or equivalently

γi · βi >
(
M + 1− q2
M + 1− q1

)κ
.

Since this inequality has to hold for arbitrary q1 < q2,
q1, q2 ∈ {1, . . . ,M} the estimate

γi · βi >
(
M − 1

M

)κ
>

(
M + 1− q2
M + 1− q1

)κ
has to be satisfied which leads to the condition

κ >
log(γ · β)

log
(
M−1
M

) .
That this condition indeed suffices is rigorously shown in the
following theorem.

Theorem 5.2: Consider the grid disconnection problem
defined in Definition 5.1. For an arbitrary optimal solution
(a?, s?) ∈ Ps and an arbitrary feasible solution (a], s]) ∈
Ps, we define q?, q] ∈ {1, . . . ,M + 1} as the maximal
indices such that, for all q < q?, s?(q) = 0 and, for
all q < q], s](q) = 0. Let β := mini=1,...,I{βi} and
γ := mini=1,...,I{γi} define the maximal losses of the
battery models.

If κ is chosen such that

κ > log (β · γ)
/

log

(
M − 1

M

)
(14)

then q? ≥ q] holds, i.e., the grid can be disconnected for at
most q? − 1 time steps.

Proof: Assume that αi = 1 and let (a?, s?) ∈ P be an
optimal solution of the minimization problem with κ chosen
according to Equation (14). Let q? denote the first entry of
s? which is unequal to zero, i.e., we have s?(q) = 0 for all

q < q? and s?(q?) > 0. (In the case s? = 0, the statement of
the theorem is trivially satisfied, and hence we can assume
that q? ≤M .)

Assume there exists a feasible solution (a], s]) ∈ Ps such
that s](q) = 0 holds for all q < q] and q? < q]. We will show
that the existence of (a], s]) contradicts the optimality of
(a?, s?). Additionally, we assume without loss of generality
that a?(k?−1+q) = s?(q) and a](k?−1+q) = s](q) holds
for all q with a?(k? − 1 + q) ≥ 0 and a](k? − 1 + q) ≥ 0,
respectively.

Since s](q?) = 0 and s?(q?) = a(k? − 1 + q?) > 0 there
is an index i ∈ {1, . . . , I} such that u+?i (k?−1+q?) > 0 or
u−?i (k? − 1 + q?) > ui, i.e., one of the constraints (3b) and
(3c) is not active and it is possible to decrease u+?i (k?−1+
q?) and/or u−?i (k? − 1 + q?) to reduce z?i (k

? − 1 + q?) and
consequently also a(k? − 1 + q?) and s?(q?). If we reduce
u−?i (k? − 1 + q?) by ε > 0, i.e.,

ũ−?i (k? − 1 + q?) := u−?i (k? − 1 + q?)− ε (15)

then the state xi decreases to

x̃?i (k
? − 1 + q) := x−?i (k? − 1 + q)− ε (16)

for all q > q?. If x−?i (k?+q) > 0 for all q > q? then u−?i (k−
1 + q?) can be changed without violating the constraints (3)
and the variable s?(q?) can be reduced by γi · ε/I which
contradicts the optimality. The same argument applies if it
is possible to change u+?i (k? − 1 + q?).

Hence, we can assume, that it is only possible to change
u−?i (k? − 1 + q?) (or u+?i (k? − 1 + q?), respectively) by
simultaneously changing u−?i (q) (or u+?i (q)) at a time q <
k? − 1 + q? or q > k? − 1 + q?. Note that one of these
options needs to be possible due to the existence of the
solution (a], s]) and since the constraints of the systems are
decoupled, one can concentrate on one index i ∈ {1, . . . , N}
only.

If it is possible to increase x?i (q) by increasing u−?i (q) or
u+?i (q) at time steps q < k? − 1 + q? without increasing
s?(q) for all q < k? − 1 + q? (i.e., there exist time steps
q < k? − 1 + q? such that a?(q) can be increased without
changing s?) then this strategy increases in particular x?i (k

?−
1+q?). Hence, it is possible to decrease u+?i (k?−1+q?) or
u−?i (k?−1+q?) without violating the constraints x?i (q) ≥ 0
for q > k?−1+q?, i.e., s?(q?) can be reduced which violates
the optimality of s?.

If the strategy (15) leads to x−?i (k?−1+q) < 0 for some
q > q?, again a contradiction to optimality can be derived
based on the estimate (13) and the choice of κ by decreasing
s?(q?) and increasing s?(q) for q > q?. Hence, (a], s]) ∈ Ps
does not exist, which completes the proof for αi = 1.

Assume that αi < 1, for at least one i ∈ {1, . . . , I}.
The strategy of reducing s(q?) by increasing a?(q) for
q < q? is applicable in the same way as in the case
αi = 1. Moreover, if s(q?) can be decreased using the
idea of Equation (16) and simultaneously increasing s(q)
for q > q?, then the amount of energy which is lost due to
self discharge for q > q? decreases (i.e., the corresponding
u+?i (k? − 1 + q?) or u−?i (k? − 1 + q?) can be decreased
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more before x+?i (k?−1+q)−ε = 0 becomes active) which
increases the amount s(q?) can be reduced to.

It has been shown in Theorem 5.2 that an optimal pair
(a?, s?) provides the maximal disconnection time if κ is
chosen such that Condition (14) holds. However, for very
large M , large values of κ are required, which lead to a
numerically unstable scaling of the cost function h. Never-
theless, if a maximal disconnection time can be estimated,
the presented approach can be easily generalized such that κ
remains reasonably sized, e.g. the maintenance work requires
at most eight hours of the 24 hours within the prediction
horizon N . Moreover, numerical experiments indicate that
κ = 1 works well even if Condition (14) is violated.

Remark 5.3: If no losses are considered, i.e., β = γ = 0,
then any value κ > 0 can be used in the objective function
h. For the values M = 48 and β = γ = 0.95 we obtain
κ > 4.88 from Condition (14).

Remark 5.4: If the maximal duration of the islanded mode
is a priori specified, the constraints

(
0 I 0

)
a− s ≤ 0

can be used instead of
(

0 I
)
a−s ≤ 0 to obtain a smaller

value M and, hence, a smaller κ.
Remark 5.5: Since the objective function is convex and

defined on a convex and compact set (compactness of S can
be easily enforced), Assumptions 3.1 hold and convergence
of Algorithm 1 can be concluded from Theorem 3.3.

VI. OTHER PERFORMANCE MEASURES
In Section V, we concentrated on operation of a microgrid

in islanded mode. However, the grid operator may also be in-
terested in reducing consumption peaks. The introduced cost
function allows to combine this objective with the previously
presented operation in islanded mode. To this end, we use
the degrees of freedom regarding the choice of the objective
function and the constraints to optimize a so called peak-
to-peak performance metric and, then, couple it with the
islanded mode. Furthermore, the goals of the individual RESs
can be taken into account by suitably choosing the local
objective functions fi and the corresponding constraints Di,
i ∈ {1, 2, . . . , I}.
A. Peak-to-peak performance

If the microgrid is operated in a ‘normal’ mode, i.e.,
no outage is expected and no maintenance is scheduled,
as argued in [7] and [9] it is beneficial to minimize the
fluctuations in the energy demand and to penalize the devi-
ation from a given reference value, for example the average
power demand ζ = 1

IN
∑I
i=1 1

T zi. Hence, a penalty from
a given reference for the next k? ∈ {0, . . . , N − 1} time
steps can be realized using the cost function gk?(a) =∑k?−1
j=0

(
a(j)− ζ

)2
.

B. Combination of cost functions
As already argued, the grid operator can change the

objective function in every MPC iteration without notifying
the RESs. Consider the minimization problem of the grid
operator

min
(a,s)∈Ps

η · gk?(a) + ν · h(s) s.t.
(

0 I
)
a− s ≤ 0

with positive weights η, ν ∈ R>0. In this setting the
deviation from the average is minimized until the point of
disconnection k? is reached, and the function h makes sure
the length of the disconnection time is optimized.

Remark 6.1: Note that the maximal disconnection time
according to Theorem 5.2 can only be guaranteed for η = 0.
Hence η has to be chosen appropriately to keep the focus on
the islanded mode.

VII. NUMERICAL EXPERIMENTS

In this section we visualize the results obtained by Al-
gorithm 1 and Algorithm 2. We consider a setting of 300
RESs using the constants Ci = 4[kWh], −ui = ui = 0.9,
(αi, βi, γi) = (0.96, 0.94, 0.98) and x0i = 2[kWh] for i =
1, . . . , 300. Moreover we use a discretization of T = 0.5[h]
and a prediction horizon N = 48. The parameter ρ in
the ADMM formulation is set to ρ = 10. To indicate the
disconnection time, we use the notation hk? instead of h.
The sequences (wi(k))k∈N for i = 1, . . . , 300 are taken from
a dataset provided by the Australian electricity distribution
company Ausgrid. For a detailed analysis of the dataset see
[19].

A. Results of Algorithm 1

In Figure 3 the solutions of Algorithm 1 using the objec-
tive functions

F (z, s) = ηp · g24

(
1

I

I∑
i=1

zi

)
+
I
20
· h24(s) (17)

with η1 = 0 and η2 = 103 are visualized. For the objective
function h24 we use κ = 2.5 which satisfies the condition
given in Theorem 5.2. Recall that the subscript 24 indicates
a planned disconnection from k∗ = 24 (i.e., after 12 hours).
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Uncontrolled demand
Algorithm 1: η = 0
Algorithm 1: η = 103

Fig. 3. Visualization of the variable s and the average values x, z,
and u for a single minimization problem with different weights. The
microgrid is disconnected after 12 hours and can stay islanded for 5 hours.
Additionally, the uncontrolled power demand without storage devices is
shown for comparison.

For the given initial state and parameters, the grid can be
disconnected for 5 hours. In the case η 6= 0, additionally
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the vertical grid load is minimized in the first 12 hours.
Observe that at the time the microgrid must be reconnected,
the average state of charge of the batteries is still at 50%.
Hence, the requirement that the microgrid is reconnected is
not due to a shortage of locally stored energy, but rather due
to the maximal discharging rate being too small to satisfy
the microgrid demand.

B. Closed-loop simulation of Algorithm 2

In Figure 4 the closed loop performance of the receding
horizon Algorithm 2 is visualized. The grid operator wants
to disconnect the grid after 48 time steps. Hence, the peak-
to-peak variation is penalized and the disconnection time is
maximized.

After 24 hours the grid is disconnected and stays discon-
nected for 14 time steps. After the RESs are connected again,
the simulation is continued by minimizing the deviation from
the average using the function g48. As already pointed out,
since only the cost function of the grid operator changes in
this process, the RESs do not need to change anything on
the local level.

For the closed loop simulation the weights η = 10 and
ν = I/20 are used and κ is set to κ = 1. Even though
κ = 1 does not satisfy condition (14) of Theorem 5.2, the
maximal disconnection time is returned, which shows, that
condition (14) is very conservative in our application.
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Fig. 4. Visualization of the average values x, z, and u for a simulation of
50 hours. During the first 24 hours, the deviation with respect to the average
demand is penalized and the maximal disconnection time is computed.
Afterwards, the microgrid is disconnected for 14 time steps (7 hours) before
again the deviation from the average is penalized. The controlled power
demand (blue) can be compared with the uncontrolled power demand (cyan)
in the second graph.

VIII. CONCLUSIONS
In this paper we presented a hierarchical distributed opti-

mization algorithm based on the alternating direction method
of multipliers and designed for the control of a microgrid
coordinated by a grid operator. We have shown how the
flexibility in the objective function can be used to design
an objective function to compute the maximal time interval
that the microgrid can be operated in an islanded mode. The
theoretical results are visualized by numerical simulations.

Future research will concentrate on the design of addi-
tional objective functions focusing on different objectives of
the grid operator. Additionally we will investigate the speed
of convergence of the distributed optimization algorithm
especially in the context of model predictive control using
warm-start techniques.
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Model Predictive Control for the Fokker-Planck equation:
analysis and structural insight

Extended Abstract

Arthur Fleig1 and Lars Grüne1

Abstract— For the control of ensembles governed by con-
trolled stochastic differential equations we follow the approach
to control the corresponding probability density function. To
this end, we propose to use Model Predictive Control (MPC) for
the Fokker-Planck equation. In this talk we start by describing
the basic setup and illustrating the approach by numerical
examples. Then, we provide first results on the analysis of
the stability and performance of the MPC approach. Finally,
we discuss the structure of the controller resulting from the
MPC approach, particularly its dependence on space, time
and on the probability density function of the ensemble under
consideration.

I. INTRODUCTION

In this talk we consider a Model Predictive Control (MPC)
approach to the control of an ensemble, with the dynamics
of each element of the ensemble governed by the controlled
Itô stochastic differential equation (SDE)

dXt = b(Xt , t,u)dt +σ(Xt , t)dWt (1)

with initial condition X0 ∈ Rd . The distribution of a large
ensemble is statistically determined by its time dependent
probability density function (PDF) y : R×Rd → R+

0 . The
control task thus consists of controlling the PDF of the
ensemble towards a desired reference density function yre f :
Rd → R+

0 . Under suitable regularity conditions, the PDF is
determined by the Fokker-Planck partial differential equation

∂ty(t,x) =
d

∑
i, j=1

∂
2
i j (ai j(t,x)y(t,x))+

d

∑
i=1

∂i (bi(t,x,u)y(t,x))

y(0,x) = y0(x)

for (t,x) ∈ R>0×Rd and with ai j = ∑k σikσ jk/2, for details
see, e.g., [8, p. 227], [9, p. 297] or [10]. Here, u can be a
function of time t and/or state x.

In order to apply MPC to the problem, it is convenient
to rewrite the sampled-data version of the Fokker-Planck
equation as a discrete time system. To this end we fix a
sampling time Ts > 0, sampling instants tn := nTs for n ∈N0
and the discrete time state

z(n) := y(tn, ·),

This work was supported by the DFG project Model Predictive Control
for the Fokker-Planck Equation, GR 1569/15-1. The extended abstract was
written while the second author was visiting the University of Newcastle,
Australia.

1Chair of Applied Mathematics, Department of Mathematics, Uni-
versity of Bayreuth, 95440 Bayreuth, Germany, arthur.fleig,
lars.gruene@uni-bayreuth.de

which is now an element of an appropriate function space X.
Denoting the piece of the control function u acting from tn
to tn+1 shifted to [0,Ts] by u(n) (i.e., u(n)(t,x) = u(t + tn,x))
and denoting by f the solution operator of the Fokker-Planck
equation on the interval [0,Ts], we can then write the discrete
time dynamics as

z(n+1) = f (z(n),u(n)), z(0) = z0 = y0. (2)

Note that u(n) can be either time varying or constant in time
on [0,Ts]; the latter setting leads to a sampled data system
with zero order hold. Similarly, u(n) can be varying or
constant in the state variable x, depending on the considered
application. We denote the space of admissible control inputs
for f by U.

MPC now consists of iteratively minimizing a finite hori-
zon functional of the form

JN(z0,u) :=
N−1

∑
k=0

`(zu(k;z0),u(k)) (3)

with respect to u, where zu(k;z0) denotes the solution of (2)
for discrete time control u = u(·) ∈ UN . We assume that the
desired reference PDF yre f is an equilibrium, i.e., that there
exists an admissible control ure f ∈U such that f (yre f ,ure f ) =
yre f , and define the stage cost ` in (3) as

`(z,u) :=
1
2
‖z− yre f ‖2

L2(Rd)
+

λ

2
‖u−ure f ‖2

2 (4)

for a parameter λ > 0.
A feedback law µ is then obtained by the usual moving

horizon iteration:
1. Given an initial value zµ(0) ∈ X, fix the length of the

optimization horizon N and set n = 0.
2. Initialize the state z0 = zµ(n) and minimize (3) with

respect to u∈UN . Apply the first value of the resulting
optimal control sequence denoted by u∗ ∈UN , i.e., set
µ(zµ(n)) := u∗(0).

3. Evaluate zµ(n+1) = f (zµ(n),µ(zµ(n))), set n := n+1
and go to step 2.

Clearly, in order to apply MPC in a meaningful way,
the well-posedness and solvability of the optimal control
problem in Step 2 must be ensured. This will not be a
focus of this talk but we briefly discuss related results from
[1], [2], [3], [5]. These results are the main reason for
using an L2-functional in (4) although in the literature other
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types of distances like the Wasserstein metric are sometimes
preferred, cf. [7].

The two results presented in detail in this talk are outlined
in the following two sections.

II. STABILITY ANALYSIS FOR SPATIALLY CONSTANT
CONTROL

The use of MPC for the Fokker-Planck control problem
introduced above was first proposed in [2], [3]. In these
references, the particular choice ure f = 0 was made and the
class of control functions was limited to functions being
constant in space, i.e., each element of the ensemble applies
the same control input. While in general the optimization
horizon N needs to be sufficiently large for ensuring asymp-
totic stability, the numerical results in [2], [3] indicate that for
the setting investigated in these references the MPC closed
loop is in fact asymptotically stable even for the shortest
meaningful horizon N = 2.

A formal analytic explanation why this is the case has
recently been provided in [4] and will be explained in this
section. The analysis relies on the following exponential
controllability property.

Definition 1: The system (2) is called exponentially con-
trollable with respect to the stage costs ` if there exist
constants C ≥ 1 and ρ ∈ (0,1) such that for all z0 ∈X there
exists an admissible control uz0 ∈ U∞ with

`(zuz0
(n;z0),uz0(n))≤Cρ

n min
u∈U

`(z0,u) (5)

for all n ∈ N0, where zuz0
(k;z0) denotes the solution of (2)

with u = uz0 .
If this exponential controllability property holds for ` from
(4), then the equilibrium yre f is globally asymptotically stable
for the MPC closed loop provided the optimization horizon
N is sufficiently large [6, Theorem 6.18]. If, moreover, ex-
ponential controllability holds with C = 1, then this assertion
even holds for N = 2 [6, Section 6.6]. For proving asymptotic
stability with N = 2, it is thus sufficient to check Definition 1
with C = 1.

This can be accomplished in the case where the dynamics
is governed by the d-dimensional Ornstein-Uhlenbeck pro-
cess, which is obtained by choosing the diffusion as

ai j := δi jσ
2
i /2, (6)

where σi > 0, and δi j is the Kronecker delta. The drift is
defined by

bi(t,x,u) :=−µix+ui (7)

for µi > 0 and ui ∈ R.
Clearly, for controls constant in space the possibility to

control the PDF is rather limited. Indeed, for zero order
hold control, the only equilibria yre f of the corresponding
discrete time systems dynamics are normal distributions with
variance σ independent of ure f and mean determined by
ure f . For initial conditions y0 that are normal distributions,
exponential controllability w.r.t. ` indeed holds for C = 1.
However, depending on the parameters of y0, the verification
of Definition 1 with C = 1 may not always be possible for `

from (4). In the talk we will explain how to circumvent this
problem by constructing a cost function equivalent to (4),
i.e., a cost function that yields identical optimal trajectories,
and for which Definition 1 holds with C = 1.

III. STRUCTURAL INSIGHT

In a more general setting than that of Section II, i.e., when
u becomes state dependent or when other types of SDEs are
considered, estimates on the minimal stabilizing optimization
horizon are not yet available. However, whenever the expo-
nential controllability condition from Definition 1 is satisfied,
we know that yre f will be asymptotically stable for the MPC
closed loop for sufficiently large optimization horizon N, see
[6, Theorem 6.18].

In this case, the MPC approach reveals interesting struc-
tural insight about the type of the control needed to achieve
asymptotic stability of a desired PDF. Indeed, due to the
space dependence of the control, the control action applied
on each element of the ensemble depends on the state x = Xt
of the individual element. As such, from the point of view
of the ensemble elements, the control takes the form of a
time dependent (sampled data) feedback law. However, from
the point of view of the Fokker-Planck equation, the time
dependence of the control is entirely induced by the state
of the Fokker-Planck equation, i.e., by the evolution of the
PDF. Hence, the time dependence of the control is actually
not exogenous, but triggered by a space dependence on a
higher, “statistical” level.

This aspect will be illustrated in the talk by numerical
simulations, which will also investigate the robustness of
the approach against estimation errors for the PDF of the
ensemble.
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Computing the stabilizing solution of a class of generalized differential
Riccati equations: A deterministic approximation

Vasile Dragan1 and Samir Aberkane2

Abstract— This paper addresses the problem of the numerical
computation of the stabilizing solution of a class of stochastic
Riccati differential equations. A globally convergent iterative
algorithm is proposed for this purpose. The main idea behind
the proposed algorithm is to solve at each main iteration a
deterministic H∞-type Riccati equation.

I. INTRODUCTION

We address in this paper the problem of the numerical
computation of the stabilizing solution of a class of
stochastic Riccati differential equations which arise for
example in the so called full information H∞ control
problem of time-varying stochastic systems described by Itô
differential equations. We will propose an iterative procedure
for the computation of the stabilizing solution of this class
of Riccati equations and show that this iterative scheme is
globally convergent. One of the main ingredient used in
the proof of the convergence property is a new comparison
theorem for this class of differential matrix equations. The
main idea behind the proposed algorithm is to equivalently
transform the original problem into the problem of solving a
sequence of deterministic Riccati differential equations. The
proposed algorithm will be compared to another iterative
procedure proposed recently in [5].
This paper is organized as follows: In section 2, the
problem setting is described. Section 3 introduces some
preliminary results. In section 4 we give the main results of
the paper and there corresponding proofs. Some numerical
experiments are included in Section 5.

Notations. AT stands for the transpose of the matrix A.
The notation X ≥ Y (X > Y , respectively), where X
and Y are symmetric matrices, means that X − Y is posi-
tive semi-definite (positive definite, respectively). In block

matrices, ? indicates symmetric terms:
(

A B
BT C

)
=(

A ?
BT C

)
=

(
A B
? C

)
. The expression MN? is

equal to MNMT while M? is equivalent to MMT .

II. PROBLEM SETTING

As usual, Sn ∈ Rn×n denotes the subspace of symmetric
matrices of size n× n. We consider the following nonlinear

*This work was supported by the Grant 145/2011, CNCS Romania
1Vasile Dragan is the Institute of Mathematics ”Simion Stoilow” of

the Romanian Academy, P.O.Box 1-764, RO-014700, Bucharest, Romania
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2Samir Aberkane is with Universit de Lorraine, CRAN, UMR 7039,
Campus Sciences, BP 70239, Vanduvre-les-Nancy Cedex, 54506, France
samir.aberkane@univ-lorraine.fr

differential equation on the space Sn:

−Ẋ(t) = AT0 (t)X(t) +X(t)A0(t) + Π1(t) [X(t)]

−
[
X(t)B0(t) + Π2(t) [X(t)] + CT (t)D(t)

]
×
[
Rγ(t) + Π3(t) [X(t)]

]−1

?+CT (t)C(t) (1)

t ∈ R+, with unknown function X(t). Here, Πk(t) [X], 1 ≤
k ≤ 3, are defined by:

Π1(t) [X] =
∑r
j=1A

T
j (t)XAj(t)

Π2(t) [X] =
∑r
j=1A

T
j (t)XBj(t)

Π3(t) [X] =
∑r
j=1B

T
j (t)XBj(t)

(2)

∀X ∈ Sn where Rγ(t) is given by:

Rγ(t) = DT (t)D(t)− diag(γ2Im1 , 0) (3)

for all t ∈ R+. Here, 1 ≤ m1 ≤ m does not depend upon
t and γ > 0 is a given scalar. Regarding the coefficients of
the equation (1) we make the following assumption:

H1) Aj(·) : R+ → Rn×n, Bj(·) : R+ → Rn×m, 0 ≤ j ≤
r, C(·) : R+ → Rnz×n, D(·) : R+ → Rnz×m are
continuous matrix valued functions which are periodic
of period θ > 0.

Let us consider the partitions:

Bj(t) =
(
Bj1(t) Bj2(t)

)
, 0 ≤ j ≤ r,

D(t) =
(
D1(t) D2(t)

)
,

where Bjk(t) ∈ Rn×mk , Dk(t) ∈ Rnz×mk , k = 1, 2.
Correspondingly we obtain the partitions:

Π2(t)[X] =
(

Π21(t)[X] Π22(t)[X]
)

Π3(t)[X] =

(
Π311(t)[X] Π312(t)[X]

? Π322(t)[X]

)
(4)

with{
Π2k(t)[X] =

∑r
j=1A

T
j (t)XBjk(t)

Π3lk(t)[X] =
∑r
j=1B

T
jl(t)XBjk(t)

; k, l = 1, 2
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In this work, we are interested in solutions X(·) : I ⊂ R+ →
Sn of (1) satisfying the following sign conditions:

DT
1 (t)D1(t) + Π311(t)[X(t)]

−
[
DT

1 (t)D2(t) + Π312(t)[X(t)]
]

×
[
DT

2 (t)D2(t) + Π322(t)[X(t)]
]−1

?−γ2Im1
≤ −δ1Im1

(5)

DT
2 (t)D2(t) + Π322(t)[X(t)] ≥ δ2Im2

(6)

for all t ∈ I, 1 ≤ i ≤ N , δk > 0, k = 1, 2, being constants.
A solution satisfying conditions (5) and (6) will be called
admissible solutions.

Let F (t) ∈ Rm×n, we introduce the following Lyapunov-
type operator LF (t) : Sn → Sn, defined by:

LF (t)[X] =
(
A0(t) +B0(t)F (t)

)
X

+X
(
A0(t) +B0(t)F (t)

)T
+

r∑
j=1

(
Aj(t) +Bj(t)F (t)

)
X? (7)

Definition 2.1. An admissible solution Xs(·) : R+ → Sn
of (1) is named stabilizing solution if the linear differential
equation on Sn:

Ẏ (t) = LFs(t)[Y (t)] (8)

is exponentially stable (ES), where LFs(t) is defined as in
(7) taking Fs(t) instead of F (t) with:

Fs(t) = − [Rγ(t) + Π3(t)[Xs(t)]]
−1

×
[
BT0 (t)Xs(t) + ΠT

2 (t)[Xs(t)] +DT (t)C(t)
]

(9)

Beside of the differential equation (1) we shall consider the
following sequence of Riccati differential equations specific
to the deterministic framework:

−Ẋk(t) = AT0 (t)Xk(t) +Xk(t)A0(t) +Mk

−
(
Xk(t)B0(t) + Lk(t)

)(
Rγ

k(t)
)−1

? (10)

where:

Mk(t) = Π1(t)[Xk−1(t)] + CT (t)C(t) (11)

Lk(t) = Π2(t)[Xk−1(t)] + CT (t)D(t) (12)

Rγ
k(t) = Π3(t)[Xk−1(t)] +Rγ(t). (13)

Taking: X0(t) = 0, t ∈ R+, we may construct inductively
the sequence:

{
Xk(t)

}
k≥1

, Xk(·) being the unique bounded
and stabilizing solution of the Riccati differential equation
(10).

The aim of this study is to provide a set of conditions
which guarantee that Xk(·) are well defined for all k ≥ 1
and lim

k→∞
Xk(t) = Xs(t) for all t ∈ R+. In this way,

one may obtain an alternative method for the numerical
computation of the bounded and stabilizing solution of (1)

based on the numerical computation of the bounded and
stabilizing solutions of a sequence of Riccati differential
equations arising in the deterministic framework. Since the
bounded and stabilizing solution of (1) is closely related to
the solution of a stochastic H∞ control problem, we will
present in the next section some issues related to the full
information stochastic H∞ control problem which will be
used in the proof of the convergence property of the sequence
of approximations

{
Xk(t)

}
k≥1

, described before.

III. THE FULL INFORMATION STOCHASTIC H∞ CONTROL
PROBLEM REVISITED

Let us consider the so called full information stochastic
H∞ control problem described by the system of stochastic
linear differential equations:

dx(t) =
(
A0(t)x(t) +B01(t)v(t) +B02(t)u(t)

)
dt

+

r∑
j=1

(
Aj(t)x(t) +Bj1(t)v(t) +Bj2(t)u(t)

)
dwj(t)

(14)

and the cost functional:

Jγ(v, u) = E

 ∞∫
0

(
|z0(t)|2 − γ2|v(t)|2

) dt (15)

where:

z0(t) = C(t)x(t; 0, v, u) +D1(t)v(t) +D2(t)u(t)

x(t; 0, v, u) being the solution of the system (14)
determined by the inputs v(·), u(·) and having the
zero initial value. In (14) and (15) u(·) are the control
parameters while v(·) model the so called exogenous
disturbances which must be attenuated. Here {w(t)}t≥0(
w(t) =

(
w1(t) · · · wr(t)

))
is a r-dimensional

standard Wiener process on a given probability space
(Ω,F ,P).

As in the deterministic case (see for example [1]), in the
stochastic version of the full information H∞ control prob-
lem we assume that the whole state vector x(t) as well as
the exogenous disturbances are available for measurements.
Hence, the class of admissible controls consists of control
laws of the form:

uKW (t) = K(t)x(t) +W (t)v(t). (16)

In the following we denote by Aγ , the set of all pair of
feedback gains (K(·),W (·)) where K(·) : R+ → Rm2×n,
W (·) : R+ → Rm2×m1 are continuous and θ-periodic
functions having the properties:

i) The stabilization property: the zero solution of the
stochastic linear system:

dx(t) =
(
A0(t) +B02(t)K(t)

)
x(t)dt

+

r∑
j=1

(
Aj(t) +Bj2(t)K(t)

)
x(t)dwj(t) (17)

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

633



is exponentially stable in the mean square sense
(ESMS).

ii) The attenuation property: There exists c > 0 (possibly
depending upon K, W ) such that

Jγ(v, uKW ) ≤ −cE
[∫ ∞

0

|v(t)|2dt
]

(18)

for all admissible external disturbance v(·).
The following notations will be used in the next develop-
ments:

ΠK(t)[X] =
∑r
j=1

[
Aj(t) +Bj2(t)K(t)

]T
X?

ΠKW (t)[X] =
∑r
j=1

[
Aj(t) +Bj2(t)K(t)

]T
X

×
[
Bj1(t) +Bj2(t)W (t)

]
ΠW (t)[X] =

∑r
j=1

[
Bj1(t) +Bj2(t)W (t)

]T
X?

ΥK(t)[X] =
[
A0(t) +B02(t)K(t)

]T
X

+X
[
A0(t) +B02(t)K(t)

]
+ ΠK(t)[X]

(19)
for all X ∈ Sn and (K(·),W (·)) ∈ Aγ .

Remark 3.1. Setting:

Π̃KW (t)[X] =

(
ΠK(t)[X] ΠKW (t)[X]

? ΠW (t)[X]

)
∈ Sn+m

(20)
we have: Π̃KW (t)[X] ≥ 0 if X ≥ 0. Indeed, this follows
immediately from the following identity:

Π̃KW (t)[X] =

r∑
j=1

JT (t)
(
Aj(t) Bj1(t) Bj2(t)

)T
X?

where:

J(t) =

 In 0
0 Im1

K(t) W (t)

 .

Also we denote:
CK(t) = C(t) +D2(t)K(t)

DW (t) = D1(t) +D2(t)W (t)

BW (t) = B01(t) +B02(t)W (t).

(21)

Applying the time-varying stochastic version of the BRL in
the case of the system obtained when coupling a control
law of type (16) to the system (14) we obtain:

Proposition 3.1. Under the assumption H1) the following
are equivalent for a given scalar γ > 0:

i) (K(·),W (·)) ∈ Aγ .
ii) There exists a function Z(·) : R+ → Sn which is

differentiable with continuous derivative and periodic,
with period θ, satisfying the following systems of Linear
Matrix Inequalities (LMIs):(

Θ(t) Z(t)BW (t) + ΠK(t)[Z(t)] + CT
K(t)DW (t)

? −γ2Im1 +DT
W (t)DW (t) + ΠW (t)[Z(t)]

)
< 0

(22)
Z(t) > 0, 0 ≤ t ≤ θ, where:

Θ(t) = Ż(t) + ΥK(t)[Z(t)] + CTK(t)CK(t)

iii) The Riccati-type differential equation:

− Ẋ(t) = ΥK(t)[X(t)] + CTK(t)CK(t)

−
(
X(t)BW (t) + ΠK(t)[X(t)] + CTK(t)DW (t)

)
×
(
− γ2Im1 +DT

W (t)DW (t) + ΠW (t)[X(t)]
)−1

?
(23)

has a unique θ-periodic solution X̃KW (·) which has the
properties:

a) 0 ≤ X̃KW (t) ≤ X(t), t ∈ R+, X(t) being an
arbitrary global and positive semi-definite solution
of (23) that satisfies the sign condition given in c)
below.

b) 0 ≤ X̃KW (t) ≤ Z(t), t ∈ R+, Z(t) being a
periodic C1-function with period θ, satisfying (22).

c) −γ2Im1
+ DT

W (t)DW (t) + ΠW (t)[X̃KW (t)] < 0,
t ∈ R+.

d) X̃KW (·) is a stabilizing solution, i.e., the zero
solution of the closed-loop system:

dx(t) =
[
A0(t) +B02(tt)K(t)

+
(
B01(t) +B02(t)W (t)

)
F̃KW (t, )

]
x(t)dt

+

r∑
j=1

[
Aj(t) +Bj2(t)K(t)

+
(
Bj1(t) +Bj2(t)W (t)

)
F̃KW (t)

]
x(t)dwj(t)

(24)

is ESMS, where:

F̃KW (t) =

−
(
−γ2Im1

+DT
W (t)DW (t) + ΠW (t)[X(t)]

)−1

×
(
X(t)BW (t) + ΠK(t)[X(t)] + CTK(t)DW (t)

)T
(25)

For each τ > 0 we consider Xτ (t) the solution of (1)
satisfying the condition Xτ (τ) = 0.

Proposition 3.2. If DT
2 (t)D2(t) > 0 and if Aγ is not empty,

then the following hold:

i) For any τ > 0 the solution Xτ (t) is well defined for
all 0 ≤ t ≤ τ .

ii) There exists µ > 0 such that 0 ≤ Xτ1(t) ≤ Xτ2(t) ≤
µIn for all 0 ≤ t ≤ τ1 ≤ τ2.

iii) For any τ > 0 and any (K(·),W (·)) ∈ Aγ we have
0 ≤ Xτ (t) ≤ Xτ

KW (t) for all 0 ≤ t ≤ τ , Xτ
KW (t),

t ∈ R+ being the solution of the corresponding Riccati
type equation (23) satisfying the condition Xτ

KW (τ) =
0.

Proof. The proofs of assertions i) and ii) follow similar
arguments as in the proof of Proposition 4.7 in [2] while
the proof of assertion iii) is given in the Appendix. �

Remark 3.2. If X(·) : I → Sn is an admissible solution of
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GTRDE (1) then we have the following factorization:

Rγ(t) + Π3(t)[X(t)] =

(
V11(t)[X(t)] 0
V21(t)[X(t)] V22(t)[X(t)]

)T
×
(
−Im1

0
0 Im2

)
? (26)

where Vkk(t)[X(t)] ≥ ckImk
, k = 1, 2 and t ∈ I.

Let us remark that the GTRDE (1) is associated to the
quadruple

∑
= (A0(·), B0(·),Π(·),M(·)) where for each

t ≥ 0:

Π(t)[X] =

(
Π1(t)[X] Π2(t)[X]

? Π3(t)[X]

)
(27)

Πk(t)[X] being defined in (2) and:

M(t) =

(
CT (t)C(t) CT (t)D(t)

? Rγ(t)

)
. (28)

On the other hand, for each k ≥ 1, the Riccati dif-
ferential equation (10)-(13) may be regarded as a spe-
cial case of (1) being defined by the quadruple

∑k
=(

A0(·), B0(·),0,Mk(·)
)

where:

Mk(t) =

(
Mk(t) Lk(t)
? Rkγ(t)

)
(29)

Mk(t), Lk(t), Rkγ(t) being the ones defined in (11)-(13).
From (2) and (27) we infer that Π(t)[X] ≥ 0, if X ≥ 0.
Assuming that Xk−1(t) ≥ 0, t ∈ R+ we can define the
matrices Ck(t), Dk(t) from the factorization:

Π(t)[Xk−1(t)] +
(
C(t) D(t)

)T (
C(t) D(t)

)
=
(
Ck(t) Dk(t)

)T (
Ck(t) Dk(t)

)
(30)

For each k ≥ 1, the Riccati differential equation (10) is as-
sociated to the deterministic H∞ control problem described
by the linear system of differential equations:{

ẋ(t) = A0(t)x(t) +B01(t)v(t) +B02(t)u(t)

zk(t) = Ck(t)x(t) +Dk
1 (t)v(t) +Dk

2 (t)u(t)
(31)

and the cost functional:

J kγ =

∫ ∞
0

[
|zk(t)|2 − γ2|v(t)|2

]
dt. (32)

In the sequel, we denote Akγ the set of pairs of gains
(K(·),W (·)) where K(·) : R+ → Rm2×n, W (·) : R+ →
Rm2×m1 are continuous and periodic of period θ and have
the properties:

a) The stabilization property: the closed-loop system:

ẋ(t) = [A0(t) +B02(t)K(t)]x(t)

is exponentially stable.
b) The attenuation property: There exists c > 0 (possibly

depending upon (K(·),W (·))) such that

Jkγ (v, uKW ) ≤ −c
∫ ∞

0

|v(t)|2dt (33)

for every admissible external disturbance v(·), where:

uKW (t) = K(t)x(t) +W (t)v(t) (34)

x(·) being the solution of zero initial conditions of the
system:

ẋ(t) = [A0(t) +B02(t)K(t)]x(t)

+ [B01(t) +B02(t)W (t)] v(t). (35)

Applying the Bounded Real Lemma in the case of the
closed-loop system (35) we obtain:

Proposition 3.3. For a given scalar γ > 0, the following are
equivalent:

i) (K(·),W (·)) ∈ Akγ .
ii) There exists a C1-function Z : R+ → Sn periodic, with

period θ, satisfying the following systems of LMIs:(
Θ(t) Z(t)BW (t) + (CkK(t))TDk

W (t)
? −γ2Im1 + (Dk

W (t))TDk
W (t)

)
< 0

(36)
Z(t) > 0, 0 ≤ t ≤ θ, where:

Θ(t) = Ż(t) + LK(t)[Z(t)] + (CkK(t))TCkK(t)

CkK(t) = Ck(t) +Dk
2 (t)K(t)

Dk
W (t) = Dk

1 (t) +Dk
2 (t)W (t)

BW (t) = B01(t) +B02(t)W (t)

LK(t)[Z(t)] = [A0(t) +B02(t)K(t)]
T
Z(t)

+Z(t) [A0(t) +B02(t)K(t)]

iii) The Riccati-type differential equation:

−Ẋ(t) = LK(t)[X(t)] + (CkK(t))TCkK(t)

−
(
X(t)BW (t) + (CkK(t))TDk

W (t)
)

×
(
− γ2Im1

+ (Dk
W (t))TDk

W (t)
)−1

? (37)

has a unique bounded and stabilizing solution XK,W (·)
which is positive semi-definite and periodic with period
θ.

Remark 3.3. If we regard the Riccati differential equation
(10) as a special case of (1) we deduce that an analogous
result as the one from Proposition 3.2 may be also stated in
connection with the solutions of (10) and (37), respectively.

IV. MAIN RESULTS

A. Comparison theorem

In this subsection we provide a result which shows the
monotonicity of the admissible solutions (in the sense of
conditions (5)-(6)) of a Riccati differential equation of type
(1). This result will play a key role in the proof of the
convergence property of the sequences of approximations
defined in Section 2.

Theorem 4.1. Let X2(·) : I2 ⊂ I → Sn be an admissible
solution of a Riccati differential equation of type (1) associ-
ated to the quadruple

∑2
=
(
A0(·), B0(·),Π(·),M2(·)

)
and

X1(·) : I1 ⊂ I → Sn be a solution of (1) associated to the

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

635



quadruple
∑1

=
(
A0(·), B0(·),Π(·),M1(·)

)
that verifies

the sign condition (6). A0(·), B0(·), Π(·) are given as before
while, for l = 1, 2:

Ml(t) =

( (
Cl(t)

)T
Cl(t)

(
Cl(t)

)T
Dl(t)

?
(
Dl(t)

)T
Dl(t)− diag

{
γ2Im1 ,0

} )
(38)

Assume that M2(t) ≥ M1(t) for all t ∈ I1 ∩ I2. If
there exists τ ∈ I1 ∩ I2 such that X2(τ) ≥ X1(τ) then
X2(t) ≥ X1(t), for all t ∈ (−∞, τ ] ∩ (I1 ∩ I2).

Proof. Since X2(·) is an admissible solution it follows that
it satisfies the sign conditions of type (5)-(6) where Dk(t)
are replaced by D2

k(t), k = 1, 2. Therefore, and taking into
account Remark 3.2, the following factorization takes place:

R2
γ(t) + Π3(t)[X2(t)] =

(
V 2

11(t) 0
V 2

21(t) V 2
22(t)

)T
×
(
−Im1 0
0 Im2

)
? (39)

R2
γ(t) being the (2, 2) block of (38) and V 2

jk(t) stand for
Vjk(t)[X2(t)].

Let Γ(t) =

(
Γ1(t)
Γ2(t)

)
, Γk(t) ∈ Rmk×n, k = 1, 2. Applying

Lemma 5.1.1 from [4], we deduce that the Riccati differential
equation solved by X l(·), l = 1, 2, may be rewritten in the
form:

Ẋ l(t) + L∗Γ(t)[X l(t)] +Ml
Γ(t)

−
(
Γ(t, i)− F l(t)

)T (
Rlγ(t) + Π3(t)[X l(t)]

)
? = 0 (40)

where:
Ml

Γ(t) =
(
In ΓT (t)

)
Ml(t)? (41)

F l(t) =−
(
Rlγ(t) + Π3(t)[X l(t)]

)−1

×
(
X l(t)B0(t) + ΠT

2 (t)[X l(t)] + (Cl(t))TDl(t)
)

and L∗Γ(t) is the adjoint of the Lyapunov type operator
defined by:

LΓ(t)[X] = (A0(t) +B0(t)Γ(t))X

+X (A0(t) +B0(t)Γ(t))
T

+

r∑
j=1

(Aj(t) +Bj(t)Γ(t))X? (42)

Let: F
l
1(t) =

(
Im1

0
)
F l(t)

F l2(t) =
(

0 Im1

)
F l(t)

, l = 1, 2 (43)

Taking:{
Γ1(t) = F 1

1 (t)

Γ2(t) = F 2
2 (t)−

(
V 2

22(t)
)−1

V 2
21(t)

(
F 1

1 (t)− F 2
1 (t)

)
(44)

and employing (40) and (43)-(44) one obtains that: t →

X2(t)−X1(t) solves the backward differential equation:

d

dt

(
X2(t)−X1(t)

)
+ L∗Γ(t)

[
X2(t)−X1(t)

]
+H(t) = 0, t ∈ I1 ∩ I2 (45)

where:

H(t) =M2
Γ(t)−M1

Γ(t)

+
(
F 1

1 (t)− F 2
1 (t)

)T (
V 2

11(t)
)2
?

+
(
Γ2(t)− F 1

2 (t)
)T (

DT
2 (t)D2(t) + Π322(t)

[
X1(t)

])
?

(46)

The assumption M2(t) ≥M1(t) together with (41) yields:
M2

Γ(t)−M1
Γ(t) ≥ 0, t ∈ I1 ∩ I2. Hence (46) allows us to

conclude that H(t) ≥ 0, t ∈ I1 ∩ I2. From (45) we obtain
the representation:

X2(t)−X1(t) = T ∗Γ(τ, t)
[
X2(τ)−X1(τ)

]
+

∫ τ

t

T ∗Γ(s, t) [H(s)] ds (47)

for all t ∈ I1 ∩ I2, t ≤ τ ; T ∗Γ(s, t) being the adjoint of the
linear evolution operator TΓ(τ, t), defined on Sn, by the the
differential equation:

Ẋ(t) = LΓ(t)[X(t)]

LΓ(t) being defined in (42). Invoking Theorem 2.6.1 from
[4] we deduce that T ∗Γ(s, t) [X] ≥ 0, s ≥ t if X ≥ 0. Hence,
from (47) we may conclude that X2(t)−X1(t) ≥ 0, for all
t ∈ I1 ∩ I2, t ≤ τ . Thus the proof is complete. �

Proposition 4.2. Assume that the assumptions of Proposition
3.2 hold. Then:

i) For any τ > 0 we have 0 ≤ Xτ (t) ≤ X̂(t) for all
0 ≤ t ≤ τ , X̂ , t ∈ R+ being an arbitrary admissible
global positive semi-definite solution of (1). Moreover
Xτ (t) satisfies the sign conditions (5)-(6).

ii) If X̃(t) = lim
τ→∞

Xτ (t) then X̃(t), t ≥ 0, is the θ-
periodic admissible minimal positive semi-definite so-
lution of (1).

iii) If the auxiliary system (48) (from below) is stochasti-
cally detectable then X̃(·) defined in ii) coincides with
the stabilizing and θ-periodic solution Xs(·) of (1):{

dx(t) = Ǎ0(t)x(t)dt+
∑r
j=1 Ǎj(t)x(t)dwj(t)

y(t) = Č(t)x(t)
(48)

where, for 0 ≤ j ≤ r:

Ǎj(t) = Aj(t)−Bj2(t)(DT
2 (t)D2(t))−1DT

2 (t)C(t)
(49)

and

Č(t) =
[
Ip −D2(t)(DT

2 (t)D2(t))−1DT
2 (t)

]
C(t)

(50)
Proof.

i) First, note that from assertion i) in Proposition 3.2, it
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follows that for any τ > 0, the solution Xτ (t) is well
defined for all 0 ≤ t ≤ τ . For the proof of the first
inequality 0 ≤ Xτ (t), for all 0 ≤ t ≤ τ , one can uses
similar arguments as in the proof of Lemma 4.6 from [2].
The second inequality Xτ (t) ≤ X̂(t) for all 0 ≤ t ≤ τ
follows directly from Theorem 4.1. Employing Lemma 4.5
from [6], one shows that under the considered assumptions,
Xτ (t) satisfies the sign conditions (5)-(6).

ii) The existence of the limit X̃(t) = lim
τ→∞

Xτ (t) follows
from iii) in Proposition 3.2. The minimality and admissibility
properties are direct consequences of assertion i) in
Proposition 4.2. The periodicity property can be proved
using the same steps as in Theorem 5.1 from [2].

iii) This can be proved using similar arguments as in the
proof of Theorem 5.8 from [2]. �

Remark 4.1. The deterministic analog of the auxiliary
system (48) is given by:{

ẋ(t) = Ǎk(t)x(t)

yk(t) = Čk(t)x(t)
(51)

where:

Ǎk(t) = A0(t)−B02(t)
[(
Dk

2 (t)
)T
Dk

2 (t)
]−1 (

Dk
2 (t)

)T
Ck(t)

(52)

Čk(t) =

[
I−Dk

2 (t)
[(
Dk

2 (t)
)T
Dk

2 (t)
]−1 (

Dk
2 (t)

)T]
Ck(t).

(53)
From (30) it is obvious that

(
Dk

2 (t)
)T
Dk

2 (t) =
DT

2 (t)D2(t) + Π322(t)
[
Xk−1(t)

]
> 0 if

DT
2 (t)D2(t) > 0 and Xk−1(t) ≥ 0. In the case k = 1 and

X0(t) = 0 the system (51) reduces to:{
ẋ(t) =

[
A0(t)−B02(t)

(
DT

2 (t)D2(t)
)−1

DT
2 (t)C(t)

]
x(t)

y(t) = Č(t)x(t)
(54)

where Č(t) is defined in (50). Based on the developments
of Chapter 4 in [4] one may deduce that the system (54)
is detectable in the deterministic sense if the system (48) is
stochastically detectable.

B. The proof of the convergence of the approximations
sequence

We are now in position to prove the main result of this
paper.

Theorem 4.2. Assume:
a) the assumption H1) is fulfilled;
b) the set Aγ is not empty;
c) DT

2 (t)D2(t) > 0, ∀t ∈ R+ and the auxiliary system
(48) is stochastically detectable.

Under these conditions, if we take X0(t) ≡ 0, then for
each k ≥ 1, Xk(·) is well defined as the unique minimal
and positive semi-definite solution of the Riccati differential
equation (10)-(13) and we have:

i) Xk(·) is a periodic function of period θ and satisfies
the sign conditions of type (5)-(6).

ii) 0 = X0(t) ≤ X1(t) ≤ · · · ≤ Xk(t) ≤ · · · ≤ Xs(t)
for all t ∈ R+, Xs(t) being the unique stabilizing and
θ-periodic solution of (1).

iii) if the auxiliary system (51) is detectable, then Xk(·)
is just the stabilizing solution of the Riccati differential
equation (10).

iv) lim
k→∞

Xk(t) = Xs(t) for all t ∈ R+.

In what follows, we will give the main steps of the proof
of this result without going through the details due to page
limitation.
Sketch of the proof. We show inductively for k = 1, 2, · · ·
that the Riccati differential equations (10)-(13) are well de-
fined and admit minimal and positive semi-definite solutions
which satisfy conditions i)-iii) from the statement.
If k = 1, the Riccati differential equation (10)-(13) reduces
to:

Ẋ(t) +AT0 (t)X(t) +X(t)A0(t) + CT (t)C(t)

−
(
X(t)B0(t) + CT (t)D(t)

)
R−1
γ (t)? = 0 (55)

In a first step, one shows that A1
γ is not empty if Aγ is

not empty. Hence, we deduce from Proposition 3.2 i) and
Remark 3.3 that if Xτ (·) is the solution of (10) which
satisfies Xτ (τ) = 0, then it is well defined for all 0 ≤ t ≤ τ
and τ > 0. Applying Proposition 4.2 in the special case of
the Riccati differential equation (55), we infer that X1(·)
defined by:

X1(t) = lim
τ→∞

Xτ (t) (56)

is the unique minimal positive semi-definite solution of (55).
Moreover t→ X1(t) is a periodic function of period θ. Let
us remark that the Riccati differential equation (1) satisfied
by its stabilizing solution Xs(·) may be rewritten as:

−Ẋs(t) = AT0 (t)Xs(t) +Xs(t)A0(t) +Ms(t)

− (Xs(t)B0(t) + Ls(t))R
−1
s ? (57)

where:(
Ms(t) Ls(t)
? Rs(t)

)
=

(
CT (t)C(t) CT (t)D(t)

? Rγ(t)

)
+ Π(t) [Xs(t)] . (58)

Since Xs(t) ≥ 0 we deduce from (2), (27) and (58) that:(
Ms(t) Ls(t)
? Rs(t)

)
≥
(
CT (t)C(t) CT (t)D(t)

? Rγ(t)

)
.

Hence, applying Theorem 4.1 in the special case of Ric-
cati differential equations (55) and (57) we may infer that
Xτ (t) ≤ Xs(t) for all 0 ≤ t ≤ τ , τ > 0. Taking the limit
for τ →∞, we obtain: 0 ≤ X1(t) ≤ Xs(t) for all t ∈ R+.
From the matrix inequality:

Rγ(t) +

r∑
j=1

BTj (t)X1(t)? ≤ Rγ(t) + Π3(t) [Xs(t)]

we deduce, via Lemma 4.5 in [6], that X1(·) satisfies the
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sign conditions (5)-(6) with the convention of notation:

Π3kl

[
X1(t)

]
(i) =

r∑
j=1

BTjk(t)X1(t)Bjl(t).

Thus the assertions i), ii) from the statement are fulfilled
for k = 1. As we have already stated in Remark 4.1, the
stochastic detectability of the auxiliary system (48) implies
the detectability of the deterministic system (51). Therefore,
under the assumption c) in the statement, it follows that
X1(·) is just the bounded and stabilizing solution of the
Riccati differential equation (55) or (10) in the special case
k = 1, which confirms the validity of assertion iii) from the
statement for k = 1.
Let us assume that for a k ≥ 2 and for any 1 ≤ l ≤ k − 1,
the functions X l(·) are well defined as unique minimal
and positive semi-definite solutions of Riccati differential
equations (10)-(13) (written for k replaced by l) and have
the properties i)-iii) from the statement. We show now that
for l = k, the Riccati differential equation (10)-(13) has a
minimal solution Xk(·) which is positive semi-definite and
it is a θ-periodic function, satisfying the sign conditions (5)-
(6). Moreover, we have:

0 ≤ X1(t) ≤ · · · ≤ X l(t) ≤ · · · ≤ Xk−1(t) ≤ Xk(t) ≤ · · ·
≤ Xs(t) (59)

t ∈ R+. We first prove that Akγ is not empty if Aγ is not
empty. Thus applying Proposition 4.2 in the special case of
Riccati differential equations (10)-(13) we infer that Xk(·)
defined by Xk(t) = lim

τ→∞
Xk
τ (t) is the minimal positive

semi-definite and θ-periodic solution of Riccati differential
equations (10)-(13).
Applying Theorem 4.1 in the special case of the equation
(10) and (57) we deduce that Xk

τ (t) ≤ Xs(t) for all 0 ≤ t ≤
τ , τ > 0. Taking the limit for τ →∞ we deduce that:

Xk(t) ≤ Xs(t) (60)

for all t ∈ R+. Applying again Theorem 4.1 in the special
case of Riccati differential equation (10) we deduce that
Xk−1
τ (t) ≤ Xk

τ (t), ∀ 0 ≤ t ≤ τ , τ > 0. Letting τ →∞ we
obtain:

Xk−1(t) ≤ Xk(t) (61)

∀t ∈ R+. Thus, (60) and (61) confirm the validity of (59).
Further, (60) yields:

Rγ(t) + Π3(t)[Xk(t)] ≤ Rγ(t) + Π3(t)[Xs(t)]

∀t ∈ R+. These matrix inequalities together with Lemma
4.5 from [6] allow us to conclude that Xk(·) satisfies the
sign conditions (5)-(6).
Finally, let us remark that if the auxiliary system (51) is
detectable, then the minimal solution Xk(·) coincides with
the bounded and stabilizing solution of (10). Thus we have
shown inductively that Xk(·) can be constructed for any k ≥
1, and satisfies the properties i)-iii) from the statement. Now
we remark that (59) allows us to conclude that the sequences

{Xk(t)}k≥1, t ≥ 0, are convergent. Let Y (t) = lim
k→∞

Xk(t),
t ∈ R+. By a standard procedure based on the Lebesgue
Theorem of dominant convergence, one obtains that t →
Y (t) is a global solution of (1). Taking the limit for k →∞
in (60) we get:

0 ≤ Y (t) ≤ Xs(t) (62)

for all t ∈ R+. Hence, we deduce from (62) and Proposition
4.2 that Y (t) = Xs(t), t ≥ 0. Thus the proof is complete.
�

V. NUMERICAL EXPERIMENTS

For the numerical experiments part, we will consider the
time-invariant case. In what follows, we will refer to the
algorithm developed in this paper as Algo Deterministic.
This algorithm will compared to the one proposed in
[5] and which will be referred to as Algo Stochastic. In
Algo Stochastic the original H∞-type problem is trans-
formed into the problem of solving a sequence of stochas-
tic H2-type periodic Riccati differential equations. Hence,
while in Algo Deterministic one has to solve at each
main iteration a deterministic H∞-type Riccati equation,
in Algo Stochastic one has to solve a stochastic H2-type
Riccati equation. One knows that for the numerical resolution
of deterministic H∞-type Riccati equations one can use
direct methods which are based on the computation of some
invariant or deflating subspaces while for the resolution of
stochastic H2-type Riccati equations one has to use iterative
methods (see [5] for further details). As a consequence, the
objective in this example will be to show the superiority
of Algo deterministic from the computation-time point of
view (when compared to Algo Stochastic) thanks to the use
of direct resolution methods instead of iterative ones. For
this purpose, we follow the following simulation procedure:

1. Set the example number i = 0;
2. Choose n, m1, m2, p randomly and uniformly among

the integers from 1 to 10;
3. Generate randomly the corresponding system matrices;
4. If the assumptions in Theorem 4.2 are not verified, go

back to step 2;
5. Use Algo Deterministic and Algo Stochastic to solve

the corresponding generalized Riccati equation. If there
does not exist a stabilizing solution to the Riccati
equation, go back to step 2;

6. Let the stabilizing solution obtained using
Algo Deterministic be X1 and the solution obtained
using Algo Stochastic be X2 and CPU time 1,
CPU time 2 the corresponding CPU running-times
respectively;

7. Set i = i+ 1, compute the error Ri = ‖X1 −X2‖ and
the coefficient ρi = CPU time 2

CPU time 1 ;
8. Repeat the steps 2-7 until i = 100.

We have generated a random test including 100 samples with
a specified level of accuracy ε = 10−8 for both algorithms.
The obtained results are resumed in Table 1 and Figure 1. In
Table 1, O(Ri) is the order of magnitude of Ri; Number of
examples indicates the number of examples corresponding
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O(Ri) Number of examples
10−7 1
10−8 41
10−9 58

TABLE I
ACCURACY COMPARISON FOR 100 RANDOM EXAMPLES

to the same order of magnitude of Ri. It follows from
the obtained results that when Algo Deterministic and
Algo Stochastic converge, the obtained stabilizing solutions
are computed with a comparable accuracy.

As expected, one obtains that 2.3333 ≤ ρi ≤ 9.6667, ∀i =
1, · · · , 100.

VI. CONCLUSION

In this paper, we have addressed the problem of numerical
computation of the stabilizing solution of a class of time-
varying generalized Riccati differential equations. A globally
convergent iterative algorithm where at each iteration one has
to solve a deterministic H∞-type Riccati equation. One of
the advantages of such a deterministic formulation is that
one can use direct methods for the numerical solution of the
considered class of differential Riccati equations.
Our ongoing efforts are dedicated to provide numerical
algorithms for the computation of solutions of other classes
of game-theoretic differential Riccati equations arising in the
stochastic framework.
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Rank Characterization of Solutions of Discrete Algebraic Riccati
Equations
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Abstract— We give a rank characterization of the solution set
of discrete algebraic Riccati equations involving real matrices.
We show that under appropriate conditions, all solutions of a
DARE can be obtained from the maximal rank solution with
Schur complement manipulations.

Index Terms— Discrete Algebraic Riccati equation, Discrete
Lyapunov equation, Schur complement, Invariant subspaces,
Matrix pencil.
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I. INTRODUCTION

We study discrete algebraic Riccati equations (DARE)
of the form

X = ATXA−ATXB(I +BTXB)−1BTXA (1)

where A,X ∈ Rn×n and B ∈ Rn×m and X is required to
be a symmetric matrix. We are interested in finding all the
solutions of this homogeneous DARE. Discrete-time ARE
appears in discrete-time LQR problem, numerical analysis,
filtering ([4]), spectral factorization ([11]), polynomial fac-
torization ([6]) and many other applications [1], [2], [5], [15],
[20]. For a current state of the art on Riccati equations, one
may refer to [3] and the references therein. DARE have
also appeared in [10], [19], [20], [21] and [23] in a more
general form known in the literature as generalized DARE.
They arise in the study of descriptor systems (also known
as differential algebraic equations) Eẋ = Ax+ Bu [20]. A
generalized homogeneous DARE is given by

ETXE = ATXA−ATXB(I +BTXB)−1BTXA.

It is known that the solution set of a non-homogeneous
DARE can be described with the knowledge of one particular
solution, plus the solution set of the corresponding homo-
geneous DARE [19], [24], [25]. For a non-homogeneous
DARE:

K = Q+ATKA−ATKB(I +BTKB)−1BTKA , (2)

the set of solutions is given by K = K0 + X where
X are solutions of Equation (1) (Theorem 2.7 of [19] or
by Lemma 6.2 of [24]). Solutions of a non homogeneous
DARE are given by K0 + X ([19], [24], [25], [11]). In
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this article, we further explore the structure of the set of
solutions of a homogeneous DARE. One can similarly obtain
a homogeneous generalized DARE from a non-homogeneous
one by fixing a solution [19].

DAREs arise in the discrete-time LQR problem ([2], [15])
where one is only interested in the stabilizing solution. How-
ever, there are some applications where all the solutions of
DARE are useful. For example in [13], solutions of a DARE
correspond to storage functions (quadratic difference forms).
[17] shows a connection between solutions of the Riccati
equation and nonlinear parameter estimation phase in ARMA
models identification. In [23], it was proved that the solutions
of DARE correspond to a certain subset of rank minimizing
solutions of an associated discrete linear matrix inequality.
Rank minimizing solutions of linear matrix inequality (LMI)
play an important role in H2 optimal control theory and their
characterization in terms of solutions of DARE is shown in
[23]. Applications of LMI in system theory can be seen in
[8], [23] and the references therein. In [12], it is shown that
the solutions of a homogeneous DARE correspond to real-
ization of minimal factorization of rational discrete-time all
pass functions. Given a state space realization with matrices
(A,B,C,D), we have Q(z) = C(zI−A)−1B+D. Transfer
matrix Q(z) is said to be a rational all pass function if
Q(z)QT (z−1) = I . A rational discrete-time all pass function
Q(z) can be factored as Q(z) = QL(z)QR(z) into left and
right factors in multiple ways. Factorization of discrete all
pass functions is related to stochastic modeling [11], [18].
Ferrante and Picci [12] show that there is a parametrization
of the left and right factors by solutions of two specific
homogeneous DAREs. It is further shown that the rank of
solutions of these specific homogeneous DAREs is equal to
the McMillan degree of corresponding QL(z)s and QR(z)s.
(Theorem 4.1 [12]). A relation between solutions of a DARE
and solutions of a matrix equation X = Q + NX−1N∗ is
obtained in [9]. It is shown that solutions of a matrix equation
X = Q + NX−1N∗ are contained in the set of solutions
of an appropriate DARE. Applications of the solutions of
X = Q + NX−1N∗ can be seen in [9] and the references
therein.

Classical approaches to solve DARE involve the construc-
tion of a symplectic matrix and its invariant subspaces [14],
[15]. It is well known that given the DARE (2), one can
construct a symplectic matrix (2n×2n) from its coefficients
as follows

S =

[
A+BBT (A−1)TQ −BBT (A−1)T

−(A−1)TQ (A−1)T

]
.
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If a subspace spanned by columns of a 2n×n matrix
[
U
V

]
is an n dimensional invariant subspace of S such that

[
UT V T

]
J
[
U
V

]
= 0 where J =

[
0 I
−I 0

]
,

then V U−1 gives a solution of Equation 2 [15].
The first nontrivial general formulation of the solution set

of an arbitrary DARE appeared in [25]. Wimmer [25] had
shown that taking a Schur complement of an invertible block
of the full rank solution gives a solution of Equation (1).

We push further Wimmer’s analysis, and give a rank
characterization of the solutions, as rank of a matrix is a
natural choice to characterize all the solutions. We show
that under some assumptions one can obtain all the low rank
solutions from the maximal rank solution. We use invariant
subspaces of the system matrix A for our characterization.
(Similar results for a continuous time ARE have appeared in
our previous work [7], [22].) One of our crucial observations
is that invariant subspaces corresponding to eigenvalues of
A on the unit circle do not correspond to any solutions.
Further, we consider a generalized DARE too and show that
one can convert a generalized DARE to a standard DARE
using matrix pencils.

The paper is organized as follows. In the next section
we build some basic results to be used later on. In Section
III , we consider the degenerate case of eigenvalues of the
system matrix A being zero or on the unit circle. Section
IV contains main results on obtaining low rank solutions
from the maximal rank solution by the method of Schur
complement. In Section V, we consider a generalized DARE
ETXE = ATXA−ATXB(I +BTXB)−1BTXA (where
E may be singular) and use matrix pencils to reduce it to a
standard DARE.

II. PRELIMINARIES

In this section we prove some basic results to be used
later on. We assume that A is invertible. The case where A
is singular is considered in Section III.

Lemma 1: Suppose A is invertible. Then, the following
statements are equivalent.

1) X is a solution of the homogeneous DARE
X = ATXA−ATXB(I +BTXB)−1BTXA.

2) X is a solution of X = ATX(I +BBTX)−1A.
3) X is a solution of XA−1−ATX+XA−1BBTX = 0.

Proof: First we prove that 1 ⇔ 2. We mention some
matrix identities ([16] Lemma 7.1).

A(A+B)−1B +A(A+B)−1A = A (3)
(I +BBTX)B = B(I +BTXB)

⇒ B(I +BTXB)−1 = (I +BBTX)−1B (4)

We use the above identities to simplify DARE X =
ATXA − ATXB(I + BTXB)−1BTXA (This is done in

[16] Equation 7.2). Using Equation 4,

X = ATXA−ATX(I +BBTX)−1BBTXA

X = ATX(I − (I +BBTX)−1BBTX)A (5)
Using Equation 3,
(I +BBTX)−1BBTX + (I +BBTX)−1 = I

Using above identity in Equation 5,
X = ATX(I +BBTX)−1A (6)

This proves 1⇒ 2. Reversing the above arguments, one can
show that 2 ⇒ 1. Now we show that 2 ⇔ 3. Since A is
invertible,

Equation 6 ⇒ XA−1(I +BBTX) = ATX

⇒ XA−1 −ATX +XA−1BBTX = 0. (7)

This shows 2 ⇒ 3. Reversing the above arguments, 3 ⇒ 2
which proves the lemma.

We define a shorthand notation for Equation 7 as follows:

RicD(X) := XA−1 −ATX +XA−1BBTX. (8)

Note that from Lemma 1, it is enough to find solutions of
RicD(X) = 0.

We refer to a subspace generated by row vectors of a
matrix as a row span of that matrix.

Lemma 2: The row span of a solution X of RicD(X) = 0
is A invariant.

Proof: Note that the row span of ATX+XA−1BBTX
is given by the row span of X . Therefore, if X satisfies
XA−1 − ATX +XA−1BBTX = 0, then the row span of
X must be A−1 invariant. Consequently, row span of X is
A invariant.

Remark 1: As a consequence of Lemma 2, a solution X
of RicD(X) = 0 must be of the form X = LLLT where
the row span of LT forms a left invariant subspace of A.

We now state some assumptions to be used throughout the
paper.

Assumption 1: We assume throughout the paper that all
eigenvalues of A are distinct. Further we assume that if λ
is an eigenvalue of A which does not lie on the unit circle,
then λ−1 is not an eigenvalue.

The first assumption ensures that the solutions of
RicD(X) = 0 are finite. Further, it simplifies the char-
acterization of solutions. Second assumption is related to
the existence and uniqueness of a full rank solution of
RicD(X) = 0. We show in Lemma 8 that RicD(X) = 0 has
a unique full rank solution provided the second assumption
is satisfied. We show in the proof of Lemma 8 that full rank
solution of RicD(X) is given by inverse of the solution of
a Lyapunov equation −AY AT + Y +BBT = 0 (which is a
linear equation in Y ). (The relation between homogeneous
DARE and discrete Lyapunov equation is also shown in
[25].)
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If the second assumption is violated, then the discrete
Lyapunov equation −AY AT +Y +BBT = 0 may not have
a solution. The general case with repeated eigenvalues and
spec(A) containing both λ and λ−1 will be considered in
future work.

Assumption 2: We assume that if A has eigenvalues on
the unit circle, then they are controllable.

Uncontrollable eigenvalues on the unit circle forms a
degenerate case (refer Remark 3) and we consider it in
future work.

In the next lemma, we show that a solution X = LLLT of
RicD(X) = 0 can be obtained by solving a simplified DARE
LD−T −DL+ LD−TML = 0 where M = LTBBTL.

Lemma 3: Let ATL = LD where D is in block diagonal
form having real eigenvalues on the diagonal and 2×2 blocks
corresponding to pair of complex conjugate eigenvalues.
(Since A ∈ Rn×n, complex eigenvalues occur in conjugate
pairs.) Let M = LTBBTL. Then, X = LLLT is a solution
of RicD(X) = 0 if and only if L is a solution of the
simplified DARE LD−T −DL+ LD−TML = 0.

Proof: Using X = LLLT , RicD(X) simplifies as
follows

0 = LLLTA−1 −ATLLLT +

LLLTA−1BBTLLLT

= LLD−TLT − LDLLT + LLD−TMLLT

where M = LTBBTL.
= L(LD−T −DL+ LD−TML)LT

Therefore we are reduced to solving the simplified DARE

LD−T −DL+ LD−TML = 0.

Conversely, if L is a solution of the simplified DARE
LD−T − DL + LD−TML = 0, then X = LLLT is a
solution of RicD(X) = 0.

Remark 2: To obtain a rank k solution of RicD(X) = 0,
one may choose X = LkLkL

T
k where columns of Lk form

a k−dimensional eigenspace of AT and Lk is a k× k sym-
metric matrix. In this case the above simplified DARE gets
reduced to the DARE LkD

−T
k −DkLk+LkD

−T
k MkLk = 0

(Mk = LT
kBBLk) involving k × k matrices. In Section

IV, we show that this simplified DARE has a unique full
rank solution (Lemma 8). Thus to find a rank k solution of
RicD(X) = 0, it is enough to consider a k−dimensional
invariant subspace of AT and find the full rank solution of
LkD

−T
k −DkLk + LkD

−T
k MkLk = 0.

III. ZERO EIGENVALUE AND EIGENVALUES ON THE UNIT
CIRCLE

In this section we consider two degenerate cases which
are as follows

• A is singular.
• A has eigenvalues on the unit circle.

First, we consider the case where A is singular.

Lemma 4: Let v be an eigenvector of AT associated with
zero eigenvalue. Let X = αvvT . Then X is a solution of
X = ATX(I +BBTX)−1A if and only if α = 0.

Proof: Clearly, X = 0 is a solution. Conversely, if
X = αvvT , ATX = 0 which implies X = 0 is the only
solution.

Now we consider the case when there are complex con-
jugate eigenvalues eigenvalues on the unit circle.

Lemma 5: Suppose A has a pair of complex conjugate
eigenvalues on the unit circle. Let X = LLLT where
columns of L form real and imaginary parts of the eigenvec-
tor corresponding to one of the complex conjugate eigenval-
ues on the unit circle. Then X is a solution of RicD(X) = 0
if and only if X = 0.

Proof: It is clear that X = 0 is a solution.
Now for the non-trivial part. Suppose A has a pair
of complex conjugate eigenvalues cos(θ) ± i sin(θ)
(θ 6= 0, θ 6= π) and X = LLLT 6= 0 is a
solution. Therefore, RicD(X) = 0 is simplified to
LD−T −DL+LD−TML = 0. Suppose a rank two solution
exists i.e. L is invertible. Pre and post multiplying above
equation with Y = L−1, we have −DTY D + Y +M = 0

where M = LTBBTL and D =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
.

Let Y =

[
a b
b d

]
. Note that M ≥ 0 and

det(−DTY D + Y ) = −(4b2 + (d − a)2) sin2(θ) < 0
which implies −DTY D+Y is indefinite. Sum of a positive
semidefinite and an indefinite matrix can not be zero. Hence
L is not invertible. Therefore, there is no full rank solution.
Therefore, L must be of rank one. Let Lv = 0. Therefore,
(LD−T − DL + LD−TML)v = LD−T v = 0. Therefore,
v is D−T invariant. But D−T has no one dimensional
invariant subspace. This implies rank of L can not be one.
Hence there is only a trivial solution.

Finally we consider the case when A has eigenvalues 1
and −1 on the unit circle.

Lemma 6: Suppose A has eigenvalues 1 and −1 which
are controllable. Let X = LLLT where columns of L are
eigenvectors corresponding to eigenvalues 1 and −1. Then
X is a solution of RicD(X) = 0 if and only if X = 0.

Proof: X = 0 is clearly a solution. Suppose X =
LLLT 6= 0 is a solution. RicD(X) = 0 is simplified to

LD−T − DL + LD−TML = 0 where D =

[
1 0
0 −1

]
.

Assuming that a rank two solution exists, let Y = L−1.
We observe that Y satisfies −DTY D + Y +M = 0. Let

Y =

[
a b
b d

]
.

−DTY D + Y =

[
0 2b
2b 0

]
.

Now det(−DTY D+ Y ) = −4b2 ≤ 0 and M ≥ 0. If b 6=
0, we have a sum of an indefinite matrix (−DTY D+Y ) and
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a positive semidefinite matrix (M) in the discrete Lyapunov
equation −DTY D + Y +M = 0 which can not be zero.

If b = 0, then −DTY D+Y = 0, hence −DTY D+Y +
M 6= 0 since M 6= 0 (due to controllability). Thus, we can
not have a rank two solution.

Let v be an eigenvector corresponding to eigenvalue
1 and let X = αvvT . Therefore RicD(X) is reduced to
αvvT (1 − 1 + αvTBBT v) which is zero if and only if
α = 0. (Since eigenvalue 1 is controllable, vTBBT v 6= 0.)
Thus eigenvector associated with eigenvalue 1 do not
correspond to any rank one solution of RicD(X) = 0. Using
similar arguments for eigenvalue −1, we can show that there
are no rank one solutions. Thus X = 0 is the only solution.

Remark 3: Suppose eigenvalue 1 is uncontrollable
and v be an associated eigenvector. Let X = αvvT .
Clearly, BT v = 0 and X = αvvT forms a solution of
RicD(X) = 0 for all α ∈ R. By Assumption 2, we avoid
this case. However, Lemma 5 holds even for uncontrollable
eigenvalues. The case where eigenvalues 1 and −1 are
uncontrollable will be analysed separately.

Thus we showed that invariant subspace corresponding
to zero eigenvalue or eigenvalues on the unit circle do not
contribute to solutions of RicD(X) = 0 (under Assumption
2). Therefore, from now on we assume that A is invertible
and has no eigenvalues on the unit circle. If there is a
zero eigenvalue or eigenvalues lying on the unit circle,
one can restrict to invariant subspace formed by eigenspace
corresponding remaining eigenvalues. In other words, we
choose eigenvectors of AT corresponding to eigenvalues
which are non-zero and do not lie on the unit circle as
columns of L and use X = LLLT to obtain the simplified
DARE LD−T−DL+LD−TML = 0 (where all eigenvalues
of D are non-zero and they do not lie on the unit circle).

IV. MAIN RESULTS

In this section we show that under Assumption 1, a full
rank solution of RicD(X) = 0 exists and one can obtain all
the low rank solutions from this full rank solution. First we
give the following Lemma from [10]:

Lemma 7: Let Y be a solution of −AY AT +Y +BBT =
0. Then ker(Y ) is AT invariant and is contained in the null-
space of BBT .

Proof: Lemma 3.1 of [10].

Lemma 8: Let (A,B) be controllable. Then RicD(X) = 0
has a unique rank n solution.

Proof: Consider the discrete Lyapunov equation
−AY AT +Y +BBT = 0. Suppose Vec(Y ) ∈ Rn2

obtained
from matrix Y by putting its columns in one vector. It turns
out that solving −AY AT + Y + BBT = 0 is equivalent
to solving (I − A ⊗ A)Vec(Y ) = − Vec(BBT ). Since
λ and λ−1 do not co-exist in eigen-spectrum of A, this
linear equation has a unique solution. If v ∈ Ker(Y ),
then by the previous lemma, v is an eigenvector of AT .
Further, BT v = 0. This is not possible because (A,B) is

controllable. Thus Y is invertible and X = Y −1 satisfies
RicD(X) = 0.

Remark 4: Note that if RicD(X) = 0 has a
unique rank n solution, then the simplified DARE
LD−T −DL+ LD−TML = 0 also has a unique full rank
solution. Let Y = L−1. Therefore, Y satisfies a discrete
Lyapunov equation −DTY D + Y +M = 0. Note that by
choosing k eigenvectors of AT as columns of Lk and using
X = LkLkL

T
k (where Lk is k×k), we are reduced to k×k

simplified DARE LkD
−T
k − DkLk + LkD

−T
k MkLk = 0

(Mk = LT
kBBLk). By the previous lemma, it has a

rank k solution which is invertible as a k × k matrix.
Its inverse Yk satisfies a discrete Lyapunov equation
−DT

k YkDk + Yk +Mk = 0 involving k × k matrices.

Remark 5: From Lemma 2, Remark 2 and Lemma 8, it is
clear that when (A,B) is controllable, there is a one to one
correspondence between rank k solutions of RicD(X) = 0
and k dimensional right invariant subspaces of AT .

Now we state the main result.
Theorem 1: Let (A,B) be controllable. If A has nonzero

real and distinct eigenvalues λ1, . . . , λn such that λiλj 6= 1
(for 1 ≤ i, j ≤ n) then, the 2n − 2 lower rank nonzero
solutions of the simplified DARE:

LD−T −DL+ LD−TML = 0

are obtained from Schur complements of all the 2n−2 strict
principal sub-matrices of L∗, the unique full rank solution
of the simplified DARE.

Proof: We consider Dk, the leading principal k×k sub-

matrix of the diagonal matrix D. Let L∗ =

[
R11 R12

RT
12 R22

]
be the corresponding splitting of L∗ and Y ∗ = (L∗)−1.

Y ∗ =

[
Y ∗
11 ∗
∗ ∗

]
where Y ∗

11 is the corresponding leading

k × k principal sub-matrix of Y ∗. Further, let M11 be the
corresponding k × k principal sub-matrix of M . Then,

−DTY ∗D + Y ∗ +M = 0 (9)
⇒ −DT

k Y
∗
11Dk + Y ∗

11 +M11 = 0

⇒ −Y ∗
11Dk +D−T

k Y ∗
11 +D−T

k M11 = 0

⇒ −Dk(Y
∗
11)

−1 + (Y ∗
11)

−1D−T
k +

(Y ∗
11)

−1D−T
k M11(Y

∗
11)

−1 = 0. (10)

(Note that Y ∗
11 is invertible by Lemma 8 and Remark 4.)

Let L =

[
(Y ∗

11)
−1 0

0 0

]
.

LD−TML =

[
(Y ∗

11)
−1 0

0 0

]
.

[
D−T

k 0

0 D−T
n−k

]
.[

M11 ∗
∗ ∗

]
.

[
(Y ∗

11)
−1 0

0 0

]
=

[
(Y ∗

11)
−1D−T

k M11(Y
∗
11)

−1 0
0 0

]
.
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−DL+ LD−T =

[
−Dk(Y

∗
11)

−1 + (Y ∗
11)

−1D−T
k 0

0 0

]
.

By Equation 10, −DL+ LD−T + LD−TML = 0.

Therefore L =

[
(Y ∗

11)
−1 0

0 0

]
gives a rank k solution

of −DL+LD−T +LD−TML = 0. Note that using Schur
complement, (Y ∗

11)
−1 = R11 − R12R

−1
22 R

T
12. Similarly,

Schur complements of all leading principal sub-matrices of
L∗ give solutions of −DL+ LD−T + LD−TML = 0. For
any principal sub-matrix which is not a leading principal
sub-matrix, one arrives at a similar result by applying a
change of basis with a permutation matrix.

Example 1: We consider a homogeneous DARE described
by the following parameters

A =

 5 2 2
1 4 0
2 0 2

 , B =

 10
12
15

 .
D =

 6.6262 0 0
0 0.8587 0
0 0 3.5151

 ,
L =

 −0.7523 −0.4727 0.2250
−0.5729 0.3009 −0.9280
−0.3252 0.8283 0.2970

 .
Note that ATL = LD. We also have M = LTBBTL.

M =

 371.5968 −217.9931 85.4292
−217.9931 127.8832 −50.1161
85.4292 −50.1161 19.6400

 .
Let Y ∗ be the solution of Lyapunov equation −DTY D +
Y +M = 0.

Y =

 8.6606 −46.4836 3.8323
−46.4836 −486.8101 −24.8306
3.8323 −24.8306 1.7294

 .
Rank 3 solution L∗ is given by L∗ = (Y ∗)−1.

L∗ =

 3.9196 0.0397 −8.1156
0.0397 −0.0008 −0.0992
−8.1156 −0.0992 17.1373

 .
There are three rank one and three rank two solutions. From
the Schur complement of lower 2 × 2 principal sub-matrix
of L∗, one obtains

L1 =

 0.1155 0 0
0 0 0
0 0 0


and from the Schur complement of the (1, 1) principal sub-
matrix, one obtains

L23 =

 0 0 0
0 −0.0012 −0.0170
0 −0.0170 0.3338

 .

Schur complement of upper 2×2 principal sub-matrix of L∗

gives

L3 =

 0 0 0
0 0 0
0 0 0.5782

 .
Similarly, we obtain remaining three solutions by taking

Schur complements with respect to appropriate principal sub-
matrices of L∗.

L2 =

 0 0 0
0 −0.0021 0
0 0 0

 ,
L12 =

 0.0763 −0.0073 0
−0.0073 −0.0014 0

0 0 0

 ,
L13 =

 5.9283 0 −13.1366
0 0 0

−13.1366 0 29.6875

 .
From these solutions, one constructs the solutions of
RicD(X) = 0 using X = LLLT .

Corollary 1.1: Let (A,B) be controllable. Let A have
nonzero distinct eigenvalues λ1, · · · , λn such that λi.λj 6= 1
for all 1 ≤ i, j ≤ n. Let λ ± iµ be a complex conjugate
pair of eigenvalues of A. Then the Schur complement of
the principal sub-matrix of L∗ associated with all the other
eigenvalues of A, determines a rank two solution of the
simplified DARE

LD−T −DL+ LD−TML = 0.

Proof: Let v1 + iv2 be the complex eigenvector of
the complex eigenvalue λ + iµ. Then v1, v2 span a two
dimensional real subspace associated with the complex
conjugate pair λ± iµ. Without loss of generality, we assume
that matrix L has v1, v2 as its first two columns. Therefore,
ATL = LD where leading 2× 2 principal sub-matrix of D

is
[

λ µ
−µ λ

]
. Let D2 denote this block. Let L∗ and Y ∗ be

as in previous theorem. Let Y2 be leading 2× 2 sub-matrix

of Y ∗ and let L2 =

[
Y −1
2 0
0 0

]
. (We observe that Y2 is

invertible by Lemma 8 and Remark 4.) Clearly L2 satisfies
−DL + LD−T + LD−TML = 0. Note that Y −1

2 can be
obtained by taking Schur complement with respect to the
trailing (n− 2)× (n− 2) principal sub-matrix of L∗.

Example 2: Consider a homogeneous DARE whose pa-
rameters are as follows.

A =

 5 2 2
20 4 0
1 2 5

 , B =

 14
24
25

 .
D =

 7.6631 0 0
0 3.1685 0.6329
0 −0.6329 3.1685
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L =

 0.6353 −0.5997 0.2072
0.6073 0.1562 −0.3796
0.4771 0.6549 0

 .
Note that A has complex conjugate pair of eigenvalues
3.1685± 0.6329 and a real eigenvalue 7.6631.

M = LTBBTL =

 14.6489 15.7125 10.8940
15.7125 16.8533 11.6850
10.8940 11.6850 8.1016

 .
Let Y ∗ be the solution of Lyapunov equation −DTY D +
Y +M = 0.

Y =

 21.7056 15.2012 −12.6059
15.2012 10.8160 −9.1191
−12.6059 −9.1191 7.8304

 .
Rank 3 solution L∗ is given by L∗ = (Y ∗)−1.

L∗ =

 34.7095 −92.1909 −51.4859
−92.1909 249.9661 142.6902
−51.4859 142.6902 83.4163

 .
There is only one rank one solution and one rank two
solution. From the Schur complement of lower 2 × 2 prin-
cipal sub-matrix (which corresponds to position of complex
conjugate eigenvalues in D) of L∗, one obtains

L1 =

 0.0461 0 0
0 0 0
0 0 0

 .
From the Schur complement with respect to (1, 1) principal
sub-matrix (which is complementary to position of complex
conjugate eigenvalues in D), one obtains

L23 =

 0 0 0
0 5.1006 5.9401
0 5.9401 7.0454

 .
Above three solutions along with the zero solution
form the set of solutions of the simplified DARE
LD−T −DL + LD−TML = 0. From these solutions, one
constructs solutions of the original discrete-time algebraic
Riccati equation.

If (A,B) is not controllable, then a full rank solution
does not exist. For example, if X = αvvT where v is
an eigenvector associated with an uncontrollable eigenvalue
λ, then RicD(X) = α(λ−1 − λ)vvT (Since BT v = 0).
Thus, X = 0 is the only possible solution (By Assumption
1). It can be easily shown that invariant subspaces corre-
sponding to uncontrollable eigenvalues do not play any role
in determining the solutions of the DARE RicD(X) = 0
(under assumptions 1 and 2). There is a unique maximal
rank solution whose rank is determined by the dimension of
the controllable subspace of a given pair (A,B). Using X =
LLLT where columns of L are eigenvectors associated with
controllable eigenvalues, one can obtain low rank solutions
from the maximal rank solution (whose rank is determined
by the dimension of the controllable subspace).

V. GENERALIZED DARE

Generalized DARE shows up in descriptor type systems
Eẋ = Ax+Bu where E may be singular [20]. We consider
a generalized homogeneous DARE

ETXE = ATXA−ATXB(I +BTXB)−1BTXA. (11)

where E may be singular. Note that one can obtain a
homogeneous generalized DARE from a non-homogeneous
generalized DARE by fixing a solution as seen before. There-
fore, it is enough to consider a homogeneous generalized
DARE. It can be shown using similar arguments used in the
proof of Lemma 1 that, X is a solution of Equation (11) if
and only if X satisfies

ETXE = ATX(I +BBTX)−1A. (12)

Consider a matrix pencil λET −AT . We assume that this
is a regular matrix pencil i.e. det(λET −AT ) 6= 0. Suppose
it has k distinct non-zero real eigenvalues λ1, . . . , λk with
k eigenvectors forming columns of matrix L. Let D be a
diagonal matrix with these eigenvalues. Therefore,

ETLD = ATL and ETL = ATLD−1.

Assume that A is non singular. Let X = LLLT (ana-
logue of Lemma 2 holds for this case too). Therefore, the
generalized DARE above becomes

ETLLLTE = ATLLLT (I +BBTLLLT )−1A

⇒ ATLD−1LD−TLTA =

ATLLLT (I +BBTLLLT )−1A.

Since A is non-singular, the above equation gives
LD−1LD−TLT (I +BBTLLLT ) = LLLT

⇒ LD−1LD−TLT + LD−1LD−TMLLT = LLLT

where M = LTBBTL.
Since L is full rank,
D−1LD−T +D−1LD−TML = L
⇒ LD−T −DL+ LD−TML = 0. (13)

Observe that this is the same simplified DARE obtained
before. Thus we have reduced generalized DARE to sim-
plified DARE when A is non-singular and the matrix pencil
λET − AT is regular. Note that above simplification also
holds when A has pair of complex conjugate eigenvalues. It
can be shown using similar arguments used in Section III
that if the matrix pencil (λET −AT ) has complex conjugate
eigenvalues on the unit circle, then corresponding invariant
subspace do not correspond to any solutions. Further, results
from previous section hold for the case of generalized DARE
when A is non-singular.

Note that if E is singular, then eigenvectors of ET cor-
responding to its zero eigenvalue correspond to eigenvalues
at infinity of the matrix pencil (λET − AT ). If columns of
L are eigenvectors corresponding to zero eigenvalue of ET ,
then ETL = 0. Thus, X = LLLT is a solution of DARE if
and only if ATL = 0. Thus if ET and AT are both singular
and have a common eigenvector corresponding to the zero
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eigenvalue, then there are infinitely many solutions of the
generalized homogeneous DARE. However, if there is no
common eigenvector between ET and AT corresponding to
the zero eigenvalue or if A is non-singular, then there are no
non-trivial solutions corresponding to the infinite eigenvalue
of the matrix pencil (λET −AT ).

VI. CONCLUSION

We gave a rank characterization of all the solutions of the
homogeneous DARE. We considered the special case when
the system matrix A has distinct eigenvalues. We used the
eigenvectors of A to obtain our characterization. We showed
that the maximal rank solution of the homogeneous DARE
contains information about low rank solutions and showed
how to extract these solutions. These solutions correspond to
storage functions and thus existence of higher rank solution
implies that there are more candidates for a storage function.

We showed that the invariant subspace corresponding to
zero eigenvalues and eigenvalues on the unit circle do not
correspond to any non-trivial solution of a homogeneous
DARE (under Assumption 2). These observations hold for
a general case of repeated eigenvalues too and will be
considered in future work. Furthermore, the approach of
using invariant subspaces of the system matrix A can be
used to identify some invariant sets of difference algebraic
Riccati equation (which arises in problems related to filtering
([4])). This too will be considered in future work.

We showed that the results obtained for DARE also hold
for generalized DARE under appropriate assumptions. We
used the eigenvectors of a matrix pencil (λET − AT ) to
reduce the problem of solving a generalized DARE to a
problem of solving a standard DARE.
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Modeling Containment of Projected Spectrahedra via Matrix
Polynomials

(Extended Abstract*)

Kai Kellner

Abstract— Spectrahedra can be defined as affine sections
of the cone of positive semidefinite matrices or, equivalently,
by linear matrix inequalities (LMI). We investigate the prob-
lem of deciding containment of projections of spectrahedra
(sometimes called LMI representable sets). The main concern
is to study these containment problems by formulating them
as nonnegativity problems of matrix polynomials. This allows
to state hierarchies of sufficient semidefinite conditions by
applying (and proving) a sophisticated Positivstellensatz. It
turns out that the initial step of the hierarchy coincides with
a solitary sufficient semidefinite criterion for the nonprojected
case extended to the projective case. We also extend results
on the connection between containment and the theory of
(completely) positive linear maps.

I. INTRODUCTION

Let Sk be the space of symmetric k × k matrices with
real entries and Sk+ be the closed, convex cone of positive
semidefinite k×k matrices. For x = (x1, . . . , xd) denote by
Sk[x] the space of symmetric k × k matrices with entries
in the polynomial ring R[x]. For real symmetric matrices
A0, A1, . . . , Ad ∈ Sk a linear matrix polynomial A(x) =
A0 +

∑d
p=1 xpAp ∈ Sk[x] is called a linear (matrix) pencil.

The positivity domain of A(x) is defined as the set of points
in Rd for which A(x) is positive semidefinite,

SA =
{
x ∈ Rd | A(x) � 0

}
,

where A(x) � 0 denotes positive semidefiniteness. The
closed, convex, and basic closed semialgebraic set SA is
called a spectrahedron. If SA is bounded, we call it a
spectratope.

Given a linear pencil A(x, y) ∈ Sk[x, y] with x =
(x1, . . . , xd) and y = (y1, . . . , ym) for some nonnegative
integer m, a projection of the spectrahedron SA is its image
under an affine map. By an elementary observation, without
loss of generality, we can assume that the affine projection
is a coordinate projection and that the projection of spectra-
hedron SA as given by the linear pencil A(x, y) ∈ Sk[x, y]
with x = (x1, . . . , xd) and y = (y1, . . . , ym), m ≥ 0, is the
set

π(SA) =
{
x ∈ Rd | ∃y ∈ Rm : A(x, y) � 0

}
,

where π : Rd+m → Rm (x, y) 7→ x denotes the coordinate
projection.

Whereas spectrahedra are basic closed semialgebraic sets
(the semialgebraic constraints are given by the nonnegativity

*This work is an extended abstract to the arxiv paper [1].
Kai Kellner: Goethe Universität Frankfurt, Insitut für Mathematik, 60325

Frankfurt, Germany kellner@math.uni-frankfurt.de

condition on the principal minors), projected spectrahedra
are generally not. Though they are semialgebraic, they are
not (basic) closed in general.

The geometry of projections of spectrahedra attracted
growing attention in recent years. Among others they have
become relevant in many areas like polynomial optimiza-
tion [2], [3], [4], (real) convex algebraic geometry [5], [6],
and extended formulations of polytopes [7].

For integers m,n ∈ Z with m ≤ n we write [m,n] =
{m,m+ 1, . . . , n} and [m] = [1, . . . ,m].

II. THE GENERAL CONTAINMENT PROBLEM

Let A(x, y) = A0 +
∑d

i=1Aixi +
∑m

j=1A
′
jyj ∈ Sk[x, y]

and B(x, y′) = B0+
∑d

i=1Bixi+
∑n

j=1B
′
jy
′
j ∈ Sl[x, y′] be

linear pencils with y = (y1, . . . , ym) and y′ = (y′1, . . . , y
′
n)

for n ≥ 1. Denote the projection of the corresponding
spectrahedra onto the x-variables by

π(SA) =
{
x ∈ Rd | ∃y ∈ Rm : A(x, y) � 0

}
and π(SB) =

{
x ∈ Rd | ∃y′ ∈ Rn : B(x, y′) � 0

}
.

Recall that the projection of a spectrahedron is not necessar-
ily closed and, in general, not a spectrahedron itself.

The containment problem asks: Given A(x, y) and
B(x, y′) as above, is π(SA) ⊆ π(SB)?

In recent years, containment problems for spectrahedra
have seen great interest; see, e.g., [8], [9], [10], [11], [12],
[13]. The π(SA)-in-π(SB) containment problem is more
involved than the SA-in-SB problem.

Define B̄ = span{B′1, . . . , B′n} and recall the equivalence

〈B′i, Z〉 = 0 ∀i ∈ [n] ⇐⇒ Z ∈ B̄⊥.

We state the desired formulation of the π(SA)-in-π(SB) con-
tainment problem as a polynomial nonnegativity question.

Theorem 2.1: Let A(x, y) ∈ Sk[x, y] and B(x, y′) ∈
Sl[x, y′] be linear pencils such that π(SA) 6= ∅. Assume
B̄⊥ ∩ Sl+ 6= {0}.

1) π(SA) ⊆ clπ(SB) if and only if

〈B(x, 0), Z〉 ≥ 0 on π(SA)×
(
B̄⊥ ∩ Tl

)
,

where Tl = {Z ∈ Sl+ | 〈Il, Z〉 = 1} is the l-
spectraplex.

2) Assume that the condition
∑n

i=1B
′
iy
′
i � 0 =⇒∑n

i=1B
′
iy
′
i = 0 holds for all y′. Then the closure in

part (1) can be dropped.
Notice that the projection variables y′ of the outer spec-

trahedron do not appear in the polynomial formulation, only
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the corresponding coefficient matrices. A sufficient condition
for B̄⊥∩Sl+ 6= {0} being satisfied is boundedness of π(SB).

III. RELAXATION VIA MATRIX POLYNOMIALS

Retreating to the case π(SA)-in-SB allows to prove
stronger results. In order to do so, we introduce some
notation and background on sum of squares matrices.

A. Sum of Squares Matrices

Consider a symmetric matrix polynomial G = G(x) ∈
Sk[x] in the variables x = (x1, . . . , xd), i.e., a symmetric
matrix whose entries lie in the polynomial ring R[x]. We
say G has degree t if the maximum degree of the entries is
t, i.e., t = max{deg(Gij) | i, j ∈ [k]}.

For matrices M = (Mij)
l
i,j=1 ∈ Skl and N ∈ Sk, define

〈M,N〉l := (〈Mij , N〉)li,j=1 =

l∑
i,j=1

Eij · 〈Mij , N〉 , (1)

where Eij denotes the l × l-matrix with one in the (i, j)th
entry and zero otherwise, and 〈·, ·〉 is the Euclidean inner
product for matrices. We refer to (1) as the lth scalar
product. It can be seen as a generalization of the Gram matrix
representation of a positive semidefinite matrix. Indeed, for
positive semidefinite matrices M and N the l × l-matrix
〈M,N〉l is positive semidefinite as well [14].

For any positive integer l, define the quadratic module
generated by G(x)

Ml(G) ={S0(x) + 〈S(x), G(x)〉l |
S0(x) ∈ Σl[x], S(x) ∈ Σkl[x]} ⊆ Sl[x],

(2)

where Σk[x] ⊆ Sk is the set of sum of squares k × k-
matrix polynomials. A matrix polynomial S = S(x) ∈ Sk[x]
is called sum of squares (sos-matrix for short) if it has a
decomposition S = U(x)U(x)T with U(x) ∈ Rk×m[x]
for some positive integer m. Equivalently, S has the form
(Ik ⊗ [x]t)

TZ(Ik ⊗ [x]t), where [x]t denotes the monomial
basis in x up to t = max{deg(Sij(x))/2 | i, j ∈ [k]} and Z
is a positive semidefinite matrix of appropriate size.

Checking whether a matrix polynomial is a sos-matrix is
an semidefinite feasibility problem (SDFP); see [15], [16].
Obviously, every element in Ml(G) is positive semidefinite
on the semialgebraic set SG := {x ∈ Rd | G(x) � 0}.
Hol and Scherer [17] showed that for matrix polynomials
positive definite on SG the converse is true under the
Archimedeanness condition. A quadratic module M is called
Archimedean if there exists a positive integer n such that
(n− xTx)In ∈M .

Proposition 3.1 ([17], [18]): Let l be a positive integer
and let SG = {x ∈ Rd | G(x) � 0} for a matrix polynomial
G ∈ Sk[x]. If the quadratic moduleMl(G) is Archimedean,
then it contains every matrix polynomial F ∈ Sl[x] positive
definite on SG.

Interestingly, the Archimedeanness condition in Proposi-
tion 3.1 is independent of the choice of l, i.e., Ml(G) is
Archimedean for some positive integer l if and only if it is
Archimedean for all positive integers l. This equivalence has

been proved by Helton, Klep, and McCullough for monic
linear matrix pencils; see [10]. We extend it to quadratic
modules generated by arbitrary matrix polynomials. The next
statement follows from [19], [20] together with the shown
equivalence.

Proposition 3.2: Assume G is a linear pencil. Then
Ml(G) for any positive integer l is Archimedean if and only
if the spectrahedron SG is bounded.

B. Relaxation via Matrix Polynomials

Consider the linear pencils A(x, y) ∈ Sk[x] and B(x) ∈
Sl[x]. Then π(SA) is contained in SB if and only if B(x) �
0 on π(SA). If SA is a spectratope, then this is equivalent
to B(x) + εIl ∈Ml(A) for all ε > 0, where

Ml(A) = {S0+〈S,A(x, y)〉l | S0 ∈ Σl[x, y], S ∈ Σkl[x, y]}

is the quadratic module associated to A(x, y) as defined
in (2). Clearly, if B(x) ∈Ml(A) for a linear pencil B(x) ∈
Sl[x], then clπ(SA) ⊆ SB . Thus truncation of the Ml(A)
yields a hierarchy of SDFPs to decide containment.

The drawback of this approach is that it relies on the
geometry of the spectrahedron SA rather than its projec-
tion, namely the boundedness assumption on SA and the
appearance of the projection variables y in the quadratic
module. In the following, we address this by developing a
refinement of Hol-Scherer’s Positivstellensatz. Particularly,
we can eliminate the variables y in the sense that they neither
appear in the quadratic module nor in the relaxation.

Gouveia and Netzer [21] derived a Positivstellensatz for
polynomials positive on the closure of a projected spectra-
hedron. Subsequently, we state an extension to linear pencils
positive definite on a projected spectrahedron. Thereto define
the quadratic module

Ml(πA) ={S0 + 〈S,A(x, 0)〉l | 〈S,A
′
i〉l = 0 ∀i ∈ [m],

S0 ∈ Σl[x], S ∈ Σkl[x]}.

It is easy to see that Ml(πA) is in fact a quadratic module.
Note that Ml(πA) does not have to be finitely generated;
see [21]. Clearly, every element of Ml(πA) is positive
semidefinite on the closure of π(SA).

Theorem 3.3: Let A(x, y) ∈ Sk[x, y] be a strictly feasible
linear pencil such that π(SA) is bounded. For l ∈ N the
quadratic module Ml(πA) is Archimedean and contains
every matrix polynomial positive definite on clπ(SA).

Theorem 3.3 leads to a refined hierarchy for the π(SA)-
in-SB containment problem using the truncated quadratic
module

Ml
t(πA) ={S0 + 〈S,A(x, 0)〉l | 〈S,A

′
i〉l = 0 ∀i ∈ [m],

S0 ∈ Σl
t[x], S ∈ Σkl

t [x]} (3)

where Σkl
t [x] is the set of sos-matrices of degree at most

t. It is evident from the definition of the quadratic module
Ml(A) and its truncation Ml(πA) that the latter approach
is preferable to the naive way from the theoretical viewpoint
(provided that A(x, y) is strictly feasible).
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Theorem 3.4: Let A(x, y) ∈ Sk[x, y] be a strictly feasible
linear pencil such that π(SA) is bounded and let B(x) ∈
Sl[x] be a linear pencil.

1) clπ(SA) ⊆ SB if and only if B(x) + εIl ∈ Ml(πA)
for all ε > 0.

2) If B(x) � 0 on clπ(SA), then B(x) ∈Ml(πA).
Consider the 0-th step of the hierarchy based on (3).

Subsequently, the indeterminate matrix C = (Cij)
k
i,j=1 is

a symmetric kl × kl-matrix, where the Cij are l × l-blocks.
Theorem 3.5: Let A(x, y) ∈ Sk[x, y] and B(x) ∈ Sl[x]

be linear pencils. Assume A(x, y) is strictly feasible. The
following are equivalent.

1) B(x) ∈Ml
0(πA).

2) There exist C ′ = (C ′ij)
l
i,j=1 ∈ Skl+ , C ′0 ∈ Sl+ such that

B0 = C ′0 + 〈A0, C
′〉l , Bp = 〈Ap, C

′〉l ∀p ∈ [d],

0 =
〈
A′q, C

′〉
l
∀q ∈ [m].

3) There exist C = (Cij)
k
i,j=1 ∈ Skl+ , C0 ∈ Sl+ such that

B0 = C0 +

k∑
i,j=0

(A0)ijCij ,

Bp =

k∑
i,j=0

(Ap)ijCij ∀p ∈ [d], (4)

0 =

k∑
i,j=0

(A′q)ijCij ∀q ∈ [m].

In the theorem the positive semidefinite matrix C coin-
cides with the constant sos-matrix S in the representation
B(x) ∈ Ml

0(πA) after permuting rows and columns simul-
taneously.

In the non-projected case, the sufficient semidefinite cri-
terion (4) has first been developed by Helton et al. [10]
using the theory of positive linear maps (cf. Section IV)
and has been reproofed in [12] by elementary methods. In
[22] the author showed that the condition is exactly the 0th
step of the hierarchy based on truncation of the Hol-Scherer
quadratic module (2). Here we are bringing this forward to
the projected case.

In the following example we consider the optimization
version of (3)

µ(t) = sup{µ | B(x)− µIl ∈Ml
t(πA)}.

Letting t tend to infinity, the sequence of optimal values µ(t)
converges to the value µ∗ = sup{µ | B(x)− µIl � 0 ∀x ∈
π(SA)} which is nonnegative if and only if clπ(SA) ⊆ SB .
Thus a nonnegative value µ(0) states the existence of a
containment certificate with t = 0.

Example 3.6: Consider the so-called TV screen (see, e.g.,
[5]) π(SA) defined as the projection of the spectrahedron
SA = {(x, y) ∈ R2+2 | A(x, y) � 0} with

A(x, y) =

[
1 + y1 y2
y2 1− y1

]
⊕
[

1 x1
x1 y1

]
⊕
[

1 x2
x2 y2

]
onto the x variables.

Note that while the TV screen is centrally symmetric (as
its boundary equals the variety defined by the polynomial
1− x41 − x42), its defining spectrahedron is not (as the point
(1, 0, 1, 0) is contained in SA but its negative (−1, 0,−1, 0)
is not).

As one can see in Table I, the smallest radius of a ball
containing the TV screen is at most 4

√
2 ≈ 1.1892, while the

smallest radius of a (centered) ball containing SA is at most√√
2 + 1 ≈ 1.5538.

Actually, the computed values for the smallest radii are
exact. For p =

(
1
4√2
, 1

4√2
, 1√

2
, 1√

2

)
∈ SA we have ‖π(p)‖2 =

4
√

2 and ‖p‖2 =
√√

2 + 1, implying that the circumradius
of the TV screen is at least 4

√
2 and that

√√
2 + 1 is the

smallest possible radius of a ball (centered at the origin)
containing SA.

π(SA) rSB r time µ(0)
TV screen 2-ball 1.18 0.8514 −0.0078

4
√
2 2.0564 −1.3621 · 10−08

1.19 0.9964 6.6628 · 10−04

1.2 0.9854 0.0090
SA rSB

4-ball 1.55 1.1036 −0.0024√√
2 + 1 0.9373 3.1037 · 10−09

1.56 1.0723 0.0040

TABLE I
COMPUTATIONAL TEST OF CONTAINMENT AS DESCRIBED IN

EXAMPLE 3.6.

IV. CONTAINMENT AND COMPLETE POSITIVITY

We discuss an extension of the connection between pos-
itive linear maps [23] and containment of spectrahedra (as
introduced by Helton et al. [10]; see also [13]) to projected
spectrahedra. A linear map τ : A → B between subspaces
of matrices is called positive if it maps every positive
semidefinite matrix in A onto a positive semidefinite matrix
in B.

Given two linear pencils A(x, y) ∈ Sk[x, y] and B(x) ∈
Sl[x] with y = (y1, . . . , ym) define the linear subspaces

A = span{A0, . . . , Ad, A
′
1, . . . , A

′
m}

and B = span{B0, . . . , Bd}.

Every element in A can be associated to a homogeneous
linear pencil A(x0, x, y) ∈ Sk[x0, x, y] (A0 being the coef-
ficient of x0). The linear pencil

Â(x0, x, y) := x0(1⊕A0) +

d∑
p=1

xp(0⊕Ap)

+

m∑
q=1

yq(0⊕A′q)

is called the extended linear pencil associated to A(x0, x, y).
The associated linear subspace is Â = span{1 ⊕ A0, 0 ⊕
A1, . . . , 0⊕Ad, 0⊕A′1, . . . , 0⊕A′m}.
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For linearly independent A1, . . . , Ad, A
′
1, . . . , A

′
m, let

Φ̂AB : Â → B be the linear map defined by

Φ̂AB(1⊕A0) = B0, Φ̂AB(0⊕Ap) = Bp ∀p ∈ [d],

Φ̂AB(0⊕A′p) = 0 ∀p ∈ [m].

Since every linear combination 0 = λ0(1 ⊕ A0) +∑d
p=1 λp(0 ⊕ Ap) +

∑m
q=1 λd+q(0 ⊕ A′q) for real scalars

λ0, . . . , λd+m yields λ0 = 0, it suffices to as-
sume the linear independence of the coefficient matrices
A1, . . . , Ad, A

′
1, . . . , A

′
m to ensure that Φ̂AB is well-defined.

If A0, A1, . . . , Ad, A
′
1, . . . , A

′
m are linearly independent,

then we can retreat to the simpler map ΦAB : A → B
defined by

ΦAB(Ap) = Bp ∀p ∈ [d] and ΦAB(A′q) = 0 ∀q ∈ [m].

The next theorem extends the key connection between
operator theory and containment of spectrahedra to the
setting of projections of spectrahedra.

Theorem 4.1: Let A(x, y) ∈ Sk[x, y] and B(x) ∈ Sl[x]
be linear pencils.

1) If ΦAB or Φ̂AB is positive, then π(SA) ⊆ SB .
2) If π(SA) 6= ∅, then π(SA) ⊆ SB implies positivity of

Φ̂.
3) If π(SA) 6= ∅ and SA is bounded, then π(SA) ⊆ SB

implies positivity of Φ.
The linear map Φ̂AB can be represented by an symmetric

(k+1)l×(k+1)l matrix Ĉ. By inspecting the linear equations
defining Ĉ, it is easy to see that Ĉ = C0 ⊕ C, where the
matrix pair C0, C is from Theorem 3.5.

Corollary 4.2: Let A(x, y) ∈ Sk[x, y] and B(x) ∈ Sl[x]
be linear pencils with A(x, y) strictly feasible. Then the
following are equivalent.

1) The map Φ̂AB is completely positive, i.e., Ĉ � 0.
2) The solitary criterion (4) is feasible.
3) B(x) ∈Ml

0(πA).
As noted after Theorem 3.5, if S0, S are the positive

semidefinite matrices in the representation B(x) ∈Ml
0(πA),

then Ĉ equals S0, S after permuting rows and columns
simultaneously.
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Moments at “discontinuous signals” with applications: model reduction
for hybrid systems and phasor transform for switching circuits

Giordano Scarciotti and Alessandro Astolfi

Abstract— We provide an overview of the theory and applica-
tions of the notion of moment at “discontinuous interpolation
signals”, i.e. the moments of a system for input signals that
do not satisfy a differential equation. After introducing the
theoretical framework, which makes use of an integral matrix
equation in place of a Sylvester equation, we discuss some
applications: the model reduction problem for linear systems at
discontinuous signals, the model reduction problem for hybrid
systems and the discontinuous phasor transform for the analysis
of circuits powered by discontinuous sources.

I. INTRODUCTION

The model reduction problem consists in finding a sim-
plified description of a complex model in specific operating
conditions maintaining at the same time certain properties
[1]. Model reduction by moment matching is a method that
has the objective of determining a reduced order model
which has a steady-state output response equal to the one
of the system to be reduced for the same class of input
signals [2]. In fact, the moments of a linear system are
in “one-to-one” relation with the steady-state response of a
particular interconnected system. In this paper we provide
an overview of the results generated from the notion of
moment at “discontinuous signals” introduced in [3], [4].
The origin of this notion is motivated by a large number
of applications in which standard operating conditions are
associated to non-continuous input signals, such as pulse
width modulated waves in power converters. The generality
of the signals we are able to interpolate, which include signals
generated by classes of time-invariant systems, time-varying
systems, nonlinear systems and hybrid systems, is pointed
out in Section II. In Section III the theoretical framework is
introduced and the notion of moment at discontinuous signals
is defined using an integral matrix equation. We then cover
several applications in which this new notion has been, or
can be, used. First, we provide in Section IV a family of
reduced order models by moment matching at discontinuous
signals. Second, we extend in Section V the theory of model
reduction by moment matching to a class of hybrid systems.
Third, we give in Section VI the notion of discontinuous
phasor transform and show the use of this new analytical tool
for the analysis of switching circuits.

G. Scarciotti and A. Astolfi are with the Dept. of Electrical and Electronic
Engineering, Imperial College London, London, SW7 2AZ, UK, E-mail:
gs3610@ic.ac.uk.
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Politecnico 1, 00133 Rome, Italy, E-mail: a.astolfi@ic.ac.uk.

II. A GENERAL CLASS OF SIGNALS

We begin by introducing the definition of explicit and
implicit models and we present the general class of signal
generators in explicit form. We show that this general class is
a powerful description which includes the signals generated
by very different classes of systems.

Definition 1: Let x, with x(t) ∈ Rn, be the state of a
dynamical system Σ. Let u, with u(t) ∈ Rm, be the input of
Σ. Let t0 and x0 = x(t0) be the initial time and the initial
state, respectively. If there exists a function φ : R×R×Rn×
Rm → Rn such that

x(t) = φ(t, t0, x0, u[t0,t)), (1)

for all t ≥ t0, we call equation (1) the representation in
explicit form [5], or the explicit model, of Σ.
Assume φ(t, t0, x0, u[t0,t)) has a continuous derivative with
respect to t for every t0, x0 and u, and there exists a function
f : Rn × Rm → Rn continuous for each t over Rn × Rm
such that

ẋ = f(x, u). (2)

We call the differential equation (2) the representation in
implicit form [6], or the implicit model, of Σ.
Consider a signal generators in explicit form described by
the equation

ω(t) = Λ(t)ω(0), u = Lω, (3)

with L ∈ R1×ν and Λ(t) ∈ Rν×ν such that Λ(0) = I .
Note that (3) provides a very general class of models which
contains the implicit model

ω̇ = Sω, u = Lω, (4)

with S ∈ Rν×ν , but that describes several other signal
generators. For instance, it can represent signals generated
by a time-varying system of the form

ω̇ = S(t)ω, u = Lω, (5)

in which case Λ is the transition matrix associated to (5) [7,
Section 3].
Equation (3) can also represent a signal generator described
by some class of hybrid systems of the form

ω̇(t, k) = Sω(t, k), uc=Lcω,
ω+ = ω(t, k + 1) = Jω(t, k), ud=Ldω,

(6)

with J ∈ Rν×ν , Lc ∈ R1×ν , Ld ∈ R1×ν , uc ∈ R and
ud ∈ R, which jumps and flows on some hybrid time domain.
Note also that any periodic signal that can be written as the
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product of a function of time times the initial condition can
be described by (3) adding the property

Λ(t) = Λ(t− T ), t ≥ T, (7)

where T is the period of the signal u. Not only any periodic
signal can be represented with (3), but (3) can be regarded as
“the signal itself” generated by all the other representations.
For instance, if we consider a square wave, then

Λ(t) = u(t) =

 1, (k − 1)π < t < kπ,
0, t = kπ or t = (k + 1)π,
−1, kπ < t < (k + 1)π,

with k = 1, 3, 5, . . . ,+∞, irrespective of the class of systems
that generated the signal. For example, u(t) can be generated
by a nonlinear system, i.e. u(t) = sign(sin(t)), or it can be
generated by the hybrid system (6). In fact, considering the
case of periodic jumps, with period T , yields

u(t) = Jb
t
T ceSt. (8)

It is evident that the characterization of the moments for
the explicit signal generator (3) would solve the problem
of model reduction by moment matching for many different
classes of input signals.

III. INTEGRAL DEFINITION OF MOMENT

Consider a linear, single-input, single-output, continuous-
time, minimal, system described by the equations

ẋ = Ax+Bu, y = Cx, (9)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, A ∈ Rn×n, B ∈ Rn×1

and C ∈ R1×n. To guarantee that the steady-state response
of system (9) driven by (3), upon which the description
of moment is based, exists, we need to introduce further
hypotheses on the class of input signals (3).

Assumption 1: The vector ω(t) defined in equation (3) has
a strictly proper Laplace transform with non-negative poles.

Assumption 2: The matrix valued function Λ(t) is non-
singular for all t ≥ 0.
Assume now that there exists a set T ⊂ R≥0 in which Λ(t) is
differentiable with respect to t and consider the time-varying
system described by the equation

ż(t) = G(t)>z(t), (10)

with G(t) = −Λ̇(t)Λ(t)−1. Let Φ(t) be the transition matrix
of system (10).

Assumption 3: The function G(t) is piecewise continuous
with respect to t. Moreover, there exist T ≥ 0 and a
polynomial p(t) such that ||Φ(t)>|| ≤ p(t) for all t ≥ T .

Assumption 4: The triple (L,Λ, ω(0)) is minimal, see [4],
[8].

Remark 1: Assumptions 1, 2, 3 and 4 are “mild” assump-
tions and the role of each assumption is explained in [4]. Note
that they are satisfied by a general class of discontinuous
periodic signals, see [9].
We report now the definition of moment as derived in [4].

Theorem 1: [4] Consider system (9) driven by the signal
generator (3). Assume Assumptions 2 and 3 hold, σ(A) ⊂
C<0 and Λ(t) is almost everywhere differentiable. Let

Π(t) =

(
eAtΠ(0) +

∫ t

0

eA(t−τ)BLΛ(τ)dτ

)
Λ(t)−1, (11)

be a family of matrix valued functions parametrized in Π(0) ∈
Rn×ν . Then there exists a unique Π∞(0) such that, for any
Π(0), limt→+∞Π(t) − Π∞(t) = 0, where Π∞(t) is the
solution of (11) with Π(0) = Π∞(0). Moreover, if x(0) =
Π∞(0)ω(0) then x(t) − Π∞(t)ω(t) = 0 for all t ≥ 0, and
the set M∞ = {(x, ω) ∈ Rn+ν |x(t) = Π∞(t)ω(t)} is
attractive.
Note that the function Π∞(t) solves the differential equation

Π̇(t) = AΠ(t) +BL−Π(t)Λ̇(t)Λ(t)−1, (12)

with the initial condition Π(0) = Π∞(0), for all t ∈ T .
Definition 2: Consider system (9) and the signal genera-

tor (3). Suppose Assumptions 1, 2 and 3 hold and σ(A) ⊂
C<0. The function CΠ∞(t), where Π∞(t) is the solution of
equation (11) with Π(0) = Π∞(0), is defined as the moment
of system (9) at Λ.

Corollary 1: [4] Consider the interconnection of sys-
tem (9) with the signal generator (3). Suppose Assumptions 1,
2, 3 and 4 hold and σ(A) ⊂ C<0. Then the moment of (9)
at Λ coincides with the steady-state response of the output
of the interconnected system (3)-(9).
The choice of defining the moment of (9) as in Definition 2
is justified by the equivalence, when an implicit model of (3)
is available, between the new and the classical definition of
moment (see [4, Theorem 3], [10], [11]).
The determination of the initial condition Π∞(0) is simplified
if particular classes of systems are considered. For instance
we may consider periodic signals, since they are of special
interest for applications [3], [4], [9].

Corollary 2: [4] Consider system (9) and the signal
generator (3). Assume Assumptions 2 and 3 hold and σ(A) ⊂
C<0. If for the signal generator (3) the property (7) holds,
then Π∞(t) is periodic and equation (11) becomes

Π∞(t) =
(
I − eAT

)−1
[∫ t

t−T
eA(t−τ)BLΛ(τ)dτ

]
Λ(t)−1. (13)

Remark 2: Exploiting the periodicity of the steady-state,
Π∞(t) defined in (13) has to be computed only over a period.
This can be done off-line and the obtained values can then
be used on-line for any time interval, considerably reducing
the complexity of determining Π∞(t).

IV. MODEL REDUCTION AT DISCONTINUOUS SIGNALS

Exploiting the characterization of moment based on the
matrix (13), we can define a family of reduced order models
for the linear system (9) at the input signals generated by
(3) with the property (7). Note that the property (7) can be
weakened, as shown in [4].

Proposition 1: [4] Consider system (9) and the signal
generator (3) with the property (7). Suppose Assumptions 1,
2, 3 and 4 hold and σ(A) ⊂ C<0. Then the system

ξ̇ = Fξ +Gu, ψ = CΠ∞(t)P∞(t)−1ξ(t), (14)
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with ξ(t) ∈ Rν , F ∈ Rν×ν , G ∈ Rν×ν and Π∞(t) defined
in (13), is a model of system (9) at (Λ, L), if σ(F ) ⊂ C<0

and

P∞(t) =
(
I − eFT

)−1
[∫ t

t−T
eF (t−τ)GLΛ(τ)dτ

]
Λ(t)−1, (15)

is non-singular for all t ∈ R≥0.

V. MODEL REDUCTION FOR HYBRID SYSTEMS

First of all note that the problem of model reduction of
linear systems at input signals generated by hybrid systems
is already solved by Proposition 1, considering the matrix Λ
defined in (8). An alternative formulation based on hybrid
output regulation, but still inspired by the results of [4], has
been given in [12]. Instead, herein we consider the problem of
model reduction of hybrid systems at input signals generated
by hybrid systems, extending in this way the results in the
literature.
Define the hybrid time domain H := {(t, k) : t ∈
[kT, (k + 1)T ] , k ∈ Z} and the set D<1 (D1) of complex
numbers with modulus strictly smaller than (equal to) one.
Consider a linear, single-input, single-output, hybrid system
flowing and jumping according to H described by the
equations

ẋ = Acx+Bcuc, x+ = Adx+Bdud, y = Cx, (16)

with x(t, k) ∈ Rn, y(t, k) ∈ R, Ac ∈ Rn×n, Ad ∈ Rn×n,
Bc ∈ Rn×1, Bd ∈ Rn×1 and C ∈ R1×n.

Theorem 2: Consider the interconnection of system (16)
with the hybrid generator (6). Assume σ

(
Ade

AcT
)
⊂ D<1

and σ
(
JeST

)
⊂ D1. The steady-state output response of the

interconnected system is CΠ∞(t)ω, where Π∞ is the unique
solution of

Π̇∞ = AcΠ∞ −Π∞S +BcLc, (17)

for all t 6= kT , with k ∈ Z, and with the matrices Π(kT ) =
Π(T ), for all k, where Π(T ) is given by the solution of the
equation

Π∞(T )J = AdΠ∞(0) +BdLd.
Note that Π∞(t) defined in (17) is exactly the same matrix
defined in Theorem 1, for the special signal generator (6).

Definition 3: Consider system (16) and the signal gener-
ator (6). Assume σ

(
JeST

)
⊂ D1 and σ

(
Ade

AcT
)
⊂ D<1.

The function CΠ∞(t), where Π∞(t) is the solution of
equations (17) is defined as the moment of system (16) at
(S,Lc, J, Ld).

Proposition 2: Consider system (16) and the signal gener-
ator (6). Suppose σ

(
JeST

)
⊂ D1, σ

(
Ade

AcT
)
⊂ D<1 and

Assumption 4 hold. Then the system

ξ̇ = (S −GcLc)ξ +Gcuc,
ξ+ = (J −GdLd)ξ +Gdud,
ψ = CΠ∞(t)ξ(t),

(18)

with ξ(t, k) ∈ Rν , ψ(t, k) ∈ R, Gc ∈ Rν×1, Gd ∈ Rν×1

and Π∞(t) the unique solution of (17), is a model of
system (16) at (S,Lc, J, Ld), for any Gc and Gd such that
σ
(
(J −GdLd)e(S−GcLc)T

)
⊂ D<1.

Finally, note that recently the method of model reduction
by moment matching has been further generalized to hybrid
systems with state-dependent jumps [13].

VI. DISCONTINUOUS PHASOR TRANSFORM

Assume now that the state variables of the linear system (9)
represent the currents and the integrals of the currents of
an electrical circuit, i.e. they are obtained applying the
Kirchhoff’s Voltage Law. We assume also that the sources are
voltage sources. In [9], see also [14], it has been shown that
the phasors of a linear system are the moments of the system
describing the circuit when a single complex interpolation
point is selected. Hence, the definition of moment based
on the matrix (13) allows to define an extension of the
phasor transform for discontinuous sources, e.g., pulse width
modulated waves.

Definition 4: The system (9) and the generator (3) are said
to be in the mixed convention if the matrices A, B and C
have real entries and the matrices L and Λ have complex
entries.
We define now the phasor for sources described by (3).

Definition 5: [9] Consider system (9) and the signal
generator (3) with the property (7). Assume Assumptions 1,
2, 3 and 4 hold, σ(A) ⊂ C<0 and Λ(t) is almost everywhere
differentiable. The components of the function Π∞(t), defined
in (13), are the discontinuous phasors of all the currents and
of all the integrals of the currents in system (9) for the
source Λ(t). The discontinuous inverse phasor transform of
the steady-state output current i(t) of system (9) is

i(t) = <
[
I(t)Λ(t)

]
, (19)

with I(t) = CΠ∞(t).
Remark 3: Similarly to the sinusoidal case, the instanta-

neous currents are recovered multiplying the phasor with the
source and taking the real part.

Remark 4: Differently from the sinusoidal case, the phasor
I(t) is a time-dependent periodic function. Note that if Λ(t)
is sinusoidal, equation (13) defines the usual constant phasor
and Π∞ solves a Sylvester equation (see [14]).

Remark 5: The inverse phasor transform introduced in
[15] is a particular case of the more general phasor transform
we have introduced. In fact, the phasor transform therein is
recovered when Λ(t) = ejω(t). Note moreover that in [15] the
phasor itself, i.e. the direct phasor transform, is not defined.

Now that we have defined the discontinuous phasor and
the discontinuous inverse phasor transform we extend the
properties of the phasor circuit analysis describing the v-i
characteristics of some common subcircuits which constitute
power electronic devices. In fact, to be useful for applications
we need to be able to compute the voltage across an
inductor, capacitor and resistor given the phasor of the current
which flows through these components. This is of paramount
importance to be able to define the power and, more in general,
to make this mathematical extension an accurate description
of the physical quantities in the circuit. The expressions that
relate voltage and current in an inductor (with inductance L ),
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capacitor (with capacitance C ) and resistor (with resistance
R) are, respectively,

v = L
di

dt
, v =

1

C

∫ t

0

i dτ, v = Ri. (20)

Utilizing the classical phasor transform

f(t) = <
[
Fejωt

]
, (21)

it can be proved that the relations

V = jωL I, V =
1

jωC
I, V = RI, (22)

hold. When the source is described by the generator (3),
these relations may not hold anymore. For instance, consider
a square wave, which utilizing the Fourier series, can be
described as the sum of infinitely many frequencies ωk. With
the introduction of Definition 5, this type of signals can be
transformed without approximations. In fact, exploiting the
discontinuous phasor transform we obtain the following exact
relations.

Theorem 3: [9] Consider the equations in (20). The
relations

V (t) = L İ(t) + L Λ̇(t)
Λ(t)I(t),

V̇ (t) + Λ̇(t)
Λ(t)V (t) = 1

C I(t),

V = RI(t),

(23)

hold.
Remark 6: If Λ(t) = ejωt, then İ(t) = 0, V̇ (t) = 0,

Λ̇(t)Λ(t)−1 = jω and (23) become the relations in (22).
Remark 7: In the mixed convention, the components with

odd indeces of Π∞, computed from (13), are those functions
that multiplied by Λ give the steady-state of the integrals of
the currents.
Using the phasor transform (19) the instantaneous power is
defined as

p(t) = v(t)i(t) = <
[
V (t)Λ(t)

]
<
[
I(t)Λ(t)

]
, (24)

which, exploiting the properties of the real part operator,
yields

p(t) =
1

2
<
[
V (t)∗I(t)Λ(t)Λ(t)∗

]
+

1

2
<
[
V (t)I(t)Λ(t)2

]
.

(25)
As in the sinusoidal case the instantaneous power is separated
into two terms: the average of the first term is equal to the
average power, whereas the average of the second term is
zero. However, differently from the sinusoidal case, the first
term is not constant, in general, and thus it is not equal to
the average power. Hence, the average power and the reactive
power are defined as follows.

Definition 6: In the phasor domain identified by the phasor
transform (19), the average power Pa and the reactive power
Q are defined as

Pa = 1
2

〈
<
[
V (t)∗I(t)Λ(t)Λ(t)∗

]〉
,

Q = 1
2

〈
=
[
V (t)∗I(t)Λ(t)Λ(t)∗

]〉
,

(26)

where < · > represents the time average operator.

Equations (26) are consistent with the usual definition of
average power and reactive power in the complex exponential
case. For the non-exponential case, equations (26) generalize
the respective relations achievable with the phasor transform
(21). Note that one can say more when specific signals are
considered. For instance, if the input signal is a square wave,
Pa = 1

4<
[
V (t)∗I(t)

]
.

VII. CONCLUSION

We have provided an overview of the results originated
from the notion of moment at “discontinuous interpolation
signals”. We have introduced a class of signal generators and
we have shown its generality. We have defined the notion
of moment with an integral matrix equation and we have
discussed some applications: the model reduction problem
for linear systems at discontinuous signals, the discontinuous
phasor transform for the analysis of circuits powered by
discontinuous sources and the model reduction problem for
hybrid systems.
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Robust Regulation for Port-Hamiltonian Systems of Even Order

Jukka-Pekka Humaloja∗, Lassi Paunonen∗ and Seppo Pohjolainen∗

Abstract— We present a controller that achieves robust
regulation for a port-Hamiltonian system of even order.
The controller is especially designed for impedance energy-
preserving systems. By utilizing the stabilization results for
port-Hamiltonian systems together with the theory of robust
output regulation for exponentially stable systems, we construct
a simple controller that solves the Robust Output Regulation
Problem for an initially unstable system. The theory is illus-
trated on an example where we construct a controller for one-
dimensional Schrödinger equation with boundary control and
observation.

I. INTRODUCTION

The class of port-Hamiltonian systems includes models
of flexible structures, traveling waves, heat exchangers,
bioreactors, and, in general, lossless and dissipative hyperbolic
systems on one-dimensional spatial domain [7]. Due to this
vast coverage of models, the stability and stabilization of port-
Hamiltonian systems have been subjects of active research
during the past decade [1], [12]. Stability and stabilization
properties of systems are essential for robust output regulation
problems, which ties robust regulation for port-Hamiltonian
systems closely to this field of research.

The Internal Model Principle is the key to understanding
how control systems can be robust, i.e., tolerate perturbations
in the systems’ parameters. The type of robust controller
(low-gain controller) proposed by Davison [3] for stable
systems has many practical advantages, as the structure of
the controller is simple and it can be tuned with input-output
measurements from the open loop system. The controller was
generalized to infinite-dimensional systems and its tuning
process was simplified in [5], [6]. The Internal Model
Principle was generalized to regular linear systems in [9],
[10]

In this paper, we construct a robust regulating controller
for an impedance energy-preserving port-Hamiltonian system
of even order. Even though the considered system is initially
unstable, by combining output feedback with a typical
controller structure we will be able to construct a simple
controller that achieves robust output regulation on the system.
By robust regulation we mean that the controller exponentially
asymptotically tracks the reference signal yref , exponentially
asymptotically rejects the boundary disturbance w and allows
some perturbations in the plant [6].

As the main contribution of this paper we construct a
simple robust regulating controller for an initially unstable
system. Using the stability results presented in [1] we

∗Tampere University of Technology, Department of Mathematics, P.O.Box
533, 33101 Tampere, Finland, firstname.lastname@tut.fi

derive a sufficient criterion for exponential stability of port-
Hamiltonian systems of even order. With the new criterion, we
will show that the asymptotically stabilizing output feedback
presented in [12] actually achieves exponential stability for
impedance energy-preserving port-Hamiltonian systems of
even order. When the system is exponentially stabilized, we
can utilize the controller structure introduced in [5], [6] for
exponentially stable systems, and construct a simple robust
regulating controller for a system that was initially unstable.

The structure of this paper is as follows. In Section III we
give some required background to port-Hamiltonian systems.
Furthermore, we will present a sufficient condition for an
even-order port-Hamiltonian system to be exponentially stable,
and we will use the result to exponentially stabilize a port-
Hamiltonian system. In Section IV we will introduce the
control system, and in Section V we present the Robust
Output Regulation Problem (RORP) and the Internal Model
Principle. In Section VI we will present our main result
which will be illustrated in Section VII where we construct
a controller for one-dimensional Schrödinger equation. In
Section VIII we conclude the paper.

II. NOTATION

Here L(X,Y ) denotes the set of bounded linear operators
from the normed space X to the normed space Y . The domain,
range, null space and resolvent of a linear operator A are
denoted by D(A),R(A), N (A) and ρ(A), respectively. A
strongly continuous (C0-) semigroup TA(t) generated by A
is exponentially stable if there are positive constants M and
α such that ||TA(t)|| ≤Me−αt.

III. BACKGROUND ON PORT-HAMILTONIAN SYSTEMS

A linear port-Hamiltonian system of order N on the spatial
interval ζ ∈ [a, b] is given by

∂

∂t
x(ζ, t) = Ax(ζ, t), x(0) = x0, (1a)

u(t) = Bx(·, t), (1b)
y(t) = Cx(·, t), (1c)

where B and C are linear operators, and the operator A is
defined by

Ax(ζ, t) :=

N∑
k=0

Pk
∂k(H(ζ)x(t, ζ))

∂ζk
, (2)

where the matrices Pk ∈ Cn×n satisfy the condition P ∗k =
(−1)k+1Pk for k ≥ 0, and the matrix PN is assumed to
be invertible [12]. The Hamiltonian density matrix function
H : [a, b]→ Cn×n is a measurable function such that there
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exists 0 < m ≤ M such that for almost every ζ ∈ [a, b]
we have H(ζ) = H(ζ)∗ and m|ξ|2 ≤ ξ∗H(ζ)ξ ≤M |ξ|2 for
ξ ∈ Cn [1]. The energy state space X = L2([a, b],Cn) is
equipped with the inner product

〈f, g〉X =
1

2

b∫
a

g(ζ)∗H(ζ)f(ζ)dζ, (3)

and hence, X is a Hilbert space.
Let

Φ : HN ([a, b];Cn)→ C2nN ,

Φ(x) := (x(b), . . . , x(N−1)(b), x(a), . . . , x(N−1)(a))
(4)

be the boundary trace operator and introduce the boundary
port variables f∂ , e∂ defined by[

f∂
e∂

]
:=

1√
2

[
Q −Q
I I

]
Φ(Hx) := RextΦ(Hx), (5)

where Q ∈ CnN×nN is a block matrix given by

Qij :=

{
(−1)j−1Pi+j−1, i+ j ≤ N + 1

0, else
. (6)

Note that since PN is assumed to be invertible, it follows
that Q is invertible, and hence, Rext is invertible as well.
Using the boundary port variables we define the operators B
and C as

Bx(t) := WB

[
f∂(t)
e∂(t)

]
, (7a)

Cx(t) := WC

[
f∂(t)
e∂(t)

]
, (7b)

where WB ,WC ∈ CnN×2nN . [1]
Define the domain of the operator A as

D(A) =

{
Hx ∈ HN ([a, b],Cn)

∣∣∣∣WB

[
f∂
e∂

]
= 0

}
. (8)

Since we assumed P0 to be skew-adjoint, it follows from
[4, Thm. 4.1] that the operator A generates a contraction
semigroup if and only if WBΣW ∗B ≥ 0, where

Σ =

[
0 I
I 0

]
. (9)

Furthermore, for N = 1 we have from [7, Lem. 9.1.4] that
if WBΣW ∗B > 0 then A generates an exponentially stable
semigroup. By utilizing the following proposition [1, Prop.
2.14], we will show that the result of [7, Lem. 9.1.4] holds
for N = 2 as well.

Proposition 1: [1, Prop. 2.14] Let N = 2 and H ∈
W 1
∞([a, b];Cn×n), and assume

Re〈Ax, x〉X ≤ −γ
(
||(Hx)(a)||2 + ||(Hx)′(a)||2 + ||(Hx)(b)||2

)
(10)

for x ∈ D(A) and for some γ > 0. Then A generates an
exponentially stable and contractive C0-semigroup.

�
Lemma 1: Let N = 2. If WBΣW ∗B > 0, then the operator

A with domain (8) generates an exponentially stable C0-
semigroup.

Proof: Following the proof of [7, Lem. 9.1.4] we write
WB = S [I + V, I − V ], where S is invertible and V V ∗ <
I (equivalently V ∗V < I), and define a full rank matrix

WC = [I + V ∗, −I + V ∗]. Thus, the matrix
[
WB

WC

]
is

invertible.
Let x ∈ D(A) be arbitrary. By definition of the domain

of A we have that
[
f∂
e∂

]
∈ N (WB). Following the proof

of [7, Lem. 9.1.4], we may write[
f∂
e∂

]
=

[
I − V
−I − V

]
l

for some l ∈ C2n. Since P ∗0 = −P0, we have [1, Lem. 2.2]
that

2 Re〈Ax, x〉X = Re〈f∂ , e∂〉C4n = l∗(−I + V ∗V )l.

Furthermore, we have

y := WC

[
f∂
e∂

]
= [I + V ∗, −I + V ∗]

[
I − V
−I − V

]
l

= 2(I − V ∗V )l,

from which we obtain

Re〈Ax, x〉X =
1

8
y∗ [−I + V ∗V ]

−1
y ≤ −m1||y||2 (11)

for some m1 > 0, where we used that −I + V ∗V < 0.
Using (5), the definition of the domain of A and the

definition of y we obtain[
0
y

]
=

1√
2

[
WB

WC

] [
Q −Q
I I

]
Φ(Hx) := WΦ(Hx).

Since PN = P2 is assumed to be invertible and
[
WB

WC

]
is

invertible, the matrix W is invertible and ||Ww||2 ≥ m2||w||2
for every w ∈ C4n and some m2 > 0. Taking norms on both
sides we obtain

||y||2 = ||WΦ(Hx)||2

≥ m2||Φ(Hx)||2

≥ m2

(
||(Hx)(a)||2 + ||(Hx)′(a)||2 + ||(Hx)(b)||2

)
,

(12)

and finally, by combining (11) and (12) we have reached rela-
tion (10), and thus, the operator A generates an exponentially
stable C0-semigroup by Proposition 1.

It should be noted that the authors of [1] have also
generalized the result of Proposition 1 to port-Hamiltonian
systems of even order, where relation (10) becomes

Re〈Ax, x〉X ≤ −γ
∑
ζ=a,b

N−1∑
k=0

αζ,k

∣∣∣∣∣∣(Hx)(k)(ζ)
∣∣∣∣∣∣2 (13)

for some γ > 0 and certain αζ,k ≥ 0 [1, Prop. 2.16]. It is
easy to see that in the general case N ∈ 2N the estimation in
equation (12) can be done so that when combined with (11),
we obtain relation (13). Furthermore, since the estimation
in equation (12) is the only part of the proof of Lemma 1
that depends on the order N , the result of Lemma 1 can
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be generalized to port-Hamiltonian systems of even order as
well. We then arrive at the generalization of Lemma 1:

Lemma 2: Let N ∈ 2N. If WBΣW ∗B > 0, then the
operator A with domain (8) generates an exponentially stable
C0-semigroup.

�
Using Lemma 2 we can now show that a certain class of

port-Hamiltonian systems of even order can be exponentially
stabilized by negative output feedback. Consider the class of
impedance energy-preserving port-Hamiltonian systems that
are systems satisfying the relation [12]

1

2

d

dt
||x(t)||2X = u∗(t)y(t). (14)

An impedance energy-preserving system can be identified
based on the matrices WB and WC by [4, Thm. 4.4].
Essentially the matrices are given a certain structure such
that they satisfy

WBΣW ∗B = WCΣW ∗C = 0, (15a)
WBΣW ∗C = WCΣW ∗B = I, (15b)

which can be checked very easily.
Stabilization of impedance energy-preserving systems is

considered in [12], where it is shown that negative output
feedback asymptotically stabilizes an impedance energy-
preserving system. We will now show that, for systems of
even order, exponential stability is actually achieved.

Lemma 3: Consider the system (1) with N ∈ 2N and
assume that u and y are such that WB and WC satisfy
equations (15a)–(15b). Then the system can be exponentially
stabilized using negative output feedback.

Proof: Using negative output feedback to the system,
i.e., u(t) = r(t)−κy(t) where κ > 0, the closed-loop system
is described by [12]

ẋ(t) = Ax(t),

(WB + κWC)

[
f∂(t)
e∂(t)

]
= (B + κC)x(t) = r(t),

Cx(t) = y(t).

(16)

Now, consider the operator As = A|D(As), where

D(As) =

{
Hx ∈ HN ([a, b],Cn)

∣∣∣∣Wκ

[
f∂
e∂

]
= 0

}
,

(17)
where Wκ = WB+κWC . It is shown in [12] that Wκ satisfies
WκΣW ∗κ = 2κI > 0, and hence, if N ∈ 2N, the operator
As generates an exponentially stable C0-semigroup due to
Lemma 2.

IV. THE PLANT, EXOSYSTEM AND CONTROLLER

In this section we will present the plant, the exosystem and
the controller. The plant is an impedance energy-preserving
port-Hamiltonian system of even order given by

ẋ(t) = Ax(t), x(0) = x0, (18a)
Bx(t) = u(t) + w(t), (18b)
Cx(t) = y(t), (18c)

where A is given in (2) with N ∈ 2N, B and C are given
in (7a)–(7b) with WB and WC satisfying (15a)–(15b), and
w(t) is a bounded and differentiable disturbance signal.

Since WB satisfies WBΣW ∗B = 0, the system (18) is a
boundary control system [4, Thm. 4.2], and hence there are
operators A : D(A) → X with D(A) = D(A) ∩ N (B)
and Ax = Ax for x ∈ D(A), and B ∈ L(U,X) such that
R(B) ⊂ D(A) and BBu = u [2, Def. 3.3.2]. Using these
operators, the transfer function from u to y is given by [6]

P (s) = C(sI −A)−1(AB − sB) + CB. (19)

The exosystem that generates the boundary disturbance
signal w(t) and the reference signal yref (t) is given by

v̇(t) = Sv(t), v(0) = v0 (20a)
w(t) = Ev(t), (20b)

yref (t) = −Fv(t) (20c)

on a finite-dimensional space W = Cq. Here S =
diag(iω1, iω2, . . . , iωq) with {ωi}qi=1 ⊂ R and ωi 6= ωj for
i 6= j, E ∈ L(W,U) and F ∈ L(W,Y ). Furthermore, we
assume that for every k ∈ {1, 2, . . . , q} the transfer function
P (iωk) ∈ L(U, Y ) is surjective, which is crucial to the
solvability of the robust output regulation problem.

The dynamic error feedback controller is of the form

ż(t) = G1z(t) + G2e(t) z(0) = z0, (21a)
u(t) = Kz(t)− κy(t), (21b)

where e(t) = y(t) − yref (t) is the error signal, κ > 0,
and the parameters (G1,G2,K) are to be chosen such that
robust output regulation is achieved. Note that in the usual
formulation of the controller we have κ = 0, and hence,
the parameter κ is not included in the controller parameters.
However, the extra term −κy(t) is required to exponentially
stabilizing the plant (18). The controller (21) is an abstract
linear system on Banach space Z. The operator G1 : D(G1) ⊂
Z → Z generates a C0-semigroup on Z, G2 ∈ L(Y,Z) and
K ∈ L(Z,U) [8].

In order to give the state-space presentation of the closed-
loop control system, we define a new variable ξ = x −
Bsr − Gv, where r = Kz, the operator Bs ∈ L(U,X) is
such that R(Bs) ⊂ D(A) and (B + κC)Bsr = r, and the
operator G ∈ L(W,X) is such that R(G) ⊂ D(A) and
(B + κC)Gv = Ev. These operators exist as the plant (18)
with input u = Kz − κy is a boundary control system [12].
Define now the extended state-space by Xe := X × Cq , and
let ξe(t) := (ξ(t), z(t)) be the extended state. Following [6],
the closed-loop control system can be written as

ξ̇e = Aeξe +Hv +Dyref , (22)
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where D(Ae) = D(As)× Cq and

Ae =

[
As −BsKG2C ABsK −BsK(G1 + G2CBsK)

G2C G1 + G2CBsK

]
,

H =

[
AG−BsKG2CG−GS

G2CG

]
,

D =

[
BsKG2
−G2

]
,

(23)
where the operator As is given by As : D(As) → X with
D(As) = D(A)∩N (B+κC) and Asx = Ax for x ∈ D(As).

V. THE ROBUST OUTPUT REGULATION PROBLEM

In this section we formulate the robust output regu-
lation problem and present a few related concepts. We
consider perturbations (Ã, B̃, C̃, Ẽ, F̃ ) ∈ O of the opera-
tors (A,B, C, E, F ) where the operators in the class O of
admissible perturbations are such that (i) the perturbed plant
(Ã, B̃, C̃) is a boundary control system and (ii) iωk ∈ ρ(Ã)
for k ∈ {1, 2, . . . , q}. It is easy to see that these conditions are
satisfied for all bounded and sufficiently small perturbations
to (A,B, C) and for arbitrary bounded perturbations to the
operators E and F [10].

The following formulation of the robust output regulation
problem is given in [10]:
The Robust Output Regulation Problem. Choose the
controller (G1,G2,K, κ) in such a way that the following
are satisfied:

1) The closed-loop system generated by Ae is exponen-
tially stable.

2) For all initial states ξe0 ∈ Xe and v0 ∈ W the
regulation error satisfies eα·e(·) ∈ L2([0,∞);Y ) for
some α > 0.

3) If the operators (A,B, C, E, F ) are perturbed to
(Ã, B̃, C̃, Ẽ, F̃ ) ∈ O in such a way that the closed-
loop system remains exponentially stable, then for all
initial states ξe0 ∈ Xe and v0 ∈W the regulation error
satisfies eα̃·e(·) ∈ L2([0,∞);Y ) for some α̃ > 0.

We say that a controller (G1,G2,K) incorporates a p-
copy of the internal model of the exosystem S if for all
k ∈ {1, 2, . . . , q} we have dim(N (iωk − G1)) ≥ dim(Y )
[8]. Since we assumed that the eigenvalues of S are distinct
and we have dim(Y ) < ∞, the controller incorporates a
p-copy of the internal model of the exosystem if G1 =
diag(iω1IY , iω2IY , . . . , iωqIY ). Furthermore, a controller
(G1,G2,K) is said to satisfy the G-conditions if

R(iωk − G1) ∩R(G2) = {0}, (24a)
N (G2) = {0}, (24b)

for all k ∈ {1, 2, . . . , q}. [8]

VI. CONSTRUCTION OF THE ROBUST CONTROLLER

In this section we will prove that a controller of the
form (21) with suitably chosen parameters (G1,G2,K) and
κ > 0 solves the Robust Output Regulation Problem for
an impedance energy-preserving port-Hamiltonian system of
even order.

Theorem 1: Let the control system be as described in
Section IV. There is a controller of the form (21) such that
for every κ > 0 there exists an εκ > 0 such that for every
0 < ε ≤ εκ the Robust Output Regulation Problem is solved.

Proof: Let us begin the proof from the stabilization
of the plant (18). We denote temporarily Kz(t) = r(t), and
hence, the input for the plant (18) is of the form u(t) = r(t)−
κy(t). Since the plant is an impedance energy-preserving port-
Hamiltonian system of even order, such an input exponentially
stabilizes the plant due to Lemma 3. Thus, there is an operator
As : D(As) → X with D(As) = D(A) ∩ N (B + κC) and
Asx = Ax for x ∈ D(As) that generates an exponentially
stable C0-semigroup.

Now that the plant is exponentially stabilized, we will
choose the controller parameters (G1,G2,K) such that the
controller exponentially stabilizes the closed-loop system and
solves the robust output regulation problem. We can utilize
the controller parameter choices made in [6] where a robust
regulating controller was constructed for an exponentially
stable system. Essentially the controller parameters are chosen
in such a way that the controller incorporates a p-copy of the
internal model of the exosystem and satisfies the G-conditions.

Following [6] and [10] we define Z = Y q and choose the
controller parameters as

G1 = diag (iω1IY , iω2IY , . . . , iωqIY ) ∈ L(Z), (25a)

K = εK0 = ε
[
K1

0 ,K
2
0 , . . . ,K

q
0

]
∈ L(Z,U), (25b)

G2 = (Gk2 )qk=1 = (−(Pκ(iωk)Kk
0 )∗)qk=1

=

 −(Pκ(iω1)K1
0 )∗

...
−(Pκ(iωq)K

q
0)∗

 ∈ L(Y, Z),
(25c)

where Pκ(iωk) = P (iωk)(I + κP (iωk))−1 is the transfer
function of the stabilized plant [11]. As we assumed that
P (iωk) is surjective for every k ∈ {1, 2, . . . , q}, it follows
that Pκ(iωk) is surjective as well for every k.

Since the surjectivity assumption of the transfer function
holds, we choose the components Kk

0 of K0 such that the
operators Pκ(iωk)Kk

0 are invertible, e.g., by choosing Kk
0 =

Pκ(iωk)† (the Moore-Penrose pseudoinverse of Pκ(iωk)), in
which case we have Gk2 = −IY for all k ∈ {1, 2, . . . , q} [10].

It has been shown in [6] that, if the plant is exponentially
stable, there exists an ε∗ > 0 such that the closed-loop
system is exponentially stable for every 0 < ε ≤ ε∗ and that
the proposed controller solves the robust output regulation
problem. Since we choose the controller parameters according
to [6] and exponentially stabilized the plant, it follows
from the results of [6] that, when the plant is exponentially
stabilized with output feedback u(t) = Kz(t)−κy(t), where
κ > 0, there exists an εκ > 0 such that for every 0 < ε ≤ εκ
the closed-loop system is exponentially stable and the robust
output regulation problem is solved.
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VII. EXAMPLE

As an example we study Schrödinger equation on the
spatial interval ζ ∈ [0, 1] considered in [1], given by

∂

∂t
w(ζ, t) = i

∂2

∂ζ2
w(ζ, t), t ≥ 0, (26a)

which is a second-order port-Hamiltonian system with P2 = i,
P1 = P0 = 0, H(ζ) = 1 and state x(ζ, t) = w(ζ, t) [1]. The
inputs are given by

u(t) =

[
u1(t)
u2(t)

]
=

[
x′(0, t)
x(1, t)

]
+ w(t), (26b)

and the outputs are given by

y(t) =

[
y1(t)
y2(t)

]
=

[
ix(0, t)
ix′(1, t)

]
(26c)

Using the boundary port variables f∂ and e∂ the inputs and
outputs can be written as

u(t) = WB

[
f∂(t)
e∂(t)

]
=

1√
2

[
i 0 0 1
0 i 1 0

] [
f∂(t)
e∂(t)

]
,

y(t) = WC

[
f∂(t)
e∂(t)

]
=

1√
2

[
0 1 i 0
1 0 0 i

] [
f∂(t)
e∂(t)

]
.

(27)
As the matrices WB and WC satisfy equations (15a)–(15b),
the system (26) is an impedance energy-preserving port-
Hamiltonian system of order two, and thus, we may use
Theorem 1 to construct a robust regulating controller for the
system.

Let us first consider the transfer function of the system
(26), given by

P (s) =


− tanh(i

√
is)√

is

i

cosh(i
√
is)

i

cosh(i
√
is)

−
√
is tanh(i

√
is)

 . (28)

The transfer function is surjective for every s 6= 0 and s 6=
−i
(

(2m+1)π
2

)2
where m ∈ N, and thus, we cannot track

signals including those frequencies.
Let the exosystem be given by S = diag(−4iπ2,−iπ2)

and E = F = I . If we choose the output feedback parameter
as κ = 1, the transfer function for the stabilized plant is given
by Pκ(s) = P (s)(I +P (s))−1, and thus, for the eigenvalues
of the signal generator S we have

Pκ(−4iπ2) =
1

2

[
1 i
i 1

]
= Pκ(−iπ2)∗. (29)

Thus, if we choose Kk
0 = Pκ(iωk)−1, the controller parame-

ters are given by

G1 = diag(−i4π2,−i4π2,−iπ2,−iπ2),

G2 =

[
−IY
−IY

]
,

K = ε
[
Pκ(−4iπ2)−1, Pκ(−iπ2)−1

]
,

(30)

and based on Theorem 1 there now exists an εκ > 0 such that
for every 0 < ε ≤ εκ the closed-loop system is exponentially

stable and the robust output regulation problem is solved for
the system (26).

VIII. CONCLUSIONS

We presented a simple robust regulating controller for
an unstable, impedance energy-preserving port-Hamiltonian
system of even order. By deriving a new condition for
exponential stability of even-order port-Hamiltonian systems
we were able to stabilize the system, which allowed us to
utilize the theory of robust output regulation for exponentially
stable system. Thus, we constructed a simple controller for
an unstable system that exponentially stabilizes the original
plant and solves the Robust Output Regulation Problem for
the stabilized plant.
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On the Hierarchical Optimal Control of a Chain of Distributed Systems

Getachew K. Befekadu, Alexander Veremyev and Eduardo L. Pasiliao

Abstract— We consider a chain of distributed systems gov-
erned by a degenerate parabolic equation, which satisfies a
weak Hörmander type condition, with a control distributed over
an open subdomain. In particular, we consider two objectives
that we would like to accomplish. The first one being of a
controllability type that consists of guaranteeing the terminal
state to reach a target set starting from an initial condition;
while the second one is to keep the state trajectory of the
overall system close to a given reference trajectory over a given
finite time interval. We introduce the following framework.
First, we partition the control subdomain into two disjoint open
subdomains that are compatible with the strategy subspaces of
the leader and that of the follower, respectively. Then, using
the notion of Stackelberg’s optimization, we provide a new
result on the existence of optimal control strategies for such an
optimization problem, where the follower (which corresponds
to the second criterion) is required to respond optimally, in
the sense of best-response correspondence to the strategy of the
leader (which is associated to the controllability-type problem)
so as to achieve the overall objectives. Finally, we remark on
the implication of our result in assessing the influence of the
target set on the strategy of the follower with respect to the
direction of leader-follower information flow.

I. INTRODUCTION

In this paper, we consider the following distributed system,
which is formed by a chain of n subsystems (where n ≥ 2),
with a random perturbation that enters only in the first
subsystem and is then subsequently transmitted to other
subsystems (see FIGURE 1)

dx1
t = m1

(
t, x1

t , . . . , x
n
t

)
dt+ σ

(
t, x1

t , . . . , x
n
t

)
dWt

dx2
t = m2

(
t, x1

t , . . . , x
n
t

)
dt

dx3
t = m3

(
t, x2

t , . . . , x
n
t

)
dt

...
dxnt = mn

(
t, xn−1

t , xnt
)
dt, 0 ≤ t ≤ T


, (1)

where
• xi is an Rd-valued state for the ith subsystem, with
i ∈ {1, 2, . . . , n},

• the functions m1 : [0,∞) × Rnd → Rd and
mj : [0,∞) × R(n−j+2)d → Rd, for j = 2, . . . , n, are
uniformly Lipschitz, with bounded first derivatives,
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• σ : [0,∞) × Rnd → Rd×d is Lipschitz with the least
eigenvalue of σ σT uniformly bounded away from zero,
i.e.,

σ
(
t, x1

t , . . . , x
n
t

)
σT
(
t, x1

t , . . . , x
n
t

)
≥ λId×d,

∀(x1
t , . . . , x

n
t ) ∈ Rnd, ∀t ≥ 0,

for some λ > 0,
• Wt (with W0 = 0) is a d-dimensional standard Wiener

process.

Remark 1.1: Note that such a distributed system has been
discussed in various applications (e.g., see [1], [2] and [3]
and the references therein). For example, when n = 2, the
equation in (1) can be used to describe stochastic Hamilto-
nian systems (e.g., see [2] or [3] for additional discussions).

!

   

S2 S1 

u 

Sn   

u u 

S1 : dx1t = m1

(
t, x1t , . . . , x

n
t

)
dt+ σ

(
t, x1t , . . . , x

n
t

)
dW

Sj : dxjt = mj

(
t, xj−1

t , . . . , xnt
)
dt, j = 2, . . . n

u is a control distributed over an open subdomain
I1,I2, . . . ,In are information for interconnecting subsystems

Fig. 1. A chain of distributed systems with random perturbations

Let us introduce the following notation that will be useful
later. We use bold face letters to denote variables in Rnd, for
instance, 0 stands for a zero in Rnd (i.e., 0 ∈ Rnd) and, for
any t ≥ 0, the solution

(
x1
t , x

2
t , . . . , x

n
t

)
to (1) is denoted by

xt. Moreover, for
(
t, (xj−1, . . . , xn)

)
∈ (0,∞)×R(n−j+2)d,

j = 2, . . . , n, the function xj 7→ mj

(
t, xj−1, . . . , xn

)
is con-

tinuously differentiable with respect to xj and its derivative
denoted by

(
t, xj−1, . . . , xn

)
7→ Dxjmj

(
t, xj−1, . . . , xn

)
.

Then, we can rewrite the distributed system in (1) as

dxt = M(t,xt)dt+Gσ(t,xt)dWt, (2)

where M =
[
m1,m2, . . . ,mn

]
is an Rnd-valued function

and G =
[
Id×d, 0d×d(n−1)

]T
stands for an (nd× d) matrix

that embeds Rd into Rnd.
Let Ω be a regular bounded open domain in Rnd, with

smooth boundary Γ. For an open subdomain U of Ω, we
consider the following distributed control system, governed
by a partial differential equation (PDE) of parabolic type,
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with a control distributed over U , i.e.,
∂y

∂t
+ Lt,xy = uχU in (0, T )× Ω

y(0,x) = 0 on Ω

y(t,x) = 0 for (t,x) ∈ Σ , (0, T )× Γ

 , (3)

where u(t,x) ∈ L2((0, T )×U) is a control function, χU is
a characteristic function of the subdomain U and Lt,x is a
second-order operator given by1

Lt,x =
1

2
tr
(
a(t,x)D2

x1

)
+m1(t,x)Dx1

+
∑n

j=2
mj(t,x

j−1)Dxj , (4)

with a(t,x) = σ(t,x)σT (t,x).
Remark 1.2: Note that, in (1), the random perturbation

enters only in the first subsystem through its diffusion term
and is then subsequently transmitted to other subsystems
through their respective drift terms. Such a distributed system
is described by an Rnd-valued diffusion process, which is
degenerate in the sense that the second-order operator asso-
ciated with it is a degenerate parabolic equation. Moreover,
we also assume that the distributed system in (1) satisfies a
weak Hörmander condition (e.g., see [4] or [5, Section 3]
for additional discussions).

In what follows, we assume that the following statements
hold true for the distributed system in (1).

Assumption 1.3:

(a) The functions m1(t,x) and mj(t,x
j−1) for j = 2, . . . , n

are bounded C∞([0,∞) × Rnd) and C∞([0,∞) ×
R(n−j+2)d)-functions, respectively, with bounded first
derivatives. Moreover, σ(t,x) and σ−1(t,x) are bounded
C∞

(
[0,∞)×Rnd

)
-functions, with bounded first deriva-

tives.
(b) The operator Lt,x in (4) is hypoelliptic in C∞((0,∞)×

Rnd) (e.g., see [4] or [5]).
Remark 1.4: In general, the hypoellipticity assumption is

related to a strong accessibility property of controllable
nonlinear systems that are driven by white noise (e.g.,
see [6] concerning the controllability of nonlinear systems,
which is closely related to [7] and [8]; see also [5, Sec-
tion 3]). Moreover, the Jacobian matrices Dx1m1(t,x) and
Dxj−1mj(t,x

j−1) for j = 2, . . . , n are assumed to be
nondegenerate, uniformly in time and space. Note that the
hypoellipticity assumption also implies that the diffusion
process xt has a transition probability density with a strong
Feller property.

Here it is worth mentioning that some studies on the
controllability of systems that are governed by parabolic
equations have been reported in literature (e.g., see [9] in the
context of Stackelberg optimization; and [10] and [11] in the
context of Stackelberg-Nash controllability-type problem).
Recently, the authors in [12] and [13] have also provided
some results pertaining to a chain of distributed systems with
random perturbations, but in different contexts. Note that
the rationale behind our framework follows in some sense

1xj−1 , (xj−1, . . . , xn) for j = 2, . . . n.

the settings of these papers. However, to our knowledge, the
problem of optimal control for a chain of distributed systems
governed by degenerate parabolic equations has not been
addressed in the context of hierarchical control argument, and
it is important because it provides a mathematical framework
that shows how a hierarchical optimization framework can
be systematically used to obtain optimal control strategies
for such distributed systems.

The remainder of this paper is organized as follows.
In Section II, using the basic remarks made in Section I,
we state the control problem for the distributed system.
Section III presents our main results – where we intro-
duce a hierarchical optimization framework under which the
follower is required to respond optimally, in the sense of
best-response correspondence to the strategy of the leader
so as to achieve the overall objectives. This section also
contains results on the controllability-type problem for such
a distributed system. Finally, Section IV provides further
remarks.

II. PROBLEM FORMULATION

In this paper, we consider two objectives that we would
like to accomplish. The first one being of a controllability
type that consists of guaranteeing the terminal state to reach a
target set starting from an initial condition; while the second
one is keeping the state trajectory of the overall system close
to a given reference trajectory over a finite time interval. Such
a problem can be stated as follow:

Problem (P): Find an optimal control strategy u∗(t,x) ∈
L2((0, T )× U) (which is distributed over U ) such that

(i) The first objective: Suppose that we are given a target
point ytg in L2(Ω).
• Then, we would like to have

y(T ;u∗) ∈ ytg + αB, α > 0, (5)

where y(t;u∗) denotes the function x 7→
y(t,x;u∗), B is a unit ball in L2(Ω) and α is an
arbitrary small positive number.2

(ii) The second objective: Suppose that we are given a
reference trajectory yrf (t,x) in L2((0, T )× Ω).
• Then, we would like to have the state trajectory
y(t,x;u∗) not too far from the reference yrf (t,x)
for all t ∈ (0, T ).

In order to make the above problem (i.e., Problem (P))
mathematically precise, we specifically consider the follow-
ing hierarchical cost functionals:

J1(u) =
1

2

∫ ∫
(0, T )×U

u2dxdt

s.t. y(T ;u) ∈ ytg + αB, α > 0 (6)

2Notice that the condition on the terminal state (i.e., y(T ;u∗) ∈ ytg +
αB) is associated with a controllability-type problem with respect to an
initial condition y(0,x) = 0 on Ω (e.g., see [14] for additional discussions).
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and

J2(u) =
1

2

∫ ∫
(0, T )×Ω

(
y(t;u)− yrf (t,x)

)2
dxdt

+
β

2

∫ ∫
(0, T )×U

u2dxdt, β > 0. (7)

Note that, in general, finding such an optimal strategy
u∗ ∈ L2((0, T )× U) (i.e., the Pareto-optimal solution) that
minimizes simultaneously the above cost functionals in (6)
and (7) is not an easy problem. However, in what follows,
we introduce the notion of Stackelberg’s optimization [15]
(which is a hierarchical optimization framework), where
we specifically partition the control subdomain U into two
open subdomains U1 and U2 (with U1 ∩ U2 = ∅) that are
compatible with the strategy subspaces of the leader and that
of the follower, respectively. That is,

U = U1 ∪ U2 up to a set of measurable U, (8)

where the strategy for the leader (i.e., u1) is from the
subspace L2((0, T )× U1) and the strategy for the follower
(i.e., u2) is from the subspace L2((0, T )× U2).

Note that if χUi
, for i = 1, 2, denotes the characteristic

function for Ui and ui is the restriction of the distributed
control u to L2((0, T ) × Ui). Then, the PDE in (3) can be
rewritten as
∂y

∂t
+ Lt,xy = u1χU1

+ u2χU2
in (0, T )× Ω

y(0,x) = 0 on Ω
y(t,x) = 0 for (t,x) ∈ Σ

 , (9)

where y(t,x;u) = y(t,x; (u1, u2)) and ui ∈ L2((0, T )×Ui)
for i = 1, 2.

Suppose that the strategy for the leader u1 ∈ L2((0, T )×
U1) is given. Then, the problem of finding an optimal
strategy for the follower, i.e., u∗2 ∈ L2((0, T )× U2), which
minimizes the cost functional J2 is then reduced to finding
an optimal solution for

inf
u2∈L2((0, T )×U2)

J2(u1, u2) (10)

such that

u∗2 = z(u1) (11)

for some unique mapping z : L2((0, T ) × U1) →
L2((0, T )×U2). Note that if we substitute u∗2 = z(u1) into
(9), then the solution y(t,x; (u1,z(u1))) depends uniformly
on u1 ∈ L2((0, T )×U1). Moreover, the controllability-type
problem in (6) is then reduced to finding an optimal solution
for

inf
u1∈L2((0, T )×U1)

J1(u1)

s.t. y(T ; (u1,z(u1))) ∈ ytg + αB. (12)

In the following section, we provide a hierarchical optimiza-
tion framework for solving the above problems (i.e., the
optimization problems in (10), together with (11) and (12)).
Note that, for a given u1 ∈ L2((0, T )×U1), the optimization
problem in (10) has a unique solution on L2((0, T ) × U2)

(see Proposition 3.1). Moreover, as we will see later on
(particularly in Propositions 3.3 and 3.5), the optimization
problem in (12) makes sense if y(T ; (u∗1,z(u∗1))) spans
a dense subset of L2(Ω), when u∗1 spans the subspace
L2((0, T )× U1).

III. MAIN RESULTS

In this section, we present our main results – where
we introduce a framework under which the follower is
required to respond optimally, in the sense of best-response
correspondence to the strategy of the leader (and vice-versa)
so as to achieve the overall objectives. Moreover, such a
framework allows us to provide a new result on the existence
of optimal control strategies for such optimization problems
pertaining to a chain of distributed systems.

A. On the optimality condition for the follower

Suppose that, for a given leader strategy u1 ∈ L2((0, T )×
U1), if u∗2 ∈ L2((0, T ) × U2), i.e., the strategy for the
follower, is an optimal solution to (10) (cf. equation (7)).
Then, such a solution is characterized by the following
optimality condition3∫ ∫

(0, T )×Ω

(
y − yrf

)
ŷdxdt

+ β

∫ ∫
(0, T )×U2

u∗2û2dxdt = 0, ∀û2 ∈ L2((0, T )× U2),

(13)

where y and ŷ are, respectively, unique solutions to the
following PDEs

∂y

∂t
+ Lt,xy = u1χU1 + u∗2χU2 in (0, T )× Ω

y(0,x) = 0 on Ω
y(t,x) = 0 for (t,x) ∈ Σ

 (14)

and

∂ŷ

∂t
+ Lt,xŷ = u∗2χU2 in (0, T )× Ω

ŷ(0,x) = 0 on Ω
ŷ(t,x) = 0 for (t,x) ∈ Σ

 . (15)

Furthermore, if we introduce an adjoint state p as follows

−∂p
∂t

+ L∗t,xp = y − yrf in (0, T )× Ω

p(T,x) = 0 on Ω
p(t,x) = 0 for (t,x) ∈ Σ

 , (16)

where L∗t,x is the adjoint operator of Lt,x. Then, we have
the following result which characterizes the mapping z in
(11) (i.e., the optimality distributed control system for the
follower).

3Notice that, in (7) (see also (13) and (16)), the follower’s observation
subspace (which is associated with y(t,x; (u1,z(u1)))) is the whole
subspace L2((0, T ) × Ω), whereas its strategy subspace is restricted to
L2((0, T )× U2).

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

662



Proposition 3.1: Let u1 ∈ L2((0, T ) × U1) be given.
Suppose that the following PDE

∂y

∂t
+ Lt,xy = u1χU1

− 1

β
pχU2

, in (0, T )× Ω

−∂p
∂t

+ L∗t,xp = y − yrf in (0, T )× Ω

y(0,x) = 0 on Ω
p(T,x) = 0 on Ω
y(t,x) = p(t,x) = 0 for (t,x) ∈ Σ


, (17)

admits a unique solution pair
(
y(u1), p(u1)

)
(which also

depends uniformly on u1 ∈ L2((0, T ) × U1)). Then, the
optimality distributed control system for the follower is given
by

z(u1) = − 1

β
p(u1)χU2

≡ u∗2. (18)
Proof: For a given u1 ∈ L2((0, T )× U1), let y and p

be the unique solutions of (17). If we multiply the second
equation in (17) by ŷ and integrate by parts. Further, noting
the PDEs in (15) and (16), then we have the following∫ ∫

(0,T )×Ω

(
y − yrf

)
ŷdxdt

=

∫ ∫
(0,T )×Ω

(
−∂p
∂t

+ L∗t,xp
)
ŷdxdt

=

∫ ∫
(0,T )×Ω

p

(
∂ŷ

∂t
+ Lt,xŷ

)
dxdt

=

∫ ∫
(0,T )×U2

pu∗2dxdt. (19)

Moreover, using the optimality condition in (13) together
with (19), we obtain

pχU2
+ βu∗2 = 0, (20)

which further gives an optimal strategy for the follower as

u∗2 = − 1

β
pχU2

, z(u1),

where p is from the unique solution set {p(u1), y(u1)} of
(17) that depends uniformly on u1 ∈ L2((0, T )×U1). This
completes the proof of Proposition 3.1.

Remark 3.2: The above proposition states that if the strat-
egy of the leader u1 ∈ L2((0, T ) × U1) is given. Then,
the strategy for the follower u∗2 = z(u1), which is re-
sponsible for keeping the state trajectory y(t,x; (u1,z(u1)))
close to the given reference trajectory yrf (t,x) on the time
intervals (0, T ), is optimal in the sense of best-response
correspondence. Moreover, the uniqueness of z is implied
by the existence of unique solution set to (17) (see also
(20)). Later, in Proposition 3.3, we provide an additional
optimality condition on the strategy of the leader, when such
a correspondence is interpreted in the context of hierarchical
optimization framework.

B. On the optimality condition for the leader

In this subsection, we provide an optimality condition on
the strategy of the leader in (6), when the strategy for the
follower satisfies the optimality condition of Proposition 3.1.

For a given ξ ∈ L2(Ω), let ϕ and ϑ be unique solutions
to the following PDE

−∂ϕ
∂t

+ L∗t,xϕ = ϑ in (0, T )× Ω

∂ϑ

∂t
+ Lt,xϑ = − 1

β
ϕχU2 in (0, T )× Ω

ϑ(0,x) = 0 on Ω
ϕ(T,x) = ξ on Ω
ϕ(t,x) = ϑ(t,x) = 0 for (t,x) ∈ Σ


. (21)

Next, define the following linear decompositions

y = y0 + z and p = p0 + q (22)

such that y0 and p0 are the unique solutions to the following
PDE

∂y0

∂t
+ Lt,xy0 = − 1

β
p0χU2 in (0, T )× Ω

−∂p0

∂t
+ L∗t,xp0 = y0 − yrf in (0, T )× Ω

y0(0,x) = 0 on Ω
p0(T,x) = 0 on Ω
y0(t,x) = p0(t,x) = 0 for (t,x) ∈ Σ


. (23)

Note that, from (17) and (23) together with (22), it is easy to
show that z and q are the unique solutions to the following
PDE
∂z

∂t
+ Lt,xz = u∗1χU1

− 1

β
qχU2

in (0, T )× Ω

−∂q
∂t

+ L∗t,xq = z in (0, T )× Ω

z(0,x) = 0 on Ω
q(T,x) = 0 on Ω
z(t,x) = q(t,x) = 0 for (t,x) ∈ Σ


, (24)

where u∗1 ∈ L2((0, T ) × U1) is an optimal strategy for the
leader which satisfies additional conditions (see below (26)
and (27)).

In what follows, let us denote the norm in L2(Ω) by ‖ ·
‖L2(Ω) and assume that ξ ∈ L2(Ω) satisfies the following(

z(T ), ξ
)

= 0, ∀u1 ∈ L2((0, T )× U1), (25)

where (·, ·) denotes the scalar product in L2(Ω).
Then, we have the following result which characterizes the

optimality condition for the leader in (6).
Proposition 3.3: The optimal strategy for the leader that

minimizes

inf
u1∈L2((0, T )×U1)

J1(u1)

s.t. y(T ; (u1,z(u1))) ∈ ytg + αB

is given by

u∗1 = ϕ(ξ)χU1
, (26)
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where ϕ(ξ) is given from the unique solution set{
y(ξ), p(ξ), ϕ(ξ), ϑ(ξ)

}
for the optimality distributed control

system

∂y

∂t
+ Lt,xy = u∗

1χU1 −
1

β
pχU2 in (0, T )× Ω

−∂p
∂t

+ L∗
t,xp = y − yrf in (0, T )× Ω

−∂ϕ
∂t

+ L∗
t,xϕ = ϑ in (0, T )× Ω

∂ϑ

∂t
+ Lt,xϑ = − 1

β
ϕχU2 in (0, T )× Ω

y(0,x) = ϑ(0,x) = 0 on Ω
p(T,x) = 0 on Ω
ϕ(T,x) = ξ on Ω
y(t,x) = p(t,x) = ϕ(t,x) = ϑ(t,x) = 0 for (t,x) ∈ Σ



.

(27)

Moreover, ξ ∈ L2(Ω) is a unique solution to the following
variational inequality4(

y(T ; ξ)− ytg , ξ̂ − ξ
)

+ α
(
‖ξ̂‖L2(Ω) − ‖ξ‖L2(Ω)

)
≥ 0,

∀ξ̂ ∈ L2(Ω).
(28)

Proof: Note that the optimization problem for the
leader in (6) is equivalent to

inf
u1

1

2

∫ ∫
(0, T )×U1

u2
1dxdt

s.t. y(T ; (u1,z(u1))) ∈ ytg − y0(T ) + αB (see (22)).

Introduce the following cost functionals

J̄1(u1) =
1

2

∫ ∫
(0, T )×U1

u2
1dxdt (29)

and

J̄2(u1) =

{
0 if ξ ∈ ytg − y0(T ) + αB
+∞ otherwise on L2(Ω)

(30)

Let H ∈ L (L2((0, T ) × U1);L2(Ω)) be a bounded linear
operator such that5

Hu1 = z(T ;u1). (31)

Then, the optimization problem in (6) is equivalent to

inf
u1∈L2((0, T )×U1)

{
J̄1(u1) + J̄2(u1)

}
. (32)

Furthermore, using Fenchel duality theorem (e.g., see [16]
or [17]), we have the following

inf
u1∈L2((0, T )×U1)

{
J̄1(u1) + J̄2(u1)

}
= − inf

ξ∈L2(Ω)

{
J̄∗1 (H∗ξ) + J̄∗2 (−ξ)

}
, (33)

4Notice that, in (28), we write y(T ; ξ) to make explicitly the fact that
the solution set

{
y(ξ), p(ξ), ϕ(ξ), ϑ(ξ)

}
of (27) depends uniformly on

ξ ∈ L2(Ω).
5L (L2((0, T ) × U1);L2(Ω)) denotes a family of bounded linear

operators.

where H∗ is the adjoint operator of H and the conjugate
functions J̄∗i are given by

J̄∗i (ϕ) = sup
ϕ̂

{
(ϕ, ϕ̂)− J̄i(ϕ̂)

}
, i = 1, 2. (34)

Note that if we multiply the first equation (respectively, the
second one) in (27) by z (respectively, by q) and integrate
by parts, then we obtain the following

(z(T ), ξ) =

∫ ∫
(0, T )×U1

ϕu∗1dxdt. (35)

Then, for ξ ∈ L2(Ω) that satisfies (25), we have the following

H∗ξ = ϕχU1
, (36)

where ϕ is from the unique solutions of (27).
Note that

J̄∗1 (u∗1) = J1(u∗1) (37)

and

J̄∗2 (ξ) = (ξ, ytg − y0(T )) + α‖ξ‖L2(Ω). (38)

Then, the optimization problem in (6) is equivalent to

inf
ξ

1

2

∫ ∫
(0, T )×U1

ϕ2dxdt+ α‖ξ‖L2(Ω) − (ξ, ytg − y0(T ))

s.t. y(T ; (u1,z(u1))) ∈ ytg − y0(T ) + αB. (39)

Let ξ ∈ L2(Ω) be a unique solution to the following
variational inequality∫ ∫

(0, T )×U1

ϕ(ϕ̂− ϕ)dxdt+
(
y(T ; ξ)− ytg , ξ̂ − ξ

)
+α
(
‖ξ̂‖L2(Ω) − ‖ξ‖L2(Ω)

)
≥ 0, ∀ξ̂ ∈ L2(Ω).

(40)

Moreover, if we multiply the first equation (respectively, the
second one) in (21) by (ϕ̂ − ϕ) (respectively, by (ϑ̂ − ϑ))
and integrate by parts, we obtain the following∫ ∫

(0, T )×U1

ϕ(ϕ̂− ϕ)dxdt =
(
z(T ), ξ̂ − f

)
. (41)

Thus, if we substitute (41) into (40), then we obtain (28).
This completes the proof of Proposition 3.3.

Remark 3.4: Note that the hierarchical optimization prob-
lem in Proposition 3.3 requires the follower to respond
optimally to the strategy of the leader in the sense of best-
response correspondence, where such a correspondence is
implicitly embedded in (27) (see Section IV for further
remarks).

C. On the controllability-type problem for the distributed
control system

In the following, we consider the controllability-type prob-
lem in (12), where we provide a condition under which
y(T ; (u∗1,z(u∗1))) spans a dense subset of L2(Ω), when u∗1
spans the subspace L2((0, T )× U1).
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Proposition 3.5: Suppose that Proposition 3.3 holds true.
Then, for every ytg ∈ L2(Ω) and α > 0 (which is arbitrary
small), there exits u∗1 ∈ L2((0, T )× U1) such that

y(T ; (u∗1,z(u∗1))) ∈ ytg + αB. (42)
Proof: From Proposition 3.3, suppose that the PDE

in (27) admits unique solutions (i.e., y(t,x; ξ), p(t,x; ξ),
ϕ(t,x; ξ) and ϑ(t,x; ξ) for (t,x) ∈ (0, T )× Ω that depend
uniformly on ξ ∈ L2(Ω)). Then, noting (25), the condition
in (35) becomes

ϕ(t,x) = 0 for (t,x) ∈ (0, T )× U1, (43)

which implies the following conditions (see also (21))

ϑχU1
= 0,

∂ϑ

∂t
+ Lt,xϑ = 0 in (0, T )×

(
U \ U2

)
and

−∂ϕ
∂t

+ L∗t,xϕ = 0 in (0, T )×
(
U \ U2

)
.

Furthermore, using Mizohata’s uniqueness theorem (e.g., see
[18]) together with the regularity conditions on mi(t,x

i−1)
and a(t,x) (see also Assumption 1.3), then we obtain the
following

ϑ(t,x) = 0 for (t,x) ∈ (0, T )×
(
U \ U2

)
, (44)

which requires ξ to have a zero value outside of U2 (cf. (36)
and (25)).

Next, consider the restriction of ϕ and ϑ to (0, T ) × U2

such that

−∂ϕ
∂t

+ L∗t,xϕ = ϑ in (0, T )× U2

∂ϑ

∂t
+ Lt,xϑ = − 1

β
ϕχU2

in (0, T )× U2

ϕ,
∂ϕ

∂xi
, ϑ,

∂ϑ

∂xi
= 0, for (t,x) ∈ (0, T )× ∂ U2

ϕ(T,x) = ξχU1
, ϑ(0,x) = 0 on U2


. (45)

Then, from (45), it remains to show that ξχU2 = 0, which is
a sufficient condition for y(T ; (u∗1,z(u∗1))) to span a dense
subset of L2(Ω), when u∗1 spans the subspace L2((0, T ) ×
U1).

Note that the first two equations in (45) imply the follow-
ing (

∂

∂t
+ Lt,x

)(
− ∂

∂t
+ L∗t,x

)
ϕ+

1

β
ϕ = 0,

on (0, T )× U2. (46)

which is a quasi-elliptic equation; and in view of Cauchy
problems on bounded domains (e.g., see [19, Theo-
rem 6.6.1]), for any fixed t ∈ (0, T ), ϕ(t,x) is analytic in U2,
with Cauchy data zero on smooth boundary ∂ U2. As a result
of this, ϕ(t,x) = 0 on (0, T )× ∂ U2 and also continuous in
t, then we have ϕ(0,x) = 0 and ϕ(t,x) = ϑ(t,x) = 0
for (t,x) ∈ (0, T ) × ∂ U2, which implies ξχU2 = 0 (cf.
(45), since ϕ(T,x) = ξχU1 ). This completes the proof of
Proposition 3.5.

Remark 3.6: Note that the above proposition implicitly
requires the strong accessibility property of the distributed
system in (1) which is concerned with the controllability
property of systems with random perturbations (cf. Re-
mark 1.4).

IV. FURTHER REMARKS

In this section, we briefly comment on the implication
of our result in assessing the influence of the target set on
the strategy of the follower with respect to the direction of
leader-follower information flow.

Note that the statement in Proposition 3.1 (i.e., the opti-
mality distributed control system for the follower) is implic-
itly accounted in Proposition 3.3 (cf. equation (27)). Hence,
the optimal strategy for the follower is given by

u∗2 = − 1

β
p(ξ)χU2

≡ z(u1),

where ξ ∈ L2(Ω) is a minimum solution to the variational
inequality in (28) and it also assumes a zero value outside
of U2 (i.e., ξχU2 = 0). Moreover, such a minimum solution
lies in a certain dense subset of L2(Ω), which is spanned
by y(T ; (u1,z(u1))), when u1 spans L2((0, T )× U1) (see
Proposition 3.5).

Note that, from Proposition 3.3 (cf. equation (36)), we also
observe that the optimal strategy for the leader is given by

u∗1 = ϕ(ξ)χU1
,

which is implicitly conditioned by the target set ytg + αB
for an arbitrary small α > 0 (see also (6) or (12)). Moreover,
the state trajectory y(t,x; (u∗1,z(u∗1))) is not too far, in
some quantifiable sense, from the reference yrf (t,x) for all
t ∈ (0, T ); and the terminal state y(T ; (u∗1,z(u∗1))) is also
expected to reach the target set starting from an initial condi-
tion y(0,x) = 0 on Ω (i.e., y(T ; (u∗1,z(u∗1))) ∈ ytg + αB).
As a result of this, such an inherent interaction, due to the
nature of the problem, constitutes a constrained information
flow between the leader and that of the follower (i.e.,
an information flow from leader-to-follower) that implicitly
captures the influence of the target set on the strategy of the
follower.

Remark 4.1: Here, it is worth remarking that u∗1 and
u∗2 ≡ z(u∗1) are the minimum-effort controls (that distributed
over the subdomain U ≡ U1 ∪ U2) among all hierarchal
control strategies from L2((0, T )×U1) and L2((0, T )×U2),
respectively, that bring y(t,x; (u∗1,z(u∗1))) to the desired
target set ytg + αB at time T starting from y(0,x) = 0
on Ω.

Remark 4.2: Finally, following the same discussion of
Section III, we can also consider a family of hierarchical
cost functionals J1(u1), J2(u2), . . . , JN (uN ), with N ≥ 3,
and a set of control strategies

{
ui
}N
i=1

distributed over
open subdomains Ui (with smooth boundary ∂Ui), where
∪Ni=1Ui ⊂ Ω and Ui ∩ Uj = ∅, when i 6= j. Moreover, if
uN follows uN−1, . . . , u1; and uN−1 leads uN and, at the
same time, it follows uN−2, . . . , u1, etc. Then, such a whole
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hierarchical optimization problem could be addressed in the
same way provided there exist some family of hierarchical
mappings

zi : L2((0, T )× Ui)→ L2((0, T )× Ui+1)

such that

u∗i+1 = zi(u∗i ), i = 1, 2, . . . , N − 1

(e.g., see [20, Section 3] for additional discussions on the
generalized Stackelberg strategies associated with one-leader
and many-followers).
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Restatements of input-to-state stability in infinite dimensions:
what goes wrong?

Andrii Mironchenko and Fabian Wirth

Abstract— We show by means of counterexamples that many
characterizations of input-to-state stability (ISS) known for
ODE systems are not valid for general differential equations
in Banach spaces. Moreover, these notions or combinations
of notions are not equivalent to each other, and can be
classified into several groups according to the type and grade of
nonuniformity. We introduce the new notion of strong ISS which
is equivalent to ISS in the ODE case, but which is strictly weaker
than ISS in the infinite-dimensional setting. We characterize
strong ISS as a strong asymptotic gain property plus global
stability.

Keywords: input-to-state stability, nonlinear systems,
infinite-dimensional systems.

I. INTRODUCTION

For ordinary differential equations, the concept of input-to-
state stability (ISS) was introduced in [1]. The corresponding
theory is by now well developed with a firm theoretical
basis. A variety of powerful tools for the investigation of
ISS is available and a multitude of applications have been
developed in nonlinear control theory, in particular, to robust
stabilization of nonlinear systems [2], design of nonlinear
observers [3], analysis of large-scale networks [4], [5], [6]
etc.

Characterizations of ISS in terms of other stability prop-
erties [7], [8] are among the central theoretical results in
ISS theory of finite-dimensional systems. In [7] Sontag and
Wang have shown that ISS is equivalent to the existence
of a smooth ISS Lyapunov function and in [8] the same
authors proved a so-called ISS superposition theorem, saying
that ISS is equivalent to the combination of stability of
an undisturbed system together with an asymptotic gain
property of the system with inputs. These theorems greatly
simplify the proofs of other fundamental results, such as
small-gain theorems [5], and are useful for analysis of
other classes of systems, such as time-delay systems in the
Lyapunov-Razumikhin framework [9], [10], hybrid systems
[11] to name a few examples.

The success of ISS theory of ordinary differential equa-
tions and the need of proper tools for robust stability analysis
of partial differential equations motivated the development
of ISS theory in infinite-dimensional setting [12], [13], [14],
[15], [16], [17].

A. Mironchenko is with Faculty of Computer Science and Mathematics,
University of Passau, Innstraße 33, 94032 Passau, Germany. Corresponding
author, andrii.mironchenko@uni-passau.de.

F. Wirth is with Faculty of Computer Science and Mathemat-
ics, University of Passau, Innstraße 33, 94032 Passau, Germany,
fabian.(lastname)@uni-passau.de

In particular, in the recent paper [17] it was shown that
uniform asymptotic stability at zero, local ISS and the exis-
tence of a LISS Lyapunov function are equivalent properties
for a system of the form

ẋ(t) = Ax(t)+ f (x(t),u(t)), x(t) ∈ X , u(t) ∈U, (1)

provided the right hand side has some sort of uniform
continuity with respect to u. Here X is a Banach space, U is
a linear normed space, A is the generator of a C0-semigroup
{T (t), t ≥ 0} and f : X×U → X is sufficiently regular.

In addition, in [17] a system of the form (1) was con-
structed, which is locally ISS (LISS), uniformly globally
asymptotically stable for a zero input (0-UGAS), globally
stable (GS) and which has the asymptotic gain (AG) property,
but which is not ISS. This is in contrast to ODE systems,
for which we have the equivalences

AG∧GS ⇔ AG∧0-UGAS ⇔ AG∧LISS ⇔ ISS,

see [7], [8]. This naturally leads to a set of challenging
questions: which properties are still equivalent to ISS? Can
one classify the non-ISS properties in a natural way? Is it
possible to introduce a reasonable ISS-like property which
will be equivalent to ISS in finite dimensions, but weaker
than ISS for general systems (1)?

In this paper we make some steps towards the solution
of these questions. As argued above, for (1) ISS is no
longer equivalent to the combinations of not fully uniform
notions (like AG ∧ GS or AG ∧ 0-UGAS). Moreover, these
combinations of notions are no longer equivalent with each
other, as we show by means of counterexamples. Instead,
they can be classified into several groups, according to the
type and grade of uniformity.

We start our analysis in Section V with a counterexample,
showing that (nonuniform) global asymptotic stability at zero
(0-GAS) together with local uniform asymptotic stability at
zero (0-UAS) does not imply global stability (GS) of the
system (1). Next in Section VI we show that the uniform
asymptotic gain property (UAG) under minor requirements
from the flow of the system is still equivalent to ISS.
Using these results, in Section VII we classify the stability
notions for undisturbed systems into four groups, which are
all equivalent in the finite-dimensional case, but which are
essentially different in infinite dimensions. Finally, we intro-
duce a strong ISS (sISS) property, which for linear systems
without inputs is resolved to strong stability of a semigroup
T (ISS for linear systems without inputs corresponds to the
exponential stability of T ). In order to characterize strong

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

667



ISS we introduce a strong asymptotic gain (sAG) property,
which is weaker than UAG, and prove that strong ISS is
equivalent to global stability plus sAG property.

Although this paper does not solve the problem of char-
acterizing the ISS property for system (1), we believe that it
indicates a promising direction in order to achieve a complete
solution of this fundamental problem.

II. PRELIMINARIES

We study mild solutions of (1), i.e. solutions x : [0,τ]→ X
of the integral equation

x(t) = T (t)x(0)+
∫ t

0
T (t− s) f (x(s),u(s))ds, (2)

belonging to the space of continuous functions C([0,τ],X)
for some τ > 0.

We assume that f (0,0) = 0, i.e., x∗ = 0 is an equilibrium
point of (1) when the input is u≡ 0.

Let R+ := [0,∞). In the sequel we assume that the set of
input values U is a normed linear space and that the input
functions belong to the space U := PC(R+,U) of globally
bounded, piecewise continuous functions f : R+→U , which
are right continuous. We denote the norm of u ∈ U by
‖u‖U := supt≥0 ‖u(s)‖U . The closed ball of radius r around
0 in X is denoted by Br := {x ∈ X : ‖x‖X ≤ r}.

Throughout the paper, we use the following assumption
concerning the nonlinearity f .

Assumption 1: The function f : X ×U → X is Lipschitz
continuous on bounded subsets of X , uniformly with respect
to the second argument, i.e. for all C > 0, there exists a
L f (C) > 0, such that for all x,y ∈ BC and for all v ∈U , it
holds that

‖ f (y,v)− f (x,v)‖X ≤ L f (C)‖y− x‖X . (3)

In addition, we assume that f (x, ·) is continuous for all x∈X .
Since U = PC(R+,U), Assumption 1 ensures that the

mild solution of (1) exists and is unique, according to a
variation of a classical existence and uniqueness theorem
[18, Proposition 4.3.3]. By φ(t,x,u) we denote the solution
at time t ∈ R+ associated with the initial condition x ∈ X at
t = 0 and the input u ∈U .

Next we state the other two assumptions which we require
from the system (1) on the following pages. The first one is
essentially a continuity property of the solution map in the
equilibrium solution.

Assumption 2: We assume that 0 ∈ X is a robust equilib-
rium point of (1), that is,
• φ(t,0,0) = 0 for all t ≥ 0
• for every ε > 0 and for any h > 0 there exists δ =

δ (ε,h)> 0, so that
t ∈ [0,h]∧‖x‖X ≤ δ ∧‖u‖U ≤ δ ⇒ ‖φ(t,x,u)‖X ≤ ε. (4)

Assumption 3: We assume that (1) is robustly forward
complete (RFC), that is for any C > 0 and any τ > 0 it holds
that

sup
‖x‖X≤C, ‖u‖U ≤C, t∈[0,τ]

‖φ(t,x,u)‖X < ∞.

For the formulation of stability properties the following
classes of comparison functions are useful:

K := {γ : R+→ R+ | γ is continuous, strictly
increasing and γ(0) = 0} ,

K∞ := {γ ∈K | γ is unbounded} ,
L := {γ : R+→ R+ | γ is continuous and strictly

decreasing with lim
t→∞

γ(t) = 0},
K L := {β : R+×R+→ R+ | β is continuous,

β (·, t) ∈K , β (r, ·) ∈L , ∀t ≥ 0, ∀r > 0} .
Next we list the stability notions, which will be in-

vestigated on the following pages. We start with notions
for systems without disturbances, followed by notions for
systems with inputs.

Definition 1: System (1) is called
• uniformly stable at zero (0-ULS), if for all ε > 0 there

exists a δ > 0 so that

x ∈ Bδ ⇒ ‖φ(t,x,0)‖X < ε ,∀t ≥ 0. (5)

• uniformly globally stable at zero (0-UGS), if there exists
a σ ∈K∞ so that

‖φ(t,x,0)‖X ≤ σ(‖x‖X ), ∀x ∈ X ,∀t ≥ 0. (6)

• practically uniformly globally stable at zero (0-pUGS),
if there exist σ ∈K∞ and c > 0 so that

‖φ(t,x,0)‖X ≤ σ(‖x‖X )+ c, ∀x ∈ X ,∀t ≥ 0. (7)

• globally attractive at zero (0-GATT), if

lim
t→∞
‖φ(t,x,0)‖X = 0 , ∀x ∈ X . (8)

• a system with the limit property at zero (0-LIM), if

inf
t≥0
‖φ(t,x,0)‖X = 0 , ∀x ∈ X .

• uniformly globally attractive at zero (0-UGATT), if for
all ε,δ > 0 there exists a τa = τa(ε,δ )< ∞ such that

t ≥ τa, x ∈ Bδ ⇒ ‖φ(t,x,0)‖X ≤ ε. (9)

• globally asymptotically stable at zero (0-GAS), if (1) is
0-ULS and 0-GATT.

• asymptotically stable at zero uniformly with respect to
the state (0-UAS), if there exists a β ∈K L and r > 0,
such that

‖φ(t,x,0)‖X ≤ β (‖x‖X , t) , ∀x ∈ Br,∀t ≥ 0. (10)

• globally asymptotically stable at zero uniformly with
respect to the state (0-UGAS), if it is 0-UAS and (10)
holds for all x ∈ X .

We stress the difference between the uniform notions 0-
UGATT and 0-UGAS and the nonuniform notions 0-GATT
and 0-GAS. For 0-GATT systems all trajectories converge
to the origin, but their speed of convergence may differ
drastically for initial values with the same norm, in contrast
to 0-UGATT systems. The notions of 0-ULS, 0-UGS and
0-pUGS are uniform in the sense that there exists an upper
bound of the norm of trajectories which is equal for initial
states with the same norm.
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Remark 1: 0-GAS is equivalent to 0-UGAS for ODE sys-
tems, but it is weaker than 0-UGAS for infinite-dimensional
systems. For linear systems ẋ = Ax, where A generates a
strongly continuous semigroup, the Banach-Steinhaus theo-
rem implies that 0-GAS is equivalent to strong stability of
the associated semigroup T and implies the UGS property.

The 0-LIM property describes systems whose trajectories
approach the origin arbitrarily closely. Obviously, 0-GATT
implies 0-LIM.

The notions of 0-ULS and 0-UGS lead to the following
notions for the systems with inputs.

Definition 2: System (1) is
• uniformly locally stable (ULS), if there exist σ ,γ ∈K∞

and r > 0 such that for all x ∈ Br and all u ∈ U with
‖u‖U ≤ r, it holds that

‖φ(t,x,u)‖X ≤ σ(‖x‖X )+ γ(‖u‖U ) , ∀t ≥ 0. (11)

• uniformly globally stable (UGS), if it is locally stable
with r = ∞.

• practically uniformly globally stable (pUGS), if there
exist σ ,γ ∈K∞ and c > 0 such that for all x ∈ X , and
all u ∈U it holds that

‖φ(t,x,u)‖X ≤σ(‖x‖X )+γ(‖u‖U )+c , ∀t ≥ 0. (12)
Remark 2: It is easy to see that the notion of pUGS is

equivalent to the boundedness property (BND), as defined in
[8, p. 1285].

Next we list attractivity properties for systems with inputs.
Definition 3: System (1) has the
• limit property (LIM), if there exists a γ ∈K∞∪{0}, such

that

inf
t≥0
‖φ(t,x,u)‖X ≤ γ(‖u‖U ) ∀x ∈ X , ∀u ∈U .

• asymptotic gain (AG) property, if there exists a γ ∈
K∞ ∪ {0} such that for all ε > 0, for all x ∈ X and
for all u ∈ U there exists a τa = τa(ε,x,u) < ∞ such
that

t ≥ τa ⇒ ‖φ(t,x,u)‖X ≤ ε + γ(‖u‖U ). (13)

• strong asymptotic gain (sAG) property, if there exists a
γ ∈K∞∪{0} such that for all x ∈ X and for all ε > 0
there exists a τa = τa(ε,x)< ∞ such that for all u ∈U

t ≥ τa ⇒ ‖φ(t,x,u)‖X ≤ ε + γ(‖u‖U ). (14)

• uniform asymptotic gain (UAG) property, if there exists
a γ ∈K∞∪{0} such that for all ε,δ > 0 there exists a
τa = τa(ε,δ )< ∞ such that for all u∈U and all x∈ Bδ

t ≥ τa ⇒ ‖φ(t,x,u)‖X ≤ ε + γ(‖u‖U ). (15)
All three properties AG, sAG and UAG imply that all

trajectories converge to the ball of radius γ(‖u‖U ) around
the origin as t → ∞. The difference between AG, sAG and
UAG is in the kind of dependence of τa on the states and
inputs. In UAG systems this time depends (besides ε) only on
the norm of the state, in sAG systems it depends on the state
x (and may vary for different states with the same norm), but
it does not depend on u. In AG systems τa depends both on

x and on u. For systems without inputs, the AG and sAG
properties are reduced to 0-GATT, and the UAG property
becomes 0-UGATT.

Now we proceed to the main notion of this paper:
Definition 4: System (1) is called (uniformly) input-to-

state stable (ISS), if there exist β ∈K L and γ ∈K such
that for all x ∈ X , u ∈U and t ≥ 0 the following holds

‖φ(t,x,u)‖X ≤ β (‖x‖X , t)+ γ(‖u‖U ). (16)
The local counterpart of the ISS property is

Definition 5: System (1) is called (uniformly) locally
input-to-state stable (LISS), if there exist β ∈K L , γ ∈K
and r > 0 such that the inequality (16) holds for all x ∈ Br,
‖u‖U ≤ r and t ≥ 0.

A powerful tool to investigate local ISS of control systems
is a Lyapunov function.

Definition 6: Let D ⊂ X with 0 ∈ int(D). A continuous
function V : D→ R+ is called a LISS Lyapunov function, if
there exist r > 0, ψ1,ψ2 ∈K∞, α ∈K∞ and σ ∈K such
that Br ⊂ D,

ψ1(‖x‖X )≤V (x)≤ ψ2(‖x‖X ), ∀x ∈ Br (17)

and the Lie derivative of V along the trajectories of the
system (1) satisfies

V̇u(x)≤−α(‖x‖X )+σ(‖u(0)‖U ) (18)

for all x ∈ Br and u ∈ U with ‖u‖U ≤ r. Here the Lie
derivative of V corresponding to the input u is defined by

V̇u(x) = lim
t→+0

1
t
(V (φ(t,x,u))−V (x)). (19)

The function V is called a 0-UAS Lyapunov function, if (17)
is satisfied and if (18) holds for u≡ 0.

III. PREVIOUS WORK

In this section we briefly describe results, related to the
topic of this paper which are available in the literature.

The fundamental result due to Sontag and Wang [7], [8],
which we informally described in the introduction, states that

Proposition 1: Let X =Rn, U =Rm. For an ODE system
(1), satisfying Assumption 1 the combinations of properties
depicted in Figure 1 are equivalent.

In particular, ISS ⇔ UAG ⇔ AG ∧ UGS ⇔ AG ∧ 0-
UGAS ⇔ existence of a smooth ISS Lyapunov function.

One of the interesting features of Proposition 1 is that
uniform properties like ISS or UAG are equivalent to com-
binations of nonuniform properties, like AG ∧ ULS. We will
see that this is no longer true in infinite dimensions.

Concerning infinite-dimensional systems, in [17, Theorem
4] the following characterization of LISS has been obtained:

Theorem 2: Let Assumption 1 hold and assume there exist
σ ∈K and ρ > 0 so that for all v ∈U such that ‖v‖U ≤ ρ

and all x ∈ X with ‖x‖X ≤ ρ we have

‖ f (x,v)− f (x,0)‖X ≤ σ(‖v‖U ). (20)

Then for the system (1) the following properties are equiv-
alent:
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ISS

UAG

AG∧ 0-UGAS

AG∧LISS

AG∧ULS

AG∧UGS

LIM∧UGS

LIM∧ULS

LIM∧ pUGS∧ULS

∃ ISS-LF

Fig. 1. Characterizations of ISS in finite dimensions

(i) 0-UAS.
(ii) Existence of a Lipschitz continous 0-UAS Lyapunov

function.
(iii) Existence of a Lipschitz continuous LISS Lyapunov

function.
(iv) LISS.

The situation concerning the global ISS property is more
complicated, as indicated by the following example in [17].

Example 1: Consider a system Σ with state space X =
l1 := {(xk)

∞
k=1 : ∑

∞
k=1 |xk| < ∞} and input space U :=

PC(R+,R).
Let the dynamics of the k-th mode of Σ be given by

ẋk(t) =−
1

1+ |u(t)|k
xk(t). (21)

This system is 0-UGAS, sAG, AG with zero gain, UGS with
zero gain, and LISS with zero gain, but it is not ISS (and
hence not UAG). �

Remark 3: In finite-dimensions AG ∧ 0-ULS ⇔ ISS ⇔
UAG which shows that for ODE systems the difference
between AG and UAG is relatively small. The previous
example shows that in infinite dimensions this difference is
considerably bigger, since even sAG systems with as strong
additional properties as UGS and 0-UGAS are still not ISS,
and thus not UAG.

IV. MAIN RESULT AND STRUCTURE OF THE PAPER

As indicated in the title of this paper, our aim is to
show what ’goes wrong’ in the characterizations of ISS in
infinite dimensions. We describe this in Figure 2: the black
arrows shows the implications or equivalences which hold
in infinite dimensions and the red arrows (with the negation
sign) are the implications which do not hold, due to the
counterexamples presented in this paper.

In Section VI we show the equivalence between the
properties of ISS and UAG. This generalizes the well-known
fact that the undisturbed system (1) is 0-UGAS iff it is
uniformly globally attractive (0-UGATT).

Next, in Section VIII we introduce the new concept
of strong input-to-state stability (sISS). For linear systems

ISSUAG

AG∧ 0-UGAS

AG∧LISS

AG∧ULS

AG∧UGS

LIM∧UGS

LIM∧ULS

LIM∧ pUGS∧ULS
6⇑ (i)

6⇑ (ii)

6⇑

(iii)

6⇒ (iv)
6⇐ (v)

6⇒ (vi)
6⇐ (vii)

/
(viii)

(ix)

Fig. 2. Characterizations of ISS in infinite dimensions

without inputs sISS is equivalent to strong stability of the
associated semigroup T . We show that sISS is equivalent to
sAG ∧ UGS.

V. COUNTEREXAMPLES

In this section we provide counterexamples which show
that several implications which are true in finite dimensions
fail to hold in infinite dimensions. These examples show that
all the crossed out implication arrows (marked in red) in
Figure 2 indeed correspond to implications which do not
hold.

Already looking at linear systems without inputs we see
that several implications do not hold.

Lemma 1: The following implications do not hold (in
general) for infinite-dimensional systems (1), even for linear
systems:

1) AG ∧ UGS does not imply ISS.
2) AG ∧ ULS does not imply AG ∧ LISS.

Proof: Consider the linear system ẋ = Ax, where A is
the generator of a C0-semigroup T (·). For this system it is
observed in [19] that ISS is equivalent to 0-UGAS which is
in turn equivalent to exponential stability of the semigroup
T (·). By linearity and as there is no input these properties
are also equivalent to LISS and thus also to AG ∧ LISS.

On the other hand, using linearity we have the equiva-
lences AG ∧ UGS ⇔ AG ∧ ULS ⇔ 0-GATT ∧ 0-ULS ⇔
0-GAS ⇔ strong stability of T (·) (for the last equivalence
see Remark 1). Since strong stability of a semigroup does
not imply exponential stability in general, the claim of the
lemma follows.

Remark 4: The previous Lemma 1 allows us to dispose
of several of the arrows in Figure 2. The arrows marked
with (i) and (ix) are immediate from the statement. On the
other hand from the proof we also see that AG ∧ UGS does
not imply 0-UGAS, which yields the claim associated to the
arrow (v). Finally, the claim of arrow (vii) follows as AG ∧
UGS is easily seen to be equivalent to LIM ∧ UGS and by
the proof of the lemma this property does not imply AG ∧
LISS.

Example 2: According to Remark 1 for linear infinite-
dimensional systems 0-GAS implies 0-UGS. We now show
that this is false for nonlinear systems. Consider the nonlinear
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infinite-dimensional system Σ defined by

Σ :

 Σk :
{

ẋk =−xk + x2
kyk− 1

k2 x3
k ,

ẏk =−yk.
k = 1, . . . ,∞

(22)

with state space

X := l2 =

{
(zk)

∞
k=1 :

∞

∑
k=1
|zk|2 < ∞, zk = (xk,yk) ∈ R2

}
.

We show that Σ is 0-GAS and 0-UAS but is not 0-pUGS and
thus is not 0-UGS.

First we argue that Σ is 0-UAS. Indeed, for r < 1 the
Lyapunov function V (z) = ‖z‖2

l2
= ∑

∞
k=1(x

2
k +y2

k) satisfies for
all zk with |xk| ≤ r and |yk| ≤ r (k ∈ N) the estimate

V̇ (z) = 2
∞

∑
k=1

(−x2
k + x3

kyk−
1
k2 x4

k − y2
k)

≤ 2
∞

∑
k=1

(−x2
k + |xk|3|yk|−

1
k2 x4

k − y2
k)

≤ 2
∞

∑
k=1

((r2−1)x2
k − y2

k)

≤ 2(r2−1)V (z).

We see that V is an exponential local Lyapunov function
for the system (22) and thus (22) is locally uniformly
asymptotically stable. Indeed it it not hard to show that the
domain of attraction contains {z ∈ l2 : |xk|< r, |yk|< r, ∀k}.

To show the global attractivity of Σ we first point out that
every Σk is 0-GAS. This follows from the fact that any Σk
is a cascade interconnection of an ISS xk-system (with yk as
an input) and a globally asymptotically stable yk-system, see
[1].

Furthermore, for any z(0) ∈ l2 there exists a finite N > 0
such that |zk(0)| ≤ 1

2 for all k ≥ N. Decompose the norm of
z(t) as follows

‖z(t)‖l2 =
N−1

∑
k=1
|zk(t)|2 +

∞

∑
k=N
|zk(t)|2.

According to the previous arguments, ∑
N−1
k=1 |zk(t)|2 → 0 as

t → 0 since all Σk are GAS for k = 1, . . . ,N − 1. Also
∑

∞
k=N |zk(t)|2 decays monotonically and exponentially to 0

as t → ∞. Overall, ‖z(t)‖l2 → 0 as t → ∞ which shows that
Σ is 0-GAS and 0-UAS.

Finally we show that Σ is not 0-pUGS. To prove this, it
is enough to show that there exists an r > 0 so that for any
M > 0 there exist z ∈ l2 and t ≥ 0 so that ‖z‖l2 = r and
‖φ(t,z,0)‖X > M.

Let us consider Σk. For yk ≥ 1 and for xk ∈ [0,k] it holds
that

ẋk ≥−2xk + x2
k . (23)

Pick an initial state xk(0) = c > 0 (which is independent of
k) so that the solution of ẋk =−2xk +x2

k blows up to infinity
in time t∗ = 1. Now pick yk(0) = e (Euler’s constant) for
all k = 1, . . . ,∞. For this initial condition we obtain yk(t) =
e1−t ≥ 1 for t ∈ [0,1]. And consequently for zk(0) = (c,e)T

there exists a time τk ∈ (0,1) such that xk(τk) = k for the
solution of Σk.

Now consider an initial state z(0) for Σ, where zk(0) =
(c,e)T and z j(0) = (0,0)T for j 6= k. For this initial state we
have that ‖z(t)‖l2 = |zk(t)| and

sup
t≥0
‖z(t)‖l2 = sup

t≥0
|zk(t)| ≥ |xk(τk)| ≥ k.

As k ∈ N was arbitrary, this shows that the system Σ is not
0-pUGS. �

Corollary 3: The following implications do not hold (in
general) for an infinite-dimensional nonlinear system of the
form (1):

(i) AG ∧ ULS 6⇒ AG ∧ UGS.
(ii) LIM ∧ ULS 6⇒ LIM ∧ UGS.

(iii) AG ∧ LISS 6⇒ AG ∧ 0-UGAS.
Remark 5: We note that item (iii) of Corollary 3 imme-

diately justifies the arrow marked by (ii) in Figure 2.
Proof: (i) For a nonlinear system without inputs it holds

trivially that

AG ∧ ULS ⇔ 0-GATT ∧ 0-ULS ⇔ 0-GAS.

Again by direct inspection of the definitions we have

AG ∧ UGS ⇔ 0-GATT ∧ 0-UGS ⇔ 0-GAS ∧ 0-UGS.

Now Example 2 presents a system that is 0-GAS but is not
0-UGS. This shows the claim.

The items (ii) and (iii) are proved by a similar argument.
Again for a system without inputs we have the equivalences

1) LIM ∧ ULS ⇔ 0-LIM ∧ 0-ULS ⇔ 0-GAS,
2) AG ∧ LISS ⇔ 0-GATT ∧ 0-UAS ⇔ 0-GAS ∧ 0-UAS,

where the last equivalence of 1) is shown in Lemma 6. On
the other hand we have

3) LIM ∧ UGS ⇔ 0-LIM ∧ 0-UGS ⇔ 0-GAS ∧ 0-UGS,
4) AG ∧ 0-UGAS ⇔ 0-GATT ∧ 0-UGAS ⇔ 0-UGAS.

The equivalences 1) and 3) together with Example 2 show
(ii). For (iii) we note that the last item of 4) implies 0-UGS.

Remark 6: In [8] it was proved that a finite-dimensional
forward complete system which is LIM is necessarily pUGS,
see [8, Lemma I.4, p.1915, for the proof see p.1920].
Example 2 shows that this is no longer true in infinite
dimensions. Indeed, the system in Example 2 is forward-
complete and is 0-GAS. In particular, it is ULS and LIM,
but the system is not practically globally stable. This justifies
the claim associated with arrow (viii) in Figure 2.

Example 3: In this modification of Example 2 it is demon-
strated that 0-UGAS ∧ AG ∧ LISS does not imply UGS. Let
Σ be defined by

Σ :

 Σk :
{

ẋk =−xk + x2
kyk|u|− 1

k2 x3
k ,

ẏk =−yk.
k = 1, . . . ,∞

And let a state space of Σ be

X := l2 = {(zk)
∞
k=1 :

∞

∑
k=1
|zk|2 < ∞}, zk = (xk,yk) ∈ R2.
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and its input space be U := PC(R+,R).
Evidently, this system is 0-UGAS. Also it is clear that

Σ is not UGS, since for u≡ 1 we obtain exactly the system
from Example 2, which is not practically globally stable. The
proof that this system is LISS and AG with zero gain mimics
the argument we exploited to show 0-GATT of Example 2
and thus we skip it.

In view of Remark 4 we note the following immediate
consequence.

Corollary 4: AG ∧ UGS and AG ∧ 0-UGAS are different
notions, in sense that neither combination implies the other
one.

Remark 7: With Corollary 4 we have treated the arrows
marked (iv) and (v) in Figure 2. Furthermore, the system in
Example 3 is AG and 0-UGAS but is not ISS, as it is not
even UGS. In view of the next section where we show that
ISS is equivalent to UAG, this disposes of the arrow (iii).
Finally, the same system is AG and LISS, but not UGS,
which shows arrow (vi).

VI. ISS⇔ UAG

In this section we prove that ISS is equivalent to UAG.
We start with a simple lemma:

Lemma 2: If (1) is ISS, then it is UAG.
Proof: Let (1) be ISS with the corresponding β ∈K L

and γ ∈K∞. Take arbitrary ε,δ > 0. Define τa = τa(ε,δ ) as
the solution of the equation β (δ ,τa) = ε (if it exists, then
it is unique, because of monotonicity of β in the second
argument, if it does not exist, we set τa(ε,δ ) := 0). Then for
all t ≥ τa, all x ∈ X with ‖x‖X ≤ δ and all u ∈U we have

‖φ(t,x,u)‖X ≤ β (‖x‖X , t)+ γ(‖u‖U )

≤ β (‖x‖X ,τa)+ γ(‖u‖U )

≤ ε + γ(‖u‖U ),

and the estimate (15) holds.
To prove the converse claim, we need an auxiliary lemma.
Lemma 3: System (1) is ULS if and only if for all ε > 0

there exists a δ > 0 such that

‖x‖X ≤ δ ∧ ‖u‖U ≤ δ ⇒ ‖φ(t,x,u)‖X ≤ ε ∀t ≥ 0. (24)
This proof is a standard reformulation of ε-δ formulations

of stability in terms of K -functions. We include it for the
convenience of the reader.

Proof: ”⇒” Let (1) be ULS. Let σ ,γ ∈K∞ and r > 0 be
such that (11) holds for these functions and the neighborhood
specified by r. Let ε > 0 be arbitrary and choose

δ = δ (ε) := min
{

σ
−1
(

ε

2

)
,γ−1

(
ε

2

)
,r
}
.

With this choice (24) follows from (11).
”⇐” Let (24) hold. For ε ≥ 0 define

δ (ε) := sup{s≥ 0 : ‖x‖X ≤ s ∧ ‖u‖U ≤ s

⇒ sup
t≥0
‖φ(t,x,u)‖X ≤ ε}.

Clearly (24) implies that δ (·) is well defined, increasing and
continuous in 0. Let δ̂ ∈K be any function with δ̂ ≤ δ and

set r := sups≥0 δ̂ (s) ∈ R+ ∪∞. Define γ = δ̂−1 : [0,r)→ R.
Then for ‖x‖X < r and ‖u‖U < r we have

‖φ(t,x,u)‖X ≤ γ(max{‖x‖X ,‖u‖U })≤ γ(‖x‖X )+ γ(‖u‖U ),

which shows ULS.
Lemma 4: If system (1) is UAG, then it is ULS.

Proof: We will show that (24) holds so that the claim
follows from the previous lemma. Let τa and γ be the
functions given by (15). Let ε > 0 and τ := τa(ε/2,1). Pick
any δ1 > 0 so that γ(δ1) < ε/2. Then for all x ∈ X with
‖x‖X ≤ 1 and all u ∈U with ‖u‖U ≤ δ1 we have

sup
t≥τ

‖φ(t,x,u)‖X ≤
ε

2
+ γ(‖u‖U )< ε. (25)

Due to Assumption 2, there is some δ2 = δ2(ε,τ)> 0 so
that

‖η‖X ≤ δ2 ∧ ‖u‖U ≤ δ2 ⇒ sup
t∈[0,τ]

‖φ(t,η ,u)‖X ≤ ε.

Together with (25), this proves (24) with δ :=min{1,δ1,δ2}.

Lemma 5: If (1) is UAG, then it is UGS.
Proof: Assume (1) is UAG and let ε := 1 in the

definition of UAG. Then for any δ > 0 there exists a τ :=
τa(1,δ ) such that

‖x‖X < δ ∧ ‖u‖U < δ ∧ t ≥ τa ⇒ ‖φ(t,x,u)‖X < 1+γ(δ ).

Now Assumption 3 implies that for this δ there exists a
K(δ ) such that for all t ≤ τa, all x ∈ X with ‖x‖X < δ , and
all u ∈U with ‖u‖U < δ we have

‖φ(t,x,u)‖X ≤ K(δ ).

Without loss of generality we can assume that K is an
increasing function of δ .

Then for all δ > 0, all t ≥ 0 and for all ‖x‖X < δ and
‖u‖U < δ we have

‖φ(t,x,u)‖X ≤ 1+K(δ )+ γ(δ ).

Since (1) is ULS, there exist σ ∈K∞ and r > 0 such that
for all x ∈ X and all u ∈U with ‖x‖X ≤ r and ‖u‖U ≤ r it
holds that

‖φ(t,x,u)‖X ≤ σ(‖x‖X )+σ(‖u‖U ) , ∀t ≥ 0.

Now define

w(s) :=

{
σ(s) , if s ∈ [0,r]
1+K(s) , otherwise

Then w(s) = 0 whenever s = 0 and w(s)> 0 when s > 0.
Pick any κ ∈K∞ such that w(s)≤ κ(s) for all s≥ 0. Then

‖φ(t,x,u)‖X ≤ κ(‖x‖X )+κ(‖u‖U )

for all x ∈ X , u ∈U and all t ≥ 0, which shows UGS of (1).

The final result of this section is:
Proposition 5: (1) is UAG if and only if (1) is ISS.

Proof: ’⇐’ This is proved in Lemma 2.
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’⇒’ Fix arbitrary δ ∈ R+. We are going to construct a
function β ∈K L so that (16) holds.

From global stability it follows that for all t ≥ 0, all x ∈ X
with ‖x‖X ≤ δ and ∀u ∈U we have

‖φ(t,x,u)‖X ≤ σ(δ )+ γ(‖u‖U ).

Define εn := 1
2n σ(δ ), for n ∈ N. The UAG property implies

that there exists a sequence of times τn := T (εn,δ ) that
we may without loss of generality assume to be strictly
increasing, such that for all x ∈ X with ‖x‖X ≤ δ and all
u ∈U

‖φ(t,x,u)‖X ≤ εn + γ(‖u‖U ) , ∀t ≥ τn.

Define ω(δ ,τn) := εn−1, for n ∈ N, n 6= 0.

ε0

ε1

ε2

τ1 τ2 τ3

Fig. 3. Construction of the function ω

Now extend the function ω(δ , ·) for t ∈ R+\{τn,n ∈ N}
so that ω(δ , ·) ∈L . All such functions satisfy the estimate
(16), because for all t ∈ (τn,τn+1) it holds that ‖φ(t,x,u)‖X ≤
εn+γ(‖u‖U )<ω(δ , t)+γ(‖u‖U ). Doing this for all δ ∈R+

we obtain the definition of the function ω .
Now choose β (r, t) = sup0≤s≤r ω(s, t)≥ ω(r, t). From this

definition it follows that β is continuous and β (·, t) ∈K∞.
Also β (r, ·) ∈L , because ω(r, ·) ∈L . Thus, β ∈K L and
the estimate (16) is satisfied with such a β .

VII. SYSTEMS WITHOUT INPUTS

In this section we classify the stability notions for systems
without inputs. We feel that this simplified picture can be
helpful in understanding the general case and at the same
time it is interesting in its own right.

We start with a lemma.
Lemma 6: (1) is 0-LIM and 0-ULS if and only if (1) is

0-GAS.
Proof: It is clear that 0-GAS implies 0-LIM and 0-ULS.

So we only prove the converse direction.
Pick any x ∈ X . Since (1) is 0-ULS, for any ε > 0 there

exist δ = δ (ε)> 0 such that ‖x‖X ≤ δ implies ‖φ(t,x,0)‖X ≤
ε for all t ≥ 0. Pick any such ε , and denote it by ε1 with the
corresponding δ1. Since (1) is 0-LIM, for this δ1 > 0 there
exists a T1 = T1(x) > 0 such that ‖φ(T1,x,0)‖X ≤ δ1. Due
to the semigroup property, φ(t+T1,x,0) = φ(t,φ(T1,x,0),0)
and consequently ‖φ(t +T1,x,0)‖X ≤ ε1 for all t ≥ 0.

Pick a sequence {εi}∞
i=1 with εi→ 0 as i→ ∞. According

to the above argument, there exists a sequence of times
Ti = Ti(x) such that ‖φ(t,x,0)‖X ≤ εi for all t ≥ Ti, and thus
‖φ(t,x,0)‖X → 0 as t→ ∞. This shows that (1) is 0-GATT,
and since we assumed that (1) is 0-ULS, (1) is also 0-GAS.

Now we are in a position to state the main result of this
section.

Proposition 6: For the system (1) without inputs the re-
lations depicted in Figure 4 hold.

Proof: The equivalences on the uniform level follow
directly from the equivalence between UAG and ISS. 0-GAS
is equivalent to 0-GATT ∧ 0-ULS according to the definition
of 0-GAS, and it is equivalent to 0-LIM ∧ 0-ULS according
to Lemma 6.

The implications (2) follow since 0-UAS ⇔ 0-UGAS and
0-ULS ⇔ 0-UGS for linear systems. The implications (1)
are well-known.

The observation that 0-UAS ∧ 0-GATT is not implied by
and does not imply 0-GAS ∧ 0-UGS follows from Example 2
and since strong stability of strongly continuous semigroups
is weaker than the exponential stability.

We see that there are two main groups of stability notions:
uniform and nonuniform ones. Between these two levels
there are two other combinations: 0-UAS ∧ 0-GATT and 0-
GATT ∧ 0-UGS ⇔ 0-GAS ∧ 0-UGS. These notions neither
belong to the fully uniform nor to the fully nonuniform level.
Rather, they possess different types of uniformity: 0-UAS ∧
0-GATT has uniform attraction times near the origin and the
pair 0-GATT ∧ 0-UGS has the uniform global bound for
solutions of (1) with u≡ 0.

0-UGAS0-UGATT ∃ of 0-UGAS-LF

0-UAS∧ 0-GATT0-GAS∧ 0-UGS

0-GAS0-LIM ∧ 0-ULS 0-GATT ∧ 0-ULS

6⇐=
6=⇒

(1)(2) ⇓(1) ⇓

(1)(2) ⇓ (1) ⇓

Fig. 4. Characterizations of 0-UGAS. Implications marked by (1) resp.
(2) become equivalences for (1) ODE systems, see e.g. [20, Proposition 2.5]
and (2) linear systems (as a consequence of the Banach-Steinhaus theorem).

VIII. STRONG ISS

As has been shown in Lemma 1, the combination of the
properties AG and UGS is weaker than ISS. Therefore it is
natural to ask for a weaker property than ISS which would
be equivalent to the combination AG ∧ UGS. In this section
we prove a partial result of this kind.

Definition 7: System (1) is called strongly input-to-state
stable (sISS), if there exist γ ∈K , σ ∈K∞ and β : X×R+→
R+, so that

1) β (x, ·) ∈L for all x ∈ X , x 6= 0
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2) β (x, t)≤ σ(‖x‖X ) for all x ∈ X and all t ≥ 0
3) for all x ∈ X , all u ∈U and all t ≥ 0 it holds that

‖φ(t,x,u)‖X ≤ β (x, t)+ γ(‖u‖U ). (26)
Remark 8: Clearly, ISS implies sISS, but not vice versa.
By Proposition 5 we know that ISS is equivalent to UAG.

Next we prove the corresponding characterization for sISS.
Theorem 7: Consider system (1) and let Assumption 1

hold. The following statements are equivalent.
(i) System (1) is sISS.

(ii) System (1) is sAG and UGS.
Proof: Let (1) be sISS with corresponding β : X ×

R+→ R+ and γ ∈K∞. Then (1) is automatically UGS.
Fix any x ∈ X and any ε > 0. Define τ = τ(ε,x) as the

solution of the equation β (x,τ) = ε (if this solution exists,
then it is unique, because of the monotonicity of β in the
second argument, if it does not exist, we set τ(ε,x) = 0).
Then for all t ≥ τ and all u ∈U

‖φ(t,x,u)‖X ≤ β (x, t)+ γ(‖u‖U )

≤ β (x,τ)+ γ(‖u‖U )

≤ ε + γ(‖u‖U ),

and the estimate (14) holds. Thus, sISS implies sAG.
Conversely, assume that (1) is UGS and sAG. Fix an

arbitrary δ ∈ R+ and any x ∈ X with ‖x‖X ≤ δ . We are
going to construct β : X ×R+→ R+ with the properties as
in Definition 7, so that (26) holds.

Uniform global stability of (1) implies that there exist
σ ,γ ∈K∞ so that for all t ≥ 0 and for all u ∈ U it holds
that

‖φ(t,x,u)‖X ≤ σ(δ )+ γ(‖u‖U ).

Define εn := 1
2n σ(δ ), for all n ∈N. Due to sAG there exists

a sequence of times τn := τ(εn,x), which we assume without
loss of generality to be strictly increasing in n, such that

‖φ(t,x,u)‖X ≤ εn + γ(‖u‖U ) ∀u ∈U , ∀t ≥ τn.

Define β (x,τn) := εn−1, for n ∈ N, n 6= 0.
Now extend the function β (x, ·) for t ∈R+\{τn,n∈N} so

that β (x, ·) ∈L and β (x, t) ≤ 2σ(‖x‖X ) for all t ≥ 0 (this
can be done by choosing the values of β (x, t) sufficiently
small for t ∈ [0,τ1)).

The function β satisfies the estimate (26), because for all
t ∈ (τn,τn+1) it holds that ‖φ(t,x,u)‖X ≤ εn + γ(‖u‖U ) <
β (x, t)+ γ(‖u‖U ). Performing this procedure for all x ∈ X
we obtain the definition of the function β . This shows sISS
of (1).

IX. CONCLUSIONS

We have demonstrated by means of counterexamples that
many conditions which are equivalent to ISS in finite di-
mensions, no longer provide equivalent characterizations in
the infinite-dimensional setting. As a positive result, it has
been shown that one of the finite-dimensional equivalences,
namely the equivalence between ISS and the uniform asymp-
totic gain property, still holds in infinite dimensions. Finally,
we have introduced a strong ISS property which is equivalent

to ISS in the ODE case, but which is strictly weaker than ISS
for differential equations in Banach spaces. Strong ISS has
been characterized as as the strong asymptotic gain property
together with global stability.
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Diffusion of innovation in large scale graphs: a mean field analysis

Fabio Fagnani1 and Lorenzo Zino2

Abstract— Will a new smartphone application diffuse deeply
in the population or will it sink into oblivion soon? To predict
this, we argue that common models of spread of innovations
based on cascade dynamics or epidemics may not be fully
adequate. Therefore we propose a novel stochastic network dy-
namics modeling the spread of a new technological asset, whose
adoption is based on the word-of-mouth and the persuasion
strength increases the more the product is diffused. We carry
on a mean field analysis on large scale graphs to show off how
the parameters of the model and, possibly, the initial diffusion of
the asset, determine whether the spread of the asset is successful
or not. In particular we study the case of a complete graph using
both a deterministic approximation of the system and a direct
analysis of the stochastic process. Thereafter we consider the
case of two complete disjoint subgraphs through a deterministic
approximation, pointing out many common features with the
previous case. Finally we present numerical simulations showing
that similar behaviors are present in very general graphs.

I. INTRODUCTION

In this paper, we propose and analyze a novel network
dynamics that models the diffusion of the adoption of a
new technological feature in a population. We imagine that
agents (individuals) are connected through a network and
update their state (representing whether they use the new
asset or not) at random times, according to two different
mechanisms: a gossip persuasion mechanism which pushes
adoption by contacting a neighbor already possessing the
new technology, and a spontaneous regression mechanism
where an agent autonomously abandons the new technology.

In many papers ([1]-[4]), the spread of innovations and of
new behaviors is modeled and studied under the assumption
that each individual tends to maximize his or her payoff
in a coordination game within his or her neighborhood.
This hypothesis seems to be very realistic as far as we are
concerned with what we might call “big choices”, such as
the terms of economic contracts [4] or the choice of an
operating system [3]. In such cases, a wrong decision can
be very costly for the one who took it, therefore it is more
than reasonable that an individual contacts many of his or her
friends/colleagues (i.e. the neighbors) before taking the “big
choice”. In this work we want to focus on those we might
call “light choices”, for example to download an application
on the mobile phone or to join an online community/social
network. In such cases, negative consequences of the choice
are usually mild, hence we can assume that an individual

1Fabio Fagnani is with the Dipartimento di Scienze Matematiche, Po-
litecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
fabio.fagnani@polito.it

2Lorenzo Zino is with the Dipartimento di Scienze Matematiche, Po-
litecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
lorenzo.zino@unito.it

takes his or her choice after a pairwise interaction with
one of its neighbors who has already taken it (a recent
survey [5] supports our hypothesis highlighting the centrality
of the world-of-mouth in the spread of assets), instead of an
analysis of its whole neighborhood.

The main novelty of this model, with respect to classical
epidemic models (see [6], [7]), lays in the fact that the
strength of the gossip persuasion depends on the global
diffusion that the new item already has in the population.
Neighbors are thus sort of media through which an agent
gets aware of the existence of this new item, but it is the
size of its diffusion in the population that determines its
attraction for the new user. Instead of a diffusion channel, the
gossip mechanism is rather a learning channel. The driving
force of this learning is the value of the good itself which
depends on the number of individuals already possessing it,
a phenomenon that in economy is known as a positive exter-
nalities effect [8]. It should also be remarked that our model
differs, substantially, from network dynamical model with
neighborhood effects (typically cascade dynamics) where the
driving force depends on the number of neighbors possessing
the new feature. Notice that this does not mean that in our
model the probability that an agent adopts the asset is not
influenced by the numbers of neighbors having it, since the
more the innovation is diffused in the neighborhood of an
agent, the more it is likely that the agent gets aware of the
existence of the asset. However, once the agent is informed
of the existence of the new asset and considers whether to
adopt it or not, then this decision is not influenced by the
neighborhood, but by the global diffusion of the innovation.

For technological items whose value for a unit depends on
fractions of neighbors (friends) already adopting it, these last
(neighborhood-based) models are the right one to consider.
Instead for items like a new application for smart-phone,
a new program for PCs (in particular free softwares), their
value and their reliability strictly depends on their diffusion
in the whole population. For such context, our model turns
out to be more appropriate.

Formally, our model is a jump Markov process on a space
whose dimension grows exponentially in the number of in-
dividuals. As for the SIS model [9], a regression mechanism
induces an absorbing state where no agent has the asset,
which will be reached a.s. in a finite time horizon. The key
point is thus to analyze the maximum level of diffusion of
the asset in the population and its persistence in time before
the absorbing event.

In the SIS model, we witness the presence of two different
regimes which depend of the strength of the contagion
mechanism with respect to the spontaneous regression. If
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this strength is too small, the epidemic quickly decades to
the absorbing state, while if it is above a certain threshold, the
epidemic expands and remains persistent in the population,
for a time scaling exponentially in the size of the population
(see [9]). In our model, besides these two regimes, we
witness, in many cases, the presence of a third intermediate
regime where the behavior (either fast extinction or long
persistence) strictly depends on the initial diffusion of the
asset. A different mean field model with the same driving
mechanism was considered in [10] and analogous depen-
dences on the initial fraction of users was found.

In the next section we present a formal description of
the proposed model, as well all notation and concepts used
throughout the paper. Section III is devoted to the mean field
case (e.g. when the graph is complete). We first propose
a large scale analysis by taking a classical hydrodynamic
limit and then we consider a detailed analysis for finite
communities by an explicit study of the exit and sojourn
times. Main result is Theorem 3 where the various phase
transitions in the model are clearly exhibited. In Section IV
we instead consider a case of two separated communities
modeled both as complete graphs. Only the hydrodynamic
limit is studied in this case and this shows a behavior similar
to the previous case. Finally, Section V contains simulations
of the model on some more complex topologies, showing that
such phase transition phenomena seem to be a feature of the
dynamical mechanism and present in very general networks.

II. THE MODEL

Let G = (V,E) be a directed graph with a finite set
of nodes V , called agents, and set of edges E ⊆ V ×V .
Put N = |V |. The presence of an edge (v,w) has to be
interpreted in the sense that agent v is influenced by agent
w. Let Nv be the set of the (out-)neighbors of v, namely
Nv = {w ∈V : (v,w) ∈ E}, while dv = |Nv| denotes the (out-
)degree of v. Notice that Nv is the set of agents who influence
v. Agents are described by their state, in particular

Xv(t) =
{

1 if v has the asset at time t
0 if v has not the asset at time t.

States are assembled in a vector X(t), called the state config-
uration of the system at time t. δv denotes the configuration
where the agent v is in state 1, while all other agents are
in state 0 and x1 denotes the pure configuration where all
nodes have state x ∈ {0,1}. Given y ∈ {0,1}V , we define
z(y) = N−1

∑i yi ∈ [0,1] to be the fraction of 1’s among the
components of the vector y.

Dynamics is defined as follows: nodes and edges are
equipped with independent Poisson clocks. Agents activate
at rate 1 (this choice is just for the sake of simplicity), while
edges activate at rate β d̄−1 where d̄ is the average degree
of the graph (this rescaling with respect to d̄ is useful in
presenting our large scale results). When agent v or edge
(v,w) activates, agent v will have the possibility to revise its
state according to:
• Persuasion by gossip: Fix a function φ : [0,1]→ [0,1].

If the edge (v,w) activates at time t, Xv(t)= 0, Xw(t)= 1,

and the fraction of 1’s in the population is z, then the
state of agent v becomes 1 with probability φ(z).

• Spontaneous regression: If the agent v activates at time
t and Xv(t) = 1, its state spontaneously changes to 0.

Formally, X(t) is a jump Markov process on {0,1}V whose
non-zero transition rates from X(t) = y are:{

λy,y+δv = β d̄−1(1− yv) ∑
w∈Nv

ywφ(z(y))

λy,y−δv = yv.
(1)

Notice that when φ is constant, this model reduces to the
classical SIS model [9]. In this paper we will exclusively
consider φ non-decreasing since we are interested in the
effect of positive externalities and concave, since it seems
reasonable to consider the persuasion effect to increase lower
than linearly as the asset spreads (trivially an increase of 1
user is certainly felt more when starting from 10 adopters
than when the users are already 1000). From this moment
on we will refer to standard assumptions on φ(z) to indicate
φ ∈C2([0,1]) such that, ∀z ∈ [0,1],

φ
′(z)≥ 0 and φ

′′(z)≤ 0. (2)

As for the case of the SIS dynamics, if the parameters
of the model are not degenerate, the pure configuration
01 is the only absorbing state of X(t) and from every
configuration there is a non zero probability of reaching it
in finite time. Consequently, with probability one, X(t) = 01
for t sufficiently large. Our aim is to study the behavior of
the system before the absorbing event. Indeed, the maximum
diffusion and the persistence of 1’s in the population will be
shown to exhibit a fundamental dependence on the parameter
β , the function φ and, possibly, the initial fraction of 1’s.

In this paper we will restrict our analysis to two cases
which are amenable for a complete theoretical analysis. The
first case considered is when all nodes are connected to each
other, namely when the graph is complete. In the second
case instead we assume the units to form two separated
communities each of them modeled as a complete graph with
no edge between nodes in different communities. Despite
the peculiarity of these two cases, we will show that they
exhibit a fairly rich variety of behaviors and, actually, the
same behaviors which numerical simulations also show up
in more complex graph topologies.

The analysis will be carried on by considering the total
fraction of 1’s Z(t) or, in the case of the two communities,
the fraction of 1’s in each community (Z1(t),Z2(t)). In both
cases this will be a Markovian process which can be analyzed
by considering the so-called hydrodynamic limit, namely by
letting N→∞. This leads to a one- or bi-dimensional ODE.

III. A COMMUNITY MODELED AS A COMPLETE
GRAPH

In this section we assume the graph to be complete and we
will also assume that self-loops are present so that each agent
belongs to its own neighborhood (this assumption is simply
for the sake of simplicity of notation and has no effect in
the large scale analysis). All agents with state equal to 0 are
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exposed to the same amount of 1’s in their neighborhoods
and therefore their transition probabilities to 1 are always
the same and, if Z(t) = z, they are equal to β zφ(z). This
immediately implies that Z(t) is a Markov birth and death
process and its transition rates from the state z to z+ 1/N
and z−1/N are, respectively, given by{

λ+(z) = Nβ z(1− z)φ(z)
λ−(z) = Nz. (3)

For such processes a quite complete analysis is available
and will be developed below. Of course, in this case, the
local gossip interaction and the global influence are somehow
mixed together but some key interesting phenomena can
already be observed here.

At first we can consider the hydrodynamic limit, sending
N → ∞. For finite time ranges [0,T ], Kurtz’s theorem [11]
insures that if Z(0) converges a.s. to z0, then the process
Z(t) converges uniformly on [0,T ] to the solution z(t) of the
following Cauchy problem:{

z′(t) = F(z)
z(0) = z0,

(4)

where

F(z) := lim
N→∞

1
N
(λ+(z)−λ

−(z)) = β z(1− z)φ(z)− z. (5)

More precisely, for every T > 0 ∃ CT > 0, such that for N
sufficiently large, the following exponential decay holds:

P
(

sup
0≤t≤T

|Z(t)− z(t)|> ε

)
≤ 4exp

(
−CT Nε

2) . (6)

The analysis of (4) follows from the analysis of the zeros
of F(z)

Lemma 1: Assume that φ satisfies (2) let

β
∗ =

[
max

z∈[0,1]
(1− z)φ(z)

]−1

. (7)

Then,
1) If φ ′(0)< φ(0), and

a) β < φ(0)−1, then F has one zero 0 and F ′(0)< 0;
b) β > φ(0)−1, then F has two zeros 0 < zs(β ) and

F ′(0)> 0, F ′(zs(β ))< 0.
2) If φ ′(0)> φ(0) and

a) β < β ∗, then F has one zero 0 and F ′(0)< 0;
b) β ∗ < β < φ(0)−1, then F has three zeros 0< zu(β )<

zs(β ) and F ′(0)< 0, F ′(zu(β ))> 0, and F ′(zs(β ))<
0.

c) β > φ(0)−1, then F has two zeros 0 < zs(β ) and
F ′(0)> 0 and F ′(zs(β ))< 0.

(with the understanding that if φ(0) = 0, φ(0)−1 = ∞,
therefore cases 1a and 2b are unbounded above and cases
1b and 2c never show up).

Proof: Let f (z) = β (1−z)φ(z)−1. It is straightforward
to check that f (z) is a concave function, that f (1) < 0 and
that f ′(1)< 0. We analyze the two case 1. and 2. separately:

1) If φ ′(0) < φ(0), then f ′(0) < 0 and f (z) is monotone
decreasing. Since f (0) = βφ(0)−1, in case 1.(a) f (z)
has no zeros. Instead, in case 1.(b) f (z) has one zero
zs(β )> 0.

2) If f ′(0) > 0, the function f (z) is increasing in a
neighborhood of 0 and decreasing in a neighborhood
of 1. Hence, f (z) presents a global maximum point
zmax ∈ (0,1) and f (zmax) = β (β ∗)−1 − 1. Case 2.(a)
is completely analogous to case 1.(a). In case 2.(b),
instead, f (z) = 0 has two distinct solutions zu(β ) <
zs(β ). Finally, case 2.(c) is analogous to case 1.(b).

Sign of derivatives in 0 can be checked directly, while other
signs follow from the monotonicity properties of f .

Now the asymptotic behavior of (4) is an immediate
consequence of previous result:

Proposition 2: Assume φ satisfies (2). Then
1) If φ ′(0)< φ(0) and

a) if β < φ(0)−1, then z(t)→ 0 ∀z0;
b) if β > φ(0)−1, then z(t)→ zs(β ) ∀z0 6= 0.

2) If φ ′(0)> φ(0) and
a) if β < β ∗, then z(t)→ 0 ∀z0;
b) if β ∗ < β < φ(0)−1, then z(t)→ 0 ∀z0 < zu(β ) and

z(t)→ zs(β ) ∀z0 > zu(β );
c) if β > φ(0)−1, then z(t)→ zs(β ) ∀z0 6= 0.

(with the usual understanding that if φ(0) = 0, φ(0)−1 = ∞).
Differently from the SIS dynamics [9], we witness here

a regime β ∗ < β < φ(0)−1 where the asymptotics depends
on the initial condition. Considering that Kurtz’s theorem
only guarantees convergence to the solution of the ODE for
bounded range times, it is not a-priori clear what type of
information on the original process Z(t) can be gained when
N is large but finite. A key question is if the bifurcation
phenomena described in Proposition 2 (in particular the
dependence on the initial condition) admit a sound interpreta-
tion at the level of the transient behavior of the process Z(t).
The answer is on the affirmative and relies on the analysis of
the sojourn and absorbing times of the process Z(t) expressed
in the following result which essentially shows two facts.
When in the ODE there is a phenomenon of convergence
to a stable non zero equilibrium, then the process Z(t) with
high probability gets close to such point in finite time and
then remains close to it for a time which is exponential in N.
When instead in the ODE we have convergence to 0, then,
with high probability, in finite time the process gets close to
0 and remains there ever since.

Theorem 3: Assume φ satisfies (2). For every ε > 0 we
can find Cε > and Tε > 0 for which the following holds true,
if N is sufficiently large,

1) If φ ′(0)< φ(0) and
a) if β < φ(0)−1, then ∀z,

Pz

(
sup
t≥Tε

Z(t)> ε

)
< e−Cε N ;

b) if β > φ(0)−1, then ∀z > ε ,

Pz

(
inf

t∈[Tε ,Tε+eCε N ]
Z(t)< zs(β )− ε

)
< e−Cε N .
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2) If φ ′(0)> φ(0) and
a) if β < β ∗, then ∀z,

Pz

(
sup
t≥Tε

Z(t)> ε

)
< e−Cε N ;

b) if β ∗ < β < φ(0)−1, then ∀z < zu(β )− ε ,

Pz

(
sup
t≥Tε

Z(t)> ε

)
< e−Cε N ,

and ∀z > zu(β )+ ε ,

Pz

(
inf

t∈[Tε ,Tε+eCε N ]
Z(t)< zs(β )− ε

)
< e−Cε N ;

c) if β > φ(0)−1, then ∀z > ε ,

Pz

(
inf

t∈[Tε ,Tε+eCε N ]
Z(t)< zs(β )− ε

)
< e−Cε N .

The proof of Theorem 3 is based on a couple of technical
lemmas. We start with this one dealing with the time needed
by a death and birth process to proceed ’against’ the mean
drift.

Lemma 4: Let Z(t) be a birth and death process on the
state-space SN with transitions rates, respectively, λ+(z) and
λ−(z). Let µ := maxz[λ

+(z)+λ−(z)]. Assume there exists
an interval (z0 − ε,z0 + ε) ⊆ (0,1), where z0 ∈ (0,1) and
ε > 0, such that

λ
+(z)≥ (1+δ )λ−(z), ∀z ∈ SN ∩ (z0− ε,z0 + ε) (8)

for some δ > 0. Then, for any z > z0,

Pz
(
∃t ∈ [0,µ−1eCεN ] |Z(t)< z0− ε

)
< 10e−CεN (9)

for a suitable constant C > 0 only depending on δ .
Proof: Let Λ(t) be the number of jumps in the process

Z(t) in the time interval [0, t]. Clearly, Λ(t) is dominated by
a Poisson process of energy µ . Let Z̃(k) be the state of the
process immediately after the k-th jump. Let

A(t) := {k = 1, . . . ,Λ(t) | Z̃(k−1) ∈ (z0− ε,z0 + ε)}.

Let ξk be the Bernoulli r.v. which is 1 when the k-th jump in
Z(t) corresponds to a jump to the right. Clearly, ∃ p > 1/2
s.t. if Z̃(k) ∈ (z0− ε,z0 + ε), then, P(ξk = 1)≥ 1+δ

2+δ
= p.

Fix a time range T and notice that

P(Λ(T )≥ 3µT )≤
+∞

∑
k=d3µTe

e−µT (µT )k

k!
≤
( e

3

)d3µTe

.

On the other hand, for the process Z(t) to go below z0− ε

starting from above z0, there must exist a sequence of l ≥ εN
consecutive jumps while the process is in (z0 − ε,z0 + ε)
for which the number of left transitions minus the number
of right transitions is above εN. Henceforth, assuming that
z > z0, and using a Chernoff bound, we have that

Pz

(
inf

t∈[0,T ]
Z(t)< z0− ε | Λ(T ) = s

)
≤

≤
s

∑
k=1

s

∑
l=dεNe

l/2−εN/2

∑
h=0

(
l
h

)
ph(1− p)l−h ≤ s2e−CNε ,

(10)

where the constant C only depends on p and thus, ultimately,
on δ . Finally, conditioning the probability in (9) on Λ(T ) and
using (10) as a bound when Λ(T )< 3µT and (10) otherwise,

Pz

(
inf

t∈[0,T ]
Z(t)< z0− ε

)
≤ (3µT )2e−CNε +

( e
3

)d3µTe

.

Choosing T = µ−1e
C
3 εN and using the fact that (e/3)x < x−2

for all x > 0, we immediately obtain the result.
Lemma 5: Let Z(t) be a birth and death process on the

state-space SN with transitions rates, respectively, λ+(z) and
λ−(z). Assume that λ+(0) = λ−(0) = 0 and that there exists
ε > 0 such that

λ
−(z)≥ (1+δ )λ+(z), ∀z ∈ SN ∩ (0,2ε], (11)

for some δ > 0. Then, called C = ln(1+δ ), for any z < ε ,

Pz (∃t ≥ 0 |Z(t)> 2ε)< εNe−CεN . (12)
Proof: Put, for k = 0, . . . ,d2δNe, ek =

Pk/N (∃t ≥ 0 |Z(t)≥ d2εNe/N). A straightforward argument
based on conditioning on the transition at the first jump and
the boundary condition e0 = 0 gives

(ek+1− ek) =
k

∏
j=1

λ−( j/N)

λ+( j/N)
e1. (13)

On the other hand, using the boundary condition edεNe = 1,
we get

e1 =

(
d2εNe−1

∑
k=0

k

∏
j=1

λ−( j
N )

λ+( j
N )

)−1

≤

(
d2εNe−1

∏
j=1

λ−( j
N )

λ+( j
N )

)−1

.

(14)

Combining (13) and (14) we finally obtain

ebεNc =
bεNc−1

∑
k=0

k

∏
j=1

λ−( j/N)

λ+( j/N)
e1 ≤ bεNc(1+δ )−εN ,

which yields the thesis.
Proof: (of Theorem 3) As a general remark notice that

the sign of the right-hand side of (4) is positive (negative) if
and only if λ+(z)/λ−(z) is, respectively, above (below) 1.

1(a) and 2(a): It follows from the corresponding 1(a) and
2(a) of Lemma 2 that, for any ε > 0, there exists Tε > 0
such that z(Tε)< ε/4 for any z(0) = z. We now estimate as
follows:

Pz

(
sup
t≥Tε

Z(t)> ε

)
≤ Pz

(
sup
t≥Tε

Z(t)> ε | Z(Tε)< ε/2

)
+

+ Pz(Z(Tε))≥ ε/2).

Conclusion now follows by estimating the first term using
Lemma 5 and the second one using (6).

1(b) and 2(c): It follows from the corresponding 1(b) and
2(c) of Proposition 2 that, for any ε > 0, there exists Tε > 0
such that z(Tε) > zs− ε/4 if z(0) ≥ ε . We now estimate as
follows:

Pz

(
inf

t≥Tε

Z(t)< zs− ε

)
≤ Pz(Z(Tε))≤ zs− ε/2) +

+ Pz

(
inf

t≥Tε

Z(t)< zs− ε | Z(Tε)> zs− ε/2
)
.
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Conclusion now follows by estimating the first term using
using (6) and the second one using Lemma 4.

Finally, 2(b) follows by similar arguments in dependence
of the initial condition of the process.

IV. TWO SEPARATED COMMUNITIES

In this section we study the model (1) on a graph made of
two complete sub-graphs (with self-loops) with respectively
N1 and N2 = N − N1 agents, without any edge between
them. This is one of the simplest example (and it is indeed
analytically tractable) where the local gossip interaction and
the global influence depend on different parameters. In fact,
for an agent of the i-th sub-graph, the first effect depends
on the fraction of 1’s in the i-th community Zi(t), while
the second one is a function of the global fraction of 1’s
in the whole graph, denoted by Z̄(t). We will study the
hydrodynamic limit of this model showing that analogous
properties to those expressed in Lemma 2 hold in this case.
The bi-dimensionality of the ODE makes the analysis more
technically involved and, actually, also richer as far as the
bifurcation with respect to the initial condition is concerned.
An analysis of exit times for finite size communities, similar
to the one carried on for the complete case, we believe to be
possible using stochastic domination techniques and is left
for future research.

Without loss of generality we can consider the first sub-
graph to be the biggest one, i.e. N1 ≥ N2. In order to
observe the spread of the asset in the two sub-graphs we
introduce the bi-dimensional process Z(t) = (Z1(t),Z2(t)),
where Zi(t) = Zi(X(t)) is a process taking values in SNi

denoting the fraction of 1’s in the i-th sub-graph. Clearly,
we have that the total fraction of 1’s can be obtained as

Z̄(t) =
N1Z1(t)+N2Z2(t)

N
. (15)

At first we notice that the process Z(t) is a bi-dimensional
Markov jump process and its transition rates, from (z1,z2)
to, respectively, (z1 ± N−1

1 ,z2) and (z1,z2 ± N−1
2 ) are the

following:
λ
+
1 (z1,z2) = N1β z1(1− z1)φ(z̄)

λ
−
1 (z1,z2) = N1z1

λ
+
2 (z1,z2) = N2β z2(1− z2)φ(z̄)

λ
−
2 (z1,z2) = N2z2,

(16)

where z̄ denotes the global fraction of 1’s.
In order to take the hydrodynamic limit, we suppose that

N1 is such that N1/N→ η , as N→∞, for some η ∈ [1/2,1).
Consequently, also N2/N→ 1−η .

As in the case of the complete graph treated before, for
finite time ranges, Kurtz’s theorem [11] insures the stochastic
process to be exponentially closed to the solution of the
following system of ODEs:{

ż1 = β z1(1− z1)φ(z̄)− z1

ż2 = β z2(1− z2)φ(z̄)− z2,
(17)

where z̄ = ηz1 +(1−η)z2.

Notice first that the diagonal z1 = z2 as well the two axis
z1 = 0 and z2 = 0 are invariant lines for the dynamics.

To complete the theoretical analysis of the system, put
F(z1,z2) = (F1(z1,z2),F2(z1,z2)) to be the right-hand side
of (17) and notice that

∂F1
∂ z2

= (1−η)β z1(1− z1)φ
′(z̄)≥ 0;

∂F2
∂ z1

= ηβ z2(1− z2)φ
′(z̄)≥ 0.

(18)

This implies that the system is monotone [12], which means
that for any couple of initial conditions x0 ≥ y0 (component-
wise), then the same ordering holds for the solutions, namely
x(t) ≥ y(t), ∀ t > 0. Monotonicity provides many important
properties to the system. In particular limits cycles are
excluded. Hence, compactness of the domain insures all
solutions to converge to critical points of the system, namely
to solutions of the equation F(z1,z2) = 0. The following
result gives a complete characterization of critical points. A
further consequence of (18) is that Jacobian eigenvalues are
always real so that critical points are either nodes (stable or
unstable) or saddle points.

Proposition 6: Assume φ(z̄) satisfies (2) and that φ ′(0)>
φ(0). Let β ∗ be defined as in (7) and put

β ∗1 = [maxz(1− z)φ(ηz)]−1 ;
β ∗2 = [maxz(1− z)φ((1−η)z)]−1 .

Then, the following critical points show off in (17):
1) if β < β ∗, the origin is the only critical point and it is

a stable node;
2) if β ∗ < β < β ∗1 , two more critical points are added,

(zu(β ),zu(β )), which is a saddle and (zs(β ),zs(β )),
which is a stable node;

3) if β ∗1 < β < β ∗2 , two more critical points are added,
(zu1(β ),0), which is an unstable node and (zs1(β ),0),
which is a saddle;

4) if β ∗2 < β < φ−1(0), two more critical points are added,
(0,zu2(β )), which is an unstable node and (0,zs2(β )),
which is a saddle;

5) if β > φ−1(0), the origin becomes unstable and critical
points (zu1(β ),0), (0,zu2(β )) and (zu(β ),zu(β )) disap-
pear.
Proof: Critical points on the diagonal (z,z) are simply

the zeros of (5) which are, according to Lemma 1, (0,0), and,
depending on β , two more (zu(β ),zu(β )) and (zs(β ),zs(β )).

Notice now that any critical points (z1,z2) for which z1 6=
z2 must be such that z1 = 0 or z2 = 0. Indeed, if z1 6= 0 and
z2 6= 0, by dividing the two equations Fi(z1,z2) by zi and
taking the difference, we immediately obtain that z1 = z2.
Clearly, (z1,0) is a critical point iff

β z1(1− z1)φ(ηz1)− z1 = 0. (19)

This leads, according to Lemma 1 applied with the function
φ(ηz), to one or two more critical points (zs1(β ),0) and
(zu1(β ),0) depending if β > β ∗1 or if β ∗1 < β < φ(0)−1 with
zu1(β ) < zs1(β ). Similarly, for z2 = 0 and using Lemma 1
applied with the function φ((1−η)z), we finally obtain one
or two more critical points (0,zs2(β )) and (0,zu2(β )) if β >
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β ∗2 or if β ∗2 < β < φ(0)−1 with zu2(β )< zs2(β ). Considering
that β ∗2 ≥ β ∗1 and assembling all these information we obtain
the existence results of the various critical points. It remains
to be analyzed their stability.

Notice first of all that

F ′(0,0) =
(

βφ(0)−1 0
0 βφ(0)−1

)
,

so that (0,0) is a stable node if β < φ−1(0) and unstable
otherwise.

In order to analyze the stability of the other two points on
the diagonal notice first of all that, because of Lemma 1,
along the diagonal (zs(β ),zs(β )) is always stable and
(zu(β ),zu(β )) always unstable. It remains to be studied the
stability of the other eigendirection of the Jacobian. To this
aim put δ = z1− z2 and consider

δ̇ = F1(z1,z2)−F2(z1,z2) = δ [βφ(z̄)(1− z1− z2)−1].

Notice that at any critical point (z1,z2) with z1 = z2 = z > 0,
it holds

βφ(z̄)(1− z1− z2)−1 = βφ(z)(1−2z)−1
< β (1− z)φ(z)−1 = 0.

This says that in a neighborhood of such a point δ = z1−z2 is
always monotonically decreasing, and clearly implies that the
eigenvalue corresponding to the non diagonal eigendirection
must necessarily be negative (indeed, if positive, moving
along that direction there would be a local increase in δ ).
Therefore, when present, (zs(β ),zs(β )) is a stable node while
(zu(β ),zu(β )) a saddle point.

Finally, regarding the critical point on the boundaries,
notice that, for symmetric arguments, we can restrict our
analysis to (zu1(β ),0) and (zs1(β ),0). Along the invariant
axis z2 = 0, usual one-dimensional considerations imply that,
when present, (zs1(β ),0) is always stable while (zu1(β ),0) is
always unstable. To study the stability of the other Jacobian
eigendirection, remember that the points considered show up
only when β > β ∗1 and notice that

F2(z1,z2) = z2[β (1− z2)φ(z̄)−1]
≥ z2[(1− z2)β (1− z1)φ(ηz1)−1]
≥ z2[(1− z2)β (β

∗
1 )
−1−1].

(20)

Therefore, for z2 sufficiently small, F2(z1,z2) > 0. This im-
plies that the other eigendirection is always unstable. There-
fore, (zs1(β ),0) is always a saddle point while (zu1(β ),0) is
always an unstable node.

This completes the proof.
Critical points of (17), their characterization and their

stability can therefore be summarized in Table I.
The asymptotic behavior of this model is thus quite similar

to the one-dimensional case. In fact, for almost all initial
conditions (i.e those which are not critical points or on stable
manifolds of saddle points), it holds

1) if β < β ∗, then z(t)→ 0;
2) if β ∗ < β < φ−1(0), then z(t) → (0,0) or z(t) →

(zs(β ),zs(β )), depending on the initial condition;
3) if β > φ−1(0), then z(t)→ (zs(β ),zs(β )).

TABLE I: Critical points of (17)
Coordinates Characterization Existence Stability
(0,0) Node ∀β β < φ−1(0)
(zu(β ),zu(β )) Saddle β ∈ (β ∗,φ−1(0)) Unstable
(zs(β ),zs(β )) Node β > β ∗ ∀β
(zu1(β ),0) Node β ∈ (β ∗1 ,φ

−1(0)) Unstable
(zs1(β ),0) Saddle β > β ∗1 Unstable
(0,zu2(β )) Node β ∈ (β ∗2 ,φ

−1(0)) Unstable
(0,zs2(β )) Saddle β > β ∗2 Unstable

In the intermediate regime β ∗ < β < φ−1(0), where two
stable nodes show up, the study of the dependence on the
initial condition is more involved than in the one-dimensional
case. Denote by D0 and Dzs the two basin of attractions of,
respectively, (0,0) and (zs(β ),zs(β )). The stable manifold
corresponding to the saddle point (zu(β ),zu(β )) separates
the two basins. Because of the monotonicity properties of
the system, such manifold admits a parameterization of the
form (z1,σ(z1)) with z1 ∈ [a,b] and where

a = inf{z1 |(z1,z2) ∈ Dzs};
b = sup{z1 |(z1,z2) ∈ D0};

σ(z1) = inf{z2 |(z1,z2) ∈ Dzs}= sup{z2 |(z1,z2) ∈ D0}.

Another immediate consequence of the monotonicity of the
system is that σ = σ(z1) is a monotone decreasing function.
Standard considerations which use continuous dependence
on the initial conditions, the fact that trajectories can not in-
tersect and the absence of limit cycles, lead to claim that the
stable manifold parametrized by σ is a curve defined between
two points on the boundary of the domain, namely (a,σ(a))
and (b,σ(b)). Moreover, for the same reasons, these two
points, if on the invariant axis z1 = 0 or z2 = 0, must coincide
with the corresponding unstable nodes (zu1(β ),0) and/or
(0,zu2(β )). In this case a = 0 and b = zu1(β ). Otherwise
the extremes are point of the form (a,1) and/or (1,σ(1)).
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(a) Case 1. (β = 3).
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(b) Case 2a. (β = 4.5).
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(c) Case 2b. (β = 6.5).
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(d) Case 2c. (β = 11).

Fig. 1: Simulations of (17) with η = 0.6 and φ(z) = z show
the different regimes of Proposition 6 and Corollary 7. The
black line is a numerical approximation of σ [13].
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The various possible cases are summarized in the follow-
ing Corollary.

Corollary 7: Under the assumptions of Proposition 6,
a. if β ∗ < β < β1, then a > 0, b = 1, σ(a) = 1, σ(1)> 0;
b. if β ∗1 < β < β ∗2 , a > 0, b = zu1(β ), σ(a) = 1, σ(b) = 0;
c. if β ∗2 < β < φ−1(0), then a = 0, b = zu1(β ), σ(a) =

zu2(β ), σ(b) = 0.
The key qualitative difference among the three regimes is
the following: in case (a) even if we start from an initial
condition where the asset is present in all members of one of
the two communities, the dynamics will converge to 0 unless
the asset has a sufficient spread also in the other community.
In case (b) instead, for any non zero initial spread of the
asset in the smaller community, a sufficiently high spread of
the asset in the largest community is sufficient to guarantee
convergence to the non zero equilibrium. In case (c), finally,
also the smaller community acquires this leading capability.

Figures 1a-1d show the various possible behaviors when
φ(0) = 0, highlighting the separatrix σ .

V. SIMULATIONS

In this section we provide a number of simulation results
showing that the transition phenomena forecast by the results
proven in Sections III and IV also take place in more general
graphs. For the sake of simplicity, we always stick, in this
section, to the case φ(z) = z. In this case, on a complete
graph, only regimes 2.a. and 2.b. of Theorem 3 can take
place and explicit computations show that

β
∗ = 4 and zu(β ) =

1
2
− 1

2

√
1− 4

β
. (21)

We consider a community of size N = 1000 with various
possible graph architectures. The first two cases concern a
random Erdős-Rényi (ER) graph with probability of edge
activation p = 0,05 (so that the graph is connected with high
probability) and a random regular graph of degree 20. The
last cases concern instead two simple structured topologies:
the one-dimensional and bi-dimensional torus.
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(a) Success depending on β .
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(b) Success depending on z0.

Fig. 2: Monte Carlo simulations on random graphs highlight
the presence of phase transitions depending both on β

(Fig. 2a) and on z0 (Fig. 2b). In Fig. 2a z0 = 1, in Fig. 2b
β = 10. Both graphs have N = 1000, in ER p = 0.05, in the
random regular graph, d̄ = 20. We used a 500 sample paths
for each value of β (z0).
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Fig. 3: MC simulations on regular graphs highlight the
presence of phase transitions depending both on β (Fig. 3a)
and on z0 (Fig. 3b). In Fig. 2a z0 = 1, in Fig. 2b β = 10.
All graphs have N = 1024 and 500 sample paths are used
for each value of β (z0).

We carry on Monte Carlo simulations and analyze the
fraction of success in the spreading of the asset as a function
of β (considering a large initial condition), and as a function
of the initial condition z0 (for β = 10). We define a success
as a sample path which is not absorbed after a time T = 100.
Results are presented, respectively, in Fig. 2 and Fig. 3.

In all cases (see Figures 2a and 3a) it seems to exists a
phase transition between a situation where the asset fails to
spread in all simulations and a regime where, if the initial
condition is sufficiently large, success of the asset is seen in
all the sample paths. Moreover, it is possible to notice that
this transition seems to take place sharply close to β ∗ = 4
in the case of the random topologies, while the threshold is
higher in the torus examples.

In Figures 2b and 3b we can instead appreciate that if β

is sufficiently high (β = 10) simulations exhibit the presence
of a regime where the spreading depends on the initial
condition. The threshold in z0 turns out to be very close to
the one given by mean field approximation (zu(10)≈ 0.1127)
in the random topologies, while higher in the tori. From
these simulations it seems that the connectivity of the graph
might play an important role in the value of the various
thresholds: a stronger persuasion strength as well a higher
initial condition seem to be needed to insure the spreading
of the asset in graphs with lower connectivity.

Finally, we notice that in all successful sample paths in the
simulations (i.e. all those sample path which are not absorbed
after a fixed time T ), the fraction z(T ) of agents with the
asset at time T is always large (more then half of the agents
have states 1). This enforces the hypothesis of the presence
of a phase transitions between a regime where the process is
absorbed and another regime where the asset diffuses deeply
in the population, implying both a very long extinction time
on the one hand and, on the other hand, a large fraction of
adopters.

VI. CONCLUSIONS AND FURTHER RESEARCH

In this work, we have proposed a novel network dynamics
modeling the diffusion of the adoption of a new technological
item like a smart-phone application or a PC program. For the
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spread of such “light choices”, we have proposed a novel
gossip diffusion mechanism whose strength depends on the
global diffusion of the item in the community, coupled with a
spontaneous regression drift. We have analyzed the behavior
of the system for two architectures, that of a complete graph
and that of two separated communities each of them modeled
as a complete graph. In the first case, we have analyzed
the so-called deterministic hydrodynamic limit and also the
transient behavior of the finite size Markov process. Instead
for the second case we have only considered the deterministic
hydrodynamic limit. In both cases, we have found a phase
transition depending on the gossip strength parameter and, in
particular, the existence of an intermediate regime where, the
diffusion and the permanence of the asset in the community
depends on the size of the initial fraction of population
possessing that asset. The presence of this last regime is the
main novelty of this model with respect to classical epidemic
models and it is coherent both with other models with similar
driving mechanism and with intuition. Finally, we have
presented some simulations showing that such phenomena
seems to be present in very general topologies, and not only
in the simple examples considered analytically. This paves
the way for a generalization of Theorem 3 to the case of a
general graph on which we are currently working in [14],
relating the presence of the phase transitions between the
different regimes to some connectivity features of the graph
as well as to the strength of the persuasion and the initial
diffusion of the asset.
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A game theoretic approach to a peer-to-peer cloud storage model

Fabio Fagnani1, Barbara Franci2, and Ennio Grasso3

Abstract— Classical cloud storage based on external data
providers has been recognized to suffer from a number of
drawbacks. This is due to its inherent centralized architec-
ture which makes it vulnerable to external attacks, malware,
technical failures, as well to the large premium charged for
business purposes. In this paper, we propose an alternative
distributed peer-to-peer cloud storage model which is based on
the observation that the users themselves often have available
storage capabilities to be offered in principle to other users.
Our set-up is that of a network of users connected through a
graph, each of them being at the same time a source of data to
be stored externally and a possible storage resource. We cast
the peer-to-peer storage model to a Potential Game and we
propose an original decentralized algorithm which makes units
interact, cooperate, and store a complete back up of their data
on their connected neighbors. We present theoretical results
on the algorithm as well a good number of simulations which
validate our approach.

I. INTRODUCTION

Cloud storage on the Internet has come to rely almost
exclusively on data providers serving as trusted third parties
to transfer and store the data. While the system works
well enough in most cases, it still suffers from the inherent
weaknesses of the trust-based model. The traditional cloud
is open to a variety of security threats, including man-in-
the-middle attacks, and malware that expose sensitive and
private consumer and corporate data. Furthermore, current
cloud storage applications are charging large premiums on
data storage facilities to business clients. Moreover, these
cloud storage providers may have technical failures that can
cause data breaches and unavailability, much to the distress
of the users and applications that depend on them.

To address the aforementioned shortcomings, a decentral-
ized peer-to-peer cloud storage model would be the right an-
swer. On the wake of the successful peer-to-peer file sharing
model of applications like BitTorrent and its lookalike, the
same philosophy may well be leveraged on a different but
very similar application service like storage. Indeed a slew
of fledgling and somehow successful startups are entering
in this market niche. Among the most noteworthy examples
are:
• Storj: www.youtube.com/channel/UC-cTEqWwZV5Rl-

h0RZsp2Qw,
• BitTorrent Sync: www.getsync.com/,
• Ethos: www.youtube.com/watch?v=qUftGCQ5dqo,

1Fabio Fagnani is with the Department of Mathematical Sciences, Po-
litecnico di Torino, fabio.fagnani@polito.it

2Barbara Franci is with the Department of Mathematical Sciences,
Politecnico di Torino, barbara.franci@polito.it

3Ennio Grasso is with Swarm Lab - Joint Open Lab TelecomItalia, Torino
ennio.grasso@telecomitalia.it

• SpaceMonkeys: www.spacemonkey.com/.
Clearly, a completely decentralized peer-to-peer model must
account for some challenging technical difficulties that are
absent in a centralized cloud model. Firstly, security and
privacy must be carefully implemented by ensuring end-to-
end encryption resistant to attackers. In addition, the model
must account for the latency, performance, and downtime of
average user devices.

Albeit the above technical issues are challenging, they
can be addressed with the right tools and architectures
available at current state of the art technology and will
not be considered in this paper. What remains an open
question up to now is how to endow the system with the
right incentives for the end users to collaborate and share
their storage commodity with each other. We believe that the
answer to that question comes from the formal framework
of game-theory which provides the mathematical tools to
ensure successful cooperation among users / players. There
are (at least) two ways in which game-theory, with its plenty
folk-theorems, can be applied to the real world. One is as
a tool to study an ongoing phenomenon. This is the typical
setting of social and psychological sciences. A second more
engineering approach is to leverage game-theory to design
specific mechanisms, i.e. set rules of the game that will
bring the interaction to the most desired outcome, which is
basically the maximum global welfare, or Pareto dominated
equilibrium of the game. This work follows this second
approach.

In this paper, we consider a network of units (PC’s
but possibly also smartphones or other devices possessing
storage capabilities) which need to store externally a back up
of their data and, at the same time, can offer space available
to store data of other connected units. In this set up, we
cast the peer-to-peer storage model to an allocation Potential
Game and we propose an original decentralized algorithm
which make units interact, cooperate, and store a complete
back up of their data on their connected neighbors.

Units are assumed to be connected through a network
and, autonomously, at random time, to activate and allocate
or move their data pieces among the neighboring units.
Formally, each unit has a utility function which gives a value
to their neighbors on the basis of their reliability, their current
congestion (resources have bounded storage capabilities),
and the amount of data the unit has already stored in them.
Following classical evolutionary game theory [6], we propose
an algorithm based on a noisy best response action: each time
a unit activates, it decides the neighbor to use on the basis
of a Gibbs probability distribution having its peak on the
maxima of the utility function.
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In the remaining part of this section, we formally define
the storage allocation problem and we show its equivalence
with classical matching problem on a graph. This allows us
to use celebrated Hall’s theorem and give a necessary and
sufficient condition for the allocation problem to be solvable.
Section II is devoted to cast the problem to a potential
game theoretic framework [2] and to propose a distributed
algorithm which is an instance of a noisy best response
dynamics [6]. We claim a fundamental result, which will be
proven in a forthcoming paper, which says that in the double
limit when time goes to infinity and the noise parameter goes
to 0, the algorithm converges to a Nash equilibrium which
is, in particular, a global maximum of the potential function.
This guarantees that the solution will indeed be close to
the global welfare of the community. Finally, Section III is
devoted to the presentation of an extensive set of simulations.
A conclusions section ends the paper.

A. Related Work

Though allocation games have been considered before in
the literature, they all substantially differ from the model we
propose and study in this paper. In [4] the authors consider an
allocation problem casted to a pure congestion game. Utility
functions of units measure the congestion of a resource
simply as a function of the number of units currently using
it, but they do not impose any strict storage limitation. The
algorithm they propose is a classical best response algorithm
and is shown to achieve Nash equilibrium. Our model differs
considerably as we also consider reliability of the resources
and data fragmentation in the utility functions and, moreover,
we impose strict storage limitations. A crucial consequence
of this is that classical best response algorithms would not
work in our case: Example 3 shows a situation where such
an algorithm would halt before allocation is completed.
Allocation games are also considered in [1] where, however,
the proposed algorithm units are not interacting through a
graph but rather through a device that acts like a leader
selecting which resources can be used. A related context
where congestion games have been used is that of networking
routing [3].

At a broader level, the noisy best response algorithm
we propose in this paper fits in the so-called evolutionary
game theory [6] which has already been extensively used in
studying other networking problems [5].

B. The model

Consider a set X of units which play the double role
of users who have to allocate externally a back up of their
data, as well resources where data from other units can be
allocated. Generically, an element of X will be called a unit,
while the terms user and resource will be used when the
unit is considered in the two possible roles of, respectively,
a source or a recipient of data. We assume units to be
connected through a directed graph G = (X ,E ) where a
link (x,y) ∈ E means that unit x is allowed to storage data
in unit y. We denote by

Nx := {y ∈X |(x,y) ∈ E }, N−y := {x ∈X |(x,y) ∈ E }

respectively, the out- and the in-neighborhood of a node.
Note the important different interpretation in our context: Nx
represents the set of resources available to unit x while N−y
is the set of units having access to resource y. If D ⊆X ,
we put N(D) = ∪x∈DNx and N−(D) = ∪x∈DN−x .

We imagine the data possessed by the units to be quantized
atoms of the same size. Each unit x is characterized by two
non negative integers:
• αx is the number of data atoms that unit x needs to back

up into his neighbors,
• βx is the number of data atoms that unit x can accept

and store from his neighbors.
The numbers {αx} and {βx} will be assembled into two
vectors denoted, respectively, α and β . We also define

Ax = {(x,a) |a ∈ {1, . . . ,αx}}, A =
⋃

x∈X
Ax

Given the triple (G ,α,β ), we define an allocation as any
map Q : A →X satisfying the properties expressed below.
(C1) Graph constraint Q(x,a) ∈ Nx for all x ∈X and a ∈

{1, . . . ,αx};
(C2) Storage limitation For every y ∈X ,

|Q−1(y)| ≤ βy

The fact that Q(x,a) = y means that user x has allocated the
data atom a into resource y.

We will say that the allocation problem is solvable if an
allocation Q exists. We denote by Q the set of allocations.
We will also need to consider partial allocations, namely
maps Q : D→X where D ⊆ A satisfying, where defined,
conditions (C1) and (C2). We denote by Qp the set of partial
allocations.

In the following section we study the conditions under
which the allocation problem is solvable, namely conditions
under which Q is non empty.

C. The allocation problem as a matching problem

Define

By = {(y,b) |b ∈ {1, . . . ,βy}}, B =
⋃

y∈X
By

Consider now the bipartite graph P = (A ×B,EP) where
((x,a),(y,b)) ∈ EP iff (x,y) ∈ E . An allocation naturally
induces a matching on P which is complete on A . To this
aim, notice that, from Q ∈Q and using condition (C2), we
can construct an injective mapping Q̃ : A → B such that
Q̃(x,a) = (Q(x,a),b) for every x∈X and for all a. We then
define

M :=
⋃

x∈X
{((x,a),(y,b)) ∈A ×B |(y,b) = Q̃(x,a)}

It is clear that this procedure can be inverted and that from
any matching of M complete on A we can associate an
allocation for (G ,α,β ). This equivalence allows to use clas-
sical results like the Hall’s marriage theorem to characterize
the existence of allocations. Precisely we have the following
result
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Theorem 1: Given (G ,α,β ), there exists an allocation iff
the following condition is satisfied:

∑
x∈D

αx ≤ ∑
y∈N(D)

βy ∀D⊆X (1)

Proof: By Hall’s theorem, the existence of a matching
in P complete on A is equivalent to the condition

|A| ≤ |NP(A)| ∀A⊆A (2)

where NP(A)⊆B is the out-neighborhood of A in P . Given
A ⊆ A let Ā be the union of those Ax’s for which Ax ∩
A 6= /0. By the way the bipartite graph P has been defined,
it follows that NP(A) = NP(Ā), so that it is sufficient to
restrict condition (2) to subsets A such that Ax∩A 6= /0 yield
Ax ⊆ A. Given such an A, if we consider D = {x |Ax ⊆ A},
we immediately obtain that (1) coincides with (2).

In general, it is not necessary to check the validity of (1)
for every subset D. We say that D ⊆X is maximal if for
any D′)D, it holds N(D′))N(D). We say that D1,D2⊆X
are independent if N(D1)∩N(D2) = /0 and D⊆X is called
irreducible if it can not be decomposed into the union of
two non empty independent subsets. Clearly, it is sufficient
to verify (1) for the subclass of maximal irreducible subsets.

Example 1: If G is complete, we have that N({x}) =X \
{x} while N(D) = X for all D such that |D| ≥ 2. Hence,
the only maximal irreducible subsets are the singletons {x}
and the set X . Condition (1) in this case reduces to

αx ≤ ∑
y6=x

βy, ∀x ∈X ∑
x∈X

αx ≤ ∑
y∈X

βy (3)

In general, the class of maximal irreducible subsets can be
large and grow more than linearly in the size of X , as the
following example shows.

Example 2: If G = (X ,E ) is a line graph (X =
{1,2, . . . ,n} and E = {(i, i+ 1), i = 1, . . . ,n− 1}) it can be
checked that the maximal irreducible subsets are those of the
form {i, i+2, . . . , i+2s}.

In case when αx = a and βy = b are both constant,
something more can be said.

Proposition 2: Given (G ,α,β ), where G is regular, αx =
a and βy = b for all x,y ∈X , there exists an allocation iff
a≤ b.

Proof: By Theorem 1, we simply have to show that
|D| ≤ |N(D)| for every subset D⊆X . Let ED be the set of
edges having one of the nodes in D. If d is the degree of the
nodes in G , we have that

d|D|= |ED| ≥ d|N(D)|

From the practical point of view, the equivalence of our
problem with a classical matching problem, is, however, of
little utility, as the number of nodes of P is of the size
∑αx +∑βy which will in general be very large.

Moreover, in case allocations exist, we want to be able
to construct one in a distributed way without the need of
any supervision. The algorithm must be iterative in order
to cope with possible time modifications of the units, of
their interconnection and of their data storage needs and

limitations. Also the possibility that units leave and enter
the community must be considered.

Also we want to have the possibility to find solution
possessing certain extra features:
• (Reliability) resources will often have different relia-

bility properties and we want to give preference, in the
allocation, to more reliable resources;

• (Congestion) equally reliable resources should be
equally used, avoiding congestion phenomena;

• (Aggregation) users prefer to use as few resources as
possible to allocate their back up data.

The reason for this last feature comes from the fact that an
exceeding fragmentation of the back up data will cause a
blow up in the number of communications among the units
both in the storage and recover phases. This feature should
be considered against another feature which in this paper is
not going to be addressed, which is that of diversification
of back ups: in real applications units will need to back up
multiple copies of their data in order to cope with security
and possible failure phenomena. In that case, these multiple
copies will need to be stored in different units. This issue
will be analyzed in a subsequent paper.

The above desired features may be contradictory in gen-
eral and we want to have tunable parameters to make the
algorithm converge towards a desired compromised solution.

The proposed algorithm will be fully distributed: units will
iteratively allocate and move their data among the neighbors
on the basis of the space available and trying to maximize a
utility function. There will be an underlying game theoretic
structure inspired by the desired features described above.
Our algorithm will be analyzed with the techniques of
evolutionary game theory and it will be shown to yield a
reversible Markov process converging to a Nash equilibrium
of the game.

II. THE GAME THEORETIC SET-UP AND THE ALGORITHM

Given a partial allocation Q ∈ Qp, consider the matrix
W (Q)∈NX ×X where W (Q)xy is the number of atomic data
that x has copied inside y under the allocation Q, namely,

W (Q)xy := |Q−1(y)∩Ax| (4)

Clearly W =W (Q) satisfies the following conditions
(P1) Wxy ≥ 0 for all x,y and Wxy = 0 whenever (x,y) 6∈ E .
(P2) W x := ∑

y∈X
Wxy ≤ αx for all x ∈X .

(P3) Wy := ∑
x∈X

Wxy ≤ βy for all y ∈X .

It is immediate to see that, conversely, if there exists W satis-
fying these properties (such a W is called a partial allocation
state), then, from it, we can construct a partial allocation Q
such that W = W (Q). Clearly, under this correspondence,
we have that Q ∈Q iff W satisfies (P2) with equality for all
x ∈X . In this case W is called an allocation state. The set
of partial allocation states and the set of allocation states are
denoted, respectively, with the symbols Wp and W .

It is clear that two partial allocations Q1 and Q2 such that
W (Q1) = W (Q2), only differ for a permutation of the data
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atoms of the various units and for many purpouses can be
considered as equivalent. All the quantity of interest for the
game theoretic setting will be defined at the level of W .

We are now ready to define the game theoretic model. We
first define utilities: under a (possibly partial) allocation state
W , the utility of a unit x in using resource y is given by

fxy(W ) := λy− kcWy/βy + kaWxy (5)

The first term λy encodes possible reliability differences
among resources, the second term is instead a congestion
term which takes into consideration the level of use of the
resource, and, finally, the third term depends on both x and
y and pushes a unit to allocate in those resources where it
has already allocated. kc,ka are two non-negative parameters
to tune the effect of the congestion and of the aggregation
terms, respectively.

The choice of this particular utility function has been made
on the basis of simplicity considerations (notice that the state
W enters linearly in it) and on the fact that, as exploited
below, this leads to a potential game. In principle, different
terms in the utility function can be introduced in order to
make units to take into considerations other desired features
(e.g multiple back up).

Define

Ψ(W ) := ∑
y∈X

Wy

∑
s=0

[λy− kcs/βy]+ ka ∑
x,y∈X

Wxy

∑
s=0

s (6)

and notice that if W,W ′ ∈W are such that W ′ =W − exȳ +
exȳ′ , then,

Ψ(W ′)−Ψ(W )

= (λȳ′ − kcW ′ȳ′/βȳ′ + kaW ′x̄ȳ′)− (λȳ− kcWȳ/βȳ + kaWx̄ȳ)

= fxȳ′(W ′)− fxȳ(W )
(7)

In other terms, under the state allocation W , when user x
moves a data atom from ȳ to ȳ′, it experiences a variation
in utility given by Ψ(W ′)−Ψ(W ). Ψ is called a potential of
the game. Given W ∈Wp and x ∈X , put

X x(W ) := {y ∈ Nx |Wy < βy}

the set of resources still available for x under the current
allocation state W .

An allocation state W ∈W (and also any Q∈Q such that
W (Q) =W ) is called a Nash equilibrium if, for every x∈X ,
for every y ∈ Nx such that Wxy > 0, for every y′ ∈X x(W ),
it holds

fxy(W )≥ fxy′(W
′)

Maxima of Ψ are clearly Nash equilibria while, in general,
the converse is not true. Considering that Ψ is defined on a
finite set, a maximum, and thus a Nash equilibrium, always
exists. Under a Nash equilibrium, a unit whose goal is
to maximize its utility, has no advantage in moving their
allocated data, under the standing assumption that only one
data atom at a time can be moved. Notice that data atoms
are to be interpreted as aggregations of data and the decision

of their size is part of the design of the algorithm. Clearly
different levels of granularity will give rise to different game
models including different Nash equilibria.

The Gibbs probability distribution over X x(W ) is defined
as

py(W,x) =
eγ fxy(W )

Zγ

where γ > 0 and where

Zγ = ∑
y∈X x(W )

eγ fxy(W )

is a normalizing factor.

A. The algorithm

The algorithm we are proposing below is a distributed
and asynchronous algorithm where units activate at random
independent times and either allocate or move their atoms,
undertaking a relaxed stochastic version of the utility maxi-
mization.

The algorithm is mathematically described as a continuous
time Markov process Qt : Dt → X on the set of partial
allocations Qp. Precisely, units are assumed to be equipped
with independent internal Poisson clocks with possibly dif-
ferent clicking rates. We denote by νx the clicking rate of
unit x. When a unit activates it can either allocate a further
data atom (if allocation is not completed yet) or move a
data atom from one resource to another. The choice of the
resource where either allocate or move the data atom is done
according to the Gibbs probability: this is a classical choice
in evolutionary game theory and will be amenable to a fairly
complete theoretical analysis. The details of the algorithm
are described below. We put W (t) =W (Qt).

1) Assume x̄ activates at time t. With probabilities

Pall(W (t), x̄), Pdis(W (t), x̄)

the resource x̄ will make, respectively, an allocation or
a distribution move as explained below. Of course we
are assuming that

Pall(W (t), x̄)+Pdis(W (t), x̄) = 1,

Pall(W (t), x̄) = 0 if W (t)x̄ = αx̄

Pdis(W (t), x̄) = 0 if W (t)x̄ = 0

2) (ALLOCATION MOVE)
• Choose (x̄, ā) uniformly at random in (A \Dt)∩

Ax̄
• Choose y∗ according to the Gibbs probability

py∗(W (t), x̄)
• Put Dt+ = Dt ∪{(x̄, ā)}, and Qt+ : Dt+→X by

Qt+(x,a) =
{

y∗ if(x,a) = (x̄, ā)
Qt(x,a) if(x,a) ∈ Dt

3) (DISTRIBUTION MOVE)
• Choose ȳ according to the probability qȳ =

W (t)x̄ȳ/W (t)x̄.
• Choose (x̄, ā) uniformly at random in Dt ∩Ax̄
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• Choose y∗ according to the Gibbs probability
py∗(W (t)− ex̄ȳ, x̄)

• Put Dt+ = Dt ,

Qt+(x,a)=
{

y∗ if(x,a) = (x̄, ā)
Qt(x,a) if(x,a) ∈ Dt \{(x̄, ā)}

The following result, which will be proven in a forthcom-
ing paper, insures that, with probability one, the algorithm
allows to reach full allocation in finite time (if the allocation
existence characterization (1) is fulfilled) and, (under a mild
extra condition) close to a Nash equilibrium.

Theorem 3: Assume that
• νx > 0 for every x ∈X such that αx > 0,
• Pall(W (t), x̄)> 0 if W x̄ < αx̄,
• (G ,α,β ) satisfies (1).

Then, with probability 1, the Markov process Qt : Dt →
X will be, after a finite number of jumps, in the set of
allocations Q (namely Dt = A for t large).

If, moreover, (G ,α,β ) satisfies (1) always with strict
inequality when D 6= /0, then Qt restricted to Q is an ergodic
time-reversible process whose unique invariant probability is
given by

µγ(Q) :=

(
α

W (Q)

)
eγΨ(W (Q))

Mγ

. (8)

where (
α

W

)
:=

∏
x

αx!

∏
x,y

Wxy!

and

Mγ := ∑
Q∈Q

(
α

W (Q)

)
eγΨ(W (Q))

The proof of convergence to Q and the ergodicity are quite
technically involved. They can be obtained through a careful
analysis of the connectivity of the directed graph whose set
of nodes is the set of partial allocations Qp and whose edges
are determined by the possible transitions of the underlying
Markov process. Time-reversibility and the structure of the
unique invariant probability are instead classical for Markov
processes induced by noisy best response dynamics and
follow immediately from the potential relations (7).

Remark: Notice that when γ → +∞, the invariant prob-
ability µγ converges to a uniform probability on the set
argmaxQ∈Q Ψ(W (Q)) of allocations maximizing the poten-
tial. Thus, if γ is large, the distribution of the process Qt for
t sufficiently large will be close to a Nash equilibrium which
is a maximum of the potential function.

The fact of using a noisy algorithm is crucial in our
setting. In the following example we show a situation where
a classical best response algorithm would remain stacked
without completing the allocation.

Example 3: We are considering a line graph of four users
as depicted below.

1 2 3 4

Each user x has αx = βx = 1. Reliabilities are instead λ2 =
3 while λx = 1 for x = 1,3,4. Assume we are in the partial
allocation state W ∈Wp given by

W :=


0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0


Clearly, this partial allocation state could be reached by
the group zero allocation state with positive probability (the
key point is that unit 3 activates before unit 1 and chooses
the most reliable resource). It is also clear that under a
best response strategy (γ = +∞) this state allocation is an
equilibrium: unit 1 can not allocate, unless unit 3 moves its
data to 4 but this will never happen because f34(W −e32)<
f32(W − e32).

III. SIMULATION

In this section we present a number of numerical sim-
ulations that validate the theoretical results and show the
performance of the algorithm in terms of various parameters
describing the speed of convergence, resources congestions,
global utility, and complexity of the interconnections.

For the sake of readability we gather below the standing
assumptions and parameters we have used.
• The number of units is denoted by n and assumed to

be even. Most of our simulations are for n = 50 but
we have also studied scalability issues by considering
n = 100 and n = 1000.

• We have considered two possible interconnection
topologies: the complete graph and a random regular
graph of degree 10.

• Time has been assumed to be discrete, assuming that at
every time instant a unit x is chosen with a probability νx
proportional to αx. Moreover, allocation and distribution
moves are chosen acceding to the probabilities:

Pall(W (t),x) =
{

1 if W (t)x < αx
0 otherwise

• Time horizon has been fixed to be T = 2∑αx so that
we have allowed up to two moves per data atom (one
allocation and one possible distribution). It turns out
that in all experiments carried on such time horizon has
been sufficient for completing the allocation of all data
atoms and also getting very close to a Nash equilibrium.
Denote by W ∞ the final allocation state of the system
after time T has elapsed.

• The parameter γ appearing in the Gibbs distribution
have been chosen to be time-varying with

γ(t) = γ(t−1)+
1

λmax ∗100

where λmax is the maximum reliability of the resources.
This is a typical choice done on such best response
dynamics, even if the theoretical result expressed below
can not directly be applied to insure convergence. In real
world applications, where adaptation to a time-varying
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scenario (e.g. addition or deletion of units, change in the
topology) is needed, γ must be instead kept bounded.

• We have assumed units to have the same free space to
offer β = 50 and to have possibly different amounts αx
to allocate.

• We have assumed units to split into two subsets of
equal size X1 and X2 characterized by two different
reliability levels, respectively, λ1 = 0.5 and λ2 = 0.8.

• The congestion parameter is chosen to be kc = 1 while
we will consider different values for ka.

Moving data from one resource to another one is an
expensive task which must be carefully monitored in real
applications. To this aim, we have introduced the index νmoves
which computes the number of allocation or distribution
moves per piece of data throughout the dynamics. In formula,
if mi is the total number of moves performed by agent i
during the run of the algorithm, we put

νmoves =
1
n ∑

x∈X

mi

αi
.

The global utility of the system in the allocation state
W is defined as F(W ) = ∑x,y∈X Wxy fxy(W ). Put F∗ =
maxW∈W F(W ).

ρ :=
F(W ∞)

F∗

measures how the solution found is performing with regards
to the global utility (notice that the potential Ψ does not
coincide with F so that W ∞ is not a-priori a maximum of
F).

Units give preference to the most trusted resource in X2,
however, depending on the amount of data they need to
allocate and on the type of resources in their neighborhood,
they need to use also less trusted resources in X1. We define
the mean and the variance of the satisfaction level as

Λ̄ :=
1
n ∑

x∈X
∑

y∈Nx

W ∞
xy

αx
λy, Λvar :=

1
n ∑

x∈X

(
∑

y∈X

W ∞
xy

αx
λy− Λ̄

)2

If λ1 and λ2 are taken to be the probability that if contacted
at a random time the resource is available to give access to
the stored data, Λ̄ can be interpreted as the probability that
a piece of data can be recovered when requested at some
random time.

The presence of the congestion term in the utility function
should insure that all resources with the same λ should in
principle be used equally. We measure the mean and variance
of the congestion level of resources in Xi by

C̄i :=
1

nβ
∑

y∈Xi

W ∞
y , Ci

var :=
1
n ∑

y∈Xi

(
β
−1W ∞

y −C̄
)2

Finally, we consider the in and out mean degrees measur-
ing the topological complexity of the subgraph consisting of
the edges (x,y) for which W ∞

xy > 0:

d+ :=
1
n ∑

x∈X
∑

y∈X
1{Wxy>0}, d−i :=

2
n ∑

x∈X
∑

y∈Xi

1{Wxy>0}, i= 1,2

Below we present four sets of examples. The first two
are with n = 50 units, αx constant, and different topologies.
The third one deals instead with a situation where units have
different αx. Finally, the fourth example deals with a larger
number of users.

Example 4: Consider a case with n = 50 users and αx =
α = 45 for every unit x. It follows from Proposition 2 that
allocation is possible in any regular graph. Also notice that
Theorem 3 can be applied. We first assume that the graph is
complete and then we analyze the case of a regular graph of
degree 10.

The following table shows the value of the various perfor-
mance parameters varying the aggregation term ka.

TABLE I: Complete Graph
ka = 0 ka = 0.25 ka = 0.45

νmoves 1.6271 1.3068 1.2548
Λ̄ 0.6667 0.6592 0.6593
Λvar 6.4818∗10−4 0.0119 0.0122
C̄1 0.8000 0.8450 0.8442
C1

var 9.5680∗10−4 0.1149 0.1195
C̄2 1 0.9550 0.9558
C2

var 0 0.0280 0.0261
d+ 44.8460 9.5420 9.6720
d−1 43.9280 9.1720 9.1280
d−2 45.7640 9.9120 10.2160
ρ 0.9787 0.6812 0.6796

The fact that, on average, each user makes less than
two moves per each atom, suggests that at the end of the
allocation the system is already near to the equilibrium.

Notice the effect of the aggregation term on this parameter:
when ka = 0, the parameter νmoves is considerably higher as
agents tend to move their data to leverage the congestion
level over all the available resources. When the aggregation
term is present this phenomenon is much reduced as agents
have an incentive to keep data atoms together. The congestion
indices confirm that agents preferably allocate over more
trusted resources and that resources are used sufficiently
equally. We can also see that the aggregation term brings to
a slightly greater usage of worse resources. The parameters
where the influence of the aggregation term is even clearer,
are the degrees: in the first case almost every edge is used
while in the second two cases the number is sensibly lower.
Finally, concerning the utility parameter ratio ρ , notice that
our algorithm performs very well for ka = 0 while we witness
a certain degradation when ka > 0.

Example 5: Consider now the same case with 50 users
where the underlying graph is regular with degree 10. As in
the previous case, the table shows the parameters in the case
with ka = 0, ka = 0.25 and ka = 0.45.

These data confirm the good performance properties of the
algorithm even when the graph of connection is of consider-
ably less complexity. Notice how, when the aggregation term
is present, the number of resources used per agent is some-
thing above 6 to be compared to the previous case where
it was almost 10. In other terms, imposing a constrained
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TABLE II: Regular Degree 10
ka = 0 ka = 0.25 ka = 0.45

νmoves 1.4187 1.2185 1.1714
Λ̄ 0.6667 0.6596 0.6606
Λvar 0.0019 0.0136 0.0143
C̄1 0.8000 0.8422 0.8364
C1

var 0.0011 0.1214 0.1350
C̄2 1 0.9578 0.9636
C2

var 0 0.0261 0.0251
d+ 9.9560 6.2580 6.3700
d−1 9.9240 5.9400 6.2520
d−2 9.9880 6.5760 6.4880
ρ 0.9784 0.8872 0.9297

communication pattern, it does not degrade performance and
helps keeping complexity at a lower level.

Figures 1 and 2 show the difference between the graph we
impose and the graph with edges that are used by the users
in the case with ka = 0.25.

Fig. 1: Underlying Network

Fig. 2: Used Edges

Next example shows that variability of the amount of the
data to be allocated by the various units does not significantly
change the overall performance of the algorithm.

Example 6: In this example we consider the same number
of n = 50 users split into five equal subfamilies with varying
α = 35,40,45,50,55 (so that the average is still 45). The
underlying graph is assumed to be random regular with
degree 10 and ka = 0.45. A-priori there is no guarantee
that an allocation exists in this case, however, the algorithm

always finds one. The table below reports the value of the
various performance indices which turn out to be quite close
to the case of constant αx.

TABLE III: Different α

νmoves 1.1552
Λ̄ 0.6613
Λvar 0.0138
C̄1 0.8387
C1

var 0.1464
C̄2 0.9613
C2

var 0.0328
d+ 6.4040
d−1 6.1200
d−2 6.6880

Finally, next example shows that the algorithm has good
scalability properties.

Example 7: In this example we consider and compare
three communities with n = 50,100,1000 always connected
through a random regular graph of degree 10. We assume that
αx = 45 for all units. The aggregation parameter is ka = 0.45.

TABLE IV: Asymptotic Behavior
50 100 1000

νmoves 1.1714 1.1490 1.1304
Λ̄ 0.6606 0.6605 0.6566
Λvar 0.0143 0.0146 0.0114
C̄1 0.8364 0.8370 0.8604
C1

var 0.1350 0.1262 0.1068
C̄2 0.9636 0.9630 0.9396
C2

var 0.0251 0.0183 0.0616
d+ 6.3700 6.2840 6.1902
d−1 6.2520 5.9380 6.0004
d−2 6.4880 6.6300 6.3800

IV. CONCLUSIONS

In this paper we have proposed, in a game theoretic
framework, a peer-to-peer decentralized storage model where
a network of units are, at the same time, end users needing
to allocate externally a back up of their data, as well
storage resources for other users. We have proposed a novel
fully distributed algorithm where units, connected through a
network, activate autonomously at random time and either
allocate or move pieces of their data among the neighboring
available resources. Actions taken by the units are noisy
best response actions with respect to utility functions which
incorporate the congestion of the resources, their reliability,
as well possibly, the fragmentation of the stored data. The
algorithm has been claimed to converge, with probability 1,
to a Nash equilibrium of the game and several numerical
simulations have here validated this claim. In a forthcoming
paper, we will propose a detailed theoretical analysis of our
algorithm.

We believe that there are several challenges related to
the peer-to-peer storage model which have not yet been
satisfactorily addressed by pure mathematical model. Some
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of them are reported below and will be the goals of our future
research.
• In realistic scenarios, for security reasons, units need

to allocate more than one copy of their own data.
This poses new issues and constraints as it becomes
fundamental that copies of the same data are not stored
in the same resource. Most of our theoretical results,
including the matching problem equivalence, will need
to be completely revisited to be applied in this new
scenario.

• Our simulations show that the algorithm has very good
convergence properties. It will be of interest to establish
theoretical bounds on the convergence time.

• In our model, units, thought as resources, are assumed to
be always on and available, if not yet fully congested,
for storage actions. It would be of interest to let the
possibility that resources might be off at certain times
and to connect this behavior to the reliability parameter
present in the utility functions.

• Units, in our model, are completely anonymous and
resources do not make any filter on new allocation
requests. More interesting models should incorporate
trust formation mechanisms where more trusted units
(when thought as resources) should have a vantage in
finding place to store their data.
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Model Reduction of a Nonlinear Cable-Mass PDE System
with Dynamic Boundary Input*

Belinda A. Batten1, Hesam Shoori2, John R. Singler3, and Madhuka H. Weerasinghe3

Abstract— We consider the motion of a flexible cable attached
to a mass-spring system at each end. The input to the system is
the driving force to the mass-spring system at the left end, and
the output of interest is the displacement and velocity of the
mass at the right end. We model the system by a 1D damped
wave equation coupled to second order oscillators holding on
the boundaries. The mass-spring model at the right end includes
a nonlinear stiffening force. We prove the linearized system
is well-posed and exponentially stable. We perform balanced
truncation model reduction of the linearized system, and use the
resulting modes to obtain a nonlinear reduced order model. We
numerically compare the input-output response of the nonlinear
PDE system and the nonlinear reduced order model for various
driving forces and model parameters.

I. INTRODUCTION

Reduced order modeling of partial differential equations
(PDEs) has potential for many applications, including the
design of feedback control laws that are implementable in
real time. For linear infinite dimensional systems (such as
PDE systems) with inputs and outputs, theoretical results
concerning popular model reduction techniques such as
balanced truncation [1], [2], [3] give information about the
performance of reduced order models. However, very little
is known about model reduction of nonlinear PDE systems
with inputs and outputs.

The main goal of this work is to increase our understand-
ing of nonlinear model reduction by numerically exploring
the effectiveness of a balanced truncation model reduction
scheme applied to a specific cable-mass PDE system. We
are only aware of one other similar numerical study: in
[4], the authors numerically show the effectiveness of the
same nonlinear balanced truncation scheme applied to the
1D nonlinear complex Ginzburg-Landau equation.

We investigate the PDE system modeling the motion of
a flexible cable attached to two mass-spring systems. The
mass-spring system at the left end of the cable is driven by
a time dependent input, and the output of the system is the
position and velocity of the mass at the right end of the cable.
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Foundation grant DMS-1217122; B. Batten was supported in part by the
Department of Energy under Award Number DE-FG36-08GO18179.
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The system was originally considered as a heuristic model
for a wave tank with a wave energy converter [5]. Here, we
use this nonlinear cable-mass model as a balanced truncation
model reduction test problem because of two properties: (i)
the model contains a wave equation, and (ii) the input to the
PDE system enters in a differential equation holding on a
spatial boundary.

Balanced truncation model reduction of nonlinear systems
with properties (i) or (ii) have not been thoroughly investi-
gated. We note that various model reduction techniques have
been explored on wave equations; see, e.g., [6], [7], [8], [9],
[10], [11]. Many works have considered proper orthogonal
decomposition model reduction instead of the input-output
focused balanced truncation approach we consider here. The
work that is closest to the present work is [7], where the
authors use balanced truncation model reduction approaches
to develop low order feedback controllers for a nonlinear
cable-mass system (with one mass). Again, one difference
here is that we explore the effectiveness of the model re-
duction without incorporating a feedback controller. Another
difference is property (ii), the dynamic boundary input.
Feedback control of PDE systems with dynamic boundary
input have recently been explored in [12], [13]. However, as
far at the authors are aware, very little work has been done
on model reduction of such systems.

Below, we describe the model and prove the well-
posedness and exponential stability of the linearized system.
We then describe the finite difference method that we use
for the spatial discretization of the system. We apply bal-
anced truncation model reduction to the discretized linearized
system, and use the balanced truncation modes along with
a Petrov-Galerkin projection to obtain a nonlinear reduced
order model. We compare the input-output response of the
discretized system and the reduced order model for various
system parameters and inputs.

II. THE CABLE-MASS SYSTEM

We consider a flexible cable connected to a mass-spring
system at each end as in Figure 1. Each mass-spring system
is connected to a rigid horizontal support, and we assume all
motion takes place in the vertical direction only. The dotted
line denotes the equilibrium position of the system. Let
• w0(t) denote the displacement of the left mass below

equilibrium at time t,
• w(t, x) denote the displacement of the cable below

equilibrium at location x and time t, and
• w`(t) denote the displacement of the right mass below

equilibrium at time t.
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Fig. 1. The cable-mass system.

The left mass is located at position x = 0, and the right mass
is located at x = `. We assume the only external force acting
on the system is a driving force applied to the left mass-
spring system. Below, we arrive at a model that is similar to
the model of the cable-mass problem studied in [14].

We model the flexible cable by a 1D linear wave equation
on 0 < x < ` with Kelvin-Voigt damping:

wtt(t, x) = γ wtxx(t, x) + β2 wxx(t, x), 0 < x < `, (1)

where subscripts denote partial derivatives and γ and β are
positive constants. (In the remainder of the model below all
of the coefficients are positive constants.) We model the
displacement of the mass at x = 0 using an undamped
second order linear oscillator with external force input u(t):

m0 ẅ0(t) = −k0w0(t)

+
(
γ wtx(t, 0) + β2 wx(t, 0)

)
+ u(t), (2)

where the dots denote derivatives with respect to time. The
term in the parentheses is the force of the cable acting on the
mass. We model the displacement of the mass at x = ` in a
similar way; however, we include damping and a nonlinear
stiffening force in this model:

m` ẅ`(t) = −k`,1w`(t)− k`,2 [w`(t)]3 − γ`ẇ`(t)
−
(
γ wtx(t, `) + β2 wx(t, `)

)
. (3)

As before, the term in the parentheses is the force of the
cable acting on the mass. To complete the model, note that
the displacement of the cable at the boundaries must equal
the displacement of the two masses:

w(t, 0) = w0(t), w(t, `) = w`(t). (4)

We call this the displacement compatibility condition.
For the model reduction problem, we assume we have two

system outputs: the position and velocity of the right mass,
i.e.,

y1(t) = w`(t), y2(t) = ẇ`(t).

A. The Energy Function

Define the energy E(t) at time t > 0 of a smooth solution
[w,w0, w`] of the above cable-mass system by

E(t) =
1

2

∫ `

0

β2 [wx(t, x)]
2
+ [wt(t, x)]

2
dx

+
k0
2

[w0(t)]
2
+
m0

2
[ẇ0(t)]

2

+
k`,1
2

[w`(t)]
2
+
k`,2
4

[w`(t)]
4
+
m`

2
[ẇ`(t)]

2
.

We show that if [w,w0, w`] is a smooth solution and u =
0, then the energy is nonincreasing. This result matches
physical intuition and also provides us with the correct
energy inner product for the system (see Section III below).

To prove dE/dt ≤ 0, differentiate E(t) to obtain

Ė =

∫ `

0

β2 wx wtx + wt wtt dx

+ [m0ẅ0 + k0 w0] ẇ0

+
[
m`ẅ` + k`,1w` + k`,2w

3
`

]
ẇ`.

The wave equation (1) and mass-spring models (2) and (3)
give

Ė = β2

∫ `

0

wx wtx + wt wxx dx+ γ

∫ `

0

wt wtxx dx

+
[
γ wtx(t, 0) + β2 wx(t, 0)

]
ẇ0

−
[
γ`ẇ` + γ wtx(t, `) + β2 wx(t, `)

]
ẇ`.

Next, use (wt wx)x = wx wtx + wt wxx to evaluate the first
integral and integrate by parts in the second integral to obtain

Ė = β2 [wx wt]
x=`
x=0 + γ [wtx wt]

x=`
x=0 − γ

∫ `

0

[wtx]
2
dx

+
[
γ wtx(t, 0) + β2 wx(t, 0)

]
ẇ0

−
[
γ`ẇ` + γ wtx(t, `) + β2 wx(t, `)

]
ẇ`.

Differentiating the displacement compatibility condition (4)
gives the velocity compatibility condition

wt(t, 0) = ẇ0(t), wt(t, `) = ẇ`(t). (5)

Substitute this into the above equation to obtain

Ė = −γ` [ẇ`]2 − γ
∫ `

0

[wtx]
2
dx,

and therefore Ė(t) ≤ 0.

III. THE LINEAR PROBLEM: WELL-POSEDNESS AND
EXPONENTIAL STABILITY

Following some ideas in [14], we rewrite the linear cable-
mass problem (with k`,2 = 0) as a second order differential
equation

z̈(t)+A1ż(t)+A0z(t) = B0u(t), y(t) = C0z(t)+C1ż(t),
(6)

holding over an infinite dimensional Hilbert space. Specifi-
cally, we set notation, specify the Hilbert space, and define
the operators (A0, A1, B0, C0, C1). We use this formulation
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to show the well-posedness and exponential stability of the
linear problem. The exponential stability and the bound-
edness of (B0, C0, C1) guarantees the balanced truncation
model reduction theory holds [15]. We do not provide the
details here. We leave analysis of the nonlinear system to be
considered elsewhere.

A. Problem Formulation

Let L2(0, `) be the Hilbert space of (Lebesgue measurable)
square integrable functions defined on 0 ≤ x ≤ ` with inner
product (f, g)L2 =

∫ `
0
f(x) g(x) dx. Let Hm(0, `) denote

the Sobolev space of functions f ∈ L2(0, `) such that f
is m times (weakly) differentiable and each derivative is in
L2(0, `). Due to the Sobolev embedding theorem, functions
in Hm(0, `) are continuous for m ≥ 1.

Let H be the real Hilbert space H = L2(0, `)×R2 with the
inner product of z = [w,w0, w`] ∈ H and χ = [p, p0, p`] ∈
H given by

(z, χ)H =

∫ `

0

w pdx+m0 w0 p0 +m` w` p`.

Let V ⊂ H be the set of elements

z = [w,w0, w`] ∈ H1(0, `)×R2

satisfying the displacement compatibility condition

w(0) = w0, w(`) = w`.

For z = [w,w0, w`] ∈ V and χ = [p, p0, p`] ∈ V , define the
V inner product of z with χ by

(z, χ)V =

∫ `

0

β2 wx px dx+ k0 w0 p0 + k`,1 w` p`.

These inner products were motivated by the energy function
considered above.

Lemma 1: The space V with the above inner product is a
real Hilbert space, V is dense in H , and V is separable.
The authors have not encountered the space V (with the
compatibility condition) in the literature; therefore, we give
a proof.

Proof: First, if (z, z)V = 0, where z = [w,w0, w`],
then w(x) is a constant function and w0 = w` = 0. The
compatibility condition implies w(x) = 0 for all x, and so
z = 0. It is straightforward to show that (·, ·)V satisfies the
remaining properties of an inner product.

Next, let {zn} ⊂ V be a Cauchy sequence, where zn =
[wn, wn0 , w

n
` ]. Therefore, [wnx , w

n
0 , w

n
` ] is a Cauchy sequence

in L2(0, `)×R2, and so there exists [q, w0, w`] ∈ L2(0, `)×
R2 such that

wnx → q in L2(0, `), wn0 → w0, wn` → w`.

Define w by w(x) = w0 +
∫ x
0
q(η) dη. Then w ∈ H1(0, `),

wx = q, and w(0) = w0. Also, we have w(`) = w` since

w(`) = lim
n→∞

wn0 +

∫ `

0

wnx (η) dη = lim
n→∞

wn` = w`.

Therefore z = [w,w0, w`] satisfies the displacement com-
patibility condition and zn converges in V to z ∈ V . This
shows V is a Hilbert space.

To show V is dense in H , let z = [w,w0, w`] ∈ H and
define

g(x) = w0 + `−1(w` − w0)x.

Note that g(0) = w0 and g(`) = w`. Since H1
0 (0, `) is dense

in L2(0, `), there exists a sequence qn ∈ H1
0 (0, `) such that

qn → w − g in L2. Define

zn = [qn + g, w0, w`].

Due to the properties of qn and g, we have zn ∈ V for all n
and also zn → z in H as n → ∞. This proves V is dense
in H .

To show V is separable, let zn = [sin(nπ`−1x), 0, 0] ∈ V
and define M ⊂ V by

M = {[x, 0, `], [`− x, `, 0]} ∪ {zn}∞n=1.

Let z = [w,w0, w`] ∈M⊥. We show z = 0 so that the span
of M is dense in V , and therefore V is separable. First,

(z, [x, 0, `])V = 0, (z, [`− x, `, 0])V = 0,

imply

β2
(
w` − w0

)
+ k``w` = 0, −β2

(
w` − w0

)
+ k0`w0 = 0.

It can be checked that the only solution of these equations
is w0 = w` = 0, and therefore z = [w, 0, 0]. The
compatibility condition also gives w(0) = w(`) = 0, i.e.,
w ∈ H1

0 (0, `). Finally, {sin(nπ`−1x)}∞n=1 is an orthogonal
basis for H1

0 (0, `), and therefore (z, zn)V = 0 for all n
implies z = 0. This proves V is separable. �

Next, define the unbounded operator A0 : D(A0) ⊂ H →
H as follows. Let D(A0) be the set of z = [w,w0, w`] ∈ V
such that w ∈ H2(0, `). For z ∈ D(A0), define

A0z =

 −β2 wxx
m−10

[
k0w0 − β2wx(0)

]
m−1`

[
k`,1w` + β2wx(`)

]
 .

Define the unbounded operator A1 : D(A1) ⊂ H → H ,
where D(A1) = D(A0), by

A1ζ =

 −γ vxx
−m−10 γ vx(0)

m−1` [γ vx(`) + γ`v`]

 .
where ζ = [v, v0, v`]. Finally, define the bounded operators
B0 : R→ H , C0 : H → R2, and C1 : H → R2 by

B0u =

 0
m−10 u

0

 , C0z =

[
w`
0

]
, C1χ =

[
0
p`

]
,

where z = [w,w0, w`] and χ = [p, p0, p`]. This completely
specifies the formulation of the second order differential
equation (6).
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B. Well-Posedness and Exponential Stability

To prove the well-posedness and exponential stability of
the second order differential equation (6), we place the
equation in weak form. Take the H inner product of the
second order differential equation (6) with χ = [p, p0, p`] ∈
V and integrate by parts to obtain

d2

dt2
(z(t), χ)H+

d

dt
a1(z(t), χ)+(z(t), χ)V = (B0u(t), χ)H ,

(7)
where the symmetric, continuous bilinear form a1 : V ×V →
R is given by

a1(z, χ) =

∫ `

0

γ wx px dx+ γ` w` p`.

We prove the following result:
Theorem 1: Let T > 0. If z0 ∈ V , z1 ∈ H and

u ∈ L2(0, T ), then there exists a unique z ∈ L2(0, T ;V )
satisfying the second order differential equation (7) for all
χ ∈ V and the initial conditions z(0) = z0 and ż(0) = z1.
Also, ż ∈ L2(0, T ;V ) and z̈ ∈ L2(0, T ;V ′). Furthermore,
the unforced system is exponentially stable, i.e., there exists
constants M ≥ 1 and ω > 0 such that the solution for u = 0
satisfies(
‖z(t)‖2V + ‖ż(t)‖2H

)1/2 ≤Me−ωt
(
‖z0‖2V + ‖z1‖2H

)1/2
.

Proof: We use a well-posedness result for damped second
order linear evolution equations in weak form; see [16] and
[17, Chapters 8 and 9]. Due to Lemma 1, the existence and
uniqueness of solutions follow from this result once we show
• V is continuously embedded in H ,
• there exists a positive constant c1 such that

a1(z, z) ≥ c1‖z‖2V for all z ∈ V . (8)

Since the bilinear form a1 is symmetric, these two conditions
also prove that the system is exponentially stable; see [18,
Theorem 2.3] and [17, Section 8.2].

To show V is continuously embedded in H , let z =
[w,w0, w`] ∈ V and note

w(x) = w` −
∫ `

x

wξ(ξ) dξ.

Taking absolute values, using the triangle inequality, and then
Hölder’s inequality (writing |wξ(ξ)| = 1 · |wξ(ξ)|) gives

|w(x)| ≤ |w`|+ `1/2‖wx‖L2(0,`).

Square this inequality and use Young’s inequality to get

|w(x)|2 ≤ 2
(
w2
` + `‖wx‖2L2(0,`)

)
. (9)

Integrating from x = 0 to x = ` gives

‖w‖2L2(0,`) ≤ 2`
(
w2
` + `‖wx‖2L2(0,`)

)
. (10)

Evaluating (9) at x = 0 also gives

w2
0 ≤ 2

(
w2
` + `‖wx‖2L2(0,`)

)
. (11)

Using

‖z‖2H =

∫ `

0

w(x)2 dx+m0 w
2
0 +m` w

2
` ,

‖z‖2V =

∫ `

0

β2 wx(x)
2 dx+ k0 w

2
0 + k`,1 w

2
` ,

and the inequality (10), it is clear that there exists a positive
constant C such that ‖z‖H ≤ C ‖z‖V for all v ∈ V , and
therefore V is continuously embedded in H .

Also, using the above expression for ‖z‖2V , the inequality
(11), and

a1(z, z) =

∫ `

0

γ wx(x)
2 dx+ γ` w

2
` ,

proves that there exists a positive constant c1 such that (8)
holds. This proves the result. �

IV. A FINITE DIFFERENCE METHOD

For the simulations and model reduction computations, we
use a second order accurate finite difference scheme for the
spatial discretization. We do not perform any convergence
analysis; we leave that to be considered elsewhere. We place
n equally spaced nodes {xj}nj=1 in the interval [0, `], where
xj = (j − 1)h and h = `/(n − 1) so that x1 = 0 and
xn = `. In order to apply balanced truncation below, we also
eliminate the second order time derivatives by introducing
a velocity variable. Therefore, for j = 1, . . . , n, let dj(t)
and vj(t) denote the finite difference approximations to the
displacement w(t, xj) and velocity wt(t, xj), respectively.
We assume the solution is smooth so that the displacement
and velocity compatibility conditions (4) and (5) are satisfied;
therefore, we assume

w0(t) = d1(t), w`(t) = dn(t),

ẇ0(t) = v1(t), ẇ`(t) = vn(t).

We use second order centered differences to approximate
the spatial derivatives in the damped wave equation (1) to
obtain

v̇i =
γ

h2
[vi+1 − 2vi + vi−1] +

β2

h2
[di+1 − 2di + di−1],

ḋi = vi, for i = 2, . . . , n− 1.

For the differential equations (2) and (3) holding on the
boundaries, we use second order accurate one sided finite
difference approximations to the first order spatial derivatives

wx(t, 0) ≈
−3d1 + 4d2 − d3

2h
,

wx(t, `) ≈
3dn − 4dn−1 + dn−2

2h
,
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(with similar approximations for wtx) to obtain

m0v̇1 =

[
−k0 −

3β2

2h

]
d1 +

[
4β2

2h

]
d2 −

[
β2

2h

]
d3

−
[
3γ

2h

]
v1 +

[
4γ

2h

]
v2 −

[ γ
2h

]
v3 + u(t),

ḋ1 = v1,

m`v̇n =

[
−k`,1 −

3β2

2h

]
dn +

[
4β2

2h

]
dn−1 −

[
β2

2h

]
dn−2,

+

[
−γ` −

3γ

2h

]
vn +

[
4γ

2h

]
vn−1 −

[ γ
2h

]
vn−2

− [k`,2] d
3
n,

ḋn = vn.

The system output is the position and velocity of the right
mass, i.e.,

y1 = dn, y2 = vn.

After dividing the differential equations for v1 and vn
by m0 and m`, respectively, we obtain a nonlinear finite
dimensional system of the form

ẋ(t) = Ax(t) + F (x(t)) +Bu(t), y(t) = Cx(t), (12)

where x ∈ R2n is given by x = [v1, . . . , vn, d1, . . . , dn]
T .

V. BALANCED TRUNCATION MODEL REDUCTION

Next, we describe a balanced truncation model reduction
approach for the finite dimensional nonlinear system (12).
The goal of the model reduction here is to generate a low
order model of the same form that approximates the input-
output behavior of the full order system.

Balanced truncation for finite dimensional linear expo-
nentially stable systems of the above form (with F = 0)
is a well-known model reduction method with excellent
properties [19], [20]. We compute the balanced truncated re-
duced order model (ROM) using the “square root algorithm”
described in [19, Section 7.3].1 The algorithm generates
matrices Tr ∈ R2n×r and Sr ∈ Rr×2n such that SrTr = Ir
(the r × r identity matrix), and the reduced order model is
given by

ȧ = Ara+Bru, yr = Cra,

where a ∈ Rr, and

Ar = SrATr, Br = SrB, Cr = CTr. (13)

As mentioned in the introduction, there are many ap-
proaches to nonlinear model reduction. In this work, we use
the matrices Tr and Sr generated by balanced truncation
model reduction of the linear system along with a Petrov-
Galerkin projection to obtain a ROM for the nonlinear system
(12). This approach has been used successfully for another
nonlinear PDE system in [4]. To produce the nonlinear ROM,
we approximate x ≈ Tra in (12) and multiply the resulting
(approximate) differential equation by Sr to obtain

ȧ = Ara+ SrF (Tra) +Bru, yr = Cra,

1For our numerical experiments, we take n small enough so that we do
not require a large-scale algorithm to compute the balanced truncation.

where (Ar, Br, Cr) are given in (13).
The evaluation of the nonlinear term SrF (Tra) requires

matrix-vector products of size 2n. Below, we rewrite the
nonlinear term in the above ROM so that only low order
operations are required.

Define the “balancing modes” ϕj , ψj ∈ R2n for j =
1, . . . , r by

Tr = [ϕ1, ϕ2,··· ,ϕr] , STr = [ψ1, ψ2,··· ,ψr] ,

i.e., ϕj is the jth column of Tr and ψi is the ith column of
STr . Then

Tra =

r∑
j=1

ajϕj , Srf = [ψT1 f, . . . , ψ
T
r f ]

T . (14)

In our system we have only one nonlinear term in the
differential equation holding on the right boundary. Then
F (Tra) is a 2n × 1 vector with all zeroes except the nth
entry; specifically, we have

[F (Tra)]j =

{
0, j 6= n,

−k`,2m`

(∑r
j=1 ajϕj,2n

)3
, j = n,

where ϕj,2n denotes the 2nth entry of ϕj . Using the formula
in (14) for multiplication by Sr, this allows the computation
of the nonlinear term SrF (Tra) using low order operations:
the ith entry is given by

[SrF (Tra)]i = −
k`,2ψi,n
m`

( r∑
j=1

ajϕj,2n

)3

, i = 1, . . . , r,

where ψi,n denotes the nth entry of ψi.

VI. NUMERICAL RESULTS

We now numerically compare the input-output response
of the full order finite difference model and the reduced
order balanced truncated model. Specifically, we use the
same input u(t) in both systems and compare the outputs.
Recall, the input is the forcing in the left mass-spring system
and the output is the position and velocity of the right mass-
spring system. For our experiments, we use n = 100 finite
difference nodes; we noticed little change in the results when
we increased n. We use Matlab’s ode23s to approximate
the solution of all ordinary differential equations.

For most of the system parameters, we chose similar
parameters to those used for a cable-mass problem in [7];
see Table I. We varied two parameters: the wave equation
damping parameter γ and the stiffness parameter k`,1 for
the right mass. We varied these two parameters to see if
the nonlinear reduced order model would be accurate in two
more challenging cases: (i) the PDE is nearly hyperbolic, i.e.,
the Kelvin-Voigt damping parameter γ is small, and (ii) the
nonlinearity dominates the stiffness in the right mass-spring
system, i.e., k`,1 is small.

We begin by looking at both the linear and nonlinear
systems when the damping is strong; specifically, we chose
γ = 1, a small stiffness k`,1 = 0.01, and an exponentially
decaying input u(t) = e−0.3t sin(0.2t). Figure 2 shows the
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TABLE I
FIXED SIMULATION PARAMETERS

` m0 k0 m` k`,2 γ1

1 1 1 1.5 1 0.005

linear case comparing the full order model (FOM) and the
reduced order model (ROM) with r = 4; Figure 3 shows the
corresponding figure for the nonlinear case again with r = 4.
The position and velocity outputs in the linear system are
very accurately captured by the ROM. The nonlinear ROM
is also accurate; however, the output of the ROM is slightly
out of phase from the FOM in both position and velocity.
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Fig. 2. The output of the full order model (FOM) and the reduced order
model (ROM) in the linear case with γ = 1, k`,1 = 0.01, and u(t) =
e(−0.3t) sin(0.2t).
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Fig. 3. Output of the nonlinear systems for γ = 1, k`,1 = 0.01, and
u(t) = e(−0.3t) sin(0.2t).

This first experiment with strong damping shown in Fig-
ures 2 and 3 also shows that the output of the linear and
nonlinear FOM is very similar for both position and velocity.
Recall the Kelvin-Voigt damping parameter γ appears in the

PDE and in the mass-spring systems. Therefore, if γ is large
enough then the damping in the right nonlinear mass-spring
system is strong. Therefore, the strong damping can greatly
weaken the effect of the nonlinearity (even though k`,1 is
small).

Next, we keep k`,1 = 0.01 and consider a case with much
smaller damping, γ = 0.001. This is the most challenging
case in which (i) and (ii) both hold. We also consider a purely
oscillating input u(t) = 0.1 sin(0.2πt). Figure 4 shows the
linear case with r = 4, and Figure 5 shows the nonlinear case
also with r = 4. Again, the position and velocity output of
the linear FOM is accurately captured by the linear ROM.
In the nonlinear case, the output of the ROM is accurate
initially and then becomes quite different from the FOM.
This behavior holds even as r is increased in the ROM.
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Fig. 4. Output of the linear systems for γ = 0.001, k`,1 = 0.01, and
U = 0.1 sin(0.2πt).
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Fig. 5. Output of the nonlinear systems for γ = 0.001, k`,1 = 0.01, and
u(t) = 0.1 sin(0.2πt).

In this challenging case, the nonlinearity now has a large
effect on the output after an initial time period. However,
during the initial time period the output of the linear and
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nonlinear FOM is similar. The nonlinear ROM is accurate
over this initial time period. Once the output of the nonlinear
FOM becomes very different from the linear FOM, the
nonlinear ROM becomes inaccurate.

Next, we keep the same parameters (the most challenging
case) but slightly shrink the magnitude of the input: u(t) =
0.05 sin(0.2πt). Figures 6 and 7 shows the output of the
FOM and ROM in the linear and nonlinear cases, respec-
tively. The behavior observed in the previous experiment is
changed considerably: the output of the ROM is now close
to the FOM over the entire time interval in the nonlinear
case.
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Fig. 6. Output of the linear systems for γ = 0.001, k`,1 = 0.01, and
u(t) = 0.05 sin(0.2πt).
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Fig. 7. Output of the nonlinear systems for γ = 0.001, k`,1 = 0.01, and
u(t) = 0.05 sin(0.2πt).

In the previous experiment with larger magnitude input,
the output of the linear and nonlinear FOM were not similar
after the initial time period. With the smaller input, the output
of the linear FOM is qualitatively similar to the output of the
nonlinear FOM, although the outputs are not always close in
magnitude over the entire time interval. Therefore, as might

be expected, in the most challenging case the nonlinear ROM
may only be accurate when the output of the linear and
nonlinear FOMs are somewhat similar.

Next, we return to the larger oscillating input u(t) =
0.1 sin(0, 2πt), and change the values of γ and k`,1 so that
(i) and (ii) do not hold simultaneously. Figure 8 shows the
position output of the nonlinear systems for the cases γ = 1,
kl,1 = 0.01 and γ = 0.001, kl,1 = 1. The velocity outputs
behave similarly and are not shown. In both cases, the output
of the nonlinear ROM is close to the nonlinear FOM. As in
the previous experiment, the output of the linear FOM (not
shown) is qualitatively similar to the output of the nonlinear
FOM; however, the linear and nonlinear outputs are not
always close in magnitude to each other.
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Fig. 8. Position output of the nonlinear systems with u(t) =
0.1 sin(0.2πt) and different parameters: γ = 1, k`,1 = 0.01 (top), and
γ = 0.001, k`,1 = 1 (bottom).

VII. CONCLUSIONS

We considered a nonlinear PDE system consisting of a
damped wave equation coupled to two mass-springs systems
as a test problem for balanced truncation model reduction.
We proved the well-posedness and exponential stability for
the linearized problem, and applied balanced truncation to a
finite difference discretization of the linear system. We used
the modes from the linear balanced truncation along with a
Petrov-Galerkin projection to obtain a reduced order model
(ROM) of the nonlinear system.

Numerical experiments demonstrate that the nonlinear
ROM is able to accurately capture the input-output behavior
of the nonlinear system for a variety of system parameters
and inputs. More specifically, the output of the nonlinear
ROM was accurate in cases where the output of the nonlinear
full order model (FOM) was qualitatively similar to the
output of the linear FOM. In the most difficult parameter
case—when the PDE system was nearly hyperbolic and also
the nonlinear term dominated the stiffness in the right mass-
spring system—the output of the nonlinear ROM can be inac-
curate for some inputs. It would be interesting to investigate
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if a stabilization technique can increase the accuracy in the
most difficult case.
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On the Optimal Nevanlinna-Pick Interpolant and its Applications to
Robust Control of Systems with Time Delays

Veysel Yücesoy1 and Hitay Özbay2

Abstract— Computation of the optimal interpolant in the
Nevanlinna-Pick problem is revisited. Based on the fact that the
optimal interpolant has to be an inner function, whose order is
one less than the number of interpolation points, an eigenvalue-
eigenvector problem is constructed. The numerical properties
of the proposed computational procedure are discussed. The
method is applied to robust control problems for time delay
systems.

I. EXTENDED ABSTRACT

The Nevanlinna-Pick interpolation, which was originally
proposed as a solution to rational interpolation problem in
complex analysis, has a large variety of application fields
especially in engineering. In particular, it is shown to be very
useful in the solution of various robust control and system
identification problems, see e.g. [2], [6], [7], [8].

There are well-known methods for computing the optimal
and suboptimal solutions, [1], [5], [9]. In this note, the
optimal Nevanlinna-Pick interpolation is revisited for the
case where the interpolation data points are in C+. An
alternative numerical computation method is proposed for
the optimal interpolant.

The problem definition is as follows: given αi ∈ C+ and
βi ∈ C, i ∈ {1, ..., n}, find if possible a function F (s) such
that the following conditions are satisfied:

1) F (s) ∈ H∞

2) supℜ(s)>0 |F (s)| = ‖F‖∞ ≤ γ

3) F (αi) = βi for ∀i ∈ {1, ..., n}.

The smallest number γ > 0 for which this problem is
solvable is denoted by γopt. The optimal interpolant Fopt(s)
is a function which solves the above problem for γ = γopt.

We will assume that if α ∈ {α1, . . . , αn} =: Ψ, then
α ∈ Ψ; and naturally, if β = F (α) then β = F (α). So, we
are looking for a function F which has real coefficients, to
satisfy F (s) = F (s).

For a given γ > 0, it is well known that the Nevanlinna-
Pick interpolation problem is solvable if and only if the
associated Pick matrix Pγ is positive definite, where

Pγ := A− γ−2B

[A]i,j =
1

αi + αj

, [B]i,j =
βiβj

αi + αj

, (1)

1Veysel Yücesoy is with Aselsan Research Center, Intelligent Data
Analytics Research Program Department, Aselsan Inc., Ankara, Turkey,
and with the Department of Electrical and Electronics Engineering, Bilkent
University, 06800 Ankara, Turkey, veysel@ee.bilkent.edu.tr

2Hitay Özbay is with the Department of Electrical and
Electronics Engineering, Bilkent University, 06800 Ankara, Turkey
hitay@bilkent.edu.tr

for i, j ∈ {1, ..., n}. The smallest achievable γ is

γopt =
√

λmax(A−1B)

where λmax(·) denotes the largest eigenvalue, see e.g., [4].
In the literature, there are some known solutions to the

Nevanlinna-Pick problem. Three of these solutions are men-
tioned below to put the present work into the framework of
the existing literature.

A. Parametrization of All Solutions

In [1] all suboptimal solutions are expressed in terms of a
free parameter as follows. Let us assume a given γ > γopt.

• Define Dα(s) as the diagonal matrix whose non-zero
entries are

[Dα(s)]i,i = (s− αi)
−1.

• Compute transfer functions Θij(s) from
[

Θ11 Θ12

Θ21 Θ22

]

=

[

1 0
0 1

]

+ Q1Dα(s) P
−1
γ Q2 (2)

where

Q1 =

[

β1/γ · · · βn/γ

1 · · · 1

]

and

Q2 =







−β1/γ 1
...

...
−βn/γ 1






.

• Then, all feasible solutions are in the form

F (s) = γ
Θ11(s)G(s) + Θ12(s)

Θ21(s)G(s) + Θ22(s)
(3)

where G ∈ H∞ is a free parameter with ‖G‖∞ ≤ 1,
see [1] for details.

Note that as γ decreases to γopt the matrix Pγ becomes
singular, and hence the right hand side of (2) becomes ill-
conditioned in the (near)-optimal case.

In [4] another suboptimal solution is described through a
series of Möbius transforms. The core idea of the method
is to transform the interpolation problem of n data points to
a problem involving (n − 1) data points through a Möbius
transform which is derived from the nth interpolation pair.

For the case where the interpolation data are defined on
the unit disc, D, and one tries to find an analytic function on
the unit disc, with |F (z)| ≤ 1 for all z ∈ D, the optimal and
suboptimal solutions are given and discussed in detail in [5],
see also [11].

In the next section, we provide a new formula which gives
the optimal interpolant directly.
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B. Optimal Interpolation: an alternative formula

Since the number of interpolation points is finite, n, the
optimal interpolant Fopt(s) is a rational inner function of
order n − 1, see e.g. [5]. Therefore, it is possible to write
the function Fopt(s) in the form

Fopt(s) = g
[sn−1 . . . s 1] J Φ

[sn−1 . . . s 1] Φ
(4)

where J = diag{(−1)0, (−1)1, . . . , (−1)n−1}, g ∈ R, and
Φ = [φn−1 . . . φ0]

T ∈ R
n.

Proposition 1: Given problem data (αi, βi), i = 1, . . . , n
let

L := J V
−1
α DβVα ,

where

Vα :=







αn−1
1 . . . α1 1
... · · ·

...
...

αn−1
n . . . αn 1







Dβ := diag{β1, . . . , βn} .

Then γopt is the smallest |g|, where g is an eigenvalue of the
matrix L, for which the corresponding eigenvector Φ defines
a stable polynomial, i.e. all the roots of

NF (s) := [sn−1 . . . s 1] Φ

are in C−. Moreover, if βi = W (αi) for some function
W (s) ∈ H∞ then L = JW (Ao) where

Ao :=













−a1 1 0 0
... 0

. . . 0
... 0 0 1

−an 0 · · · 0













,

whose entries are determined from
n
∏

i=1

(s− αi) =: sn + a1s
n−1 + · · ·+ an .

�

Examples from robust control of time delay systems will
be presented at the MTNS2016.

II. CONCLUSIONS

An alternative solution is proposed for the optimal
Nevanlinna-Pick interpolation problem. Since the strategy
has no mappings or artificial parameters, it is fast and easy
to implement. It is also superior to some other suboptimal
strategies by giving the optimal value of the function directly.
However, the proposed approach is prone to numerical errors
or even failures as the number of interpolation points increase
due to the inverse of the Vandermonde matrix Vα. These
matrices are known to be ill-conditioned (numerically hard
to invert), in the literature there are some special techniques
to invert them in a stable fashion. Implementation of these
numerical methods and evaluation of the optimal strategy in
practice is left open for a longer version of this paper.
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A Novel Perspective on Structured Balanced Truncation and New Results

Aivar Sootla

Abstract— In this presentation, we discuss a proof of error
bounds for structured balanced truncation and consider its
implications. This proof uses a dilation of a system in order
to recast the structured truncation as the classical truncation
method. Using the dilation idea, it is also straightforward
to derive the error bounds for structured balanced singular
perturbation reduction. We develop further the dilation idea
and derive the error bounds for frequency-weighted structured
balanced truncation for general types of weights and the error
bounds for the stochastic balanced truncation. We conclude by
presenting numerical examples.

I. PRELIMINARIES

We say that a matrix A ∈ RN×N has α = {k1, . . . , kn}-
partitioning with N =

n∑
i=1

ki, if the matrix A is written as

follows

A =


A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann


where Aij ∈ Rki×kj . We say that A is α-diagonal if it is
α-partitioned and Aij = 0 for i 6= j. A matrix A ∈ RN×N

is called α-diagonally stable, if there exists an α-diagonal
positive definite X satisfying sym (AX) ≺ 0, where B ≺ 0
means that B is a negative definite matrix, sym (AX) =
AX +XA∗ and A∗ stands for the transpose of A.

Assume that we have a system G with ni inputs, no
outputs, n states. We will adopt the following shorthand
notation for a realization of a system:

G =

[
A B

C D

]
⇔ G(s) = C(sI −A)−1B +D. (1)

We denote deg(G) the McMillan degree of G, which is the
dimension of the drift matrix A in a minimal (controllable
and observable) realization of G. We define the H∞ norm of
the transfer function G as

‖G‖H∞ = sup
‖u‖L2 6=0

‖y‖L2

‖u‖L2

= sup
ω∈R
‖G(jω)‖2.

The behavior of a stable G (all eigenvalues of A have
negative real parts) is captured by the so-called controllability
and observability Gramians, which are typically denoted as

The author is with Montefiore Institute, University of Liège, B-4000,
Belgium. asootla@ulg.ac.be. The author holds an F.R.S–FNRS fel-
lowship. The author would like to thank Dr James Anderson for valuable
discussions.

P and Q, respectively. The Gramians are n by n matrices
and are the solution of the following matrix equations:

sym (AP ) +BB∗ = AP + PA∗ +BB∗ = 0 (2a)
sym (A∗Q) + C∗C = A∗Q+QA+ C∗C = 0 (2b)

The eigenvalues σi of the matrix (PQ)1/2 are referred to
as Hankel singular values. We call a realization internally
balanced, if P = Q = Σ = diag{σ1, . . . , σn}, where σi are
called the Hankel singular values.

For any matrices L, F , R12, R21, R22, we will call the
realization

Ge =

[
A Bd

Cd Dd

]
=

 A B Be

C D R12

Ce R21 R22

 (3)

a dilation of G with a realization as in (1). It is straightfor-
ward to establish the following relations between norms and
Gramians of the systems and their dilations.

Proposition 1: Consider the system G with the controlla-
bility and observability Gramians P , Q. Let Ge be a dilation
of G with the controllability and observability Gramians Pe,
Qe. Then Pe � P , Qe � Q, and ‖Ge‖H∞ ≥ ‖G‖H∞ .

II. STRUCTURED BALANCED REDUCTION REVISITED

The main goal of the classical model reduction problem
is to solve

min
deg(Gk)=k

‖G − Gk‖H∞ ,

and the classical tool to compute Gk is balancing, according
to which we need first to compute the Gramians P and Q
in (2). The main result concerning balanced truncation is
summarized in the following proposition.

Proposition 2: Consider a realization of G from (1) and
assume there exist positive semidefinite matrices P and Q
satisfying (2). Let σi be the Hankel singular values of G, let
k be such that σi 6= σj for all i ≤ k, j > k. Let T be such
that TPT ∗ = (T ∗)−1QT−1 = Σ = diag{σ1, . . . , σn} and
consider the realization with the following partitioning:

Ĝ =

[
TAT−1 TB

CT−1 D

]
=

 Â11 Â12 B̂1

Â21 Â22 B̂2

Ĉ1 Ĉ2 D

 , (4)

where Â11 ∈ Rk×k, B̂1 ∈ Rk×ni , Ĉ1 ∈ Rno×k. Then Ĝ is
balanced and the reduced order realization Ĝk defined as

Ĝk =

[
Â11 B̂1

Ĉ1 D

]
, (5)
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is asymptotically stable, balanced, and satisfies the error

bounds ‖G − Ĝk‖H∞ ≤ 2
n∑

i=k+1

σi.

The application of a transformation T to G can be seen
as a transformation of the state-space variable x̂ = Tx. The
balancing transformation is computed as T = Σ1/2UR−1,
where R is a lower triangular matrix such that P = R∗R,
while Σ and U are obtained from the singular value decom-
position RQR∗ = UΣ2U∗.

The balancing transformation T is typically a full matrix,
and hence any physical meaning in x is not preserved in
the new variables x̂ = Tx. In some cases, the state x is
naturally partitioned into two groups of states x1, x2 such
that x =

(
x∗1 x∗2

)∗
, as for example in closed loop systems

with a controlled system having the states x1 and a controller
with the states x2. In this case, it is not desirable for the
transformation T to mix x1 and x2 as to do so would destroy
the controlled system-controller structure. Hence, T has to
be α-diagonal and we can formulate the structured reduction
problem as

min
deg(Gk)=k

Gk∈S

‖G − Gk‖H∞ ,

where S is the partitioning of the states, and hence defines
the sparsity pattern of T . Consequently, the Gramians P and
Q have to be α-diagonal, as well. Typically, in order to find
α-diagonal Gramians P and Q, we need to consider the so-
called Lyapunov inequalities instead of equations:

sym (AP ) +BB∗ � 0, sym (A∗Q) + C∗C � 0. (6)

The solutions P and Q to (6) are called generalized
Gramians. If P = Q = Σ = diag{σ1, . . . , σn}, then
the realization is called balanced in the generalized sense,
while σi’s generalized Hankel singular values. The model
reduction procedure is the same, and the error bounds are
given in the form of generalized Hankel singular values.
The error bounds for the structured balanced truncation were
shown in [1], while this proof was proposed in [2] in the
context of controller reduction and rediscovered in [3].

Proposition 3: Consider a realization G in (1) and let there
exist positive semidefinite α-diagonal P and Q satisfying
inequalities (6) for some partitioning α. Then the statement
of Proposition 2 holds, while the Hankel singular values and
balancing are understood in the generalized sense.

Proof: Let there exist P and Q satisfying inequalities (6).
Then the following equations hold for some positive semidef-
inite matrices X and Y :

sym (AP ) +BB∗ +X = 0, (7a)
sym (A∗Q) + C∗C + Y = 0. (7b)

Due to positive semidefinitiveness of X and Y , there exist
Be, Ce such that X = BeB

∗
e , and Y = C∗eCe. Hence we can

treat Be as another input matrix, and Ce as another output
matrix and build a dilation Ge with the Gramians P , Q, which

has a balanced realization as follows

Ĝe =


Â11 Â12 B̂1 B̂e1

Â21 Â22 B̂2 B̂e2

Ĉ1 Ĉ2 D 0

Ĉe1 Ĉe2 0 0


where Â11 ∈ Rk×k. Hence we can build a reduced order
model Ĝke as follows:

Ĝke =

 Â11 B̂1 B̂e1

Ĉ1 D 0

Ĉe1 0 0

 ,
which according to Proposition 2 is asymptotically stable,
balanced, and fulfils the error bound from Proposition 2.
Since Gke is a dilation of Gk in (5), due to Proposition 1
we have

‖G − Ĝk‖H∞ ≤ ‖Ge − Ĝke ‖H∞ ≤ 2

n∑
i=k+1

σi,

which proves the claim.

III. STRUCTURED STOCHASTIC BALANCED TRUNCATION

If we consider systems driven by Brownian motion (or
a white noise process) then standard balanced truncation
does not have an easy to understand interpretation. One
can employ balanced singular perturbation, which can be
interpreted as a version of stochastic averaging [4]. An
alternative approach was proposed in [5], where balancing
takes full advantage of the system being stochastic. In this
case the system is balanced in such a way that it can be
simulated forward and backward in time without modifying
the state-space matrices. Another point of view on this
method is balancing with respect to the relative error in the
H∞ norm:

min
deg(Gk)=k

‖G−1(G − Gk)‖H∞ ,

where G−1 is asymptotically stable and has a realization

G−1 =

[
A−BD−1C BD−1

−D−1C D−1

]
.

We will use the solution by balancing from [6], where the
author considers the following Lyapunov equations:

sym (AP ) +BB∗ = 0, (8a)

sym
(
Q(A−BD−1C)

)
+ C∗(DD∗)−1C = 0. (8b)

The main idea of the method is obviously diagonalizing
the matrices P and Q and reducing the smallest eigenvalues
of (PQ)1/2. We will call a realization, which is balanced
with respect to (8) a stochastically balanced realization. This
method has also a priori error bounds, which can be found
in [6].

But naturally, we are interested in the question if after
replacing the equations in (8) with inequalities the error
bounds still hold. Of course, the main goal is to enforce
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a sparsity structure on matrices P and Q and compute the
error bounds, which is done in the following statement.

Theorem 1: Let the realization of G be partitioned as
in (4), and let there exist positive definite matrices P , Q
satisfying

sym (AP ) +BB∗ +X = 0, (9a)

sym
(
Q(A−BD−1C)

)
+ C∗(DD∗)−1C + Y = 0. (9b)

for some X � 0 and Y � 0. Let γk =
n∏

i=k+1

(1 +

2σi
√
σ2
i + 1 + 2σ2

i ) − 1, where σi are eigenvalues of
(PQ)1/2, and

W =

[
A−BD−1C 0 X1/2

−D−1C I 0

]
.

Then the system Gk computed as in (4) is asymptotically
stable, minimum-phase and the following error bounds hold:

‖G−1(G − Gk)‖H∞ ≤ ‖W‖H∞
· γk.

IV. FREQUENCY-WEIGHTED STRUCTURED REDUCTION

The dilation approach can also be applied to the classical
frequency-weighted balanced truncation algorithm [7]. We
consider the problem

min
deg(Gk)=k

‖W(G − Gk)V‖H∞ ,

where W , V are stable transfer functions with a realizations

W =

[
AW BW

CW DW

]
, V =

[
AV BV

CV DV

]
.

A realization of WGV can be computed as

WGV =


AW BWC BWDCV BWDDV

0 A BCV BDV
0 0 AV BV

CW DWC DWDCV DWDDV

 .
Let AW ∈ RnW×nW , AV ∈ RnV×nV . Now if α-

diagonal Gramians for G and some partitioning α exist,
then it is straightforward to verify that β-diagonal Grami-
ans exist for the system WGV , where β = {nW , α, nV}.
Hence, structured balanced truncation can be applied in the
standard way. However, it may not be the best way of
performing frequency-weighted structured model reduction.
As discussed in [8], we need to balance only parts of the
Gramians of the system WGV . In the structured case, we
will have the following equations for α-diagonal P and Q
with some positive semidefinte X and Y :

sym
((

A BCV
0 AV

)(
P P12

P ∗12 PV

))
+
(
(BDV)∗ B∗V

)∗ (
(BDV)∗ B∗V

)
+X = 0, (10a)

sym
((

QW Q12

Q∗12 Q

)(
AW BWC

0 A

))
+
(
CW DWC

)∗ (
CW DWC

)
+ Y = 0. (10b)

Fig. 1. Block-diagram of the boiler-header system.

It is lengthy but straightforward to derive the following
dilations:

RX =

(
BeDVe
BVe

)
, RY =

(
CWe

DWe
Ce

)
Ve =

 AV BV BVe

CV DV 0
0 0 DVe

 , We =

 AW BW 0

CW DW 0
CWe

0 DWe

 ,
Ge =

 A B Be

C D 0
Ce 0 0

 ,
where RXR

∗
X = X , R∗YRY = Y . With these dilations, we

can apply frequency-weighted balancing tools as in [9] and
obtain the error bounds, which will depend, however, on the
dilations Ve and We instead of the original weights V and
W . In any case, the error bounds are very conservative and
hard to compute. In many cases, it is easier to compute the
actual error rather than the error bound. Note that the error
bounds for dilations are valid for the original problem, since
we can show that

‖W(G − Gk)V‖H∞ ≤ ‖We(Ge − Gke )Ve‖H∞ .

Note that asymptotic stability of Gk can be guaranteed
only in the case if one of the weights is equal to identity.

V. NUMERICAL EXAMPLES

A. Frequency-Weighted Truncation

Consider the boiler-header system described in [10] and
schematically depicted in Figure 1. The state space can be
partitioned according to dimensions of the subsystems, which
are {3, 3, 1}. It can be shown that the system always
admits diagonal generalized Gramians, since the drift matrix
of the closed loop system is a stable Metzler matrix. The
goal is to reduce the states of the subsystem G2, while
leaving the other subsystems unchanged. We consider two
examples based on the boiled-header system, we take G1 as
was described in [10]. We take G2 by adding a feedthrough
term to G1, which is equal to ‖G1‖H∞

(
−1 −1 1

)T
in

order to illustrate the algorithm with a different weight G1.
We illustrate the application of different algorithms to

this problem with the results presented in Table I. SMOR
stands for the standard structured balanced truncation (that is,
using {3, 3, 1}-diagonal Gramians), WSMOR stands for the
frequency-weighted structured balanced truncation method
presented in this paper (that is, the Gramians are {3, 3, 1}-
partitioned and the lower block is {3, 1}-diagonal, and
WMOR stands for the Enns frequency-weighted truncation
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TABLE I
REDUCTION OF SUBSYSTEM G2 IN NETWORKS G1 AND G2 .

REDUCTION OF THE SYSTEM G1
Algorithm SMOR WSMOR WMOR
k = 3 9.95 · 10−2 10.03 · 10−2 6.77 · 10−2

k = 2 2.96 · 10−4 3.06 · 10−2 1.44 · 10−3

k = 1 7.30 · 10−7 6.96 · 10−5 3.92 · 10−6

REDUCTION OF THE SYSTEM G2
Algorithm SMOR WSMOR WMOR
k = 3 10.16 · 10−2 12.43 · 10−2 29.64 · 10−2

k = 2 9.94 · 10−2 6.99 · 10−2 11.80 · 10−2

k = 1 2.88 · 10−3 2.41 · 10−3 2.98 · 10−3

Fig. 2. Mass-spring system.

of the whole feedback involving subsystems G1, G2 and G3.
The method SMOR has the least degrees of freedom, while
WMOR has the most and WSMOR is a trade-off between
the two. The computations suggest that SMOR sometimes
provides the best approximations in the H∞ norm, even
though it has the least degrees of freedom. The WSMOR
method also provides sometimes the best approximations
in the H∞ norm. These results may seem to defy logic,
however, this is due to the fact all the methods are heuristics,
hence their behavior is somewhat unpredictable.

B. Minimum-Phase Truncation

Consider a mass-spring system in Figure 2 where yi are
positions of masses and ui are forces acting upon masses.
The system can be written as follows:

ẋi = vi

miv̇i = ki(xi−1 − xi) + ki+1(xi+1 − xi)− divi + ui,

where ki is a spring stiffness, di is a damping coefficient.
We consider a system with n = 9 as in [11], where mi = 1,
di = 0.5, k = {50, 40, 3, 2, 1, 2, 3, 4, 5, 6}. We
collect the masses 1 through to 4 in the subsystem G1,
and the masses 5 through to 9 in the subsystem G2, which
are connected by spring with k5 = 1. We assume that we
can control the position of the mass m1, and observe the
position of the mass m4. The resulting closed-loop system is
strictly positive real and admits {8, 10}-diagonal generalized
Gramians according to the described above partitioning.
Since the system is positive real it is minimum-phase, and
hence we can preserve at least the minimum-phase property
and the partitioning. We depict the eigenvalues of (PQ)1/2,
the values γk, and the reduction errors in Figure 3. Note
that the approximation errors are smaller than the values γk,
which are the error bounds only if X = 0. This highlights the
conservatism of our error bounds, which is not uncommon
in structured reduction by balancing.
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Fig. 3. The values γk (green dotted line) and the actual errors (blue line)
are depicted in the left panel. In the right panel, we depict the eigenvalues
of the unstructured Gramians (red circles), and the eigenvalues of (PQ)1/2

corresponding to the subsystem G1 (black crosses) and the subsystem G2

(blue diamonds).

VI. CONCLUSION

In this presentation, we discussed a novel perspective
on structured balanced truncation using transfer function
dilations. The dilation technique allows to harvest new
theoretical results for structured reduction.
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Stochastic Control - A Moment Approach to Sparse Control Design
Maryam Kamgarpour and Tyler Summers

Abstract— We consider design of sparse controllers for
a stochastic linear system with infinite horizon quadratic
objective. We formulate the non-sparse optimal solution
through a semidefinite program for the second order
moments of the states and inputs. Given that the centralized
non-sparse controller solves a linear equation in these mo-
ments, we find sparse least squares approximate solutions
to this linear equation. The performance of the approach
is shown with several simulations.

I. BACKGROUND

A fundamental problem in multiagent systems is de-
centralized optimal control. Witsenhausen in his seminal
paper showed that in a stochastic linear system with
quadratic cost, when the information structure is not
classic, as would be the case in decentralized control, the
optimal controller need not be linear [1]. Papadimitriou
and Tsitsiklis showed that the discrete version of the
decentralized stochastic control is NP-complete and as
a result the continuous version of the problem is also
in general intractable [2]. Motivated by these results,
several works in the past decades have been devoted
to answer the following two problems. Given an infor-
mation structure 1) under which conditions the optimal
controller satisfying the given structure is linear? 2)
under which conditions solving for an optimal structured
controller is a convex problem?

In terms of the first problem, Ho and Chu derived
sufficient conditions for optimality of linear controllers
in a quadratic cost setting based on the notion of nested
information structure [3]. Motee, Jadbabaie and Bamieh
showed that if the state-space operator in the linear
dynamics and the quadratic weighing matrix in the
cost belong to an operator algebra, the optimal linear
controller also belongs to this operator algebra and thus
has the same information structure [4]. The answer to the
second problem is completely characterized by the no-
tion of quadratic invariance as discussed by Rotkowitz
and Lall [5]. In particular, minimum norm structured
linear optimal controller design is convex if and only if
the structure and dynamics satisfy an algebraic condition

Maryam Kamgarpour is with the Automatic Con-
trol Laboratory at ETH Zürich, Switzerland. Email:
mkamgar@control.ee.ethz.ch, Tyler Summers is with
the Mechanical Engineering Department at the University of Texas
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referred to as quadratic invariance. Furthermore, the
link between nested information structure and quadratic
invariance is established [6].

Apart from the cases of nested information structure or
quadratic invariance, solving for minimum-norm struc-
tured or sparse linear controller can be cast as a non-
convex optimization problem. The work by Lin, Fardad
and Jovanovic [7] addresses the H2 norm minimization
of linear dynamical system given sparsity or struc-
tural constraint. The approach is to use the established
semidefinite program (SDP) formulation for the optimal
H2 controller, with an additional non-convex structural
constraint. An approximation scheme is developed lever-
aging the alternating direction method of multipliers
(ADMM) to find locally optimal structured/sparse linear
feedback gains.

Our work is inspired by [7] in approximating the
solution to the non-convex problem of optimal struc-
tured/sparse linear controllers. In particular, rather than
attempting to find the optimal controller, which may
have dynamic structure, we restrict our attention to
static state feedback controller with sparsity objective on
the gain matrix. Our formulation is an infinite horizon
discrete-time linear quadratic Gaussian (LQG) control.
Our approach is to characterize the solution of the
standard centralized problem through an SDP formula-
tion for the infinite horizon moments of the states and
inputs. The optimal centralized controller solves a linear
equation given by these moments. Thus, we include
structural/sparsity objectives by solving a modified least
squares problem. The SDP we consider for the second
order moments of the states and inputs is the dual of that
for the value function considered in [7]. By considering
this dual approach, we hope to achieve a more complete
picture of the (sub)optimality of these sparse controllers.
The performance is analyzed with a number of case
studies. Future work is discussed.

II. PROBLEM FORMULATION

We consider the following stochastic linear system:

xt+1 = Axt +But + ωt, (1)

where x ∈ Rn, u ∈ Rm, ω ∈ Rn are the state, input
and the stochastic noise, respectively. We assume ωt,
t = 0, 1, . . . , are independent identically distributed
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Gaussian random variables and for all t, E{ωt} = 0
and E{ωtωTt } = W . The initial state is independent of
the stochastic noise. We consider control policies of the
form πt : X → U . Thus, control at time t is ut = πt(xt).
We assume the pair (A,B) is controllable

The infinite horizon discrete-time linear quadratic
Gaussian problem with average cost is given as:

min
π0,π1,···∈Π

J := lim
T→∞

1

T
E

T∑
t=0

(xTt Qxt + uTt Rut).

(D-LQG)

We assume Q ∈ Rn×n is positive semidefinite, R ∈
Rm×m is positive definite, and the pair (A,C) is observ-
able, where Q = CTC. Our objective is to find sparse
controllers K that achieve minimal cost.

The optimal centralized solution to the above problem
is static linear state feedback: π∗t (xt) = Kxt. Further-
more, a semidefinite program (SDP) can be formulated
to find the optimal linear gain K as follows:

min
Zxx,Zxu,Zuu

tr(QZxx) + tr(RZuu) (S-LQG)

s.t. − Zxx +W +AZxxA
T +AZxuB

T

+BZTxuA
T +BZuuB

T = 0n×n,[
Zxx Zxu
ZTxu Zuu

]
� 0.

In the above, tr(M) denotes trace of the matrix M .
The matrices Zxx ∈ Rn×n, Zxu ∈ Rn×m, Zuu ∈
Rm×m denote the infinite horizon second order mo-
ments of the states and inputs. For example, Zxu =
limT→∞

1
T E

∑T
t=0(xtu

T
t ). The optimal linear policy is

then found as K = ZTxu(Zxx)
−1. Note that problem

(S-LQG) is the dual of the semidefinite program which
solves for the matrix P associated to the Riccati equation
and the optimal value function of the control problem
[8]. The optimal policy can be equivalently computed as
K = (R + BTPB)−1BTPA. The equivalence of the
moment based and Riccati based optimal policy follow
from the strong duality of the SDP (S-LQG).

III. SPARSE CONTROL SOLUTION APPROACH

As discussed above, the controller K is a nonlinear
function of the optimization variables Zxx, Zxu. Con-
sequently, including general linear constraints on K
introduces a nonlinear constraint on the moments. Our
approach is to first solve for the optimal centralized
Zxx, Zxu, Zuu in (S-LQG) and then to find sparse ap-
proximations of K by solving a least squares problem.
In order to impose sparsity, we penalize the l1 norm of
the gain matrix [7] through a scalar γ ∈ R+. Thus, the
optimization problem is as follows:

min
K

‖KZxx − ZTxu‖22 + γ‖K‖1. (L-LQG)

The optimization problem above can be solved with
standard SDP solvers. If the required sparsity structure
S is given, we set γ = 0 in the above and instead
we include the constraint K ∈ S. Since S is a linear
subspace, this results in an additional linear constraint.
By varying γ we hope to achieve a tradeoff between
sparsity and performance of the controller K.

Let K(γ) denote the optimal solution of this least
squares problem for a given γ. In general, it is hard
to connect the performance of K(γ) with that of the
centralized solution K. In particular, the closed loop
system A+BK(γ) may not even be stable. A sufficient
condition for stability is based on the Gerschgorin circle
theorem [9]. This theorem states that all eigenvalues of a
matrix M ∈ Rn×n lie in at least one of the discs centered
at a diagonal entry with radius given by sum of absolute
values of the corresponding non-diagonal entries. Let
Mij denote the ij-th entry of a matrix M ∈ Rn×n. This
stability constraint is desirable since it results in addition
of a linear constraint to (L-LQG) as follows:

|(A+BK)ii +
∑
j 6=i

|(A+BK)ij| | < 1. (2)

IV. CASE STUDIES

We run several simulations to study the performance
of the proposed method. In all simulations the entries
of the dynamics A ∈ Rn×n were drawn from a normal
distribution with variance 0.3. The input matrix was B =
In×n, that is, each individual coordinate has a control.
The noise covariance was W = In×n. The cost function
was defined by Q = In×n, R = In×n. We let n = 10
and vary γ between 10−1.5 = 0.0316 and 10.1 = 1.26
in logarithmically spaced points. We illustrate three case
studies corresponding to stable and unstable dynamics.

In the first two cases, matrix A = A1 is stable. The
closed loop system without any sparsity objectives has
a full K matrix and a cost of J = 14.8. The results of
the optimization problem (L-LQG) are shown in Figures
1a and 1b. Figure 1a on the left shows the percentage
of LQG cost above its nominal centralized value as a
function of the sparsity. Fig. 1b on the right shows the
sparsity as a function of γ. As γ varies, the percentage
of nonzero entries of the gain matrix K decreases. For
γ = 0.119 there are 87 nonzero entries corresponding
to the cost increase of 1.89%; for γ = 0.143, there are
45 nonzero entries with a cost increase of 30.0%. The
results of the optimization problem (L-LQG) with the
inclusion of Gerschgorin circle constraint (2) are shown
in Figures 1c and 1d. In this case, the cost at γ = .119
increases only by 0.65%. Furthermore, as γ ≥ 0.37
the sparsity remains at 91 nonzero entries and the cost
remains at 1.43% increase above the centralized value.

In the third case, the matrix A = A2 is unsta-
ble. Without inclusion of Gerschgorin constraint (2) in
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(a) Stable A1 matrix, Gerschgorin not included.
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(b) Stable A1 matrix, Gerschgorin not included.
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(c) Stable A1 matrix, Gerschgorin included.
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(d) Stable A1 matrix, Gerschgorin included.
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(e) Unstable A2 matrix, Gerschgorin included.
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(f) Unstable A2 matrix, Gerschgorin included.

Fig. 1: The dynamics are given by the randomly generated stable matrix A1 in the first four figures and by randomly
generated unstable matrix A2 in the last two figures. In case of unstable A2, with the inclusion of Gerschgorin circle
constraint we can find stable closed loop dynamics but the sparsity in the control gain remains above a threshold.
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(L-LQG) the resulting close loop system A + BK(γ)
is unstable, even for small γ. Thus, we include this
constraint. Figures 1e and 1f show the results. With
γ = .0316, there are 100 nonzero entries, but the cost is
0.35% higher than the centralized cost. This highlights
that the Gerschgorin sufficient stability condition can be
conservative. Similar to the previous two cases, with
increasing γ the sparsity of the gain K increases and
the cost degrades. At γ = 0.190, the cost increases by
1.70% corresponding to sparsity of 80%. The sparsity
remains constant at 80% for all γ ≥ 0.190.

In all simulations we conducted, in the case in which
matrix A was stable, without inclusion of constraint (2)
in (L-LQG) the closed loop dynamics remained stable
for γ within the given bounds. However, in the case of
unstable A, inclusion of constraint (2) was necessary to
ensure stability of sparse solutions. When this stability
condition was included in the SDP, the sparsity pattern
was not affected too much by the variations in γ.

V. CONCLUSIONS AND FUTURE WORK

We considered sparse controller design for an infinite
horizon discrete-time LQG problem. Given that the
optimal centralized controller solves a linear equation
defined by the second order moments of the states and
inputs, we searched for sparse approximate solutions
of this linear equation (sparse least squares). Based on
the Gerschgorin circle theorem, we included a sufficient
condition for stability that also preserves convexity of the
sparse least squares formulation. We verified the perfor-
mance of the resulting sparse controllers in simulation.
In the cases considered, a stabilizing sparse controller
was ensured with the Gerschgorin circle constraint. This
came at a price of sub-optimality of the controller.

Future work includes exploration of less conservative
stability conditions in the sparsity constraint design. To
do so one can formulate the SDP problem for the mo-
ments of the states and inputs, with the addition of non-
convex sparse/structured constraint and then seek con-
vex relaxation or suboptimal solutions of this problem.
Furthermore, we hope to derive improved lower bounds
on the performance of sparse and structured controllers.
In particular, so far the measure of performance of the
sparse controller has been sub-optimality with respect
to the performance of the centralized controller. By
improving the lower bound of performance we gain a
better understanding of achievable performance of sparse
linear controllers in the problems in which quadratic
invariance condition does not hold. Finally, we hope to
apply our algorithms to real-world complex problems
arising in power system domain.
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Realization of Infinite-Dimensional Systems, Part I: Input/output
Approach Based on Fractional Representations*

Yutaka Yamamoto1

Abstract— This two part presentation gives an overview of
an approach to infinite-dimensional systems. This first part
gives a brief overview of realization theory based on a class
of fractional representations called pseudorational. This class
can be expressed as a ratio of distributions of compact support
in the convolution algebra of distributions. We start with a
description of Hankel operators, and it leads to a natural
state space realization as a closed subspace of output functions
derived from a denominator of a transfer function. It is seen
that this class yields a natural input/output approach to delay-
differential systems. For example, the well-known M2 space
realization can be naturally derived from such a realization
procedure. A close connection with complex analysis, such as
the Paley-Wiener theorem, is exhibited, and it in turn leads to
a natural characterization of the spectrum of the infinitesimal
generators of such a realization.

Index Terms— Infinite-dimensional systems, realization, frac-
tional representation, pseudorational impulse responses, spec-
tral properties; AMS Subject Classification: 93B15,93B20,
93B28

I. INTRODUCTION

In this two part survey, we give a brief overview of
the class of impulse responses (or transfer functions) called
pseudorational. This class consists of impulse responses that
are expressible as a ratio of distributions over the ring of
distributions with compact support.

As is well known, for infinite-dimensional systems, even
the notion of transfer functions is not readily available. One
encounters various technical difficulties. Beyond the finite-
dimensional systems, the class of pseudorational impulse
responses provide a transparent treatment of realization,
transfer functions, state space realizations, and their spectral
properties.

An impulse response belonging to this class is expressible,
by definition, as q−1 ∗ p where q and p are distributions
with compact support. Consequently, the associated transfer
function admits the representation p̂(s)/q̂(s) where q̂ and p̂
are entire functions of exponential type due to the Paley-
Wiener theorem. This class of systems covers a wide range
of systems that are determined by bounded-time observation
data. Delay systems are typical examples.

We start with the input/output map (Hankel operator) asso-
ciated to the fractional representation q−1∗p, and associate to

*This work was supported in part by the Japan Society for the Promotion
of Science under Grants-in-Aid for Scientific Research No. 15H04021
and 24360163. The author wishes to thank DIGITEO and Laboratoire
des Signaux et Systemes (L2S, UMR CNRS), CNRS-CentraleSupelec-
University Paris-Sud and Inria Saclay for their financial support while part
of this research was conducted.

1 Professor Emeritus, Kyoto University, Kyoto 606-8510, Japan
yy@i.kyoto-u.ac.jp

it a standard observable realzation. We will characterize the
spectrum of the infinitesimal generator of the state transition
semigroup as the zeros of the denominator of the transfer
function. Various notions of coprimeness of such fractional
representations are discussed, as well as the eigenfunction
completeness of such realizations.

In Part II, we will also discuss some recent results on
a new characterization of left-shift invariant subspaces of
H2 as well as its consequences on the one-block H∞

control problem. Finally, new results on Bezout identities
are discussed in the beharioral context.

II. PSEUDORATIONAL IMPULSE RESPONSES AND THEIR
REALIZATIONS

In what follows, we confine our attention to the single-
input/single-output case, although the subsequent study and
results readily carry over to the multivariable case.

Let E ′(R−) denote the space of distributions having com-
pact support contained in the negative half line (−∞, 0] [1].
Distributions such as Dirac’s delta δa placed at a ≤ 0,
its derivative δ′a are examples of elements in E ′(R−). An
impulse response function G (suppG ⊂ [0,∞)) is said to
be pseudorational ([3]) if there exist q, p ∈ E ′(R−) such that

1) G = q−1 ∗p where the inverse is taken with respect to
convolution;

2) ord q−1 = − ord q, where ord q denotes the order of
a distribution q [1].

The delay-differential equation

ẋ(t) = x(t− 1) + u(t)

y(t) = x(t)

can be expressed by y = (δ′−δ−1)
−1 ∗δ∗u = (δ′−1−δ)−1∗

δ−1 ∗ u, and hence is pseudorational.

A. Input/ouput Operators

Let Ω := lim→ L2[−n, 0] denote the inductive limit of

the spaces {L2[−n, 0]}n>0; it is the union ∪∞
n=1L

2[−n, 0],
endowed with the inductive limit topology [2]. Dually,
Γ := L2

loc[0,∞) is the space of all locally Lebesgue square
integrable functions which is the projective limit of spaces
{L2[0, n]}n>0. Ω is the space of past inputs, and Γ is the
space of future outputs, with the understanding that the
present time is 0. They are equipped with the following
natural left shift semigroups:

(σtω)(s) :=

{

ω(s+ t), s ≤ −t,
0, −t < s ≤ 0,

(1)

ω ∈ Ω, t ≥ 0, s ≤ 0.
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(σtγ)(s) := γ(s+ t), γ ∈ Γ, t ≥ 0, s ≥ 0. (2)

Let G be an impulse resopnse function. The input/output
or a Hankel operator associated with G is the continuous
linear mapping HG : Ω → Γ defined by

HG(ω)(t) :=

∫ 0

−∞
G(t− τ)ω(τ)dτ.

B. Realization

As a definition, we say that a realization of a Hankel
operator HG gives its factorization through a state space X
along with mappings g and h as follows:

Ω Γ�HG

X

g
�
�
�
��

h

�
�
�
��

where the state space X is equipped a strongly continuous
semigroup Φ(t), and g and h commute with left shift opera-
tors. For details, see [3]. When there are certain “smoothness
hypotheses” satisfied, such a realization induces an abstract
differential equation such as [3]:

dx

dt
= Ax(t) +Bu(t)

y(t) = Cx(t)

where A is the infinitesimal generator of the state transition
semigroup Φ(t), and

g(ω)(t) =

∫ 0

−∞
exp(−At)Bω(t)dt

h(x)(t) = C exp(At)x.

In this sense, g and h are called the reachability and observ-
ability maps, respectively. When h is injective, this system
is said to be observable, and it is topologically observable if
h is a topological homomorphism into Γ. It is approximately
reachable if g has dense image.

Given a pseudorational impulse response G = q−1 ∗ p, of
particular interest is the topologically observable realization
Σq,p associated to G.

Define Xq as follows:

Xq := {x ∈ Γ |π(q ∗ x) = 0}
where π is the truncation to (0,∞). It is easy to check Xq

is a σt-invariant closed subspace of Γ. To define Σq,p, take
this Xq as the state space with σt (restricted to Xq) as its
semigroup. The infinitesimal generator A is d/dt restricted
to Xq . Then define g : Ω → Xq and h : Xq → Γ as follows.

g(ω) := π(q−1 ∗ p ∗ ω)
h(x) = x (injection)

and B and C operators are naturally defined through them
[3]. Since h is clearly a topological homomorphism, Σq,p is
topologically observable. It is approximately reachable if the
pair (q, p) is further approximately coprime [3].

C. Computation of Σq,p

Let us show how Σq,p leads to a concrete representation.
Take the transfer function Ĝ(s) = 1/(ses − 1). The inverse
Laplace transform gives G = (δ′−1 − δ)−1, so this is
pseudorational, with q = δ′−1 − δ and p = δ.

We claim
Xq ≡ L2[0, 1]× R. (3)

Indeed, suppose x ∈ Xq . This means supp(δ′−1 − δ) ∗ x ⊂
(∞, 0], i.e., ẋ(t+ 1) = x(t), t > 0. Hence

ẋ(t) = x(t− 1), t > 1. (4)

This gives no constraint on x(t), 0 ≤ t < 1. Furthermore,
once we fix x(1), (4) uniquely determines x(t) for all t > 1,
and hence (3) follows.

Let us now compute the representation of A under (3).
Take [z(·), x]T ∈ L2[0, 1] × R. In order that it be the
restriction of an element of γ ∈ D(A), it is necessary that

1) z(θ) = γ(θ), 0 ≤ θ < 1,
2) z(·) ∈W 1

2 [0, 1],
3) z(1) = x,

where W 1
2 [0, 1] is the Sovolev space of the first order, and

D(A) denotes the domain of the closed operator A. The
first condition should be obvious, and the second condition
is required since γ should belong to W 1

2 on any compact
interval in order that it be differentiable. The third con-
dition guarantees that the extension of the pair [z(·), x]T
is continuous. This, along with (4), indeed guarantees that
the extension of [x(·), x]T to [0,∞) is indeed absolutely
continuous, and hence belongs to D(A). Now note that

γ(1 + ε) = γ(1) +

∫ 1+ε

1

γ̇(t)dt = x+

∫ ε

0

z(t)dt.

This implies that

1

ε
(γ(1 + ε)− γ(1)) =

1

ε

∫ ε

0

z(t)dt→ z(0) (5)

as ε→ 0. (Note that γ is absolutely continuous.) This yields

A

[

z(·)
x

]

=

[

d
dtz(·)
z(0)

]

with

D(A) = {[z(·), x]T |z(·) ∈W 1
2 [0, 1], z(1) = x}.

According to [3], B and C are also computed as follows:

(Bu)(t) = [G(·), G(1)]Tu
C[z(·), x]T = z(0).

Hence we obtain the functional differential equation

d

dt

[

zt(θ)
xt

]

=

[

∂
∂θ zt(θ)
z(0)

]

+

[

G(θ)
G(1)

]

u(t) (6)

y(t) = zt(0), (7)

known as the M2 space model. It is not difficult to see that
this gives a realization of

ẋ(t) = x(t− 1) + u(t)

y(t) = x(t− 1).
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III. SPECTRAL PROPERTIES

Let Σq,p be the topologically observable realization as
above, and A the infinitesimal generator of the state transition
semigroup Φ(t) = σt. We have the following theorem:

Theorem 3.1: The spectrum of σ(A) is given by

σ(A) = {λ | q̂(λ) = 0} (8)

Furthermore, every λ ∈ σ(A) is an eigenvalue with finite
multiplicity. Corresponding eigenfunctions are given by {eλt,
teλt, t2eλt, . . .}. The resolvent set ρ(A) is its complement.
For each λ ∈ ρ(A), the resolvent operator (λI − A)−1 is
compact.
Sketch of Proof Let us characterize eigenvalues. Let λ be
an eigenvalue of A. Since A is just the differential operator
d/dt, we can write the eigenvalue-eigenvector equation as
follows:

(

λ− d

dt

)

x(t) = 0, x ∈ Xq. (9)

Solving (9), we obtain x(t) = eλtx0 for some x0 ∈ C.
In order that (9) be solvable in Xq , it is necessary and
sufficient that q ∗x ∈ E ′(R−). Taking the Laplace transform,
we see that this is equivalent to requiring q̂x̂ be an entire
function and satisy the Paley-Wiener estimate (13). Taking
the Laplace transform of eλtx0, this means

q̂(s)
x0
s− λ

should be an entire function. That is, λ must be a zero of
q̂(s). Furthermore, if q̂(λ) = 0, then it is easy to see that
q̂(s)/(s− λ) satisfies the Paley-Wiener estimate, because in
a neighborhood of λ this is a continuous function (and hence
bounded), and for |s−λ| being large, this function inherits the
estimate for q̂(s). This means that if λ is an eigenvalue, then
q̂(λ) = 0. Moreover, by tracing the argument backward, we
also see that such a zero of q̂ must be an eignevalue, and there
is no other element in the spectrum other than eigenvalues.
The above argument also shows that for λ ∈ σ(A), eλt is
the corresponding eigenfunction. (In the present scalar case,
there are no multiple eigenfunctions corresponding to the
same eigenvalue.) When λ has multiplicity more than one, a
similar argument shows that teλt, t2eλt, . . . give higher order
eigenfunctions. The rest of the proof consists of showing that
every λ with q̂(λ) �= 0 belongs to the resolvent set ρ(A). The
proof is similar and hence omitted. �

IV. EIGENFUNCTION COMPLETENESS

Let Mλ denote the generalized eigenspace corresponding
to an eigenvalue λ ∈ σ(A), i.e.,

Mλ := span{eλt, teλt, . . .}.
For a distribution f ∈ E ′(R−), define real numbers �(f)

and r(f) by

�(f) := inf{t|t ∈ supp f} (10)
r(f) := sup{t|t ∈ supp f} (11)

We now state the following theorem:

Theorem 4.1: Let G = q−1 ∗ p be pseudorational. Σq,p is
eigenfunction complete, i.e.,

∪λ∈σ(A)Mλ

spans a dense subspace of Xq if and only if

r(q) = 0. (12)
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APPENDIX

PALEY-WIENER THEOREM

Let f ∈ E ′(R−), and let f̂ denote its Laplace transform.
Since supp f is compact, it always exists [1]. By the well-
known Paley-Wiener theorem [1], f̂(s) is an entire function
of exponential type that satisfies the following growth esti-
mate for some C > 0, a > 0 and integer m ≥ 0:

|f̂(s)| ≤ C(1 + |s|)meaRe s,Re s ≥ 0,

≤ C(1 + |s|)m,Re s ≤ 0. (13)

The converse is also true, i.e., a distribution f belongs to
E ′(R−) if and only if f̂ is an entire function and satisfies the
Paley-Wiener estimate (13) for some a,C,m. The zeros of
f̂(s) are discrete, and each zero has a finite multiplicity. This
in particular implies the following Hadamard factorization
for f̂(s) [?]:

f̂(s) = skeas
∞
∏

n=1

(

1− s

λn

)

exp

(

s

λn

)

. (14)

Since there are no finite accumulation point for {λn}, λn →
∞ as n→ ∞.
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Realization of infinite-dimensional systems, Part II: invariant subspaces,
coprimeness, and Bezout identities

Yutaka Yamamoto1

Abstract— This second part discusses various coprimeness
issues in the class of pseudorational transfer functions. Given
a pseudorational impulse response p/q, there can be variaed
notions of coprimeness. When there are no common zeros
between p̂ and hatq, the pair is spectrally coprime. If the
pair satisfies an additional condition, the pair is approximately
coprime in the sense that there exists a sequence φn and ψn such
that p ∗ φn + q ∗ ψn → δ. There is a close connection of these
notions with some reachability properties. As an application
of a representation of the standard state space Xq , we give
a new characterization of invariant subspaces of H2. This in
turn leads to a new formula for the one-block H∞ weighted
sensitivity problem. We then give a condition under which the
pair (p, q) satisfies a Bézout identity. We conclude the paper
with applications to behaviors, particularly characterizations of
controllable behaviors defined by pseudorational pairs.

Index Terms— Infinite-dimensional systems, pseudorational
impulse responses, invariant subspaces, coprime factorization,
behaviors; AMS Subject Classification: 93B15, 93B20, 93B36

I. INTRODUCTION

This second part discusses various coprimeness issues in
the class of pseudorational transfer functions.

Let us start by recalling the following.
Definition 1.1: Let G be an impulse response with entries

in E ′(R−). It is said to be pseudorational if there exists
p, q ∈ E ′(R−) such that

1) q−1 ∈ D′
+(R) exists with respect to convolution;

2) ord q−1 = − ord q.
We say that (p, q) is spectrally coprime if there is no

common zero between p̂(s) and q̂(s). It is approximately
coprime if there exist φn, ψnE ′(R−) such that

p ∗ φn + q ∗ ψn → δ. (1)

It is said to satisfy the Bézout identity if there exist
φ, ψE ′(R−) such that

p ∗ φ+ q ∗ ψ = δ. (2)

Let Σq,p be the topologically observable realization intro-
duced in Part I, with state space

Xq := {x ∈ Γ |π(q ∗ x) = 0}. (3)

We have the following:

*This work was supported in part by the Japan Society for the Promotion
of Science under Grants-in-Aid for Scientific Research No. 15H04021
and 24360163. The author wishes to thank DIGITEO and Laboratoire
des Signaux et Systemes (L2S, UMR CNRS), CNRS-CentraleSupelec-
University Paris-Sud and Inria Saclay for their financial support while part
of this research was conducted.

1 Professor Emeritus, Kyoto University, Kyoto 606-8510, Japan
yy@i.kyoto-u.ac.jp

Theorem 1.2: 1) The pair (p, q) is spectrally coprime
if and only if the subspace of Xq spanned by the
generalized eigenspaces are reachable.

2) The pair (p, q) is approximately coprime if and only
Σq,p is approximately reachable, i.e., the reachable
subspace of Σq,p is dense in Xq.

3) The pair (p, q) is approximately coprime if and only
if it is spectrally coprime and max{r(p), r(q)} = 0.

The gap between conditions 1 and 3 is interesting. Con-
dition 3 means that there is no common factor δ−a, a > 0
between p and q. Indeed, if it were the case, it would follow
that

Xq = Xδ−a ⊕Xq1

for some q1 ∈ E ′(R−). The space Xδ−a consists of states
that correspond a pure delay. However, this delay is cancelled
by the “numerator” p, so that this space is not necessary
for realizing q−1 ∗ p, and hence it cannot be approximately
reachable. On the other hand, if r(q) = 0, for example, the
space spanned by the eigenfunctions is dense in Xq as seen
in Part I, and hence in this case spectral coprimeness yields
approximate coprimeness.

II. INVARIANT SUBSPACES OF H2

We have noted in Part I that the state space Xq is a left-
shift invariant subspace of L2

[0,∞). In particular, if q satisfies
a certain stability condition, then Xq becomes a subspace
of L2[0,∞). This means that the Laplace transform X̂q is
a left-shift invariant subspace of H2. Hence its orthogonal
complement (X̂q)⊥ = H2 � X̂q is a right-shift invariant
subspace of H2. According to the Beurling-Lax Theorem
[6], this space H2 � X̂q is uniquely expressible as mH2

for some inner function m up to constants. We assume the
following condition on the zeros of q̂(s).

σ(A) = {λ ∈ C|q̂(λ) = 0} ⊂ {s|Re s < −c}. (4)

Under this condition, Σq,p becomes exponentially stable and
Xq ⊂ L2[0,∞).

A natural question then arises: When q satisfies the con-
dition for pseudorationality, what is this inner m for q?

The following result has been obtained in [?]:
Theorem 2.1: Let q−1 be pseudorational and satisfy the

stability condition (4). Then X̂q is the orthogonal comple-
ment of m̂H2 for m̂ given by

m̂ = e−�(q)s
q̂ (̃s)

q̂(s)
(5)

where q̂ (̃s) := q̂(−s).
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This yields a more concrete formula for H∞ control as
we see below.

A. H∞ Control

Let us consider the following optimal weighted sensitivity
problem:

γopt := inf
ψ∈H∞

∥

∥

∥
W (s)− P̂ (s)ψ(s)

∥

∥

∥

∞
. (6)

Here W (s) is a stable, rational and strictly proper weight-
ing function, and we assume that the given plant P̂ (s) is
pseudorational and belongs to H∞. It is known [3] that this
problem is reducible to that of finding

γopt := inf
ψ∈H∞

‖W (s)− m̂(s)ψ(s)‖∞ ,

where m̂ is the inner part of P̂ . For this reduced problem,
we can apply the method given in [22], [8], [11], [19] as
follows: Let (A,B,C) be a minimal realization of W . Define
its Hamiltonian Hγ by

Hγ :=

[

A BBT /γ
−CTC/γ −AT

]

. (7)

Theorem 2.2 ([22], [8], [11], [19]): Let m̂, Hγ be as
above. Suppose that m̂ is analytic on the set of eigenvalues
of Hγ . Then the optimal sensitivity γopt is given by

max{γ : det m̂ (̃Hγ)|22 = 0} (8)

where A|22 denotes the (2, 2) block of matrix A when
partitioned accordingly as (7).

A drawback here is that when the plant is infinite-
dimensional, it is not easy to find m(s), since it has infinitely
many poles and zeros, in general. One often has to resort
to approximation, and the result above no longer holds
precisely. The following result suitably takes care of this
problem.

Theorem 2.3: Suppose that the plant P̂ is factored as

P̂ (s) =
p̂1(s)p̂2(s)

q̂(s)
∈ H∞ (9)

where p1, p2, q ∈ E ′(R−) such that q̂(s)−1, p̂1(s)
−1,

er(p2)sp̂2 (̃s)−1 ∈ H∞. Assume also that 1/p̂2 is analytic on
the set of eigenvalues of Hγ . Define L := −	(q) + 	(p1)−
r(p2). Then the optimal sensitivity γopt is given by

max{γ : det
(

eLHγ p̂2 (̃Hγ)p̂2(Hγ)
−1|22

)

= 0}. (10)

We omit the proof. See [7]. The same method can also be
extended to two-block and four block cases; see, e.g., [5],
[7].

III. BÉZOUT IDENTITY

Bézout identity plays various crucial roles in con-
trol/system theory—controllability criteria, stabilization, im-
age representation for behaviors, to name a few.

We start with the case of the algebra E ′(R−), place some
results for delay-differential systems in a unified framework,
and then generalize to a more general ring E ′(R) with some
applications to behavior theory.

Let (p, q) be pseudorational. We make the assumption that
the zeros of p̂(s) and q̂(s) are confined to some left-half plane

{s|Re s < σ}
for some σ. We have the following theorem:

Theorem 3.1: Let q−1 ∗p be pseudorational. Suppose that
the algebraic multiplicities of the zeros λ of q(s) are globally
bounded. Suppose also that there exists a nonnegative integer
m such that

|λmp̂(λ)| ≥ c, ∀λ such that q̂(λ) = 0. (11)

Then the pair (p, q) is Bézout.
We omit the proof.

Some examples:
Example 3.2: The pair (es, es−1) is Bezout. At s = 2nπi,

the zeros of es − 1, es is identically 1, and hence (12) is
trivially satisfied.

Example 3.3: The pair (es/2 − 1, es − 1) is not a Bezout
pair. The pair possesses infinitely many common zeros.

Example 3.4: The pair (es, es/2 − 1) is a Bezout pair. It
is easy to check (11) for m = 1. This can also be directly
verified by es − (es/2 − 1)(es/2 + 1) = 1.

In the case of measures, i.e., distributions of order 0, the
above condition reduces to

|p(s)|+ |q(s)| ≥ c > 0 (12)

which is similar to the celebrated Corona condition, although
the proof is much simpler. The pertinent ring of measures
turn out to be a Banach algebra for the pseudorational case,
and Gelfand theory can well apply.

The following case, however, gives an example where (12)
fails but still is Bézout.

Example 3.5: Consider the pair (es, ses − 1). The first
component es is a measure (Laplace transform of), but the
second component ses−1 is not. Indeed, the latter possesses
infinitely many zeros λn where eλn = 1/λn. The zeros tend
to infinity, so that eλn → 0 as n→ ∞. Hence while es and
ses − 1) do not possess any (finite) common zero, but they
do have an “asymptotic cancellation at infinity.”

It is interesting to observe that this cancellation is “saved”
by multiplying a suitable polynomial sm (in this case m = 1)
to p̂(s). Indeed, at λn,

λne
λn = 1, n = 1, 2, . . .

as desired.
The reason why a polynomial order multiplication can

save such a cancellation is due to the fact that a distribution
with compact support is always of finite order, i.e., it is a
finite order derivative of a measure.

IV. APPLICATION TO BEHAVIOR THEORY

We now give the following definition:
Definition 4.1: Let R = (p, q) be pseudorational in the

sense that q−1 ∗p is pseudorational. The behavior B defined
by R is given by

B := {w ∈ L2
loc(−∞,∞)| R ∗ w = 0} (13)
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The distributional behavior BD′ defined by R is given by

BD′ := {w ∈ (D′)| R ∗ w = 0}. (14)

If we need to show the dependence on R explicitly, we will
write B[R] or BD′ [R]. The convolution R ∗ w is of course
taken in the sense of distributions. Since R has compact
support, this convolution is always well defined [10].
We also give the following definition for controllability:

Definition 4.2: Let R be pseudorational, and B the behav-
ior associated to it. B is said to be controllable if for every
pair w1, w2 ∈ B, there exists T ≥ 0 and w ∈ B, such that
w(t) = w1(t) for t < 0, and w(t) = w2(t − T ) for t ≥ T .
Let BD′ be the distributional behavior (14). BD′ is said to be
distributionally controllable if for every pair w1, w2 ∈ BD′ ,
there exists T ≥ 0 and w ∈ BD′ , such that w|(−∞,0) = w1

on (−∞, 0), and w|(T,∞) = σ−Tw2 on (T,∞).
We quote the following theorem from [18]:
Theorem 4.3: Let R :=

[

p q
]

be pseudorational with
p = m = 1. Suppose also that q is also invertible in D′

−(R).
Let BD′ be the distributional behavior (14) defined by R.
Consider the following statements:

1) BD′ is distributionally controllable.
2) There exist ψ, φ ∈ E ′(R) such that p ∗ φ+ q ∗ ψ = δ.
3) BD′ admits an image representation, i.e., there exists

M over E ′(R) such that for every w ∈ BD′ , there
exists v ∈ D′ such that w =M ∗ v.

4) BD′ is a direct summand of (D′)2 with a distributional
behavior ˜BD′ defined by a 1 × 2 kernel matrix, i.e.,
˜BD′ = BD′ [−ψ, φ] for some ψ, φ ∈ E ′(R) such that
D′ = BD′ ⊕ ˜BD′ .

Then statements 1) through 4) are equivalent.
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Masking Method of Private Information for Distributed Optimization
and Its Application to Real-Time Pricing*

Kazuma Wada1 and Kazunori Sakurama1

Abstract— In this paper, we propose a masking method to
protect private information for a distributed optimization. This
method enables us to obtain the solution of the optimization
problem even if local information is masked by a signal.
Moreover, we evaluate privacy protection performance by the
correlation coefficient between the original and masked data,
and show that the private information can be protected by
the proposed method. Finally, we apply the proposed method
to real-time pricing for the supply and demand balance in a
power grid.

I. INTRODUCTION

In recent years, distributed optimization methods have
been actively studied in various fields including wireless sen-
sor networks[1], communications[2], robotics[3] and power
network systems[4]. In distributed optimization problems,
agent i ∈ {1, 2. . . . , n} has a variable xi ∈ R. All agents try
to achieve a common task while satisfying constraints. This
problem can be formulated by using an objective function
F (x) ∈ R and a constraint function G(x) ∈ Rm where
x = [x1, x2, . . . , xn]

>. In this paper, the Lagrange method
is considered to solve the optimization problem. Then, the
Lagrangian function is defined as L(x, λ) = F (x)+λ>G(x)
where λ ∈ Rm denotes the Lagrangian multiplier represent-
ing a penalty factor for the constraint function G(x).

In a standard distributed optimization technique[5], the
existence of supervisors is assumed because the Lagrangian
multiplier λ must be shared between agents as global in-
formation. Then, the supervisors calculate the Lagrangian
multiplier λ from local information xi and broadcast it to
agents. In such distributed optimization techniques, agent’s
local information xi is concentrated on the supervisors. This
is undesirable because the supervisors’ burden will increase
in large-scale systems. In [6], a completely distributed algo-
rithm is proposed to solve an optimization problem without
supervisors. This approach is based on the idea of the
consensus control of multi-agent systems in update rules of
the Lagrangian multiplier λ without relying on supervisors.
Each agent exchanges an estimate value of λ calculated from
its own local information over a communication network.
They can correctly estimate the value of λ.

However, there is a problem of private information leakage
in this approach since each agent transmits the own local in-
formation xi to the other agents. Here, xi is a data including
private information as the electricity amount in a power grid.

*This work was partly supported by any JST CREST.
1Kazuma Wada and Kazunori Sakurama are with Graduate

School of Engineering, Tottori University, 4-101 Koyama-
Minami, Tottori. M15T1029C@edu.tottori-u.ac.jp,
sakurama@mech.tottori-u.ac.jp.

In recent years, distributed optimization considering private
information leakage has been studied. In [7], an optimization
approach using a cloud as a supervisor has been proposed.
Here, the private information is protected in the meaning
of differential privacy based on a statistics database. In this
method, a signal satisfying the differential privacy is added
to information by the cloud computer. However, there is a
problem that the optimization algorithm does not converge
bacause of the signal.

In this paper, we propose a masking method to protect
private information based on the distributed optimization
method in [6]. This method enables us to obtain the solution
of an optimization problem even if local information is
masked by any signal. Moreover, we evaluate the privacy
protection based on the correlation coefficient between the
original and masked data, and show that private information
can be protected by the proposed method. Finally, we apply
the proposed method to real-time pricing for the supply and
demand balance in a power grid.

II. PROBLEM SETTING

This section introduces a distributed algorithm and dis-
cusses a leakage problem of local information.

A. Distributed Optimization

We assume that there are n agents and that agent i ∈
{1, 2. . . . , n} has a variable xi ∈ R. All agents try to achieve
a common task while satisfying constraints. This problem
can be formulated by an objective function F (x) ∈ R and a
constraint function G(x) ∈ Rm as{

minimize F (x)

subject to G(x) = 0
(1)

where x = [x1, x2, . . . , xn]
>.

The optimization problem (1) can be solved by the La-
grange algorithm in a distributed manner. Let L(x, λ) =
F (x)+λ>G(x) be the Lagrangian function where λ ∈ Rm is
the Lagrangian multiplier. The algorithm is shown as follows.

Algorithm A
[A.1] Give the initial vectors x

[0]
i ∈ R, λ[0] ∈ Rm and

constants α, β. Set the step s = 0 and the terminal
step S ∈ N.

[A.2] Set xi[0] = x
[s]
i and execute the recursive compu-

tation

xi[k + 1] = xi[k]− α
∂L

∂xi
(x[k], λ[s]) (2)
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for k. Then, update x
[s]
i to x

[s+1]
i = limk→∞ xi[k].

[A.3] Update λ according to the following update rule.

λ[s+1] = λ[s] + βG(x[s]) (3)

[A.4] If the step satisfies s < S, add 1 to the step s and
return to [A.2]. If s = S, stop the step.

Algorithm A is a centralized optimization method because
(3) calculates the Lagrangian multiplier λ as global informa-
tion, which is updated based on the constraint function G(x).
Thus, this algorithm needs a supervisor.

On the other hand, in [6], an update rule calculating the
Lagrangian multiplier in a distributed manner is proposed.
We assume that G(x) is separable into agent-wise functions
Ḡi(xi) ∈ Rm as G(x) =

∑n
i=1 Ḡi(xi). Note that the

function Ḡi(xi) includes agent’s private information.
We assume that agent i optimizes the own variable xi

according to the estimated Lagrangian multiplier λ̂i. The
update rule of λ̂i is denoted by [A′.3]. Then, distributed
optimization method Algorithm A′ is obtained by replacing
[A.3] with [A′.3].

Algorithm A′

[A′.3] Updating λ̂i based on the following equations:

θi[0] = λ̂
[s]
i + βḠi(x

[s]
i ) (4)

θi[k + 1] = θi[k]− ε
∑
j∈Ni

(θi[k]− θj [k]), (5)

λ̂
[s+1]
i = lim

k→∞
θi[k] (6)

where Ni is the adjacent set of agent i in a communication
network, θi[k] is a state variable used to determine λ̂

[s]
i in a

distributed manner and ε is a constant. Each agent calculates
an initial state value θi[0] in (4). Then, all agents’ state
variables θi[k] are matched by the consensus control in (5).
Thus, the estimate of each agent λ̂i in (6) will be the same
value as the Lagrangian multiplier λ.

B. Privacy Leakage Problem

Algorithm A′ has a privacy leakage problem. In this
algorithm, agents exchange the state variables θi[k] with
each other in (5). At the initial time, θi[0] which includes
the value of Ḡi(xi) must be passed to the adjacent agent
j ∈ Ni. Then, private information in Ḡi(xi) will leak out.
Therefore, a method not leaking Ḡi(xi) is necessary.

In this paper, we consider a masking method to protect
Ḡi(xi) against the adjacent agents. Let Ĝi(xi) be a value
after masking Ḡi(xi). A masked value should satisfy the
following conditions.

• The original value Ḡi(xi) cannot be estimated from the
masked value Ĝi(xi).

• The optimization problem (1) can be solved correctly
even when the masked value Ĝi(xi) is used instead of
the original value Ḡi(xi) in the optimization.

Fig. 1. The exchange of signals

III. MAIN RESULT
A. Proposal of Masking Method

We propose the following procedure to generate the
masked value Ĝi(xi).

Proposed masking method
(i) Agent i generates a signal γ

[s]
ij ∈ Rm accroding to

each adjacent agent j ∈ Ni and subtracts it from the
own original value Ḡi(xi).

(ii) As Fig.1, agent i sends γ
[s]
ij generated in (i) to the

adjacent agent j ∈ Ni and receives γ
[s]
ji from him.

(iii) Agent i adds γ
[s]
ji obtained in (ii) to the own original

value Ḡi(xi).
we obtain the following masked value Ĝ(xi) by the above
procedure.

Ĝi(x
[s]
i ) = Ḡi(x

[s]
i )− φ

∑
j∈Ni

γ
[s]
ij + φ

∑
j∈Ni

γ
[s]
ji (7)

where φ is a common value in all agents and represents a
gain for the additional signals. The masked value Ĝi(xi) is
used instead of the original value Ḡi(xi) in (4) in Algorithm
A′.

B. Evaluation of Privacy Protection Performance

We evaluate the privacy protection performance of the
proposed masking method. In this paper, the performance is
evaluated by the correlation coefficient between the masked
value Ĝi(xi) and original value Ḡi(xi). The correlation
coefficient is evaluated in an interval [d, d+D] ⊂ [0, S].

The mean value and variance of D samples are represented
by E[·] and V [·] for the original value Ḡi(xi) as

E
[
Ḡi(xi)

]
=

1

D

d+D∑
s=d

Ḡi(x
[s]
i )

V
[
Ḡi(xi)

]
= E

[(
Ḡi(xi)− E

[
Ḡi(xi)

])2
]
.

Similarly, the mean value and variace of Ĝi(xi) are rep-
resented by E

[
Ĝi(xi)

]
and V

[
Ĝi(xi)

]
. The covariance be-

tween Ĝi(xi) and Ḡi(xi) is shown by the following equation.

Cov
[
Ĝi(xi), Ḡi(xi)

]
=

E
[(
Ĝi(xi)− E[Ĝi(xi)]

)(
Ḡi(xi)− E[Ḡi(xi)]

)]
(8)

Then, the correlation coefficient between the masked value
Ĝi(xi) and the original value Ḡi(xi) is given as

ρi =
Cov

[
Ĝi(xi), Ḡi(xi)

]√
V
[
Ĝi(xi)

]
V
[
Ḡi(xi)

] . (9)
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In general, the correlataion coefficient takes a value among
−1 ≤ ρi ≤ 1. If the absolute value of the correlation
coefficient is close to zero, the masked value Ĝi(xi) and
the original value Ḡi(xi) are considered unrelated. Then, as
shown in the following theorem, the agent’s privacy can be
protected by the proposed method if the gain φ is a large
value.

Theorem 1: If a signal γ
[s]
ij satisfies E[γij ] = 0 and

E
[
γijḠi(xi)

]
= E

[
γij

]
E
[
Ḡi(xi)

]
, then

lim
φ→∞

ρi = 0 (10)

holds for Ĝi(xi) generated in (7).
Proof: Substituting (7) for (9),

ρi =
E
[(
G̃i + φγi

)
G̃i

]
√

E
[(
G̃i + φγi

)2]
E
[(
G̃i

)2] (11)

is obtained, where γ
[s]
i and G̃

[s]
i represents

γ
[s]
i =

∑
j∈Ni

(γ
[s]
ji − γ

[s]
ij )− E

[∑
j∈Ni

(γji − γij)
]

(12)

G̃
[s]
i = Ḡi(x

[s]
i )− E[Ḡi(xi)]. (13)

Dividing the numerator and denomonator of (11) by φ,

ρi =

E

[(
G̃i

φ + γi

)
G̃i

]
√
E

[(
G̃i

φ + γi

)2
]
E
[(
G̃i

)2]
is obtained. Thus, the following equation holds.

lim
φ→∞

ρi =
E
[(
γiG̃i

)]√
E
[(
γi)2

]
E
[(
G̃i

)2] (14)

Substituting (12) and (13) for the numerator of (14),

E
[
γiG̃i

]
= E

[(∑
j∈Ni

(
γji − γij)− E

[∑
j∈Ni

(γji − γij)
])

×
(
Ḡi(xi

)
− E

[
Ḡi(xi)

])]
(15)

is obtained. From the assumption E[γij ] = 0,
E
[∑

j∈Ni
(γji − γij)

]
= 0 holds. Thus, (15) is reduced to

E
[
γiG̃i

]
= E

[(∑
j∈Ni

γji

)(
Ḡi(xi)

)]
− E

[(∑
j∈Ni

γij

)(
Ḡi(xi)

)]
− E

[
Ḡi(xi)

] ∑
j∈Ni

E
[
γji

]
+ E

[
Ḡi(xi)

] ∑
j∈Ni

E
[
γij

]
.

(16)

From the assumption E
[
γijḠi(xi)

]
= E

[
γij

]
E
[
Ḡi(xi)

]
,

the first and second terms in (16) can be decoupled as

E

[(∑
j∈Ni

γij

)(
Ḡi(xi)

)]
=

∑
j∈Ni

E
[
γij

]
E
[
Ḡi(xi)

]
. (17)

Substitute (17) in (16), and

E
[
γiG̃i

]
= 0 (18)

is obtained. Hence, (10) holds from (14) and (18).

C. Validity of Correct Optimization
The optimization problem (1) can be solved correctly even

when Ĝi(xi) is used instead of Ĝi(xi) in (4) in Algorithm
A′. This is validated as the following.

Theorem 2: Assume that Ĝi(xi) is generated by (7) and
that a communication network is undirected. Then, the
solutions obtained by Algorithm A′ are the same as those
obtained by Algorithm A.

Proof: If
∑n

i=1 Ĝi(xi) = G(x) holds for any signal
γ
[s]
ij , we can obtain the same solutions as Algorithm A

by Algorithm A′. From (7)
∑n

i=1 Ĝi(x
[s]
i ) is reduced to the

following equation.
n∑

i=1

Ĝi(x
[s]
i ) =

n∑
i=1

Ḡi(x
[s]
i )−φ

n∑
i=1

∑
j∈Ni

γ
[s]
ij +φ

n∑
i=1

∑
j∈Ni

γ
[s]
ji

(19)
Because the communication network is undirected, j ∈
Ni ⇔ i ∈ Nj holds. Thus,

n∑
i=1

∑
j∈Ni

γ
[s]
ij =

n∑
i=1

∑
j∈Ni

γ
[s]
ji

holds. Hence,
∑n

i=1 Ĝi(xi) = G(x) is obtained from (19).

IV. SIMULATION

Fig. 2. Network

We consider a power grid model shown as Fig.2. Three
types of agents exist in this grid : consumers, suppliers and
distributors. Agent i ∈ {1, 2, . . . , 8} has a variable xi ∈ R
which represents the electricity consumption, generation and
transmission amount. The electricity amount xi corresponds
to local information. For example, if the electricity consump-
tion xi is leaked out to others, the life pattern of agent i is
known to others from the time transition of the electricity
consumption. Therefore, it is necessary to protect the life
pattern by a masking method.

The objective function F (x) is given by the following
equation as the sum of agents’ utilities,

F (x) =

8∑
i=1

Ui(xi), (20)
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Fig. 3. Original value Ḡ1(x
[s]
1 ) and masked value Ĝ1(x

[s]
1 )

Fig. 4. Correlation coefficient ρ1

where Ui(xi) is a convex function representing agents’
actions. This power grid is managed so as to keep the supply
and demand balance by the electricity price of each region.
Here, a constraint function G(x) representing the supply and
demand unbalance is given by

G(x) =

[
−x1 − x2 − x3 + x4 + x5

−x5 + x6 + x7 − x8

]
, (21)

where each term of G(x) represents the excess or deficiency
of each region’s electricity.

Now, we consider the optimization problem (1) with (20)
and (21). We compare the two cases : a case with the
proposed masking method and without it.

In Fig.3, the green solid line and blue broken line show
the original value Ḡ1(x

[s]
1 ) and masked value Ĝ1(x

[s]
1 ). We

can see that those values are completely different. Fig.4
shows the correlation coefficient ρ1 between Ḡ1(x

[s]
1 ) and

Ĝ1(x
[s]
1 ) according to the gain parameter φ. From Fig.4, we

can observe that the correlation coefficient decreases as φ
increases. Thus, the agent’s privacy can be protected if φ is
sufficiently large.

Fig.5 (a) and (b) show the transitions of the constraint
function G(x[s]) with/without the masking method, respec-
tively. The results with/without the masking method are the
same in Fig.5. Thus, it shows that the solution of opti-
mization can be obtained correctly even using the masking
method.

Fig. 5. Supply and demand unbalance G(x) with/without the masking
method

V. CONCLUSIONS

In this paper, we proposed a masking method to protect
private information based on the distributed optimization
method proposed in [6]. We showed that this method solve
the optimization correctly even if local information is masked
by some signal. Moreover, we evaluated a privacy protection
performance and showed that local information can be pro-
tected by the proposed method practically. Finally, we dealt
with the supply and demand balance control by real-time
pricing in a power grid as an application. The simulation
result showed that the real-time pricing based on distributed
optimization solved the power unbalance while the informa-
tion of the agents’ electricity amounts is protected.
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Solidifying and Expandable Network System Constructed by
Interconnection of γ-Passive Systems

Kengo Urata1,2 and Masaki Inoue1,2

Abstract— We study a network system whose dissipation
performance is strictly improved by network expansion. As-
suming that each subsystem is gamma-passive: a special class
of dissipative systems, we analyze dissipation performance of
the entire network system. We show that the performance is
strictly improved and the entire network system is solidifying
with the increase of the number of subsystems. This analysis can
be a basis for decentralized design of a stable and expandable
network system with guaranteeing high control performance.

I. INTRODUCTION

We find a class of network systems whose dissipation
performance is strictly improved by network expansion.
Any disturbance input is more suppressed in the entire
network system if the number of subsystems increases.
Such a network system cannot be realized in a general
interconnection of general dynamical systems. Even stability
of each dynamical subsystem can be impaired by a feedback
connection. A candidate to preserve stability of a feedback
system and improve its performance, is passivity property
of each subsystem [1]. The passivity theorem states that a
negative feedback connection of stable and passive systems,
is also stable and passive. In this sense, an expandable
network system can be realized and composed of passive
subsystems. However, the passivity property in each subsys-
tem only inherits the same property, but does not guarantee
performance improvement in the network system. We will
find property to strictly improve performance of the entire
network system.

In this paper, we assume that each subsystem is γ-passive
[2], which a special class of dissipative systems [3], [4],
to construct a network system. We show that dissipation
performance of the entire network system is strictly improved
with the increase of the number of subsystems to demonstrate
solidifying phenomenon in the network system. This analysis
can be a basis for decentralized design of a stable and ex-
pandable network system with guaranteeing high dissipation
performance.

Notation: R+ := [ 0,∞ ). The symbol C(α, r) represents
the circle region in the complex plane in which the center
and radius are α and r, respectively.

1Faculty of Science and Technology, Keio University; 3-14-1 Hiyoshi,
Kohoku-ku, Yokohama, Kanagawa 223-8522, Japan.

2CREST, Japan Science and Technology Agency; 4-1-8 Honcho,
Kawaguchi, Saitama 332-0012, Japan.

II. MAIN RESULT
A. System and Definition

We consider a linear dynamical system described by the
state equation

Σi :

{
ẋi = Aixi +Biui,
yi = Cixi +Diui,

i ∈ {1, 2, . . . , N}

where xi ∈ Rni , ui ∈ Rm, and yi ∈ Rm are the state,
input, and output of Σi, respectively and Ai, Bi, Ci, and Di

are the constant matrices with appropriate dimensions. Note
that the dimensions of ui and yi are the same as m and
they are common for all Σi, i ∈ {1, 2, . . . , N}. We define
dissipativity [3], [4] for Σi as follows.

Definition 1: Consider a matrix Π ∈ R2m×2m. Then, Σi

is said to be dissipative for Π if there exists a positive definite
function V : Rni 7→ R+ such that for any xi0 ∈ Rni ,

V (xi(t)) ≤ V (xi0) +

∫ t

0

[
ui(τ)
yi(τ)

]T
Π

[
ui(τ)
yi(τ)

]
dτ (1)

holds for all ui ∈ L2.
In this paper, we consider dissipative systems, in particu-

lar, for

Π(a, b, c) :=

[
aIm bIm
bIm cIm

]
.

Then, we use the following notation.
Notation 1: The symbol D(a, b, c) denotes a set of all

dynamical systems that are dissipative for Π(a, b, c).
Any SISO system in D(a, b, c) is characterized in the

frequency domain as follows. Assume that −b/c and b2/c2−
a/c are positive. Then, the Nyquist plot of the system in
D(a, b, c) exists inside the circle C(α, r) ∈ C with α = −b/c
and r = (b2/c2 − a/c)1/2. In addition, the H∞ norm of
the system is bounded by −b/c+ (b2/c2 − a/c)1/2. By the
H∞ norm, we can evaluate the dissipation performance of
Σi ∈ D(a, b, c).

We further restrict the class of D(a, b, c) to define γ-
passivity [2].

Definition 2: [2] Let γ ∈ [ 0, 1 ). Then, Σi is said to be
γ-passive if Σi ∈ D(γ2 − 1, γ2 + 1, γ2 − 1).

B. Main Result

Now, we consider the feedback system FB(Σ1,Σ2) with
the input w and the output z, which is composed of Σ1 and
Σ2 with the connection u1 = w−y2 and z = u2 = y1. Then,
we have the following theorem for a feedback connection of
γ-passive systems.
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Theorem 1: Suppose that for γ ∈ [ 0, 1 ), Σ1 and Σ2 are
γ-passive. Then,

FB(Σ1,Σ2) ∈ D(
1

2
(γ2 − 1), γ2 + 1, 2(γ2 − 1))

holds.

The theorem implies that the dissipation performance is
strictly improved by the feedback connection. This is seen
as follows. First, the Nyquist plots of γ-passive Σ1 and Σ2

exist in C(α1, r1) and C(α2, r2), respectively, where

α1 = α2 =
1 + γ2

1− γ2
,

r1 = r2 =
2γ

1− γ2
.

Then, the H∞ norms ∥Σ1∥∞ and ∥Σ2∥∞ are bounded as:

∥Σ1∥∞ ≤ α1 + r1 =
(1 + γ)2

1− γ2
,

∥Σ2∥∞ ≤ α2 + r2 =
(1 + γ)2

1− γ2
.

Next, we consider FB(Σ1,Σ2). The Nyquist plot of
FB(Σ1,Σ2) is in C(α12, r12), where

α12 =
1 + γ2

2(1− γ2)
=

1

2
α1 =

1

2
α2,

r12 =
γ

1− γ2
=

1

2
r1 =

1

2
r2

hold. Then, we have an upper bound of ∥FB(Σ1,Σ2)∥∞ as

∥FB(Σ1,Σ2)∥∞ ≤ α12 + r12 =
1

2

(1 + γ)2

1− γ2
.

The upper bound is strictly less than that of each subsystem
Σ1 or Σ2. In this sense, the performance of the feedback
system is strictly improved.

C. Discussion for Larger-scale, Expandable, and Solidifiable
Network System

Let us consider a larger-scale network system in which
subsystems Σi, i ∈ {1, 2, . . . , N} are recursively connected
by the negative feedback: In a similar way to the construc-
tion of FB(Σ1,Σ2), the negative feedback connection of
Σ3 and Σ4 constitutes FB(Σ3,Σ4). Then, FB(Σ1,Σ2) and
FB(Σ3,Σ4) constitute FB(FB(Σ1,Σ2),FB(Σ3,Σ4)), and
recursively all of Σi, i ∈ {1, 2, . . . , N} are connected.

In the same way as the passivity property, the entire
network is stable and passive independently of N , which
is the number of the subsystems. In this sense, the network
system is called expandable. We omit details in this paper,
but we further show that the dissipation performance of
the network system is improved in proportion to N . In
addition, we show that its Nyquist plot converges to zero
for all frequency as N → ∞. The network system gains the
complete dissipation performance and its dynamic behavior
vanishes as N → ∞. In this sense, the network system in
this paper is called solidifying.
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Binding mechanisms determines retroactivity effects in transcriptional
regulation

Libertad Pantoja-Hernández1, 2 Adriana Garay-Arroyo1 Elena R Álvarez-Buylla1, 2

Alberto Soria-López3 Juan Carlos Martı́nez-Garcı́a3, ∗

Abstract— Downstream connection effects on transcription
may be caused by retroactivity. Our aim here is to evaluate such
effects considering how the binding mechanism impacts the free
functional transcription factor (FFTF) molecules using a simple
model via computer-based deterministic and stochastic simula-
tions. We study four transcription factor binding mechanisms
(BM): simple monomer binding, dimer binding, cooperative
sequential binding and cooperative sequential binding with
dimerization. We consider weak and strong binding regimes
for each mechanism, where we contrast the cases when the
FFTF is bound or unbound to the downstream loads. Upon
interconnection, the number of FFTF molecules changed less
for the dimerization mechanism while for the cooperative
sequential binding they changed the most. We then conclude
that, for the mechanism models used here, retroactivity effects
depend on the specificity of the involved transcription binding
schemes.

Keywords: Systems biology, transcriptional regulation, retroactivity
effects, binding mechanisms, computer-based modeling.

AMS subject classifications: 92C42, 58J90, 37M05.

I. INTRODUCTION

Biological systems’ retroactivity ([28]) refers to a
counter-responsive property that arises from the intercon-
nection of functional biomolecular modules (see [24], [7]).
In synthetic systems the retroactivity effects are usually
undesired since they may slow down the activity of the
upstream system involved in the interconnection (see [7],
[13]). Del Vecchio, Ninfa, and Sontag proposed a strategy to
attenuate retroactivity ([8]), which consists on introducing
a large input gain and an equally large negative feedback
as a dynamic insulator. They suggested two strategies for
this: the first one depends on very strong binding sites and
enhanced protein degradation, while the second one relies
on phosphorylation and dephosphorylation as amplification

1Laboratorio de Genética Molecular, Desarrollo y Evolución de Plantas,
Instituto de Ecologı́a, Universidad Nacional Autónoma de México, Mexico
City, Mexico.

2Centro de Ciencias de la Complejidad, Universidad Nacional Autónoma
de México, Mexico City, Mexico.

3Depto. de Control Automático, Cinvestav-IPN, Mexico City, Mexico.
∗Corresponding author:

juancarlos martinez-garcia@conciliencia.org
Abbreviations: FFTF Free functional transcription factor; BS Binding

site; TF Transcription factor; TFBP Transcription factor binding process;
BM Binding mechanism; SMB Simple monomer binding; DB Dimer Bind-
ing; CSB Cooperative sequential binding; CSB D Cooperative sequential
binding along with dimerization.

and degradation strategies. In natural systems, the role of
retroactivity is still far from clear, though multiple proposals
regarding the potential function of downstream loads have
been proposed (see [20], [14], and [13]). Transcription can be
affected by retroactivity. There are many well-known mech-
anisms for TF binding and most of them are very complex
(see [2], [10], among others). The monomer pathway was
proposed after observations where the monomers bind to
DNA (see [17], [23]). Authors like [4], have thoroughly
described simple mechanisms as the dimer and monomer
pathways (see Fig. 1). Regardless of the pathway or the
mechanism of choice, TF binding takes place via association
and dissociation from a downstream site. Depending on the
value of kd, a binding site, also known as operator, may
be weak or strong. kd is the product of the association rate
kon and the TF concentration between the dissociation rate
koff (kd = koff/kon), the larger the kd, the weaker the
binding site. In transcriptional regulatory networks, retroac-
tivity modifies TF’s rate of change, because the availability
of free functional TF (FFTF) molecules is affected by TF
association and dissociation to downstream sites.

Fig. 1. General binding mechanisms or pathways.
Two of the generally accepted TF binding mechanisms are
the dimer and the monomer pathway. Here, BS denotes
the binding sites for the TF. kdim, and kundim denote the
dimerization and dimer unbinding rates, whereas kon, and
koff denote DNA binding and unbinding rates in different
steps. In the case of kon1 and koff1, they represent the rates
of binding and unbinding for the first monomer, kon2 and
koff2 represent the rates of binding and unbinding for the
second TF monomer. kon3 and koff3 stand for the DNA
binding and unbinding of the complete dimer to DNA.
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In natural biological systems, the comparison between
connected and disconnected TF may seem awkward, as in the
sudden entry of new downstream binding sites is unlikely,
unless an event such as genomic integration or duplication
takes place. However, comparisons between different systems
connected and disconnected to multiple BS’s could indicate
how a given connection mechanism affects retroactivity
effects in the network.

Retroactivity effects in TF concentration are influenced by
the amount of BS’s where the individual molecules can bind
and also depend on the parameters describing the binding
dynamics. The boundaries where TF concentration limits
downstream regulation are still a matter of debate. Retroac-
tivity may be troublesome to maintain a stable concentration
of a TF that binds to a large amount of downstream sites.
This kind of TF’s are also called hubs ([1]), which are
connected to their downstream sites in an interaction pattern
known as single input motif, where a single TF drives the
transcription of many downstream genes. Mechanisms that
minimize retroactivity effects could be naturally selected
for transcriptional hubs that regulate hundreds of down-
stream genes. Retroactivity, as shown by [5], may have a
concentration dependent role promoting dynamic sigmoidal
behavior (i.e., ultrasensitive kinetics). So, in differentiation
processes and environmental responses, an important change
induced by retroactivity may be useful. To date, only a
few studies have characterized the functional and dynamical
biomolecular circuits that enhance or minimize retroactivity
(see [35], [7], among others). This characterization would
provide further understanding on how natural components
integrate in complex regulatory networks. Our aim is to
compare the retroactivity effects of a system where a hypo-
thetical transcription factor regulates its cognate BS’s across
four different mechanisms by comparing the changes in
free functional transcription factor (FFTF) upon interconnec-
tion. We are interested in finding which transcription factor
binding processess (TFBP) are able to enhance or hamper
FFTF number of molecules. By TFBP, we mean the process
involving a binding mechanism (BM), a determined number
of BS’ depending on the chosen mechanism and a regime
which can be weak or strong binding. The selected mech-
anisms are: simple monomer binding (SMB), dimerization
prior to binding (DB), two monomers’ cooperative sequential
binding (CSB) and cooperative sequential binding along with
dimerization prior to binding (CSB D). To complete the
TFBP we simulated each of the four selected mechanisms
in two regimes: a weak and a strong TF binding with
biologically plausible parameters. Both regimes were further
analyzed in the connected and disconnected cases (see Fig.2).

II. BINDING MECHANISMS MODELS

In this section we describe the binding models that we built
based on the transcriptional mechanisms that may be used in
nature. We start by defining what is the TFBP and what are
the terms that it involves. Then, we proceed to explain the
general steps that are shared between all our models. Finally,
we elaborate on the four different binding mechanism models

Fig. 2. Procedure. To complete the TFBP we simulated
each of the mechanisms in two regimes: a weak and a strong
TF binding. Both regimes were analyzed in both connected
and disconnected cases. The mechanism analyzed were:
SMB (Simple monomer binding), DB (dimerization prior
to binding), CSB (two monomers’ cooperative sequential
binding), and CSB D (cooperative sequential binding along
with dimerization prior to binding).

used in this work and the parameters involved in them. As
we mentioned before, the TFBP involves a BM, a determined
number of BS’, depending on the chosen mechanism, and
a regime which can be weak or strong binding. In the
next subsections we will focus on the particularities of our
BM models. Along with this features, we explain in detail
the different constituents of the TFBP, depending on the
mechanism of choice.

A. General mechanisms models assumptions

We explain here the assumptions that are shared between
the four different binding mechanism models used in this
work (the involved parameters are given in Table I):

1) There is a basal TF messenger RNA (stated as mRNA
in the models) production which is very low and inde-
pendent of any kind of signal. This basal production
is driven by the parameter α and only needs of the TF
gene promoter (named P1 in the models).

2) Activation of TF production. We consider that this
is caused by an exogenous constant signal S and a
constant transciption parameter k (the transcription rate
guided by S, see Table I). We assumed that the TF’s
transcription depends linearly on this signal and P1.
However, as there is always only one molecule of P1,
this is not explicitly shown in the differential equations.

3) Translation. For this model, translation of TF’s mRNA
linearly depends on mRNA concentration. The param-
eter k2 is the one that drives translation.

4) Downstream binding sites. In the connected cases,
binding is achieved by any of the four chosen mech-
anisms and involves the association and dissociation
to 300 downstream BS. This number was chosen
arbitrarily, based on the number of sites that hubs such
as CRP and FNR, see for instance [36] and [22]. In the
models we represent those downstream binding sites
with ptot2. For SMB those sites are simple, while in
all other mechanisms each site involves two binding
sequences. For disconnected cases, ptot2 is equal to 0.
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5) BS’s strength. For the connected cases, we considered
two main operator strengths: a weak one, comparable
to the one of GCN4, and a strong one where the
association rate kon is two orders of magnitude larger
than in the weak one. Recently, [12] determined that
for the lac repressor, a strong operator results in a
slower dissociation rate, but an association rate that is
similar to the weak ones. For this reason, we decided
to introduce a second version of the strong binding
regime where koff is small.

6) Degradation. We assumed that degradation is linear and
equal for all molecular species involving TF. δ stands
for the TF monomer degradation rate and δ3 for the
degradation of the DNA bound TF molecular species.

7) mRNA degradation. In these models, mRNA degrada-
tion is linear as faster than the TF one. We represent
this degradation rate by δ2.

Parameter Description Value Source and notes

α Basal transcription rate 0.01 molecules/min
Smaller than the lower bound of
transcription in 90% of the genes
according to: §.

S Fixed S concentration 50 molecules Minimal concentration
considered in �

k Transcription rate guided by S 0.09
50∗molecules∗min

Maximum rate considered in the
90% of yeast genes that produce
between 2.33 and 29.7
mRNAs/hour according to §

k2 Translation rate 0.8 mRNAs/min
Calculated for an arbitrary
gene of about 1000 aa
according to ?

ptot2 Downstream binding sites 0 or 300*

δ Protein degradation rate 0.02 molecules/min
Considering a protein half life
of 50 min (in yeast the mean
protein half life is 43 min) ‡

δ2 mRNA degradation rate 0.06 molecules/min Based in yeast mRNA half
life according to ∞

δ3
DNA bound molecular specie
degradation rate 0.02 molecules/min

TABLE I: General parameters involved in the mechanisms
models: ♣ [6], � [27], ‡ [3], ∞ [33] , § [26], ? [11]. *
In contrast to all other mechanisms, the 300 downstream
mechanisms of SMB are simple (i.e. they only involve one
binding site) while for the other mechanisms they are double.

B. BM dependent assumptions and models

We selected TF binding mechanisms considering simplic-
ity and biological evidence in the literature (see Table II).

Mechanism Example Reference

SMB

Sox10 binds to DNA both
as dimer and as monomer
719 proteins are functional
in a monomeric form in E.coli

[25]
[31]

DB
TCP proteins
Basic Leucine Zipper’s from
A.thaliana

[18]
[21]

CSB

Sox10 binds to DNA both
as dimer and as monomer
and has not been found as
dimer in solution.

[25]

CSB D
GCN4 seems to be able to
bind both as dimer and
monomer.

[6]

TABLE II: Mechanisms of binding used in this article and
some references associated to them

Fig. 2 shows the four considered binding mechanisms:
SMB, DB, CSB and CSB D. The total number of down-
stream binding sites is given by parameter ptot2. P2 is
the unbound binding site molecular species composed of
a simple (in the SMB mechanism) or double (in the DB,

CSB, CSB D mechanisms) binding sequence followed by
a gene. Parameter ptot2 = 0 for the disconnected cases
and ptot2 = 300 for the connected ones, unless stated
otherwise. C1 is the complex formed by the association of
the TF to a downstream BS in SMB. C2 is the complex
formed by the TF dimer (TF.TF ) and a downstream double
binding site in DB. C3, C4 are the complexes formed by
binding of the first or second DNA binding sequence to
a simple cooperative monomer in both CSB and CSB D
(see Fig. 3). We considered that both binding sequences
in the unbound P2 binding site are indistinguishable from
one another and that the rates of binding for any of them
are the same. We are considering three regimes: a weak
one and two strong ones. The weak binding considers the
association rate values in Table III. For the strong ones we
first explored a regime where the association rates of dimers
are two orders of magnitude bigger than in the weak one
and the monomers association rate in the sequential cases
(both the second and first monomers to bind in CSB and
CSB D mechanisms) are one order of magnitude bigger
than the weak ones. The exception is SMB, where kon
was augmented by two orders of magnitude. We denote this
regime as strong 100kon. The second strong regime involves
the change on dissociation rates, where the dissociation rates
of dimers are two orders of magnitude smaller than in the
weak one and the monomers association rates are one order
of magnitude smaller than the weak ones. Once more SMB is
the only exception, which is treated as if it were a dimer. We
analyzed each of this mechanisms using both deterministic
and stochastic simulations. Before simulating them we built
Ordinary Differential Equations models and BioNetGen rule
based models.

Parameter Value Description SMB DB CSB CSB D
koff 30 ∗ 60min−1 Unbinding rate X*

kon
(3∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
Binding rate X*

kdim
((1.6∗(10.07))∗60.0)molecules−1min−1

((6.022∗(10.023))∗(42.0∗(10.0−15)))

Dimer association
rate X X

kundim 0.05 ∗ 60min−1 Dimer dissociation
rate X X

kon1
(5∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))

First simple monomer
association rate X X

koff1 50 ∗ 60min−1 First simple monomer
dissociation rate X X

kon2
(5∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))

Second simple
monomer association
rate

X X

koff2 0.03 ∗ 60min−1
Second simple
monomer dissociation
rate

X X

kon3
(3∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))

Dimer DNA binding
association rate X X

koff3 30 ∗ 60min−1 Dimer DNA binding
dissociation rate X X

TABLE III: Particular parameters involved in the mecha-
nisms models.
All the parameters were obtained from: [6]
*For SMB we consider that the binding and unbinding rate
of the simple monomer is the same as the rate of binding of
the dimer in DB and CSB D.

1) First mechanism: Simple monomer binding: Our first
mechanism (see Figure (3)-b), the simple binding one, con-
sists of a TF that binds to DNA as a monomer using the
association rate of GCN4 dimer to DNA. We chose the pa-
rameters from this TF because it has been thoroughly studied
([6]). We want to emphasize that the original parameters
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Fig. 3. Mechanisms. a) Shows the general assumptions
reactions shared by the four mechanisms. α stands for the
first reaction in all mechanisms, k for the second one and k2
third reaction in each model b)-e) Show explicit depictions of
the mechanisms’ models from the third reaction forward used
in this work. Some of the reactions involved are indicated as
shown in the Section II. Degradation reactions were excluded
for simplicity. Note that e) is equivalent to Fig. 1.

for GCN4 dictate an association and dissociation rate for
dimer and monomer that are almost equally weak. For this
reason, and because of the natural range where association
and dissociation rates exist (see Table IV), we also included
cases of strong binding that represent strong operators where
the binding rate is considered to be two orders of magnitude
bigger than the one in the work of Cranz and cols.

For this mechanism the FFTF molecular species would be
the TF monomer, depicted as TF in the following equations,
and its complex with DNA downstream BS is depicted as C1.

TABLE IV: Association and dissociation rates
TF association dissociation Comments Source

GCN4 (5∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
3000min− 1

First monomer association
and dissociation of GCN4 [6]

GCN4 (5∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
1.8min− 1

Second monomer
association and
dissociation of GCN4

[6]

GCN4 (3∗108)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
1800min− 1

Dimer association and
dissociation of GCN4 [6]

CI (3∗106)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
2.454min− 1

Dimer association and
dissociation of CI to 78nt
sequences

[34]

CI (2∗105)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
0.24min− 1

Dimer association and
dissociation of CI to 500nt
sequences

[34]

LexA (25∗106)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
3.48min− 1

Dimer association and
dissociation of LexA to
recA promoter

[19]

LexA (25∗106)60molecules−1min−1

(6.022∗(1023)∗(42∗(10−15)))
11.4min− 1

Dimer association and
dissociation of LexA to
yebG promoter

[19]

The reactions involved in this mechanism are: P1
α−→

P1 + mRNA, which represents the first assumption in
subsection II-B, denoting a basal transcription rate guided
by the parameter α. Also: P1 + S

k−→ P1 + S + mRNA

denotes the second assumption in subsection II-B, which
involves transcription guided by an external signal S. More-
over, mRNA k2−→ mRNA + TF corresponds to the third
assumption in II-B, where we stated that translation of TF’s
mRNA linearly depends on mRNA concentration. The rate
that drives this reaction is denoted here as k2. We assume
that TF+P2

kon⇀↽
koff

C1, which is exclusive of SMB mechanism

and in this reaction we denote the binding of a sole monomer
to free downstream BS’s (P2). As we stated before, the
total number of those downstream biding sites will be 300.
For this mechanism such BS will have only one binding
sequence each. The 7-th assumption from subsection II-
B, where we stated that mRNA degradation is linear and
faster than the protein one, is coded by RNA

δ2−→ ø. The
sixth assumption from the subsection II-B corresponds to
TF

δ−→ ø. The degradation rate, which only depends on the
actual TF concentration, is δ, i.e., C1

δ3−→ ø. We stated that
the conservation of the total amount of the downstream sites
(ptot2), which is composed of the free ones (P2) plus the
TF-DNA complex (C1) in order to be able to simplify the
number of ODEs derived from these chemical equations, is
given by: ptot2 = P2 + C1.

2) Second mechanism: dimer binding mechanism: There
are several TF’s that have been reported to need oligomer-
ization prior to affecting transcription initiation such as in
[32]. In our model we used the most simple version of this
mechanism assuming that homodimerization of TF prior
to DNA binding is needed. For this model we assumed
that: dimer (TF.TF ) and DNA-dimer complex (C2) can be
degraded at the same rate as free TF, dimerization must
take place prior to binding with the rates proposed in [6]
(see Table III). Once the dimer is assembled it binds to
DNA with a simple binding-unbinding process. For this
mechanism the FFTF is the TF dimer (TF.TF ) as it is the
molecular specie able to bind DNA. The complex between
TF.TF and the downstream binding sites is named C2.
The reactions involved in this mechanism are derived from
the same assumptions as in the previous model unless we
state it differently. Those reactions are P1

α−→ P1 +mRNA,
P1+S

k−→ P1+S+mRNA, and mRNA k2−→ mRNA+TF.

TF + TF
kdim⇀↽
kundim

TF.TF corresponds to the particularity

of this mechanism of having the need to achieve dimer

formation prior to DNA binding. P2 + TF.TF
kon3⇀↽
koff3

C2

involves the TF dimer (TF.TF) binding to DNA forming the
complex C2 through the binding rate kon and its subsequent
unbinding with the rate koff as a reversible process. Here,
we also consider 300 downstream binding sequences. We
also have: mRNA δ2−→ ø, TF δ−→ ø, TF.TF δ−→ ø, C2

δ3−→ ø,
and ptot2 = P2 +C2. We include C2 as part of ptot2 which
in this case is the complex formed by the TF.TF dimer and
the DNA binding site.

3) Third case: cooperative monomers sequential binding
(CSB): In this mechanism, we assumed that two monomers
must be bound to DNA and they bind in separate steps. Once
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one of them is bound, it makes much easier for the second
one to bind. This means that, according to our assumptions,
the first monomer to bind, regardless of the site, binds with
a fixed dissociation constant which is different of the one
used by the second cooperative monomer (see Table III and
Fig. 3). For this mechanism the FFTF species corresponds to
TF monomer. In this mechanism there are three possibilities
for TF to bind downstream sites. The first one is to bind
the first BS in each site. The complex formed when this
happens is called C3, the second one is to bind the second
BS in each site. When this happens, the complex is called C4.
Both C3 and C4 bind and unbind with the same rates. The
third complex is called C2 and is only formed when, once
the first monomer is already bound to a BS, regardless if the
complex formed is C3 or C4, a second monomer binds in the
free BS of this site. The reactions involved in this mechanism
are: P1

α−→ P1 + mRNA, P1 + S
k−→ P1 + S + mRNA,

mRNA
k2−→ mRNA+TF , and P2+TF

kon1⇀↽
koff1

C3. Here, we

also consider 300 downstream binding sequences. Each one
has two sub-sites, so a total of two monomers can be bound
per site. We also have P2+TF

kon1⇀↽
koff1

C4. C3 and C4 represent

TF binding to one of the two possible downstream binding
sites. For simplicity, we consider that the binding to either the

first or the second site are the same: C3+TF
kon2⇀↽
koff2

C2, C4+

TF
kon2⇀↽
koff2

C2. We consider that regardless of which of the

sites is free, the second monomer always binds and unbinds
using the same rates (kon2 and koff2, respectively). However,
first monomer binding rate is different from second monomer
binding rate. The first monomer unbinding is also different
from the second monomer unbinding. We also consider:
mRNA

δ2−→ ø, TF δ−→ ø, C3
δ3−→ ø, C4

δ3−→ ø, C2
δ3−→ ø,

ptot2 = P2+C2+C3+C4, and P2 = ptot2−(C2+C3+C4).
4) Fourth case: cooperative monomers sequential binding

and dimerization (CSBD): Up to this point, we assumed
that both monomer and dimer have the same DNA binding
parameters. However, the assumptions in [16] for dimeriza-
tion with monomer binding include heterogeneous binding of
dimer and monomer, where dimers tend to bind faster than
monomers. In this work, we assumed that the first monomer
to bind, as in the CSB case, binds with the same dissociation
constant, but with a different one to the second one or the
complete dimer (see Fig. 3). We used the rates proposed
in [6] for the regime involving monomer and dimer weak
binding. As the weak binding regime of this mechanism
provides an example where dimer and monomer bind their
operator with almost the same strength, we explored what
would happen when the dimer is supposed to bind faster than
the monomer for the strong binding regime. In that regime,
our binding rate for dimers is two orders of magnitude bigger
than in the weak case and the binding (association) rate one
order of magnitude bigger for monomers, this was chosen
arbitrarily to be congruent qualitatively with the information
in [16]. In this mechanisms both TF monomer and dimer are
considered as FFTF species as both can bind DNA.

The reactions involved in this mechanism are: P1
α−→ P1+

mRNA, P1+S
k−→ P1+S+mRNA, mRNA k2−→ mRNA+

TF , TF + TF
kdim⇀↽
kundim

TF.TF , and P2 + TF.TF
kon3⇀↽
koff3

C2.

Here, we also consider 300 downstream binding sequences.
Each one has two sub-sites, so a total of two monomers or
a single dimer can be bound per site: P2 + TF

kon1⇀↽
koff1

C3,

P2 +TF
kon1⇀↽
koff1

C4. As in CSB, both forms in which the first

monomer can bind to any of the two sites are considered

equivalent. We also have: C3 +TF
kon2⇀↽
koff2

C2, C4 +TF
kon2⇀↽
koff2

C2, RNA δ2−→ ø, TF δ−→ ø, TF.TF δ−→ ø, C2
δ3−→ ø, C3

δ3−→
ø, C4

δ3−→ ø, ptot2 = P2 + C2 + C3 + C4, and P2 = ptot2 −
(C2 + C3 + C4).

III. MATERIALS AND METHODS

In this section we describe how we assessed and compared
the impact of retroactivity between connected and discon-
nected cases for each mechanism in each regime. The effects
of retroactivity are studied by simulating, in deterministic
and stochastic terms, the change of FFTF molecules over
time under each TFBP.

A. Deterministic simulations

We simulated the ordinary differential equations (ODEs)
models in Python using odeint module solver. We further
rectified such models with BioNetGen ([9]) simulations
results. We ran our models simulations, both in Python and
Bionetgen, using a total time of 1440 min. In the python
simulation we used a time step of 0.01 minutes. In the
BioNetGen simulation we used a time step of one minute.
Our BioNetGen models are are available on request.

1) Steady state calculation: We used the R package
‘rootsolve’ ([29], and [30]) to calculate the steady state (SS)
of each ODEs model FFTF under different parameters values
with the Newton-Raphson method or running the simulation
until reaching the steady state. Once we got the SS values
for the connected and disconnected cases we used Canberra’s
distance to measure the difference between them.

2) Non-linear degradation: To simulate cases where DNA
bound TF would be much smaller than the species that
include free TF, we did deterministic simulations of each
TFBP using a degradation range from 0 to the double of the
free TF degradation rate in 0.25 increments.

B. Stochastic simulations

We used BioNetGen’s stochastic simulation algorithm
(SSA) tool to simulate the stochastic version of our system.
We simulated each of the mechanisms: simple monomer
binding, dimerization prior to binding, CSB, and CSBD
in the connected and disconnected case, for each regime
1000 times each one to produce ensembles. We plotted each
ensemble data comparing connected with disconnected cases
using bean plots generated with the beanplot ([15]) and
ggplot2 ([37]) R packages. The complete scripts to generate
the plots can be found in this Github link (https:
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//github.com/LiberPH/Retroactivity_
mechanisms_transcription_secret). We
calculated the D statistic (maximum vertical deviation)
using Kolmogorov-Smirnov test to give statistical support
to the differences observed between the distributions of the
stochastic ensembles. D is used as a difference measurement
providing the maximal difference between two compared
distributions. The coefficients of variation at each time point
were calculated as CVt = σt

µt
(ref). Where CVt represents

the coefficient of variation at time t, µt stands for the mean
value of the simulations ensemble at time t, and σt is the
standard deviation of the simulations ensemble at time t.

IV. RESULTS AND DISCUSSION

First, we use deterministic simulation to analyze how
the FFTF changes upon interconnection depending on the
used mechanism. Then, we use stochastic simulations to
analyze how the variation of FFTF changes upon downstream
interconnection depending of the BM using the Coefficient
of variation (CV) measurement.

A. Deterministic

We used a deterministic approach to find out how the
FFTF number of molecules changes upon interconnection
depending of the BM. To assess an overall, important change
we evaluated the difference between connected and discon-
nected steady states(SS) of FFTF. To assess a change in
the dynamics (delays, ultrasensitivity, etc) we used ODEs
simulations.
Steady states comparisons across different parameters

In order to find out the relevance of different parameters
in the retroactivity effects depending of the mechanism, we
assessed the difference between the connected and discon-
nected steady states of FFTF molecules for each mecha-
nisms. We evaluated the influence of the association and
dissociation rates (kon and koff , respectively), TF degrada-
tion (δ), mRNA degradation (δ2), downstream loads (ptot2),
and the input S across the four different mechanisms. In this
analysis we wanted to explore if a determined parameter is
more likely to influence the retroactivity effects in a partic-
ular mechanism at the SS and if there is any “global” trend,
where a mechanism is always more sensitive or resistant to
retroactivity effects regardless of the parameter changes. We
did five main parameters comparisons: kon vs koff , δ vs δ2,
ptot2 vs δ, ptot2 vs δ2, and ptot2 vs S . See Fig. 4 and Fig.
5 for the kon vs koff and ptot2 vs S cases, respectively.

To measure the difference between connected and discon-
nected cases the Canberras distance was implemented, the
more similar the value is to zero, the less similar are the
steady states from each other. The closer to one, the bigger
the difference between steady states (see III).

Overall, even if each parameter has its particularities over
each mechanism, CSB was maintained as the mechanism
where the steady state changed the most upon interconnec-
tion (i.e. where retroactivity effects where stronger) and DB
persisted as the one with the less different SS between the
connected and disconnected case. As far as deterministic

Fig. 4. kon and koff Canberras distance for the steady
state of the connected vs the disconnected case was cal-
culated for each mechanisms across the parameter values
koff from 10−1M−1s−1 to 10−1M−1s4 and and kon from
105M−1s−1 to 10−1M−1s9 represented in a heatmap. a)-d)
heatmaps correspond to SMB, DB, CSB and CSB D respec-
tively. The parameters values were used as described in Table
I. All association parameters were equal to the chosen value
of koff as its order of magnitude is maintained (see Table
III), while all dissociation parameters except koff2 were used
according to the chosen value of koff . koff2 was used as
koff/10000.

Fig. 5. ptot2 and S Canberras distance for the steady state
of the connected vs the disconnected case was calculated for
each mechanisms across the parameter values ptot2 from 30
to 300 and S from 10 to 100 and represented in a heatmap.
a)-d) heatmaps correspond to the weak binding regime, while
e)-h) to strong 100kon binding regime and i) to l) strong
koff/100 binding regime. DB is the less changed mechanism
by interconnection. In all mechanisms, ptot2 seems to be
more relevant for the SS change than S. The parameters
values were used as described in Table I and Table III with
the exceptions of ptot2 and S.

changes, from a FFTF point of view for both weak and strong
binding sites are concerned: i) the fourth (CSB D) and third
(CSB) mechanisms seemed more susceptible to retroactive
effects (for weak binding sites); ii) DB is the mechanism
where FFTF molecules remains unchanged the most, while
CSB is the one where the number of FFTF was changed the
most upon interconnection (for strong binding sites). The
fact that the fourth (CSB D) and third (CSB) mechanisms
seemed more susceptible to retroactive effects could account
for their participation in plastic responses and make them
well suited for changing environments when big loads are
present. Moreover, the fact that this trend —DB as the least
changed and CSB as the most changed mechanism— is
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conserved not only in the deterministic simulations, but also
in the SS calculations, rises the question if such stability in
DB upon interconnection and the change in CSB are also
accompanied by small and large variabilities, respectively.

B. Stochastic

Stochastic simulations from a FFTF point of view: weak
binding sites

We ran stochastic simulations for the FFTF number of
molecules considering the regime where it binds weakly.
For each mechanism we calculated both the difference in
distributions between connected an disconnected cases us-
ing D-statistic an their difference of variation using the
coefficient of variation (CV). The distributions of FFTF
molecules in the simple monomer binding mechanism (SMB)
showed small (D = 0.1 ± 0.05), but significant differences
(ρ-value < 0.05) between the connected and disconnected
cases in each evaluated time step. For the complete D
statistic results for each binding process at 1440 minutes
see Table V. For the DB mechanism the difference between
the distribution of the ensembles between the connected
and disconnected cases was very small (D < 0.1) or non
significant (ρ-value > 0.05) for all the analyzed times. The
difference between connected and disconnected cases for
CSB in the ensemble distributions every 200 minutes was
significative.

weak binding strong binding
(100kon)

strong binding
(koff/100)

Mechanism D ρ-value D ρ-value D ρ− value
SMB 0.156 5.4x10−11 0.984 0 0.976 0
DB 0.051 0.15 0.8 0 0.851 0
CSB 0.997 0 1 0 1 0
CBS D 0.33 0 0.989 0 0.982 0

TABLE V: D statistic and ρ-values at minute 1440 for each
binding process.

We found a significant difference of 0.3(±0.05)
(ρ-value < 0.05)) for the CSB D mechanism in the ensem-
ble distributions every 200 minutes when comparing con-
nected against disconnected cases during the weak regime.
As in the deterministic simulations, once more the most
sensitive mechanism is the CSB and the most resistant one
to the presence of 300 downstream BS is dimerization.

Even if the FFTF molecules means in the stochastic
simulations ensembles are congruent with the deterministic
number of FFTF, we wanted to figure out if retroactivity,
along with the chosen mechanism in each case, may have
a role in the TF-molecules variability of the system. We
noticed that the FFTF distribution is wider (and because of
that it seems more variable) for the disconnected cases in
contrast to the connected ones in the third and fourth mech-
anisms. To further clarify if variability really changed from
the disconnected to the connected case, taking into account
the mean effect over the standard deviation, we calculated
the coefficient of variation (CV) at each time point. For the
systems that we analyzed, the DB mechanism was the most
resistant to loads effects and has a small concentration of
FFTF molecules compared with the others. This mechanism

may be a good strategy to preserve functions even if the
number of downstream connections is large (around 100 of
sites or larger than the TF molecules available). However,
it seems to be the noisiest mechanism when dealing with
weak BS’s, which may limit the participation of dimerization
in fine tuned point responses where a fixed and constant
number of molecules may be needed. As far as the stochastic
simulations from a FFTF point of view, for strong binding
sites, are concerned: we concluded that DB is conserved as
the most variable mechanism, while the other three tend to
variate similarly. The most sensitive to retroactivity was CSB.
We observed a higher variability in the connected cases of
the strong binding regime with small koff . This make us
wonder if, in the case of having a strong operator, one of
the single input motifs (SIM) —and hubs in general— roles
could be to promote enough variability, so the system could
jump between different states.

V. CONCLUSIONS AND PERSPECTIVES

This study provides an assessment of the potential role
of binding mechanisms promoting or restricting retroactivity
effects. Our results can be further tested experimentally in
different systems where more than one mechanism takes
place as in Sox10 and GCN4 case through the assessment of
a reporter gene in connected and disconnected cases. Given
the few transcriptional systems known at the level of TF
binding mechanism, it could also be possible to use generic
TFs and force them to act by alternative mechanisms. The
drawbacks here would be that we cannot be sure that a the
TF will be able to guide transcription when forced to follow
alternative binding pathways. Moreover, other components
such as the binding sites may require further modifications
to make the modified TF possible or even functional. Our
results allow us to propose potential roles for different
binding processes in both natural and synthetic systems.
However, these results should be taken with caution as the
systems analyzed here are de-contextualized. Meaning, there
is not a complete organism containing them, which simplifies
the possible interactions that could be happening in an actual
system as: regulation by one or more extra TFs, covalent
modifications, participation of complexes that aid or difficult
DNA binding, among others. Further high-throughput explo-
ration may be needed to ensure that downstream connections
are a source of variation enough to cause a state change by
cell differentiation.

The prevalent change in variability upon interconnection
seems to be indicative of a side effect caused by downstream
connections that provides the systems a diverse range of
responses in terms of the available TF. Previous works
discussing the relevance of different regulatory motifs have
taken into account different dynamical properties that could
make a motif functionally relevant in biological systems.
However, given the limited amount of information regarding
the exact kinetic mechanism used to achieve binding by every
single TF, most of these approaches do not consider finer
details. Here, we want to stress the actual relevance of such
details in each mechanism as means to achieve a tuned reg-
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ulation via plasticity or restriction. A question that remains
open is which mechanism is the actual used by biological
systems. Further investigation regarding which of them are
enriched in developmental and differentiation programs will
surely shed light in this issue. In most molecular biology
experiments, it is hard to realize if the molecular species
observed in vitro can be functional in vivo or if only a
fraction of them achieve binding and regulatory functions (as
we are assuming in this work). There does not seems to be an
actual rule for the TF’s that have been analyzed extensively
so far, but we think that functional TF information would
certainly shed light in how real biological systems lead with
downstream loads in nature, whether using or suppressing
their effects. Our results may shed light in which mechanism
could be expected to be found in a network according to
the regulatory function that a transcription factor achieves of
each response.
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Geometric stability considerations of the ribosome flow model with pool∗

Wolfgang Halter1, Jan Maximilian Montenbruck1 and Frank Allgöwer1

Abstract— In order to better understand the process of gene
translation, the ribosome flow model (RFM) with pool was
introduced recently. This model describes the movement of
several ribosomes along an mRNA template and simultaneously
captures the dynamics of the finite pool of ribosomes. Studying
this system with respect to the number and stability of its
equilibria was so far based on monotone systems theory [1].
We extend the results obtained therein by using a geometric
approach, showing that the equilibria of the system constitute
a normally hyperbolic invariant submanifold. Subsequently, we
analyze the Jacobi linearization of the system evaluated at the
equilibria in order to show that the equilibria are asymptotically
stable relative to certain affine subspaces. As this approach does
not require any monotonicity features of the system, it may
also be applied for more complex systems of the same kind
such as bi-directional ribosome flows or time-varying template
numbers.

I. INTRODUCTION

The ribosome flow model (RFM) as presented in [2] de-
scribes the movement of ribosomes along an mRNA template
and can be used to study the dynamics of mRNA translation,
an important step in the process of protein synthesis. In
order to better understand and eventually design genetic
regulatory networks (GRNs), the RFM with pool can be used
to provide a simulation framework which not only simulates
the production of certain proteins but also takes into account
the allocation of the ribosomes. Thus, a better evaluation of
the performance of artificial GRNs, an important topic in the
field of synthetic biology ([3]), will be possible.
Several versions of the RFM have been proposed recently, all
of them built upon the works [4] and [5] where a probabilistic
model of a growth center moving along a nucleic acid
template is considered. This model, also known as the totally
asymmetric exclusion process (TASEP) was then simplified
and adapted in [2] to obtain the RFM, a deterministic
description of the movement of several ribosomes along
a strand of mRNA. For this classical RFM, where the
amount of ribosomes is assumed to be abundant and only a
single mRNA is studied, several results on model properties
such as uniqueness of the steady state and convergence to
this equilibrium point were presented in [1] wherein the
authors make use of the theory of monotone systems and
the contraction principle. Recently, [6] studied a network of
several mRNA templates in interaction with a finite pool
of ribosomes, following up the argumentation of [1], the
authors show that the solution of the RFM network with
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Ministry for Science, Research and Art Baden-Württemberg

1Authors are with Institute for Systems Theory and Automatic
Control, 70569 Stuttgart, Germany. E-Mail of corresponding
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pool monotonically converges to a certain equilibrium point
which is determined solely by the initial condition.
In contrast to the monotone systems theory approach, we
propose a geometric approach to study the stability properties
of the model in [6] in order to provide a concept to study
non-monotonic variants of the RFM in future.
In particular, after introducing the detailed system description
of the RFM with pool, we show that the equilibria of the
RFM with pool constitute a normally hyperbolic invariant
submanifold and therefore the restriction of the linearization
of this system to the normal spaces of this submanifold can
be used to study the stability properties of the submanifold.
Finally, we conclude that these equilibria are asymptotically
stable relative to certain affine subspaces.

II. THE RIBOSOME FLOW MODEL WITH POOL

As described in [2], the mechanism of translation can
be approximated as an initiation event followed by several
elongation steps. To be more precise, after binding to the
mRNA, the ribosomes perform a unidirectional movement
along the mRNA until they reach its end and subsequently
unbind. In general, the speed of this motion is not constant,
but to focus on the system theoretic analysis and for the
sake of simplicity however, a constant elongation speed is
assumed in the remainder.
The RFM with pool can be modeled as the differential
equation

Ṙ = −λR(1− x1) + λcxn (1)
ẋ1
ẋ2
...
ẋn

 =


λR(1− x1)− λcx1(1− x2)
λcx1(1− x2)− λcx2(1− x3)

...
λcxn−1(1− xn)− λcxn

 , (2)

with initial conditions

R(t = 0) = Rtot ∈ [0,∞) (3)
xi(t = 0) = 0, i = 1, . . . , n. (4)

The model states and parameters are explained in Table
(I). The number of discretization points is determined such
that each state can take up exactly one ribosome, therefore
n = ml

rlspec
with ml the length of the mRNA template and

rlspec the specific length a single ribosome occupies on the
mRNA template. Typically, the elongation rate λc is cell type
dependent and therefore might be determined from biological
data. The remaining free variables are ml, λ as well as Rtot,
the total amount of available ribosomes.
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TABLE I
STATES AND PARAMETERS OF THE RFM WITH POOL.

R ∈ [0,∞): molecular amount of free ribosomes
xi ∈ [0, 1]: avg. ribosome density at mRNA location i = 1, . . . , n

λ ∈ R+: initiation rate
λc ∈ R+: elongation rate
n ∈ N: number of discretization points on mRNA template

For simpler notation, we collect all states such that

x =
[
R x1 x2 . . . xn

]>
(5)

ẋ = f(x) (6)

with x0 = R and x ∈ Rn+1. Further, as x1, . . . , xn are
densities, it only makes sense to consider solutions

t 7→ x(t) for which
∀t ∈ [0,∞),x(t) ∈ Ω := [0,∞)× [0, 1]× . . .× [0, 1]

and as shown in [6], all solutions starting in Ω will not only
stay in this set but also are separated from the boundary ∂Ω
in finite time.

III. MODEL PROPERTIES

Similarly to the work of [6] and [1], we are interested
in the number of equilibra of System (6) as well as their
stability properties. In order to analyze similar models with
slightly different conditions such as bidirectional flow on
the template ([7]) or even combinations of such systems,
a geometric point of view for the stability analysis will turn
out to be beneficial.

A. Equilibrium points

In order to find all equilibra of the RFM with pool, we
bring System (6) into the form

ẋ = A(x)x (7)

with

A(x) =
−λ(1− x1) 0 · · · 0 λc
λ(1− x1) −λc(1− x2) 0 · · · 0

0 λc(1− x2) −λc(1− x3) 0
...

... 0
. . . . . . 0

0 · · · 0 λc(1− xn) −λc


(8)

and rewrite the nullspace of A as

kerA(x) = span(v(x)) (9)

with

v(x) =
[

λc

λ(1−x1)
1

1−x2
· · · 1

1−xn
1
]>

. (10)

This curve now represents the continuum of all equilibria of
(6) through f(x) = 0⇔ x ∈ span(v(x)). However, notation
(9) is quite unhandy and for that reason we will first give an
alternative representation of (9).
Instead of using the span of a state dependent vector we
can define a parameterization γ : s 7→ γ(s) of the nullspace

with s a scalar independent variable. Specifically, we define
γ such that

∀x ∈ int Ω : x ∈ kerA(x)

∃s > 0 : x = γ(s).
(11)

Calculating γ is straight forward and can be achieved by
multiplying v with the independent variable s and then
recursively solving γ(s) = sv(x) and substituting all xi,
which then results in

γ : s 7→
[
γ0(s) . . . γn(s)

]>
(12)

with the components γi(s) given recursively as a series of
continued fractions with

γi(s) =


λcs

λ(1−γ1(s)) i = 0
s

1−γi+1(s)
i = 1 . . . (n− 1)

s i = n.

(13)

In the remainder, we restrict our attention to solutions
initialized in int Ω, the interior of Ω. This is justified as
solutions initialized on ∂Ω attain values in int Ω in finite
time. Under this assumption we notice that

∃s̄ > 0 : s ∈ (0, s̄)⇒ γ(s) ∈ int Ω. (14)

We henceforth restrict the domain of γ to (0, s̄). This is
a rather technical assumption to ensure that we study the
RFM with pool in a domain which makes sense biologically.
It is further possible to show that for s∗ > s̄, γ(s∗) /∈ Ω
and for this case, the model ceases to have any biological
meaning. The value of s̄ is only dependent on the number
of discretization points n and further is a solution of the
polynomial equation

1 +

⌊
n−1
2

⌋∑
j=0

(−s̄)j+1

(
n− j
j + 1

)
= 0. (15)

The derivation of this result is given in the appendix and we
note on the side that this s̄ can be used to calculate an upper
bound on the protein production rate κ = λcs̄ of the studied
mRNA template.
With this representation of the equilibria of (6) at hand, we
can proceed with studying their stability properties.

B. Stability of equilibria
In this section, we consider the Jacobian of f in order to

study the stability properties of the equilibria:

Jf (x) =


∂f0
∂x0

(x) · · · ∂f0
∂xn

(x)
...

. . .
...

∂fn
∂x0

(x) · · · ∂fn
∂xn

(x)

 (16)

= A(x) +



0 λx0 0 · · · 0

0 −λx0 λcx1
. . .

...

0
. . . −λcx1

. . . 0
...

. . . λcxn−1
0 · · · 0 −λcxn−1


(17)
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and evaluate this Jacobian at γ(s), i.e.

Jf (γ) =
−λ(1− γ1) λγ0 0 · · · λc
λ(1− γ1) −λc(1− γ2)− λγ0 λcγ1 0

0 λc(1− γ2) −λc(1− γ3 + γ1)
...

... 0 λc(1− γ3)
. . . λcγn−1

0 · · · 0 λc(1− γn) −λc(1 + γn−1)


(18)

where we omitted the argument s for the sake of readability.
Theorem 1: For all s > 0 the Jacobian matrix of f ,

evaluated at γ(s), has an eigenvalue equal to 0. Further, all
remaining eigenvalues have real parts strictly smaller than
zero.

Proof: In (18) one can see that all diagonal elements
of Jf (γ) are strictly negative as γi < 1 for i = 1, . . . , n and
further, with Jk,if (γ) being the element of Jf (γ) in the k-th
row and i-th column,∑

k 6=i

|Jk,if (γ)| = −J i,if (γ). (19)

This means that, using Gerschgorin circles ([8]) with their
center coordinates given by the value of the diagonal ele-
ments J i,if (γ) and their radius given by

∑
k 6=i |J

k,i
f (γ)|, all

eigenvalues have a real part smaller or equal to zero.
It remains to show that Jf (γ) has precisely one eigenvalue
equal to zero which then also implies that the remaining
eigenvalues have a real part strictly smaller than zero. There-
fore we use the theorem on the reduced row echelon form
and bring Jf (γ) into upper triangular form, such that

Jf (γ) = LU, with (20)

L =


1 0 · · · 0
−1 1

0
. . . . . .

...
... −1 1 0
0 · · · 0 −1 1

 (21)

U =

−λ(1− γ1) λγ0 0 · · · 0 λc
0 −λc(1− γ2) λcγ1 λc
... −λc(1− γ3)

. . .
...

. . . . . . λcγn−2 λc
−λc(1− γn) λc(1 + γn−1)

0 · · · 0 0


. (22)

Now that the rank of U is n − 1, this concludes the proof.

One might be tempted to use Lyapunov’s indirect method
([9]), that asymptotic stability of a hyperbolic equilibrium
is determined by the Jacobi linearization, or the theorem
of Hartman-Grobman ([10]), that a vector field and its
linearization are conjugate in a neighborhood of a hyperbolic
equilibrium, in order to draw conclusions about the stability
properties of the equilibria. However, the existence of the
zero eigenvalue means that the equilibria are non-hyperbolic
and these methods are not applicable. Yet, [11] offers an
extension to normally hyperbolic invariant manifolds in the
following sense: a vector field and the restriction of its
linearization to the normal spaces of a given normally hy-
perbolic invariant manifold are conjugate in a neighborhood

of the normally hyperbolic invariant manifold. Therefore,
following the notation of [12], we will show in the next
section that f is normally hyperbolic at γ((0, s̄)) in order to
continue with the stability analysis.

C. Normal hyperbolicity

In this section, we proceed as follows: we already noted
that γ((0, s̄)) is a manifold of equilibria (and thus invari-
ant) and that Jf (γ), the Jacobian of f evaluated on γ,
has precisely one zero eigenvalue. Next, we show that the
eigenvector associated with the zero eigenvalue lies in the
tangent space Tγ(s)γ((0, s̄)) = span({γ̇(s)}) of γ((0, s̄)) at
γ(s), no matter at which s ∈ (0, s̄) we evaluate γ. Further, as
shown in Theorem (1), all other eigenvalues of the Jacobian
are negative if evaluated on γ((0, s̄)) and we will show that
their eigenvectors span Nγ(s)γ((0, s̄)), the normal space of
γ((0, s̄)) at γ(s) in Rn+1. In conclusion, γ((0, s̄)) is not
only normally hyperbolic, but further asymptotically stable
in a sense we detail further below.

Lemma 1: The eigenvector associated with the zero eigen-
value of Jf (γ(s)) is linearly dependent on γ̇(s) = d

dsγ(s).
Proof: It is sufficient to show that

Jf (γ)γ̇ = 0. (23)

We thus consecutively show that

J0
f (γ)γ̇ = 0 (24)

J if (γ)γ̇ = 0 i = 1, . . . , n− 1 (25)

Jnf (γ)γ̇ = 0 (26)

with J if the i + 1-th row of the Jacobian Jf . We start with
showing (26):

Jnf (γ)γ̇ = λc(1− γn)γ̇n−1 − λc(1 + γn−1)γ̇n (27)

= λc(1− s)
1

(s− 1)2
− λc(1 +

s

1− s
) (28)

= λc

(
− 1

s− 1
+

1

s− 1

)
= 0. (29)

Showing (25) can now be achieved in a general form since
for all i = 1, . . . , n−1 the structure of J if is identical, namely

J if (γ)γ̇ =λc(1− γi)γ̇i−1
− λc(1− γi+1 + γi−1)γ̇i

+ λcγiγ̇i+1.

(30)

We rearrange the last equation to get

J if (γ)γ̇ =λc (γ̇i−1 − γiγ̇i−1 − γi−1γ̇i)
− λc (γ̇i − γi+1γ̇i − γiγ̇i+1)

(31)

=λc

(
γ̇i−1 − ˙

(γi−1γi)
)

− λc
(
γ̇i − ˙

(γiγi+1)
)
.

(32)

Now, we can utilize the generating equation (13) again to
realize that

γ̇i − ˙
(γiγi+1) =

{
λc

λ i = 0

1 i = 1, . . . , n− 1
(33)
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and using (33) for i = 1, . . . , n− 1 to arrive at the equality

J if (γ)γ̇ = 0 i = 1, . . . , n− 1. (34)

Finally, we merely need to verify whether this is also true
for (24):

J0
f (γ)γ̇ = −λ(1− γ1)γ̇0 + λγ0γ̇1 + λcγ̇n (35)

= λ(−γ̇0 + γ̇0γ1 + γ̇1γ0) + λcγ̇n. (36)

Now with γ̇n = 1, and using equation (33) for i = 0,

J0
f (γ)γ̇ = λ

(
−λc
λ

)
+ λc = 0. (37)

This concludes the proof.
One says that f is normally hyperbolic at γ((0, s̄)) if

the derivative of f evaluated at γ(s) leaves the continuous
splitting

Rn+1 = Nu ⊕ Tγ(s)γ((0, s̄))⊕Ns (38)

invariant and if the normal behavior dominates the tangent
one. Nu and Ns in that respect are the subspaces spanned
by the normal eigenvectors of the Jacobian associated with
positive and negative eigenvalues respectively. Due to The-
orem (1) we know that Nu = ∅. Lemma (1) shows that
the dynamics of f on Tγ(s)γ((0, s̄)) is determined by the
zero eigenvalue and it remains to show that the (generalized)
eigenvectors of the remaining eigenvalues span the normal
space of γ((0, s̄)) at any γ(s). In order to do so, we define
the affine subspaces

Sp :=

{
x

∣∣∣∣∣
n∑
i=0

xi = p

}
(39)

and note the following proposition:
Proposition 1: Any solution of System (6) initialized on

a certain Sp will stay on Sp for all times and p = Rtot.
Proof: Assume the initial state of System (6) lies in

Sp, i.e. p = Rtot, then choose

V (x) =

n∑
i=0

xi (40)

as a Lyapunov function such that Sp is just the level set
V −1({p}) of V . Now consider the Lie derivative LfV of V
along f ,

LfV =
∂V

∂x
· f (41)

=
[
1 · · · 1

]
f (42)

= 0. (43)

This shows that any level set of V is invariant under (6).
With Proposition (1) at hand, it remains to show that the
intersection of γ with all Sp is always transversal and never
tangential to conclude normal hyperbolicity of f at γ((0, s̄)).

Lemma 2: For all p > 0, the curve γ intersects Sp
uniquely and transversely.
In other words, this means that the continuum of equilibria
of system (6) represented by the curve γ never intersects the

n-dimensional affine subspace Sp tangentially.
Proof: We start with showing the transversality of the
intersection of γ and Sp as the uniqueness of this intersection
then follows as we will show at the end of the proof. In order
to do so, we note that the affine subspace Sp is always the
same subspace M translated in direction of x0

Sp = {e1p}+M (44)

with e1 the canonical unit vector and the subspace M defined
as the image of

Λ =
[
µ1 µ2 . . . µN

]
=


−1 −1 · · · −1
1 0 · · · 0

0 1
...

... 0 0
0 0 · · · 1

 . (45)

This means that the only vectors perpendicular to M are
multiples of the all ones vector 1 and it is thus sufficient to
show that the velocity vector of γ never is perpendicular to
1, in other words

〈γ̇,1〉 6= 0. (46)

Showing this will be achieved by noting that γ̇i is positive
for all i = 0, . . . , n. This can be achieved by the following
inductive argument starting with the highest appearing index
n and then reducing it step wise.
First, we consider γn(s) = s and see that

γ̇n(s) = 1 > 0. (47)

Next, we assume that the statement that

γ̇i > 0 (48)

is true. Now further reducing the index, we need to show
that (48) still holds for γ̇i−1. Therefore we differentiate the
generating equation (13) for index i− 1 to arrive at

γ̇i−1(s) =
(1− γi) + sγ̇i

(1− γi)2
. (49)

As shown in (14) we already know that γi ∈ (0, 1) ∀i > 0.
Together with (48), this means that

γ̇i−1(s) > 0 (50)

which concludes the proof for the transversality of the
intersection. Now that we further know that all derivatives
of γ with respect to s are larger than zero for s ∈ (0, s̄),
the uniqueness of the intersection follows directly from the
combination of these arguments.

Fig. (1) illustrates two affine subspaces S2 (red) and S3

(green) and the continuum of equilibria γ((0, 12 )) (blue) in
the first three coordinates. One can see that the subspaces are
just shifted by the difference in total amount of ribosomes
Rtot in R direction and that the curve intersects with each
subspace uniquely and not tangentially. We are now able to
formulate our main result.

Theorem 2: The invariant set γ((0, s̄)) of (6) is asymptot-
ically stable.
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Fig. 1. Two affine subspaces S2 and S3 and the nullspace of A(x) depicted
for the first three dimensions.

Proof: With Lemmata (1) and (2) at hand we can
conclude that f is normally hyperbolic at γ((0, s̄)) and
therefore f and the restriction of its linearization to the nor-
mal spaces of γ((0, s̄)) are conjugate in a neighborhood of
γ((0, s̄)). As shown in Theorem (1), the eigenvalues of this
linearization evaluated at γ(s) are all strictly negative except
for one, which is exactly zero. Now that the eigenvector
associated with this zero eigenvalue lies in the tangent space
Tγ(s)γ((0, s̄)) and we are only interested in the eigenvectors
lying in the normal spaces of γ((0, s̄)), which thus are all
associated with strictly negative eigenvalues, this concludes
the proof.
We further showed in Proposition (1) that the affine sub-
spaces Sp are also invariant under the system dynamics.
This further means that any solution initialized on a certain
Sp with p > 0 will converge to the unique equilibrium
given by the intersection of γ(s) with Sp. In other words,
this intersection point is asymptotically stable relative to Sp,
following the terminology of [13].

IV. CONCLUSION

We considered the RFM with pool, a model describing the
movement of ribosomes along a single mRNA template as
well as the dynamics of a pool of available ribosomes. We
found that the equilibria of the system can be characterized
by a curve γ and that there exist affine subspaces Sp which
are invariant under the dynamics of the system. In order
to characterize the stability of the equilibria we studied
the Jacobi linearization of the system evaluated on γ and

found that all eigenvalues are smaller than zero except for
precisely one which is equal to zero, therefore the equilibria
are non-hyperbolic. In order to draw any conclusions from
the linearization we showed that the system under study
is normally hyperbolic at γ. This was achieved in two
steps, first, showing that the eigenvector associated with the
zero eigenvalue of the Jacobian evaluated on γ is linearly
dependent on the velocity vector of γ and second, showing
that γ intersects all Sp transversely. This insight then enabled
us to apply the results of [11] in order to conclude that the
equilibria of the system are asymptotically stable relative to
the affine subspaces Sp.
In previous works on the RFM ([6]) monotone systems
theory was used to show that every equilibrium point is
semistable in a sense that any solution initialized on a certain
Sp monotonically converges to a unique equilibrium point
which is dependent on the initial condition. Our results now
offer a more detailed characterization of the stability of the
RFM with pool and further introduce a geometric approach
for studying similar systems with higher complexity as this
approach does not require any monotonicity features of the
system. Such more complex systems may for instance be
models where the copy number of templates is varying over
time or the flow of ribosomes is allowed to be bi-directional.
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APPENDIX

In this section, we derive the formula for calculating s̄,
given by equation (15). Therefore, we use a result from [14]
on continued fractions to find an alternative notation for the
components of γ:

γi(s) =

{
λcp0(s)
λq0(s)

i = 0
pi(s)
qi(s)

i = 1 . . . n
(51)

with

pi(s) = pi+1 − spi+2 (52)
qi(s) = qi+1 − sqi+2 (53)
pn+1 = 0 (54)
pn+2 = −1 (55)
qn+1 = 1 (56)
qn+2 = 0. (57)

We further found that the i-th component of a general series
of continued fractions of the form

ri(s) = ri+1 − sri+2 (58)

with arbitrary initial factors rn+1 and rn+2 can be calculated
explicitly with the formula

ri(s) =

⌊
n+1−i

2

⌋∑
j=0

(−s)j
(
n+ 1− i− j

j

)
rn+1

+

⌊
n−i
2

⌋∑
j=0

(−s)j+1

(
n− i− j

j

)
rn+2

(59)

where bαc denotes the largest integer smaller than α. Ap-
plying this to the problem at hand results in

pi(s) =

⌊
n−i
2

⌋∑
j=0

−(−s)j+1

(
n− i− j

j

)
(60)

qi(s) =

⌊
n+1−i

2

⌋∑
j=0

(−s)j
(
n+ 1− i− j

j

)
(61)

and to the best knowledge of the authors, this is the first
time an explicit form for this kind of problems has been
formulated.
From Equation (13) it is possible to deduct that γi > γi+1

for i = 1 . . . n as long as γ ∈ Ω and thus, the first violation
of the state constraints occurs when γ1(s̄) = 1 in which case

γ0(s̄) is not defined due to a division by zero. This means
that s̄ is the smallest positive solution of

p1(s̄) = q1(s̄) (62)⌊
n−1
2

⌋∑
j=0

−(−s̄)j+1

(
n− 1− j

j

)
=

bn2 c∑
j=0

(−s̄)j
(
n− j
j

)
.

(63)

We now need to discriminate between the two cases that n
is either even or odd.
If n is even, it then follows that⌊

n− 1

2

⌋
=
n

2
− 1 (64)⌊n

2

⌋
=
n

2
(65)

and thus
n
2−1∑
j=0

−(−s̄)j+1

(
n− 1− j

j

)
=

n
2∑
j=0

(−s̄)j
(
n− j
j

)
(66)

which, with a shift of indices and the identity(
n− 1− j

j

)
+

(
n− 1− j
j + 1

)
=

(
n− j
j + 1

)
, (67)

can be rearranged to

1 +

n
2−1∑
j=0

(−s̄)j+1

(
n− j
j + 1

)
= 0. (68)

In the other case that n is odd, it follows that⌊
n− 1

2

⌋
=
⌊n

2

⌋
=
n− 1

2
(69)

and with the same line of arguments, Equation (63) can be
rearranged to

1 +

n−1
2∑
j=0

(−s̄)j+1

(
n− j
j + 1

)
= 0. (70)

Now, due to the fact that⌊
n− 1

2

⌋
=

{
n−1
2 n odd

n
2 − 1 n even

(71)

Equations (68) and (70) can be joined to arrive at

1 +

⌊
n−1
2

⌋∑
j=0

(−s̄)j+1

(
n− j
j + 1

)
= 0. (72)

This equation now may have several solutions, however only
the smallest positive solution is relevant in order to arrive at
an interval (0, s̄) for which all s ∈ (0, s̄) yield a γ(s) ∈ Ω.
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On (Eventually) Monotone Dynamical Systems and Positive Koopman
Semigroups.

Aivar Sootla and Alexandre Mauroy

Abstract— Monotone systems are dynamical systems whose
solutions preserve a partial order in initial conditions for all
times. It stands to reason that some systems may preserve a
partial order only after an initial transient. These systems are
usually called eventually monotone. While monotone systems
have an easy characterization in terms of the sign pattern of
the Jacobian matrix (i.e. Kamke-Müller condition), eventually
monotone systems have not been characterized in such an
explicit manner. In order to provide such a characterization, we
drew inspiration from the results for linear systems, where even-
tually monotone (positive) systems are studied using the spectral
properties of the system (i.e. Perron-Frobenius property). In
the case of nonlinear systems, a spectral characterization of
nonlinear eventually monotone systems is not straightforward,
but can be obtained in the framework of the so-called Koopman
operator. Additionally, we explore connections between (even-
tual) monotonicity and (eventual) positivity of the Koopman
semigroup. This allows to view our results as a generalization of
the Perron-Frobenius theory to nonlinear dynamical systems.
We consider a biologically inspired example to illustrate the
applicability of eventual monotonicity.

Index Terms— monotonicity, differential positivity, Koopman
operator, nonlinear Perron-Frobenius theorem, positive semi-
groups

I. PRELIMINARIES

A. Positive Operators and Semigroups

Let F be a normed and partially ordered real or complex
linear space with norm ‖ · ‖F . A set K is called a positive
cone if R≥0K ⊆ K, K + K ⊆ K, K ∩ −K ⊆ {0}. We say
that an operator A : F 7→ F is positive with respect to a
positive cone K ⊆ F if AK ⊆ K.

Next we consider an abstract Cauchy problem on a Banach
space G:

ġ(t) = Ag(t), t ≥ 0,

g(0) = g0,

where g(t) ∈ G for all t ≥ 0. This problem is usually
formalized using the operator semigroup theory. A family
of linear bounded operators U t with t ≥ 0 on G is called C0

or strongly continuous semigroup, if
(i) U0 = I ,
(ii) U t+s = U tUs for all nonnegative t, s,
(iii) lim

t→0+
U tg = g for any g ∈ G.

A. Sootla is with Montefiore Institute, University of Liège, B-
4000, Belgium asootla@ulg.ac.be and holds an F.R.S–FNRS
fellowship. A. Mauroy is with Luxembourg Centre for Systems
Biomedicine, University of Luxembourg, L-4367 Belvaux, Luxembourg.
alexandre.mauroy@uni.lu. Most of this research was performed
while A. Mauroy was with University of Liège and was supported by a
BELSPO Return Grant.

A linear operator A is called the (infinitesimal) generator
of U t if

Ag = lim
t→0+

U tg − g
t

. (1)

For simplicity, we use the notation U t = etA to signify the
dependence on A. Finally, we say that a C0 semigroup with
a generator A is individually eventually positive with respect
to a cone H, if for any g ∈ H there exists τ0 ≥ 0 such that
etAg ⊆ H for all t ≥ τ0. We say that a C0 semigroup with
a generator A is uniformly eventually positive with respect
to a cone H if there exists τ0 such that etAH ⊆ H for all
t ≥ τ0. If τ0 = 0 then both definitions reduce to positivity
of the semigroup. The concept of eventual positivity for
semigroups was introduced in [1]. The finite-dimensional
case was studied in [2], [3] for example.

B. Koopman Operator

Throughout the abstract, we consider dynamical systems

ẋ = f(x), x(0) = x0, (2)

where f : D → Rn with D ⊂ Rn. We define the flow
map φ : R × D → Rn, where φ(t, x0) is a solution to
the system (2) with an initial condition x0. We denote the
Jacobian matrix of f(x) as J(x). If x• is a fixed point of
the system, we assume that the eigenvectors of J(x•) are
linearly independent, for the sake of simplicity. We denote
the eigenvalues of J(x•) by λi and assume that they have
multiplicities µi.

Spectral properties of nonlinear dynamical systems can be
described through an operator-theoretic framework that relies
on the so-called Koopman operator. We limit our study of
the Koopman operator to a basin of attraction B(x•) of a
fixed point x•, that is a set of initial conditions x such that
the flow φ(t, x) converges to x•. Formally, we write

B(x•) =
{
x
∣∣∣ lim
t→∞

φ(t, x) = x•
}
.

Furthermore, we assume that x• is a stable hyperbolic
fixed point, that is, the eigenvalues λj of the Jacobian matrix
J(x•) are such that <(λj) < 0 for all j.

The Koopman operator associated with ẋ = f(x) is an
operator L = fT∇ acting on the functions g : Rn 7→ C (also
called observables). It generates the Koopman semigroup

U tg(x) = g ◦ φ(t, x), (3)

where ◦ is the composition of functions, φ(t, x) is a solution
to the considered system, and x ∈ B(x•). The Koopman
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semigroup is linear [5], so that it is natural to study its spec-
tral properties. Under the above assumptions, the eigenvalues
λj of the Jacobian matrix J(x•) are also eigenvalues of the
Koopman operator and we can define eigenfunctions of the
Koopman operator as the functions sj : B 7→ C satisfying

(f(x))T∇sj(x) = λjsj(x). (4)

The eigenfunctions sj also satisfy

U tsj(x) = sj(φ(t, x)) = sj(x) eλjt (5)

for all t > 0.
For systems with f ∈ C2, it can be shown that there

exist n eigenfunctions sj ∈ C1(B(x•)) associated with
eigenvalues λj (see e.g. [6]). If f is analytic and if the
eigenvalues λj are simple (i.e. µj = 1 for all j), then the
flow of the system can be expressed (at least locally) through
the following expansion:

φ(t, x) = x• +

n∑
j=1

sj(x)vje
λjt+ (6)∑

k1,...,kn∈N0

k1+···+kn>1

vk1,...,kn s
k1
1 (x) · · · sknn (x)e(k1λ1+...knλl)t,

where N0 is the space of nonnegative integers, vj are the
right eigenvectors of J(x•) corresponding to λj , the vectors
vk1,...,kn are the so-called Koopman modes (cf. [5], [6] for
more details). In the case of a linear system ẋ = Ax where
the matrix A has the left eigenvectors wi, the eigenfunctions
si(x) are equal to wTi x and the expansion (6) has only
the finite sum (i.e. vk1,...,kn = 0). A similar (but lengthy)
expansion can be obtained even if the eigenvalues λj are not
simple and have linearly dependent eigenvectors (cf. [7]).

The flow φ(t, ·) is a continuous semigroup and the ob-
servables g can be chosen to be C1 functions. It is clear
that the Koopman semigroup etLg = g ◦ φ is also a C0

semigroup with g defined over a compact forward invariant
set D. It is also known that the space of C1 functions
with bounded derivatives is an ordered Banach space, on
which a positive semigroup can be defined (cf. [4]). It is
therefore natural to exploit the developments of the positive
semigroup theory, and investigate under which conditions
the Koopman semigroup is positive. We first note that the
Koopman semigroup is always positive with respect to a
cone of positive functions. When the system has particular
properties (e.g. monotonicity, eventual monotonicity), we
will show in Section III that the Koopman semigroup is
positive with respect to more specific cones.

II. EVENTUAL MONOTONICITY AND SPECTRAL
PROPERTIES OF THE KOOPMAN OPERATOR

This section summarizes the theoretical results of our
recent submission [8]. We will study the properties of the
system (2) with respect to a partial order. A relation ∼ is
called a partial order if it is reflexive (x ∼ x), transitive
(x ∼ y, y ∼ z implies x ∼ z), and antisymmetric (x ∼ y,
y ∼ x implies x = y). We define a partial order as: x �K y

if and only if x − y ∈ K. We write x 6�K y if the relation
x �K y does not hold. We will also write x �K y if x �K y
and x 6= y, and x�K y if x− y ∈ int(K). We say that the
function g(x) : Rn → R is increasing if for all x �K y, we
have g(x) ≥ g(y). Systems whose flows preserve a partial
order relation �K are called monotone systems. Instead of
giving a formal definition of monotone systems, we define a
more general concept of eventually monotone systems.

Definition 1: The system is eventually monotone with
respect to a cone K if for any x, y such that x − y ∈ K
there exists τ0 such that φ(t, x)−φ(t, y) ∈ K for all t ≥ τ0.
Moreover, the system is strongly eventually monotone with
respect to a cone K if for any x, y such that x−y ∈ K there
exists τ0 such that φ(t, x)− φ(t, y) ∈ int(K) for all t > τ0.

The definitions reduce to the classical monotonicity and
strong monotonicity, respectively, if τ0 = 0 for all x, y. Note
that according to our definition τ0 depends on the initial
condition x.

Proposition 1: Consider the system ẋ = f(x) with a
stable hyperbolic fixed point x• with a basin of attraction
B. Assume that <(λ1) > <(λj) for all j ≥ 2. Let v1 be
a right eigenvector of the Jacobian matrix J(x•) and let
s1(·) ∈ C1(B) be an eigenfunction corresponding to λ1 (with
vT1 ∇s1(x•) = 1). Then:

(i) if the system is eventually monotone with respect to
Rn≥0 on int(B), then λ1 is real and negative. Moreover, there
exist s1(·) and v1 such that s1(x) ≥ s1(y) for all x, y ∈ B
satisfying x � y, and v1 � 0;

(ii) the system is strongly eventually monotone with re-
spect to Rn≥0 on int(B) if and only if λ1 is simple (i.e. its
multiplicity µ1 = 1), real and negative, s1(x) > s1(y) for
all x, y ∈ int(B) satisfying x � y, and v1 � 0.

Next, we recall a generalization of monotone systems [9],
that is differentially positive systems. We need a few defini-
tions to proceed. Consider the so-called prolonged dynamical
system:

ẋ = f(x),
˙δx = J(x)δx,

(7)

with (x, δx) ∈ Rn × Rn and where J(x) stands for the
Jacobian matrix of f(x). We denote the differential of
φ(t, x) with respect to x by ∂φ(t, x). Then the prolonged
system induces a flow (φ, ∂φ) such that (t, x, δx) 7→
(φ(t, x), ∂φ(t, x)δx) is a solution of (7). Following the
definitions by [9], we let a smooth cone field K(x) be defined
as

K(x) =
{
δx ∈ Rn

∣∣∣ki(x, δx) ≥ 0 i = 1, . . . ,m
}
,

where K(x) is a positive cone for every x ∈ Rn, and ki(·, ·)
are smooth functions.

Definition 2: The system ẋ = f(x) is called differentially
positive with respect to the cone field K(x) if the prolonged
system leaves the cone field K(x) invariant, namely

δx ∈ K(x) ⇒ ∂φ(t, x)δx ∈ K(φ(t, x)) ∀t ≥ 0 . (8)
Due to space limitations, we will not discuss further the prop-
erties of differentially positive systems, but refer the reader
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to [9] and [10], where the operator-theoretic formulation of
differential positivity is discussed.

Proposition 2 ( [10]): Consider the system (2), with x ∈
Rn and f ∈ C2, which admits a fixed point x• with a basin
of attraction B(x•) ⊆ Rn. Assume that the eigenvalues λj of
the Jacobian matrix J(x•) satisfy 0 > <(λj) ≥ <(λj+1) and
that the associated eigenvectors are independent. Let λ1 be a
simple eigenvalue. Then the system is differentially positive
in B(x•) if and only if λ1 ∈ R.

It is noticeable that a monotone system is differentially
positive with respect to a constant cone field K(x) = K.
However, not every differentially positive system is eventu-
ally monotone. The necessary and sufficient conditions for
strong eventual monotonicity of a system with a stable fixed
point are given in the following corollary of Proposition 1.

Corollary 1: Consider the system (2) on the basin of
attraction B of the equilibrium x• with a simple, negative
Koopman eigenvalue λ1 such that λ1 > <(λj) for all j ≥ 2.
Consider a partial order induced by a cone K ⊂ Rn and let
K∗ be the dual cone K∗ = {w ∈ Rn|wT v ≥ 0, ∀v ∈ K}.
Then v1 ∈ int(K) and ∇s1(x) ∈ int(K∗) for all x ∈ D, or
equivalently

vT1 ∇s1(x) > 0 ∀x ∈ D, (9)

if and only if the system is strongly eventually monotone on
every set D ⊂ int(B) with respect to K.

A. Example. Toxin-Antitoxin System

Consider the toxin-antitoxin system studied in [11]:

Ṫ =
σT(

1 +
[Af ][Tf ]
K0

)
(1 + βM [Tf ])

− 1

(1 + βC [Tf ])
T

Ȧ =
σA(

1 +
[Af ][Tf ]
K0

)
(1 + βM [Tf ])

− ΓAA

ε[Ȧf ] = A−
(

[Af ] +
[Af ][Tf ]

KT
+

[Af ][Tf ]2

KTKTT

)
ε[Ṫf ] = T −

(
[Tf ] +

[Af ][Tf ]

KT
+ 2

[Af ][Tf ]2

KTKTT

)
,

where A and T is the total number of toxin and antitoxin
proteins, respectively, while [Af ], [Tf ] is the number of free
toxin and antitoxin proteins. In [11], the authors considered
the model with ε = 0. In order to simplify our analysis we
set ε = 10−6. With the parameters

σT = 166.28, K0 = 1, βM = βc = 0.16, σA = 102

ΓA = 0.2, KT = KTT = 0.3,

the system is bistable with two stable nodes:

x• =
(
27.1517 80.5151 58.4429 0.0877

)
x† =

(
162.8103 26.2221 0.0002 110.4375

)
.

We consider the basin of attraction of the equilibrium x•

and compute the level sets of s1(x). Because of the slow-
fast dynamics of the model, the eigenfunction is (almost)
constant in the variables [Af ] and [Tf ]. Its values in the cross-
section ([Af ], [Tf ]) = (x•(3), x•(4)) are shown in Figure 1.
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Fig. 1. Level sets of s1(x) for the toxin-antitoxin system (Example II-A)
in the cross-section ([Af ], [Tf ]) = (x•(3), x•(4)). The system is strongly
eventually monotone with respect to a cone, whose projection in the cross-
section is the red cone K̃ shown on the picture.

As the reader may notice, some level sets in the cross-section
are consistent with eventual monotonicity with respect to
the orthant K = (1,−1)R2

≥0. There are however level sets
of s1(x), which contain comparable points and hence these
level sets are not consistent with eventual monotonicity with
respect to K. However all the level sets are incomparable
with respect to a cone K̃ depicted in red in Figure 1.
This suggests that the system might be strongly eventually
monotone with respect to a cone (whose projection on the
cross-section is K̃). Indeed, numerical computations show
that vT1 ∇s1(x) > 0 for all x ∈ R4

≥0, so that Corollary 1 can
be applied.

III. RELATION TO POSITIVITY OF SEMIGROUPS

There is a clear connection between eventual monotonicity
and the spectral properties of the Koopman semigroup. More
generally, we review and establish in this section the connec-
tions between the properties of nonlinear systems described
in Section II and positivity of the Koopman semigroup
with respect to specific cones of functions. Recasting order-
preserving properties of nonlinear systems in the framework
of positive linear semigroups opens the door to develop
new numerical schemes characterizing these properties, and
provides a way to generalize them.

We first note that the eigenfunctions of systems that are
monotone with respect to the cone K are increasing functions
with respect to the same cone K (cf. [12]), that is, s1(x) ≥
s1(y) for all x− y ∈ K. Hence it appears that at least some
set of increasing functions is left invariant by the Koopman
semigroup. Actually, monotonicity of a dynamical system
is equivalent to positivity of the corresponding Koopman
semigroup with respect to the cone of increasing functions
(we refer the reader to [13] for a detailed proof in the case
of stochastic diffusions). One can also show that a system
is monotone with respect to a general cone K if and only if
the associated Koopman semigroup is positive with respect
to the cone H of functions (more specifically, a cone of
C1 functions with bounded derivatives) whose gradient is
in the dual cone K∗ of K. This claim is a specific case of
the following result on differentially positive systems, which
can also be viewed through the prism of positive Koopman
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semigroups.
Proposition 3: Consider a cone field K(x) with a dual

cone

K∗(x) =
{
w ∈ (Rn)∗

∣∣∣wT y ≥ 0, ∀y ∈ K(x)
}
,

and the associated cone of function H defined as follows:

H =
{
g : D → R

∣∣∣g ∈ C1(D),∇g(x) ∈ K∗(x), ∀x ∈ D
}
.

Consider a system ẋ = f(x) on a compact forward invariant
set D ⊂ int(B(x•)). The system is differentially positive
with respect to the cone field K(x) if and only if the
Koopman semigroup etL is positive with respect to the cone
of functions H.

We note that the particular result mentioned above for the
case of monotone systems is recovered when one considers
Proposition 3 with a constant cone field K(x) = K.

The case of eventually monotone systems is already char-
acterized in terms of spectral properties of the Koopman
semigroup (Section II). In addition, we can express this
property in terms of eventual positivity of the Koopman
semigroup.

Proposition 4: Consider a dynamical system ẋ = f(x)
with an asymptotically stable fixed point x• and a basin of
attraction B(x•). Then the system is eventually monotone
with respect to the cone K on a compact forward invariant
set D ⊂ int(B(x•)) if and only if its Koopman semigroup
is uniformly eventually positive with respect to the cone of
functions

H =
{
g : D → R

∣∣∣g ∈ C1(D),∇g(x) ∈ K∗, ∀x ∈ D
}
.

We note that the definition of (uniform and individual)
eventual positivity of the Koopman semigroup is uniform
with respect to τ0 on the initial state x, while our definition
of eventual monotonicity is not. This is why we must restrict
our analysis to a compact forward invariant set D of initial
conditions x in order to compare these concepts. We also
note that in the case of the Koopman semigroup of dynamical
systems, all individually eventually positive semigroups are
also uniformly eventually positive, which is not generally the
case for eventually positive semigroups of partial differential
equations [1].

IV. CONCLUSION

In this abstract, we provide a characterization of eventually
monotone dynamical systems. We also study the relation
of this concept to differential positivity and monotonicity.
Additionally, we link (eventual) monotonicity and differential
positivity of dynamical systems to the positivity of the
Koopman semigroup. This link can potentially provide novel
computational and theoretical tools for analysis of eventual
monotonicity and/or differential positivity.
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Controlled and conditioned invariant varieties
for polynomial control systems with rational feedback*

Christian Schilli1, Eva Zerz1, and Viktor Levandovskyy1

Abstract— The present paper deals with polynomially non-
linear state-space systems with rational feedback. A given
variety V is said to be controlled invariant for such a system
if we can find a rational state feedback law that causes the
resulting rational closed loop system to have V as an invariant
set. If this task can be achieved by a rational output feedback
law, V is called controlled and conditioned invariant with
rational feedback. Under some additional assumptions on the
variety, we will give algorithms (based on results from [8]),
which allow to decide whether it is controlled (and conditioned)
invariant and which compute a rational (output) feedback law
achieving the task.

I. INTRODUCTION

First we declare some objects and notations which we
frequently use in this paper. Let K ∈ {R,C} be a field
and n ∈ N. Then we call R = K[x1, . . . , xn] = K[x] the
polynomial ring in n variables. Further let I ⊆ R be an
ideal of R. We intend to study the variety V = V(I) ⊆ Kn,
the common zero set of all polynomials in I, and control
systems of the form

ẋ(t) = f(x(t)) + g(x(t))u(t), f ∈ Rn, g ∈ Rn×m (1)
y(t) = h(x(t)), h ∈ Rp

with m, p ∈ N. Here, x(t) is called the state of the control
system at time t, whereas y(t) is the output and u(t) the
input at time t. We wish to determine an input function u(·)
such that V becomes invariant for (1). Let Q = Quot(R)
be the field of fractions of R, K[h] := K[h1, . . . , hp] be
the subalgebra of R generated by the components hi of h
and K(h) := Quot(K[h]). If T is a ring, k, l are natural
numbers and m1, . . . ,mk ∈ T l, then

〈m1, . . . ,mk〉T := {
k∑

i=1

aimi | ai ∈ T}

is the T -module generated by m1, . . . ,mk; in the special
case T = R we omit R, writing just 〈m1, . . . ,mk〉. We
denote by πk : T k+l → T k the projection onto the first k
components and by ei the i-th standard basis vector of T l,
where 1 ≤ i ≤ l.
Finally, for an interval J ⊆ R and a subset U ⊆ Kl, we

*This work was supported by DFG Graduiertenkolleg 1632 “Experimen-
tal and constructive algebra”.

1Christian Schilli, Eva Zerz, and Viktor Levandovskyy
are with Lehrstuhl D für Mathematik, RWTH Aachen
University, Templergraben 64, 52062 Aachen, Germany.
christian.schilli@math.rwth-aachen.de
eva.zerz@math.rwth-aachen.de
viktor.levandovskyy@math.rwth-aachen.de

write C1(J, U) for the set of all continuously differentiable
functions from J to U .

We give a small overview of the structure of this paper:
Section II mainly deals with some common definitions and
results from the theory of ordinary differential equations and
algebraic geometry. These aspects will be used in the rest of
the paper. In Section III we are looking for some algebraic
characterisation of V being invariant for an autonomous
system, allowing the system to be rational. Our submitted
manuscript [9] also deals with polynomial control systems
in the form of (1) with rational feedback law; the main
difference of the considerations there and the ones we do
in this present work, is that we now allow the resulting
closed loop system to be rational and not just polynomial.
A definition of controlled invariant varieties with rational
feedback is given in part IV, as well as algorithms to
decide whether V meets this definition and to determine
all corresponding feedback laws. Finally, with results from
Section V, we answer the question how we may (possibly)
find rational feedbacks making V invariant and which just
depend on the output of the given system.

II. BASICS FROM THE THEORY OF ODE AND
ALGEBRAIC GEOMETRY

We want to recall some standard definitions and results
from the theory of ordinary differential equations:

Definition 1. Let || · || be a norm on Km, resp. Kn. A
function F : U → Km, where U ⊆ Kn, is called locally
Lipschitz on U if for all x ∈ U there is a neighbourhood
W ⊆ Kn of x and some constant L > 0, such that

||f(x1)− f(x2)|| ≤ L||x1 − x2|| for all x1, x2 ∈W ∩ U.

Remark 2. Let U ⊆ Kn be open and F be locally Lipschitz
on U . Then the Theorem of Global Existence and Uniqueness
(see e.g. [7], Theorem 4.18) implies, that

ẋ = F (x), x(0) = x0 (IVP)

has for all x0 ∈ U a unique solution

φ(·, x0) ∈ C1(J, U) (2)

for some open interval 0 ∈ J ⊆ R, depending on x0.

Definition 3. Same Situation as in Remark 2; let x0 ∈ U
and J ⊆ R be an open interval fulfilling (2). Then we call
J the maximal interval of existence for (IVP), denoted by
J(x0), if there exists no open interval J̃ ⊆ R with J ( J̃ ,
so that we can find φ̃(·, x0) ∈ C1(J̃ , U) solving (IVP).
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Definition 4. Let F be locally Lipschitz on an open subset
U ⊆ Kn and V ⊆ Kn an other subset. We call V an
invariant set for F if U ∩ V 6= ∅ and x0 ∈ U ∩ V already
implies φ(t, x0) ∈ V for all t ∈ J(x0), where φ(·, x0) is the
solution of (IVP) on J(x0).

Remark 5. Because of (2) and the definition of J(x0), the
condition

φ(t, x0) ∈ V for all t ∈ J(x0)

in Definition 4 is equivalent to

φ(t, x0) ∈ U ∩ V for all t ∈ J(x0).

These basic results from ODE will now be completed by
some definitions and facts from algebraic geometry:

Definition 6. Let V ⊆ Kn and I,K ideals of R. We define
the vanishing ideal of V by

J (V ) = {p ∈ R | p(v) = 0 for all v ∈ V }

and the ideal quotient of I by K by

(I : K) := {r ∈ R | r · K ⊆ I}.

The next standard result describes how the ideal of the
differences of varieties behaves, see e.g. [3, Ch.4, Cor.8]:

Lemma 7. Let I resp. K be ideals in R and V = V(I)
resp. W = V(K) be the corresponding varieties. Then we
have

J (V ) : J (W ) = J (V \W ).

Further, the concept of irreducibility of a variety will be
interesting:

Definition 8. A variety V = V(I) is called irreducible if all
decompositions V = V1 ∪ V2 into varieties V1 = V(I1) and
V2 = V(I2) already imply that V = V1 or V = V2.

Again, it follows some basic result from [5, Prop 1.10]:

Lemma 9. A variety V is irreducible if and only if J (V )
is a prime ideal.

Now, the toolkit should be filled enough to go on with the
main part of this paper.

III. INVARIANT VARIETIES FOR
AUTONOMOUS, RATIONAL SYSTEMS

Remark 10. Consider f ∈ Rn, d ∈ R \ {0} and the
differential equation ẋ = 1

d(x) · f(x) on

U = Kn \ V(d).

Then U is an open subset of Kn and 1
d · f is continuous

differentiable on U ; in particular, 1
d · f is locally Lipschitz

on U (see e.g. [7], Prop. 4.14), so for all x0 ∈ U there exists
a maximal interval of existence J(x0) as in Definition 3.

Theorem 11. Let I = 〈p1, . . . , pk〉 ⊆ R, V = V(I) its
variety, d ∈ R \ {0} and f ∈ Rn polynomial. Consider the
rational vector F = 1

d · f on U as defined in Remark 10.

1) If we have V * V(d) and

∂1pi · f1 + . . .+ ∂npi · fn ∈ I for i = 1, . . . , k, (3)

then V is invariant for ẋ = F (x).
2) If V is invariant for ẋ = F (x), then V * V(d) and

∂1pi · f1 + . . .+ ∂npi · fn ∈ J (V \ V(d))

for all i = 1, . . . , k.

Proof. 1) Let x0 ∈ U ∩ V = V(I) \ V(d) 6= ∅ (such an x0
exists, since V(I) = V * V(d)) and define

yi(t) := pi(φ(t, x0)) for i = 1, . . . , k.

We have to show

φ(t, x0) ∈ V for all t ∈ J := J(x0),

or equivalently yi(t) = 0 for t ∈ J . To prove this, we
compute the derivative of yi(t):

d(φ(t, x0)) · ẏi(t) = d(φ(t, x0)) ·Dpi(φ(t, x0)) · φ̇(t, x0)

=

n∑
j=1

∂jpi(φ(t, x0)) · fj(φ(t, x0)) =
k∑

l=1

(ail · pl)(φ(t, x0))

=

k∑
l=1

ail(φ(t, x0)) · yl(t),

for some ail ∈ R. Let the k × k matrix A(t) be defined by

A(t)il :=
1

d(φ(t, x0))
· ail(φ(t, x0)).

Then y(t) := (y1(t), . . . , yk(t)) solves the initial value
problem

ẏ(t) = A(t)y(t), y(0) = pi(φ(0, x0)) = pi(x0) = 0;

here A(t) is well-defined and continuous on J because of
(2). So the unique solution of this linear system is y(t) = 0
for all t ∈ J ; this is what we wanted to show.
2) Since V = V(I) is invariant for F , we have

U ∩ V = V(I) \ V(d) 6= ∅,

which is equivalent to V = V(I) * V(d). Let an arbitrary
x0 ∈ U ∩ V be given and φ(t, x0), J as well as yi(t) be
defined as in the proof of 1). By assumption, yi(t) = 0 for
all t ∈ J . Differentiating this equation yields

0 = ẏi(t) = Dpi(φ(t, x0)) · φ̇(t, x0)

=
1

d(φ(t, x0))
·

n∑
j=1

∂jpi(φ(t, x0)) · fj(φ(t, x0)).

Now we put in t = 0, use d(x0) 6= 0 and find

0 =
1

d(x0)
·

n∑
j=1

∂jpi(x0) · fj(x0),

showing ∂1pi(x0) · f1(x0) + . . . + ∂npi(x0) · fn(x0) = 0,
which yields the assertion.
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Remark 12. Let f ∈ Rn. An easy computation shows that
condition (3) is equivalent to

∑n
j=1 ∂jp·fj ∈ I for all p ∈ I;

in particular, (3) does not depend on the generators pi of I,
but is an intrinsical property of (f, I).

Now let p1, . . . , pk ∈ R and I, V be as in Theorem 11
above. For all i ∈ {1, . . . , k} define

Ni = ker(∂1pi, . . . , ∂npi, p1, . . . , pk) ⊆ Rn+k (4)

and set Mi := πn(Ni). Finally, let M :=
⋂k

i=1Mi ⊆ Rn.

Theorem 13 ([11], [12]). We have

M = {F ∈ Rn | F satisfies (3)}.

We ask the question, under which conditions we can
give some equivalent statements for V being invariant for
a rational vector field. First consider a radical assumption on
the ideal I describing V :

J (V(I)) = I. (RAD)

Lemma 14. For an ideal I ⊆ R with (RAD) and d ∈ R,
the following are equivalent:

1) V(I) ⊆ V(d).
2) d ∈ I.

Proof. A simple calculation using (RAD).

The next example shows that (RAD) is still not enough to
close the gap between the sufficient and necessary conditions
for V being invariant given in Theorem 11. However, we will
see soon that the additional assumption

V irreducible Lem.9⇔ J (V ) prime (IRR)

will finally close this gap.

Example 15. Let K = R and R = K[x, y, z] be given as
well as the ideal I = 〈p1, p2〉 ⊆ R, where

p1 = xz − y and p2 = xy − z.

We have J (V(I)) = I, but

z · p2 − y · p1 = y2 − z2 = (y − z) · (y + z) ∈ I,

where y−z, y+z /∈ I, so I is not prime and V = V(I) not
irreducible. Some simple calculations show V = V0∪V1∪V2
with V0 = 〈e1〉K ,

V1 = {

1
a
a

 | a ∈ K} and V2 = {

−1a
−a

 | a ∈ K}.
Now let d = y ∈ R and consider the ODEẋẏ

ż

 =
1

d
· f =

1

y
·

0
x
1

 , so f =

0
x
1

 .

Because of

∂1p2 · f1 + ∂2p2 · f2 + ∂3p2 · f3 = x2 − 1 /∈ I,

condition (3) is not fulfilled, so f /∈M.
Nevertheless, V is invariant for ẋ = 1

d(x) · f(x): We have

V(I) \ V(d) = (V1 \ {e1}) ∪ (V2 \ {−e1});

if x0 = (1, a, a)tr ∈ V1, a 6= 0, then

φ1(t, x0) =

 1

sgn(a) ·
√
2t+ a2

sgn(a) ·
√
2t+ a2

 , t ∈ J1 = (−a
2

2
,∞)

and if x0 = (−1, a,−a)tr ∈ V2, a 6= 0, then

φ2(t, x0) =

 −1
sgn(a) ·

√
a2 − 2t

−sgn(a) ·
√
a2 − 2t

 , t ∈ J2 = (−∞, a
2

2
)

are solutions of ẋ = 1
d(x) ·f(x) with φi(0, x0) = x0. Further,

J1, J2 ⊆ R are maximal in the sense of Definition 3 and we
have

φi(t, x0) ∈ Vi for all t ∈ Ji, i = 1, 2,

which shows the invariance of V . Indeed,

I : 〈d〉 = I + 〈x2 − 1〉

and thus
3∑

j=1

∂jpi · fj ∈ I : 〈d〉 ) I for i = 1, 2.

Lemma 16. If I is prime and d ∈ R \ I, then

I : J (V(d)) = I.

Proof. Let r ∈ R such that r · J (V(d)) ⊆ I. In particular,
r ·d ∈ I; since I is prime, we have d ∈ I (contradicting the
assumption) or r ∈ I (and we are done).

Theorem 17. Let V = V(I) fulfil (RAD) and (IRR). Further
let d ∈ R\{0} and f ∈ Rn. Then V is invariant for F = 1

d ·f
if and only if

(i) f ∈M and
(ii) d /∈ I.

Proof. By Lemma 16, d /∈ I implies

J (V \ V(d)) = J (V(I)) : J (V(d)) = I,

and thus the sufficient condition in 11.1 and the necessary
condition in 11.2 for V being invariant are equal. Then
Theorem 13 and Lemma 14 show the assertion.

IV. CONTROLLED INVARIANT VARIETIES WITH
RATIONAL FEEDBACK

From this point on and for the rest of the paper, we assume
that (RAD) and (IRR) stay true.
Let us look at the initial system (1). For the input u(·), we
use a rational state feedback law, that is,

u(t) = α(x(t)) =
n(x(t))

d(x(t))
, for d ∈ R \ {0} and n ∈ Rm.
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Plugging this into (1) yields the closed loop system

ẋ(t) = f(x(t)) + g(x(t))α(x(t)) = (f + gα)(x(t))

= (f + g · n
d
)(x(t)) = (

fd+ gn

d
)(x(t)).

Definition 18. If V ⊆ Kn is a variety, we call it controlled
invariant with rational feedback for system (1) if there is an
α ∈ Qm such that V is invariant for F := f + gα.

This definition as well as Theorem 17 immediately yield
the following:

Corollary 19. V is controlled invariant with rational feed-
back α = n

d for (1) (where d ∈ R \ {0} and n ∈ Rm) if and
only if

(a) fd+ gn ∈M and
(b) d /∈ I.

Since M is an R-submodule of the free module Rn and
R itself is noetherian, there is a generating matrix M over
R of M, i.e.

im(M) =M. (5)

With this matrix, condition (a) of Corollary 19 is true if and
only if there is a polynomial vector v satisfying

(f, g,−M) ·

dn
v

 = fd+ gn−Mv = 0.

Thus, the set D of all possible denominators d fulfilling (a)
is given by

D = π1(ker(f, g,−M)),

which is an ideal over R.

Lemma 20. The ideal D has the following properties:
1) I ⊆ D.
2) V is controlled invariant with rational feedback if and

only if I ( D.
3) We have D = R if and only if there is a polynomial

feedback α ∈ Rm : f + gα ∈M.

Proof. 1) By definition, pi · ej − ∂jpl · en+i ∈ Nl for all
numbers i, l ∈ {1, . . . , k} and j ∈ {1, . . . , n} (see (4)); thus

I ·Rn := 〈pi · ej | i = 1, . . . , k, j = 1 . . . , n〉 ⊆ M.

Now if p ∈ I, then p · f ∈ I · Rn ⊆ M, so there is a
polynomial vector v with p · f =Mv; this shows

(p, 0, v)tr ∈ ker((f, g,−M))

and thus p ∈ D.
2) Follows directly from 1), Corollary 19 and the construc-
tion of D.
3) We have 1 ∈ D if and only if there are polynomial vectors
α and v with

f + gα−Mv = (f, g,−M) ·

1
α
v

 = 0,

which is equivalent to f + gα ∈M.

The next result gives us the structure of the set of all
rational state feedbacks making V invariant:

Theorem 21. Assume that

πm+1(ker(f, g,−M)) = im(

(
d1 . . . dl
n1 . . . nl

)
)

with di ∈ R,ni ∈ Rm and let S = πm(ker(g,−M)) be
generated by s1, . . . , so ∈ Rm. Then the set of rational
feedbacks making V invariant is given by

A := {(
l∑

i=1

aidi)
−1(

l∑
i=1

aini +

o∑
i=1

bisi) | bi ∈ R,

ai ∈ R such that
l∑

i=1

aidi /∈ I}.

Proof. Let α = n
d be a rational feedback making V invariant,

i.e. (n, d) ∈ Rm+1 fulfils (a) and (b) of Corollary 19. Then
(a) implies the existence of a polynomial vector v satisfying
fd+ gn =Mv and thus

d ∈ π1(ker(f, g,−M)) = D = 〈d1, . . . dl〉; (6)

further, d /∈ I because of (b), so there are ai ∈ R with
d =

∑l
i=1 aidi /∈ I. It remains to show that there is s ∈ S

with n =
∑l

i=1 aini+s or equivalently n−
∑l

i=1 aini ∈ S.
We have fdi + gni ∈M for all i = 1, . . . , l and thus

fd+ g(

l∑
i=1

aini) = f(

l∑
i=1

aidi) + g(

l∑
i=1

aini)

=

l∑
i=1

ai(fdi + gni) ∈M.

Subtracting this from fd+ gn ∈M yields

fd+ gn− fd− g(
l∑

i=1

aini) = g(n−
l∑

i=1

aini) ∈M,

which shows n−
∑l

i=1 aini ∈ S.
Conversely, let

α = (

l∑
i=1

aidi)
−1(

l∑
i=1

aini + s) ∈ A where s ∈ S.

Then d :=
∑l

i=1 aidi /∈ I and n :=
∑l

i=1 aini + s yield

fd+ gn =

l∑
i=1

ai(fdi + gni︸ ︷︷ ︸
∈M

) + gs︸︷︷︸
∈M

∈M.

This shows that all elements of A satisfy (a) and (b) of
Corollary 19, which implies the assertion.

Example 22. Over R = K[x, y, z] considerẋẏ
ż

 = f + gu =

−yx
z

+

 0 z
−z 0
y −x

u
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and the ideal I = 〈p1, p2〉 with p1 = xz−y and p2 = xy−z.
Since

∂1p1 · f1 + ∂2p1 · f2 + ∂3p1 · f3 = xz − yz − x /∈ I,

and I : 〈1〉 = I (i.e. d = 1), Theorem 11.2 says that the
variety V = V(I) is not invariant for f itself.
We use SINGULAR to compute

I ( D = 〈y, z〉 ( R.

With Lemma 20.2, this already shows that V is controlled
invariant with rational feedback.
Now we set d1 = z /∈ I and n1 =

(
x− 1

2xz
y

)
to get

fd1 + gn1 =

 0
1
2xz

2

− 1
2xyz + z2

 ∈M;

Thus, the rational state feedback α1 = n1

d1
∈ Q2 makes V

invariant and, furthermore, one may see that we already have

f + gα1 =
fd1 + gn1

d1
=

 0
1
2xz

− 1
2xy + z

 ∈M ⊆ R3.

(Note that although the ODE ẋ = f(x) + g(x)α1(x)
is polynomial, we still have to care about the necessary
condition V(d1) * V(I) because solutions should not pass
points in which the state feedback is not defined.)
In [9], we already found this feedback α1, using a slightly
different approach (rational feedback, but polynomial result-
ing vector field). However, the ansatz made in the present
work can give us more rational state feedbacks (or rational
vector fields) leaving V invariant:

For example, let d2 = y /∈ I and n2 =

(
1− 1

2z
z

)
; then

fd2 + gn2 =

 z2 − y2
xy + 1

2z
2 − z

1
2zy − xz + y

 ∈M
and with α2 = n2

d2
∈ Q2 we get

f + gα2 =
1

y

 z2 − y2
xy + 1

2z
2 − z

1
2zy − xz + y

 /∈ R3.

The resulting rational vector field leaves V invariant and can
not be found with methods from [8] or [9].
We ask SINGULAR again to compute S from Theorem 21:

S = I ·R2 + 〈(x2 − 1) · e1〉.

If now d = ay+ bz ∈ D \ I with a, b ∈ R and α = n
d ∈ Q

2

makes V invariant, then

n ∈
(
a(1− 1

2z) + b(x− 1
2xz)

az + by

)
+ S.

For example, if a = y and b = z, i.e. d = y2 + z2, then

n ∈
(
y − 1

2yz + xz − 1
2xz

2

2yz

)
+ S =

(
2y − yz
2yz

)
+ S.

V. CONTROLLED AND CONDITIONED
INVARIANT VARIETIES

So far, we have seen how to find a rational state feedback
α ∈ Qm such that V is invariant for (1) with u(t) = α(x(t))
if this is possible at all. However, in general it is restrictive
to assume that the full state is available for the feedback.
Instead, we would like to use only the output y(t) = h(x(t))
of (1) for the feedback law. In view of this, we ask the
following question: Is it possible to choose a rational output
feedback u(t) = β(y(t)) = β(h(x(t))) making V invariant?

Definition 23. Given a variety V , we call it controlled and
conditioned invariant with rational feedback for system (1)
if there is a rational state feedback α ∈ Qm as in Definition
18 which additionally takes the form α = β(h1, . . . , hp) for
some β ∈ K(y1, . . . , yp)

m, i.e.

α ∈ K(h)m = K(h1, . . . , hp)
m.

Our target is to decide, whether a given variety meets this
definition or not; additionally, in the affirmative case, we
wish to determine a rational feedback doing the task. Using
Corollary 19, we immediately get the following characteri-
sation:

Corollary 24. V is controlled and conditioned invariant with
rational feedback for (1) if and only if there is d ∈ R \ {0}
and n ∈ Rm, such that

(a) fd+ gn ∈M,
(b) d /∈ I,
(c) (d, n) ∈ K[h]m+1.

First we consider condition (a), which is fulfilled by
(d, n) ∈ Rm+1 if and only if we can find a polynomial
vector x (using (5)), such that

fd+ gn =Mx or (f, g,−M) ·

dn
x

 = 0.

Equivalently,(
d
n

)
∈ πm+1(ker(f, g,−M)) =: F ⊆ Rm+1.

It is easy to see that F is an R-module. We may use Theorem
3.2 in [6] and the elimination of variables (see e.g. [4, Ch.1])
to compute the intersection

F ∩K[h]m+1,

which is finitely generated as K[h]-module. Define

Dh := π1(F ∩K[h]m+1),

which is an (finitely generated) ideal in K[h]. Let qi ∈ K[h],
such that we can write Dh = 〈q1, . . . , ql〉K[h].

Theorem 25. With the construction above, we have the
following equivalent statements:

1) V is controlled and conditioned invariant with rational
feedback for (1).

2) There exists i ∈ {1, . . . , l} such that qi /∈ I.
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Proof. If 2) holds, then there is an element d := qi /∈ I
with

(
d
n

)
∈ F ∩K[h]m+1; but the elements of F all fulfil

fd+ gn ∈M, so (a) - (c) of Corollary 24 are satisfied; this
shows 1).
Conversely, if 1), and thus (a), (b), (c) of Corollary (24)
are fulfilled for some (d, n) ∈ Rm+1, then the construction
above yields d ∈ Dh \ I. Now if qi ∈ I for all i = 1, . . . , l,
then d =

∑l
i=1 aiqi for some ai ∈ K[h] ⊆ R. But then

d ∈ I, a contradiction.

Let d∗ := qi satisfy 2) of Theorem 25. By the construction
above, we can be sure to find a corresponding numerator
n∗ ∈ K[h]m satisfying (a) in Corollary 24.
The following process allows us to find it (see [8] for more
details in the single steps):

1) Compute an arbitrary n ∈ Rm with fd+ gn ∈ M. If
n ∈ K[h]m, we are done and set n∗ := n.

2) Otherwise, the set of all n̂ with fd+gn̂ ∈M is given
by the affine R-module

n+ πm(ker(g,M)) (see [8, p.1692]).

3) Find one element n∗ ∈ (n+πm(ker(g,M)))∩K[h]m

(see [8, Algorithm 12]).
This construction yields that the rational output feedback
α∗ = n∗

d∗ ∈ K(h)m makes V invariant.

Example 26. With the data of Example 22, F defined above
and the output

y = h(x) =

 x+ y + z
xy + yz + xz

xyz

 , (7)

i.e. K[h] is the algebra of the elementary symmetric poly-
nomials, we may derive that

d∗ = h2 + h3 ∈ π1(F ∩K[h]3) \ I.

This shows that V is controlled and conditioned invariant for
the given system.
The calculation of a corresponding numerator n∗ with
(d∗, n∗) ∈ F ∩ K[h]3 is possible with methods from [8],
described before this example. For the sake of clarity it will
be omitted here, we just give the result:

n∗ =

(
h1 − 1

2h2 −
1
2h3 + 1

h2 + h3

)
;

Clearly n∗ ∈ K[h]2 and we have fd∗ + gn∗ ∈ M; thus,
α∗ = n∗

d∗ ∈ K(h)2 is a rational output feedback, making V
invariant.

VI. CONCLUSIONS

All the results from Section III, IV and V stay true if I is
(real) radical and prime. However, if one of these conditions
is violated, we still have sufficient conditions and algorithms
for V being controlled (and conditioned) invariant. But there
might be more possible rational feedbacks (and correspond-
ing rational vector fields), which leave V invariant and which
we do not recognise with the methods described in Sections
IV, V (see Example 15).
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Nevanlinna-Pick interpolation and Lyapunov orderings: the
noncommutative setting

Joseph A. Ball1

Abstract— The classical Nevanlinna-Pick theorem, now ap-
proaching 100 years old, gives a criterion for the existence
of a holomorphic function f mapping the open unit disk
D into the closed unit disk D and simultaneously satisfying
finitely many interpolation conditions f(zi) = λi (for finitely
many interpolation nodes z1, . . . , zn in D and corresponding
interpolation values λ1, . . . , λn in D) in terms of the positive-
semidefiniteness of the associated so-called Pick matrix P =[
1−λiλj

1−zizj

]
. Fairly recent work of Cohen and Lewkowicz as

part of their study of invertible cones of Hermitian matrices
considered an operator-valued/operator-argument version of
the Nevanlinna-Pick problem and obtained a criterion related to
a Lyapunov ordering on Hermitian matrices for solution of the
problem in lieu of the Pick-matrix test. More recently there has
been a slew of activity on a new kind of function theory called
free noncommutative function theory (with motivation from free
probability theory, noncommutative functional calculus, the
theory of automata and formal languages inter alia) and there
have now appeared Nevanlinna-Pick interpolation theorems for
this setting. We survey here some of these results, and in
particular an analogue of the Cohen-Lewkowicz Lyapunov-
ordering criterion for the solvability of a nc Nevanlinna-Pick
interpolation problem.

I. PRELIMINARIES

We here set the basic ideas related to the relatively recent
topic of free noncommutative function theory; for more
complete details we refer to [7].

A. Noncommutative sets and nc envelopes

Let V be a vector space over C. We define Vnc to be the
disjoint union over all natural numbers n of n× n matrices
over V:

Vnc = q∞n=1Vn×n.

Note that V as a vector space over C carries a bimodule
structure over C. At the matricial level, this means that, for
complex matrices α ∈ Cm×n and β ∈ Cn×k along with a
V-matrix v ∈ Vn×n, we can perform matrix multiplication
using the bimodule structure of V over C to arrive at elements
αv ∈ Vm×n and vβ ∈ Vn×k.

Next suppose that Ω is a subset of Vnc. We let Ωn denote
the set Ω∩Vn×n. The set Ω is said to be a noncommutative
set (or nc set for short) if it is closed under direct sums:

Z ∈ Ωn, W ∈ Ωm ⇒ [ Z 0
0 W ] ∈ Ωn+m.

In case Ω itself is not a nc set, we define the nc envelope
[Ω]nc to be the smallest nc set Ω̃ containing Ω. Thus Ω is
a nc set exactly when Ω = [Ω]nc. We shall also need the

1 Joseph A. Ball is with the Department of Mathematics, Virginia Tech,
Blacksburg, Virginia 24061, USA

full nc envelope of Ω, denoted as [Ω]full, defined to be the
smallest nc subset Ω̃ containing Ω which is also invariant
under restriction to an invariant subspace: Z ∈ Ω̃n, W ∈
Vm×m, I ∈ Cn×m injective with IW = ZI ⇒ W ∈ Ω̃m.
We say that Ω is a full nc set if Ω = [Ω]full.

B. Noncommutative functions

Now suppose that Ω is a subset of Vnc, that V0 is another
vector space and that f is a function from Ω into (V0)nc.
We say that f is a nc function if
• f is graded: f : Ωn → (V0)n×n for all n ∈ N, and
• f respects intertwinings: Z ∈ Ωn, W ∈ Ωm, α ∈

Cm×n with αZ = Wα ⇒ αf(Z) = f(W )α.
An equivalent and perhaps more intuitive formulation of
the respects intertwining condition is the simultaneous
fulfillment of the following two conditions:
• f respects direct sums: Z ∈ Ωn, W ∈ Ωm such that

[ Z 0
0 W ] ∈ Ωn+m ⇒ f ([ Z 0

0 W ]) =
[
f(Z) 0

0 f(W )

]
, and

• f respects similarities: Z ∈ Ωn, α ∈ Cn×n invertible
such that αZα−1 ∈ Ωn ⇒ αf(Z)α−1 = f(αZα−1)

C. Noncommutative kernels and reproducing kernel Hilbert
spaces

To define a nc kernel on Ω ⊂ Vnc, we suppose that A
is a C∗-algebra and Y is a coefficient Hilbert space. Then
we say that a function K : Ω × Ω → L(A,L(Y))nc is a nc
kernel (on Ω with values in L(A,L(Y))nc) if
• K is graded in the sense that Z in Ωn, W in Ωm

implies that K(Z,W ) is in L(An×m,L(Y)n×m) ∼=
L(An×m,L(Ym,Yn))
and

• K respects intertwinings in the following sense: for
Z in Ωn, Z̃ in Ωñ, α in Cñ×n such that αZ = Z̃α,
W ∈ Ωm, W̃ ∈ Ωm̃, β ∈ Cm̃×m such that βW =
W̃β, and P in An×m, then αK(Z,W )(P )β∗ =

K(Z̃, W̃ )(αPβ∗).
An equivalent set of conditions is:
• K is graded,
• K respects direct sums: for Z ∈ Ωn, Z̃ ∈ Ωñ such

that
[
Z 0
0 Z̃

]
∈ Ωn+ñ, W ∈ Ωm, W ∈ Ωm̃ such that[

W 0
0 W̃

]
∈ Ωm+m̃, P =

[
P11 P12

P21 P22

]
∈ A(n+m)×(ñ+m̃),

then

K
([

Z 0
0 Z̃

]
,
[
W 0
0 W̃

]) ([
P11 P12

P21 P22

])
=
[
K(Z,W )(P11) K(Z,W̃ )(P12)

K(Z̃,W )(P21) K(Z̃,W̃ )(P22)

]
.
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• K respects similarities: for Z, Z̃ ∈ Ωn, α ∈ Cn×n

invertible with Z̃ = αZα−1, W, W̃ ∈ Ωm, β ∈ Cm×m

invertible with W̃ = βWβ−1 and P ∈ An×m. then
K(Z̃, W̃ )(P ) = αK(Z,W )(α−1Pβ−1∗)β∗.

We say that the nc kernel K is a cp (completely positive)
nc kernel if also

n∑
i,j=1

y∗iK(Z(i), Z(j))(R∗iRj)yj � 0 in V0

for all Ri ∈ AN×mi , Z(i) ∈ Ωmi
, yi ∈ Ymi , i =

1, . . . , n with n ∈ N arbitrary. In case Ω is a nc set,
then this last condition is equivalent to the condition that
K(Z,Z) : An×n → L(Y)n×n be a completely positive map
between C∗-algebras for all Z ∈ Ωn, n ∈ N.

Associated with a cp nc kernel K is an associated nc
reproducing kernel Hilbert space H(K). The elements of
H(K) consists of nc functions f from Ω to L(A,Y)nc such
that
• For each W ∈ Ωm, v ∈ A1×m, and y ∈ Ym, the

function (known as a kernel element)

KW,v,y : Ωn → L(A,Y)n×n ∼= L(An,Yn)

defined by

KW,v,y(Z)u = K(Z,W )(uv)y (I.1)

for Z ∈ Ωn, u ∈ An belongs to H(K).
• The kernel elements KW,v,y have the reproducing prop-

erty: for f ∈ H(K), W ∈ Ωm, v ∈ A1×m,

〈f(W )(v∗), y〉Em = 〈f,KW,v,y〉H(K). (I.2)

• H(K) is equipped with a unital ∗-representation σ
mapping A to L(H(K)) such that

(σ(a)f) (W )(v∗) = f(W )(v∗a) (I.3)

for a ∈ A, W ∈ Ωm, v ∈ A1×m, with action on kernel
elements KW,v,y given by

σ(a) : KW,v,y = KW,av,y. (I.4)

D. Contractive multipliers between nc reproducing kernel
Hilbert spaces

Given two kernels K and K ′ on Ω with values in
L(A,Y)nc and L(A,U)nc respectively and given a nc func-
tion S on Ω with values in L(U ,Y)nc, we say that S is a
contractive multiplier from H(K ′) to H(K) (notation: S ∈
BM(K ′,K)) if the operator MS given by MS : f(Z)u 7→
S(Z) · (f(Z)u) maps H(K ′) countractively into H(K).
An equivalent condition is that the nc de Branges-Rovnyak
kernel KS defined by

KS(Z,W )(P ) = K(Z,W )(P )−S(Z)K(Z,W )(P )S(W )∗

also be a cp nc kernel.
There is a special case which is particularly tractable. Let

us now suppose that Ξ is a full nc subset of Vnc and that
Q0 is a nc function on Ξ with values in L(R,C)nc (where
R is another coefficient Hilbert space). Define the Q0-disk

by DQ0
= {Z ∈ Ξ: ‖Q0(Z)‖ < 1}. Then one can define a

scalar kernel kQ0 on DQ0 (scalar meaning that the values of
k(Z,W ) are in L(C,C)nc) according to the formula

kQ0
(Z,W )(P ) =
∞∑
k=0

(LQ0(Z)∗)(k)∗(P ⊗ IR⊗k)(LQ0(W )∗)(k).

Here the operator (LQ0(W )∗)(k) maps Cm into (R⊗k)m for
W ∈ DQ0,m; we refer to [3] for complete details of this
construction. We view kQ0 as a nc Szegő kernel. Then it
can be shown that kQ0 is a cp nc kernel on DQ0 with values
in L(C,C)nc. We shall be particularly interested in the pair
of kernels (K ′,K) where K ′ = kQ0

⊗ IU and K = kQ0
⊗

IY (where U and Y are any two coefficient Hilbert spaces)
and the associated contractive multiplier class BM(kQ0

⊗
IU , kQ0 ⊗ IY).

E. The noncommutative Schur-Agler class

More generally, suppose that R,S are two coefficient
Hilbert spaces and Q is a nc function on Ξ with values in
L(R,S) (so Q0 is the special case where S = C). We again
consider the associated nc disk DQ = {Z ∈ Ξ: ‖Q(Z)‖ <
1}. In this case it is not possible to make sense of a nc
Szegő kernel kQ. Instead, we consider the Schur-Agler class
SAQ(U ,Y) consisting of all nc functions S from DQ into
L(U ,Y)nc such that ‖S(Z)‖ ≤ 1 for all Z ∈ DQ.

II. NC INTERPOLATION PROBLEMS

A. nc bounded multiplier interpolation problems

We can now pose the nc multiplier Pick interpolation
problem: Given points Z(i) ∈ Ωni

along with values Λi ∈
L(Uni ,Yni) for i = 1, . . . , n, find S ∈ BM(K ′,K) so that
S(Z(i)) = Λi. If S is any contractive multiplier satisfying
the interpolation conditions, then the restriction KS |ΩF

of
the de Branges-Rovnyak kernel KS to the set of interpolation
nodes ΩF is completely determined by the interpolation
data {Z(i),Λi : i = 1, . . . , n}. Since the restriction of a
completely positive kernel on Ω to the subset ΩF inherits
the property of being a cp nc kernel (now on ΩF ), certainly
a necessary condition for the solvability of a nc multiplier
Pick interpolation problem is that the restriction of the kernel
KS(Z,W ) to ΩF for any interplant S (which is completely
determined by the interpolation data) be a cp nc kernel.
We say that (K ′,K) is a complete nc Pick kernel-pair
if this necessary condition is also sufficient for any choice
of finite data set {Z(1), . . . , Z(n),Λ1, . . . ,Λn} (Z(i) ∈ Ωni

,
Λi ∈ L(Uni ,Yni)).

In this nc setting, a finite nc multiplier Pick interpolation
problem can be converted to an equivalent singleton nc multi-
plier Pick interpolation problem: given an interpolation data
set with points {Z(1), . . . , Z(n)} and values {Λ1, . . . ,Λn}
consider instead the data set {Z(0),Λ0} where

Z(0) =

[
Z(1)

. . .
Z(n)

]
, Λ0 =

[
Λ1

. . .
Λn

]
.

Then the following result holds.
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Theorem 1. (See [3].) LetQ0, DQ0
, and kQ0

be as in Section
I.D above, and let U and Y be a Hilbert spaces. Then the pair
of kernels (kQ0 ⊗ IU , kQ0 ⊗ IU ) is a complete nc Pick kernel-
pair. In particular, given Z(0) ∈ DQ0,n and Λ0 ∈ L(Un,Yn),
there is a contractive multiplier S ∈ BM(kQ0

⊗ IU , kQ0
⊗

IY) satisfying the interpolation condition S(Z(0)) = Λ0 if
and only if the graded kernel K0 on {Z(0)} with values in
L(C,L(Y))nc given by

K0(Z(0), Z(0))(P ) = kQ0(Z(0), Z(0))(P )⊗ IY
− Λ0(kQ0

(Z(0), Z(0))(P )⊗ IU )Λ∗0

(for P ∈ Cn×n) is a cp nc kernel.

For this case of a single interpolation node, there is an
equivalent solvability condition for the contractive multiplier
interpolation problem in the form of a Stein-order test, a nc
analogue of results of Cohen-Lewkowicz [5], [6] who worked
in the continuous-time/right half-plane setting (giving rise to
a Lyapunov-order test) rather than the discrete-time/unit disk
setting as here.

Theorem 2. (See [3].) There is a contractive multiplier
S ∈ BM(kQ0

⊗ IU , kQ0
⊗ IY) satisfying the interpolation

condition S(Z(0)) = Λ0 (where Z(0) ∈ DQ0,n and Λ0 ∈
L(Un,Yn)) if and only if

⊕n
1 Λ0 dominates

⊕n
1 Q0(Z(0))

in the sense of Stein (written as
⊕n

1 Λ0 �S
⊕n

1 Q(Z(0))):
given P ∈ Cn2×n2

with

P − (

n⊕
1

Q0(Z(0)))(P ⊗ IR)(

n⊕
1

Q0(Z(0))∗) � 0,

then

P ⊗ IY − (

n⊕
1

Λ0)(P ⊗ IU )(

n⊕
1

Λ∗0) � 0.

B. nc Schur-Agler-class interpolation problems

Suppose now that R,S are two coefficient Hilbert spaces
and Q is a nc function on Ξ with values in L(R,S) as in
Section I.E. The nc Schur-Agler-class interpolation prob-
lem is: given points Z(i) in DQ,ni and Λi in L(Uni ,Yni)
for i = 1, . . . , n, find a function S in the nc Schur-Agler

class SAQ(U ,Y) so that S(Z(i)) = Λi for i = 1, . . . , n.
Again the interpolation problem over a finite data set can be
collapsed to an interpolation problem over a data set con-
sisting of a single interpolation node Z(0) and interpolation
value Λ0. A solution to this problem was obtained in [3] (see
also [1]). Recall that Z(0) is a finite matrix over the ambient
vector space V (Z(0) ∈ Ξ ⊂ Vnc); hence all the entries of
Z(0) span a finite-dimensional subspace of V and without
loss of generality for the discussion of the interpolation
problem we may assume that V = Cd is finite-dimensional.
We then may assume that V has the operator-space structure
obtained by identifying V = Cd with L(Cd,C).

Theorem 3. (See [1], [3].) Given Z(0) and Λ0 as in the
statement of the nc Schur-Agler-class interpolation problem,
consider the following three conditions:

1) There is a nc Schur-Agler-class function S ∈
SAQ(U ,Y) satisfying the interpolation condition
S(Z(0)) = Λ0.

2) There is a cp nc kernel Γ on {Z(0)} with values in
L(L(S),L(Y))nc so that, for P ∈ Cn×n,

(P ⊗ IY)− Λ0(P ⊗ IU )Λ∗0 = Γ(Z(0), Z(0))(X)

where

X = P ⊗ IS −Q(Z(0))(P ⊗ IR)Q(Z(0))∗.

3) Set k = n · dimY . The matrix
⊕k

1 Λ0 dominates⊕k
1 Q(Z(0)) in the following strict Stein sense (written

as
⊕k

1 Λ0 �sS
⊕k

1 Q(Z(0))): if P � 0 is a positive-
semidefinite matrix in Ck·n×k·n such that both

P − (1− δ2)(

k⊕
1

Z(0))(P ⊗ ICd)(

k⊕
1

Z(0)∗) � 0,

and

(1− δ2)P ⊗ IS

− (

k⊕
1

Q(Z(0))(P ⊗ IR)(

k⊕
1

Q(Z(0))∗) � 0,

for some δ > 0, then it follows that

P ⊗ IY − (

k⊕
1

Λ0)(P ⊗ IU )(

k⊕
1

Λ∗0) � 0.

Then (1) ⇔ (2) ⇒ (3). If we assume in addition that there
exists a nc function S0 (not necessarily contractive) on the
DQ-relative full nc envelope [{Z(0)}]full∩DQ of {Z(0)}, then
it follow that (3)⇒ (1).

C. nc Schur-Agler-class interpolation in case Q = Q0

The special case of Theorem 3 where Q = Q0 (i.e., the
target coefficient space for Q is S = C) is of interest. In
this case it can be shown that the nc Schur-Agler class
SAQ0

(U ,Y) and the contractive multiplier class BM(kQ0
⊗

IU , kQ0
⊗ IY) are identical; thus the criterion in Theorem

1 for the case Q = Q0 and condition (2) in Theorem 3
are equivalent; this can be seen directly from the fact that
one can solve uniquely for the kernel Γ in condition (2) of
Theorem 3, namely: Γ = K0 where K0 is as in Theorem
1. For the case dimY = 1 so k = n, it is clear that
the Stein-dominance condition in Theorem 2 implies the
strict Stein-dominance condition in Theorem 3. The strict
Stein-dominance condition in Theorem 3 can be seen as the
strengthening of the (nonstrict) Stein-dominance condition
in Theorem 2 required to provide a solvability criterion
for nc Schur-Agler-class interpolation problems for the case
where the nc Schur-Agler class cannot be identified with
the contractive multiplier class for some nc complete Pick
kernel-pair; an additional complication is that an additional
condition (involving the relative full envelope of {Z(0)}) is
required for the sufficiency direction.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

148



ACKNOWLEDGMENT

This report is based on joint work with Sanne ter Horst
[4] and with Gregory Marx and Victor Vinnikov [3].

REFERENCES

[1] J. Agler and J. McCarthy, Pick interpolation for free holomorphic
functions, Amer. J. Math. 137 no. 6 (2015), 1685–1701.

[2] J. A. Ball, G. Marx, and V. Vinnikov, Noncommutative reproducing
kernel Hilbert spaces, arXiv:1602,00760v1.

[3] J. A. Ball, G. Marx, and V. Vinnikov, Interpolation and transfer-
function realization for the noncommutative Schur-Agler class,
arXiv:1602.00762v1.

[4] J.A. Ball and S. ter Horst, Multivariable operator-valued Nevanlinna-
Pick interpolation: a survey, in: Operator Algebras, Operator Theory
and Applications (Ed. J.J. Grobler, L.E. Labuschagne, and M. Möller),
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Towards realization theory of interconnected linear stochastic systems

M. Józsa1 M. Petreczky2 M. K. Camlibel3

Abstract— In this paper we present necessary and sufficient
conditions for an output process to admit a minimal realization
by a coordinated linear stochastic system in forward innovation
form.

INTRODUCTION

Realization theory of linear stochastic systems is a clas-
sical topic [1]. However, realistic models of systems tend
to be modular, i.e. an interconnection of several simpler
subsystems. A particularly simple, yet relevant example
of such modular systems are the so called coordinated
linear stochastic systems. A coordinated linear stochastic
system consists of n linear subsystems, of which n− 1 are
the so called agents and one subsystem is the so called
coordinator. The coordinator sends information to agents,
but the agents do not share information with each other. If
n = 2, then a coordinated linear stochastic system is just
a cascade interconnection of two linear stochastic systems.
In this paper we present results on realization theory of
coordinated linear stochastic systems. More precisely, we
present necessary and sufficient conditions for an output
process y= (yT

1 , . . . ,y
T
n−1,y

T
n )

T to be the output of a minimal
coordinated linear stochastic system in forward innovation
form, such that y1, . . . ,yn−1 are the outputs of the first,
second, etc. (n− 1)th agent, and yn is the output of the
coordinator. We rely on classical stochastic realization theory
and on the notion of Granger noncausality. In particular,
for n = 2 our results yield a characterization of Granger
noncausality of two processes in terms of the properties of
their joint linear state-space representation.

Motivation The results of the paper could be of interest for
reverse engineering the network structure of state-space rep-
resentations which arise in system biology and neuroscience,
[18], [19], [14], [10], [11], [16], [17]. The results could
also be useful for structure preserving model reduction and
possibly for control design of coordinated systems. The first
step towards reverse engineering the network structure is to
understand when the observed behaviour could, in principle,
be realized by a state-space representation with a specific
network structure. Similarly, for structure preserving model
reduction: it is useful to know whether a minimal (in terms

1Mónika Józsa is with the Johann Bernoulli Institute for Mathematics
and Computer Science, University of Groningen, 9700 AK Groningen, The
Netherlands m.jozsa@rug.nl

2Mihály Petreczky is with Centre de Recherche en Informatique, Signal
et Automatique de Lille (CRIStAL), Avenue Carl Gauss, 59650 Villeneuve-
d’Ascq, France mihaly.petreczky@ec-lille.fr

3M. Kanat Camlibel is with the Johann Bernoulli Institute for Mathemat-
ics and Computer Science, University of Groningen, 9700 AK Groningen,
The Netherlands m.k.camlibel@rug.nl

of the dimension of states) realization admitting a specific
network structure is for a certain behaviour. For the design
of interconnected systems, understanding the relationship
between the observed behaviour and the network structure
could open up the possibility of choosing alternative network
structures realizing the same functionality. The motivation
for studying coordinated linear systems is that their network
structure is a simple but a natural one, occurring in many
applications [15].

Prior work The need to understand the relationship between
the observed behaviour and the network structure of linear
systems is an active research area, see for example [18], [19],
[14] and the references therein. However none of the cited
work addressed linear stochastic systems. Causality relation-
ship between time series is an established research topic in
econometrics and control theory. In turn, this relationship can
be characterized in terms of the network structure of input-
output representations of these processes, see [6], [9], [8],
[2], [7] and the references therein. However, these results
do not deal with state-space representations and they do not
answer the question posed in this paper. If there is one agent,
then our results can be viewed as a counterparts of the cited
papers for state-space representations. Granger causality also
plays an important role in stochastic realization theory with
inputs, see [1] and the references therein. The papers [4], [5],
[3] are the closest ones to this paper, they provide necessary
and sufficient conditions for the existence of a linear state-
space realization in the so called conditional orthogonal
form. Conditionally orthogonal state-space realizations rep-
resent a specific subclass of coordinated linear stochastic
systems, and the conditions for existence are much stronger
than the conditions proposed in this paper. Note that [4],
[5], [3] presented conditions for existence of conditionally
orthogonal state-space representations, but in contrast to this
paper, [4], [5], [3] did not address their minimality.

The definition of coordinated linear stochastic systems
was inspired by a similar definition for the deterministic
case, see [15]. In [13], [12] conditions were presented which
characterized when a deterministic linear system can be
transformed to coordinated linear system while preserving its
behaviour. In contrast to [13], we deal with linear stochastic
systems and we characterize existence of a coordinated linear
system representation in terms of the properties of the output
processes.

MAIN RESULTS

Preliminaries We use the standard notation and termi-
nology of probability theory. All the processes considered
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in this paper are discrete-time processes, whose values are
vectors with real entries. The discrete-time axis is the set
of integers Z. We denote by σz the time-shifted process
satisfying (σz)(t) = z(t + 1), t ∈ Z. We denote by E[a] the
expectation of a random variable a.

Coordinated linear stochastic systems: A coordinated
linear stochastic system is a linear system of the form

σx = Ax+Be
y =Cx+De

(1)

where A,B,C,D are matrices of suitable dimensions, x, e, y
are the state, noise and output process respectively. Recall
that (σx)(t) = x(t + 1), t ∈ Z. We assume that, A is stable
(all its eigenvalues are inside the unit disk), the process x(t)
and e(t) are both zero mean wide-sense stationary, and for
any t,k ∈ Z, k ≥ 0, E[e(t)eT (t − k− 1)] = 0, E[e(t)xT (t −
k)] = 0, i.e. e(t) is uncorrelated with e(t− k−1) and x(t−
k). Furthermore, we assume that A,B,C,D, x,y,e admit a
partitioning of the form

σ


x1
x2
...

xn−1
xn


︸ ︷︷ ︸

σx

=


A1,1 0 . . . 0 A1,n

0 A2,2 . . . 0 A2,n
...

...
. . .

...
...

0 0 . . . An−1,n−1 An−1,n
0 0 . . . 0 An,n


︸ ︷︷ ︸

A


x1
x2
...

xn−1
xn


︸ ︷︷ ︸

x

+


B1,1 0 . . . 0 B1,n

0 B2,2 . . . 0 B2,n
...

...
. . .

...
...

0 0 . . . Bn−1,n−1 Bn−1,n
0 0 . . . 0 Bn,n


︸ ︷︷ ︸

B


e1
e2
...

en−1
en


︸ ︷︷ ︸

e
y1
y2
...

yn−1
yn


︸ ︷︷ ︸

y

=


C1,1 0 . . . 0 C1,n

0 C2,2 . . . 0 C2,n
...

...
. . .

...
...

0 0 . . . Cn−1,n−1 Cn−1,n
0 0 . . . 0 Cn,n


︸ ︷︷ ︸

C


x1
x2
...

xn−1
xn



+


D1,1 0 . . . 0 D1,n

0 D2,2 . . . 0 D2,n
...

...
. . .

...
...

0 0 . . . Dn−1,n−1 Dn−1,n
0 0 . . . 0 Dn,n


︸ ︷︷ ︸

D


e1
e2
...

en−1
en



where the processes xi,ei,yi take values in the spaces Rpi ,
Rqi , Rri respectively, for some positive integers pi,qi,ri,
i = 1,2, . . . ,n, and Ai, j ∈Rpi×p j , Bi, j ∈Rpi×q j , Ci, j ∈Rri×p j ,
Di, j ∈ Rri×q j , i, j = 1,2, . . . ,n.

Technical preliminaries In order to present the main results,
we use the following notation and terminology. We say that
a zero-mean square-integrable full rank stationary processes
with rational spectrum is a ZMSIR process. The space of
square-integrable random variables forms a Hilbert space (H)
with the covariance function as the inner product, [1]. The
Hilbert spaces generated by the one-dimensional components
of a process z is denoted by Hz. The Hilbert spaces gen-
erated by the components of {z(s)}t−1

s=−∞ and {z(s)}∞
s=t are

denoted by Hz
t− and Hz

t+ respectively. We denote the Hilbert
spaces generated by the components of the processes y,z
by Hy,z. The orthogonal projection of A ⊂ H onto B ⊂ H
is denoted by El [A|B] := {El [a|B],a ∈ A}. Note that for
Gaussian processes the best prediction is the linear prediction
and thus the orthogonal projection is equivalent with the
conditional expectation. For closed subspaces A,B,C ⊆ H,
we say that A,B have a conditionally trivial intersection with
respect to C, denoted by A∩B|C = {0}, if {a−El [a|C] | a ∈
A}∩{b−El [b|C] | b ∈ B} = {0}, i.e. the intersection of the
projections of A and B onto the orthogonal complement of
C in H is the zero subspace.

Consider a ZMSIR process y = [yT
1 ,y

T
2 ]

T . We say that y1
is Granger noncausal for y2 (alternative terminology: there
is no weak feedback from y1 to y2), if for all t,k ∈ Z, k≥ 0

El [y2(t + k) | Hy2
t−] = El [y2(t + k) | Hy

t−].

That is, y1 is Granger noncausal for y2, if for all k ≥ 0, the
best k-step linear prediction of y2 based on the past values
of y2 is the same as the best k-step linear prediction of y2
based on the past values of y = [yT

1 ,y
T
2 ]

T .
In the theorem below the forward innovation form of a

coordinated linear stochastic system means that the driven
process e is the forward innovation process of the output y,
i.e., e(t) = y(t)−El [y(t)|Hy

t−].

Theorem 1 Assume that y = [yT
1 ,y

T
2 , . . . ,y

T
n ]

T is a ZMSIR
process. Then, there exists a coordinated linear stochastic
state-space realization for y in forward innovation form, such
that

• D is the identity matrix;
• ei(t) = yi(t)−El [yi(t)|Hyi,yn

t− ],∀ i ∈ {1,2, . . . ,n−1};
• (An,n,Gn,n) controllable where Gn,n :=E[xn(t)yT

n (t−1)];
• the matrix Pn,n := E[xn(t)xT

n (t)] is the minimal
positive definite solution1 of Σ = An,nΣAT

n,n+

(Gn,n−An,nΣCT
n,n)(Λ

yn
0 −Cn,nΣCT

n,n)
−1
(Gn,n−An,nΣCT

n,n)
T
,

where Λ
yn
0 is the covariance matrix E[yn(t)yT

n (t)]
if and only if

• (i) yi is Granger noncausal for yn, i ∈ {1,2, . . . ,n−1};
• (ii) yi is Granger noncausal for [yT

j ,yT
n ]

T , i, j ∈
{1,2, . . . ,n−1}, i 6= j.

In addition, if the realization above exists, then it is minimal2

if and only if
• (iii) El [Hyi

t+|H
yi,yn
t− ]∩El [H

y j
t+|H

y j ,yn
t− ] | El [Hyn

t+|H
yn
t−] = {0}

∀ t ∈ Z and i, j ∈ {1,2, . . . ,n−1}, i 6= j.

If n = 2, then the conditions (ii)-(iii) of Theorem 1 hold
automatically and (i) is reduced to a Granger noncausality
condition between y1 and y2. Hence, Theorem 1 provides a
characterization of Granger noncausality in terms of state-
space representation in forward innovation form.

1With respect to the partial ordering on the set of square matrices such
that M < N if (N−M) is positive definite.

2i.e., there exists no linear state-space representation of y which has a
smaller state-space dimension.
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Consider the conditions in [3, Theorem 3] and [5, The-
orem 2.2]; assume that yi is Granger noncausal for yn, i ∈
{1,2, . . . ,n− 1} and Hyi

t−,H
y j
t− are conditionally orthogonal

w.r.t. Hyn
(t+s)− for all i, j ∈ {1,2, . . . ,n−1}, i 6= j and t,s ∈ Z,

s≥ 0. Then, condition (i)-(ii) of Theorem 1 hold and in the
state-space representation described in Theorem 1 the driven
process e = [eT

1 ,e
T
2 , . . . ,e

T
n ]

T has block diagonal covariance
matrix, thus ei and e j are orthogonal i 6= j. In particular,
Theorem 1 implies the statement of [5, Theorem 2.2] and
[3, Theorem 3]. Note that [5], [3] did not make any claims
regarding the minimality of the state-space representations
of which they proved.

The proof of sufficiency of conditions (i)-(ii) and (iii)
of Theorem 1 is constructive, and it yields an algorithm
to compute a minimal coordinated linear stochastic system.
The main idea is as follows. Compute a minimal state-
space realization Σn in forward innovation form of yn. For
each i = 1,2, . . . ,n−1, compute a minimal linear state-space
realization Σi of

[
yT

i yT
n
]T in forward innovation form. The

systems Σi, i = 1,2, . . . ,n can easily be computed from any
linear state-space realization of y by extracting from it a
realization of yn,

[
yT

i yT
n
]T , i = 1,2, . . . ,n−1, minimizing

it, and solving an algebraic Riccati equation for the gain of
the Kalman-filter [1]. After a suitable changes of coordinates,
these state-space representation can be brought into the form

Σn

{
σxn = An,nxn +Ken

yn =Cxn + en

Σi


σ

[
xi
xn

]
=

[
Ai,i Ai,n
0 An,n

][
xi
xn

]
+

[
Ki,i Ki,n
0 Kn,n

][
ei
en

]
[

yi
yn

]
=

[
Ci,i Ci,n
0 Cn,n

][
xi
xn

]
+

[
ei
en

] (2)

The matrices of the coordinated linear stochastic state-space
representation can then be extracted from (2).

CONCLUSIONS

In this paper we presented a characterization of exis-
tence of a coordinated linear stochastic system in terms
of properties of its output processes. This type of system
structure can be detected by a noncausality condition and the
minimality of the system can be shown by a conditionally
trivial intersection condition for the output process.

The network structure of a coordinated system can also be
represented as a directed star graph where the root node is
the coordinator and the other nodes represent the coordinated
subsystems (agents). The graph structure which arises in this
manner is similar to the causality graphs of [6] and Bayesian
networks of [3]. To explore further this idea remains a topic
of future research.
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Transfer-function realization for solutions of zero/pole matrix-divisor
interpolation problems on a Riemann surface

Joseph A. Ball1

Abstract— We use a higher-genus analogue of a transfer-
function realization to solve a null/pole matrix-divisor inter-
polation problem on a Riemann surface.

I. PRELIMINARIES

A. Right matrix null/pole divisors and local null/pole triples

Suppose F is a meromorphic r×r-matrix function defined
in a neighborhood of a point q0 on a Riemann surface M
with detF 6≡ 0. In local coordinates (z, U) near q0 with
z(q0) = 0 one introduces a local (right) null-pole triple
Υ that captures the null-pole behavior of F as follows. The
null-pole triple is a collection of 5 matrices organized in the
form

Υ = ((Bζ , Aζ), (Aπ, Cπ), S). (I.1)

In this triple, the pair of matrices, (Aπ, Cπ), where Aπ is
nπ×nπ and Cπ is nπ×r captures the pole behavior of F at
q0 in the sense that for some matrix B̃ the matrix function

F (q)− B̃(z(q)I −Aπ)−1Cπ (I.2)

is analytic at q0 and the matrix size nπ is as small as possible
so that (I.2) holds. The pair (Aπ, Cπ) is called a left pole
pair for F since it is a left null pair for F−1 in the sense
that (z(q)I −Aπ)−1CπF (q)−1 has analytic continuation to
q0 (the zero of F−1, i.e., pole of F , is canceled by the pole
of (z(q)I − Aπ)−1Cπ at q0). In a similar manner, the pair
(Bζ , Aζ), where Aζ is nζ×nζ and Bζ is r×nζ , captures the
zero behavior of F at q0 in the sense that for some matrix
C̃,

F−1(q)−Bζ(z(q)I −Aζ)−1C̃ (I.3)

is analytic at q0 with the matrix size nζ again as small as
possible. We then refer to (Bζ , Aζ) as a right null pair for
F since F (q)Bζ(z(q)I−Aζ)−1 has analytic continuation to
q0 (the zero of F is cancelled on the right by the pole of
Bζ(z(q)I −Aζ)−1 at q0).

The nπ×nζ matrix S, called the coupling matrix, is that
solution of the Sylvester equation

AπS − SAζ = CπBζ (I.4)

which encodes the additional information needed to com-
pletely specify the Oq0 -row module O1×r

q0 · F (where Oq0
is the space of germs of functions holomorphic on a neigh-
borhood of q0). Information equivalent to knowledge of the
row module O1×r

q0 · F is knowledge of the right germ of
the nondegenerate meromorphic matrix function F at q0.

1 Joseph A. Ball is with the Department of Mathematics, Virginia Tech,
Blacksburg, Virginia 24061, USA

Here the right germ of F at q0 is the equivalence class
of nondegenerate (i.e., with determinant not vanishing iden-
tically) meromorphic matrix functions on a neighborhood
of q0, where two such functions F and F ′ are considered
equivalent if there is matrix function H holomorphic and
invertible on a neighborhood of q0 such that F ′ = HF .

The precise connection between the right null-pole triple
Υ given as in (I.1) and the module O1×r

q0 · F is as follows
(see [1], [2], [3] for the Riemann surface case and [4] for
the genus-0 case). Suppose the local null-pole triple Υ of F
at q0 ∈ M0 has the form (I.1) given in terms of the local
coordinate z at q0. Then

O1×r
q0 · F = S(Υ, q0, z) (I.5)

where we set

S(Υ, q0, z) = {x(z(q)I −Aπ))−1Cπ + h(q) :

x ∈ C1×nπ , h ∈ O1×r
q0 such that

xS = resq0 [h(q)Bζ(z(q)I −Aζ)−1]}. (I.6)

The set S(Υ, q0, z) defined by [I.6] will be referred to as
the singular subspace of the 0-admissible Sylvester data set
Υ at the point q0 with respect to local coordinate z. For
simplicity we shall assume that it is understood that there
is choice of local coordinate understood and write simply
S(Υ, q0). It should be noted that the residue appearing in
this last equation is a matrix residue. We also point out that
the role of the Sylvester equation (I.4) is to guarantee that
the set S(Υ, q0, z) is indeed a left module over Oq0 .

Moreover those quintuples of matrices Υ (I.1) which can
arise as the local null-pole triple for a nondegenerate mero-
morphic matrix function F at a point q0 are characterized as
the 0-admissible Sylvester data sets, i.e., the quintuples of
matrices Υ (I.1) such that:

(a) Aπ is nilpotent (i.e., σ(Aπ) = {0}) and the input pair
(Aπ, Cπ) is controllable (i.e., span{RanAjπCπ : 0 ≤
j ≤ nπ − 1} = Cnπ ),

(b) Aζ is nilpotent (i.e., σ(Aζ) = {0}) and the output pair
(Bζ , Aζ) is observable (i.e.,

⋂nζ−1
j=0 KerBζA

j
ζ = {0}),

(c) S satisfies the Sylvester equation (I.4).
Different local null-pole triples for F are related by a pair
of similarities of Aπ and Aζ . More specifically, if U and V
are invertible matrices of appropriate respective sizes, then

Υ̃ = ((BζU,U
−1AζU), (V −1AπV, V

−1Cπ), V −1SU)
(I.7)

is also a local null-pole triple for F and any other local null-
pole triple (with respect to the same local coordinate z at q0)
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has this form. The 0-admissible Sylvester data sets Υ and Υ̃
given by (I.1) and (I.7) are then said to be similar Sylvester
data sets.

Let us introduce the notation

D = {(Υq0 , q0) : q0 ∈M} (I.8)

for a collection of 0-admissible Sylvester data sets

Υq0 = ((Bζq0 , Aζq0 ), (Aπq0 , Cπq0 ), Sq0) (I.9)

tagged to each point q0 ∈ M . Here it is understood that
for each point q0 there is also specified a choice z of local
coordinate at q0 in order for the formula (I.6) for the singular
subspace S(Υ, q0, z0) to be well defined. For definiteness,
the sizes of the matrices in Υu0

are specified as follows:
Aπq0 is nπq0×nπq0 and Cπq0 is nπq0×r, Aζq0 is nζq0×nζq0
and Bζq0 is r×nζq0 , and Sq0 is a nπq0 ×nζq0 matrix for i =
1, . . . , k. We shall also impose the restriction that the local
data (Υq0 , q0) are trivial (i.e., both nπq0 = 0 and nζq0 = 0)
for all but finitely many points q0 = q1, . . . , qk in M . In the
sequel a data set D as in (I.8) subject to this finite-support
restriction will be referred to as a (right matrix) null-pole
divisor. The integer

deg(D) =
∑
q0∈M0

(nζq0 − nπq0 )

is called the degree of the divisor D. In what follows, it will
often be assumed that the degree of D is zero. Thus in this
case N :=

∑
q0∈M nζq0 =

∑
q0∈M nπq0 .

It is sometimes useful to have a partitioning of the index
set {1, . . . , k} into three types:

I = {i : nπqi > 0 while nζqi = 0},
II = {i : both nπqi > 0 and nζqi > 0},

III = {i : nπqi = 0 while nζqi > 0}. (I.10)

Without loss of generality we may assume that

I = {1, . . . , n∞},
II = {n∞ + 1, . . . , n∞ + nc},

III = {n∞ + nc + 1, . . . , n∞ + nc + n0}.

Then k = n∞ + nc + n0 where n∞ counts the number
of points where there is a pole but no zero, n0 counts the
number of points where there is a zero but no pole, nZ =
n0 + nc counts the number of points where there is a zero,
nP = n∞+nc counts the number of points where there is a
pole, and nc counts the number of points in M where there
there is both a zero and a pole.

B. Nonspecial divisors

A nonnegative degree g divisor D = p1 + · · ·+ pg on the
closed Riemann surface M of genus g is called a nonspecial
divisor in case i(D) = 0, where i(D) is the dimension of the
space of meromorphic 1-forms ω whose divisor (ω) satisfies
(ω) ≥ D. It follows from the Riemann-Roch Theorem [5,
page 73] that the nonnegative degree g divisor is nonspecial
if and only if the degree g−1 divisor D0 = D−p0 satisfies

h0(λD0
) = 0, where as is customary, h0(λD0

) is used to
denote the dimension of the space of holomorphic sections
of the line bundle λD0

associated with the divisor D0 or,
equivalently, the dimension l(D0) of the linear space L(D0)
of meromorphic functions f on M whose divisors satisfy
(f)+D0 ≥ 0; here and in the sequel, p0 is any point disjoint
from p1, . . . , pg .

C. Meromorphic matrix functions with prescribed local pole
pair

Following [2], [3], we introduce meromorphic matrix func-
tions on M that have a prescribed (left) pole pair (Aπ, Cπ)
at the point w in M . To this end let D0 be a divisor of
degree g − 1 on M of the form D0 = p1 + · · · + pg − p0,
where p1 + · · · + pg is nonspecial and such that the points
p0, p1, . . . , pg are distinct from w. We also fix a local
coordinate z for M0 centered at w (so z(w) = 0). Since
h0(λD0

) = 0, it follows that for any integer k ≥ 1 there
is a unique meromorphic function fD0

kw on M whose divisor
satisfies (fD0

kw ) +D0 + kw ≥ 0 and which is normalized so
that the principal part of the Laurent series at w with respect
to the local coordinate z at w has the form z(q)−k (see [2,
page 147]). Suppose that A is the n× n Jordan cell

A =


0 1

. . . . . .
0 1

0

 .
Introduce the matrix function

fD0

w,A =



fD0
w fD0

2w fD0
3w · · · fD0

nw

fD0
w fD0

2w

. . .
...

. . . . . . fD0
3w

. . . fD0
2w

fD0
w


(I.11)

where as usual unspecified entries are equal to 0. This defini-
tion is extended to an arbitrary nilpotent matrix A by setting
fD0

w,SAS−1 = SfD0

w,AS
−1 and fD0

w,A1⊕A2
= fD0

w,A1
⊕ fD0

w,A2
,

where S is an invertible matrix. From the construction one
can see that for any nilpotent matrix N the difference

fD0

w,N (q)− (z(q)I −N)−1

is analytic at u = w. The only other poles of entries of
the meromorphic matrix function fD0

w,N are at the points
p1, . . . , ps of the divisor D0. In fact, if the divisor D0 is
written in the form

D0 = n1p1 + · · ·+ nsps − p0,

where the distinct points p1, . . . , ps appear with the positive
multiplicities n1, . . . , ns, respectively, then at p1, . . . , ps the
entries of fD0

w,N have poles of order at most n1, . . . , ns,
respectively. Note also that each entry of fD0

w,N has a zero of
order at least 1 at p0.
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II. NULL/POLE DIVISOR INTERPOLATION PROBLEM FOR
MEROMORPHIC FUNCTIONS ON M

A. Solution of the interpolation problem

We now consider the null/pole divisor interpolation
problem: given a matrix null/pole divisor D over M as in
(I.8), find a nondegenerate meromorphic matrix function F
on M so that Or×ru0

F = S(Υu0
, u0) for all u0 ∈M .

To state the solution to the problem, we need a few more
preliminaries. Let u1, . . . , uk be the support of the divisor
D with ordering as in (I.10). Let us say that the divisor D0

is D-admissible if D0 is any degree (g − 1) divisor of the
form D0 = p1 + · · ·+ pg − p0 such that D = p1 + · · ·+ pg
is nonspecial with distinct points p0, . . . , pg distinct from
u1, . . . , uk. In addition we set

Rij = respj [f
D0

ui,Aπi
(q)Cπi ] for i = 1, . . . , nP , j = 1, . . . , g,

R =

 R11 · · · R1g

...
...

Rn
P

1 · · · Rn
P
g

 ,
FD0

Aπ
(u) = diagi∈I∪II[f

D0

ui,Aπi
(q)],

Bζ = rowj∈II∪III[Bζi ], Cπ = col.j∈I∪II[Cπj ]. (II.1)

Furthermore, define a matrix

ΓD0

D = [ΓD0

D,ij ] (II.2)

with row indices i ∈ I ∪ II and column indices j ∈ II ∪ III
by: for i ∈ I ∪ II and j ∈ II ∪ III and i 6= j in case both i
and j are in II,

ΓD0

D,ij = −resu=uj [f
D0

ui,Aπui
(u)CπuiBζuj ((zj(u)I−Aζuj )−1],

(II.3)
while, for i and j both in II with i = j,

ΓD0

D,ij = ΓD0

D,jj =: Suj

− resuj

[(
fD0

uj ,Aπuj
(q)− (zj(q)I −Aπuj )−1

)
·CπujBζuj (zj(q)I −Aζuj )−1

]
. (II.4)

Then we have the following solution of the null/pole
divisor interpolation problem.

Theorem 1 (See [3].) With notation as above, the null/pole
divisor interpolation problem has a solution F if and only if,
for any choice of D-admissible divisor D0 = p1 + · · ·+ pg −
p0, the matrix ΓD0

D given by (II.2) is invertible with inverse
(ΓD0

D )−1 satisfying the side constraint (with notation as in
(II.1))

Bζ(Γ
D0

D )−1R = 0. (II.5)

When this is the case, then the unique interpolant F with
invertible value U0 at p0 is given by

F (q) = U0(Ir +Bζ(Γ
D0

D )−1FD0

Aπ
(q)Cπ) (II.6)

B. An illustrative special case: genus g = 0

As an illustration of Theorem 1, let us take M to be the
Riemann sphere C∪ {∞} (so the genus g = 0). We assume
that all the poles and zeros in the data set z1, . . . , zk are in
the finite plane C. We then take the admissible divisor D0 to
be the point at infinity with coefficient −1 (D0 = −∞) with
associated nonspecial divisor D = ∅. The local coordinate
φw at a point w ∈ C we can take to be φw(z) = z−w where
z is the global coordinate for C. Then the function fD0

w,A in
(I.11) works out to be fD0

w,A(z) = (zI− (wI+A))−1 if A is
any nilpotent matrix, and more generally, the matrix function
FD0

Aπ
(z) in (II.6) then amounts to FD0

Aπ
(z) =zI − (u1I +Aπu1 )

. . .
zI − (un∞I +Aπn∞ )

−1

where n∞ = n∞ + nc. With these conventions in place, the
matrix ΓD0

D works out to be the unique solution Γ of the
Sylvester equation AπΓ− ΓAζ = CπBζ where we set

Aπ =

u1I +Aπu1
. . .

un∞I +Aπun∞



Aζ =

un∞+1I +Aζun∞+1

. . .
un̂I +Aζun̂


and n̂ = n∞+nc+n0, such that Γij = Sui whenever i = j ∈
II. As g = 0, there are no side constraints (II.5) to worry
about and the solution (II.6) of the null/pole interpolation
problem for the genus-0 case reduces to Theorem 4.3.1 in
[4] (here stated for right-sided rather than left-sided data). We
therefore view the formula (II.6) as a higher-genus version
of a transfer-function realization formula for the solution
of a null/pole matrix-divisor interpolation problem.

C. An illustrative special case: scalar-valued interpolants
with simple pole/zero multiplicities

As a special case, let us consider the scalar case r = 1
and we assume that the prescribed poles are disjoint from
the prescribed zeros (II = ∅), and that all zeros and poles
are simple (nπui = 1 for all i ∈ I and nζui = 1 for i ∈ III).
Then we may assume that the null/pole divisor Υ has the
form

Υq0 =


(1, 0), (∅, ∅), ∅) if q0 = λj ,

((∅, ∅), (0, 1), ∅) if q0 = µi,

∅ otherwise.
(II.7)

where µ1, . . . , µN are the prescribed poles and λ1, . . . , λN
are the prescribed zeros. Concretely, the null/pole interpo-
lation problem then is to find a scalar-valued meromorphic
function f on M having only simple zeros occurring at the
points λ1, . . . , λN and only simple poles occurring at the
points µ1, . . . µN , where it is assumed that the set of points
{λ1, . . . , λN , µ1, . . . , µN} is pairwise disjoint. By Abel’s
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theorem, a solution exists if and only if the Abel condition
holds:

∑N
i=1 φ(µi) =

∑N
j=1 φ(λj) (modulo the period lattice

in Cg) where φ is the Abel-Jacobi map

φ(p) =

(∫ p

p0

ω1, . . . ,

∫ p

p0

ωg

)
and ω1, . . . , ωg is a normalized basis of holomorphic dif-
ferentials for M . The unique solution of the interpolation
problem (up to a nonzero constant multiplicative factor) can
then be written explicitly in multiplicative form as

f(q) =

∏N
j=1E∆(q, λj)∏N
i=1E∆(q, µi)

. (II.8)

where E∆ is the prime form associated with a bundle ∆
of half-order differentials on M (see [3] for details). The
solution of the problem given by (II.6) (specialized to the
data of the special form (II.7)), on the other hand, has a
partial fraction form

f(q) = 1 +

N∑
i,j=1

[
(ΓD0

D )−1
]
ij
fD0
µj (q). (II.9)

One can work out an explicit formula for fD0
µj (p):

fD0
w (q) =

1

θ(e)

θ(φ(w)− φ(q) + e)

E∆(w, q)
· (II.10)

· E∆(p0, q)

θ(φ(p0)− φ(q) + e)

θ(φ(p0)− φ(w) + e)

E∆(p0, w)
(II.11)

where θ is the classical theta function

θ(z) =
∑
m∈Zg

eπi〈Ωm,m〉+2πi〈z,m〉,

where Ω is the period matrix for M , and where e is a certain
point in the Jacobian variety Cg/(Zg + ΩZg) satisfying
θ(e) 6= 0. There is also an explicit formula for ΓD0

D :

ΓD0

D = − 1

θ(e)
·Dµ ·M ·Dλ

where

Dµ = diag1≤i≤N

[
θ(φ(p0)− φ(µi) + e)

E∆(p0, µi)

]
,

M =

[
θ(φ(µi)− φ(λj) + e)

E∆(µi, λj)

]N
i,j=1

,

Dλ = diag1≤j≤N

[
E∆(p0, λj)

θ(φ(p0)− φ(λj) + e)

]
.

Using Fay’s Trisecant Identity (see Corollary 2.19 page 33
in [6]), one can compute detM :

detM = θ

∑
i

φ(µi)−
∑
j

φ(λj) + e

 θ(e)N−1·

·
∏
i<j E∆(µi, µj)E∆(λj , λi)∏

i,j E∆(µi, λj)
.

With all these ingredients, it is just a matter of linear algebra
to verify directly that the partial-fraction form (II.9) of the

unique interpolant having value 1 at p0 agrees with the
multiplicative form ((II.8) up to a multiplicative constant
factor) for the same interpolant; details appear in [3].

In the genus-zero case, all this amounts to the identity

1 +

1
...
1


> z − µ1

. . .
z − µn


−1 [

1

µj − λi

]−1

1
...
1


=

(z − λ1) · · · (z − λN )

(z − µ1) · · · (z − µN )

discussed in [4, Theorem 4.3.2].
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Using the monotone property and sensors placement as basic tools to
design set-membership state estimators

Nacim Meslem and Christophe Prieur

Abstract— In this work, we propose to combine the monotone
property of dynamical systems with sensor placement tech-
niques to design efficient set-membership state estimators. The
basic idea exploited in this approach consists in decomposing
the system as an interconnection of monotone subsystems where
the input of each subsystem is a function of the outputs of
the remainder subsystems. Thereby, the sensors placement is
dictated by this monotone decomposition of the original system.
Due to the new configuration of the system, one can efficiently
cope with the pessimism propagation linked to set-membership
computation and so one can enhance substantially the accuracy
of the estimated time-varying state enclosure. Two versions of
this guaranteed state estimation approach are presented. The
first one is based on the principle of output injections. The
second version relies on an event-triggered policy, which reduces
greatly the use of measurements. In fact, with this policy, the
measurements are used only when it is necessary.

I. INTRODUCTION

Over the last few decades, several geometrical shapes
have been used to design set-membership state estimators
for uncertain dynamical systems, see [1], [5], [7], [8],
[11], [10], [28], [34] and the references therein. The main
objective of this kind of state estimators is to characterize
an outer enclosure for all the possible state trajectories of
the system, which are consistent with (i) the mathematical
model and its uncertainties and (ii) the feasible domain
of measurements. In the case of linear uncertain systems,
this problem is well investigated in both continuous and
discrete-time frameworks. Among the numerous proposed
approaches in the literature, one can cite the interval observer
approach [37], [22], [23], [24], [25], ellipsoidal state estima-
tion method [6], [5] and zonotope state estimations approach
[1], [8]. On the other hand, in the case of uncertain nonlinear
systems the issue of set-membership state estimation is less
developed. In fact, almost all estimation approaches based
on the prediction-correction principle [15], [29], [10] did
not address the convergence problem of the width of the
estimated state enclosure. Recently, in [26], under restrictive
assumptions, a self-triggered technique is proposed in order
to ensure this convergence. Note that, the interval observer
design approach has been extended to a specific class of
nonlinear systems [27], [33], [40]

ẋ = Ax+ f(x, t)
y = Cx (1)

Nacim Meslem and Christophe Prieur are with
Univ. Grenoble Alpes, GIPSA-lab, F-38000 Greno-
ble, France. meslem.nacim@gipsa-lab.fr,
christophe.prieur@gipsa-lab.fr. This work has been partially
supported by the LabEx PERSYVAL-Lab (ANR-11-LABX-0025-01).

In fact, under some suitable conditions, it is possible to find
a nonlinear change of coordinates such that the dynamics of
a given nonlinear system will be described in the new basis
of the state variables by (1).

In [27], an hybrid formalism is proposed to design an
interval observer for (1) and in [33], [40] an approach based
on Sylvester equation is introduced to design an interval
observer in a new basis of the state variables. However,
in our opinion, solving efficiently the set-membership state
estimation issue in the new state base does not imply the
accuracy of the estimated state enclosure in the original state
base of the system. In fact, in practice, the set inversion issue
is well known to be a hard problem [16].

In this work, we propose to use the monotone property of
interconnected monotone control systems [4] and a sensors
placement policy as basic stones to design set-membership
state estimators. In fact, due to a smart choice of the outputs
of the system, one can consider it as an interconnection of
monotone subsystems. Then, relying on the comparison the-
orems of differential inequalities coupled with output injec-
tions technique, one can design an accurate set-membership
state estimator in the original state coordinates. In addition,
the stability results of monotone systems are used to show
the convergence of the width of the estimated state enclosure.

This paper is organized as follows. In Section II useful no-
tions about monotone systems are introduced, the definitions
of the reachable set and its outer approximation are given and
the concept of set membership state estimator is highlighted.
Then, the main results of this work are stated in Section III.
In this section two state estimators are proposed. The first
one is based on a continuous output injections technique and
the second one relies on an event-triggered output injections
technique. To show the performance of the proposed set-
membership state estimator an illustrative example is given
in Section IV with several simulation tests. Finally, some
concluding remarks are presented.

II. PRELIMINARY NOTIONS

A. Monotone systems

Monotone system is a dynamical system, on an ordered
metric space, which has the property that ordered initial
states lead to ordered state trajectories [13], [38]. More
formally, a dynamical system

ẋ = f(x, t) (2)

is said monotone if the trajectories satisfy

x1(t0)� x2(t0)⇒∀t > t0, x1
(
t,x1(t0)

)
� x2

(
t,x2(t0)

)
(3)
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where xi
(
t,xi(t0)

)
, i = 1,2 stands for the state trajectory

generated by (2) from the initial state xi(t0) ∈ Rn. In this
work, the considered partial orders are those induced by a
closed proper cone K ⊆ Rn in the sense that x1 � x2 iff
x2−x1 ∈K . This cone K is assumed to have a nonempty
interior and are pointed, i.e. K ∩ (−K ) = {0}.
Remark 1: The partial order operator � applied between
vectors should be understood as a collection of inequalities
applied component by component.

In the literature, there exists an interesting graphical
method to check the monotonicity of dynamical systems. It
is proposed in [21] and based on the following test.

1) Graphical test: Consider the dynamical system (2),
where its incidence signed graph is constituted by vertices
that represent the state variables xi i = 1, ...,n. These vertices
are linked by signed edges ex

i, j, that show the effect of
each state variable on the evolution of the other variables.
More precisely, an incidence graph of dynamical system is
established by complying with the following rules [2]:
• Edges between xi vertices: For any couple (i, j), i 6= j

and i, j ∈ {1, ...,n},
1. If ∂ fi

∂x j
> 0 ∀(x, t)∈X×T⊆Rn×R, a positive edge

ex
i, j directed from the vertex x j to xi exist.

2. Else if ∂ fi
∂x j

< 0 ∀(x, t)∈X×T⊆Rn×R, a negative
edge ex

i, j directed from the vertex x j to xi exist.
3. Else ∂ fi

∂x j
= 0 ∀(x, t) ∈ X×T ⊆ Rn×R, no edge

can linked x j to xi.
Definition 1: A path, of a given graph, is a finite sequence
of vertices in which each vertex appears only once and, for
each two successive vertices, there exists at least one edge
which can connect them.
Definition 2: A cycle, of a given graph, not necessary
directed, is a closed-loop path. That means, the initial vertex
of this path is its final vertex.
Definition 3: The sign of a cycle is the product of the signs
of its edges.
Proposition 1: A dynamical system (2) is monotone if and
only if its incidence graph does not contain any negative
cycle.
Proof : See [21], [2].

A special class of monotone systems is that of cooperative
systems. For this type of dynamical systems, the order-
preserving property on the state vector is induced by the
North-Est orthant of Rn, i.e. the cone K = Rn

≥0. So, the
cooperative term means that all the state variables activate
each other.
Proposition 2: The dynamical system (2) is cooperative if
and only if the following properties hold:

∂ fi
∂x j

(x, t)≥ 0 ∀x ∈ X⊆ Rn,∀t ∈ T⊆ R,∀i 6= j (4)

Proof : See Proposition 1.
Remark 2: In the case of cooperative systems, the partial
order operator � becomes the lower or equal comparison
operator ≤ applied component by component.

Now let us introduce an interesting result about the global
stability of cooperative systems.
Assumption 1: The cooperative system (2) satisfies the
following conditions:
(i) all the solutions to (2) are bounded,

(ii) there is not more than one equilibrium for (2).
Theorem 1: Suppose that the conditions in Assumption 1
are satisfied. Then the monotone flow generated by (2) has
a globally asymptotically order-stable equilibrium.
Proof : See [17].

B. Reachability analysis

In the literature there exist several methods to characterize
an outer-approximation of the reachable set of nonlinear dy-
namical systems [31], [32], [35], [36]. Unfortunately, almost
all these methods are affected by the pessimism propagation
linked to the set-membership computation. This phenomenon
limits the use of these methods to deal with real problems.
Note that, for the methods, relying on the comparison the-
orems for differential inequalities [35], [36], the monotone
property allows to solve the reachability problem efficiently.
In fact, thanks to this property, the reachable set can be
characterized by the solutions to the following upper and
lower systems

ẋu = f(xu, t), xu(t0) = x(t0)
ẋl = f(xl , t), xl(t0) = x(t0)

(5)

where the box [x(t0)] = [x(t0),x(t0)] stands for a bounded
set, which contains all the possible initial states of the
dynamical system (2). More precisely, the tight reachable
set Rx(t, [x(t0)]) for (2) is given by

Rx(t, [x(t0)]) = [xl(t),xu(t)] (6)

where xl(t) and xu(t) are the solutions to the bounding
systems (5).
Proposition 3: The width of the tight reachable set (6),
denoted by e(t) = xu(t)− xl(t), converges asymptotically
towards zero if the conditions in Assumption 1 are satisfied
by its dynamics defined by

ė = ∂F
(
ω1(t), . . . ,ωn(t), t

)
e (7)

where the vectors ωi ∈ [xl , xu], i = 1, . . .n satisfy

fi(xu, t)− fi(xl , t) = ∇ fi(ωi, t)e

and the square matrix ∂F is defined as follows

∂F
(
ω1(t), . . . ,ωn(t), t

)
=

 ∇ f1(ω1(t), t)
...

∇ fn(ωn(t), t)


Proof : By construction, system (7) is cooperative and its

origin is an equilibrium point. So, based on the Theorem
1 one can claim that if Assumption 1 is satisfied by (7),
the monotone flow generated by this system has a unique
globally asymptotically stable equilibrium point e∗ = 0. �

Note that, in the general case where the system (2)
is not monotone, Müller theorem [30], [20], [19] can be
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applied to design bounding systems (8) to compute an outer-
approximation of its reachable set.

ẋu = fu(xu,xl , t), xu(t0) = x(t0)
ẋl = fl(xu,xl , t), xl(t0) = x(t0)

(8)

Here, one obtains

Rx(t, [x(t0)]) = [xl(t),xu(t)]
⊇ Rx(t, [x(t0)])

(9)

The bounding systems (8) are established from the math-
ematical expression of the field vector f. For example, one
can design the upper system in (8) defined by fu as follows:
for all i = 1, . . . ,n, j = 1, . . . ,n, one substitutes in the formal
expression of the ith component fi of the field vector f
• xi by xi,
• x j ( j 6= i) by x j if ∂ fi

∂x j
≥ 0 or by x j if ∂ fi

∂x j
< 0

where xi (resp. xi) stands for the upper bound (resp. lower
bound) of the ith component of the state vector. In the same
way, the lower system in (8) is designed by reversing the
sense of the inequality conditions. Moreover, to deal with
the case where the partial derivatives have variable signs,
the hybrid bounding methods presented in [35], [36], [27]
can be used.

C. Set-membership estimators
In contrast with the classical state estimation methods [18],

[12], [9] where the goal is to design state observers with
a stable estimation error to show the convergence towards
the real state trajectory of the system, set-membership ap-
proaches aim to design state estimators [15], [29], [10] able
to compute all the possible state trajectories of the system
that are compatible with:
• the used model and its uncertainties;
• the experimental data and their feasible domains.

In other words, the set-membership state estimators use the
informations given by the measurements to improve the
accuracy of the outer-approximation of the reachable set of
(2). This kind of state estimators is based on the prediction-
correction principle.

a) Prediction: In this step, reachability analysis is used
to compute an outer-approximation of the reachable set of
the system (2) between two measurement time instants t j and
t j+1.

Rx(t, [x(t0)])⊇Rx(t, [x(t0)]), ∀t ∈ [t j, t j+1] (10)

So, in order to reduce the conservatism of the outer-
approximation, experimental data are used to discard the
inconsistent part of the reachable set.

b) Correction: This stage is activated at each time in-
stant where a measurement of the output system is available.
Using the output equation of the system

y = g(x, t) (11)

an outer-approximation of the reachable set is computed at
the time instant t j by solving the following set inversion
problem

R
inv
x (t j)⊇ {x ∈ Rn | g(x, t) ∈ [y(t j)]} (12)

where [y(t j)] stands for the feasible domain of the measure-
ments at the time instant t j. Thus, the inconsistent part of
the reachable set can be discarded by the following set-
membership filter:

R
c
x(t j, [x(t0)]) = R

inv
x (t j)∩Rx(t j, [x(t0)]) (13)

Thereafter, the next step of the prediction-correction proce-
dure is initialized with the corrected outer-approximation of
the reachable set (13).

III. MAIN RESULTS
In this work new methods to design set-membership state

estimators are proposed. The core idea of these methods
consists in decomposing a non-monotone system (2) as a
network of monotone subsystems

ẋi = fi(xi,wi, t)
yi = g(x j)
i ∈ {1, . . . ,N}
j ∈ {1, . . . ,K}

(14)

where xi ∈Rni stands for the state vector of the ith monotone
subsystem of (2) and y j is its output vector. By wi one
denotes the part of the input vector of this subsystem which
is constituted by the outputs of the other subsystems of (2).
The vector x j ∈ Rn

j , n j < n, gathers some entries of the
state vector x. So, the choice of the sensors placement has
an important part to design efficient set-membership state
estimators.

Assumption 2: Based on an appropriate choice of the
sensors placement, the non-monotone system (2) can be
viewed as an interconnection of monotone subsystems (14).

Note that, in practice, this assumption is fulfilled by
many biological systems [39], biochemical reactions and
compartmental systems [14] and in general by all positive
systems controlled by negative feedbacks [4]. Moreover, this
assumption can be viewed as the detectability assumption
in the classical state estimation theory. This means that
the monotone part of the system can be considered as the
nonobservable but stable part of the system and the non-
monotone part must be accessible from the measurements.
In fact, with this assumption one attempts to cope with the
pessimism propagation generated by the nonmonotone part
of the system by using the experimental data.

A. Set-membership state estimator by output injection

Using the monotone property of dynamical systems with
an appropriate choice of the sensors placement, an efficient
set-membership state estimator can be designed for (2) by
output injections. This result is stated in the following
proposition.
Proposition 4: If the initial state of the non-monotone system
(2) is framed by(

xT
1 (t0), . . . ,x

T
N(t0)

)T ≤
[
x(t0)

]
≤
(
xT

1 (t0), . . . ,x
T
N(t0)

)T

then due to the output injections

wi = (yT
ia ,y

T
ib , . . .)

T , ia, ib, · · · ∈ {1, . . .N}
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the interconnected dynamical system (15)

ẋi = fi(xi,wi, t), xi(t0)
ẋi = fi(xi,wi, t), xi(t0)
i ∈ {1, . . . ,N}

(15)

generates a tight enclosure of the reachable set of (2)

Rx(t, [x(t0)]) = [xl(t),xu(t)] (16)

where xl = (xT
1 ,x

T
2 , . . . ,x

T
N)

T and xu = (xT
1 ,x

T
2 , . . . ,x

T
N)

T .
Proof : First, note that the state equations of the intercon-

nected system (15) represent exactly the dynamics of the
non-monotone system (2) as assumed in Assumption 2. In
addition, each subsystem of (15) is monotone with a perfectly
known input wi, this signal is provided by a sensor.

So, due to the monotone property one can claim that each
subsystem of (15) generates a tight enclosure of a part of the
reachable set of the system (2). Then, the concatenation of
these subsets of the state space (16) provides a tight enclosure
of the reachable set of (2). In other words, the pessimism
propagation linked to the non-monotone part of the system
(2) is filtered by the smart choice of the sensors placement
proposed in Assumption 2. This completes the proof. �

B. Event-triggered output injections

In this section an event-triggered version of the previous
set-membership state estimator is presented. In fact, here the
measurements are used only when the width of the estimated
outer-approximation exceeds a certain threshold. This way to
use measurement is of great interest in practice. For instance,
thanks to this procedure one can work with short communi-
cation bandwidths because the CPU exchanges informations
with its sensors only when a significant event happening.
Before stating our result, let us introduce the definition of
the width of a bounded box.
Definition 4: For a given bounded box [x]⊂Rn one define
by

w
(
[x]
)
= max

i=1,...,n
{xi− xi} (17)

its width or its size.
The working principle of this state estimator is illustrated

in Figure 1 by an hybrid automaton with two discrete states.
First, without using measurements, the bounding system
(8) of the non-monotone system (2) generate an outer-
approximation of its reachable set. When the width w of
this outer-approximation exceeds an user defined threshold
ε , the hybrid automaton switches to its second mode where
the measurements are used by output injections to reduce
the width of the outer-approximation until its size becomes
lower that a second threshold δ fixed by the user.
Proposition 5: If the following conditions hold:
• Assumption 2 is satisfied by the non-monotone system

(2).
• Assumption 1 is satisfied by the dynamics of the width,

ei(t), of the reachable set of each subsystem i in (14).
• The initial condition of (2) is framed by(

xT
1 (t0), . . . ,x

T
N(t0)

)T ≤
[
x(t0)

]
≤
(
xT

1 (t0), . . . ,x
T
N(t0)

)T
.
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Fig. 1. The hybrid formulation of the proposed set-membership state
estimator.

Then the solution
(
xl(t),xu(t)

)
to the hybrid automaton

presented in Figure 1 characterizes an outer-enclosure of
the reachable set of (2)

Rx(t, [x(t0)]) = [xl(t),xu(t)] (18)

with a width
w
(
Rx(t, [x(t0)])

)
≤ ε.

Proof : The hybrid automaton has two continuous-time
modes. The width of the outer-approximation of the reach-
able set computed in the non-correction mode m = 0 can
increase until to reach a maximal value authorized by the user
ε . At this maximal limit, the correction mode m = 1 is acti-
vated in order to reduce the width the outer-approximation.
Thereby, based on the Theorem 1, one can claim that, due to
output injections, the width of the outer-approximation has to
decrease. This mode is maintained active until that the width
of the outer-approximation becomes lower than a minimal
value δ . This allows to avoid the immediate activation of the
non-correction mode and so to use less the measurements.
This completes the proof. �

C. The case of uncertain systems

In contrast to the classical state estimation approaches, the
set-membership methods can deal with the case of uncertain
systems where the dynamics is described by a differential
inclusion

ẋ ∈ f(x,p, t) (19)

where x(t0) ∈ [x0] ⊂ Rn and the uncertain parameter vector
p belongs to a bounded box [p]⊂ Rnp .

In this unkown-but-bounded error framework, Proposition
4 stays valid to design set-membership state estimators by
output injections. Note that, in order to take into account the
effect of the uncertain parameters, here the bounding systems
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(15) used in Proposition 4 are replaced by the following
systems

ẋi = fi(xi,p,p,wi, t), xi(t0)
ẋi = fi(xi,p,p,wi, t), xi(t0)
i ∈ {1, . . . ,N}

(20)

where the entries of the uncertain parameter vector p are
tuned to their upper or lower bounds according to the
following rule: for all i = 1, . . . ,n and k = 1, . . . ,np one
replaces in the analytical expression of the ith component
fi of the field vector f
• pk by pk if ∂ fi

∂ pr
≥ 0 or by pk if ∂ fi

∂ pk
< 0 to design the

upper system and.
• pk by pk if ∂ fi

∂ pr
≤ 0 or by pk if ∂ fi

∂ pk
> 0 to design the

lower system.

Note that, in this case, a conservatism on the estimated
enclosure, of all the possible state trajectories compatible
with the differential inclusion (21), can be introduced if
the elements of the parameter vector p act positively and
negatively on the components of the field vector f.
Remark 3: One can also apply this set-membership state
estimation method for the case where the measurements are
affected by unknown-but-bounded additive noises

wi ∈ wim +[ewi
,ewi ], i = 1, . . . ,N (21)

where the vector wim represents the available measures
provided by the sensors and bounded box [ewi ] stands for
the feasible domain of the output error. To this end, one must
extend the vector of the uncertain parameters as follows

pT
e = (pT ,eT

w1
, . . . ,eT

wN
).

Similarly, in the case of state estimation by an event-
triggered output injections, Proposition 5 remains true and
the bounding systems of the continuous mode m = 0 of the
hybrid automaton are defined by

ẋu = fu(xu,xl ,p,p, t), xu(t0) = x(t0)
ẋl = fl(xu,xl ,p,p, t), xl(t0) = x(t0)

(22)

where the construction of the upper and lower systems
is based on the following procedure: for all i = 1, . . . ,n,
j = 1, . . . ,n and k = 1, . . . , p one replaces in the analytical
expression of the ith component fi of the field vector f
• xi by xi,
• x j ( j 6= i) by x j if ∂ fi

∂x j
≥ 0 or by x j if ∂ fi

∂x j
< 0,

• pk by pk if ∂ fi
∂ pr
≥ 0 or by pk if ∂ fi

∂ pk
< 0 to design the

upper system defined by the field vector fu.
• The lower system defined by the field vector fl is

designed following the same procedure by reversing the
sense of the inequality conditions.

IV. ILLUSTRATIVE EXAMPLE

The set-membership state estimation problem for a bio-
logical system, Drosophila circadian rhythms described by

the Goldbeter model [3], is considered in this section,

Ṁ =
vsKn

I
Kn

I +Pn
N
− vmM

km +M

Ṗ0 = ksM−
V1P0

K1 +P0
+

V2P1

K2 +P1

Ṗ1 =
V1P0

K1 +P0
− V2P1

K2 +P1
− V3P1

K3 +P1
+

V4P2

K4 +P2

Ṗ2 =
V3P1

K3 +P1
− V4P2

K4 +P2
− k1P2 + k2PN−

vdP2

kd +P2
ṖN = k1P2− k2PN

(23)
The values of the system parameters are gathered in Table I.

TABLE I
PARAMETER VALUES

Parameter Value Parameter Value
k2 1.3 k1 1.9
V1 3.2 V2 1.58
V3 5 V4 2.5
KI 1 km 0.5
ks 0.38 vd 0.95
kd 0.2 n 4
K1 2 K2 2
K3 2 K4 2
vs 0.76 vm 0.65

For this example, Assumption 2 is satisfied if the concen-
tration of the end product is chosen as an output

w1 = PN (24)

So, by output injection one obtains the following monotone
system

Ṁ =
vsKn

I
Kn

I +wn
1
− vmM

km +M

Ṗ0 = ksM−
V1P0

K1 +P0
+

V2P1

K2 +P1

Ṗ1 =
V1P0

K1 +P0
− V2P1

K2 +P1
− V3P1

K3 +P1
+

V4P2

K4 +P2

Ṗ2 =
V3P1

K3 +P1
− V4P2

K4 +P2
− k1P2 + k2w1−

vdP2

kd +P2
ṖN = k1P2− k2PN

(25)
and the dynamics of the width of its reachable set is
described by

ėM = − vmkmeM
(km+wM)2

ėP0 = kseM−
V1K1eP0

(K1+wP0 )
2 +

V2K2eP1
(K2+wP1 )

2

ėP1 =
V1K1eP0

(K1+wP0 )
2 −
( V2K2
(K2+wP1 )

2 +
V3K3

(K3+wP1 )
2

)
eP1 +

V4K4eP2
(K4+wP2 )

2

ėP2 =
V3K3eP1

(K3+wP1 )
2 −
( V4K4
(K4+wP2 )

2 + k1 +
vdkd

(kd+wP2 )
2

)
eP2

ėPN = k1eP2 − k2ePN
(26)

where the variables wM , wP0 , wP1 and wP2 belong into the
following time-varying intervals

M(t) ≤ wM(t) ≤ M(t)
P0(t) ≤ wP0(t) ≤ P0(t)
P1(t) ≤ wP1(t) ≤ P1(t)
P2(t) ≤ wP2(t) ≤ P2(t)
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Note that, by construction, this dynamics is cooperative.
So one can apply Theorem 1 to show the global asymptotic
stability of its origin. To do that, one must check the
conditions of Assumption 1, namely the boundedness of all
the solutions to (26) and the unicity of its equilibrium point.

c) Boundedness: From (26) it is clear that eM is
bounded and converges asymptotically towards 0. Thus, one
can claim that there exists a time instant t∗ for which one
obtains

(
2

∑
i=0

ėPi(t
∗))+ ėN(t∗) =−

vdkd

(kd +wP2)
2 eP2(t

∗)− k2ePN (t
∗)

(27)
Moreover, since the initial condition of (26) is positive, one
can state that the solution to (26) stays positive for all t ≥ 0.
Hence, for all t > t∗ (27) is nonpositive then one can affirm
that all the solutions to (26) are bounded.

d) Uniqueness of the equilibrium point: By direct
computation one can show that the origin of (26) is an
equilibrium point(

e∗M,e∗P0
,e∗P1

,e∗P2
,e∗PN

)T
= (0,0,0,0,0)T (28)

Moreover, it is straightforward to show that the following set
of equations established at the steady state of (26)

e∗M = 0
V1K1

(K1+wP0 )
2 e∗P0

= V2K2
(K2+wP1 )

2 e∗P1
V3K3

(K3+wP1 )
2 e∗P1

= V4K4
(K4+wP2 )

2 e∗P2(
k1 +

vdkd
(kd+wP2 )

2

)
e∗P2

= 0

k1e∗P2
= k2e∗PN

(29)

admits a unique solution which is the origin of (26).
So, Assumption 1 is satisfied by (26). Consequently, one

can apply Propositions 4 and 5 to estimate guaranteed state
enclosures for the nonlinear system (23).

A. Test with output injection

The initial state of (23) is assumed unknown but belongs
to the bounded box

0.1≤M(0)≤ 2
0.1≤ P0(0)≤ 3
0.1≤ P1(0)≤ 4
0.1≤ P2(0)≤ 2
0.1≤ PN(0)≤ 3

(30)

Then, based on the output injection (24) and using the
bounding systems deduced from (25) as proposed in (15)
a tight state enclosure for (23) is computed and depicted
in Figure 2. Furthermore, since (26) satisfies Assumption
1 with the origin as its unique equilibrium, the width of
the estimated enclosure converges asymptotically towards
0. It means that the lower bound of the estimated state
enclosure coincides with the upper bound of the estimate
state enclosure in the steady state, as shown in Figure 2.
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Fig. 2. Projections of the estimated tight enclosure of the reachable set
of (23) on the five state axes. The continuous lines show the enclosure and
the dashed lines plot the real state trajectories generated by (23) from the
initial state

(
M(0),P0(0),P1(0),P2(0),PN(0))T = (0.5,1.5,2,1,1.5)T .

B. Case of uncertain system (Test with output injection)

In this subsection the system (23) is considered uncertain,
where its parameters vs,ks and kd are unknown but bounded
with known bounds

0.7 ≤ vs ≤ 0.8
0.3 ≤ ks ≤ 0.4
0.1 ≤ kd ≤ 0.3

(31)

and the output (24) is corrupted by a bounded additive noise

[w1] = PN +[0.05, 0.05] (32)

In this framework, the simulation results of the set-
membership state estimator (20) are depicted in Figure 3.
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Fig. 3. Projections of the estimated tight enclosure of the reachable set
of (23) on the five state axes. The continuous lines show the enclosure and
the dashed lines plot the real state trajectories generated by (23) from the
initial state

(
M(0),P0(0),P1(0),P2(0),PN(0))T = (0.5,1.5,2,1,1.5)T .
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It is worth pointing out that, since the uncertain parameters
of (23) act positively on its dynamics, the estimated state
enclosure plotted in Figure 3 is tight. It means that the lower
and upper bounds of the state enclosure generated by (20)
are feasible and no conservatism is introduced.

C. Test with event-triggered output injection

This simulation test aims to show the performance of the
hybrid set-membership state estimator given in Proposition
5. For this example, Assumptions 1 and 2 are satisfied. Then,
thanks to the event-triggered output injection policy, one can
maintain the width of the reachable set of (23) lower than a
given threshold ε . Figure 4 shows the time evolution of the
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Fig. 4. Projections of the estimated tight enclosure of the reachable set
of (23) on the five state axes. The continuous lines show the enclosure and
the dashed lines plot the real state trajectories generated by (23) from the
initial state

(
M(0),P0(0),P1(0),P2(0),PN(0))T = (0.5,1.5,2,1,1.5)T .

estimated state enclosure of (23) generated from the domain
of initial conditions (30). The hybrid automaton of Figure
1 is implemented with the following thresholds: ε = 1 and
δ = 0.5. As expected, Figure 4 shows that the width of
the estimated state enclosure stays always lower than 1 and
the hybrid automaton switches between its two continuous
modes according the value taken by this width.

D. Case of uncertain system (Test with event-triggered out-
put injection)

For the last test, the event-triggered output injection policy
is applied to estimate the state enclosure of the uncertain
system (23), where the uncertainties are defined by (30), (31)
and (32).

The simulation results are plotted in Figure 5. As expected
with the same thresholds ε and δ , the hybrid state estimator
has to activate for a long time its second continuous mode in
order to maintain the width of the estimated state enclosure
lower that ε . That means, to cope with the pessimism
propagation generated by the uncertainties the state estimator
needs to use informations given by the output measurements
for a long period of time.
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Fig. 5. Projections of the estimated tight enclosure of the reachable set
of (23) on the five state axes. The continuous lines show the enclosure and
the dashed lines plot the real state trajectories generated by (23) from the
initial state

(
M(0),P0(0),P1(0),P2(0),PN(0))T = (0.5,1.5,2,1,1.5)T .

V. CONCLUSIONS

A new method to design set-membership state estimators
has been proposed in this paper. The core idea of this method
is based on the comparaison theorems of differential inequal-
ities and the principle of output injections. Two policies
are suggested to implement the proposed state estimators
in a bounded error framework. The first one relies on the
continuous output injections and the second one is based
on a event-triggered output injection. In both cases, the
convergence of the width of the estimated state enclosure
is done and conditions to guarantee this convergence are
highlighted.

REFERENCES

[1] T. Alamo, J.M. Bravo, and E.F. Camacho. Guaranteed state estimation
by zonotopes. Automatica, 2005.

[2] D. Angeli and E. D. Sontag. Multi-stability in monotone input/output
systems. Systems and Control Letters, 51:185–202, 2004.

[3] D. Angeli and E. D. Sontag. Oscillations in I/O monotone systems.
IEEE Transactions on Circuits and Systems, Special Issue on Systems
Biology, 55:66–176, 2008.

[4] D. Angeli and E.D Sontag. Monotone control systems. IEEE
Transaction on automatic control, 48(10):1684–1698, 2003.

[5] F.L Chernousko. Ellipsoidal state estimation for dynamical systems.
Nonlinear analysis, 2005.

[6] F.L Chernousko and D. Ya. Rokityanskii. Ellipsoidal bounds on reach-
able sets of dynamical systems with matrices subjected to uncertain
perturbations. Journal of optimization theory and applications, 104:1–
19, 2000.

[7] L. Chisci, A. Garulli, and G. Zappa. Recursive state bounding by
parallelotopes. Automatica, 32:1049–1055, 1996.

[8] C. Combastel. A state bounding observer for uncertain nonlinear
continuous-time systems based on zonotopes. In 44th IEEE Confer-
ence on decision and control and European control conference ECC
2005, 2005.

[9] J.P. Gauthier, H. Hammouri, and S. Othman. Simple observer for
nonlinear systems applications to bioreactors. IEEE Transactions on
Automatic Control, 37:875–880, 1992.

[10] G. Goffaux, A.V. Wouwer, and O. Bernard. Improving continuous-
discrete interval observers with application to microalgae-based bio-
processes. Journal of Process Control, 19:1182–1190, 2009.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

409
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Historical Background

Dilation theory began in the works of B. Sz.-
Nagy ( [1]) and P. Halmos ( [2]). In particular Sz.-
Nagy constructed a commuting dilation of a one-
parameter commutative semigroup of contractions
to a group of unitaries. Namely, for a strongly-
continuous semigroup homomorphism Λ : R>0 →
B(H ), where H is a Hilbert space and each Λ(t) is
a contraction, Sz.-Nagy constructed a Hilbert space
K , an isometry V : H →K and a unitary repre-
sentation π of R on K , such that for every t > 0,
we have V ∗π(t)V = Λ(t). In 1963 T. Ando in [3]
constructed a commutative unitary dilation for a
pair of commuting contractions. The case of two-
parameter semigroups of contractions was settled
by M. Słociński in [4] and [5]. The arguments of
Słociński were later simplified by M. Ptak [6], see
also [7] for more details and additional results.

The connection of dilation theory to system
theory was already implicit in the works of M. S.
Livśic (cf. [8]) and also the fundamental book [9]
of P. Lax and R. Phillips. This connection was
made explicit in [10], [11], [12], [13] and [14]
and many other works. Given a contraction we
embed it in a conservative input/state/output lin-
ear system, then the dilation space is the space of
square-summable trajectories of the system and the
unitary representation is the shift in time. In fact
Sarason’s lemma ( [15, Lem. 0]) shows that every
unitary dilation in obtained in that way. This pro-
vides motivation to construct commutative unitary
dilations of commutative contractive multiparame-
ter semigroups using multidimesional conservative
overdetermined i/s/o linear systems.

This talk is based on joint work with V. Vin-
nikov.

Commutative Vessels

A commutative Livśic operator vessel is a col-
lection of spaces and operators:

V=
(
H ,E ,{A j}d

j=1,Φ,{σ j}d
j=1,{γ jk}d

j,k=1,{γ∗ jk}d
j,k=1

)
.

Here H and E are Hilbert spaces, Φ : H → E is
a bounded operator, A1, . . . ,Ad are commuting op-
erators on H and σ j, γ jk and γ∗ jk are selfadjoint
operators on E that satisfy:

A j−A∗j = iΦ∗σ jΦ,

γk j =−γ jk, γ∗k j =−γ∗ jk,

σ jΦA∗k−σkΦA∗j = γ jkΦ,

σ jΦAk−σkΦA j = γ∗ jkΦ,

γ∗ jk− γ jk = i(σ jΦΦ
∗
σk−σkΦΦ

∗
σ j) .

Every d-tuple of commuting operators can be em-
bedded in a commutative vessel (see [16] or [17]
for details). Each vessel V has a conservative i/s/o
linear system associated to it:

i
∂x
∂ t j

+A jx(t) = Φ
∗
σ ju(t),

y(t) = u(t)− iΦx(t)

Here x is a continuously differentiable function on
Rd with values in H and we call it the state and u,y
are functions on Rd with values in E that we call
the input and output, respectively. If we assume
that u and y are continuously differentiable and x is
twice continuously differentiable, then we obtain
the input compatibility conditions:

Φ
∗
(

σk
∂u
∂ t j
−σ j

∂u
∂ tk

+ iγ jku
)
= 0.

We will consider the strict version, namely:

σk
∂u
∂ t j
−σ j

∂u
∂ tk

+ iγ jku = 0. (1)
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Similar conditions can be obtained at the output.
It is shown in [16] that if the input signal u satis-
fies the input compatibility equations then for ev-
ery initial condition x(0) = h there exits a unique
solution to the system and the y obtained satisfies
the output compatibility conditions (see also [17]
for a different proof in a more general setting). The
problem is that if d > 2 then the input compatibility
system is itself overdetermined. We will describe a
set of additional conditions, so that the system of
input compatibility equations admit a solution for
every initial condition along a line and then use
these conditions to construct the dilation space.

Main Results

We first solve the system of input compatibility
conditions in the analytic case. We assume that σ1
is invertible and require that the system (1) is solv-
able for every initial condition along the t1-axis, an-
alytic in a neighborhood of 0 and that the solution
is analytic on some neighborhood of 0 ∈ Rd . We
obtain the following result:

Theorem. Let V be a vessel, such that σ1 is invert-
ible. Then the system of input compatibility equa-
tions admits a solution analytic in a neighborhood of
0 for every initial condition if and only if the follow-
ing conditions hold for every j,k = 2, . . . ,d:

[σ−1
1 σ j,σ

−1
1 σk] = 0,

[σ−1
1 γ1 j,σ

−1
1 γ1k] = 0,

[σ−1
1 σ j,σ

−1
1 γ1k] = [σ−1

1 σk,σ
−1
1 γ1 j],

γ jk = σ jσ
−1
1 γ1k +σkσ

−1
1 γ1 j.

(2)

We call conditions (2) V R conditions. Clearly
the choice of σ1 is arbitrary, as long as ξ σ =

∑
d
j=1 ξ jσ j is invertible we can specify initial condi-

tions on the line spanned by ξ . Furthermore, if the
V R conditions hold with respect to some ξ ∈ Rd ,
then they hold with respect to every η ∈ Rd , such
that ησ is invertible. One can also define the V R
conditions in the output (using γ∗1 j instead of γ1 j),
then the V R conditions hold at the input if and only
if they hold at the output. Therefore, we conclude
that the V R conditions are natural for vessels and
their associated systems.

Next we want to deal with the case when there
exists an ε > 0, such that σ1 > εI. By changing the
inner product on E we may assume that σ1 = I.
Let us assume that the V R conditions hold, then we
can construct a representation of Rd on S (R,E ),

i.e., the space of E -valued Schwarz functions by:

π(t1, . . . , td)( f ) = F−1
(

ei∑
d
j=1 t j(sσ j+γ1 j)F ( f )

)
.

Here F stands for the Fourier the transform. Tak-
ing the contragredient representation of π we are
able to construct weak solutions to the system of
input compatibility equations (1) for every square-
summable initial condition on the t1 axis. We make
the following definition:

Definition. We will say that a d-tuple of commuting
dissipative operators on a separable Hilbert space H
has the the dissipative embedding property if the d
tuple can be embedded in a vessel V satisfying the
V R conditions and such that there exists ε > 0 and
ξ ∈ Rd , such that for every j = 1, . . . ,d we have σ j >
0.

The main result we obtain is:

Theorem. If a d-tuple A = (A1, . . . ,Ad) of bounded
dissipative operators on a separable Hilbert space
H has the dissipative embedding property, then the
commutative semigroup of contractions generated by
A admits a commutative unitary dilation.

The dilation space is L2(R<0,E ) ⊕ H ⊕
L2(R>0,E ), where we think of the triple (y,h,u) as
a snapshot of a square-summable trajectory. Here y
represents the initial condition for the output in the
past and u the initial condition for the input in the
future, lastly h is the current state of the system.
Note that the above theorem allows us to recon-
struct the complete trajectory of the system from
the snapshot.
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Negative imaginary and counter-clockwise systems as input-output
Hamiltonian systems with dissipation

Arjan van der Schaft

Abstract— Negative imaginary and counter-clockwise systems
have recently attracted considerable attention as an interesting
class of systems, which is well-motivated by applications. In
this talk first the formulation of negative imaginary and
counter-clockwise systems as input-output Hamiltonian systems
with dissipation is summarized. A major advantage, apart
from the added insight and physical structure, is the natural
formulation of nonlinear input-output Hamiltonian systems
with dissipation. New main results include a converse to pos-
itive feedback interconnection of negative imaginary systems,
expressing that the positive feedback interconnection of two
arbitrary linear systems is negative imaginary if and only if
the systems themselves are negative imaginary. Subsequently,
it is shown that the network interconnection of nonlinear input-
output Hamiltonian systems with dissipation via a symmetric
adjacency matrix results in another input-output Hamiltonian
system with dissipation. Furthermore, a stability analysis of
the resulting system is given in terms of the Hamiltonians and
output mappings of the component systems associated to the
nodes, and the topology of the network encoded in the adjacency
matrix.

I. EXTENDED ABSTRACT

A. From negative imaginary systems to input-output Hamil-
tonian systems with dissipation

A linear system

ẋ = Ax+Bu, x ∈ Rn, u ∈ Rm

y = Cx+Du, y ∈ Rm
(1)

with transfer matrix G(s) = C(Is−A)−1B+D is called [6],
[8] negative imaginary1 if D = DT and the transfer matrix
H(s) := s(G(s)−D) is positive real. In [2] a similar notion,
also for the nonlinear case, was coined as counter-clockwise
input-output dynamics.

In [6], [16] it was shown that a minimal system (1) is
negative imaginary if and only if D = DT and there exists
an n× n symmetric matrix Q > 0 such that

ATQ+QA ≤ 0, B = −AQ−1CT (2)

Subsequently, in [14] it was shown that a minimal system
(1) is negative imaginary if and only if it can be written as

ẋ = (J −R)(Qx− CTu)

y = Cx+Du, D = DT
(3)

A.J. van der Schaft is with Johann Bernoulli Institute for Mathe-
matics and Computer Science, Jan C. Willems Center for Systems and
Control, University of Groningen, 9747AG Groningen, The Netherlands,
a.j.van.der.schaft@rug.nl

1The terminology ’negative imaginary’, stems, similarly to ’positive real’,
from the Nyquist plot interpretation for single-input single-output systems.
For the precise definition in the frequency domain we refer to [6], [2].

for some matrices Q, J,R of appropriate dimensions satis-
fying

Q = QT , J = −JT , R = RT ≥ 0 (4)

with Q > 0. Any system (3) satisfying (4) (but not
necessarily Q > 0) was called in [14] an input-output
Hamiltonian system with dissipation (IOHD). The storage
function 1

2x
TQx is called its Hamiltonian function. The

matrix J defines a Poisson structure matrix, and R is called
the dissipation matrix; see [13], [12], [9].

The definition of an IOHD system (3) is readily extended
to the nonlinear case [14]. For simplicity, throughout con-
sider the case without feedthrough terms and with affine
dependence on u; see [14] for an extension to general
nonlinear systems.

Definition 1.1: A system described in local coordinates
x = (x1, · · · , xn) for some n-dimensional state space
manifold X as2

ẋ = (J(x)−R(x))[∂H∂x (x)−
∂CT

∂x (x)u], u ∈ Rm

y = C(x), y ∈ Rm

(5)
where the n×n matrices J(x), R(x) depend smoothly on x
and satisfy

J(x) = −JT (x), R(x) = RT (x) ≥ 0, (6)

is called a nonlinear IOHD system, with Hamiltonian H :
X → R and output mapping C : X → Rm.
This definition turns out to be a generalization of the
definition of an affine input-output Hamiltonian system as
originally proposed in [4] and studied in e.g. [10], [11]. In
fact, it reduces to this definition in case R = 0 and J defines
a symplectic form (in particular, has full rank).

The time-differentiated output of a nonlinear IOHD system
(5) is given as

z := ẏ = (
∂CT

∂x
(x))T (J(x)−R(x))[∂H

∂x
(x)− (

∂CT

∂x
(x))u]

(7)
Furthermore, using uT (∂C

T

∂x (x))TJ(x)∂C
T

∂x (x)u = 0 by
skew-symmetry of J(x), it follows that (leaving out argu-
ments x)

d

dt
H = uT z − (

∂H

∂x
− uT ∂C

T

∂x
)TR(

∂H

∂x
− uT ∂C

T

∂x
), (8)

2 ∂H
∂x

(x) denotes the n-dimensional column vector of partial derivatives
of the function H : Rn → R. In case of a mapping C : Rn → Rm we
denote by ∂CT

∂x
(x) the n ×m matrix whose j-th column consists of the

partial derivatives of the j-th component function Cj .
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showing passivity with respect to the output z in case the
Hamiltonian H is bounded from below.

Linear IOHD (or negative imaginary) systems and non-
linear IOHD systems show up naturally in applications; see
e.g. [6], [8], [3], [7], [4], [10], [11]. Furthermore, there is
obviously a close relation with passive and port-Hamiltonian
systems [12], [13], [9].

B. Positive feedback interconnection of negative imaginary
systems

Just like the negative feedback interconnection of pas-
sive (or port-Hamiltonian) systems results in a passive (re-
spectively port-Hamiltonian) system, the positive feedback
interconnection of IOHD systems results in another IOHD
system. Indeed, the positive feedback interconnection

u1 = y2 + e1, u2 = y1 + e2, (9)

with e1, e2 two external inputs, of two linear IOHD systems
(for simplicity taken without feedthrough term)

ẋi = (Ji −Ri)(Qixi − CT
i ui)

yi = Cixi, i = 1, 2,
(10)

with equal number of inputs and outputs can be seen [14] to
result in the IOHD system[

ẋ1
ẋ2

]
=

([
J1 0
0 J2

]
−
[
R1 0
0 R2

])
([

Q1 −CT
1 C2

−CT
2 C1 Q2

] [
x1
x2

]
−

−
[
CT

1 0
0 CT

2

] [
e1
e2

])
[
y1
y2

]
=

[
C1 0
0 C2

] [
x1
x2

]
,

(11)

with interconnected Hamiltonian given as

Hint(x1, x2) :=
1

2
xT1Q1x1+

1

2
xT2Q2x2−xT1 CT

1 C2x2 (12)

Hence the stability of the interconnected system can be
characterized in terms of the interconnected Hamiltonian
(12).

Proposition 1.2 ([14]): Consider two IOHD systems. The
interconnected IOHD system (11) is stable having no eigen-
value at zero if the interconnected Hamiltonian (12) has a
strict minimum at the origin (x1, x2) = (0, 0). Conversely, if
(11) is asymptotically stable, then the interconnected Hamil-
tonian (12) has a strict minimum at the origin (x1, x2) =
(0, 0).
It follows from ([6], Theorem 5) it has been shown that the
Hamiltonian (12), with Q1 > 0, Q2 > 0. is a positive definite
quadratic if and only

λmax

(
C1Q

−1
1 CT

1 · C2Q
−1
2 CT

2

)
< 1, (13)

where λmax(K) denotes the maximal eigenvalue of the
matrix K. This allows for the following interpretation. The

dc-gain of an IOHD system (3) with D = 0 is given by the
expression

−CA−1B = CQ−1CT , (14)

Hence the interconnected IOHD (11) is stable having no
eigenvalue at zero if and only if the dc loop gain is less than
unity. This can be regarded as a rephrasing of a fundamental
result concerning the stability of the positive feedback inter-
connection of two systems with negative imaginary transfer
matrices, as obtained in [2] for the SISO case with D = 0
and in [6] for the general MIMO case.

C. A converse result

In the present talk we will discuss how not only the pos-
itive feedback interconnection of two IOHD systems results
in another IOHD system, but that also the converse holds: if
the positive feedback interconnection of two arbitrary linear
systems is an IOHD system (with inputs e1, e2 and outputs
y1, y2), then the systems are necessarily IOHD as well.
Furthermore, their Poisson structure and dissipation matrices
are obtained by decomposition of the Poisson structure
matrix and dissipation matrix of the interconnected IOHD
system, while also their Hamiltonians are directly inferred
from the Hamiltonian of the interconnected system.

This result can be seen as an analog to the converse result
obtained for the negative feedback interconnection of passive
systems in [5].

D. Positive feedback interconnection of nonlinear IOHD
systems

Similar to the linear case it can be seen [14] that the
positive feedback interconnection of two nonlinear IOHD
systems (5), indexed by i = 1, 2, results in the nonlinear
IOHD system[

ẋ1
ẋ2

]
=

([
J1(x1) 0

0 J2(x2)

]
−
[
R1(x1) 0

0 R2(x2)

])
([

∂Hint

∂x1
(x1, x2)

∂Hint

∂x2
(x1, x2)

]
−

[
∂CT

1

∂x1
(x1) 0

0
∂CT

2

∂x2
(x2)

] [
e1
e2

])
[
y1
y2

]
=

[
C1(x1)
C2(x2)

]
,

(15)
with interconnected Hamiltonian Hint given by

Hint(x1, x2) := H1(x1) +H2(x2)− CT
1 (x1)C2(x2) (16)

(compare with [2], Theorem 6)). Like in the linear case,
the stability properties of the interconnected system are
determined by Hint.

E. Stability of networks of IOHD systems

The fact that the positive feedback interconnection of
two IOHD systems results in another IOHD system can be
naturally extended to networks of IOHD systems.

The set-up considered is as follows (partly motivated by
[15] where a different network interconnection of negative
imaginary systems is considered). Consider an undirected
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graph G with N nodes (vertices) and M edges, together with
an N ×N adjacency matrix A (symmetric since the graph
is undirected). Furthermore, take the multi-agent point of
view by associating to each of the nodes i ∈ {1, · · · , N}
a (nonlinear) IOHD system (5), indexed by i, with equal
number of inputs and outputs m (independent of i). These
IOHD systems are interconnected by setting

u = A⊗ Imy + e, (17)

where u is the stacked Nm vector, with subvectors
u1, · · · , um, and analogously for y and the external inputs e.
(Here A⊗ Im denotes the Kronecker product of A and Im,
i.e., the Nm × Nm matrix obtained by multiplying every
element of A by the m ×m identity matrix Im.) Note that
for the special case N = 2 and M = 1 this reduces to the
positive feedback interconnection (9).

It can be readily seen that the resulting multi-agent system
is again an IOHD system (with inputs e1, · · · , eN and
outputs y1, · · · , yN , and total interconnected Hamiltonian
given as

Hint(x1, · · · , xN ) := H1(x1) + · · ·+HN (xN )−∑N
i,j=1Aij(Ci(xi))

TCj(xj)
(18)

In the talk we will elaborate on the stability properties
of the resulting system, in terms of the Hamiltonians
and output mappings of the component systems, and the
topology of the network described by the adjacency ma-
trix A. Particular attention will be devoted to the limit-
ing case where the interconnected Hamiltonian is equal
to
∑N

i,j=1 Lij(Ci(xi))
TCj(xj), where L is the Laplacian

matrix corresponding to the adjacency matrix A.
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Musical wind instruments, graphs and orthogonal polynomials

G. Le Vey

Abstract— Orthogonal polynomials are ubiquitous in math-
ematical physics since the XIXth century and are still an
active research field. In this work relationship between discrete
acoustical resonators, harmonicity of resonance frequencies
and ultraspherical polynomials is established. It relies upon
recent work done by the author on modelling musical wind
instruments within graph theory. The approach originates from
the mathematical study of evolution equations on networks.
It furnishes closed-form expressions, even for complex instru-
ments, useful for musical acoustics purposes. When searching
for resonators with harmonicity property, it was found that
a huge class of resonators meet the requirement. Thus, the
additional property of orthogonality is imposed for restricting
this class and related consequences are investigated.

I. INTRODUCTION

Musical wind instruments were developped along tens of
centuries, on a trial and error basis for the most part ot the
time, with the musicians ears as the main checking device
for the instrument makers, and this until the present times.
On another hand, since the XV IIIth century and the birth
of modern science, musical instruments have received more
and more attention from the scientists, with famous people
such as the Bernouilli, J.L. Lagrange, Lord Rayleigh, H.
von Helmholtz. Nowadays, there is a much alive community
involved in a large bunch of scientific preoccupations about
musical acoustics. The most common method for modelling
musical wind instruments is based on a well-known analogy
between acoustical waveguides and electric transmission
lines, in which the impedance plays an essential role [1]. A
quite different approach, based on results from mathematical
modelling and analysis of repetitive structures modelled as
networks of same elements [2], was nevertheless proposed
recently [3]. The method uses basic concepts and methods
from graph theory for modelling the duct geometry of wind
instruments, together with their toneholes, if any. By a
convenient rewriting in matrix form, it solves the standard
one dimensional horn wave equation on a graph describing
the instrument. It has proven useful for natural frequencies
computation, by furnishing closed-form expressions. Apart
from giving a fresh look at well-known results for general
acoustics, it opens new perspectives for musical acoustics
research, as shown hereafter. The specific point developped
in this work concerns the relationship of a harmonicity re-
quirement for a class of acoustical resonators with orthogonal
polynomials.

II. A MODEL OF DISCRETE ACOUSTICAL RESONATORS

A musical wind instrument is made of essentially two
parts : the “resonator”, an acoustical waveguide that can have
a rather complex shape ; the “excitator”, a device placed at

one end of the resonator that, when blown into, triggers a
system of standing waves for the fluid inside the resonator.
Both constitute a closed-loop system but the excitation
device will not be considered here. Moreover one restricts to
piecewise cylindrical resonators without toneholes, that can
approximate instruments such as brasses. They will be called
“discrete resonators” [4] (see figure 1 for an illustration).
Following [3], while accounting for the above restrictions,

a1

a2

a
N−1

aN

Fig. 1. A discrete acoustical resonator with N cylindrical pieces with
cross-section areas aj , j = 1, . . . , N

the main duct of a discrete resonator is modelled by a
sequence of edges on which the wave equation holds. The
edges meet at vertices that model their junction. The edges
are oriented to account for the chosen velocity convention of
the fluid (the air). The union of all these edges and vertices
constitutes the underlying graph G of the instrument ([3],
[5]), as illustrated in figure 2 : the graph has N edges,
denoted Ei, and N + 1 vertices, denoted Vi (see [3] for the
general case of an instrument with toneholes). Each edge

V1 V2 V3 VN−1 VN VN+1

1E E
2

EN−1 EN

Fig. 2. Graph of a discrete resonator with N cylindrical pieces

and its associated quantities are indexed by an integer in
the set : J = {1, . . . , N}. The locations of end points of
each edge, i.e. the vertices of the tree, are labelled by an
integer in the set : I = {1, . . . N + 1}. Figure 2 shows that
the only simple vertices are the left end V1 and right end
VN+1 of the graph G and that multiple vertices have vertex
degree 2, i.e. they have exactly two neighbouring vertices.
The physics inside resonators is ruled by the standard wave
equation inside the domain of R3. But, due to the dimensions
of real instruments, one being much larger that the two
others, the linear plane wave assumption is in order, implying
that the propagation is one dimensional. Moreover, losses
are neglected. Define then for each edge labelled j ∈ J ,
the length Lj , the running variable xj ∈ [0, Lj ], the cross-
section area aj , the pressure pj , the particle velocity vj and
the velocity potential ϕj . Remember that in this setting :
pj = ∂tϕj and vj = ∂xjϕj . The sound velocity c is assumed
constant in the whole instrument. With these notations, the

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

21



horn equation on each edge (j ∈ J ) writes [1] :
1
c2 aj∂ttϕj − ∂xj (aj∂xjϕj) = 0 (1)

Because of the 1D assumption, an essential idea within the
followed approach is to write the set of equations (1) directly
on the graph ([3], [2]). To account for junctions of the
cylindrical pieces in pairs, their interconnection is modelled
by a Kirchoff-type conservation law at each junction between
two pieces [3], i.e. at each internal vertex i, one has :

i∑
j=i−1

εijaj∂xj
ϕj(Vi, t) = 0 ,∀i = 2, . . . N (2)

where εij = ±1 depends on the chosen orientation for the ve-
locity on edges. This reduces to a Neumann condition at the
two simple nodes j = 1, N + 1, that is written with a slight
abuse of language : ∂x1ϕ1(V1, t) = 0, ∂xN

ϕN (VN+1, t) = 0,
corresponding to an ideally closed end. An ideally open end
(i = 1 or i = N + 1) imposes the Dirichlet condition :
ϕ1(V1, t) = 0 or ϕN (VN+1, t) = 0. All the above represents
a lossless wind instrument without active components. Last,
in what follows, all edges are assumed to have the same
length : Lj ≡ L, ∀j ∈ J . Both situations of closed or open
ends correspond to different classes of instruments : e.g. a
reed instrument such as a clarinet or a saxophone is closed at
the end where the reed is fixed while the other end is open,
to allow radiation and thus hearing the sound. On another
hand, a flute or a recorder is open at both ends.

III. NATURAL FREQUENCIES OF DISCRETE RESONATORS

Many qualitative properties of musical wind instruments
are related to the natural resonance frequencies of the res-
onator. Therefore, it is natural to focus on these frequencies :
this is done by studying the eigenvalue problem for the set of
equations (1), (2). To that end, define the wave number inside
the instrument : k = ω

c , with ω = 2πfc and f a natural
frequency of the resonator. Eventually, let λ = cos(kL).
Thanks to a suitable matrix form of equations (1), (2)
written in the spectral domain, it was shown in [3], following
the formalism initiated in [2], that for a discrete resonator
with N pieces, closed at both ends (i.e. without imposing
any condition at vertices V1, VN+1), the natural frequencies
can be computed from the eigenvalues of the characteristic
(N + 1) × (N + 1) matrix M(λ) of the resonator, defined
by :

M(λ) =



β1λ a1 0 · · · 0 0
a1 β2λ a2 · · · 0 0

0 a2 β3λ
. . .

... 0
...

. . . . . . . . . aN−1 0
0 0 · · · aN−1 βNλ aN
0 0 · · · 0 aN βN+1λ


(3)

with : βi = −(ai−1+ai), i = 2, . . . , N and a0 = aN+1 = 0,
i.e. from the solutions of det(M(λ)) = 0. As M(λ) is a
Jacobi matrix, its determinant can be computed recursively.
Observe that for a simple cylinder, i.e. aj = a1,∀j ∈ J ,

this matrix reduces to the Kirchoff matrix of a discretization
of the cylinder in N equal parts. On another hand, opening
the left end V1 (resp. the right end VN+1) of the resonator
amounts to cancelling the first (resp. last) line and column
of matrix M(λ), as shown in [3]. In the following, two
situations are distinguished : reed-type resonators have the
right end open and the left one closed while flute-type
resonators have both ends open [1]. In both cases, the last
line and column of M(λ) are cancelled. Therefore define,
for reed-type resonators, pN (λ) to be the determinant of
the corresponding N × N matrix : it is a polynomial in
λ with degree N . For flute-type instruments define qN−1

to be the determinant of the (N − 1) × (N − 1) matrix
obtained by cancelling moreover the first line and column :
it is a polynomial with degree N − 1. The natural resonance
frequencies of a discrete resonator, closed at the left end and
open at the right one can be found from the roots rN,i of
pN computed through the recursion (n = 1, . . . , N ) : p−1(λ) = 0

p0(λ) = 1
pn(λ) = βnλpn−1(λ)− a2n−1pn−2(λ)

(4)

with a1 a given parameter. The natural frequencies are
then : fN,i = c

2πL arccos(rN,i). In the same way, when the
discrete resonator is open at both ends, its natural resonance
frequencies are obtained from the roots sN−1,i of qN−1

computed through the recursion (n = 1, . . . , N − 1) : q−1(λ) = 0
q0(λ) = 1
qn(λ) = βn+1λqn−1(λ)− a2nqn−2(λ)

(5)

with a1, a2 a priori given parameters. Notice that when
setting a1 = 0, (5) reduces to (4), up to a renumbering
(an+1 → an).

IV. SEARCH FOR ORTHOGONAL POLYNOMIAL FAMILIES

Both above recursions are three terms ones and are thus
reminiscent of those that have been known for a long time for
classical orthogonal polynomials [6], [7], [8]. It is therefore
natural to wonder about an additional orthogonality property
and its consequences on the geometry of corresponding
resonators and their acoustical properties : this point was
perceived through a few numerical computations in [3] and
is developped now. The polynomial functions pn(λ), qn(λ)
are clearly defined on the interval [−1, 1]. Consequently,
whenever orthogonality is at issue, Jacobi polynomials ([6],
[8]) naturally come to mind. Notice however that any other
polynomial family that is orthogonal with respect to a non
negative measure on the same interval can be used either 1.
In this work, one focusses ont the consequences of assuming
that pn or qn is a Jacobi polynomial. Firstly, comparing the
recursions given for Jacobi polynomials under usual nor-
malization [6] (equation (17) in appendix) to recursions (4),
(5), it is apparent that pn and qn can only be ultraspherical,
because the coefficient of pn−1 and that of qn−1 are merely

1The author thanks one anonymous reviewer for this remark
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linear in λ and not strictly affine. In the sequel one thus con-
siders the recursion for ultraspherical polynomials Pαn under
the normalization given in [6] (equation (18) in appendix).

A. Closed-open resonators

In order for pn to be an ultraspherical polynomial, set
pn = cnPn where cn is a normalizing coefficient. A simple
substitution into recursion (18) gives :

pn = cn
cn−1

(n+α)(2n+2α−1)
n(n+2α) λpn−1

− cn
cn−2

(n+α−1)(n+α)
n(n+2α) pn−2

(6)

Identifying both recursions (4) and (6) leads to :
cn
cn−1

(n+α)(2n+2α−1)
n(n+2α) = −(an−1 + an)

cn
cn−2

(n+α−1)(n+α)
n(n+2α) = a2n−1

(7)

It is clear that : cn
cn−1

< 0 and cn
cn−2

> 0, meaning that
successive polynomials have leading term with alternating
signs. As Pα0 (λ) = 1, Pα1 (λ) = (α + 1)λ [6] and p0 =
1, p1 = −a1λ, thanks to (4), the initial terms are given by :
c0 = 1, c1 = − a1

α+1 , with a0 = 0 and a1 arbitrary. From (7)
a mere elimination shows that the cross-section areas can be
computed through the recursion (n = 2, . . . , N ) : an = an−1

(
(2n+2α−1)(2n+2α−3)

(n−1)(n+2α−1)
an−1

an−2+an−1
− 1
)

a0 = 0, a1 > 0 given
(8)

Setting, for n ≥ 2 :
γn,α = (2n+ 2α− 1)(2n+ 2α− 3)/(n− 1)(n+ 2α− 1)
and δn = an

an−1
, recursion (8) rewrites :{

δn+1 = γn+1,α
δn

1+δn
− 1, n = 2, . . . , N − 1

δ2 = 2α+ 2
(9)

that allows to set a1 = 1 without loss of generality. The
initial term δ2 is obtained directly from (7) with n = 2. By
induction, a solution to this recursion is found to be :

δn =
2α+ n

n− 1
=⇒ an = Πn

i=2

2α+ i

i− 1
a1, n ≥ 2 (10)

For a fixed α > −1, all ans are strictly positive : one gets a
unique sequence of cross-sections areas and a unique feasible
discrete resonator. As α uniquely determines a family of
ultraspherical polynomials, it also uniquely determines their
roots and the natural frequencies of the underlying discrete
resonator.

1) Special cases: In musical acoustics, it is generally
accepted that the two useful families of acoustical resonators
are the cylinder and the cone ([1], [9]). In the present
situation of discrete resonators, one gets the cylinder and the
”stepped cones”, defined to be such that the cross-sections
areas follow the progression : an = (n(n+1)/2)a1, thereby
approximating a cone. These resonators can be recovered
from (10), while showing interesting properties in terms of
orthogonality of the corresponding polynomials. Observing
that : ∀n > 2, γn,−1/2 = 4 and ∀n ≥ 2, γn,1/2 = 4, simple
computations show that :

• For α = −1/2, one gets δn = 1 ⇒ an = an−1 thus
an = a1, ∀n = 2, . . . , N . The acoustical resonator
is a mere cylinder with length NL. But ultraspherical
polynomials for α = −1/2 are nothing else than
Tchebychev polynomials of first kind [6].

• For α = 1/2, one gets δn = (n + 1)/(n − 1) ⇒
an = n+1

n−1an−1 ⇒ an = n(n+1)
2 a1 i.e. one recovers the

stepped cones. In that case, ultraspherical polynomials
are known to be Tchebychev polynomials of second
kind [6].

The two musically useful resonators thus correspond to
Tchebychev polynomials of first and second kind respec-
tively, i.e. to the extreme values for α on the interval
[−1/2, 1/2]. Another well-known family can be recovered :
for α = 0, ultraspherical polynomials are Legendre (spheri-
cal) polynomials. One gets by the same method the resonator
defined by δn = n

n−1 that is equivalent to an = na1.
2) Geometry of closed-open resonators: Recursion (10)

gives interesting results about the global shape of a resonator.
For mathematical [6] as well as physical reasons (when
α ≤ −1, (10) leads to vanishing or negative ans), one must
have α > −1. From (10) : −1 < α < −1/2 ⇒ δn < 1 and
the sequence of an is decreasing, resulting in convergent
resonators. In the opposite case, α > −1/2, the sequence
of an is increasing and resonators profiles are divergent.
More precisely, for −1/2 < α < 1/2, the resonator profile
is underlinear and when α > 1/2 it is superlinear, with
the limit cases given by the cylinder, α = −1/2 and the
stepped cone, α = 1/2, as seen above. But, due to the
plane wave assumption, α cannot be too large. Designing
discrete resonators with some regularity property such as
monotonicity while controlling the growth of an can thus be
done in a flexible way through the parameter α. Conversely,
to each ultraspherical polynomial is associated a unique
closed-open resonator. This last observation will be used in
the last section for numerical computations.

B. Open-open resonators

Proceeding the same way as for closed-open resonators,
in order for qn (5) to be an ultraspherical polynomial, set
qn = dnPn where dn is a normalizing coefficient. A mere
substitution into recursion (18) leads to :

qn = dn
dn−1

(n+α)(2n+2α−1)
n(n+2α) λqn−1

− dn
dn−2

(n+α−1)(n+α)
n(n+2α) qn−2

(11)

with q0(λ) = 1 and q1(λ) = −(a1 + a2)λ. Identifying
recursions (5) and (11) leads to a system of two equations
involving, dn, dn−1, dn−2 and an+1, an, an−1, analogous
to (7). Omitting the details that are quite similar, the resulting
recursion for the coefficients an is in that case (n =
2, . . . , N − 1) : an+1 = an

(
(2n+2α−1)(2n+2α−3)

(n−1)(n+2α−1)
an

an−1+an
− 1
)

a1 > 0, a2 > 0 given
(12)

resembling (8) obtained for closed-open resonators, with
different initial values. Here again, on can set a1 = 1 without
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loss of generality as cross-section areas intervene through
their ratio only. Using the notations of IV-A, (12) rewrites :{

δn+1 = γn,α
δn

1+δn
− 1 n = 2, . . . , N − 1

δ2 > 0 given
(13)

In that case, the solution to this recursion depends on α
and δ2 and no closed-form expression is apparent. Thus for
a given α, one gets a whole family, parametrized by δ2.
Observe however that the open-open cylinder and stepped
cones both are found this time from the unique value α =
1/2 : with initial value δ2 = 1 and δ2 = 3 respectively.

V. HARMONICITY OF DISCRETE RESONATORS

Two natural frequencies inside an acoustical resonator are
said to be harmonically related if their ratio is a strictly
positive integer. Harmonicity requirements between natural
frequencies are desirable properties for wind instruments,
due to the fact that intonation, responsiveness and tonal
colour can be attributed to well established physical prop-
erties of the instrument, related to harmonicity [9]. It was
shown [3] that for a discrete acoustical resonator to have
harmonically related natural frequencies fj , a necessary
and sufficient condition is : kjL ∈ πQ, remembering that
kj = 2πfj/c. Setting θj = kjL and zj = eiθj , this
means that zj must be some root of unity. But this sole
assumption gives rise to an infinity of discrete resonators
when N ≥ 3 ([3], [10]). Imposing orthogonality is one way
for restricting the space of solutions. In this framework, the
question of harmonicity of resonance frequencies reduces to
the following : for which values of α do the zeroes of pN (λ)
(resp. qN−1(λ)) satisfy the above property of kL ?
Refering to the theorem recalled in appendix, part b), for α =
−1/2, the zeroes are given by setting : θαN,j = (j − 1/2) πN
and for α = 1/2 by : θαN,j = j π

N+1 , j = 1, . . . , [N/2]. Thus
corresponding resonators have harmonically related natural
frequencies. One can wonder whether there are other values
of α for which this harmonicity property holds. In the general
situation, whenever θαN,j ∈ πQ, cos θαN,j = (ζkm + ζ̄km)/2,
with ζkm = ei2πk/m some root of unity, is an algebraic
number, as ζkm is obviously so. This can be made more
precise, thanks to a theorem of D.H. Lehmer [11] recalled in
appendix, part c), saying that, whenever θ is commensurable
to π, 2λ = 2 cos θ is an algebraic integer. Let us illustrate
how this theorem can be used for our purpose : for N = 2, up
to a constant factor, Pα2 (λ) = (2α+ 3)λ2− 1. The roots are
found from ((2α+3)λ2−1 = 0)⇔ ((2α+3)(2λ)2−4 = 0).
In order for 2λ to be an algebraic integer, one must thus have
4/(2α+3) ∈ Z⇒ (2α+3) ∈ Z and 4 = (2α+3)m,m ∈ Z.
But α > −1 ⇒ 2α + 3 > 1. The only possible values for
the couple (α,m) are : (2, 2) or (4, 1). In the first case,
one gets α = −1/2 and in the second one α = 1/2.
Consider now the case when N = 3. Up to a constant
factor, Pα3 (λ) = (2α + 5)λ2 − 3. The roots are found from
((2α + 5)λ2 − 3 = 0) ⇔ ((2α + 5)(2λ)2 − 12 = 0). In
order for 2λ to be an algebraic integer, one must thus have
12/(2α+5) ∈ Z⇒ (2α+5) ∈ Z and 12 = (2α+5)m,m ∈

Z. But, α > −1⇒ 2α+5 > 3. The only possible values for
the couple (α,m) are : (4, 3), (6, 2) or (12, 1). In the first
case, one gets α = −1/2, in the second one α = 1/2 and
in the third one α = 7/2. Now, for N = 4, up to a constant
factor, Pα4 (λ) = (2α+ 5)(2α+ 7)λ4 − 6(2α+ 5)λ2 + 3. Its
roots are found equivalently from (2α+ 5)(2α+ 7)(2λ)4 −
24(2α + 5)(2λ)2 + 48 = 0. Thus, in order for 2λ to be an
algebraic integer, one must have that 24/(2α + 7) ∈ Z and
48/((2α+ 5)(2α+ 7)) ∈ Z. This implies that (2α+ 5) ∈ Z
and (2α + 7) ∈ Z, i.e. α must be either an integer or half
an integer. As a consequence, one is left with a set of two
equations in Z :{

24 = (2α+ 7)p1
48 = (2α+ 5)(2α+ 7)p2

p1, p2 ∈ Z (14)

As one must have 2α+7 > 5, the possible (α,m) couples for
the first equation are (6, 4), (8, 3), (12, 2), (24, 1), giving the
values α = −1/2, 1/2, 5/2, 17/2. But the only values giving
compatible solutions to the second equation are α = ±1/2. It
can be shown, using recursion (18) that for N > 3, (because
of the intriguing value 7/2), one has to solve in Z an equation
such as q = (2α + 2n − 1)p, showing that α must be an
integer or half an integer. For α ∈ [−1/2,+1/2] this shows
that no other value than α = ±1/2 has the desired property
as α = 0 is easily shown not to have it : the roots of Legendre
polynomials are not algebraic integers. In the general case,
it can be shown that for any N , for the discrete resonator to
have harmonically related resonance frequencies, one has to
solve in Z a set of [N/2] of equations :

(2α+ 2N − 1)p1 = q1
(2α+ 2N − 1)(2α+ 2N − 3)p2 = q2

...
...

...

(15)

with qi depending on the coefficients of PαN , and that the
only compatible solutions are obtained for α = ±1/2. This
will be developed elsewhere. This shows that the cylinder
and the stepped cones are the only discrete resonators to
have harmonically related frequencies while having underly-
ing ultraspherical polynomials that determines their natural
resonance frequencies. It is quite amazing that this gives
a mathematical substrate to the practical, physically-based,
assertion that the only musically useful discrete resonators
are the cylinder and stepped cones. Nevertheless, the deep
meaning of orthogonality in that context is not clear at this
moment from a physical point of view.

The above results allow to recover well-known facts in
musical acoustics. The cylindrical resonator is obtained with
α = −1/2 : it is seen that its natural frequencies are all
odd multiples of the fundamental frequency obtained from
π

2NL , as foreseen ([1], [9]). For stepped cones, they are all
integer multiples of the fundamental frequency obtained from

π
(N+1)L . In the limit N →∞, while NL is kept constant, the
fundamental frequency of a cone is twice that of a cylinder
with same length, in accordance with the usual observation
and argumentation [1], [9].

In all other cases, in order to have harmonicity, it is still
possible to choose the [N/2] zeroes of pN (λ) or qN (λ) to
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be algebraic integers but they are not the zeroes of one
given ultraspherical polynomial. Numerical computations
illustrating this flexibility can be found in [4].

VI. A NUMERICAL METHOD FOR COMPUTING ZEROES OF
ULTRASPHERICAL POLYNOMIALS

The path followed up till now has been, from a given ge-
ometry of acoustical discrete resonators (the ais), to explicit
the consequences on harmonicity of imposing orthogonality
to the associated polynomial family. But the obtained results
within this approach suggest a reverse way of looking at
this relationship : we now know how to associate to a
given ultraspherical polynomial (i.e. one α) a sequence
{an}n=1,...,N . As seen above, the zeroes of the ultraspherical
polynomial are obtained from the solution of an eigenvalue
problem for M(λ) that is built from this sequence. In a
practical way, first choose an ultraspherical polynomial thus
an α > −1. Then build the sequence of coefficients ais
according to recursion (10). Consider now the following
N ×N matrices :

A =


0 a1 0 · · · 0
a1 0 a2 · · · 0

0 a2 0
. . .

...
...

. . . . . . . . . aN−1

0 0 · · · aN−1 0



B =


β1 0 0 · · · 0
0 β2 0 · · · 0

0 0 β3
. . .

...
...

. . . . . . . . . 0
0 0 · · · 0 βN



(16)

Solving the generalized symmetric algebraic eigenvalue
problem (A + λB)ψ = 0 is equivalent to solving the
eigenvalue problem for M(λ) defined in (3). Nevertheless,
very efficient methods exist for finding roots of orthogonal
polynomials [12] and it is likely that our method is less
efficient. It shoud be seen just as different derivation and
formulation of known Jacobi matrix-based methods for com-
puting roots of ultraspherical polynomials and, in a sense, as
a curiosity so that no evaluation nor comparative study were
conducted.

A. Numerical examples

As a mere illustration, a few examples have been com-
puted with this method and checked against theoretical
bounds recalled in the appendix. Table I shows the [N/2]
computed arguments θαN,j for several values of α ∈
[−1/2, 1/2]. In this table θL is the best lower bound (20)
given in the appendix, θU = iπ/(N + 1) is the best upper
bound for −1/2 < α < 1/2 and θC is the value computed
by the presented method. In each case, results are given
for two polynomials (N = 5, N = 10) for which only
numerical methods a priori can be used. As closed-form
expressions for the zeroes can be obtained for N ≤ 4,
agreement of numerical results with them was first checked.

The first two examples (α = −1/2, 1/2) are also used for
mere checking against closed-form expressions reminded in
appendix, part b). Notice how the best lower and upper
bounds respectively are achieved, according to the reminder
in the appendix. Also, as both lower and upper bounds
coincide for α = 1/2, it can be seen that the solution
computed by the proposed method agrees with this common
value. The next two examples are for α = 0 (Legendre
polynomials) and α = 1/3. The solutions are found also
to satisfy theoretical bounds.

TABLE I
A SAMPLE OF NUMERICAL COMPUTATIONS

N = 6 N = 10

α θL θC θU θL θC θU

− 1
2

0.262 0.262 0.449 0.157 0.157 0.285

0.785 0.785 0.897 0.471 0.471 0.571

1.309 1.309 1.346 0.785 0.785 0.857

1.099 1.099 1.142

1.414 1.414 1.428

1
2

0.449 0.449 0.449 0.285 0.285 0.285

0.897 0.897 0.897 0.571 0.571 0.571

1.346 1.346 1.346 0.857 0.857 0.857

1.142 1.142 1.142

1.428 1.428 1.428

0

0.362 0.369 0.449 0.224 0.229 0.285

0.846 0.848 0.898 0.5236 0.5255 0.571

1.3291 1.3298 1.346 0.8228 0.8238 0.857

1.1220 1.1225 1.142

1.4212 1.4214 1.428

1
3

0.4214 0.4245 0.4488 0.2658 0.2679 0.2856

0.8812 0.8824 0.8976 0.5558 0.5568 0.5712

1.3409 1.3413 1.3464 0.8458 0.8463 0.8568

1.1358 1.1361 1.1424

1.4258 1.4259 1.4280
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VII. CONCLUSION

Studying the interplay between discrete acoustical res-
onators, graphs and the family of ultraspherical polynomials
has shown to be a quite exciting and fruitful subject :
the discrete acoustical resonators are very simple objects,
as well as the chosen propagation equations or the basic
concepts from graph theory used for modelling. Nevertheless,
using all this material together brought new insights and
mathematical groundings to some aspects of the field of
musical acoustics : the fact that the only two musically
useful families of resonators, cylinders and cones, correspond
precisely to the Tchebychev polynomials of first and second
kind respectively is quite intriguing but, in a sense, satisfying
and has a kind of elegance. This question of orthogonality
still deserves attention for musical purposes and in the
context of general acoustics : an interesting point is to
search for the measure giving orthogonality. As a last remark,
the obtained numerical method for computing the roots of
ultraspherical polynomials, which appears merely to be a
different formulation of existing methods, is of more exotic
interest.

APPENDIX

a) Jacobi and ultraspherical polynomials: For a de-
tailed exposition of Jacobi and the special case of ultras-
pherical polynomials, [6] remains an excellent reference ;
see also [7] and the recent [8]. Let α > −1, β > −1 be two
real numbers. Jacobi polynomials Pα,βn (λ) are defined as
those polynomials orthogonal on the interval [−1,+1] with
respect to the weight function (1− λ)α(1 + λ)β . This is so
up to a constant factor, depending on n. As all orthogonal
polynomials, they satisfy a three terms recursion [6] :

2n(n+ α+ β)(2n+ α+ β − 2)Pα,βn (λ)

= (2n+ α+ β − 1)×
{(2n+ α+ β)(2n+ α+ β − 2)λ+ α2 − β2}Pα,βn−1(λ)

−2(n+ α− 1)(n+ β − 1)(2n+ α+ β)Pα,βn−2(λ)

Pα,β0 (λ) = 1 ; Pα,β1 (λ) = 1
2 (α+ β + 2)λ+ 1

2 (α− β)
(17)

Ultraspherical polynomials are a special family of Jacobi
polynomials obtained by equating the two parameters α and
β in this last family. Ultraspherical can thus be parametrized
by α > −1 and denoted Pαn (λ). They are orthogonal on
the interval [−1,+1] with respect to the weight function
(1− λ2)α and satisfy the three terms recursion :

Pαn (λ) = (n+α)(2n+2α−1)
n(n+2α) λPαn−1(λ)− (n+α−1)(n+α)

n(n+2α) Pαn−2(λ)

Pα0 (λ) = 1 ; Pα1 (λ) = (α+ 1)λ
(18)

When α = −1/2 (resp. α = 1/2) one gets Tchebychev
polynomials of first (resp. second) kind and for α = 0,

Legendre polynomials. Pα2k(λ) (resp. Pα2k+1(λ)) has only
terms with even (resp. odd) degree. In consequence, all non
vanishing roots come in [N/2] conjugate pairs so that their
study can be restricted to λ ∈ [0, 1].

b) Inequalities: Denote the zeroes of Pαn (λ) as λαn,i =
cos(θαn,i), 0 < θi < π. Most known inequalities hold for
−1/2 < α < 1/2.
Theorem 6.21.3 [6], p. 122 For ultraspherical polynomials
such that −1/2 ≤ α ≤ 1/2, one has :

(i− 1/2)
π

n
≤ θi ≤ i

π

n+ 1
, i = 1, 2, . . . , [n/2] (19)

with the equality sign valid only in the special cases α =
−1/2 (Tchebychev polynomials of first kind) and α = 1/2
(Tchebychev polynomials of second kind) respectively. The
best lower bound is :

θαN,i >
i+ α/2− 1/4

n+ α+ 1/2
π , i = 1, 2, . . . , [n/2] (20)

It reduces to the lower bound (resp. upper bound) of the
above theorem when α = −1/2 (resp. α = 1/2). The best
upper bound when −1/2 < α < 0 (resp. 0 < α < 1/2) is :
θU,i < (i+ α)/(N + 2α+ 1) (resp. θU,i < i/(N + 1)π).

c) Theorem [11]: : Let r = k/n, n > 2 be a rational
number with (k, n) = 1. Let ϕ(n) be the number of integers
less than n and relatively prime to n. Then 2 cos 2πr is an
algebraic integer of degree ϕ(n)/2.
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Moment problem for symmetric algebras of locally convex spaces

Salma Kuhlmann1

For n ≥ 1, R[x] denotes the polynomial ring R[x] :=
R[x1, . . . , xn]. The multidimensional moment problem is the
following. Given a linear functional L : R[x] → R and a
closed subset Y of Rn one wants to know when there exists
a positive Radon measure µ on Rn supported on Y such that
L(f) =

∫
fdµ ∀f ∈ R[x].

In this talk, we continue to study this problem in the
following more general set up. Let A be a commutative ring
with 1 which is an R-algebra. X(A) denotes the character
space of A, i.e., the set of all ring homomorphisms (that send
1 to 1) α : A → R. For a ∈ A, â : X(A) → R is defined
by â(α) = α(a). The only ring homomorphism from R to
itself is the identity. X(A) is given the weakest topology
such that the functions â, a ∈ A are continuous. For a
topological space X , C(X) denotes the ring of all continuous
functions from X to R. The mapping a 7→ â defines a ring
homomorphism from A into C(X(A)). Let d be an integer
with d ≥ 1. By a 2d-power module of A we mean a subset
M of A satisfying 1 ∈ M, M + M ⊆ M and a2dM ⊆
M for each a ∈ A. A 2d-power preordering of A is a 2d-
power module of A which is also closed under multiplication.
In the case d = 1, 2d-power modules (resp., 2d-power
preorderings) are referred to as quadratic modules (resp.,
quadratic preorderings). For a subset Y of X(A), Pos(Y ) :=
{a ∈ A : â ≥ 0 on Y } is a quadratic preordering of
A. We denote by

∑
A2d the set of all finite sums

∑
a2d

i ,
ai ∈ A.

∑
A2d is the unique smallest 2d-power module

of A.
∑

A2d is closed under multiplication, so
∑

A2d is
also the unique smallest 2d-power preordering of A. For
g1, . . . , gs ∈ A, the 2d-power module of A generated by
g1, . . . , gs is M =

∑
A2d +

∑
A2dg1 + · · · +

∑
A2dgs.

For any subset M of A, XM := {α ∈ X(A) : â(α) ≥
0 ∀a ∈ M}. If M =

∑
A2d then XM = X(A). If M

is the 2d-power module of A generated by g1, . . . , gs then
XM := {α ∈ X(A) : ĝi(α) ≥ 0, i = 1, . . . , s}.

A linear functional L : A → R is said to be positive
if L(

∑
A2d) ⊆ [0,∞) and M -positive for some 2d-power

module M of A, if L(M) ⊆ [0,∞). For a linear functional
L : A → R, one can consider the set of Radon measures
µ on X(A) such that L(a) =

∫
âdµ ∀a ∈ A. The moment

problem in this general setting is to understand this set of

This is a joint work with Mehdi Ghasemi (University of Saskatchewan),
Maria Infusino (Universität Konstanz), and Murray Marshall (University of
Saskatchewan)

Murray Marshall passed away in May 2015. We lost a collaborator of
many years and a wonderful friend. We sorely miss him. (M. Ghasemi,
M. Infusino, S. Kuhlmann)

1Salma Kuhlmann is with Fachbereich Mathematik und
Statistik, Universität Konstanz, 78457 Konstanz, Germany
salma.kuhlmann@uni-konstanz.de

measures, for a given linear functional L : A → R. In
particular, one wants to know if this set is non-empty and
in case it is non-empty, when it is a singleton set. We note
that the moment problem for R[x] is a special case. Indeed,
ring homomorphisms from R[x] to R correspond to point
evaluations f 7→ f(α), α ∈ Rn and X(R[x]) is identified
(as a topological space) with Rn.

In [8] the general moment problem for the algebra of
polynomials in an arbitrary set of variables {xi; i ∈ Ω}
is studied. Several recent papers deal with the general
moment problem where the linear functional in question
is continuous for a certain topology. For instance, [6] and
[13] deal with linear functionals continuous with respect to
weighted norm topologies, generalizing [3] and [14]. In [5],
[7] and [9] the authors analyze integral representations of
linear functionals that are continuous with respect to locally
multiplicatively convex topologies. [1, Theorem 2.1], [2], [4],
[10], [15, Section 12.5], [11], [12] consider linear functionals
on the symmetric algebra of a nuclear space under certain
quasi-analyticity assumptions which are less restrictive than
continuity. These papers are precursors of the present one.
We deal here specifically with linear functionals on the
symmetric algebra of a locally convex space (V, τ) which are
continuous with respect to the finest locally multiplicatively
convex topology τ̄ on the symmetric algebra extending τ .

The plan of the talk is as follows. In Part 1 we collect
terminology and notation about seminorms on real vector
spaces and results from [7]. This exposition is continued
for families of seminorms. In Part 2 we introduce our set
up for the graded symmetric algebra S(V ) of a real vector
space V . Starting with a seminorm ρ on V , we obtain the
quotient seminorm on the k-th homogeneous part S(V )k of
S(V ) from the associated tensor seminorm. We then define
the projective extension ρ of ρ to S(V ) and show that it is
submultiplicative. We proceed to describe the character space
of S(V ) and its Gelfand spectrum with respect to ρ. At the
end of Part 2 we are in a position to apply the main results of
[7] to this situation. It is interesting to point out that this set
up differs from the general case studied in [8]. Here the free
R-algebra R[Ω] is endowed with a topology (i.e. is studied as
a topological real algebra) and the linear functionals under
consideration are assumed to be continuous. in Part 3 we
generalize the above results to the case when V is endowed
with a locally convex topology τ (i.e., the topology induced
by a family of seminorms). Finally, if time permits, we
compare this theorem to the results of [1], [2], [11] and [12].
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Expanding the Class of Globally Convergent Fliess Operators

Irina M. Winter-Arboleda† W. Steven Gray† Luis A. Duffaut Espinosa‡

Abstract— A common representation of an input-output sys-
tem in nonlinear control theory is the Chen-Fliess functional
series or Fliess operator. Such a functional series is said to be
globally convergent when there is no a priori upper bound on
both the L1-norm of an admissible input and the length of
time over which the corresponding output is well defined. It
is known that every Fliess operator having a generating series
with Gevrey order 0 ≤ s < 1 is globally convergent. In this
paper it is shown that there exists a subset of series with Gevrey
order s = 1 which also exhibit global convergence. In particular,
the example of Ferfera, which arises in the context of system
interconnections, is shown to be one such example.

Index Terms— Nonlinear control systems, Chen-Fliess series,
locally convex topological vector spaces.

AMS Subject Classifications—93C10, 47H30, 46A99

I. INTRODUCTION

A common representation of an input-output system in
nonlinear control theory is the Chen-Fliess functional series
or Fliess operator [8], [16]. It can be viewed as a noncom-
mutative generalization of a Taylor series, and its algebraic
nature is especially well suited for describing system inter-
connections [13], feedback invariants [10], [14] and solving
system inversion problems [11] in a nonlinear setting. Such
a functional series is said to be globally convergent when
there is no a priori upper bound on both the L1-norm of
an admissible input and the length of time over which the
corresponding output is well defined. If such bounds are
imposed to ensure convergence then the series is said to be
only locally convergent. As Fliess operators have coefficients
which are indexed by words, it is natural to describe their
asymptotic behavior (in magnitude) via Gevrey order, that
is, by a growth rate of the form KMn(n!)s for some real
K,M > 0 and s ∈ R, where n is word length. In [15]
it was shown that s = 0 ensures that a Fliess operator
is globally convergent, while s = 1 provides for at least
local convergence. It was implicitly observed in the early
work of Ferfera that Gevrey order is not always preserved
under system interconnection [6], [7]. For example, a bilinear
system always has Gevrey order s = 0. Ferfera provided a
specific example of two bilinear systems cascaded together
which yields a composite system which is not bilinear.
But since it does have an input-affine analytic state space
realization, the cascaded system must have a generating
series with Gevrey order satisfying 0 < s ≤ 1 [19]. Later it
was proved in [20] that every cascade of two Fliess operators
with generating series of Gevrey order s = 0 has a Fliess op-
erator representation that converges globally. It was therefore
conjectured that some cascades can somehow fall strictly in-
between the cases s = 0 and s = 1. These observations were

†Department of Electrical and Computer Engineering, Old Dominion
University, Norfolk, Virginia 23529, USA.

‡Department of Electrical and Computer Engineering, George Mason
University, Fairfax, Virginia 22030, USA.

later partially explained in [22] by proving that 0 ≤ s < 1
is a sufficient condition for global convergence.

Despite all the progress described above, an interesting
open question still remains: Can there exist a generating
series with Gevrey order s = 1 for which the corresponding
Fliess operator is not only locally convergent, but also
globally convergent? In this paper, it is shown that the answer
to this question is yes. In fact, it will be shown that Ferfera’s
original example yields precisely such a series. It turns out
that there is a bifurcation in the class of locally convergence
generating series. Namely, such series can be either weakly
locally convergent or strongly locally convergent. Their cor-
responding Fliess operators have very different convergence
behavior. In general, the former have no singularities in their
defining functional series, and thus they converge globally,
while the latter always have a singularity which renders a
finite radius of convergence. Ferfera’s example provides a
specific instance of a weakly locally convergent generating
series, which is the more subtle case. The distinction requires
one to view the set of generating series as a topological
vector space with a family of semi-norms instead of the more
common ultrametric space setting found, for example, in [2].
The bottom line is that the set of generating series which
render globally convergent Fliess operators is the closure in
this semi-norm topology of the set of all generating series
with Gevrey order 0 ≤ s < 1. In this way, the class of
globally convergent Fliess operators is expanded.

The presentation is organized as follows. In the next
section, a few preliminaries concerning spaces of formal
power series and Fliess operators are summarized in order
to make the paper more self-contained and to establish the
notation. In the subsequent section, the Gevrey order of the
Ferfera series is considered in detail. Then, in Section IV, the
issue of strong versus weak local convergence is developed.
This leads to the larger class of globally convergent Fliess
operators. The final section provides the conclusions of the
paper.

II. PRELIMINARIES

A finite nonempty set of noncommuting symbols X =
{x0, x1, . . . , xm} is called an alphabet. Each element of X
is called a letter, and any finite sequence of letters from
X , η = xi1 · · ·xik , is called a word over X . The length
of η, |η|, is the number of letters in η. Let |η|xi

denote the
number of times the letter xi ∈ X appears in the word η. The
set of all words including the empty word, ∅, is designated
by X∗. It forms a monoid under catenation. Any mapping
c : X∗ → R

ℓ is called a formal power series. The value of
c at η ∈ X∗ is written as (c, η) and called the coefficient
of η in c. Typically, c is represented as the formal sum c =
∑

η∈X∗
(c, η)η. The subset of X∗ defined by supp(c) = {η :

(c, η) 6= 0} is called the support of c. A series ĉ is said
to be a subseries of c if supp(ĉ) ⊆ supp(c) and (ĉ, η) =
(c, η), ∀η ∈ supp(ĉ). The collection of all formal power
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series over X is denoted by R
ℓ〈〈X〉〉. It forms an associative

R-algebra under the catenation product and an associative
and commutative R-algebra under the shuffle product, that is,
the bilinear product defined in terms of the shuffle product
of two words

(xiη) ⊔⊔ (xjξ) = xi(η ⊔⊔ (xjξ)) + xj((xiη) ⊔⊔ ξ),

where xi, xj ∈ X , η, ξ ∈ X∗ and with η ⊔⊔ ∅ = ∅ ⊔⊔ η = η
[8], [18].

A. Spaces of Formal Power Series

A commonly used metric on R〈〈X〉〉 is the ultrametric

metric dist : (c, d) 7→ σord(c−d), where the order of a series
c, ord(c), is taken as the length of the smallest word in the
support of c (ord(c) := ∞ when c = 0), and σ is any real
number 0 < σ < 1 [2]. Alternatively, one can define for any
real number R > 0 the norm

‖c‖∞,R := sup
η∈X∗

{

|(c, η)|
R|η|

|η|!

}

.

It is easy to verify that S∞(R) := {c ∈ R〈〈X〉〉 : ‖c‖∞,R <
∞} is a normed linear subspace of the R-vector space
R〈〈X〉〉 [19]. Given 0 < R < R′, it is clear for any
c ∈ R〈〈X〉〉 that ‖c‖∞,R ≤ ‖c‖∞,R′ , and thus, S∞(R′) ⊂
S∞(R). Furthermore, if ci → c as a sequence in S∞(R) and
ci → c′ as a sequence in S∞(R′) then necessarily c = c′.

It will be useful throughout to consider the spaces S∞,e :=
∪R>0S∞(R) and S∞ := ∩R>0S∞(R). The extended space
S∞,e can not in any obvious way be viewed as a normed
linear space, but it is a locally convex topological vector
space equipped with a family of semi-norms ‖·‖∞,R, R > 0.
The semi-norm topology is that generated by the open sets

Bc,R(ǫ) := {d ∈ S∞,e : ‖c− d‖∞,R < ǫ},

where c ∈ S∞,e and ǫ, R > 0. It is not difficult to show that
this semi-norm topology is second countable, and thus first
countable. The space is Hausdorff since for each R > 0,
the norm property ensures that if c 6= 0 then ‖c‖∞,R 6=
0 for every R > 0 [9, Proposition 5.16]. In which case,
sequentially continuous maps are continuous [17, p. 20]. A
sequence {ci}i∈N in S∞,e converges to a (unique) c ∈ S∞,e

in the semi-norm topology if and only if ‖ci − c‖∞,R → 0
as i→ ∞ for all R > 0. Given a series c ∈ S∞,e, define R̄c

as the supreme of all R for which c ∈ S∞(R), i.e,

R̄c := sup
‖c‖

∞,R<∞

R>0

R.

In particular, if R̄c = ∞ then c ∈ S∞. The various spaces
are nested as shown in Figure 1.

The following examples illustrate that convergence in the
semi-norm topology is in general unrelated to convergence
in the ultrametric sense.

Example 1: Consider the sequence of constants {ci =
1/i}i≥1 as polynomials in R〈〈X〉〉. Clearly, ‖ci − 0‖∞,R =
1/i for all R > 0. Thus, ci → 0 as i→ ∞ in the semi-norm
topology. On the other hand, this sequence does not approach
zero in the ultrametric sense because dist(ci, 0) = 1 for every
i ≥ 1. In fact, this sequence is not even Cauchy because
dist(ci, ci+1) = 1 for every i ≥ 1.

Example 2: Consider the sequence of polynomials

ci = 1 +M1!x0 +M22!x20 + · · ·+M ii!xi0, i ≥ 0,

R〈〈X〉〉

S∞,e

S∞(R)

S∞(R′)
•

•

•

S∞

Fig. 1. The spaces S∞,e, S∞(R) and S∞ are nested.

where M > 0 is fixed. It is easily verified that dist(ci, c) → 0
as i→ ∞ when

c =

∞
∑

n=0

Mnn!xn0 .

Therefore, ci → c in the ultrametric sense. Next observe that

‖ci‖∞,R =

{

(MR)i : MR > 1
1 : MR ≤ 1,

and thus, each ci ∈ S∞,e. Similarly, c ∈ S∞,e because
‖c‖∞,R <∞ when MR ≤ 1. On the other hand,

‖ci − c‖∞,R = sup
n>i

(MR)n =







(MR)i+1 : MR < 1
1 : MR = 1
∞ : MR > 1,

which implies that

lim
i→∞

‖ci − c‖∞,R = lim
i→∞

(MR)i+1 = 0,

only when MR < 1. Therefore, the sequence {ci}i≥1

converges to c in the normed linear space S∞(R) when
R < 1/M , but not to c in the semi-norm topology. In fact,
‖ci − ci−1‖∞,R = (MR)i can not be made arbitrarily small
for sufficient large i when MR ≥ 1. So the sequence is not
Cauchy in the semi-norm topology.

B. Fliess Operators and Their Interconnections

One can formally associate with any series c ∈ R
ℓ〈〈X〉〉

a causal m-input, ℓ-output operator, Fc, in the following
manner. Let p ≥ 1 and t0 < t1 be given. For a Lebesgue
measurable function u : [t0, t1] → R

m, define ‖u‖p =
max{‖ui‖p : 1 ≤ i ≤ m}, where ‖ui‖p is the usual
Lp-norm for a measurable real-valued function, ui, defined
on [t0, t1]. Let Lm

p [t0, t1] denote the set of all measurable
functions defined on [t0, t1] having a finite ‖ · ‖p norm
and Bm

p (Ru)[t0, t1] := {u ∈ Lm
p [t0, t1] : ‖u‖p ≤ Ru}.

Assume C[t0, t1] is the subset of continuous functions in
Lm
1 [t0, t1]. Define inductively for each η ∈ X∗ the map

Eη : Lm
1 [t0, t1] → C[t0, t1] by setting E∅[u] = 1 and letting

Exiη̄[u](t, t0) =

∫ t

t0

ui(τ)Eη̄[u](τ, t0) dτ,
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where xi ∈ X , η̄ ∈ X∗, and u0 = 1. The input-output
operator corresponding to c is the Fliess operator

Fc[u](t) =
∑

η∈X∗

(c, η)Eη[u](t, t0) (1)

[8]. The generating series c is said to be of Gevrey order
s ∈ R if there exists constants K,M > 0 such that

|(c, η)| ≤ KM |η|(|η|!)s, ∀η ∈ X∗, (2)

and s is the smallest number having this property [1], [22].
(Here, |z| := maxi |zi| when z ∈ R

ℓ.) The set of all
generating series with Gevrey order s is denoted by Rs〈〈X〉〉.
If 0 ≤ s ≤ 1 then Fc constitutes a well defined mapping from
Bm

p (Ru)[t0, t0 + T ] into Bℓ
q(Su)[t0, t0 + T ] for sufficiently

small Ru, T > 0, where the numbers p, q ∈ [1,∞] are
conjugate exponents, i.e., 1/p + 1/q = 1 [15]. The set of
all such locally convergent generating series is denoted by
R

ℓ
LC〈〈X〉〉. The least upper bound on R := max{Ru, T},

say ρ(Fc), is called the radius of convergence of the operator.
It was shown in [5] that 0 < 1/M(m + 1) ≤ ρ(Fc). Note
that if R ≤ 1/M ≤ ρ(Fc)(m+ 1) then

‖c‖∞,R ≤ sup
η∈X∗

K(MR)|η| = K <∞,

otherwise, ‖c‖∞,R is unbounded. Thus, R̄c = 1/M , c ∈
S∞(1/M) and R

ℓ
LC〈〈X〉〉 ⊆ S∞,e. When 0 ≤ s < 1,

the series (1) defines an operator from the extended space
Lm
p,e(t0) into C[t0,∞), where

Lm
p,e(t0) :={u : [t0,∞) → R

m : u[t0,t1] ∈ Lm
p [t0, t1],

∀t1 ∈ (t0,∞)},

and u[t0,t1] denotes the restriction of u to [t0, t1] [22]. The
set of all such globally convergent series is designated by
R

ℓ
GC〈〈X〉〉. In this case, it is not hard to see that for every

R > 0

‖c‖∞,R ≤ sup
η∈X∗

K(MR)|η|

(|η|!)1−s
<∞,

thus R̄c = ∞, c ∈ S∞ and R
ℓ
GC〈〈X〉〉 ⊆ S∞ ⊂ S∞,e.

Given Fliess operators Fc and Fd, where c, d ∈ R
ℓ〈〈X〉〉,

the parallel and product connections satisfy Fc+Fd = Fc+d

and FcFd = Fc ⊔⊔ d, respectively [8]. When Fliess operators
Fc and Fd with c ∈ R

ℓ〈〈X〉〉 and d ∈ R
m〈〈X〉〉 are

interconnected in a cascade fashion, the composite system
Fc ◦ Fd has the Fliess operator representation Fc◦d, where
the composition product of c and d is given by

c ◦ d =
∑

η∈X∗

(c, η)ψd(η)(1) (3)

[6], [7]. Here ψd is the continuous (in the ultrametric sense)
algebra homomorphism from R〈〈X〉〉 to the set of vector
space endomorphism on R〈〈X〉〉, End(R〈〈X〉〉), uniquely
specified by ψd(xiη) = ψd(xi) ◦ ψd(η) with

ψd(xi)(e) = x0(di ⊔⊔ e),

i = 0, 1, . . . ,m for any e ∈ R〈〈X〉〉, and where di is the
i-th component series of d (d0 := 1). ψd(∅) is defined to
be the identity map on R〈〈X〉〉. This composition product is
associative and R-linear in its left argument.

III. GEVREY ORDER OF THE FERFERA SERIES

Let X = {x0, x1} and consider the rational series x∗1 :=
∑

k≥0 x
k
1 . The series considered by Ferfera in [6], [7] is

cF := x∗1 ◦ x∗1 using the notion of formal power series
composition defined in (3). In this section, the Gevrey order
of cF is shown to be exactly s = 1.

A general formula for the coefficients of cF is

(cF , x
k0

0 x
k1

1 · · ·x
kl−1

0 xkl

1 ) = (k0)
k1(k0 + k2)

k3

· · · (k0 + k2 + · · ·+ kl−1)
kl (4)

for all l ≥ 0 and ki ≥ 0, i = 0, 1, . . . , l [12]. The following
two subseries of cF are also of interest here:

c
1/2
F :=

∞
∑

k=0

(cF , x
k
0x

k
1)x

k
0x

k
1

c1F :=

∞
∑

k0,k1=0

(cF , x
k0

0 x
k1

1 )xk0

0 x
k1

1 .

Ferfera’s central argument in showing that rationality is not
preserved under composition was the observation that the
coefficients

(c
1/2
F , xk0x

k
1) = kk, k ≥ 0

grow too fast to satisfy (2) when s = 0. Therefore, cF can not
be rational. The following theorem gives the exact Gevrey

order of c
1/2
F .

Theorem 1: The series c
1/2
F has Gevrey order s = 1/2.

Proof: Let n =
∣

∣xk0x
k
1

∣

∣ = 2k ≥ 0 and define the sequences

an = (c
1/2
F , x

n/2
0 x

n/2
1 ) = (n/2)

(n/2)

bn(s) = KMn(n!)s

for any fixed K,M > 0. Also define the function

fn(s) = ln

(

an

bn(s)

)

= (n/2) ln(n/2)− ln(K)− n ln(M)− s ln(n!).

Using Stirling’s approximation

n! ≈
√
2πn(n/e)n, n≫ 1, (5)

it follows directly that

fn(s) ≈− ln(K)−
n

2
ln(2)− n ln(M)

+ n

(

1

2
− s

)

ln(n) + ns−
s

2
ln(2π)−

s

2
ln(n).

Consider the following cases:

1) If s < 1/2 then lim
n→∞

fn(s) = +∞.

2) If s > 1/2 then lim
n→∞

fn(s) = −∞.

3) If s = 1/2 then

lim
n→∞

fn(1/2) =− ln(K)−
1

4
ln(2π)−

1

4
lim
n→∞

ln(n)

+ lim
n→∞

n

(

1

2
−

ln(2)

2
− ln(M)

)

.

Therefore, if 1
2−

ln(2)
2 −ln(M) ≤ 0 then limn→∞ fn(1/2) =

−∞. In summary, when s ≥ 1/2

lim
n→∞

an

bn(s)
= 0,

and this implies in particular that bn(1/2) is growing faster
than an. On the other hand, if s < 1/2 then an can not
be bounded by a sequence of the form bn(s). Hence, the

coefficients (c
1/2
F , x

n/2
0 x

n/2
1 ) must be upper bounded for all
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n ≥ 0 by KM(n!)1/2 for some K,M > 0, which implies

that the series c
1/2
F has Gevrey order s = 1/2.

As a check, an estimate of the Gevrey order of c
1/2
F was

computed numerically using the nonlinear fitting capabilities
of Mathematica via the code:

nmax=300;
data=Table[{n,Log[(n/2)ˆ(n/2)]},{n,1,nmax,2}];
nlm=NonlinearModelFit[data,Log[K*Mˆn*(n!)ˆs],{K,M,s},n]
Show[ListPlot[data],Plot[nlm[n],{n,1,nmax}],Frame->True]

The corresponding growth parameters estimates are K =
0.39102, M = 1.14373, and s = 0.503423. The quality of
the fit for the first 30 coefficients is shown in Figure 2. It is
representative of the fit for the entire data set of 300 points.

0 10 20 30 40 50 60

0

5

10

15

20

25

30

35

40

45

2k

ln
(K

M
2
k
((
2
k
)!
)s
)

Fig. 2. Empirical fit of KM2k
((2k)!)s (solid line) to the first 30

coefficients (word length n = 2k ≤ 60) of the series c
1/2
F (dots).

The next theorem is the main result of this section.

Theorem 2: The series cF has Gevrey order s = 1.

Proof: It is sufficient to show that c1F has Gevrey order
s = 1 since it is known that cF has a Gevrey order s ≤ 1
(because it has an analytic state space realization [19]), and it

contains c1F as a subseries. Let n =
∣

∣

∣
xk0

0 x
k1

1

∣

∣

∣
= k0 + k1 ≥ 0

and

dn :=

n
∑

k0=0

(cF , x
k0

0 x
n−k0

1 )xk0

0 x
n−k0

1 .

Define the sequences

an(k0) = (dn, x
k0

0 x
n−k0

1 ) = (k0)
(n−k0), 0 ≤ k0 ≤ n,

bn(s) = KMn(n!)s, K,M > 0,

using (4) with l = 1. Also, define

fn(k0, s) = ln

(

an(k0)

bn(s)

)

= (n− k0) ln(k0)− ln(K)− n ln(M)− s ln(n!),

so that when n≫ 1 (5) yields

fn(k0, s) ≈ (n− k0) ln(k0)− ln(K)− n ln(M)

+ sn−
s

2
ln(2πn)− sn ln(n).

Observe that fn(k0, s) has a maximum over R if and only
if

k0 = k̂0 := exp(W (ne)− 1),

since

∂fn(k0, s)

∂k0

∣

∣

∣

∣

k0=k̂0

= − ln(k̂0) +
(n− k̂0)

k̂0
= 0

and

∂2fn(k0, s)

∂k20

∣

∣

∣

∣

k0=k̂0

= −
1

k̂0
−

n

k̂20
< 0, ∀ 0 ≤ k̂0 ≤ n,

where W denotes the Lambert W–function, namely, the
inverse of the function g(z) = z exp(z) [3]. Therefore, the

goal is to compute limn→∞ fn(k̂0, s). Observe that

∂

∂s
lim
n→∞

fn(k̂0, s) = lim
n→∞

(

n−
1

2
ln(2πn)− n ln(n)

)

< 0,

which implies that limn→∞ fn(k̂0, s) is a non-increasing
function of s. A direct calculation gives

lim
n→∞

fn(k̂0, s) =
(

lim
n→∞

nW (ne)+W (ne) exp(W (ne)− 1)

+ exp(W (ne)− 1) + sn− n− n ln(M)

−
s

2
ln(2πn)− sn ln(n)

)

.

Using the fact that W (ne) exp(W (ne)− 1) = n gives

lim
n→∞

fn(k̂0, s) = lim
n→∞

(

nW (ne) + exp(W (ne)− 1) + sn

−n ln(M)−
s

2
ln(2πn)− sn ln(n)

)

.

This reduces to computing the limit

lim
n→∞

nW (ne)− sn ln(n).

But since limn→∞W (ne)/ ln(n) = 1, it follows that:

1) If s < 1 then lim
n→∞

fn(k̂0, s) = +∞.

2) If s ≥ 1 then lim
n→∞

fn(k̂0, s) = −∞.

Thus, if s ≥ 1 then

lim
n→∞

an(k̂0)

bn(s)
= 0,

which implies that bn(1) is growing faster than an(k̂0), and
thus faster than an(k0) for all 0 ≤ k0 ≤ n. On the other hand,
if s < 1 then an(k0) can not be bounded by a sequence of the
form bn(s). Hence, the coefficients of c1F for words of length
n must be upper bounded by KMnn! for some K,M > 0,
and no smaller Gevrey type bound applies. Therefore, the
series c1F has Gevrey order equal to s = 1.

An estimate of the Gevrey order of c1F was also computed
numerically via Mathematica as shown in Figure 3. A sample
of the corresponding data is shown in Table I. The asymptotic
behavior of the estimates of the Gevrey order of c1F as
a function of maximum word length is shown on a semi-
logarithmic scale in Figure 4. The estimates are monotonic
increasing towards s = 1 but at an extremely slow rate.

IV. STRONG VERSUS WEAK LOCAL CONVERGENCE

In this section, the notions of strong and weak local
convergence are described for generating series in R

ℓ〈〈X〉〉.
There is no loss of generality in assuming ℓ = 1. Let

RGC〈〈X〉〉 denote the closure of RGC〈〈X〉〉 in the semi-
norm topology. The first two theorems describe some re-
lationships between the spaces S∞,e, S∞, RLC〈〈X〉〉, and

RGC〈〈X〉〉.
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Fig. 3. Empirical fit of KMn
(n!)s (solid line) to the first 30 coefficients

of the series c1F (dots).

TABLE I

GROWTH PARAMETERS ESTIMATES FOR THE SERIES c1F .

maximum word length K M s

50 1.49671 0.696282 0.758571

300 6.60041 0.579581 0.808544

500 19.496 0.545318 0.821234

5000 1.04761× 10
9 0.414991 0.865870

Theorem 3: RLC〈〈X〉〉 = S∞,e.
Proof: In Section II it was shown that RLC〈〈X〉〉 ⊆ S∞,e.
Thus, it only needs to be shown that S∞,e ⊆ RLC〈〈X〉〉.
The proof is by contradiction. If c ∈ S∞,e then there exists
R̄c > 0 such that c ∈ S∞(R) for all 0 < R < R̄c. Assume
c 6∈ RLC〈〈X〉〉. Then for any constants K,M > 0 there is a
subseries ĉ of c and some ǫ > 0 such that

|(ĉ, η)| > KM |η|(|η|!)1+ǫ, ∀η ∈ supp(ĉ).

On the other hand, for all 0 < R < R̄c

‖c‖∞,R = sup
η∈X∗

{

|(c, η)|
R|η|

|η|!

}

≥ sup
η∈supp(ĉ)

K(MR)|η|(|η|!)ǫ.

Thus, ‖c‖∞,R = ∞ for any R > 0. Which contradicts
the fact c ∈ S∞(R) for all 0 < R < R̄c. Therefore,
c ∈ RLC〈〈X〉〉, and the theorem is proved.

Theorem 4: RGC〈〈X〉〉 ⊆ S∞.

Proof: If c ∈ RGC〈〈X〉〉 then there exists a sequence
{ci}i≥0 in RGC〈〈X〉〉 ⊆ S∞ ⊂ S∞(R) which converges
to c in the semi-norm topology. Therefore, {ci}i≥0 also
converges to c as a sequence in the complete normed linear
space S∞(R) for every R > 0. This implies that c ∈ S∞(R)
for every R > 0. Thus, c ∈ S∞ := ∩R>0S∞(R).

The following definitions are essential.
Definition 1: A series c ∈ R1〈〈X〉〉 is said to be strongly

locally convergent if c 6∈ RGC〈〈X〉〉.
Definition 2: A series c ∈ R1〈〈X〉〉 is said to be weakly

locally convergent if c ∈ RGC〈〈X〉〉 \ RGC〈〈X〉〉.

10
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s

Fig. 4. Gevrey order estimates of c1F as a function of maximum word
length, n.

The next theorem ensures that the set of weakly locally
series is non-empty.

Theorem 5: The series c1F is weakly locally convergent.

Proof: In light of Theorem 2, it only needs to be shown that

c1F ∈ RGC〈〈X〉〉\RGC〈〈X〉〉. Consider the truncation of c1F

dN :=

N
∑

n=0

dn =

N
∑

n=0

n
∑

k0=0

(cF , x
k0

0 x
n−k0

1 )xk0

0 x
n−k0

1 .

Clearly, the polynomial dN has Gevrey order equal to zero.
Observe that for any R > 0

‖dN‖∞,R = sup
n≤N

0≤k0≤n

{

kn−k0

0

Rn

n!

}

<∞,

and

‖dN − c1F ‖∞,R = sup
n>N

0≤k0≤n

{

kn−k0

0

Rn

n!

}

.

Since k0 = k̂0 := exp(W (ne) − 1) maximizes kn−k0

0 over
0 ≤ k0 ≤ n,

‖dN−c1F ‖∞,R ≤ sup
n>N

{

exp(W (ne)−1)
n−exp(W (ne)−1)R

n

n!

}

.

(6)
Now define

f(n) = exp(W (ne)− 1)
n−exp(W (ne)−1)R

n

n!
.

Applying the logarithm to both sides of this equation and
using (5), it follows that

ln(f(n)) = (W (ne)− 1)(n− exp(W (ne)− 1))

+ n ln(R) + n−
1

2
ln(2πn)− n ln(n).

The identity W (ne) exp(W (ne)− 1)) = n then yields

ln(f(n)) = nW (ne) +
n

W (ne)
+ n(ln(R)− 1)

−
1

2
ln(2πn)− n ln(n). (7)

Observe that f(n) has a maximum over R if and only if
n = n̂, where

d ln(f(n))

dn

∣

∣

∣

∣

n=n̂

=W (n̂e)−
1

2n̂
− ln(n̂) + ln(R)− 1 = 0
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since

d2 ln(f(n))

dn2

∣

∣

∣

∣

n=n̂

=
W (n̂e)− 2n̂+ 1

2n̂2(W (n̂e) + 1)
< 0.

Therefore,

sup
n>N

f(n) = sup
n>N

{

exp(W (ne)− 1)
n−exp(W (ne)−1)R

n

n!

}

= max{f(N), f(n̂)}.

Substituting this bound into (6) and taking the limit gives

lim
N→∞

‖dN − c1F ‖∞,R ≤ lim
N→∞

max{f(N), f(n̂)}= lim
N→∞

f(N).

Now using (7) and the fact that limN→∞ ln f(N) =
ln limN→∞ f(N), it follows that

lim
N→∞

ln(f(N)) = lim
N→∞

N(W (Ne)− ln(N) + ln(R)− 1))

+
N

W (Ne)
−

1

2
ln(2πN) = −∞.

The identity limN→∞W (Ne)− ln(N) = −∞ has also been
used above. Thus, for any R > 0

lim
N→∞

‖dN − c1F ‖∞,R ≤ lim
N→∞

f(N) = 0.

Hence, the sequence {dN}N≥0 in RGC〈〈X〉〉 converges to
c1F ∈ RLC〈〈X〉〉 in the semi-norm topology, and, conse-

quently, c1F ∈ RGC〈〈X〉〉 \ RGC〈〈X〉〉.

The next two classical theorems from complex analysis are
needed to prove the main results of this section, namely, the
relationship between strongly and weakly locally convergent
generating series and the convergence characteristics of their
corresponding Fliess operators.

Theorem 6: [21] Consider a power series f(z) =
∑

n≥0 anz
n defined on C. There exists a real number 0 ≤

R ≤ ∞, called the radius of convergence of the series
f , such that the series converges for all values of z with
|z| < R and diverges for all z such that |z| > R with

R = 1/ lim supn→∞ |an|
1/n

(1/0 := ∞, 1/∞ := 0).
Theorem 7: [21] Let f(z) =

∑

n≥0 anz
n/n! be a func-

tion which is analytic at z = 0. Suppose z0 is a singularity
of f having smallest modulus. Then for any ǫ > 0 there
exists an integer N ≥ 0 such that for all n > N , |an| <
(1/ |z0| + ǫ)nn!. Furthermore, for infinitely many n, |an| >
(1/ |z0| − ǫ)nn!.

The next two theorems are the main results of the paper.
Theorem 8: If c ∈ R1〈〈X〉〉 is strongly locally conver-

gent, then the radius of convergence of series (1) is finite.
Proof: Since c is locally convergent, there exists Ru, T > 0
such that for any u ∈ Bm

1 (Ru)[0, T ] the series converges
absolutely and uniformly on [0, T ]. Define the truncation

cN =
∑N

n=0

∑

η∈Xn(c, η)η. Clearly, cN ∈ RGC〈〈X〉〉,
and thus, the series defining FcN [u](t) converges absolutely
and uniformly on [0, T ] for any T > 0 and u ∈ L1,e(0).
Furthermore, observe that for any fixed N > 0, the radius
of convergence of the series

Fc[u](t) = FcN [u](t) + Fc−cN [u](t),

is finite if and only if

Fc−cN [u](t) =

∞
∑

k=N+1

∑

η∈Xk

(c− cN , η)Eη[u](t)

has a finite radius of convergence. The key observation
is that the sequence {cN}N≥0 can not converge to c in

the semi-norm topology, otherwise c ∈ RGC〈〈X〉〉, which
contradicts the assumption that c is strongly locally conver-
gent. Using this fact, a finite singularity of Fc−cN [u](t) can
be constructed. This implies that Fc[u](t) also has a finite
singularity, and therefore, a finite radius of convergence.
Following [5, Example 1], it is immediate that

|Fc−cN [u](t)| ≤
∞
∑

n=N+1

∑

η∈Xn

|(c− cN , η)|
R̂n

n!

≤

∞
∑

n=0

an
R̂n

n!
, (8)

where R̂ := 2max{Ru, T} > 0 and

an :=

{

max
η∈Xn

|(c− cN , η)| : n > N

0 : n ≤ N.

Define

L = lim
N→∞

‖cN − c‖∞,R = lim
N→∞

sup
η∈X∗

{

|(c− cN , η)|
R|η|

|η|!

}

.

Note that L > 0 for some R > 0 since {cN}N≥0 does
not converge to c in the semi-norm topology. In particular,

choosing R = R̂ gives

L = lim
n→∞

sup
n≥0

{

|an|
R̂n

n!

}

.

The definition of the limit superior implies that for any 0 <
ǫ < 1, there exists an integer N ≥ 0 such that for all n > N ,

|an| R̂
n/n! < L + ǫ. Furthermore, for infinitely many n,

|an| R̂
n/n! > L− ǫ [21, p. 46]. From the first inequality

|an| <
(L+ ǫ)n!

R̂n
≤

(

L1/n

R̂
+ ǫ′

)n

n!,

and for infinitely many n,

|an| >
(L− ǫ)n!

R̂n
≥

(

L1/n

R̂
− ǫ′

)n

n!,

where ǫ′ := ǫ1/N/R̂. Thus, from Theorems 6 and 7 it follows
that

z0 := lim
n→∞

R̂

L1/n
=

1

lim supn→∞ (|an| /n!)
1/n

.

Since L > 0, the real number z0 6= 0 is a finite singularity
of f(z) :=

∑∞

n=0 anz
n/n!. In light of (8) then Fc−cN [u](t)

must also have a finite singularity, and the theorem is proved.

Another characterization of a strongly locally convergent
series is below.

Corollary 1: Let c ∈ R1〈〈X〉〉 be strongly locally conver-
gent with growth constants K,M > 0. Then there exists a
subseries ĉ ∈ R1〈〈X〉〉 whose coefficients are each growing

exactly at the rate KM |η| |η|!.
Proof: Following the proof of Theorem 8, for any ǫ > 0
and L > 0, there must exist an integer N > 0 such that

(

L1/n

R̂
− ǫ′

)n

n! < |an| <

(

L1/n

R̂
+ ǫ′

)n

n! (9)

for all n > N . Let

an :=

{

max
η∈Xn

|(c− cN , η)| : n > N

0 : n ≤ N,
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and for each n > N define

η∗n := arg max
ν∈Xn

|(c, ν)|.

Construct ĉ ∈ R〈〈X〉〉 such that for all η ∈ Xn, n ≥ 0

(ĉ, η) :=

{

(c, η∗n) : η = η∗n, n > N

0 : otherwise.

Clearly ĉ is a subseries of c, and by design |an| = |(ĉ, η)|
for all η ∈ Xn since supp(ĉ) ⊂ X∗ \ XN . Thus, a direct
application of (9) gives for some K > 0

|(ĉ, η)| = KM |η| |η|!, ∀η ∈ supp(ĉ),

where

M := lim
n→∞

L1/n

R̂
= lim

N→∞

(

sup
η∈X∗

{

|(c− cN , η)|
1

|η|!

})1/N

.

Theorem 9: If c ∈ R1〈〈X〉〉 is weakly locally convergent,
then the radius of convergence of series (1) is infinite.

Two lemmas are needed to prove the Theorem 9. The first
lemma is a generalization of Example 2.

Lemma 1: Let c ∈ S∞,e and define cN =
∑N

n=0

∑

η∈Xn

(c, η)η, N ≥ 0. Then there exists an R > 0 such that cN → c
as a sequence in the normed linear space S∞(R).
Proof: If c ∈ S∞,e = RLC〈〈X〉〉 then |(c, η)| ≤
KM |η|(|η|!)s, ∀η ∈ X∗ for some K,M > 0 and 0 ≤
s ≤ 1. Therefore,

‖cN − c‖∞,R ≤ sup
n>N

K
(MR)n

(n!)1−s
.

When 0 ≤ s < 1 it follows that

lim
N→∞

‖cN − c‖∞,R ≤ lim
N→∞

sup
n>N

K
(MR)n

(n!)1−s

= lim
N→∞

K
(MR)N+1

((N + 1)!)1−s
= 0 (10)

for all R > 0. On the other hand, when s = 1

lim
N→∞

‖cN − c‖∞,R ≤ lim
N→∞

K(MR)N+1 = 0,

when R < 1/M and infinity otherwise. This implies in both
cases that there exists an R > 0 such that cN → c as a
sequence in the normed linear space S∞(R).

Corollary 2: If c ∈ RGC〈〈X〉〉 then cN → c in the semi-
norm topology.

Proof: The claim follows directly from (10).

Lemma 2: Let c ∈ RGC〈〈X〉〉 and define cN =
∑N

n=0

∑

η∈Xn (c, η)η, N ≥ 0. Then cN → c in the semi-
norm topology.

Proof: In light of Corollary 2, the claim only needs to be
shown for weakly locally convergence c ∈ R1〈〈X〉〉. The

proof is by contradiction. If c ∈ RGC〈〈X〉〉 ⊆ S∞ then

‖c‖∞,R <∞, ∀R > 0. (11)

Now suppose {cN}N≥0 does not converges to c in the semi-
norm topology. In which case,

L = lim
N→∞

‖cN − c‖∞,R > 0 (12)

for some R > 0. Note that the proof of Theorem 8 uses only
the fact that (12) holds since {cN}N≥0 does not converge to
c in the semi-norm topology. Therefore, from Corollary 1, if
c ∈ R1〈〈X〉〉 then there exists a subseries ĉ ∈ R1〈〈X〉〉

of c whose coefficients are each growing exactly at the
rate KM |η| |η|! for some K,M > 0. This implies that
‖c‖∞,R = ∞ when R > 1/M . This fact contradicts (11),
which completes the proof.

Proof of Theorem 9: Following the same approach as in the
proof of Theorem 8, one is led to the conclusion in this case
that for any R > 0

L = lim
N→∞

‖cN − c‖∞,R = 0

precisely because the sequence {cN}N≥0 converges to c in
the semi-norm topology via Lemma 2. Applying Theorems 6
and 7 as before now gives

z0 := lim
n→∞

R̂

L1/n
=

1

lim supn→∞ (|an| /n!)
1/n

= ∞.

Thus, f can not have a finite singularity, implying that
Fc[u](t) has a infinite radius of convergence.

Corollary 3: The series cF is weakly locally convergent.

Proof: Using Theorem 2, it follows that cF ∈ R1〈〈X〉〉.
Applying Theorem 9 in [20] ensures that FcF [u](t) is well
defined on [0, T ] for any T > 0 and u ∈ L1,e(0) because
cF = x∗1 ◦ x∗1, and x∗1 has Gevrey order s = 0. In which
case, FcF [u](t) can not have a finite singularity. Hence, cF
is weakly locally convergent.

The next theorem gives the relationship between the space

S∞ and the set RGC〈〈X〉〉.

Theorem 10: S∞ = RGC〈〈X〉〉.

Proof: From Theorem 4 it is known that RGC〈〈X〉〉 ⊆ S∞.

Thus, it only needs to be shown that S∞ ⊆ RGC〈〈X〉〉.
The proof is by contradiction. Suppose c ∈ S∞ with c 6∈
RGC〈〈X〉〉. Then c is strongly locally convergent, and by
Corollary 1 there exists a subseries ĉ of c such that

|(ĉ, η)| = KM |η| |η|!, ∀η ∈ supp(ĉ).

Then for R > 1/M

‖ĉ‖∞,R = sup
η∈supp(ĉ)

K(MR)|η| = ∞.

Therefore, ‖c‖∞,R = ∞ when R > 1/M since ‖ĉ‖∞,R ≤
‖c‖∞,R. This is a contradiction since c ∈ S∞.

Figure 5 summarizes the relationship between S∞,e, S∞,
R1〈〈X〉〉 and various notions of convergence.

In light of Theorem 9, it now makes more sense to

call S∞ = RGC〈〈X〉〉 ⊃ RGC〈〈X〉〉 the set of globally
convergent generating series. This means, of course, that the
Gevrey order is no longer the sole indicator of whether a
given generating series renders a globally convergent Fliess
operator.

Example 3: Consider the locally convergent series c =
∑∞

k=0 k!x
k
1 . Observe that

‖c‖∞,R = sup
η∈X∗

{

|(c, η)|
R|η|

|η|!

}

= sup
n≥0

Rn.

Clearly, ‖c‖∞,R < ∞ if and only if R < 1. This indicates
that the radius of convergence of Fc[u](t) is unity. To confirm
this, apply the identity k!xk1 = x ⊔⊔ k

1 so that

Fc[u](t) =

∞
∑

k=0

k!Exk
1

[u](t) =

∞
∑

k=0

Ek
x1
[u](t) =

1

1− Ex1
[u](t)

.

Setting u = 1 gives Fc[1](t) = 1/(1− t), which has a finite
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R〈〈X〉〉

RLC〈〈X〉〉 = S∞,e

RGC〈〈X〉〉

R1〈〈X〉〉

(shaded area

plus dotted line)

RGC〈〈X〉〉

= S∞

(inside area

plus dotted line)

Strongly

locally convergent

RLC〈〈X〉〉 \ RGC〈〈X〉〉
(shaded area)

Weakly

locally convergent

∂RGC〈〈X〉〉
(dotted line)

Fig. 5. Relationship between S∞,e, S∞, Gevrey order and various notions
of convergence.

escape time at t = 1 as expected. In which case, c is strongly
locally convergent.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t

-3

-2

-1

0

1

2

3

4

5

Fig. 6. Zero-input response of the cascade system cF = x∗

1
◦ x∗

1
on a

double logarithmic scale (solid line) and the function ŷ(t) = t (dotted line).

Example 4: Reconsider the series c = x∗1. It is easy to
verify that y = Fc[u] has a state space realization ż = zu,
y = z, z(0) = 1 [4]. Cascading two such realizations and
simulating in MatLab gives the natural response shown on
a double logarithmic scale in Figure 6. From this one can
conclude that FcF [0] is bounded by a double exponential
function, which is entire. The response is similar for different
inputs, and, in fact, it is shown in [20, Theorem 8] that
the cascade of any two systems having generating series
with Gevrey order s = 0 always has a double exponential
bounding function. This further confirms that cF = x∗1 ◦ x

∗
1

is weakly locally convergent.

Example 5: Reconsider the series c1F and the truncated
version dN as defined in the proof of Theorem 5. From (8)
it follows that

∣

∣

∣
Fc1

F
−dN

[u](t)
∣

∣

∣
≤

∑

n>N

n
∑

k0=0

kn−k0

0

Rn

n!
.

Therefore, Fc1
F
−dN

[u](t) converges for all R, T > 0 us-

ing the ratio test on the upper bound above. In addition,
Fc1

F
[u](t) = FdN

[u](t)+Fc1
F
−dN

[u](t) is also bounded, and

thus, c1F must be weakly locally convergent.

V. CONCLUSIONS

It was shown that the set of generating series with Gevrey
order s = 1 can exhibit two fundamentally different types of
convergence behavior with respect to its corresponding Fliess
operator, either strong or weak local convergence. The former
has a finite radius of convergence due to the presence of a
singularity in the operator summation, while the latter does
not. The Ferfera series was presented as a specific example
of a weakly locally convergent series. The main consequence
of these results is that the set of generating series known to
render global convergence has been expanded, and now the
Gevrey order of a generating series is no longer the sole
indicator of this behavior.
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Structure Preserving Truncation for Linear Port Hamiltonian Systems

Yu Kawano and Jacquelien M.A. Scherpen

Abstract— In this paper we present a novel balancing method
for linear port Hamiltonian systems based on the Hamiltonian
and the controllability Gramian. This balanced truncation
method preserves the port Hamiltonian structure in contrast
to the traditional balanced truncation method based on the
controllability and observability Gramians. In addition, we
study a similar method for gradient systems, and show that
our method provides an equivalent reduced order model as the
model obtained by traditional balancing.

I. INTRODUCTION

In this paper, we propose a model reduction method,
which preserves the linear port Hamiltonian structure. Port
Hamiltonian systems [1], [2] form an important subclass of
passive state-space systems, and many physical systems can
be represented as a port Hamiltonian system. Furthermore,
various control methods are developed for this type of
systems. However, if the system order becomes large, the
analysis and control becomes difficult, and an important issue
for large scale systems concerns the model reduction. This is
also true for port Hamiltonian systems. To utilize results on
port Hamiltonian systems, it is natural to construct a model
reduction method preserving the port Hamiltonian structure.

Structure preserving model reduction for port Hamiltonian
systems has been studied in several ways such as through
Kalman decompositions [3], [4], interpolation [5], moment
matching [6], [7], and modified balanced truncation for a
limited subclass [8], [9]. The port Hamiltonian structure
is not preserved under balanced truncation in general. The
paper [8] studies balanced truncation via a supply and storage
function and shows that the structure is preserved if these
two functions satisfy a specific condition. The paper [9]
studies balanced truncation of the controllability and observ-
ability functions and shows that the structure is preserved
if the Hamiltonian is identical to a weighted controllability
or observability function. Furthermore, in [7] reduction is
performed based upon either breaking the effort or the flow
interconnection structures. The structure is preserved, but the
reduction is not based on truncation, and the reduction basis
is not so clear. Here we aim at providing a new way to
consider balancing and the corresponding truncation.

In this paper, we propose a novel linear balanced trun-
cation method based on the Hamiltonian and controllability
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Gramian. By using our method, the port Hamiltonian struc-
ture is preserved without any assumption for the system. Our
method can be extended to gradient systems. In fact, for
gradient systems, our method gives the same reduced order
realization as traditional balanced truncation via controlla-
bility and observability Gramians. Therefore, our method
preserves the gradient structure as is shown for balanced
truncation [10].

II. PROPOSED BALANCING METHODS

In this section, a different balanced truncation method
is proposed for linear port Hamiltonian systems. Balanced
truncation for asymptotically stable systems is based on
the controllability and observability Gramians, and preserves
stability, controllability, and observability but not the port
Hamiltonian structure. Here, we present a balanced trunca-
tion method based on the Hamiltonian function and con-
trollability Gramian, which preserves the port Hamiltonian
structure.

A. Balancing the Controllability Gramian and the Hamilto-
nian Function

Consider the linear port Hamiltonian system, e.g., [1], [2]{
ẋ = (J −R)Qx+Bu,
y = BTQx.

(1)

where x ∈ Rn, u, y ∈ Rm are the state, input, and output,
respectively; J,R,Q ∈ Rn×n are skew symmetric, sym-
metric positive semidefinite, and symmetric positive definite
respectively. The function H(x) := 1

2x
TQx is called the

Hamiltonian.
One of the important properties of the port Hamiltonian

system is that it is a passive system with the Hamilonian as
storage function. It can be seen by computing

d

dt

(
1

2
xTQx

)
= uTy − xTQRQx ≤ 0.

Therefore, preserving the port Hamiltonian structure implies
preserving passivity.

Suppose that system (1) is asymptotically stable and
controllable. For an asymptotically stable and controllable
system, the controllability Gramian W = WT ∈ Rn×n

is the symmetric positive definite solution to the following
Lyapunov equation.

WQ(−J −R) + (J −R)QW = −BBT. (2)

For the Hamiltonian 1
2x

TQx and the controllability Gramian
W , we have the following result.

Theorem 2.1: If R > 0 (that is, the system is asymptoti-
cally stable), and controllable, then there exists coordinates
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such that Q = W = ΣW := diag{σW1, . . . , σWn} (σW1 ≥
· · · ≥ σWn > 0).

Proof: After the coordinate transformation zW = TWx,
the port Hamiltonian system (1) and the Lyapunov equation
(2) respectively become{

żW = (TWJTT
W − TWRTT

W )T−T
W QT−1

W zW + TWBu,

y = (TWB)TT−T
W QT−1

W zW ,

and

(TWWTT
W )(T−T

W QT−1
W )(−TWJTT

W − TWRTT
W )

+(TWJTT
W − TWRTT

W )(T−T
W QT−1

W )(TWWTT
W )

= −TWBBTTT
W .

Therefore, in the zW -coordinate, the Hamiltonian and con-
trollability Gramian are 1

2z
TT−T

W QT−1
W z and TWWTT

W ,
respectively. Similar to obtaining a balanced realizations via
the controllability and observability Gramians, it is possi-
ble to show the existence of TW such that TWWTT

W =
T−T
W QT−1

W = ΣW .
In the zW -coordinate, the port Hamiltonian system be-

comes {
żW = (JW −RW )ΣW zW +BWu,
y = BT

WΣW zW ,
(3)

where JW := TWJTT
W , RW := TWRTT

W , and BW :=
TWB. Since JW and RW are respectively skew symmetric
and symmetric positive semidefinite, this system is again
a port Hamiltonian system. In fact, the port Hamiltonian
structure is preserved under any coordinate transformation.

System (3) is in coordinates where a controllability and
internal energy is balanced, i.e., a small σWk means that
the the state coordinate xk is badly controllable, and hardly
contributes to the internal energy captured in the Hamilto-
nian. Suppose that σWk ≫ σW (k+1) for k < n. Then, zWk is
more important than zW (k+1) in the sense of the Hamiltonian
and controllability Gramian. We partition the system in the
z-coordinates as follows:

zW =

[
zWa

zWb

]
, JW =

[
JWa JWab

−JT
Wab JWb

]
,

RW =

[
RWa RWab

RT
Wab RWb

]
, ΣW =

[
ΣWa 0
0 ΣWb

]
,

BW =

[
BWa

BWb

]
, (4)

where zWa := [zW1, . . . , zWk]
T and zWb :=

[zW (k+1), . . . , zWn]
T. A possibility to reduce the number

of states is by truncation, i.e., to put zW (k+1) = 0, . . . ,
zWn = 0. We have the following theorem for the reduced
order model.

Theorem 2.2: The reduced order model of controllable
system (4) with R > 0 obtained by the truncation above{

żWr = (JWa −RWa)ΣWazWr +BWau,
yr = BT

WaΣWazWr,
(5)

is a port Hamiltonian system in controllability/Hamiltonian
balanced coordinates. Moreover, the reduced system is
asymptotically stable and controllable.

Proof: Since JW and RW are respectively skew sym-
metric and symmetric positive definite, JWa and RWa are
also. Thus, (5) is nothing but a port Hamiltonian system.
Asymptotic stability of the reduced order model follows from
positive definiteness of RWa. Then, controllability is clear
because ΣWa is the controllability Gramian of the reduced
order model.

If the original system is observable, it is unclear if observ-
ability is preserved under the proposed truncation method. If
the reduced order model is not observable, we can pick up
the observable subsystem, which is also a port Hamiltonian
system [3].

Remark 2.3: Replacing the controllability Gramian by the
observability Gramian in the balancing procedure with the
Hamiltonian does not result in coordinates that are balanced
between observability and internal energy. This can be seen
by checking a coordinate transformation z = Tx. The
observability Gramian M then transforms into T−TMT−1,
in the same way as the Hamiltonian. In general, there
is no T nor diagonal matrix Σ̄ such that T−TMT−1 =
T−TQT−1 = Σ̄. In contrast, the controllability Gramian
corresponds to the past input energy function, i.e., Lc(x) =
1
2x

TW−1x, and thus W transforms into TWTT for the
z coordinates, resulting in a balancing transformation that
allows for TWTT = T−TQT−1 = Σ.

For classical balanced truncation, there exist error bounds
for the approximation that is made, e.g., [11]. Based on these
error bounds, we can also compute an upper bound for the
error. The proofs are given in the Appendix.

Theorem 2.4: We have∣∣∣∣∫ ∞

0

(y − yr)
Tudt

∣∣∣∣ ≤ 2
n∑

i=r+1

σi

∫ ∞

0

∥u∥2dt, (6)

if zW (0) = 0 and zWr(0) = 0.
Theorem 2.5: There exist a positive real number ε such

that

ε

∫ ∞

0

∥y + yr∥2 dt ≤
∫ ∞

0

uT(y + yr)dt (7)

if zW (0) = 0 and zWr(0) = 0.
Theorem 2.4 gives a kind of output error bound because

the error of the supplied energy for the same input is
bounded. Theorem 2.5 implies that the augmented system
consists of the original and reduced order models are strictly
output passive.

B. Normal Form of the Hamiltonian Function

Apart from model reduction based on balancing the con-
trollability Gramian and the Hamiltonian, it is also possible
to study model reduction based upon a normal form of
the Hamiltonian and a diagonal form of the controllability
Gramian.

Consider the coordinate transformation zQ = Q1/2x,
resulting in{

żQ = (JQ −RQ)zQ +BQu,
y = BT

QzQ,
(8)
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where JQ := Q1/2JQ1/2, RQ := Q1/2RQ1/2, and BQ :=
Q1/2B. In these coordinates, the Hamiltonian is normalized,
i.e., HQ = 1

2z
T
QzQ, and thus the Hamiltonian weighs each

state coordinate equal. Suppose that (8) is asymptotically
stable and controllable. Then we have the following theorem
for the controllability Gramian WQ of (8).

Theorem 2.6: Consider coordinate transformation zQW =
TQW zQ, which diagonalizes WQ, i.e. TQWQT

T
Q =

diag{σQW1, . . . , σQWn} =: ΣQW (σQ1 ≥ · · · ≥ σQn > 0).
The Hamiltonian is 1

2z
T
QW zQW in the zQW coordinate if

and only if TQ is orthogonal. Moreover, there exists an
orthogonal TQ such that

ΣQW = Σ2
W . (9)

holds.
Proof: In the zQW coordinates, the port Hamiltonian

system (8) becomes
żQW = TQW (JQ −RQ)T

T
QW (T−T

QWT−1
QW )zQW

+TQWBQu,

y = BT
QT

T
QW (T−T

QWT−1
QW )zQW ,

(10)

In these coordinates, the Hamiltonian is
1
2z

T
QWT−T

QWT−1
QW zQW = 1

2z
T
QW zQW if and only if

TQW is orthogonal. Since WQ is symmetric, it can be
diagonalized by an orthogonal matrix.

Consider coordinate transformation ẑW = Σ
1/2
W zW for (3).

Then, we have{
dẑW
dt = Σ

1/2
W (JW −RW )Σ

1/2
W ẑW +Σ

1/2
W BWu,

y = BWΣ
1/2
W ẑW .

(11)

For this system, the Lyapunov equation for the controllability
Gramian Ŵ ∈ Rn×n is

Σ
1/2
W (−JW −RW )Σ

1/2
W Ŵ

+ŴΣ
1/2
W (JW −RW )Σ

1/2
W = −Σ

1/2
W BWBT

WΣ
1/2
W .

By pre-and post-multiplying Σ
−1/2
W , we have

(JW −RW )Σ
1/2
W ŴΣ

−1/2
W +Σ

−1/2
W ŴΣ

1/2
W (−JW −RW )

= −BWBT
W .

From the solution to the Lyapunov equation of the control-
lability Gramian of representation (3), we have Ŵ = Σ2

W .
Note that the positive definite solutions is unique. Therefore,
the controllability Gramian of representation (11) is Σ2

W . The
realization (11) is a representation of (8) with a normalized
Hamiltonian and diagonal controllability Gramian, i.e., TQ =
In, and ΣQW = Σ2

W .
We call representation (11) the Hamiltonian normal form.

Thanks to (9), the reduced order model of (11) obtained by
truncation gives a reduced order model that is equivalent
up to a similarity transformation to that of the previous
subsection.

As explained in the previous section, there are no co-
ordinates such that both the Hamiltonian and observability
Gramian are diagonal and equal. However, it is possible to
construct a model reduction method based on the normalized

Hamiltonian and the observability Gramian. Suppose that (8)
is observable and asymptotically stable at the origin. Con-
sider the Lyapunov equation for the observability Gramian
in the zQ-coordinates

(JQ −RQ)MQ +MQ(−JQ −RQ) = −BQB
T
Q. (12)

The unique positive definite solution is MQ ∈ Rn×n.
Therefore, we can diagonalize MQ by an orthogonal matrix.
Similar to the procedure for the controllability Gramian
above, we can truncate such that we obtain a subsystem
which is important for observability when importance of each
state variable is equivalent in terms of the internal energy.
Similar to Theorem 2.1, it can be shown that if RQ is positive
definite then the reduced order model is in the same form,
and observability is preserved.

C. Normal Form of Gradient Systems

The normal form is also applicable for gradient systems. In
this section, we show that such application gives the same
realization as the traditional balanced realization based on
controllability and observability Gramians.

A gradient system, e.g., [10], is given as follows.{
Gẋ = −Px+Bu,
y = BTx,

(13)

where G,P ∈ Rn×n are symmetric and non-singular, respec-
tively. G represents a “pseudo-metric”, and a gradient system
is a symmetric system, i.e., the transfer function K(s) fulfills
K(s) = K(s)T. After coordinate transformation z = Gx, we
have {

ż = −PG−1z +Bu,
y = BTG−1z.

If P is positive semidefinite and G is positive definite, this
can be seen as a port Hamiltonian system with J = 0, P the
damping, and H = 1

2z
TG−1z. However, in general both G

and P are indefinite. Although G is indefinite, we can com-
pute a normal form of G with the controllability Gramian,
where the normal form means a state space representation
such that G becomes a signature matrix diag{±1, . . . ,±1}.
Suppose that gradient system (13) is controllable and asymp-
totically stable at the origin. Since the gradient system is
symmetric, controllability of the gradient system implies its
observability. The Lyapunov equation for the controllability
Gramian W ∈ Rn×n of (13) is

−WPG−1 −G−1PW = −G−1BBTG−1.

There exists a coordinate transformation zGW = TGWx
which transforms G and W into a signature matrix Ĝ and
a diagonal matrix ΣG := diag{σG1, . . . , σGn}, respectively
[10]. It follows that the system in the coordinates with a
normalized G and a diagonalized controllability Gramian
implies that the system is in balanced form, i.e.,

Theorem 2.7: In the zGW coordinates, the observability
Gramian is ΣG.
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Proof: The Lyapunov equation for the observability
Gramian M ∈ Rn×n is

−PGĜ
−1M −MĜ−1PG = −BGB

T
G.

Pre-and post-multiplying Ĝ−1, we have

−Ĝ−1PGĜ
−1MĜ−1 − Ĝ−1MĜ−1PGĜ

−1

= −Ĝ−1BBTĜ−1.

Since the positive definite solution to the Lyapunov equation
is unique, we have Ĝ−1MĜ−1 = ΣG and consequently
M = ĜΣGĜ = ΣG.

This theorem implies that for a port Hamiltonian system
with J = 0, our method gives the same realization as
balancing of the controllability and observability Gramians.
Instead of the controllability Gramian, if we consider the
normal form with the observability Gramian, we have a
similar result. Moreover, the reduced order system is a
gradient system [10].

III. EXAMPLE

Consider a mass-spring-damper system[
m1 0
0 m2

] [
ξ̈1
ξ̈2

]
+

[
d1 −d1
−d1 d1 + d2

] [
ξ̇1
ξ̇2

]
+

[
k1 −k1
−k1 k1 + k2

] [
ξ1
ξ2

]
=

[
1
0

]
u,

y = ξ̇1.

For the sake of simplicity, we choose all parameters as 1.
This system can be represented as a gradient system with[

I2 0
0 −K

]
ẋ = −

[
D K
K 0

]
x+

[
B1

0

]
u,

y =
[
BT

1 0
]
x,

x =
[
ξ̇1 ξ̇2 ξ1 ξ2

]T
,

K := D :=

[
1 −1
−1 2

]
, B1 :=

[
1
0

]
.

After coordinate transformation zQ1 = x1 and zQ2 =
K1/2x2, we obtain a port Hamiltonian representation

[
żQ1

żQ2

]
=

([
0 −K1/2

K1/2 0

]
−
[

D 0
0 0

])[
zQ1

zQ2

]
+

[
B1

0

]
u,

y =
[
BT

1 0
] [ zQ1

zQ2

]
.

Therefore, this system is both a port Hamiltonian and gradi-
ent system. Here, we demonstrate that our method in Section
II-B preserves the gradient structure in addition to the port
Hamiltonian structure.

For this system, the controllability Gramian is given by

WQ =


0.773 0.364 0.0407 −0.122
0.364 0.227 0.0813 −0.0407
0.0407 0.0813 0.809 0.346
−0.122 −0.0407 0.346 0.191

 ,

and its eigenvalues are

σQW1 = 0.987, σQW2 = 0.957,

σQW3 = 0.0430, σQW4 = 0.0127.

Next, the 2-dimensional reduced order model obtained by
our method in Section II-B is

żQWr =

[
−0.149 0.819
−0.452 −0.252

]
zQWr +

[
0.533
−0.705

]
u,

y =
[
0.533 −0.705

]
zQWr.

According to Theorem 2.4, an error bound is∣∣∣∣∫ ∞

0

(y − yr)
Tudt

∣∣∣∣ ≤ 0.1114

∫ ∞

0

∥u∥2dt.

Fig. 1 shows step responses of the original system and two-
dimensional reduced-order models by our method and the
balanced truncation of the controllability and observability
Gramians. It can be observed that the response of the
reduced order model by our method follows the trajectory
of the original model well by comparing with the balanced
truncation.

The reduced order model can be represented as

żQWr =

([
0 0.6359

−0.6359 0

]

−
[

0.1486 −0.1836
−0.1836 0.2520

])
zQWr +

[
0.533
−0.705

]
u,

y =
[
0.533 −0.705

]
zQWr,

which is nothing but a port Hamiltonian system. This system
is also a gradient system.[

−0.2720 −0.9617
−0.9617 0.2729

]
żQWr

= −
[

−0.4754 −0.01945
−0.01945 0.8568

]
zQWr +

[
0.533
−0.705

]
u,

y =
[
0.533 −0.705

]
zQWr.

0 10 20 30
−0.4

0.1

0.6

1

 

 

Time

O
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u
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Fig. 1. Step responses of original system and reduced-order model
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In this case, both the port Hamiltonian and gradient structures
are preserved by our method. In general, it is unclear that
our method simultaneously preserves these two structures.
In fact, a passive gradient system has these two structures.
Thus, it is worth studying when these two structures are si-
multaneously preserved under our method, which is included
in future work.

IV. CONCLUSION

In this paper, we propose a structure preserving truncation
method for linear port Hamiltonians system based on the
Hamiltonian and controllability Gramian. A slight extension
of this method is studied for gradient systems, which is
equivalent to traditional balancing based on the controlla-
bility and observability Gramians.

APPENDIX I
PROOF OF THEOREM 2.4

We consider the Hamiltonian normal form. We use a
similar notation as in (4) and (5). Suppose that r = n − 1,
i.e. zQWb ∈ R and Define

LC :=
1

2

[
zQWa + zQWr

zQWb

]T
Σ−2

W

[
zQWa + zQWr

zQWb

]
,

LH :=
1

2

[
zQWa − zQWr

zQWb

]T [
zQWa − zQWr

zQWb

]
.

Compute

dLC

dt

=
1

2
∥2u∥2

−1

2

∥∥∥∥∥2u−
[

zQWa + zQWr

zQWb

]T
Σ−2

W

[
BQWa

BQWb

]∥∥∥∥∥
2

−zQWbσ
−2
Wn(−JT

QWab −RT
QWab)zQWr

−zQWbσ
−2
WnBQWbu,

and

dLH

dt

= −
[

zQWa − zQWr

zQWb

]T
RQWab

[
zQWa − zQWr

zQWb

]
+zQWb(−JT

QWab −RT
QWab)zQWr + zQWbBQWbu

By taking the time integration of dLC/dt+ σ−2
Wn(dLH/dt),

if the initial states are zero, we have∫ ∞

0

[
zQWa − zQWr

zQWb

]T
RQWab

[
zQWa − zQWr

zQWb

]
dt

≤ 2σ2
Wn

∫ ∞

0

∥u∥2dt

On the other hand,

dξTξ

dt
−

dzTQWrzQWr

dt
= −ξTRQW ξ + zTQWrRQWazQWr + (yT − yTr )u,

and thus∣∣∣∣∫ ∞

0

(y − yr)
Tudt

∣∣∣∣
=

∣∣∣∣∫ ∞

0

ξTRQW ξ − zTQWrRQWazQWrdt

∣∣∣∣
≤
∫ ∞

0

[
zQWa − zQWr

zQWb

]T
RQW

[
zQWa − zQWr

zQWb

]
dt

In summary,∣∣∣∣∫ ∞

0

(y − yr)
Tudt

∣∣∣∣ dt ≤ 2σ2
Wn

∫ ∞

0

∥u∥2dt

By repeating this procedure and using triangular inequalities,
we obtain (6) for general r.

APPENDIX II
PROOF OF THEOREM 2.5

We consider the Hamiltonian normal form. We use a
similar notation as in (4) and (5). Compute

d

dt

[
zQWa − zQWr

zQWb

]T
Σ−2

W

[
zQWa − zQWr

zQWb

]
+

d

dt

[
zQWa + zQWr

zQWb

]T
Σ−2

W

[
zQWa + zQWr

zQWb

]
= −1

2

(∥∥∥∥[ BQWa BQWb

]T
Σ−2

W

[
zQWa + zQWr

zQWb

]∥∥∥∥2
−4uT

[
BQWa BQWb

]T
Σ−2

W

[
zQWa + zQWr

zQWb

])

−1

2

∥∥∥∥[ BQWa BQWb

]T
Σ−2

W

[
zQWa − zQWr

zQWb

]∥∥∥∥2
By taking the time integration, if the initial states are zero,
we have∫ ∞

0

∥∥∥∥[ BQWa BQWb

]T
Σ−2

W

[
zQWa + zQWr

zQWb

]∥∥∥∥2
+

∥∥∥∥[ BQWa BQWb

]T
Σ−2

W

[
zQWa − zQWr

zQWb

]∥∥∥∥2 dt
=

∫ ∞

0

4uT
[
BQWa BQWb

]T
×Σ−2

W

[
zQWa + zQWr

zQWb

]
dt,

which implies

1

σ2
W1

∫ ∞

0

∥∥∥∥[ BQWa BQWb

]T [ zQWa + zQWr

zQWb

]∥∥∥∥2 dt
≤
∫ ∞

0

∥∥∥∥[ BQWa BQWb

]T
×Σ−2

W

[
zQWa + zQWr

zQWb

]∥∥∥∥2dt
≤
∫ ∞

0

4uT
[
BQWa BQWb

]T
×Σ−2

W

[
zQWa + zQWr

zQWb

]
dt
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≤ σ−2
Wn

∫ ∞

0

4uT
[
BQWa BQWb

]T
×
[

zQWa + zQWr

zQWb

]
dt.

That is,

1

4

σ2
Wn

σ2
W1

∫ ∞

0

∥y + yr∥2 dt ≤
∫ ∞

0

uT(y + yr)dt.

That completes the proof.
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Balancing of Linear Time-Varying Symmetric Systems

Yu Kawano and Jacquelien M.A. Scherpen

Abstract— In this paper, we introduce the notion of sym-
metry and the cross Gramian for linear time-varying systems.
Then, we show that both the controllability and observability
Gramians of symmetric systems are obtained from the cross
Gramian and the time-varying version of the metric. This
implies that a uniformly balanced realization can be obtained
without separately computing the controllability and observ-
ability Gramians. Furthermore, the symmetric structure is
preserved by uniform balanced truncation if all Hankel singular
values are distinct.

I. INTRODUCTION

The notion of symmetry for linear time-invariant system
is defined by a symmetric transfer function matrix [1], [2].
An example of a symmetric system is a gradient system [3],
and various physical systems such as RLC-circuit [4] can be
represented as gradient systems. The symmetry concept has
close relationship with controllability and observability and
is characterized in terms of controllability and observability
operators [5]. For symmetric systems, it is well known that
both controllability and observability Gramians are simulta-
neously obtained by computing the cross Gramian [1], [2].
Therefore, the cross Gramian is useful not only for anal-
ysis of controllability and observability but also for model
reduction by the balanced truncation. In fact, [2] provides
the balanced truncation method for symmetric systems based
on the cross Gramian, and this method is partly extended
to nonlinear systems [5]. Moreover, [6] showed that the
gradient structure is preserved under the balanced truncation.
However, for linear time-varying systems, these results have
not been extended to the authors’ best knowledge although
the balancing methods have been developed for linear time-
varying systems [7]–[11].

In this paper, we first define symmetric systems for linear
time-varying systems via the modified adjoint system [8],
[12], the time-reverse expression of the adjoint system.
An interpretation of the traditional symmetry concept is
that the impulse responses of the system and its modified
adjoint system are equivalent, based on which we extend the
symmetry concept to time-varying systems. Then, we define
the cross Gramian for linear time-varying systems, which
is a composition of the controllability and observability
operators. The cross Gramian is a solution to differen-
tial Sylvester equation. Next, we show that if one of the

Y. Kawano is with the Graduate School of Informatics, Kyoto University,
Sakyo-ku, Kyoto 606-8501, Japan ykawano@i.kyoto-u.ac.jp
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ematics and Natural Sciences, University of Groningen, Nijenborgh, 4, 9747
AG Groningen, the Netherlands j.m.a.scherpen@rug.nl

This work of Y. Kawano was supported by JST CREST and JSPS
KAKENHI Grant Number 15K18087.

controllability, observability, and cross Gramians of linear
time-varying symmetric systems is obtained, then by using
this Gramian, the other two Gramians can be computed.
That is, the uniformly balanced realization of symmetric
systems can be computed by solving not two differential
Lyapunov equations for controllability and observability but
one differential Lyapunov or Sylvester equation. Finally, we
study the balanced truncation of symmetric systems and
show that the symmetric structure is preserved under the
uniform balanced truncation if all Hankel singular values are
distinct.

II. TIME-INVARIANT SYSTEMS AS A PARADIGM

In this section, we give an overview of balancing for
linear time-invariant symmetric systems. First, we provide
the definition of a symmetric system and the cross Gramian.
Then, we summarize properties of symmetric systems. We
refer [1], [2], [5], [6].

Consider an asymptotically stable minimal realization of
a square system.

dx(t)

dt
= Ax(t) +Bu(t), x(0) = x0,

y(t) = Cx(t),

where x(t) : R → Rn, u(t), y(t) : R → Rm are the
state, input, and output, respectively. We denote its transfer
function matrix by

G(s) := C(sIn −A)−1B.

For symmetry, the transposed system is important. A state
space representation of GT(s) is

dz(t)

dt
= ATz(t) + CTu(t), z(0) = z0,

y(t) = BTz(t).

This system is called a modified adjoint system [8], [12],
which is the time-reverse expression of the adjoint system,

dλ(t)

dt
= −ATλ(t)− CTu(t), λ(0) = λ0,

y(t) = BTλ(t).

A system is said to be symmetric if

G(s) = GT(s).

A symmetric system can be transformed into its modified
adjoint system. That is, the system is symmetric if and only
if there exits nonsingular T = TT such that

TA = ATT, TB = C. (1)
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Next, we provide definitions of controllability, observ-
ability and cross Gramians. These are defined by using the
controllability operator C and the observability operator O.

C(u) :=
∫ ∞

0

eAtBu(t)dt,

O(x0) := CeAtx0.

We denote their adjoint operators by C∗ and O∗, respectively.

C∗(x0) := BTeA
Ttx0,

O∗(u) :=

∫ ∞

0

eA
TtCTu(t)dt.

The controllability Gramian is the composition of the con-
trollability operator and its adjoint.

Gc = C ◦ C∗ =

∫ ∞

0

eAtBBTeA
Ttdt.

The observability Gramian is the composition of the adjoint
of observability operator and itself.

Go = O∗ ◦ O =

∫ ∞

0

eA
TtCTCeAtdt.

The cross Gramian is the composition of the controllability
and observability operators,

Gx =

∫ ∞

0

eAtBCeAtdt,

which is the solution to the Sylvester equation,

GxA+AGx = −BC.

For symmetric systems, the Gramians have the following
relationship.

Gx = GcT = T−1Go, (2)

where T is defined in (1).
Balanced truncation of a symmetric LTI system is treated

in [6]. By definition, the symmetry property is invariant under
coordinate transformations. By using (2), it can be shown that
in balanced coordinates T is a signature matrix. Based on
this fact, it has been proved that the symmetry property is
preserved under the balanced truncation. In next section, we
extend these results to the time-varying case.

III. SYMMETRIC SYSTEMS AND CROSS GRAMIAN

A. Preliminaries

Consider the linear time-varying square system:
dx(t)

dt
= A(t)x(t) +B(t)u(t), x(t0) = x0,

y(t) = C(t)x(t).
(3)

A system representation of this type is denoted by the
triplet (A,B,C). The triplet (A,B,C) is said to be uniform
[13] if A(t) : R → Rn×n, B(t) : R → Rn×m, and
C(t) : R → Rm×n are bounded, and if the system is
uniformly controllable and observable. Throughout the paper,
we suppose the following.

Assumption 1: The system is asymptotically stable at the
origin and uniform.

The impulse response of the triplet (A,B,C) is given by

H(t, τ) = C(t)Φ(t, τ)B(τ), t ≥ τ, (4)

where Φ(t, τ) is the transition matrix of the system ẋ(t) =
A(t)x(t).

The controllability and observability Gramians for the
time-varying systems are

Gc(t0) =

∫ t0

−∞
Φ(t0, τ)B(τ)BT(τ)ΦT(t0, τ)dτ,

Go(t0) =

∫ ∞

t0

ΦT(τ, t0)C
T(τ)C(τ)Φ(τ, t0)dτ,

which are specific cases of the original definition [14] (when
δ → ∞). The controllability and observability Gramians are
compositions of the controllability operator and its adjoint
and the observability operator and its adjoint, respectively.
In [7], [9] the same Gramians are employed for studying
balancing of linear time-varying systems. Under the asymp-
totic stability and boundedness assumption for A(t), B(t),
and C(t), the Gramians are positive definite and bounded if
and only if the system is uniformly completely controllable
and observable, respectively. Furthermore, they are positive
definite solutions to the following Lyapunov equations [15]

−dGc(t)

dt
+Gc(t)A

T(t) +A(t)Gc(t) = −B(t)BT(t), (5)

dGo(t)

dt
+Go(t)A(t) +AT(t)Go(t) = −CT(t)C(t), (6)

respectively.

B. Symmetric Systems

In this subsection, we extend the concept of a symmetric
LTI system to the time-varying case via the modified adjoint
system and study its properties. In the time-invariant case,
the system is said to be symmetric if its transfer function
matrix is symmetric. Instead of the transfer function matrix,
for the LTV case, we use the impulse response.

The modified adjoint system of (3) is the time-reverse
expression of the adjoint system of (3) [8], [12].

dz(t)

dt
= AT(−t)z(t) + CT(−t)u(t), z0 = z(0)

y(t) = BT(−t)z(t).
(7)

By using the transition matrix Φ(t, τ) of (3), the impulse re-
sponse of the modified adjoint system (7) can be represented
as

Ha(t, τ) = BT(−t)ΦT(−τ,−t)CT(−τ), t ≥ τ.

Definition 2: The triplet (A,B,C) is said to be symmetric
if

H(t, τ) = Ha(t, τ) (8)

holds.
In the linear time-invariant case, (8) implies that the

transfer function matrix of (A,B,C) is symmetric, and
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vice versa. We give necessary and sufficient conditions for
symmetry in terms of the state-space representation without
a proof.

Definition 3: A coordinate transformation z = T (t)x is
said to be a Lyapunov transformation if T (t), T−1(t), and
Ṫ (t) are continuous and bounded.

Theorem 4: The triplet (A,B,C) is symmetric if and only
if there exists a Lyapunov transformation T (t) = T (−t)T ∈
Rn×n such that

dT (t)

dt
+ T (t)A(t) = AT(−t)T (t), (9)

T (t)B(t) = CT(−t). (10)

In other words, (A,B,C) is symmetric with respect to T (t).
Theorem 4 is a natural extension of the time-invariant case

[2]. Similar to the time-invariant case, the symmetry property
is invariant under coordinate transformations.

Proposition 5: The symmetry property is invariant under
a Lyapunov coordinate transformation.

Remark 6: For LTI systems it is well known that a gra-
dient system is a symmetric system. However, in the LTV
case this is not necessarily true. To see this, consider T is
contant in Theorem 4. Denote G = T , P (t) = GA(t) and
Q(t) = GB(t), then the system can be represented as{

Gẋ(t) = P (t)x(t) +Q(t)u(t),
y(t) = QT(−t)x(t),

(11)

where G and P (t) respectively satisfy G = GT and P (t) =
PT(−t), and system (11) is symmetric with respect to G.
System (11) has a similar form as the time-varying gradient
system {

Ĝ(t)ẋ(t) = P̂ (t)x(t) + Q̂(t)u(t),
y(t) = QT(t)x(t),

where Ĝ(t) = ĜT(t), P̂ (t) = P̂T(t). As seen above, for
constant Ĝ, it follows from Theorem 4 that if P̂ (t) = P̂ (−t),
and Q̂(t) = Q̂(−t) then the gradient system is a symmetric
system.

C. Cross Gramian

In this subsection, we extend the concept of the cross
Gramian to LTV systems. In the LTI case, the cross Gramian
corresponds to the solution of the Sylvester equation. More-
over, for a symmetric LTI system, the controllability and ob-
servability Gramians can be obtained by solving a Sylvester
equation. We study the relationship of the cross Gramian with
the observability and controllability Gramians for symmetric
LTV systems as well.

Definition 7: The following function

Gx(t0) =

∫ ∞

−t0

Φ(t0,−t)B(−t)C(t)Φ(t,−t0)dt.

is called the cross Gramian.
The cross Gramian is a composition of the observability

and controllability operators. In a similar manner as the
Lyapunov equations (5) and (6) are obtained, the cross
Gramian satisfies the Sylvester equation.

Theorem 8: The cross Gramian Gx(t) is a nonsingular
solution to

−dGx(t)

dt
+Gx(t)A(−t)

+A(t)Gx(t) = −B(t)C(−t). (12)

We call this equation the differential Sylvester equation.
For a symmetric system, the relationship between the

cross, controllability, and observability Gramians is a natural
extension of the time-invariant case.

Theorem 9: For symmetric systems,

Gx(t) = Gc(t)T
T(t) = T−T(−t)Go(−t)

holds.

IV. BALANCED MODEL REDUCTION FOR

SYMMETRIC SYSTEMS

In this section, we study model reduction of a symmetric
system by balanced truncation. Our objective is to clarify
when a symmetric structure is preserved.

A. Balanced Realization

In this paper, we consider a uniformly balanced realiza-
tion. Our definition is a specific case (when δ → ∞) of the
original definition in [7].

Definition 10: The triplet (Â, B̂, Ĉ) is said to be uni-
formly balanced if (Â, B̂, Ĉ) is uniform and if Gc = Go =
Σ(t), where Σ(t) := diag{σ1(t), . . . , σn(t)}, and σ1(t) ≥
· · · ≥ σn(t) > 0, uniformly.

Proposition 11: [7] If (A,B,C) is uniform then the
system (3) has a uniformly balanced realization.

According to Theorem 9, for symmetric systems, if one
of the cross, controllability, and observability Gramians are
obtained then the other Gramians can readily be obtained.
Therefore, for symmetric systems, for a uniformly balanced
realization we need to solve one Lyapunov or Sylvester
equation.

In balanced coordinates, the Lyapunov equations for the
controllability and observability Gramian, (5) and (6), re-
spectively, reduce to

−dΣ(t)

dt
+Σ(t)ÂT(t) + Â(t)Σ(t) = −B̂(t)B̂T(t), (13)

dΣ(t)

dt
+Σ(t)Â(t) + ÂT(t)Σ(t) = −ĈT(t)Ĉ(t), (14)

where Σ(t) = diag{σ1(t), . . . , σn(t)}. Since according to
Proposition 5 symmetry is preserved under coordinate trans-
formations, and since the balanced realization is obtained
by a Lyapunov coordinate transformation [7], there exists a
T̂ (t) = T̂T(−t) ∈ Rn×n such that

dT̂ (t)

dt
+ T̂ (t)Â(t) = ÂT(−t)T̂ (t), (15)

T̂ (t)B̂(t) = ĈT(−t). (16)

Lemma 12: The matrix T̂ (t) is an orthogonal matrix.
Theorem 13: If σ1(t) > · · · > σn(t) for all t ∈ R then

Σ(t) = Σ(−t), and T̂ (t) is a signature matrix.
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B. Model Reduction

For model reduction we partition the system as follows

Â(t) =

[
Â11(t) Â12(t)

Â21(t) Â22(t)

]
,

B̂(t) =

[
B̂1(t)

B̂2(t)

]
,

Ĉ(t) =
[
Ĉ1(t) Ĉ2(t)

]
, (17)

where Â11(t) : R → Rk×k, B̂1(t) : R → Rk×m, and Ĉ1(t) :
R → Rm×k. Then, the truncated system is given by

dxr(t)

dt
= Â11(t)xr(t) + B̂1(t)u(t),

yr(t) = Ĉ1(t)xr(t),

It is known that the reduced order model is also universally
balanced, and the origin is asymptotically stable [7]. Thanks
to Theorem 13, we have a result on structure preserving
model reduction of symmetric systems.

Theorem 14: The balanced truncation of a symmetric
LTV system is symmetric if σ1(t) > · · · > σn(t) for all
t ∈ R.

Example 15: Consider the linear-time varying system.

A(t) =

 −5
2 −20

21 sin(t)
− 20

21 sin(t) −3 cos2(t)− 2
−20

21 cos(t) 3 sin(t) cos(t)− 1

− 20
21 cos(t)

3 sin(t) cos(t) + 1
3 cos2(t)− 5

 ,

B(t) = CT(t)

=

 10 0
2 sin(t) cos(t)(12 + cos(t))
2 cos(t) − sin(t)(12 + cos(t))

 .

This system is symmetric with respect to T (t),

T (t) =

 1 0 0
0 2 cos2(t)− 1 −2 sin(t) cos(t)
0 2 sin(t) cos(t) 2 cos2(t)− 1

 ,

i.e. (9) and (10) hold for T (t).
For this system, the cross Gramian Gx is obtained by

solving the differential Sylvester equation (12).

Gx =

 20 0
0 a(t) cos(t)2 + sin(t)2

0 −(1 + a(t)) sin(t) cos(t)

0
(1 + a(t)) sin(t) cos(t)
a(t) sin2(t) + cos2(t)


a(t) :=

5

104
cos(2t)− 1

104
sin(2t)

+
240

101
cos(t)− 24

101
sin(t) +

289

20
.

According to Theorem 9, by using the Cross Gramian, we
obtain the controllability and observability Gramians

Gc(t)

= Gx(t)T
−T(t)

=

 20 0 0
0 sin2(t) + a(t) cos2(t) (1− a(t)) sin(t) cos(t)
0 (1− a(t)) sin(t)a(t) a(t) sin2(t) + cos2(t)


= TT(t)Gx(−t) = Go(x).

Based on controllability and observability Gramians, we can
compute the coordinate transformation x̂ = U(t)x for the
uniformly balanced realization, where

U(t) =:

 1 0 0
0 cos(t) − sin(t)
0 sin(t) cos(t)

 .

In the balanced coordinate, the triplet (Â, B̂, Ĉ) is

Â =

 − 5
2 0 −20

21
0 −5 0

−20
21 0 −2

 ,

B̂ = ĈT =

 10 0
0 12 + cos(t)
2 0

 .

This system is symmetric with respect to T̂ = I3 in
accordance with Lemma 12. Therefore, from Theorem 9,
the controllability, observability, and cross Gramians are
equivalent in this coordinate. These Gramians are

Ĝx = Ĝc = Ĝo = diag {20, a(t), 1} ,

a(t) :=
5

104
cos(2t)− 1

104
sin(2t)

+
240

101
cos(t)− 24

101
sin(t) +

289

20
,

where 12 < a(t) < 17. According to Theorem 14, the
reduced order model is symmetric, which is clear from the
structure of (Â, B̂, Ĉ).

V. CONCLUSION

In this paper, we have extended the symmetry concept
and the cross Gramian to linear time-varying systems.
Symmetry is given via the impulse response of modified
adjoint systems, and the cross Gramian is a solution to
the differential Sylvester equation. For linear time-varying
symmetric systems, we have showed that the uniformly
balanced realization can be computed by solving one of the
two Lyapunov equations for controllability and observability
Gramians or the Sylvester equation. Moreover, we have
showed that the symmetric structure is preserved under the
uniformly balanced truncation if all Hankel singular values
are distinct.

Future work includes extending our results to the finite-
horizon case. The balanced truncation by the finite-horizon
controllability and observability Gramians may be achieved
for unstable systems, and each Gramian is the solution to the
differential Lyapunov equation with the boundary condition.
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Each Lyapunov equation can be solved numerically. More-
over, if our results can be extended, these two differential
Lyapunov equations reduce to only one differential Sylvester
equation. Therefore, from the practical point of view, it is
worth studying the finite-horizon case.
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A dynamic game approximation for a linear regulator problem
with a log-barrier state constraint∗

Peter M. Dower† William M. McEneaney‡ Michael Cantoni†

Abstract— An exact supremum-of-quadratics representation
for log-barrier functions is developed for, and subsequently
applied in, a state-constrained linear regulator problem. By
approximating this representation, it is shown that this reg-
ulator problem can be approximated by an unconstrained
linear quadratic dynamic game. It is anticipated that this game
approximation may facilitate the computation of approximate
solutions to such state-constrained regulator problems.

I. INTRODUCTION

Finite horizon linear quadratic regulator (LQR) problems
have been extensively studied in the literature over many
decades, giving rise to numerous advances in linear systems
theory, optimal control, model predictive control (MPC), etc,
see for example [10], [3], [2], [12], [4], [6]. In the absence
of constraints, the value function defining such problems is
guaranteed to be finite everywhere on sufficiently small time
horizons, and quadratic with a Hessian that evolves according
to the solution of a differential Riccati equation (DRE)
initialized with the Hessian of the terminal payoff, see for
example [10], [12], [8]. It is well-known that finite horizon
linear quadratic regulators admit a linear state feedback
characterization of their optimal control, which is defined
with respect to the aforementioned DRE solution.

The imposition of constraints in LQR problems fun-
damentally impacts their solvability. In particular, con-
straints destroy the quadratic structure in the aforementioned
constraint-free case, even though linearity of the underlying
model is preserved. In the specific case of linear regulator
problems employing state trajectory constraints, the corre-
sponding regulator problem is defined by a non-quadratic
value function that cannot be finite for those initial states
violating these constraints. This loss of structure means that
the value function must be characterized more generally,
as the extended real-valued discontinuous viscosity solution
of a non-stationary Hamilton-Jacobi-Bellman (HJB) partial
differential equation (PDE), fixed uniquely by a terminal
condition determined by the terminal payoff. Explicit solu-
tions to such HJB PDE are exceedingly rare, and numerical
approximation schemes are inevitably required. Furthermore,
while a state feedback characterization of the optimal control
may still exist, it must be numerically approximated using
the computed approximation of the unique viscosity solution.

∗Research partially supported by AFOSR, Australian Research Council,
and NSF. †Dower and Cantoni are with the Department of Electrical &
Electronic Engineering, University of Melbourne, Victoria 3010, Australia.
[pdower,cantoni]@unimelb.edu.au. ‡McEneaney is with the De-
partment of Mechanical and Aerospace Engineering, University of Califor-
nia at San Diego, La Jolla, CA 92093, USA. wmceneaney@ucsd.edu.

In this paper, a linear regulator problem with a log-
barrier type state constraint is considered. By providing a
sup(remum)-of-quadratics representation for the attendant
log-barrier function, this linear regulator problem is ap-
proximated by a linear quadratic dynamic game problem in
which one player is the usual control, while the other is an
adversary that negotiates an appropriate state penalty. The
approach employed is analogous to that recently developed
for constructing a fundamental solution to the gravitational
N -body problem, see [9]. In contrast to standard MPC [4],
[6], it is formulated entirely in continuous time, see also [5].
It is anticipated that this new game problem may assist in the
computation of an optimal control that approximately solves
the linear regulator problem of interest. It may also provide
an continuous time alternative to a recent Lyapunov-based
approach to the use of log-barrier functions in MPC [7].

In terms of organization, the state constrained linear
regulator problem of interest is formulated in Section II,
using a log-barrier function to implement the state constraint
involved. A sup-of-quadratics representation for this log-
barrier constraint is developed in Section III. This is subse-
quently applied in Section IV to approximate the constrained
linear regulator problem as a game, followed by some brief
concluding remarks in Section V. Throughout, N, Z, R

denote respectively the natural, integer and real numbers,
while R≥0, Rn, Rn×n denote respectively the nonnegative
real numbers, n-dimensional Euclidean space, and the space
of n × n matrices with real entries. R

±, etc, denotes the
analogous sets defined with respect to extended reals R ∪
{±∞}. Similarly, S

n×n
≥0 denotes the space of nonnegative

symmetric elements of R
n×n. The transpose of P ∈ R

n×n

is denoted by PT ∈ R
n×n.

II. LINEAR REGULATOR WITH A STATE CONSTRAINT

Attention is restricted to an example class of linear regu-
lator problems, with a log-barrier type hard state constraint
(see for example [7]), defined on a finite time horizon
t ∈ R≥0 via a value function W t : R

n → R. In particular,

W t(x)
.
= inf

u∈U [0,t]
J̄t(x, u), (1)

in which U [0, t]
.
= L2([0, t];R

m), and the total cost J̄t is
defined with respect to the log-barrier and standard quadratic
integrated running costs Īt, It, and a terminal cost Ψ0 by

J̄t, Īt, It : R
n × U [0, t] → R

+, Ψ0 : Rn → R,

with

J̄t(x, u)
.
= It(x, u) + Īt(x, u) + Ψ0(ξt), (2)
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Īt(x, u)
.
=

∫ t

0

1
2 Φ(|ξs|

2) ds, (3)

It(x, u)
.
=

∫ t

0

1
2 |ξs|

2 + 1
2 |us|

2 ds, (4)

Ψ0(x)
.
= 1

2x
TP0 x, (5)

for all x ∈ R
n, u ∈ U [0, t]. Here, P0 ∈ S

n×n
≥0 , while ξs ∈

R
n denotes the state of the linear dynamics

ξ̇σ = Aξσ +B uσ, σ ∈ [0, t], (6)

evolved to time s ∈ [0, t] from an initial state x0 = x ∈ R
n

via input u ∈ U [0, s], given A ∈ R
n×n and B ∈ R

n×m. In
(3), Φ : R → R

+
≥0 is the extended real-valued log-barrier

function defined by

Φ(ρ)
.
=

{

− log(1− ρ/b2), ρ ∈ [0, b2),
+∞, ρ ∈ R<0 ∪ R≥b2 ,

(7)

where b ∈ R>0 denotes the constraint radius of interest.
Its application in the otherwise linear quadratic regulator
problem (1) is intended to implement the state trajectory
constraint given by

ξs ∈ B[0; b]
.
=

{

x ∈ R
n
∣

∣ |x| ≤ b
}

∀ s ∈ [0, t] . (8)

As alluded to in Section I, the nonlinearity introduced by
constraint (8) into the regulator problem (1) renders the value
function W t non-quadratic. Consequently, its computation
via the solution of a corresponding DRE is no longer possi-
ble, with the solution of a general HJB PDE instead required.
Here, rather than solving this HJB PDE, a different approach
is employed. In particular, by decomposing the log-barrier
function (7) into a sup-of-quadratics, it is shown that solution
of the regulator problem may instead be approximated via a
linear quadratic game.

III. AN EXACT SUP-OF-QUADRATICS REPRESENTATION

FOR LOG-BARRIER FUNCTION (7), AND ITS

APPROXIMATION

Attention is restricted to a log-barrier function of the form
(7). For convenience, write (7) as

Φ(ρ)
.
=

{

φ(ρ), ρ ∈ [0, b2),
+∞, ρ ∈ R<0 ∪ R≥b2 ,

(9)

for all ρ ∈ R, in which φ : [0, b2) → R≥0 is defined by

φ(ρ)
.
= − log(1− ρ/b2), (10)

for all ρ ∈ [0, b2). An exact sup-of-quadratics representation
is established using convex duality [1], [13].

A. Exact sup-of-quadratics representation

Lemma 3.1: Given the log-barrier function Φ : R → R
+
≥0

of (7), there exists a function A : R → R
+
≥0 such that

Φ(ρ) = sup
β∈R

{β ρ−A(β)}, (11)

A(β) = sup
ρ∈R

{β ρ− Φ(ρ)}, (12)

for all ρ, β ∈ R, in which

A(β) =

{

0, β ∈ R<1/b2 ,

a(β), β ∈ R≥1/b2 ,
(13)

for all β ∈ R, with a : [1/b2,∞) → R≥0 defined by

a(β)
.
= b2 β − log(b2 β)− 1, (14)

for all β ∈ [1/b2,∞). Furthermore, the optimizers β∗ : R →
R

± and ρ∗ : R → R defined by β∗(ρ)
.
= argmaxβ∈R

{β ρ−
A(β)} and ρ∗(β)

.
= argmaxρ∈R

{β ρ − Φ(ρ)} in (11) and
(12) are given respectively by

β∗(ρ) =







−∞, ρ ∈ R<0,

1/(b2 − ρ), ρ ∈ [0, b2),
+∞, ρ ∈ R≥b2

(15)

ρ∗(β) =

{

0, β ∈ R<1/b2 ,

b2 − 1/β, β ∈ R≥1/b2 ,
(16)

for all β, ρ ∈ R.
Proof: With b ∈ R>0 fixed, note that Φ is convex and

(lower) closed [1, (3.8), pp.15,17] on R. Hence, [1, Theorem
5] implies that there exists a one-to-one pairing between Φ
and its Fenchel transform A : R → R

+, as per (11) and (12).
By definition (7) of Φ, the supremum in the definition of A
will always be achieved via a supremum over [0, b2), ie.

A(β) = sup
ρ∈[0,b2)

πβ(ρ), πβ(ρ)
.
= β ρ− φ(ρ) (17)

for all β ∈ R, ρ ∈ [0, b2). The supremum is achieved at a
stationary point ρ = ρ∗ ∈ [0, b2) if

0 = π′

β(ρ
∗) = β −

1

b2 − ρ∗
⇐⇒















β =
1

b2 − ρ∗
∈ R≥1/b2 ,

ρ∗ = b2 −
1

β
,

in which case, the supremum is

πβ(ρ
∗) = a(β) = b2 β − log(b2 β)− 1.

Otherwise, β ∈ R<1/b2 , so that by inspection π′

β(ρ) < 0 for
all ρ ∈ [0, b2). Hence, the supremum is achieved at ρ∗ = 0
instead, with πβ(ρ

∗) = πβ(0) = 0. Combining these facts
in (12) via (17) reveals that the Fenchel transform A is in
fact finite everywhere, and given by (12), (13), (14), with the
corresponding optimizer as per (16).

In order to confirm (11) and (15), define Γ : R → R
+ by

Γ(ρ)
.
= sup

β∈R

{β ρ−A(β)} (18)

for all ρ ∈ R, as per the right-hand side of (11). Note by
inspection of (13) that

Γ−(ρ)
.
= sup

β∈R
<1/b2

{β ρ−A(β)} (19)

= sup
β∈R

<1/b2

{β ρ} =

{

+∞, ρ ∈ R<0,

ρ/b2, ρ ∈ R≥0,

for all ρ ∈ R, with the corresponding optimizer given by

β∗

−(ρ) =

{

−∞, ρ ∈ R<0,

1/b2, ρ ∈ R≥0.
(20)
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for all ρ ∈ R. Again by inspection of (13), define

Γ+(ρ)
.
= sup

β∈R
≥1/b2

{β ρ−A(β)}

= sup
β∈R

≥1/b2

χρ(β), χρ(β)
.
= β ρ− a(β)

for all ρ ∈ R, β ∈ [1/b2,+∞). Here, the supremum is
achieved at a stationary point β = β∗ ∈ [1/b2,∞) if

0 = χ′

ρ(β
∗) = ρ− b2 +

1

β∗
⇐⇒















b2 − ρ =
1

β∗
∈ (0, b2] ,

β∗ =
1

b2 − ρ
.

in which case, the supremum is

χρ(β
∗) = − log(1− ρ/b2) = φ(ρ) .

Otherwise, ρ ∈ R<0 or ρ ∈ R≥b2 . The former case ρ ∈ R<0

implies by inspection that χ′
ρ(β) = ρ + b2

β
[1/b2 − β] < 0

for all β ∈ R≥1/b2 . Hence, the supremum is achieved at
β∗ = 1/b2, with χρ(β

∗) = ρ/b2. Alternatively, the latter
case ρ ∈ R≥b2 implies by inspection that χ′

ρ(β) = [ρ−b2]+
1/β > 0 for all β ∈ [1/b2,+∞). Hence, the supremum is
achieved at β∗ = +∞, with χρ(β

∗) = +∞. Consequently,

Γ+(ρ) =







ρ/b2, ρ ∈ R<0,

φ(ρ), ρ ∈ [0, b2),
+∞, ρ ∈ R≥b2 ,

(21)

with the corresponding optimizer given by

β∗

+(ρ) =







1/b2, ρ ∈ R<0,

1/(b2 − ρ), ρ ∈ [0, b2),
+∞, ρ ∈ R≥b2 .

(22)

Combining (18), (19), and (21),

Γ(ρ) = max(Γ−(ρ),Γ+(ρ))

=







+∞, ρ ∈ R<0,

max(φ(ρ), ρ/b2), ρ ∈ [0, b2),
+∞, ρ ∈ R≥b2 ,

for all ρ ∈ R. Applying the fact that φ(ρ) ≥ ρ/b2 for all
ρ ∈ R≥0 yields that Γ(ρ) = Φ(ρ) for all ρ ∈ R. That is,
(11) holds, with the optimizer selected as per (15).

Corollary 3.2: Given Φ : R → R
+
≥0, A : R → R≥0

defined by (7), (13), their corresponding restrictions φ :
[0, b2) → R≥0, a : [1/b2,∞) → R≥0 defined respectively
by (10), (14) are strictly monotone increasing, with

φ(ρ) = sup
β∈[1/b2,∞)

{β ρ− a(β)} , (23)

a(β) = sup
ρ∈[0,b2)

{β ρ− φ(ρ)} , (24)

for all ρ ∈ [0, b2), β ∈ [1/b2,∞).
Proof: Fix b ∈ R>0. Restricting the domains of Φ, A to

[0, b2), [1/b2,+∞) in the proof of Lemma 3.1 immediately
yields (23), (24). It follows by inspection of (10), (14) that
φ, a are strictly monotone increasing.

Lemma 3.3: The inverse a−1 : R≥0 → R≥1/b2 of a is
given explicitly by

a−1(α) = −(1/b2)W−1(− exp(−α− 1)), (25)

for all α ∈ R≥0, in which W−1 denotes the −1 branch of
the Lambert-W function (see Appendix A).

Proof: For convenience, write a
.
= a(β). Applying the

exponential function to both sides of (14),

exp(a) = exp(b2β)
1

b2 β
exp(−1)

⇐⇒ (−b2 β) exp(−b2 β) = − exp(−a− 1)

⇐⇒ β = −(1/b2)W (− exp(−a− 1)), (26)

where W is the multi-valued Lambert-W function, see (74)
in Appendix A. By inspection of (14), a : R≥1/b2 →
R≥0 is strictly increasing, asymptotically linear, and satisfies
a(1/b2) = 0. Its range is [0,∞). Hence, the argument of the
Lambert-W function satisfies

− exp(−a− 1) ∈ [− exp(−1), 0) . (27)

Furthermore, as β ∈ R≥1/b2 by definition of the domain of
a, (26) implies that

W (− exp(−a− 1)) ∈ (−∞,−1] . (28)

Consequently, (27) and (28) together imply that it is the −1
branch of the Lambert-W function, denoted by W−1, that
appears in (26), see Figure 3 in Appendix A. Hence, recalling
that a

.
= a(β), (26) immediately implies (25).

Theorem 3.4: Given b ∈ R>0, the log-barrier term Φ(|·|2)
appearing in (1) via (2) and (3), and defined by (7), has the
sup-of-quadratics representation

Φ(|x|2) = sup
α∈R

≥0

{a−1(α) |x|2 − α}, (29)

for all x ∈ R
n, where the inverse a−1 : R≥0 → R≥1/b2 is

as per (25). Furthermore, the optimizer in (29) is

α∗(|x|2)
.
= argmax

α∈R
≥0

{a−1(α) |x|2 − α}

=

{

a ◦ β∗(|x|2), |x| ∈ R<b,

+∞, |x| ∈ R≥b,
(30)

where a, β∗ are as per (14), (15).
Proof: Fix b ∈ R>0. With ρ

.
= |x|2 ∈ [0, b2), x ∈ R

n,
recall by Lemma 3.1 and Corollary 3.2 that (11) and (23)
hold. Note in particular that a : [1/b2,∞) → R≥0 appearing
in (23) is strictly monotone increasing, with a monotone
strictly increasing inverse a−1 : R≥0 → R≥1/b2 given by
(25). Hence, substituting the change of variable β = a−1(α)
in (23) yields

Φ(ρ) = φ(ρ) = sup
α∈[0,∞)

{a−1(α) ρ− α} , ρ ∈ [0, b2). (31)

That is, (29) holds for ρ = |x|2 ∈ [0, b2). Furthermore, the
optimizer is given by (15), subject to the change of variable,
ie. α∗ = a ◦ β∗(ρ).
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Alternatively, with ρ = |x|2 ∈ R≥b2 , x ∈ R
n, note by

definition (7) that

Φ(ρ) = +∞. (32)

Hence, it remains to show that supα∈R
≥0
{a−1(α) ρ− α} =

+∞. To this end, define γ(α)
.
= a−1(α) ρ − α, α ∈ R≥0.

Differentiating with respect to α and applying (14) and its
derivative,

γ′(α) =
ρ

a′ ◦ a−1(α)
− 1 =

ρ

b2 − 1/a−1(α)
− 1.

Recall from Corollary 3.2 that a−1(0) = 1/b2, with
a−1(α) ∈ R>1/b2 strictly increasing for all α ∈ R>0.
Note in particular that b2 − 1/a−1(α) ∈ (0, b2) for all
α ∈ R>0. Hence, recalling that ρ ∈ R≥b2 , it is apparent
that γ′(0) = +∞, and γ′(α) ∈ R>0 for all α ∈ R>0.
Consequently, the supremum over α ∈ R≥0 of γ(α) must
be achieved at α = α∗ .

= +∞, with γ(α∗) = +∞. That is,

γ(α∗) = sup
α∈R

≥0

{a−1(α) ρ− α} = +∞, α∗ = +∞ . (33)

Hence, combining (32) and (33) again yields (29), with the
optimizer given by the right-hand equality in (33).

B. Approximate sup-of-quadratics representation

An approximation of the exact sup-of-quadratics represen-
tation of Theorem 3.4 can be constructed by restricting the
interval over which the supremum is evaluated in the primal-
dual form (11). In particular, given M ∈ R>0, define

ΦM (ρ)
.
= sup

β∈(−∞,a−1(M)]

{β ρ−A(β)} (34)

for all ρ ∈ R, in which A , a−1 are as per (13), (25).
Lemma 3.5: The following properties hold:

(i) ΦM : R → R
+
≥0, M ∈ R>0, of (34) satisfies

ΦM (ρ) =







+∞, ρ < 0,
φ(ρ), ρ ∈ [0, b2 − 1/a−1(M)],

a−1(M) ρ−M, ρ > b2 − 1/a−1(M),
(35)

for all ρ ∈ R, with φ, a−1 as per (10), (25), and the
corresponding optimizer given by

βM∗(ρ) =







−∞, ρ < 0,
1/(b2 − ρ), ρ ∈ [0, b2 − 1/a−1(M)],
a−1(M), ρ > b2 − 1/a−1(M).

(36)

(ii) Given M ∈ R>0, there exists AM : R → R
+
≥0 s.t.

ΦM (ρ) = sup
β∈R

{

β ρ−AM (β)
}

, (37)

AM (β) = sup
ρ∈R

{

β ρ− ΦM (ρ)
}

, (38)

for all ρ, β ∈ R, with ΦM as per (34), (35), with

AM (β) =







0, β < 1/b2,
a(β), β ∈ [1/b2, a−1(M)],
+∞, β > a−1(M),

(39)

for all β ∈ R, in which a, a−1 are as per (14), (25).
Furthermore, the optimizer in (38) that achieves (39) is

ρM∗(β) =







0, β < 1/b2,
b2 − 1/β, β ∈ [1/b2, a−1(M)],
+∞, β > a−1(M).

(40)

(iii) Functions ΦM and AM of (34), (37) and (38) are point-
wise monotone increasing and decreasing in M ∈ R>0

respectively, and satisfy the respective limit properties

Φ(ρ) = sup
M∈R>0

ΦM (ρ) = lim
M→∞

ΦM (ρ), (41)

A(β) = inf
M∈R>0

AM (β) = lim
M→∞

AM (β) (42)

for all ρ, β ∈ R, with Φ, A as per (11), (12).
Proof: (i) Definition (34) of ΦM and (13) imply that

ΦM (ρ) = max
(

ΓM
− (ρ), ΓM

+ (ρ)
)

, (43)

where

ΓM
− (ρ)

.
= sup

β∈(−∞,1/b2)

{β ρ} =

{

+∞, ρ < 0,
ρ/b2, ρ ≥ 0 ,

(44)

ΓM
+ (ρ)

.
= sup

β∈[1/b2,a−1(M)]

χρ(β), χρ(β)
.
= β ρ− a(β) .

Modifying the argument preceding (21) in the proof of
Lemma 3.1 yields

ΓM
+ (ρ) =







ρ/b2, ρ < 0,
φ(ρ), ρ ∈ [0, b2 − 1/a−1(M)],

a−1(M) ρ−M ρ > b2 − 1/a−1(M).
(45)

The corresponding optimizers in the definitions of ΓM
± (ρ)

may be shown to be

βM∗

− (ρ) =

{

−∞, ρ < 0,
1/b2, ρ ≥ 0,

(46)

βM∗

+ (ρ) =







1/b2, ρ < 0,
1/(b2 − ρ), ρ ∈ [0, b2 − 1/a−1(M)],
a−1(M), ρ > b2 − 1/a−1(M) .

The pointwise maximum in (43) may be evaluated via (44),
(45) and the inequalities (76), (77). Indeed, inspection of
(43), (44), (45), (76), (77) immediately yields (35). The
corresponding optimizer (36) that achieves the supremum in
(34) follows by matching the corresponding cases in (46).

(ii) Some straightforward calculations based on (i) yield
that ΦM is continuous at ρ = b2 − 1/a−1(M), and strictly
increasing for all ρ ≥ 0. Furthermore, recalling (10), note
that φ′(ρ) = 1/(b2 − ρ), so that φ′(ρ) ∈ [1/b2, a−1(M)]
for all ρ ∈ [0, b2 − 1/a−1(M)]. Consequently, (ΦM )′(ρ) is
non-decreasing for all ρ ≥ 0. Hence, it may be concluded
that ΦM as per (35) is convex and (lower) closed [1, (3.8),
pp.15,17] on R. Hence, [1, Theorem 5] implies that there
exists a one-to-one pairing between ΦM and its Fenchel
transform AM : R → R

+, as per (37) and (38). It remains
to show that (39) holds.

By inspection of (35), the supremum in (38) will never be
achieved at ρ < 0. Hence,

AM (β) = max
(

ΛM
− (β), ΛM

+ (β)
)

, (47)
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where

ΛM
− (β)

.
= sup

ρ∈[0,b2−1/a−1(M)]

πβ(ρ), (48)

ΛM
+ (β)

.
= sup

ρ>b2−1/a−1(M)

{

(β − a−1(M)) ρ+M
}

. (49)

in which πβ is as per (17) in the proof Lemma 3.1. Replacing
b2 with b2−1/a−1(M) in the argument following (17) yields

ΛM
− (β) =











0, β < 1/b2,

a(β), β ∈ [1/b2, a−1(M)],

λM
− (β), β > a−1(M),

(50)

λM
− (β)

.
= (b2 − 1

a−1(M) )β − log(b2 a−1(M)).

By inspection of (49),

ΛM
+ (β) =

{

λM
+ (β), β ≤ a−1(M),

+∞, β > a−1(M),
(51)

λM
+ (β)

.
= M −

b2

a−1(M)
(a−1(M)− β)(a−1(M)− b).

The corresponding optimizers in the definitions of ΛM
± (β)

may be shown to be

ρM∗

− (β) =







0, β < 1/b2,
b2 − 1/β, β ∈ [1/b2, a−1(M)],

b2 − 1/a−1(M), β > a−1(M),

ρM∗

+ (β) =

{

b2 − 1/a−1(M), β ≤ a−1(M),
+∞, β > a−1(M).

(52)

The pointwise maximum in (47) may be evaluated via
(50), (51), and the inequalities (78), (79), and the fact that
λM
− (β) < +∞ for all β > a−1(M). Indeed, inspection

of (47), (50), (51), (52) and the aforementioned inequalities
immediately yields (39), (40).

(iii) Follows by inspection of (9), (13), (35), (39).
Theorem 3.6: Given b ∈ R>0, the following holds:

(i) The approximation ΦM of the log-barrier function Φ
of (7), represented in (34), (35), (37), has the sup-of-
quadratics representation

ΦM (|x|2) = sup
α∈[0,M ]

{a−1(α) |x|2 − α}, M > 0,

(53)
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Fig. 1. Log-barrier Φ for b
.
= 3, and its sup-of-quadratics representation.

for all x ∈ R
n, where the inverse a−1 : R≥0 → R≥1/b2

is as per (25). Furthermore, the optimizer in (53) is

αM∗(|x|2)
.
= argmax

α∈[0,M ]

{a−1(α) |x|2 − α}

=

{

a ◦ βM∗(|x|2), |x| ∈ [0, b2 − 1/a−1(M)],
+M, |x| > b2 − 1/a−1(M),

(54)

where a, βM∗ are as per (14), (36); and
(ii) ΦM (|x|2) of (53) is pointwise monotone increasing in

M > 0, and converges to Φ(|x|2) of (29) in the limit
as M → ∞, for any x ∈ R

n.
Proof: (i) Fix x ∈ R

n. Recalling the proof of Lemma
3.5(i), and in particular (43), note that for ρ = |x|2 ∈ R≥0,

ΦM (|x|2) = ΓM
+ (|x|2) = sup

β∈[1/b2,a−1(M)]

{β |x|2 − a(β)},

where a : R≥1/b2 → R≥0 is as per (14). Defining the
invertible change of variable α = a(β), with a−1 : R≥0 →
R≥1/b2 as per (25), immediately yields (53). Applying the
same change of variable a to the optimizer βM∗(|x|2) of
(36) yields (54).

(ii) Immediate by inspection of (29) and (53), or via
Lemma 3.5 (iii) applied for ρ = |x|2, x ∈ R

n.

C. Example

Fix b
.
= 3. Applying Theorem 3.4, and in particular, (29),

the log-barrier function Φ has the equivalent representation

Φ(σ2) = sup
α∈[0,∞)

{a−1(α)σ2 − α} (55)

for all σ ∈ [0, 3). This is illustrated by plotting the family of
quadratic functions s 7→ α−1(α)s2 − α defined by selecting
α from a logarithmic grid. In particular, choosing

α ∈
{

αi

∣

∣ log10 αi ∈ [−2, 2] ∩ {k/5 | k ∈ Z}
}

, (56)

this family of quadratics is illustrated in Figure 1, along with
the desired log-barrier function. It is clear by inspection that
the pointwise supremum of the quadratics shown (solid red
lines) does indeed yield the log-barrier function of interest
(dashed blue line). The function inverse a−1 : R≥0 →
[1/b2,∞), as appearing in (55), is illlustrated in Figure
2. Note that it is asymptotically linear, as expected from
the proof of Lemma 3.1. Also shown there are two maps
α 7→ α−1(α)[b2 ± ǫ] − α, illustrating the existence of finite
supremum in evaluating (55) for ρ = σ2 = b2 − ǫ, ǫ

.
= 0.1,

but not for ρ = b2 + ǫ, as anticipated by (30). �

Remark 3.7: The sup-of-quadratics representation of (29)
is not an approximation for the log-barrier function (7), but
rather is exact. However, its form does provide scope for
approximation, for example by truncating or discretizing the
set over which the supremum is computed, as per (56), or
by instituting an upper bound on its elements. It is this latter
approach that is adopted in formulated an approximating
game for (1). �
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IV. AN APPROXIMATE UNCONSTRAINED GAME

REPRESENTATION FOR (1)

In view of the sup-of-quadratics representation (29) and
its approximation (53), Theorem 3.6 can be applied to
approximate the constrained linear regulator problem of (1)
as a game. In order to formulate this game, it is convenient to
first define a control problem based on (1) that incorporates
the aforementioned sup-of-quadratics approximation (53). In
particular, given M ∈ R>0, define WM

t : Rn → R by

W
M

t (x)
.
= inf

u∈U [0,t]
J̄M
t (x, u) (57)

for all x ∈ R
n, in which the total cost J̄M

t is defined anal-
ogously to (2) but with the log-barrier function Φ replaced
with its sup-of-quadratics approximation ΦM of (34), (35),
(53). In particular,

J̄M
t (x, u)

.
= It(x, u) + ĪMt (x, u) + Ψ0(ξt), (58)

ĪMt (x, u)
.
=

∫ t

0

1
2 sup
α∈[0,M ]

{a−1(α) |ξs|
2 − α} ds (59)

for all x ∈ R
n, u ∈ U [0, t]. Motivated by (58), (59), define

the signal space

A [0, t]
.
= C([0, t]; [0,M ]), (60)

and a new cost function ̂JM
t : Rn × U [0, t] × A [0, t] → R

for fixed t ∈ R≥0 by

̂JM
t (x, u, α)

.
= It(x, u) + ̂IMt (x, u, α) + Ψ0(ξt), (61)

̂IMt (x, u, α)
.
=

∫ t

0

1
2 [a

−1(αs) |ξs|
2 − αs] ds (62)

for all x ∈ R
n, u ∈ U [0, t], α ∈ A [0, t]. Using (61),

(62), define a linear quadratic dynamic game problem (with
unconstrained state) via the (upper) value function ̂Wt :
R

n → R for fixed t ∈ R≥0 and all x ∈ R
n by

̂WM
t (x)

.
= inf

u∈U [0,t]
sup

α∈A [0,t]

̂JM
t (x, u, α). (63)

Lemma 4.1: Given any fixed t ∈ R>0, u ∈ U [0, t], x ∈
R

n, the map s 7→ ξs, s ∈ [0, t], defined by (6) subject to
ξ0 = x is continuous.

Proof: See for example [11, Lemma 3.1.5].

Theorem 4.2: Given M ∈ R>0, t ∈ R≥0, the value func-
tions W

M

t , ̂WM
t of (57), (63) are equivalent. Furthermore,

these value functions are pointwise monotone non-decreasing
with increasing M ∈ R>0, and satisfy

W
M

t (x) = ̂WM
t (x) ≤ W

∞

t (x) ≤ W t(x) (64)

for all x ∈ R
n, where W t, W

∞

t : Rn → R
+
≥0 are defined

for all x ∈ R
n by (1) and

W
∞

t (x)
.
= sup

M∈R>0

W
M

t (x) = lim
M→∞

W
M

t (x). (65)

Remark 4.3: By inspection of (57), (63), (64), Theorem
4.2 states that value of the optimal control problem (57)
defined with respect to the sup-of-quadratics approximation
(53) is identical to the value of the two-player game defined
by (63). As the order of the inf and sup in this game can
be swapped under mild conditions as per [9], the value
(57) can in-principle be computed via a supremum (over
α ∈ A [0, t]) of the values of a family of linear quadratic
regulator problems. The details are omitted for brevity.

Proof: [Theorem 4.2] Fix M ∈ R>0, t ∈ R≥0, and
x ∈ R

n. Let u ∈ U [0, t]. By inspection of (58), (59), (61),
(62), as any input α ∈ A [0, t] is pointwise suboptimal in the
definition (59) of ĪMt (x, u),

J̄M
t (x, u) ≥ sup

α∈A [0,t]

̂JM
t (x, u, α).

As u ∈ U [0, t] is arbitrary, it immediately follows that

W
M

t (x) = inf
u∈U [0,t]

J̄M
t (x, u)

≥ inf
u∈U [0,t]

sup
α∈A [0,t]

̂JM
t (x, u, α) = ̂WM

t (x) (66)

yielding one of two inequalities required to demonstrate (64).
For the other inequality, first define α∗ : Rn → [0,M ] via

Theorem 3.6 by

α∗(x)
.
= argmax

α̂∈[0,M ]

{

a−1(α̂) |x|2 − α̂
}

, (67)

=

{

a(1/(b2 − |x|2)), |x|2 ∈ [0, b2 − 1/a−1(M)],
+M, |x|2 > b2 − 1/a−1(M),

in which the equality follows by (54). Note in particular that
α∗ ∈ C(Rn; [0,M ]). With t ∈ R≥0, x ∈ R

n, u ∈ U [0, t]
fixed, let s 7→ ξs denote the corresponding state trajectory
map defined by the unique solution of (6) subject to ξ0 = x.
As this map is continuous by Lemma 4.1, the composed
map defined by s 7→ α∗(ξs) is also continuous. That is, the
signal α̂ defined by α̂s

.
= α∗(ξs) for all s ∈ [0, t] satisfies

α̂ ∈ C([0, t]; [0,M ]). Hence, recalling (58) and applying
Theorem 3.6,

J̄M
t (x, u) = It(x, u) + ĪMt (x, u) + Ψ0(ξt)

= It(x, u) +

∫ t

0

1
2 Φ

M (|ξs|
2) ds+Φ0(ξt)

= It(x, u) +

∫ t

0

1
2 [a

−1(α̂s) |ξs|
2 − α̂s] ds+Ψ0(ξt)

= ̂JM
t (x, u, α̂) ≤ sup

α∈A [0,t]

̂JM
t (x, u, α) .
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As u ∈ U [0, t] is arbitrary, taking the infimum of both sides
and recalling (57), (63) yields

W
M

t (x) ≤ ̂WM
t (x). (68)

As x ∈ R
n is arbitrary, inequalities (66) and (68) together

yield the required equivalence.
In order to demonstrate the non-decreasing property, fix

t ∈ R≥0, x ∈ R
n, u ∈ U [0, t], and M1,M2 ∈ R>0, M1 ≤

M2. Recall by Theorem 3.6 (ii) that φM (| · |2) defines a
pointwise monotone non-decreasing sequence of functions
with increasing M ∈ R>0. Hence, (58), (59) imply that

ĪM1

t (x, u) ≤ ĪM2

t (x, u) =⇒ J̄M1

t (x, u) ≤ J̄M2

t (x, u) .

As u ∈ U [0, t] is arbitrary, it follows immediately by (57)
that W

M1

t (x) ≤ W
M2

t (x). That is, the pointwise mono-
tone non-decreasing property holds. Furthermore, applying
Lemma 3.5 (iii) and the definition of W

∞

t , in particular (41)
and (65),

W
M

t (x) ≤ sup
M∈R>0

W
M

t (x) = W
∞

t (x)

≤ inf
u∈U [0,t]

{

It(x, u) + sup
M∈R>0

ĪMt (|ξs|
2) + Ψ0(ξt)

}

≤ inf
u∈U [0,t]

J t(x, u) = W t(x).

As t ∈ R≥0, x ∈ R
n are arbitrary, (64) holds.

Given t ∈ R≥0, x ∈ R
n, ǫ ∈ R>0, it is useful to define

respective sets of all ǫ-optimal inputs in the definitions (1),
(57) of W t(x), W

M

t (x) for M ∈ R>0. In particular, define

U
ǫ
x [0, t]

.
=

{

u ∈ U [0, t]

∣

∣

∣

∣

W t(x) + ǫ > J̄t(x, u)

}

, (69)

U
M,ǫ
x [0, t]

.
=

{

u ∈ U [0, t]

∣

∣

∣

∣

W
M

t (x) + ǫ > J̄M
t (x, u)

}

.

It is also convenient to define the (possibly empty) set of time
intervals for which a trajectory, generated by dynamics (6)
corresponding to a particular initial state and input, resides
outside the desired state constraint set. That is, given fixed
t ∈ R≥0, define ∆t : R

n × U → ∪I⊂[0,t]I by

∆t(x, u)
.
=

⋃

r∈[0,t],s∈[r,t]







[r, s]

∣

∣

∣

∣

∣

∣

ξσ 6∈ B(0; b) ∀ σ ∈ [r, s],
ξ satisfying (6) given

ξ0 = x and u







(70)

for all x ∈ R
n, u ∈ U [0, t].

Lemma 4.4: Given t ∈ R≥0, x ∈ R
n such that W t(x) <

∞, and the set U ǫ
x [0, t] of ǫ-optimal inputs (69), ǫ ∈ R>0,

sup
u∈U ǫ

x [0,t]

|∆t(x, u)| = 0 , (71)

where |∆t(x, u)| is the Lebesgue measure of the set (70).
Proof: Fix t ∈ R≥0, x ∈ R

n such that W t(x) < ∞,
and any ǫ ∈ R>0. Suppose there exists a uǫ ∈ U ǫ

x [0, t] such
that |∆t(x, u

ǫ)| ≥ δ > 0 for some δ ∈ R>0. Recalling (1),
(2), (3), (7), and the definition (69) of δ-optimality,

W t(x) + ǫ > J t(x, u
ǫ) ≥

∫ t

0

1
2 Φ(|ξs|

2) ds

≥ δ lim
R→b

Φ(R) = ∞,

which is a contradiction of the finiteness of W t(x). Hence,
no such δ ∈ R>0 exists, so that (71) follows.

Lemma 4.5: Given any t ∈ R≥0, ǫ,M ∈ R>0, x ∈ R
n,

sup
u∈U

M,ǫ
x [0,t]

|∆t(x, u)| ≤
W

M

t (x) + ǫ
1
2 Φ

M (b)
. (72)

Furthermore, given any x ∈ R
n satisfying W t(x) < ∞,

lim
M→∞

sup
u∈U

M,ǫ
x [0,t]

|∆t(x, u)| = 0. (73)

Proof: Fix t ∈ R≥0, ǫ,M ∈ R>0, x ∈ R
n, and u ∈

U M,ǫ
x [0, t]. Let ξǫ denote the trajectory of (6) with initial

state ξǫ0 = x and input u as given. By (69), (70),

W
M

t (x) + ǫ > J̄M
t (x, u)

= It(x, u) +
1
2

∫ t

0

ΦM (|ξǫs|
2) ds+Ψ0(ξ

ǫ
t )

≥ 1
2

∫

∆t(x,u)

ΦM (b2) ds = 1
2 Φ

M (b2) |∆t(x, u)|,

or |∆t(x, u)| ≤ [W
M

t (x) + ǫ]/( 12 Φ
M (b2)), as ΦM (b2) ∈

R>0. As the right-hand side of this last inequality is inde-
pendent of input u ∈ U M,ǫ

x [0, t], the result (72) follows.
Where W t(x) < ∞, inequality (64) and (65) of Theorem

4.2, (35) of Lemma 3.5, and (72), together imply that

lim
M→∞

sup
u∈U

M,ǫ
x [0,t]

|∆t(x, u)| ≤ lim
M→∞

{

W t(x) + ǫ
1
2 Φ

M (b)

}

= 0

as limM→∞ ΦM (b) = limM→∞{a−1(M) b − M} = ∞.
That is, (73) holds.

Remark 4.6: Lemma 4.4 indicates that the regulator prob-
lem defined by W t of (1) implements that required state
constraint for almost every time for those initial states x ∈
R

n for which W t(x) < ∞. Similarly, Lemma 4.5 indicates
that the approximating regulator problem defined by W

M

t of
(57) implements the same constraint in the limit as M → ∞.

V. CONCLUSION

By developing a sup-of-quadratics representation for a
standard log-barrier constraint, a linear regulator problem
with a state constraint is reformulated as an unconstrained
dynamic game. Various properties of this representation, and
the attendant value functionseq:value-W-M are developed,
along with a simple characterization of the behaviour of near-
optimal trajectories in relation to the underlying constraint. It
is anticipated that the new game formulation, and associated
properties, will prove useful in computing solutions to such
state constrained regulator problems.
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APPENDIX

A. Lambert-W function

The Lambert-W function is a transcendental multi-valued
function defined implicitly by

W (η) exp(W (η)) = η (74)

for all η ∈ R. It is illustrated in Figure 3, with the −1 branch
of Lemma 3.1 explicitly labelled. Note specifically that

W−1 : [−e−1, 0) → (−∞,−1] (75)

is monotone decreasing, with infinite gradient at η = −e−1

and in the limit as η → 0−.

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3
−8

−7

−6

−5

−4

−3

−2

−1

0

1

W
(η
)

η

−e−1

0 branch

−1 branch, W−1(η)

Fig. 3. Lambert-W function W of (74), including its −1 branch.

B. Some useful inequalities

Given M ∈ R>0,

0 ≥ ρ/b2 − φ(ρ) ∀ ρ ≥ 0, (76)

0 ≥ ρ/b2 − a−1(M) ρ+M ∀ ρ ≥ b2 − 1
a−1(M) , (77)

0 ≥ λM
+ (β) ∀ β ≤ a−1(0), (78)

0 ≥ λM
+ (β)− a(β) ∀ β ∈ (a−1(0), a−1(M)],

(79)

in which λM
+ : R → R is given by

λM
+ (β)

.
= M −

(a−1(M)− β) (a−1(M)− a−1(0))

a−1(0) a−1(M)
(80)

and a : R≥a−1(0) → R≥0, a−1 : R≥0 → R≥a−1(0) are as per
(14), (25), a−1(0) = 1/b2.

Proof: [Inequality (76)] Recalling (10), for all ρ ∈ [0, b2),
φ(ρ) = − log(1 − ρ/b2), φ′(ρ) = 1

b2−ρ
, φ′′(ρ) = 1

(b2−ρ)2 .
By Taylor’s theorem, there exists c ∈ [0, ρ] such that

φ(ρ) = φ(0) + φ′(0) ρ+ 1
2 φ

′′(c) ρ2

= ρ/b2 + 1
2/(b− c)2 ≥ ρ/b2,

as required by (76) for all ρ ∈ [0, b2). For ρ ≥ b2, (76) holds
trivially by inspection of (10).

[Inequality (77)] Fix M ∈ R>0. Given any

ρ ≥ b2 −
1

a−1(M)
=

a−1(M)− a−1(0)

a−1(0) a−1(M)

it follows immediately that

ρ/b2 − a−1(M) ρ+M = M − [a−1(M)− a−1(0)] ρ

≤ M −
[a−1(M)− a−1(0)]2

a−1(0) a−1(M)
= λM

+ (a−1(0)),

where λM
+ is as per (80). Hence, (77) is a special case of

inequality (78).
[Inequality (78)] Fix M ∈ R>0. For any β ≤ a−1(0),

(λM
+ )′(β) =

a−1(M)− a−1(0)

a−1(0) a−1(M)
> 0

=⇒ λM
+ (β) ≤ λM

+ (a−1(0)) = µ(M)

for all β ≤ a−1(0), in which µ : R≥0 → R≥0 is defined by

µ(M)
.
= M + 2−

[

a−1(M)

a−1(0)
+

a−1(0)

a−1(M)

]

As (a−1)′(M) = a−1(0) a−1(M)
a−1(0)+a−1(M) , differentiation of µ with

respect to M yields µ′(M) = − a−1(0)
a−1(M) < 0. Hence,

0 = µ(0) > µ(M) = λM
+ (a−1(0)) ≥ λM

+ (β)

for all β ≤ a−1(0), as required by (78).
[Inequality (79)] Define η : (0,M ] → R by

η(α)
.
= λM

+ ◦ a−1(α)− α

for all α ∈ (0,M ]. Differentiation yields that

η′(α) =
a−1(0)

a−1(M)

[

a−1(M)− a−1(0)

a−1(α)− a−1(0)
− 1

]

≥ 0

for all α ∈ (0,M ]. Hence, η(α) ≤ η(M) = 0 for all α ∈
(0,M ]. Setting α = a(β) for β ∈ (a−1(0), a−1(M)],

0 ≥ η ◦ a(β) = λM
+ (β)− a(β)

as required by (79).
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The Hamilton-Jacobi Equation Corresponding to Complex-Valued
Stationary-Action Problems

William M. McEneaney Peter M. Dower

Abstract— Stationary action may be used to address complex-
valued dynamical systems. Use of stationary-action to analyze
such systems requires an extension of Hamilton-Jacobi theory.
Because of the use of stationarity rather than optimization,
many classical tools from optimal control theory are inapplica-
ble. Nonetheless, a relation between the viscosity solution of a
certain HJ PDE and the associated stationary-action problem
is established.

I. INTRODUCTION

It is well-known that the theory of stationary action
provides an alternative approach to addressing questions
in conservative dynamical systems, from that of Newton’s
second law, cf. [11], [16], [18], [29]. More recently, it
has been shown that this approach, coupled with concepts
from max-plus algebraic methods for control systems can be
used to obtain fundamental solutions for two-point boundary
value problems (TPBVPs), cf. [6], [7], [22], [23], [24].
This approach also makes use of Hamilton-Jacobi partial
differential equation (HJ PDE) theory, which has proved
to be exceptionally useful in solution of control, estimation
and zero-sum differential game problems. In the 1980s, it
was found that the viscosity solution was the correct form
of weak solution for Hamilton-Jacobi-Bellman (HJB) and
Hamilton-Jacobi-Isaacs (HJI) PDEs, which led to an exten-
sive development along those lines, cf. [1], [3], [4], [9], [15],
[31]. However, such control and game problems use, at their
very fundamental level, the concepts of minimization and
maximization, and in fact, the theory of viscosity solutions
uses these operations in its basic definitions.

On sufficiently short time intervals, stationarity of action
coincides with least action, and one may apply the same
methods as used for control and games in the least-action
approach to TPBVPs on short intervals. That is, one min-
imizes the action functional over the space of trajectories.
The control which minimizes the action generates the path
which will be followed by the system. Appending various
terminal payoffs to the action functional results in solutions
of various TPBVPs, cf. [6], [7], [8], [24]. However, in order
to extend the general approach to indefinite length time inter-
vals, it is necessary to employ the more-general formulation
of stationarity of action, rather than minimization of the
action. One may generalize the HJ PDE methods indicated
above to such problems, and under certain conditions, it has
been demonstrated that the stationary value function satisfies
a stationary-value HJ PDE [21], [22], [23]. For problem
classes so far found, the stationary-value HJ PDE generally
corresponds to an HJB PDE or an HJI PDE.

Research partially supported by grants from AFOSR, NSF and ARC.

Although for real-valued systems, notions of minimization
and maximization are natural, they are less so for complex-
valued systems. However, stationarity remains a natural
concept, and one may nonetheless seek the stationary point
of a payoff, when the dynamics and the payoff may be
complex valued. The payoffs considered here are action
functionals. Examples of such problems include many in
the area of quantum mechanics where the states and payoffs
are often naturally formulated over complex domains. An
example of particular interest is the Schrodinger equation,
where the semiclassical limit corresponds to a small-noise
limit for an HJ PDE with complex-valued solution. It is
well-known that viscosity theory is a natural tool for the
application of dynamic programming and Hamilton-Jacobi
theory to control problems, cf. [2], [5], [12], [19], [26].
Here, we apply a viscosity-solution uniqueness result as an
aid in demonstration of a representation result, where it is
shown that the complex stationary-action value function is
the unique solution of the appropriate first-order HJ PDE.
Interestingly, because of the complex-valued nature of the
problem, the viscosity solution of the first-order HJ PDE is
a classical solution.

Tools which are available in optimal control, notably
the Krylov second-difference approach, are not applicable
in the context of stationarity (as opposed to minimiza-
tion/maximization). This is a significant issue. Consequently,
the authors found it necessary to assume the existence of a
unique stationary control and differentiability of this control
as a function of initial state (Section VI-B). Whether this
condition may be weakened is an open question.

Section II contains definitions and statements of the HJ
PDEs. In Section III, classical complex analysis equivalences
are recalled, and some relations between various HJ PDE
solution forms are noted. Section IV contains a viscosity-
solution uniqueness result, which follows immediately from
existing theory in the real-valued case. In Section V, the
complex-valued stationary action control problem associated
to the HJ PDE is defined. Lastly, in Section VI, the repre-
sentation result is obtained.

II. DEFINITIONS

Recall that we are seeking stationary points of payoffs,
which is unusual in comparison to the standard classes of
problems in optimization. In analogy with the language for
minimization and maximization, we will more succinctly
refer to the search for stationary points as “staticization”
(deriving this from the Latin, statica). Prior to the devel-
opment, we make the following definitions. Suppose (U , | · |)
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is a generic normed vector space with G ⊆ U , and suppose
F : G → R. We say v̄ ∈ argstat{F (v) | v ∈ G} if v̄ ∈ G
and either

lim sup
v→v̄,v∈G\{v̄}

|F (v)− F (v̄)|/|v − v̄| = 0, (1)

or there exists δ > 0 such that G∩Bδ(v̄) = {v̄} (where Bδ(v̄)
denotes the ball of radius δ around v̄). If argstat{F (v) | v ∈
G} 6= ∅, we define the possibly set-valued stats operation
by

stats
v∈G

F (v)
.
= stats{F (v) | v ∈ G}

.
=
{
F (v̄)

∣∣ v̄ ∈ argstat{F (v) | v ∈ G}
}
. (2)

If argstat{F (v) | v ∈ G} = ∅, statsv∈G F (v) is undefined.
Where applicable, we are also interested in a single-valued
stat operation (note the absence of superscript s). In par-
ticular, if there exists a ∈ R such that statsv∈G F (v) =
{a}, then statv∈G F (v)

.
= a; otherwise, statv∈G F (v) is

undefined. At times, we may abuse notation by writing
v̄ = argstat{F (v) | v ∈ G} in the event that the argstat
is the single point {v̄}.

We are often interested in the case where U is a Hilbert
space, G ⊆ U is an open set, and F : G → R is Fréchet
differentiable at v̄ ∈ G with Riesz representation Fv(v̄) ∈ U ,
The following is immediate from the above definitions.

Lemma 1: Suppose U is a Hilbert space, with open set
G ⊆ U and v̄ ∈ G. Then, v̄ ∈ argstat{F (y) | y ∈ G} if and
only if Fv(v̄) = 0.

As stat is defined for complex-valued objects as well
as real-valued, we work with HJ PDEs where the space
components of the domain lie in a vector space over the
complex field.

Let DC
.
= (0, t)× Cn and DC = (0, t]× Cn, and define

S0
C
.
= C(DC;C), (3)

SC
.
=

S : DC → C

∣∣∣∣∣∣∣∣
S cts, ctsly differentiable

in time on DC,
S(r, ·) holomorphic

on Cn for all r ∈ [0, t]

 . (4)

Our complex-domain HJ PDE problem is given by

0 = S̄t(s, x) +H(x, S̄x(s, x)), (s, x) ∈ DC, (5)
S̄(t, x) = φ(x), x ∈ Cn. (6)

where H : Cn × Cn → C is the Hamiltonian given by
H(x, p) = −

[
1

2m |p|
2
c + V (x)

]
= stat
u0∈Cn

{
pTu0 +

m

2
|u0|2c − V (x),

}
, (7)

m ∈ (0,∞) denotes mass, terminal cost φ and potential V
both map Cn into C, subscript x denotes the vector of partial
derivatives with respect to the space-variable components,
subscript t will denote the derivative with respect to the
time variable (the first argument of S̄ here) regardless of the
symbol being used for time in the argument list, and where
for generic x̂ ∈ Cn, x̂T will denote the transpose of x̂, x̂′ will
denote the conjugate transpose, and |x̂|2c

.
= x̂T x̂ =

∑n
j=1 x̂

2
j .

We remark that notation | · |2c is not intended to indicate a
squared norm, while | · | generically continues to denote a
norm throughout. Throughout, we assume the following.

V and φ are holomorphic on Cn. (A.1)

III. Relations among derivatives and solutions
Throughout, we will often find it helpful to work with

the standard mapping of the complex plane into R2, V00 :
C → R2, given by (y, z)T

.
= V00(y + iz)

.
= V00(x), where

y = Re(x) and z = Im(x). This immediately yields the
mapping V0 : Cn → R2n given by V0(y + iz)

.
= (yT , zT )T ,

where component-wise, (yj , zj)
T = V00(xj) for all j ∈

]1, n[ , where throughout, for integers a ≤ b, we define
]a, b[= {a, a+ 1, . . . b}.

Let D2
.
= (0, t) × R2n and D2

.
= [0, t] × R2n. Note that

we may decompose S̄ ∈ SC as

(R̄(r,V0(x)), T̄ (r,V0(x)))T
.
= V00(S̄(r, x)), (8)

in which case, we write (R̄, T̄ ) = Vf (S̄), which defines
an isometric isomorphism between S0

C and C(D2;R2). For
later reference, it will be helpful to recall some standard
relations between derivative components, which are induced
by the Cauchy-Riemann equations. For all (r, x) = (r, y +
iz) ∈ (0, t)× Cn and all j, k, ` ∈]1, n[, and suppressing the
arguments for reasons of space, we have

Re[S̄xj ,xk ] = R̄yj ,yk = −R̄zj ,zk = T̄zj ,yk = T̄yj ,zk , (9)
Im[S̄xj ,xk ] = −R̄yj ,zk = −R̄zj ,yk = −T̄zj ,zk = T̄yj ,yk ,

(10)

Also, letting (v0, w0)
.
= V0(u0) for all u0 ∈ Cn, given r ∈

[0, t] and x ∈ Cn with (yT , zT )T
.
= V0(x),

V0

(
argstat
u0∈Cn

[ n∑
j=1

S̄xj (r, x)u0
j + m

2 |u
0|2c
])

= V0

(−1
m S̄x(r, x)

)
(11)

= 1
m

(
−R̄y(r, y, z)
R̄z(r, y, z)

)
= 1

m

(
−T̄z(r, y, z)
−T̄y(r, y, z)

)
.

By the Cauchy-Riemann equations, |S̄x|2c =
∑n
j=1R̄

2
yj −

R̄2
zj + 2iT̄yj T̄zj . Let(

V R(V0(x)), V I(V0(x))
)T .

= V00(V (x)),(
φR(V0(x)), φI(V0(x))

)T .
= V00(φ(x)), (12)

for all x ∈ Cn. Applying these relations in (5), we have

0 =R̄t + iT̄t − 1
2m

n∑
j=1

(
R̄2
yj − R̄

2
zj + 2iT̄yj T̄zj

)
−
(
V R + iV I

)
on D2. Taking real and complex parts, and combining this
with (12) yields

0 = R̄t − 1
2m

n∑
j=1

(
R̄2
yj − R̄

2
zj

)
− V R, (s, y, z) ∈ D2,

(13)
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R̄(t, y, z) = φR(y, z), (y, z) ∈ R2n, (14)

and

0 = T̄t − 1
m

n∑
j=1

T̄yj T̄zj − V I , (s, y, z) ∈ D2, (15)

T̄ (t, y, z) = φI(y, z), (y, z) ∈ R2n. (16)

We will find it useful to rewrite (13),(15) in staticization
and minimax forms. To this end, let

AR
.
=

[
In×n 0

0 −In×n

]
and AT

.
=

[
0 In×n

In×n 0

]
,

where we will use the fact that A−1
R = AR and A−1

T = AT
throughout. Then, (13) and (15) become

− R̄t + V R

= stat
(v,w)∈R2n

[(
v0

w0

)
·
(
R̄y
R̄z

)
+
m

2

(
v0

w0

)T
AR

(
v0

w0

)]
(17)

= min
v0∈Rn

max
w0∈Rn

[(
v0

w0

)
·
(
R̄y
R̄z

)
+
m

2

(
v0

w0

)T
AR

(
v0

w0

)]
(18)

and
− T̄t + V I

= stat
(v0,w0)∈R2n

[(
v0

w0

)
·
(
T̄y
T̄z

)
+
m

2

(
v0

w0

)T
AT

(
v0

w0

)]
(19)

both on D2. Note that the argstat control values in (17) and
(19) are (

v̄0,R

w̄0,R

)
(s, y, z) = −1

m AR

(
R̄y
R̄z

)
(s, y, z) (20)

and
(
v̄0,T

w̄0,T

)
(s, y, z) = −1

m AT

(
T̄y
T̄z

)
(s, y, z), (21)

respectively. It is worth noting the following, which is easily
checked.

Proposition 2: Suppose R̄ and T̄ are differentiable at
(s, y, z) ∈ D2. Then, R̄, T̄ satisfy the Cauchy-Riemann
equations at (s, y, z) ∈ D2 if and only if v̄0,R(s, y, z) =
v̄0,T (s, y, z) and w̄0,R(s, y, z) = w̄0,T (s, y, z).

Theorem 3: Let S̄ ∈ SC and R̄, T̄ satisfy (8) for all
(r, x) ∈ DC, then R̄, T̄ ∈ C1,∞(D2;R) ∩ C(D2;R), where
notation C1,∞ indicates once differentiable in time, and
infinitely differentiable over space (R2n). If in addition S̄
satisfies (5)–(6), then R̄, T̄ satisfy (13)–(16). Alternatively,
suppose R̄, T̄ ∈ C1,2(D2;R) ∩ C(D2;R) satisfy (13)–(16).
Then, letting S̄ be given by (8), S̄ ∈ SC, and it satisfies
(5)–(6).

Proof: The first assertion is immediate, and the second
assertion follows by simple algebraic substitution, using
the Cauchy-Riemann equations and (9)–(10). Now, suppose
R̄, T̄ ∈ C1,2(D2;R)∩C(D2;R) satisfy (13)–(16), and let S̄

be given by (8). We will show that R̄, T̄ satisfy the Cauchy-
Riemann relations, and hence that S̄ ∈ SC. After that, one
may again use simple algebraic substitutions to verify the
final assertion.

Differentiating (13) with respect to yk, and (15) with
respect to zk, yields

R̄t,yk = 1
m

n∑
j=1

(
R̄yj R̄yj ,yk − R̄zj R̄zj ,yk

)
+ V Ryk , (22)

T̄t,zk = 1
m

n∑
j=1

(
T̄zj T̄yj ,zk + T̄yj T̄zj ,zk

)
+ V Izk . (23)

Applying the Cauchy-Riemann equations and (9)–(10) in
(23) and (22), one finds

T̄t,zk = 1
m

n∑
j=1

(
R̄yj R̄yj ,yk − R̄zj R̄zj ,yk

)
+ V Ryk = R̄t,yk

(24)

for all (s, y, z) ∈ D2, k ∈]1, n[. Also note that as φ is
holomorphic, it satisfies the Cauchy-Riemann equations, so
that for all y, z ∈ Rn,

R̄yk(t, y, z) = φRyk(y, z) = φIzk(y, z) = T̄zk(t, y, z). (25)

By the Fundamental Theorem of Calculus, (24) and (25),

T̄zk(s, y, z) = T̄zk(t, y, z)−
∫ t

s

T̄t,zk(σ, y, z) dσ

= R̄yk(s, y, z) ∀ (s, y, z) ∈ D2, ∀k ∈]1, n[.
(26)

Similarly, one obtains

T̄yk(s, y, z) = −R̄zk(s, y, z) ∀ (s, y, z) ∈ D2, ∀k ∈]1, n[.
(27)

By (26),(27), the Cauchy-Riemann conditions are satisfied.

Corollary 4: Suppose R̄, T̄ ∈ C1,2(D2;R) ∩ C(D2;R)
satisfy (13)–(16). Then, R̄, T̄ ∈ C1,∞(D2;R) ∩ C(D2;R).

It is interesting to note that for problem (5)–(7), one
can use (A.1) and simple complex-analysis equivalences to
obtain the following regarding classical solutions.

Theorem 5: Suppose R ∈ C1,2(D2) ∩ C(D2) is har-
monic, and that it satisfies (13),(14). Then, there exists
T ∈ C1,2(D2) ∩ C(D2) satisfying (15),(16) such that
for each s ∈ [0, t], T (s, ·, ·) is a harmonic conjugate
of R(s, ·, ·). Further, letting S be given by S(s, x) =
V−1

00 (R(s,V0(x)), T (s,V0(x))) for all (s, x) ∈ DC, S ∈ SC,
and it satisfies (5)–(6).

Proof: We only outline the proof. It follows by noting
the existence of a harmonic conjugate to R(s, ·, ·) for each
s ∈ [0, t], with a free additive constant, C(s). One chooses
C(s) so that

Tt(s, 0, 0) =
[
− 1

m

n∑
j=1

RyjRzj + V I
]
(s, 0, 0)
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=
[

1
m

n∑
j=1

TyjTzj + V I
]
(s, 0, 0),

which implies that (15) is satisfied at (s, 0, 0) for all s ∈
(0, t). With a bit of work and use of the Cauchy-Riemann
equations and (9)–(10), one is able to show that this T
satisfies the assertions, and then one constructs S ∈ SC as
indicated.

Remark 6: An analogous result to Theorem 5, with the
roles of R and T reversed is easily generated, and not
included here.

IV. UNIQUENESS RESULT FOR THE HJ PDE PROBLEM
SOLUTION

Using the relations established above, one sees that there
is a natural definition for viscosity solution of complex HJ
PDE (5) in terms of (13) and (15). We refer the reader
to [1], [3], [4], [15] among many others for a review of
the theory of viscosity solutions. We will then obtain a
uniqueness result for viscosity solutions of (13)–(14) and
(15)–(16), or equivalently, (18)–(14) and (19)–(16). That will
lead immediately to the corresponding uniqueness result for
(5)–(6).

Remark 7: It is worth noting that although the stat op-
eration requires smoothness of the argument, the resulting
object may not be smooth. For example, consider F̂ :
C+ × (C \ {0}) → C with C+

.
= {α ∈ C |α =

r[cos(θ) + i sin(θ)], r > 0, θ ∈ (−π/2, π/2]}, given by
F (α, x)

.
= (3/2)3/2[α − α3x2/2]. Then, statα∈C+

F (α, x)
is discontinuous on the rays θ = π/2, 3π/2. (One might note
that for x ∈ R \ {0}, statα∈C+ F (α, x) = 1/|x|.) It is also
worth noting that small-noise and risk-averse limits may be
of interest in this context, in which case, a priori knowledge
of the smoothness of any limit may be lacking, cf. [12],
[13], [19], [28]. In particular, the well-known semi-classical
limit problem falls into this category. Specifically, the Maslov
dequantization of the time-dependent Schrödinger equation
takes the form of a complex-valued HJ PDE, and as Planck’s
constant, ~ << 1, one means for analyzing the behavior is
through consideration of the ~ ↓ 0 limit problem.

Definition 8: Suppose S ∈ S0
C, and let (R, T )

.
= Vf (S),

where we note R, T ∈ C(D2). Suppose R and T satisfy
(13) and (15) in the viscosity sense, respectively. Suppose
there exists A ⊂ D2 with Lebesgue measure zero, such that
R, T ∈ C1(D2 \A), and such that R, T satisfy the Cauchy-
Riemann equations on D2\A. Then, S is a viscosity solution
of (5) on DC.

By Theorem 3 and standard results from viscosity solution
theory, one sees that if S ∈ S0

C satisfies (5)–(6) in the
classical sense, then S is a viscosity solution of (5), satisfying
(6) pointwise. The next theorem is a direct application of [27,
Corollary 4].

Theorem 9: Suppose R,R′ ∈ C(D2) are locally Lips-
chitz, and further, that there exists KR < ∞ such that for
any D <∞ and any s ∈ (0, t],

‖Rx2(s, ·)‖L∞(BD(0)), ‖R′x2(s, ·)‖L∞(BD(0)) ≤ KR(1 +D).
(28)

Suppose R,R′ each satisfy (13) (in the viscosity sense) and
(14) pointwise. Then R = R′. Similarly, suppose T, T ′ ∈
C(D2) are locally Lipschitz and satisfy (28) for some KT <
∞ replacing KR. Suppose T, T ′ each similarly satisfy (15)
and (16). Then, T = T ′.

Corollary 10: Suppose S, S′ ∈ S0
C are locally Lipschitz,

and that there exists KR < ∞ such that for any D < ∞
and any s ∈ [0, t], ‖Sx(s, ·)‖L∞(BD(0)) ≤ KR(1 + D) and
‖S′x(s, ·)‖L∞(BD(0)) ≤ KR(1 + D). Suppose S, S′ each
satisfy (5) in the viscosity sense and (6) pointwise. Then
S = S′.

V. THE CORRESPONDING STATIONARITY PROBLEM

We will now define the stationarity problem corresponding
to the above HJ PDE. We begin with the dynamics, and then
address the payoff and value.

For s ∈ [0, t], let Us
.
= L2((s, t);Cn). We will be

interested in processes given by

ξr = ξ(s,x)
r = x+

∫ r

s

uρ dρ ∀ r ∈ [s, t], (29)

where x ∈ Cn, s ∈ [0, t] and u ∈ Us. We will also be
interested in the case where the control input is generated
by a state-feedback. In particular, we will consider

ξ̄∗r = ξ̄∗,(s,x)
r

.
= x+

∫ r

s

(−1
m )S̄x(ρ, ξ̄∗,(s,x)

ρ ) dρ ∀ r ∈ [s, t],

(30)
where presuming for now existence and uniqueness of a
solution, we may define the resulting u∗,(s,x) ∈ Us given
by

u∗,(s,x)
r

.
= ˆ̄u(r, ξ̄∗,(s,x))

.
= (−1

m )S̄x(r, ξ̄∗,(s,x)
r ) ∀ r ∈ [s, t].

(31)
For s ∈ [0, t], we define Banach spaces Xs

.
= C([s, t];Cn),

‖ξ‖ .= ‖ξ‖Xs
.
= maxr∈[s,t] |ξr|.

In order to easily apply many of the existing results regard-
ing existence and uniqueness, we will find it handy to use
a “vectorized” real-valued representation for the complex-
valued state processes. Given control process, u ∈ Us, we
define its vectorized analog by the isometric isomorphism,
V : Us → Uvs,t, where [V(u)]r

.
= [V(v + iw)]r

.
= (vTr , w

T
r )T

and (vTr , w
T
r )T = V0(ur) for all r ∈ [s, t] and ω ∈ Ω, and

where
Uvs,t

.
= L2((s, t);R2n). (32)

Abusing notation, we also define the isometric isomorphism,
V : Xs → X vs by [V(ξ)]r

.
= [V(η + iζ)]r

.
= (ηTr , ζ

T
r )T for

all r ∈ [s, t] and ω ∈ Ω, where for s ∈ [0, t], we let

X vs
.
= C([s, t];R2n), ‖(η, ζ)‖Xvs

.
= max
r∈[s,t]

|(ηr, ζr)|.

Under transformation by V , (29) becomes(
ηr
ζr

)
=

(
y
z

)
+

∫ r

s

(
vρ
wρ

)
dρ. (33)

Also using the above, we see that under transformation V ,
(30) becomes(

η∗r
ζ∗r

)
=

(
y
z

)
+

∫ r

s

1
m

(
−R̄y(ρ, η∗ρ, ζ

∗
ρ )

R̄z(ρ, η
∗
ρ, ζ
∗
ρ )

)
dρ
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=

(
y
z

)
+

∫ r

s

−1
m

(
T̄z(ρ, η

∗
ρ, ζ
∗
ρ )

T̄y(ρ, η∗ρ, ζ
∗
ρ )

)
dρ. (34)

The following is easily obtained from the above defini-
tions.

Lemma 11: Let s ∈ [0, t), x ∈ Cn and u ∈ Us. There
exists a unique solution, ξ ∈ Xs, to (29).

For (s, x) ∈ DC, we define payoff J(s, x, ·) : Us → C by

J(s, x, u)
.
=

∫ t

s

L(ξr, ur) dr + φ(ξt)

.
=

∫ t

s

m
2 |ur|

2
c − V (ξr) dr + φ(ξt), (35)

where ξ satisfies (29) with input u ∈ Us. The stationary
value, Ŝ : D → C, is given by

Ŝ(s, x)
.
= stat
u∈Us

J(s, x, u) ∀ (s, x) ∈ DC. (36)

For (s, y, z) ∈ D2, we define payoffs

JR(s, y, z, v, w)
.
=

∫ t

s

[
m
2 (vTr , w

T
r )AR(vTr , w

T
r )T (37)

− V R(ηr, ζr)
]
dr + φR(ηt, ζt),

and

JI(s, y, z, v, w)
.
=

∫ t

s

[
m
2 (vTr , w

T
r )AT (vTr , w

T
r )T (38)

− V I(ηr, ζr)
]
dr + φI(ηt, ζt),

where in both cases (η, ζ) satisfies (33) with input (v, w) ∈
Uvs,t. The related stationary value functions are

R̂(s, y, z)
.
= stat

(v,w)∈Uvs,t
JR(s, y, z, v, w) ∀ (s, y, z) ∈ D2,

(39)
and
T̂ (s, y, z)

.
= stat

(v,w)∈Uvs,t
JI(s, y, z, v, w) ∀ (s, y, z) ∈ D2.

(40)

It is not difficult to show the following.

Proposition 12: Let (s, x) ∈ DC, and suppose Ŝ(s, x)
is given by (36). If (R̂(s,V0(x)), T̂ (s,V0(x)))T =
V00(Ŝ(s, x)), then R̂(s,V0(x)), Ŝ(s,V0(x)) satisfy (39),
(40), respectively. Alternatively, let (s, y, z) ∈ D2

and let R̂(s, y, z), Ŝ(s, y, z) satisfy (39), (40). If
Ŝ(s,V−1

0 (y, z)) = V−1
00 ((R̂(s,V0(x)), T̂ (s,V0(x)))T ), then

Ŝ(s,V−1
0 (y, z)) satisfies (36).

In the interests of compactness, we will employ the
shorthand notation (y, z) 7→ x2 ∈ R2n, (η, ζ) 7→ ξ2 ∈
X vs , (v, w) 7→ u2 ∈ Uvs,t, (η∗, ζ∗) 7→ ξ2,∗ ∈ X vs and
(v∗, w∗) 7→ u2,∗ ∈ Uvs,t. Further,with slight abuse of nota-
tion, we employ the condensed forms V R(y, z) 7→ V R(x2),
φR(y, z) 7→ φR(x2), V I(y, z) 7→ V I(x2), φI(y, z) 7→
φI(x2), JR(s, y, z) 7→ JR(s, x2), R̂(s, y, z) 7→ R̂(s, x2),
JI(s, y, z) 7→ JI(s, x2), T̂ (s, y, z) 7→ T̂ (s, x2). In particu-
lar, for (s, x2) ∈ D2 and u2 ∈ Uvs,t, we have

JR(s, x2, u2)
.
=

∫ t

s

m
2 (u2

r)
TARu

2
r − V R(ξ2

r ) dr + φR(ξ2
t ),

and

JI(s, x2, u2)
.
=

∫ t

s

m
2 (u2

r)
TATu

2
r − V I(ξ2

r ) dr + φI(ξ2
t ),

where in both cases

ξ2
r = x2 +

∫ r

s

u2
ρ dρ ∀ r ∈ [s, t], (41)

and

R̂(s, x2)
.
= stat
u2∈Uvs,t

JR(s, x2, u2) ∀ (s, x2) ∈ D2, (42)

and
T̂ (s, x2)

.
= stat
u2∈Uvs,t

JI(s, x2, u2) ∀ (s, x2) ∈ D2. (43)

VI. A REPRESENTATION RESULT

Here, we demonstrate a relation between the HJ PDE
and the above stationary control problem. First, we obtain
some results regarding differentiability and condition for
stationarity in terms of the derivatives.

A. Derivatives and calculus of variations

We first examine derivatives of the payoff J . One may
break J into components as

J(s, x, u) = F 0(s, u) + F 1(s, x, u) + F 2(s, x, u), (44)

F 0(s, u)
.
=

∫ t

s

m
2 |ur|

2
c dr, F

1(s, x, u)
.
=

∫ t

s

−V (ξr) dr,

F 2(s, x, u)
.
= φ(ξt). (45)

It is trivial to show that the Fréchet derivative of F 0 with
respect to u has Riesz representation given by

[F 0
u(s, u)]r = mur a.e. r ∈ (s, t). (46)

That is, given ε > 0, ∃ δ > 0 such that |F 0(s, u + û) −
F 0(s, u)−〈F 0

u(s, u), û〉Us,t | < ε‖û‖Us,t for all ‖û‖Us,t < δ.
Also easily, one finds that the Fréchet derivative of F 2 with
respect to u has Riesz representation given by

[F 2
u(s, x, u)]r = φx(ξt) a.e. r ∈ (s, t), (47)

where we specifically note that this representation is a
constant function. As it is slightly more complex, we provide
more detail on the derivative of F 1. Fix (s, x) ∈ DC and
u, û ∈ Us,t. By Assumption (A.1), for each r ∈ (s, t), there
exists λr ∈ [0, 1] such that

V (ξr +
∫ r
s
ûρ dρ)− V (ξr)− Vx(ξr)

∫ r
s
ûρ dρ

= 1
2 (
∫ r
s
ûρ dρ)TVxx(x̃r)(

∫ r
s
ûρ dρ) (48)

where x̃r
.
= λrξr+(1−λr)(ξr+

∫ r
s
ûρ dρ). By a trivial exten-

sion of the measurable selection theorem [14, Appendix B],
to complex-valued functions by using the double-dimension-
real forms above, one sees that there exists measurable
x̂ : (s, t) → Cn such that x̂r = x̃r a.e. r ∈ (s, t), and
by (48),

V (ξr +
∫ r
s
ûρ dρ)− V (ξr)− Vx(ξr)

∫ r
s
ûρ dρ

= 1
2 (
∫ r
s
ûρ dρ)TVxx(x̂r)(

∫ r
s
ûρ dρ) (49)
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for a.e. r ∈ (s, t). By (45) and (49), for all (s, x) ∈ DC and
u, û ∈ Us,t,∣∣∣F 1(s, x, u+ û)− F 1(s, x, u)−

∫ t

s

[−Vx(ξr)]

∫ r

s

ûρ dρ dr
∣∣∣

≤ 1
2

∫ t

s

∣∣Vxx(ξ̂r)
∣∣∣∣∫ r

s
ûρ dρ

∣∣2 dr ≤ ∫ t

s

∣∣Vxx(ξ̂r)
∣∣ dr ‖û‖2Us,t .

Fixing (s, x) ∈ DC and u ∈ Us,t, and restricting this to û ∈
B1(0), one easily sees that there exists D1 = D1(s, x, u) <
∞ such that∣∣∣F 1(s, x, u+ û)− F 1(s, x, u) +

∫ t

s

Vx(ξr)

∫ r

s

ûρ dρ dr
∣∣∣

≤ D1 ‖û‖2Us,t , (50)

for all û ∈ B1(0). Also, using integration by parts, one finds∫ t

s

Vx(ξr)

∫ r

s

ûρ dρ dr =

∫ t

s

∫ t

r

Vx(ξρ) dρ ûr dr.

Combining this with (50), we see that the Fréchet derivative
of F 1 with respect to u has Riesz representation given by

[F 1
u(s, x, u)]r = −

∫ t

r

Vx(ξρ) dρ a.e. r ∈ (s, t). (51)

Lastly, combining (44), (46), (47) and (51), we obtain the
following.

Theorem 13: For all (s, x) ∈ DC, J(s, x, ·) is Fréchet
differentiable, and the derivative has Riesz representation

[Ju(s, x, u)]r = mur −
∫ t

r

Vx(ξρ) dρ+ φx(ξt) (52)

a.e. r ∈ (s, t).

By Lemma 1 and Theorem 13, we immediately obtain the
following.

Theorem 14: Let (s, x) ∈ DC. ū ∈
argstatu∈Us,t J(s, x, u) if and only if mūr−

∫ t
r
Vx(ξ̄ρ) dρ+

φx(ξ̄t) = 0 a.e. r ∈ (s, t), where ξ̄ satisfies (29) with input
ū.

Corollary 15: Let (s, x) ∈ DC. ū ∈
argstatu∈Us,t J(s, x, u) if and only if

mūr =

∫ t

r

Vx(ξ̄ρ) dρ− φx(ξ̄t) ∀ r ∈ [s, t], (53)

where ξ̄ satisfies (29) with input ū, and abusing notation, we
identify the equivalence class ū ∈ Us,t with single element
ū ∈ C[s, t] ∩ C∞(s, t). Further, ξ̄ ∈ C[s, t] ∩ C∞(s, t).

Proof: By Theorem 14, ū ∈ Us,t, which by (29),
implies that ξ̄ is absolutely continuous. Then, noting As-
sumption (A.1), we see that

∫ t
r
Vx(ξ̄ρ) dρ ∈ C1 as a function

of r ∈ (s, t). Combining this with the expression for ū
from Theorem 14, we see that we may take ū satisfying
(53), which yields ū ∈ C[s, t] ∩C1(s, t). An easy induction
argument may then be implied to yield the C∞ assertions.

Similarly, but with notation from Section V, and continu-
ing to identify equivalence classes with single elements, we
have the following.

Corollary 16: For all (s, x2) ∈ D2, JR(s, x2, ·) is Fréchet
differentiable. Further, ū2 ∈ argstatu2∈Uvs,t J

R(s, x2, u2) if
and only if

mARū
2
r =

∫ t

r

V Rx2(ξ̄2
ρ) dρ− φRx2(ξ̄2

t ) ∀ r ∈ [s, t], (54)

where ξ̄2 satisfies (41) with input ū2, and ū2, ξ̄2 ∈ C[s, t] ∩
C∞(s, t). Similarly, JI(s, x2, ·) is Fréchet differentiable, and
ū2 ∈ argstatu2∈Uvs,t J

I(s, x2, u2) if and only if mAT ū2
r =∫ t

r
V Ix2(ξ̄2

ρ) dρ+ φIx2(ξ̄2
t ) for all r ∈ [s, t], where ξ̄2 satisfies

(41) with input ū2, and ū2, ξ̄2 ∈ C[s, t] ∩ C∞(s, t).

Remark 17: Recalling that for y, z ∈ Rn, Vx(y + iz) =
V Ry (y, z)− iV Rz (y, z) = V Iz (y, z) + iV Iy (y, z), and similarly
for φ, we see that for x ∈ Cn,

V0(Vx(x)) = ARV
R
x2(V0(x)) = ATV

I
x2(V0(x)), (55)

V0(φx(x)) = ARφ
R
x2(V0(x)) = ATφ

I
x2(V0(x)). (56)

Corollary 18: For all (s, x2) ∈ D2, JR(s, x2, ·) and
JI(s, x2, ·) are Fréchet differentiable. Further, ū2 ∈
argstatu2∈Uvs,t J

R(s, x2, u2) = argstatu2∈Uvs,t J
I(s, x2, u2)

if and only if

ū2
r = 1

mAR

[ ∫ t

r

V Rx2(ξ̄2
ρ) dρ− φRx2(ξ̄2

t )
]

= 1
mAT

[ ∫ t

r

V Tx2(ξ̄2
ρ) dρ− φTx2(ξ̄2

t )
]
∀ r ∈ [s, t], (57)

where ξ̄2 satisfies (41) with input ū2, and ū2, ξ̄2 ∈ C[s, t] ∩
C∞(s, t).

B. Dynamic programming and R̂, T̂ as classical solutions
A fundamental tool in the study of stochastic control

representations is the dynamic programming principle (DPP).
Although the DPP holds essentially universally in problems
where one is minimizing or maximizing, the range of ap-
plicability within the class of staticization problems is less
clear. In [22], [23], the DPP is obtained for deterministic
staticization control problems under convexity and coercivity
assumptions. In [21], DPP results are obtained for classes of
deterministic linear-quadratic staticization control problems.
Here, we will suppose that there exists a unique staticizing
path, depending smoothly on the problem data, and obtain
DPP results under that condition.
Assume that for any (s, x2) ∈ D2,
there exists a unique staticizer, ū2 =
ū2(s, x2)

.
= argstatu2∈Uvs,t J

R(s, x, u2) =

argstatu2∈Uvs,t J
I(s, x, u2), and further, that

dū2

dx2 (s, x2) exists everywhere in D2.

(A.2)

For 0 < s < r < t, define the concatenation Cr : Uvs,r ×
Uvr,t → Uvs,t by

[Cr(u2,0, u2,1)]ρ
.
=

{
u2,0
ρ if ρ ∈ [s, r),

u2,1
ρ if ρ ∈ [r, t),
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for all ρ ∈ [s, t), where we suppress the detail that these are
equivalence classes of functions equal almost everywhere.
One immediately sees that, letting u2,0 ∈ Uvs,r, u2,1 ∈ Uvr,t
and u2 .

= Cr(u2,0, u2,1), one has u2 ∈ Uvs,t. We take the norm
on Uvs,r × Uvr,t to be |(u2,0, u2,1)| = {|u2,0|2 + |u2,1|2}1/2,
where the norms on the right-hand side are the respective L2

norms on [s, r) and [r, t). Note that, for −∞ < s < r < t <
∞, Cr : Uvs,r × Uvr,t → Uvs,t is an isometric isomorphism.
In the interests of space, and as the remaining proofs are
generally rather technical, only the proof of the next theorem
is provided.

Theorem 19: Let (s, x̄2) ∈ D2 and s̃ ∈ (s, t). Let

ū2 = argstat
u2∈Uvs,t

JR(s, x̄2, u2) = argstat
u2∈Uvs,t

JI(s, x̄2, u2), (58)

and let ξ̄2
r = x̄2+

∫ r
s
ū2
ρ dρ for all r ∈ [s, t]. Let (ū2,0, ū2,1)

.
=

C−1
s̃ (ū2), and x̃2 = ξ̄2

s̃ . Then,

ū2,1 = ū2,1(s̃, x̃2) = argstat
u2,1∈Uvs̃,t

JR(s̃, x̃2, u2,1)

= argstat
u2,1∈Uvs̃,t

JI(s̃, x̃2, u2,1), (59)

and

ū2,0 = ū2,0(s, x̄2)

= argstat
u2,0∈Uvs,s̃

∫ s̃

s

m
2 (u2,0

r )TARu
2,0
r − V R(ξ2

r ) dr + R̂(s̃, ξ2
s̃ )

= argstat
u2,0∈Uvs,s̃

∫ s̃

s

m
2 (u2,0

r )TATu
2,0
r − V I(ξ2

r ) dr + T̂ (s̃, ξ2
s̃ )

(60)

where ξ2
r = x̄2 +

∫ r
s
u2,0
ρ dρ for all r ∈ [s, s̃]. Alternatively,

suppose (59) and (60) hold, where x̃2 = ξ̄2
s̃ and ξ̄2

r = x̄2 +∫ r
s
ū2,0
ρ dρ for all r ∈ [s, s̃], and let ū2 .

= Cs̃(ū2,0, ū2,1).
Then, (58) holds.

Proof: We present the proof only for the real-part case
(i.e., for the case of JR, R̂, V R, AR). Note that By Corollary
16, JR(s, x2, ·) is Fréchet differentiable. Then, by the (58)
and Lemma 1, JRu2(s, x, ū2) = 0. Consequently, using the
fact that Cs̃ is an isometric isomorphism,

∂
∂u2,0 J

R(s, x2, Cs̃(ū2,0, ū2,1)) = 0, (61)
∂
∂u2,1 J

R(s, x2, Cs̃(ū2,0, ū2,1)) = 0, (62)

and we note that (59) follows immediately from (62) and
Lemma 1. Now, using Lemma 1 again, (60) holds if and
only if

0 = d
du2,0

{∫ s̃
s
m
2 (u2,0

r )TARu
2,0
r − V R(ξ2

r ) dr

+R̂
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ

) }∣∣∣∣∣
u2,0=ū2,0

.

Equivalently, (60) holds if and only if

0 = d
du2,0


∫ s̃

s

(
m
2 (u2,0

r )TARu
2,0
r

−V R(x̄2 +
∫ r
s
u2,0
ρ dρ)

)
dr

+ JR

(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ,

ū2,1
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ

))

∣∣∣∣∣∣∣∣∣
u2,0=ū2,0

= d
du2,0

{∫ s̃

s

m
2 (u2,0

r )TARu
2,0
r − V R(x̄2 +

∫ r
s
u2,0
ρ dρ) dr

+ JR
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ, ũ2,1

)}∣∣∣∣
u2,0=ū2,0

+ d
du2,1 J

R
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ, u2,1

)∣∣∣∣
u2,1=ũ2,1

× d
du2,0 ū

2,1
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ

)∣∣∣∣
u2,0=ū2,0

,

(63)

where ũ2,1 .
= ū2,1

(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ

)
. Now, by (61) and

Lemma 1, condition (63) is equivalently given by

0 = d
du2,1 J

R
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ, u2,1

)∣∣∣∣
u2,1=ũ2,1

× d
du2,0 ū

2,1
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ

)∣∣∣∣
u2,0=ū2,0

= d
du2,1 J

R
(
s̃, x̄2 +

∫ s̃
s
u2,0
ρ dρ, u2,1

)∣∣∣∣
u2,1=ũ2,1

(64)

× d
dx2 ū

2,1(s̃, x̃2) ddu2,0 (
∫ s̃
s
u2,0
ρ dρ)

∣∣∣∣
u2,0=ū2,0

.

Note that d
dx2 ū

2,1(s̃, x̃2) exists by Assumption (A.2), and
that the last derivative on the right-hand side of (64) obvi-
ously exists. Lastly, the first derivative on the right-hand side
of (64) is zero by (62). Consequently, we have (60).

Before proceeding to a smoothness argument, we will
show that one can propagate backward past the initial point
of an existing stationary trajectory.

Lemma 20: Let (s̃, x̃2) ∈ D2. There exists δ > 0 and x̄2 ∈
R2n such that there exists ū2 = argstatu2∈Uvs̃−δ,t

JR(s̃ −
δ, x̄2, u2) = argstatu2∈Uvs̃−δ,t

JI(s̃ − δ, x̄2, u2), and letting
ξ̄2
r
.
= x̄2 +

∫ r
s̃−δ ū

2
ρ dρ for all r ∈ [s̃− δ, t], x̃2 = ξ̄2

s̃ .

Theorem 21: R̂, T̂ ∈ C1((0, t)× R2n), and in particular,

R̂s(s̃, x̃
2) = −m2 (ũ2

s̃)
TARũ

2
s̃ + V R(x̃2)− R̂x2(s̃, x̃2)ũ2

s̃,

(65)

R̂x2(s̃, x̃2)
.
=

d

dx2
R̂(s̃, x2)

∣∣∣
x2=x̃2

= −mARū2,0
r +

∫ s̃

r

V Rx2(ξ̄2,0
ρ ) dρ, (66)

for all (s̃, x̃2) ∈ (0, t)×R2n, with similar representations for
the derivatives of T̂ .

Remark 22: Note that (66) implies that −ū2,0
r +

1
mAR

∫ s̃
r
V Rx2(ξ̄2,0

ρ ) dρ = −ū2,0
r + 1

mAT
∫ s̃
r
V Ix2(ξ̄2,0

ρ ) dρ is
constant (or more exactly, has a constant version). Formally
differentiating yields something akin to Newton’s second law.

Remark 23: Also note that by Assumption (A.2) and
Corollary 16, for any (s̃, x̃2) ∈ D2, the unique stati-
cizer of JR(s̃, x̃2, u2) (equivalently, the unique staticizer of
JI(s̃, x̃2, u2)) satisfies the TPBVP

˙̃
ξ2
r = ũ2

r, ˙̃u2
r = − 1

mARV
R
x2(ξ̃2

r ) = − 1
mATV

I
x2(ξ̃2

r ),
(67)
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ξ̃2
s = x2, ũ2

t = − 1
mARφ

R
x2(x2,t) = − 1

mATφ
I
x2(x2,t).

(68)

Corollary 24: Let (s, x2) ∈ D2. Let ū2 be the unique
staticizer given by Assumption (A.2), and ξ̄2 be the corre-
sponding trajectory given by (41) with input ū2. Then, for
all (s̃, ξ̄2

s̃ ) with s̃ ∈ [s, t],

R̂x2(s̃, ξ̄2
s̃ ) = −mARū2

r +

∫ s̃

r

V Rx2(ξ̄2
ρ) dρ ∀ r ∈ [s, s̃],

T̂x2(s̃, ξ̄2
s̃ ) = −mAT ū2

r +

∫ s̃

r

V Ix2(ξ̄2
ρ) dρ ∀ r ∈ [s, s̃],

and in particular, 1
mARR̂x2(s, x2) = 1

mAT T̂x2(s, x2) =
−ū2

s. Additionally,

R̂s(s̃, x̃
2) = m

2 (ũ2
s̃)
TARũ

2
s̃ + V R(x̃2),

T̂s(s̃, x̃
2) = m

2 (ũ2
s̃)
TAT ũ

2
s̃ + V I(x̃2). (69)

Corollary 25: R̂ satisfies (13)–(14), and T̂ satisfies (15)–
(16). Further, Ŝ ∈ SC, and it satisfies (5)–(6).

C. Statements regarding the representation

Lastly, we combine the above results to obtain the repre-
sentations.

Theorem 26: Suppose there exists KR < ∞ such that
for any D < ∞ and any s ∈ [0, t], R̂ satisfies quadratic
growth bound ‖R̂x2(s, ·)‖L∞(BD(0)) ≤ KR(1 + D). Then
there exists a classical (i.e., C1) solution of (13)–(14), where
this solution is R̂ ∈ C1,∞(D2,R) ∩ C(D2;R), and further,
this is the unique viscosity solution among the class of
local Lipschitz functions on D2 satisfying the growth bound.
Similarly, suppose there exists KT < ∞ such that for any
D < ∞ and any s ∈ [0, t], T̂ satisfies quadratic growth
bound ‖T̂x2(s, ·)‖L∞(BD(0)) ≤ KT (1+D). Then there exists
a classical (i.e., C1) solution of (15)–(16), where this solution
is T̂ ∈ C1,∞(D2,R) ∩ C(D2;R), and further, this is the
unique viscosity solution among the class of local Lipschitz
functions on D2 satisfying the growth bound.

Corollary 27: Suppose there exists KR < ∞ such that
for any D < ∞ and any s ∈ [0, t], Ŝ satisfies quadratic
growth bound ‖Ŝx2(s, ·)‖L∞(BD(0)) ≤ KR(1 + D). Then
there exists a SC solution of (5)–(6), where this solution is
Ŝ, and further, this is the unique viscosity solution among
the class of local Lipschitz functions on D2 satisfying the
growth bound.
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On existence and uniqueness of stationary action trajectories∗

Peter M. Dower† William M. McEneaney‡

Abstract— The stationary action principle is a fundamental
physical postulate that identifies all trajectories of any energy
conserving system with stationarity of its associated action
functional (integrated Lagrangian). For sufficiently short time
horizons, stationary action reduces to least action, due to
convexity of the action functional. This convexity facilitates the
application of standard optimal control tools in the analysis of
such systems over short time horizons. On longer horizons, loss
of convexity invalidates this optimal control characterization,
thereby motivating the analysis of so-called stationary control
problems. In this work, fundamental issues of existence and
uniqueness of such stationary controls are considered.

I. INTRODUCTION

The principle of stationary action stipulates that any
trajectory of an energy conserving system must render the
associated action functional stationary in the calculus of vari-
ations sense [6], [7], [8]. As the action functional is typically
convex for sufficiently short time horizons, this stationarity
can be achieved at a corresponding minimum, yielding least
action [8]. In that case, the dynamics of energy conserving
systems on short time horizons can be encapsulated via the
state and co-state dynamics of an associated optimal control
problem, leading to the development of tools for solving a
variety of finite and infinite dimensional two-point boundary
value problems constrained by energy conserving dynamics
[4], [5], [10], see also [3].

On longer time horizons, the optimal control interpretation
above becomes problematic due to loss of convexity of the
action functional. Indeed, stationarity is typically achieved at
a saddle point there, so that the attendant value function in-
volved takes values of plus or minus infinity. One approach to
avoiding this loss of convexity is to concatenate sufficiently
many (sufficiently small) finite time horizon optimal control
problems, in which case the loss of convexity on the concate-
nated horizon is due to lack of convexity of the concatenated
cost functional on a subspace defined by the horizon interface
states, see [5], [10]. An alternative approach, considered
here, is to relax the least action requirement back to one of
stationary action. This approach gives rise to the definition
of an associated stationary control problem via the staticum
or stat of the associated cost (as opposed to infimum of inf).
Defining the associated control problem in this way naturally
gives rise to compatible dynamic programming results [12],
and notions of duality [11] for specific classes of problem.

∗Research partially supported by AFOSR, Australian Research Coun-
cil, and NSF. †Dower is with the Department of Electrical & Elec-
tronic Engineering, University of Melbourne, Victoria 3010, Australia.
pdower@unimelb.edu.au. ‡McEneaney is with the Department of
Mechanical and Aerospace Engineering, University of California at San
Diego, La Jolla, CA 92093, USA. wmceneaney@ucsd.edu.

However, a technicality arises in the development of these
results that concerns the existence and uniqueness of a
control that renders the cost functional stationary. While this
existence and uniqueness is guaranteed on shorter horizons
via the attendant convexity, similar properties have not been
established for longer horizons.

In this context, this paper is concerned with the question of
existence and uniqueness of stationary or staticizing controls
for a class of stationary control problems. In particular, a
standard cost function that encapsulates a reasonably general
action functional is considered, and conditions are described
under which the staticizing control exists and is unique.
Sufficient differentiability is established so as to enable the
application of the implicit function theorem [14] to this end.

In terms of organization, a stationary control problem of
interest is presented in Section II. Conditions for existence
of the staticizing control are elucidated in Section III, while
uniqueness is considered in Section IV. A brief summary of
Fréchet differentiation on complex Banach spaces is provided
for completeness in the appendix.

Throughout, N, Z and R, C denote respectively the natural
numbers, integer ring, and real and complex fields. Similarly,
R

n and C
n denote n-dimensional real and complex vector

spaces defined over R and C respectively. Given a, b ∈ R,
a ∨ b

.
= max(a, b). C([a, b];X ) and L2([a, b];X ) denote

respectively the spaces of all continuous and Lebesgue square
integrable functions mapping [a, b] into a Banach space X .
C(X ;Y ) and Ck(X ;Y ), k ∈ N, denote respectively
the spaces of continuous and k-times continuously Fréchet
differentiable functions mapping X to Y , see the appendix.
L(X ;Y ) denotes the space of all bounded linear operators
between Banach spaces X and Y .

II. STATIONARY CONTROL PROBLEM

Given time horizon t ∈ R≥0, s ∈ [0, t], and Hilbert space
X , it is convenient to define the input and state spaces

U [s, t]
.
= L2([s, t];X ) , A [s, t]

.
= C([s, t];X ) , (1)

with respective inner product and norm defined by

〈u, v〉U [s,t]
.
=

∫ t

s

〈u, v〉X dr, ‖ξ‖A [s,t]
.
= sup

r∈[s,t]

‖ξ(r)‖X

for all u, v ∈ U [s, t], ξ ∈ A [s, t], s ∈ [0, t]. Every state
trajectory ξ ∈ A [s, t] of interest is defined in terms its initial
state x ∈ X and driving input u ∈ U [s, t] by a common
fixed trajectory operator χ : X × U [0, t] → A [0, t], with

ξ(r)
.
= [χ(x, u)](r)

.
= x+

∫ r

s

u(ρ) dρ, ∀ r ∈ [s, t]. (2)

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

624



A. Sufficiently short horizons (least action)

For sufficiently short time horizons [4], [5], [10], an
optimal control problem can be formulated that encapsulates
stationary action as least action. In particular, given such a
time horizon t ∈ R≥0, the value function W : [0, t]×X →
R involved is defined by

W (s, x)
.
= inf

u∈U [0,t]
J(s, x, u) (3)

for all s ∈ [0, t], x ∈ X , in which the attendant cost function
J : [0, t]× X × U [0, t] → R is defined by

J(s, x, u)
.
=

∫ t

s

T (u(σ))− V (ξ(σ)) dσ + ψ(ξ(t)) (4)

for all s ∈ [0, t], x ∈ X , u ∈ U [0, t]. Here, the functionals
T, V : X → R assign kinetic and potential energies to
inputs and trajectories respectively. In (4), the integral term
is precisely the integrated Lagrangian or action functional.
A compatibly defined, but physically artificial, terminal cost
ψ : X → R is also included in (4) to encapsulate
terminal conditions that may be of interest. By inspection, the
value function W of (3) defines a standard optimal control
problem that is attended by the usual dynamic programming
principle and Hamilton-Jacobi-Bellman (HJB) partial differ-
ential equation (PDE). The associated optimal state and co-
state equations yield the unique energy conserving trajectory
associated with the boundary data defined by x ∈ X and ψ
of (2), (4), see Remark 3.10 and [4], [5], [10].

For longer time horizons, loss of convexity of J(s, x, ·) :
U [0, t] → R typically renders W of (3) infinite.

B. Longer horizons (stationary action)

In order to define an appropriate stationary control prob-
lem, it is convenient to define [11], [12] the stat and arg stat
of a Fréchet differentiable function f ∈ C1(U [0, t];C) by

stat
u∈U [0,t]

f(u)
.
=

{

f(u∗)

∣

∣

∣

∣

u∗ ∈ arg stat
u∈U [0,t]

f(u)

}

, (5)

u∗ ∈ arg stat
u∈U [0,t]

f(u) ⇐⇒ ‖∇f(u)‖U [0,t] = 0 ,

in which ∇f(u) ∈ U [0, t] is the Riesz representation of the
Fréchet derivative Df(u) ∈ L(U [0, t];C) at u ∈ U [0, t],
see the appendix for details. Formally replacing inf with stat
via (5) in the least action optimal control problem (3) yields
the definition of the corresponding stationary action control
problem. In particular, define W : [0, t]× X → P(C) by

W (s, x)
.
= stat

u∈U [s,t]
J(s, x, u) (6)

for all s ∈ [0, t], x ∈ X , in which J : [0, t]×X ×U [s, t] →
C corresponds to the cost (4) with range generalized from R

to the complex field C, and P(C) denotes the power set of
C. The kinetic and potential energy functionals are similarly
generalized to T, V : X → C. (These generalizations, while
not necessary, are viable since the ordering exploited by inf
in (3) is no longer required in (6).) For convenience, given
m ∈ R>0, define T : X → C explicitly by

T (v)
.
= m

2 〈v, v 〉X , ∀ v ∈ X . (7)

III. EXISTENCE

The stationary control problem (6) is formally defined
via (5), which requires that J(s, x, ·) : U [0, t] → C be
Fréchet differentiable, given s ∈ [0, t], x ∈ X . While
this differentiability property is not the most general, the
objective here is to determine conditions under which it
holds, so that the set of staticizing controls

arg stat
u∈U [s,t]

J(s, x, u)

=

{

u∗ ∈ U [s, t]

∣

∣

∣

∣

‖∇uJ(s, x, u
∗)‖U [s,t] = 0

}

(8)

defined by (5) and J(s, x, ·) is non-empty. To this end, the
following is assumed throughout.

Assumption 3.1: V, ψ ∈ C3(X ;C).
Remark 3.2: Where the Hilbert space X is defined with

respect to the complex field C, Assumption 3.1 may be
simplified to T, V, ψ ∈ C1(X ;C). In that case, these
functions are holomorphic, i.e. in C∞(X ;C).

A. Fréchet differentiation of (4)

Three formal lemmas are first stated, without proof. They
follow from Assumption 3.1 and the definition of Fréchet
derivative, see the appendix for details.

Lemma 3.3: Trajectory map χ : X × U [s, r] → A [s, r]
of (2) is Fréchet differentiable with derivatives

Dxχ(·, u) : X → L(X ;A [s, t]) ,

Duχ(x, ·) : U [s, t] → L(U [s, t];A [s, t]) ,

D(x,u)χ : X × U [s, t] → L(X × U [s, t];A [s, t]) ,

D2
(x,u)χ : X × U [s, t] → L((X × U [s, t])2;A [s, t]) ,

given by

[Dxχ(x, u) δx](r)
.
= δx(r), [Duχ(x, u) δu](r)

.
=

∫ r

s

δu(ρ) dρ,

[D(x,u)χ (x, u) (δx, δu)](r)
.
= [Dxχ(x, u) δx](r) + [Duχ(x, u) δu](r),

[D2
(x,u)χ(x, u) (δu, δx)(δ̂u, δ̂x)](r)

.
= 0 , (9)

for all r ∈ [s, t], x, δx, δ̂x ∈ X , and u, δu, δ̂u ∈ U [s, r].
Lemma 3.4: Functions T, V, ψ ∈ C3(X ;C) are Fréchet

differentiable with derivatives

DT, DV, Dψ : X → L(X ;C) ,

D2T,D2V, D2ψ : X → L(X 2;C)

given by

DT (u) δu = 〈δu, ∇T (u)〉X = m 〈δu, u〉X , (10)

DV (x) δx = 〈δx, ∇V (x)〉X ,

Dψ(x) δx = 〈δx, ∇ψ(x)〉X ,

D2T (u) δu = 〈·, ∇2T (u) δu〉X = m 〈·, δu〉X , (11)

D2V (x) δx = 〈·, ∇2V (x) δx〉X ,

D2ψ(x) δx = 〈·, ∇2ψ(x) δx〉X ,

for all x, δx, u, δu ∈ X , in which ∇T, ∇V, ∇ψ : X → X

and ∇2T, ∇2V, ∇2ψ : X → L(X ) are defined as per (51)
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and (52), with ∇T (u) = mu and ∇2T (u) being the identity
operator on X scaled by m.

In view of (4), and the functions T, V, ψ ∈ C3(X ;C) and
their derivatives, define the operators

˜T : U [s, t] → L1([s, t];C) , [ ˜T (u)](r)
.
= T (u(r)) ,

˜V : A [s, t] → L1([s, t];C) , [˜V (ξ)](r)
.
= V (ξ(r)) ,

(12)
˜ψ : A [s, t] → C([s, t];C) , [ ˜ψ(ξ)](r)

.
= ψ(ξ(r)) ,

˜∇T : U [s, t] → L1([s, t];X ) , [˜∇T (u)](r)
.
= ∇T (u(r)) ,

˜∇V : A [s, t] → L1([s, t];X ) , [˜∇V (ξ)](r)
.
= ∇V (ξ(r)) ,

(13)

˜∇ψ : A [s, t] → A [s, t] , [˜∇ψ(ξ)](r)
.
= ∇xψ(ξ(r)) ,

I : L1([s, t];C) → C , I(v)
.
=

∫ t

s

v(σ) dσ ,

(14)

Ĭ : L1([s, t];X ) → A [s, t] , [Ĭ(w)](r)
.
=

∫ t

r

w(σ) dσ ,

(15)

for all r ∈ [s, t], u ∈ U [s, t], ξ ∈ A [s, t], v ∈ L1([s, t];C),
w ∈ L1([s, t];X ).

Lemma 3.5: Functions ˜T , ˜V , ˜ψ, ˜∇T , ˜∇V , ˜∇ψ, I , Ĭ
of (12), (13), (14), (15) are Fréchet differentiable with
respective derivatives

D ˜T : U [s, t] → L(U [s, t];L1([s, t];C)) ,

D˜V : A [s, t] → L(A [s, t];L1([s, t];C)) ,

D ˜ψ : A [s, t] → L(A [s, t];C([s, t];C)) ,

D˜∇T : U [s, t] → L(U [s, t];L1([s, t];X ))

D˜∇V : A [s, t] → L(A [s, t];L1([s, t];X )) ,

D˜∇ψ : A [s, t] → L(A [s, t]) ,

DI : L1([s, t];C) → L(L1([s, t];C);C) ,

DĬ : L1([s, t];X ) → L(L1([s, t];X );A [s, t]) ,

given by

[D ˜T (u) δu](r)
.
= m 〈δu(r), u(r)〉X ,

[D˜V (ξ) δξ](r)
.
= 〈δξ(r), ∇V (ξ(r))〉X , (16)

[D ˜ψ(ξ) δξ](r)
.
= 〈δξ(r), ∇ψ(ξ(r))〉X ,

[D˜∇T (u) δu](r)
.
= mδu(r)

[D˜∇V (ξ) δξ](r)
.
= ∇2V (ξ(r)) δξ(r) , (17)

[D˜∇ψ(ξ)h](r)
.
= ∇2ψ(ξ(r))h(r) ,

DI(v) δv
.
=

∫ t

s

δv(σ) dσ (18)

[DĬ(w) δw](r)
.
=

∫ t

r

δw(σ) dσ , (19)

for all u, δu ∈ U [s, t], ξ, δξ ∈ A [s, t], v, δv ∈ L1([s, t];C),
w, δw ∈ L1([r, t];X ), in which ∇2T , ∇2V , ∇2ψ are
defined as per (52), recalling that T, V, ψ ∈ C3(X ;C).

Based on these lemmas, various Fréchet differentiability
properties of cost (4) are summarized as follows.

Theorem 3.6: Given t ∈ R≥0, s ∈ [0, t], x ∈ X the
payoff functional J(s, x, ·) : U [s, t] → C defined by (4) has
the equivalent form

J(s, x, u) = (I ◦ ˜T )(u)− (I ◦ ˜V ◦ χ)(x, u)

+ [( ˜ψ ◦ χ)(x, u)](t) , (20)

for all u ∈ U [s, t], where χ, ˜T , ˜V , ˜ψ, I are as per (2), (12),
(14). Furthermore, the following additional properties hold:

1) J(s, x, ·) : U [s, t] → C of (4), (20) is Fréchet differen-
tiable with derivative and Riesz representation (51)

DuJ(s, x, ·) : U [s, t] → L(U [s, t];C) ,

∇uJ(s, x, ·) : U [s, t] → U [s, t] ,

given by

DuJ(s, x, u) δu
.
= 〈δu,∇uJ(s, x, u)〉U [s,t] ,

∇uJ(s, x, u)
.
= mu−

∫ t

(·)

∇V (ξ(σ)) dσ +∇ψ(ξ(t))

= mu− Ĭ ◦ ˜∇V ◦ χ(x, u) + [˜∇ψ ◦ χ(x, u)](t) (21)

for all r ∈ [s, t], u, δu ∈ U [s, t].
2) ∇uJ(s, ·, ·) : X × U [s, t] → U [s, t] of (21) is Fréchet

differentiable with derivative

D(x,u)∇uJ(s, ·, ·) : X × U [s, t] →

L(X × U [s, t];U [s, t])

given by

[D(x,u)∇uJ(s, x, u) (δx, δu)](r) (22)

=

[

−

∫ t

r

∇2V (ξ(σ)) dσ +∇2ψ(ξ(t))

]

δx +mδu(r)

+

∫ t

s

[
∫ t

r∨ρ

−∇2V (ξ(σ)) dσ +∇2ψ(ξ(t))

]

δu(ρ) dρ

for all (x, u), (δx, δu) ∈ X × U [s, t].
3) D(x,u)∇uJ(s, ·, ·) of (22) is continuously Fréchet differ-

entiable.
Proof: The fact that (20) holds follows by substitution

of the functions χ, ˜T , ˜V , ˜ψ, I of (2), (12), (14) in the
definition (4) of the payoff. Note that each of these functions
is Fréchet differentiable with Fréchet derivatives specified by
Lemmas 3.3 and 3.5. Consequently, applying the chain rule
for Fréchet differentiation [1, Theorem 12.4, p.251] to (20),
each of the compositions in the right-hand side of (20) is
Fréchet differentiable, so that J(s, x, ·) : U [s, t] → C is also
Fréchet differentiable. Its derivative DuJ(s, x, ·) : U [s, t] →
L(U [s, t];C) is subsequently given by

DuJ(s, x, u) δu

= DI( ˜T (u))D ˜T (u) δu

−DI(˜V ◦ χ(x, u))D˜V (χ(x, u))Duχ(x, u) δu

+ [Dξ
˜ψ(χ(x, u))Duχ(x, u) δu](t)

=

∫ t

s

m 〈δu(σ), u(σ)〉X dσ
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−

∫ t

s

〈
∫ σ

s

δu(ρ) dρ, ∇V (ξ(σ))

〉

X

dσ

+

〈
∫ t

s

δu(ρ) dρ, ∇ψ(ξ(t))

〉

X

= m 〈δu, u〉U [s,t]

−

∫ t

s

〈

δu(ρ),

∫ t

ρ

∇V (ξ(σ)) dσ

〉

X

dρ

+ 〈δu, ∇ψ(ξ(t))〉U [s,t]

=

〈

δu, mu−

∫ t

(·)

∇V (ξ(σ)) dσ +∇ψ(ξ(t))

〉

U [s,t]
.
= 〈δu, ∇uJ(s, x, u)〉U [s,t]

for all u, δu ∈ U [s, t], in which ∇uJ(s, x, ·) : U [s, t] →
U [s, t] is the corresponding Riesz representation (21). The
second equality in (21) follows by substitution of χ, ˜∇T ,
˜∇V , ˜∇ψ of (2), (13), (15) in the Riesz representation (ie.
first equation) of (21). That is, assertion 1) holds.

Observe that each of the functions in the right-hand side
of ∇uJ(s, ·, ·) : X × U [s, t] → U [s, t] of (21) is Fréchet
differentiable with Fréchet derivatives again specified by
Lemmas 3.3 and 3.5. Consequently, applying the chain rule
for Fréchet differentiation [1, Theorem 12.4, p.251] to (21),
∇uJ(s, ·, ·) is Fréchet differentiable with derivative

D(x,u)∇uJ(s, ·, ·) : X ×U [s, t] → L(X ×U [s, t];U [s, t])

given by

[D(x,u)∇uJ(s, x, u) (δx, δu)](r) = mδu(r)

− [DĬ(˜∇V ◦ χ(x, u))D˜∇V (χ(x, u))

◦D(x,u)χ(x, u) (δx, δu)](r)

+ [D˜∇ψ(χ(x, u))D(x,u)χ(x, u) (δx, δu)](t) (23)

= mδu(r)

−

∫ t

r

[D˜∇V (χ(x, u))D(x,u)χ(x, u) (δx, δu)](σ) dσ

+ [D˜∇ψ(χ(x, u))D(x,u)χ(x, u) (δx, δu)](t)

= mδu −

∫ t

(·)

∇2V (ξ(σ))

[

δx +

∫ σ

s

δu(ρ) dρ

]

dσ

+∇2ψ(ξ(t))

[

δx +

∫ t

s

δu(ρ) dρ

]

=

[

−

∫ t

r

∇2V (ξ(σ)) dσ +∇2ψ(ξ(t))

]

δx

+mδu(r)−

∫ t

r

∇2V (ξ(σ))

∫ σ

s

δu(ρ) dρ

+∇2ψ(ξ(t))

∫ t

s

δu(ρ) dρ

︸ ︷︷ ︸

.
=[D(x,u)∇uJ(s,x,u)(0,δu)](r)

(24)

for all (x, u), (δx, δu) ∈ X × U [s, t]. Focussing on the δu
terms on the right-hand side, i.e.

[D(x,u)∇uJ(s, x, u)(0, δu)](r)−∇2ψ(ξ(t))

∫ t

s

δu(ρ) dρ

= mδu(r)−

∫ t

r

∇2V (ξ(σ))

∫ σ

s

δu(ρ) dρ dσ

= mδu(r) +

∫ t

s

∫ t

r∨ρ

[−∇2V (ξ(σ))] dσ δu(ρ) dρ

for all (x, u), (δx, δu) ∈ X × U [s, t], as per (22). Thus,
recalling (24), Assertion 2) holds.

3) Assumption 3.1 and Lemma 3.3, 3.4, and 3.5, imply
that the Fréchet derivatives D(x,u)χ, D˜∇V , D˜∇ψ, DĬ of
(9), (17), (19) are Fréchet differentiable. Let

y
.
= (x, u) ∈ Y

.
= X × U [s, t].

Applying the chain rule for Fréchet differentiation [1, The-
orem 12.4, p.251] to Dy∇uJ(s, ·) : Y → L(Y ;U [s, t])
yields its second Fréchet derivative D2

y ∇uJ(s, ·) : Y →
L(Y 2;U [s, t]) given by

D2
y ∇uJ(s, y) δ1δ2
.
= −DĬ(˜∇V ◦ χ(y))D2

˜∇V (χ(y))[Dχ(y)δ1]Dχ(y)δ2

+D2
˜∇ψ(χ(y))[Dχ(y)δ1]Dχ(y)δ2

for all y, δ1, δ2 ∈ Y , in which it is observed that the second
derivatives D2χ and D2Ĭ are zero by inspection of (9) and
(19) respectively. As the remaining derivatives are all well-
defined, with V, ψ ∈ C

3(X ;C) as per Assumption 3.1,
Assertion 3) immediately follows.

B. Existence of argstat (8) on short horizons

For sufficiently short horizons, Assumption 3.1 and bound-
edness of the second derivatives of V, ψ are sufficient to
establish existence of a unique singleton argstat (8).

Assumption 3.7: There exists K ∈ R≥0 such that

sup
x∈X

max(‖∇2V (x)‖L(X ), ‖∇
2ψ(x)‖L(X )) ≤ K

in which ∇2V,∇2ψ : X → L(X ) are as per (52).
Theorem 3.8: Given K ∈ R>0 as per Assumption 3.7,

there exists τ ∈ R>0,

τ
.
= min(1, m

4K ) (25)

such for all t ∈ R>0, x̄ ∈ X ,

t− s ∈ (0, τ ] =⇒

{

∃ ! ū ∈ U [s, t] such that
{ū} = arg statu∈U [s,t] J(s, x̄, u) .

Proof: Fix arbitrary t ∈ R>0 in the definition (4) of
cost J , and an arbitrary x̄ ∈ X . Select s ∈ [0, t) such that
t − s ∈ (0, τ ], where τ is as per (25). In view of Theorem
3.6, in particular (21), the arg stat in (8) is non-empty if
there exists a fixed point of the operator

Γ(·)
.
= I − 1

m
∇uJ(s, x̄, ·) : U [s, t] → U [s, t]. (26)

By assertion 2) of Theorem 3.6 and (23), Γ is Fréchet
differentiable with derivative DΓ : U [s, t] → L(U [s, t])
defined by

DΓ(u) δu
.
= 1

m
DĬ(˜∇V ◦ χ(x̄, u))D˜∇V (χ(x̄, u))

◦Duχ(x̄, u) δu

− 1
m
[D˜∇ψ(χ(x̄, u))Duχ(x̄, u) δu](t)
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for all u, δu ∈ U [s, t]. Hence, Lemma 3.5 implies that

m ‖DΓ(u) δu‖U [s,t]

≤ ‖DĬ(˜∇V ◦ (x̄, u))‖L(L1([s,t];X );U [s,t])

× ‖D˜∇V (χ(x̄, u))Duχ(x̄, u) δu‖L1([s,t];X )

+ ‖[D˜∇ψ(χ(x̄, u))Duχ(x̄, u) δu](t)‖U [s,t]. (27)

Some straightforward calculations and Assumption 3.7 yield

‖DĬ(˜∇V ◦ (x̄, u))‖L(L1([s,t];X );U [s,t]) =
√
t− s,

‖D˜∇V (χ(x̄, u))Duχ(x̄, u) δu‖L1([s,t];X )

≤

∫ t

s

‖∇2V (χ(x̄, u)(r))‖L(X ) ‖δu‖L1([s,t];X ) dr

≤ K(t− s) ‖δu‖L1([s,t];X ) ≤ K(t− s)
3
2 ‖δu‖U [s,t],

‖[D˜∇ψ(χ(x̄, u))Duχ(x̄, u) δu](t)‖U [s,t]

=
√
t− s ‖[D˜∇ψ(χ(x̄, u))Duχ(x̄, u) δu](t)‖X

≤
√
t− s ‖D˜∇ψ(χ(x̄, u)(t))‖L(X )‖δu‖L1([s,t];X )

≤ K(t− s) ‖δu‖U [s,t].

Applying these bounds in (27),

‖DΓ(u) δu‖U [s,t] ≤
K
m
(t− s)[(t− s) + 1] ‖δu‖U [s,t]

≤ 2K
m

(t− s) ‖δu‖U [s,t],

so that by definition of t− s ∈ (0, τ ],

‖DΓ(u)‖L(U [s,t]) ≤
2K
m

(t− s) ≤ 1
2 (28)

for all u ∈ U [s, t]. Meanwhile, the Mean Value Theorem
[1, Theorem 12.6, p.253] states that

Γ(û)− Γ(u) =

(
∫ 1

0

DΓ(u+ η(û− u)) dη

)

(û− u),

for all u, û ∈ U [s, t]. Hence, taking the norm of both sides
and applying (28), ‖Γ(û)−Γ(u)‖U [s,t] ≤

1
2‖û−u‖U [s,t] for

all u, û ∈ U [s, t]. That is, Γ of (26) defines a contraction
on U [s, t]. Hence, the Banach Fixed Point Theorem (see
for example [9, Theorem 5.1-2, p. 300]) implies that there
exists a unique ū ∈ U [s, t] (defined with respect to the
usual equivalence class on U [s, t] ≡ L2([s, t];X )) such
that ū = Γ(ū) = ū − 1

m
∇uJ(s, x̄, ū). That is, 0 =

‖∇uJ(s, x̄, ū)‖U [s,t]. Hence, recalling (8),

arg stat
u∈U [s,t]

J(s, x̄, u) = {ū},

which completes the proof.

C. Existence of argstat (8) on longer horizons

For longer horizons, the contraction argument of Theorem
3.8 does not apply, as the upper bound in (28) exceeds unity.
However, existence remains intimately tied to a two-point
boundary value problem (TPBVP) that describes evolution
of the underlying energy conserving dynamics.

Theorem 3.9: Given t ∈ R>0, s ∈ [0, t], x̄ ∈ X , a control
ū ∈ U [s, t] is staticizing in (6), i.e. satisfies

ū ∈ arg stat
u∈U [s,t]

J(s, x̄, u), (29)

if and only if there exists a mild solution (ȳ, ξ̄) ∈ (U [s, t])2

of the two-point boundary value problem (TPBVP)

˙̄y(r) = −∇V (ξ̄(r)), ȳ(ξ̄(t)) = −∇ψ(ξ̄(t)),

˙̄ξ(r) = 1
m
ȳ(r), ξ̄(s) = x̄, (30)

for all r ∈ [s, t]. Furthermore, ū satisfies

ū(r)
.
= 1

m
ȳ(r) a.e. r ∈ [s, t]. (31)

Proof: Fix t ∈ R>0, s ∈ [0, t]. x̄ ∈ X . Suppose there
exists ū ∈ U [s, t] such that (29) holds. Define

ξ̄
.
= χ(x̄, ū), ȳ(r)

.
=

∫ t

r

∇V (ξ̄(σ)) dσ −∇ψ(ξ̄(t)), (32)

and note by definition that ξ̄(s) = x̄, ȳ(t) = −∇ψ(ξ̄(t)).
Furthermore, recalling the definition (8), (29) of ū, Theorem
3.6 implies via (21) that (almost everywhere)

0 = mū− ȳ. (33)

Note that (ȳ, ξ̄) ∈ (U [s, t])2, by inspection of (32), (33).
Consequently, as formal differentiation of (32) yields the
differential equations of TPBVP (30), and (ȳ, ξ̄) satisfies
the boundary conditions in (30), it immediately follows that
(ȳ, ξ̄) is a mild solution of that TPBVP.

Conversely, suppose that TPBVP (30) has a mild solution
(ȳ, ξ̄) ∈ (U [s, t])2. Define ū ∈ U [s, y] via (31). Hence, (32)
and (33) automatically hold by definition of a mild solution.
This in turn implies via (21) that ‖∇uJ(s, x̄, ū)‖U [s,t] = 0
holds, which yields (29).

Remark 3.10: Together, (30), (31) correspond to a state-
ment of the Euler-Lagrange equation for Lagrangian
L(ξ̄, ˙̄ξ ) = T (ξ̇) − V (ξ). Where (29) holds and ū ∈ U [s, t]
is differentiable, they imply that

m ¨̄ξ(r) = −∇V (ξ̄(r)) , r ∈ [s, t], (34)

which is Newton’s second law of motion. Subsequently,

d
dr
[T (ū(r)) + V (ξ̄(r))]

= m 〈 ˙̄u(r), ū(r)〉X + 〈∇V (ξ̄(r)), ū(r)〉X

= 〈m ¨̄ξ(r) +∇V (ξ̄(r)), ū(r)〉X = 0.

That is, the dynamics (34) are energy conserving. Note
finally that selecting ψ(x)

.
= −m 〈x, v̄〉X , v̄ ∈ X fixed,

yields the terminal momentum condition y(t) = m ˙̄ξ(t) =
−∇ψ(ξ̄(t)) = mv̄ for these dynamics. �

While existence of argstat (8) can be characterised via
solvability of a TPBVP via Theorem 3.9, here it is convenient
to assume it for the remainder.

Assumption 3.11: Given any t ∈ R>0, s ∈ [0, t], x̄ ∈ X ,
there exists ū ∈ U [s, t] such that

ū = ū(x̄) ∈ arg stat
u∈U [s,t]

J(s, x̄, u). (35)

Recalling Remark 3.10, note that this assumption specifies
that at least one trajectory of the energy conserving dynamics
(34) exists that satisfies the boundary conditions of interest.
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IV. UNIQUENESS AND REGULARITY OF ARGSTAT (8)

Given existence of ū ∈ arg statu∈U [s,t] J(s, x̄, u) as per
Theorem 3.9 or Assumption 3.11, the remaining objective
is to establish conditions under which the argstat (8) is a
singleton {ū}, and to demonstrate regularity subsequently
inherited by the function ū : X → U [s, t] defined by (35).
To this end, the Implicit Function Theorem [14, Theorem
4.B, p.150] is applied via Theorem 3.6 and (21) to

F
.
= ∇uJ(s, ·, ·) : X × U [s, t] → U [s, t]. (36)

With this in mind, it is useful to first establish some proper-
ties of a specific Fréchet derivative of F , via Theorem 3.6.

A. Invertibility of the Fréchet derivative DuF (x̄, ū)

Given (x̄, ū) ∈ X ×U [s, t] as per Assumption 3.11, and
motivated by the δu terms in (22), define

Qu
.
= 1

m
D(x,u)F (x̄, ū)(0, u)

= u+

∫ t

s

[

∫ t

(·)∨ρ

v̄(σ) dσ + γ̄

]

u(ρ) dρ ,

u ∈ dom (Q)
.
= U [s, t] ,

(37)

with respect to a function v̄ and operator γ̄ defined by

v̄ : [s, t] → L(X ) , v̄
.
= − 1

m
∇2V (ξ̄(·)) ,

γ̄ ∈ L(X ) , γ̄
.
= + 1

m
∇2ψ(ξ̄(t)) ,

(38)

where ξ̄
.
= χ(x̄, ū) ∈ A [s, t] is as per (2). Note in particular

that v̄(σ), γ̄ ∈ L(X ) are self-adjoint by (38), (52), for all
σ ∈ [s, t]. The following lemma is stated without proof.

Lemma 4.1: The function v̄ of (38) is continuous every-
where, and Fréchet differentiable almost everywhere, with

v̄ ∈ C([s, t];L(X )) ⊂ L2([s, t];L(X )) , (39)
˙̄v ∈ L2([s, t];L(X )) ,

satisfying

v̄(r) = − 1
m
∇2V (ξ̄(r)) ∀ r ∈ [s, t] ,

˙̄v(r) = − 1
m
D∇2V (ξ̄(r)) ū(r) a.e. r ∈ [s, t] .

Theorem 4.2: Given v̄ ∈ C([s, t];L(X )), γ̄ ∈ L(X )
of (38), (39), the operator Q defined by (37) satisfies the
following properties:

(i) Q ∈ L(U [s, t]) is self-adjoint, Q− I is compact;
(ii) Q is either invertible, with Q−1 ∈ L(U [s, t]), or

there exists a linearly independent set {ūi}i∈[1,p]∩N ⊂
U [s, t], of finite cardinality p

.
= dim ker (Q) ∈ N, such

that ūi 6= 0 = Q ūi ∈ U [s, t] for all i ∈ [1, p] ∩ N;
(iii) Q splits U [s, t], with U [s, t] = ker (Q)⊕ ran (Q); and
(iv) ̂Q ∈ L(ran (Q)), defined by ̂Qu

.
= Qu for all u ∈

dom ( ̂Q)
.
= ran (Q), is a bijection.

Proof: (i) Q ∈ L(U [s, t]) follows immediately by (22)
and (37). It is sufficient to show that Q− I is self-adjoint.
Fix u,w ∈ U [s, t]. Recalling the definition (37) of Q, as
the inner product operation is closed, and v̄(σ), γ̄ ∈ L(X ),
σ ∈ [s, t], are self-adjoint by (38), (52),

〈(Q− I)u,w〉U [s,t] =

∫ t

s

〈(Qu)(r)− u(r), w(r)〉X dr

=

∫ t

s

∫ t

s

∫ t

r∨ρ

〈u(ρ), v̄(σ)w(r)〉
X

dσ dr dρ

+

∫ t

s

∫ t

s

〈u(ρ), γ̄ w(r)〉X dr dρ

=

∫ t

s

〈

u(ρ),

∫ t

s

∫ t

r∨ρ

v̄(σ) dσ w(r) dr +

∫ t

s

γ̄ w(r) dr

〉

X

dρ

=

∫ t

s

〈u(ρ), (Qw)(ρ)− w(ρ)〉X dρ = 〈u, (Q− I)w〉U [s,t].

That is, Q is symmetric. The self-adjoint property follows
immediately, as Q ∈ L(U [s, t]). By inspection of (37),

(Q− I)u =

∫ t

s

κ̄(·, ρ)u(ρ) dρ ,

κ̄(r, ρ)
.
=

∫ t

r∨ρ

v̄(σ) dσ + γ̄ , r, ρ ∈ [s, t] ,

in which κ̄ : [s, t]2 → L(X ). It is straightforward to
show via (38) and Lemma 4.1 that κ̄ ∈ L2([s, t]

2;L(X )).
Compactness of Q − I then follows immediately, see for
example [2, Theorem A.3.24, p.588] or [9, p.454].

(ii) As Q − I is compact by assertion (i), Q = (Q −
I) − λ I, λ

.
= −1 6= 0 ∈ C, [9, Theorem 8.3-3, p.423]

immediately implies that dim ker (Q) < ∞. Alternatively,
Q satisfies the Fredholm alternative by [9, Theorem 8.7-
2, p.452], yielding the same result by [9, Definition 8.7-1,
p.451] and [9, Theorem 8.7-3, p.453].

(iii) As Q ∈ L(U [s, t]), ker (Q) is a closed subspace of
U [s, t] by [9, Theorem 2.6-9, p.85, Corollary 2.7-10, p.98].
Hence, applying [9, Theorem 3.3-4, p.146], Q splits U [s, t],
with U [s, t] = ker (Q)⊕ ker (Q)⊥. As Q−I is compact by
assertion (i), note also that ran (Q) is a closed subspace of
U [s, t] by [9, Theorem 2.6-9, p.85, Theorem 8.3-5, p.424].
Hence, ran (Q) = ran (Q)⊥⊥ by [9, Lemma 3.3-6, p.149].
Consequently, as Q is self-adjoint by assertion (i), [13,
Theorem 12.10, p.312] implies that ker (Q) = ran (Q)⊥, so
that ran (Q) = ran (Q)⊥⊥ = ker (Q)⊥. Hence, U [s, t] =
ker(Q)⊕ ran (Q), as required.

(iv) Define ̂Q ∈ L(ran (Q)) as per the lemma statement,
and note that it is onto by definition and assertion (iii).
Suppose there exist u1, u2 ∈ ran (Q) such that ̂Qu1 = ̂Qu2.
Then, 0 = Q(u1 − u2), which in turn implies that u1 = u2.
Hence, Q is also one-to-one, and hence a bijection.

B. Characterization of invertibility of Q via TPBVPs

Invertibility of Q can be characterized via the TPBVP

ζ̇(r) = A(r) ζ(r) + B(r) q(r) , r ∈ [s, t] ,

ζ1(s) = 0 , ζ2(t) = γ̄ ζ1(t) , q ∈ U [s, t] ,
(40)

in which ζ(r)
.
= (ζ1(r), ζ2(r)) ∈ X 2, r ∈ [s, t],

A ∈ C([s, t];L(X 2)), B ∈ C([s, t];L(X ;X 2)) (41)

A(r)
.
=

(

0 −I
−v̄(r) 0

)

, B(r)
.
=

(

I
0

)

, r ∈ [s, t],

with v̄(r), γ̄ ∈ L(X ) as per (38). A lemma is required to
establish this characterization (proof omitted for brevity).
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Lemma 4.3: Given any z ∈ X 2 and q ∈ L2([s, t];X ),
the initial value problem (IVP) defined by

ζ̇(r) = A(r) ζ(r) + B(r) q(r) , r ∈ [s, t]

ζ(s) = z ∈ X
2 , (42)

has a unique classical solution ζ ∈ C([s, t];X 2).
Theorem 4.4: Operator Q ∈ L(U [s, t]) of (37) is invert-

ible if and only the TPBVP (40) has a unique solution for
every q ∈ U [s, t]. Furthermore, when this solution exists, it
is always a classical solution.

Proof: (Necessity) Fix an arbitrary q ∈ U [s, t],
and suppose that TPBVP (40) has a unique solution ζ =
(ζ1, ζ2) ∈ C([s, t];X 2). As this is a solution of the cor-
responding IVP initialised with ζ(s) ∈ X 2, Lemma 4.3
implies that ζ is a classical solution of TPBVP (40). As
q ∈ U [s, t], ζ2 ∈ A [s, t], define

u
.
= q − ζ2 ∈ U [s, t] , (43)

where it is noted that ζ2 is a function of q via (40). As
ζ1, ζ2 ∈ A [s, t] are differentiable and satisfy the two differ-
ential equations in (40), integration and the first boundary
condition in (40) imply that

ζ1(σ) = ζ1(s) +

∫ σ

s

q(ρ)− ζ2(ρ) dρ =

∫ σ

s

u(ρ) dρ ,

ζ2(t)− ζ2(r) =

∫ t

r

−v̄(σ) ζ1(σ) dσ

=

∫ t

r

−v̄(σ)

∫ σ

s

u(ρ) dρ dσ ,

for all σ, r ∈ [s, t]. Applying definition (43) of u ∈ U [s, t],
and the second boundary condition in (40),

q(r) = u(r) + ζ2(r) = u(r) + γ̄ ζ1(t) +

∫ t

r

v̄(σ)

∫ σ

s

u(ρ)dρ dσ

= u(r) +

∫ t

s

[

γ̄ +

∫ t

r∨ρ

v̄(σ) dσ

]

u(ρ)dρ = [Qu](r) (44)

for all r ∈ [s, t], where Q is as per (37). That is, q = Qu.
As q ∈ U [s, t] is arbitrary, it follows immediately that Q ∈
L(U [s, t]) is onto.

Select any u, û ∈ U [s, t] such that Qu = q = Q û and
0 6= ‖u− û‖U [s,t]. Define ζ = (ζ1, ζ2) ∈ C([s, t];X 2) by

ζ1(r)
.
=

∫ r

s

u(σ) dσ ,

ζ2(r)
.
= γ̄ ζ1(t) +

∫ t

r

v̄(σ)

∫ σ

s

u(ρ) dρ dσ ,

(45)

for all r ∈ [s, t], and ζ̂ ∈ C([s, t];X 2) analogously with u
replaced with û in (45). Note that ζ 6= ζ̂, and

ζ1(s) = 0 = ζ̂1(s) ∈ X ,

ζ2(t) = γ̄ ζ1(t), ζ̂2(t) = γ̄ ζ̂1(t). (46)

Repeating the steps yielding (44) via (45), (46),

u(r) + ζ2(r) = [Qu](r)

= q(r) = [Qû](r) = û(r) + ζ̂2(r) (47)

for all r ∈ [s, t]. As ζ, ζ̂ ∈ C([s, t];X 2) are differentiable
almost everywhere by inspection of (45),

ζ̇1(r) = u(r) = −ζ2(r) + q(r),

ζ̇2(r) = −v̄(r) ζ1(r),

˙̂
ζ1(r) = û(r) = −ζ̂2(r) + q(r),

˙̂
ζ2(r) = −v̄(r) ζ̂1(r), (48)

for all r ∈ [s, t]. Hence, by comparison of (40) with (46),
(48), it follows that the TPBVP (40) has two solutions
ζ 6= ζ̂, contradicting the uniqueness hypothesis. That is, the
assumption 0 6= ‖u − û‖U [s,t] must be false, so that Q is
one-to-one. Consequently, Q is both onto and one-to-one,
and hence invertible.

(Sufficiency) Fix any q ∈ U [s, t]. As Q ∈ L(U [s, t]) is
invertible by hypothesis, there exists a unique u

.
= Q−1 q ∈

U [s, t] such that q = Qu. Define ζ ∈ C([s, t];X 2) as
per (45), and note that (46), the left-hand equality in (47),
and (48), follow immediately. That is, ζ is a solution of
TPBVP (40). Suppose another solution ζ̂ ∈ C([s, t];X 2),
ζ̂ 6= ζ, of TPBVP (40) exists. Defining û

.
= q − ζ̂2

analogously to (43), an argument following the steps of (44)
implies that Q û = q = Qu. That is, Q is not one-to-one,
contradicting its assumed invertibility. Hence, ζ is the unique
solution TPBVP (40). Furthermore, as ζ is a solution of the
corresponding IVP initialised with ζ(s) ∈ X 2, Lemma 4.3
implies that it is a classical solution.

Given A and B as per (41), introduce the homogeneous
TPBVP corresponding to (40) defined by

∆̇(r) = A(r)∆(r), r ∈ [s, t],

∆1(s) = 0, ∆2(t) = γ̄∆1(t), (49)

in which ∆(r)
.
= (∆1(r),∆2(r)) ∈ X 2, r ∈ [s, t]. By

inspection, TPBVP (49) is always satisfied by the trivial
solution, defined by ∆(r) = 0 ∈ X 2 for all r ∈ [s, t]. In
the finite dimensional case, an application of linear shooting
implies an equivalence between TPBVPs (40) and (49).
Proofs of the resulting theorem and corollary are omitted
for brevity.

Theorem 4.5: With dim (X ) < ∞, operator Q ∈
L(U [s, t]) of (37) is invertible if and only TPBVP (49) has
the trivial solution as its unique solution.

Corollary 4.6: With dim (X ) < ∞, operator Q ∈
L(U [s, t]) is invertible if γ̄, v̄(r) ∈ L(X ), r ∈ [s, t], defined
as per (38), are non-negative.

C. Uniqueness and regularity of argstat (8)

Invertibility of the operator Q of (37), as per Theorems
4.4 or 4.5, or Corollary 4.6 is sufficient to establish local
uniqueness and regularity of argstat (8) via the implicit
function theorem.

Lemma 4.7: Given (x̄, ū) ∈ X × U [s, t] and F
.
=

∇uJ(s, ·, ·) of Assumption 3.11 and (36), the following hold:

(i) F is defined on an open neighbourhood N (x̄, ū) of
(x̄, ū), and F (x̄, ū) = 0;

(ii) DuF : X × U [s, t] → L(U [s, t]) exists on N (x̄, ū);
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(iii) F and DuF are continuous at (x̄, ū); and
(iv) Either DuF (x̄, ū) = mQ ∈ L(U [s, t]), or its restric-

tion to ran (Q), is bijective.
Proof: Immediate by Theorems 3.6 and 4.2.

Theorem 4.8: Given (x̄, ū) ∈ X ×U [s, t] of Assumption
3.11 such that Q ∈ L(U [s, t]) of (37) is bijective, there exist
neighbourhoods N (x̄) ⊂ X and N (ū) ⊂ U [s, t] of x̄ and
ū, and a unique ũ ∈ C2(N (x̄);N (ū)) such that

ũ(x) ∈ arg stat
u∈U [s,t]

J(s, x, u)

for all x ∈ N (x̄).
Proof: Follows by application of the Implicit Function

Theorem [14, Theorem 4.B, p.150] to F of (36) via Lemma
4.7 and Theorem 4.2.
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APPENDIX

A function f ∈ C(X ;Y ), defined with respect to Banach
spaces X and Y , is Fréchet differentiable at x ∈ X if there
exists Df : X →∈ L(X ;Y ) such that

0 = lim
‖δx‖X →0

‖f(x+ δx)− f(x)−Df(x) δx‖Y

‖δx‖X

. (50)

A function f ∈ Ck−1(X ;Y ) is in Ck(X ;Y ) if its kth

Fréchet derivative

Dkf : X → L(X k;Y )

exists and is continuous. Here, C
0(X ;Y ) ≡ C(X ;Y ),

while X k denotes the product space of X with itself k− 1
times. Where f is a function of multiple arguments, e.g.

f : X ×U → Y for Banach spaces X , U , Y , the Fréchet
derivatives of f (should they exist) with respect to each of
its independent variables are distinguished via the abuse of
notation Dxf : X ×U → L(X ;Y ) and Duf : X ×U →
L(U ;Y ).

The Fréchet derivative Df(x) ∈ L(X ;C) of f ∈
C1(X ;C) at x ∈ X has a Riesz representation. Applying
the Riesz representation theorem [1, Theorem 8.4, p.154],

Df(x) δx = 〈δx, ∇f(x)〉X = 〈∇f(x), δx〉X (51)

for all δx ∈ X , in which ∇f(x) ∈ X is unique for each
x ∈ X , and (·) denotes conjugation. Consequently, the
Fréchet derivative Df : X → L(X ;C) may be identified
with ∇f : X → X . Similarly, the second Fréchet derivative
D2f(x) ∈ L(X 2;C) of f ∈ C2(X ;C) also defines a
bounded linear functional D2f(x) δx : X → C for each
δx ∈ X , and so also has a Riesz representation. Again apply-
ing [1, Theorem 8.4, p.154], and equality of mixed partials
[1, Theorem 12.7, p.255], there exists a unique ηx(δ) ∈ X

defined for each x, δ ∈ X such that 〈δx, ηx(δ)〉X =
(D2f(x) δ) δx = (D2f(x) δx) δ = 〈δ, ηx(δx)〉X for all
δx, δ ∈ X . Also, ηx(·) : X → X must be linear, with

sup
‖δ‖X =1

‖ηx(δ)‖X = sup
‖δ‖X =1

sup
‖δx‖X =1

〈δx, ηx(δ)〉X

= ‖D2f(x)‖L(X ;L(X ;C)) <∞

as D2f(x) ∈ L(X ;L(X ;C)) for each x ∈ X . That is,
∇2f(x)

.
= ηx ∈ L(X ), so that

D2f(x) δ = 〈·, ∇2f(x) δ〉X ∈ L(X ;C) (52)

for all x, δ ∈ X . By inspection, ∇2f(x) ∈ L(X ) must be a
symmetric operator, and hence self-adjoint (as it is bounded).

The Fréchet derivative Df : X → L(X ;C) of f ∈
C1(X ;C) is continuous by definition. Furthermore,

‖Df(x+ δ)−Df(x)‖L(X ;C) = ‖∇f(x+ δ)−∇f(x)‖X

for all x, δ ∈ X , so that ∇f : X → X is also continuous.
Similarly, for f ∈ C2(X ;C), (50), (52) imply that

‖Df(x+ δ)−Df(x)−D2f(x) δ‖L(X ;C)

= sup
‖δx‖X =1

|〈∇f(x+ δ)−∇f(x)−∇2f(x) δ, δx〉X |

= ‖∇f(x+ δ)−∇f(x)−∇2f(x) δ‖X ,

for all x, δ ∈ X . Consequently, ∇f : X → X is also
Fréchet differentiable, with Fréchet derivative

∇2f = D∇f : X → L(X ) . (53)

Furthermore, again applying (52),

‖D2f(x+ δx)−D2f(x)‖L(X 2;C)

= ‖∇2f(x+ δx)−∇2f(x)‖L(X )

for all x, δx ∈ X . Hence, f ∈ C2(X ;C) implies that
∇2f ∈ C(X ;L(X )). Similarly, f ∈ C3(X ;C) implies
that D∇2f : X → L(X ;L(X )) exists and is continuous.
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Subspace Identification Method under LMI Constraint

Yuma Abe, Masaki Inoue, and Shuichi Adachi

Abstract— In this paper, we propose a unified approach
to system identification that incorporates various a priori
information into an identified model. We study a class of
system properties that are expressed in terms of linear matrix
inequalities (LMIs). Then, they are combined with the subspace
identification method, and an LMI constrained optimization
problem is formulated.

I. INTRODUCTION

System identification is widely used to construct a math-
ematical model of a system from input-output data. In
standard identification methods, physical properties of the
system are not explicitly considered. If such properties are
available as a priori information and incorporated them into
the identified model, we can improve the accuracy of the
modeling. In this paper, we propose a subspace identification
method that involves a priori information of the system.

Subspace identification methods [1] with a priori in-
formation such as positive realness or pole location, have
been studied in e.g., [2], [3]. In these methods, a priori
information is expressed in terms of the solution of linear
matrix inequalities (LMIs) on system matrices. The LMIs
are imposed on a least squares problem that appears in the
conventional subspace identification method. By solving this
LMI-constrained least squares problem, we obtain system
matrices that satisfies the properties given as a priori infor-
mation.

In this paper, we propose a unified approach to subspace
identification method that incorporate various a priori in-
formation into the identified model. By introducing a cost
function of the subspace identification method, we focus on
a class of system properties that are expressed in terms of
LMIs. Then, they are combined with the subspace identifica-
tion method, and an LMI constrained optimization problem
is formulated. This method is applicable to various LMI
constraints which express system properties.

Notation: In, On, and On,m denote the n × n identity
matrix, n×n zero matrix, and n×m zero matrix, respectively.
For a matrix X , ∥X∥F and X+ denote the Frobenius norm
and the Moore-Penrose pseudo-inverse matrix, respectively.

II. SYSTEM DESCRIPTION

We consider a discrete-time linear dynamical system Σ
described by

Σ:

{
xk+1 = Axk +Buk,

yk = Cxk +Duk,
(1)

Y. Abe, M. Inoue, and S. Adachi are with Faculty of Science and Tech-
nology, Keio University, 3-14-1, Hiyoshi, Kohoku-ku, Yokohama, 223-8522,
Japan. yuma.abe@keio.jp, minoue@appi.keio.ac.jp,
adachi@appi.keio.ac.jp

where k is the discrete time, xk ∈ Rn is the state, uk ∈ Rm

is the input, and yk ∈ Rp is the output, and A ∈ Rn×n, B ∈
Rn×m, C ∈ Rp×n, and D ∈ Rp×m are the constant matrices.

The purpose of the subspace identification method is to
estimate the system matrices (A,B,C,D) from the input-
output data.

III. SUBSPACE IDENTIFICATION USING
A PRIORI INFORMATION

In this section, we formulate an LMI-constrained opti-
mization problem in order to incorporate a priori infor-
mation into the identified model. We utilize the estimated
state sequence-based approach as the subspace identification
method.

We define input and output matrices as

Uk :=
[
uk uk+1 · · · uk+τ−1

]
∈ Rm×τ ,

Yk :=
[
yk yk+1 · · · yk+τ−1

]
∈ Rp×τ ,

where k + τ − 1 ≤ N holds. By some singular value
decomposition-based algorithms such as Canonical Variate
Analysis (CVA, [4]) or Numerical algorithms for Subspace
State Space System Identification (N4SID, [5]), we obtain
estimated state sequence matrices

Xk+1 :=
[
xk+1 xk+2 · · · xk+τ

]
∈ Rn×τ ,

Xk :=
[
xk xk+1 · · · xk+τ−1

]
∈ Rn×τ .

For these matrices Uk, Yk, Xk, and Xk+1, the matrix equality[
TXk+1

Yk

]
=

[
TAT−1 TB
CT−1 D

] [
TXk

Uk

]
(2)

holds, where T ∈ Rn×n is a nonsingular matrix. From
this matrix equality, we estimate the system matrices
(Â, B̂, Ĉ, D̂) as[

Â B̂

Ĉ D̂

]
=

[
TXk+1

Yk

] [
TXk

Uk

]+
, (3)

in which the state space is arbitrarily specified with the
chosen T . To combine a priori information with the subspace
identification method, we define a cost function J1 =
J1(T,A,B,C,D) described as

J1 :=

∥∥∥∥[ TXk+1

Yk

]
−
[

TA TB
C D

] [
Xk

Uk

]∥∥∥∥2
F

. (4)

By introducing this cost function, the identification problem
becomes a least squares problem, and the system matrices
are obtained by minimizing J1.

We consider the following problem to construct a model
that satisfies a priori information from the given input-output
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data. Suppose that a priori information is expressed as a
set of matrix inequality on system matrices, denoted by
SMI(P,A,B,C,D) in the following discussion.

Problem 1: For given Uk, Yk, Xk, and Xk+1, find

(P̂ , Â, B̂, Ĉ, D̂) = arg min
(P,A,B,C,D)

J1(T,A,B,C,D)

subject to SMI(P,A,B,C,D).

Suppose that P is nonsingular and any matrix inequality in
SMI is linear in PA,PB,C,D, and P . Then, letting T = P
and replacing

Q = PA, R = PB,

we reduce J1(T,A,B,C,D) to J2(P,Q,R,C,D), which is
described as

J2 :=

∥∥∥∥[ PXk+1

Yk

]
−
[

Q R
C D

] [
Xk

Uk

]∥∥∥∥2
F

. (5)

In addition, any matrix inequality in SMI becomes LMI
on P,Q,R,C, and D. The set of the LMIs are denoted
by SLMI(P,Q,R,C,D). Then, Problem 1 reduces to the
following problem.

Problem 2: For given Uk, Yk, Xk, Xk+1, find

(P̂ , Q̂, R̂, Ĉ, D̂) = arg min
(P,Q,R,C,D)

J2(P,Q,R,C,D)

subject to SLMI(P,Q,R,C,D).

By the solution (P̂ , Q̂, R̂, Ĉ, D̂) to Problem 2, we obtain
the solution (P̂ , Â, B̂, Ĉ, D̂) to Problem 1 with T = P as

Â = P̂−1Q̂, B̂ = P̂−1R̂.

We show an illustrative example of a matrix inequality
that is in SMI. The stability condition of the system is given
as follows: There exists a positive definite symmetric matrix
P ∈ Rn×n such that a matrix inequality

A⊤PA− P < 0

holds. A set of the inequalities{
P > 0, A⊤PA− P < 0

}
⊂ SMI.

For P > 0, this condition is equivalent to[
P A⊤P
PA P

]
> 0

by the Schur complement. This matrix inequality is linear in
PA. Let Q = PA, then{

P > 0,

[
P Q⊤

Q P

]
> 0

}
⊂ SLMI.

By solving the reduced Problem 2, we obtain the system
matrices that construct a stable system.

IV. CONCLUSION AND FUTURE WORK

In this paper, we proposed a unified subspace identification
method that involves a priori information. We found a class
of matrix inequalities that were combined with the subspace
identification problem, and formulated an LMI-constrained
optimization problem, as in Problem 2.
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Ladenheim’s Catalogue: group action, equivalence and realisation

Alessandro Morelli1 and Malcolm C. Smith1

Abstract— This paper provides a new outlook on the clas-
sification of the positive-real biquadratic functions which can
be realised by five-element RLC networks with at most two
reactive elements—the networks of the “Ladenheim catalogue”.
A group action is defined on this set, and the resulting partition
into orbits is determined. For each orbit, the set of impedances
that can be realised may be derived in explicit form as a
semialgebraic set. Based on such derivations, the complete set of
equivalences for the catalogue may be determined. An example
of the derivation of the semialgebraic set for a given network
is provided.

Index Terms— Network synthesis, electrical networks,
positive-real functions, semialgebraic set, biquadratic
impedances.

AMS subject classification— 94C05, 14P05, 93C05

I. LADENHEIM’S CATALOGUE

The first systematic attempt to classify simple RLC net-
works by exhaustive enumeration appears to be the Master’s
thesis of Ladenheim [1]. All networks with at most five
elements and at most two reactive elements are considered.
It is shown that there are 148 networks which are essentially
distinct. It is further shown that some simple transformations
allow some of the networks to be reduced to equivalent ones
with fewer elements. In this way the set is reduced to 108
distinct networks, which may be viewed as the “canonical”
set.

The need for a fresh study of the catalogue was advocated
independently in [2] and [3]. In [2] the notion of a regular
positive real function was introduced. It was shown that
all but two of the 108 Ladenheim networks realise regular
biquadratics. The remaining two (#70 and #95) are capable
of realising some but not all regular biquadratics, as shown
by considering a canonical form for biquadratics. It was
further shown that just 6 networks are needed to realise all
the regular biquadratic positive real functions. Hence, any
impedance realisable by the Ladenheim class can be realised
by one of 8 networks from the class.

Despite the results of [2], open questions remain about
the catalogue. For many networks in the class, the actual
set of impedance functions that the network can realise is
not known, or not known in explicit form. Some networks
are known to be equivalent to others—but the full set of
equivalences is yet to be determined. Further, the smallest
generating set for the catalogue is not known. The present
paper seeks to remedy this situation.

1Department of Engineering, Trumpington Street, Cambridge CB2 1PZ,
U.K. am2422@cam.ac.uk, mcs@eng.cam.ac.uk

II. FORMAL DEFINITION OF THE CATALOGUE

Abstractly we can think of the Ladenheim catalogue X as
a set containing 108 elements. The individual elements can
be defined with varying levels of structure:

1) An oriented graph with two external terminals (the
driving-point terminals) in which each branch consists
of one of three types of elements (resistor, capacitor
and inductor) with at most 3 resistors and the sum of
the capacitors and inductors being no greater than 2.

2) A set of oriented graphs with a fixed structure as
described in 1., but with the branch element parameters
varying over all real positive numbers.

Mostly in this paper we are considering an element to have
the additional structure defined in 2., namely each element is
actually a set. We refer to each element in the catalogue as a
network, with network numbers according to the Ladenheim
enumeration.

III. EQUIVALENT NETWORKS

Corresponding to each network there is an impedance
function which is a biquadratic function (or possibly bilinear
or constant):

Z(s) =
As2 +Bs+ C

Ds2 + Es+ F
, (1)

where A,B, . . . , F ≥ 0. We are interested to determine
the set of impedance functions that a given network can
realise. Our first claim is that the set of real numbers that the
coefficients A, B, . . . , F may assume for a given network
is a semialgebraic set. This can be seen as follows. For a
given network, the impedance Z(s) can be computed as a
biquadratic in s with coefficients that are polynomial func-
tions of the network parameters R1, R2, L1, . . . etc. Equating
this expression with (1) leads to 6 polynomial equations
of the form A = kf1(R1, R2, . . .) etc for some positive
constant k. In addition there are (up to) 6 inequalities:
k > 0, R1 > 0 etc. Taken together these comprise (up to)
6 polynomial equations and 6 polynomial inequalities in the
(up to) 12 variables, which define a semialgebraic set in the
12 parameters (variables). If we project this set onto the first
6 parameters A, B, . . . then we obtain again a semialgebraic
set using the Tarski-Seidenberg theorem. We denote this set
by Sn where n is the network number.

We define two networks #n and #m to be equivalent if
Sn = Sm. Our goal in this programme of work is to de-
termine the complete set of equivalences for the Ladenheim
catalogue. We mention that various equivalences are already
familiar from classical circuits.
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IV. CANONICAL FORM FOR BIQUADRATICS

The analysis of the 5-element networks in the Ladenheim
catalogue is aided by a canonical form for biquadratics.
For the impedance Z(s) two simple transformations can be
defined:

1) Multiplication by a constant α,
2) Frequency scaling: s→ βs.

These transformations correspond to scalings of the networks
parameters: R → R/α,L → L/ (αβ) , C → αC/β [2].
With such transformations the biquadratic (1) can always be
reduced to the canonical form:

Zc(s) =
s2 + 2U

√
Ws+W

s2 +
(

2V/
√
W
)
s+ 1/W

, (U, V,W > 0) . (2)

Following [2], the semialgebraic set Sn will be further
reduced to a semialgebraic set Tn in the 3 variables U , V
and W .

V. GROUP ACTIONS

The classification of networks is further facilitated by the
following transformations on the impedance Z(s):

1) Frequency inversion: s→ s−1,
2) Impedance inversion: Z → Z−1.

As noted in [2], the first transformation corresponds to
replacing inductors with capacitors of reciprocal values (and
vice versa), and the second to taking the network dual.
We refer to these transformations as f and d. We further
define a transformation which is the composition of the two:
p = fd. Defining in addition the identity element e we see
that G = {e, f, d, p} is in fact the Klein 4-group. We may
then define a group action on X by: x→ gx, where x ∈ X
and g ∈ G. This group action induces a partition on X into
orbits. In our case the orbits comprise 1, 2 or 4 elements. In
[2] these orbits were referred to as quartets and it was noted
that sometimes quartets could reduce to 2 or 1 element(s).

VI. REALISABILITY

Our approach to the classification of the Ladenheim cata-
logue will be to determine the equivalence classes induced by
the equivalence relation defined in Section III and to further
identify the orbits of the equivalence classes induced by the
group action G.

To achieve this end we need to determine the semial-
gebraic sets Sn or Tn for all networks in X . However, it
should be noted that we only need to determine the set for a
single element of an orbit. Furthermore, a number of network
equivalences are known a priori, which further reduces the
task.

VII. EXAMPLE

By way of illustration, we determine the semialgebraic
set Sn for network #60, a two-reactive five-element bridge
network belonging to a two-element orbit, shown in Fig. 1.
As proven in Lemma 3 in [2], this orbit can only realise
regular impedances.

Fig. 1. Two-reactive five-element bridge network orbit which consists of
two distinct networks (#60 and #85).

Theorem 1: The positive-real biquadratic impedance (1)
with A, B, C, D, E, F > 0 can be realised as in Fig. 1,
with R1, R2, R3, L1 and L2 positive and finite, if and only
if

AF − CD > 0 , (3)
η < 0 , (4)

where

η = (AF + CD)2 − (AE −BD)(BF − CE) . (5)

If conditions (3)–(4) are satisfied, then R1 is either of the
two positive roots of the quadratic equation in x

c1 x
2 + c2 x+ c3 = 0 , (6)

where

c1 = DF (η −B2DF ) , (7)
c2 = −(AF + CD) η + 2ABCDEF , (8)

c3 = AC (η −ACE2) , (9)

and

R2 =
CR1

FR1 − C
, (10)

R3 =
A

D
−R1 , (11)

L1 =
R1R2[E(R1R2 +R1R3 +R2R3)−B(R1 +R2)]

C(2R1R2 +R1R3 +R2R3 +R2
1)

,

(12)

L2 =
R1R2[−ER2(R1 +R3) +B(R1 +R2 +R3)]

C(2R1R2 +R1R3 +R2R3 +R2
1)

.

(13)
Proof: Necessity. The impedance of the network shown

in Fig. 1 is a biquadratic, which can be computed as

Z(s) =
n(s)

d(s)
, (14)

where

n(s) = L1L2(R1 +R3)s2 +
(
L2(R1R2 +R1R3 +R2R3)

+R2L1(R1 +R3)
)
s+R1R2R3 ,

d(s) = L1L2s
2 +

(
L2(R1 +R2)

+ L1(R1 +R2 +R3)
)
s+R3(R1 +R2) .
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Equating impedance (14) with (1), we obtain

L1L2(R1 +R3) = kA , (15)
L2(R1R2 +R1R3 +R2R3) +R2L1(R1 +R3) = kB ,

(16)
R1R2R3 = kC , (17)
L1L2 = kD , (18)
L2(R1 +R2) + L1(R1 +R2 +R3) = kE , (19)
R3(R1 +R2) = kF , (20)

where k is a positive constant. It can be calculated that

AF − CD =
L1L2R3

k2
(R2

1 +R1R3 +R2R3) ,

hence (3) is necessary. From (17) we obtain

k =
R1R2R3

C
. (21)

Substituting (21) into (16) and (19), and combining the two
equations, we obtain (12) and (13). Eliminating L1L2 from
(15) and (18) we obtain (11), and substituting (11) into (20)
we get (10). We now have expressions for elements R2, R3,
L1, L2 which only contain R1, together with A, B, C, D,
E and F . Substituting such expressions into (15) we obtain
the quadratic equation (6). The discriminant of (6) is

∆ = (AF + CD)2 (η − 4ACDF ) η . (22)

We know from [4] that the resultant

K = (AF − CD)2 − (AE −BD)(BF − CE) (23)

of the numerator and denominator in (1) is negative for RL
networks. Also, it can be easily shown that

K = η − 4ACDF . (24)

Hence, in order for the discriminant (22) to be nonnegative,
(4) is necessary. Assuming (4), it can be easily seen that
coefficients c1 and c3 in (6) are both negative, while c2
is positive. Therefore the equation has two real positive roots.

Sufficiency. Given a positive-real impedance (1) with
A, B, C, D, E, F > 0, satisfying (3)–(4), we can calculate
two sets of solutions for R1, R2, R3, L1, L2 and k using (6),
(10)–(13), and (21). From (3)–(4), the following conditions
hold:

BF − CE > 0 , (25)
AE −BD > 0 . (26)

Denoting the two solutions of (6) as R1a and R1b , with
R1a ≥ R1b , we will now show that

R1b > C/F , (27)
R1a < A/D , (28)

meaning that the two different solutions for both R2 and R3

are positive (see (10) and (11)). From (6), inequality (27) is
equivalent to

(AF + CD)
√

(η − 4ACDF ) η < −(AF − CD) η

+2BCDF (AE −BD) , (29)

and we note that both sides of (29) are guaranteed to be
positive. Hence, we can square both sides and, after some
manipulation, reduce the inequality to

4C2DF (AE −BD)2 (η −B2DF ) < 0 ,

which always holds. Similarly, inequality (28) reduces to

4A2DF (BF − CE)2 (η −B2DF ) < 0 ,

which always holds.
We now verify that both solutions for L1 and L2 are

positive. From (12) and (13), this holds providing:

R1b >
ABC

A(BF − CE) +BCD
, (30)

R1a <
F (AE −BD) + CDE

DEF
. (31)

Inequality (30) reduces to

γ1
√

(η − 4ACDF ) η < −γ1 η + 2ABCDF (AF + CD) ,
(32)

where
γ1 = A(BF − CE) +BCD . (33)

By virtue of (25), γ1 is positive, meaning that both sides of
(32) are positive. Hence, we can square both sides and, after
some manipulation, reduce the inequality to

4A2C2DF (BF − CE) (AF + CD)2 (AE −BD)

×(η −B2DF ) < 0 ,

which always holds. Similarly, inequality (31) reduces to

4D3F 3 (BF − CE) (AF + CD)2 (AE −BD)

×(η −B2DF ) < 0 ,

which always holds.
Therefore the values of the five elements and the constant
k are all positive, for both sets of solutions. �

�1

Fig. 2. Impedances (2) that can be realised by the network shown in Fig. 1,
with W = 0.5.
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The realisable region for network #60 expressed in terms
of the canonical form is shown in the (U, V )-plane in Fig. 2.
From [2], the shaded region in Fig. 2, corresponding to

σc = 4UV + 2− (1/W +W ) < 0 ,

represents non positive-real biquadratics. The region inside
the dashed lines, corresponding to λc > 0 and/or λ†c > 0,
where

λc = 4UV − 4V 2W − (1/W −W ) ,

λ†c = 4UV − 4U2W − (1/W −W ) ,

represents regular biquadratics for W ≤ 1, where the concept
of regularity and its properties can be found in [2]. Based on
Theorem 1, the realisable region for network #60 corresponds
to the region

ηc = 4U2 + 4V 2 − 4UV

(
1

W
+W

)
+

(
1

W
+W

)2

< 0 .
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Kron-based model reduction of physical network systems

Arjan van der Schaft

Abstract— This work focusses on structure-preserving model
reduction of physical network systems using Kron reduction.
It is well-known that any Schur complement of a symmet-
ric weighted Laplacian matrix results in another symmetric
weighted Laplacian matrix. The same turns out to hold for an
asymmetric Laplacian matrix, and for a balanced asymmetric
Laplacian matrix. Kron reduction is also shown to have close
relations with recently studied notions of effective resistance.
Kron reduction yields a method for model reduction of physical
network systems, where the Hamiltonian (stored energy) may
be non-quadratic, corresponding to nonlinear dynamics. In
the present paper close attention is paid to the relation of
Kron reduction with singular perturbation balanced model
reduction of physical network dynamical systems; in particular
for network systems described as gradient or reciprocal port-
Hamiltonian systems.

I. EXTENDED ABSTRACT

Kron reduction originates in electrical circuit and power
network theory, and in its simplest form allows to eliminate
internal vertices in a resistive electrical network, and to
produce another resistive network which is equivalent to the
original network from the point of view of the remaining
vertices [4], [12]. Applied to physical network systems it
means that the time-derivatives of the storage variables at
a subset of the vertices are set equal to zero, which often
amounts to the time-separation assumption that the state
variables corresponding to these vertices will reach their
steady state values much faster than at the other vertices.

A. Mass-damper systems

Consider the, perhaps simplest, example of a physical
network system given by an actuated mass-damper system
[13]

ṗ = −BRBTM−1p+ Eu, p ∈ Rn, u ∈ Rm

y = ETM−1p,
(1)

where B is the incidence matrix of the graph [1], [5] with
nodes associated to the masses, and edges to the dampers
[16]. Suppose one can split the vector of momenta p into a
sub-vector ps of slow variables and a sub-vector pf of fast
variables, i.e.,

p =

[
ps
pf

]
, ps ∈ Rns , pf ∈ Rnf , ns + nf = n

Denote the corresponding diagonal subblocks of M by Ms

and Mf and of E by Es and Ef , and split the incidence

A.J. van der Schaft is with Johann Bernoulli Institute for Mathe-
matics and Computer Science, Jan C. Willems Center for Systems and
Control, University of Groningen, 9747AG Groningen, The Netherlands,
a.j.van.der.schaft@rug.nl

matrix as
B =

[
Bs

Bf

]
leading to[
ṗs
ṗf

]
= −

[
BsRB

T
s BsRB

T
f

BfRB
T
s BfRB

T
f

] [
M−1

s 0
0 M−1

f

] [
ps
pf

]
+

[
Es

Ef

]
u

y =
[
ET

s ET
f

] [M−1
s 0
0 M−1

f

] [
ps
pf

]
(2)

Now assume that pf will reach its steady state value much
faster than ps, in the sense that in the time-scale of the
dynamics of the ’slow’ variables ps the ’fast’ variables pf
will always be at their steady-state value corresponding to

0 = ṗf =
= −BfRB

T
s M

−1
s ps −BfRB

T
f M

−1
f pf + Efu

Solving for M−1
f pf then leads to the reduced system in the

slow variables

ṗs = −[BsRB
T
s −BsRB

T
f (BfRB

T
f )−1BsRB

T
f ]M−1

s ps

+Êu

y = ÊTM−1
s ps

(3)
where Ê := Es + BsRB

T
f (BfRB

T
f )−1Ef . (Note that we

make here the assumption that the ’fast’ vertices do not form
a connected component of the graph, implying that the sub-
matrix BfRB

T
f of the Laplacian matrix is invertible; see e.g.

[12].)
The matrix BsRB

T
s − BsRB

T
f (BfRB

T
f )−1BsRB

T
f is a

Schur complement of the Laplacian matrix BRBT . As such
it is again [4], [12] a weighted Laplacian matrix, that is

BsRB
T
s −BsRB

T
f (BfRB

T
f )−1BsRB

T
f = B̂R̂B̂T ,

where B̂ is the incidence matrix of a reduced graph with
vertex set the set of ’slow’ vertices, i.e., the vertices cor-
responding to the slow state variables xs. The edge set of
this reduced graph may be quite different from the edge set
of the original graph; in particular, new edges may arise
between the slow vertices. Furthermore, R̂ is a diagonal
matrix defining the weights of the reduced graph.

Crucial questions from an approximation point of view are
how to separate into slow and fast vertices, and what can be
said about the approximation properties of the reduced sys-
tem. From an eigenvalue point of view the light masses are
candidates for fast vertices, because the convergence of their
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momenta to steady state will be fast compared to the heavy
masses (assuming that the variation of damping constants
in the network is not too large). Also the comparison with
clustering-based reduction [7], [13] is of interest.

Another question concerns the extension of the Kron
reduction approach to mass-spring-damper systems [16], also
in connection with related work on model reduction of power
networks known under the name of slow-coherency theory
[3], [2], [9].

Kron reduction of mass-(spring-)damper systems is easily
generalized to nonlinear physical network systems, such as
mass action kinetics chemical reaction networks [17], [8], or
to power networks described by the swing equations, see e.g.
[14].

B. Non-symmetric Laplacians

Physical networks do not always correspond to symmetric
Laplacians BRBT as above. In fact, many distribution
networks (including subclasses of transportation networks)
are of the form [18] (assuming no in/outflows)

ẋ = −L∂H
∂x

(x), (4)

where L is a (non-symmetric) matrix with nonnegative
diagonal elements and nonpositive off-diagonal elements
satisfying 1TL = 0. Such a matrix will be called a flow-
Laplacian matrix. Furthermore, H is a separable energy
function, that is, H(x) = H1(x1) + · · ·+Hn(xn).

Note that a flow-Laplacian matrix L does not necessarily
satisfy L + LT ≥ 0, and consequently the energy H , even
if it is bounded from below, is not necessarily a Lyapunov
function for (4). In fact a flow-Laplacian matrix L satisfies
L + LT ≥ 0 if and only if it is balanced; that is, not only
1TL = 0 but also L1 = 0.

In case the graph is strongly connected Kirchhoff’s Matrix
Tree theorem yields an explicit expression of a vector σ ∈
Rn

+ satisfying Lσ = 0. It follows [18] that the transformed
matrix

L := LΣ, (5)

where Σ is the n× n-dimensional diagonal matrix with di-
agonal elements σ1, · · · , σn, is a balanced Laplacian matrix.
Hence we can rewrite the dynamics (4) as

ẋ = −L∂H
∂x

(x), (6)

with the separable transformed energy function H(x) =
H1(x1) + · · ·+Hn(xn) defined by σiHi(xi) = Hi(xi), i =
1, · · · , n. In case the original energy function H is bounded
from below also H is bounded from below, and thus defines
a Lyapunov function, since

d

dt
H(x) = −∂

TH
∂x

(x)L∂H
∂x

(x) ≤ 0

In this talk we will demonstrate that taking Schur com-
plements of a (balanced) flow-Laplacian matrix leads to a
(balanced) flow-Laplacian matrix.

Furthermore, we will discuss the close relationship of
Kron reduction and Schur complements of a flow-Laplacian

matrix with a notion of effective resistance. In particular,
we will give a direct extension of the classical definition of
effective resistance for symmetric Laplacians to the case of
balanced flow-Laplacian matrices.

C. Relation with singular perturbation balancing of gradient
and reciprocal port-Hamiltonian systems

Finally we discuss the close relationship of Kron reduc-
tion with model reduction based on singular perturbation
balancing; in particular for the case of physical network
systems given as gradient or reciprocal port-Hamiltonian
systems [11], [14]. Note that in [10] it was shown that
model truncation based on balancing of gradient systems
again leads to gradient systems. The same holds for singular
perturbation balancing.
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Clustering-Based Model Order Reduction for Multi-Agent Systems with
General Linear Time-Invariant Agents

Petar Mlinarić Sara Grundel Peter Benner

Abstract— In this paper, we extend our clustering-based
model order reduction method for multi-agent systems with
single-integrator agents to the case where the agents have
identical general linear time-invariant dynamics. The method
consists of the Iterative Rational Krylov Algorithm, for finding
a good reduced order model, and the QR decomposition-
based clustering algorithm, to achieve structure preservation
by clustering agents. Compared to the case of single-integrator
agents, we modified the QR decomposition with column pivoting
inside the clustering algorithm to take into account the block-
column structure. We illustrate the method on small and large-
scale examples.

I. INTRODUCTION

The study of consensus and synchronization for multi-
agent systems has received considerable attention in recent
years [1], [2], [3]. In brief, multi-agent systems are network
systems that can consist of a very large number of simple and
identical subsystems, called agents. This motivates research
on clustering-based model order reduction (MOR) methods
that would reduce the large network, simplifying analysis,
simulation, and control, while preserving consensus and
synchronization properties.

We have developed a clustering-based MOR method for
multi-agent systems with single-integrator agents [4]. Here,
we generalize this method to multi-agent systems where
agents have identical, but general, linear time-invariant (LTI)
dynamics.

There are several published papers related to the work
presented here. The paper [5] extends the clustering-based
MOR method based on θ-reducible clusters from [6] to
networks of second-order subsystems, but not more general
subsystems. The controller-Hessenberg form is the basis of
the extended method and the H∞-error bound. The authors
of [7] propose a clustering method for networks of identical
passive subsystems, although it is limited to networks with
a tree structure. The reference [8] extends the expression for
the clustering-based H2-error from [9] to a class of second-
order physical network systems, when almost equitable par-
titions are used.

The outline of this paper is as follows. In Section II we
introduce the necessary background. We explain the more
general clustering method in Section III and demonstrate

P. Mlinarić, S. Grundel, and P. Benner are with Max Planck Institute for
Dynamics of Complex Technical Systems, Sandtorstr. 1, 39106 Magdeburg,
Germany. E-mails: mlinaric@mpi-magdeburg.mpg.de, grundel@
mpi-magdeburg.mpg.de, benner@mpi-magdeburg.mpg.de.

P. Mlinarić is also affiliated to the “International Max Planck Research
School (IMPRS) for Advanced Methods in Process and System Engineering
(Magdeburg)”.

it on a few examples in Section IV. We conclude with
Section V.

II. PRELIMINARIES

A. Multi-Agent Systems

We define a multi-agent system over an undirected, weight-
ed, connected graph G = (VG, EG, AG) with the set of
vertices VG = {1, 2, . . . , nG}, the set of edges EG and the
adjacency matrix AG = [aij ] ∈ RnG×nG . First, in every
vertex of the graph we define an agent

ẋi(t) = Axi(t) +Bzi(t),

yi(t) = Cxi(t),

with its state xi(t) ∈ RnA , input zi(t) ∈ RmA , and output
yi(t) ∈ RpA , for i ∈ VG. A, B, and C are real matrices of
appropriate sizes and identical for all agents, but they can
be arbitrary (later, we will constrain this choice to guarantee
the stability or synchronization of the multi-agent system).

Second, we define the inputs of individual agents, consist-
ing of a coupling term and an external input to some agents
called leaders. Let VL = {v1, v2, . . . , vmG

} ⊆ VG be the set
of leaders. Then, we define the input of the ith agent as

zi(t) :=

{
K
∑nG

j=1 aij(yj(t)− yi(t)) + uk(t), if i = vk,

K
∑nG

j=1 aij(yj(t)− yi(t)), otherwise,

where K ∈ RmA×pA and uk(t) ∈ RmA is the kth external
input, for k ∈ {1, 2, . . . ,mG}. For simplicity, we assume
that pA = mA and K = ImA

.
We find that the dynamics of the multi-agent system is

ẋ(t) = (InG
⊗A− L⊗BC)x(t) + (M ⊗B)u(t), (1)

with state

x(t) =


x1(t)
x2(t)

...
xnG

(t)

 ∈ RnGnA

and input

u(t) =


u1(t)
u2(t)

...
umG

(t)

 ∈ RmGmA ,

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

230



where L ∈ RnG×nG is the Laplacian matrix of the graph G
defined by

[L]ij :=

{∑nG

k=1 aik, if i = j,

−aij , if i 6= j,

and M =
[
ev1 ev2 · · · evmG

]
∈ RnG×mG . For the

output of the multi-agent system

y(t) = CMASx(t), (2)

we consider two possibilities. The first is

CMAS =W
1
2RT ⊗ InA

, (3)

where R ∈ RnG×pG and W ∈ RpG×pG are the incidence and
edge weights matrices of the graph G and pG is the number
of edges of the graph G. As in [9], the output in this case is
a vector of weighted differences of agents’ states across the
edges. The second is

CMAS =
[
eh1

eh2
· · · ehpG

]T ⊗ InA
, (4)

where h1, h2, . . . , hpG ∈ VG. Here, the output is a vector
of a few agents’ states. Other possibilities for the output
include replacing InA

in (3) or (4) with C, such that the
output depends of the agents’ outputs, and not states.

B. Model Order Reduction via Projection

Petrov-Galerkin projection is a general framework for
MOR techniques. Numerous methods, including balanced
truncation and moment matching (see [10] for an overview),
belong to the class of Petrov-Galerkin projection methods.
We briefly introduce this framework here.

Let

ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t),
(5)

be an arbitrary LTI system of order n, where A ∈ Rn×n, B ∈
Rn×m, and C ∈ Rp×n. Then, Petrov-Galerkin projection
consists of choosing two full-rank matrices Vr,Wr ∈ Rn×r,
for some r < n, and defining a reduced order model (ROM)
of order r by

WT
r Vr

˙̂x(t) =WT
r AVrx̂(t) +WT

r Bu(t),

ŷ(t) = CVrx̂(t).
(6)

Note that multiplying Vr and Wr on the right by nonsingular
matrices gives us an equivalent LTI system for the ROM.
Therefore, the ROM is defined by ImVr and ImWr, the
subspaces generated by the columns of Vr and Wr.

C. Projection-Based Clustering

Let π = {C1, C2, . . . , CrG} be a partition of the graph
G, i.e. of the vertex set VG. The characteristic matrix of the
partition π is the matrix P (π) ∈ RnG×rG defined by

[P (π)]ij :=

{
1, if i ∈ Cj ,
0, otherwise,

for all i ∈ VG and j ∈ {1, 2, . . . , rG} [9]. Analogously to [9]
for single-integrator agents, we define the Petrov-Galerkin
projection matrices

Vr := P (π)⊗ InA
,

Wr := P (π)
(
P (π)TP (π)

)−1 ⊗ InA
,

which achieve clustering for multi-agent systems with gen-
eral linear dynamics. To see this, notice that the ROM of the
multi-agent system (1), (2) is then

˙̂x(t) =
(
InG
⊗A−

(
PTP

)−1
PTLP ⊗BC

)
x̂(t)

+
((
PTP

)−1
PTM ⊗B

)
u(t),

ŷ(t) = CMAS(P ⊗ InA
)x̂(t),

(7)

where we use a shorter notation P := P (π). [9] shows that
the matrix

L̂ :=
(
PTP

)−1
PTLP

is the Laplacian matrix of a directed, symmetric, connected
graph, on which the reduced multi-agent system is defined.
In this sense, the network structure is preserved in the ROM.

D. Stability and Synchronization

The paper [11] analyzes the stability and synchronization
of systems such as (1). The system (1) is stable if the matrix
InG
⊗A−L⊗BC is Hurwitz, as is the usual definition. It

is shown that the matrix InG
⊗ A − L ⊗ BC is Hurwitz if

and only if A− λBC is Hurwitz for every eigenvalue λ of
L. In fact, more generally, it is shown that

σ(InG
⊗A− L⊗BC) =

⋃
λ∈σ(L)

σ(A− λBC).

The system (1) is synchronized if xi(t) − xj(t) → 0 as
t→∞, for all i, j ∈ VG and for all initial conditions when
the input u is zero. This condition is clearly equivalent to the
output stability, where the output represents the discrepancies
among the agents, such as in (3). The following Lemma
(Lemma 4.2 in [11]) gives the necessary and sufficient
condition for synchronization.

Lemma 1: Let G be an undirected, weighted, connected
graph. Then the system (1) is synchronized if and only if
A− λBC is Hurwitz for all positive eigenvalues λ of L.

Here, we are interested in synchronized multi-agent sys-
tems and how to preserve synchronization in the ROM
using clustering. Using Cauchy’s interlacing theorem (as
was done in [9]), it can be seen that the matrix L̂ has
a simple zero eigenvalue and that the other eigenvalues
are positive and lie between the positive eigenvalues of L.
We note that Lemma 1 can be extended to graphs with
Laplacian matrices having the same properties as L̂, namely
the real spectrum and the simple zero eigenvalue with the
corresponding right eigenvector of all ones. Therefore, it is
necessary and sufficient that A− λBC is Hurwitz for every
positive eigenvalue of L̂ for the ROM (7) to be synchronized.

Now we identify a sufficient condition for preserving
synchronization, independent of the partition used. Let there
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be an open interval (α, β), 0 6 α < β 6 ∞, such that
A − λBC is Hurwitz for all λ ∈ (α, β). Then, if (α, β)
contains all positive eigenvalues of L, then the original
system (1), (2) and all the ROMs (7) are synchronized. In
case α = 0 and β is finite, we can move all the positive
eigenvalues of L inside the interval (0, β) by scaling down
all the weights in the graph, which is a simple method to
ensure synchronization of the original system and the ROMs.

One interesting example of an agent is the undamped
oscillator, given by the matrices

A =

[
0 1
−k 0

]
, B =

[
0
1

]
, C =

[
c1 c2

]
.

It is easy to check that A is not Hurwitz, but that A−λBC
is Hurwitz for all λ > 0 if k > 0, c1 > 0, and c2 > 0.
Therefore, in this case α = 0 and β =∞.

III. CLUSTERING METHOD

A. H2-Optimal Model Order Reduction

In Section II-B, we introduced Petrov-Galerkin projection
as a general MOR framework, without describing how to
choose good projection matrices Vr and Wr. Here, we
formulate the H2-optimal MOR problem and refer to an
efficient method for solving it.

The H2-norm ‖·‖H2
is defined for any stable, strictly

proper transfer function H by

‖H‖2H2
=

1

2π

∫ ∞
−∞
‖H(iω)‖2F dω,

where ‖·‖F is the Frobenius norm. Let H and Ĥ denote the
transfer functions of the LTI system (5) and its ROM (6).
The H2-optimal MOR problem is

min
Vr,Wr∈Rn×r

‖H − Ĥ‖H2
,

which is known to be intractable. The Iterative Rational
Krylov Algorithm (IRKA) finds a local optimum efficiently,
and it often finds the global optimum [12].

As Section II-D indicates, we are interested in synchro-
nized systems, which means that H can have unstable poles
(poles in the closed right complex half-plane). Considering
the H2-optimal MOR problem is possible also in this case.
Clearly, for ‖H − Ĥ‖H2

to be defined, H−Ĥ is necessarily
stable. This implies that Ĥ needs to preserve the unstable
poles of H . It follows that

‖H − Ĥ‖H2 = ‖Hstab − Ĥstab‖H2 ,

where Hstab and Ĥstab are the stable parts of H and Ĥ ,
obtained by removing the unstable poles from H and Ĥ .
We conclude that the H2-optimal ROM H̃ for an unstable
system H preserves the unstable poles of H and its stable
part H̃stab is an H2-optimal ROM for Hstab.

In particular, the (absolute) H2-error is defined, but the
same is not true for the relative H2-error, since ‖H‖H2

is
not defined. By abuse of terminology, we will refer to

‖H − Ĥ‖H2

‖Hstab‖H2

as the relative H2-error, which is actually the relative H2-
error between Hstab and Ĥstab. This is an appropriate measure
of error, since the H2-optimal MOR problem for an unstable
system reduces to an H2-optimal MOR problem for the
stable part of the system.

B. H2-Suboptimal Clustering

In [4], we proposed an H2-suboptimal clustering MOR
method for multi-agent systems with single-integrator agents.
The method combines IRKA and a QR decomposition-based
clustering algorithm introduced in [13].

We apply the clustering algorithm to the Petrov-Galerkin
projection matrices obtained from IRKA. The motivation for
this comes from the constraint

ImVr = ImP (π)

which the ROM needs to satisfy. An equivalent constraint is

Vr = P (π)Z,

with some nonsingular Z ∈ RrG×rG . Observing a simple
example for P (π) with π = {{1}, {2, 3}, {4, 5, 6}} (nG = 6,
rG = 3):

P (π) =


1 0 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1

 ,

we find that

Vr = P (π)Z =


1 0 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1


z1z2
z3

 =


z1
z2
z2
z3
z3
z3

 ,

where zi ∈ R1×3, i ∈ {1, 2, 3}, are the rows of Z ∈ R3×3.
From this, we see that the rows of Vr are equal if and only
if the corresponding agents are in the same cluster. This
motivates the idea to cluster the rows of Vr obtained from
IRKA to find a H2-suboptimal partition π. Furthermore, the
rows of Z are linearly independent, which suggests using QR
decomposition with column pivoting on V Tr . This clustering
algorithm was introduced in [13] and is given in Algorithm 1.

Now we try to see if the same reasoning can give us
a clustering method for multi-agent systems with general
agents. Using the same example as before, with agents of
arbitrary order nA, we have

Vr = (P (π)⊗ InA
)Z

=


InA

0 0
0 InA

0
0 InA

0
0 0 InA

0 0 InA

0 0 InA


Z1

Z2

Z3

 =


Z1

Z2

Z2

Z3

Z3

Z3

 ,
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Algorithm 1 Clustering using QR decomposition with col-
umn pivoting [13], [4]

Input: Matrix V ∈ Rn×r of rank r
Output: Partition π such that ImP (π) ≈ ImV

1: Compute the QR decomposition of V T , i.e. find an
orthogonal Q ∈ Rr×r, an upper-triangular R ∈ Rr×n,
and a permutation matrix P ∈ Rn×n such that V TP =
QR

2: Let R =
[
R11 R12

]
, where R11 ∈ Rr×r is upper-

triangular and R12 ∈ Rr×(n−r)
3: Solve a triangular system R̃12 = R−111 R12

4: Compute Ṽ = P
[
Ir R̃12

]T
= [ṽij ] ∈ Rn×r

5: Find a partition π = {C1, C2, . . . , Cr} such that i ∈ Cj
if and only if j = argmaxk |ṽik|

6: Return π

Algorithm 2 QR decomposition with column pivoting for
matrices with block-columns

Input: Matrix X ∈ Rkr×kn of full rank, where n, r, k ∈
N and r < n
Output: Orthogonal matrix Q, upper-triangular matrix
R, and permutation matrix P such that XP = QR

1: Denote X =
[
X1 X2 · · · Xn

]
, where Xi ∈ Rkr×k

2: Find a block-column Xi with the largest Frobenius norm
and swap it with X1

3: Perform QR decomposition with column pivoting on X1,
i.e. find an orthogonal Q1 ∈ Rkr×kr, an upper-triangular
R1 ∈ Rkr×k, and a permutation matrix P1 ∈ Rk×k such
that X1P1 = Q1R1

4: Multiply all block-columns in X from the right by P1

5: Multiply X from the left by QT1
6: Repeat the procedure for X(k + 1 : kr, k + 1 : kn),

which computes the matrices Qi, Ri, and Pi, for i ∈
{2, 3, . . . , r}

7: Return Q = Q1Q2 · · ·Qr, R = X , and P with all of
the column permutations recorded

where Zi ∈ RnA×3nA , i ∈ {1, 2, 3}, are the block-rows
of Z ∈ R3nA×3nA . Here, we conclude that the block-rows
of Vr determine the clusters. This motivates us to modify
the method in Algorithm 1 such that it clusters the block-
rows of Vr. We see that we need to modify the QR decom-
position algorithm with column pivoting used in line 1 of
Algorithm 1, since applying column permutations can break
the block-column structure we found in [(P (π)⊗ InA

)Z]T .
Therefore, we have to limit the possible column permutations
that are performed on V Tr . This modified method is presented
in Algorithm 2. Additionally, in line 5 of Algorithm 1,
the absolute value needs to be replaced by a matrix norm
(we use the Frobenius norm) of the nA × nA blocks in

Ṽ = P
[
IrGnA

R̃12

]T
and indices i, j, k need to represent

the positions of the blocks.
Algorithm 1 returns the correct partition when ImVr =

ImP (π) (Lemma 1 in [4]). Analogously, it can be proved
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Fig. 1. Example of a multi-agent system defined on an undirected,
weighted, connected graph. Vertices 6 and 7 are leaders. [9]

that the modified algorithm returns the correct partition when
ImVr = Im(P (π) ⊗ InA

). Therefore, we expect for the
modified algorithm to find a partition close to optimal when
ImVr is close, in some sense, to Im(P (π)⊗ InA

).
We proved in [4] that Algorithm 1 is of linear complexity

in the number of agents and quadratic in the number of
clusters. Since the QR decomposition is computationally the
most expensive part, we conclude that the same is true for
the modified algorithm, except that it is further of cubic
complexity in the order of the agent, since Vr is of size
nGnA× rGnA. Therefore, if agents are large-scale systems,
it is sensible to apply MOR to agents before clustering. We
will not consider agent reduction here, but it is an interesting
problem for future work.

IV. NUMERICAL EXAMPLES

A. Small-Scale Example

We use the example from [9], shown in Figure 1, except
that the agents are undamped oscillators:

A =

[
0 1
−1 0

]
, B =

[
0
1

]
, C =

[
1 1

]
.

Therefore, the multi-agent system (1), (3) has n = nGnA =
10 · 2 = 20 states, m = mGmA = 2 · 1 = 2 inputs, and
p = pGnA = 15 · 2 = 30 outputs.

Let us fix the number of clusters to rG = 5. Thus, the
reduced order is r = rGnA = 10. The matrix InG

⊗ A −
L⊗BC is not Hurwitz, but unstable poles are unobservable.
Therefore, we can directly use IRKA, which converges to a
ROM of order r in under 30 iterations, with the relative H2-
error of 7.149 · 10−3. Block-row clustering of the projection
matrix Vr generated by IRKA returns the partition

{{1}, {2, 3, 4, 8, 9, 10}, {5}, {6}, {7}},

where the corresponding ROM produces the relative H2-
error of 0.2130. The H2-optimal partition with five clusters
(there are 42 525 partitions of the set {1, 2, . . . , 10} with five
clusters) is

{{1, 2, 3, 4}, {5, 8}, {6}, {7}, {9, 10}},
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with the relative H2-error of 0.1395.
Since all the multi-agent systems here are synchronized

and not stable, we had to remove unstable states, which are
also unobservable, before computing the H2-norms. We can
see that {1 ⊗ e1,1 ⊗ e2} spans the unstable subspace of
I⊗A−L⊗BC, where 1 is a vector of ones and e1, e2 ∈ R2

are canonical vectors. Therefore, we find that the following
sparse projection matrices Vstab,Wstab ∈ Rn×(n−2)

Vstab =

I0
0

 , Wstab =

 I
−1T ⊗ eT1
−1T ⊗ eT2


remove unstable states.

B. Large-Scale Example

We randomly generated an undirected, unweighted, con-
nected graph using the following Python 2.7.10 code (with
NetworkX 1.10, NumPy 1.10.4, and SciPy 0.16.1 modules)

import networkx as nx
G = nx.powerlaw_cluster_graph(1000, 2, 0.5, seed=0)
L = nx.laplacian_matrix(G)

where the Holme-Kim algorithm [14] is utilized. The result-
ing graph has 1000 vertices and 1996 edges. We decided for
the multi-agent system with the dynamics in (1), where the
agents are undamped oscillators as in the previous example
and the leaders are the first three agents. For the output, we
chose (4), containing the states of the fourth and fifth agents,
i.e.

y(t) =
([
e4 e5

]T ⊗ I2)x(t).
Thus, the number of states, inputs, and outputs are n = 2000,
m = 3, and p = 4.

We notice that the unstable states are now observable.
Therefore, to apply IRKA, we need to remove the unstable
states. We achieve this using sparse projection matrices
Vstab,Wstab ∈ Rn×(n−2) defined above. Let VIRKA,WIRKA ∈
R(n−2)×r denote the projection matrices computed by IRKA.
Instead of applying the clustering algorithm to VstabVIRKA,
where the last two rows are always zero, we computed the
SVD decomposition of[

VstabVIRKA WstabWIRKA
]
∈ Rn×2r

and applied the clustering algorithm to the first r left
singular vectors, since they span the dominant r-dimensional
subspace.

We observed that IRKA does not converge (in under 100
iterations) and even returns unstable ROMs for larger reduced
orders. Despite this, we noticed that using two iterations
of IRKA already returns a good partition and that using
more iterations does not significantly improve the H2-error
associated with the resulting partition (we observed the same
behavior when using output (3), with 2 · 1996 outputs).
Figure 2 reports relative H2-errors due to clustering for
different numbers of clusters. All H2-norms are computed
with respect to the stable parts.
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Fig. 2. Relative H2-errors when clustering a multi-agent system with 1000
agents.

V. CONCLUSION

We presented an extension of our method, combining
IRKA and a clustering algorithm, for clustering-based MOR
of multi-agent systems where agents have identical general
LTI dynamics. Heuristically, it appears that this method
finds a partition close to the optimal. We demonstrated
this on a small-scale example, where the obtained partition
results in the H2-error of the same order of magnitude as
the optimal. Furthermore, we showed that this method is
applicable to multi-agent systems with a large number of
agents of small to medium order. We illustrated this on a
large-scale example with 1000 agents of second order. A
theoretical explanation that shows when the algorithm finds
a partition close to optimal remains an open problem for
future work. Combining the clustering method with the MOR
of agents is an interesting problem for future work.
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Stabilization of coupled wave equations with boundary or internal
distributed delay*

Wassila Ghecham1, Salah-Eddine Rebiai1 and Fatima Zohra Sidi Ali 1

Abstract— We consider in a bounded domain of Rn, a coupled
system of two wave equations with distributed delay on the
boundary or into the domain. In both cases, under some
assumptions, we prove the exponential stability of the solution.
These results are obtained by introducing suitable energy
functions and by establishing some observability estimates.

Keywords. Coupled wave equations, time delays, stabi-
lization.
AMS subject classifications. 93D15, 35L05.

I. SYSTEMS DESCRIPTION AND STATEMENT OF THE MAIN
RESULTS

Let Ω be an open bounded domain of Rn with sufficiently
smooth boundary Γ. Let {Γ1,Γ2} be a partition of Γ defined
by

Γ1 = {x ∈ Γ;m(x).ν(x)≤ 0} (1)
Γ2 = {x ∈ Γ;m(x).ν(x)> 0} (2)

where ν(.) is the unit normal vector to Γ pointing towards
the exterior of Ω, m(x) = x− x0 and x0 is a fixed point in
the exterior of Ω such that

Γ1∩Γ2 = /0

In Ω, we consider the following coupled system of two wave
equations with dissipative boundary conditions of delay type:

utt −∆u+ l(u− v) = 0 in Ω× (0,+∞), (3)
vtt −∆v+ l(v−u) = 0 in Ω× (0,+∞), (4)
u(x,0) = u0(x),ut(x,0) = u1(x) in Ω, (5)
v(x,0) = v0(x),vt(x,0) = v1(x) in Ω, (6)
u(x, t) = v(x, t) = 0onΓ1× (0,+∞), (7)
∂u
∂ν

=−α0ut −
∫

τ2

τ1

α(s)ut(x, t− s)ds on Γ2× (0,+∞),

(8)
∂v
∂ν

=−β0vt −
∫

τ2

τ1

β (s)vt(x, t− s)ds on Γ2× (0,+∞),

(9)
ut(x,−t) = g(x,−t) on Γ2× (0,+∞), (10)
vt(x,−t) = h(x,−t) on Γ2× (0,+∞), (11)

where
• ut =

∂u(x,t)
∂ t ,utt =

∂ 2u(x,t)
∂ t2 ,

*This work was not supported by any organization
1Wassila Ghecham, Salah-Eddine Rebiai and Fatima Zohra Sidi Ali are

with the Department of Mathematics, University of Batna 2, Batna, Algeria,
wassilaghechamm@gmail.com,rebiai@hotmail.com,
fatima-sidiali05@hotmail.fr

• ∆u =n
i=1

∂ 2u
∂x2

i
,

• l,α0 and β0 are positive constants,
• τ1 and τ2 are real numbers such that 0≤ τ1 < τ2,
• α,β ∈ L∞([τ1,τ2] and satisfy

α ≥ 0 a.e. in [τ1,τ2],

β ≥ 0 a.e. in [τ1,τ2],

• u0,u1,v0,v1,g and h are the initial data which belong to
appropriate Hilbert spaces.

For the case of one-dimensional spatial domain Ω, u and
v may represent the displacements of two vibrating objects
measured from their equilibrium positions, the coupling
terms ±l(u− v) are the distributed springs linking the two
vibrating objects ([3]).
It is well-known that in the absence of delay, i.e.α = β = 0,
the solution of (3)−(11) decays exponentially in the energy
space H1

Γ1
(Ω)× L2(Ω)×H1

Γ1
(Ω)× L2(Ω) ([1],[3]). In the

presence of delay concentrated at a time τ; that is the
boundary conditions (8),(9) are replaced by

∂u
∂ν

=−α0ut −α1ut(x, t− s) on Γ2× (0,+∞), (12)

∂v(
∂ν

=−β0vt −β1vt(x, t− s) on Γ2× (0,+∞), (13)

the solution of (3)− (10),(12),(13) decays exponentially
in an appropriate energy space provided that α0 > α1 and
β0 > β1 ([5],[6]). However, some instability phenomenon
may occur in the case where α0 ≤ α1 and β0 ≤ β1 ([6]). One
of the purposes of this paper is to investigate the exponential
stability of system (3)−(11). To this end, assume as in ([4])

α0 >
∫

τ2

τ1

α(s)ds and β0 >
∫

τ2

τ1

β (s)ds (14)

and define the energy of a solution of (3)− (11) by

E(t) = 1
2
∫

Ω
{u2

t + |∇u|2 + v2
t + |∇v|2 + l(u− v)2}dx+

1
2
∫

Γ2

∫
τ2
τ1

s(α(s)+ α̃0)
∫ 1

0 u2
t (x, t−ρs)dρdsdΓ+ 1

2∫
Γ2

∫
τ2
τ1

s(β (s)+ β̃0)
∫ 1

0 v2
t (x, t−ρs)dρdsdΓ

(15)
where α̃0 and β̃0are positive constants such that

α0−
∫

τ2
τ1

α(s)ds− α̃0
2 (τ2− τ1)> 0,

and β0−
∫

τ2
τ1

β (s)ds− β̃0
2 (τ2− τ1)> 0

Then we have
Theorem 1: Let Γ1 and Γ2 be given by (1) and (2)

respectively and assume (14). Then there exist constants
M ≥ 1 and δ > 0 such that

E(t)≤Me−δ tE(0)
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for all solutions of (3)− (11).
In this paper, we also study the stability problem for a

system of two coupled wave equations with internal delay.
More precisely we consider the system described by

utt −∆u+ l(u− v)+

a(x)(α0ut +
∫

τ2

τ1

α(s)ut(x, t− s)ds) = 0 in Ω× (0,+∞),

(16)
vtt −∆v+ l(v−u()+

b(x)(β0vt +
∫

τ2

τ1

β (s)vt(x, t− s)ds) = 0 in Ω× (0,+∞),

(17)
u(x,0) = u0(x),ut(x,0) = u1(x) in Ω, (18)
v(x,0) = v0(x),vt(x,0) = v1(x) in Ω, (19)
u = v = 0 on Γ1× (0,+∞),

(20)
∂u
∂ν

=
∂v
∂ν

= 0 on Γ1× (0,+∞),

(21)
ut(x,−t) = g(x,−t) on Γ2× (0,+∞),

(22)
vt(x,−t) = h(x,−t) on Γ2× (0,+∞),

(23)

In (16)−(23), a(.) and b(.) are two L∞(Ω)−functions which
satisfy

a(x)≥ 0 a.e. in Ω, a(x)≥ a0 a.e. in ω,
b(x)≥ 0 a.e. in Ω, b(x)≥ b0 a.e. in ω,

(24)
where ω ⊂Ω is an open neighborhood of Γ2.
Exponential stability result for the undelayed system corre-
sponding to (16)− (23) have been obtained in [3]. If the
delay is concentrated at time τ, i.e. if instead of (16)− (17)
we have

utt −∆u+ l(u− v)+

a(x)(α0ut +α1ut(x, t− s)) = 0 in Ω× (0,+∞), (25)
vtt −∆v+ l(v−u)+

b(x)(β0vt +β1vt(x, t− s)) = 0 in Ω× (0,+∞), (26)

then system (25),(26),(18)− (23) is exponentially stable in
the case α0 > α1 and β0 > β1 and may be unstable otherwise
([6]). In this paper we show that if

α0 > ‖a‖L∞(Ω)

∫
τ2
τ1

α(s)ds, and β0 > ‖b‖L∞(Ω)

∫
τ2
τ1

β (s)ds,
(27)

then the energy of system (16)− (23) defined by

F(t) = 1
2
∫

Ω
{u2

t + |∇u|2 + v2
t + |∇v|2 + l(u− v)2}dx+

1
2
∫

Ω
a(x)

∫
τ2
τ1

s(α(s)+ α̃0)
∫ 1

0 u2
t (x, t−ρs)dρdsdx+

1
2
∫

Ω
a(x)

∫
τ2
τ1

s(β (s)+ β̃0)
∫ 1

0 v2
t (x, t−ρs)dρdsdx

(28)
decays exponentially to zero. In (28), α̃0 and β̃0 are positive
constants such that

α0−‖a‖L∞(Ω)

∫
τ2
τ1

α(s)ds− α̃0
2 (τ2− τ1)> 0,

and β0−‖a‖L∞(Ω)

∫
τ2
τ1

β (s)ds− β̃0
2 (τ2− τ1)> 0

Our stability result concerning system (16)− (23) can be
stated as follows.

Theorem 2: Let Γ1 and Γ2 be given by (1) and (2) re-
spectively. Assume (24) and (27). Then there exist constants
M ≥ 1 and δ > 0 such that

F(t)≤Me−δ tF(0)

for all solutions of (16)− (23).

Theorem 1 and Theorem 2 follow from some suitable
observability estimates that can be proved by applying Car-
leman estimates for a system of coupled nonconservative
second order hyperbolic equations established in [2] and by
using compactness-uniqueness arguments.
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Hyperbolic varieties and Ulrich sheaves

Mario Kummer1

Abstract— The notion of a hyperbolic variety is a general-
ization of the well studied notion of hyperbolic polynomials.
A projective variety is called hyperbolic if there is a certain
family of linear spaces which all intersect the variety in only
real points. Shamovich and Vinnikov introduced the notion of
Livšic-type determinantal representations, a concept motivated
by the works of Moshe Livšic on the theory of commuting non-
selfadjoint operators. It makes sense to say that a Livšic-type
determinantal representation of a projective variety is positive
definite at a linear subspace of the correct dimension and if it
is, the variety is hyperbolic. We explain how this is related to
Ulrich sheaves, objects that are studied in algebraic geometry
and commutative algebra, and present some applications of
this theory. This is joint work with Eli Shamovich and Cynthia
Vinzant.

A homogeneous multivariate polynomial h ∈
R[x0, . . . , xn] is hyperbolic with respect to e ∈ Rn+1

if for every v ∈ Rn+1 the univariate polynomial h(te + v)
has only real roots and h(e) 6= 0. Hyperbolic polynomials
appear in many areas of mathematics. They were first
studied in the context of partial differential equations.
During the last years there has also been ample interest
in hyperbolic polynomials from areas like combinatorics
and optimization. Very recently, properties of hyperbolic
polynomials were used by Marcus, Spielman and Srivastava
to solve the Kadison–Singer problem [MSS15]. Let
h ∈ R[x0, . . . , xn] be hyperbolic with respect to e ∈ Rn+1.
Let A0, . . . , An ∈ Symr(R) be real symmetric matrices and
let e ∈ Rn+1 such that

A(e) = e0A0 + . . .+ enAn

is positive definite. Then it is straightforward to show that the
polynomial h = detA(x) is hyperbolic with respect to e. We
say that h has a definite determinantal representation. We will
consider hyperbolic polynomials under the following, more
algebro-geometric point of view. Let h ∈ R[x0, . . . , xn] be a
homogeneous polynomial that does not vanish in e ∈ Rn+1.
Let X ⊆ Pn

R be the hypersurface defined by h and let
π : X → Pn−1

R be the linear projection with center e. Then
h is hyperbolic with respect to e if and only if π has the
following property: A point p ∈ X is mapped to a real
point, i.e. a point of Pn−1

R (R), if and only if it is a real
point itself, i.e. p ∈ X(R). We will say that a morphism
is real fibered if it has this very property: The fibers over
real points consist only of real points. From this point of
view it is clear what hyperbolic subvarieties of Pn

R should be:
Those that admit a finite, surjective and real fibered linear
projection to some Pk

R. This coincides with the definition

1Mario Kummer is with the Department of Mathematics and
Statistics, University of Konstanz, 78457 Konstanz, Germany
mario.kummer@uni-konstanz.de

of hyperbolic varieties recently made by Eli Shamovich
and Victor Vinnikov [SV14]. Having a notion of hyperbolic
varieties of higher codimension one may ask for a notion
of definite determinantal representations. Eli Shamovich and
Victor Vinnikov [SV14] introduced the notion of Livšic-type
determinantal representations, a concept motivated by the
works of Moshe Livšic (see e.g. [LKMV95]) on the theory
of commuting nonselfadjoint operators: Let X ⊆ Pn be a
closed subvariety of dimension k. One sais that a tensor
γ ∈

∧k+1
(Cn+1) ⊗Md(C) is a Livšic-type determinantal

representation of X if we have for all v ∈ Cn+1 that
the linear map γ ∧ v has nontrivial kernel if and only if
[v] ∈ X . If the involved matrices are real and symmetric,
i.e. γ ∈

∧k+1
(Rn+1) ⊗ Symd(R), we will say that γ is a

symmetric Livšic-type determinantal representation. If there
are v1, . . . , vn−k ∈ Rn+1 such that γ ∧ v1 ∧ · · · ∧ vn−k is a
positive definite matrix, then X is hyperbolic (see [SV14]).

We show that there is a deep connection to the widely
studied notion of an Ulrich sheaf. Ulrich modules are a
concept from commutative algebra that has first been studied
by Bernd Ulrich under the name “maximally generated max-
imal Cohen–Macaulay modules”. There are many equivalent
definitions of Ulrich sheaves, one of which is that the sheaf
has no intermediate cohomology, or that its module of global
sections has a linear resolution with length its codimension.
We will show that a Livšic-type determinantal representation
being positive definite corresponds to the existence of a
certain positive definite bilinear form on the corresponding
Ulrich sheaf.

Using these results we can answer a question raised by
Sanyal, Sturmfels and Vinzant [SSV13] on the entropic
discriminant, a nonnegative polynomial associated to a linear
subspace of a real vector space. It appears in many different
contexts like statistics, linear programming and singularity
theory. In [SSV13] the authors study the geometry of the
entropic discriminant and ask whether it is always a sum
of squares of polynomials. By proving the existence of a
certain Ulrich sheaves, we can answer this question to the
affirmative.

The first part is joint work with Eli Shamovich [KS15] and
the second part is joint work with Cynthia Vinzant [KV16].
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Solving Hamilton-Jacobi-Bellman equations by combining a max-plus
linear approximation and a probabilistic numerical method.

Marianne Akian1 and Eric Fodjo2

Abstract— We consider fully nonlinear Hamilton-Jacobi-
Bellman equations associated to diffusion control problems
involving a finite set-valued (or switching) control and possibly
a continuum-valued control. We construct a lower complexity
probabilistic numerical algorithm by combining the idempotent
expansion properties obtained by McEneaney, Kaise and Han
(2011) for solving such problems with a numerical probabilistic
method such as the one proposed by Fahim, Touzi and Warin
(2011) for solving some fully nonlinear parabolic partial differ-
ential equations.

I. INTRODUCTION

We consider a finite horizon diffusion control problem on
Rd involving at the same time a “discrete” control taking its
values in a finite set M , and a “continuum” control taking
its values in some subset U of a finite dimensional space
Rp (for instance a convex set with nonempty interior), which
we next describe.

Let T be the horizon. The state ξs ∈ Rd at time s ∈ [0,T ]
satisfies the stochastic differential equation

dξs = f µs(ξs,us)ds+σ
µs(ξs,us)dWs , (1)

where (Ws)s≥0 is a d-dimensional Brownian motion on a
filtered probability space (Ω,F ,(Fs)0≤s≤T ,P). The control
processes µ := (µs)0≤s≤T and u := (us)0≤s≤T take their
values in the sets M and U respectively and they are
admissible if they are progressively measurable with respect
to the filtration (Fs)0≤s≤T . We assume that, for all m ∈M ,
the maps f m : Rd×U → Rd and σm : Rd×U → Rd×d are
continuous and satisfy properties implying the existence of
the process (ξs)0≤s≤T for any admissible control processes
µ and u.

Given an initial time t ∈ [0,T ], the control problem consists
in maximizing the following payoff:

J(t,x,µ,u) := E
[∫ T

t
e−

∫ s
t δ µτ (ξτ ,uτ )dτ`µs(ξs,us)ds

+e−
∫ T
t δ µτ (ξτ ,uτ )dτ

ψ(ξT ) | ξt = x
]

,

where, for all m ∈M , `m : Rd ×U → R, δ m : Rd ×U →
R+ (the set of positive reals), and ψ : Rd → R are given

1Marianne Akian is with INRIA and CMAP, École polytechnique CNRS.
Address: CMAP, École Polytechnique, Route de Saclay, 91128 Palaiseau
Cedex, France. marianne.akian@inria.fr

2Eric Fodjo is with I-Fihn Consulting and INRIA and
CMAP, École polytechnique CNRS. Address: CMAP, École
Polytechnique, Route de Saclay, 91128 Palaiseau Cedex, France.
eric.fodjo@polytechnique.edu

continuous maps. We then define the value function of the
problem as the optimal payoff:

v(t,x) = sup
µ,u

J(t,x,µ,u) ,

where the maximization holds over all admissible control
processes µ and u.

Let Sd denotes the set of symmetric d×d matrices. The
Hamiltonian H :Rd×R×Rd×Sd→R of the above control
problem is defined as:

H (x,r, p,Γ) := max
m∈M

H m(x,r, p,Γ) ,

with

H m(x,r, p,Γ) :=max
u∈U

{1
2

tr
(
σ

m(x,u)σm(x,u)T Γ
)

+ f m(x,u) · p−δ
m(x,u)r+ `m(x,u)

}
.

Under suitable assumptions, the value function v : [0,T ]×
Rd → R is the unique (continuous) viscosity solution of the
following Hamilton-Jacobi-Bellman equation

− ∂v
∂ t
−H (x,v(t,x),Dv(t,x),D2v(t,x)) = 0, (2)

x ∈ Rd , t ∈ [0,T ),

v(T,x) = ψ(x), x ∈ Rd ,

satisfying also some growth condition at infinity (in space).
In [1], Fahim, Touzi and Warin proposed a probabilistic

numerical method to solve such equations, inspired by the
backward stochastic differential equation interpretation of the
fully nonlinear partial differential equations given by Cherid-
ito, Soner, Touzi and Victoir in [2]. However this method
only works when the diffusion matrices σm(x,u)σm(x,u)T

are at the same time bounded from below (with respect to
the Loewner order) by a symmetrix positive definite matrix
a and bounded from above by (1+2/d)a. Such a constraint
can be restrictive, in particular it may not hold even when
the matrices σm(x,u) do not depend on x and u but take
different values for m ∈M .

McEneaney, Kaise and Han proposed in [3], [4] an idem-
potent numerical method which works at least when the
hamiltonian H m corresponds to linear quadratic control
problems. This method is based on the distributivity of the
(usual) addition operation over the supremum (or infimum)
operation, and on a property of invariance of the set of
quadratic forms. It computes in a backward manner the value
function v(t, ·) at time t as a supremum of quadratic forms.
However, as t decreases, the number of quadratic forms
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generated by the method increases exponentially (and even
become infinite if the Brownian is not discretized in space)
and some pruning is necessary to reduce the complexity of
the algorithm.

Here, we combine the two above methods to construct
a new algorithm, and show that even without pruning, the
complexity of the algorithm is bounded polynomially in the
number of discretization time steps and in the size of the
sample. Numerical tests of our algorithm on an example
proposed in [5] will be presented.

II. THE ALGORITHM OF FAHIM, TOUZI AND WARIN

Let N be an integer and let h = T/N be a time discretiza-
tion step. We denote by Th = {0,h,2h, . . . ,T −h} the set of
discretization times of [0,T ).

For each m ∈M , we shall assume that we can apply the
algorithm of [1] to the equation:

− ∂v
∂ t
−H m(x,v(t,x),Dv(t,x),D2v(t,x)) = 0, (3)

x ∈ Rd , t ∈ [0,T ).

For this we decompose H m as the sum of the (linear)
generator L m of a diffusion (with no control) and of a
nonlinear elliptic hamiltonian G m, that is H m = L m +G m

with

L m(x,r, p,Γ) :=
1
2

tr(am(x)Γ)+ f m(x) · p ,

am(x) = σm(x)σm(x)T and G m such that ∂ΓG m is positive
semidefinite, for all x ∈ Rd , r ∈ R, p ∈ Rd ,Γ ∈ Sd . We also
assume that tr(am(x)−1∂ΓG m)≤ 1.

The time discretization of (3) proposed in [1] can be
written in the following form:

vh(t,x) = T m
t,h(v

h(t +h, ·))(x), t ∈Th

where, under some conditions, T m
t,h is a monotone operator

over the set of Lipschitz continuous functions from Rd to R:

φ ≤ ψ =⇒ T m
t,h(φ)≤ T m

t,h(ψ) . (4)

Moreover, the operator T m
t,h is constructed by using a prob-

abilistic scheme. Denote by X̂m the Euler discretization of
the diffusion with generator L m:

X̂m(t +h) = X̂m(t)+ f m(X̂m(t))h+σ
m(X̂m(t))(Wt+h−Wt) .

Then,

T m
t,h(φ)(x) =D0

m,t,h(φ)(x)

+hG m(x,D0
m,t,h(φ)(x),D

1
m,t,h(φ)(x),D

2
m,t,h(φ)(x))

(5)

with, for i = 0,1,2, D i
m,t,h(φ) being the approximation of the

ith derivative of φ obtained as follows:

D i
m,t,h(φ)(x)=E(φ(X̂m(t+h))P i

h(x,Wt+h−Wt)) | X̂m(t)= x) ,

where, for all x ∈ Rd , P i
h(x, ·) is a polynomial of degree

i with values in an appropriate finite dimensional space,
and in particular P0

h ≡ 1. Although the operator T m
t,h does

not depend on t, since both the law of Wt+h−Wt and the
Hamiltonian H m do not depend on t, we keep the index t
since it will become important when applying a regression
approximation (see below).

In [1], the convergence of such a time discretization
is proved under the above assumptions and some other
technical assumptions. Note that these conditions include
the boundedness of the coefficients and the value function
of the corresponding control problem. However, a change
of variable allows one to obtain the same type of result for
unbounded coefficients and a value function satisfying some
growth condition at infinity. A greater difficulty is that the
above assumptions do not allow in general to handle directly
the case where H m is replaced by H . However, in the
case of H as above one can simply consider the following
scheme:

vh(t,x) = max
m∈M
{T m

t,h(v
h(t +h, ·))(x)}, t ∈Th . (6)

The difference with the usual scheme of [1] is that one needs
to construct several operators T m

t,h and so several processes
X̂m, one for each m ∈ M . The solution vh of this time
discretization will converge to the value function of our
problem, that is the solution of the Hamilton-Jacobi-Bellman
equation with hamiltonian H , as soon as the convergence
is proved for the time discretization of the equations with
hamiltonians H m.

Although the above scheme can be compared to a standard
numerical approximation if one develops the expression of
each T m

t,h(φ)(x), with m ∈M , one may compute vh given
by (6) as in [1], that is using a regression estimator. One
just simulates the process X̂m and do at each time t ∈ Th a
regression estimation to find the value of D i

m,t,h(v
h(t +h, ·))

at the points X̂m(t) by using the values of X̂m(t + h) and
Wt+h−Wt .

Although this variation of the method of [1], based on (6),
is appealing and may work in practice, several difficulties
remain. First, theoretically, the sample size to obtain the
convergence of the estimator is at least in the order of
1/hd/2 [6]. Hence, it is exponential in the dimension of the
system showing the persistence of the curse of dimension-
ality. However, in some practical examples, a much smaller
sample size may be sufficient. Next, one possible regression
estimation is to approximate the conditional expectation of
a random map by projecting it orthogonally into a finite
dimensional linear space of functions. Then, to obtain a
good estimation, the dimension of this space need to be
exponential in the dimension d. In the sequel, we shall
rather use a small dimensional regression space and use a
distributivity property as in the work of McEneaney, Kaise
and Han [3], [4] to find a good approximation of vh living
in the max-plus linear space of finite suprema of quadratic
forms.

III. THE ALGORITHM OF MCENEANEY, KAISE AND HAN

In [3], [4], the following time discretization is used.
Denote by ξ̂ m,u the Euler discretization of the process ξ
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defined in the introduction, when the controls m and u are
fixed:

ξ̂
m,u(t +h) =ξ̂

m,u(t)+ f m(ξ̂ m,u(t),u)h+

σ
m(ξ̂ m,u(t),u)(Wt+h−Wt) .

Then, a time discretization of the solution of (2) is given by:

vh(t,x) = Tt,h(vh(t +h, ·))(x), t ∈Th , (7)

where

Tt,h(φ)(x) = sup
m∈M ,u∈U

{
h`m(x,u)+ e−hδ m(x,u)

E
[
φ(ξ̂ m,u(t +h)) | ξ̂ m,u(t) = x

]}
,

(8)

Under appropriate assumptions, this scheme converges to the
solution of (2) (see [4] for δ m = 0). Note that the processes
X̂m of the previous section are not related to the processes
ξ̂ m,u and so the above discretization is different from the one
of the previous section.

Assume that the final reward ψ of the control problem can
be written as the supremum of a finite number of concave
quadratic forms. Denote Qd = S−d ×Rd×R, where S−d is the
set of negative definite symmetric d×d matrices, and let

q(x,z) :=
1
2

xT Qx+b · x+ c, withz = (Q,b,c) ∈Qd ,

be the quadratic form with parameter z applied to the vector
x ∈ Rd . Then for gT = q, we have

vh(T,x) = ψ(x) = sup
z∈ZT

gT (x,z)

where ZT is a finite subset of Qd . Then, in [4], the following
property is deduced from a max-plus distributivity property,
in the more general¡ case where the Brownian motion does
not have the same dimension as the state space.

Theorem 1 ([4, Theorem 5.1]): Assume that δ m = 0, that
σm does not depend on x and u, that f m is affine with
respect to (x,u), that `m is concave quadratic with respect
to (x,u), and that ψ is the supremum of a finite number
of concave quadratic forms. Consider the time discretization
of (7) with (8). Then, for all t ∈Th, there exists a set Zt and
a map gt : Rd ×Zt → R such that for all z ∈ Zt , gt(·,z) is a
concave quadratic form and

vh(t,x) = sup
z∈Zt

gt(x,z) .

Moreover, the sets Zt satisfy

Zt = M ×{z̄t+h : W → Zt+h | Borel measurable} ,

where W = Rd is the space of values of the Brownian
process.
Note that the sets Zt are infinite as soon as t < T . However, if
the Brownian process is discretized in space, the set W can
be replaced by a finite subset, and the sets Zt become finite.
Nevertheless, their cardinality increases exponentially as t
decreases: #Zt = #M × (#Zt+h)

p where p is the cardinality
of the discretization of W . Then, McEneaney, Kaise and Han
proposed in [4] a pruning method to reduce at each time step
t ∈Th the cardinality of Zt .

IV. COMBINING MAX-PLUS APPROXIMATIONS AND
PROBABILISTIC SCHEMES

Here, we assume that the assumptions of the two previous
sections hold, and consider the time discretization scheme of
Section II. We shall need to apply the operators T m

t,h of (5) to
random maps φ of the form φ(x) = φ̄(x,Wt+h−Wt) where
φ̄ is locally Lipschitz continuous with respect to the first
variable and Borel measurable with respect to the second one.
Let us denote by Lr

t the set of such random maps with at most
exponential growth rate. We shall also need the following
property which is stronger than (4):

φ ≤ ψ, φ ,ψ ∈ Lr
t =⇒ T m

t,h(φ)≤ T m
t,h(ψ) . (9)

Let χ(x) = 1 + xT x. We shall also need the following
property:

T m
t,h(φ +Kχ)≤ T m

t,h(φ)+(1+Ch)χ, ∀φ ∈ Lr
t , K ∈R . (10)

Under these conditions, We obtain a result similar to [4,
Theorem 5.1].

Theorem 2: Assume that δ m and σm are constant, that f m

is affine with respect to (x,u), that `m is concave quadratic
with respect to (x,u), and that ψ is the supremum of a
finite number of concave quadratic forms. Consider the time
discretization (6) with the operators T m

t,h given by (5) with
σm = εσm, 0 < ε ≤ 1 and f m affine, and satisfying (9).
Assume also that the discretized value function vh of (6)
is such that vh/χ is bounded and Lipschitz continuous with
respect to x. Then, for all t ∈ Th, there exists a set Zt and
a map gt : Rd ×Zt → R such that for all z ∈ Zt , gt(·,z) is a
concave quadratic form and

vh(t,x) = sup
z∈Zt

gt(x,z) .

Moreover, the sets Zt satisfy

Zt = M ×{z̄t+h : W → Zt+h | Borel measurable} .
This result uses the following properties, the second one
being a generalization of [4, Theorem 3.1].

Lemma 3: Under the assumptions of Theorem 2, the im-
age by T m

t,h of a random (concave) quadratic map measurable
with respect to Wt+h−Wt is a (concave) quadratic map.

Theorem 4: Let, for all t ∈Th, Tt,h = T m
t,h be some mono-

tone operator on Lr
t as in (9) and of the form (5). Assume that

Tt,h sends the elements of Lr
t to locally Lipschitz continuous

maps. Assume that Z is a compact subset of Rq, that φ :
Rd ×Z→ R is continuous and is bounded by Cχ for some
constant C > 0, and that the map v : Rd → R such that
v(x) = supz∈Z φ(x,z) is continuous, and that, for all x ∈ Rd ,
the supremum is attained for some z ∈ Z. Then,

Tt,h(v)(x) = sup
z̄∈Z

Tt,h(φ̄t,z̄)(x)

where Z = {z̄ : W → Z, Borel measurable}, φ̄t,z̄ ∈ Lr
t is such

that φ̄t,z̄(x) = φ(x, z̄(Wt+h −Wt)), and, for all x ∈ Rd , the
supremum is attained for some z̄ ∈ Z.

In [4], the expression of the image by Tt,h of a random
quadratic map is obtained by hand. Here, we shall rather
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use the same technique as in [1], that is we shall compute
the image by T m

t,h of any map φ ∈ Lr
t by using a regression

estimation. The result of Lemma 3 implies that taking for the
linear regression space the space of quadratic forms gives an
exact result at least when the sample size is large (to ensure
that the solution of the estimation problem is unique).

Using Theorem 2, we get that vh(t, ·) is the supremum of
concave quadratic maps, but as in [4, Theorem 5.1], the sets
Zt are infinite for t < T . However, if we were computing the
values of the maps vh(t, ·) as in [1] or even as in Section II,
that is using only the simulation of the processes X̂m, then
we would only need to compute the values vh(t, X̂m(t)). This
means that if N is the number of samples of the Brownian
process, then the number of quadratic forms gt(·,z) that are
essentials in the computation of vh(t, X̂m(t)) as a supremum
of quadratic forms is less or equal to N×M, where M is
the cardinality of M . With this in mind, we construct the
following algorithm. Let us denote by Sm

t,h(x,w) the following
operator which sends (X̂m(t),Wt+h−Wt) into X̂m(t +h):

Sm
t,h(x,w) = x+ f m(x)h+σ

m(x)w .

Since σm is constant and f m is affine, the map Sm
t,h(·,w) is

affine for all w ∈W .

Algorithm 1:
Input: A finite subset ZT of Qd such that ψ(x) =

supz∈ZT
q(x,z), for all x ∈ Rd , and the operators T m

t,h as in
Theorem 2.

Output: The subsets Zt of Qd , for t ∈ Th∪{T}, and the
approximate value function vh,N : (Th∪{T})×Rd → R.
• Initialization: Let X̂m(0) be random and independent of

the Brownian process. Consider a sample of (X̂m(0),(Wt+h−
Wt)t∈Th) of size N indexed by ω ∈ ΩN := {1, . . . ,N}, and
denote, for each t ∈ Th ∪ {T} and ω ∈ ΩN , X̂m(t,ω) the
value of X̂m(t) induced by this sample. We also denote by
W N

t ⊂W the set of (Wt+h−Wt)(ω) for ω ∈ΩN .
Define vh,N(T,x) = supz∈ZT

q(x,z), for x ∈ Rd , that is
vh,N(T, ·) = ψ .
• For t = T −h,T −2h, . . . ,0 do:
• For each ω ∈ ΩN and m ∈ M , construct zt ∈ Qd

depending on ω and m as follows:
Let z̄t+h : W N

t → Zt+h ⊂Qd be such that, for all ω ′ ∈ΩN
we have

vh,N(t +h,St,h(X̂m(t,ω),(Wt+h−Wt)(ω
′)))

= q
(
St,h(X̂m(t,ω),(Wt+h−Wt)(ω

′)), z̄t+h((Wt+h−Wt)(ω
′))
)
.

Extend z̄t+h as a measurable map on W . Then, compute an
approximation of T m

t,h(q(·, z̄t+h(Wt+h−Wt))) by a regression
estimation on the set of quadratic forms using a subsample

of (X̂m(t,ω ′′),(Wt+h−Wt)(ω
′)), ω ′,ω ′′ ∈ΩN and the result-

ing sample of X̂m(t + h,ω ′′,ω ′) := St,h(X̂m(t,ω ′′),(Wt+h −
Wt)(ω

′)) of X̂m(t+h). We obtain zt ∈Qd such that q(·,zm
t )'

T m
t,h(q(·, z̄(Wt+h−Wt))).
• Denote by Zt the set of all the zt ∈Qd obtained in this

way, and define

vh,N(t,x) = sup
z∈Zt

q(x,z) ∀x ∈ Rd .

It is easy to see that the sets Zt of the above algorithm
satisfy #Zt ≤M×N for all t ∈Th. Note also that zt is com-
puted by using only the values for all ω ′ ∈ΩN of q(·,z), with
z ∈Qd , or of its derivatives, at the points X̂m(t,ω ′) and the
values for all ω ′ ∈ ΩN of q(X̂m(t + h,ω ′′,ω ′), z̄t+h((Wt+h−
Wt)(ω

′))) and (Wt+h−Wt)(ω
′)). Then, zt only depend on

the restriction of z̄t+h to W N
t .

From Lemma 3, T m
t,h(q(·, z̄t+h(Wt+h−Wt))) is a quadratic

form. Hence, when N is large, the estimation of
T m

t,h(q(·, z̄t+h(Wt+h −Wt))) as a quadratic form using the
sample given initially is a good approximation. Under these
conditions, we have vh,N(t,x) = supm∈M vh,N,m(t,x) for all
x, with vh,N,m(t,x)' T m

t,h(v
h,N(t+h, ·))(x) holding for all x =

X̂m(t,ω) with ω ∈ΩN . This implies that, when the regression
approximations converge, vh,N is a good approximation of vh.
Then, under the assumptions of Theorem 2, one may expect
a convergence result comparable to the one of [1], showing
the existence of some numbers Nh such that vh,Nh converges
towards the value function of the control problem when h
goes to 0. We shall present numerical tests to confirm this
convergence. The precise convergence study is left for further
work.
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Cluster Consensus over Strongly Connected Voltage Graphs

Xudong Chen, M.-A. Belabbas, Tamer Başar

Abstract— A cluster consensus system is a multi-agent system
in which the autonomous agents communicate to form multiple
clusters, with each cluster of agents asymptotically converging
to the same clustering point. We introduce in this paper a spe-
cial class of cluster consensus dynamics, termed the G-clustering
dynamics for G a point group, whereby the autonomous agents
can form as many as |G| clusters, and moreover, the associated
|G| clustering points exhibit a geometric symmetry induced by
the point group. The definition of a G-clustering dynamics relies
on the use of the so-called voltage graph [1]. We recall that a G-
voltage graph is comprised of two elements—one is a directed
graph (digraph), and the other is a map assigning elements of
a group G to the edges of the digraph. For example, in the case
when G = {1,−1}, i.e., a cyclic group of order 2, a voltage
graph is nothing but a signed graph. A G-clustering dynamics
can then be viewed as a generalization of the so-called Altafini’s
model [2], [3], which was originally defined over a signed graph,
by defining the dynamics over a voltage graph. One of the
main contributions of this paper is to identify a necessary and
sufficient condition for the exponential convergence of a G-
clustering dynamics. Various properties of voltage graphs that
are necessary for establishing the convergence result are also
investigated, some of which might be of independent interest in
topological graph theory.

I. INTRODUCTION

A cluster consensus (or group consensus) system is a multi-
agent system in which the autonomous agents communicate
to form multiple clusters, with each cluster of agents asymp-
totically converging to the same clustering point. Motivated
by what is seen in nature and the hopes for manmade systems,
there has been continuing efforts in modeling a clustering
consensus system whereby local interactions among the agents
can lead to a desired global behavior of the ensemble system.
Often, the choice of such a model is some kind of diffusive
network dynamics, possibly with a set of external inputs
injected into the evolution equations of certain individual
agents that are chosen from different clusters. We refer to [4]–
[8] as typical examples of such cluster consensus system.

In this paper, we introduce a new type of cluster consensus
dynamics, termed the G-clustering dynamics for G a point
group, along which the N autonomous agents can form as
many as |G| clusters without any external input. Moreover,
the associated |G| clustering points can exhibit a geometric
symmetry induced by the point group G. To elaborate a bit, we
consider, for example, the case where G is a cyclic group of
order n, generated by a single rotation matrix θ ∈ R2×2 with
θn = I . Then, an associated G-clustering dynamics partitions
the agents into n clusters, with the clustering points being
the vertices of an n-sided regular polygon.
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To introduce a G-clustering dynamics, we first recall the
definition of a voltage graph. In topological graph theory [1],
a G-voltage graph is defined to be a pair (Γ, ρ), with Γ =
(V,E) a directed graph (digraph) and ρ : E −→ G a map
from the edge set E to a finite group G (not necessarily a point
group). The values of the map ρ are said to be the voltages,
and the group G is said to be the voltage group associated
with (Γ, ρ). We note here that a voltage graph (Γ, ρ) is also
known as a gain graph, and this terminology is more often
used in bias graph theory [9] and matroid theory [10]. We
also note that in the case G = Z/(2) = {1,−1}, i.e., the
cyclic group of order 2, a voltage graph (Γ, ρ) can be viewed
as a signed graph [11], with 1 and −1 representing the plus-
and minus-sign, respectively. With a G-voltage graph at hand,
we describe below the G-clustering dynamics.
The G-clustering dynamics. To this end, let Γ = (V,E)
be a directed graph (or in short, digraph) of N vertices,
with V = {v1, . . . , vN} the set of vertices and E the set
of edges. We denote by vi → vj (or simply eij) an edge
of Γ from vi to vj ; we say that vi is an in-neighbor of vj ,
and vj is an out-neighbor of vi. For a vertex vi ∈ V , let
N+(vi) and N−(vi) be the sets of in- and out-neighbors of
vertex vi, respectively. Now, consider a multi-agent system
of N agents. Following the standard convention, we assign to
each vertex vi of Γ an agent xi ∈ Rk, and let the edges of Γ
represent the information flow. For a set of agents x1, . . . , xN
in Rk, set

p := (x1, . . . , xN ) ∈ RkN .

We call p a configuration, and P := RkN the configuration
space. Let (Γ, ρ) be a voltage graph, with the voltage group G
being a point group in dimension k. For ease of notation, let
θij := ρ(eij). The G-clustering dynamics of a configuration
p = (x1, . . . , xN ) is then given by

ẋi =
∑

vj∈N−(vi)

aij (θij xj − xi), ∀i = 1, . . . , N, (1)

where the aij’s are positive constants. Note that the dynamics
of agent xi depends only on the local information, i.e., the
positions of its out-neighbors xj and the associated voltages
θij , for vj ∈ N−(vi).

A G-clustering dynamics can be viewed as a straightfor-
ward generalization of the Altafini’s model [2], [3]; indeed,
if each xi, for vi ∈ V , is a scalar, and G = {1,−1}, which
is the (unique) nontrivial point group in dimension one, then
system (1) is reduced to the standard Altafini’s model. It has
been shown in [3] that if Γ is strongly connected and the
associated signed graph (Γ, ρ) is structurally balanced (the
notion of structural balance is originally defined for signed
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graphs [11], a generalized definition for voltage graphs will
be given in Subsection II-B), then the N scalars x1, . . . , xN
evolve, along the dynamics (1), to form two clusters, with
the pair of clustering points being the opposite of each other.
On the other hand, if (Γ, ρ) is structurally unbalanced, then
all the scalars x1, . . . , xN converge to zero. We further refer
to [12]–[14] for analyses of convergence of the Altafini’s
models with time-varying network topologies.

We extend in this paper the result about convergence of
the Altafini’s model to a G-clustering dynamics. We establish
a necessary and sufficient condition, in Theorem 2, for the
underlying G-voltage graph (Γ, ρ) under which system (1) is
a cluster consensus system: in particular, we show that for any
initial condition p(0) = (x1(0), . . . , xN (0)), the trajectory
p(t) = (x1(t), . . . , xN (t)) generated by system (1) converges,
and moreover,

lim
t→∞

xi(t) = θij lim
t→∞

xj(t), ∀ eij ∈ E.

We also establish results, in Corollary 2, for the problem of
identifying the agents that belong to the same cluster.

Of course, the proof of convergence of a G-clustering
dynamics relies on the understanding of the underlying G-
voltage graph. So, in the paper, we will first review some
basic definitions and facts associated with a G-voltage graph,
with G an arbitrary finite group. Various properties of the G-
voltage graph that are necessary for proving the convergence
of system (1) will then be established following that.

The remainder of the paper is thus organized as follows:
Section II is mainly devoted to the study of voltage graphs:
In Subsection II-A, we recall some definitions of finite
groups and directed graphs. In Subsection II-B, we review
certain basic notions associated with voltage graphs, such
as net voltage, structural balance, local groups, etc. Then,
in Subsection II-C, we establish results for a special class
of voltage graphs, namely voltage graphs that are strongly
connected (Definition 1). Section III is devoted to the
analysis of the G-clustering dynamics. In Subsection III-
A, we introduce an important object associated with a voltage
graph, namely the derived graph. Roughly speaking, a derived
graph of a G-voltage graph (Γ, ρ) is a special covering graph
of Γ, which is comprised of |G||V | vertices and |G||E| edges
(a precise definition is in Definition 6). In general, a derived
graph has multiple connected components. We show that
any two connected components are isomorphic. Moreover,
if the voltage graph is strongly connected, then so is each
connected component of the associated derived graph. We then
use this result, in Subsection III-B, to establish a necessary
and sufficient condition for the exponential convergence of a
G-clustering dynamics. We provide conclusions at the end
of the paper.

II. VOLTAGE GRAPHS, STRUCTURAL BALANCE,
AND LOCAL GROUPS

A. Backgrounds of finite groups and of directed graphs

1) On finite groups: Let G be a finite group, with 1 the
identity element of G. If G is comprised only of the identity

element, then G is said to be trivial. The order of the group G
is its cardinality |G|. Let H be a subgroup of G. It is known
that the order of H divides the order of G; the quotient
|G|/|H| is the index of H in G. Let H and H ′ be two
subgroups of G; we say that H and H ′ are conjugate if
there is a group element g ∈ G such that H = g ·H ′ · g−1.
Let S be a subset of G; a subgroup H , denoted by 〈S〉, is
said to be generated by S if H is the smallest subgroup of
G that contains S. We further need the following definitions
and notations:

a). Left-cosets. Let H be a subgroup of G. For a group
element g ∈ G, we call g ·H the left-coset of H with respect
to g. For any two group elements g1 and g2 of G, the left-
cosets g1 ·H and g2 ·H are either disjoint or identical with
each other. Thus, if we let k := |G|/|H|, then there are group
elements g1, . . . , gk such that G =

⊔k
i=1(gi ·H). We denote

the collection of left-cosets of H by

G/H := {gi ·H | i = 1, . . . , k}.

b). Group homomorphisms. Let G and G′ be two groups
of the same order. A map τ : G −→ G′ is said to be a group
homomorphism if for any two group elements g1 and g2 of
G, we have τ(g1 · g2) = τ(g1) · τ(g2). Furthermore, if τ is a
bijection, then we call τ a group isomorphism.

c). Point groups. Let O(k) be the orthogonal group in
dimension k. We express O(k) as the set of k-by-k orthogonal
matrices:

O(k) = {θ ∈ Rk×k | θ>θ = I}.

A group G is said to be a point group in dimension k if it
is a finite subgroup of O(k). Point groups are naturally used
to characterize the geometric symmetries of objects in Rk.
Because of the widespread relevance, point groups have been
investigated extensively in the literature. In particular, point
groups in lower dimensions have been completely understood.
For example, for the case k = 1, there is only one nontrivial
subgroup of O(1), i.e., G = {1,−1}. For the case k = 2, a
point group G is isomorphic to either Cn, the cyclic group of
order n, or Dn the dihedral group of order 2n. Specifically,
if G is isomorphic to Cn, then G = 〈{θrot,n}〉, with θrot,n a
rotation matrix given by

θrot,n :=

[
cos(2π/n) − sin(2π/n)
sin(2π/n) cos(2π/n)

]
. (2)

If G is isomorphic to Dn, then G = 〈{θrot,n, θref,v}〉, with
θrot,n defined in (2) and θref,v given by

θref,v = 2vv>/‖v‖2 − I, for v ∈ R2 − {0}, (3)

which represents the reflection of the line {α v | α ∈ R} in
R2. Point groups in dimension three are more complicated.
Roughly speaking, the isomorphism classes of point groups in
dimension three fall into fourteen categories, seven of which
are infinite families of axial groups, and the remaining seven
are polyhedral groups. We refer to [15] for more details.
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2) On directed graphs: A directed graph (digraph) is said
to be simple if it does not contain multiple edges or self-loops.
All directed graphs considered in this paper are simple. We
introduce below some definitions and notations of simple
digraphs that are needed in the paper:

a). Semi-walks, -paths, and -cycles. A semi-walk w of a
digraph Γ is an alternating sequence of vertices and edges:

w = vi1 a1 vi2 . . . vin−1
an−1 vin , (4)

and for each j = 1, . . . , n − 1, either aj = eijij+1
or aj =

eij+1ij . Further, the semi-walk w is said to be a walk if
aj = eijij+1 for all j = 1, . . . , n − 1. If the semi-walk w
is comprised only of a single vertex (and hence does not
contain any edge), then w is said to be trivial. The length
of the semi-walk w, denoted by l(w), is defined to be the
number of edges contained in w. Let l+(w) and l−(w) be
two non-negative integers defined as follows:{

l+(w) := |{j | aj = eijij+1
, 1 ≤ j ≤ n− 1}|,

l−(w) := |{j | aj = eij+1ij , 1 ≤ j ≤ n− 1}|.
It should be clear that l+(w) + l−(w) = l(w), and w is a
walk if and only if l−(w) = 0. The semi-walk w in Eq. (4) is
said to be closed if the starting vertex vi1 coincides with the
ending vertex vin . We say that w is a semi-path if all vertices
in w are pair-wise distinct, and is a semi-cycle if there is no
repetition of vertices in w, other than the repetition of the
starting- and ending-vertex. Further, we say that w is a path
(resp. a cycle) if w is both a walk and a semi-path (resp. a
semi-cycle). Note that if w is a trivial semi-walk, then w is
also a walk, a path and a cycle.

b). Operations on semi-walks. Let Γ be a weakly connected
digraph. We introduce here two types of operations on the
semi-walks of Γ that will be frequently used in the paper:

i). Concatenation of semi-walks. Let w′ and w′′ be semi-
walks of Γ, and let the ending vertex of w′ coincide with the
starting vertex of w′′:

w′ = vi1a1 . . . an−1vin ,
w′′ = vinan . . . an+m−1vin+m .

A semi-walk w is a concatenation of w′ and w′′, denoted
by w = w′ w′′, if

w = vi1a1 . . . an+m−1vin+m .

Note that if w is a closed semi-walk, then w can be
concatenated with itself. We thus denote by wk the closed
semi-walk derived by concatenating k copies of w.

ii). Inverse of a walk. Let Γ be a weakly connected voltage
graph. Let vi and vj be vertices of Γ, and w be a semi-walk
from vi to vj :

w = vi a1 . . . an−1vj .

The inverse of w, denoted by w−1, is a semi-walk from vj
to vi derived by reversing the appearing order of vertices and
edges in w, i.e.,

w−1 := vj an−1 . . . a1vi.

c). Connectivities of digraphs. We call a digraph Γ weakly
connected if for any two vertices vi and vj of V , there is a

semi-walk from vi to vj . A pair of distinct vertices (vi, vj)
of Γ is said to be mutually reachable if there is a path from
vi to vj and a path from vj to vi. The digraph Γ is said
to be strongly connected if each pair of distinct vertices is
mutually reachable.

d). Induced subgraphs. Let Γ = (V,E) be a digraph, and
V ′ be a subset of V . A subgraph Γ′ = (V ′, E′) is said to
be induced by V ′ if the edge set E′ satisfies the following
condition: let vi and vj be vertices in V ′; then, vi → vj is
an edge of Γ′ if and only if it is an edge of Γ.

e). Graph isomorphisms. Let Γ = (V,E) and Γ′ = (V ′, E′)
be two digraphs. We say that Γ is isomorphic to Γ′ if there
is a bijection σ : V −→ V ′ such that the following condition
holds: let vi and vj be any two vertices of Γ, then vi → vj
is an edge of Γ if and only if σ(vi)→ σ(vj) is an edge of
Γ′. We call σ a graph isomorphism between Γ and Γ′.

B. Voltage Graphs, Structural Balance and Local Groups

In this subsection, we recall the definition of a voltage
graph and a few other notions associated with it. We also
describe some basic properties associated with a voltage
graph. These definitions and notions play key roles later in
developing the main results of the paper. We start with the
following definition:

Definition 1 (Voltage graphs). Let G be a finite group. A
voltage graph is a pair (Γ, ρ) with Γ = (V,E) a directed
graph, and ρ : E −→ G a map from the edge set E to G. A
voltage graph (Γ, ρ) is weakly (resp. strongly) connected if
Γ is weakly (resp. strongly) connected. Let V ′ be a subset of
V ; a voltage graph (Γ′, ρ′) is induced by V ′ if Γ′ = (V ′, E′)
is a subgraph of Γ induced by V ′ and ρ′ : E′ −→ G is
derived by restricting ρ to the subset E′.

To each voltage graph, one can associate a map which
sends a semi-walk of Γ to a group element, obtained as a
multiplication of the group elements assigned to the edges
by the map ρ along the semi-walk. Precisely, we have the
following definition:

Definition 2 (Net voltage). Let (Γ, ρ) be a voltage graph,
with G the voltage group. Let SW be the set of semi-walks
of Γ. The net voltage is a map f : SW −→ G defined as
follows. Let w be a semi-walk:

w = vi1 a1 vi2 . . . vin−1 an−1 vin .

For each j = 1, . . . , n− 1, let

ρw (aj) :=

{
ρ(aj) if aj = eijij+1

,
ρ(aj)

−1 if aj = eij+1ij .

Then, set

f(w) := ρw (a1) · . . . · ρw (an−1) .

For the case w is trivial, set f(w) := 1. We call f(w) the
net voltage on w.

Note that the two operations on semi-walks—(i) concate-
nation and (ii) taking inverse—are both compatible with the
voltage map. Precisely, we have the following fact:
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Lemma 1. Let (Γ, ρ) be a weakly connected voltage graph,
and w be a semi-walk of Γ. Then, the following hold:

1) Suppose that w is a concatenation of w′ and w′′, i.e.,
w = w′ w′′; then, f(w) = f(w′) · f(w′′).

2) For the inverse of w, we have f(w−1) = f(w)−1.

We omit the proof as the results directly follow from the
definition of the net voltage. With the net voltage f at hand,
we introduce the notion of structural balance:

Definition 3 (Structural balance). A voltage graph (Γ, ρ) is
structurally balanced if f(w) = 1 for any closed semi-walk
w in Γ.

We note here that the notion of structural balance is
originally defined for signed-graphs [11], and later extended
to voltage graphs (see, for example, [16]).

Let a voltage graph (Γ, ρ) be structurally unbalanced. Then,
from the definition, there is a closed semi-walk w of Γ such
that f(w) 6= 1. If the voltage graph is a signed-graph, i.e.,
G = Z/(2), then the value of f(w) can only be −1. Yet, in
the most general case where G is an arbitrary finite group,
the value of f(w) can be varied. We thus introduce for each
vertex vi a subgroup of G, termed a local group, which
characterizes all possible values of f(w) for w a closed semi-
walk with vi the starting- and ending-vertex. Precisely, we
have the following:

Let Γ be a weakly connected digraph. Recall that SW is
the set of semi-walks of Γ. Let vi and vj be two vertices of
Γ; we define SW (vi, vj) to be the set of semi-walks of Γ
from vi to vj . In particular, if vj = vi, then SW (vi, vi) is
the set of closed semi-walks of Γ with vi the starting- and
ending-vertex.

Definition 4 (Local groups). Let (Γ, ρ) be a weakly connected
voltage graph, with G the voltage group. For a vertex vi of
Γ, let a subset of G be defined as follows:

Gi := {f(w) | w ∈ SW (vi, vi)} . (5)

It is known that Gi is a subgroup of G (see, for example, [1]).
We call Gi the local group at vi, and the collection {Gi}vi∈V
the local groups of (Γ, ρ).

It should be clear that the voltage graph (Γ, ρ) is structurally
balanced if and only if the local groups Gi, for vi ∈ V , are
trivial subgroups of G. We further note that any two local
groups Gi and Gj are related by conjugation. Precisely, we
have the following fact:

Lemma 2 ([1]). Let (Γ, ρ) be a weakly connected voltage
graph, with G the voltage group. Let vi and vj be two vertices
of Γ, and w be a semi-walk from vi to vj . Then,

Gj = f(w)−1 ·Gi · f(w).

For the remainder of the subsection, we introduce the
notion of a directed local group, which is a variation on the
definition of a local group by restricting f to closed walks
of Γ. To proceed, let W be the set of walks of Γ. Similarly,

for two vertices vi and vj , let W (vi, vj) be the set of walks
from vi to vj . Then, we make the following definition:

Definition 5 (Directed local groups). Let (Γ, ρ) be a weakly
connected voltage graph, with G the voltage group. For a
vertex vi of Γ, let G∗i be a subset of G defined as follows:

G∗i = {f(w) | w ∈W (vi, vi)}.

We call G∗i the directed local group at vi, and the collection
{G∗i }vi∈V the directed local groups of (Γ, ρ).

We show in the following lemma that each G∗i is indeed
a subgroup of G.

Lemma 3. Each G∗i , for vi ∈ V , is a subgroup of Gi.

Proof. First, note that G∗i is a subset of Gi because W (vi, vi)
is a subset of SW (vi, vi). It thus suffices to show that G∗i
is a subgroup of G. We need to show that (i) the identity
element 1 is contained in G∗i ; (ii) for any two elements
g1 and g2 in G∗i , we have g1 · g2 ∈ G∗i ; and (iii) for any
g ∈ G∗i , we have g−1 ∈ G∗i . For (i), note that the trivial walk
w = vi is contained in W (vi, vi), and hence f(w) = 1 ∈ G∗i .
For (ii), we first choose closed walks w1 and w2 in W (vi, vi)
such that f(wi) = gi, for i = 1, 2. Let w := w1w2; then,
w ∈W (vi, vi), and hence

f(w) = f(w1) · f(w2) = g1 · g2 ∈ G∗i .

It now remains to establish (iii). To proceed, note that since
G is a finite group, there exists a positive integer m, as the
order of g, such that gm = 1. In particular, gm−1 = g−1 = 1.
Now, choose a w ∈ W (vi, vi) such that f(w) = g, and let
w′ := wm−1. Then, w′ ∈W (vi, vi), and moreover,

f(w′) = f(w)m−1 = gm−1 = g−1 ∈ G∗i .

We have thus proved that G∗i is a subgroup of G.

We note here that G∗i is in general a proper subgroup of
Gi. Also, two directed local groups G∗i and G∗j may not
be related by conjugation; indeed, the orders |G∗i | and |G∗j |
may not be the same. We provide in the next subsection a
sufficient conditions for (i) Gi = G∗i , and (ii) G∗i and G∗j to
be related by conjugation.

C. On strongly connected voltage graphs

In this subsection, we focus on the class of strongly
connected voltage graphs, and establish certain relevant
properties associated with it. To proceed, we first define
two subsets of G. First, for any two vertices vi and vj , let
Net(vi, vj) be defined as follows:

Net(vi, vj) = {f(w) | w ∈ SW (vi, vj)}.

Note that if vj = vi, then Net(vi, vi) is nothing but the local
group Gi at vi. Recall that W (vi, vj) is the set of walks
from vi to vj . Now, let a subset of Net(vi, vj) be defined as
follows:

Net∗(vi, vj) := {f(w) | w ∈W (vi, vj)}.
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In general, Net∗(vi, vj) is only a proper subset of Net(vi, vj).
However, in the case when (Γ, ρ) is strongly connected, we
establish the following result:

Theorem 1. Let (Γ, ρ) be a strongly connected voltage graph.
Then, for any two vertices vi and vj ,

Net(vi, vj) = Net∗(vi, vj).

Proof. Let w be a semi-walk of SW (vi, vj). It suffices to
show that there is a walk w∗ ∈W (vi, vj) such that f(w) =
f(w∗). Suppose that w is itself a walk; then we can let
w∗ = w. We thus assume that w is not a walk. Let w =
vi1a1 . . . an−1vin , with vi1 = vi and vin = vj . Then, there
exists an index k = 1, . . . , n−1 such that ak = eik+1ik . Since
Γ is strongly connected, there is a path p from vik to vik+1

.
By concatenating the path p with the edge ak, we obtain a
cycle c = p ak of Γ, with vik the starting- and ending-vertex.
Since G is a finite group, there exists a positive integer m,
as the order of f(c), such that f(c)m = 1.

Let w′ := cm−1p; then, w′ is a walk from vik to vik+1
.

Further, let a semi-walk w1 from vi to vj be defined by
replacing the edge ak in w with the walk w′, i.e.,

w1 := vi1a1 . . . ak−1vik
w′−→ vik+1

ak+1 . . . an−1vin .

Then, using the fact that f(c)m = f(w′) · ρ(ak) = 1, we
obtain

ρw(ak) = ρ(ak)−1 = f(w′),

and hence f(w) = f(w1). Recall that l−(w) is the total
number of edges ak in w, with ak = eik+1ik . From the
construction of w1, we have l−(w1) = l−(w)− 1.

Now, suppose that there exists another edge ak′ in w
(and hence in w1) such that ak′ = eik′+1ik′ ; then, by the
same arguments above, we can obtain a new semi-walk
w2 ∈ SW (vi1 , vin), by replacing the edge ak′ in w1 with
a particularly chosen walk from vik′ to vik′+1

, such that
f(w2) = f(w1) = f(w) and l−(w2) = l−(w1) − 1 =
l−(w) − 2. Continuing with this process, we then obtain,
in finite steps, a walk w∗ from vi to vj with f(w∗) = f(w).
This completes the proof.

Recall that for a vertex vi of a digraph Γ, we have defined
the directed local group at vi as G∗i := Net∗(vi, vi). We have
shown in Lemma 3 that G∗i is a subgroup of Gi. We now
establish the following result as a corollary to Theorem 1:

Corollary 1. Let (Γ, ρ) be a weakly connected voltage graph,
with G the voltage group. Let {G∗i }vi∈V be the collection of
directed local groups of (Γ, ρ). Then, the following hold:

1) If Γ is strongly connected, then G∗i = Gi.
2) If two vertices vi and vj of Γ are mutually reachable,

then G∗i and G∗j are related by conjugation: let wij be
a walk from vi to vj , then

G∗j = f(wij)
−1 ·G∗i · f(wij). (6)

Proof. The first part of the corollary directly follows from
Theorem 1; indeed, if vj = vi, then

Gi = Net(vi, vi) = Net∗(vi, vi) = G∗i .

We now prove the second part. Since vi and vj are mutually
reachable, there is a walk wji from vj to vi. Let V ′ be
the set of vertices incident to either wij or wji, and let
Γ′ = (V ′, E′) be the subgraph induced by V ′. Then, Γ′ is
strongly connected. From Theorem 1, there is a walk w′ji of
Γ′ from vj to vi such that f(w′ji) = f(w−1ij ) = f(wij)

−1.
Now, for each closed walk wii ∈ W (vi, vi), we can define
a closed walk wjj ∈W (vj , vj) by wjj := w′ji wii wij . This,
in particular, implies that

G∗j ⊇ f(w′ji) ·G∗i · f(wij) = f(wij)
−1 ·G∗i · f(wij). (7)

Conversely, for any w′jj ∈W (vj , vj), we can define a closed
walk w′ii ∈W (vi, vi) by w′ii := wij w

′
jj w

′
ji, and hence

G∗i ⊇ f(wij) ·G∗j · f(w′ji) = f(wij) ·G∗j · f(wij)
−1. (8)

Combining (7) and (8), we establish (6).

III. THE G-CLUSTERING DYNAMICS

A. Derived graphs and their connected components

In this subsection, we introduce an important object
associated with a voltage graph, namely the derived graph.
To proceed, we first recall the notion of a covering graph. Let
Γ = (V,E) and Γ = (V ,E) be two arbitrary digraphs, and
let π : V −→ V be a surjective map. Then, we say that Γ
is a covering graph of Γ (correspondingly, π is a covering
map) if for each vertex v ∈ π−1(v), the numbers of in- and
out-neighbors of v in Γ are the same as those of v in Γ. In
other words, the local structure of Γ at v is identical with the
local structure of Γ at v. The derived graph of (Γ, ρ), as we
define precisely below, is then a particular covering graph
of Γ.

Definition 6 (Derived graph). Let (Γ, ρ) be a voltage graph,
with G the voltage group. The derived graph Γ = (V ,E)
of (Γ, ρ) is a covering graph of Γ with |G||V | vertices and
|G||E| edges. Specifically, we have the following:

1) The vertex set of Γ is V = {[g, vi] | g ∈ G, vi ∈ V }.
2) The edge set of Γ is determined by the following

condition: [gi, vi] → [gj , vj ] is an edge of Γ if and
only if eij is an edge of Γ and gj = gi · ρ(eij).

Note that a derived graph Γ is indeed a covering graph
of Γ. To see this, let the projection map π : V −→ V be
defined as follows:

π : [g, vi] 7→ vi. (9)

Then, for each vertex vi ∈ V , the pre-image π−1(vi) is given
by π−1(vi) = G×{vi}. Moreover, the in- and out-neighbors
of each vertex [g, vi] ∈ π−1(vi) are given by{

N−([g, vi]) = {[g · ρ(eij), vj ] | eij ∈ E}
N+([g, vi]) =

{
[g · ρ(eki)

−1, vk] | eki ∈ E
}
,
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and hence the numbers of in- and out-neighbors of [g, vi] are
the same as those of vi in Γ.

Let (Γ, ρ) be a voltage graph, with G the voltage group,
and Γ be the associated derived graph. In general, Γ is
not connected; indeed, we will see soon that Γ is weakly
connected if and only if the local groups {Gi}vi∈V of (Γ, ρ)
are such that Gi = G for some (and hence any) vi ∈ V .
Suppose that Γ is not connected; then, it must be comprised of
multiple weakly connected subgraphs. We call each connected
subgraph a connected component of Γ. In this subsection,
we describe certain relevant properties associated with the
connected components of a derived graph. To proceed, we
first recall that for a group element g ∈ G, the left-coset of
Gi with respect to g is given by g · Gi. We start with the
following fact:

Lemma 4. Let [g, vi] and [g′, vj ] be two vertices of the
derived graph Γ. Then, the following hold:

1) There is a semi-walk (resp. walk) from [g, vi] to [g′, vj ]
if and only if there is a semi-walk (resp. walk) w of Γ
from vi to vj such that g′ = g · f(w).

2) If vj = vi, then [g, vi] and [g′, vi] belong to the same
connected component if and only if g and g′ belong to
the same left-coset of Gi.

Proof. The first part of the lemma directly follows from
Definition 6. For the second part, first note that [g, vi] and
[g′, vi] belong to the same component if and only if g =
g′ · f(w) for w a closed semi-walk in SW (vi, vi). Since
f(w) ∈ Gi, we thus conclude that g and g′ belong to the
same left-coset of Gi.

For the remainder of the subsection, we fix a vertex v1 of
Γ, and let G1 be the local group at v1. Let k be the index
of G1 in G, and let g1, . . . , gk ∈ G be chosen such that the
left-cosets g1 ·G1, . . . , gk ·G1 partition the group G. From the
second part of Lemma 4, [gi, v1] and [gj , v1], for i 6= j, belong
to two different connected components of Γ. In other words,
there are at least k connected components of Γ (we will see
soon that the number k is actually exact). To proceed, recall
that two digraphs Γ = (V,E) and Γ′ = (V ′, E′) are said to
be isomorphic if there is a bijection σ : V −→ V ′, termed a
graph isomorphism, such that for any two vertices vi and vj
of Γ, vi → vj is an edge of Γ if and only if σ(vi)→ σ(vj)
is an edge of Γ′. We now establish the following result:

Proposition 1. Let (Γ, ρ) be a weakly connected voltage
graph, with G the voltage group. Let G1 be the local group
at vertex v1, and k := |G|/|G1| the index of G1 in G. Let
g1, . . . , gk be chosen such that G =

⊔k
i=1(gi ·G1). Then, the

following hold for the connected components of the associated
derived graph Γ:

1) There are k connected components of Γ, labelled
as Γ1 = (V 1, E1), . . . ,Γk = (V k, Ek). Any two
connected components are isomorphic: without loss
of generality, let [gi, v1] ∈ V i, for all i = 1, . . . , k;
then, the map

σij : [g, v] 7→ [gj · g−1i · g, v],

when restricted to V i is a graph isomorphism between
Γi and Γj .

2) If, in addition, (Γ, ρ) is strongly connected, then each
connected component Γi, for i = 1, . . . , k, of Γ is
strongly connected.

Proof. We first prove part 1 of the proposition. From the
second part of Lemma 4, there exist at least k connected
components of Γ. To show that k is exact, it suffices to show
that for any vertex [g, v] of Γ, there is a semi-walk from
[g, v] to [g′, v1] for some g′ ∈ G. Let w be a semi-walk of Γ
from v to v1; then, from the first part of Lemma 4, there is
a semi-walk from [g, v] to [g · f(w), v1].

We next show that Γi = (V i, Ei) and Γj = (V j , Ej) are
isomorphic, with σij : V i −→ V j a graph isomorphism. First,
note that σij is indeed a bijection between V i and V j . To see
this, let [g, v] ∈ V i, and we show that [gj · g−1i · g, v] ∈ V j .
Since [gi, v1] ∈ V i, from the first part of Lemma 4, there is
a semi-walk w from v1 to v such that f(w) = g−1i · g, which
in turn implies that there is a semi-walk from [gj , v1] to

[gj · f(w), v] = [gj · g−1i · g, v] ∈ V j .

It then follows that σij is a graph isomorphism: let [g, va]→
[g · ρ(eab), vb] be an edge of Γi; then,

[gj · g−1i · g, va]→ [gj · g−1i · g · ρ(eab), vb]

is an edge of Γj , and vice versa. We have thus established
the first part of the proposition.

We now establish the second part. Let [g′, va] and [g′′, vb]
be two vertices of Γi. It suffices to show that there is a
walk of Γi from [g′, va] to [g′′, vb]. From the first part of
Lemma 4, there is a semi-walk w from va to vb such that
g′′ = g′·f(w). Since Γ is strongly connected, from Theorem 1,
there is a walk w′ from va to vb such that f(w′) = f(w),
and hence g′′ = g′ ·f(w′). Appealing again to the first part of
Lemma 4, we conclude that there is walk of Γi from [g′, va]
to [g′′, vb].

B. Exponential convergence and the adapted partition

Let (Γ, ρ) be a G-voltage graph for G a point group. We
recall that a G-clustering dynamics of a configuration p =
(x1, . . . , xN ) is described by the following equation:

ẋi =
∑

vj∈N−(vi)

aij (θij xj − xi), ∀i = 1, . . . , N,

where the aij’s are positive constants, and θij = ρ(eij) for
eij ∈ E. We first establish the following theorem:

Theorem 2. Let (Γ, ρ) be a strongly connected voltage graph,
with the voltage group G a point group in dimension k.
Let {Gi}vi∈V be the local groups of (Γ, ρ). Then, for any
initial condition p(0) ∈ P , the trajectory p(t), generated by
system (1), converges exponentially fast to a configuration
p∗ = (x∗1, . . . , x

∗
n) which satisfies the following two proper-

ties:
1) For each eij ∈ E, we have x∗i = θij x

∗
j . In particular,

‖x∗1‖ = . . . = ‖x∗N‖.
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2) For each vi ∈ V , we have θ x∗i = x∗i for all θ ∈ Gi.

Remark 1. Note that if the xi’s are scalars and G = {1,−1}
(and hence (Γ, ρ) is a signed graph), then Theorem 2 implies
the following fact (Theorem 1 in [3]):

1) If the signed graph (Γ, ρ) is structurally balanced, then
for any initial condition p(0) ∈ P , the trajectory p(t),
generated by system (1), converges exponentially fast
to a configuration

p∗ = (x∗1, . . . , x
∗
N ) ∈ P

with |x∗1| = . . . = |x∗N |.
2) If the signed graph (Γ, ρ) is structurally unbalanced,

then for any initial condition p(0) ∈ P , the trajectory
p(t), generated by system (1), converges exponentially
fast to 0 ∈ P .

The first part directly follows from item 1 of Theorem 2.
For the second part, since (Γ, ρ) is structurally unbalanced,
Gi = G = {1,−1} for some (and hence any) vi ∈ V . So,
from item 2 of Theorem 2, we have x∗i = −x∗i , which implies
that x∗i = 0 for all vi ∈ V .

Proof of Theorem 2. The proof relies on the construction of
an augmented consensus process: First, note that for a pair
(θ, vi) in G× V , the dynamics of θ xi is given by

θ ẋi =
∑

vj∈N−(vi)

aij(θ θij xj − θ xi).

Hence, if we let y[θ,vi] := θ xi, then, from Definition 6, the
dynamics of y[θ vi], for [θ, vi] ∈ G× V , are given by

ẏ[θ,vi] =
∑
[θ′,vj ]

aij
(
y[θ′,vj ] − y[θ,vi]

)
, (10)

where the summation is over all out-neighbors of [θ, vi].
We thus recognize that system (10) is a standard consensus
process, with the derived graph Γ = (V ,E) of (Γ, ρ) being
the underlying network topology.

Let k be the index of Gi in G. Label the connected
components of Γ as Γj = (V j , Ej), for j = 1, . . . , k. From
part 2 of Proposition 1, each Γj , for j = 1, . . . , k, is strongly
connected. Thus, given the initial conditions y[θ,v](0), for
[θ, v] ∈ V , it is known from [17] that for each connected
component Γj , there exists a point y∗j ∈ Rk such that along
the evolution of the dynamics (10), we have

lim
t→∞

y[θ,vi](t) = y∗j , ∀ [θ, vi] ∈ V j , (11)

and the convergence is exponentially fast. The convergence of
the y-system (10) implies the convergence of the x-system (1).
Indeed, choose a vertex vi of Γ; without loss of generality,
we assume that [I, vi], for I the identity matrix in O(k), is
a vertex of Γ1. Then, from the definition of y[I,vi],

lim
t→∞

y[I,vi](t) = lim
t→∞

xi(t) = y∗1 .

We next show that x∗i = θij x
∗
j for any edge eij of Γ. First,

note that from Definition 6, each [θij , vj ], for vj ∈ N−(vi)
is an out-neighbor of [I, vi]. Thus, from (11), we obtain

lim
t→∞

y[I,vi](t) = lim
t→∞

y[θij ,vj ](t),

which implies that x∗i = θij x
∗
j . It thus follows that ‖x∗i ‖ =

‖x∗j‖ for any edge eij of Γ. Using the fact that Γ is connected,
we obtain ‖x∗1‖ = . . . = ‖x∗N‖.

It remains to show that for each vertex vi ∈ V , we have
θ x∗i = x∗i for all θ ∈ Gi. Because of (11), it suffices to show
that the two vertices [I, vi] and [θ, vi] of Γ belong to the
same connected component. This holds because first, by the
definition of a local group, there exists a closed semi-walk
w ∈ SW (vi, vi) such that f(w) = θ; then, from the first part
of Lemma 4, there is a semi-walk from [I, vi] to [θ, vi] in Γ.
This completes the proof.

Remark 2. We note here that this “lifting approach” by
lifting a G-clustering dynamics to the corresponding y-
system (10) was first proposed by Hendrickx in [18] for
studying the Altafini’s model, with (Γ, ρ) a strongly connected
signed graph. The proof of Theorem 2 thus generalizes this
method so that the “lifting approach” can now be applied to
an arbitrary G-clustering dynamics, with the corresponding
G-voltage graph (Γ, ρ) strongly connected.

With Theorem 2 at hand, we formalize below in a corollary
the following fact: along the evolution of dynamics (1), the
N agents are partitioned into multiple clusters, with each
cluster of agents converging to the same point in Rk. We
first have the following definition:

Definition 7 (Adapted partition). Let (Γ, ρ) be a weakly
connected voltage graph, with V the vertex set of Γ. A
partition V = tml=1Vl is a (Γ, ρ)-adapted partition if the
following holds: two vertices vi and vj belong to the same
subset if there is a semi-walk w of Γ from vi to vj such that
f(w) = 1.

Note that a (Γ, ρ)-adapted partition of V is unique; indeed, the
defining condition above establishes an equivalence relation
on the set of vertices V .

The following result then directly follows from Theorem 2:

Corollary 2. Let (Γ, ρ) be a strongly connected voltage
graph. Let V be the set of vertices of Γ, and V = tml=1Vl
be the (Γ, ρ)-adapted partition. Let p(t) be a trajectory
generated by system (1) that converges to p∗ = (x∗1, . . . , x

∗
N ).

Then, x∗i = x∗j if vi and vj belong to the same subset Vl for
some l = 1, . . . ,m.

IV. CONCLUSIONS

In this paper, we have presented a class of cluster consen-
sus dynamics, termed G-clustering dynamics, in which N
autonomous agents interact only with their neighbors to form
multiple clusters, with the clustering points satisfying a certain
geometric symmetry induced by the associated point group.
We have established in Theorem 2 a necessary and sufficient
condition for the convergence of a G-clustering dynamics.
Toward the analysis of a G-clustering dynamics, we have
also investigated the underlying G-voltage graph and the
associated derived graph Γ from the perspective of topological
graph theory. In particular, we have established, in Subsections
II-C and III-A respectively, results about a strongly connected
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voltage graph and about strong-connectivity of connected
components of the associated derived graph, which might be
of independent interest in topological graph theory.

Future work may focus on the case where the underlying
G-voltage graph is time-varying in terms of the values of
the voltages. Consider, for example, the map ρ is now a
map from the edge set E to 2G, i.e., the power set of G.
In other words, each ρ(eij), for eij ∈ E, is now a subset
of G. Let θij(t) ∈ ρ(eij), for t ≥ 0, be piecewise constant;
then, a time-varying G-clustering dynamics can be defined
as follows:

ẋi =
∑

vj∈N−(vi)

aij (θij(t)xj − xi), ∀i = 1, . . . , N, (12)

which is a switched linear system. Establishing stability
criterion, such as computing the minimum dwelling time
and etc., is in the scope of our future work. We further note
that system (12) can be viewed as a bilinear control system if
each agent xi is able to manipulate the values of θij(t), for
vj ∈ N−(vi). Questions about reachability and controllability
can be addressed there.
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On the Positive Systems and Integral Linear Constraints

Chung-Yao Kao and Sei Zhen Khong

Abstract— The theory of integral linear constraints (ILCs) for
robustness analysis of positive feedback systems is generalized
to accommodate multipliers taking the forms of linear time-
varying operators. This serves as a counterpart to the well-
studied theory of integral quadratic constraints. A list of
ILCs characterizing commonly encountered uncertainties and
sufficient conditions for verifying ILCs are provided. This note
also demonstrates how ILCs can be used for scalable analysis
of network systems manifesting the positivity property.

I. INTRODUCTION

Positive systems are dynamical systems that preserve the
positive ordering from their input spaces to their output
spaces [1]. Such systems have been extensively studied by
different scientific communities in the past few decades
because they constitute one of the most important classes
of models used in mathematical biology and chemical mod-
eling. They appear in various applications ranging from biol-
ogy, medicine, ecology, epidemiology, to networking [2], [3],
[4]. In the control community, study of positive dynamical
systems can be dated back to 1970s [5]. Early work about
reaslization, controllability, and stabilizability can be found
in [6], [7], [8], [9]. Readers are referred to [10] for a thorough
review on the subject.

Positive systems have re-gained an increasing attention
over the last few years due to the fact that their order-
preserving property can be exploited with convex opti-
mization techniques to simplify computation and develop
convex programs for synthesizing static output-feedback
and/or structured controllers, a problem that is well-known
to be computationally difficult in general. This remarkable
property has prompted many researchers in the control theory
community to develop computationally efficient methodolo-
gies for optimal and robust control of positive systems.
In [11], a linear program (LP) formulation is proposed for
finding static output feedback controllers that stabilize linear
time-invariant (LTI) positive systems. Extensions to L1 and
L∞ gain optimization are considered in [12], [13]. Derivation
of these LP stability and stabilizability conditions are related
to the so-called linear cooperative Lyapunov functions. For
L2 stability, it is shown in [14] that the L2-gains of LTI pos-
itive systems can be evaluated by using diagonal quadratic
storage functions. This leads to a remarkable result which
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poses synthesizing structured H∞ optimal state feedback
controllers as an LMI optimization problem. In [15], [16]
it is established that LTI positive systems are amenable to
distributed control whose complexity scales linearly w.r.t. the
number of interconnections.

In the context of robustness analysis, the use of in-
tegral linear constraints (ILCs) to characterize parametric
uncertainties is proposed in [13], where LP conditions for
verifying robust stability are derived based on such char-
acterization from a dissipativity point of view. The idea is
further generalized in [17] from the input-output point of
view, and a framework similar to integral quadratic constraint
(IQC) based analysis [18] is proposed for robust stability
verification of positive feedback systems. In this note, we
extend the framework proposed [17] to include the case
where the multiplier of the ILC is time-varying as well as
the positively interconnected systems. When the multiplier
and the subsystems are LTI, the conditions for stability boils
down to static gain conditions which can be posed as an
LP feasibility problem [17]. Such “simple” conditions are
no longer applicable in the time-varying case. A sufficient
condition is developed for verifying the corresponding sta-
bility certificate. Finally, ILCs with time-varying multipliers
for several uncertain operators are derived and numerical
examples are given to demonstrate the effectiveness of the
proposed analysis framework.

The remaining of this note is organized as follows. The
notation and terminologies are introduced in Section II. The
main theorem is presented in Section III, and the ILCs
for various uncertain operators are given in Section IV.
Verification of the ILC stability condition is discussed in
Section V. Lastly, we illustrate in Section VI how the
proposed ILC approach may lead to scalable analysis of
network systems manifesting the positivity property. Due to
space limitation, all results are stated without proof.

II. NOTATION AND TERMINOLOGIES

A. matrices.

R (C), Rn (Cn), Rp×m (Cp×m) denote the sets of real
(complex) numbers, n-dimensional real (complex) vectors,
and n × m real (complex) matrices, respectively. The ex-
tended real set R̄ := R ∪ {±∞} and the nonnegative
orthant of Rn is denoted by Rn

+. The 1-, Enclidean-, and
∞-norm for vectors is denoted by | · |1, | · |2, and | · |∞,
respectively. Given a matrix M , the transpose and conjugate
transpose are denoted by MT and M∗, respectively. The
notation M > 0 (M ≥ 0) means that all elements of the
matrix M are positive (nonnegative). Following this notation,
vector or matrix inequalities are taken component-wisely;
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i.e., v1 > v2 (v1 ≥ v2) means all component of v1 are larger
than (larger than or equal to) the corresponding components
of v2. A matrix M ∈ Rn×n is called Hurwitz if all its
eigenvalues have negative real parts. It is said to be Metzler if
its off-diagonal entries are all nonnegative. The spectrum of
a square matrix M ∈ Cn×n and spectral radius are defined,
respectively, by

spec(M) := {λ ∈ C : λI −M is a singular matrix}
ρ(M) := max{|λ| : λ ∈ spec(M)}

B. signals and systems

Symbol Ln
1 denotes the space of Rn-valued, Lebesgue

integral functions defined on R+

Ln
1 :=

{
v : R+ → Rn : ∥v∥1 :=

∫ ∞

0

|v(t)|1dt < ∞
}

Let Ln
1+ := {v ∈ Ln

1 : v(t) ∈ Rn
+ a.e.}, where “a.e.”

(almost everythere) is w.r.t. the Lebesgue measure on R+.
The superscript n is dropped when it is clear from or
immaterial for the context.

The extended L1 space is denoted as L1e, consisting of
functions (say f ) which satisfy PT f ∈ L1 for all T ≥ 0,
where PT denotes the truncation operator, which is defined
as: (PT f)(t) = f(t) for t ≤ T , and (PT f)(t) = 0 otherwise.
The L1e+ space is defined in a similar fashion as L1+.

An operator ∆ : L1e 7→ L1e is said to be causal if
PT∆PT = PT∆ for all T ≥ 0. A causal ∆ is said to be
bounded if the Lipschitz norm of ∆

∥∆∥ := sup
T>0,∥PT v∥1 ̸=0

∥PT∆v∥1
∥PT v∥1

(1)

is finite. ∆ is monotone if for every v1, v2 ∈ L1e,

v1 ≥ v2 ⇒ ∆v1 ≥ ∆v2

where the inequality is taken component-wise. A monotone
system ∆ with the property ∆0 = 0 satisfies ∆L1e+ ⊂
L1e+. Such systems are referred to as positive systems. A
positive ∆ is said to be bounded on L1e+ if

∥∆∥+ := sup
v∈L1e+,T>0,∥PT v∥1 ̸=0

∥PT∆v∥1
∥PT v∥1

< ∞ (2)

Finally, symbol Ln
∞ denotes the space of Rn-valued func-

tions which have bounded essential supremum

Ln
∞ :=

{
v : R+ → Rn : ∥v∥∞ = esssupt∈R+

|v(t)|∞ < ∞
}

and Ln
∞+ := {v ∈ Ln

∞ : v(t) ∈ Rn
+ a.e.}.

C. integral linear constraints

Given a causal bounded positive operator ∆ : L1e 7→ L1e,
define the graph of ∆ w.r.t. positive signals as

G(∆) :=

{[
v
∆v

]
: v ∈ L1+

}
⊂ L1+,

and similarly the inverse graph as

G′(∆) :=

{[
∆v
v

]
: v ∈ L1+

}
⊂ L1+.

A causal bounded positive operator ∆ : Lm
1e 7→ Lp

1e is said to
satisfy the integral linear constraint (ILC) defined by linear
operator Π : Lm+p

1 7→ L1
1 if

⟨Π, v⟩ :=
∫ ∞

0

(Πv)(t)dt ≥ 0, ∀v ∈ G(∆)

This is denoted by ∆ ∈ ILC(Π). On the other hand, ∆ is
said to satisfy the strict complementary ILC if there exists
ϵ > 0 such that

⟨Π, v⟩ ≤ −ϵ

∫ ∞

0

1Tp+mv(t)dt, ∀v ∈ G′(∆)

where 1n ∈ Rn is the vector whose entries are all ones. This
is denoted by ∆ ∈ SILCc(Π).

III. ROBUST STABILITY ANALYSIS VIA ILC
Consider positive feedback interconnection of causal G1 :

Lm
1e 7→ Lp

1e and G2 : Lp
1e 7→ Lm

1e:

y1 = G1(y2 + d1), y2 = G2(y1 + d2) (3)

We denote the feedback interconnection (3) by [G1, G2].
[G1, G2] is well-posed if the map (y1, y2) 7→ (d1, d2) has
a causal inverse on L1e. It is positive if the causal inverse is
positive. It is stable on L1e+ if the causal inverse is positive
and bounded on L1e+ (cf. equation (2)). It is stable if the
causal inverse is positive and bounded on L1e (cf. equation
(1)). We have the following stability theorem regarding the
positive feedback interconnection [G1, G2].

Theorem 1: Consider the positive feedback intercon-
nected system [G1, G2] described in (3). Suppose that
[τG1, G2] is well-posed and positive for all τ ∈ [0, 1] and
that there exists Π : Lm+p

1 7→ L1
1 such that

(i) τG1 ∈ ILC(Π);
(ii) G2 ∈ SILCc(Π).
Then [G1, G2] is stable on L1e+. Moreover, if both G1 and
G2 are linear, then [G1, G2] is stable.

Theorem 1 assumes [τG1, G2] is well-posed and positive
to begin with. For verifying this standing assumption, we
have the follow theorem, where the part for well-posedness
was proven by Willems in [19][Thm. 4.1].

Theorem 2: Consider the positive feedback intercon-
nected system [G1, G2] described in (3). If α(G1)α(G2) < 1,
then [G1, G2] is well-posed and positive, where α(Gi) is the
instantaneous gain of Gi:

α(Gi) := sup
T>0

inf
∆T>0

sup
x,y∈L1e;PT x=PT y
PT+∆T (x−y) ̸=0

∥PT+∆T (Gix−Giy)∥1
∥PT+∆T (x− y)∥1

.

IV. ILCS FOR VARIOUS OPERATORS

In the context of robust stability, we often let G1 in
the feedback interconnection (3) play the role of structured
uncertainties while G2 is the (linear) nominal system. Under
this setting, ILCs for G1 are first derived based on known
properties of G1, and with such, G2 ∈ SILCc(Π) becomes
stability certificate that one hopes to be able to verify using
efficient computational algorithms. In this section, we derives
integral linear constraints for several uncertain operators
which are commonly seen in scientific and engineering
applications.
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A. sector uncertainty

Consider the uncertain operator ∆ : Ln
1e 7→ Ln

1e which
satisfies 0 ≤ (∆v)(t) ≤ κ · v(t), for all t, where κ is
a given positive constant. Such operator is called “sector
uncertainty”, denoted as ∆ ∈ Sec(0, κ). Examples of sector
uncertainty include saturation nonlinearity, deadzone nonlin-
earity, and multiplication of a time-varying coefficient with
magnitude bounded between 0 and κ.

Lemma 1: Suppose ∆ ∈ Sec(0, κ). Then τ∆ ∈ ILC(Π)
for τ ∈ [0, 1], where Π has the form(

Π

[
v
∆v

])
(t) = κ · x1(t)

T v(t)− x2(t)
T (∆v)(t)

and x1, x2 ∈ Ln
∞+ are such that x1(t) − x2(t) ≥ 0 for all

t.

B. constant time delay

Consider the constant time-delay operator ∆ : Ln
1e 7→ Ln

1e

which satisfies (∆v)(t) = v(t − τ), where τ is a fixed real
number.

Lemma 2: Let ∆ be constant time-delay operator de-
scribed above. Then τ∆ ∈ ILC(Π) for τ ∈ [0, 1], where
Π has the form(

Π

[
v
∆v

])
(t) = x1(t)

T v(t)− x2(t)
T (∆v)(t)

and x1, x2 ∈ Ln
∞ are such that x1(t) − x2(t + τ) ≥ 0 for

all t.

C. time-varying time delay

Consider the time-varying time-delay operator ∆ : Ln
1e 7→

Ln
1e which satisfies (∆v)(t) = v(t− τ(t)), where τ satisfies

0 ≤ τ(t) ≤ τ̄ and τ̇(t) ≤ d < 1 for all t such that the
mapping s = t− τ(t) has an inverse mapping t = δ(s).

Lemma 3: Let ∆ be the time-varying time-delay operator
described above. Then τ∆ ∈ ILC(Π) for τ ∈ [0, 1], where
Π has the form(

Π

[
v
∆v

])
(t) = xT

1 v(t)− xT
2 (∆v)(t)/(1− d)

and x1, x2 ∈ Rn are such that x1 − x2/(1− d) ≥ 0.

D. multiplication with a constant diagonal matrix

Consider the operator of multiplying a constant diagonal
matrix ∆ : Ln

1e 7→ Ln
1e, (∆v)(t) = ∆v(t), where ∆ :=

diag(δ1, · · · , δn) satisfies 0 ≤ δi ≤ 1, i = 1, · · · , n.
Lemma 4: Let ∆ be the multiplication operator described

above. Then τ∆ ∈ ILC(Π) for τ ∈ [0, 1], where Π has the
form

Π =
[
Π1 −Π2

]
, (Πiv)(t) =

∫ ∞

0

πi(t, τ)v(τ)dτ, i = 1, 2,

where π1, π2 : R× R 7→ R1×n satisfy

0 ≤
∫ ∞

0

π2(t, τ)dt ≤
∫ ∞

0

π1(t, τ)dt < ∞, ∀ τ ∈ R̄ (4)

E. multiplication with a constant full matrix

Consider the operator of multiplying a constant matrix ∆ :
Ln
1e 7→ Ln

1e, (∆v)(t) = ∆v(t), where ∆ ∈ Rn×n satisfies
0 ≤ ∆ ≤ 1n×n, and 1n×n is the matrix with all its entries
equal to one.

Lemma 5: Let ∆ be the multiplication operator described
above. Then τ∆ ∈ ILC(Π) for τ ∈ [0, 1], where Π has the
form

Π =
[
Π1 −Π2

]
, (Πiv)(t) =

∫ ∞

0

πi(t, τ)v(τ)dτ, i = 1, 2,

where π1, π2 : R× R 7→ R1×n satisfy

0 ≤
∫ ∞

0

π2(t, τ)dt, ∀ τ ∈ R̄∫ ∞

0

|π2(t, τ)|1dt ≤
∫ ∞

0

π1,i(t, τ)dt, ∀ τ ∈ R̄,

∀i = 1, · · · , n

(5)

and π1,i denotes the ith component of π1.

F. LTI uncertainties

Consider LTI uncertainty ∆ : Ln
1e 7→ Ln

1e,

(∆v)(t) =

∫ t

0

F (t− τ)v(τ)dτ

where F : R+ 7→ Rn×n
+ satisfies

0 ≤
∫ ∞

0

F (τ)dτ ≤ 1

n
1n×n

and 1n×n is the matrix with all its entries equal to one. Note
that the constraint imposed on F implies that ∆ is positive
and ∥∆∥+ ≤ 1.

Lemma 6: Let ∆ be the positive LTI uncertainty described
above. Then τ∆ ∈ ILC(Π) for τ ∈ [0, 1] where Π has the
form (

Π

[
v
∆v

])
(t) = x1(t)

T v(t)− x2(t)
T (∆v)(t)

and x1, x2 ∈ Ln
∞+ are such that

x1i(t) ≥
1

n

n∑
j=1

sup
s∈R+

x2j(t+ s) (6)

for all t and for all i = 1, · · · , n. Here x1i and x2j denote
the ith and jth components of x1 and x2, respectively.

V. VERIFICATION OF THE STABILITY CONDITION

In this section, a sufficient condition for G2 ∈ SILCc(Π)
is proposed. We assume that Π and G2 are linear time-
varying operators which, respectively, have state space re-
alizations

Π :

{
ẋπ(t) = Aπ(t)xπ(t) +Bπ1(t)v1(t) +Bπ2(t)v2(t)

yπ(t) = Cπ(t)xπ(t) +Dπ1(t)v1(t) +Dπ2(t)v2(t)

G2 :

{
ẋ(t) = A(t)xπ(t) +B(t)v(t)

y(t) = C(t)x(t) +D(t)v(t)

(7)
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As the result, operator Π
[
G2

I

]
has state space realization

whose system matrices have the following form

At =

[
A 0

Bπ1C Aπ

]
, Bt =

[
B

Bπ1D +Bπ2

]
, (8)

Ct =
[
Dπ1C Cπ

]
, Dt = Dπ1D +Dπ2 (9)

We have the following proposition for G2 ∈ SILCc(Π).
Proposition 1: Suppose G2 and Π have state space real-

izations as in (7). Then G2 ∈ SILCc(Π) if there exist p(t)
and ϵ > 0 such that[

ṗ(t) + p(t)At(t) p(t)Bt(t)
]
+
[
Ct(t) Dt(t)

]
(10)

< −ϵ1T
p+m, ∀ t ∈ [0,∞)

VI. SCALABLE ANALYSIS OF NETWORK SYSTEMS

Interconnecting positive systems is known to preserve the
positivity property under the condition that the instantaneous
gains of the systems are sufficiently small; see Theorem 2.
This section illustrates how the main robustness result in
Theorem 1 can be applied to performing scalable robust
stability analysis of network systems.

GF

W

X

F1

F2

F3

G1

G2

+

+

Fig. 1. Feedback configuration for systems with a bipartite digraph structure.

Consider the feedback interconnection in Figure 1. There,
W ∈ Rp×m and X ∈ Rm×p are two sparse matrices; F and
G are two diagonal operators with Fi and Gj being single-
input-single-output (SISO) bounded linear causal positive
systems for i = 1, . . . ,m and j = 1, . . . , p. This setup
models a heterogeneous network configuration of systems
interconnected via weighted, asymmetric matrices. The in-
terconnection has a bipartite structure as inputs of Fi’s are
outputs of Gj’s and vice versa. Bipartite interconnection
structure can be found in various real-world applications,
such as internet congestion control models [20].

In what follows, we consider the simple case where p =
m and W = I . Let F be time-varying delay operators as
described in Section IV-C, whereby τF ∈ ILC(Π) for all
τ ∈ [0, 1] with Π :=

[
xT
1 xT

2 /(1− d)
]
, where x1, x2 ∈ Rn

are such that x1 − x2/(1 − d) ≥ 0. Suppose G is strictly
causal, i.e. having zero instantaneous gain, from which the
feedback interconnection [τF,XG] is necessarily positive for
all τ ∈ [0, 1] by Theorem 2. It then follows from Theorem 1
that [F,XG] is robustly stable against time-varying delays
if XG ∈ SILCc(Π). In the case where G is LTI, this is
equivalent to

Π

[
XĜ(0)

I

]
< 0,

where Ĝ is the transfer function representation of G. In
the case where G is LTV, Proposition 1 may be used.
In both cases, by exploiting the sparsity of X and the
diagonal structure of G, the verification can be performed in
a distributed and scalable manner. In particular, if the Gm+1

joins the network and it communicates only with the Gm, it
is obvious that most number of inequalities in (10) do not
need to be rechecked. In other words, a centralized analysis
is not needed when working with integral linear constraints.
This desired feature is not apparent in the context of integral
quadratic constraints [18].
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Input-Output Stability of Linear Discrete-Time Consensus Processes*

Ji Liu and Tamer Başar

Abstract— In a network of n agents, consensus means that
all n agents reach an agreement on a specific value of some
quantity via local interactions. A linear discrete-time consensus
process can typically be modeled by a discrete-time linear
recursion equation, whose equilibria include nonzero states of
the form a1 where a is a constant and 1 is a column vector in Rn
whose entries all equal 1. Using a suitably defined semi-norm,
this work extends the standard notion of input-output stability
from linear systems to linear recursions of this type. A sufficient
condition for input-output consensus stability is provided. A
connection between uniform bounded-input, bounded-output
consensus stability and uniform exponential consensus stability
is established. A certain type of additive perturbation to a
consensus process is also considered.

Index Terms— Control systems; Stability; Graph theory

I. INTRODUCTION

Over the past few decades, there has been much attention
paid to developing algorithms for information distribution
and computation among a group of interactive agents via
local interactions [1], [2]. Recently, distributed computation
and control problems of all types [3]–[8] have arisen nat-
urally in large-scale complex networks due to their fault
tolerance and cost saving features, and their ability to accom-
modate a variety of physical constraints such as limitations
on sensing, computation, and communication.

One important problem in distributed control and com-
putation is the consensus problem [9]–[20]. In a typical
consensus process, the agents in a given network all try
to agree on some quantity by communicating what they
know only to their neighboring agents. Different aspects
of consensus processes, such as convergence rates [21],
measurement delays [22], controllability [23], and robustness
[24], have been investigated.

Recently, internal stability of linear consensus processes
has been studied in [25]. The standard notions of uniform
asymptotic stability and exponential stability from linear
systems have been extended to linear recursions modeling
linear discrete-time consensus processes using a suitably
defined semi-norm. It has been shown in [25] that these
notions are equivalent just as they are for conventional linear
systems. The notions were also used to obtain a necessary
and sufficient graph-theoretic condition for a discrete-time

*Proofs of the assertions in this extended abstract are available from the
first author upon request and will appear in an expanded version of this
work.

Ji Liu and Tamer Başar are with the Coordinated Science
Laboratory, University of Illinois at Urbana-Champaign, USA
({jiliu,basar1}@illinois.edu). The work of Liu and
Başar was supported in part by the U.S. Air Force Office of Scientific
Research (AFOSR) MURI grant FA9550-10-1-0573.

linear consensus process to be exponentially stable (or equiv-
alently, to reach a consensus exponentially fast).

The aim of this study is to develop input-output stability
of linear discrete-time consensus processes. Using the same
semi-norm, we extend the standard notion of input-output
stability from conventional linear systems to linear consensus
systems. We provide a sufficient condition for input-output
consensus stability, and establish a connection between uni-
form bounded-input, bounded-output consensus stability and
uniform exponential consensus stability. We also consider the
effect of a certain type of additive perturbation to a consensus
process.

II. PRELIMINARIES

We begin with the notion of a particular semi-norm which
was first introduced in [26].

A. A Semi-Norm

Let || · || be the induced infinity norm on Rm×n. For M ∈
Rm×n, define

|M |∞ = min
c∈R1×n

||M − 1c||.

It has been shown in [27] that | · |∞ is a semi-norm,
namely that it is positively homogeneous and satisfies the
triangle inequality. Moreover, this particular semi-norm is
sub-multiplicative in the following sense.

Lemma 1: (Lemma 1 in [25]) Suppose that S is a subset
of Rn×n such that M1 = 1 for all M ∈ S. Then,

|Mx|∞ ≤ |M |∞|x|∞, |MN |∞ ≤ |M |∞|N |∞,

for any M,N ∈ S and x ∈ Rn.
For column vectors and nonnegative matrices, more can

be said.
Lemma 2: (Lemmas 2 and 3 in [25]) Let x be a vector in

Rn. Then,

|x|∞ =
1

2

(
max

i
xi −min

j
xj

)
.

Let A ∈ Rn×n be a nonnegative matrix. Then,

|A|∞ =
1

2
max
i,j

n∑
k=1

|aik − ajk|.

It is worth noting that |A|∞ equals the well-known co-
efficient of ergodicity [28] if A is a stochastic matrix (i.e.,
a nonnegative matrix whose row sums all equal 1). Thus,
|A|∞ ≤ 1 if A is stochastic.
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B. Internal Consensus Stability

We now introduce internal stability of linear discrete-time
consensus processes using the semi-norm just introduced,
which has been studied in [25].

Consider a discrete-time linear consensus process modeled
by a linear recursion equation of the form

x(k + 1) = S(k)x(k), x(k0) = x0, (1)

where x(k) is a vector in Rn and S(k) is an n×n stochastic
matrix. It is easy to verify that the equilibria of (1) include
points of the form a1. We say that (1) is uniformly consensus
stable if there exists a finite positive constant γ such that for
any k0 and x0, the corresponding solution satisfies

|x(k)|∞ ≤ γ|x0|∞, k ≥ k0.

This definition is different from the standard notion of
uniform stability of linear systems [29] since it uses the semi-
norm instead of the regular norm. The same is true for all the
definitions of stability used in this work. Consensus stability
of the system is equivalent to that of x(t) converging to a
consensus vector (i.e., all the entries of x(t) having the same
value). Note that any trajectory of (1) is bounded for all k
since each S(k) is stochastic. Thus, the system (1), without
input or external disturbance, is uniformly consensus stable
for any sequence of stochastic S(k).

We say that the system described by (1) is uniformly
exponentially consensus stable if there exist a finite positive
constant γ and a constant 0 ≤ λ < 1 such that for any k0
and x0, the corresponding solution satisfies

|x(k)|∞ ≤ γλk−k0 |x0|∞, k ≥ k0.

Uniform exponential consensus stability implies uniform
consensus stability and imposes an additional requirement
that all solutions of (1) approach a consensus vector expo-
nentially fast.

Let Φ(k, j) be the discrete-time state transition matrix of
S(k). It is easy to verify that Φ(k, j) is a stochastic matrix
for any k ≥ j. The following result characterizes uniform
exponential consensus stability.

Lemma 3: (Theorem 1 in [25]) The discrete-time linear
recursion equation (1) is uniformly exponentially consensus
stable if, and only if, there exist a finite positive constant γ
and a constant 0 ≤ λ < 1 such that

|Φ(k, j)|∞ < γλk−j (2)

for all k, j such that k ≥ j.
Exponential consensus stability can be characterized by

graph connectivity. Toward this end, we need the following
concept. The graph of a nonnegative matrix M ∈ Rn×n,
denoted by γ(M), is a directed graph on n vertices with an
arc (or directed edge) from vertex i to vertex j whenever
mji 6= 0.

Lemma 4: (Theorem 4 in [25]) Let F denote a compact
set of n × n symmetric stochastic matrices with positive
diagonal entries. Suppose that F (1), F (2), . . . is an infinite
sequence of matrices in F . Then, the discrete-time linear

recursion equation x(k+1) = F (k)x(k), k ≥ 1, is uniformly
exponentially consensus stable if, and only if, the sequence
of graphs γ(F (1)), γ(F (2)), . . . is repeatedly jointly rooted.1

III. INPUT-OUTPUT CONSENSUS STABILITY

In this section, we introduce the notion of input-output
stability for discrete-time linear consensus processes. Toward
this end, we rewrite the equation (1) in an input-output form
as follows:

x(k + 1) = S(k)x(k) +B(k)u(k), (3)
y(k) = C(k)x(k), (4)

where u(·) is the input and y(·) is the output. Further, B(k)
and C(k) are stochastic matrices for all k. The input-output
behavior of the system (3)-(4) is specified by the unit-pulse
response

G(k, j) = C(k)Φ(k, j + 1)B(j), k ≥ j + 1,

which is also a stochastic matrix.
We say that the system defined by (3)-(4) is uniformly

bounded-input, bounded-output consensus stable if there
exists a finite constant η such that for any k0 and any input
signal u(k) the corresponding zero-state response satisfies

sup
k≥k0

|y(k)|∞ ≤ η sup
k≥k0

|u(k)|∞.

It is worth noting that y(t) may not be bounded even
though the system is uniformly bounded-input, bounded-
output consensus stable, which is not the case with the
standard notion of input-output stability of linear systems
[29].

The following result provides a sufficient condition for
input-output consensus stability.

Theorem 1: The system (3)-(4) is uniformly bounded-
input, bounded-output consensus stable if there exists a finite
constant ρ such that the unit-pulse response satisfies

k−1∑
i=j

|G(k, i)|∞ ≤ ρ (5)

for all k, j with k ≥ j + 1.
The following result establishes a connection between

uniform bounded-input, bounded-output stability, a property
of the zero-state response, and uniform exponential stability,
a property of the zero-input response.

Theorem 2: Suppose that (1) is uniformly exponentially
consensus stable. Then, the system (3)-(4) is uniformly
bounded-input, bounded-output consensus stable.

As a direct consequence of Lemma 4, we have the
following result.

1We say that a directed graph is rooted if it has a directed spanning tree.
We say that a finite sequence of directed graphs with the same vertex set is
jointly rooted if the union of the graphs in the sequence is rooted. We say
that an infinite sequence of directed graphs G1,G2, . . . with the same vertex
set is repeatedly jointly rooted if there exist finite positive integers l and τ0
for which each finite sequence Gτ0+kl+1,Gτ0+kl+2, . . . ,Gτ0+(k+1)l,
k ≥ 0, is jointly rooted.
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Corollary 1: Suppose that the sequence of graphs
γ(S(1)), γ(S(2)), . . . is repeatedly jointly rooted. Then, the
system (3)-(4) is uniformly bounded-input, bounded-output
consensus stable.

IV. ADDITIVE PERTURBATION

In this section, we consider an additive perturbation F (k)
to S(k) in a linear consensus process. We assume that
F (k)1 = 1 for all k.

Theorem 3: Suppose that the linear recursion equation
(1) is uniformly exponentially consensus stable. Then, there
exists a sufficiently small positive constant β such that if
|F (k)| < β for all k, then

z(k + 1) =

(
S(k) + F (k)

)
z(k) (6)

is uniformly exponentially consensus stable.

V. CONCLUSION

In this work, the standard notion of input-output stability
for linear systems has been extended to linear recursions
modeling linear discrete-time consensus processes. A suffi-
cient condition for input-output consensus stability has been
provided, and the connection between uniform bounded-
input, bounded-output consensus stability and uniform expo-
nential consensus stability has been established. Consensus
processes with certain type of additive perturbation have also
been considered.

There are a number of opportunities for future work.
First, it is of interest to see whether the sufficient condition
for input-output consensus stability in Theorem 1 is also
necessary. Second, it will be nice to relax the assumptions
on B(k), C(k) in (3)-(4), and F (k) in (6). Third, we will
extend the concepts and results here to linear continuous-time
consensus processes. Last, we will also seek applications of
our results in distributed network problems.
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for mobile sensing networks. IEEE Transactions on Robotics and
Automation, 20(2):243–255, 2004.

[4] J. Lin, A. S. Morse, and B. D. O. Anderson. The multi-agent
rendezvous problem. Part 1: the synchronous case. SIAM Journal
on Control and Optimization, 46(6):2096–2119, 2007.

[5] L. Hu and D. Evans. Localization for mobile sensor networks. In
Proceedings of the 10th Annual International Conference on Mobile
Computing and Networking, pages 45–57, 2004.

[6] L. Krick, M. E. Broucke, and B. A. Francis. Stabilisation of
infinitesimally rigid formations of multi-robot networks. International
Journal of Control, 82(3):423–439, 2009.

[7] J. Liu, N. Hassanpour, S. Tatikonda, and A. S. Morse. Dynamic thresh-
old models of collective action in social networks. In Proceedings of
the 51st IEEE Conference on Decision and Control, pages 3991–3996,
2012.

[8] F. Dörfler, M. Chertkov, and F. Bullo. Synchronization in complex
oscillator networks and smart grids. Proceedings of the National
Academy of Sciences, 110(6):2005–2010, 2013.

[9] J. N. Tsitsiklis. Problems in Decentralized Decision Making and
Computation. PhD thesis, Department of Electrical Engineering and
Computer Science, MIT, 1984.

[10] A. Jadbabaie, J. Lin, and A. S. Morse. Coordination of groups
of mobile autonomous agents using nearest neighbor rules. IEEE
Transactions on Automatic Control, 48(6):988–1001, 2003.

[11] R. Olfati-Saber and R. M. Murray. Consensus problems in networks
of agents with switching topology and time-delays. IEEE Transactions
on Automatic Control, 49(9):1520–1533, 2004.

[12] L. Moreau. Stability of multi-agent systems with time-dependent
communication links. IEEE Transactions on Automatic Control,
50(2):169–182, 2005.

[13] W. Ren and R. W. Beard. Consensus seeking in multiagent systems
under dynamically changing interaction topologies. IEEE Transactions
on Automatic Control, 50(5):655–661, 2005.
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MATRIX MONOTONICITY IN SEVERAL VARIABLES

J. E. PASCOE

1. Introduction

Let H ⊂ C denote the complex upper half plane. That is,

H = {z ∈ C| Im z > 0}.
The Pick class is the set of analytic functions f : H → H. The elements of the Pick class
are called Pick functions.

The theory of Pick functions can be used to analyze matrix monotone functions via
Löwner’s theorem. Given a function f : (a, b) → R, we extend f via the functional cal-
culus to self-adjoint matrices A with spectrum in (a, b) by taking the diagonalization of A
by a unitary matrix U, that is,

A = U∗
[ λ1

λ2
...

]
U,

and defining

f(A) = U∗

[
f(λ1)

f(λ2)

...

]
U. (1.1)

A function f : (a, b)→ R is called matrix monotone if

A ≤ B ⇒ f(A) ≤ f(B)

where A ≤ B means that B − A is positive semidefinite.
The condition that a function f : (a, b) → R be matrix monotone is much stronger than

that f is monotone in the ordinary sense. For example, let the function f : R→ R be given
by the formula

f(x) = x3.

The function f is monotone on all of the real line, R. Note that

( 1 1
1 1 ) ≤ ( 2 1

1 1 ) ,

since
( 2 1
1 1 )− ( 1 1

1 1 ) = ( 1 0
0 0 )

is a positive semidefinite matrix. However,

f ( 1 1
1 1 ) = ( 4 4

4 4 ) ,
f ( 2 1

1 1 ) = ( 13 8
8 5 ) ,

and
( 13 8

8 5 )− ( 4 4
4 4 ) = ( 9 4

4 1 )

Date: January 17, 2016.
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which is not positive semidefinite since det ( 9 4
4 1 ) = −5 < 0. Thus, the function f(x) = x3 is

not matrix monotone even though it is monotone on all of R.
In [12], Charles Löwner showed the following theorem.

Theorem 1.1 (Löwner [12]). Let f : (a, b)→ R be a bounded Borel function. The function
f is matrix monotone if and only if f is real analytic and analytically continues to the upper
half plane as a function in the Pick class.

For a modern treatment of Löwner’s theorem, see e.g. [7, 3, 4].
Löwner’s theorem can be used to identify whether or not many classically important

functions are matrix monotone. For example, x1/3, log x, and − 1
x

are matrix monotone on
the interval (1, 2), but x3 and ex are not.

Via the connection to moment problems and matrix monotonicity, the theory of Pick
functions has deep and well-studied consequences for science and engineering. John von
Neumann and Eugene Wigner applied Löwner’s theorem to the theory of quantum collisions
[16, 15]. Other applications include quantum data processing [1], wireless communications
[11, 5] and engineering [2, 13].

With Ryan Tully-Doyle, we executed the program above in several noncommuting vari-
ables, in the free functional calculus. For example, we seek to understand functions of matrix
variables, such as

f(X1, X2) =
√

X1X2 + X2X1,

where they are well-defined.
As is discussed in Section 8.1 of [10], the free functional calculus is used in the study of

scalable or dimensionless problems in systems engineering. Additionally, important algebraic
and qualitative properties of functions are often accessible in the free case (see, e.g., [8, 6, 9]).
A qualitative understanding of the free functional calculus is important for applications; it
may be a way to work around the fact that matrix calculations are computationally expensive
when analyzing matrix inqualities.

A free polynomial is much like an ordinary polynomial, except that the variables do not
commute. For example

p(x1, x2) = 7x1x
2
2 + x2x1x2 − 8x15

1

and

q(x1, x2) = 8x1x
2
2 − 8x15

1

are both free polynomials which are not equal to eachother. (That is, since x1x2 6= x2x1,
x1x

2
2 6= x2x1x2.)

A free power series is like a normal power series in the sense that it is formula of the form

f(x1, x2, . . . , xd) =
∑
w∈I

aww(x1, x2, . . . , xd)

where I is the set of all monomials, ie free polynomials with only one term like x1x
2
2, x2x1x2,

and x15
1 .

For our discussion the free functional calculus will consist of the free power series. In most
cases, we will need these series to converge on some set of tuples of same-sized matrices, such
as the n-tuples of contractions.

We proved the following generalization of Löwner’s theorem with Ryan Tully-Doyle:
2
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Theorem 1.2 (P., Tully-Doyle[14]). Let

f(X1, . . . , Xd) =
∑
I∈I

cIX
I

be a free power series in d variables which converges absolutely for all X = (X1, . . . , Xd)
such that each ‖Xi‖ < 1. The function f is matrix monotone on the domain of convergence,
that is,

∀1≤i≤dXi ≤ Yi ⇒ f(X) ≤ f(Y ),

if and only if for each n, f analytically continues as a function on d-tuples of n by n matrices
over C with positive imaginary part (where Im W = (W −W ∗)/2i) so that

∀1≤i≤dIm Zi > 0⇒ Im f(Z) > 0.

That is, a function in several noncommuting variables is matrix monotone if and only if it
analytically continues to the matricial analogue of Hd as a noncommutative Pick function.
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Integral Methods in Science and Engineering, Volume 2, pages 11–20. Birkhäuser Boston, 2010.
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POSITIVITY AND REPRESENTING MEASURES IN THE

TRUNCATED MOMENT PROBLEM

LAWRENCE A. FIALKOW

Abstract. Let β ≡ β(m) = {βi}i∈Zn
+
,|i|≤m, β0 > 0, denote a real n-dimensional

multisequence of degree m and let K denote a closed subset of Rn. The Truncated
K-Moment Problem (TKMP) concerns the existence of a K-representing measure for
β, i.e., a positive Borel measure µ, supported in K, such that

(0.1) βi =

∫

K

xidµ (i ∈ Z
n
+
, |i| ≤ m).

Let Pm := {p ∈ R[x1, . . . , xn] : deg p ≤ m}. We associate to β the Riesz functional
Lβ : Pm 7→ R defined by Lβ(

∑

aix
i) =

∑

aiβi. The existence of a K-representing
measure implies that Lβ is K-positive, i.e., if p ∈ Pm satisfies p|K ≥ 0, then Lβ(p) ≥
0. In the Full K-Moment Problem for β ≡ β(∞) [ST] [Sch], a classical theorem
of M. Riesz (n = 1) [R] and E.K. Haviland (n > 1) [H] shows that β has a K-
representing measure if and only if Lβ is K-positive. A result of Stochel [Sto] implies
that β(∞) has a K-representing measure if and only if each trunctation β(m) has a
K-representing measure. However, in the Truncated K-Moment Problem, the direct
analogue of Riesz-Haviland is not true. For TKMP, we discuss the gap between K-
positivity and the existence ofK-representing measures, with reference to Tchakaloff’s
Theorem [Tch], approximate K-representing measures [FN1] [FN2], a “truncated”
Riesz-Haviland theorem [CF4], a “strict” K-positivity existence theorem [FN1], and
recent results concerning the core variety of a multisequence [F2].

Let K denote a compact subset of Rn and let ν denote the restriction of n-
dimensional Lebesgue measure toK. Let m > 0 and let β ≡ β(m) denote the sequence
of power moments of ν up to degree m. V. Tchakaloff [Tch] proved that β has
an N -atomic K-representing measure, where N ≤ dim Pm. Tchakaloff’s argument
essentially proves the following analogue of the Riesz-Haviland Theorem for the case
when K is compact.

Theorem 0.1. (cf. V. Tchakaloff [Tch]) Let β ≡ β(m) denote an n-dimensional
multisequence of degree m and let K denote a compact subset of Rn. β has a K-
representing measure if and only if Lβ is K-positive.

Perhaps the simplest example of β for which Lβ is K-positive, but β has no
representing measure, occurs with n = 1, K = R, m = 4, and β(4) given by the
moment matrix

(0.2) M2 =





1 1 1
1 1 1
1 1 2
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To explain this example, we require some additional notation and terminol-
ogy. We associate to β ≡ β(2d) the moment matrix Md ≡ Md(β) [CF2] [CF3], as
follows. The rows and columns of Md are indexed by the monomials in Pd in degree-
lexicographic order; relative to this basis for Pd, let p̂ denote the coefficient vector of
p ∈ Pd. Md is now defined by

〈Mdp̂, q̂〉 = Lβ(pq) (p, q ∈ Pd).

We say that Md is recursively generated if whenever p, q, pq ∈ Pd and Mdp̂ = 0, then
Md(p̂q) = 0. Recursiveness is a necessary condition for representing measures [CF3].

Returning to (0.2), since K = R, each polynomial p ∈ P4 that satisfies p|K ≥ 0
is of the form p = r2 + s2 (r, s ∈ P2) [PoSz]. Since M2 � 0 (positive semi-definite)
and p|R ≥ 0, we have Lβ(p) = Lβ(r

2) +Lβ(s
2) = 〈M2r̂, r̂〉+ 〈M2ŝ, ŝ〉 ≥ 0, whence Lβ

is positive. On the other hand, in (0.2) we have M2(x̂− 1) = 0, but M2(x̂2 − x) 6= 0,
so M2 is not recursively generated, and therfore β has no representing measure.

The following result of R. Curto and the author [CF3] provides an analogue of
Riesz-Haviland for TKMP.

Theorem 0.2. ([CF3]) Let β = β(2d−2) or β = β(2d−1) and let K denote a closed
subset of Rn. β has a K-representing measure if and only if β admits an extension

to a sequence ˜β of degree 2d such that L
β̃
is K-positive.

Another variant of Riesz-Haviland is based on a refinement of K-positivity. We
say that Lβ is strictly K-positive if Lβ is K-positive and whenever p ∈ Pm satisfies
p|K ≥ 0 and p|K 6≡ 0, then Lβ(p) > 0. We furthur say that a closed set K ⊆ Rn is
determining for Pm if whenever p ∈ Pm satisfies p|K ≡ 0, then p ≡ 0.

Theorem 0.3. (F.-Nie [FN1]) Let K be determining for Pm, and let β ≡ β(m). If
Lβ is strictly K-positive, then β has a K-representing measure.

In view of the previous results, we seek conditions for K-positivity or strict
K-positivity. Results of [FN1] [FN2] show that Lβ is K-positive if and only if β is the
limit of sequences having K-representing measures. Moreover, for K a determining
set for Pm, if Lβ is strictly K-positive, then β is in the interior of the multiseuqences
having K-representing measures [FN1]. A remarkable recent result of Blekherman
[B] implies that if rank Md ≤ 3d− 3, then Lβ is positive.

To furthur study K-positivity in TKMP, in [F2] we introduced the core va-
riety V of a multisequence β ≡ β(2d). For Md � 0, recall the variety V (Md) :=

⋂

p∈Pd, Mdp̂=0

Zp, where Zp denotes the set of real affine zeros of p [CF2]. We now

designate V (Md) by V(0). For i ≥ 0, let

V(i+1) :=
⋂

p∈kerLβ, p|V(i)
≥0

Zp.

2
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We define the core variety of β (or ofMd(β)) by V ≡ V(β) :=

∞
⋂

i=0

V(i); V is an algebraic

variety such that if β has a representing measure µ, then supp µ ⊆ V, so the core
variety is nonempty. Our main result provides a partial converse.

Theorem 0.4. ([F2]) If V is nonempty, then Lβ is strictly V- positive. Moreover, if
V is nonempty and compact, or V = Rn, then β has a V-representing measure.

Example 0.5. With n = 2, consider β ≡ β(6) and M3 given by

M3 =































1 0 0 1 2 5 0 0 0 0
0 1 2 0 0 0 2 5 14 42
0 2 5 0 0 0 5 14 42 132
1 0 0 2 5 14 0 0 0 0
2 0 0 5 14 42 0 0 0 0
5 0 0 14 42 132 0 0 0 0
0 2 5 0 0 0 5 14 42 132
0 5 14 0 0 0 14 42 132 429
0 14 42 0 0 0 42 132 429 1429
0 42 132 0 0 0 132 429 1429 4847































.

In [EF] we showed that Lβ is positive; moreover β satisfies the necessary condition
of consistency [F1] [CFM], which implies the existence of a finitely atomic signed
interpolating measure. However, in [F1] we used the Bayer-Teichmann Theorem [BT]
to show that β has no representing measure. More recently, we showed that V = ∅,
so Theorem 0.4 provides an alternate proof that there is no representing measure.

The preceding example suggests the question as to whether a nonempty core
variety implies the existence of a representing measure [F2]. Using the above results,
and techniques such as flat extensions of moment matrices [CF1] [CF2], we may
establish affirmative answers in several cases of interest, as follows.

Theorem 0.6. (cf. [F2]) In the cases of Hilbert’s Theorem on sums of squares (n = 1,
d = 1, or n = d = 2), β ≡ β(2d) has a representing measure if and only if the core
variety is nonempty.

Theorem 0.7. ([F2]) Let β ≡ β(2d) and let Md denote the corresponding moment
matrix. If β has a representing measure, then rank Md ≤ card V. Conversely, if
rank Md = card V, then β admits a unique representing measure µ, with supp µ = V.

Theorem 0.8. Let n = 2 and let β ≡ β(2d). If V is nonempty and M2 is singular,
then β has a representing measure.

Theorem 0.9. (cf. [F2]) For Lβ ∈ L+

n,d(R
n) (positive), the following are equivalent:

1) Md ≻ 0 (positive definite) and V = Rn

2) V = Rn

3) Lβ is strictly positive
4) Lβ ∈ int(L+

n,d(R
n))

5) Lβ ∈ rel int(L+

n,d(R
n)) (relative interior, cf. [BT])

3
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Concerning Theorem 0.9, in [F2] we used results concerning the Homogeneous
Truncated Moment Problem [FN2] and positive polynomials [Rez] to construct a con-
crete example, with n = 2, d = 3, of M3 such that M3 ≻ 0 and Lβ is positive, but
V = ∅, so there is no representing measure.

Theorem 0.10. ([F2]) Let n = 2, d = 3, and suppose β ≡ β(6) satisfies M3 ≻ 0.
Then either V = R2 (and there is a measure), card V = 10 (and there is a measure),
or V = ∅ (no measure).
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Abstract— This paper presents an asymptotic  stability result 

for distributed parameter systems based on a version of 

Barbalat’s lemma for infinite dimensional Hilbert spaces. 

Given a mildly nonlinear continuous-time infinite-dimensional 

plant on a Hilbert space and disturbances of known and 

unknown waveform, we will use this infinite-dimensional 

Lyapunov-Barbalat Lemma to show that there is an 

exponentially stabilizing direct adaptive control law with 

certain disturbance rejection and robustness properties. 

I. INTRODUCTION  

Applications of infinite dimensional systems described by 
partial differential equations include flexible aerospace 
structures and the quantum control field [1]-[2].  In our 
previous work [3]-[7] we have accomplished direct model 
reference adaptive control and disturbance rejection with 
very low order adaptive gain laws for MIMO finite 
dimensional systems, and systems with unknown delays. In 
this paper we consider how to make a mildly nonlinear 
infinite-dimensional system, defined in Section II, adaptively 
regulate its states and output to zero in the presence of 
persistent disturbances. 

We show that the adaptively controlled system is globally 
asymptotically stable using an infinite-dimensional version of 
the Barbalat-Lyapunov result, which will be applied to linear 

PDEs with 
0

C  semigroup generators on a separable Hilbert 

space.  

For linear time invariant systems on finite-dimensional 
state spaces, a sufficient condition for asymptotic output 
regulation is that the plant be almost strictly dissipative 
(ASD). It is fairly well known that this condition is 
equivalent to two conditions on the open-loop plant: (1) the 
plant must be minimum phase, i.e. all zeros stable, and (2) 

the high frequency gain CB  must be sign-definite. To extend 

this result to infinite dimensions, we will prove a version of 
the Normal Form of the plant using non-orthogonal 
projections. This was developed in [13] as part of a complete 
proof that in finite dimensions (1) and (2) are equivalent to 
ASD.  

In this paper we will prove a similar result in Hilbert 
space for systems whose transmission zeros are exponentially 
stable. This will necessitate defining the transmission zeros of 
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an infinite-dimensional system and the development of the 
relationship of these zeros to the system’s normal form. In 
addition we will use this result to prove the global asymptotic 
stability of the closed loop mildly nonlinear infinite 
dimensional plant with an adaptive controller. 

II. ADAPTIVE REGULATION WITH DISTURBANCE REJECTION 

Let X  be an infinite dimensional separable Hilbert space 

with inner product ( , )x y  and corresponding norm 

( , )x x x . Consider the mildly nonlinear infinite 

dimensional plant with persistent disturbances: 
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where )()( ADtx   is the plant state, ( )
i

b D A  are 

actuator influence functions, ( )
i

c D A  are sensor influence 

functions, 
m

tytu )(),(  are the control input and plant 

output m-vectors respectively, 
q

D
tu )(   is a disturbance 

with known basis functions 
D

 . The persistent disturbances 

D
u  will enter the plant through the state channels . Later 

we will refer sometimes to the linearized version of (1) where 

we mean that ( , ) 0g t x  . The m x m matrix 

)],[(
ji

bcCB   is called the High Frequency Gain. 

 We will assume that the open loop plant in (1) has the 

fundamental property that A  is densely defined in X and 

generates a 
0

C  semigroup ( )U t of bounded operators on X . 

 The plant is called mildly nonlinear here because we 
will assume the nonlinearity satisfies a global Lipschitz 
continuity condition: 

1 2 1 2
( , ) ( , ) ( )g t x g t x t x x    

for all 
1 2
, ( )x x D A  and 0t   where 

*
0 ( )t     . 

Also, ( , 0) 0g t   for all 0t  .  
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since ( , ( ))g t x t  is Lipschitz continuous and
0

( )x D A , then 

for all 0t  , ( ) ( )x t D A  there is a strong solution of (1) 

such that 
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0
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t

D

x t U t x

U t Bu u g x d     



    




Therefore we have that the system in (1) is well posed on the 

Hilbert space X . 

In order to accomplish disturbance rejection in a direct 
adaptive scheme, we will make use of a definition, given in 
[4] and [7], for persistent disturbances: 

Definition 1:  A disturbance vector 
q

D
u    is said to be 

persistent if it satisfies the disturbance generator equations: 

          
( ) ( ) ( ) ( )

 or  
( ) ( ) ( ) ( )

D D D D

D D D D

u t z t u t z t

z t Fz t z t L t

 



  
 

  

  (2) 

where F  is a marginally stable matrix and ( )
D

t  is a vector 

of known functions forming a basis for all the possible 
disturbances. This is known as “a disturbance with known 
waveform but unknown amplitudes”. We can easily show 

that an operator L  exists to relate the persistent disturbances 

to a known basis vector ( )
D

t , but the adaptive controller 

will not need to know the actual L . 

The objective of control in this paper will be to cause the 

output y( )t  of the mildly nonlinear plant to be regulated 

asymptotically:  

 0
t

y


  

and this control objective will be accomplished by a Direct  
Adaptive Control Law of the form: 

 DDe
GyGu   a

The direct adaptive controller will have adaptive gains given 
by: 



*

*

; 0

; 0

e e e
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 b

Note that the output feedback gains are directly adapted 
and no estimation or identification of plant information is 
used in the control law.  

In this paper we will assume Range( ) Range( )B  . 

Then there exists 
2

S  such that 
2

( )B S   . In this case the 

adaptively-controlled full system state x becomes 

disturbance-free.  

III. LINEAR NORMAL FORM 

We need two lemmae that pertain only to the linearized 
version of (1): 

Lemma 1:  If  CB  is nonsingular then 
1

1
( )P B CB C



  is a 

(non-orthogonal) bounded projection onto the range of B ,  

R( )B , along the null space of  C , N ( )C , with 

2 1
P I P  , the complementary bounded projection, and  

( ) ( )X R B N C   as well as  ( ) ( ) ( ) ( )D A R B N C D A   . 

Proof of Lemma 1: See [17]. 

Now for the above pair of projections 
1 2

( , )P P  we have 
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which implies 
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because 
1

1
( ( ) )y Cx C B CB C x CP x


    

1

2
( ) 0CP C CB CB C


    and 

1

2
( ) 0P B B B CB CB



   . 

Lemma 2: If C B  is nonsingular, then there exists an 

invertible bounded linear operator 

2

2 2

: R ( )
C

W X X B l
W P

   
 

 
 

 such that 

  
1

0
0

,  m

CB
B W B C CW I


   

 

 
 

 and 1
 A WAW


 . 

This coordinate transformation puts (1) into linear normal 
form:  
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where the subsystem: 
22 12 21

( , , )A A A  is called the zero 

dynamics of (1) and  

1 1 *

11 11 12 2

1 *

21 2 21 22 2 22 2

( ) ( ) ; ;

( ) ;

A CA B CB CAB CB A CAW

A W A B CB A W A W
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2 2
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2 1 2 2 2 3 2

( , ) ( , ) ( , )
T

W x P x P x P x    is an 

isometry from 
2

N( ) into C l . 

Proof of Lemma 2: See [17]. 

 
In the next Lemma it is possible to relate the point 

spectrum  
22 22

( ) /  not 1-1
p

A I A     to the set Z  of 

transmission (or blocking) zeros of ( , , )A B C .  

Similar to the finite-dimensional case [16], we can see 

that / ( ) :
0

( ) x x  linear operator is not 1-1
m m

I A B
V

C

D A X

Z


 




  

  
  

   

 
 

 

Lemma 3:  
22 22

( ) /  is not 1-1
p

Z A I A      is the point 

spectrum of 
22

A . So the transmission zeros of the infinite-

dimensional open-loop plant ( , , )A B C  are the eigenvalues 

of its zero dynamics
22 12 21

( , , )A A A . 

Proof of Lemma 3:  

From 

1
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0 00

V
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we obtain 
0

I A B

C

  

 
 

 not 1-1 if and only if 
0

I A B

C

  

 
 

 

not 1-1. 

But, using normal form from Lemma 2, 
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And therefore 
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2
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0 ( ) ( )

h

V h V h

h

  

 

 

 
  

 if and only if 

1

1 3 12 2 22 2
0; ( ) ; ( ) 0h h CB A h I A h



    . 

So 0h   if and only if 
2

0h   Therefore 
0

sI A B

C

 

 
 

 

not 1-1 if and only if 
22

 ( )
p

A  . 

This completes the proof of Lemma 3. 

IV. STABILITY OF THE CLOSED-LOOP SYSTEM 

We consider the definition of Strict Dissipativity for 
infinite-dimensional systems and the general form of the 
“adaptive error system” to prove stability. Noting that there 

can be some ambiguity in the literature with the definition of 
strictly dissipative systems, we modify the suggestion of Wen 
in [8] for finite dimensional systems and expand it to include 
infinite dimensional systems. 

 

Definition 2:  The triple  , ,
c

A B C  is said to be Strictly 

Dissipative (SD) if 
c

A  is a densely defined closed operator 

on ( )
c

D A X , a complex Hilbert space with inner product 

( , )x y and corresponding norm ( , )x x x ; 
c

A

generates a 
0

C  semigroup of bounded operators )(tU ; and 

),( CB  are bounded finite rank input/output operators with 

rank M where :
m

B X   and :
m

C X   . In addition, 

there exist symmetric positive bounded operators P  and Q  

on X  such that 2 2

maxmin
0 ( , )p e Pe e p e   ; 

2 2

maxmin
0 ( , )q e Qe e q e   ,  i.e., ,P Q  are bounded 

and coercive, and  

  

1

2

1

2

2

min

*

R e( , ) ( , ) ( , )

( , ) ( , )

( , ) ; ( )

c c c

c c

c

PA e e PA e e PA e e

PA e e e PA e

Q e e q e e D A

PB C

   
 

  


     




 

where C* is the adjoint operator of C.  

The first condition is equivalent to 
c

A  generating an 

exponentially stable 
0

C  semigroup; shown by Datko in [19]. 

The second condition restricts the input-output connections. 

 We also say that ( , , )A B C  is Almost Strictly Dissipative 

(ASD) when there exists an xm m  gain matrix, 
*

G  such 

that ( , , )
c

A B C  is SD with CBGAA
c *

 . Note that if 

P I  in (6), by the Lumer-Phillips Theorem [10], p 405, 

we would have 
min

( ) ; 0  ; 0
t

c
U t e t q





    . 

Henceforth, we will make the following set of assumptions: 

Hypothesis 1: Assume the following: 

i.) There exists a gain, 
*

e
G such that the triple

),,(
*

CBCBGAA
eC

  is SD, i.e. 

( , , )A B C  is ASD; 

ii.) A  is a densely defined, closed operator on 

( )D A X  and generates a 
0

C  semigroup of 

bounded operators ( )U t ; 

iii.) ( ) ( )Range Γ Range B ; 

iv.) 
D

   is bounded. 

From (4a&b), we have  
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where  
* *

* *
; ;

e D e D
G G G G G G G G G         

and 
*

2D
G S L . 

From (1), (4a & b) and (7), the error system becomes 

0

*
( ) ( ) ( , )

0

(0) ( )

*
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D De

x
A BG C x B BG L g t x

t
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x x D A
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where 
0

0
0

e

D






 
  
 

 

Since ,B C  are finite rank operators, so is 
*

e
BG C . 

Therefore 
*

c e
A A BG C   which has ( )

c
D A D(A)  and 

generates a 
0

C  semigroup ( )
c

U t  because A  does, see [9] 

Theo 2.1 p 497. Furthermore, by Theo 8.10 p 157 in [11], 

( )x t   remains in ( )D A  and is differentiable there for all 

0t  . This is because B G  is continuously differentiable 

in  ( )D A . 

 We see that (8) is the feedback interconnection of an 
infinite-dimensional nonlinear subsystem with 

( )e D A X  and a finite-dimensional subsystem with 

mxm
G   . This can be written in the following form using

( ) x   x
mxm mxm

x
z D D A X X

G
      



 

 
 

: 

*

0

( , )
( , )

(0)  dense in x

c

t

mxm

A x B g t xw
w f t w

yt

w w D X X



 

 
  



   

  
  

 




 

The inner product on x
mxm

X X   can be defined as 

 
1 2

1 2 1 2

1 2

*

2 1
( , ) , ( , ) tr

x x
w w x x

G G
G G  

 
 

     
    
     

 

which will make it a Hilbert space also. 

 Now we present a new version of Barbalat-Lyapunov 
for systems on an infinite dimensional Hilbert space: 

Theorem 1 (Lyapunov-Barbalat): 

Let 
0 0

( ) ( , , )w t w t t w D   and ( , )V t w  satisfy: 

2 2

( , )

( , ) ( , )
( , ) ( , ) ( ) 0

α w V t w w

V t w V t w
V t w f t w S w

t w

 

 
    

 








 

for all w D . Then ( )w t is bounded in X  Furthermore, if 

the following are true: 

a) 
2

( )S w w   for all ; 0;w D   with   a 

bounded operator on x
mxm

D X X X     such 

that ( )
t t

w w   ; 

b)  Re , ( , )w f t w   is bounded on bounded sets of 

w D . 

Then ( ) 0
t

w t


  . 

 

Proof: See Appendix I in [17]. 

 
In the proof of Theo. 1, we used the following version of 
Barbalat’s Lemma; see [15] pp210-211: 

Lemma 4:  We say ( )f t  is a uniformly continuous 

function on (0, )  when for all 0   there exists 

( ) 0     such that 
2 1

( ) ( )f t f t    for all 
2 1

t t   . 

If ( )f t is a real, uniformly continuous function on (0,) with 

0

( )f t dt



 
, then ( ) 0

t
f t


 . 

Now we can prove the stability and convergence of the 
direct adaptively controlled error system (8):  

Theorem 2:  Under Hypothesis 1 and Re ( , )
c

A e e  

bounded on bounded sets of ( )e D A  and 

max

( )
* p

t


   , we will have state and output regulation, 

i.e., 0
t

x


  and since C  is a bounded linear operator: 

0
t

y Cx


   with bounded adaptive gains 

 
*e D

G G G G G    . 

Proof of Theo. 2: 

Consider  
2 2

min 1 max

1

2
0 ( ) ,p x V x Px x p x     

Then from (8) and the Lipschitz continuity of ( , )g t x , we 

have  
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where 
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*
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Then, using  (4b),  
1 *

2
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2
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     which 

implies that 
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Define 
1 2

( , ) ( ) ( )V x G V x V G    . This implies that 

2

*
( , ) 0V x G x    . 

Using Theo. 1, the rest of the proof follows from 
Appendix II in [17]. 

V. CONDITIONS FOR ALMOST STRICT DISSIPATIVITY 

It is known that for finite dimensional linear time 
invariant systems the condition of Almost Strict Dissipativity 
(ASD) is equivalent to the condition of Almost Strict Positive 
Realness (ASPR); see [18]. From this it is well known that 
ASPR, hence ASD, is equivalent to two simple open-loop 

requirements: the high frequency gain CB  is sign-definite 

and the open-loop transfer function ( )P s  is minimum phase. 

From [17], we have an infinite-dimensional version of these 
conditions for a large class of infinite-dimensional systems. 
The proof uses the above infinite-dimensional Normal Form 
from Lemma 2.  

Theorem 3: Assume ( , )
i j

CB c b     is a (symmetric) 

positive definite xm m  matrix and the zero dynamics 

22 21 12
( , , )A A A  of the linearized version of (1) are 

exponentially stable, i.e. there exists 
22 22

,P Q  bounded self-

adjoint coercive operators such that

   
2

22 22 2 2 22 2 2 2 2
Re , ,P A z z Q z z z    , then  

( , , )A B C  is ASD and conversely. 

Proof of Theo. 3: 

Let W  be from Lemma 2 which puts the open-loop 

system into Normal Form: 

11 12 2
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T
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1

0
m

C I CW
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Note that ( , , )A B C  is ASD if and only if ( , , )A B C  is ASD 

by using 
*

P W PW  and *
Q W QW . 

Use the control law: 
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* 11
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12

*

21 22

m

c

I A
A A BG C

A A


  

 

 
 

. 

*
PB C  implies that 

1

22

( ) 0

0

CB
P

P




 

 
 

 which is 

bounded, self-adjoint, and coercive because CB  is a positive 

definite matrix. 

 Define the bounded linear operator  

  
*

1 1

22 21 12 22
( )L P A C B A Q

 

   such that  

 
*

1

22 21 12 22
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Let 
2 2

z z Ly   and use  

       
22 2 2 22 2 2 22 2 22

2, , , ,Q z z Q z z Q Ly z Q Ly Ly    which 

implies  
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2

22 2 2 2 2
,Q z z z  and using Cauchy-Schwarz 

inequality: 
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2 2

2
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0
;

m
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z z L I
  

     
     

    

 or 
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Therefore, 
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where 
0

m
I

H
L I

 
  

 

  which implies ( , , )A B C  is ASD 

which implies ( , , )A B C  is ASD. The converse is easy since 

ASD implies that 
22

A  is exponentially stable. This completes 

the proof of Theo. 3. 

 This theorem gives necessary and sufficient conditions 
for infinite-dimensional ASD for the linearized version of (1) 
based on its open-loop zero dynamics. From Lemma 3, when 

22
A  has only point spectra, its eigenvalues are the open-loop 

transmission zeros. If 
22

A generates a 
0

C  semigroup 
22

( )U t  

on the Hilbert space X  then its exponential stability is 

determined by the spectrum of  
22

A . 

 From [20] Theo V1.11 p302-304, we have the 
following: 

Theorem 4. (Gearhart, Pruss, and Greiner): 

22
A  generates an exponentially stable 

0
C  semigroup 

22
( )U t  

on the Hilbert space X  if and only if  the half-plane  

{ / Re 0}    is contained in the resolvent set of 
22

A with 

the resolvent operator 
1

22 22
( , ) ( )R A I A 


   

satisfying  
Re 0 22

sup ( , )R A





  . 

For example, analytic semigroups satisfy this condition. 

In particular, for these semigroup situations if the open 
loop-transmission zeros are discrete and are all in the open 
left half-plane, i.e., the system is minimum phase, then the 
infinite-dimensional system is Almost Strictly Dissipative 
(ASD). This is essentially the same as the result for finite 
dimensional systems. 

VI. ILLUSTRATIVE EXAMPLE: ADAPTIVE CONTROL OF UNSTABLE 

DIFFUSION EQUATIONS 

We apply the above direct adaptive controller on the 
following single-input/single-output Cauchy problem which 
represents a general mildly nonlinear diffusion problem:  


0

( ) ( , )

(0) ( )

( , ); ( )

D

x
Ax b u u g t x

t

x x D A

y c x b c D A


   



 

  













 

where A has compact resolvent and generates an analytic C0 

semigroup and any mild nonlinearity ( , )g t x satisfies Theo. 

2. 
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 Also, since 
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C B . Therefore we have that ( , , )A B C  

is ASD with P I . 
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have Re( , )
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A x x  bounded on bounded sets of ( )x D A . 

For this application we assume the disturbances are 
sinusoidal with frequency 1 rad/sec (but this is not a 

restriction as long as
D

  is bounded):  
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So, since B   , there is a gain  
2

S I  . Finally the 

eigenvalues of F  are j  but the zeros of ( , , )A B C  are 

real. Therefore we satisfy the hypothesis of Theos. 2 & 3 and 
we have, via the direct adaptive controller, state regulation 

0
t

x


   and output regulation 0
t

y


  with 

bounded adaptive gains   
e D

G G G  in the presence of 

sinusoidal persistent disturbances. 

VII. CONCLUSIONS 

In this paper, results from [17] have been extended to 
mildly nonlinear infinite dimensional systems. In Theorem 1, 
we have an extension of Barbalat-Lyapunov result for mildly 
nonlinear dynamic systems on infinite-dimensional Hilbert 
spaces. We use this result to prove our main result Theo. 2 
which shows, under the hypothesis of Almost Strict 
Dissipativity for infinite dimensional systems with mild 
nonlinearities, that direct adaptive control can regulate the 
state and the output of a linear infinite-dimensional system in 
the presence of persistent disturbances without using any 
kind of state or parameter estimation.   

Theo. 3 determines necessary and sufficient conditions in 
Hilbert space for the linearized version of a mildly nonlinear 
system (1) to be Almost Strictly Dissipative (ASD). This is 

based only on the high frequency gain CB  and the stability 

of the transmission zeros of the open-loop system.  

These results do not require deep knowledge of specific 
properties or parameters of the system to accomplish state 
and output regulation for mildly nonlinear infinite 
dimensional systems. 
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The classical and tautological orbit theorems

Saber Jafarpour1 and Andrew D. Lewis2

Abstract— In this paper, we first review the classical orbit
theorem. Then, using the notion of presheaf of vector fields, we
generalize the orbit theorem for tautological control systems.
We show that the class of “coherent” presheaves plays an
important role in studying real analytic tautological orbit
theorem.
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I. INTRODUCTION

In geometric control theory a control system is considered
as a family of parametrized vector fields. The set of points
that can be reached by traveling along trajectories of these
vector fields is one of the basic objects of interest in control
theory. Let S be a family of vector fields on a manifold M and
x0 be a point on M. The orbit of S passing through x0 is the
set of points on M which can be reached from x0 by traveling
(in both positive and negative time) along the trajectories of
the vector fields in S. Orbits of a family of vector fields
are of significant importance in mathematical control theory.
However, any analytic description of orbits requires solving
nonlinear differential equations, which is, in the best case,
very difficult, if not impossible. Therefore, it would be more
reasonable to study orbits using properties of the family of
vector fields S. This has been a line of research in control
theory for the past four decades.

In 1939 Chow [1] and Rashevskii [11] independently
proved a theorem which connects properties of the orbits of S
to the Lie brackets of the vector fields in S. This theorem can
be considered as one of the first results where the tools and
techniques of differential geometry are used in control theory.
Let Lie(S) be the distribution generated by the Lie brackets
of the vector fields in S. The Chow–Rashevskii theorem
states that, for a connected manifold M, if, for every x ∈M,
the set Lie(S)(x) is equal to TxM, then, for every x ∈M, the
orbit of S passing through x is the whole space M. However,
in the case that Lie(S)(x) is not TxM, the Chow–Rashevskii
theorem does not give us any information about the structure
of orbits of the system.

In 1973 Sussmann [14] and Stefan [12] proved a gener-
alization of Chow–Rashevskii theorem. They showed that,
even in the case that Lie(S)(x) is not TxM, the orbits of S
are immersed submanifolds of M. As Sussmann mentions

1Saber Jafarpour is a Graduate student in the Department of
Mathematics and Statistics at Queen’s University, Kingston, Canada.
saber.jafarpour@queensu.ca

2Andrew D. Lewis is a Professor in the Department of
Mathematics and Statistics at Queen’s University, Kingston, Canada.
andrew@mast.queensu.ca

in his 1973 paper [14], a naive way of generalizing the
Chow–Rashevskii theorem is to consider a submanifold of
M with the property that its tangent space at each point x is
Lie(S)(x). Then, one can apply the Chow–Rashevskii theo-
rem to this “integral” submanifold of Lie(S) and show that
the orbit of S passing through x is exactly this submanifold.
Unfortunately, this generalization does not generally work.
In fact, it is possible that such an integral submanifold for
the distribution Lie(S) does not exist. In [14], Sussmann
defined another distribution PS using flows of the vector
fields in S. It can be showen that the distribution PS is always
integrable and the integral submanifolds of PS are exactly the
orbits of the family of vector fields S. However, it would be
natural to expect that if the distribution Lie(S) is integrable,
then it coincides with the distribution PS. Both Sussamnn
and Stefan studied conditions under which the distribution
Lie(S) is integrable and Lie(S) and PS are identical. In the
differential geometry literature, numerous conditions have
been developed for the integrability of a distribution. The
Frobenius theorem is one of the first and most well-known of
these results. Using the Frobenius theorem, it can be shown
that if the rank of the distribution Lie(S) is locally constant
at every point on its domain, then it is integrable. In 1963,
Hermann proposed two other conditions for integrability of
Lie(S) [4]. By considering the space of smooth vector fields
on M as a module over the ring C∞(M), Hermann showed
that the module structure of the family of vector fields S plays
a crucial role in the integrability of Lie(S) [4]. He defined a
C∞(M)-module generated by vector fields in S and their Lie
brackets and showed that if this module has some finiteness
property, then the distribution Lie(S) is integrable [4, 2.1(b)].
Hermann’s second condition dealt with real analyticity of
vector fields in S. He claimed that if the vector fields in
S are real analytic, the distribution Lie(S) is integrable [4,
2.1(c)]. However, he did not give any proof for this claim
in his paper. Three years later, Nagano [10] showed that if
the vector fields in S are real analytic, the distribution Lie(S)
is integrable. In 1970, Lobry introduced a weaker condition
called “locally of finite type” and showed that (up to a minor
error later discovered by Stefan) if the distribution Lie(S)
is locally of finite type, then it is integrable [9]. Using the
Noetherian property of the ring of germs of real analytic
functions, Lobry claimed that an involutive family of real
analytic vector fields is locally of finite type [9, Proposition
1.2.8]. However, Lobry did not give a complete proof of this
claim.

In [8] a new framework called tautological control system
has been developed for studying fundamental properties
of control systems. In tautological approach, instead of
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considering a control system as a family of parametrized
vector fields, one defines it as a “presheaf” of vector fields.
Presheaves can be considered as mathematical structures that
are used to study local properties of objects. By considering
a control system as a presheaf of vector fields, we also
allow the vector fields to be only locally defined. This is
not the case in [4], [14], and [12], where all the vector
fields of a control system are globally defined. In this paper,
following the tautological control system approach in [8], we
generalize the orbit theorem for tautological control systems.
This generalization to the tautological framework is more or
less straightforward using the ideas of Stefan in [12]. For a
tautological control system on M with the presheaf of vector
fields F , one can define the presheaves of vector fields PF

and Lie(F ). Then, it can be shown that the orbits of the
presheaf of vector fields F are immersed submanifold of M
and the tangent space to the orbit at point x is PF (x).

Since the tangent space to the orbit of F at point x is the
vector space PF (x), it would be interesting to investigate
the conditions under which the vector spaces PF (x) and
Lie(F )(x) are the same. One may expect that, similar to
[4], the local finiteness condition on “module” Lie(F ) or
real analyticity of vector fields in F guarantees the equality
of the vector spaces PF (x) and Lie(F )(x). Unfortunately,
none of these conditions is sufficient for PF (x)=Lie(F )(x).
This has been explained in Example 29.

For the local finiteness condition, it turns out that, for tau-
tological control systems, considering Lie(F ) as a module
is not the right approach. However, by considering Lie(F )
as a “presheaf” of vector fields, it is possible to generalize
this condition to an appropriate local finiteness condition on
the “presheaf” of the vector fields Lie(F ). It can be shown
that this local finiteness property of the presheaf of vector
fields Lie(F ) guarantees that the vector spaces PF (x) and
Lie(F )(x) are the same.

For the real analytic condition, it turns out that a class of
presheaves called “coherence presheaves” plays an important
role. Coherent presheaves have many nice properties with
respect to their module structures. It is well-known that the
presheaf of real analytic vector fields is coherent. Using the
Noether lemma [2, Chapter 5, §6], we show that if the vector
fields in F are globally defined, then Lie(F ) is coherent
and therefore satisfies the “presheaf” finiteness property
mentioned above. Thus, for the globally defined presheaf of
real analytic vector fields F , we have PF (x) = Lie(F )(x).
In particular, this gives an alternative proof for the Hermann’s
claim that for a family of real analytic vector fields S defined
on M, we have Lie(S) = PS [5, 2.1(c)].

II. MATHEMATICAL BACKGROUND

In this section, we briefly review some mathematical
notions that are used in this paper. We refer the interested
reader to the references [7] and [15] for a more comprehen-
sive study of these notions. In this paper, we assume that
ν ∈ {∞,ω,hol}. Let M be a Cν -manifold. The space of Cν -
functions on M is denoted by Cν(M) and the space of Cν -
vector fields on M is denoted by Γν(T M). A C∞-manifold

(resp. function, vector field) is denoted by a smooth manifold
(resp. function, vector field), a Cω -manifold (resp. function,
vector field) is denoted by a real analytic manifold (resp.
function, vector field), and a Chol-manifold (resp. function,
vector field) is denoted by a holomorphic manifold (resp.
function, vector field).

Definition 1: Let M be a Cν -manifold. A distribution D
on M is a mapping which assings to every x ∈M, a vector
subspace D(x) of the tangent space TxM.

The rank of D is a mapping which assigns to every x∈M,
the dimension of D(x). i.e., we have

rank(D)(x) = dim(D(x)).

A vector field X on M belongs to D if, for every x ∈M,
we have

X(x) ∈ D(x).

If X belongs to D, then we write X ∈ D.
Let S be a family of vector fields on M. Then a distribution

D on M is generated by S if, for every x ∈M, we have

D(x) = spanR {X(x) | X ∈ D}

A distribution D is of class Cν if there exists a family S
of Cν -vector fields such that D is generated by S.

A distribution D on M is involutive if, for every X ,Y ∈D,
we have [X ,Y ] ∈ D.

A distribution D on M is integrable if, for every x ∈M,
there exists a connected manifold N passing through x such
that Dy = TyN, for every y ∈ N. The manifold N is called an
integral manifold of D.

If the integral manifold N of the distribution D is such that
there does not exist any other integral manifold of D which
contains N, then N is the maximal integral manifold of D.

Definition 2: Let X be a topological space. A presheaf of
sets (resp. rings) F on X assigns to every open set U ⊆ X a
set (resp. a ring) F (U) and to every pair of open sets (U,V )
with U ⊆V a map (resp. a ring homomorphism)

rU,V : F (V )→F (U),

which is called the restriction map such that
1) for every open set U ⊆ X , we have rU,U = id;
2) for all open sets U,V,W ⊆ X such that U ⊆ V ⊆W ,

we have
rU,V ◦rV,W = rU,W .

For an open set U ⊆X , an element s∈F (U) is called a local
section of F over U . If s ∈F (V ) and W ⊆ V be an open
set, then we denote rW,V (s) by s |W and we call it “restriction
of s to W”.

Example 3: Let M be a Cν -manifold. We define Cν
M as

the presheaf which assigns to every open set U ⊆ M the
ring of Cν -functions defined on U and to every pair of open
sets U,V ⊆ M with U ⊆ V the ring homomorphism rU,V :
Cν

M(V )→Cν
M(U) defined as

rU,V ( f ) = f |U .

Then one can easily check that Cν
M is a presheaf of rings on

M.
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Definition 4: A presheaf F is called globally generated
if, for every open set U ⊆ N and every local section s ∈
F (U), there exists a section t ∈F (X) such that t |U= s.

Given a presheaf of rings R over X , one can also define
presheaf of R-modules over X .

Definition 5: Let X be a topological space and R be a
presheaf of rings on X . Then a presheaf of R-modules over
X is a mapping F which assigns to every open set U ⊆X the
R(U)-module F (U) and to every pair of open sets U ⊆V
a homomorphism rF

U,V such that
1) for every open set U ⊆ X , we have rF

U,U = id;
2) for every open sets U,V,W ⊆ X such that U ⊆V ⊆W ,

we have
rF
U,V ◦r

F
V,W = rF

U,W ;

3) for every f ,g ∈F (U) and every α ∈R(U), we have

rF
U,V ( f +αg) = rF

U,V ( f )+ rR
U,V (α)rF

U,V (g),

where rR is the restriction map for the presheaf of
rings R.

Example 6: Let M be a Cν -manifold. In Example 3, we
defined Cν

M as a presheaf of rings of locally defined Cν -
functions on M. Let us define Γν

M as the presheaf which
assigns to every open set U ⊆M the Cν(U)-module of locally
defined Cν -vector fields on U and to every pair of open sets
(U,V ) with U ⊆ V ⊆ M a restriction map rU,V : Γν

M(V )→
Γν

M(U) defined as

rU,V (X) = X |U , ∀X ∈ Γ
ν
M(V ).

Therefore, the set Γν
M(U) is defined as

Γ
ν
M(U) = {X : U → T M | X is of class Cν and

X(x) ∈ TxM, ∀x ∈U},

One can easily check that Γν
M is a presheaf of Cν

M-modules
over M.

Definition 7: Let F be a presheaf of sets (resp. rings) on
X . Then a subpresheaf H of F is an assignment to every
open set U ⊆ X , a set (resp. a ring) H (U) ⊆F (U) such
that, for every pair of open sets U ⊆ V ⊆ X , the restriction
map

rU,V |H (V ): H (V )→F (U),

takes its values in H (U).
It is easy to see that a subpresheaf of a presheaf is itself a
presheaf.

For presheaf Γν
M and its subpresheaves, one can define the

evaluation of the presheaf at a point x as follows.
Definition 8: Let M be a Cν -manifold and x ∈ M. For

every subpresheaf H of Γν
M , we define the set H (x) by

H (x) = {s(x) |
s ∈H (U), for some open neighbourhood U of x}.

Using a family of local sections of a presheaf, one can define
the subpresheaf generated by those local sections as follows.

Definition 9: Let {sα}α∈Λ be a family of sections of the
presheaf F of R-modules on X , i.e., for every α ∈ Λ, we

have sα ∈F (X). Then, one can define a subpresheaf H of
R-modules as

H (U) = spanR(U) {sα |U | α ∈ Λ} , ∀ open sets U ⊆ X .

The subpresheaf H is called the subpresheaf of R-
modules generated by {sα}α∈Λ.

One can capture the local properties of a presheaf around
a set A using a structure called stalk of the presheaf over A.

Definition 10: Let F be a presheaf on X and A⊆ X be a
set. The set of all open neighbourhoods of A in X is denoted
by NA. We can define an equivalence relation 'A between
local sections of F as follows. Let U,V ∈NA and s∈F (U)
and t ∈F (V ) be two local sections of F . We say that s'A t
if there exists an open set W ∈NA such that W ⊆U ∩V and

rW,U (s) = rW,V (t).

For every local section s ∈F (U), where U ∈NA, we define
the germ of s over A as the equivalence class of s under the
equivalence relation 'A. We denote the germ of s over A by
[s]A.

The stalk of F over A consists of all equivalence classes
under equivalent relation 'A. We use the symbol FA for the
stalk of F over A.

If R is a presheaf of rings, then, for every x ∈ X , one
can define addition and multiplication on Rx as follows. Let
[s]x, [t]x ∈ Rx. Then, there exists open sets U,V ⊆ X such
that

s ∈ R(U),

t ∈ R(V ).

Let W ⊆U ∩V be an open set in X . Then, we define

[s]x.[t]x = [(s|W )(t|W )]x,

[s]x +[t]x = [(s|W )+(t|W )]x.

One can easily check that this multiplication and the addition
are well-defined and they makes Rx into a ring. Similarly,
for a presheaf of R-modules F over X one can define an
Rx-module structure on Fx.

Definition 11: A presheaf F of R-modules on the topo-
logical space X is called locally finitely generated if, for
every x ∈ X , there exist a neighbourhood U ⊆ X of x and a
finite family sections {s1,s2 . . . ,sn} of F on U , such that Fx
is generated by the set {[s1]x, [s2]x, . . . , [sn]x} as Rx-modules.

Definition 12: Let R be a presheaf of rings over X and
F be a presheaf of R-modules over X . F is coherent if

1) F is locally finitely generated,
2) for every open set U ⊆ X and every finite collection

of sections s1,s2, . . . ,sn ∈F (U), the kernel of the map
s :
⊕n

i=1 R→F defined by

s(r1,r2, . . . ,rn) = r1s1 + r2s2 + . . .+ rnsn

is locally finitely generated.
Example 13: According to the well-known Oka coherence

theorem, the presheaf of Chol-functions is a coherent presheaf
[15, Chapter 9, §2]. Using the same argument as the Oka
theorem, one can show that the presheaf of Cω -functions is
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coherent. Similarly, the presheaf of Chol-vector fields (Γhol
M )

and the presheaf of Cω -vector fields (Γω
M) are coherent

presheaves.
Coherent presheaves have nice properties similar to

Noetherian modules. The following theorem is denoted by
the Noether lemma and has been proved in [2, Chapter 5,
§6].

Theorem 14: Let F be a presheaf of Chol
M -modules and

{si}i∈Λ be a family of sections of F on M. The subpresheaf
of Chol

M -modules of F generated by the family of sections
{si}i∈Λ is a coherent presheaf.

One can prove a similar result for coherent presheaves of
Cω

M-modules.
Theorem 15: Let F be a presheaf of Cω

M-modules and
{si}i∈Λ be a family of sections of F on M. The subpresheaf
of Cω

M-modules of F generated by the family of sections
{si}i∈Λ is a coherent presheaf.

III. THE CLASSICAL ORBIT THEOREM

In this section, following [14] and [12], we study orbits of
a family of Cν -vector fields on M. Let S be a family of vector
fields on M and x0 ∈M. The orbit of S passing through x0 is
the set of all points on the manifold M which can be reached
by starting from x0 and traveling along trajectories of S in
both positive and negative time. More specifically, we have

OrbS(x0) = {φ X1
t1
◦φ X2

t2
◦ . . . ◦φ Xn

tn (x0) | n ∈ N,Xi ∈ S,

ti is such that φ
Xi
ti is defined , ∀i ∈ {1,2, . . . ,n}}.

Since finding trajectories of a vector field requires solving
a nonlinear differential equation, it is sometimes very hard,
if not impossible, to get an analytic description of orbits
of a family of vector fields. However, one can get some
information about orbits of a family of vector fields using
properties of the family of vector fields. In 1939 Chow
[1] and Rashevskii [11] independently proved a theorem
which is now called the Chow–Rashevskii theorem. The
Chow–Rashevskii theorem is considered as one of the first
and most fundamental results in this direction.

Theorem 16: Let M be a connected manifold, S be a
family of Cν -vector fields on M. If, for every x ∈M,

Lie(S)(x) = TxM,

then, for every x ∈M, we have OrbS(x) = M.
Unfortunately, the Chow–Rashevskii theorem is indecisive
when Lie(S)(x) 6= TxM. As Sussmann mentions in his 1973
paper [14], one can define Lie(S) as the smallest distribution
containing S and closed under formation of Lie brackets.
Then if Lie(S) has a maximal integral manifold passing
through x0, one can apply Chow–Rashevskii theorem to this
“maximal integral manifold” and show that the maximal
integral manifold of Lie(S) passing through x0 is exactly
the orbit of S passing through x0. However, the distribution
Lie(S) may not have a maximal integral manifold. The
following example shows this fact.

Example 17: [10] Let D be a distribution on R2 spanned
by two vector fields

X1(x1,x2) =
∂

∂x1 ,

X2(x1,x2) = f (x1)
∂

∂x2 .

where f : R→ R is defined as

f (x) =

{
e−

1
x x > 0,

0 x≤ 0.

Then Lie(S) does not have a maximal integral manifold
passing through (0,0) ∈ R2.
Therefore, instead of focusing on the distribution Lie(S), one
can define another distribution PS. Before defining the distri-
bution PS, we define a family of local Cν -diffeomorphisms
PS by

PS = {φ X1
t1
◦φ X2

t2
◦ . . . ◦φ Xn

tn | n ∈ N, Xi ∈ S,

ti is such that φ
Xi
ti is defined , ∀i ∈ {1,2, . . . ,n}}.

Now, PS can be defined as the distribution generated by the
locally defined vector fields of the form η∗X , where η ∈PS
and X ∈ S. One can show that the distribution PS is integrable
and the maximal integral manifold of PS passing through x
is exactly the orbit of S passing through x [14, Theorem 4.1],
[12, Theorem 1]. The orbit theorem shows that orbits of a
family of vector fields are (immersed) submanifolds of M
and completely characterizes the tangent space to them.

Theorem 18: Let S be a family of Cν -vector fields on
M and x0 ∈ M. Then the orbit of S passing through x0
is an immersed submanifold of M. Moreover, for every
x ∈ OrbS(x0), we have TxOrbS(x0) = PS(x).

It can be easily seen the distribution PS, which is tangent
space of orbits of the family S, is defined using trajectories
of the vector fields in S. Thus, in terms of computations, it
may not be easy to obtain PS from the family of vector fields
S. On the other hand, for computing the distribution Lie(S),
one only needs derivatives of vector fields of S. Therefore,
the distribution Lie(S) is much easier to compute than the
distribution PS. This leads us to study the conditions on the
family of vector field S such that PS = Lie(S).

Using the Chow–Rashevskii theorem, it is easy to show
that if the distribution Lie(S) has a maximal integral mani-
fold, then Lie(S) = PS. One of the most fundamental results
about integrability of distributions is the Frobenius theorem
[7, Chapter I, Proposition 1.2].

Theorem 19: Let D be an involutive distribution on M and
x0 ∈ M. If there exists a neighbourhood U of x0 such that
rank(D) is constant on U , then there exists a unique maximal
integral manifold of D passing through x0.

Using the Frobenius theorem, one can get the following
sufficient condition for equality of distributions PS and
Lie(S).

Corollary 20: Let S be a family of Cν -vector fields on M.
If, for every x∈M, there exists a neighbourhood U of x such
that rank(Lie(S)) is constant on U , then Lie(S) = PS.
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In his 1963 paper [4], Hermann mentioned two other con-
ditions which guarantees the integrability of the distribution
Lie(S) He defined the family of vector fields D(S) as the
C∞(M)-module generated by S and all the Lie brackets
of elements of S. He realized that the module structure
on D(S) plays a crucial role in the integrability of the
distribution Lie(S) [4]. In particular, he showed that if Lie(S)
is a locally finitely generated module, then the distribution
Lie(S) is integrable [4, 2,1(b)]. This result has been proved
in [3]. Moreover, he claimed (without proof) that if the
vector fields in S are real analytic, the distribution Lie(S) is
integrable [4, 2.1(c)]. Nagano proved this claim by showing
the integrability of an involutive real analytic distribution
without the constant rank assumption [10, Theorem 1]. Lobry
[9] claimed that under a weaker condition, the distribution
D is integrable. He called this condition “locally of finite
type”. In 1973, Stefan showed that this assertion is false
[13]. However, the error in the Lobry’s proof was minor and
it could be fixed by changing the definition of “locally of
finite type” or assuming that the distribution is involutive.

Definition 21: A Cν -distribution D is locally of finite
type if , for every x ∈ M, there exist Cν -vector fields
X1,X2, . . . ,Xm in D such that

1) spanR {X1(x),X2(x), . . . ,Xm(x)}= D(x), and
2) for every X ∈D and every i ∈ {1,2, . . . ,m}, there exist

a neighbourhood U of x and a Cν -function fi j : U→R,
for every j ∈ {1,2, . . . ,m}, such that

[X ,Xi](y) =
n

∑
i=1

fi j(y)X j(y), ∀y ∈U.

The following result can be proved using the corrected
version of Lobry’s condition [9], [14, Theorem 4.2(d)].

Theorem 22: Let S be a family of Cν -vector fields on M.
If Lie(S) is locally of finite type, then we have Lie(S) = PS.

In his 1970’s paper, Lobry also claimed that for a real
analytic family of vector fields S on M, the distribution
Lie(S) is locally of finite type [9, Proposition 1.2.8]. Lobry
did not give a complete proof of this claim. In fact, he only
mentioned that this results from the Noetherian property of
the module of germs of real analytic functions.

Theorem 23: Let S be a family of real analytic vector
fields on M. Then the distribution Lie(S) is locally of finite
type and we have Lie(S) = PS.

IV. TAUTOLOGICAL CONTROL SYSTEMS

In [8] a parameterization-independent methodology called
“tautological control system” has been developed using the
notion of a presheaf of sets of vector fields. Considering
control systems as presheaves of vector fields, makes control
systems at the level of definition independent of control
parametrization. Moreover, in this framework, one can study
regularity of the control systems in a consistent manner. In
this paper, we do not discuss this framework in detail and
only review the definition of tautological control systems.
We refer the interested reader to the monograph [8] for a
comprehensive study of tautological control systems.

Definition 24: A Cν -tautological control system is a pair
(M,F ) where

1) M is a Cν -manifold called state manifold, and
2) F is a subpresheaf of sets of the presheaf of Cν -vector

fields on M.
A Cν -tautological control system (M,F ) is globally gen-

erated if F is a globally generated presheaf.
One can define the orbits of a Cν -tautological control

system (M,F ) using concatenation of flows of vector fields
in F .

Definition 25: The orbit of (M,F ) passing through x0 is
the set

OrbF (x0) = {φ X1
t1
◦φ X2

t2
◦ . . . ◦φ Xn

tn (x0) |
ti is such that φ

Xi
ti is defined, Xi ∈F (Ui),

Ui ⊆M,Ui open in M, ∀i ∈ {1,2, . . . ,n}, ∀n ∈ Z≥0}.
V. THE TAUTOLOGICAL ORBIT THEOREM

In this section, we generalize the orbit theorem for tau-
tological control systems. The main idea is that, instead of
working with a family of vector fields S, we focus on a
presheaf of vector fields F . While it is completely natural to
generalize the distributions to presheaves of “vector spaces”,
we prefer to generalize the distributions Lie(S) and PS to the
presheaves of “modules” Lie(F ) and PF , respectively. This
generalization turns out to be useful, when we want to study
the conditions under which the vector spaces Lie(F )(x) and
PF (x) are identical.

Let (M,F ) be a Cν -tautological control system. We define
the presheaf Lie(F ) of Cν

M-modules by

Lie(F )(U) = spanCν (U){[. . . [[X1,X2],X3] . . . ,Xn] |
X1,X2, . . . ,Xn ∈F (U)},

where spanCν (U)(S) is the Cν(U)-module generated by S. In
order to define the presheaf PF , we first need to define the
set PF by

PF = {φ X1
t1
◦φ X2

t2
◦ . . . ◦φ Xn

tn | n ∈ N,
Xi are local sections of F , ti is such that φ

Xi
ti is defined ,

∀i ∈ {1,2, . . . ,n}}.

Now, we can define the presheaf PF of Cν
M-modules by

PF (U) = spanCν (U){η∗X | ∃V an open subset of M s.t.

X ∈F (V ), η : U →V ∈PF},

where spanCν (U)(S) is the Cν(U)-module generated by S.
One can generalize the orbit theorem to the following

theorem which we call the tautological orbit theorem [6,
Theorem 5.4.9].

Theorem 26: Suppose that (M,F ) is a Cν -tautological
control system. Then, for every x0 ∈ M, OrbF (x0) has a
unique structure as a connected immersed submanifold of
M. Moreover, for every x0 ∈M and every x ∈OrbF (x0), we
have TxOrbF (x0) = PF (x).

Now, we investigate the conditions which guarantee the
equality Lie(F )(x) = PF (x), for every x ∈ M. Note that
this condition only requires the “vector space” structures of
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Lie(F ) and PF to be the same. However, it is possible that
the “module” structures on Lie(F ) and PF are different. It
turns out that for the vector spaces Lie(F )(x) and PF (x) to
be equal, the module structure on Lie(F ) play a significant
role.

It is interesting to note that for tautological control sys-
tems, Hermann’s locally finitely generated condition for
the “module” Lie(F ) [5, 2.1(b)] is not sufficient for
Lie(F )(x) = PF (x). This has been explained in Example
29. However, it can be shown that if Lie(F ) is a locally
finitely generated “presheaf”, then the vector space structures
on Lie(F )(x) and PF (x) are the identical, for every x ∈M
[6, Theorem 5.4.10].

Theorem 27: Let (M,F ) be a Cν -tautological control
system. Assume that Lie(F ) is a locally finitely generated
presheaf. Then we have

Lie(F )(x) = PF (x), ∀x ∈M.

It is well-known that the presheaf of real analytic vector
fields is a coherent presheaf. This implies that for a “globally
generated” real analytic tautological system (M,F ), the
presheaf Lie(F ) is locally finitely generated.

Theorem 28: Let (M,F ) be a globally generated real an-
alytic tautological control system. Then the presheaf Lie(F )
is locally finitely generated and, for every x0 ∈M and every
x ∈ OrbF (x0), we have

TxOrbF (x) = Lie(F )(x).
Proof: It suffices to show that Lie(F ) is a locally

finitely generated presheaf. The rest of the proof follows
from Theorem 27. By definition, the presheaf Lie(F ) is
the presheaf of Cω

M-modules generated by Lie brackets of
the vector fields in F . Since F is globally generated, the
presheaf Lie(F ) is generated by a family of globally defined
vector fields in Γω(T M). Therefore, by the Noether lemma
(Theorem 15), Lie(F ) is a coherent presheaf. Thus, Lie(F )
is a locally finitely generated presheaf.

In the following example, we define a real analytic tauto-
logical control system (R2,F ) with the following properties:

1) the vector fields in F are not globally defined,
2) for every x, there exists a neighbourhood U ⊆ R2 of

x such that Lie(F )(U) is a locally finitely generated
Cω(U)-module, and

3) Lie(F )(0,0) 6= PF (0,0).

Properties (1) and (2) indicate that, in Theorem 28, one
cannot remove the condition that F is globally generated.
This is because the Noether lemma fails if F is not globally
generated. Properties (2) and (3) show that the condition
that Lie(F ) is a locally finitely generated “module” is not
sufficient for the equality of vector spaces Lie(F )(x) and
PF (x), for every x ∈M.

Example 29: [13] Let M = R2 and F = {X1,X2}, where
X1 : R2→ TR2 is defined as

X1(x,y) =
∂

∂x
,

and X2 : R>0×R→ TR2 is defined as

X2(x,y) =
1
x

∂

∂y
.

It is clear that both X1 and X2 are real analytic on their
domain of definition. We first compute the presheaf Lie(F ).
If we compute the Lie bracket of X1 and X2, we have

[X1,X2](x,y) =
1
x2

∂

∂y
, ∀(x,y) ∈ R>0×R.

Now we can continue computing the Lie brackets. It is easy
to see that the only non-zero Lie brackets are

[X1, [X1, . . . , [X1︸ ︷︷ ︸
n

,X2] . . .]](x,y) =
n

xn+1
∂

∂y
, ∀n ∈ N.

This implies that, for every open sets U 6⊆R>0×R, we have

Lie(F )(U) =

{
f0

∂

∂x

∣∣∣∣ f0 ∈Cω(U)

}
,

and, for every open sets U ⊆ R>0×R, we have

Lie(F )(U) ={
f0

∂

∂x
+

(
n

∑
i=1

fi

xi

)
∂

∂y

∣∣∣∣∣ n ∈ N, f0, f1, . . . , fn ∈Cω(U)

}
.

We show that, for every (x0,y0) ∈ R2, there exists a neigh-
bourhood U of (x0,y0) such that Lie(F )(U) is a finitely
generated Cω(U)-module. Let (x0,y0) ∈ R>0×R. Then, we
choose an open neighbourhood U of (x0,y0) such that U ⊆
R>0×R. Thus, we have

Lie(F )(U) ={
f0

∂

∂x
+

(
n

∑
i=1

fi

xi

)
∂

∂y

∣∣∣∣∣ n ∈ N, f0, f1, . . . , fn ∈Cω(U)

}

= spanCω (U)

{
∂

∂x
,

∂

∂y

}
.

Now suppose that (x0,y0) 6∈ R>0×R. Then, for every open
neighbourhood U of (x0,y0), we have U 6⊆ R>0×R. This
implies that

Lie(F )(U) =

{
f0

∂

∂x

∣∣∣∣ f0 ∈Cω(U)

}
= spanCω (U)

{
∂

∂x

}
.

Therefore, for every (x0,y0) ∈ R2, there exists an open
neighbourhood U of (x0,y0) such that Lie(F )(U) is a
finitely generated Cω(U)-module.

One can see that OrbF (0,0) = R2. Therefore, by the
tautological orbit theorem, we have

PF (0,0) = T(0,0)R2.

In particular, we have dim(PF (0,0)) = 2. On the other hand,
Lie(F )(0,0) = { ∂

∂x} and so dim(Lie(F )(0,0)) = 1. This
implies that

PF (0,0) 6= Lie(F )(0,0).
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Bounded Real Lemma: the infinite dimensional case*

Joseph A. Ball1, Gilbert J. Groenewald2, and Sanne ter Horst2 ∗

†‡

Abstract

The Bounded Real Lemma, i.e., the state-
space LMI characterization (referred to as Kalman-
Yakubovich-Popov or KYP inequality) of when an
input/state/output linear system satisfies a dissipa-
tion inequality, has recently been studied for infinite-
dimensional discrete-time systems in a number of dif-
ferent settings (with or without stability assumptions,
with or without controllability/observability assump-
tions, with or without strict inequalities). In these var-
ious settings, sometimes unbounded solutions of the
KYP inequality are required while in other instances
bounded solutions suffice. In this report we show how
these diverse results can be reconciled and unified.

1. The Bounded Real Lemma for the finite-
dimensional setting

We consider the discrete-time linear system

Σ :=

{

x(n+1) = Ax(n)+Bu(n),
y(n) = Cx(n)+Du(n),

(n ∈ Z)

(1.1)
where A : X → X , B : U → X , C : X → Y and
D : U → Y are bounded linear Hilbert space operators
i.e., X , U and Y are Hilbert spaces and the system
matrix associated with Σ takes the form

M =

[

A B
C D

]

:

[

X

U

]

→

[

X

Y

]

. (1.2)

We refer to the pair (C,A) as an output pair and to the
pair (A,B) as an input pair. In this case input sequences
u=(u(n))n∈Z, with u(n)∈U , are mapped to output se-
quences y = (y(n))n∈Z,with y(n) ∈ Y through the state

∗*This work is based on the research supported in part by the Na-
tional Research Foundation of South Africa (Grant Numbers 93039,
and 93406).

†1 Joseph A. Ball is with the Department of Mathematics, Virginia
Tech, Blacksburg, Virginia 24061, USA

‡2 Gilbert J. Groenewald and Sanne her Horst are with the Depart-
ment of Mathematics, Unit for BMI, North-West University, Potche-
stroom, 2531 South Africa

sequence x = (x(n))n∈Z, with x(n) ∈ X . With the sys-
tem Σ we associate the transfer function given by

FΣ(z) = D+ zC(I − zA)−1B. (1.3)

Since A is bounded, FΣ is defined, and analytic, on a
neighborhood of 0 in C.

Note that in case the state space X is finite dimen-
sional and the system Σ minimal, i.e., controllable and
observable, then the domain of definition of FΣ is the
reflected resolvent set of A, that is, the set of all z ∈ C

so that 1/z belongs to the resolvent set of A. In the case
of an infinite dimensional state space X the situation
is less transparent, c.f., [6] and the recent paper [11] in
which the state space is allowed to be a barrelled locally
convex Hausdorff space.

The Bounded Real Lemma is concerned with char-
acterizing in terms of the system matrices A,B,C,D
when FΣ admits an analytic continuation to the open
unit disk D such that the supremum norm ‖FΣ‖∞ of FΣ
over D is at most one, i.e., FΣ has analytic continuation
to a function in the Schur class S (U ,Y ) given by

{

F : D 7→
holo

L (U ,Y ) : ‖F(z)‖ ≤ 1 for all z ∈ D

}

.

Here L (U ,Y ) denotes the Banach space of bounded
operators from U into Y .

There are two versions of this result, what we shall
call the Standard Bounded Real Lemma and the Strict
Bounded Real Lemma.

Theorem 1 (Standard Bounded Real Lemma—see
[1]) Suppose that Σ is a discrete-time linear system as
in (1.1) with X , U and Y finite dimensional, say
U = C

r, Y = C
s, X = C

n, so that the system matrix
M has the form

M =

[

A B
C D

]

:

[

C
n

C
r

]

→

[

C
n

C
s

]

(1.4)

and the transfer function FΣ is equal to a proper rational
matrix function of size s× r. Assume that the realiza-
tion (A,B,C,D) is minimal, i.e., the output pair (C,A)

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

810



is observable and the input pair (A,B) is controllable:

n
⋂

k=0

KerCAk = {0}, spank=0,1,...,n−1Im AkB=X =C
n.

(1.5)
Then FΣ is a Schur class function in S (Cr,Cs) if and
only if there is a n× n positive definite matrix H satis-
fying the KYP inequality

[

A B
C D

]∗ [
H 0
0 IY

][

A B
C D

]

�

[

H 0
0 IU

]

. (1.6)

In the strict version of the Bounded Real Lemma,
one replaces the minimality condition with a stabil-
ity condition to characterize the strict Schur class
S o(U ,Y ) consisting of holomorphic functions F
from the unit disk D into the operator space L (U ,Y )
such that supz∈D ‖F(z)‖ ≤ ρ for some ρ < 1. Then we
have the following result.

Theorem 2 (Strict Bounded Real Lemma—see [16])
Suppose that Σ is a discrete-time linear system as in
(1.1) with X , U and Y finite dimensional, say U =
C

r, Y = C
s, X = C

n, i.e., the system matrix M is as
in (1.4). Assume that A is stable, i.e., all eigenvalues of
A are inside the open unit disk D, so that rspec(A) < 1,
and the transfer matrix FΣ is analytic on a neighborhood
of the closed unit disk D. Then FΣ is in the strict Schur
class S o(Cr,Cs) if and only if there is a positive defi-
nite matrix H ∈ C

n×n so that the strict KYP inequality
holds:

[

A B
C D

]∗ [
H 0
0 IY

][

A B
C D

]

≺

[

H 0
0 IU

]

. (1.7)

Willems [18, 19] has given an energy-dissipation
interpretation of positive definite solutions H of the
KYP inequality as follows. We view the function S :
x 7→ ‖x‖2

H := 〈Hx,x〉X as a measure of energy stored
by the state x in the state space X . The KYP-inequality
(1.6) can then be rewritten as

S(x(n+1))−S(x(n))≤ ‖u(n)‖2 −‖y(n)‖2 (1.8)

for any system trajectory (u(n),x(n),y(n))n∈Z of (1.1).
We say that a function S : X → R+ is a storage

function for the system Σ if the energy balance relation
(1.8) holds over all trajectories of the system, subject to
the additional normalization condition

min
x∈X

S(x) = S(0) = 0. (1.9)

In words this says: The net energy stored by the sys-
tem in the transition from state x(n) to x(n+ 1) is no
more than the net energy supplied to the system from

the outside environment, as measured by the supply rate
s(u(n),y(n)) = ‖u(n)‖2 −‖y(n)‖2.

It turns out that in case FΣ has an analytic continua-
tion to a Schur class function, there is a maximal storage
function Sa (the available storage) and a minimal stor-
age function Sr (the required supply). Let us introduce
the notation U for the space of all functions n 7→ u(n)
from the integers Z into the input space U . Then Sa

and Sr are given by the explicit formulas

Sa(x0) = sup
u∈U ,n1≥0

n1

∑
n=0

(

‖y(n)‖2 −‖u(n)‖2) (1.10)

Sr(x0) = inf
u∈U ,n−1<0

−1

∑
n=n−1

(

‖u(n)‖2 −‖y(n)‖2) (1.11)

subject to the dynamical constraint determined by the
system Σ in (1.1) along with the initial and terminal con-
ditions x(n−1) = 0 and x(0) = x0. This is the content of
the following theorem, essentially due to Willems.

Theorem 3 (Storage Function version of Bounded
Real Lemma): Suppose that Σ is a discrete-time lin-
ear system as in (1.1) with X , U and Y finite di-
mensional, say U = C

r, Y = C
s, X = C

n, which is
controllable and observable, i.e., the system matrix M
is as in (1.4) and (1.5) is satisfied. Then the transfer
function FΣ is in the Schur class S (U ,Y ) if and only
if Σ has a storage function S : X → R+. Moreover, if
FΣ ∈S (U ,Y ), then the functions Sa and Sr defined by
(1.10) and (1.11) are quadratic storage functions:

Sa(x) = 〈Hax,x〉 and Sr(x) = 〈Hrx,x〉X

for some positive definite matrices Ha and Hr, and there
exists a ε > 0 such that any storage function S satisfies

ε2‖x‖2
X ≤ Sa(x)≤ S(x)≤ Sr(x) (x ∈ X ).

In particular, it follows that Ha is the minimum
positive definite solution of the KYP-inequality (1.6)
and Hr is the maximum positive definite solution of the
KYP-inequality (1.6). We note that Arov [2, 3, 4] has
obtained equivalent results using his notion of optimal
and ∗-optimal realizations of a given transfer function
FΣ.

In the remainder of this report we focus on exten-
sions of the above results to the case where the state
space X , as well as the input space U and output space
Y can be infinite dimensional. In section 2 we discuss
some of the known results, or mild variations thereof.
Our approach is based on the notion of a storage func-
tion introduced by Willems (see Theorem 3 above), and
will be be discussed in Section 3. The aim here is to

2
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provide a unified framework for the standard and the
strict case. Our main result, Theorem 11 below, pro-
vides rather explicit formulas for the extension of the
available storage function Sa and required supply func-
tion Sr of Theorem 3 to the infinite dimensional case.
We conclude with a section that focusses specifically
on the strict case, i.e., the case where the transfer func-
tion associated with the system Σ is in the strict Schur
class. We shall focus here on available storage function
Sa and required supply function Sr and obtain even more
explicit formulas, under some additional assumptions.

This report only contains brief sketches or hints to-
wards the results that are discussed; full details will ap-
pear in [9].

2. The Bounded Real Lemma for the
infinite-dimensional setting

Already in the work of Yakubovich [20, 21] there
was interest in extending these results to the case of
nonrational matrix or operator functions and infinite-
dimensional state spaces, shortly followed by the re-
sults of Arov [2, 3, 4], based on his notions of optimal
and ∗-optimal realizations. More recent work is that of
Arov-Kaashoek-Pik [5, 6] for infinite-dimensional ex-
tensions (or lack thereof) of Theorem 1 and of Ben-
Artzi–Gohberg–Kaashoek [10] for infinite-dimensional
extensions of Theorem 2. See [14] for more references
and a historical overview.

To present our infinite-dimensional extension of
Theorem 1, we need to distinguish carefully differ-
ent notions of ”controllable” and ”observable” in the
infinite-dimensional situation.
Definition Let (C,A) be an output pair and (A,B) an
input pair. Define the reachability space Rea(A|B) and
the observability space Obs(C|A) by

Rea(A|B) = span{Im AkB : k = 0,1,2, . . .}, (2.1)

Obs(C|A) = span{Im A∗kC∗ : k = 0,1,2, . . .} (2.2)

= Rea(A∗|C∗).

Further, we say that the pair (C,A) is exactly observ-
able if Obs(C|A) = X and approximately observable
(or simply observable for short) if Obs(C|A) is dense
in X . Similarly, we say that the pair (A,B) is exactly
controllable if Rea(A|B) = X and approximately con-
trollable (or simply controllable for short) if Rea(A|B)
is dense in X . Finally, in case (C,A) is observable and
(A,B) is controllable, we call the system Σ minimal.

We can now state our generalization of Theorem 1.

Theorem 4 (the infinite-dimensional standard
Bounded Real Lemma): Suppose that Σ is a discrete-
time linear system as in (1.1) with system matrix M

with possibly infinite-dimensional Hilbert spaces for
input space U , state space X and output space Y as in
(1.2), and transfer function FΣ defined by (1.3). Then:

1. Suppose that (A,B) is exactly controllable and
(C,A) is exactly observable. Then the transfer
function FΣ has an analytic continuation to a func-
tion in the Schur class S (U ,Y ) if and only if
there exists a bounded positive definite solution H
of the KYP-inequality (1.6).

2. Suppose that the system Σ is minimal, i.e., the
input-pair (A,B) is controllable and the output-pair
(C,A) is observable. Then the transfer function FΣ
has an analytic continuation to a function in the
Schur class S (U ,Y ) if and only if there exists a
generalized positive semidefinite solution H of the
KYP-inequality (1.6) in the following sense: H is
a closed, possibly unbounded, densely defined, in-
jective, positive semidefinite operator on X such
that

AD(H1/2)⊂ D(H1/2), BU ⊂ D(H1/2), (2.3)

and the spatial form of the KYP-inequality holds
on the appropriate domain:

∥

∥

∥

∥

[

H1/2 0
0 IU

][

x
u

]∥

∥

∥

∥

2

−

∥

∥

∥

∥

[

H1/2 0
0 IY

][

A B
C D

][

x
u

]∥

∥

∥

∥

2

≥ 0 for all x ∈ D(H1/2), u ∈ U .

(2.4)

On the other hand statement (2) has appeared in
the literature: it follows by combining Theorems 4.1
and 1.2 in [6]. A key ingredient in the proof is that two
minimal realizations of the same transfer function are
pseudo-similar via a closed pseudo-similarity transfor-
mation (Theorem 3.2 in [6]); this result actually goes
back much earlier (Theorem 3b.1 in [15] and Theorem
3.2 in [8] with the fact that the pseudo-similarity can
be taken to be closed added by Arov [3]). In [6] it
is also shown that the use of unbounded operators H
is essential: there exist a choice of minimal infinite-
dimensional system M =

[

A B
C D

]

(with (A,B) only ap-
proximately controllable and (C,A) only approximately
observable) for which the associated transfer function
FΣ is in the Schur class but such that every solution H
of the KYP-inequality (2.3)–(2.4) is unbounded. A sim-
ilar phenomenon occurs for the case where the right-
half plane replaces the unit disk (see the paper of Arov-
Staffans [7]).

On the other hand, the strict Bounded Real Lemma
extends to the infinite-dimensional setting in essentially
the same form as for the finite-dimensional case.

3
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Theorem 5 (the infinite-dimensional strict Bounded
Real Lemma): Suppose that Σ is a discrete-time linear
system as in (1.1) with system matrix M as in (1.2) (but
with possibly infinite-dimensional input space U , state
space X , and output space Y —all equal to Hilbert
spaces) and transfer function FΣ defined by (1.3). As-
sume that A is exponentially stable, i.e., the state op-
erator A has spectral radius less than 1 and hence the
transfer function FΣ is analytic on a neighborhood of the
closed unit disk D. Then FΣ is in the strict Schur class
S o(U ,Y ) if and only if there exists a bounded strictly
positive definite solution H of the strict KYP-inequality
(1.7).

As an application of Theorem 5, one can embed a
finite-dimensional time-varying system into an infinite-
dimensional time-invariant system and then use Theo-
rem 5 to get a strict Bounded Real Lemma for finite-
dimensional time-varying linear systems; this point
of view is emphasized in the work of Dullerud-Lall
[12] where the result of Theorem 5 is attributed to
Yakubovich [20, 21].

We note that Theorem 5 is actually a special case of
the result of Ben-Artzi–Gohberg–Kaashoek [10] where
the same result is obtained in the more elaborate set-
ting of time-varying linear systems equipped with a di-
chotomy.

One proof of Theorem 5 can be obtained as a
simple adaptation of the proof in [16] for the finite-
dimensional setting; one can reduce the proof to state-
ment (1) in Theorem 4 combined with a similar strict
version of the State Space Similarity Theorem for the
infinite-dimensional setting. A second proof yielding
more information concerning the relevant storage func-
tions is based on explicit computation of the Willems
available and/or required-supply storage function for
this infinite-dimensional setting, as is done in [10] for
the more complicated dichotomous setting.

3. The storage function approach

Let Σ be a discrete-time linear system as in (1.1)
with system matrix M as in (1.2), where input space U ,
state space X , and output space Y are all allowed to
be infinite-dimensional Hilbert spaces, and with transfer
function FΣ defined by (1.3).

In this case storage functions are allowed to attain
∞ as a value. Set [0,∞] := R+ ∪ {∞}. we say that a
function S : X → [0,∞] is a storage function for the
system Σ if the dissipation inequality

S(x(n+1))≤ S(x(n))+‖u(n)‖2
U −‖y(n)‖2

Y (n ∈ Z)
(3.1)

holds along all system trajectories (u(n),x(n),y(n))n∈Z

and S is normalized to satisfy

S(0) = 0. (3.2)

The difference with (1.8) is that S(x(n)) appears on the
right side of the inequality in (3.1), to avoid the possi-
bility of having ∞−∞. However, once the the system is
steered into a state x(n) with S(x(n))<∞, then (3.1) im-
plies S(x(n+ 1)) < ∞, and, by induction, S(x(m)) < ∞
for all m ≥ n. Once the system reaches a state where the
storage function takes a finite value, it will continue to
do so, and the inequality (1.8) can be used again.

If H is a generalized positive semidefinite solution
of the KYP-inequality (1.6), in the sense explained in
Part 2 of Theorem 4, then it is easy to verify that S :
X → [0,∞], defined by S(x) = ‖H

1
2 x‖ for x ∈ D(H

1
2 )

and S(x) = ∞ for x 6∈D(H
1
2 ), is a storage function. Any

storage function of the form S(x) = ‖H
1
2 x‖ on a dense

domain in X will be referred to as a quadratic storage
function.

On the other hand, existence of a storage function
implies that the transfer function has an analytic contin-
uation to a Schur class function.

Proposition 6: Suppose that the system Σ in (1.1) has
a storage function S. Then the transfer function FΣ de-
fined in (1.3) of Σ has an analytic continuation to a func-
tion in the Schur class S (U ,Y ).

Using this result one can easily prove the suffi-
ciency claims of both cases (1) and (2) of Theorem 4.
The necessity claims require more work. For this pur-
pose one requires the observability and controllability
operators associated with the system Σ. Throughout,
for a Hilbert space Z and index set I we write ℓ2

Z
(I)

for the Hilbert space of ℓ2-sequences supported on I
with entries from Z . We will mostly be interested in
the cases where the index set is equal to the integers
Z , the nonnegative integers Z+ = {0,1,2, . . .} and the
negative integers Z− = {−1,−2, . . .}. We now define
the observability operator Wo associated with Σ to be
the possibly unbounded operator with domain D(Wo)
in X given by

D(Wo) = {x ∈ X : {CAnx}n≥0 ∈ ℓ2
Y (Z+)} (3.3)

with action given by

Wox = {CAnx}n≥0 for x ∈ D(Wo). (3.4)

Dually define the adjoint controllability operator W∗
c

associated with Σ to have domain

D(W∗
c) = {x ∈ X : {B∗A∗(−n−1)x}n≤−1 ∈ ℓ2

U (Z−)}
(3.5)

4
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with action given by

W∗
cx = {B∗A∗(−n−1)x}n≤−1 for x ∈ D(W∗

c). (3.6)

The following result shows that minimality of Σ implies
Wo and W∗

c are closed operators with dense domains,
hence adjointable. The adjoint of W∗

c is denoted by Wc

and referred to as the controllability operator associated
with Σ.

Proposition 7: Let Σ be a minimal discrete-time lin-
ear system as in (1.1) with system matrix M as in (1.2).
Hence the pair (A,B) is controllable and the pair (C,A)
is observable. Assume that the transfer function FΣ de-
fined by (1.3) has an analytic continuation to a Schur
class function in S (U ,Y ). Define Wo and W∗

c as in
(3.3)–(3.4) and (3.5)–(3.6), respectively. Then:

1. The observability operator Wo is a closed, injec-
tive, densely defined operator, hence adjointable,
and its domain D(Wo) contains the reachability
space Rea(A|B) defined in (2.1). The adjoint W∗

o
of Wo is a closed, densely defined operator with
dense range and its domain D(W∗

o) contains the
linear manifold ℓfin,Y (Z+) of finitely supported se-
quences in ℓ2

Y
(Z+).

2. The adjoint controllability operator W∗
c is a closed,

injective, densely defined operator, hence ad-
jointable, and its domain D(W∗

c) contains the ob-
servability space Obs(C|A) defined in (2.2). The
adjoint Wc of W∗

c is a closed, densely defined op-
erator with dense range and its domain D(Wc)
contains the linear manifold ℓfin,U (Z−) of finitely
supported sequences in ℓ2

U
(Z−).

In particular, the reachability space is equal to
Wcℓfin,U (Z−) and the observability space is equal to
W∗

oℓfin,Y (Z+). Moreover, D(Wo) contains Im Wc =
WcD(Wc) and D(W∗

c) contains Im W∗
o = W∗

oD(W∗
o).

Making use of the observability and controllabil-
ity operators it is possible to prove the necessity claims
of Theorem 4. For this purpose one uses that a Schur
class function admits a contractive realization Σ′, with
operators A′, B′, C′ and D′ = D and state space X ′. A
generalized positive semidefinite solution H to the the
KYP-inequality can then be obtained in the following
way. Write Wc for the controllability operator associ-
ated with Σ and W′

c for the controllability operator asso-
ciated with Σ′. Next define a closable, densely defined
operator Γ from D(Γ) = Wcℓfin,U (Z−) ⊂ X into X ′

by
ΓWcx = W′

cx (x ∈ Wcℓfin,U (Z−)).

Then let Γ denote the closure of Γ and take H = Γ∗Γ. It
remains to prove that Γ satisfies the required conditions.
The details will be presented in [9].

Recall that the Laurent operator LFΣ defined by the
Taylor coefficients F0,F1,F2, . . . of the transfer function
FΣ is define by

LFΣ =





























. . .
. . .

. . .
. . .

. . .
. . .

. . . F0 0 0 0
. . .

. . . F1 F0 0 0
. . .

. . . F2 F1 F0 0
. . .

. . . F3 F2 F1 F0
. . .

. . .
. . .

. . .
. . .

. . .
. . .





























(3.7)

=

[

˜TFΣ 0
HFΣ TFΣ

]

:

[

ℓ2
U
(Z−)

ℓ2
U
(Z+)

]

→

[

ℓ2
Y
(Z−)

ℓ2
Y
(Z+)

]

and satisfies ‖LFΣ‖ = ‖FΣ‖∞. Hence FΣ having an an-
alytic continuation in S (U ,Y ) is equivalent to LFΣ

being a contraction, and hence implies HFΣ and TFΣ
˜TFΣ

are contractions as well. Here HFΣ : ℓ2
−(U ) → ℓ2

+(Y )
denotes the Hankel operator associated with FΣ, TFΣ :
ℓ2
+(U )→ ℓ2

+(Y ) the Toeplitz operator associated with
FΣ, and ˜TFΣ the Toeplitz operator acting from ℓ2

U
(Z−)

to ℓ2
Y
(Z−) associated with FΣ.

The observability operator and controllability op-
erator also appear in the following factorizations of the
Hankel operator HFΣ .

Lemma 8: Assume that the transfer function FΣ of
the minimal discrete-time linear system as in (1.1) has
an analytic continuation to a Schur class function in
S (U ,Y ). Then

HFΣ |D(Wc) = WoWc and H∗
FΣ
|D(W∗

o)
= W∗

cW∗
o.

(3.8)

Again assuming that a storage function for Σ ex-
ists, it is then possible to prove that the functions Sa

(available storage) and Sr (required supply) defined in
(1.10) and (1.11) are storage functions, possibly taking
∞ as a value, and are minimal and maximal, respec-
tively, among all storage functions, at least on a dense
domain of the state space. The proof of the next propo-
sition follows after an easy adaptation of the proofs of
Theorems 1 and 2 in [18].

Proposition 9: Assume that the discrete-time linear
system Σ has a storage function S. Define Sa and Sr

by (1.10) and (1.11). Then

1. Sa is a storage function,

2. Sr is a storage function, and

3. Let ˜S be any other storage function for Σ.
5
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(a) For all reachable states x0 ∈ Rea(A|B),
i.e., so that there is a finite input signal
{u(n)}−n−1≤n≤−1 so that the system trajec-
tory with input signal {u(n)}−n−1≤n<0 and
state-initialization x(n−1)= 0 produces time-
zero state x(0) = x0, we have

Sa(x0)≤ ˜S(x0).

(b) For all x0 ∈ X ,

˜S(x0)≤ Sr(x0).

Our aim, however, is to compute Sa and Sr explic-
itly, under certain conditions. To be precise, in the se-
quel we shall make the following assumption.

(A)
{

Σ is minimal and FΣ has an analytic continuation
to a function in the Schur class S (U ,Y ).

As remarked before, the assumption that FΣ has an
analytic continuation to a Schur class function implies
the Laurent operator LFΣ is contractive. In other words,
I−LFΣL

∗
FΣ

and I−L∗
FΣ
LFΣ are positive semidefinite. In

terms of the 2× 2 decomposition of LFΣ given in (3.7)
this yields

I −LFΣL
∗
FΣ

=





D2
˜T∗

FΣ
−˜TFΣH

∗
FΣ

−HFΣ
˜T∗

FΣ
D2
T∗

FΣ
−HFΣH

∗
FΣ



 (3.9)

I −L∗
FΣ
LFΣ =

[

D2
˜TFΣ

−H∗
FΣ
HFΣ −H∗

FΣ
TFΣ

−T∗
FΣ
HFΣ D2

TFΣ

]

. (3.10)

where in general we use the notation DX for the defect
operator DX = (I−X∗X)1/2 of any contraction operator
X . In particular, positive semidefiniteness of the above
operator matrices implies positive semidefiniteness of
its block diagonal entries, and hence we obtain the fol-
lowing inequalities:

D2
T∗

FΣ
� HFΣH

∗
FΣ

and D2
˜TFΣ

� H∗
FΣ
HFΣ . (3.11)

Using these inequalities along with the factorizations of
the Hankel operator HFΣ given in Lemma 8, an applica-
tion of t he Douglas’ Lemma [13] provides us with the
following factorizations of the observability and con-
trollability operators.

Lemma 10: Let the discrete-time linear system Σ
in (1.1) satisfy the assumptions in (A). Then there
exist closable operators Xa with domain Im Wc =
WcD(Wc), mapping into ℓ2

Y
(Z+) and Xr with domain

D
˜TFΣ

D(Wc), mapping into X , so that we have the fac-

torizations

Wo|Im Wc = DT∗
FΣ

Xa and Wc = XrD
˜TFΣ

|D(Wc).

(3.12)

Moreover, Xa is injective and Xr has dense range.
If we impose the normalization conditions Im Xa ⊂
(Ker DT∗

FΣ
)⊥, then Xa is uniquely determined.

Using the closable operators Xa and Xr defined in
Lemma 10 we now define the operators Ha and Hr in
the quadratic forms of Sa and Sr.

We start with Ha. In the sequel, we let Xa denote
the minimal closed extension of Xa with domain D(Xa).
Since Xa is closed, there is a good polar factorization
Xa = Ua|Xa| (see [17, Theorem VIII.32]); in detail,
X
∗
aXa is selfadjoint with positive selfadjoint square-root

|Xa| = (X
∗
aXa)

1/2 satisfying D(|Xa|) = D(Xa), Ua is
a partial isometry with initial space equal to (KerXa)

⊥

and final space equal to ImXa so that we have the fac-
torization Xa = Ua|Xa|. By the construction of Xa it is
easy to see that the controllability subspace ImWc is a

core for |Xa|. Now set Ha = X
∗
aXa and H1/2

a = |Xa|.
One can check directly (making use of the assumed in-
jectivity of Wo) that Xa is injective as well, and thus Ha

and H1/2
a are injective. Moreover, we also find that Ua

is an isometry.
We proceed with the definition of Hr. View Xr as

an operator on the closed subspace Z := Im D
˜TFΣ

of

ℓ2
U
(Z−) rather than on ℓ2

U
(Z−) itself. Boundedness of

D
˜TFΣ

and denseness of D(Wc) implies that D(Xr) =

D
˜TFΣ

D(Wc) is dense in Z so that Xr is a densely de-

fined operator. Let us introduce the notation X r with do-
main D(X r) for the minimal closed extension of the op-
erator Xr in Lemma 10. As X r is closed, so is X

∗
r . Hence

X
∗
r admits a polar decomposition X

∗
r =Ur|X

∗
r | with |X

∗
r |

the positive selfadjoint square-root of the selfadjoint op-
erator X rX

∗
r , with domain D(|X

∗
r |) = D(X

∗
r ), and Ur a

partial isometry with initial space (Ker X
∗
r )

⊥ and final
space (Ker X r)

⊥. Furthermore, by an argument dual
to that used for Ha, one can show that X

∗
r is injective.

Therefore, |X
∗
r |

2 = X rX
∗
r and |X

∗
r | are injective selfad-

joint operators, hence invertible, and Ur is an isometry.

We now set Hr = (X rX
∗
r )

−1 and H1/2
r = |X

∗
r |
−1.

Theorem 11: Let the discrete-time linear system Σ in
(1.1) satisfy the assumptions in (A). Define Xa and Xr

as in Lemma 10 and the closed operators Xa, X r, Ha

and Hr as in the preceding discussion. Then the avail-
able storage function Sa and required supply function Sr

satisfy

Sa(x0) = ‖Xax0‖
2 = ‖H1/2

a x0‖
2 (x0 ∈ Im Wc)

(3.13)

Sr(x0) = ‖|X
∗
r |
−1x0‖

2 = ‖H1/2
r x0‖

2 (x0 ∈ Im Wc).
(3.14)

6
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One obtains these formulas for Sa and Sr by ob-
serving that Sa and Sr can be written in operator form
as

Sa(x0) = sup
u∈ℓ2

U
(Z+)

‖Wox0 +TFΣu‖2
ℓ2
Y
(Z+)

−‖u‖2
ℓ2
U
(Z+)

where x0 is from Im Wc, and

Sr(x0) = inf
u∈D(Wc),Wcu=x0

‖D
˜TFΣ

u‖2
ℓ2
Y
(Z−)

for x0 ∈ Im Wc, and then computing the formulas di-
rectly, taking into account the subtleties that arise when
dealing with unbounded operators.

4. The strict Schur class function case

In this section we interpret some of the above result
for the case that the transfer function FΣ is in the strict
Schur class S ◦(U ,Y ). In that case the Laurent oper-
ator LFΣ is a strict contraction, so that I −L∗

FΣ
LFΣ and

I −LFΣL
∗
FΣ

are positive definite. In particular, we have
strict inequalities in (3.11) and hence DT∗

FΣ
and D

˜TFΣ
are both boundedly invertible.

Under the assumptions of Theorem 5, i.e., FΣ ∈
S ◦(U ,Y ) and A exponentially stable, we know that
there exists a positive definite solution H to the KYP-
inequality (1.6), in particular, H is bounded and has a
bounded inverse. Since Ha ≤ H ≤ Hr holds on a dense
domain in X , we obtain that Ha and H−1

r must be
bounded. If the exponential stability assumption does
not hold, it may very well happen that Ha and H−1

r
are unbounded, even when FΣ ∈ S ◦(U ,Y ). However,
without exponential stability we still have the following
result.

Lemma 12: Let the discrete-time linear system Σ in
(1.1) satisfy the assumptions in (A) and assume in addi-
tion that FΣ ∈ S ◦(U ,Y ). Then

‖H
1
2

a x‖= ‖D−1
T∗

FΣ
Wox‖ (x ∈ Im Wc)

‖H
− 1

2
r x′‖= ‖D−1

˜TFΣ
W∗

cx′‖ (x′ ∈ D(W∗
c)).

Based on the above identities, we can prove the fol-
lowing characterization for when the operators Ha and
Hr are bounded.

Proposition 13: Let the discrete-time linear system Σ
in (1.1) satisfy the assumptions in (A) and assume in
addition that FΣ ∈ S ◦(U ,Y ).

(i) Wo (resp. W∗
c) is bounded if and only if Ha (resp.

H−1
r ) is bounded.

(ii) Wo (resp. W∗
c) is bounded below if and only if H−1

a
(resp. Hr) is bounded.

Moreover, if Ha and H−1
r are bounded, then they

are given by the following formulas

Ha = W∗
oD−2

T∗
FΣ

Wo and H−1
r = WcD−2

˜TFΣ
W∗

c . (4.1)

If A is exponentially stable, then one can show that
Wo and W∗

c are both bounded, and thus we obtain the
following corollary.

Corollary 14: Let the discrete-time linear system Σ in
(1.1) satisfy the assumptions in (A) and assume in addi-
tion that FΣ ∈S ◦(U ,Y ) and A is exponentially stable.
Then Wo and Wc are bounded, as well as Ha and H−1

r ,
and Ha and H−1

r are given by (4.1).
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A note on robust stability analysis for feedback interconnections of
time-varying linear systems

M. Saeed Akram1 and Michael Cantoni2

Abstract— A generalization of Vinnicombe’s ν-gap metric
and corresponding robust feedback stability results are pro-
posed for a class of linear time-varying (LTV) systems in
“Robust stability analysis of time-varying linear systems,”
SIAM J. Control and Optimization, Vol. 51, pp. 353-379,
2013. An error in the analysis presented therein leads to an
omission in the time-domain definition of a ν-gap metric for
the class of continuous-time systems studied. This omission and
the underlying error in the development are corrected herein.
Specifically, the omission is a norm-coercivity constraint to be
satisfied in conjunction with the family of Fredholm index
conditions that generalize the winding-number condition in the
frequency-domain definition for time-invariant systems.

Index Terms— Gap metric; continuous-time systems.

I. INTRODUCTION

The contribution of this paper is to correct an error in [1],
where a linear time-varying generalization of Vinnicombe’s
ν-gap metric (see [2], [3]) is proposed. The error leads to an
omission in the proposed definition of a generalized metric
on a class of causal LTV systems that admit normalized co-
prime graph representations with compact Hankel operators
for all partitions of time into past and future. Correcting
the error, without substantially deviating from the analytical
approach, leads to a norm-coercivity constraint to be satisfied
in conjunction with the family of Fredholm index conditions
used to define the metric in [1]. Together, these conditions
generalize the determinant and winding number conditions
in the standard frequency-domain definition of the ν-gap for
time-invariant systems [2]. It is interesting to note that the
additional condition at the centre of this corrigendum appears
in the precursors [4], [5] of the paper [1], although the error
underlying the issues corrected here is also present in these
earlier reports.

The next section is used to gather preliminary definitions
and results, including aspects of linear operator theory,
a description of the class of systems for which an LTV
generalization of the ν-gap is eventually defined, and related
system theoretic results. The error in the development of
the main robust feedback stability result of [1] is rectified
in Section III. The corrected result is used to define an
LTV generalization of the ν-gap metric and establish a
corresponding ν-gap robust stability result in Section IV.
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II. PRELIMINARIES

A. Linear operators

A linear mapping X : dom(X) ⊂ H1 → H2 between a
subspace dom(X) of a Hilbert space H1 and another H2
is such that X(αu + βv) = αX(u) + βX(v) ∈ H2 for all
scalars α,β and u,v ∈ dom(X); for convenience, X(u) is
written Xu. The kernel of X is denoted by ker(X) :=
{u |Xu = 0;u ∈ dom(X)}, the image of the domain under
X by img(X) := {y |y = Xu; u ∈ dom(X)}, the graph by
gr(X) := {[u

y ] | u ∈ dom(X); y = Xu} and the inverse graph
by gr′(X) := {[ y

u ] | [u
y ] ∈ gr(X)}. The mapping X is called

a bounded operator if there exists a constant c > 0 such
that ‖Xu‖H2 ≤ c‖u‖H1 for all u ∈ dom(X), where ‖ · ‖H =
(〈·, ·〉H)1/2 is the norm induced by the inner-product 〈·, ·〉H.
Given a subspace V ⊂ dom(X) ⊂ H1, the closure is de-
noted by cl(V), the orthogonal complement by V⊥ := {u ∈
H1 | 〈u,v〉H1 = 0 ∀ v ∈ V}, the restriction of X to V by
X |V : V →H2, and XV means img(X |V).

The space of all bounded operators X : H1 → H2 (n.b.,
dom(X) = H1) is denoted by B(H1,H2), or B(H) when
H1 = H2 = H. If X ∈ B(H1,H2) is bijective, then the
inverse map X−1 ∈ B(H2,H1) (see, e.g., [6, Thm. 5.7])
and X is said to be invertible. For each X ∈ B(H1,H2),
the adjoint operator X∗ ∈B(H2,H1) uniquely satisfies (see,
e.g., [6, Ch.11])

〈Xu,y〉H2 = 〈u,X
∗y〉H1 for all u ∈H1,y ∈H2. (1)

Note that (X∗)∗ = X . The identity operator is denoted by
I := u 7→ u and the zero operator by O := u 7→ 0.

Lemma 1: ([7, Sec. 2.11]). For X ∈B(H1,H2), the fol-
lowing hold: (i) ker(X)= img(X∗)⊥; (ii) ker(X∗)= img(X)⊥;
(iii) cl(img(X)) = ker(X∗)⊥; and (iv) cl(img(X∗)) =
ker(X)⊥.

Given X ∈B(H1,H2), define the following gains:

γ(X) := sup
‖u‖H1=1

‖Xu‖H2 ; µ(X) := inf
‖u‖H1=1

‖Xu‖H2 . (2)

Lemma 2: ([8, Sec. 1.2-1.3]). For X ,Y ∈B(H), the fol-
lowing hold: (i) γ(X∗) = γ(X); (ii) γ(X +Y )≤ γ(X)+ γ(Y );
(iii) γ(XY ) ≤ γ(X)γ(Y ); and (iv) If γ(I−X) < 1, then X is
invertible.

Lemma 3: ([8, Sec. 2.5]). For X ,Y ∈B(H), the following
hold: (i) X is one-to-one with img(X) = cl(img(X)) if and
only if µ(X) > 0; (ii) If X is invertible, then µ(X) =
1/γ(X−1); (iii) X is invertible if and only if µ(X) =
µ(X∗)> 0; (iv) |µ(X)−µ(Y )| ≤ γ(X−Y ); and (v) µ(XY )≥
µ(X)µ(Y ).
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Lemma 4: If either (a) [X
Y ]∈B(H1,H2×H3) is an isom-

etry (i.e., X∗X +Y ∗Y = I), or (b)
[
X Y

]
∈B(H1×H2,H3)

is a co-isometry (i.e., XX∗+YY ∗ = I) with X invertible, then
γ(Y )2 = 1−µ(X)2.

Proof: If [X
Y ] is an isometry, then for any non-zero

u ∈ H1 the use of (1) and bi-linearity of inner-products
yields the equalities 1 = 〈[X

Y ]u, [
X
Y ]u〉H2×H3

/
〈u,u〉H1 =

〈Yu,Yu〉H3

/
〈u,u〉H1 + 〈Xu,Xu〉H2

/
〈u,u〉H1 . As such, part

(a) implies γ(Y )2 = 1−µ(X)2 by the definitions (2).
On the other hand, if

[
X Y

]
is a co-isometry, then

[
X∗
Y ∗
]

is an isometry, whereby γ(Y ∗)2 = 1− µ(X∗)2, as shown
above. With X is invertible, it follows that γ(Y )2 = 1−µ(X)2,
since µ(X∗) = µ(X) by Lemma 3(iii) and γ(Y ) = γ(Y ∗) by
Lemma 2(i).

Remark 5: Invertibility of X is missing from the part (b)
condition in the corresponding result [11, Lem. 3], which is
employed in [1], giving rise to the aforementioned error. In
the subsequent re-development, there is no recourse to the
part (b) condition, only the part (a) condition. �

It is said that X ∈ B(H1,H2) is compact if for any
bounded sequence {uk} ⊂ H1, a subsequence of {Xuk}
converges in H2. Finally, X ∈B(H1,H2) is called Fredholm
if both dim ker(X) and dim ker(X∗) are finite, where dim
denotes the dimension of a subspace. In this case, img(X) is
closed [7, Thm. 15.2.1] and the Fredholm index is given by

ind(X) := dim ker(X)−dim ker(X∗). (3)

Note that X ∈ B(H1,H2) is bijective if and only if X is
Fredholm with ind(X) = dim ker(X)−dim ker(X∗) = 0.

Lemma 6: ([7, Sec. 15.2]). The following hold:
(i) If X ∈B(H1,H2) is Fredholm, then X∗ is Fredholm

with ind(X∗) = −ind(X);
(ii) If X ∈B(H1,H2) and Y ∈B(H2,H3) are Fredholm,

then Y X is Fredholm with ind(Y X) = ind(Y )+ ind(X);
(iii) If X ∈B(H1,H2) is Fredholm and K ∈B(H1,H2) is

compact, then X +K is Fredholm with ind(X +K) =
ind(X);

(iv) If X ∈B(H1,H2) is Fredholm and Y ∈B(H1,H2) is
such that γ(Y ) < µ(X), then X +Y is Fredholm with
ind(X +Y ) = ind(X).

B. Signals and systems

Let N, Z and R denote the natural, integer and real
numbers, respectively. In this paper, systems are causal
linear mappings between spaces of finite-energy signals
with support (i.e., the subset of R on which the signal
is non-zero) that is (non-uniformly) bounded below.
Specifically, systems operate on signals in domains
contained within the subspace L2+ :=

⋃
τ∈R PτL2, where

L2 denotes the space of square integrable functions
f : R → R (modulo those that are non-zero on sets of
measure zero), which is a Hilbert space when endowed with
the inner-product 〈u,v〉 =

∫
R u(t)v(t)dt and induced norm

denoted by ‖ · ‖2 (i.e., L2 is complete w.r.t. this norm [13,
Thm. 11.42]), and Pτ ∈B(L2) is defined by (Pτ u)(t) = u(t)
for t > τ and (Pτ u)(t) = 0 otherwise, for all u ∈ L2,τ ∈ R.
Let Qτ := I − Pτ . Note that Pτ and Qτ are orthogonal

projections on L2, and ‖u‖2
2 = ‖Pτ u‖2

2 + ‖Qτ u‖2
2 ∀ τ ∈ R.

Moreover, Pτ Pσ = Pσ Pτ = Pσ and Qτ Qσ = Qσ Qτ = Qτ

for τ < σ ∈ R. Now given any h > 0 and u ∈ L2, note
that ‖u‖2

2 = limN→∞ ∑
N
k=−N ‖(Q(k+1)h − Qkh)u‖2

2 [12,
Thm. 18.13]. Hence, for every ε > 0 there exists
N ∈ N such that ∑

−n
k=−m ‖(Q(k+1)h − Qkh)u‖2

2 +

∑
m
k=n ‖(Q(k+1)h−Qkh)u‖2

2 < ε for all m≥ n > N. Moreover,
for any τ ∈ R and k ∈ Z, ‖(Q(k+1)h − Qkh)u‖2

2 =

‖Pτ(Q(k+1)h − Qkh)u‖2
2 + ‖Qτ(Q(k+1)h − Qkh)u‖2

2 =

‖(Q(k+1)h − Qkh)Pτ u‖2
2 + ‖(Q(k+1)h − Qkh)Qτ u‖2

2. Now
fixing n > N, limm→∞ ∑

−n
k=−m ‖(Q(k+1)h − Qkh)u‖2

2 < ε

by the monotone convergence theorem [13, Thm. 3.14].
Furthermore, with τ < −n, ‖u − Pτ u‖2

2 = ‖Qτ u‖2
2 =

limm→∞ ∑
−n
k=−m ‖(Q(k+1)h − Qkh)Qτ u‖2

2 < ε . Therefore,
Pτ u→ u as τ→−∞ for every u∈L2, and thus, L2 = cl(L2+).

For given X ∈ B(L2) and τ ∈ R, define the Toeplitz-
Wiener-Hopf operators

Tτ(X) := Pτ X |PτL2 and Bτ(X) := Qτ X |QτL2 ,

and the Hankel operators

Hτ(X) := Pτ X |QτL2 and Jτ(X) := Qτ X |PτL2 ,

which are all bounded. A bounded operator X ∈B(L2) is
said to be causal if Qτ X = Qτ XQτ (or equivalently XPτ =
Pτ XPτ ) for all τ ∈ R, and anticausal if X∗ is causal. More
generally, a linear M : dom(M)⊂L2→L2 is said to be causal
if [ 0

yτ
] ∈ Qτ gr(M) implies yτ = 0 for all τ ∈ R.

Lemma 7: ([1, Lem. 2.6]). The following hold for given
X ∈B(L2) and Y ∈B(L2):

(i) If X is causal, then Tτ(X) is causal for τ ∈ R;
(ii) (Tτ(X))∗ = Tτ(X∗) and (Hτ(X))∗ = Jτ(X∗) for τ ∈ R.

(iii) If Tτ(X) is causal for all τ ∈ R, then X is causal;
(iv) The mixed Toeplitz-Wiener-Hopf and Hankel decom-

position Tτ(Y X) = Tτ(Y )Tτ(X)+Hτ(Y )Jτ(X) holds for
τ ∈ R, whereby Tτ(Y X) = Tτ(Y )Tτ(X) if X is causal,
or Y is anti-causal, as this condition implies Jτ(X) = 0,
or Hτ(Y ) = 0, respectively;

(v) Given τ ∈ R, the operator Tτ(X) has bounded inverse
(Tτ(X))−1 : PτL2→ PτL2 if and only if µ(Tτ(X))> 0
and Tτ(X) is Fredholm with ind(Tτ(X)) = 0;

(vi) If X is causal, then µ(X) = infτ∈R µ(Tτ(X));
(vii) If X is causal, then γ(X) = supτ∈R γ(Tτ(X)).

Definition 8: C+ is the class of all causal linear mappings
M : dom(M)⊂ L2+→L2+ for which there exist causal op-
erators V,U,Ṽ ,Ũ ,X ,Y, X̃ ,Ỹ ∈B(L2) such that the following
properties hold:

(A)

[
X Y

−Ũ Ṽ

][
V −Ỹ

U X̃

]
=

[
V −Ỹ

U X̃

][
X Y

−Ũ Ṽ

]
= I;

(B) G∗G = I and G̃G̃∗ = I, where

G :=
[

V
U

]
and G̃ :=

[
−Ũ Ṽ

]
;

(C) img(G) = ker(G̃) and gr(M)∩PτL2 = img(Tτ(G)) =
ker(Tτ(G̃)) for all τ ∈ R;

(D) Hτ(G) and Hτ(G̃) are compact for all τ ∈ R.
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Remark 9: As shown in [1], the causal input-output maps
generated by stabilizable and detectable LTV state-space
models are elements of C+. See [14] for computationally
tractable constructions of G and G̃ in the special case of
time-periodic state-space models. �

Remark 10: Statement of the requirement img(G) =
ker(G̃) is overlooked in [1], although it is proved for LTV
state-space models therein. �

In view of property (A) in Definition 8, the causal oper-
ators G ∈B(L2,L2×L2) and G̃ ∈B(L2×L2,L2) defined
in property (B) have causal bounded left and right inverses
Z =

[
X Y

]
and Z̃ =

[
−Ỹ ∗ X̃∗

]∗, respectively. As such, by
virtue of property (C), G is called a strong (or coprime) right
and G̃ a strong (or coprime) left representation of the graph
of the system M : dom(M)⊂L2+→L2+. The normalization
property (B) and compactness property (D) play a role in
establishing a key robust stability result in Section III. Strong
right and left representations for the inverse graph of M are
given by

[
O I
I O

]
G and G̃

[
O I
I O

]
, respectively.

C. Feedback stability

Consider the feedback interconnection of causal systems
M,∆ ∈ C+ defined by the following equations:

[M,∆ ] :=

{
e1 = −∆e2 + r1,

e2 = −Me1 + r2,

where r1 and r2 are exogenous inputs and the signals e1 and
e2 are the internal signals at the input to M and the input to ∆ ,
respectively. For any τ ∈ R, consider the restricted operator

Fτ :=
[

I ∆

M I

]∣∣∣∣
(dom(M)×dom(∆))∩

[Pτ O
O Pτ

]
(L2×L2)

.

By causality, it follows that img(Fτ)⊂ PτL2. The following
notion of feedback stability is taken in line with the gener-
alized notion introduced in [4], [5], [1]. See [9] and [10] for
related work.

Definition 11: For M,∆ ∈ C+, the feedback interconnec-
tion [M,∆ ] is said to be stable whenever the following
properties hold: (A) Fτ is injective with img(Fτ) = PτL2
for all τ ∈ R; and (B) the inverse map F−1

τ : PτL2 →
(dom(M)×dom(∆))∩

[
Pτ O
O Pτ

]
(L2×L2)⊂ PτL2 is such that

supτ∈R γ(F−1
τ )< ∞.

Remark 12: It is of note that if [M,∆ ] is stable, then
F−1

τ ∈B(PτL2,PτL2) is causal for all τ ∈ R [1, Thm. 3.5].
That is, causality is built into the notion of feedback stability
specified in Definition 11.

III. A ROBUST FEEDBACK STABILITY RESULT

In this section the graph representation properties that hold
for systems in C+ are exploited to establish a robust stability
result for feedback interconnections. While the analytical
approach is not substantially different from [1], the devel-
opment presented below is organized around highlighting
and rectifying deficiencies in the formulation of a number
results therein. The re-formulation of these results leads

to the aforementioned correction in the generalized time-
domain definition of Vinnicombe’s ν-gap metric for LTV
systems; see Section IV.

Henceforth, the two causal open-loop systems in C+

comprising a feedback interconnection are denoted by M :
dom(M) ⊂ L2+ → L2+ and ∆ : dom(∆) ⊂ L2+ → L2+, re-
spectively, sometimes with subscripts to distinguish different
instances of a component. Normalized strong right and left
graph representations of Mk : dom(Mk) ⊂ L2+ → L2+ in
C+ are denoted by Gk and G̃k, respectively, in line with
Definition 8 above; likewise, normalized strong right and
left inverse graph representations of a given causal system
∆k : dom(∆k)⊂L2+→L2+ in C+ are denoted by Γk and Γ̃k,
respectively. The respective causal left and right inverses are
denoted by Zk, Z̃k, Ωk and Ω̃k, so that

I = ZkGk = G̃kZ̃k = ΩkΓk = Γ̃kΩ̃k. (4)

A useful characterization of feedback stability in terms of
graph representations is provided in the next result. While
the result is correctly formulated as Theorem 3.7 in [1], the
proof presented for parts (iv) and (v) makes use of Lemma
3.1 in [1], which is not correct for omission of the condition
γ(G̃Γ̃ ∗) < 1 needed in addition to µ(Γ̃ G) > 0 to establish
bounded invertibility of Γ̃ G and G̃Γ ; the error relates to
Remark 5. A different path is taken below.

Proposition 13: For M,∆ ∈ C+, the following statements
are equivalent:

(i) The feedback interconnection [M,∆ ] is stable;
(ii) µ(G̃Γ ) > 0 and Tτ(G̃Γ ) is Fredholm with

ind(Tτ(G̃Γ )) = 0 for every τ ∈ R;
(iii) µ(Γ̃ G) > 0 and Tτ(Γ̃ G) is Fredholm with

ind(Tτ(Γ̃ G)) = 0 for every τ ∈ R;
(iv) G̃Γ is causally invertible in B(L2);
(v) Γ̃ G is causally invertible in B(L2).

Proof: The equivalence of (i) to the invertibil-
ity of Tτ(G̃Γ ) in B(PτL2) for each τ ∈ R, with
supτ∈R γ((Tτ(G̃Γ ))−1)< ∞, follows by virtue of the formula

F−1
τ =

[
−I O
O I

]
Tτ(Γ )(Tτ(G̃Γ ))−1Tτ(G̃)+

[
I O
O O

]
, (5)

which is given correctly in [1, Lem. 3.6]. Following [1],
application of Lemma 7(v-vi) yields the equivalence to state-
ment (ii) above. Equivalence to part (iii) follows similarly.

The equivalence of (ii) and (iv) is now established, to
correct the proof of this given in [1]. The equivalence of (iii)
and (vi) holds similarly. First, it is shown that (ii) implies (iv).
Since µ(G̃Γ ) > 0, it follows by Lemma 3 that img(G̃Γ ) =
cl(img(G̃Γ )) and ker(G̃Γ ) = {0}. Moreover, Lemma 7(vi)
yields µ(Tτ(G̃Γ )) > 0 for all τ ∈ R, which with Tτ(G̃Γ )
Fredholm and ind(Tτ(G̃Γ )) = 0, implies img(Tτ(G̃Γ )) =
PτL2. Exploiting the causality of G̃Γ , it follows that

img(G̃Γ )⊃
⋃

τ∈R
img(Tτ(G̃Γ )) =

⋃
τ∈R

PτL2 = L2+,

whereby L2 ⊃ img(G̃Γ ) = cl(img(G̃Γ )) ⊃ cl(L2+) = L2.
That is, img(G̃Γ ) =L2, and thus, G̃Γ is boundedly invertible
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by the inverse-mapping theorem [6, Theorem 5.7]. Finally,
it is shown that (G̃Γ )−1 is causal. By the previously estab-
lished implication (ii)⇒(i), and Definition 11, it follows that
F−1

τ ∈B(PτL2) is causal for every τ ∈ R; see Remark 12.
Rearrangement of (5) gives

(Tτ(G̃Γ ))−1=Tτ(Ω)
([−I O

O I

]
F−1

τ +

[
I O
O O

])
Tτ(Z̃),

where Ω and Z̃ are causal left and right inverses of Γ

and G̃, respectively, as in (4) so that Tτ(Ω)Tτ(Γ ) = I and
Tτ(G̃)Tτ(Z̃) by the causality of graph representations and the
left/right inverses and Lemma 15(iv). As such, (Tτ(G̃Γ ))−1 is
causal for all τ ∈R. Applying Lemma 7(iv) to (G̃Γ )−1G̃Γ =
I, gives

I = Tτ((G̃Γ )−1G̃Γ ) = Tτ((G̃Γ )−1)Tτ(G̃Γ ),

which implies Tτ((G̃Γ )−1) = (Tτ(G̃Γ ))−1 for all τ ∈ R by
uniqueness of the inverse. Using this and the causality of
(Tτ(G̃Γ ))−1, it follows that Tτ((G̃Γ )−1) is causal for all τ ∈
R, which implies (G̃Γ )−1 is causal by Lemma 7(iii).

Now (ii) is proved by assuming (iv) holds. If the causal
operator G̃Γ has bounded causal inverse, then G̃Γ (G̃Γ )−1 =
I = (G̃Γ )−1G̃Γ and Lemma 7(iv) gives

I = Tτ(G̃Γ (G̃Γ )−1) = Tτ(G̃Γ )Tτ((G̃Γ )−1) and

I = Tτ((G̃Γ )−1G̃Γ ) = Tτ((G̃Γ )−1)Tτ(G̃Γ ),

whereby Tτ(G̃Γ ) is invertible and satisfies the required
Fredholm index condition for τ ∈ R. Moreover, µ(G̃Γ ) =
1/γ((G̃Γ )−1)> 0 by Lemma 3.

The normalization property of right and left graph presen-
tations in property (B) of Definition 8, and the compactness
property (D), are not used to establish Proposition 13. These
properties facilitate the establishment of a robust stability
result for uncertain feedback interconnections. In the rest
of this section, a consequence of property (D) is noted
first, in order to elucidate a consequence of property (D),
two additional theorems are established to summarize useful
consequences of property (B), and finally, the main robust
feedback stability result is presented.

Lemma 14: ([1, Lem. 3.2]). For ∆1,∆2 ∈ C+, τ ∈ R
and k, l ∈ {1,2}, each of the Hankel operators Hτ(Γ̃kΓ̃ ∗l ),
Jτ(Γ̃kΓ̃ ∗l ), Hτ(Γ

∗
k Γl) and Jτ(Γ

∗
k Γl) is compact.

The next lemma reformulates a subset of the equalities
given in (3.3) and (3.4) of [1], by relating the validity of
these to the invertibility of specific operators; see part (iv).
This reformulation corrects an error related to the issue noted
Remark 5. Part (v) does not appear in [1].

Theorem 15: For ∆1,∆2 ∈ C+ and k, l ∈ {1,2}, the fol-
lowing hold:

(i) Γk, Γ̃ ∗k ,
[

Γ ∗l
Γ̃l

]
,
[

Γ ∗l Γk
Γ̃lΓk

]
and

[
Γ ∗l Γ̃ ∗k
Γ̃lΓ̃

∗
k

]
are isometries;

(ii) γ(Γ̃lΓk) =
√

1−µ(Γ ∗l Γk)2 and γ(Γ ∗l Γk) =√
1−µ(Γ̃lΓk)2;

(iii) µ(Γ̃lΓ̃
∗

k ) =
√

1− γ(Γ̃kΓl)2 = µ(Γ ∗k Γl);
(iv) Individually (and thus collectively), each of the opera-

tors Γ ∗l Γk, Γ̃lΓ̃
∗

k , Γ ∗k Γl and Γ̃kΓ̃ ∗l is invertible in B(L2) if

and only if µ(Γ̃kΓ̃ ∗l ) = µ(Γ ∗k Γl) = µ(Γ ∗l Γk) = µ(Γ̃lΓ̃
∗

k )>
0, which is equivalent to γ(Γ̃lΓk) = γ(Γ̃kΓl)< 1;

(v) γ(Γ̃lΓk) = γ(Γ̃kΓl) < 1 if and only if µ(Γ ∗l Γk) > 0 and
γ(Γ̃kΓl)< 1.
Proof: (i) Using the Bezout identity specified in prop-

erty (A) of Definition 8 and the normalization property in
property (B), it follows that the inverse graph representations
Γk and Γ̃k of ∆k are such that

Γ
∗

k Γk = I, Γ̃kΓ̃
∗

k = I, and
[

Γ ∗l
Γ̃l

][
Γl Γ̃ ∗l

]
=

[
I O
O I

]
. (6)

Moreover,

ker
([

Γ̃l
Γ ∗l

])
= ker(Γ̃l)∩ img(Γl)

⊥

= img(Γl)∩ img(Γl)
⊥ = {0},

where the first equality holds by Lemma 1(ii) and the second
equality holds by the identity ker(Γ̃l) = img(Γl) in property
(C) of Definition 8. In view of this and (6),

[
Γl Γ̃ ∗l

]
is also

the right inverse of
[
Γl Γ̃ ∗l

]∗, whereby ΓlΓ
∗

l +Γ̃ ∗l Γ̃l = I (the
inverse of a bijective operator is unique). Now using (6),
(Γ ∗k Γl)(Γ

∗
l Γk) + (Γ ∗k Γ̃ ∗l )(Γ̃lΓk) = Γ ∗k (ΓlΓ

∗
l + Γ̃ ∗l Γ̃l)Γk = I, as

claimed. Similarly,
[
(Γ ∗l Γ̃ ∗k )∗ (Γ̃lΓ̃

∗
k )∗
]∗ is an isometry.

(ii) These equalities follow by direct application of
Lemma 4 to the third isometry in part (i). Note that[

O I
I O

][
(Γ ∗l Γk)

∗ (Γ̃lΓk)
∗]∗ is also an isometry.

(iii) By Lemma 4 and the last isometry in part (i),

µ(Γ̃lΓ̃
∗

k ) =
√

1− γ(Γ ∗l Γ̃ ∗k )2 =

√
1− γ(Γ̃kΓl)2,

where the last equality above holds by Lemma 2(i). Applying
the first equality in part (ii), it follows that√

1− γ(Γ̃kΓl)2 = µ(Γ ∗k Γl),

to give the result claimed.
(iv) By Lemma 3(i), Lemma 3(iii) and the identity

(Γ ∗l Γk)
∗ = Γ ∗k Γl , bounded invertibility of Γ ∗l Γk is equivalent

to µ(Γ ∗l Γk) = µ(Γ ∗k Γl)> 0, and thus, bounded invertibility of
Γ ∗k Γl . Similarly, bounded invertibility of Γ̃lΓ̃

∗
k is equivalent

to µ(Γ̃lΓ̃
∗

k ) = µ(Γ̃kΓ̃ ∗l ) > 0, and thus, bounded invertibility
of Γ̃kΓ̃ ∗l . Now using the identity µ(Γ ∗l Γk) = µ(Γ̃kΓ̃ ∗l ) stated
in part (iii), it follows that the invertibility of any one of the
four operator compositions above (e.g. Γ ∗l Γk) is equivalent
to µ(Γ̃kΓ̃ ∗l ) = µ(Γ ∗k Γl) = µ(Γ ∗l Γk) = µ(Γ̃lΓ̃

∗
k )> 0, and thus,

equivalent to invertibility of each the three remaining com-
positions. This establishes the first equivalence claimed in
(iv). The final equivalence follows directly by the equalities
established in part (iii).

(v) If γ(Γ̃kΓl) = γ(Γ̃lΓk) < 1, then µ(Γ ∗l Γk) > 0 by part
(iii), which establishes necessity of the statement in (v). To
establish sufficiency, the equivalences in part (iv) mean that it
is enough to show that µ(Γ ∗l Γk)> 0 and γ(Γ̃kΓl)< 1 implies
invertibility of Γ ∗l Γk (or any one of the other three) in B(L2).
To this end, first note that µ(Γ ∗l Γk)> 0 implies γ(Γ̃lΓk)< 1 by
part (iii), and thus, that γ(Γ ∗k Γ̃ ∗l Γ̃lΓk) ≤ γ((Γ̃lΓk)

∗)γ(Γ̃lΓk) <
1 by Lemma 2(i) and Lemma 2(iii). Similarly, note that
γ(Γ̃kΓl) < 1 implies γ(Γ ∗l Γ̃ ∗k Γ̃kΓl) ≤ γ((Γ̃kΓl)

∗)γ(Γ̃kΓl) < 1.
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As such, applying Lemma 2(iv), the graph representation
identity (6), and the part (i) identity I = ΓlΓ

∗
l + Γ̃ ∗l Γ̃l , it

follows that

(Γ ∗l Γk)
∗(Γ ∗l Γk)=Γ

∗
k (ΓlΓ

∗
l )Γk

=Γ
∗

k (I−Γ̃
∗

l Γ̃l)Γk = I−Γ
∗

k Γ̃
∗

l Γ̃lΓk (7)

and

(Γ ∗l Γk)Γ
∗

k Γl = (Γ ∗k Γl)
∗(Γ ∗k Γl) = I−Γ

∗
l Γ̃
∗

k Γ̃kΓl (8)

are invertible in B(L2). Invertibility of the latter implies
img(Γ ∗l Γk) = L2, and invertibility of the former implies
{0} = ker((Γ ∗l Γk)

∗Γ ∗l Γk) = ker(Γ ∗l Γk)∪{w ∈ L2 | Γ ∗l Γkw ∈
ker((Γ ∗l Γk)

∗)} = ker(Γ ∗l Γk), where the last equality holds
since ker((Γ ∗l Γk)

∗) = img(Γ ∗l Γk)
⊥ by Lemma 4(ii). As such,

Γ ∗l Γk ∈B(L2) is bijective, and therefore, (Γ ∗l Γk)
−1 ∈B(L2)

by the inverse mapping theorem [6, Thm. 5.7].
The following corrects Lemma 3.3 in [1], where the con-

dition µ(Γ ∗1 Γ2)> 0 is missing because of the aforementioned
error in the development of a number of identities that are
corrected in Theorem 15 above.

Theorem 16: For ∆1,∆2 ∈ C+, if γ(Γ̃kΓl) < 1 and
µ(Γ ∗l Γk) > 0, then the following hold for τ ∈ R and k, l ∈
{1,2}:

(i) Γ̃kΓ̃ ∗l and Γ ∗k Γl are invertible in B(L2);
(ii) Tτ(Γ

∗
k Γl) and Tτ(Γ̃kΓ̃ ∗l ) are Fredholm;

(iii) ind(Tτ(Γ̃kΓ̃ ∗l )) =−ind(Tτ(Γ
∗

k Γl)).
Proof: (i) Given γ(Γ̃kΓl) < 1 and µ(Γ ∗l Γk) > 0, the

statement is a direct consequence of Theorem 15(iv-v), which
also yields γ(Γ̃kΓl) = γ(Γ̃lΓk)< 1, whereby

γ(Tτ((Γ̃lΓk)
∗
Γ̃lΓk)) = γ(Pτ(Γ̃lΓk)

∗
Γ̃lΓkPτ)

≤ γ((Γ̃lΓk)
∗
Γ̃lΓk)< 1 (9)

for every τ ∈ R, and similarly,

γ(Tτ((Γ̃kΓl)
∗
Γ̃kΓl))< 1. (10)

(ii) It is shown that Tτ(Γ
∗

k Γl) is Fredholm; that Tτ(Γ̃kΓ̃ ∗l )
is Fredholm holds by a corresponding line of argu-
ment. First, using (7), note that Tτ((Γ

∗
l Γk)

∗Γ ∗l Γk) = I −
Tτ(Γ

∗
k Γ̃ ∗l Γ̃lΓk). Applying Lemma 6(iv) and (9) then gives

Tτ((Γ
∗

l Γk)
∗Γ ∗l Γk) is Fredholm with ind(Tτ((Γ

∗
l Γk)

∗Γ ∗l Γk)) =
ind(I) = 0, whereby Tτ(Γ

∗
k Γl(Γ

∗
k Γl)

∗) = Tτ((Γ
∗

l Γk)
∗Γ ∗l Γk) is

Fredholm with ind(Tτ(Γ
∗

k Γl(Γ
∗

k Γl)
∗)) = 0. Similarly, (8) and

(10) can be used to show that Tτ((Γ
∗

k Γl)
∗Γ ∗k Γl) is Fredholm

with ind(Tτ((Γ
∗

k Γl)
∗Γ ∗k Γl)) = 0. Moreover, Lemma 7(ii) and

Lemma 7(iv) apply to yield the decompositions

(Tτ(Γ
∗

k Γl))
∗Tτ(Γ

∗
k Γl)=Tτ((Γ

∗
k Γl)

∗
Γ
∗

k Γl)−Hτ(Γ
∗

l Γk)Jτ(Γ
∗

k Γl)

and

Tτ(Γ
∗

k Γl)(Tτ(Γ
∗

k Γl))
∗=Tτ(Γ

∗
k Γl(Γ

∗
k Γl)

∗)−Hτ(Γ
∗

k Γl)Jτ(Γ
∗

l Γk),

which with Lemma 6(iii), Lemma 14 and [6, Thm. 13.2]
(i.e., the composition of a compact operator and a
bounded one is compact), lead to the property that
(Tτ(Γ

∗
k Γl))

∗Tτ(Γ
∗

k Γl) and Tτ(Γ
∗

k Γl)(Tτ(Γ
∗

k Γl))
∗ are Fred-

holm. In particular dim ker((Tτ(Γ
∗

k Γl))
∗Tτ(Γ

∗
k Γl)) and

dim ker(Tτ(Γ
∗

k Γl)(Tτ(Γ
∗

k Γl))
∗) are finite by definition. Now

ker((Tτ(Γ
∗

l Γk))
∗) = img(Tτ(Γ

∗
l Γk))

⊥ by Lemma 4(ii), and
therefore, ker((Tτ(Γ

∗
k Γl))

∗Tτ(Γ
∗

k Γl)) = ker(Tτ(Γ
∗

k Γl)). Simi-
larly, ker(Tτ(Γ

∗
k Γl)(Tτ(Γ

∗
k Γl))

∗)= ker((Tτ(Γ
∗

k Γl))
∗). As such,

dim ker(Tτ(Γ
∗

k Γl)) and dim ker((Tτ(Γ
∗

k Γl))
∗) are finite,

whereby Tτ(Γ
∗

k Γl) is Fredholm, as claimed.
(iii) This statement follows as shown in the proof

of [1, Lem. 3.3(ii)], which is reproduced below for
completeness. First note that Tτ(Γ̃

∗
k ) has a bounded

left inverse; e.g., Tτ(Ω̃
∗
k ) ∈ L (PτL2,PτL2 × PτL2) with

Ω̃k as defined in (4), since Ω̃k is causal and there-
fore, I = Tτ(Γ̃kΩ̃k) = Tτ(Γ̃k)Tτ(Ω̃k) by Lemma 7(iv), so
that I = (Tτ(Ω̃k))

∗(Tτ(Γ̃k))
∗ = Tτ(Ω̃

∗
k )Tτ(Γ̃

∗
k ), where the

last equality holds by Lemma 7(ii). Similarly Tτ(Γk)
has a bounded left inverse; e.g., Tτ(Ωk) as defined in
(4). It follows that µ(Tτ(Γk)) ≥ 1/γ(Tτ(Ωk)) > 0 and
µ(Tτ(Γ̃

∗
k )) ≥ 1/γ(Tτ(Ω̃

∗
k )) > 0, which with Lemma 3(i),

gives img(Tτ(Γk)) = cl(img(Tτ(Γk))) and img(Tτ(Γ̃
∗

k )) =
cl(img(Tτ(Γ̃

∗
k ))). Indeed, applying the property

img(Tτ(Γk)) = ker(Tτ(Γ̃k)) (11)

specified in part (C) of Definition 8, Lemma 7(ii), and
Lemma 1, the following holds:

ker(Tτ(Γ
∗

k )) = img(Tτ(Γk))
⊥ = ker(Tτ(Γ̃k))

⊥

= cl(img(Tτ(Γ̃
∗

k ))) = img(Tτ(Γ̃
∗

k )). (12)

Now, by Lemma 7(iv), Tτ(Γ̃kΓ̃ ∗l ) = Tτ(Γ̃k)Tτ(Γ̃
∗

l ) +
Hτ(Γ̃k)Jτ(Γ̃

∗
l ), which gives Tτ(Γ̃k)Tτ(Γ̃

∗
l ) is Fredholm with

ind(Tτ(Γ̃k)Tτ(Γ̃
∗

l )) = ind(Tτ(Γ̃kΓ̃ ∗l )) by Lemma 6(iii) and the
property (D) in Definition 8, whereby Hτ(Γ̃k) is compact,
and thus, Hτ(Γ̃k)Jτ(Γ̃

∗
l ) is compact as the composition of

a compact operator and a bounded one [6, Thm. 13.2].
Furthermore,

ind(Tτ(Γ̃kΓ̃
∗

l )) = ind(Tτ(Γ̃k)Tτ(Γ̃
∗

l ))

= dim ker(Tτ(Γ̃k)Tτ(Γ̃
∗

l ))

−dim ker(Tτ(Γ̃l)Tτ(Γ̃
∗

k ))

= dim ker(Tτ(Γ̃k))∩ img(Tτ(Γ̃
∗

l ))

−dim ker(Tτ(Γ̃l))∩ img(Tτ(Γ̃
∗

k ))

= dim img(Tτ(Γk))∩ker(Tτ(Γ
∗

l )))

−dim(img(Tτ(Γl))∩ker(Tτ(Γ
∗

k )))

= dim ker(Tτ(Γ
∗

l )Tτ(Γk))

−dim ker(Tτ(Γ
∗

k )Tτ(Γl))

=−ind(Tτ(Γ
∗

k )Tτ(Γl)) =−ind(Tτ(Γ
∗

k Γl)),

where the second equality holds by definition and
Lemma 7(ii), the third because ker(Tτ(Γ̃l)Tτ(Γ̃

∗
k )) =

ker(Tτ(Γ̃
∗

k )) ∪ {w ∈ L2 |Tτ(Γ̃
∗

k )w ∈ ker(Tτ(Γ̃l))}, which
implies dim ker(Tτ(Γ̃l)Tτ(Γ̃

∗
k )) = dim ker(Tτ(Γ̃l)) ∩

img(Tτ(Γ̃
∗

k )) since ker(Tτ(Γ̃
∗

k )) = {0}, the fourth by (11)
and (12), the fifth in a similar fashion to the third, the sixth
by definition and Lemma 7(ii), and the last by Lemma 7(iv)
as Γk is casual.

It is now possible to formulate and prove the main
robust stability result, which subsequently gives rise to the

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

503



LTV generalization of the ν-gap. Then next result corrects
Theorem 4.1 in [1].

Theorem 17: Given M,∆1,∆2 ∈ C+, suppose [M,∆1]
is stable and γ(Γ̃2Γ1) < µ(Γ̃1G). If µ(Γ ∗1 Γ2) > 0 and
ind(Tτ(Γ

∗
1 Γ2)) = −ind(Tτ(Γ̃1Γ̃ ∗2 )) = 0 for all τ ∈ R, then

[M,∆2] is stable.
Proof: Note that γ(Γ̃2Γ1) < µ(Γ̃1G) ≤ 1 as µ(Γ̃1G) ≤

γ(Γ̃1G) ≤ γ(Γ̃1)γ(G) = 1. Also note that γ(Γ̃2Γ1) < µ(Γ̃1G)
implies

γ(Γ̃2Γ1)

√
1−µ(Γ̃1G)2 < µ(Γ̃1G)

√
1− γ(Γ̃2Γ1)2, (13)

which holds (trivially) when µ(Γ̃1G) = 1, and by the strictly
increasing nature of the mapping

x 7→ x/
√

1− x2, for all x ∈ [0,1),

otherwise. Now, if µ(Γ ∗1 Γ2) > 0 in addition to γ(Γ̃2Γ1) <
1, then γ(Γ̃1Γ2) = γ(Γ̃2Γ1) < 1 and µ(Γ ∗1 Γ2) = µ(Γ̃2Γ̃ ∗1 ) =
µ(Γ̃1Γ̃ ∗2 ) = µ(Γ ∗2 Γ1) > 0 by Theorem 15(iv-v), which with
Lemma 2, Lemma 3(v), Theorem 15(iii), and (13), yields
the inequalities

γ(Γ̃2Γ1Γ
∗

1 G)≤ γ(Γ̃2Γ1)γ(Γ
∗

1 G)

= γ(Γ̃2Γ1)

√
1−µ(Γ̃1G)2

< µ(Γ̃1G)

√
1− γ(Γ̃2Γ1)2

= µ(Γ̃1G)µ(Γ̃1Γ̃
∗

2 )

= µ(Γ̃1G)µ(Γ̃2Γ̃
∗

1 )

≤ µ(Γ̃2Γ̃
∗

1 Γ̃1G). (14)

Moreover, Γ̃2Γ̃ ∗1 is boundedly invertible by Theorem 15(iv)
and Tτ(Γ̃2Γ̃ ∗1 ) is Fredholm with ind(Tτ(Γ̃2Γ̃ ∗1 )) =−ind(Γ ∗2 Γ1)
by Theorem 16(ii-iii). Finally, note that Γ̃1G is boundedly
invertible by Proposition 13(v) as [M,∆1] is stable. Therefore,
Γ̃2Γ̃ ∗1 Γ̃1G is boundedly invertible.

The rest of the proof follows the argument presented in
the last part of the proof of [1, Thm. 4.1].

IV. AN LTV ν -GAP METRIC

The robust stability result in Theorem 17 motivates the fol-
lowing generalized definition of a ν-gap metric for systems
in the class C+; the metric property follows by arguments
similar to those in [15], via modifications similar to the
corresponding of [1] documented in Section III above. The
following corrects Definition 4.2 in [1] by adding the condi-
tion µ(Γ ∗1 Γ2)> 0 to the Fredholm index conditions to define
the case in which the ν-gap is equal to γ(Γ̃2Γ1). Consistency
of the generalization with the time-invariant theory still
follows as shown in [1, Sec. 4.1]. A corresponding ν-gap
robust stability result is also stated below.

Definition 18: Let δν : C+×C+→ [0,1] be defined by

δν(∆1,∆2) :=


γ(Γ̃2Γ1) if µ(Γ ∗1 Γ2)> 0 and Tτ(Γ

∗
1 Γ2)

is Fredholm with
ind(Tτ(Γ

∗
1 Γ2)) = 0 ∀τ ∈ R,

1 otherwise.

where Γk and Γ̃k denote normalized right and left graph
representations for ∆k (k = 1,2), as in Section III.

Corollary 19: ([1, Cor. 4.3]). Given M,∆ ∈ C+, let

β (M,∆k) :=

{
µ(Γ̃kG) if [M,∆k] is stable,
0 otherwise.

Note that 0≤ β (M,∆k)≤ 1 for k ∈ {1,2}. Then

arcsin β (M,∆2)≥ arcsin β (M,∆1)− arcsin δν(∆1,∆2)

In particular, if [M,∆1] is stable and δν(∆1,∆2)< β (M,∆1),
then [M,∆2] is stable.

Proof: The result follows from Theorem 17 as shown
in the proof of [1, Corol. 4.3], along the lines of the time-
variant proof given in [2, Thm. 4.2].

V. CONCLUSION

Aspects of the time-domain development of an LTV ν-gap
metric in the paper [1] are rectified in the preceding sections.
The corrections made ultimately lead to the addition of a
condition to the family of Fredholm index conditions that
generalize the determinant and winding number condition in
the frequency-domain of the ν-gap for linear time-invariant
systems.
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Rhythmic behavior in large scale systems: a model related to mean-field
games*

Paolo Dai Pra1, Elena Sartori2 and Marco Tolotti3

Abstract— Systems comprised by many interacting compo-
nents may exhibit, in the thermodynamic limit, time-periodic
behavior in some macroscopic observable. When the micro-
scopic dynamics are described by irreducible, continuous-time
Markov processes, this is a purely thermodynamic phenomenon,
since no periodicity is allowed at the microscopic level. The
study of this phenomenon is mainly motivated by its ap-
plications to neurosciences, more specifically to systems of
interacting neurons, but is occurs in many other contexts,
including multi-agent systems in Economics. In this work we
suggest a mechanism producing rhythms that is related to
strategic behavior of microscopic units, and requires a game-
theroretic approach.

I. INTRODUCTION

Recent years have seen a formidable effort in the at-
tempt of explaining rigorously the emergence of collective
periodicity in noisy systems of interacting units. Given the
impossibility of accounting for the huge related literature,
we only mention the inspiring work [8], and few available
rigorous results [9], [3], [2], [4]. In these works a key role
in the emergence of periodicity is played by delay in the
information transmission ([9], [4]) and dissipation [3], [2].

In the present work we propose a totally different mecha-
nism, in which microscopic units are agents whose aim is to
maximize an utility function. The state of each agent evolves
as a controlled Markov process; since each agent looks
for the control maximizing his own utility, it is natural to
consider Nash equilibria for the resulting dynamic game. The
recent theory of mean field games has put forward a class of
dynamic games for which the limit behavior, as the number
of agents increases to infinity, can be described in analytic
terms [7], [6]. In this limit, the solution of the dynamic game
is given by a system of two coupled equations: one is the
Hamilton-Jacobi-Bellman equation for the value function,
the second is the master equation for the optimal evolution
of the representative agent. The main aim of this work is
to provide a stylized model for the behavior of a network
of conformist agents, for which the limit system admits a
periodic and non-constant solution. This rhythmic behavior
emerges even in absence of external periodic signals, and
it is endogenously produced by the strategic behavior of
agents. Periodic behavior in mean-field games has been
often predicted but, to our knowledge, proved in only one

1Paolo Dai Pra is with Dipartimento di Matematica, Università di Padova,
Via Treste 63, 35121, Padova, Italy. daipra@math.unipd.it

2Elena Sartori is with Dipartimento di Matematica, Università di Padova,
Via Treste 63, 35121, Padova, Italy. esartori@math.unipd.it

3Marco Tolotti is with Department of Management, Ca’ Fos-
cari University of Venice, Cannaregio 873 - 30121 Venezia, Italy.
tolotti@unive.it

example, the rather celebrated Mexican wave model (see [6]).
It must be remarked that the Mexican wave model possesses
a continuous symmetry, which allows the appearance of
traveling wave solution. The model we propose below has
a discrete (actually binary) space structure, so there is no
continuous symmetry.

II. THE MICROSCOPIC MODEL

Consider a network of N interacting agents, each pos-
sessing a binary state σi(t) ∈ {−1, 1} at time t ∈ R. We
denote by Ft the σ-field generated by {σi(s) : s ≤ t, i =
1, . . . , N}. Every agent can control his state by means of the
control ui = (ui(t))t≥0, a progressively measurable process
whose effect on the dynamics is given by

P(σi(t+ h) = −σi(t)|Ft) = ui(t)h+ o(h).

In other words, ui(t) is the probability rate of flipping the
state σi. Let

mN (t) :=
1

N

N∑
i=1

σi(t)

be the average state of the network at time t. We introduce
the delay function ϕ(u) := kn+1

n! u
ne−ku, which depends on

the parameters n ∈ Z+ and k ∈ [0,+∞]. For k = +∞,
ϕ should be meant as the Dirac distribution at u = 0. The
instantaneous reward of agent i at time t is given by

Ri(t) := σi(t)νN (t)− µ

2
u2i (t)

with νN (t) :=
∫ t
−∞ ϕ(t − s)mN (s)ds. The two summands

in the reward Ri are easy to interpret. The term σi(t)νN (t)
favors imitation: agents are conformist, they try to adapt to
the majority, possibly after a delay. The term −µ2u

2
i (t) is an

energy cost: a rapid change of the state would require high
values for ui, which are costly. The parameter µ modulates
the relevance of this cost term: small values of µ allow high
mobility to the agents, who can rapidly adapt to a change
in the majority. Conversely, large values of µ reduce the
adaptive response of agents.
Each agent i aims at maximizing the discounted utility

Ui := E
[∫ +∞

0

e−λtRi(t)dt

]
,

where λ > 0 is a discount factor, and µ > 0.
A control u∗ = (u∗1, u

∗
2, . . . , u

∗
N ) is called a Nash equilib-

rium if for every i = 1, . . . , N , assuming that all agents j 6= i
use the control u∗j , we have Ui(u∗i ) ≥ Ui(ui) for every other
control ui: in equilibrium no agent has interest in changing
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his strategy. Note that this dynamic game is invariant for
permutation of agents, so it fall within that domain of mean-
field games.

III. THE MACROSCOPIC MODEL

The limit as N → +∞ of the dynamic game described
above it is easy to obtain at a heuristic level. One expects that
the average state mN (t) obeys a Law of Large Numbers, so
it converges to a deterministic limit m(t). The representative
agent aim at maximizing

J(u) := E
[∫ +∞

0

e−λt
(
σ(t)ν(t)− µ

2
u2(t)

)
dt

]
. (1)

with ν(t) =
∫ t
0
ϕ(t − s)m(s)ds. An equilibrium control u∗

must satisfy the following consistency relation: if we denote
by σ∗(t) the process produced by the control u∗, then

m(t) = E[σ∗(t)].

This problem is solved in two steps: first one writes the
Dynamic Programming Equation corresponding to the maxi-
mization problem for J(u) given m(t); then one imposes that
m(t) is consistent with the master equation for the optimal
process σ∗(t). Denoting by V (σ, t) the value function of
the control problem of maximizing J(u), we obtain the
following system of coupled equations:

−λV (σ, t) +
1

2µ

[
[∇V (σ, t)]

+
]2

+
∂V

∂t
(σ, t) + σν(t) = 0

(2)

ṁ(t) = −|V (1, t)− V (−1, t)|
µ

m(t) +
V (1, t)− V (−1, t)

µ
.

(3)
Setting z(t) := V (−1, t)−V (1, t), equations (2) and (3) can
be reduced to the system

ż(t) = 1
2µz(t)|z(t)|+ λz(t) + 2ν(t)

ṁ(t) = − |z(t)|µ m(t)− z(t)
µ

ν(t) = kn+1

n!

∫ t
−∞(t− s)ne−k(t−s)m(s)ds

(4)

We remark that the rigorous derivation of (4) as limit
of the microscopic dynamic game does not follow from
standard results, and is the subject of present work. Rigorous
convergence results have been obtained recently for diffusion
models (see [5], [1]).

Some remarks are needed concerning equation (4). First,
it can be written as a finite-dimensional o.d.e. by introducing
the variables ξl(t) := kl+1

l!

∫ t
−∞(t − s)le−k(t−s)m(s)ds for

l = 0, 1, . . . , n. Then, it is relevant to note that equation (4)
should not be meant as an initial-value problem: only the
initials m(0), ξl(0), l = 0, 1, . . . , n, i.e. the initial informa-
tion on agents’ proportion, are assigned. On the other hand
the value function in this problem is necessarily bounded,
so only bounded solutions of (4) matter. Conversely, every
bounded solution of (4) determines an equilibrium u∗ for the
control problem (1).

IV. THE MAIN RESULTS

We are interested in finding bounded solutions to (4). Note
that (z∗,m∗) = (0, 0) is always an equilibrium. As a warmup
we begin with the k = +∞ case, where ν(t) = m(t): no
delay is present.

Theorem 4.1: Assume k = +∞
(a) Low mobility regime: µ ≥ 8

λ2 . For every m(0) ∈
[−1, 1] equation (4) admits a unique bounded so-
lution. For m(0) 6= 0 complete consensus occurs:
limt→+∞m(t) = sign(m(0)) ∈ {−1, 1}.

(b) High mobility regime: µ < 8
λ2 . For |m(0)| 6= 0

sufficiently small there is more than one bounded
solution to (4). All such solutions reach consensus
(limt→+∞m(t) ∈ {±1}), but may exhibit a transient
oscillatory regime, in which the orbits of the solutions
spiral around (0, 0) before reaching consensus.

Thus, in the high mobility regime, the equilibrium control
may be not unique: there are equilibrium controls leading
to transient oscillating behavior. Strict periodic solutions
however emerge as delay is present.

Theorem 4.2: Fix λ > 0 and n ≥ 3. Then there exist
(sufficiently small) values for k and µ such that (4) admits
non-constant periodic solutions
Thus, with high mobility and sufficient delay, there are
equilibrium control leading to dynamics in which the net-
work oscillates periodically between a majority of +1 and
a majority of −1, in particular consensus in not attained;
these oscillations are endogenous, being produces by agents’
interaction.
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Robust consensus in multi-agent networked systems with nonlinear or
time-varying uncertainties

Bin Hu and Sei Zhen Khong

Abstract— This paper presents an input-output approach
for convergence analysis of robust consensus in multi-agent
networks with nonlinear or time-varying uncertainties. The
robustness analysis of the consensus algorithm is reformulated
as an input-output stability verification problem involving two
related interconnections. The resultant input-output stability
tests are derived using integral quadratic constraints. The key
feature of the proposed input-output approach is that only time
domain arguments are used, whereby time-varying/nonlinear
uncertainties can be directly incorporated.

Index Terms— consensus, integral quadratic constraints, time
varying/nonlinear uncertainty, multi-agent networked systems

I. INTRODUCTION

Consensus in multi-agent systems has been a popular
research topic in the control community over the last few
decades since the pioneering work [1]. Various continuous-
time linear consensus algorithms for single and double
integrator multi-agent systems can be found in [2], [3].
This paper extends the integral quadratic constraint (IQC)
framework in [4] to analyze robust consensus in multi-
agent systems in the presence of time-varying or nonlinear
uncertainties that are possibly open-loop unstable.

The notions of passivity and incremental passivity [5],
[6], [7], [8] have been widely used in robustness analysis of
uncertain systems. Recently, these tools have been adapted
for consensus problems. Various nonlinear consensus con-
ditions have been derived using the concepts of passivity
[9], [10] and incremental passivity [11], [12], [13], [14].
In the field of control, another powerful tool for robustness
analysis is provided by the IQC framework. The IQC theory
introduced in the seminal paper [15] by Megretski and
Rantzer extends Yakubovich’s foundational works [16], [17]
and unifies under one broad framework several robustness
analysis tools, such as passivity, small gains, Popov and
circle criteria. The IQC theory has been further generalized to
handle time-varying delays [18] and static nonlinearities [19]
that commonly appear in the study of uncertain systems. The
connection between the passivity framework and the IQC
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approach has been discussed in [20]. A well-accepted fact
is that the passivity method and the IQC approach provide
complementary benefits and are both valuable for robustness
analysis.

The adaptation of the IQC theory for robust consensus
is still in the developing phase. In [4], modified frequency
domain IQC conditions have been developed to analyze con-
sensus and synchronization in uncertain multi-agent systems.
It is not clear how to extend the frequency domain approach
in [4] to nonlinear systems which do not have valid frequency
domain interpretations.

To complement the work in [4], this paper presents
a time-domain IQC approach for robust consensus with
nonlinear/time-varying uncertainties. In particular, robust
consensus analysis is reformulated as an input-output stabil-
ity analysis problem. The standard IQC conditions for robust
input-output stability analysis of interconnections with time-
varying or nonlinear uncertainties are blended with the gap
metrics [21], [22] in the spirit of [23], [24], [25], [26] to
accommodate open-loop unstable dynamics.

The scope of this paper is confined to the theoretical
extension of the IQC framework for nonlinear/robust consen-
sus. Although several consensus conditions are derived, there
are key issues which need to be addressed in the future to
more clearly demonstrate the practical usefulness of the IQC
theory developed. These issues are discussed in the paper.

The paper is structured as follows. Section II reviews the
background and formulates the robust consensus analysis
problem. The main results are presented in Section III. The
robust consensus analysis is reformulated as input-output
stability analysis of two related transformed interconnections.
This enables the application of the existing IQC theory
to robust consensus analysis. The homotopy constructions
required in the IQC analysis are briefly discussed. Finally,
some concluding remarks are provided.

II. BACKGROUND AND PROBLEM FORMULATION

A. Matrices

Let R and C denote the real and complex numbers
respectively. jR denotes the imaginary axis, C+ (resp. C̄+)
the open (resp. closed) right half complex plane, and ‖ · ‖
the Euclidean norm. Given an A ∈ Cm×n (resp. Rm×n),
A∗ ∈ Cn×m (resp. AT ∈ Rn×m) denotes its complex
conjugate transpose (resp. transpose). Let ⊕ denote the direct
sum of matrices. Define

⊕n
i=1Ai := A1 A2 ⊕ . . .⊕An. In

denotes the identity matrix of dimensions n× n.
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B. Function spaces and operators

Denote by Ln2 the set of Rn-valued Lebesgue square-
integrable functions:

Ln2 :=

{
v : [0,∞)→ Rn : ‖v‖22 :=

∫ ∞
0

‖v(t)‖2 dt <∞
}
,

Define the truncation operator

(PT v)(t) :=

{
v(t) t ∈ [0, T )
0 otherwise,

and the extended spaces

Ln2e := {v : [0,∞)→ Rn : PT v ∈ L2 ∀T ∈ [0,∞)}.

In what follows, the superscript n is often suppressed for
notational simplicity. A (nonlinear) operator ∆ : L2e → L2e

is said to be causal if PT∆PT = PT∆ for all T ≥ 0. A
causal ∆ is called bounded if the Lipschitz bound

‖∆‖ := sup
T>0;‖PT x‖2 6=0

‖PT∆x‖2
‖PTx‖2

<∞. (1)

The space of bounded linear causal operators mapping
from L2 to itself is denoted by L (L2,L2). Each operator
in L (L2,L2) has a natural causal extension to an operator
mapping from L2e to L2e, where its L2-to-L2 induced norm
is equal to the Lipschitz bound of the extension [27, Section
2.4]. The triangle inequality for linear bounded operators
is well-known. Similarly, the triangle inequality for causal
operators also hold.

Lemma 2.1: Given any nonlinear causal bounded ∆0 :
L2e → L2e and ∆1 : L2e → L2e, the following inequality
holds:

‖∆0 + ∆1‖ ≤ ‖∆0‖+ ‖∆1‖

C. Feedback interconnection and stability

All operators are assumed causal in this paper. Suppose
the operators G : L2e → L2e and ∆ : L2e → L2e both map
zero input to zero output. Let [G,∆] denote the feedback
interconnection of G and ∆ illustrated in Figure 1:{

u2 = Gu1 + d2

u1 = ∆u2 + d1.
(2)

d1 - d u1 - G
y1

? d2�du2�∆
y2

6

Fig. 1. Feedback interconnection

Definition 2.2: [G,∆] is said to be well-posed if the map
(u1, u2) 7→ (d1, d2) defined by (2) has a causal inverse H
on L2e. It is (input-output) stable if it is well-posed and the
inverse H is bounded (cf. (1)).

Notice u1, u2 ∈ L2 for all d1, d2 ∈ L2 if [G,∆] is stable.
Well-posedness holds only if the solutions to (2) have no

finite escaping time. The link between the notion of stability
and that of consensus will be established in Section III.

D. Stability conditions using gap metric and IQCs

The robust stability analysis requires one to test whether
[G,∆] is stable for all ∆ ∈ ∆, where ∆ is a specific
set of causal operators. In practice, ∆ characterizes various
uncertainties, e.g. unknown parameter multiplication, time-
varying delay, static nonlinearity, etc. The robust input-output
stability tests can be derived using the concepts of gap
metrics and integral quadratic constraints (IQCs) [15], [23],
[25], [26]. In the original setup of [15], G and ∆ are bounded
operators. In this paper, G is allowed to be unbounded. This
case can be handled by combining IQCs and gap metrics as
presented in [23], [26].

The concepts of gap metrics and IQCs are firmly related
to the concept of “graph of operators”. Given a causal ∆ :
L2e → L2e, define the graph and extended graph of ∆,
respectively, as

G(∆) :=

{[
x
y

]
∈ L2 : y = ∆x

}
.

and
Gε (∆) :=

{[
x
y

]
∈ L2e : y = ∆x

}
.

Similarly, define the inverse graph as

G′(∆) :=

{[
y
x

]
∈ L2 : x = ∆y

}
.

Then the directed gap metric [22] can be defined as

~δ(∆, ∆̂) := lim sup
T>0

sup
x∈Gε(∆)
‖PT x‖2 6=0

inf
y∈Gε(∆̂)
‖PT y‖2 6=0

‖PT (y − x)‖2
‖PTx‖2

.

The definitions of IQCs are given as follows. The operator
∆ : L2e → L2e is said to satisfy the IQC defined by the
measurable multiplier Π satisfying Π(jω) = Π(jω)∗ for all
ω ∈ R if∫ ∞

−∞
v̂(jω)∗Π(jω)v̂(jω) dω ≥ 0 ∀v ∈ G(∆),

where v̂ denotes the Fourier transform of v, i.e. v̂(jω) =∫∞
0
v(t)e−jωt dt. This is denoted as ∆ ∈ IQC(Π). Likewise,

∆ ⊂ IQC(Π) is used to denote ∆ ∈ IQC(Π) for all ∆ ∈∆.
On the other hand, G is said to satisfy the complementary
IQC defined by Π if there exists an ε > 0 such that∫ ∞
−∞

ŵ(jω)∗Π(jω)ŵ(jω) dω ≤ −ε‖w‖22 ∀w ∈ G′(G).

This is denoted as G ∈ IQCc(Π).
The following result can be established using the argu-

ments in [23, Theorem 2] and [26, Theorem 5.2].

Proposition 2.3: Given G : L2e → L2e, ∆0 : L2e → L2e,
and the set ∆. For any ∆1 ∈∆, suppose

(i) There exists a homotopy τ ∈ [0, 1] 7→ ∆τ such that
∆τ : L2e → L2e is causal for all τ .
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(ii) τ ∈ [0, 1] 7→ ∆τ is continuous in the directed gap
metric1;

(iii) [G,∆0] is stable;
(iv) [G,∆τ ] is well-posed for all τ ∈ [0, 1];
(v) ∆τ ∈ IQC(Π) for all τ ∈ [0, 1];

(vi) G ∈ IQCc(Π),

then [G,∆] is stable for all ∆ ∈∆.

To apply the above proposition, one needs to specify a
Π. There exist results for choosing Π for various ∆, e.g.
unknown parameter [15], time-varying delay [18], and static
nonlinearity [19]. The specification of the homotopy ∆τ is
case-dependent. One also needs to justify the well-posedness
along the homotopy using well-posedness conditions, e.g.
[23, Theorem 1]. One simple criterion to check Condition (ii)
is given below. A homotopy τ ∈ [0, 1] 7→ ∆τ in which
∆τ : L2e → L2e is causal and bounded for all τ is said to
be continuous in the Lipschitz bound ‖ · ‖ if for any ε > 0,
there exists δ > 0 s.t. |µ− ν| < δ implies ‖∆µ −∆ν‖ < ε.
The following condition can be used to test the continuity
of ∆τ in the direct gap metric.

Lemma 2.4: Let ∆τ be bounded for τ ∈ [0, 1]. If ∆τ is
continuous in ‖·‖, then ∆τ is continuous in the directed gap
metric.

E. Graph theory

A graph is denoted by G = (V,E), where V =
{v1, . . . , vn} is the set of nodes and E ⊂ V × V , E =
{e1, . . . , em} is the set of edges such that ek = {vi, vj} ∈ E
if node vj can receive information from node vj . A graph
is undirected if {vi, vj} ∈ E then {vj , vi} ∈ E. Only undi-
rected graph is considered in this paper. A path on G of length
N is an ordered set of distinct vertices {v0, v1, . . . , vN}
such that {vi, vi+1} ∈ E for all i ∈ {0, 1, . . . , N − 1}.
An undirected graph is said to be connected if any two
nodes in V are connected by a path. The adjacency matrix
A = [Aij ] ∈ Rn×n is defined by Aij = 1 if {vj , vi} ∈ E
and Aij = 0 otherwise. Note that A is symmetric for an
undirected graph.

In an undirected graph, let the neighbours of node vi ∈ V
be defined as Ni := {vj ∈ V : {vi, vj} ∈ E} and
denote its degree by |Ni|. The graph Laplacian is defined as
L := diag(|Ni|)−A. L has a zero eigenvalue corresponding
to the vector of ones 1n ∈ Rn. The multiplicity of the
zero eigenvalue is one if the graph is connected [28]. The
Laplacian matrix can be factorised as L = DDT , where
D = [Dik] ∈ Rn×m is the oriented incidence matrix. It is
defined by associating an orientation to every edge of the
graph: for each ek = {vi, vj} = {vj , vi}, one of vi, vj is

1Given a collection of causal ∆τ : L2e → L2e with τ ∈ [0, 1], the
map τ ∈ [0, 1] 7→ ∆τ is said to be continuous in the directed gap metric
~δ(·, ·) if for any ε > 0, there exists δ > 0 such that |µ − ν| < δ implies
~δ(∆µ,∆ν) < ε.

defined to be the head and the other tail of the edge:

Dik :=

 +1 if vi is the head of ek
−1 if vi is the tail of ek
0 otherwise.

Note that the Laplacian matrix is invariant to the choice of
orientation.

Notice that this paper considers fixed undirected interac-
tion graphs. It is possible to extend the proposed theory to the
case of time-varying graphs. This possibility is commented
on in Remark 3.7.

F. Problem statement: consensus in uncertain network

Consider the consensus algorithm described by the feed-
back interconnection Fu(s−1In,Γ) in Figure 2. There, each
agent has single-integrator dynamics and the interconnection
matrix is denoted as Γ, which is a causal operator to be
elaborated on later. The interactions between the agents are
determined by an underlying connected undirected graph
G = (V,E), where each node vi ∈ V is associated with
a corresponding agent and the edges describe the com-
munication/connections between the agents. The dynamics
of the consensus algorithm in Figure 2 is governed by
ẋ = Γx. The information of the network topology and
communication/actuator dynamics is carried by Γ. It is
emphasized that Fu(s−1In,Γ) is different from [s−1In,Γ]
in two aspects. First, there are exogenous signals d1, d2 to
[s−1In,Γ]. Second, [s−1In,Γ] enforces that s−1In map zero
input to zero output. That is, s−1In has zero initial condition
x(0) = 0. On the other hand, Fu(s−1In,Γ) does not impose
any initial condition on s−1In. In other words, the consensus
algorithm ẋ = Γx can be initialized at any initial condition
x(0) ∈ Rn.

diag(Γi) DTD

Γ

1
sIn

ẋ

�

- x

� �

Fig. 2. Feedback setup for consensus

The detailed structure of Γ is now discussed. Notice
from Figure 2 that Γ = D diag(Γi)D

T , where D denotes
the incidence matrix of the graph G and diag(Γi) is a
block diagonal concatenation of bounded causal operators.
Specifically, diag(Γi) is a diagonal matrix whose (i, i)-th
entry is a bounded casual operator Γi : L2e → L2e (for
i = 1, . . . ,m). The information of the network topology
is embedded in D, and diag(Γi) models the time-varying
or nonlinear uncertainty in the communication channels or
control actuators. In the simplest case where uncertainty is
not considered, diag(Γi) is −I . Then Γ is equal to −L,
where L is the graph Laplacian matrix for G. This leads to
the standard consensus algorithm ẋ = −Lx.
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In this paper, it is assumed that diag(Γi) ∈ Γ, where
Γ denotes an uncertainty set of bounded causal operators.
More specifically, diag(Γi) is a diagonal matrix whose (i, i)-
th entry lies in some set Γi. As a whole, diag(Γi) ∈ Γ, where
Γ =

⊕n
i=1 Γi. Each Γi is assumed to belong to one of the

following categories:
• Time-varying scaler multiplication: Γi = {Γi : L2e →

L2e

∣∣ (Γiv)(t) = δ(t)v(t) where δ ∈ L∞ and − 1.5 ≤
δ(t) ≤ 0.5, ∀t ∈ R}

• Time-varying delay: Γi = {Γi : L2e → L2e

∣∣(Γiv)(t) =
−v(t−τ) where 0 ≤ τ(t) ≤ τmax, |τ̇(t)| ≤ c,∀ t ∈ R}

• Static nonlinearity: Γi = {Γi : L2e → L2e

∣∣ (Γiv)(t) =
−φ(v(t)) where (φ(v) − c1v)(φ(v) − c2v) ≤
0 for some c1, c2 ∈ R satisfying 0 < c1 < 1 < c2}

The first two kinds of perturbations are linear time-varying,
and the last is static nonlinear. It follows that entires in
Γ = DTdiag(Γi)D are composites of operators. Notice
−I belongs to all three categories of uncertainties listed
above, and hence Fu(s−1In,Γ) can be viewed as a perturbed
version of the standard consensus algorithm ẋ = −Lx. In
addition, the zero operator does not belong to any of the
above three categories of uncertainties. Otherwise, the fact
that s−1In is open loop unstable directly concludes that the
robust consensus problem formulated later in this section is
not feasible. The well-posedness of a consensus algorithm is
defined below.

Definition 2.5: The consensus algorithm Fu(s−1In,Γ) is
well-posed if for each x(0) ∈ Rnx , there exists a unique L2e

solution x satisfying ẋ = Γx.

The above definition guarantees that the consensus algo-
rithm does not have a finite escape time. When Γ is a linear
time-varying operator (time-varying delay, etc), the well-
posedness can be checked using linear time-varying (LTV)
systems theory. When Γ is a static nonlinear operator, the
well-posedness can be checked using differential equation
theory [29].

Definition 2.6: The interconnection in Figure 2 is said
to reach robust consensus if for all diag(Γi) ∈ Γ, the
interconnection is well-posed and

max
i,j
|xi(t)− xj(t)| → 0 as t→∞ (3)

for all x(0) ∈ Rn.

In other words, x(t) converges to the subspace spanned
by 1n, i.e. span{1n}. This means the agents asymptotically
reach an agreement in their states xi.

The objective of this paper is deriving sufficient conditions
which test whether Fu(s−1In,Γ) reaches robust consensus
for a given set Γ. These are referred to as convergence tests.

The following assumption is made on the set Γ.

Assumption 2.7: For any finite time tf ≥ 0 and
diag(Γi) ∈ Γ, there exists another operator diag(Γ̃i) ∈ Γ
such that Stfdiag(Γi) = diag(Γ̃i)Stf where Stf is the time
delay operator (Stf v)(t) = 0 for t < tf and (Stf v)(t) =

v(t− tf ) for t ≥ tf .

One can easily verify the above assumption holds for time-
varying multiplication, time-varying delay and static nonlin-
earity. This assumption is important for connecting robust
consensus to input-output stability analysis.

III. MAIN RESULTS

A. Input-output stability formulation

The key idea in this section is that an input-output stability
condition can be used to test whether the states x reach
consensus or not. To formalize this idea, one related fact
is summarized and reviewed as follows.

Lemma 3.1: Suppose D is an incidence matrix of a con-
nected undirected graph. Then lim

t→∞
DTx(t) = 0 if, and only

if, max
i,j
|xi(t)− xj(t)| → 0 as t→∞.

Proof: The above lemma is a known result and can
be proved in various ways. For completeness, one proof is
presented below. Sufficiency is proved straightforwardly via
the following inequality:

‖DTx(t)‖ ≤ ‖DT (x(t)− (min
j
xj(t))1n)‖

≤ ‖DT ‖
√
nmax

i,j
|xi(t)− xj(t)|

(4)

To establish necessity, first notice that

max
i,j
|xi(t)− xj(t)| = max

i
(xi(t)− c)−min

j
(xj(t)− c)

≤ |max
i

(xi(t)− c)|+ |min
j

(xj(t)− c)|

≤ 2‖x(t)− 1nc‖
(5)

The above inequality holds for arbitrary c. Therefore

max
i,j
|xi(t)− xj(t)| ≤ 2 min

c∈R
‖x(t)− 1nc‖ (6)

Since span{1n} is a complete subspace of Rn, one can easily
use the minimizing vector principle to compute c∗(t) s.t.

‖x(t)− c∗(t)1n‖ = min
c∈R
‖x(t)− 1nc‖ (7)

Notice x(t) − c∗(t)1n is in the orthogonal complement of
span{1n}, and L = DDT is symmetric. Therefore, one has

‖DTx(t)‖2 = x(t)TDDTx(t) = x(t)TLx(t)

=
(
x(t)− c∗(t)1n

)T
L
(
x(t)− c∗(t)1n

)
≥ λ2‖x(t)− c∗(t)1n‖2

≥ λ2

4
(max
i,j
|xi(t)− xj(t)|)2

(8)

where λ2 > 0 is the second smallest eigenvalue of L and also
commonly referred to as the graph connectivity. The above
inequality immediately leads to the desired conclusion.

The above lemma states that the loop Fu(s−1In,Γ)
reaches consensus if, and only if, lim

t→∞
DTx(t) = 0 for

all x(0) ∈ Rn. Consequently, a sufficient condition for
the convergence of the consensus algorithm Fu(s−1In,Γ)
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is provided by the input-output stability test of a trans-
formed interconnection [DT s−1In, Ddiag(Γi)], as shown in
Figure 3. The main rationale for this idea is provided by the
following lemma.

diag(Γi)D

∆

1
sIn

G

DT
y1

�

-d-
d2u2y2

xd1 u1 := ẋ -

?� �d
Fig. 3. Transformed interconnection for input-output stability analysis

Lemma 3.2: Let G = DT s−1In and ∆ = Ddiag(Γi). If
the feedback interconnection [G,∆] in Figure 3 is (input-
output) stable, then lim

t→∞
y1(t) = 0 for all d1, d2 ∈ L2.

Proof: If [G,∆] is stable and d1, d2 ∈ L2, then u1, u2 ∈
L2. Hence y1 = u2−d2 ∈ L2. Notice ẏ1 = DTu1 ∈ L2. The
fact that y1, ẏ1 ∈ L2 implies that lim

t→∞
y1 = 0 [30, Lemma

1]. This proves the claim.

Next, the connection between robust consensus conver-
gence tests and input-output stability tests is formalized. It
is noteworthy that [11, Corollary 1] considers related con-
nections using the zero reachability condition. The following
results employ different transformations from that in [11].

Theorem 3.3: Let G = DT s−1In and ∆ = Ddiag(Γi).
Suppose the set Γ satisfies Assumption 2.7. The original
interconnection Fu(s−1In,Γ) in Figure 2 reaches consensus
for all diag(Γi) ∈ Γ if this interconnection is well-posed and
the transformed interconnection [G,∆] in Figure 3 is stable
for all diag(Γi) ∈ Γ.

Proof: For a given diag(Γi) ∈ Γ, the interconnection
Fu(s−1In,Γ) is well-posed by hypothesis. That is, given any
x(0) ∈ Rn, there exists a unique L2e solution x satisfying
ẋ = Γx. Select a minimal state-space realization for s−1In;
note that it is controllable. One can use an L2 control effort
to drive the states of s−1In from 0 to x(0) within a finite
interval time [0, tf ]. During this process, the state trajectory
of s−1In is denoted as ξ(t) (0 ≤ t ≤ tf ), and the control
input is denoted as uξ(t) (0 ≤ t < tf ). The signals ξ(t) and
uξ(t) satisfy ξ̇(t) = uξ(t) for 0 ≤ t < tf and ξ(0) = 0,
ξ(tf ) = x(0). Notice the value of uξ(t) at time tf need
not be specified for this steering process due to the strict
causality of s−1In.

Since Γ satisfies Assumption 2.7, there exists another
operator diag(Γ̃i) ∈ Γ such that Stfdiag(Γi) = diag(Γ̃i)Stf
where Stf is the time delay operator defined in Assump-
tion 2.7. For the interconnection [DT s−1In, Ddiag(Γ̃i)],

choose the inputs d̃1 and d̃2 as follows:

d̃1(t) =

{
uξ(t) for 0 ≤ t < tf

0 for t ≥ tf
(9)

d̃2(t) =

{
−DT ξ(t) for 0 ≤ t < tf

0 for t ≥ tf
(10)

Clearly d̃1, d̃2 ∈ L2. Due to the time invariance of
s−1In, Assumption 2.7 and the well-posedness condition,
one can verify that the unique L2e solution (x̃, ũ1, ũ2) for
[DT s−1In, Ddiag(Γ̃i)] given inputs d̃1 and d̃2 is

x̃(t) =

{
ξ(t) for 0 ≤ t < tf

x(t− tf ) for t ≥ tf
(11)

ũ1(t) =

{
uξ(t) for 0 ≤ t < tf

ẋ(t− tf ) for t ≥ tf
(12)

ũ2(t) =

{
0 for 0 ≤ t < tf

DTx(t− tf ) for t ≥ tf
, (13)

where x is the unique L2e solution for Fu(s−1In,Γ) given
the initial condition x(0).

Since the transformed interconnection [G,∆] in Fig-
ure 3 is stable for all diag(Γi) ∈ Γ, [G,∆] is stable for
diag(Γ̃i). Moreover, the inputs d̃1 and d̃2 are in L2. Based
on Lemma 3.2, lim

t→∞
DT x̃(t) = 0. Using Equation (11),

lim
t→∞

DTx(t) = lim
t→∞

DT x̃(t+ tf ) = 0. By Lemma 3.1, the

interconnection Fu(s−1In,Γ) reaches consensus. The above
argument holds for any x(0) ∈ Rn and diag(Γi) ∈ Γ. This
completes proof. Notice Assumption 2.7 is important for the
above solution matching procedure. Without this assumption,
the proof procedure can fail for time-varying Γ.

The proof here is inspired by the proof of [31, Proposi-
tion 5], which connects input-output stability to exponential
stability. The proof relies on the crucial fact that one can use
the input signal d̃1 to drive the states of s−1In to any point
in Rn. A similar result is the following.

Theorem 3.4: Let G = DT s−1InD and ∆ = diag(Γi).
Suppose the set Γ satisfies Assumption 2.7. If one can drive
the state of s−1D from zero to x(0) ∈ Rn using an L2

input within some given time window, then the original
interconnection Fu(s−1In,Γ) in Figure 2 with this specific
initial condition x(0) satisfies (3) for all diag(Γi) ∈ Γ if it
is well-posed and the transformed interconnection [G,∆] in
Figure 4 is stable for all diag(Γi) ∈ Γ.

diag(Γi)

D

∆

1
sIn

G

DT
y1- -d-

d2u2y2

xẋd1 u1 -

?� �d
Fig. 4. Transformed interconnection for input-output stability analysis II
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Proof: The proof is very similar to the proof of Theo-
rem 3.3 and omitted here. The only point worth mentioning
is that ẋ ∈ L2 if u1 ∈ L2.

Theorem 3.4 has the advantage that it is much easier to
construct IQCs on diag(Γi) than on Ddiag(Γi). However,
in general, the range space of D is not Rn and Theorem 3.4
can only be used to determine a region of consensus. An
interesting consequence is that certain region of the initial
conditions is easier to certify consensus than the others
within the IQC framework.

.

B. IQC conditions for robust consensus

Proposition 3.5: Suppose Fu(s−1In,Γ) is well-posed.
Let G = DT s−1In and ∆ = Ddiag(Γi), where D is
the incidence matrix of the underlying connected undirected
graph. Assume the set Γ satisfies Assumption 2.7. Set ∆ =
{Ddiag(Γi)

∣∣ diag(Γi) ∈ Γ}. Let ∆0 : L2e → L2e be
an operator such that [G,∆0] is stable. For any ∆1 ∈ ∆,
suppose

(i) There exists a homotopy τ ∈ [0, 1] 7→ ∆τ such that
∆τ is causal for all τ .

(ii) The homotopy τ ∈ [0, 1] 7→ ∆τ is continuous in the
directed gap metric;

(iii) [G,∆τ ] is well-posed for all τ ∈ [0, 1];
(iv) ∆τ ∈ IQC(Π) for all τ ∈ [0, 1];
(v) G ∈ IQCc(Π),

then [G,∆] is stable for all ∆ ∈ ∆, and Fu(s−1In,Γ)
reaches consensus for all diag(Γi) ∈ Γ.

Proof: The proof is based on a direct combination of
Theorem 3.3 and Proposition 2.3. The details are omitted.

Proposition 3.6: Suppose Fu(s−1In,Γ) is well-posed.
Let G = DT s−1InD and ∆ = diag(Γi), where D is
the incidence matrix of the underlying connected undirected
graph. Assume the set Γ satisfies Assumption 2.7. Set ∆ =
Γ. Let ∆0 : L2e → L2e be an operator such that [G,∆0] is
stable. Assume one can drive the state of s−1D from zero
to x(0) ∈ Rn using an L2 input within some finite time
window. For any ∆1 ∈ ∆, suppose Conditions (i)-(v) in
Proposition 3.5 hold. Then [G,∆] is stable for all ∆ ∈ ∆,
and Fu(s−1In,Γ) with the initial condition x(0) satisfies (3)
for all diag(Γi) ∈ Γ.

Proof: The proof is based on a direct combination of
Theorem 3.4 and Proposition 2.3. The details are omitted.

When applying the above propositions to certify the robust
consensus, three practical issues should be addressed.

1) One needs to select ∆0. When G is a con-
nected undirected graph, the input-output stability of
[DT s−1In,−D] (∆0 = −D for Proposition 3.5) and
[DT s−1InD,−Im] (∆0 = −Im for Proposition 3.6)
can be directly verified by writing out the transfer
functions from (d1, d2) to (u1, u2).

2) One needs to construct a homotopy ∆τ such that
Conditions (i)-(iv) are satisfied. This construction is

case-dependent and briefly discussed in next subsec-
tion. Detailed homotopy constructions will be pursued
in the future. A homotopy is usually constructed in
such a way that one can easily write down Π for
∆τ . When ∆ is static nonlinearity, the well-posedness
condition is typically checked by [23, Theorem 1].
When ∆ is linear time-varying, the well-posedness
condition can be dropped if the continuity of the
homotopy is established with respect to the standard
gap metric [21], [26], [32].

3) Some computable conditions to verify Condition (v)
are needed. Since here G has single integrator dy-
namics and is hence unstable, one can use coprime-
factorizations to generate the graph of G [33] and
transform Condition (v) into a linear matrix inequality
(LMI) condition via the Kalman-Yakubovich-Popov
(KYP) lemma.

Remark 3.7: Given that the IQC theory for input-output
stability of linear time-varying systems is known [26], [32],
it is possible to extend Propositions 3.5 and 3.6 to the case
of time-varying graphs with modified assumptions which
guarantee the initial state can be reached from 0 with L2

input signals. Numerical verification of Condition (v) is more
difficult in this case.

C. Homotopy constructions

Homotopy constructions are briefly discussed in this sec-
tion. It is emphasized that the discussion here is elementary,
and a detailed case-dependent study is an important future
task. To apply Proposition 3.5, one needs to construct IQCs
on Ddiag(Γi). The matrix D complicates the structure of
the uncertainty. A simple result is given in the following.

Lemma 3.8: Suppose ‖diag(Γi)‖ ≤ c for any diag(Γi) ∈
Γ. Denote the maximum degree of G as Md. Then the
homotopy ∆τ = D

(
(1− τ)(−Im) + τdiag(Γi)

)
satisfies

1) ∆0 = −D.
2) ∆1 = Ddiag(Γi).
3) ∆τ is continuous with respect to the gap metric.
4) ‖∆τ‖ ≤

√
2Md(1 + c) for all τ ∈ [0, 1]. and

∆τ satisfies the IQC defined by the multiplier Π =
diag(2Md(1 + c)2Im,−In).

Proof: One can directly verify Statements 1) and 2).
To prove Statement 3), notice

‖∆τ1 −∆τ2‖ = ‖D(τ1 − τ2)(Im + diag(Γi))‖
≤ |τ1 − τ2|‖D‖(1 + c)

(14)

Hence ∆τ is continuous with respect to the operator norm,
and Condition 3) follows by Lemma 2.4.

The following inequality holds [2, Section II]:

‖Dv‖2 = vTLv ≤ 2Md‖v‖2

This inequality can be combined with triangle inequality to
prove Statement 4).

The maximum degree of the graph is involved in the
above multiplier. In general, the larger Md is, the more
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likely the input-output stability test in Proposition 3.5 will
fail. One related phenomenon is the tradeoff between the
maximum degree of the graph and the robustness to time
delay [2, Theorem 4]. It is possible to further exploit the
structure of D and diag(Γi) and derive less conservative
IQCs for Ddiag(Γi). This is beyond the scope of this
paper. On the other hand, when applying Proposition 3.6, the
homotopy construction is much easier. In this case, one can
easily incorporate the model of diag(Γi) into the homotopy
construction. For many types of uncertainties, one can just
use a line homotopy construction. The IQC construction
for Proposition 3.6 does not depend on D and is quite
straightforward, but the applicability of Proposition 3.6 can
be restrictive due to the dependence on x(0) and D.

IV. CONCLUSIONS

This paper presents an input-output approach for conver-
gence analysis of robust consensus in uncertain multi-agent
networked systems. The proposed input-output approach uses
only time-domain arguments, and hence allows the incor-
poration of time-varying or nonlinear uncertainties. Within
the proposed framework, the robust consensus problem is
reformulated as an input-output stability analysis problem,
which can be tackled using the well-known IQC theory. The
proposed input-output approach can be consolidated with the
recently developed method of exponential scaling [31], [34]
to investigate the consensus rate of the networks. This will be
pursued in the future. Another important future direction is to
make the comparisons and connections between IQC-based
consensus results and the existing passivity-based consensus
conditions in [9], [10], [11], [12], [13], [14].

REFERENCES

[1] B. P. Bertsekas and J. N. Tsitsiklis, Parallel and Distributed Compu-
tation: Numerical Methods. Prentice Hall, 1989.

[2] R. Olfati-Saber, A. Fax, and R. M. Murray, “Consensus and coop-
eration in networked multi-agent systems,” Proceedings of the IEEE,
vol. 95, no. 1, pp. 215–233, 2007.

[3] W. Ren and R. W. Beard, Distributed Consensus in Multi-vehicle
Cooperative Control. Spinger, 2008.

[4] S. Z. Khong, E. Lovisari, and A. Rantzer, “A unifying
framework for robust synchronisation of heterogeneous networks via
integral quadratic constraints,” IEEE Trans. Autom. Contr., 2016,
in press. [Online]. Available: http://www.control.lth.se/media/Staff/
EnricoLovisari/SynchUnifiedIQCKhongLovisariRantzerPreprint.pdf

[5] C. A. Desoer and M. Vidyasagar, Feedback Systems: Input-Output
Properties. New York: Academic Press, 1975.

[6] M. Vidyasagar, Nonlinear Systems Analysis, 2nd ed. SIAM, 2002.
[7] G. Zames and P. L. Falb, “Stability conditions for system with mono-

tone and slope-restricted nonlinearites,” SIAM Journal of Control,
vol. 6, no. 1, pp. 89–108, 1968.

[8] A. Pavlov and L. Marconi, “Incremental passivity and output regula-
tion,” Systems & Control Letters, vol. 57, no. 5, pp. 400–409, 2008.

[9] M. Arcak, “Passivity as a design tool for group coordination,” IEEE
Trans. Autom. Contr., vol. 52, no. 8, pp. 1380–1390, 2007.

[10] H. Bai, M. Arcak, and J. Wen, Cooperative control design: a system-
atic, passivity-based approach. Springer Science & Business Media,
2011.

[11] L. Scardovi, M. Arcak, and E. Sontag, “Synchronization of intercon-
nected systems with applications to biochemical networks: An input-
output approach,” IEEE Trans. Autom. Contr., vol. 55, no. 6, pp. 1367–
1379, 2010.

[12] C. De Persis and B. Jayawardhana, “On the internal model principle in
the coordination of nonlinear systems,” Control of Network Systems,
IEEE Transactions on, vol. 1, no. 3, pp. 272–282, 2014.

[13] M. Bürger and C. De Persis, “Dynamic coupling design for nonlinear
output agreement and time-varying flow control,” Automatica, vol. 51,
pp. 210–222, 2015.

[14] M. Alekajbaf and L. Scardovi, “An input-output approach to robust
synchronization,” in American Control Conference (ACC), 2015, pp.
4392–4397.

[15] A. Megretski and A. Rantzer, “System analysis via integral quadratic
constraints,” IEEE Trans. Autom. Contr., vol. 42, no. 6, pp. 819–830,
1997.

[16] V. A. Yakubovich, “Frequency conditions for the absolute stability of
control systems with several nonlinear or linear nonstationary blocks,”
Automatica i Telemekhanika, vol. 6, pp. 5–30, 1967.

[17] ——, “On an abstract theory of absolute stability of nonlinear sys-
tems,” Vestnik Leningrad University Math., vol. 10, pp. 341–361, 1982,
russian originally published in 1977.

[18] C.-Y. Kao and A. Rantzer, “Stability analysis of systems with uncertain
time-varying delays,” Automatica, vol. 43, no. 6, pp. 959–970, 2007.

[19] W. Heath and A. Wills, “Zames-Falb multipliers for quadratic pro-
gramming,” in IEEE Conf. on Decision and Control, 2005, pp. 963–
968.

[20] M. Fu, S. Dasgupta, and Y. Soh, “Integral quadratic constraint ap-
proach vs. multiplier approach,” Automatica, vol. 41, no. 2, pp. 281–
287, 2005.
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Computing the distance between time-periodic dynamical systems

Shanon Vuglar and Michael Cantoni

Abstract— A recent generalization of Vinnicombe’s ν-gap
metric accommodates linear time-varying (LTV) dynamics
for a class of systems with graphs that admit normalized
coprime representations. Such graph representations exist for
systems generated by stabilizable and detectable LTV state-
space models. In general, construction of normalized coprime
representations is computationally challenging. In this paper,
a numerical method for constructing normalized graph rep-
resentations is provided for periodic state-space models. The
construction involves the periodic solutions of corresponding
periodic differential Riccati equations. Based on this, a bisection
algorithm for computing the ν-gap metric is also provided.

Index Terms— Robustness analysis; numerical method

I. INTRODUCTION

The ν-gap metric [1] for linear time-invariant (LTI) sys-
tems is a measure of the distance that is relevant within the
context of analyzing the robustness of feedback intercon-
nections. A generalization of the ν-gap metric for a class
of LTV systems is proposed in [2]; see [3] for a recent
clarification. Specifically, the generalization is defined for
LTV systems that admit normalized strong left and right
graph representations, which are also required to generate
forward Hankel operators that are compact.

In [2], [4], existence of the required normalized coprime
representations is established for LTV state-space models that
are stabilizable and detectable. The approach is constructive.
It involves the solutions of time-varying differential Riccati
equations over doubly-infinite time with boundary conditions
at +∞ and −∞, respectively. In general, obtaining these so-
lutions is intractable. To make progress from this perspective,
attention is restricted to periodic systems below.

The main contribution of this paper is a tractable method
for computing the ν-gap metric distance between stabi-
lizable and detectable, periodic linear state-space models,
via the construction of normalized coprime representations.
The method involves computation of the stabilizing periodic
solutions to periodic differential Riccati equations, which
circumvents the issue of dealing directly with boundary
conditions at +∞ and −∞. Several numerical methods
exist for computing the periodic solutions; e.g., [5]. Finally,
a method is given for calculating the ν-gap metric. This
involves the additional verification of a family of Fredholm
index conditions. For the system class considered, this is
equivalent to an eigenvalue condition on a Monodromy
matrix.
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II. PRELIMINARIES

Let Ln2 denote the Hilbert space of square Lebesgue
integrable functions w : R → Rn, with inner-product
〈w, v〉L2

=
∫∞
−∞ w(t)T v(t) dt and norm ‖·‖2. For any

interval I ⊂ R, let Ln2 (I) denote the subspace of w ∈ Ln2
such that w(t) = 0 for all t ∈ R \ I. For convenience,
the spatial dimension n is often omitted, and compatible
dimensions is implicit throughout.

For X : dom(X) ⊂ L2 → L2, the image is denoted
by img(X) := {w ∈ L2 : w = Xv; v ∈ dom(X)}, and the
kernel by ker(X) := {v ∈ dom(X) : Xv = 0}. The graph
of X is denoted by

G(X) :=

{[
y
u

]
∈ L2 ×L2

∣∣∣ y = Xu, u ∈ dom(X)

}
.

The Banach space of operators X : L2 → L2 for which
there exists c > 0 such that ‖Xu‖2 ≤ c‖u‖2 for all u ∈ L2

is denoted by L . For X ∈ L , γ(X) := sup‖u‖2=1 ‖Xu‖2
and µ(X) := inf‖u‖2=1 ‖Xu‖2. The adjoint of X ∈ L is
denoted by X∗ ∈ L . It is said that K ∈ L is compact if for
every bounded sequence {xn} ⊂ L2, the sequence {Kxn}
admits a convergent subsequence in L2 [6]. The operator
X ∈ L is said to be Fredholm if the dimensions of ker(X)
and coker(X) are both finite, where coker(·) denotes the
quotient space L2/ img(X) := {[w] : w ∈ L2} and [w] :=
w+img(X) denotes the equivalence class of w defined with
respect to the equivalence relation: w1 ∼ w2 if w1 − w2 ∈
img(X). If X ∈ L is Fredholm, then the Fredholm index
is given by ind(X) := dim ker(X)− dim coker(X).

Let R>τ := (τ,+∞) and R<τ := (−∞, τ) for τ ∈ R.
The orthogonal projection L2(R>τ ) is denoted by Pτ ∈ L .
With Qτ = I−Pτ , where I is the identity on L2, it follows
that img(Qτ ) = L2(R<τ ). For τ ∈ R and X ∈ L the
Wiener-Hopf and Hankel operators are given by Tτ (X) :=
PτX|L2(R>τ ) and Hτ (X) := PτX|L2(R<τ ), respectively.

It is said that M : dom(M) ⊂ L2 → L2 is causal if
PτM|L2(R>τ )∩dom(M) = M|L2(R>τ )∩dom(M) for all τ ∈ R.
The set of all such linear maps is denoted by C . A system
is a linear map in the set

C+ := {M : dom(M) ⊂ L2+ → L2+ |M is causal} ,

where L2+ =
⋃
τ∈R PτL2. It is said that G ∈ L ∩ C is

a right representation of G(M) if G = img(G). Similarly,
G̃ ∈ L ∩C is a left representation if G = ker(G̃). If a right
(left) representation G (G̃) is left (right) invertible in L ∩C ,
then it is a strong right (left) representation. Equivalently,
such representations are called coprime representations. If a
strong right (left) representation G (G̃) satisfies G∗G = I
(G̃G̃∗ = I), then it is said to be normalized.
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Definition 1: Cs ⊂ C+ denotes the set of systems M ∈
C+ for which there exist

G =

[
U
V

]
∈ L ∩ C , G̃ =

[
−Ṽ Ũ

]
∈ L ∩ C ,

Z =
[
Y X

]
∈ L ∩ C , Z̃ =

[
−X̃

Ỹ

]
∈ L ∩ C ,

with the following properties:

(a)
[
Z

G̃

] [
G −Z̃

]
=
[
G −Z̃

] [Z

G̃

]
= I;

(b) G∗G = I and G̃G̃∗ = I;
(c) img(G) = ker(G̃) and G(M) ∩ L2(R>τ ) =

img(Tτ (G)) = ker(Tτ (G̃)) for every τ ∈ R; and
(d) Hτ (G) and Hτ (G̃) are compact for every τ ∈ R.

Definition 2: The ν-gap between M1 ∈ Cs and M2 ∈ Cs
is defined by

δν(M1,M2) :=


γ(G̃2G1)

if µ(G∗1G2) > 0 and
Tτ (G∗1G2) is Fredholm
and ind(Tτ (G∗1G2)) = 0
for all τ ∈ R

1 otherwise

,

where Gk (resp., G̃k) denotes any normalized strong right
(resp. left) graph representation, with the additional proper-
ties described in Definition 1, for Mk, k ∈ 1, 2.

Remark 1: Definition 2 corresponds to [2, Definition 4.2],
however, the norm-coercivity constraint µ(G∗1G2) > 0 is
missing there. Further details can be found in [3].

III. NORMALIZED COPRIME REPRESENTATIONS FOR
TIME-PERIODIC SYSTEMS

Consider the time-periodic state-space model

M =

[
A B
C 0

]
:=

{
ẋ(t) = A(t)x(t) +B(t)u(t);
y(t) = C(t)x(t).

(1)

Here, A(·), B(·), and C(·) are continuous periodic matrix-
valued functions over R, where A(t+T ) = A(t); B(t+T ) =
B(t); and C(t+ T ) = C(t) for some T ∈ R, and ẋ := dx

dt
denotes the derivative. For t ∈ R, the latent signal x(t) ∈ Rn,
the input signal u(t) ∈ Rm, and the the output signal
y(t) ∈ Rp, where n,m, p ∈ N. Before considering normal-
ized coprime representations for this class of time-periodic
systems, it is instructive to recall several results for more
general LTV systems from [2] and [4]. Ultimately, these
results confirm existence of graph representations with all
properties specified in Definition 1, except the normalization
property (b), which is treated later in this section.

Associated with A(·) is a fundamental matrix XA : R→
Rn×n which is defined to be the solution of

ẊA(t) = A(t)XA(t); XA(0) = I.

Since A(·) is continuous and bounded, XA(·) exists and is
invertible [7, Sec II.2]. If there exists PA = P 2

A ∈ Rn×n,
% > 0, and ς > 0 such that

|XA(t)PAXA(s)−1| ≤ %e−ς(t−s) ∀ t ≥ s and

|XA(t)(I − PA)XA(s)−1| ≤ %e−ς(s−t) ∀ s ≥ t, (2)

then A(·) is said to admit an exponential dichotomy PA. If
PA = I , then it is said that A(·) defines an exponentially
stable evolution.

If A(·) admits an exponential dichotomy PA, then (1)
generates a bounded operator M = (u ∈ Lm2 7→ y ∈ Lp2)
defined by the integral equation [8, Theorem 1.2.3]

y(t) =

∫ ∞
−∞

C(t)κA(t, s)B(s)u(s) ds ∀t ∈ R, (3)

where

κA(t, s) :=

{
XA(t)PAXA(s)−1 t ≥ s

−XA(t)(I − PA)XA(s)−1 s > t
. (4)

In general, the integral operator (3) is not causal. However,
if PA = I , then M ∈ L ∩ C .

Associated with the matrix valued function A is a mul-
tiplication operator A ∈ L defined by (x ∈ L2 7→ (t ∈
R 7→ (Ax)(t) := A(t)x(t)) ∈ L2). Let D : dom(D) → L2

denote the differential operator defined by

(t ∈ R 7→ x(t) ∈ Rn) 7→ (t ∈ R 7→ (Dx)(t) := ẋ(t) ∈ Rn),

where

dom(D) =

{
x ∈ L2

∣∣∣ x locally absolutely continuous
ẋ ∈ L2

}
.

Then, on dom(D) the operator (D − A) has a bounded
inverse if, and only if, A admits an exponential dichotomy
[9, Theorem 1.1]. In this case, (D−A)−1 ∈ L is given by

(t ∈ R 7→z(t) ∈ Rn) 7→(
t ∈ R 7→((D−A)−1z)(t) :=

∫ ∞
−∞

κA(t, s)z(s)ds ∈ Rn
)
,

with κA as defined in (4) [9, Theorem 1.1]. Hence,

M = C(D −A)−1B,

where B and C denote the multiplication operators associ-
ated with the matrix valued functions B and C. Moreover
dom(M) = L2, and

G(M) =

{[
y
u

]
∈ L2 ×L2

∣∣∣∣ ∃x ∈ L2 for
which (1) is satisfied

}
.

If A defines an exponentially stable evolution (i.e., PA = I),
then the inverse (D−A)−1 is causal, and thus, M ∈ L ∩C .

Bounded causal solutions of (1) are of interest. From
above, if A admits an exponential dichotomy, then associated
with M is a bounded integral operator M. If PA = I , then M
is causal, but in general, M is not causal. If A does not admit
an exponential dichotomy, then it is not possible to construct
M as above. Nonetheless, whenever the state-space model is
stabilizable and detectable, in the sense described next, it is
possible to construct a causal operator M+ ∈ C+ such that
G(M+) ⊂ L2+ is precisely the set of all causal solutions of
(1) in the subspace L2+ of L2 signals with support that is
(non-uniformly) bounded below.

The system model (1) is said to be stabilizable if, and
only if, there exists a continuous and periodic matrix valued
function F (t + T ) = F (t) such that A + BF defines an
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exponentially stable evolution. The system model (1) is said
to be detectable if, and only if, there exists a continuous and
periodic matrix valued function L(t + T ) = L(t) such that
A + LC defines an exponentially stable evolution. For the
remainder of this paper, attention is restricted to the class of
models (1) that are stabilizable and detectable.

Define the state-space models

G =

[
U
V

]
:=

 A+BF B
C 0
F I

 , (5)

G̃ =
[
−Ṽ Ũ

]
:=

[
A+ LC −L B

C −I 0

]
, (6)

Z =
[
Y X

]
:=

[
A+ LC −L B
−F 0 I

]
, and (7)

Z̃ =

[
−X̃
Ỹ

]
:=

 A+BF L
F 0
C −I

 , (8)

where the matrix valued functions F and L are such
that (A + BF ) and (A + LC) define exponentially stable
evolutions; i.e. PA+BF = PA+LC = I . Let F and L
denote the multiplication operators associated with F and
L respectively.

Since (A+BF ) and (A+LC) define exponentially stable
evolutions, the inverses (D − (A + BF))

−1 ∈ L ∩ C and
(D − (A + LC))

−1 ∈ L ∩ C exist. Hence, the following
are well defined:

V := I + F (D − (A + BF))
−1

B;

U := C (D − (A + BF))
−1

B;

X := I− F (D − (A + LC))
−1

B;

Y := F (D − (A + LC))
−1

L;

Ũ := C (D − (A + LC))
−1

B;

−Ṽ := −I−C (D − (A + LC))
−1

L;

Ỹ := F (D − (A + BF))
−1

L; and

−X̃ := −I + C (D − (A + BF))
−1

L.

These operators, and the corresponding Wiener-Hopf opera-
tors Tτ (G) etc., are all causal. Also note that

ZG = XV + YU

= I + F[(D − (A + BF))
−1 − (D − (A + LC))

−1

+ (D − (A + LC))
−1

(LC−BF)

× (D − (A + BF))
−1

]B = I,

and Z|L2+
G|L2+

= I|L2+
. Similarly, G̃Z̃ = I, and

G̃|L2+Z̃|L2+ = I|L2+ .
Now, define the causal operator M+ ∈ C+, with

dom(M+) := img(V|L2+
) ⊂ L2+, by the following:

M+|dom(M+)∩L2(R>τ ) := Tτ (U)Tτ (V)−1 for τ ∈ R.
(9)

It is important to note that Tτ (V)−1 is an operator that is
only defined on img(V|L2(R>τ )). Also, note that Tτ (V)−1

is causal because V is causal with non-zero instantaneous
gain [2, Lemma 2.3]. Hence, M+ is causal.

The graph G(M+) is precisely the subspace of all causal
input-output pairs associated with a solution of (1) in L2+.
To see this, suppose that [ yu ] arises from a causal solution of
(1). That is, there exists τ ∈ R, such that u ∈ L2(R>τ )
and y ∈ L2(R>τ ), and there exists x : R → Rn with
x(τ) = 0, such that (1) is satisfied. It follows that x(s) =
0 for s < τ by the variation of constants formula and
integrating backwards from τ . Also, by [4, Lemma 3.6],
x ∈ L2(R>τ ) because it is assumed that the state-space
model is detectable. Let q = Z [ yu ]. Then (by substitution)
z = x is the unique forward solution to the following state-
space model associated with Z:

ż = (A+ LC)z +Bu− Ly
= (A+ LC)z +Bu− LCx,

q = −Fz + u,

with initial condition z(τ) = 0. Hence, q = u − Fx. Let
η = x. Then q, η, u and y satisfy the following state-space
model associated with G:

η̇ = (A+BF )η +Bq,

u = Fη + q,

y = Cη, (10)

with initial condition η(τ) = 0. Hence, [ yu ] ∈ img Tτ (G)
and y = M+u; i.e. [ yu ] ∈ G(M+). Conversely, suppose that
[ yu ] ∈ G(M+). Then there exists τ ∈ R, such that u ∈
L2(R>τ ) and y ∈ L2(R>τ ), and y = Tτ (U)Tτ (V)−1u.
Let q = Tτ (V)−1u. There exists η ∈ L2(R>τ ) with η(τ) =
0 such that (10) is satisfied. Let x = η. Then u, y, and x
satisfy (1); i.e. [ yu ] is a causal solution solution of (1) with
forward support.

It is now established (by construction) that normalized
coprime representations exist for the class of periodic LTV
systems under consideration. It is then shown that the con-
structed coprime factors belong to the class Cs.

Lemma 1: Consider the periodic state-stace model M
defined in (1), and suppose that this is stabilizable and
detectable. Then the periodic Riccati equation (PRE)

−Ṗ = ATP + PA+ CTC − PBBTP (11)

and the dual PRE

Q̇ = AQ+QAT −QCTCQ+BBT (12)

have symmetric periodic stabilizing solutions P and Q,
respectively. Furthermore, A−BBTP and A−QCTC define
exponentially stable evolutions.

Proof: See [10, Theorem 6.3].
Theorem 1: Consider the periodic state-space model M

defined in (1), and suppose that this is stabilizable and de-
tectable. Let F = −BTP , where P is the symmetric periodic
stabilizing solution of the PRE (11), and let L = −QCT ,
where Q is the symmetric periodic stabilizing solution of the
dual PRE (12). Let G, G̃, Z and Z̃ be the state space models
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defined in (5)-(8) with F and L as constructed here. Then
the corresponding input-output operators G, G̃,Z, Z̃ ∈ L
are causal and img(G|L2+) = ker(G̃|L2+) = G(M+),
where M+ is the causal operator defined in (9). Furthermore,
ZG = G̃Z̃ = I, G̃G = 0, ZZ̃ = 0, and GZ + Z̃G̃ = I
hold. Moreover, G∗G = G̃G̃∗ = I.

Proof: First, img(G|L2+
) = G(M+) is established. The

strong graph property follows from the existence of a causal
bounded left inverse, which has already been established.
Then the normalization property is established. Correspond-
ing properties are then established for G̃|L2+

.
Suppose that [ yu ] ∈ img(G|L2+

). Then by the causality
of G there exists τ ∈ R and q ∈ Lm2 (R>τ ), such that
u ∈ Lm2 (R>τ ), y ∈ Lp2(R>τ ), u = Tτ (V)q, and y =
Tτ (U)q. Hence, y = Tτ (U)Tτ (V)−1u and img(G|L2+) ⊂
G(M+). Conversely, suppose that [ yu ] ∈ G(M+). Then there
exists τ ∈ R, such that y = Tτ (U)Tτ (V)−1u. Let q =
Tτ (V)−1u. Then q ∈ Lm2 (R>τ ) and [ yu ] = Gq; G(M+) ⊂
img(G|L2+

); and img(G|L2+
) = G(M+). The strong graph

representation property follows from Z|L2+G|L2+ = I|L2+ ,
as established earlier in this section.

It is now shown that G is normalized. Let P and Ṗ denote
the multiplication operators associated with the periodic
matrix-valued functions P and Ṗ , respectively. For notational
convenience, let Ξ = (D − (A + BF)). Then,

G =

[
CΞ−1B

I + FΞ−1B

]
;

G∗ =
[
B∗Ξ−∗C∗ I + B∗Ξ−∗F∗

]
; and

G∗G = B∗Ξ−∗C∗CΞ−1B

+
(
I + B∗Ξ−∗F∗

) (
I + FΞ−1B

)
= I + B∗Ξ−∗C∗CΞ−1B−B∗PΞ−1B

−B∗Ξ−∗PB∗ + B∗Ξ−∗PBB∗PΞ−1B

= I + B∗Ξ−∗
(
C∗C− (D − (A + BF))

∗
P

−P (D − (A + BF)) + PBB
∗
P
)
Ξ−1B

= I + B∗Ξ−∗
(
DP−PD

+ C∗C + A∗P + PA−PBB∗P
)
Ξ−1B

= I + B∗Ξ−∗
(
DP−PD − Ṗ

)
Ξ−1B.

But for all x ∈ dom(D),(
DP−PD − Ṗ

)
(x) = D(Px)−P(ẋ)− Ṗx = 0.

Hence, G∗G = I; G is normalized.
Now consider G̃|L2+

. Suppose that [ yu ] ∈ ker(G̃|L2+
).

Then there exists τ ∈ R such that u ∈ Lm2 (R>τ ) and y ∈
Lp2(R>τ ). Also, there exists ξ ∈ Ln2 (R>τ ) with ξ(τ) = 0
such that

ξ̇ = (A+ LC)ξ +Bu− Ly;

0 = Cξ − y. (13)

Equivalenty,

ξ̇ = Aξ +Bu;

y = Cξ.

Hence, x = ξ satisfies (1) and ker(G̃|L2+
) ⊂ G(M+).

Conversely, suppose that [ yu ] ∈ G(M+). Then there exists
τ ∈ R such that u ∈ Lm2 (R>τ ) and y ∈ Lp2(R>τ ), and there
exists x ∈ Ln2 (R>τ ) with x(τ) = 0 such that (1) is satisfied.
Then ξ = x satisfies (13) and G(M+) ⊂ ker(G̃|L2+). Hence,
G(M+) = ker(G̃|L2+

). The strong graph property follows
from G̃|L2+

Z̃|L2+
= I|L2+

, as was established earlier in this
section. The identities ZZ̃ = 0 and GZ + Z̃G̃ = I follow
similarly.

Finally, it remains to show that G̃G̃∗ = I. Let Q and
Q̇ denote the multiplication operators associated with the
periodic matrix-valued functions Q and Q̇, and let Υ =
(D − (A + LC)). Then,

G̃ =
[
−I−CΥ−1L CΥ−1B

]
;

G̃∗ =

[
−I− L∗Υ−1C

B∗Υ−∗C∗

]
; and

G̃G̃∗ = CΥ−1BB∗Υ−∗C∗

+ (I + CΥ−1L)(I + L∗Υ−1C)

= I + CΥ−1
(
BB∗ −QΥ∗ −ΥQ

+ QC∗CQ
)
Υ−∗C∗

= I + CΥ−1
(
QD + Q̇−DQ

)
Υ−∗C∗ = I

This concludes the proof.
Finally, the Wiener-Hopf and Hankel properties of graph

representations associated with Definition 1 of the class of
periodic systems under consideration are now verified.

Theorem 2: The normalized strong graph representations
G, G̃ ∈ L ∩ C in Theorem 1 are such that the following
additional properties hold:

(a) G(M+) ∩ L2(R>τ ) = img(Tτ (G)) = ker(Tτ (G̃)) for
every τ ∈ R; and

(b) Hτ (G) and Hτ (G̃) are compact for every τ ∈ R.

Therefore, system M+ defined in (9) is an element of Cs.
Proof: Theorem 1 establishes the existence of normal-

ized strong graph representations for the system M+ ∈ C+

defined in (9) for the periodic, stabilizable and detectable,
state-space model (1). As such, to establish M+ ∈ Cs, it
remains to show (a) and (b).

(a) Given τ ∈ R, suppose that [ yu ] ∈ img(Tτ (G)).
Then [ yu ] ∈ L2(R>τ ). Also, since img(Tτ (G)) ⊂
img(G|L2+) = G(M+), [ yu ] ∈ G(M+). Hence,
img(Tτ (G)) ⊂ G(M+) ∩ L2(R>τ ). Now suppose that
[ yu ] ∈ G(M+)∩L2(R>τ ). Then y = Tτ (U)Tτ (V)−1u.
Let q = (Tτ (V))−1u. Then q ∈ Lm2 (R>τ ) and [ yu ] =
Tτ (G)q; img(Tτ (G)) ⊂ G(M+) ∩ L2(R>τ ). Hence,
G(M+)∩L2(R>τ ) = img(Tτ (G)). Similarly, it can be
shown that G(M+) ∩L2(R>τ ) = ker(Tτ (G̃)).
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(b) Since A+BF defines an exponentially stable evolution,
Hτ (G) can be decomposed into the composition of two
compact operators:[

y(t)
u(t)

]
:=

[
C(t)
F (t)

]
ΦA+BF (t, τ)xτ ∀t > τ ; and

xτ :=

∫ τ

−∞
ΦA+BF (τ, s)B(s)q(s) ds.

Hence Hτ (G) is compact for every τ ∈ R [6, Sec 2.16] .
In the same way, it can be shown that Hτ (G̃) is compact
for every τ ∈ R.

IV. CALCULATING THE GAP METRIC

In this section, a method is devised for computing the
ν-gap distance between two periodic, stabilizable and de-
tectable, state-space models M1 and M2; i.e., between the
corresponding input-output operators M1+ and M2+ defined
in line with (9). Throughout, Gk and G̃k denote the corre-
sponding strong right and left graph representations, with the
additional properties specified in Definition 1.

Computation of the ν-gap can be approached in three
steps: (i) obtain the normalized graph representations G̃2 and
G1; (ii) test the conditions µ(G∗1G2) > 0 and Tτ (G∗1G2)
is Fredholm with ind(Tτ (G∗1G2)) = 0 ∀ τ ∈ R; and, (iii)
if these conditions hold, calculate γ(G̃2G1).

Normalized graph representations exist and can be con-
structed as detailed in Section III: Let

Gk =

 Ak +BkFk Bk
Ck 0
Fk I

 ,
and Gk be the associated causal integral operator (k ∈ 1, 2).

Now consider the state-space model

A =

[
A2 +B2F2 0
F ∗1 F2 + C∗1C2 −(A1 +B1F1)∗

]
;

B =

[
B2

F ∗1

]
;

C =
[
F2 −B∗1

]
;

D = I,

which is a state-space realization for G∗1G2. Since D = I ,
it follows that µ(G∗1G2) > 0. Recall that A1 + B1F1 and
A2 + B2F2 both give rise to exponentially stable evolu-
tions. Hence, A admits an exponential dichotomy, whereby
Tτ (G∗1G2) is Fredholm for all τ ∈ R [8, Theorem II.5.2].
Actually,

PA =

[
I 0
0 0

]
with I being the same dimension as A2 ∈ Rn2×n2 . Hence,
rankPA = n2. Furthermore, since D−1 = I is uniformly
bounded, if A − BD−1C also admits an exponential di-
chotomy, then the Fredholm index satisfies [8, Theorem
II.5.2]

ind(Tτ (G∗1G2)) = rankPA − rankPA−BD−1C ∀τ ∈ R.

Note that

A−BD−1C =

[
A2 B2B

∗
1

C∗1C2 −A∗1

]
(14)

and let X(A−BD−1C)(T ) denote the corresponding Mon-
odromy matrix, which can be computed by using the ap-
proach described in [11], for example. Then A − BD−1C
defines an exponential dichotomy if, and only if, none of the
eigenvalues of X(A−BD−1C)(T ) lie on the unit circle [12,
p430], [7]. Furthermore, the rank of PA−BD−1C is precisely
the number of these eigenvalues that lie inside the unit
disk. If this number is equal to n2 then ind(Tτ (G∗2G1)) =
0 ∀ τ ∈ R. In this case, δν(M1,M2) can be computed as
γ(G̃2G1). Otherwise, δν(M1,M2) = 1.

An approach to computing γ(G̃2G1) is to use a bounded
real lemma result and bisection algorithm as described below.
Consider the state-space model

Aγ =

[
A1 +B1F1 0
B2F1 − L2C1 A2 + L2C2

]
; (15)

Bγ =

[
B1

B2

]
; (16)

Cγ =
[
−C1 C2

]
; (17)

Dγ = 0, (18)

which is a state-space realization for G̃2G1. Let δ > 0 be
a given positive scalar. Then the following statements with
Aγ , Bγ and Cγ as defined in (15)-(17) above are equivalent
[13, Lemma 2.6]:

(i) Aγ is stable and γ(G̃2G1) < δ.
(ii) There exists a T -periodic stabilizing positive semidef-

inite solution to

−Π̇ = ATγ Π + ΠAγ + CTγ Cγ + δ−2ΠBγB
T
γ Π, (19)

i.e., such that Aγ+δ−2BγB
T
γ Π is exponentially stable.

Hence, a bisection algorithm can be constructed to compute
γ(G̃2G1), see for example [11]. This approach can be prob-
lematic for long period times. For an alternative approach to
computing γ(G̃2G1) see [14], which proposes an approach
based on the technique of time-domain lifting.

V. ILLUSTRATIVE EXAMPLE

Consider the (unstable) state-space models

M1 =

[
0.8 + 0.1 cos t 1

1 0

]
,

M2 =

[
1 1
1 0

]
, and M3 =

[
0.8 1
1 0

]
,

where M1 is a periodically perturbed version of M3. Using
LTI methods (see for example [15]):

δν(M2,M3) = 0.1104.

To demonstrate the approach given in Section IV, the ν-gap
distance between M1 and M2 is now calculated.

First, state space realizations G1 and G̃2 are obtained for
the normalized graph representations G1 and G̃2. Since M2
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is LTI and one dimensional, the PRE (12) reduces to the
quadratic equation

0 = −Q2
1 + 2Q1 + 1,

with a positive solution Q2 = 1 +
√

2 = 2.4142. Hence
L2 = −2.4142, and using (6),

G̃2 =

[
−1.414 2.4142 1

1 −1 0

]
.

To obtain the representation G1, it is first necessary to
obtain the periodic stabilizing solution P1 for the PRE (11)
corresponding to M1:

−Ṗ = 2(0.8 + 0.1 cos t)P − P 2 + 1.

t

0 2 4 6 8

1.9

2

2.1

2.2

2.3

P
1
(t)

Fig. 1. Solution P1(t) of (11) for M1

Figure 1 depicts the required solution, obtained using
the periodic generator method of [5], with numerical inte-
gration implemented using a first order, symplectic Euler
method [16] with 216 samples over one period. Hence,
F1(t) = −P1(t), and

G1 =

 0.8 + 0.1 cos t− P1(t) 1
1 0

−P1(t) 1

 .
To verify the index condition, the Monodromy matrix as-

sociated with (14) is obtained via symplectic integration, and
found to have eigenvalues of 1.1356×10−4 and 2.506×103.
Hence, ind(Tτ (G∗1G2)) = 0 ∀ τ ∈ R as required.

Finally, apply (15)-(18) to obtain a state-space realization
for G̃2G1: 0.8 + 0.1 cos t− P1(t) 0 1

−P1(t) + 2.4142 −1.4142 1
−1 1 0

 .
Then,

δν(M1,M2) = γ(G̃2G1) = 0.1312,

where γ(G̃2G1) is computed using the bisection algorithm
described in Section IV. In each iteration of the algorithm,
the existence of a T -periodic stabilizing positive semidefinite

solution to (19) is established by checking the following
conditions:

1) The Monodromy matrix corresponding to the Hamilto-
nian associated with (19) has no eigenvalues on the unit
circle.

2) The periodic generator Π(0), for the solution of (19),
is positive semi-definite.

3) The solution Π(t) is positive semi-definite for all t, and
stabilizing for all t.

If any of these conditions are not satisfied, the remaining
conditions do not need to be checked, and γ(G̃2G1) ≥ δ. If
all the conditions are satisfied, then γ(G̃2G1) < δ.

Similarly, it can verified that δν(M1,M3) = 0.0375.

VI. CONCLUSION

A tractable method is provided for obtaining normalized,
coprime representations for a class of periodic state-space
models. Then, several important properties of these rep-
resentations are verified. This leads to a tractable method
for computing a generalized ν-gap metric for the class of
systems studied.
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Recursive Features in Heterogeneous Mass Chains with Passive
Interconnection

Kaoru Yamamoto1 and Malcolm C. Smith2

Abstract— This note studies a heterogeneous chain of masses
with passive interconnection where a single point is subject
to an external disturbance. The problem arises in the design
of multi-storey buildings subjected to earthquake disturbances
or bidirectional control of vehicle platoons albeit with the
passivity constraint, for example. It will be shown that the
scalar transfer functions from the disturbance to a given
intermass displacement can be represented in the form of
complex iterative maps.

I. INTRODUCTION

This note derives a recursive formula for the transfer
function from an external disturbance x0 to a given intermass
displacement xi − xi−1 in a heterogeneous mass chain
of Fig. 1. The problem is motivated by the problem of
vibration suppression in a multi-storey building subjected to
an earthquake disturbance. For this purpose, the installation
of passive control devices between floors is widely accepted.
Another example is bidirectional control of vehicle platoons
albeit with the passivity constraint. For these examples,
the intermass displacement represents the inter-storey drift
between neighbouring floors, and the spacing between neigh-
bouring vehicles, respectively.

The authors have shown in [1] that, for a homogeneous
mass chain, the scalar transfer functions from the disturbance
to a given intermass displacement can be represented in the
form of complex iterative maps. Note that “homogenous”
here means that all the masses and all the interconnection
impedances are both identical. The complex iterative map
approach has given the insights of such a system and has
provided a method to establish the uniform boundedness of
the H∞-norm of these transfer functions for certain choices
of interconnection impedance.

In this note, it is shown that those scalar transfer functions
can also be represented as complex iterative maps for a het-
erogeneous mass chain, i.e., a mass chain with non-identical
masses and non-identical interconnection impedances. These
expressions may be useful for further analysis.

II. BACKGROUND ON PASSIVE MECHANICAL NETWORKS

A mechanical one-port network with force-velocity pair
(F, v) is passive if for all square integrable pairs F (t) and
v(t) on (−∞, T ],

∫ T

−∞ F (t)v(t)dt ≥ 0 [2]. For a linear
time-invariant network the impedance Z(s) is defined by the
ratio v̂(s)/F̂ (s) whereˆdenotes the Laplace transform, and

1K. Yamamoto is with Electrical and Computer Engineering, University
of Minnesota, Minneapolis, MN 55455, USA, kyamamot@umn.edu

2M. C. Smith is with Department of Engineering, University of Cam-
bridge, Cambridge CB2 1PZ, UK, mcs@eng.cam.ac.uk

Y (s) = Z(s)−1 is called the admittance. Such a network
can be shown to be passive if and only if Z(s) or Y (s) is
positive real [3], [4]. A real-rational function G(s) is positive
real if G(s) is analytic and Re(G(s)) ≥ 0 in Re(s) > 0.

III. PROBLEM FORMULATION

mN mN−1 m1ZN ZN−1 Z1

x0 x1 x2 xN

. . .

Fig. 1. Chain of N masses mi connected by a passive mechanical
impedance Zi(s) and connected to a movable point x0.

Consider a chain of N masses mi connected by a passive
mechanical impedance Zi as shown in Fig. 1. Note that the
labelling of the indices is unusual: the first mass from the
left has mass mN and is connected to a movable point by
an impedance ZN and the indices decrease as it goes to the
right in the chain of N masses. Each passive interconnection
provides an equal and opposite force on each mass and is
assumed here to have negligible mass. The system is excited
by a movable point x0(t) and the displacement of the ith
mass mN−i+1 is denoted by xi(t), i = 1, 2, . . . , N . Assume
that the initial conditions of the movable point and the mass
displacements are all zero.

IV. COMPLEX ITERATIVE MAPS

A. First Intermass Displacement

Consider the transfer function F
(1)
N from x0 to the first

intermass displacement x1 − x0 (with a negative sign).
The following theorem shows that the transfer function is
represented in the form of a complex iterative map.

Theorem 1: The first intermass displacement in a chain of
N masses satisfies the recursion:

F
(1)
N =

hN + αN−1F
(1)
N−1

hN + αN−1F
(1)
N−1 + 1

(1)

where F (1)
N is the transfer function from x0 to −(x1−x0) in

a chain of N masses, F (1)
0 = 0, hN = sZN (s)mN , α0 = 0

and

αN =
hN+1

hN

mN

mN+1
=
ZN+1

ZN

for N = 1, 2, . . . .
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Proof: It is straightforward to check the case of N =

1. In the sequel, we consider N ≥ 2. Let T (1)
N denote the

transfer function from x0 to the first mass displacement x1
in a chain of N masses. It may be observed that the transfer
function from x1 to x2 in a chain of N masses is equal to
T

(1)
N−1. Similarly, the transfer function from xi to xi+1 in a

chain of N masses is equal to T (1)
N−i. Therefore,

x̂i =

i−1∏
j=1

T
(1)
N−j

 x̂1 (2)

whereˆdenotes the Laplace transform and
∏

represents the
product operator.

The equations of motion in the Laplace transformed do-
main are

mNs
2x̂1 = −sYN (s)(x̂1 − x̂0) + sYN−1(s)(x̂2 − x̂1)

mN−1s
2x̂2 = −sYN−1(s)(x̂2 − x̂1) + sYN−2(s)(x̂3 − x̂2)

...

m1s
2x̂N = −sY1(s)(x̂N − x̂N−1),

where Yi(s) = Zi(s)
−1. Summing these equations gives

mNs
2x̂1 +

(
N−1∑
i=1

mN−is
2x̂i+1

)
= −sYN (s)(x̂1 − x̂0),

and hence, substituting (2) into the above equation giveshN +

N−1∑
i=1

mN−i

mN
hN

i∏
j=1

T
(1)
N−j + 1

 x̂1 = x̂0

where hN = sZN (s)mN . Hence the transfer function F
(1)
N

from x0 to the first intermass displacement x1 − x0 (with a
negative sign) is equal to:

F
(1)
N := 1− T (1)

N =

hN +
N−1∑
i=1

mN−i

mN
hN

i∏
j=1

T
(1)
N−j

hN +
N−1∑
i=1

mN−i

mN
hN

i∏
j=1

T
(1)
N−j + 1

.

(3)
Further,

hN +

N−1∑
i=1

mN−i

mN
hN

i∏
j=1

T
(1)
N−j

= hN+

αN−1T
(1)
N−1

hN−1 + N−2∑
i=1

mN−i−1

mN−1
hN−1

i∏
j=1

T
(1)
N−j−1


= hN + αN−1F

(1)
N−1

where αN−1 =
hN
hN−1

mN−1

mN
. Substituting this to (3) gives

the recursion (1).

B. Higher Intermass Displacements

The transfer functions F (i)
N from x0 to xi − xi−1 (with a

negative sign) in a chain of N masses for i = 2, 3, . . . , N
are given by

F
(i)
N = − x̂i − x̂i−1

x̂0

= − x̂i − x̂i−1
x̂i−1

x̂i−1
x̂1

x̂1
x̂0

= (1− T (1)
N−i+1)

i−2∏
j=0

T
(1)
N−j

= F
(1)
N−i+1

i−2∏
j=0

(
1− F (1)

N−j

)

where
0∏

j=0

T
(1)
N−j =

0∏
j=0

(
1− F (1)

N−j

)
= 1.

V. CONCLUSIONS

The interconnection of a chain of N masses has been
studied in which neighbouring masses are connected by two-
terminal passive mechanical impedances, and where the first
mass is also connected by an impedance to a movable point.
Formulae for the transfer functions from the movable point
displacement to a given intermass displacement have been
derived in the form of complex iterative maps as a function
of a dimensionless parameter h depending on the impedance
and mass. This work is an extension of the authors’ previous
work on a homogeneous mass chain, i.e., all the masses being
identical and all the interconnection impedances identical [1].
As the iterative map representations have provided additional
insights into the system behaviour including the asymptotic
behaviour and the uniform boundedness property of the
transfer functions for the homogenous case, the expressions
given in this note may also be useful for further analysis in
heterogeneous mass chains.
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New results in the computation of output-nulling subspaces
for descriptor systems

Christina Kazantzidou and Lorenzo Ntogramatzidis

Abstract— This paper deals with the computation of basis
matrices of output-nulling and reachability subspaces for linear
time-invariant (LTI) descriptor systems, which have been found
to appear in the solution of many control and estimation
problems. In particular, one of the classic approaches for the
computation of these subspaces, which exploits the calculation
of the null-space of the Rosenbrock system matrix pencil and
which has found important applications in non-interacting and
fault-detection problems, is generalized for descriptor systems.

I. INTRODUCTION

Descriptor systems, also known as singular or implicit
systems, have many applications in several areas of engi-
neering and applied mathematics, including circuit theory,
large-scale systems, biological systems, neurology, power
systems, robotics, aircraft modeling. Quoting even only a
fraction of the relevant references in this broad area would be
impossible; thus, we refer the readers to the tutorial [10], the
survey [9] and the monograph [5], as well as to the references
cited therein.

In particular, [10] presents a survey of the generalizations
of the fundamental concepts of geometric control for descrip-
tor systems, such as the notions of controlled and conditioned
invariance, see also [7]-[13]. In particular, [12] and [7] laid
the foundations of the controlled invariant, output-nulling and
reachability subspaces and their duals. The main difficulty in
the extension of classical control techniques to the descriptor
case lies in the richer and more articulated structure of
descriptor systems than their standard LTI counterpart.

Output-nulling subspaces are used to determine solvability
conditions for problems such as disturbance decoupling
with static and dynamic feedback, model matching, and
noninteracting control to name a few. In [11], the notions
of conditioned invariant and input-containing subspaces have
been introduced for descriptor systems within the context of
unknown-input observation. Geerts in [7] gave definitions
in terms of distributions for output-nulling, input-containing
subspaces and output-nulling reachability subspaces, and
extended the classic standard LTI algorithms for their com-
putation.

In this paper, the geometric analysis of square descriptor
systems is studied based on [7]. The aim of this paper
is to extend a famous result by Moore and Laub [14] to

This work was supported by the Australian Research Council under the
grant FT120100604.

C. Kazantzidou and L. Ntogramatzidis are with the Department
of Mathematics and Statistics, Curtin University, Perth, WA,
Australia. E-mail: Christina.Kazantzidou@curtin.edu.au,
L.Ntogramatzidis@curtin.edu.au.

descriptor systems. This result has been used in the literature
to devise numerically robust techniques to compute bases for
the aforementioned output-nulling, reachability and input-
containing subspaces as also shown in [15]. The approach
in [14] has also been used to solve noninteracting, model
matching and input detection problems and, more recently,
for the solution of the monotonic tracking control problem
in the multi-input, multi-output (MIMO) case [16]. Thus,
we envisage that the extension of this fundamental result to
descriptor systems will open the door to the possibility of
appropriately formulating and providing a solution to these
problems in the singular case.

Notation. The origin of a vector space is denoted by {0}.
The image and the kernel of a matrix A are represented
by im A and kerA, respectively. For convenience, a linear
mapping between finite-dimensional spaces and a matrix
representation with respect to a particular basis are not
distinguished notationally. Given a linear map A : X −→Y
and a subspace S of Y , the symbol A−1 S represents the
inverse image of S with respect to the linear map A, i.e.,
A−1 S = {x∈X |Ax∈S }. The symbol ⊕ will stand for the
direct sum of subspaces. Finally, the symbol i represents the
imaginary unit, i.e., i=

√
−1, while the symbol λ represents

the complex conjugate of λ ∈ C.

II. PRELIMINARIES

Consider an LTI continuous-time descriptor system Σ ruled
by

E ẋ(t) = Ax(t)+Bu(t), (1a)
y(t) =C x(t), (1b)

where E ∈ Rn×n, A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n. For all
t ≥ 0, the vector x(t) ∈X = Rn is the descriptor variable,
u(t) ∈ U = Rm is the control input and y(t) ∈ Y = Rp is
the output.

For the sake of conciseness, we identify the system
governed by (1) with the quadruple (E,A,B,C). Matrix E
is allowed to be singular with `, rankE ≤ n.

The matrix pencil λE − A is said to be regular if its
determinant is not the zero polynomial, see e.g. [6], [18],
[12]. The system (1) is called regular if λE−A is a regular
matrix pencil. If the descriptor system (1) is regular, the
solution exists and is unique, given x(0−) and u(t), see e.g.
[18], [12].
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The distinctive feature of descriptor systems is that they
can exhibit impulsive modes. These are typically not desired
in most engineering applications, because they may cause
performance degradation and damage or even destroy a
physical system, see e.g. [3], [5, Ch.7], [12]. A descriptor
system is called impulse-free if and only if degdet(λE−A)=
rankE = `, see e.g. [3], [5, Ch.7]. It is easy to see that an
impulse-free system is regular.

A descriptor system is called impulse controllable if a
state feedback control exists such that the closed-loop system
is impulse-free, see e.g. [3], [5, Ch.4], [8]. A descriptor
system is called regularizable if there exists a feedback
control such that the closed-loop system is regular, see
e.g. [5, Ch.5]. Consequently, impulse controllability implies
regularizability.

In this paper we make the following standing assumptions:
1) matrices B and C are of full rank;
2) rank

[
E AE∞ B

]
= n, where E∞ denotes any basis

matrix for kerE.
The second assumption is the criterion for the impulse

controllability as given in [8].

A. Dynamics decomposition form

Consider two descriptor systems, described by the quadru-
ples (E,A,B,C) and (E,A,B,C), with state vectors x(t)
and x(t), respectively. These are called restricted system
equivalent under the pair (Q,P) if there exist two non-
singular matrices Q,P ∈ Rn×n such that

QE P = E, QAP = A, QB = B, C P =C, x(t) = Px(t).

see e.g. [6], [17]. Given a descriptor system described
by (E,A,B,C) there exist non-singular matrices Q and P
such that (E,A,B,C) and (QE P,QAP,QB,C P) are restricted
system equivalent under (Q,P) with QE P =

[
I` 0
0 0

]
, see e.g.

[4], [5, Ch.2], [19]. The pair (Q,P) can be obtained, for
example, by computing the singular value decomposition

E =U
[

Σ 0
0 0

]
V> =U

[
Σ 0
0 In−`

][
I` 0
0 0

]
V>,

where U and V are orthogonal and Σ is a diagonal matrix
containing the non-zero singular values of E. Then we may
compute

Q =
[

Σ−1 0
0 In−`

]
U−1, P =

(
V>
)−1

=V.

Consider such pair (Q,P). The matrices and the state vector
of (QE P,QAP,QB,C P) are partitioned conformably as

QAP =
[

A11 A12

A21 A22

]
, QB =

[
B1

B2

]
,

C P =
[

C1 C2
]
, P−1x(t) =

[
x̃(t)

z(t)

]
,

so that the restricted equivalent descriptor system is in the
so-called dynamics decomposition form

˙̃x(t) = A11 x̃(t)+A12 z(t)+B1 u(t), (2a)
0 = A21 x̃(t)+A22 z(t)+B2 u(t), (2b)

y(t) =C1 x̃(t)+C2 z(t). (2c)

Equation (2a) describes the dynamic subsystem, while equa-
tion (2b) describes the static or algebraic subsystem. Thus,
no generality is lost by assuming that the system (E,A,B,C)
is already in the dynamics decomposition form. In other
words, we assume that Σ is written as[

I` 0
0 0

][
˙̃x(t)
ż(t)

]
=

[
A11 A12
A21 A22

][
x̃(t)
z(t)

]
+

[
B1
B2

]
u(t), (3a)

y(t) =
[

C1 C2
][ x̃(t)

z(t)

]
. (3b)

Under the assumption of impulse controllability, we are
able to apply a preliminary state feedback

u(t) = H1 x̃(t)+H2 z(t)+ v(t)

to Σ as in (3), in such a way that the resulting closed-loop
system is impulse-free and therefore regular; in other words,
det(A22 +B2 H2) 6= 0, see e.g. [3], [5, Ch.7]. Thus, with no
loss of generality, we can choose the matrix H1 to be zero.
The closed-loop system Σ̂ under the state feedback u(t) =
H2 z(t)+ v(t) is ruled by

E ẋ(t) = Âx(t)+Bv(t), (4a)
y(t) =C x(t), (4b)

where

Â ,

[
A11 Â12
A21 Â22

]
,

with

Â12 , A12 +B1 H2, and Â22 , A22 +B2 H2.

The application of the feedback u(t) = H2 z(t)+v(t) has not
affected the submatrices A11 and A21, and the signal v(t) can
be regarded as the new input function.

III. GEOMETRIC BACKGROUND

The objective of this section is to recall some geometric
concepts for descriptor systems that will be needed in the
sequel. As recalled in the introduction, the two concepts upon
which the area of geometric control theory for linear systems
hinges are those of controlled and conditioned invariance.
A subspace V of X is said to be controlled invariant for
(E,A,B,C) if it satisfies the condition

AV ⊆ EV + imB.

An output-nulling subspace V for the descriptor system (1)
is a controlled invariant subspace contained in kerC, see e.g.
[12].

It is easy to see that the sum of output-nulling subspaces
is, unlike the intersection, itself output-nulling. Therefore, the
set of output-nulling subspaces admits a maximum element,
which we denote by V ?, and represents the set of initial
states for which there exist smooth state and control functions
(x,u) such that the corresponding output is identically zero
and x(0) = x0, [7]. The subspace V ? can be computed in
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finite terms using the monotonically non-increasing sequence
of subspaces

V0 = X , (5a)

Vi = ker C ∩ A−1(EVi−1 + im B), i = 1, . . . ,n−1 (5b)

Indeed, this sequence converges to V ? in at most n−1 steps,
i.e., V ? = Vk where k ≤ n−1 is such that Vk+1 = Vk.

A conditioned invariant subspace S for the descriptor
system (1) is a subspace of X which satisfies the inclusion

E−1A(S ∩kerC)⊆S .

We say that a subspace S is input-containing for the
descriptor system (1) if it is a conditioned invariant subspace
which contains E−1im B, [11], [7].

It is easy to see that the intersection of input-containing
subspaces is, unlike the addition, itself input-containing.
Therefore, the set of input-containing subspaces admits a
minimum element, which we denote by S ?, and represents
the set of initial states for which there exist impulsive state
and control trajectories (x,u) such that y = 0, [7]. The
subspace S ? can be computed in finite terms using the
monotonically non-decreasing sequence of subspaces

S0 = kerE, (6a)

Si = E−1(im B+A(Si−1∩ker C)
)
, i = 1, . . . , `−1.

(6b)

Indeed, there holds S ? = Sk, where k ≤ `−1 is such that
Sk+1 = Sk.

The output-nulling reachability subspace R? represents
the set of initial states for which there exists an impulsive
input and a trajectory from the origin such that y = 0 and
Ex(0) = Ex0, [7]. The subspace R? is computed by

R? = (V ?+kerE)∩S ?,

see [7], or using

R? = (V ?∩S ?)+kerE,

because, from (6), we have kerE ⊆S ?. The subspace V ?+
kerE represents the set of initial states for which there exists
a smooth state and control function pair (x,u) such that y= 0,
[7].1 Since kerE ⊆R?, we can write define the subspace R?

S

as the subspace satisfying

R? = R?
S ⊕kerE

such that R?
S is orthogonal to kerE. There holds

R?
S = ER?.

1The subspaces V ?,S ?,R? have been denoted respectively by
VC(Σ),W (Σ),R(Σ) in [7].

IV. COMPUTATION OF REACHABILITY AND
OUTPUT-NULLING SUBSPACES

We now focus our attention on impulse-free systems.
In this section, we provide the generalization to descriptor
systems of the relationship between reachability and output-
nulling subspaces in terms of the Rosenbrock system matrix
pencil.

The first step in our approach is to apply a preliminary
state feedback u(t)=H2z(t)+v(t) to the impulse controllable
system Σ as in (3), so that det(A22+B2H2) 6= 0. Consider the
impulse-free, closed-loop system Σ̂ in (4). Another equivalent
form of Σ̂ is given by

Q̃EP̃ =

[
I` 0
0 0

]
, Q̃ ÂP̃ =

[
Ã11 0
0 In−`

]
, Q̃B =

[
B̃1
B2

]
,

C P̃ =
[
C̃1 C̃2

]
, P̃−1

[
x̃(t)
z(t)

]
=

[
x̃(t)
z̃(t)

]
,

where

Q̃ =

[
I` −Â12Â−1

22
0 In−`

]
, P̃ =

[
I` 0

−Â−1
22 A21 Â−1

22

]
,

P̃−1 =

[
I` 0

A21 Â22

]
and

Ã11 , A11− Â12 Â−1
22 A21,

B̃1 , B1− Â12 Â−1
22 B2,

C̃1 , C1−C2 Â−1
22 A21,

C̃2 , C2 Â−1
22 ,

see e.g. [19], [4], [2], so that the restricted equivalent system
can be written as

˙̃x(t) = Ã11x̃(t)+ B̃1v(t), (7a)
0 = z̃(t)+B2v(t), (7b)

y(t) = C̃1x̃(t)+C̃2z̃(t). (7c)

Now if we replace z̃(t) = −B2v(t) from (7b) to (7c), we
obtain the standard (in general nonstrictly proper) system Σ̃

˙̃x(t) = Ã x̃(t)+ B̃v(t), (8a)

y(t) = C̃ x̃(t)+ D̃v(t), (8b)

where Ã , Ã11 ∈ R`×`, B̃ , B̃1 ∈ R`×m, C̃ , C̃1 ∈ Rp×`,
D̃ ,−C̃2B2 ∈ Rp×m, see also [18].

We recall that the Rosenbrock system matrix pencil of a
descriptor system Σ̂ as in (4) is defined as

PΣ̂(λ ),

[
Â−λE B

C 0

]
=

 A11−λ I` Â12 B1
A21 Â22 B2
C1 C2 0

,
see e.g. [17], [7]. The invariant zeros of Σ̂ are the values
z ∈ C for which

rankPΣ̂(z)< n+normrankG(λ ) = normrankPΣ̂(λ ),
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where G(λ ),C(λE− Â)−1B, see e.g. [1]. The Rosenbrock
system matrix pencil of the associated standard system Σ̃ in
(8) is PΣ̃(λ ),

[
Ã−λ I` B̃

C̃ D̃

]
, where

Ã = A11− Â12 Â−1
22 A21,

B̃ = B1− Â12 Â−1
22 B2,

C̃ = C1−C2 Â−1
22 A21,

D̃ = −C2 Â−1
22 B2.

The following lemma, which can be proved by direct
computation, shows the relation between the Rosenbrock
system matrix pencil of an impulse-free descriptor system
as in (4) and the Rosenbrock system matrix pencil of the
associated standard system in (8).

Lemma 4.1: The Rosenbrock system matrix pencil of an
impulse-free descriptor system Σ̂ as in (4) can be decom-
posed as

PΣ̂(λ ) = P1

[
PΣ̃(λ ) 0

0 In−`

]
P2,

where

P1 =

 I` 0 Â12 Â−1
22

0 0 In−`
0 Ip C2 Â−1

22

, P2 =

 I` 0 0
0 0 Im

A21 Â22 B2


and PΣ̃(λ ) is the Rosenbrock system matrix pencil of the
associated standard system Σ̃ in (8).

Remark 4.1: There holds[
A+BH−λE B

C 0

]
=

[
A−λE B

C 0

][
In 0
H Im

]
,

which implies that the Rosenbrock system matrix pencil of

Σ can be decomposed as PΣ(λ ) = PΣ̂(λ )
[

In 0
H Im

]−1
.

It can be shown that the decomposition established in
Lemma 4.1 can be used to determine a relation between the
null-spaces of PΣ̂(λ ) and PΣ̃(λ ), as outlined in the following
lemma.

Lemma 4.2: Let Σ̂ be an impulse-free descriptor system
as in (4) and Σ̃ be the associated standard system in (8).
There holds

kerPΣ̂(λ ) = P−1
2
(
kerPΣ̃(λ )⊕{0}

)
=


 ṽ
−Â−1

22 (A21 ṽ+B2 w̃)
w̃

 :
[

ṽ
w̃

]
∈ kerPΣ̃(λ )

.
The following lemma provides a generalization of the

classic Moore-Laub algorithm for the computation of the
subspace R̃? to the case of descriptor systems, see also
[14], [15].

Theorem 4.1: Let r be the dimension of R?
S and let

λ1,λ2, . . . ,λr be distinct complex numbers all different from
the invariant zeros of the system and such that, if λi ∈C\R,
there exists a j 6= i such that λ j = λ i. Let λ1,λ2, . . . ,λr be
ordered in such a way that the first 2s values are complex
while the remaining are real and for all odd k < 2s we have

λk+1 = λ k. For each k = 1, . . . ,r, let
[

V ′k
W ′k

]
be a basis for

kerPΣ̂(λk), so that[
Â−λkE B

C 0

][
V ′k
W ′k

]
= 0. (9)

Let

[
Vk
Wk

]
=



[
V ′k
W ′k

]
+

[
V ′k+1
W ′k+1

]
if k < 2s is odd,

i

([
V ′k
W ′k

]
−
[

V ′k−1
W ′k−1

])
if k ≤ 2s is even,[

V ′k
W ′k

]
if k > 2s.

Then r = r̃, for each k = 1, . . . ,r, the columns of Vk are real
and linearly independent and

R? = im
[

V1 V2 . . . Vr
]
+kerE,

R?
S = im

(
E
[

V1 V2 . . . Vr
])
.

Proof: For the basis
[

V ′k
W ′k

]
of kerPΣ̂(λk) there holds A11−λk I` Â12 B1

A21 Â22 B2
C1 C2 0

 V̂ ′k
Z′k
W ′k

= 0, (10)

where
[

V̂ ′k
Z′k

]
= V ′k for each k = 1, . . . ,r. In view of Lemma

4.2, we can write

[
V̂ ′k
Z′k
W ′k

]
= P−1

2

[
Ṽ ′k
W̃ ′k
0

]
or, equivalently,

 V̂ ′k
Z′k
W ′k

=

 I` 0 0
−Â−1

22 A21 Â−1
22 −Â−1

22 B2
0 0 Im

 Ṽ ′k
0

W̃ ′k

. (11)

We replace (11) in (10) and multiply on the left by I` −Â12Â−1
22 0

0 In−` 0

0 −C2Â−1
22 Ip

, so that

 Ã−λk I` 0 B̃
0 In−` 0
C̃ 0 D̃

 Ṽ ′k
0

W̃ ′k

= 0 (12)

or [
Ã−λk I` B̃

C̃ D̃

][
Ṽ ′k
W̃ ′k

]
= 0. (13)

The above equation provides a basis for the kernel of the
Rosenbrock system matrix pencil of the associated standard
system Σ̃ in (8). Applying Proposition 4 of [14] to the
system Σ̃ in (8), we find that for each k = 1, . . . , r̃, the
columns of Ṽk are real and linearly independent and R̃? =
im
[

Ṽ1 Ṽ2 . . . Ṽr̃
]
. Comparing equations (10), (12)-(13),

it follows that, for each k = 1, . . . , r̃, the columns of
[

Ṽk

0

]
are real and linearly independent and the same holds for[

Ṽk

Zk

]
, where Zk = −Â−1

22 (A21Ṽk +B2W̃k). Finally, from (10)
and since R? contains kerE, we find that R? is equal to
im
[

Ṽ1 Ṽ2 ... Ṽr̃

Z1 Z2 ... Zr̃

]
+ kerE, so that R?

S = im
[

Ṽ1 Ṽ2 ... Ṽr̃

0 0 ... 0

]
=

R̃?⊕{0}, and therefore r = r̃.
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Remark 4.2: The output-nulling subspace V ? can be
computed as im

[
V1 . . . Vr Vr+1 . . . Vv

]
, where Vr+1, . . . ,Vv

are computed as in Theorem 4.1 for the invariant zeros
z1,z2, . . . ,zv−r, which coincide with the invariant zeros of
the associated standard system Σ̃.

Remark 4.3: The preliminary feedback H does not affect
the computation of the reachability and output-nulling sub-
spaces. Indeed, (9) can be written as[

A−λk E B
C 0

][
V ′k

HV ′k +W ′k

]
= 0,

and since the upper submatrices in
[

V ′k
W ′k

]
and

[
V ′k

HV ′k+W ′k

]
are the same, the image of the upper blocks of

[
V ′k
W ′k

]
and[

V ′k
HV ′k+W ′k

]
is the same for every k.

V. NUMERICAL EXAMPLE

Consider a descriptor system Σ described by the quadruple
(E,A,B,C), where

E =

[
I2 0
0 0

]
,

A =

[
A11 A12
A21 A22

]
=


−1 0 0 0
0 2 1 1
0 1 0 −1
0 0 0 0

 ,

B =

[
B1
B2

]
=


0 0
1 1
0 0
0 1

 ,
C =

[
C1 C2

]
=
[

0 0 | 3 1
]
.

The system is not regular but it is impulse controllable,
since rank

[
E AE∞ B

]
= 4. We apply the state feedback

u(t) = Hx(t)+ v(t), where

H =

[
0 0 0 0
0 0 1 0

]
=
[

H1 H2
]
,

so that the closed-loop system Σ̂ is impulse-free and de-
scribed by (E, Â,B,C), where

Â =


−1 0 0 0
0 2 2 1
0 1 0 −1
0 0 1 0

=

[
A11 Â12
A21 Â22

]
.

Denoting by ei the i-th canonical basis vector of R4, using
(5) and (6) yields

V ? = span{e1,e3−3(e2 + e4)},
kerE = span{e3,e4},
S ? = span{e2,e3,e4},

which give

R? = (V ?+kerE)∩S ? = im
[

e2 | e3 e4
]
= R?

S ⊕kerE.

The dimension of R?
S is 1, and so r = 1. Let us choose

for example λ =−2 and compute

kerPΣ̂(−2) = ker
[

Â− (−2)E B
C 0

]
= span

{[
V1
W1

]}
,

where V1 =
[

0 −3 1 −3
]>

, W1 =
[

14
−1

]
. Basis matrices

for R? and R?
S are given respectively by span{e2,e3,e4} and

span{e2}.
The descriptor system has one invariant zero z =−1. We

compute

kerPΣ̂(−1) = ker
[

Â− (−1)E B
C 0

]
= im

[
V2
W2

]
,

where V2 =
[

1 0 0 0
0 −3 1 −3

]>
, W2 =

[
0 11
0 −1

]
. It follows that

V ? = im [ V1 V2 ] = span{e1,e3−3(e2 + e4)}.

VI. CONCLUSIONS

In this paper, we investigated the geometric structure
of square LTI descriptor systems. Descriptor systems may
exhibit impulsive modes, so impulse controllability was
assumed but not regularity, since impulse controllability
implies regularizability. It was shown that the Rosenbrock
system matrix pencil can be employed to compute the
supremal output-nulling subspaces and the supremal output-
nulling reachability subspaces for descriptor systems.
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Multivariable tracking control for MIMO linear systems:
an LMI approach

Emanuele Garone, Lorenzo Ntogramatzidis and Augusto Ferrante

Abstract— In this paper we consider the problem of achieving
monotonic tracking control for multiple-input multiple-output
(MIMO) linear time-invariant (LTI) systems, from any initial
condition. First, we show that this property is equivalent
to achieving non-overshooting and non-undershooting starting
from any initial condition. Second, we prove that a stable
system is monotonic from every initial condition if and only
if all the rows of the output matrix are left eigenvectors of the
space transition matrix. In this way, the design of a controller
which ensures global monotonic tracking can be reformulated
as a convex optimization problem described by a set of Linear
Matrix Inequalities (LMIs).

I. INTRODUCTION
Improving the shape of the step response curve is a key

problem in control engineering, with countless control sys-
tem applications, such as heating/cooling systems, elevator
and satellite positioning, automobile cruise control and the
positioning of a CD disk read/write head.

The problem of ensuring that an LTI plant has a non-
overshooting and/or a non-undershooting step response has
a very long history. Much of the existing literature deals
with single input single output (SISO) systems, and with an
initial state that is initially at rest. Papers offering design
methods to avoid overshoot/undershoot include, but are far
from being limited to, [2], [3], [7], [6], [5]. Some seminal
results have been recently obtained for non-linear systems
using back-stepping techniques in [11].

In [14] and [15], a design method is offered for avoiding
overshoot and undershoot, respectively, for LTI MIMO sys-
tems from non-zero initial conditions. In [12], a geometric
approach is used to identify a necessary and sufficient
structural condition, solely dependent upon the structure of
the system, which ensures monotonic tracking from every
initial condition. This condition is constructive, in the sense
that if it holds, it can be used to also determine the feedback
matrix that ensures global tracking for every initial condition
and every step reference signal. However, some degrees of
freedom remain unexploited in the method of [12]. This is
one of the points that we address in this paper.

The main result of this paper is to offer a characterization
of monotonicity in terms of the left eigenvectors of the
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E. Garone is with the Department SAAS, Université Libre de Bruxelles,
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state transition matrix. This characterization allows one to
formulate the design problem as a computationally tractable
necessary and sufficient LMI condition. The form of this LMI
condition is compatible with the LMIs of the state feedback
multi-objective control framework [4], [20], thus enabling to
add constraints on the positions of the eigenvalues and/or to
bound and optimize some H2-H∞ performance indices.

Even if the continuous-time case is considered
throughout the paper, the method presented herein can
be straightforwardly adapted to the discrete-time case with
only minor differences, that will be pointed out.

Notation. In this paper, we denote by sgn : R −→
{−1,0,1} the sign function. Given a matrix M, we denote
with Mi the i-th row of M. If M(λ ) is a rational matrix,
the normal rank of M(λ ) is defined as normrankM(λ )

def
=

max
λ∈C

rankM(λ ). We recall that the rank of M(λ ) is equal to

its normal rank for all but finitely many λ ∈ C.

II. PROBLEM FORMULATION

Consider the continuous-time LTI system

ẋ(t) = Ax(t)+Bu(t), x(0) = x0,
y(t) = C x(t), (1)

where, for all t ≥ 0, x(t) ∈ Rn is the state, u(t) ∈ Rm is
the control input, y(t) ∈ Rp is the output, and A, B and
C are appropriate dimensional constant matrices. This
paper is concerned with the problem of monotonically
tracking any given constant reference target r ∈ Rp from
any initial condition x0 ∈ Rn. The following standing
assumption ensures that the tracking of a constant reference
is achievable for any initial condition [10]:

Assumption 2.1: System Σ is right invertible and
stabilizable, and Σ has no invariant zeros at the origin.

The following lemma shows that Assumption 2.1 enables
us to compute the essential ingredients for the construction
of the control function that achieves the tracking of a
constant reference signal r ∈ Rp, see also [8].

Lemma 2.1: Let Assumption 2.1 hold. Then, there exist
xss ∈ Rn and uss ∈ Rm satisfying{

0 = Axss +Buss
r = C xss

(2)

for any step reference r ∈ Rp.
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Proof: We recall that the Rosenbrock system matrix is
defined as the matrix pencil

PΣ(λ )
def
=

[
A−λ In B

C 0

]
(3)

in the indeterminate λ ∈C, see e.g. [13]. The invariant zeros
of Σ are the values of λ ∈ C for which the rank of PΣ(λ )
is strictly smaller than its normal rank. The pair of vectors
xss ∈Rn and uss ∈Rm in (2) exist since (i) right invertibility
ensures that the system matrix pencil PΣ(λ ) is of full row-
rank for all but finitely many λ ∈ C, see [19, Theorem
8.13], and, as already recalled, the values λ ∈ C for which
PΣ(λ ) loses rank are invariant zeros of Σ; (ii) the absence of
invariant zeros at the origin guarantees that PΣ(0) is of full
row-rank. The statement immediately following on noting
that (2) can be written as

[
0
r

]
= PΣ(0)

[ xss
uss

]
.

By using the control law

u(t) = F
(
x(t)− xss

)
+uss (4)

and the change of variable ξ
def
= x−xss, the following closed-

loop autonomous system Σaut is obtained:

ξ̇ (t) = (A+BF)ξ (t), ξ (0)=ξ0
def
= x0−xss,

y(t) = C ξ (t)+ r.
(5)

If A + BF is asymptotically stable, x converges to xss, ξ

converges to zero and y converges to r as t goes to infinity.
Let the tracking error vector be defined as ε(t) def

= y(t)− r,
and let us rewrite system (5) as the following system

ξ̇ (t) = (A+BF)ξ (t), ξ (0) = ξ0,
ε(t) = C ξ (t).

(6)

that we denote by Σaut,ε . We recall that overshoot occurs
whenever an output exceeds the target. More precisely, yk, or
the corresponding error component εk, is said to overshoot if
εk(t̃) crosses the time axis for some t̃ ≥ 0, i.e., if and only if
there exists t̃ ≥ 0 such that εk(t̃) = 0 and ε̇k(t̃) 6= 0. We also
recall that undershoot means that the output moves further
away from the target than its initial distance. Hence, an error
component εk is said to undershoot if and only if there exists
t̃ ≥ 0 such that sgnεk(t̃) = sgnεk(0) and |εk(t̃)| > |εk(0)|.
Finally, εk is monotonic if and only if ε̇k never changes sign.

This paper focuses on the design of a state-feedback matrix
F for (5) such that, for all initial conditions,

(i) ε(t)→ 0 for t→ ∞; and
(ii) εk(t) is monotonic for any ξ0 ∈Rn for all k ∈ {1, . . . , p}.

We shall describe this property as global monotonicity.
In a similar way, we talk about global non-overshooting
and global non-undershooting if non-overshooting and non-
undershooting can be achieved in all components of the
output for all initial conditions, respectively. It is obvi-
ous that monotonicity implies non-overshooting and non-
undershooting but not vice-versa. Nevertheless, we will show

that global monotonicity, global non-overshooting and global
non-undershooting are all equivalent concepts.

First, we show that solving the global monotonicity track-
ing problem is equivalent to imposing that the tracking error
is a vector with one closed-loop mode per component, i.e.,
that the tracking error is in the form

ε(t) =


α1 eλ1 t

α2 eλ2 t

...

αp eλp t

 , (7)

where λ1, · · · ,λp are real and negative. It is obvious that if the
tracking error has this structure, then the global monotonic
tracking control is solved, because a single real exponential
never changes sign. We now show that the converse is also
true, i.e., that the only way to achieve a global monotonic
response is to obtain a tracking error as in (7). Since the
tracking error is the output of the autonomous system Σaut,ε ,
its components can be written as εk(t) = Ck e(A+BF) t ξ0,
where we recall that Ck denotes the k-th row of C. Let us
change coordinates, and let us write the pair (C,A+BF) in
the standard observability form, in which the observable part
(whose dimension is denoted by `) is in turn expressed in
the observability canonical form, i.e.,

C = [ 0 . . . 0 1 0 . . . 0 ]

A+BF =


0 −α0

1
. . . −α1
. . . 0

1 −α`−1

0

Z21 Z22


and, accordingly, ξ0 in the new coordinates is written
as ξ0 = [ ξ0,1 . . . ξ0,` ξ0,`+1 . . .ξ0,n ]>. The Laplace
transform of εk(t) is therefore

L {εk}=

[ 1 s . . . s`−1 ]


ξ0,1

ξ0,2...
ξ0,`


 1

s`+α`−1 s`−1 + . . .+α0
,

which shows that the numerator of L {εk} is a polynomial,
say N(s), and the denominator, say D(s), is the characteristic
polynomial of the observable part of (C,A+BF). By suitably
choosing the initial condition ξ0, the degree d of N(s) can
be selected arbitrarily in the range {0,1,2 . . . , `−1} and the
coefficients of N(s) can be selected arbitrarily in Rd+1. Thus
εk(t) is a linear combination of the modes of the observable
subsystem with arbitrary coefficients, and can be written as

εk(t) =
ρ

∑
i=1

mi

∑
j=1

α̃k,i t j−1eλit +
c

∑
i=1

m̃i

∑
j=1

[α̂ ′k,i t
j−1 eσit cos(ωi t)

+α̂
′′
k,i t

j−1 eσit sin(ωi t)], (8)

where λ1, . . . ,λρ are the real eigenvalues of the observable
subsystem with associated algebraic multiplicities m1, . . . ,mν

and where µ1, . . . ,µc,µ1, . . . ,µc are the complex eigenvalues
of the observable subsystem, and the algebraic multiplicities
associated with µ1, . . . ,µc are m̃1, . . . , m̃c, where σi =Re{µi}
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and ωi = Im{µi}. Finally, the real coefficients α̃k,i, α̂ ′k,i
and α̂ ′′k,i can be made arbitrary by choosing suitable initial
conditions. In particular, we can pick an arbitrary one of the
` modes appearing in (8) and select the initial conditions in
such a way that εk(t) is exactly that mode. For the response to
be monotonic from any initial condition, only components of
the form exp(λi t) for real λi can appear in each εk, because
for any real λi < 0, the function t j−1 exp(λi t) is monotonic
only if j = 1 while the functions t j−1 exp(σi t)cos(ωi t) and
t j−1 exp(σi t)sin(ωi t) are monotonic only if j = 1 and ωi = 0.
Also, if the mode t jeλit appears in εk for a certain j≥ 1, for
some initial conditions all the modes t`eλit with 0≤ `≤ j−1
will also appear in εk. And also, similarly, that if the mode
t j−1 eσit cos(ωi t) appears in εk, for some initial condition the
mode t j−1 eσit sin(ωi t) will appear in εk as well, and vice-
versa. Thus, in order for the global monotonicity problem to
admit solution for any initial condition ξ0, the polynomial
D(s) can have only real, simple, negative roots. Thus for
each output εk(t) we have εk(t) = ∑

ν
i=1 α̃k,i exp(λit), where

the real coefficients α̃k,i can be made arbitrary by choosing
suitable initial conditions. We now use again the fact that
each response is monotonic from all initial conditions. From
Lemma A.1 of [14], we know that if εk(t) is a linear com-
bination of two or more negative real exponential functions,
it will change sign (and hence not be monotonic) for some
values of the coefficients α̃k,i. Thus, for each k ∈ {1, . . . , p}
we must have εk(t) = α̃k,i exp(λit) for some eigenvalue λi

and some real coefficient αk
def
= α̃k,i.

In conclusion, global monotonicity can be obtained if and
only if

ε(t) =

[
α1 eλ1 t

...
αp eλp t

]
. (9)

where λ1, · · · ,λp are real and negative (up to a re-indexing
of the closed-loop eigenvalues). Accordingly, we can define
the problem tackled in this paper as follows.

Problem 2.1: Let λ1, · · · ,λp ∈ R−. Find a matrix F such
that applying (4) to Σ yields an asymptotically stable closed-
loop system Σaut,ε for which, from all initial conditions and
for all step references, the tracking error is as in (9).

The next result shows that – as already anticipated –
global monotonicity, global non-overshooting and global
non-undershooting are all equivalent concepts.

Theorem 2.1: Let u be given by (4). The following state-
ments are equivalent:
(1) Σaut is globally monotonic;
(2) Σaut is globally non-overshooting;
(3) Σaut is globally non-undershooting.

Proof: Since a monotonic response is non-overshooting and
non-undershooting, it is obvious that (1) implies (2) and
(3). Let us prove that (2) or (3) implies (1). We show in
particular that if Σaut is not globally monotonic, it cannot
be globally non-overshooting nor non-undershooting. If Σaut
is not globally monotonic, at least one component of the
tracking error εk contains (i) a mode th eλ t for some h ∈ N;

or (ii) a mode th eσit cos(ωi t) for some h ∈ N; (iii) a mode
th eσit sin(ωi t) for some h ∈ N; or (iv) the sum of two or
more modes. In view of the previous considerations, we can
choose an arbitrary one of the modes appearing in (8) and
select the initial condition in such a way that εk(t) coincides
exactly with that mode. Thus, it suffices to show that the
error components εk(t) = α th eλ t , εk(t) = α th eσit cos(ωi t),
εk(t) = α th eσit sin(ωi t) and εk(t) = α1 eλ1 t + α2 eλ2 t all
overshoot and undershoot for some value of the coefficients
α,α1,α2 ∈R. Consider εk(t) =α th eλ t . Then, εk(0) = 0. For
any λ < 0 and h∈N, choosing α 6= 0 yields that for any t̃ > 0
we have εk(t̃) 6= 0, which shows that we have both overshoot
and undershoot. The same argument applies for the term
εk(t) = th eσit sin(ωi t), since εk(0) = 0 and εk(t̃) 6= 0 for t̃ > 0
if we choose α 6= 0 and ωi t̃ 6= π k1 for k1 ∈Z, yielding again
both overshoot and undershoot. If t j−1 eσit cos(ωi t) appears
in εk, for some initial condition the term t j−1 eσit sin(ωi t)
can be isolated in εk, which implies that both overshoot and
undershoot occur. Finally, consider εk(t) = α1 eλ1 t +α2 eλ2 t

with λ1 < λ2 < 0. We can always choose α1 and α2 such that
εk exhibits overshoot, i.e., such that there exists t̃ > 0 such
that εk(t̃) = 0 with ε̇k(t̃) 6= 0. In fact, εk(t̃) = 0 with t̃ > 0
implies t̃ = (λ2−λ1)

−1 ln(−α1/α2) with |α1|> |α2|> 0 and
−α1/α2 > 0. Thus, ε̇k(t̃) = α1 (λ1−λ2). Since λ1 < λ2 and
α1 6= 0, then ε̇k(t̃) 6= 0. We can also choose α1 and α2 such
that εk exhibits initial undershoot, i.e., that εk(0) > 0 and
ε̇k(0) > 0. From ε̇k(t) = (α1 +α2)(λ1 α1 +λ2 α2) it follows
that by taking α2 > 0 and −α2 < α1 < −(λ2/λ1)α2 we
indeed obtain εk(0)> 0 and ε̇k(0)> 0.

III. SOLUTION OF THE GLOBAL MONOTONIC TRACKING
CONTROL

A set of solvability conditions for the global monotonic
tracking control problem addressed in this paper, expressed
in terms of the problem data, was given in [12] using a
geometric approach, that can be employed also in the case
of nonstrictly proper systems.

Consider system (6). The goal is to find a stabilizing
state feedback matrix F such that for every initial condition
ξ0 ∈ Rn the tracking error ε(t) is characterized by a single
real mode per component. The following result shows that
global monotonicity is achieved if and only if each row
vector Ci of the output matrix C is a left eigenvector of the
closed-loop matrix A+BF .

Lemma 3.1: There exists F ∈Rm×n such that the tracking
error ε(t) is in the form given by (9) for some λ1, . . . ,λp ∈
R− if and only if there exists F such that every row Ci is a
left eigenvector of A+BF , i.e.,

Ci (A+BF) =Ci λi for i ∈ {1, . . . , p}. (10)

Proof: First, let for every i ∈ {1, . . . , p}

N (Ci,A+BF)
def
=


Ci

Ci (A+BF)
...

Ci (A+BF)n−1
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denote the observability matrix of the closed-loop that corre-
sponds to the i-th component of the tracking error. Obtaining
εi(t)=Ci ξ (t)=αi eλi t for some λi ∈R− and for some αi ∈R
is equivalent to saying that N (Ci,A+BF) has rank 1, i.e.,

rankN (Ci,A+BF) = 1. (11)

This is in turn equivalent to saying that Ci is not zero, and
that every other row Ci (A+BF)i, with i ∈ {2, . . . ,n− 1},
of N (Ci,A+BF) is linearly dependent on the first. Indeed,
if Ci is not zero and every other row of N (Ci,A + BF)
is linearly dependent on Ci, the rank of N (Ci,A+BF) is
equal to 1. Conversely, if (11) holds, Ci must be different
from the zero row vector, or else the rank of N (Ci,A+BF)
would be zero, and every other row Ci (A+BF)i, with i ∈
{2, . . . ,n−1} is linearly dependent upon the first, or else the
rank of N (Ci,A+BF) would be strictly greater than 1. It
turns out that the existence of a feedback matrix F such that
ε(t) is in the form given by (9) for some λ1, . . . ,λp ∈ R is
equivalent to the fact that for each i ∈ {1, . . . , p} a value λi
must exist such that (10) holds.

Remark 3.1: Note that the only assumption in Lemma 3.1
is that the eigenvalues λ1, . . . ,λp are real. The result is inde-
pendent from the fact that some of them may be coincident
and with arbitrary algebraic and geometric multiplicity.

Lemma 3.1 allows one to reformulate Problem 2.1 as
the problem of finding a stabilizing feedback F such that
(10) hold true. Interestingly, this can be translated into
a convex optimization problem. The following theorem
provides a computationally tractable necessary and sufficient
constructive condition for the solvability of Problem 2.1.

Theorem 3.1: Let λ1, · · · ,λp ∈ R−. There exists a feed-
back F ∈ Rm×n that solves Problem 2.1 if and only if there
exist Q = Q> > 0 and Y of suitable sizes that solve the
following LMI problem:{

(AQ+BY )>+(AQ+BY )< 0,
Ci (AQ+BY ) = λi Ci Q i ∈ {1, . . . , p} (12)

Moreover for any pair (Q,Y ) satisfying (12), a matrix F
that solves Problem 2.1 is given by F = Y Q−1.

Proof: From Lemma 3.1, it is seen that Problem 2.1 admits
solutions if and only if there exists F ∈Rm×n such that (10)
is satisfied for all i ∈ {1, . . . , p} and A+BF is Hurwitz. The
stability of the closed loop is guaranteed if and only if F
satisfies

(A+BF)>P+P(A+BF)< 0 and P > 0. (13)

Let us define Q = P−1 and Y = F Q. Then, multiplying both
inequalities in (13) to the left and to the right by P−1 = Q,
we obtain the equivalent inequalities (AQ+BY )>+(AQ+
BY ) < 0 and Q > 0. The statement follows on noting that,
being Q of full rank, (10) can be post-multiplied by Q to
obtain the second set of inequalities in (12).

Remark 3.2: The LMI (12) is in a form that is compatible
with the LMIs of the classical state feedback multi-objective
control [1], [4]. This allows one to complement (12) with

constraints on the locations of the remaining eigenvalues and,
moreover, to bound and optimize some H2/H∞ performance
indices.

Remark 3.3: In [12, Theorem 5] it is shown that the
solvability of the problem is independent of the choice of
the visible closed-loop eigenvalues λ1, · · · ,λp ∈R−, see also
[16]. The freedom for the designer to arbitrarily choose the
λ1, · · · ,λp is important, because it enables to arbitrarily select
the rate of convergence of the response.

Remark 3.4: The solution offered for Problem 2.1 is use-
ful also in the context of tracking control in the presence
of constraints. Assume for instance that the output vector is
subject to the constraint |y(t)| ≤ ymax for all t ≥ 0. With a
globally monotonic control law, for any reference imposed
by the user that satisfies the constraint, i.e., such that |r(t)| ≤
ymax for all t ≥ 0, the constraint will be satisfied for all t ≥ 0.

Remark 3.5: The same considerations of this paper can
be adapted to discrete time systems (under the assumption
that the system is right invertible and stabilizable and has no
invariant zeros at 1) as follows:

• Equation (2) is replaced by{
xss = Axss +Buss

r = C xss
(14)

• the modes are in the form λ t
i instead of eλit

• conditions (12) become
[

Q (AQ+BY )>

AQ+BY Q

]
> 0

Ci (AQ+BY ) = λi Ci Q i ∈ {1, . . . , p}
(15)

Example 3.1: Consider the flight control example based
on the ADMIRE model in [9]:

A =


−0.5432 0.0137 0 0.9778 0

0 −0.1179 0.2215 0 −0.9661
0 −10.5128 −0.9967 0 0.6176

2.6221 −0.0030 0 −0.5057 0
0 0.7075 −0.0939 0 −0.2127



B =


0.0069 −0.0866 −0.0866 0.0004

0 0.0119 −0.0119 0.0287
0 −4.2423 4.2423 1.4871

1.6532 −1.2735 −1.2735 0.0024
0 −0.2805 0.2805 −0.8823


C =

[
1 0 0 0 0
0 1 0 0 0

]
.

The five state variables are, respectively, the angle of attack,
the sideslip angle, the roll rate, the pitch rate and the yaw
rate. The four control inputs are, respectively, the deflections
of the canard wings, the right and left elevons and the
rudder. The outputs are the first two state variables. We
want to find a feedback matrix F such that the output
of this system monotonically tracks the constant reference
r = [18 0 ]>, and the assignable closed-loop eigenvalues
are λ1 = −0.7 and λ2 = −1 for the corresponding error
components. If we consider the reference r = [18 0 ]>, using
(2) we compute xss = [18 0 0.0011 11.5903 0.0003 ]> and
uss = [−11.8987 8.5062 8.5065 −0.0001 ]>.
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Fig. 1. The curves with the same colour correspond to the same randomly
generated initial condition.

Matrices Q > 0 and Y that satisfy (12) are

Q =


0.8373 0.0000 0.0000 −0.0000 0.0000
0.0000 0.6437 −0.0310 0.0000 0.5402
0.0000 −0.0310 1.2052 0.0000 0.0891
−0.0000 0.0000 0.0000 1.0000 0.0000
0.0000 0.5402 0.0891 0.0000 0.5506

,
Y =

−0.1707 0.0834 −56.2277 9.2868 1.0610
0.7512 −0.8124 −3.1048 −2.9434 0.1754
0.7512 0.9180 −1.4016 15.0087 −0.0000
−0.0000 −0.6418 −4.6437 7.4436 1.1701

.
Thus, a feedback matrix that solves Problem 2.1 is given by

F = Y Q−1 =

−0.2038 −64.4608 −53.7729 9.2869 73.8713
0.8972 −12.7245 −3.8965 −2.9434 13.4337
0.8972 7.6437 −0.4170 15.0087 −7.4324
0.0000 −22.2898 −6.2750 7.4436 25.0102

 .
Since F is stabilizing, the output y track the reference r, and
the constraints are satisfied, see Figure 1.

IV. CONCLUDING REMARKS

We have shown that the monotonicity of the response of
an LTI system is equivalent to the property that each vector
of the output matrix be aligned with a left-eigenvalue of the
closed-loop system transition matrix. This is the key to a
reformulation of the globally monotonic tracking as an LMI
optimization problem. This condition is compatible with the
LMI-based multi-objective optimal control framework.
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Vulnerability of linear systems against sensor attacks–a system’s
security index

Michelle S. Chong1 and Margreta Kuijper2

Abstract— The ‘security index’ of a discrete-time LTI system
under sensor attacks is introduced as a quantitative measure
on the security of an observable system. We derive ideas from
error control coding theory to provide sufficient conditions for
attack detection and correction.

I. INTRODUCTION

The security of control systems against adversarial attacks
is a challenge to maintain when the adversary knows the
workings of any component of the system and has garnered
access, with the malicious intent of causing disruption. This
has lead to a proliferation of works in tackling this issue,
in particular in detecting the occurrence of an attack [9],
[8], [10], or in designing resilient control or estimation
algorithms, see [3], [11], [2], [1], [4] and many more.

In this paper, we concentrate on LTI systems where the
sensing component has been compromised by the attacker,
who has full knowledge of the system. The vulnerability of
the sensors is modelled by an additive attack signal to the
sensor measurements, which is non-zero when the particular
sensor is compromised. Inspired by ideas in coding theory,
we introduce the notion of the ‘security index’ for linear sys-
tems, a quantitative measure of the vulnerability of a system
to sensor attacks. While ideas from error control coding have
already been employed to this context in recent literature [3],
our aim is to further strengthen this link. Our notion of a
‘security index’ is formulated based on the measurement time
series from all sensors and is analogous to the notion of the
‘minimum distance’ of a code in error control coding theory.
We demonstrate that by using ideas from coding theory, the
formulation simplifies the approach in [3], leading to new
results. Particularly, we express the ‘security index’ of a
system in terms of different representations of the system
concerned.

Previous works in state estimation for systems under
sensor attacks include [2], [3], [1], [9], [10], [7]. There is
a consensus with [3] and [2] that the states of an LTI system
can only be reconstructed if strictly less than half of the
sensors are under attack. We will see in this paper that this
condition is also derived when approached with ideas from
coding theory. Other related works are [5], [4] which focus
on power networks. It is in this specialised setting that the
authors of [4] introduce the terminology ‘security index’,

1Michelle S. Chong is with the Department of Auto-
matic Control, Lund University, SE-221 00 Lund, Sweden.
michelle.chong@control.lth.se

2Margreta Kuijper is with the Department of Electrical and
Electronic Engineering, University of Melbourne, Australia.
mkuijper@unimelb.edu.au

which we adopted for a broader context in this paper. The
presence of measurement noise has been considered in [7],
which we do not consider, but is the subject of further work.
Notation: We denote the set of integers and complex numbers
as Z and C, respectively. The notation Z+ is used to denote
the set of positive integers including 0.

II. PROBLEM FORMULATION

We consider a discrete-time, observable linear time-
invariant (LTI) system Σ given by a n × n state matrix A
and a N × n observation matrix C, defined as follows:

x(t+ 1) = Ax(t) (1)
y(t) = Cx(t). (2)

The behavior B of the system is defined as the set of all
possible output trajectories y : Z+ 7→ CN that satisfy the
system’s equations for some initial condition x(0) ∈ Cn.
Due to the time-invariant finite dimensional nature of the
underlying system, the behavior B has the following two
properties:
• B is left-shift invariant: if y ∈ B then σy ∈ B, where

the shift operator σ is defined via σy(t) := y(t+ 1).
• B is autonomous: there exists T ∈ Z+ such that for any

y ∈ B and ỹ ∈ B we have that y|[0,T ] = ỹ|[0,T ] implies
that y = ỹ.

We assess the vulnerability of an LTI system via its mea-
surable outputs, which may have been compromised by an
attacker. While the usual assumption for many applications
is that the matrix C has full row rank, we do not make
such an assumption in our setting. This setting occurs in
the case where each sensor is measuring a local part of the
system, such as in sensor networks implemented in a large
geographical location. To aid in the introduction of a measure
of a system’s security against sensor attacks, we define the
following for a system’s trajectory.

Definition 2.1: The support of a trajectory y : Z+ 7→ CN ,
denoted by supp (y), is defined as the set of indices i
in {0, 1, 2, . . . , N} such that its component trajectory yi :
Z+ 7→ C is not the zero trajectory.

Definition 2.2: The weight of a trajectory y, denoted by
‖y‖, is defined as |supp (y)|, i.e., the number of components
of y that are not the zero trajectory.

We now introduce a concept that is central to this paper:
Definition 2.3: The security index of the system Σ is

defined as
δ(Σ) := min

06=y∈B
‖y‖.
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This notion plays a paramount role in our investigation into
the resilience of the system under adversarial attack. More
precisely, we consider attacks on the system Σ that result in
the system Σ′ given by:

Σ′ : x(t+ 1) = Ax(t)

r(t) = Cx(t) + η(t),

where η : Z+ 7→ CN is the unknown attack signal and
r : Z+ 7→ CN is the known received signal. Thus we are
focusing exclusively on scenarios where the system’s outputs
(= sensors) are attacked. The behavior B′ of the system Σ′

is defined as the set of all possible trajectories r that satisfy
the above equations for some initial condition x(0) and some
attack signal η. We consider the following two problems:

Problem 1 (attack detection): Given received signal
r ∈ B′, detect that r /∈ B.
Problem 2 (attack correction): Given received sig-
nal r ∈ B′, find y ∈ B such that ‖r−y‖ is minimal.

In the sections that follow, we derive conditions such that
the problems above are solvable in a tractable manner.

III. CONDITIONS FOR ATTACK DETECTION AND
CORRECTION USING A SYSTEM’S SECURITY INDEX

The first question that arises is: under which conditions
on the attack signal η are these problems solvable? We have
the following results.

Theorem 3.1: Suppose the received signal r ∈ B′ corre-
sponds to an attack η with ‖η‖ an unknown non-zero value
< δ(Σ). Then r /∈ B, i.e., attack detection is possible.

Proof: Let r and η be as stated in the theorem and let
y ∈ B be such that r = y + η. Then r − y /∈ B because
of Definition 2.3 and the assumption that 0 6= ‖η‖ < δ(Σ).
Since B is linear it then follows that r /∈ B.

Consequently, we can interpret the security index δ(Σ) as
the minimum number of sensors that an attacker needs to
compromise without being detected. We call the system Σ
maximally secure if δ(Σ) = N . It is easily seen that generi-
cally, systems described by equations (1)-(2) are maximally
secure.

Theorem 3.2: Suppose the received signal r ∈ B′ corre-
sponds to an attack η with ‖η‖ an unknown value < δ(Σ)/2.
Then there exists a unique y ∈ B such that ‖r − y‖ is
minimal, i.e. unique attack correction is possible.

Proof: Let r be as stated in the theorem and let y1 ∈ B
and η1 be such that r = y1 + η1 with ‖η1‖ < δ(Σ)/2.
Suppose that there also exist y2 ∈ B and η2 such that r =
y2 + η2 with ‖η2‖ < δ(Σ)/2. Clearly ‖η1 − η2‖ < δ(Σ),
so that y1 − y2 = η1 − η2 is a trajectory in B of weight
< δ(Σ). Definition 2.3 now implies that y1 − y2 is the zero
trajectory, in other words, y1 = y2 is unique. It follows that
‖r− y1‖ = ‖η1‖ < δ(Σ)/2 is minimal.

We have formulated system Σ’s security index δ(Σ) and
results in therms of the output trajectory y, instead of Σ’s
initial condition x(0) to transparently draw an analogy with
error control coding. In fact, this choice is natural because the
recovery of x(0) is equivalent to having y ∈ B during attack
correction, due to the observability assumption on system Σ.

IV. COMPUTING A SYSTEM’S SECURITY INDEX

In this section, we show how system Σ’s security index
δ(Σ) can be computed. To this end, we introduce the coding
matrix G of the system Σ defined as follows

G =


G1

G2

...
GN

 , where Gi :=


Ci

CiA
CiA

2

...
CiA

n−1

 (3)

with Ci defined as the i’th row of C for i = 1, . . . , N .
We call the above matrix G the coding matrix of the

system as it exhibits the link with error control coding [6].
Note however in contrast to error control coding, the coding
matrix G cannot be chosen freely—instead, it is fixed and
given by the system Σ. In particular, the number of sensors N
is fixed. In the following theorem, we use GJ to denote the
matrix that is obtained by stacking the matrices Gi defined
in (3), for i ∈ J ⊆ {1, . . . , N}.

Theorem 4.1:
δ(Σ) = N − L,

where L is the largest integer in {0, 1, . . . , N} for which
there exists a subset J of {1, . . . , N} of cardinality L such
that kerGJ 6= {0}.

Proof: Let J be a subset of {0, 1, . . . , N} of cardinality
L such that kerGJ 6= {0}. Let x(0) 6= 0 be such that
GJ x(0) = 0. Then Gx(0) 6= 0 because of left invertibility
of G. Furthermore, the trajectory y that corresponds to initial
condition x(0) satisfies yJ = 0 (use Cayley-Hamilton).
Thus y is a trajectory in B of weight ≤ N − L, so that
δ(Σ) ≤ N − L. Further, by definition of L, trajectories in
B cannot have more than L of their component trajectories
equal to the zero trajectory. Therefore δ(Σ) = N − L.

Corollary 4.2: The system Σ given by equations (1)-(2)
is maximally secure if and only if each matrix Gi, as defined
in (3), has full column rank (i = 1, 2, . . . , N ).

Not surprisingly, a system is maximally secure if and only
if the system is observable via each sensor. In this case, we
obtain from Theorem 3.2 that the sufficient condition for the
attack on the system to be correctable is that the number
of compromised sensors is strictly less than half of the total
number of sensors. This conforms with the results in [3]
and [2] for discrete-time and continuous-time LTI systems,
respectively.

We further provide ways of computing a system’s security
index δ(Σ). Since we assume that the LTI system is observ-
able and hence the nN × n matrix G given by (3) has full
rank, there exists a full rank (n(N − 1) × nN) matrix H ,
written as

H =
[
H1 H2 · · · HN

]
, (4)

such that HG = 0; mindful of the analogous coding theoretic
terminology, in this paper we call such a matrix H a check
matrix of the system. In the next theorem HJ denotes
the matrix that is obtained by juxtaposing the matrices Hi

defined in (4), for i ∈ J ⊂ {1, . . . , N}.
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Theorem 4.3:

δ(Σ) = spark (H),

where spark (H) is defined as the smallest integer L in
{1, . . . , N} for which there exists a subset J of {1, . . . , N}
of cardinality L such that kerHJ 6= {0}.

Proof: Let J be a subset of {1, . . . , N} of cardinality
L such that kerHJ 6= {0}. Let yJ be a non-zero trajectory
such that HJyJ = 0. Let y be the trajectory that coincides
with yJ at the appropriate locations and that has zero
component trajectories at all other locations. Then y is a
trajectory in B of weight ≤ spark (H), so that δ(Σ) ≤
spark (H). Further, by definition of spark (H), trajectories
in B have weight ≥ spark (H) (use Cayley-Hamilton) and
therefore δ(Σ) = spark (H).

The terminology ”spark” stems from the compressed sens-
ing literature [12].

Corollary 4.4: The system Σ given by equations (1)-(2)
is maximally secure if and only if all square n(N − 1) ×
n(N − 1) submatrices of H of the form HJ , where J is a
subset of {1, . . . , N} of cardinality N − 1, are nonsingular.

An alternative representation of the system Σ is given by
a set of N difference equations

R(σ)y = 0, (5)

where R(ξ) is a N ×N polynomial matrix and σ represents
the left shift, as before. In the special case where R(ξ)
corresponds to a minimal lag representation, its N row
degrees are the observability indices of the system Σ.

Recall that a square polynomial matrix is called unimod-
ular if it has a polynomial inverse; a nonsquare polynomial
matrix is called left unimodular if it has a polynomial left
inverse. Two polynomial matrices R(ξ) and Q(ξ) of the same
size are called left unimodularly equivalent if there exists a
unimodular matrix U(ξ) such that Q(ξ) = U(ξ)R(ξ).

Theorem 4.5: Let the system Σ be given by (5). Then its
security index δ(Σ) is given by the smallest integer L in
{1, . . . , N} for which there exists a subset J of {1, . . . , N}
of cardinality L such that RJ (ξ) is not left unimodular (here
RJ (ξ) denotes the matrix that consists of the ith columns
of R(ξ) where i ∈ J ).

Proof: Let J be a subset of {1, . . . , N} of cardinality
L such that RJ (ξ) is not left unimodular. Then there exists
yJ 6= 0 such that RJyJ = 0. Let y be the trajectory that
coincides with yJ at the appropriate locations and that has
zero component trajectories at all other locations. Then y
is a trajectory in B of weight ≤ L, so that δ(Σ) ≤ L. By
definition of L we must also have δ(Σ) ≥ L which proves
the theorem.

In the remainder of this section, we show that the system
Σ’s security index δ(Σ) can be computed more easily by
exploiting the system’s special structure. Below, supp (y)
denotes the support of a vector y ∈ CN , i.e. the set of
indices i in {0, 1, 2, . . . , N} such that yi 6= 0. As mentioned
in Definition 2.1, supp (y) denotes the support of a trajectory
y, i.e. the set of indices i in {0, 1, 2, . . . , N} such that yi is
not the zero trajectory.

Lemma 4.6: Let the system Σ be given by equations (1)-
(2). Let x(0) be a linear combination of eigenvectors of A
that correspond to different eigenvalues, so

x(0) = α1v1 + α2v2 + · · ·+ αmvm, (6)

where 0 6= αj ∈ C, Avj = λjvj for j = 1, 2, . . . ,m and
λj 6= λi for j 6= i. Let y be the trajectory in the behavior B
of Σ that corresponds to x(0). Then

supp (y) = ∪mj=1supp (Cvj). (7)
Proof: It follows immediately from the definition of y

that
supp (y) ⊂ ∪mj=1supp (Cvj). (8)

To prove the reverse inclusion, let ` ∈ ∪mj=1supp (Cvj).
Then there exists i ∈ {1, 2, . . . ,m} such that C`vi 6= 0.
Since αi is assumed non-zero it follows that αiC`vi 6= 0.
Then

y`(0)
y`(1)
y`(2)

...

 =


1 1 · · · 1
λ1 λ2 · · · λm
λ21 λ22 · · · λ2m
...

...
...

...




α1C`v1
α2C`v2

...
αmC`vm


is non-zero because of the Vandermonde structure and the
fact that all λi’s are distinct. Thus y` is not the zero trajectory
so that ` ∈ supp (y). This implies that

∪mj=1supp (Cvj) ⊂ supp (y). (9)

From (8) and (9) we conclude that (7) holds.
A special consequence of the above lemma is that the
system’s security index δ(Σ) is determined by the weight
of the special trajectories that have initial conditions in an
eigenspace Vi of A:

Theorem 4.7: Let the system Σ be given by equations (1)-
(2). Let λ1, λ2, . . . , λm be the m distinct eigenvalues of the
matrix A. Let Cn = V1 ∪ V2 ∪ . . . ∪ Vm, where Vi is the
subspace spanned by all eigenvectors corresponding to λi
for i = 1, 2, . . . ,m. Then

δ(Σ) = min
j∈{1,2,...,m}

min
x∈Vj

|supp (Cx)|,

In particular, if m = n, meaning that all n eigenvalues of A
are distinct, then

δ(Σ) = min
j∈{1,2,...,n}

|supp (Cvj)|,

where v1, v2, . . . , vn is a basis of eigenvectors of A.
Proof: Let y be an arbitrary trajectory in B, correspond-

ing to initial condition x(0), written as in (6). It follows from
Lemma 4.6 that

‖y‖ = |supp (y)| ≥ min
j∈{1,2,...,m}

|supp (Cvj)|.

This implies that

δ(Σ) ≥ min
j∈{1,2,...,m}

min
x∈Vj

|supp (Cx)|.

To prove the reverse inequality, let j ∈ {1, 2, . . . ,m} and
x ∈ Vj be such that |supp (Cx)| is minimal. Let y ∈ B be
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the system’s trajectory that corresponds to initial condition
x(0) := x. From Ax = λjx it follows immediately that
‖y‖ = |supp (Cx)|. Therefore

δ(Σ) ≤ min
j∈{1,2,...,m}

min
x∈Vj

|supp (Cx)|.

which proves the theorem.
From the theorem above, we see that the computation of
the security index is straightforward for a system that has
n distinct eigenvalues : simply use a diagonal A-matrix; the
security index of the system is then given by the size of
the support of the sparsest column of the corresponding C-
matrix. In particular, the system is maximally secure if and
only if this C-matrix has no zero values. We now illustrate
the computation of system Σ’s security index through an
example.

Example 4.8: Let N = 2 and consider

A =

[
λ1 0
0 λ2

]
, C =

[
1 1
1 −1

]
.

Then it follows from Theorem 4.7 that for λ1 6= λ2 the
system’s security index is 2 so that by Theorem 3.1 detection
of attacks on one output is possible. Minimal lag equations
for this system are given by

R(σ)y =

[
σ − λ1 σ − λ1
σ − λ2 −(σ − λ2)

] [
y1

y2

]
= 0.

We observe that when λ1 6= λ2, every column of R(σ) is
left unimodular. Hence, by Theorem 4.5, we obtain L = N
and thus, the security index δ(Σ) equals N .

V. ATTACK DETECTION, CORRECTION AND OTHER
FUTURE WORK

Using the results developed in the previous sections, we
now discuss how they can be employed in detecting the
occurrence of an attack and how correction can be performed.

To start with detection, we first recall that the observability
assumption on our system implies that a check matrix
H (defined in (4)) exists. Attack detection is most easily
formulated in terms of H as follows.

Attack detection rule: Given received signal r ∈
B′, compute the ‘syndrome trajectory’ s := Hr
and conclude that an attack has taken place (mean-
ing r /∈ B) if and only if s 6= 0.

Alternatively, we can use the description of the form
R(σ)y = 0 as the main ingredient of our decision rule to
detect/correct.

Attack detection rule: Given received signal r ∈
B′, compute the ‘syndrome trajectory’ s := R(σ)r
and conclude that an attack has taken place (mean-
ing r /∈ B) if and only if s 6= 0.

In this paper, we choose to formulate all fundamental notions
and results in terms of the trajectory y rather than in terms of
the initial condition x(0) so as to have a clear fundamental
theory that exhibits the link with error control coding in a
transparent way. Indeed, we are able to make this choice be-
cause for attack correction the recovery of x(0) is equivalent

to the recovery of y ∈ B due to the observability assumption
on the system Σ. It is however important to note that in
practical situations the recovery of x(0) from the received
trajectory r is the main objective. In fact, we only need to
consider attack scenarios where attacks happen in the first n
time instances (otherwise we can simply reconstruct x(0)
from (r(0), r(1), · · · , r(n − 1)) = (y(0), y(1), · · · , y(n))
because of the observability of Σ).

For attack correction, the above syndrome trajectory s
should be used to identify the attack locations. Once the
attack locations have been found, x(0) can be computed
on the basis of the remaining attack-free components of y.
How to identify the attack locations from s in terms of our
knowledge of the system matrices A and C is a topic of
future research. Another topic of future research is the effect
of feedback control on the security index of an LTI system
with inputs.
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Adaptive Robust Output Tracking of Uncertain Nonlinear Systems
with Completely Unknown Dead–Zone Input Nonlinearities

Hansheng Wu

Abstract— Adaptive robust output tracking problem is con-
sidered for a class of uncertain nonlinear systems with dead–
zone input. A simple approach is proposed to synthesize some
adaptive robust tracking controllers of uncertain nonlinear
systems with any nonsymmetric dead–zone input, where its
information is assumed to be completely unknown. In the
paper, a nonlinear dead–zone input is firstly represented as
a time–varying input–dependent function such that the con-
sidered nonlinear dynamical system with dead–zone input can
be transfered into an uncertain nonlinear dynamical system
subject to a linear input with time–varying input coefficient.
Then, a class of adaptive robust output tracking control schemes
with a rather simple structure can be designed. A numerical
example is also given to demonstrate the validity of the theoretic
results obtained in this paper.

Index Terms— Output tracking control, nonlinear dynamical
systems, dead–zone input, adaptive control, robust control,
ultimate boundedness.

I. INTRODUCTION

The dead–zone input nonlinearity is often involved in a
rather class of mechanical and electrical components, such
as electric servomotors, hydraulic and pneumatic valves,
electronic circuits, and other devices. It is well known that
the dead–zone input nonlinearity is mathematically a non–
differentiable function. Actually, such a nonlinear function
describes some degrees of non–sensitivity for small control
inputs. The existence of such a dead–zone input nonlinearity
will degrade the system performance, and may even results
in the instability of a feedback control system. In addition,
a practical dynamical system also includes some degree of
system uncertainties and external disturbances. Therefore,
for uncertain dynamical systems with dead–zone input, the
design problem of a stabilizing feedback control scheme
is a rather important research topic in control theory, and
some approaches to designing a robust stabilizing feedback
controller have been developed.

In almost all of practical motion systems, the parameters
which describe the dead–zone characteristics cannot be well
known, and such imperfect information on the dead–zone
nonlinearity may lead to the rather poor performance of
the considered dynamical systems and/or instablity of the
closed–loop dynamical systems. Therefore, it is very impor-
tant how to cross this zone in carrying out a control scheme.
It seems that adaptive control techniques may be applied
to synthesize an adpative control scheme to overcome these

H. Wu is with the Department of Information Science, Prefectural Uni-
versity of Hiroshima, Hiroshima City, Hiroshima 734–8558, Japan Email:
hansheng@pu-hiroshima.ac.jp

faults caused by the dead–zone nonlinearity. In the slightly
early control literature [1]–[4], the adaptive control tech-
niques are first employed to design some types of stabilizing
feedback control schemes for dynamical systems subject
to dead–zone actuators. Now, it has received considerable
attention of many researchers with various applications. Ac-
tually, for the stabilization and tracking problem of uncertain
dynamical systems with dead–zone input, there are a large
number of papers and works about the adaptive control
design approach in the control literature (see, e.g. [5]–[18]
and the references therein).

In the early works, in the light of adaptive techniques, an
inverse dead–zone nonlinearity has been employed to mini-
mize the effects of dead–zone (e.g. [1]–[4] and the references
therein). It is worth noting that in [5], a robust adaptive
control scheme is developed by which one does not need
to construct the dead–zone inverse, where the dead–zone is
modelled as a combination of a line and a disturbance–like
term. The method proposed in [5] requires that the dead–
zone input function have to be symmetric. Such a robust
adaptive control method is also improved in [6] where the
dead–zone input is not reqired to be symmetric. In particular,
in [6] the proposed adaptive control scheme requires only the
information of bounds of the dead–zone slopes and treats
the time–varying input coefficient as a system uncertainty.
Moreover, in some recent works (e.g. [18] and the references
therein), the proposed adaptive control scheme proposed in
[6] is also applied to uncertain time–delay systems with
nonsymmetric dead–zone input, and any information on such
a nonsymmetric dead–zone input is not required to be known.
However, in our opinion, it seems that the adaptive methods
proposed in the control literature on uncertain dynamical
systems with dead–zone input are not direct, and the resulting
adaptive control schemes are rather complicated. Because of
their complication, it is difficult to implement such adaptive
robust feedback control schemes in the practical engineering
problems.

In this paper, we also consider the design problem of
adaptive robust tracking control schemes for some uncer-
tain nonlinear dynamical systems with dead–zone inputs.
We want to propose a simple approach to dealing with
any nonsymmetric dead–zone input nonlinearity where its
information is assumed to be completely unknown. We
express a dead–zone input nonlinearity as a time–varying
input–dependent function, which will transfer the considered
nonlinear dynamical system with dead–zone input into an
uncertain nonlinear dynamical system subject to a linear
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input with time–varying input coefficient. Then, by making
use of our design approach, a class of adptive robust output
tracking control schemes with a rather simple structure can
be obtained. In particular, such a direct and simple design
approach can be easily understood by the engineering design-
ers, and the resulting simple adaptive robust control schemes
can be well implemented in most practical engineering
control problems.

The remainder of the paper is organized as follows. After
an introduction in this section, in Section 2, the problem
to be tackled is described and some standard assumptions
are introduced. In Section 3, a design approach is proposed
to dealing with dead–zone input nonlinearity and a simple
adaptive robust tracking control scheme is synthesized to
guarantee the uniform ultimate boundedness of the tracking
errors. In Section 4, a numerical example is given, and the
corresponding simulations are provided to demonstrate the
validity of the theoretical results obtained in this paper. Fi-
nally, the paper concludes in Section 5 with a brief discussion
of the results obtained in the paper.

II. PROBLEM FORMULATION AND ASSUMPTIONS

We consider a class of uncertain dynamical systems, de-
scribed by the following nonlinear differential equations:

ẋi(t) = xi+1(t), i = 1, 2, . . . , n− 1
(1a)

ẋn(t) = Γ(u(t)) + ∆f(x(t), t) + δ(t)

y(t) = x1(t) (1b)

where x(t) =
[
x1(t) x2(t) . . . xn(t)

]⊤
∈ Rn is the state,

u(t) ∈ R is the control input, y(t) ∈ R is the output, and
∆f(·) : Rn×R → R represents the system uncertaintie. The
unknown function δ(t) represents the external disturbances,
and is assumed to be continuous and bounded.

Moreover, similar to [6], the nonlinear function Γ(u(t))
stands for any dead–zone input in the form of

Γ(u(t)) :=


mr

(
u(t)−br

)
, if u(t) ≥ br

0, if − bl < u(t) < br

ml

(
u(t)+bl

)
, if u(t) ≤ −bl

(2)

where the parameters mr and ml represent the right and the
left slope of the dead–zone characteristic, and br and bl are
the breakpoints of the input nonlinearity. In this paper, such
parameters mr, ml, br, and bl are assumed to be any positive
constants which are not required to be known for the system
designer. This means that in the resulting control schemes,
such parameters are never involved.

Here, we consider the problem of robust output tracking
of the uncertain nonlinear dynamical systems with nonsym-
metric dead–zone input, described by (1) and (2). For the
reference output signal yd(t), we introduce the following
standard assumption.

Assumption 2.1. A desired output trajectory is represented
by yd(t) which is assumed to be continuously differentiable
with respect to time. Moreover, it is also assumed that yd(t)
and its higher derivatives are bounded for any t ∈ R+.

Provided that all states are available, an output tracking
controller can be represented by a nonlinear function:

u(t) = p(x(t), t) (3)

Now, the question is how to synthesize an output tracking
controller u(t) such that the output y(t) of the uncertain
nonlinear dynamical systems, described by (1) and (2), can
follow the given desired output trajectory yd(t).

Before giving our synthesis approach, we introduce for
system (1) with (2) the following standard assumption.

Assumption 2.2. The uncertain ∆f(·) : Rn ×R → R is
bounded in Euclidean norm. That is, there exist a nonlinear
function ρ(·) : Rn × R → Rl and an unknown constant
vector θ∗ ∈ Rl such that for all x ∈ Rn and all t ≥ 0, we
have ∥∥∥∆f(x(t), t)

∥∥∥ ≤
(
θ∗
)⊤
ρ(x(t), t) (4)

where

ρ(·) :=
[
ρ1(·) ρ2(·) · · · ρl(·)

]⊤
θ∗ :=

[
θ∗1 θ∗2 · · · θ∗l

]⊤
and where ρi(x, t) > 0, i = 1, 2, . . . , l, for all x such
that ∥x∥ > 0, and without loss of generality, the nonlinear
function ρi(·) > 0, i = 1, 2, . . . , l, are also assumed to
be continuous, uniformly bounded with respect to time, and
locally uniformly bounded with respect to the state x.

Remark 2.1. For the nonsymmetric dead–zone nonlinear-
ity described by (2), there are some methods in the control lit-
erature where an adaptive technique is employed to deal with
such dead–zone function. However, such adaptive methods
proposed in the control literature on dead–zone input are not
direct, and the resulting adaptive control schemes are rather
complicated. In fact, the robust (tracking) control schemes
proposed in the control literature may not be implemented
in practical engineering control problems (see, e.g. [6] and
the references therein). In this paper, by making use of the
output tracking problem of uncertain nonlinear systems with
any nonsymmetric dead–zone input, given in (1) and (2), we
will propose a direct and simple design approach to dealing
with such any nonsymmetric dead–zone input nonlinearity
where its information is completely unknown. By making
use of our design approach, a class of adptive robust output
tracking control schemes with a rather simple structure can
be synthesized.

III. ROBUST TRACKING CONTROL SCHEMES

In this paper, we want to propose a class of adaptive robust
tracking control schemes such that the output y(t) of the
uncertain nonlinear systems described by (1) and (2) can
follow the given desired output trajectory yd(t).
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First of all, we introduce the tracking error of the trajectory
as follows.

e(t) =


e1(t)

e2(t)

...

en(t)

 =


x1(t)

x2(t)

...

xn(t)

−



yd(t)

y
(1)
d (t)

...

y
(n−1)
d (t)

 (5)

From (1) and (5) we can obtain an error dynamical system
of the form

de(t)

dt
= Ae(t) +B

[
Γ(u(t)) + ∆f(x(t), t)

+ δ(t)− y
(n)
d (t)

]
(6)

where

A =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1

0 0 0 · · · 0


∈ Rn×n

B =
[
0 0 · · · 0 1

]⊤
∈ Rn

Here, it is obvious that the pair
{
A, B

}
is completely

controllable. Therefore, it can be obtained that for any
symmetric positive definite matrix Q ∈ Rn×n, and any
positive constant η, the matrix Riccati equation of the form

A⊤P + PA− ηPBB⊤P = −Q (7)

has a solution P ∈ Rn×n which is also symmetric positive
definite.

Before proposing our robust tracking control schemes, we
assume that ϕ∗

1 and ϕ∗
2 are two unknown positive constants,

and φ∗ ∈ Rl is an unknown constant vector, which all will
be defined later.

Thus, for error system (6) we propose a robust tracking
controller as follows.

u(t) = − 1

2
κ(t)B⊤Pe(t) (8a)

where κ(·) is a control gain function defined in the form of

κ(t) = ϕ̂1(t) + ϕ̂2
2(t) +

(
φ̂⊤(t)ρ(x(t), t)

)2
(8b)

and where P ∈ Rn×n is the solution of matrix Riccati
equation (7). Moreover, ϕ̂1(t), ϕ̂2(t), φ̂(t) are respectively
the estimates of the unknown ϕ∗

1, ϕ∗
2, φ∗ which are updated

by the following adaptation laws:

dϕ̂1(t)

dt
= −γ1σϕ̂1(t) +

1

2
γ1
∥∥B⊤Pe(t)

∥∥2 (9a)

dϕ̂2(t)

dt
= −γ2σϕ̂2(t) +

1

2
γ2
∥∥B⊤Pe(t)

∥∥ (9b)

dφ̂(t)

dt
= −σΓ̃φ̂(t) +

1

2

∥∥B⊤Pe(t)
∥∥ Γ̃ρ(x(t), t) (9c)

where σ, γ1, γ2 are any given positive constants, and
Γ̃ ∈ Rl×l is any given positive definite constant matrix. In
particular, the initial conditions of adaptation laws (9) are
respectively any given positive constants and vector.

In addition, letting

ϕ̃1(t) := ϕ̂1(t)− ϕ∗
1

ϕ̃2(t) := ϕ̂2(t)− ϕ∗
2

φ̃(t) := φ̂(t)− φ∗

the adaptation laws given in (9) can be rewritten in the
following form.

dϕ̃1(t)

dt
=−γ1σϕ̃1(t)+

1

2
γ1
∥∥B⊤Pe(t)

∥∥2−γ1σϕ
∗
1 (10a)

dϕ̃2(t)

dt
=−γ2σϕ̃2(t)+

1

2
γ2
∥∥B⊤Pe(t)

∥∥−γ2σϕ
∗
2 (10b)

dφ̃(t)

dt
=−σΓ̃φ̃(t)− σΓ̃φ∗

+
1

2

∥∥B⊤Pe(t)
∥∥ Γ̃ρ(x(t), t) (10c)

Thus, we can describe our main result, which is summa-
rized as a theorem as follows.

Theorem 3.1. Consider the robust tracking problem of
the uncertain nonlinear systems with completely unknown
dead–zone input nonlinearities, described by (1) and (2),
satisfying Assumption 2.2. Suppose that the given desired
output trajectory yd(t) satisfies Assumption 2.1. Then, by
making use of the adaptive robust tracking control schemes
given by (8) with (9), the uncertain error systems given
in (6) and the adaptation error systems described by (10)
are uniformly ultimately bounded in the presence of the
nonlinear uncertainties and external disturbances. That is, the
output y(t) of (1) can track the given output trajectory yd(t)
in the sense of uniform ultimate boundedness.

Proof : First of all, similar to [6], we will redescribe the
dead–zone function Γ(u) given in (2) as follows.

Γ(u(t)) = m(t)u(t) + d(t) (11)

where m(t) and d(t) are respectively defined in the form of

m(t) :=

{
ml, if u(t) ≤ 0

mr, if u(t) > 0
(12)

and

d(t) :=


−mrbr, if u(t) ≥ br

−m(t)u(t), if − bl < u(t) < br

mlbl, if u(t) ≤ −bl

(13)

Moreover, we also define that µmin := min
{
ml, mr

}
, m̄ :=

max
{
ml, mr

}
, and b̄ := max

{
bl, br

}
. It follows that∣∣∣d(t)∣∣∣ ≤ d̄ := m̄ · b̄ (14)
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Now, for the uncertain error systems and the adaptation er-
ror systems described by (6) and (10), we define a Lyapunov
function as follows.

V (e, ϕ̃1, ϕ̃2, φ̃) = e⊤(t)Pe(t)

+µmin

(
γ−1
1 ϕ̃2

1(t) + γ−1
2 ϕ̃2

2(t) + φ̃⊤(t)Γ̃−1φ̃(t)
)

(15)

Then, by taking the derivative of V (·) along the trajecto-
ries of (6) and (10) it is obtained that for t ≥ t0,

dV (e, ϕ̃1, ϕ̃2, φ̃)

dt
= e⊤(t)

[
A⊤P + PA

]
e(t)

+2e⊤(t)PBΓ(u(t)) + 2e⊤(t)PB∆f
(
x(t), t

)
+2e⊤(t)PB

[
δ(t)− y

(n)
d (t)

]
+2γ−1

1 µminϕ̃1(t)
dϕ̃1(t)

dt
+ 2γ−1

2 µminϕ̃2(t)
dϕ̃2(t)

dt

+2µminφ̃
⊤(t)Γ̃−1 dφ̃(t)

dt
(16)

In the light of (7), (11), (14), and Assumption 2.2, we can
obtain that for any t ≥ t0,

dV (e, ϕ̃1, ϕ̃2, φ̃)

dt
≤ −e⊤(t)Qe(t) + 2m(t)e⊤(t)PBu(t)

+η
∥∥B⊤Pe(t)

∥∥2 + 2
[
d̄+ δ∗ + dmax

] ∥∥B⊤Pe(t)
∥∥

+2
∥∥B⊤Pe(t)

∥∥(θ∗)⊤ρ(x(t), t)
+2γ−1

1 µminϕ̃1(t)
dϕ̃1(t)

dt
+ 2γ−1

2 µminϕ̃2(t)
dϕ̃2(t)

dt

+2µminφ̃
⊤(t)Γ̃−1 dφ̃(t)

dt

= −e⊤(t)Qe(t) + 2m(t)e⊤(t)PBu(t)

+µminϕ
∗
1

∥∥B⊤Pe(t)
∥∥2 + µminϕ

∗
2

∥∥B⊤Pe(t)
∥∥

+µmin

∥∥B⊤Pe(t)
∥∥(φ∗

)⊤
ρ(x(t), t)

+2γ−1
1 µminϕ̃1(t)

dϕ̃1(t)

dt
+ 2γ−1

2 µminϕ̃2(t)
dϕ̃2(t)

dt

+2µminφ̃
⊤(t)Γ̃−1 dφ̃(t)

dt
(17)

where

δ∗ := sup
{ ∣∣∣δ(t)∣∣∣ : t ∈ R+

}
dmax := sup

{ ∣∣∣y(n)d (t)
∣∣∣ : t ∈ R+

}
ϕ∗
1 := µ−1

minη

ϕ∗
2 := 2µ−1

min

[
d̄+ δ∗ + dmax

]
φ∗ := 2µ−1

minθ
∗

Furthermore, substituting adaptive robust control law (8)
and (10) into (17) yields

dV (e, ϕ̃1, ϕ̃2, φ̃)

dt
≤ −e⊤(t)Qe(t)

−m(t)ϕ̂1(t)
∥∥B⊤Pe(t)

∥∥2−m(t)ϕ̂2
2(t)

∥∥B⊤Pe(t)
∥∥2

−m(t)
(
φ̂⊤(t)ρ(x(t), t)

)2 ∥∥B⊤Pe(t)
∥∥2

+µminϕ̂1(t)
∥∥B⊤Pe(t)

∥∥2+ µminϕ̂2(t)
∥∥B⊤Pe(t)

∥∥
+µmin

∥∥B⊤Pe(t)
∥∥ φ̂⊤(t)ρ(x(t), t)

−2σµminϕ̃
2
1(t)− 2σµminϕ̃1(t)ϕ

∗
1

−2σµminϕ̃
2
2(t)− 2σµminϕ̃2(t)ϕ

∗
2

−2σµminφ̃
⊤(t)φ̃(t)− 2σµminφ̃

⊤(t)φ∗ (18)

In the light of the definition of the constant µmin and the
nonnegative property of the solutions of adaptation laws (9),
it can be observed that for any t ≥ t0,

−m(t)ϕ̂1(t)
∥∥B⊤Pe(t)

∥∥2 + µminϕ̂1(t)
∥∥B⊤Pe(t)

∥∥2
= −

(
m(t)−µmin

)
ϕ̂1(t)

∥∥B⊤Pe(t)
∥∥2 ≤ 0 (19a)

Moreover, it can also be obtained that for any t ≥ t0,

−m(t)ϕ̂2
2(t)

∥∥B⊤Pe(t)
∥∥2 + µminϕ̂2(t)

∥∥B⊤Pe(t)
∥∥

= −
(
m(t)−µmin

)
ϕ̂2
2(t)

∥∥B⊤Pe(t)
∥∥2

−µminϕ̂
2
2(t)

∥∥B⊤Pe(t)
∥∥2+ µminϕ̂2(t)

∥∥B⊤Pe(t)
∥∥

≤ −µminϕ̂
2
2(t)

∥∥B⊤Pe(t)
∥∥2+ µminϕ̂2(t)

∥∥B⊤Pe(t)
∥∥

≤ 1

4
µmin (19b)

Similarly, one can also have that for any t ≥ t0,

−m(t)
(
φ̂⊤(t)ρ(x(t), t)

)2 ∥∥B⊤Pe(t)
∥∥2

+µminφ̂
⊤(t)ρ(x(t), t)

∥∥B⊤Pe(t)
∥∥

≤ −µmin

(
φ̂⊤(t)ρ(x(t), t)

)2 ∥∥B⊤Pe(t)
∥∥2

+µminφ̂
⊤(t)ρ(x(t), t)

∥∥B⊤Pe(t)
∥∥

≤ 1

4
µmin (19c)

Thus, by introducing (19) into (18), we can further have that
for any t ≥ t0,

dV (e, ϕ̃1, ϕ̃2, φ̃)

dt
≤ −e⊤(t)Qe(t) +

1

2
µmin

−σµminϕ̃
2
1(t)− σµminϕ̃

2
2(t)− σµminφ̃

⊤(t)φ̃(t)

−σµminϕ̃
2
1(t)− 2σµminϕ̃1(t)ϕ

∗
1

−σµminϕ̃
2
2(t)− 2σµminϕ̃2(t)ϕ

∗
2
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−σµminφ̃
⊤(t)φ̃(t)− 2σµminφ̃

⊤(t)φ∗

≤ −e⊤(t)Qe(t) +
1

2
µmin

−σµminϕ̃
2
1(t)− σµminϕ̃

2
2(t)− σµminφ̃

⊤(t)φ̃(t)

−σµmin

(∣∣∣ϕ̃1(t)
∣∣∣− ∣∣∣ϕ∗

1

∣∣∣)2 + σµmin

∣∣∣ϕ∗
1

∣∣∣2
−σµmin

(∣∣∣ϕ̃2(t)
∣∣∣− ∣∣∣ϕ∗

2

∣∣∣)2 + σµmin

∣∣∣ϕ∗
1

∣∣∣2
−σµmin

(∥∥∥φ̃(t)∥∥∥− ∥∥∥φ∗
∥∥∥)2 + σµmin

∥∥∥φ∗
∥∥∥2

≤ −e⊤(t)Qe(t) +
1

2
µmin

−σµminϕ̃
2
1(t)− σµminϕ̃

2
2(t)− σµminφ̃

⊤(t)φ̃(t)

+σµmin

∣∣∣ϕ∗
1

∣∣∣2 + σµmin

∣∣∣ϕ∗
2

∣∣∣2 + σµmin

∥∥∥φ∗
∥∥∥2 (20)

Thus, according to the definition of V (·) given in (15), it
follows from (20) that for any t ≥ t0,

dV (e, ϕ̃1, ϕ̃2, φ̃)

dt
≤ −ηminV (e, ϕ̃1, ϕ̃2, φ̃) + ε̃ (21)

where

ηmin := min
{
λmin(Q)λ−1

max (P ) , σγ1,

σγ2, σλ−1
max

(
Γ̃−1

) }
(22a)

ε̃ := µmin

(
1

2
+ σ

∣∣∣ϕ∗
1

∣∣∣2 + σ
∣∣∣ϕ∗

2

∣∣∣2 + σ
∥∥∥φ∗

∥∥∥2) (22b)

Therefore, from (21), it is obvious that the positive definite
function V (e, ϕ̃1, ϕ̃2, φ̃) decreases monotonically along any
solution of the closed–loop error systems and adaptation
error systems until the solution reaches the compact set in
the form of

Ωf =
{
(e, ϕ̃1, ϕ̃2, φ̃) : V (e, ϕ̃1, ϕ̃2, φ̃) ≤ Vf

}
(23)

where

Vf := η−1
minε̃ (24)

Therefore, it can be concluded that by making use of the
adaptive robust tracking control schemes given by (8) with
(9), the solutions (e, ϕ̃1, ϕ̃2, φ̃)(t) of the uncertain error sys-
tems given by (6) and the adaptation error systems described
by (10) are uniformly ultimately bounded with respect to
the bound Vf given in (24) in the presence of the nonlinear
uncertainties and external disturbances. That is, the output
y(t) of (1) can track the given output trajectory yd(t) in
the sense of uniform ultimate boundedness. Thus, we can
complete the proof of Theorem 3.1. ∇∇∇

Remark 3.1. It is worth pointing out that the parameters σ,
γ1,γ2, Γ̃ will be selected by the system designer. Therefore,
by properly choosing these parameters, one can guarantee
to obtain a better robust tracking result for such a class of

uncertain nonlinear systems with completely unknown dead–
zone input nonlinearity. In fact, it can be observed from
(22b) that by decreasing the values of σ sufficiently, one can
obtain the upper bound on the tracking error e(t) as small
as possible. That is, the system designer can tune the size of
the residual set by adjusting properly this parameter which
is introduced in the adaptation laws.

Remark 3.2. In the proof of Theorem 3.1, though we have
employed the parameters mr, ml, br and bl of the dead–
zone characteristics to define some positive constants µmin,
m̄, b̄, and d̄ which are used in the mathematical derivation
, such positive constants are never involved in the adaptive
robust output tracking control schemes described by (8) with
(9). That is, by using our simple design approach to dealing
with the dead–zone input, the resulting control schemes are
completely independent of these constants mr, ml, br, and
bl. Thus, it is not necessary for the system designer to know
any information on dead–zone functions.

IV. NUMERICAL EXAMPLE

To illustrate the utilization of our approach, we employ a
numerical example and implement its simulation to demon-
strate the validity of the obtained theoretical results. Similar
to [6], we also consider the uncertain nonlinear dynamical
systems in the form of

ẋ1(t) = x2(t)
(25a)

ẋ2(t) = Γ(u(t)) + θ1
1− e−x1(t)

1 + e−x1(t)

+θ2

(
x2
2(t) + 2x1(t)

)
sin(x2(t))

y(t) = x1(t) (25b)

where Γ(u) is any dead–zone nonlinear function, and θ1 and
θ2 are two unknown parameters.

For a given constant η = 2.0 and the positive definite
matrix

Q =

[
8 10

10 28

]
it can be obtained from (7) that

P =

[
6 2

2 4

]
For the adaptation schemes presented in (9), the following

parameters are used.

γ1 = γ2 = 0.5, Γ̃ = diag
{
0.5, 0.5

}
, σ = 1.0

Therefore, from (8) with (9) we can obtain an adaptive robust
tracking control scheme which can guarantee the uniform
ultimate boundedness of the output tracking error. Here, the
desired trajectory yd(t) is given in the form of

yd(t) = sin(1.0 t) (26)
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Moreover, for simulation, we give the parameters of the
dead–zone function Γ(u) as

m1 = 1.0, mr = 0.7

b1 = 3.0, br = 1.0

and give the unknown parameters θ1, θ2, and initial condi-
tions as follows.

θ1 = θ2 = 1.0

x(t) =
[
3.5 −3.5

]⊤
ϕ̂1(0) = ϕ̂2(0) = 2.0

φ̂(0) =
[
1.0 1.0

]⊤
With the chosen parameter settings, the results of simula-

tion are shown in Fig.1 for this numerical example.

It can be observed from Fig.1 that under the adaptive
robust output tracking controllers given in (8) with (9), the
output y(t) of uncertain nonlinear system (25) can indeed
track the trajectory yd(t) given in (26) in the sense of uniform
ultimate boundedness.

On the other hand, as pointed out in Remark 3.1, by
decreasing sufficiently the values of σ, we can obtain a better
output tracking result. For this numerical example, the simu-
lation under σ = 0.01 has been also carried out. It is shown
in Fig.2 and Fig.3 that the output tracking performance can
be well improved. (The details of the illustrative numerical
example and the figures of the simulation will be displayed
in the presentation.)

V. CONCLUDING REMARKS

In this paper, a simple design approach has been pro-
posed to dealing with any nonsymmetric dead–zone input
nonlinearity where its information has been assumed to be
completely unknown. By this approach, a class of adptive
robust output tracking control schemes with a rather simple
structure has been synthesized. It is obvious that the resulting
simple adaptive robust output tracking control schemes can
be easily implemented in most practical engineering control
problems. Moreover, by combining the proposed design
approach with other control methods, such as sliding mode
control, fuzzy control, and backstepping algorithm, one may
expect to obtain a number of interesting results for a rather
large class of uncertain dynamical systems with dead–zone
in the actuators.
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Multidimensional Rational Covariance Extension
with Approximate Covariance Matching

Axel Ringh, Johan Karlsson and Anders Lindquist

Abstract— In this extended abstract we use rational systems
to model multidimensional stochastic processes obtained from
noisy input data and, in particular, we investigate how the
framework for rational covariance extension can be adapted
to handle noisy covariance estimates. Covariance estimation
errors impede the accuracy of the resulting model and in
some cases there does not even exist a positive extension
consistent with an estimated covariance sequence. To deal with
this, we consider relaxations of the exact covariance matching
constraint. This approach is compared with exact matching to
the biased covariance estimate, which is extendable.

I. INTRODUCTION

The multidimensional rational covariance extension prob-
lem, studied in various degrees of generality in [19], [27],
[28], can be posed as follows. Given a set of complex
numbers c := [ck | k := (k1, . . . , kd) ∈ Λ], where Λ ⊂ Zd
is a finite index set satisfying 0 ∈ Λ and −Λ = Λ, find a
nonnegative bounded measure dµ on Td such that

ck =

∫
Td

ei(k,θ)dµ(θ) for all k ∈ Λ, (1)

where T := (−π, π], θ := (θ1, . . . , θd) ∈ Td, and (k,θ) :=∑d
j=1 kjθj is the scalar product in Rd. Moreover, define

eiθ := (eiθ1 , . . . , eiθd) and let

dµ(θ) = Φ(eiθ)dm(θ) + dµ̂(θ), (2)

be the Lebesgue decomposition of dµ (see, e.g., [29, p. 121]),
where dm(θ) := (1/2π)d

∏d
j=1 dθj is the Lebesgue measure

and dµ̂ is a singular measure containing, e.g., spectral lines.
Let P+ be the convex cone of coefficients p := [pk |

k := (k1, . . . , kd) ∈ Λ] corresponding to trigonometric
polynomials

P (eiθ) =
∑
k∈Λ

pke
−i(k,θ)

that are positive for all θ ∈ Td, and let P̄+ be its closure.
Moreover, ∂P+ := P̄+ \P+ denotes the boundary, i.e., the
subset of all p ∈ P̄+ such that the corresponding nonnegative
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trigonometric polynomial P (eiθ) is zero in at least one point.
In this context we impose a rationality constraint on the
absolutely continuous part of the measure by requiring the
spectral density to take the form

Φ(eiθ) =
P (eiθ)

Q(eiθ)
, where p, q ∈ P̄+\{0}.

Next, given the inner product 〈c, p〉 :=
∑
k∈Λ ckp̄k, define

the open convex cone

C+ :=
{
c | 〈c, p〉 > 0, for all p ∈ P̄+ \ {0}

}
,

the closure of which, C̄+, is the dual cone of P̄+. Again, we
denote the boundary by ∂C+. Then it can be shown that,
since P+ 6= ∅, the multidimensional rational covariance
extension problem posed above has a solution if and only
if c ∈ C+ (see [28, Theorem 2.1] and [19]). In the one-
dimensional case (d = 1) the condition c ∈ C+ amounts to
the corresponding Toeplitz matrix being positive definite, but
in the multidimensional case (d > 1) no such simple matrix
condition is known.

Also note in passing that the inner product 〈c, p〉 satisfies

〈c, p〉 =

∫
Td

C(eiθ)P (eiθ)dm(θ), (3)

where
C(eiθ) :=

∑
k∈Λ

cke
−i(k,θ),

and therefore we can identify the cones P̄+ and C̄+ with
cones of trigonometric polynomials.

However, the covariances [ck | k := (k1, . . . , kd) ∈ Λ]
are generally determined from statistical data. Therefore
the condition c ∈ C+ may not be satisfied, and testing
this condition is difficult. This leads us to multidimensional
rational covariance extension with approximate covariance
matching, which is the main topic of this extended abstract
and our forthcoming paper [26], to which we defer proofs.

We begin by reviewing the regular multidimensional ratio-
nal covariance extension problem in Section II, and proceed
to present our main results in Section III. In Section IV we
discuss the properties of various convariance estimators, and
in Section V we provide a 2D example on spectral estimation.

II. PRELIMINARIES

The scalar (d = 1) rational covariance extension problem
was first posed by Kalman [17] and has been extensively
studied and solved in the literature [1], [2], [6], [7], [10],
[12], [22], [24], [25], [33]. It has been generalized to scalar
moment problems [3], [4], [15] and to the multidimensional
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setting [13], [14], [19], [27], [28]. Also worth mentioning
here is work by Lang and McClellan [20], [21], [23], which
treat the multidimensional maximum entropy problem and
hence has certain overlap with the above literature.

Generalizing these results, the multidimensional rational
covariance extension problem was solved in [28] by consid-
ering a primal-dual pair of convex optimization problems.
Here, the primal problem is equivalent to

min
dµ≥0

∫
Td

P log
P

Φ
dm(θ) (4)

subject to ck =

∫
Td

ei(k,θ)dµ(θ), k ∈ Λ,

which gives the dual problem

min
q

〈c, q〉 −
∫
Td

P log(Q)dm(θ) (5)

subject to Q ∈ P̄+.

The primal problem (4) is minimizing the Kullback-Leibler
divergence between Pdm and dµ, subject to that dµ matches
the given data [15], [28]. In particular, Theorem 2.1 in [28],
based on corresponding analysis in [19], reads as follows.

Theorem 1: For every c ∈ C+ and P ∈ P̄+ \ {0} the
functional (5) is strictly convex and has a unique minimizer
Q̂ ∈ P̄+ \{0}. Moreover, there exists a unique ĉ ∈ ∂C+ and
a nonnegative singular measure dµ̂ with support supp(dµ̂) ⊆
{θ ∈ Td | Q̂(eiθ) = 0} such that

ck =

∫
Td

ei(k,θ)

(
P

Q̂
dm+ dµ̂

)
for all k ∈ Λ,

ĉk =

∫
Td

ei(k,θ)dµ̂, for all k ∈ Λ.

For any such dµ̂, the measure

dµ(θ) = (P (eiθ)/Q̂(eiθ))dm(θ) + dµ̂(θ)

is an optimal solution to the problem (4). Moreover, dµ̂ can
be chosen with support in at most |Λ| − 1 points.

In [19] we derived the KKT conditions

q̂ ∈ P̄+, ĉ ∈ ∂C+, 〈ĉ, q̂〉 = 0 (6a)

ck =

∫
Td

ei(k,θ)P

Q̂
dm+ ĉk, k ∈ Λ, (6b)

which are necessary and sufficient for optimality of the
primal and dual problems.

III. MAIN RESULTS

To handle the case that c 6∈ C̄+, we relax the exact covari-
ance matching constraint in the primal problem. However, in
the case of inexact matching it is natural to reformulate the
objective function in (4) to include a term that also accounts
for changes in the total mass of dµ. We therefore consider the
modified Kullback-Leibler divergence [16, ch. 4] [8], [33]

D(Pdm, dµ) :=

∫
Td

(
P log

P

Φ
dm+ dµ− Pdm

)
. (7)

For the case of exact covariance matching this is an equiva-
lent problem to (4) since the total mass of dµ is determined

by the 0:th moment; c0 =
∫
Td dµ. Another advantage of

using this formulation is that the Kullback-Leibler divergence
D(dν1, dν2) is nonnegative and equal to zero if and only if
dν1 = dν2 [8], [16]. The nonnegativity follows from the
decomposition (2) and the basic inequality x − 1 ≥ log(x),
by observing that

P

(
− log

Φ

P

)
+ Φ− P ≥ P (1− Φ

P
) + Φ− P = 0.

Previous work in this direction can be found in [5], [11],
[18], [30], [31], where [30] and [11] consider two different
kinds of relaxations, and [5], [18], [31] consider the problem
of selecting an appropriate covariances sequence to match in
a given confidence region. Here we consider two relaxations
that are similar to the ones considered in [30] and [11].

For the two different relaxations we use the the weighted
vector norm ‖x‖2A = xHAx, where A is a positive definite
matrix. Then using the same relaxation as in [11] we arrive
at the relaxed primal problem

min
dµ≥0, c̃

D(Pdm, dµ) +
1

2
‖c̃− c‖2W−1 (8)

subject to c̃k =

∫
Td

ei(k,θ)dµ(θ).

The dual problem is equivalent to

min
q

〈c, q〉 −
∫
Td

P log(Q)dm(θ) +
1

2
‖q − e‖2W

subject to Q ∈ P̄+, (9)

where e := [ek]k∈Λ, e0 = 1 and ek = 0 for k ∈ Λ \ {0}. In
a similar manner as in [19] we obtain the KKT conditions

q̂ ∈ P̄+, ĉ ∈ ∂C+, 〈ĉ, q̂〉 = 0 (10a)

c̃k =

∫
Td

ei(k,θ)P

Q̂
dm+ ĉk, k ∈ Λ (10b)

c̃− c = W (q̂ − e). (10c)

A second possible relaxation, using the same principle as
in [30], gives the primal problem

min
dµ≥0, c̃

D(Pdm, dµ) (11)

subject to c̃k =

∫
Td

ei(k,θ)dµ(θ)

‖c̃− c‖2W−1 ≤ ε2,

which has the dual that is equivalent to

min
q

〈c, q〉 −
∫
Td

P log(Q)dm(θ) + ε‖q − e‖W

subject to Q ∈ P̄+, (12)

where e is the same as in (9). The KKT conditions for this
pair of optimization problems are

q̂ ∈ P̄+, ĉ ∈ ∂C+, 〈ĉ, q̂〉 = 0 (13a)

c̃k =

∫
Td

ei(k,θ)P

Q̂
dm+ ĉk, k ∈ Λ (13b)

c̃− c = ε
W (q̂ − e)
‖q̂ − e‖W

. (13c)
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Remark 2: Note that one can, without loss of generality,
take ε = 1 since any scaling can be incorporated in W .

Remark 3: If c ∈ C+, there is a corresponding choice of
W and ε in (11)-(12) giving the same solution as that for any
W in the problem pair (8)-(9). If c 6∈ C+, the problem pair
(8)-(9) has a solution for every W , while (11)-(12) may fail
to have a solution if W and ε are not chosen appropriately.

IV. ESTIMATING THE COVARIANCES

In the scalar case (d = 1) it is well-known that the biased
covariance estimate

ck =
1

N

N−k−1∑
t=0

ytyt+k,

based on an observation record {yt}N−1
t=0 , yields a positive

definite Toeplitz matrix and that these estimates correspond
to the ones obtained with the periodogram estimate of the
spectrum (see, e.g., [32, Sec. 2.2]). On the other hand, the
Toeplitz matrix of the unbiased estimate

ck =
1

N − k

N−k−1∑
t=0

ytyt+k, 0 ≤ k ≤ N − 1

is in general not positive definite.
The same holds in higher dimensions (d > 1) where the

observation record is {yt}t∈Zd
N

and ZdN = {(`1, . . . , `d) | 0 ≤
`j ≤ Nj − 1, j = 1, . . . , d}. The unbiased estimate is then
given by

ck =
1∏d

j=1(Nj − |kj |)

∑
t∈Zd

N

ytyt+k, (14)

and the biased estimate by

ck =
1∏d

j=1Nj

∑
t∈Zd

N

ytyt+k, (15)

where we define yt = 0 for t /∈ ZdN . The unbiased estimate
does not in general belong to C+, whereas the biased estimate
corresponds to the Fourier coefficients of the periodogram,
that is ΦPer(θ) =

∑
k∈{Zd

N−Zd
N}
cke
−i(k,θ) [9, Sec. 6.5.1].

Therefore, the biased covariance estimate belongs to C+ also
in the multidimensional setting.

Lemma 4: Given the observed data {yt}t∈Zd
N

, let
{ck}k∈Λ be given by (15). Then c ∈ C+.

V. AN EXAMPLE

Let y(t1,t2) be the steady-state output of a two-dimensional
recursive filter driven by a white noise input u(t1,t2). Let the
transfer function of the recursive filter be

b(eiθ1 , eiθ2)

a(eiθ1 , eiθ2)
=

∑
k∈Λ+

bke
−i(k,θ)∑

k∈Λ+
ake−i(k,θ)

,

where Λ+ = {(k1, k2) ∈ Z2 | 0 ≤ k1 ≤ 2, 0 ≤ k2 ≤ 2}
and the coefficients are given by b(k1,k2) = Bk1+1,k2+1 and
a(k1,k2) = Ak1+1,k2+1, where

B =


0.9 −0.2 0.05
0.2 0.3 0.05
−0.05 −0.05 0.1

, A =


1 0.1 0.1
−0.2 0.2 −0.1

0.4 −0.1 −0.2

.

Fig. 1. Log-plot of the original spectrum.

The spectrum of y(t1,t2), which is shown in Fig. 1 and is
similar to the one considered in [28], is given by

Φ(eiθ1 , eiθ2) =
P (eiθ1 , eiθ2)

Q(eiθ1 , eiθ2)
=

∣∣∣∣ b(eiθ1 , eiθ2)

a(eiθ1 , eiθ2)

∣∣∣∣2 ,
and hence the index set Λ of the coefficients of the trigono-
metric polynomials P and Q is given by Λ = Λ+ − Λ+ =
{(k1, k2) ∈ Z2 | |k1| ≤ 2, |k2| ≤ 2}.

The system was simulated and covariances were estimated
using 9× 9 samples, using both the biased and the unbiased
estimator. The simulation data was discarded if the unbiased
estimate belonged to C̄+. To obtain 100 such data sets 414
simulations of the system needed to be performed. With
this covariance data we investigate the difference between
the following three procedures: (i) using the biased estimate
and exact matching, (ii) using the biased estimate and the
approximate matching (11)-(12), and (iii) using the unbiased
estimate and the approximate matching (11)-(12). We only
consider the primal-dual pair (11)-(12) since, if it has a
solution, there is a corresponding choice of W in the problem
pair (8)-(9) that gives the same solution. Both the maximum
entropy (ME) solutions and solutions with the true numerator
are computed in each case.1 Regarding the parameters for
the approximate matching we put W = I and εbiased =
‖ctrue − cbiased‖2, εunbiased = ‖ctrue − cunbiased‖2 when using
the biased respective unbiased estimate of covariances.2 The
norm of the error3 between matched covariances and the
true ones, ‖c̃− ctrue‖2, is shown in Table. I. The means and
standard deviations are computed over the 100 runs.

The biased covariance estimates belong to the cone C̄+,
and therefore procedure (i) can be used. The corresponding
error in Table. I corresponds to the statistical error in
estimating the covariance. This error is quite large because of
a very short data record. Comparing this with the results from

1Maximum entropy: P ≡ 1. True numerator: P = Ptrue.
2Note that this is the smallest ε for which the true covariance sequence

belongs to the uncertainty set {c | ‖c− c̃‖2 ≤ ε}.
3Here we use the norm of the covariance estimation error as measure

of fit. The reason for this is that comparing the accuracy of the spectral
estimates is not straightforward since it depends on the selected metric or
distortion measure.
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TABLE I
NORM DIFFERENCES ‖c̃− ctrue‖2 FOR THE DIFFERENT SOLUTIONS.

Mean Std.

Biased, exact matching 2.9245 2.2528
Biased, approximate matching, ME-solution 1.9087 1.1324
Biased, approximate matching, using true P 1.8532 1.1904
Unbiased, approximate matching, ME-solution 1.5018 0.6601
Unbiased, approximate matching, using true P 1.4451 0.7296

using procedure (ii), this indicates that it can be beneficial
to not enforce exact matching although we know that the
data belongs to the cone. Regarding procedure (iii), in our
experiment we know that the unbiased covariance estimates
do not belong to the cone C̄+. Hence we are required to use
a method which does not enforce exact covariance matching.
In this experiment it turns out to give the smallest estimation
error.

VI. CONCLUDING REMARKS

The benefit of the relaxed procedures is that they can also
be used for cases where the biased estimate is not available,
e.g., where the covariance is estimated from snapshots.
Moreover, in the setting of [19], with general basis functions,
estimated moments may not belong to C̄+ in the first place,
and testing whether this is the case might be hard.
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Rank metric convolutional codes

Diego Napp1, Raquel Pinto1, Joachim Rosenthal2, and Paolo Vettori1

Abstract— In this contribution, we propose a first general
definition of rank-metric convolutional codes for multi-shot
network coding. To this aim, we introduce a suitable concept
of distance and we establish a generalized Singleton bound for
this class of codes.

I. INTRODUCTION

Most of the theory of Random Linear Network Coding
developed so far is concerned with the so-called non-coherent
one-shot network coding [1], meaning that the random (i.e.,
unknown) structure of the net is used just once to propagate
information.

However, coding can also be performed over multiple
uses of the network, whose internal structure may change
at each shot, giving rise to the so-called multi-shot coding.
In particular, creating dependencies among the transmitted
codewords of different shots can improve the error-correction
capabilities [2].

To attain this goal, we propose to use rank-metric convo-
lutional codes, as this type of codes permits adding complex
dependencies to data streams in a quite simple way (see [3]
for the particular case of unit memory convolutional codes).
In this case, an extension of the standard rank-metric over
multiple shots, which is analogous to the extended subspace
distance defined in [2], will provide the proper measure for
the number of rank erasures that a code can tolerate. It is
worth mentioning that this approach has been recently used
to cope very efficiently with network streaming applications
such as video streaming (see [4] and the references therein).

In this extended abstract, we aim to further explore this
direction. Specifically, after recalling some basic facts about
convolutional and rank metric codes, we introduce a new
general definition of rank-metric convolutional codes, we
propose a suitable concept of distance, and we determine
the Singleton bound for this class of codes.

II. CONVOLUTIONAL CODES

Let Fq be a finite field of order q and Fq[D] be the ring
of polynomials with coefficients in Fq.

A convolutional code C of rate k/n is an Fq[D]-submodule
of Fq[D]n of rank k given by an encoder matrix G(D) ∈

1Department of Mathematics, University of Aveiro, 3810-193 Aveiro,
Portugal, email: {diego,raquel,pvettori} at ua.pt This
work was supported in part by the Portuguese Foundation for Science and
Technology (FCT-Fundação para a Ciência e a Tecnologia), through CIDMA
- Center for Research and Development in Mathematics and Applications,
within project UID/MAT/04106/2013.

2Department of Mathematics University of Zurich, Winterthurstrasse
190, CH-8057 Zürich, Switzerland, email: rosenthal at
math.uzh.ch

Fq[D]k×n through

C = Im =
{

u(D)G(D) : u(D) ∈ Fk
q[D]

}
.

We shall consider only basic and minimal encoders, where
basic means that G(D) has a polynomial right inverse, and
minimal means that the value of the sum of the row degrees
of G(D) attains its minimum δ , called the degree of C .1

A rate k/n convolutional code C of degree δ is called an
(n,k,δ ) convolutional code [5].

Notice that also a dual description of a convolutional code
C can be given through a parity-check matrix which is an
(n−k)×n full rank polynomial matrix H(D) = H0 +H1D+
· · ·+HmDm such that

C =kerH(D)=
{

v(D)∈Fq[D]n : H(D)v(D)=0∈Fq[D]n−k
}
.

A measure of the error detecting or correcting capabilities
of a convolutional code C is given by the free distance
dfree(C ), defined as

dfree(C ) = min{wt(v(D)) | v(D) ∈ C and v(D) 6= 0} ,

where wt(v(D)) is the Hamming weight of a polynomial
vector

v(D) = ∑
i∈N

viDi ∈ Fq[D]n,

defined as

wt(v(D)) = ∑
i∈N

wt(vi),

being wt(vi) the number of the nonzero components of vi.
In [6], Rosenthal and Smarandache showed that the free

distance of an (n,k,δ ) convolutional code is upper bounded
by

dfree(C )≤ (n− k)
(⌊

δ

k

⌋
+1
)
+δ +1. (1)

This bound was called the generalized Singleton bound since
it generalizes in a natural way the Singleton bound for
block codes (when δ = 0): code distance ≤ n− k + 1. An
(n,k,δ ) convolutional code whose free distance is equal
to the generalized Singleton bound is called a maximum
distance separable (MDS) code [6].

1Therefore, the degree δ of a convolutional code C is the sum of the
row degrees of one, and hence any, minimal basic encoder.
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III. RANK METRIC CODES
Let A,B ∈ Fn×m

q . It is known [7] that

drank(A,B) = rank(A−B) (2)

is a distance between A and B, called rank distance. There-
fore, any subset of Fn×m

q equipped with this distance is a
rank metric code.

In particular, an (n×m,k) linear rank metric code C ⊂
Fn×m

q of rate k/nm is the image of a monomorphism ϕ :
Fk

q → Fn×m
q . We write ϕ = φ ◦ψ as a composition of a

monomorphism ψ and an isomorphism φ .

ϕ : Fk
q

ψ−−−−−−→ Fnm
q

φ−−−−−→ Fn×m
q

u 7→ v = (v0, . . . ,vnm−1) = uG 7→V = φ(v)

where G∈Fk×nm
q and we let, for instance, [Vi j] = vi+n j, where

0≤ i < n and 0≤ j < m. As usual, the rank distance of the
code, drank(C ), is the minimum distance between nonzero
codewords.

In the following, we shall assume that n ≤ m (but analo-
gous results can be given for the other case). Then, it is not
too difficult to find the expression for the Singleton bound,
which is shown next.

Theorem 3.1: The rank distance of an (n×m,k) linear
rank metric code is upper bounded by

drank(C )≤ n−
⌊

k−1
m

⌋
= n−

⌈
k
m

⌉
+1. (3)

Proof: It follows directly from the fact (see for instance
[7]) that

logq |C | ≤max{n,m}(min{n,m}−drank(C )+1).

IV. RANK METRIC CONVOLUTIONAL CODES
Let A(D) = ∑i∈N AiDi,B(D) = ∑i∈N BiDi ∈ Fn×m

q [D]. We
define the sum-rank distance between A(D) and B(D) as

dSR(A(D),B(D)) = ∑
i∈N

rank(Ai−Bi) (4)

Lemma 4.1: The sum-rank distance dSR is actually a dis-
tance in Fn×m

q [D].
Proof: Obviously dSR

(
A(D),B(D)

)
= dSR

(
B(D),A(D)

)
and dSR

(
A(D),B(D)

)
≥ 0 with dSR

(
A(D),B(D)

)
= 0 iff

A(D) = B(D). Further, as rank(X +Y ) ≤ rank(X)+ rank(Y )
for any X ,Y ∈ Fn×m

q , then the triangular inequality readily
follows,

dSR
(
A(D),B(D)

)
= ∑

i∈N
rank(Ai−Bi)

≤ ∑
i∈N

rank(Ai−Ci)+ rank(Ci−Bi)

= dSR
(
A(D),C(D)

)
+dSR

(
C(D),B(D)

)
.

A rank metric convolutional code C ⊂ Fn×m
q of rate k/nm

is the image of an homomorphism ϕ : Fq[D]k → Fq[D]n×m

provided with the sum-rank distance.

As for rank metric codes, we write ϕ = φ ◦ ψ as a
composition of a monomorphism ψ and an isomorphism φ .

ϕ : Fq[D]k
ψ−−→ Fq[D]nm φ−−→ Fq[D]n×m

u(D) 7→ v(D) = u(D)G(D) 7→V (D) = [Vi j(D)]

where G(D) ∈ Fk×nm
q is the encoder of C , and

Vi j(D) = vi+n j(D) and v(D) = (v0(D), . . . ,vnm−1(D)).

In order to avoid catastrophic encoders we assume that the
encoder G(D) is basic. Moreover, note that minimality (i.e.
the row reduced form) of the encoder G(D) can always be
achieved by left multiplication with an unimodular matrix
U(D), since both G(D) and Ĝ(D) = U(D)G(D) have the
same image. Therefore, without loss of generality, we may
consider G(D) to be minimal with minimum degree δ (sum
of the row degrees of G(D)).

In this case, all the parameters defining the code C can
be resumed by saying that it is an (n×m,k,δ ) rank metric
convolutional code.

The sum-rank distance of a rank metric convolutional code
C is defined as

dSR(C ) = min
V (D),U(D)∈C and V (D)6=U(D)

dSR
(
V (D),U(D)

)
= min

06=V (D)∈C
rank

(
V (D)

)
We are now in a position to obtain an upper bound on the

sum-rank distance of a rank metric convolutional code.
Theorem 4.1: Let C be an (n×m,k,δ ) rank metric con-

volutional code. Then, the sum-rank distance of C is upper
bounded by

dSR(C )≤ n
(⌊

δ

k

⌋
+1
)
−


k
(⌊

δ

k

⌋
+1
)
−δ

m

+1. (5)

Proof: Let ν1,ν2, . . . ,νk be the row degrees of G(D)
and ν = min{ν1,ν2, . . . ,νk} denote the value of the smallest
row degree. Finally, let t be the number of indexes νi among
the indexes ν1,ν2, . . . ,νk having the value ν . Without loss
of generalization, let ν1 ≥ ν2 ≥ ·· · ≥ νk−t = · · · = νk = ν

and G(D) = G0 +G1D+G2D2 + · · ·+Gν1Dν1 . Take u(D) =
u = (0, . . . ,0,uk−t , . . . ,uk) ∈ Fk

q constant to obtain uG(D) =

v(D) = v0 + v1D+ v2D2 + · · ·+ vν Dν (note that the degree
of v(D) is bounded by ν and not by ν1). Denote V (D) =
φ(v(D)) = V0 +V1D+ · · ·+Vν Dν . As G(D) is basic, G0 is
full row rank and we can select uk−t , . . . ,uk such that v0 =
uG0 satisfies wt(v0)≤ nm−t+1 and therefore rank(φ(v0))=
rank(V0)≤ n−

⌊ t−1
m

⌋
= n−

⌈ t
m

⌉
+1. Thus,

rank(V (D)) = ∑
0≤i≤ν

rank(Vi)

≤ nν +(n−
⌈ t

m

⌉
+1)

= n(ν +1)−
⌈ t

m

⌉
+1.

This upper bound is maximized when ν is as large as possible
and t as small as possible. However, note that, roughly
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speaking, increasing ν by a unit is equivalent to decreasing
t by mn. Therefore, we first maximize ν and then minimize
t. For given k and δ = ∑1≤i≤k νi, it is clear that ν ≤

⌊
δ

k

⌋
.

Once ν =
⌊

δ

k

⌋
, one can check that t ≥ k

(⌊
δ

k

⌋
+1
)
−δ , the

equality holding when the maximum row degree is ν + 1.
This concludes the proof.

Observe that, similarly to (1), also formula (5) provides a
generalized Singleton bound, being equal to (3) when δ = 0.
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A unified approach to Nevanlinna-Pick interpolation problems.

Laurent Baratchart1 and Martine Olivi1 and Fabien Seyfert1

Abstract— This work deals with Complex-valued interpola-
tion by a Schur rational function of given degree at a set of
nodes located in the closed lower half-plane, with prescribed
maximum points for the modulus (i.e. points where it is equal
to 1) on the real axis. The motivation comes from broadband
matching, for which the technique we develop offers a new tool.

I. INTRODUCTION

From the seventies on, Nevanlinna-Pick interpolation has
been widely studied in connection with various problems in
signal processing and control [2]. The theoretical approach
developed in [16], in which interpolants are viewed as oper-
ator dilations, is at the origin of a wide literature including
constructive results [19], [10]. Among the most relevant (and
also historical) application domains, we mention sensitivity
minimization ([18], [19]), filter design and broadband match-
ing [17].

Pick’s theorem yields necessary and sufficient conditions
on a set of interpolation data in order that there exists a
complex analytic function bounded by 1 in modulus (a so-
called Schur function) to meet these conditions on the disc
or the half-plane. Composing with the Cayley transform z 7→
(1−z)/(1+z), the problem may be equivalently be stated in
terms of Carathéodory functions rather than Schur functions
(a Carathéodory function is an analytic function with non-
negative real part).

Nevanlinna’s theorem gives a description of all solutions
to this interpolation problem [9, Ch. I, sec. 2, Ch. IV, sec. 6].
However, in applications, it is essential to control the degree
of the interpolant. Interpolation with a degree constraint
was considered in connection with the covariance extension
problem in [12], in which the spectral density plays a key role
in controlling the degree. Subsequently in [10], the following
interpolation problem was studed: describe all Caratheodory
functions Y (z) of degree at most l solving l+1 interpolation
conditions

Y (z j) = w j, j = 0, . . . , l,

where z0,z1,z2 . . .zl lie interior to the analyticity domain and
the interpolation values w0,w1,w2 . . . ,wl are such that the
associated Pick matrix P is positive definite; the last condi-
tion corresponds to the indeterminate case (i.e. the problem
has more than one solution [8], [1]). An existence result was
proved [10, Theorem 5.2], showing that to each polynomial
d(z) of degree at most 2l there is a pair of polynomials (π,χ)

1Laurent Baratchart, Martine Olivi and Fabien Seyfert are
with Inria, the French National Institute for computer science
and applied mathematics, BP 93, 06 902 Sophia-Antipolis
Cedex, France, Laurent.Baratchart@inria.fr,
Martine.Olivi@inria.fr, Fabien.Seyfert@inria.fr

such that Y = π

χ
is a Carathodory function of degree at most

l satisfying the above interpolations conditions, and having
d(z) as “dissipation polynomial”:

d(z) = π(z)ξ ∗(z)+π
∗(z)ξ (z) (1)

where the superscript * indicates the paraconjugate polyno-
mial (see definitions below). In fact, after normalization, the
correspondence between dissipation polynomials and rational
solutions π/χ is one-to-one. This result was proved in [6]
for the covariance extension problem when d(z) is strictly
positive on the boundary of the analyticity domain, and in
[11] in the general case where d(z) ≥ 0 there. Later, the
theory was further adapted to issues in control and filter
design, where freedom in the choice of d(z) can been used
to shape the interpolants in order to meet additional design
specifications (see e.g. [14]).

In the present work, we analyze a still more general
version of this problem where both the interpolation con-
ditions and the zeros of the dissipation polynomial may lie
on the boundary. Our motivation comes from broadband
matching, and it is more natural to formulate the problem
in terms of the scattering matrix representation of a two-
port, which is a 2×2 matrix of complex-valued functions of
the frequency. Both for technical and practical reasons, we
choose to work on the lower half-plane C− rather than the
disk or the more classical right-half-plane. In this framework,
the paraconjugate of a polynomial p is p∗(s) = p(−s). The
scattering matrix of a lossless filter is thus a 2×2 function,
analytic in C−, and assuming unitary values on the real line
(real points represent frequencies). Such a matrix is called
inner. The filter is finite-dimensional if its scattering matrix
is rational, and finite-dimensional filters are those realizable
in practice.

Fig. 1. Filter plugged to a load L with reflection coefficient L11

Hereafter, we identify two-ports with their scattering ma-
trix. The problem of synthesizing the filter S in Figure 1 so
that the reflexion coefficient G11 of the scattering matrix of
the global system is smallest possible on some bandwidth is a
very old one. It corresponds to the need of conveying energy
to the system L in the bandwidth, rather than having the
energy bouncing back. When the filter is finite-dimensional,
the so-called matching theory of Fano and Youla [7] provides
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one with a parametrization of all G that can be realized as in
Figure 1 for fixed L and varying S of given degree. However,
it is still unknown at present how to set up matching filtering
characteristics from this parametrization, as soon as the load
has degree greater that one. Another approach was proposed
by J. Helton [13] in an infinite dimensional setting, where the
matching problem gets reformulated as a H∞ approximation
problem of Nehari type, the solution to which is elegantly
produced in terms of the norm and maximizing vectors of
a Hankel operator. However, the “infinite degree” of this
optimal filter makes it hardly realizable or even computable
in practice.

We propose here an intermediate approach [3] where a
finite-dimensional filter response of prescribed degree is be-
ing synthesized by imposing matching and stopping frequen-
cies with respect to some general frequency varying load. A
classical computation show that the reflection coefficient G11
of the overall system at frequency ω is

G11(ω) = det(S(ω))
S22(ω)−L11(ω)

1−S22(ω)L11(ω)
.

A matching frequency, that is, a frequency ω for which
G11(ω) = 0, satisfies (whenever |L11(ω)|< 1) that

S22(ω) = L11(ω). (2)

In contrast, a stopping frequency ω , defined by the property
that |G11(ω)| = 1, satisfies (whenever |L11(ω)| < 1) that
|S22(ω)|= 1 or equivalently that

S12(ω) = S21(ω) = 0. (3)

Writing S (of McMillan degree l) in Belevitch form [5],
normalized so that lims→∞ S(s) = I2 (see remark 2.1), we
have that

S =
1
q

[
p∗ −r
r∗ p

]
, (4)

where p,q are monic complex polynomials of degree l and
r is a complex polynomial of degree at most l−1, satisfying
the Feldtkeller equation:

qq∗ = pp∗+ rr∗. (5)

If (x1,x2, . . . ,xl) denotes a set of matching frequencies and
if we set γ j = L11(x j) for j = 1, . . . , l, the matching problem
amounts to solve (7) whith fixed transmission polynomial
r by imposing l − 1 stopping frequencies. This problem
looks quite similar to the one considered in [10], how-
ever there is a major difference: interpolation takes place
on the boundary. In [3], existence and uniqueness of the
solutions were proved under the restrictive assumption that
r has no root on the real axis, which is not suited for
the application to broadand matching just described. In this
paper, we remove this requirement. Moreover, we consider
two different normalizations and deal with mixed type of
interpolation conditions (in the analyticity domain and on the
boundary). We propose a topological approach that provides
an algorithmic way to compute the solutions. The tricky part
is to address both interpolation points on the real line and

non strictly positive dissipation polynomials. This is possible
upon moving back and forth from Schur to Carathéodory
functions and using representation formulas in the Hardy
space H2(C−) for Carathéodory functions.

II. MAIN RESULTS.

Let X = (x1,x2 . . .xm) be m distinct real points associated
to m interpolation values γ = (γ1,γ2 . . .γm) in Dm, with D the
unit disk. Let further Z = (z1,z2 . . .zl) ∈ (C−)l be l distinct
complex numbers associated to l complex interpolation val-
ues β = (β1,β2 . . . ,βl). We define P(Z,β ) to be the so-called
Pick matrix associated with the interpolation data (zk,βk),
namely the Hermitian l× l matrix defined by:

Pk, j(Z,β ) =
1−βkβ j

i(zk− z j)
. (6)

We denote by P+
Z (or simply P+), the set of those β ∈ Cl

such that (Z,β ) is positive definite. The total number of
interpolation conditions is thus equal to N = m+ l.

We consider the following two problems, each of which
corresponds to a specific normalization :
Given X ∈ Rm, γ ∈ Dm, Z ∈ (C−)l , β ∈ P+ and r 6= 0 a
complex polynomial of degree at most N − 1, such that
r(xk) 6= 0, k = 1, . . . ,m,
to find (p,q) a pair of complex polynomials such that,

p
q
(xk) = γk, for k = 1, ..,m (7)

p
q
(zk) = βk, for k = 1, .., l (8)

qq∗− pp∗ = rr∗ (9)

where
Problem P: p and q are monic of degree N and q is stable
in the broad sense (no root in the open lower half-plane C−).
Problem P̂: p and q have degree at most N−1, q is stable
in the broad sense, and verifies the normalization q(−i)> 0.

Remark 2.1: Problem P imposes a normalization at in-
finity on the interpolant p/q, since p, q are monic of degree
N hence (p/q)(∞) = 1. In connection with the matching
problem discussed in Section I, where p/q is thought of
as the entry S22 of the scattering matrix S of a filter, this is
justified in that the low-pass equivalent model of LC-resonant
filters behaves like an open circuit at infinite frequency,
which translates into the normalization S(∞) = Id. However,
if for example we add a transmission line in front of the filter,
this line can be modeled in the narrow band approximation
by a reflection coefficient which is unimodular with free
phase at infinity. This extra design parameter can be used
to meet an additional interpolation condition or, in a dual
way, to reduce the degree of p and q while keeping the
interpolation properties of p/q. This leads us naturally to
problem P̂ .

Let PN designate the set of complex polynomials of degree
at most N and PMN the subset of monic polynomials. To each
Q∈P2N which is non-negative on R, we associate by spectral
factorization a unique polynomial ϕ̂(Q) ∈ PN of degree half
the degree of Q such that ϕ̂(Q)(ϕ̂(Q))∗ = Q, which is stable
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in the broad sense and satisfies ϕ̂(Q)(−i)> 0. If in addition
Q is monic of degree 2N, we put ϕ(Q) ∈ PMN for the
corresponding polynomial, normalized this time so as to be
monic. We also put N̂ = N− 1. Now, for fixed r, Equation
(5) associates
• to each p ∈ PMN a unique monic polynomial q =

ϕ(pp∗+ rr∗) ∈ PMN ,
• to each p∈ PN̂ a unique polynomial q = ϕ̂(pp∗+rr∗)∈

PN̂ .
The two spectral factorizations ϕ and ϕ̂ allow us to define

two evaluation maps which play an essential role in the study
of problem P and problem P̂:

ψ : p ∈ PMN →



p(x1)/q(x1)
...

p(xm)/q(xm)
p(z1)/q(z1)

...
p(zl)/q(zl)


, (10)

where q∈ PMN is computed from p using the map ϕ , and

ψ̂ : p ∈ PN̂ →



p(x1)/q(x1)
...

p(xm)/q(xm)
p(z1)/q(z1)

...
p(zl)/q(zl)


, (11)

where q ∈ PN̂ is computed from p using the map ϕ̂ .
Since |p|2 ≤ |p|2 + |r|2 = |q|2 on R in both cases, the

rational function p/q has no real pole and no pole in C−
since q is stable in the broad sense. Thus, by the maximum
principle, we conclude that |p/q| ≤ 1 on C−. In addition,
since no xk is a root of r by assumption, we have that
|p(xk)/q(xk)| < 1 hence p/q is not a Blaschke product.
Therefore the Pick matrix associated with the interpolation
data (zk, p(zk)/q(zk)) must be positive definite whence ψ and
ψ̂ take their values in Dm×P+

Z .
Below, we say that a polynomial p ∈ PN̂ has n zeros at

infinity if p has degree N̂−n. Zeros at infinity are considered
to lie on the real line. Hereafter the degree of p is abbreviated
as deg p. The main result of the paper may now be stated as
follows.

Theorem 2.1: 1) ψ is a homeomorphism from PMN onto
the product space Dm×P+. If p ∈ PMN has no real root in
common with r, then ψ is continuously differentiable in a
neighborhood of p with invertible derivative, hence it is a
local diffeomorphism at p.
2) ψ̂ is a homeomorphism from PN̂ onto Dm×P+. If p ∈ PN̂

has no common real root with r (including at infinity), then
ψ̂ is differentiable at p and its differential is invertible, hence
it is a local diffeomorphism at p.

Remark 2.2: Theorem 2.1 shows that, if no root of r co-
incides with an interpolation point on the real line, Problems
P and P̂ have one and only one solution. If p has a common

real root with r, then the associated scattering matrix (4)
drops in degree.

We now come to a Proposition that enables us to use
continuation techniques in order to practically solve for
problem P . We define PMN(r) to be the open subset of
PMN comprised of those polynomials that have no common
real root with r.

Proposition 2.1: ψ(PMN(r)) is an open, dense and con-
nected subset of Dm×P+. Suppose that ν0,ν1 both lie in
ψ(PMN(r)), and that γ is a continuous path from ν0 to ν1
in Dm×P+. Then, for every ε > 0 there exists a continuous
path γ̂ from ν0 to ν1 in ψ(PMN(r)) such that

sup
t∈[0,1]

‖γ̂(t)− γ(t)‖ ≤ ε,

where ‖.‖ designates an arbitrary but fixed norm on R2N ∼
CN ⊃ Dm×P+.

We also point out an interesting relation between problem
P and P̂ . In the statement we write ψr and ψ̂r to stress the
dependency of ψ , ψ̂ with respect to the polynomial r.

Proposition 2.2: Suppose ν ∈ Dm × P+, and (αk) is a
sequence of real numbers tending to +∞. Let pk = ψ−1

αkr(ν)

and write the leading term of ϕ̂(α2
k rr∗+ pk p∗k) in the form

eiβk , noting that it is unimodular. Then, we have that

lim
k→∞

eiβk
pk

αk
= ψ̂

−1
r (ν).

III. A TASTE OF PROOFS.
We give an idea of the proof of Theorem 2.1, part 1). A

complete proof may be found in [4]. The proof of part 2)
must be adapted, but follow the same lines.
Step 1. The map ψ is continuous at every p and if p has
no real common root with r, then ψ is differentiable at p.
This mainly relies on analogous properties for the spectral
factorization ϕ .
Step 2. ψ is injective.
Step 3. ψ is proper: the pre-image of each compact set in
Dm×P+ is compact.
Step 4. ψ is a homeomorphism from PMN onto Dm×P+.
This result is established using a famous result by Brouwer,
known as invariance of the domain [15, chap. 10, sect. 62]. If
Ω⊂Rn is open and f : Ω→Rn is continuous and injective,
it says that f is an open map, meaning that it maps open
sets to open sets. Hence f (Ω) is open and the inverse map
f−1 : f (Ω)→Ω is continuous, that is: f is a homeomorphism
onto its image. Finally, the fact that the image of PMN is all
of Dm×P+ rests on the properness of ψ which implies that
ψ(PMN) is closed (and open according to the above) in the
connected space Dm×P+.
Step 5. The map ψ is a diffeomorphism from PMN(r) onto
its image.

Our proof of the injectivity of ψ as well as the fact that the
differential of ψ is locally invertible in a neighborhood of p∈
ψ(PMN(r)) relies on representation formulas in the Hardy
space H2(C−). Every f ∈H2(C−) is the Cauchy integral of
the non-tangential limit of its real part:

f (z) =− 1
iπ

∫
R

ℜ f (t)
t− z

dt, z ∈ C−, (12)
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and the non-tangential limit of its imaginary part is the
Hilbert transform of the nontangential limit of its real part
[9, Ch. III, sec. 2]:

ℑ f (x) =
1
π

lim
ε→0+

∫
|x−t|>ε

ℜ f (t)
t− x

dt, a.e. x ∈ R. (13)

Consequently, the nontangential limit of f can be recovered
from its real part as

f (x) = ℜ f (x)+
i
π

lim
ε→0+

∫
|x−t|>ε

ℜ f (t)
t− x

dt, a.e. x ∈ R.
(14)

To use these formulas, we move from the Schur class S
to the Carathéodory class C . The map f 7→ (1− f )/(1+ f )
maps C to S and back. However, the image of f ∈S under
this map may not be in H2(C−). This has to do with the
fact that real parts of Carathéodory functions, unlike those of
Schur functions, may be Poisson integrals of measures rather
than functions, and therefore cannot in general be recovered
from their pointwise trace on R.

We now briefly explain how injectivity is proved. Assume
that there exist distinct polynomials p1(z) and p2(z) in PMN

such that ψ(p1) = ψ(p2). For j = {1,2}, let q j = ϕ(p j), we
have

p1

q1
(xk) =

p2

q2
(xk), 1≤ k ≤ m, (15)

p1

q1
(z`) =

p2

q2
(z`), 1≤ l ≤ l. (16)

Since, there are at most degr real numbers t for which
|p j(t)/q j(t)| = 1, we can find a complex number ξ of
modulus 1, distinct from −1, such that 1+ξ p j/q j is never
zero on R for j = {1,2}. Consider the Cayley transforms of
the Schur functions ξ p j/q j, that is

1−ξ
p j(z)
q j(z)

1+ξ
p j(z)
q j(z)

=
1−ξ

1+ξ
+Yj(z), (17)

where
Yj :=

(
2ξ

1+ξ

)
q j(z)− p j(z)

q j(z)+ξ p j(z)
(18)

is a Carathéodory function which belongs to H2(C−). By a
straightforward computation we obtain

ℜ(Yj) = Yj +Y ∗j =
d
g j

, (19)

where

d =
2rr∗

|1+ξ |2
, g j =

(q j +ξ p j)(q j +ξ p j)
∗

|1+ξ |2
, (20)

are non-negative polynomials, g j being monic. At each real
interpolation point xk, we rewrite (15) using (13):

J(xk) =
∫

∞

−∞

d(t)
g2(t)−g1(t)

g1(t)g2(t)
dt

t− xk
= 0, (21)

where we omitted the principal value in the integral (21)
because the integrand is in fact nonsingular. At each complex
interpolation point zk, we rewrite (16) using (12)

I(zk) =
∫

∞

−∞

d(t)
g2(t)−g1t)
g1(t)g2(t)

dt
t− zk

= 0, (22)

and taking conjugates

I(zk) =
∫

∞

−∞

d(t)
g2(t)−g1(t)

g1(t)g2(t)
dt

t− zk
= 0. (23)

We now combine linearly equations (22), (23) and (21) using
2l+m arbitrary complex coefficients. Putting everything over
a common denominator yields∫

∞

−∞

d(t)
g2(t)−g1(t)

g1(t)g2(t)∏
l
k=1 |t− zk|2

Q(t)dt
∏

m
k=1(t− xk)

= 0, (24)

for any polynomial Q in P2l+m−1. Observing now that
g2 − g1 vanishes at the xk, and choosing Q(t) = (g2(t)−
g1(t))/∏

m
1 (t− xk) (note that g2 and g1 being monic g2−g1

has degree at most 2l + m− 1), we conclude since the
integrand is nonnegative that g1 = g2. But, given d,g j non
negative polynomials such that d/g j belongs to L2(R), there
exist a unique Yj ∈ H2(C−) satisfying (19). Thus Y1 = Y2,
which in turn implies p1 = p2 and q1 = q2.
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On characteristic cones of scalar autonomous nD systems, with general n*

Mousumi Mukherjee1 and Debasattam Pal2

Abstract— In this paper, we give an algebraic condition that
is equivalent to a given cone being a characteristic cone for a
scalar autonomous nD system, for a general n. The nD systems
that we consider are described by linear partial difference
equations with real constant coefficients. We obtain this result
by exploring the fact that cones in the domain (the nD integer
grid) have a rich algebraic structure – that of an affine
semigroup. The need for a novel algebraic characterization
arises because the method used for 2D systems does not extend
for n > 3; we show this by an example. The necessary and
sufficient condition that we derive can be used to check whether
a given cone is a characteristic cone for a scalar autonomous
nD system by standard computer algebra packages.

Index Terms— Multidimensional systems, characteristic
cones, affine semigroups.

I. INTRODUCTION

Physical systems having one independent variable, namely,
time, are described by ordinary differential/difference equa-
tions. However, many applications require more than one
independent variables to model the dynamics of the physical
system. The independent variables can be spatial coordinates,
which include applications from image and video processing,
or there can be some spatial variables and a time vari-
able, which include applications from electromagnetic theory,
quantum mechanics, grid sensor networks and multidimen-
sional filtering [1]. Such systems are described by partial
differential/difference equations (PDEs) in n independent
variables and are known as multidimensional systems or, in
short, nD systems.

The solution of a homogeneous k-th order ordinary differ-
ence equation is uniquely specified if k independent initial
conditions are known. These initial conditions are composed
of the values of the solution at k distinct points on the
discrete time axis. This set of k points is a characteristic
set for the system: Characteristic sets are special subsets of
the domain (the set over which the trajectories evolve) with
the defining property that, for every trajectory in the system,
the knowledge of its values on the characteristic set uniquely
identifies the trajectory over the whole domain. Characteristic
sets are useful in studying system properties such as stability
[2], [3], Markovian-ness [4], finite dimensionality [5], [3],

*This work has been supported in parts by the Department of Science
and Technology (DST), Govt. of India (Grant Code: IFA14-ENG-99) and the
Industrial Research and Consultancy Centre (IRCC) IIT Bombay (Project
ID: 15IRCCSG012)

1Mousumi Mukherjee is with the Department of Electrical Engineer-
ing, Indian Institute of Technology Bombay, Powai, Mumbai, India.
mousumi@ee.iitb.ac.in

2Debasattam Pal is with the Department of Electrical Engineer-
ing, Indian Institute of Technology Bombay, Powai, Mumbai, India.
debasattam@ee.iitb.ac.in

etc. Unlike 1D systems, for nD systems with n > 2, charac-
teristic sets need not always be a finite collection of points
in the domain; rather, they come in various shapes and sizes.
Indeed, for n > 2 characteristic sets may contain infinitely
many points (for example, see [6], where it was shown that
every 2D autonomous system admits a finite union of parallel
lines as characteristic sets). Properties of characteristic sets,
in particular, characteristic cones, and their applicability in
stability analysis for 2D systems were studied by Valcher
[3]. However, Valcher’s method of checking whether a given
cone is a characteristic cone for a system cannot be extended
to nD systems, with n > 3. The principal reason behind
that is as follows. Valcher’s method uses a decomposition [3,
Proposition 4.1] of 2D autonomous systems into a sum of
two subsystems, where one is finite dimensional and the other
is square. By this decomposition, the problem of checking
for characteristic cone of general 2D autonomous systems
reduces to doing the same for only square 2D autonomous
systems [3, Lemma 2.6]. This decomposition, it turns out,
does not extend to n > 3. Consequently, Valcher’s methods
become unusable for general nD systems with n > 3. We
elaborate on this in Section III.

To circumvent this difficulty of decomposition, we propose
an entirely new approach to determine if a given cone is a
characteristic cone for an nD autonomous system with n >
2. Our approach explores the fact that cones in the integer
grid Zn have the algebraic structure of an affine semigroup. A
detailed discussion follows in Section IV. The main result of
this paper, Theorem 5, uses this algebraic structure of cones
to solve the problem of determining characteristic cones for
nD autonomous systems, with general n > 2.

The organization of the paper is as follows: Section II
introduces the notation and preliminaries used in the paper.
Section III explains why extension of Valcher’s result for
n > 3 is not possible. The relation between polyhedral
cones, affine semigroups and the algebra generated by them
is discussed in Section IV. The main result of this paper is
presented in Section V. Examples to validate the main result
for higher dimensions (n > 3) are given in Section VI.

II. NOTATION AND PRELIMINARIES

A. Notation

The ring of integers and the collection of all n-tuples of
integers are denoted by Z and Zn, respectively. We use the
symbols R and C to denote the fields of real numbers and
complex numbers, respectively. Non-negative real numbers
are represented by R>0. The set of natural numbers, that is,
{0, 1, 2, 3, . . .}, is denoted by N. The set of all maps from
Zn to R is denoted by W , that is, W :=

{
w : Zn −→ R

}
;
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often, we use the symbol (R)Z
n

, too, for the set W . We
use σ and σ−1 to denote the n-tuple of shift operators
and that of the inverse shift operators, respectively. That
is, σ = (σ1, . . . , σn) and σ−1 = (σ−11 , . . . , σ−1n ). The
Laurent polynomial ring in n variables with real coefficients
is denoted by A := R[σ,σ−1] = R[σ±1]. To denote an
element f(σ,σ−1) ∈ A we often drop the argument and
write just f and we hope it to be understood from the context.
To denote a number, which is unspecified, the symbol • is
used. For example, R ∈ A•×1 means R is a matrix with
entries from A that has 1 column but an unspecified number
of rows. For a set S, the symbol |S| denotes the cardinality
of S.

B. Discrete scalar nD systems

A scalar nD system has only one variable of interest w,
which is a real-valued function of n independent variables,
k1, . . . , kn that take integral values. Denoting this n-tuple
of integers (k1, . . . , kn) by k, we note that w(k) ∈ R for
all k ∈ Zn. We call this function, w, a trajectory. In this
paper, we consider trajectories that are solutions of linear
partial difference equations with constant real coefficients.
Such difference equations are succinctly written using shift
operators σi’s for i = 1, 2, 3, . . . , n. The action of the i-th
shift operator, σi, on a trajectory w ∈ W is defined as(

σjiw
)

(k) := w(k1, . . . , ki−1, ki + j, ki+1, . . . , kn),

where j ∈ Z. For ν = (ν1, . . . , νn) ∈ Zn, the symbol
σν denotes the monomial σν11 . . . σνnn . The action of such
a monomial on a trajectory is defined as

(σνw) (k) =
(
σν+kw

)
(0) = w(k1 + ν1, . . . , kn + νn).

A Laurent polynomial is a finite linear combination of
Laurent monomials, i.e.,

f(σ,σ−1) ∈ A ⇒ f =
∑
ν∈S

ανσ
ν .

where αν ∈ R and S ⊆ Zn is finite. The action of a
polynomial on a trajectory is defined as

f(σ,σ−1)w =
∑
ν∈S

ανσ
νw. (1)

Thus f :W →W .
A scalar system of linear partial difference equations with

constant real coefficients is written in terms of the shift
operators as

R(σ,σ−1)w = 0 (2)

where R(σ,σ−1) ∈ A•×1. The solution set of equation (2),
i.e., the set of all trajectories w ∈ W that satisfy equation
(2) is called the behavior of the system, and is denoted by
B. In other words,

B =
{
w ∈ W | R(σ,σ−1)w = 0

}
= ker R(σ,σ−1). (3)

This is called a kernel representation of B and R(σ,σ−1)
is called a kernel representation matrix.

Several distinct kernel representation matrices can lead to
a single behavior. To avoid this non-unique representation of
a behavior, we use an alternative description. Let a ⊆ A be
an ideal, then define

B(a) =
{
w ∈ W | r(σ,σ−1)w = 0,∀ r ∈ a

}
⊆ W. (4)

Note that, if B is given by a kernel representation

B = ker

 r1(σ,σ−1)
...

rm(σ,σ−1)

 , (5)

then B = B(a), where

a :=
{ m∑
i=1

fi(σ,σ
−1)ri(σ,σ

−1) | fi(σ,σ−1) ∈ A
}
.

In this case, the ideal a is called the equation ideal of
B, and is also denoted as a = 〈r1, . . . , rm〉. Conversely,
given an ideal a ⊆ A, a kernel representation of B(a)
is given by B = ker R(σ,σ−1), with R(σ,σ−1) =[
r1(σ,σ−1) · · · rm(σ,σ−1)

]T
, where a = 〈r1, . . . , rm〉.

A behavior B defined by a kernel representation, or,
equivalently, by an equation ideal, has the structure of a
vector space over R. Indeed, B is clearly closed under
addition, and is also closed under multiplication by scalars
in R. Further, it will be important in the sequel to note that
B also has the structure of a module over A, where scalar
multiplication by an f ∈ A to a w ∈ B is defined as the
action f(σ,σ−1)w. It is not difficult to check that B is
closed under this scalar multiplication: for w ∈ B, we have
f(σ,σ−1)w ∈ B for all f ∈ A.

C. The quotient ring

The algebraic notion of a quotient ring associated with a
behavior B (or, equivalently, an equation ideal a) will be
of crucial importance in the sequel. Given an ideal a ⊆ A,
the quotient ring A/a is the set of all equivalence classes
originating from the equivalence relation defined as follows:
two elements f1, f2 ∈ A are said to be equivalent to each
other if f1 − f2 ∈ a. For an f ∈ A, its equivalence class
is denoted by f . It is straightforward to show that A/a has
the structure of a commutative ring (R-algebra) where the
addition and multiplication are inherited from those of the
parent ring A. In this paper, we use the symbolM to denote
the quotient ring A/a. Note that M also has the structures
of an A-module and an R-vector space.

We often need the canonical surjectionA�M that sends
every element in A to its equivalence class in M, that is,
A 3 f 7→ f ∈ M under the canonical surjection. Also
suppose m ∈ M and m̂ ∈ A is such that m̂ = m, then
m̂ ∈ A is called a lift of m.

The action of an element m ∈ M on a trajectory w ∈ B
will be of crucial importance in this paper. It is defined in
the following way: Suppose m ∈M and w ∈ B, then

m(w) := (m̂(σ,σ−1)w) (6)

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

840



where m̂ ∈ A is a lift of m. Note that this action is well
defined. Indeed, if m̂1 and m̂2 are two distinct lifts of m,
then m̂1 − m̂2 ∈ a. Therefore, the action on w ∈ B is

m̂1(σ,σ−1)w − m̂2(σ,σ−1)w =(
m̂1(σ,σ−1)− m̂2(σ,σ−1)

)
w = 0,

because m̂1 − m̂2 ∈ a. Hence, the actions of both the lifts
are the same on w, that is, m̂1(σ,σ−1)w = m̂2(σ,σ−1)w.
Thus, the action of m defined using a lift is well-defined.

D. Autonomous systems

Autonomous nD systems are characterized in various ways.
In [7], it was shown that 2D autonomous systems have
a full column rank kernel representation matrix. This is
equivalent to the condition that 2D autonomous systems have
proper cones of R2 intersected with Z2 as characteristic
sets (see [3]). Further equivalent algebraic conditions for
characterizing autonomy of (continuous) nD systems were
given in [2].

From the equivalent conditions, any scalar nD behavior
with non-zero kernel representation matrix is autonomous.
Therefore, a scalar nD behavior B is always autonomous if
the equation ideal a is nonzero. Furthermore, an autonomous
behavior is said to be strongly autonomous if and only if
the quotient ring M is a finite dimensional vector space
over R. Another way of characterizing strongly autonomous
behaviors is by characteristic variety. Characteristic variety
of a behavior B, with equation ideal a, is defined as the set

V(B) =
{
ξ ∈ Cn | r(ξ) = 0 ∀ r ∈ a

}
.

Given an equation ideal a, the corresponding behavior B is
strongly autonomous if and only if its characteristic variety
V(B) is a finite set [2].

E. Characteristic sets

For an autonomous discrete nD system with behavior B,
characteristic sets are special subsets of the domain (here Zn)
such that every trajectory w ∈ B can be uniquely extended
with the knowledge of w restricted to this set. The notion of
restriction of trajectories to subsets of the domain would be
helpful in order to define characteristic sets formally. Given
a trajectory w : Zn → R and a subset C ⊆ Zn, the restriction
of w to C, denoted by w|C , is defined as

w|C : C → R (7)

(w|C) (k) = w(k) for all k ∈ C.

Now we formally define a characteristic set [3].

Definition 1. Given a behavior B, a subset C of Zn is said
to be a characteristic set for B if for every trajectory w in B,
the restriction of w to the set C, allows to uniquely determine
the remaining portion of w, that is, w|Zn\C can be uniquely
determined if w|C is known.

Example 2. Consider the scalar 2D behavior having kernel
representation as B = ker R with

R =

[
σ2 − 5
σ1 − 3

]
∈ R[σ±11 , σ±12 ]2×1.

Explicitly writing the equations we get,[
σ2 − 5
σ1 − 3

]
w(k1, k2) = 0.

σ2w(k1, k2) = 5w(k1, k2), σ1w(k1, k2) = 3w(k1, k2)

w(k1, k2 + 1) = 5w(k1, k2), w(k1 + 1, k2) = 3w(k1, k2)

If w(0, 0) is known, it is possible to generate the values
of the trajectories at every point in the discrete grid using
the relation w(k1, k2) = 3k15k2w(0, 0). Here the value at
one point (i.e., at (0, 0)) is sufficient for knowing the full
trajectory. Thus a characteristic set for this behavior is a
single point, namely, the origin {(0, 0)} ⊆ Z2.

III. WHY VALCHER’S RESULTS DO NOT EXTEND TO

n > 3?

In [3], Valcher proposes a method of determining whether
a given cone is a characteristic cone for a 2D autonomous
behavior B = ker R where, R ∈ R[σ±11 , σ±12 ]g×q . The
method crucially depends on a decomposition of autonomous
2D behaviors as a sum of two special type of autonomous be-
haviors. These two special subclasses of autonomous behav-
iors are as follows: finite dimensional behaviors and square
behaviors. A finite dimensional behavior is nothing but a
strongly autonomous behavior. On the other hand, square
autonomous behaviors are defined as kernels of nonsingular
square Laurent polynomial matrices. It was shown in [3,
Proposition 4.1] that every discrete 2D autonomous behavior
B can be decomposed as B = Bfd + Bsq, where Bfd is a
finite dimensional behavior and Bsq is a square behavior.
This decomposition is done in the following manner. Let
R ∈ R[σ±11 , σ±12 ]g×q be a kernel representation matrix for
B. Then R can always be factorized as R = R̃∆ where,
R̃ ∈ R[σ±11 , σ±12 ]g×q is right-factor-prime (see [8] for a
definition of right-factor-prime) and ∆ ∈ R[σ±11 , σ±12 ]q×q

is square and non-singular. It then follows that by defining
Bsq := ker ∆ there exists a right-factor-prime matrix Rfd ∈
R[σ±11 , σ±12 ](g+q)×q such that Bfd := ker Rfd is a finite
dimensional behavior and B can be written as B = Bfd +
Bsq. The construction of Rfd can be found in the proof of [3,
Proposition 4.1]. While it is clear why ker ∆ is square, the
fact that ker Rfd is finite dimensional (strongly autonomous)
follows from Rfd being right-factor-prime [9].

Using this decomposition, it was shown in [3, Proposition
2.6] that a proper cone (a closed, pointed, solid convex cone
is called a proper cone) is a characteristic cone for B if and
only if it is a characteristic cone for Bsq. It was further
shown that a proper cone is characteristic for the square
behavior Bsq if and only if it is a characteristic for the scalar
behavior Bδ , where Bδ := ker (det ∆). Thus the problem
of determining if a given proper cone is a characteristic
cone for a 2D behavior reduces to checking if the cone is a
characteristic cone for such a scalar behavior, which is the
kernel of a single polynomial. Checking whether a proper
cone is a characteristic cone for a scalar behavior is then
done by a neat graphical method [3, Proposition 2.8].
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Obviously, this analysis holds if the above-mentioned
decomposition exists. Thus, in order to extend Valcher’s
graphical method of checking for characteristic cones to nD
systems, with n > 3, an extension of the decomposition
result becomes mandatory. Unfortunately, the decomposition
does not extend for n > 3 as we show in Example 3 below.

Example 3. Consider the 3D discrete autonomous system

B = ker R, where R =

[
1 + σ1
1 + σ2

]
∈ R[σ±11 , σ±12 , σ±13 ].

Note that R is already right-factor-prime. So, as per the
above-mentioned decomposition of 2D behaviors, the square
part of B here is just {0}. However, note that B is not
finite dimensional either, although R is right-factor-prime.
(Indeed, B = ker R cannot be finite dimensional because
the characteristic variety is not a finite collection of points.)

IV. CONES, AFFINE SEMIGROUPS AND

SEMIGROUP-ALGEBRAS

One of the prime reasons for studying convex cones as
characteristic sets is because of their applicability to stability
analysis [3]. However, as pointed out in the last section, the
existing methods of handling characteristic cones becomes
inapplicable to the case of n > 3. Interestingly, proper cones
in Zn have rich algebraic structure – that of an affine semi-
group. The main contribution of this paper is in showing how
these algebraic structures can be exploited to resolve the issue
of characteristic cones for scalar discrete nD autonomous
systems for general n. In this section, we delineate these
algebraic structures associated with polyhedral cones in Zn:
namely, their structure as affine semigroups and the algebra
generated by them.

A. Cones and affine semigroups

A set C ⊆ Rn is called a cone if λC ⊆ C for all λ ∈ R>0.
If a cone admits the following representation

C =
{
λ1c1 + · · ·+ λdcd|λ1, . . . , λd ∈ R>0

}
then it is said to be finitely generated by c1, . . . , cd ∈ Rn and
is known as a polyhedral cone. Further, C is called rational if
c1, . . . , cd can be chosen to be vectors of rational numbers.

A cone is said to be convex if the line segment joining
any two points in the cone is also contained in the cone. A
convex cone is solid if it contains an open ball of Rn and it
is pointed if C ∩−C = {0}. A closed, pointed, solid, convex
cone is called a proper cone.

A subset of a group, which is closed under the group
operation and follows associativity, is called a semigroup.
A semigroup is an affine semigroup if it is isomorphic to
a subsemigroup of Zd for some d. According to Gordan’s
Lemma ([10, Theorem 7.16]), for every rational cone C ⊆
Rn, the intersection C ∩Zn is an affine subsemigroup of the
Abelian group Zn (under addition as the group operation).
It further follows from [10, Proposition 7.15, Theorem 7.16]
that such a cone C ∩ Zn admits a representation

C ∩ Zn =
{
λ1c1 + · · ·+ λrcr|λ1, . . . , λr ∈ N

}
,

where c1, . . . , cr ∈ Zn. In this paper, by a cone in Zn we
mean the intersection of a rational proper cone C ⊆ Rn with
Zn. From now on we slightly abuse the notation C to mean
C ∩ Zn, where C is a rational proper cone in Rn.

B. Semigroup algebras

Let C be a cone (or, equivalently, an affine semigroup) in
Zn. The semigroup algebra, denoted by R[C], plays a crucial
role in this paper. The algebra R[C] is defined in the following
manner

R[C] :=

{∑
ν∈S

ανσ
ν S ⊆ C, |S| <∞, αν ∈ R

}
. (8)

In other words, R[C] is the R-vector space of finite linear
combinations of monomials having their indices in C. Note
that C being closed under addition (because of its semigroup
structure) implies that R[C] is closed under multiplication.
Moreover, R[C] is clearly closed under addition. Thus, R[C]
is a subring (or, equivalently, a subalgebra over R)1 of A.

Cones in 2D are generated by two linearly independent
vectors. It is interesting to note that for n > 3, a cone can
have a generating set whose cardinality is more than n. For
example, in R3 a cone can be given by the intersection of
four half-spaces thus forming a cone with a quadrilateral
base, that is, 4 generating vectors.

V. ALGEBRAIC CHARACTERIZATION OF

CHARACTERISTIC CONES

This section presents the main result of the paper. Given
a cone C in Zn, let R[C] be the algebra defined by C (see
equation (8) above). Recall that R[C] is a subalgebra of A;
we define the natural inclusion map, Ψ̃, as

Ψ̃ : R[C] ↪→ A. (9)

Let a ⊆ A be the equation ideal of a scalar autonomous
behavior B. Note that, Ψ̃−1(a) = a ∩ R[C] ⊆ R[C] is an
ideal of R[C]. We denote by Q the quotient ring R[C]

a∩R[C] .
Clearly, Q has the structure of an R-algebra; in particular,
Q is a vector space over R.

We define the R-linear map

Ψ : Q →M (10)

in the following way: for m ∈ Q, let m̂ be a lift of m in
R[C]. By the natural inclusion map Ψ̃, m̂ ∈ A. Let m̂ ∈M
be the image of m̂ under the canonical surjection A�M.
Then Ψ is defined as

Ψ : m 7→ m̂. (11)

To show Ψ is well defined, suppose m has two distinct lifts
m̂1 and m̂2 in R[C] satisfying m̂1 − m̂2 ∈ a ∩ R[C]. By
the natural inclusion Ψ̃, m̂1 6= m̂2 in A. However, under
the surjection A �M, m̂1 = m̂2 because m̂1 and m̂2 are
equivalent modulo a. Thus Ψ is well defined. The definition
of Ψ is illustrated by the commutative diagram (Figure 1)
below.

1In fact, in the notation of the semigroup algebra, A = R[Zn].

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

842



R[C] A

Q M

Ψ̃

Ψ

Fig. 1. Commutative diagram showing Ψ.

Lemma 4. The R-linear map Ψ : Q →M is injective.

Proof: Let m1,m2 ∈ Q be such that Ψ(m1) = Ψ(m2).
It follows from the definition of Ψ that m̂1 = m̂2, where
m̂1, m̂2 ∈ R[C] are lifts of m1,m2, respectively. However,
m̂1 = m̂2 implies that m̂1 − m̂2 ∈ a. Since R[C] is a ring
m̂1 − m̂2 ∈ R[C]. It then follows that m̂1 − m̂2 ∈ a ∩ R[C].
Hence m1 −m2 = 0 ∈ Q. �

We now state the main result of this paper, Theorem 5.
While the map Ψ is always injective – as shown in Lemma
4 above – Theorem 5 shows that in order for a cone C to be
a characteristic cone, Ψ must be surjective as well.

Theorem 5. Let B be a scalar nD autonomous behavior
with equation ideal a ⊆ A. Then a cone (or, equivalently,
an affine semigroup) C ⊆ Zn is a characteristic cone for the
behavior B if and only if the R-linear map Ψ : Q →M as
defined in equation (11), is surjective.

We postpone the proof of Theorem 5 now, for we need
the following background development for the proof.

A. Duality between behaviors and R-algebras

Suppose B is a behavior with equation ideal a. Recall
that the quotient ring M has the structure of an R-vector
space and an A-module. We define, M∗ := HomR(M,R),
the algebraic dual of M as a vector space over R. In
other words, M∗ is the set of all R-linear functionals on
M. The proof of the following result, Proposition 6, is
straightforward.

Proposition 6. M∗ has the structure of an A-module, where
multiplication by scalars from A is defined as follows: for
ϕ ∈M∗,

(fϕ)(m) := ϕ(fm) for all f ∈ A.

The set of A-module morphisms from M to W and the
behavior B are isomorphic as A-modules, that is, B ∼=
HomA(M,W); this is the well-known Malgrange’s Theo-
rem [11]. Here we prove a variant of Malgrange’s Theorem,
that the behavior B and the algebraic dual M∗ of M are
also isomorphic as A-modules. This result is not new; it can
be found in various earlier works, see for example [11, page
61, equation 53]. However, we give a proof of this result for
the sake of completeness and easy referencing in the sequel.

Proposition 7. Let B be a discrete autonomous nD behavior
with equation ideal a ⊆ A. LetM be the quotient ring A/a
andM∗ its algebraic dual. Recall the definition of action of

M on B as defined in equation (6). Define the A-module
morphism Γ : B→M∗ in the following manner: for w ∈ B
and m ∈M,

(Γ(w)) (m) := (m(w))(0).

Then Γ is an isomorphism of A-modules.

Proof: It is enough to show that Γ is injective and surjective.
(Injectivity) Suppose, for a w ∈ B we have Γ(w) = 0 ∈
M∗, that is (Γ(w)) (m) = 0 for all m ∈ M. We want
to show that this means w ≡ 0, that is, w(k) = 0 for all
k ∈ Zn. In order for that, let k ∈ Zn be arbitrary. Then
w(k) =

(
σkw

)
(0). It then follows from the definition of

Γ and the definition of action of M on B (equation (6))
that

(
σkw

)
(0) =

(
σkw

)
(0) = (Γ(w))

(
σk
)

= 0 because
Γ(w) has been assumed to be the zero map on M. This
proves that Γ is injective.
(Surjectivity) Suppose ϕ ∈M∗, we want to show that there
exists w ∈ B such that Γ(w) = ϕ on M. We show this by
constructing such a w. Define, for k ∈ Zn

w(k) := ϕ
(
σk
)
.

We first claim that w ∈ B. Note that w ∈ W and
hence action of the shift operator σk on w is given by(
σkw

)
(0) = w(k) = ϕ

(
σk
)

. Let f ∈ A be an arbitrary
Laurent polynomial given by

f(σ,σ−1) =
∑
ν∈S

ανσ
ν ,

where S ⊆ Zn is finite and αν ∈ R. Using R-linearity of ϕ,
it then follows that, for the f ∈ A defined above, we must
have (

f(σ,σ−1)w
)

(0) =
∑
ν∈S

αν ((σνw) (0))

=
∑
ν∈S

αν (ϕ (σν))

= ϕ

(∑
ν∈S

ανσν

)
= ϕ

(
f(σ,σ−1)

)
(12)

Now, suppose f ∈ a, then from equation (12) we get that(
f(σ,σ−1)w

)
(0) = ϕ

(
f(σ,σ−1)

)
= ϕ(0) = 0,

because f ∈ a implies that f(σ,σ−1) = 0. Thus, for all
f ∈ a we have

(
f(σ,σ−1)w

)
(0) = 0. Now, given f ∈ a,

observe that σkf ∈ a for all k ∈ Zn. Therefore, it follows
that (

f(σ,σ−1)w
)

(k) =
(
σkf(σ,σ−1)w

)
(0) = 0.

Thus, for all f ∈ a, we have f(σ,σ−1)w ≡ 0, which means
w ∈ B.

Next, we claim that for this w we must have Γ(w) = ϕ
on M. Let m ∈M be arbitrary. Suppose m̂ ∈ A is a lift of
m. Then from the definition of Γ we have

(Γ(w)) (m) = (m(w)) (0).
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However, by equation (6), we have (m(w)) (0) =(
m̂(σ,σ−1)w

)
(0). It follows from equation (12) that(

m̂(σ,σ−1)w
)

(0) = ϕ
(
m̂(σ,σ−1)

)
= ϕ(m). Since m ∈

M was chosen arbitrarily, we have Γ(w) = ϕ on M. This
proves that Γ is surjective. �

Proposition 7 enables us to devise an algorithm for ob-
taining trajectories in a behavior given an equation ideal.
We elaborate on this algorithm in Lemma 8 below. Similar
methods have been presented in various earlier works; see
for example, [11, Remark 44].

The following lemma which provides an algorithm of
constructing trajectories given an equation ideal will be
helpful to prove Theorem 5.

Lemma 8. Let a ⊆ A be an equation ideal with behavior
B. Further, let E = {m1,m2,m3 . . .} ⊆ M be a (Hamel)
basis2 of M as a vector space over R. Suppose ϕ ∈ M∗.
Define w : Zn → R in the following manner: for k ∈ Zn

w(k) :=
∑
i

αiϕ(mi), (13)

where σk =
∑
i αimi. Since E is a basis of M, the above-

mentioned sums are finite. Then, w ∈ W thus defined is a
trajectory in B.

Proof: The proof immediately follows from Proposition 7 by
noting that w, as defined in equation (13) above, is nothing
but Γ−1(ϕ). �

B. Proof of the main result

With Proposition 7 and Lemma 8 in place, we are now in
a position to prove our main result, Theorem 5.
Proof of Theorem 5: (If) Suppose Ψ is surjective, we have
to show that C is a characteristic cone for B. It is enough to
show that for all w ∈ B we have, w|C = 0 implies w ≡ 0.
That is, for w ∈ B,

w(k) = 0 for all k ∈ C ⇒ w(k) = 0 for all k ∈ Zn.

In order to show this let w ∈ B be such that w|C = 0, and
let k ∈ Zn be arbitrary. Now, since Ψ is surjective, it follows
from the definition of Ψ that there exists f ∈ R[C] such that

σk − f ∈ a.

It then follows that
(
σk − f(σ,σ−1)

)
(w) ≡ 0. Therefore,

w(k) =
(
σkw

)
(0) =

(
f(σ,σ−1)w

)
(0). (14)

2A Hamel basis of a possibly infinite dimensional vector space V over a
field K is a subset E of V that satisfies:

1) elements in E are linearly independent over K, that is, no finite non-
zero linear combination of elements in E equals zero, and

2) every element of V can be written as a finite linear combination of
elements from E .

See [12, Section 2].

However, note that w|C = 0 implies that for all f ∈ R[C]
we must have

(
f(σ,σ−1)w

)
(0) = 0. Hence we get from

equation (14)

w(k) =
(
σkw

)
(0) = (f(σ,σ−1)w)(0) = 0.

Since k ∈ Zn was arbitrary, it follows that w ≡ 0.
(Only if) We assume that Ψ is not surjective, we want to
show that C then cannot be a characteristic cone for B. Recall
that Q denotes the R-algebra R[C]

a∩R[C] . We first note that there
exists S ⊆ C such that Q, as a vector space over R, admits
a (Hamel) basis of the following type:

Ẽ := {m ∈ Q | m has a lift σν ,ν ∈ S}

(see [13, Proposition 1.1]). Define

E := {σν ∈M | ν ∈ S} .

Clearly, E = Ψ
(
Ẽ
)

. Since Ψ is injective (see Lemma 4),
E is a linearly independent set in M. It then follows that
M admits a (Hamel) basis E ′ such that E ⊆ E ′ (see [12,
Corollary 2.2]). Note that we must have E ( E ′ because we
have assumed that Ψ is not surjective. Furthermore, Ψ being
not surjective also implies that there exists k∗ ∈ Zn \C such
that

σk∗ 6∈ span E .

In other words, there exists m ∈ E ′ \ E such that

σk∗ = αm+
∑
mi∈E′

αimi, (15)

where the sum is finite and α 6= 0.
Now, we shall define a ϕ ∈M∗ in the following manner.

Since ϕ is R-linear and E ′ is a basis of M as a vector
space over R, in order to define ϕ, it is enough to define its
action on the elements of E ′. Furthermore, this action of ϕ
on the elements of E ′ can be defined independently because
elements in E ′ are linearly independent. Therefore, we can
define ϕ ∈M∗ to be such that

ϕ(m) = 1
ϕ|E′\{m} = 0.

Then we construct a trajectory w : Zn → R from this ϕ
following equation (13) in Lemma 8. By Lemma 8, this w ∈
B. Now note that, for all k ∈ C, σk ∈ span E . Therefore,
from the construction of ϕ it follows that

w(k) = 0 for all k ∈ C.

In other words, w|C = 0. However, w 6≡ 0, because w(k∗) =
α 6= 0. This shows that C cannot be a characteristic set for
B. �
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VI. EXAMPLES

We now give two examples to illustrate Theorem 5.

Example 9. Consider the 3D behavior with kernel represen-
tation

B = ker

[
σ2
1 + σ2

2 + σ2
3 − 1

σ2σ3 − 1

]
.

The equation ideal is a = 〈σ2
1 + σ2

2 + σ2
3 − 1, σ2σ3 −

1〉 ⊆ R[σ±11 , σ±12 , σ±13 ]. Let C ⊆ Z3 be the cone generated
by c1 =

[
−1 0 0

]T
, c2 =

[
0 −1 0

]T
and c3 =[

0 0 −1
]T

, that is, C is the cone generated by non-
negative integral combination of the columns of the following
matrix.

MC =
[−1 0 0

0 −1 0
0 0 −1

]
.

We claim that C is a characteristic cone for the behavior B.
This is because the monomials σ−11 , σ−12 and σ−13 already

belong to R[C] and the monomials σνi , ν ∈ R>0, can be
written as σνi ≡ qi mod a where qi ∈ R[C]. Indeed,

σν1 ≡ (−σ−11 σ−22 − σ
−1
1 σ−23 + σ−11 )ν mod a

σν2 ≡ (σ−13 )ν mod a

σν3 ≡ (σ−12 )ν mod a.

Therefore for every m ∈ R[σ±11 , σ±12 , σ±13 ]/a there exists
a q ∈ R[C] such that Ψ(q) = m.

Example 10. This example is to check if the positive orthant
is a characteristic cone for the following 4D behavior given
by the kernel representation

B = ker

[
σ2
4 − 1

σ1σ2σ3 − 1

]
.

The equation ideal is a = 〈σ2
4 − 1, σ1σ2σ3 − 1〉 ⊆

R[σ±11 , σ±12 , σ±13 , σ±14 ]. The matrix representation of the
cone is

MC =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
Since monomials σ1, σ2, σ3 and σ4 belong to the cone it is
important to check if σ−11 , σ−12 , σ−13 and σ−14 can be written
as linear combination of monomials from the cone satisfying
the system equations. Simple calculations show that

(σ−11 )ν ≡ (σ2σ3)ν mod a

(σ−12 )ν ≡ (σ1σ3)ν mod a

(σ−13 )ν ≡ (σ1σ2)ν mod a

(σ−14 )ν ≡ σν4 mod a

where, σ2σ3, σ1σ3, σ1σ2 and σ4 belong to the cone. There-
fore the positive orthant is a characteristic cone for the
system.

It is worth mentioning here that the practical way to check
the characterization given in Theorem 5 is not at all obvious
because this requires the existence of a polynomial f ∈ R[C]
(refer to the sufficiency part of the proof of Theorem 5)

which, in general, cannot be found by inspection. However,
using standard results from computational commutative al-
gebra, algorithms can be provided for this check. This will
be dealt with in a future work.

VII. DISCUSSIONS AND CONCLUSIONS

This paper gives a necessary and sufficient algebraic
condition to check if a given cone is a characteristic cone
for a scalar autonomous multidimensional behavior. This
approach is general, unlike previous results of [3], as it is
applicable for nD systems with n > 2. The analysis uses the
fact that cones have the structure of an affine semigroup.

The added advantage of using algebraic methods is that
computational aspects are structured and algorithmic and
results from computational commutative algebra can be used.
This is a possible direction of future work. We also wish to
explore characteristic cones for vector valued autonomous
behaviors.
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[13] B. Sturmfels, Gröbner Bases and Convex Polytopes. American
Mathematical Society: University Lecture Series, 1996.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

845



A subspace intersection based method for faster computation of
the storage function for the lossless and all-pass cases

Ashish Kothyari, Cornelis Praagman, Madhu N. Belur and Debasattam Pal

Abstract— The Algebraic Riccati Equation (ARE) cannot
be formulated for the conservative/lossless and all-pass cases,
though the notion of ‘storage function’ is well-defined for these
cases too. New properties have been formulated recently about
the storage function matrix for this case, which gave rise to
new computational procedures. This paper targets improvement
of this algorithm by avoiding some key computation intensive
steps in minimal polynomial basis computation. We use the
Zassenhaus method for basis computation for the sum and
intersection of two subspaces. In addition to the conventional
Zassenhaus method, for improved numerical accuracy, we
propose LU and QR factorization methods with pivoting and
compare the results.
Keywords: subspace intersection algorithms, Zassenhaus algo-
rithm, minimal polynomial basis, LU factorization, QR factor-
ization

I. INTRODUCTION

The algebraic Riccati equation (ARE) has widespread
applications in many optimal control problems, for example,
in LQ control, H∞ and H2 control [15], [1]. Many conceptual
and numerical methods for finding solutions of the ARE
have been provided in [15], [3]. The link between storage
functions of dissipative systems and solvability of AREs
has been studied in [20], [22]. But, for a special class
of dissipative systems, namely energy-conservative systems,
the ARE is not defined. This is due to the fact that the
formulation of ARE depends on a certain regularity condition
which is not satisfied by conservative systems. For example,
for lossless systems which are conservative with respect to
‘positive real supply rate’ i.e uT y, where u is the input
and y is the output of the system, the ARE is not defined.
New properties that are satisfied for the storage function
for conservative case have been formulated in [5]. In this
paper we use these properties to develop an algorithm to
compute the unique storage function for the conservative
systems for which the ARE does not exist. Note that for

*This work was support in part by IRCC (IITB), SERB (DST) and BRNS,
India.

A. Kothyari, M.N. Belur and D. Pal are in the Department of
Electrical Engineering, Indian Institute of Technology Bombay,
India. Cornelis Praagman is with the Faculty of Economics
and Business, University of Groningen, the Netherlands. Email:
ashkothyari@ee.iitb.ac.in, c.praagman@rug.nl,
belur@iitb.ac.in, debasattam@ee.iitb.ac.in

lossless systems, due to the absence of energy-dissipation,
the notions of ‘available storage’ and ‘required supply’, the
two extremal storage functions, coincide: thus the storage
function is unique for the lossless case.

The notation used in the paper is standard. The set R and
C denote the fields of real and complex numbers respectively.
The set R[ξ ] denotes the ring of polynomials in ξ with real
coefficients. The set Rw×p[ξ ] denotes all w×p matrices with
entries from R[ξ ]. We use • when a dimension need not be
specified: for example, Rw×• denotes the set of real constant
matrices having w rows. The space C∞(R,Rw) stands for the
space of all infinitely often differentiable functions from R
to Rw, and D(R,Rw) stands for the subspace of all compactly
supported trajectories in C∞(R,Rw).

This paper is structured as follows: Section II summarizes
preliminaries required in the paper. The properties of ARE
solutions are presented in Section II-B. Section III uses the
properties stated in Section II-B and provides a numerical
algorithm to compute the storage function of conservative
systems. Section IV contains a time comparison between
the algorithms given in [5] and the algorithms presented in
this paper. Section V contains comparison of the numerical
accuracy for the algorithms presented in this paper. Some
concluding remarks are presented in Section VI. Section VII
contains numerical examples to illustrate the algorithm. Due
to the sizes of intermediate matrices, these examples are
reported on the last page of this paper.

II. PRELIMINARIES

In this section we give a brief introduction to various
concepts that are required to formulate and solve the problem
addressed in the paper.

A. The behavioral approach

We begin with some essentials of the behavioral approach
in control systems. A more detailed explanation can be found
in [16].

Definition 2.1: A linear differential behavior B is defined
as the subspace of infinitely often differentiable functions
C∞(R,Rw) consisting of all solutions to a set of linear
ordinary differential equations with constant coefficients, i.e.,
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for R(ξ ) ∈ R•×w[ξ ]

B :=
{

w ∈ C∞(R,Rw) | R
(

d
dt

)
w = 0

}
. (1)

The variable w in equation (1) is known as manifest variable
of the behavior B. The set of linear differential behaviors
with w manifest variables is denoted as Lw. Equation (1)
is called a kernel representation of the behavior B ∈ Lw

and sometimes written as B = ker R( d
dt ). The polynomial

matrix R(ξ ) is assumed to have full row rank without
loss of generality (see [16, Chapter 6]). This assumption
guarantees existence of a nonsingular block P(ξ ) such that
R(ξ ) =

[
P(ξ ) Q(ξ )

]
. Conforming to this partition of R(ξ ),

partitioning w into w =

[
y
u

]
, u,y are the input and output of

the behavior B respectively. Note that this partition is not
unique. Such a partition is called an input-output partition
of the behavior. The input-output partition is called proper
if P−1Q is a matrix of proper rational functions. But the
number of components of the input depends only on B:
and that number is denoted as m(B), and is called the input
cardinality of the behavior. The number of components in the
output is called the output cardinality represented as p(B). It
is well-known that p(B) = rank R(ξ ) and m(B) = w−p(B).

In the behavioral approach, a system is nothing but its
behavior and thus the terms behavior/system will be used
interchangeably. There are numerous ways of representing
a behavior depending on the modeling of the system. One
representation which is useful is the latent variable repre-
sentation: for R(ξ ) ∈ R•×w and M(ξ ) ∈ R•×m[ξ ],

B := {w ∈ C∞(R,Rw) | ∃` ∈ C∞(R,Rm) s.t R(
d
dt
)w = M(

d
dt
)`}.

Here ` is called a latent variable.
Controllability is another important concept required for

this paper.
Definition 2.2: A behavior B is said to be controllable if

for every pair of trajectories w1, w2 ∈B there exists w3 ∈B
and τ > 0 such that

w3(t) =

{
w1(t) for t 6 0,
w2(t) for t > τ.

We represent the set of all controllable behaviors with w

variables as Lw
cont. The familiar PBH rank test for control-

lability has been generalized: a behavior B with minimal
kernel representation B = ker R( d

dt ) is controllable if and
only if R(λ ) has constant rank for all λ ∈ C. One of the
ways by which a behavior B can be represented if (and
only if) B is controllable is the image representation: for
M(ξ ) ∈ Rw×m[ξ ]

B :=
{

w ∈ C∞(R,Rw)|∃` ∈ C∞(R,Rm) s.t w=M(
d
dt
)`

}
.

(2)

If M(ξ ) is such that M(λ ) has full column rank for all λ ∈C,
then the image representation is said to be an observable
image representation: this can be assumed without loss of
generality (see [16, Section 6.6]).

For a behavior B ∈ Lw we define a Quadratic Differential
Form (QDF) QΣ(w) = wT Σw. Such quadratic expressions of
the manifest and/or latent variables of the behavior B are
very common in literature. A detailed explanation on QDFs
can be found in [22]. The function QΣ(w) is also called
the supply rate. The supply rate is the rate of supply of
energy to the system. Dissipative systems are those where
the net energy exchange is always an absorption when the
trajectories are considered which start-from-rest and end-at-
rest, i.e. compactly supported. The link with existence of a
storage function is well-known for the controllable system
case in literature. See [22].

In this paper, we shall be dealing with supply rates QΣ

induced by real symmetric constant nonsingular matrices Σ=[
0 I
I 0

]
only. For a behavior B, this with a input/output

partition as w =

[
u
y

]
, this corresponds to positive real supply

rate 2uT y. This work focuses on the conservative systems’
case for which the algebraic Riccati equation does not exist.
A conservative system is defined as:

Definition 2.3: Consider a symmetric and nonsingular
matrix Σ ∈Rw×w and a behavior B ∈ Lw

cont. The system B is
called Σ-conservative if∫

R
2uT y dt = 0 for all w ∈B∩D

where u and y are the input/output of the system respectively.
Systems conservative with respect to the positive real sup-

ply rate are known in the literature as lossless systems. We
will be dealing only with lossless systems in this paper. The
results in the paper can be extended to systems conservative
with respect to other supply rates also.

B. The algebraic Riccati equation (ARE)

Consider a proper input-output partition (u,y) for a con-
trollable dissipative behavior B which has the following
minimal i/s/o representation:

ẋ = Ax+Bu, y =Cx+Du, (3)

with A ∈ Rn×n,B,CT ∈ Rn×p and D ∈ Rp×p and (C,A) ob-
servable. We assume here that the number of inputs m(B)

= number of outputs p(B). One of the results relating the
Linear Matrix Inequality (LMI), controllable behaviors and
storage functions is the Kalman-Yakubovich-Popov (KYP)
lemma: details in [8, Section 5.6]. For easy reference we
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present the KY P lemma, in a behavioral context, in the next
proposition.

Proposition 2.4: [5] A behavior B ∈ Lw
cont, with a con-

trollable and observable minimal i/s/o representation as in
equation (3), is Σ-dissipative if and only if there exists a
solution K = KT ∈ Rn×n to the LMI[

AT K +KA KB−CT

BT K−C −(D+DT )

]
6 0. (4)

For systems with D+DT > 0, the Schur complement with
respect to D+DT in LMI (4) provides us with the algebraic
Riccati inequality

AT K +KA+(KB−CT )(D+DT )−1(BT K−C)6 0. (5)

The corresponding equation to the inequality (5) is called
the algebraic Riccati equation (ARE).

C. Storage functions for lossless systems

For lossless systems D + DT = 0, hence the storage
function for such systems cannot found using conventional
methods. However for lossless systems the LMI (4) still
exists (in fact with equality) and the unique solution to this
LMI can be interpreted as storage functions even in the
absence of the ARE. The LMI is equivalent to the following
matrix equations for lossless systems [5].

AT K +KA = 0 and BT K−C = 0 (6)

New properties of the solution for ARE in terms of the set
of trajectories of ‘minimal dissipation’ have been formulated
recently in [21]. We call these set of trajectories ‘a Hamilto-
nian system’. For a lossless system this ’Hamiltonian system’
BHam =B⊆B∪B⊥Σ . (See [2, Lemma 11] and [10]). It has
been shown in [5] that the ARE solution is closely linked
to the static relations that hold between the states in a first
order representation of this system. For a lossless behavior
B, the first order representation of the Hamiltonian system
BHam is [5]ξ In−A 0 −B

0 ξ In +AT −CT

−C BT 0


x

z
y

= 0. (7)

The next result helps to extract the static relations of the
first order representation (7) of behavior BHam and in the
process yields the unique storage function for the lossless
behavior B.

Proposition 2.5: [5] Consider a controllable, lossless be-
havior B ∈ Lw

cont with minimal state space representation
as in equation (3). Assuming the McMillan degree of B

is n, the corresponding Hamiltonian behavior BHam = ker
R( d

dt ) where R(ξ ) := ξ E − H is the Hamiltonian pencil

with E :=

In 0 0
0 In 0
0 0 0

 and H :=

A 0 B
0 −AT CT

C −BT D+DT

 with

D+DT = 0. Then the following statements hold.

1) The Hamiltonian behavior BHam is not autonomous, i.e.
detR(ξ ) = 0.

2) There exists a unique symmetric matrix K ∈ Rn×n that
satisfies

d
dt

xT Kx = 2uT y for all

[
u
y

]
∈BHam =B.

(8)
3) This matrix K ∈ Rn×n satisfies:

rank

[
R(ξ )

−K I 0

]
= rank R(ξ ). (9)

In [5], it is shown that equation (9) is a necessary and
sufficient condition for K = KT ∈ Rn×n to be a storage
function for B. Thus, by equation (9) [−K I 0] is in
the row-span of the polynomial matrix R(ξ ). This fact is
used to develop an algorithm to compute the storage function
K ∈ Rn×n for lossless systems.

In this paper we compare the time taken by the algorithms
presented here with the time taken by the algorithm given
in [5, Algorithm 5.5.1]. The algorithm given in [5] requires
calculation of the minimal polynomial basis (MPB) twice:
once for MPB M(ξ ) of the matrix R(ξ ) and then MPB again
for an appropriate submatrix of M(ξ ). We briefly review
the definition of an MPB. For a polynomial matrix R(ξ ) ∈
Rm×n[ξ ] and rank m, let Z(ξ )∈Rn×(n−m)[ξ ] be a full column
rank polynomial matrix such that R(ξ )Z(ξ ) = 0. For the
purpose of this paper, columns of Z(ξ ) are called a minimal
polynomial basis (MPB) if the sum of the column degrees
is the least amongst all such Z(ξ ). This paper focusses on
elimination of the computation of the MPB completely in
order to compute K much faster.

D. The row reduced echelon form and Gauss transforma-
tions

A matrix A∈Rn×n is said to be in the row reduced echelon
form if:

1) All nonzero rows are above all zero rows.
2) For each row, the leading nonzero element (called the

pivot) is strictly to the right of the leading nonzero
element of all rows above that row.

For example, the matrix A ∈ R4×4 below is in the row
reduced echelon form:

A =


2 3 7 8
0 3 12 1
0 0 2 9
0 0 0 0
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A matrix can be converted to a row reduced echelon form
with the help of elementary row operations [12]. These oper-
ations are represented using Gauss transformation matrices.
We write:

PA = LU

where P ∈ Rn×n is a permutation matrix, L and U being
lower and upper triangular respectively. This is also called
LU factorization of the matrix A using partial pivoting.
Permutation matrix helps to achieve numerical stability. It
also ensures that unreasonably large entries do not appear
in L and U when A has small entries. More details on LU
factorization can be found in [12, Chapter 3].

E. Zassenhaus sum-intersection algorithm for vector spaces

The Zassenhaus sum-intersection algorithm is used to
calculate a basis for the intersection of two vector spaces. Let
S∈R•×n and T ∈R•×n be two matrices. Let the dimension of
the row span of S (denoted by < S >R) be k1 and dimension
of < T >R be k2. Also let the dimension of the vector
space < S >R + < T >R be n1 and the dimension of the
intersection of the row spaces i.e. < S >R ∩< T >R n2, then,
k1 + k2 = n1 + n2. The following steps calculate a basis for
< S >R ∩< T >R.

1) W =

[
S S
T 0

]
is constructed using matrices S and T .

2) Apply successive Gauss transformations on W to bring
it to row reduced echelon form.

3) The submatrix W (n1+1 : n2,n+1 : 2n) contains a basis
for < S >R ∩< T >R.

For more details about the Zassenhaus algorithm, see [6].

III. ALGORITHMS TO FIND STORAGE FUNCTIONS FOR

LOSSLESS/ALL-PASS SYSTEMS

In this section we discuss the algorithms to calculate the
storage functions for lossless/all-pass systems for which the
ARE does not exist based on the properties of the storage
function we studied in Proposition 2.5 and the Zassenhaus
algorithm. By using equation (9), we see that

[
−K I 0

]
lies in the row span of R(λ ) ∈R(2n+p)×(2n+p) for all λ ∈C.
Thus, by finding intersection of the row spans of R(λi), λi ∈
C, i = 1,2, ...,k, we obtain

[
−K I 0

]
.

A. LU Zassenhaus algorithm implementation

One way to implement the Zassenhaus algorithm is by
obtaining LU factorization of the matrix W as discussed in
Section II-E. In an LU factorization, a matrix A ∈ Rn×n is
represented as a product of a lower and upper triangular
matrix where A = LU , where L ∈Rn×n is a lower triangular
matrix and U ∈ Rn×n is an upper triangular matrix. The

matrix A is converted to an upper triangular form (U) by
premultiplying A by Gauss transformation matrices. The
product of all Gauss transformation matrices is a lower
triangular matrix whose inverse is also a lower triangular
matrix. For more on LU factorization see [12, Chapter 3].

In order to extract [−K I 0] from the row span of
R(ξ )∈R(2n+p)×(2n+p)[ξ ] we propose the following algorithm
based on LU factorization within the Zassenhaus method:

Algorithm 1 LU based Zassenhaus implementation

Input: R(ξ ) := ξ E −H ∈ R[ξ ](2n+p)×(2n+p), a rank 2n
polynomial matrix and tolerance ε > 0.
Output: K ∈ Rn×n with xT Kx the storage function.

Require: Evaluate R(λi) ∈ R(2n+p)×(2n+p), at

λi ∈ C, i = 1,2, . . . ,k which are the roots of ξ
k−1

(10)
for k suitably chosen for accuracy ε .

1: W :=

[
R(λ1) R(λ1)

R(λ2) 0

]
, [L,U,P] := lu(W )

D :=U(2n+ p+1 : 4n+2p− `,2n+ p+1 : 4n+2p)
Define ` as the largest integer such that

‖U(4n+2p− `+1 : 4n+2p, :)‖2 < ε (11)

Let c be the number of rows of D
2: while c > n do

3: W :=

[
R(λd) R(λd)

D 0

]
, [L,U,P] := LU(W )

D :=U(2n+ p+1 : 2n+ p+c−`,2n+ p+1 : 4n+2p)
` is the largest integer such that the condition in
equation (11) is satisfied and d = 3,4, . . . ,k

4: end while
5: X := D(1 : n,n+1 : 2n)
6: K :=−X−1D(1 : n,1 : n)

B. QR Zassenhaus implementation algorithm

A QR factorization of a matrix A ∈Rn×n is given by A =

QR where Q∈Rn×n is an orthogonal matrix and R∈Rn×n is
an upper triangular matrix. The matrix A is brought to upper
triangular form by premultiplying A by successive House-
holder/Givens transformations. More on QR factorization can
be found in [12, Chapter 5]. Thus, by factoring the matrix W
of Algorithm 1 successively into a product of an orthogonal
matrix Q and an upper triangular matrix R, we obtain a basis
for the intersection of the two vector spaces by extracting the
appropriate rows of the matrix R.

Thus, in order to extract [−K I 0] from the row span
of R(ξ ) ∈ R(2n+p)×(2n+p) we propose the following QR
factorization based Zassenhaus algorithm:
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Algorithm 2 QR based Zassenhaus implementation

Input: R(ξ ) := ξ E −H ∈ R[ξ ](2n+p)×(2n+p), a rank 2n
polynomial matrix and tolerance ε > 0.
Output: K ∈ Rn×n with xT Kx the storage function.

Require: Evaluate R(λi) ∈ R(2n+p)×(2n+p), at

λi ∈ C, i = 1,2, . . . ,k which are the roots of ξ
k−1

(12)
for k suitably chosen for accuracy ε .

1: W :=

[
R(λ1) R(λ1)

R(λ2) 0

]
, [Q,R] := qr(W )

D := R(2n+ p+1 : 4n+2p− `,2n+ p+1 : 4n+2p)
Define ` as the largest integer such that

‖U(4n+2p− `+1 : 4n+2p, :)‖2 < ε (13)

Let c be the number of rows of D
2: while c > n do

3: W :=

[
R(λd) R(λd)

D 0

]
, [Q,R] := qr(W )

D := R(2n+ p+1 : 2n+ p+c−`,2n+ p+1 : 4n+2p)
` is the largest integer such that the condition in
equation (13) is satisfied and d = 3,4, ...,k

4: end while
5: X := D(1 : n,n+1 : 2n)
6: K :=−X−1D(1 : n,1 : n)

IV. COMPARISON OF COMPUTATION TIME

The plot in Fig 1 shows the time taken by both LU and
QR methods to compute K. Their time is compared with
the time taken by the minimal polynomial basis extraction-
based algorithm given in [5, Algorithm 5.5.1] for different
orders. The experiments were carried out on an Intel Core i3
computer of 3.40 GHz with 4 GB RAM using Ubuntu 14.04
LTS operating system. The relative machine precision ε is
2.22×10−16. Open source numerical computational package
Scilab 5.5 has been used to implement the algorithms. In
Fig 1, the time taken by the algorithms is plotted against
the order of the system. It can be seen from the plot that
the LU and QR based methods take the same time for
computing K for lossless systems and are ten times faster
as compared to the time taken by minimal polynomial basis-
based algorithm which is given in [5]. The main drawback
of the minimal polynomial based algorithm is that it is not
applicable for orders greater than ten, while the LU and QR
based algorithms are more stable and can evaluate K for
higher order systems. We also compare how accurately the
LU and QR based methods calculate K as compared to the
minimal polynomial basis-based method in the next section.

4 6 8 10 12
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5 ·10−2

0.1

0.15

0.2

Order of the transfer function

Ti
m

e
ta

ke
n

LU based method
QR based method
MPB based method

Fig. 1. Plot for time taken by algorithms versus system’s order

V. COMPUTATIONAL ERROR

In this section we compare the proposed algorithms for
accuracy of the obtained K. We compare how accurately
the LU and QR based methods calculate K as compared to
the minimal polynomial basis-based method. As discussed
in Section II-C, the matrix K calculated for the lossless case
satisfies the LMI given in equation (4) with equality. Thus,
K satisfies the following equation:[

AT K +KA KB−CT

BT K−C 0

]
= 0.

Also, according to Proposition 2.5, the matrix K is symmetric
and

[
−K I 0

]
is in the row span of R(ξ ). Thus we

consider the following errors associated with computation
of K.

ErrLMI(K) := ‖

[
AT K +KA KB−CT

BT K−C 0

]
‖2 (14)

ErrSym(K) := ‖K−KT‖2 (15)

and

Errrowspan(K) := max
λi

{
σ2n+1(

[
R(λ )

−K I 0

]
)

}
(16)

where the λ ′i s are the roots of the polynomials ξ k − 1
which are also used to evaluate K from R(ξ ) as explained
in Algorithm 1 and Algorithm 2. We calculate the errors
ErrLMI(K),ErrSym(K) and Errrowspan(K) for randomly gener-
ated lossless systems. From figures 2, 3 and 4 we see that
for most of the cases, error from LU based methods and
the minimal polynomial basis-based methods are almost the
same though the minimal polynomial basis-based algorithm
provides a more symmetric K. The QR based algorithm
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provides a less accurate K as compared to the LU based
and the minimal polynomial based algorithms.
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LU based method
QR based method
MPB based method

Fig. 2. Plot of ErrLMI(K) (see equation (14)) residue versus system’s order
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Fig. 3. Plot of ErrSym(K) (see equation (15)) residue versus system’s order

Both the LU and the QR based Zassenhaus implementa-
tion allow explicit control of the tolerance when using the
factorizations to reveal the rank (see equation (10) and (12) in
Algorithms 1 and 2). In this section we also plot the variation
of k of equation (10) of against the tolerance level ε used in
equation (11) which specifies the number digits of precision
required for identifying the ‘almost zero’ rows. In Figure 5
horizontal axis represents the value of the negative of the
logarithm (in base 10) of the ε used versus the value of k.

The same plot is done in Figure 6 for the k in equation (12)
of Algorithm 2 against the tolerance level ε used in equa-
tion (13). In Figure 6 horizontal axis represents the value
of the negative of the logarithm (in base 10) of the ε used
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Fig. 4. Plot of ErrSym(K) (see equation (15)) residue versus system’s order
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Fig. 5. Plot of value of k (see (10)) versus − log10(ε) (see (11))

versus the value of k. From both Figure 5 and 6, we conclude
that LU method requires less number of λ ’s for obtaining K
as compared to the QR method for the same tolerance level.

VI. CONCLUSIONS

This paper dealt with the problem of calculating the stor-
age function for systems for which the regularity condition
required for the existence of the ARE is not satisfied i.e.
for lossless systems. Algorithms were developed so as to
calculate the storage functions for lossless systems based
upon their properties. These algorithms implement Zassen-
haus sum-intersection algorithm using LU factorizations and
QR factorizations. We studied the computational error for
both LU based and QR based algorithms and plotted these
for both algorithms against the order of the system. Also,
the computation time for obtaining the storage function (for
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Fig. 6. Plot of value of k (see (12)) versus − log10(ε) (see (13))

both LU and QR based methods) was compared with the
time taken by the minimal polynomial basis extraction-based
algorithm given in [5, Algorithm 5.5.1] and we found that
both LU and QR based methods perform faster than minimal
polynomial basis extraction-based algorithm. We studied
three types of errors: ErrLMI(K) (see (14)) which measures
how well the K obtained satisfies the LMI in equation (4),
ErrSym (see (15)) which measures how symmetric is the
obtained K and Errrowspan (see (16)) which checks whether[
−K I 0

]
lies in the row span of R(ξ ) or not. We compare

how accurately K is obtained using LU and QR based
algorithms as compared to the minimal polynomial basis-
based algorithm. We found that LU based algorithms and
minimal polynomial basis-based algorithm calculate K with
almost the same accuracy. In Section VII below, the storage
function K is calculated for two examples using both the LU
and QR based algorithms.
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A symbolic-numeric method for the parametric H∞ loop-shaping design
problem

Guillaume Rance1, Yacine Bouzidi2, Alban Quadrat3 and Arnaud Quadrat4

Abstract— In this paper, we present a symbolic-numeric
method for solving the H∞ loop-shaping design problem for
low order single-input single-output systems with parameters.
Due to the system parameters, no purely numerical algorithm
can indeed solve the problem. Using Gröbner basis techniques
and the Rational Univariate Representation of zero-dimensional
algebraic varieties, we first give a parametrization of all the
solutions of the two Algebraic Riccati Equations associated with
the H∞ control problem. Then, following the works of [1], [9] on
the spectral factorization problem, a certified symbolic-numeric
algorithm is obtained for the computation of the positive definite
solutions of these two Algebraic Riccati Equations. Finally, we
present a certified symbolic-numeric algorithm which solves the
H∞ loop-shaping design problem for the above class of systems.
This algorithm is illustrated with a standard example.

I. INTRODUCTION

Nowadays, automatic control usually consists in the solv-
ing of complex problems. As a consequence, this is usually
done numerically for a particular system and hardware per-
formances are required to handle the underlying numerical
computations: the more a system or a problem is refined,
i.e., takes into consideration finer dynamics of the physical
system or constraints, the more time-computation is required.

An alternative to this approach is to solve these problems
symbolically, that is to say to solve the problems correspond-
ing to a certain class of systems. The goal is to compute
the solution of a control problem for a set of systems
depicted by some parameters. Its solution (e.g., a stabilizing
controller) then depends on the system parameters. In what
follows, this approach will be called a “symbolic method”.
One of the greatest benefits of this approach is to simply
obtain the solution for a particular system belonging to
the class of systems by numerically evaluating the system
parameters in the closed-form solution. Since only evaluation
operations are required, this task can be achieved at a cheap
computational cost.

The purpose of this paper is to develop a symbolic method
for the H∞ loop-shaping design problem [8], [14], [16] for
linear systems containing parameters. This synthesis problem
yields the computation of a stabilizing controller which
takes into account robustness objectives in the frequency

1Guillaume Rance is with Safran Electronics & Defense, 100 Avenue de
Paris, Massy, France. guillaume.rance@safrangroup.com

2Yacine Bouzidi is with Inria Lille - Nord Europe, Non-A project, 40
Avenue Halley, Bat A - Park Plaza, 59650 Vileneuve d’Ascq, France.
yacine.bouzidi@inria.fr

3Alban Quadrat is with Inria Lille - Nord Europe, Non-A project, 40
Avenue Halley, Bat A - Park Plaza, 59650 Vileneuve d’Ascq, France.
alban.quadrat@inria.fr

4Arnaud Quadrat is with Safran Electronics & Defense, 100 Avenue de
Paris, Massy, France. arnaud.quadrat@safrangroup.com

domain (e.g., stability margins) and the modeling of different
transfer functions via perturbations. Practically, H∞ control
provides a natural compromise between the performance
and the robustness of the control-loop system. The desired
performance properties and robustness conditions can be
obtained by “weighting” the plant transfer function, which
results in a “weighted plant”.

On a practical point of view, such an approach is interest-
ing in the design stage of a project, when a designer wants
to know if the global design of its system has a chance
to reach the specifications, or if a global rework is needed.
As the global design is likely to change at some stage, the
engineer has to quickly provide a range of performances
and robustness that the closed-loop system could achieve in
order to choose the appropriate global design. This approach
is also interesting in adaptive control where the controller
depends on the measurement of variables or parameters (e.g.,
a mechanical mode) and has to be re-computed in real time
(i.e., quickly relative to the dynamics of the system). As
the technologies of embedded processors are not powerful
enough to compute H∞ optimization problems in real time,
the symbolic approach developed in this paper is justified.

Solving the H∞ control problem for a system with
parameters requires solving an Algebraic Riccati Equation
(ARE), whose resolution was studied in [7] using Gröbner
basis techniques. A method to solve an H∞ control problem
was proposed in [9] based on properties of the spectral
factorization of the Hamiltonian matrix associated with the
ARE [10]. In this article, a different method is proposed by
means of the study of the polynomial system defined by an
ARE (Section III). A Rational Univariate Representation of
the solutions of this polynomial system is given (Section IV).
In Section V, the equivalence between our method and the
one developed in [9] is shown. In Section VI, an algorithm
is given to compute the optimal solution to the H∞ control
problem by means of certified root isolation methods. Finally,
in Section VII, a standard example illustrates our method.

II. THE STANDARD H∞-CONTROL PROBLEM

In this paper, we will consider a single-input single-output
(SISO) finite-dimensional linear system (Figure 1) defined by
y1 = Ge1, where the transfer function G is given by

G :=
cn s

n + cn−1 s
n−1 + . . .+ c1 s+ c0

an sn + an−1 sn−1 + . . .+ a1 s+ a0
, (1)

ai, ci ∈ R for i = 0, . . . , n and n is the order of G (i.e.,
an 6= 0). In what follows, to get a strictly proper transfer
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Fig. 1. Control scheme

function G, we set:

an := 1, cn := 0. (2)

Let us consider its controller canonical form defined by
the following state-space representation:

ẋ = Ax+B e1, y1 = C x, (3)

A :=



0 1 0 . . . 0

0 0 1
. . .

...
...

...
. . . . . . 0

0 0 . . . 0 1

−a0 −a1 . . . −an−2 −an−1


∈ Rn×n,

B := (0 . . . 0 1)T ∈ Rn×1,

C := (c0 . . . cn−1) ∈ R1×n.
(4)

Let R(s) be the field of rational functions with real
coefficients. Let K ∈ R(s) be a controller and let us consider
the closed-loop system defined in Figure 1. If we denote the
sensitivity transfer function by S := (1 +GK)

−1, then:(
e1

y1

)
=

(
S K S
GS GK S

)(
u1

u2

)
.

Let us consider the following standard problem.
Robust Control Problem (RCP): Given γ > 0, find a

controller K which stabilizes G (i.e., such that the rational
transfer functions S, K S and GS are proper and stable)
and is such that:∥∥∥∥( S K S

GS GK S

)∥∥∥∥
∞
< γ. (5)

For more details, see [8], [16], [6], [14] and the references
therein. The RCP yields a compromise between the perfor-
mance of the closed-loop system and the robustness with
respect to the perturbations u1 and u2.

We briefly state a standard result of H∞-control theory.
Theorem 1: [8, Cor. 5.1], [16, Ch. 18], [6, Th. 3.2] Let

(A,B,C) be a controllable and observable state-space repre-
sentation (3) of the transfer function G defined by (1). Then,
the optimal value of γ of (5) is given by

γopt =
√

1 + λmax (Y X),

where X and Y are respectively the unique real positive def-
inite solutions of the following Algebraic Riccati Equations
(ARE)

R := X A+AT X −X BBT X + CT C = 0, (6)
R̃ := Y AT +AY − Y CT C Y +BBT = 0, (7)

and λmax is the greatest eigenvalue of Y X (all the eigen-
values of Y X are real positive).

For γ > γopt, a controller Kγ satisfying the RCP is
defined by

ż = Aγ z +Bγ e2, y2 = Cγ z, (8)

with the following notations:
Zγ :=

(
In + Y X − γ2 In

)−1
,

Aγ := A−BBT X + γ2 Zγ Y C
T C,

Bγ := −γ2 Zγ Y C
T ,

Cγ := BT X.

We note that RT = R and R̃T = R̃. For SISO systems,
the next lemma shows that (7) is a consequence of (6).

Lemma 1: We have Y := QXQ, where Q = QT is
defined by

Q−1 := P =
(
P1 · · · Pn

)
, (9)

where:

Pi
T := C

n−i∑
j=0

an−j A
n−i−j , i = 1, . . . , n.

Corollary 1: Let ρr(M) be the set of all the real eigen-
values of M ∈ Rn×n and λ?(M) := max

λ∈ρr(M)
|λ|. We have:

γopt =
√

1 + λmax (Y X) =
√

1 + λ2
? (QX). (10)

In this paper, we focus on the computation of X in the case
where the ai’s and cj’s are unknown parameters and not
fixed numerical values. In particular, numerical algorithms
for the computation of the positive definite solutions of ARE
cannot be used. We have to consider symbolic methods to
take into account the parameters ai’s and cj’s.

III. POLYNOMIAL SYSTEM DESCRIPTION OF AN ARE
We first study the equation R = 0. For 1 ≤ i ≤ j ≤ n,

xi,j denotes the entries of X and we set xi,0 = x0,j = 0.
From direct computations, we get the following proposition.

Proposition 1: The equation R = 0, defined by (6), is
equivalent to the following system of n(n+1)

2 polynomial
equations in the n(n+1)

2 unknowns {xi,j}1≤i≤j≤n:

− (xi,n + ai−1) (xj,n + aj−1)

+xi,j−1 + xi−1,j + ai−1 aj−1 + ci−1 cj−1 = 0,

1 ≤ i ≤ j ≤ n.
(11)

Let us introduce the following notations:

k < 0, bk := 0,

0 ≤ k ≤ n− 1, bk := xk+1,n + ak,

k = n, bk := 1,

k > n, bk := 0.

(12)

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

28



Theorem 2: For k = 1 . . . n, we set xk,0 = x0,k := 0, and
for (i, j) ∈ N2, we define:{

N(i, j) := i− 1, 2 ≤ i+ j ≤ n+ 1,

N(i, j) := n− j + 1, n+ 1 < i+ j ≤ 2n+ 1.

The elements of X solution of (6) are determined only by
the bk’s as follows

xk,n = bk−1 − ak−1,

xi,j−1 =

N(i,j)∑
k=0

(−1)k bi−1−k bj−1+k − θN(i,j),
(13)

where 1 ≤ k ≤ n, 1 ≤ i < j ≤ n, and θm is defined by:

θm :=

m∑
k=0

(−1)k (ai−1−k aj−1+k + ci−1−k cj−1+k) . (14)

Proof: The diagonal elements of the matrix R yield:

1 ≤ i ≤ n, 2xi−1,i = 2xi,i−1 = b2i−1 −
(
a2
i−1 + c2i−1

)
.

(15)
Using (11) and (12), the ith row of X can be deduced from
the (i−1)th row, which allows us to write xi,j−1 in terms of
xi−1,j which itself can be expressed in terms of xi−2,j+1, . . .
After m substitutions, for 1 ≤ i < j ≤ n−m, we obtain

xi,j−1 = (−1)m+1 xi−1−m,j+m

+

m∑
k=0

(−1)k bi−1−k bj−1+k − θm,

where θm is defined by (14).
We distinguish two halting conditions in the induction:
1) We reach the first row of X , i.e. an element of the

form xi−1−m,j+m = x0,j+m = 0 for m = i − 1.
In this case, note that we have 1 ≤ j + m ≤ n, i.e.
2 ≤ i+ j ≤ n+ 1. By reaching this limit, one obtains
the following expression:

∀(i, j) ∈ N2, i < j, 2 ≤ i+ j ≤ n+ 1,

xi,j−1 =

i−1∑
k=0

(−1)k bi−1−k bj−1+k − θi−1.
(16)

2) We reach the last column of X , i.e. an element of
the form xi−1−m,j+m = xi−1−m,n for m = n − j.
In this case, note that we have 1 ≤ i − 1 − m ≤ n,
i.e. n + 1 < i + j ≤ 2n + 1. By reaching this limit,
using xi+j−n−1,n = bi+j−n−2 bn − ai+j−n−2 an (see
(2) and (12)), we obtain the following expression:

∀(i, j) ∈ N2, i < j, n+ 1 < i+ j ≤ 2n+ 1,

xi,j−1 =

n−j+1∑
k=0

(−1)k bi−1−k bj−1+k − θn−j+1.

(17)
Hence, the entries xi,j of X can be explicitly expressed in
terms of the bk’s defined in (12), i.e., up to constant ak−1,
in terms of the elements of the last column xk,n of X .

We note that for i = 1, using x1,0 = 0, (15) then yields:

B0 := b20 − (a2
0 + c20) = 0.

For i 6= 1, xi−1,i appears twice in (15) and (16) or (17).
Thus, combining (15) and (13) for i = j = k+ 1, we obtain
a polynomial system of n− 1 equations in n− 1 unknowns
{bi}1≤i≤n−1. If M is defined by:

M(k) := k, 1 ≤ k ≤ n− 1

2
,

M(k) := n− k, n− 1

2
< k ≤ n− 1,

(18)

then this system, denoted by B, is defined by

B := {Bk = 0}0≤k≤n−1 , (19)

where the polynomials Bk are given by
B0 := b20 − d0,

Bk := b2k + 2

M(k)∑
m=1

(−1)mbk−m bk+m − d2k,

1 ≤ k ≤ n− 1,

(20)

and the constants d2k are defined by

d0 := a2
0 + c20,

d2k := 2

M(k)∑
m=1

(−1)m (ak−m ak+m + ck−m ck+m)

+ a2
k + c2k, 1 ≤ k ≤ n− 1,

d2n := 1.
(21)

Remark 1: We point out that the parameters ai’s and cj’s
appear only in the constant terms of the Bk’s (compare with
(11)), which highly simplifies the study of (19).

If the d2k’s are fixed, then the polynomial system (21)
defines all the transfer functions G (see (1)) which give the
same solution of (6). The study of this algebraic variety will
be studied in details in a future publication.

Let K := Q(d0, .., d2n) be the field for rational func-
tions in d0, . . . , d2n, K its algebraic closure and K′ :=
Q(a0, . . . , an−1, c0, . . . , cn−1). Using Gröbner basis tech-
niques (see, e.g., [4] and the references therein), we can now
state some results on the polynomial system (19).

Theorem 3: The polynomial system B given by (19) and
defined over R := K[b0, .., bn−1] is zero-dimensional (i.e.,
A := R/〈B〉, where 〈B〉 := {

∑n
i=1 rk Bk | rk ∈ R} is

the ideal of R generated by B, is a finite-dimensional K-
vector space). The dimension of the K-vector space A is
2n. Moreover, B is a reduced Gröbner basis of 〈B〉 with
respect to the degree reverse lexicographic (DRL) order
bn−1 � . . . � b0.

Proof: According to the Buchberger criterion (see,
e.g., [4] and the references therein), B is a Gröbner basis
with respect to the DRL order bn−1 � . . . � b0. More-
over, this Gröbner basis is reduced according to [4, ch.
2, §7, Definition 4]. Since the leading monomial of each
polynomial in the Gröbner basis B is of the form b2k, by
[4, ch. 5, §6, Theorem 4], A is a finite-dimensional K-
vector space. Using the notation bα :=

∏n−1
i=0 b

αi
i where

α := (α0, . . . , αn−1) ∈ Nn, a basis of A is defined by
{bα}α∈J0,1Kn . Finally, the dimension of A is equal to 2n.
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Remark 2: Combining Theorems 2 and 3, we get that the
polynomial system R = 0 associated with an ARE of a
SISO system (1) is a finite-dimensional K-vector space of
dimension 2n with basis {bα}α∈J0,1Kn (see (12)).

IV. PARAMETRIZATION OF THE SOLUTIONS

In Section III, we show that we can reduce the problem
of computing the solutions of the ARE equation R = 0 to
those of a zero-dimensional system B. This system is given
by its Gröbner basis B with respect to the DRL order. From
the end-user point of view, a convenient way to express the
solutions of such a system is to use a Rational Univariate
Representation (RUR) [11], [12], i.e., a one-to-one mapping

V (〈B〉) −→ V (〈p〉)
b = (b0, · · · , bn−1) 7−→ ξ(
p0(ξ)

q(ξ)
, · · · , pn−1(ξ)

q(ξ)

)
←− [ ξ,

(22)

between the solutions of the system B defined by

V (〈B〉) :=
{
b ∈ Kn | r(b) = 0,∀ r ∈ 〈B〉

}
,

and the roots of a univariate polynomial p. In order to
achieve the one-to-one condition, the above representation
is computed with respect to a separating element t, that is
a linear combination t :=

∑n−1
i=0 ui bi of the bi’s, that takes

different values when evaluated at different points of V (〈B〉).
Generically, i.e. for almost any value of the parameters,

the system B admits t := bn−1 as a separating element. In
that case, the above representation has the following form

p(bn−1) = 0,

bn−1 = bn−1,

bn−2 =
pn−2(bn−1)

q(bn−1)
,

· · ·

b0 =
p0(bn−1)

q(bn−1)
,

(23)

where p, p0, . . . , pn−2, q are in K[bn−1] and p and q are
coprime polynomials, i.e., gcd(p, q) = 1.

For instance, given explicit values for the parameters, us-
ing (23), we can compute certified numerical approximations
of the real solutions by first isolating the real roots of p by
means of intervals [13], and then substituting these intervals
into the expressions pi(bn−1)

q(bn−1) for i = 0, . . . , n− 2 to get the
corresponding isolating intervals for the bi’s.

From the computation point of view, a RUR of B can be
obtained using the algorithm given in [12]. This algorithm
requires the knowledge of a basis of A := R/〈B〉 (e.g.,
{bα}α∈J0,1Kn ; see the proof of Theorem 3) and a reduction
algorithm which computes normal forms modulo the ideal
〈B〉. In order to explicitly characterize the polynomials
appearing in the RUR, we first introduce the multiplication
K-endomorphism of A associated with r ∈ R defined by

mr : A −→ A
a 7−→ r a,

where a denotes the residue class of a ∈ R in A (i.e., modulo
〈B〉). A representative of a is the normal form of a with
respect to the Gröbner basis B. Using the basis {bα}α∈J0,1Kn ,
the K-endomorphism mr can be defined by means of a ma-
trix Mr ∈ K2n×2n

. Then, p is the characteristic polynomial
of Mbn−1

. Moreover, if

p(bn−1) :=
p

gcd
(
p, dp

dbn−1

) =

d∑
i=0

vi b
d−i
n−1 ∈ K[bn−1]

denotes the square-free part of p and if we note

Hj(bn−1) :=

j∑
i=0

vi b
j−i
n−1 ∈ K[bn−1], j = 0, . . . , d− 1,

then, for k = 0, . . . , n− 2, we can define:
q(bn−1) :=

d−1∑
i=0

Trace(M i
bn−1

)Hd−i−1(bn−1),

pk(bn−1) :=

d−1∑
i=0

Trace(Mbk M
i
bn−1

)Hd−i−1(bn−1).

For more details, see [11], [12]. Note that the polynomials
p, p0, . . . , pn−2, q defining a RUR (22) are not unique. The
above formulas give us a way to compute the RUR. But the
polynomials appearing are usually not the shortest ones. For
small orders (i.e., n < 5), a RUR can easily be obtained by
direct computations yielding simple expressions.

Finally, if bn−1 is a separating element and the ideal 〈B〉
is radical (i.e.,

√
〈B〉 := {r ∈ R | ∃ l ∈ N : rl ∈ 〈B〉} =

〈B〉), a similar representation can be computed by performing
a change of order for the Gröbner basis (passing from the
DRL order to the lexicographic order b0 � . . . � bn−1)
[12]. However, the size of the outputs is then much more
larger than the one given by a RUR [12], a fact increasing
the computational cost. For instance, on a regular machine
(Intel Core i7 2.60 GHz processor and 16 GB of RAM),
we can compute the RUR of B for n = 6 with all the
parameters ai’s and cj’s in 20 minutes Maple 18 CPU time.
By comparison, a similar computation based on a change of
order for the Gröbner basis B did not finish after 3 days (due
to a lack of memory).

Remark 3: If p is square-free (i.e., the discriminant
Disc(p) ∈ K of p is not zero), then the ideal 〈B〉 is radical
and bn−1 is a separating element. In a future work, the
conditions of non degeneracy will be further studied.

Finally, combining (23) and (13), all the entries xi,j of X
can be expressed in terms of bn−1 = xn,n−an−1 (see (12)).

Remark 4: Note that the above effective method yields the
explicit resolution of an ARE for a general SISO system with
parameters. It can be used to study many standard problems
(optimal control and estimation problems such as H∞ or H2

optimal control, LQ control, model order reduction, Kalman
filtering, . . . ) for SISO system with parameters.

Once an explicit expression of the solutions of R = 0 is
known (see (23)), we then have to characterize the positive
definite one, i.e. X of Theorem 1, among the 2n solutions.
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V. FROM ARE TO SPECTRAL FACTORIZATION

Another way to obtain a solution of R is by means of the
invariant subspaces of the Hamiltonian matrix defined by:

H :=

(
A −BBT

−CT C −AT

)
∈ K′2n×2n.

Using (4), the computation of the characteristic polyno-
mial of H , denoted by f(λ) := det(H − λ In), gives:

f(λ) = (−1)n
n∑
i=0

n∑
j=0

δi,jλ
i+j , δi,j := (−1)i (ai aj + ci cj) .

(24)
We have:

f(λ) := λ2n+(−1)n
n−1∑
k=0

 ∑
0≤i,j≤n

i+j=2 k

δi,j λ
2k +

∑
0≤i,j≤n

i+j=2 k+1

δi,j λ
2k+1

 .

(25)
Note that the coefficient of f of degree 2 k + 1 in λ

vanishes for k = 0, . . . n−1. Moreover, some coefficients of
λ2k appear twice and after tedious computation, we obtain

f(λ) := (−1)n
n∑
k=0

(−1)k d2k λ
2k, (26)

where d2k is defined in (21). As a consequence, f is an even
polynomial, i.e. f(−λ) = f(λ).

The even property of f leads to the spectral factorization
problem which consists in finding a polynomial

g(λ) :=

n∑
k=0

βk λ
k

such that
f(λ) = (−1)n g(λ) g(−λ), (27)

where all the roots of g have negative real parts. We first
concentrate on the condition (27). We have:

f(λ) = (−1)n
n∑
i=0

n∑
j=0

(−1)i βi βj λ
i+j . (28)

After similar tedious computation as the ones done to get
(26) , using the change of variable i := k−m and j := k+m,
we obtain

f(λ) =

n∑
k=0

(−1)n+k

β2
k + 2

M(k)∑
m=1

(−1)mβk−m βk+m

λ2k,

(29)
where M(k) is defined by (18). Combining (26) and (29),
we finally obtain

β2
0 = d0,

βk
2 + 2

M(k)∑
m=1

(−1)m βk−m βk+m = d2k,

for 1 ≤ k ≤ n− 1, which coincides with (20) with βk = bk
for k = 0, . . . , n− 1.

Let us now characterize bn−1 = βn−1 so that all the roots
of g have negative real parts, or equivalently characterize
bn−1 = βn−1 which defines the unique positive definite
solution X of (6). In the sequel, the parameters are fixed to
explicit values. Since f is even, if λ is a solution of f , then
so is −λ. Let {αi}i=1,...,n be the roots of f with negative
real parts (see (26)). We want to determine bn−1 = βn−1,
and thus all the βi = bi’s by (23) such that all the αi’s
are roots of g. Given g satisfying (27), then αi is either a
root of g(λ) = 0 or of g(−λ) = 0. Since βn = 1, −βn−1

is a sum of the roots of g, we get βn−1 = −
∑n
i=1 εi αi

where εi ∈ {−1, 1}. If {νk}k=1,...,2n is the set of complex
solutions of B, where νk := (νk,0, . . . , νk,n−1), and νk,n−1

is the nth coordinate of νk, using βn−1 = bn−1, then
we get νk,n−1 = −

∑n
i=1 εk,i αi for = 1, . . . , 2n, where

εk,i ∈ {−1, 1}. Moreover, we have

σ := −
n∑
i=1

αi = max
k∈{1,...,2n}

νk,n−1, (30)

For more details, see [10]. We obtain the following theorem.
Theorem 4 ([10]): The positive definite solution X of

R = 0 corresponds to the real solution νk of B such that
bn−1(νk) is maximal.

Proposition 2: We have b0 =
√
a2

0 + c20.
Proof: Using (19) and (21), we have b20 = a2

0 + c20. We
also note that we have

b0 = β0 = (−1)n
n∏
i=1

λi,

where λi’s are roots of g with negative real parts. Let us
distinguish the following two cases:

• If n is even then b0 = (−1)n
n/2∏
i=1

λi λi =
n/2∏
i=1

|λi|2 > 0.

• If n is odd then we have

b0 = (−1)n λ0

(n−1)/2∏
i=1

λi λi = (−1)λ0

(n−1)/2∏
i=1

|λi|2,

where λ0 < 0 so that b0 > 0 and concludes the proof.

VI. CERTIFIED COMPUTATION OF γopt

As stated in Theorem 1, an optimal solution of the RCP
is given by (10). Using the RUR (23) of B and (13), we
can express the entries xi,j (resp., yi,j) of X (resp., Y ) in
terms of bn−1 = xn,n − an−1, and then we compute the
characteristic polynomial of QX:

h(λ, bn−1) := det(QX − λ In).

The numerator of h, denoted by h?, belongs to
K′[λ, bn−1]. Hence, the problem of computing γopt is equiv-
alent to that of the maximal real solution of h?(λ, σ) = 0,
where σ is defined by (30) (i.e., the maximal real root of p).
We note again that σ defines the solutions X and Y .

When explicit values of the parameters are given, this
problem can be tackled using purely numerical methods.
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For instance, one approach consists in first isolating the root
σ of p by means of an interval, substituting this interval
into h?(λ, bn−1) and isolating again in order to find λ? (see
Corollary 1). But such a numerical method fails to provide
a certified output (see [5], [13]), especially when h?(λ, σ) is
not square-free in λ. In order to achieve a certification, we
can instead consider the following triangular system{

p(bn−1) = 0,

h?(λ, bn−1) = 0,
(31)

and compute a certified numerical approximation of the
solution (σ, λ?) [5], [13].

There exist several exact methods for solving (31) and thus
for deducing the desired solution (σ, λ?). We can mention
the algorithm of [3] which uses some separation bounds in
order to isolate the roots of the polynomial h?(λ, bn−1) over
a root of p, or the algorithm given in [2] which requires
the computation of a decomposition of (31) into a set of
square-free triangular systems so that for any root α of p the
polynomial h?(λ, α) is square-free.

We now use again the idea developed in Section IV and
compute a RUR of the solutions of (31). For a well chosen
separating element τ := u1 bn−1 + u2 λ, these solutions can
be expressed by: 

v(τ) = 0,

bn−1 =
v1(τ)

w(τ)
,

λ =
v2(τ)

w(τ)
.

(32)

Finally, in order to obtain the solution (σ, λ?), it is
sufficient to isolate the real roots of v, evaluate the resulting
intervals in the expressions v1(τ)

w(τ) and v2(τ)
w(τ) , which yields

boxes isolating the solutions, and finally choose the one that
satisfies the requirement (i.e., the maximal λ obtained from
the maximal bn−1).

Getting λ?, we deduce γopt :=
√

1 + λ2
?, which allows us

to compute an optimal H∞ controller by Theorem 1.
Finally, we recapitulate the above approach for solving the

RCP by outlining an algorithm.
Algorithm 1:

1) Using (20) and (21), compute B.
2) Compute a RUR (23) of the ideal 〈B〉.
3) Using Theorem 2, compute X in terms of bn−1.
4) Compute Q defined by (9).
5) Compute QX and the numerator of its characteristic

polynomial h?.
6) Compute a RUR of (31) to get (32).
7) Isolate the solutions of (32) by means of 2D-boxes and

select the desired box corresponding to (σ, λ?).
8) Compute γopt :=

√
1 + λ2

?.
9) Compute Y := QX Q.

10) For γ > γopt, compute the controller Kγ , defined by
(8), which satisfies the RCP.

VII. EXAMPLE: A TWO-MASS-SPRING SYSTEM

We illustrate the above approach with the two-mass-
spring problem (Figure 2) considered in [15], [14], which
mathematical model is similar to the one of a 2-dimensional
gyro-stabilized sight 1.

Fig. 2. Two-mass-spring system

Two masses m1 and m2 are linked by a spring of stiffness
k. With the notations of Figure 1, we study the displacement
of m2, denoted by y1, while m1 is excited by a force e1.
We consider the transfer function of the physical plant

P :=
c

s2 (s2 + a2)
, c :=

k

m1m2
, a2 :=

m1 +m2

m1m2
k,

between the input e1 and the output y1. As in [14, §2.6, §4],
we consider a weight w > 0 and define the fictive plant by

G := wP =
c0

s2 (s2 + a2)
, c0 := w c > 0, a2 > 0,

which will be used in Algorithm 1. As seen above, we
can design the loop-shaping controller Kγ stabilizing G.
From this controller Kγ , we then get the robust stabilizing
controller Cγ := wKγ of the physical plant P .

For the system G, the polynomials Bk’s defined in Theo-
rem 3, are given by

B0 := b20 − d0 = 0,

B1 := b21 − 2 b0 b2 − d2 = 0,

B2 := b22 − 2 b1 b3 + 2 b0 − d4 = 0,

B3 := b23 − 2 b2 − d6 = 0,

(33)

where the constants d2k’s are defined by:

d0 := c20, d2 := 0, d4 := a2
2, d6 := −2 a2.

Using Proposition 2, we get b0 = c0. Moreover, if b3 = 0,
then the last equation of (33) yields b2 = a2, and thus the
last but one gives b0 = c0 = 0, i.e. G = 0. Since in the
sequel we suppose that G 6= 0, and thus, b3 6= 0, a RUR
of the system {B1 = 0,B2 = 0,B3 = 0} for the separating
element b3 can easily be obtained by direct computations

b1 =
b43 + 4 a2 b

2
3 + 8 c0

8 b3
,

b2 = 1
2 b

2
3 + a2,

b3 = b3,

(34)

where b3 satisfies the following polynomial equation:

p(b3) := b83+8 a2 b
6
3+16 (a2

2−3 c0) b43−64 a2 c0 b
2
3+64 c20 = 0.

(35)

1A gyro-stabilized sight is a system of cameras controlled in rotation by
motors and gyroscopes.
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Noting τ = b23/
√

8 c0, we obtain:

c0 τ
4 +
√

8 c0 a2 τ
3 + 2 (a2

2− 3 c0) τ2−
√

8 c0 a2 τ + c0 = 0.
(36)

The latter polynomial is anti-palindromic, so we can apply
the change of variable ς := τ − τ−1 in order to get:

ps(ς) := c0 ς
2 + 2

√
2 c0 a2 ς + 2 a2

2 − 4 c0 = 0. (37)

The discriminant of (37) is 16 c20 6= 0. Thus, ps has two
distinct real roots, which are defined by:

ς+ := −
√

2

c0
a2 + 2, ς− := −

√
2

c0
a2 − 2.

Since a2 > 0, we have ς− < 0, ς+ > ς−, |ς−| > |ς+|. Then,
τ verifies τ2− τ ς−1 = 0 which discriminant is ς2 + 4 > 0.
Its solutions are given by:

τ+(ς±) :=
1

2

(
ς± +

√
ς2± + 4

)
,

τ−(ς±) :=
1

2

(
ς± −

√
ς2± + 4

)
,

ς± ∈ {ς+, ς−}.

Then all the roots of (36) are real. It is clear that τ+(ς+) is
the maximal real root of (36), which leads to the following
expression of σ, maximal real root of p:

σ :=
√

2

√(√
2 c0 − a2

)
+

√(√
2 c0 − a2

)2
+ 2 c0. (38)

Using Theorem 2 (see (13)), the matrix X is defined by

X :=


c0 b1 c0 b2 c0 b3 c0

c0 b2 b1 b2 − c0 b3 b1 b3 − c0 b1

c0 b3 b1 b3 − c0 b2 b3 − b1 b2 − a2

c0 b1 b2 − a2 b3

 ,

where b1 and b2 are defined by (34). By (9), we have:

Q :=


0 0 0 c−1

0

0 0 c−1
0 0

0 c−1
0 0 −a2 c

−1
0

c−1
0 0 −a2 c

−1
0 0

 .

The numerator h? of the characteristic polynomial of QX
divided by c20, i.e., hs := h? c

−2
0 , is defined by:

hs(λ, b3) = 4 c0 λ
4 − α(b3)λ3 + β(b3)λ2 + α(b3)λ+ 4 c0,

(39)
α := b43 + 8 c0, β := −2 (b43 + 4 c0).

Since hs is anti-palindromic, using t := λ − λ−1 (λ = 0
is not a root of hs since its constant term 4 c0 is non-zero),
hs can then be rewritten as:

hs(t, b3) = 4 c0 t
2 − α(b3) t− 2 b43. (40)

The real roots of (40) are then given by:
t+(b3) :=

1

8 c0

(
α(b3) +

√
α(b3)2 + 32 c0 b43

)
,

t−(b3) :=
1

8 c0

(
α(b3)−

√
α(b3)2 + 32 c0 b43

)
.

The roots of h? are then of the form:
λ+(t±) :=

1

2

(
t± +

√
t2± + 4

)
,

λ−(t±) :=
1

2

(
t± −

√
t2± + 4

)
,

t± ∈ {t+, t−}.

Let us determine the root of h? of greatest absolute value.
Since t+ t− = − 2 b43

4 c0
< 0 and t+ > t−, t− is necessarily

negative while t+ is positive. Furthermore, since t+ + t− =
α(b3)
4 c0

> 0, then we get t+ = |t+| > −t−, i.e., |t+| > |t−|.
The root of h? of greatest absolute value is given by:

λ? := λ+(t+) =
1

2

(
t+ +

√
t2+ + 4

)
. (41)

Hence, using (38), the minimal γ is given by:

γopt(σ) :=

√√√√√1 +

 t+(σ)

2
+

√
1 +

(
t+(σ)

2

)2
2

. (42)

Remark 5: (42) is also valid for a2 < 0.
Using the explicit formula (8) given in Theorem 1, we can

compute a robust stabilizing controller Kγ of G and, since
Kγ G = Cγ P , we deduce a stabilizing controller Cγ of P
satisfying

∥∥S∥∥∞ < γ and
∥∥GKγ S

∥∥
∞ < γ [14, Cor. 5.1].

Figure 3 shows the plot of the function γopt in terms of the
values of the parameters a2 and c0. We note that we have:

γinf = inf
a2>0, c0>0

γopt =

√
4 + 2

√
2 ≈ 2.6131.

Fig. 3. γopt = Γ(a2, c0)

The weight w can be seen as a scalar tuning parameter
for γopt. As a consequence, for γ > γopt, we can obtain an
auto-tuned controller Cγ(c, a2) = Kγ(c, a2)/w. By on-line
identification of the modal frequency a2 and of the gain c,
the controller Cγ(c, a2) can be computed in real-time by a
simple embedded calculator (which does not have to contain
optimization routines).
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According to [14, Th.2.10], we have the following gain
and phase margins: ∆G(P,Cγ) = ∆G(G,Kγ) ≥ 1 + γ−1

1− γ−1
,

∆Φ(P,Cγ) = ∆Φ(G,Kγ) ≥ 2 arcsin
(
γ−1

)
.

For γopt = 3, with γopt > γinf , we have{
∆G(P,Cγopt

) = ∆G(G,Kγopt
) ≥ 6 dB,

∆Φ(P,Cγopt
) = ∆Φ(G,Kγopt

) ≥ 39◦,

and to achieve γopt = 3, w can be chosen as follows:

w = 952
6561

√
2− 8

√
7
√

223074
√

2− 129472

72048449− 49968576
√

2
a2

2.

Remark 6: Since we usually cannot solve by radicals
univariate polynomials of degree larger than or equal to 4,
we have to use the symbolic-numeric method described in
Algorithm 1. Let us show how to compute the second RUR
at Step 6 of Algorithm 1 for the above example. We can first
compute a RUR of the polynomial system defined by p and
hs given by (35) and (40) with T = b23, i.e.:{
T 4 + 8 a2 T

3 + 16 (a2
2 − 3 c0)T 2 − 64 a2 c0 T + 64 c20 = 0,

4 c0 t
2 −

(
T 2 + 8 c0

)
t− 2T 2 = 0.

(43)
After some eliminations, we obtain T = δ(t) θ−1(t), where

δ(t) = −c0 t4 +
(
−4 a2

2 + 16 c0
)
t3 − 8 c0 t

2

+16
(
a2

2 − 4 c0
)
t− 16 c0,

θ(t) = 2 a2

(
t3 − 2 t2 − 12 t− 8

)
,

(44)

and t satisfies the following polynomial equation:

c20 t
8 − 8 c0 (a2

2 + 4 c0) t7 + 16 (a4
2 + 17 c20) t6

−32 c0 (a2
2 + 4 c0) t5 − 32 (4 a4

2 + 61 c20) t4

+128 c0 (a2
2 + 4 c0) t3 + 256 (a4

2 + 17 c20) t2

+512 c0 (a2
2 + 4 c0) t+ 256 c20 = 0.

(45)

Substituting t = λ − λ−1 into (44) and (45), we obtain a
RUR for the polynomial system defined by (35) and (39).
For explicit values of a2 and c0, root isolation techniques
can then be used to compute the H∞ controller.
For instance, for a2 = 10 and c0 = 1, the above computa-
tions can be directly obtained by applying Maple command
RootFinding[Isolate] to (43) with options method
= "RS", output=interval. In our example, we obtain:

σ = [0.481024117223, 0.481024117224],
λ? = [2.436943741649, 2.436943741650].

VIII. CONCLUSION

In this paper, we have initiated a new symbolic-numeric
method for solving the H∞ loop-shaping design problem
for low order SISO systems with parameters. To do that,
we first showed that solving an ARE of size n × n is
equivalent to solving a certain zero-dimensional polynomial
system of n equations in n unknowns, and that a RUR can
be used to parametrize all its real solutions. Then, using a

result of spectral factorization [10], we showed how to solve
an H2 control problem. The computation of the controller
satisfying the robust 4-block problem requires a second RUR
computation and symbolic/numeric root isolation techniques.

When the univariate polynomials of the two RUR can
be reduced to polynomials of degrees less than or equal
to 4, then an explicit formula of the H∞ controller can
be obtained. Then, the dependence of this controller to the
system parameters can then be analytically studied, which
is useful, e.g., in the applications to gyro-stabilized sights.
For higher order systems, a certified numerical root isolation
technique has to be used to compute the H∞ controller.

Further works include the search for tractable RURs in
order to deal with highest order systems. Furthermore, our
approach will be applied to small order models of gyro-
stabilized sights to develop an adaptive control scheme.
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Combining Greedy Hyperbolic Routing with Back-pressure Scheduling
for Better Network Performance

Ladan Rabieekenari and John S. Baras

Abstract— The back-pressure algorithm (BP) has received
much attention for jointly routing and scheduling over multi-
hop networks. The back-pressure algorithm is throughput-
optimal, but it has poor delay performance. This is due to
selection of unnecessarily long paths and routing loops, as the
algorithm operates without accounting for the network topol-
ogy. In this paper, we propose a throughput-optimal routing
and scheduling algorithm that improves delay performance
by greedy embedding of the network in hyperbolic space. We
improve delay performance by solving an optimization problem,
which aims to send packets mostly to greedy neighbors, subject
to throughput-optimality constraints. The algorithm that solves
this optimization problem has a design parameter M . We study
the effect of M on delay performance analytically. We validate
our theoretical results via simulations and demonstrate that the
proposed algorithm improves the delay performance.

I. INTRODUCTION

In recent decades, there has been huge improvement

in wireless network technology which led to new wire-

less networks such as sensor networks, cellular networks,

mobile ad-hoc networks. In these scenarios, unlike wired

networks, users compete for accessing a shared transmission

medium. As a result, designing high-performance and effi-

cient schemes for resource allocation is of great importance

for such networks. Some of the metrics critical to the

performance of these networks are throughput and delay.

There is an increasing demand for high throughput and low

delay scheduling and routing algorithms in both wireless and

wired networks. High throughput is critical to respond to

increasing demand of different applications. Besides that,

delay is very important in real-time applications such as

VoIP. Tassiulas and Ephremides in [1] proposed the back-

pressure algorithm for scheduling and routing, and proved

its throughput-optimality. A routing/scheduling algorithm is

throughput-optimal in the sense of [1], if it can stabilize any

traffic that can be stabilized by any other routing/scheduling

algorithm.
The back-pressure algorithm is a congestion based routing

and scheduling protocol that sends packets along the links

with higher queue differential backlog. However, it has poor

delay performance because it explores all feasible paths

between each source and destination without considering the

delay metric. This extensive hop-by-hop path exploration for

each packet leads to network stability. However, this may

lead to unnecessarily long paths and routing-loops. As a

result, the back-pressure algorithm has poor end-to-end delay

performance.

The authors are with Institute for Systems Research, and the Department
of Electrical and Computer Engineering at the University of Maryland,
College Park, MD 20742 {rabiee, baras}@umd.edu

There have been several studies on delay improvement

in back-pressure. In [2], Ji et al. used the age of head-of-

line packets instead of queue length as link weights, which

is throughput-optimal for fixed routing. In [3], Ying et al.

proposed an algorithm that adaptively selects a set of optimal

routes between each source and destination, but increases

the computational complexity and the number of queues

per node considerably. Both [4] and [5] use shadow queues

to improve delay performance and decrease the number

of queues in the network. Both algorithms are throughput-

optimal scheduling for fixed routing.

Stai et al. in [6] assigned virtual coordinates in hyperbolic

space to each node such that there is a greedy path in

hyperbolic space between each pair of nodes. They applied

back-pressure scheduling over a fixed set of greedy paths,

and called it Greedy back-pressure (GBP). In greedy back-

pressure, delay performance in light loads is improved by

restricting the packets to be sent along specific loop-free

paths. However, it is at the cost of decreasing the capacity

region, which is the main characteristic of the back-pressure

algorithm. Besides that, as our results show, the delay of

greedy back-pressure (as implemented in [6]) in heavy loads

may be larger than traditional back-pressure. This is due

to the fact that in the greedy back-pressure of [6], they

restrict packets to be sent along specific paths without

considering the arrival rate information, which may lead to

higher congestion.

In this paper, we propose a routing and scheduling al-

gorithm that improves delay in the back-pressure algorithm

considerably, while maintaining throughput optimality. We

embed the graph in hyperbolic space such that there is

a greedy path between each pair of nodes. This ensures

existence of greedy loop-free paths between each pair of

nodes. We utilize the technique proposed in [7] to embed

the network graph in hyperbolic space.

Our algorithm is the solution to an optimization problem

that aims to minimize routing packets (i.e. minimize the

amount of traffic routed) over non-greedy paths subject to

throughput optimality constraints. The selection of the objec-

tive function ensures that packets are mostly routed through

loop-free greedy paths. Since the back-pressure algorithm

sends packets through routing loops, especially in light to

moderate traffic, this objective function would improve delay

considerably. As we demonstrate, the solution of the problem

considers just greedy paths in light traffic, but as congestion

in the network increases it utilizes other feasible paths in

order to keep the queues in the network stable.

The rest of this paper is organized as follows. In Section II

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

698



we summarize the properties of hyperbolic embedding and

greedy routing. In Section III, we describe our system and

state our assumptions. In Section IV we formalize our op-

timization problem and obtain a greedy-aided back-pressure

algorithm. We study the influence of the design parameter

on performance of the proposed algorithm. In Section V,

we discuss complexity and distributivity of the proposed

algorithm. In Section VI, we describe our simulation settings

and compare the proposed algorithm with the traditional

back-pressure and the greedy back-pressure. We close with

some conclusions and future work in Section VII.

II. HYPERBOLIC EMBEDDING AND GREEDY

GEOGRAPHICAL PATHS

There are several different models for constructing hyper-

bolic geometry. One of the standard models is the Poincaré

disc model. In this model, hyperbolic space H is represented

by a set of points (x, y) ∈ R
2 such that x2 + y2 ≤ 1,

which represents a unit disc. We refer to points in the

hyperbolic plane using complex coordinates, such that (x, y)
is represented by the complex number z = x+ yi.

The hyperbolic plane has a boundary circle denoted by

∂H, which is x2+y2 = 1, and represents the infinity. Points

on ∂H are at infinite distance from any point inside the

circle. If u and v are two points in the unit disc, the distance

between these two points in the Poincaré disk model is :

cosh dH(u, v) =
2|u− v|2

(1− |u|2)(1− |v|2) + 1 (1)

Definition 1: An embedding of a graph G in H
d is a

mapping C(G) : V → H
d that assigns to each vertex v ∈ V ,

a virtual coordinate C(v).
In greedy geographical routing, nodes forward the packets

based on the coordinates of the destination and coordinates of

their neighbors. Each node sends the packet to the destination

by forwarding the packet to any neighbor which is closer

to the destination than the node itself. If we use Euclidean

coordinates of the physical location of nodes, packets may

get stuck in local minima of the distance-to-destination

function.

Greedy embedding is a graph embedding that makes

simple greedy geometric packet forwarding successful for

every source-destination pair. In [7], the authors proposed

a distributed algorithm that assigns a virtual coordinate in

hyperbolic plane to each node in the network, such that there

exists a greedy geographical path for each pair of source

and destination with respect to these virtual coordinates.

To embed the actual graph G in hyperbolic plane, first an

arbitrary spanning tree T of G is chosen. If T admits a greedy

embedding in the hyperbolic space then G also admits the

greedy embedding. So, the algorithm embeds the spanning

tree in the hyperbolic plane such that tree edges provide

a greedy path between each source destination pair. As a

result in this embedding each node has at least one greedy

neighbor to the destination, which is one of its children or

its parent. We encourage the reader to read [7] for details of

the algorithm.

III. SYSTEM MODEL AND CAPACITY REGION

Consider a network represented by a graph G = (V, E),
where V is the set of nodes and E is the set of directed

links. Nodes are wireless transmitters/receivers and links

represent the wireless channel between two nodes if they can

directly communicate with each other. μm,n is the maximum

transmission rate supported on a directed link from node m
to node n. We assume that time is slotted, with a typical time

slot denoted by t. We denote μdij(t) as communication traffic

in link (i, j) for destination d at time t. Denote by Adi (t) the

amount of new exogenous data that arrives at node i on slot t
that must eventually be delivered to node d. We assume each

Adi (t) satisfies the Strong Law of Large Numbers (SLLN).

That is with probability 1 we have:

lim
t→∞

∑t−1
τ=0A

d
i (τ)

t
= λdi .

We assume λdi = 0 if i = d. qdi (t) denotes the queue length

of a FIFO queue at node i for destination d. A scheduling

policy is a set of links that are active at the same time. A

scheduling policy is called feasible if activated links do not

interfere with each other. We call Γ the set of all feasible

schedules. Also we use the notation N (i) to denote the one-

hop neighbors of node i.
The capacity region of the network is defined as the set

of all end-to-end traffic load matrices that can be stably

supported under some network control policy. By stability

we mean the time average queue length of all queues in the

network doesn’t go to infinity. A network policy is called

throughput-optimal if its capacity region is the same as the

network capacity region. In [1], the authors proved that

the back-pressure algorithm is throughput-optimal for the

capacity region of the network denoted as ΛG. ΛG is the

set of all input rate matrices (λdi ) such that there exists a

rate matrix [μij ] satisfying the following constraints:

• Efficiency constraints: μdij ≥ 0, μdii = 0,
μddj = 0,

∑

d μ
d
ij ≤ μij , ∀i, d, j.

• Flow constraints: λdi +
∑

l μ
d
li ≤

∑

l μ
d
il, ∀i, d : i �= d.

IV. GREEDY-AIDED BACK-PRESSURE

We are interested in a routing algorithm which minimizes

average delay in the network subject to the throughput

optimality constraint.

Assume we have hyperbolic coordinates of nodes in our

network obtained through a distributed hyperbolic greedy

embedding algorithm by choosing a random spanning tree.

We assume our network topology does not change frequently

such that at each time slot the virtual coordinates result in

greedy paths between each pair of nodes.

In greedy routing, each node knows the virtual coordinates

of itself, its neighbors and destination. In this routing, packets

are forwarded to a neighbor which is closer to the destination

than the node itself, so the distance to the destination is

decreasing. Decreasing distance to the destination ensures

one node cannot be passed twice, so the path is loop free.

As a result if packets are sent through greedy links, they
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get to the destination through loop free paths. Thus, sending

packets through greedy links results in low delay when the

network is not congested. However, restricting packets to be

sent over a fixed set of paths may result in large delay and

unstable queues in heavy loads.

In order to ensure throughput optimality of the algorithm,

the packets should not be restricted to go through a set of

pre-specified paths for all set of packet arrivals. In order

to keep the throughput optimality feature while providing

good delay performance, we introduce a penalty function

which is the total amount of resources used over non-greedy

links. We are interested to find the routes for flows such

that time average expected penalty is minimized subject to

throughput optimality constraints. Thus we formulate the

following optimization problem:

min
μ′d

i,j(t)

lim
T→∞

1

T

T−1
∑

t=0

∑

i,j,d∈ P

E{μdij(t)} (2)

s.t. {μnj(t)}(n,j)∈L ∈ ΛG,

where P denotes the set of (i, j, d) such that node j is not

a greedy neighbor of node i for destination d.

This optimization problem minimizes the total amount of

resources used by non-greedy links subject to throughput

optimality constraints. The solution to this problem will route

packets through greedy paths unless greedy paths will lead

to instability of queues.

Theorem 1: The scheduling and routing algorithm de-

scribed in Algorithm 1 asymptotically solves the described

optimization problem.

lim
T→∞

1

T

T−1
∑

t=0

∑

i,j,d

E[μ
′d
i,j(t)] = copt +O(

1

M
) (3)

where copt is the infimum time average cost achievable

by any policy that meets the required constraints and

E

[

μ
′d
i,j(t)

]

is the average link rate when using Algorithm 1

with fixed parameter M .

Furthermore, the queues are stable and the expected value of

the queue length is bounded as follows:
∑

i,d

E(qdi [∞]) = O(M(copt − cmin)) (4)

where E[qdi (∞)] is the queue length as t → ∞ and cmin
represents a lower bound of the cost function.

Proof: We denote by Q(t) = (qdi (t)), the matrix of

queues in the network. We define the Lyapunov function

L(Q(t)) =
∑

i,d q
d
i (t)

2. Based on chapter 4 of [8], we need

to design a controller that, at every time slot t, observes the

Q(t) values and subject to the known Q(t) greedily mini-

mizes the drift-plus-penalty expression which is as follows:

E{L(Q(t+ 1))− L(Q(t)) | Q(t)}
+ME{

∑

i,j,d∈ P

μdij(t) | Q(t)} (5)

where M > 0 is a control parameter that affects

performance-delay trade-off.

Intuitively, minimizing E{L(Q(t + 1)) − L(Q(t)) | Q(t)}
alone would tend to push the network to a lower congestion

state, however, it may result in large penalty. Thus, we

minimize a weighted drift-plus-penalty, where M represents

how much we emphasize penalty minimization.

In order to minimize the drift-plus-penalty expression, we

define two indicator functions:

I1(i, j, d) = {distH(i, d) > distH(j, d) ∧ (j ∈ N (i))}
which means link (i, j) is a greedy path for destination d.

I2(i, j, d) = {distH(i, d) < distH(j, d) ∧ (j ∈ N (i))}
which means link (i, j) is not a greedy path for destination d.

We observe that I1 ∩ I2 = ∅. So we have:
∑

i,j,d

μdij =
∑

(i,j,d)|I1
μdij +

∑

(i,j,d)|I2
μdij (6)

The queue dynamics are:

qdi (t+ 1) =max
{

qdi (t)−
∑

j

μdij(t), 0
}

+
∑

j

μdji(t)

+Adi (t) (7)

Based on Lemma 4.3 [9], if V , U , μ, A are all non-negative

numbers and V ≤ max[U − μ, 0] + A then the following

holds:

V 2 ≤ U2 + μ2 +A2 − 2U(μ−A) (8)

We derive an upper-bound of the drift-plus-penalty expres-

sion as follows:

E[L(Q(t+ 1))− L(Q(t))|Q(t)] +M
∑

(i,j,d)|I2
E[μdij(t)|Q(t)]

= E

[

∑

i,d

qdi (t+ 1)2 −
∑

i,d

qdi (t)
2

∣

∣

∣

∣

Q(t)

]

+M
∑

(i,j,d)|I2
E[μdij(t)|Q(t)] ≤(7),(8)

∑

i,d

{

qdi (t)
2

+ E
[

(
∑

j

μdij(t))
2 + (

∑

j

μdji(t) +Adi (t))
2|Q(t)

]

}

−
∑

i,d

{

2qdi (t)E
[

(
∑

j

μdij(t)−
∑

j

μdji(t)−Adi (t))|Q(t)
]

}

−
∑

i,d

qdi (t)
2 +M

∑

(i,j,d)|I2
E[μdij(t)|Q(t)]

≤ B + 2
∑

i,d

qdi (t)λ
d
i +M

∑

(i,j,d)|I2
E[μdij(t)|Q(t)]

− 2
∑

i,d

qdi (t)E

[(

∑

j

μdij(t)−
∑

j

μdji(t)

)
∣

∣

∣

∣

Q(t)

]

(9)

where B is an upper-bound of

∑

i,d

E

[(

∑

j

μdij(t)

)2

+

(

∑

j

μdji(t) +Adi (t)

)2∣
∣

∣

∣

Q(t)

]
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As a result by applying (6) in (9) we have

E(L(Q(t+ 1))− L(Q(t))|Q(t)) +M
∑

(i,j,d)|I2
E[μdij(t)|Q(t)]

≤ B + 2
∑

i,d

qdi (t)λ
d
i − 2

∑

i,d

∑

(i,j)|I1

{(

qdi (t)− qdj (t)

)

E

[

μdij(t)

∣

∣

∣

∣

Q(t)

]}

− 2
∑

i,d

∑

(i,j)|I2

{(

qdi (t)− qdj (t)

)

E

[

μdij(t)

∣

∣

∣

∣

Q(t)

]}

+M
∑

(i,j,d)|I2
E[μdij(t)|Q(t)]

= B + 2
∑

i,d

qdi (t)λ
d
i − 2

∑

i

{

∑

j,d|I2
(qdi (t)− qdj (t)−

M

2
)

E[μdij(t)|Q(t)] +
∑

j,d|I1
(qdi (t)− qdj (t))E[μ

d
ij(t)|Q(t)]

}

(10)

Every timeslot, the control decision variables are chosen

to minimize the right hand side of the above inequality which

results in Algorithm 1 (substitute M
2 with M ).

Algorithm 1 Greedy-aided back-pressure (GA-BP)

1: � Each node i maintains a separate queue for each destination
d

2: for each directed link (i, j) do
3: for each destination d do
4: � if node j is a greedy neighbor of node i
5: if distH(i, d) > distH(j, d) then
6: P d

ij(t)← qdi (t)− qdj (t)
7: else
8: P d

ij(t)← qdi (t)− qdj (t)−M
9: end if

10: end for
11: � Each link is assigned a weight Pij

12: Pij(t)← max{max
d

P d
ij(t), 0};

13: � The destination which achieves the maximum in previous
line

14: d∗(i, j, t)← argmax
d

P d
ij(t);

15: end for
16: � Scheduling and routing rule: Choose the rate matrix through

the maximization:
17: [μij(t)]← argmax

μ′∈Γ

∑

(i,j)

μ′
ijPij(t)

18: for each directed link (i, j) do
19: if μij(t) > 0 then
20: the link (i, j) serves d∗(i, j, t) with μd∗

ij (t) = μij(t)
21: end if
22: end for

In Algorithm 1, M ≥ 0 is a design parameter. The

algorithm prioritizes routing packets along greedy paths over

non-greedy ones in order to improve delay performance

while achieving throughput-optimality. With this change, one

node can send packets to the non-greedy neighbor if and only

if the queue differential backlog between the node and the

non-greedy neighbor exceeds M . If we choose M = 0, GA-

BP would be the same as the traditional BP. Since hyperbolic

embedding in [7] guarantees existence of a greedy path to

the destination, the routing algorithm proposed in Algorithm

1 ensures packets would be routed to the destination.

As shown in Theorem 1, the performance of the algorithm

which solves the optimization problem with fixed parameter

M is within O( 1
M ) of the optimal solution. However, the

total queue length in the network increases linearly with M
(or, equivalently, delay by Little’s law). Very large M results

in larger congestion while too small M results in being far

from the optimal solution. So we are interested in M which is

neither too large nor too small. The intuition is that greedy

paths don’t always provide best set of paths. By choosing

small M we will prevent large delay in light loads by pushing

packets to go through loop-free paths while as congestion in

the network increases the greedy paths may not guarantee

stability of queues. Then the packets would be sent through

non-greedy paths besides greedy ones.

V. COMPLEXITY AND DISTRIBUTIVITY OF

GREEDY-AIDED BACK-PRESSURE

In this section, we compare the computational complexity

and distributivity of the proposed algorithm to the traditional

back-pressure algorithm. Intuitively, it may be observed that

the complexity of our method is similar to the traditional

back-pressure. In the first stage of our method, we embed

the graph in hyperbolic space by assigning a hyperbolic

coordinate to each node. This involves the overhead of

computing a spanning tree in the graph. However, since this

step is only required once in the beginning, the overhead

may be negligible over the lifetime of the network. In

both algorithms, each node computes and utilizes queue

differential backlogs (with a bias factor for our algorithm)

to make routing decisions. Thus, the recurring steps in each

algorithm have the same complexity.

Even though the traditional back-pressure is a centralized

algorithm, several studies on suitable distributed scheduling

algorithms that achieve throughput optimality have been

proposed in the literature, e.g. [10]-[11]. We may modify the

weights assigned to links in these scheduling algorithms by

utilizing the metrics from GA-BP. Thus, these algorithms can

be utilized to substitute the scheduling in GA-BP, enabling

the execution of our algorithm in a distributed manner while

satisfying throughput optimality. Since the hyperbolic coordi-

nates are calculated in a distributed manner, as demonstrated

in [7], a fully distributed implementation of our algorithm is

possible.

VI. SIMULATIONS AND RESULTS

In this section, we evaluate the delay and throughput

performance of greedy-aided back-pressure (GA-BP) and

compare it to BP and GBP via simulations. We consider

two networks of wireless nodes distributed over a region and

a wireline network which represents the GMPLS network

of North America [12]. We assume a one hop interference

model between the links for wireless networks. We assume

a Poisson arrival process with mean λ for each flow in the

network. In the simulations, we observed the performance

of the algorithms under different traffic loads and network
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topology. For each, the simulation is executed for 50000

iterations.

Fig. 1. Grid network topology

Fig. 2. Sprint GMPLS network topology of North America [12]

We consider three scenarios with varying network topol-

ogy depicted in Fig 1, 2 and 3. The scenarios are selected

to contrast extreme performance scenarios in the current

algorithms. In the first and second scenarios, GBP has poor

performance in heavy loads and it achieves only about 50%
of the network capacity. In the third scenario, GBP almost

achieves the capacity region of the network. We study the

performance of GA-BP in all scenarios and compare it with

the performance of GBP and BP.

The optimal throughput region is defined as the set of

arrival rates in which queue length and thus delay remains

finite. We can consider the traffic load under which the queue

length and thus delay increases rapidly as the boundary of

the optimal throughput region.

TABLE I

SET OF FLOWS IN GRID NETWORK

Flow ID (Source,Destination)

1 (3,11)
2 (5,12)
3 (2,9)
4 (1,8)

In the first scenario, shown in Figure 1, the network has a

grid structure with 12 nodes and 17 links. 4 flows are created

in the network as shown in Table I. The arrival rate of each

flow ranges from 0.05 to 1.3. Each link can transmit three

Fig. 3. Random network topology
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Fig. 4. Average delay vs. average arrival rate in scenario 1
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Fig. 5. Performance parameters in scenario 1 for varying M : (a) ratio of
total packets routed over non-greedy links to the packets routed over greedy
ones; (b) sum of queue length vs. average arrival rate; (c) average delay vs.
average arrival rate
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packets during a time slot. We find the hyperbolic embedding

of the graph for a minimum spanning tree (by assigning

weight equal to 1 to each link) with 1 as the root node.

Figure 4 shows delay as a function of the arrival rate for

the three algorithms BP, GBP and GA-BP with M = 1.

It can be seen GA-BP and BP achieve the same capacity

region boundary which supports our theoretical results on

throughput optimality. Moreover, GA-BP achieves better

delay performance compared to BP and GBP. This is because

under the back-pressure algorithm, packets are sent over

routing loops and unnecessarily long paths when there is

not enough congestion in the network. This leads to poor

delay performance especially in light and moderate traffic.

By using GA-BP, packets are routed through loop free paths

of the greedy embedding in light loads. However, as the

gradients build up toward the destination, packets are also

forwarded through non-greedy paths which decreases the

congestion in the network. So GA-BP improves delay by

routing packets through shorter paths, while it also exploits

long paths in the heavy traffic regime.

We vary our control parameter M to study its impact on

the performance of GA-BP. In Figure 5(a), we illustrate the

impact of M on the ratio of total packets routed over non-

greedy links to the packets routed over greedy ones. It can be

seen that as M increases the ratio of the packets routed over

non-greedy links over greedy ones decreases. In Theorem 1,

we have proved that the average packets sent through non-

greedy links are asymptotically minimized when M → ∞.

Our simulation results are consistent with the theorem.

In light traffic, for the case of M = 0 (traditional back-

pressure), the ratio is large. This is because in very light

loads, there is not sufficient traffic in the network. So it takes

very long time to build up gradient toward the destination. As

a result, the packets choose their next hop randomly. As the

arrival rate increases, the gradients towards the destinations

build up faster. Thus, the packets traverse mostly through

short loop free paths. Since greedy paths also contain a
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Fig. 6. Performance parameters in scenario 1 with different spanning trees

TABLE II

SET OF FLOWS IN RANDOM NETWORK

Flow ID (Source,Destination)

1 (1,14)
2 (5,15)
3 (12,3)
4 (7,13)

(a) (b)

(c) (d)

Fig. 7. Spanning trees used for embedding in grid network topology
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Fig. 8. Average delay vs. average arrival rate in scenario 2

set of short loop free paths, when M = 0, as arrival rate

increases, the ratio decreases. As shown in Figure 5(a), the

ratio of GA-BP became closer to that of the back-pressure

algorithm. This is because in a heavy traffic regime, GA-BP

also exploits non-greedy paths to maintain stability. As M
increases, higher priority is assigned to send packets through

greedy links, so as expected the ratio decreases.

Next, we study the effect of M on the sum of queue

length in the network. In Figure 5(b), we illustrate congestion

in the network when using GA-BP for various values of

M . As stated in the Theorem 1, the upper-bound on sum

of instantaneous queue length in the network increases as

M increases. Our simulation results are consistent with the

theorem.

Next, we study the effect of M on delay performance.

Figure 5(c) depicts the delay performance for varying values

of M . The delays for different values of M (except 0)

are almost the same in the light traffic region. However,

in moderate to heavy traffic, small M leads to better delay

performance. This is because as stated in the Theorem 1, the

sum of queue lengths in the network is bounded by a term

proportional to M . So for large M , total congestion in the

network increases which results in larger delay. On the other

hand, for very small M(M = 0) the ratio of the packets sent

through non-greedy links increases which causes loops and

long paths in light loads. As M increases, the nodes prefer

to send the packets to greedy neighbors. Thus for heavy load

scenario, this significantly increases congestion along those

paths, leading to an increase in delay. It can be observed that

while setting M = 50 results in an improvement in delay

for light load, it has the opposite effect for heavy load. This
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Fig. 9. Performance parameters in scenario 3: (a) average delay vs. average
arrival rate; (b) ratio of total packets routed over non-greedy links to the
packets routed over greedy ones; (c) average delay vs. average arrival rate
varying M.
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Fig. 10. Spanning trees used for embedding in random network topology

clearly highlights the influence of congestion along greedy

paths as we increase the load.

Next, we study the effect of spanning tree on the per-

formance of GA-BP. As stated earlier, embedding different

spanning trees results in different set of paths between each

pair of source and destination. It is important to notice, a

node may have more than one greedy neighbor toward a

destination. This means the greedy paths are not limited to

paths of the spanning tree. We are interested in a routing

algorithm which would forward packets through short paths.

The long routes would only be used when the short routes are

heavily loaded. As a result, we are interested in a spanning

tree whose embedding results in short greedy paths. Based

on the GA-BP algorithm, as congestion in greedy paths

increases, the packets are sent through non-greedy paths

besides greedy ones.

Figure 6 illustrates the impact of the spanning tree used

for embedding on delay performance of GA-BP. The graph

is embedded by the spanning trees provided in Figure 7. As

Figure 6 shows, embedding of 7(c) results in larger delay

compared to others. The reason is that the greedy paths

obtained by embedding 7(c) do not contain short paths for all

flows. The shortest greedy path for flow from node 2 to node

9 provided by embedding of 7(c) is 4 hop long, which is one

hop larger than the length of the corresponding shortest path.

Besides that, the average length of greedy paths provided by

7(c) is larger than others.

In the second scenario, we consider a wireline network

shown in Figure 2, which represents the GMPLS network

topology of North America [12]. This network has 31 nodes

and 52 links. We assume each link can transmit 64 packets

during a time slot. Each node at each time slot chooses a

random destination and generates traffic for it with average

arrival rate equal to λ = 10 to λ = 50. We construct the

hyperbolic embedding of the graph for one arbitrary spanning

tree.

In Figure 8, we compare the delay performance of GA-

BP when M = 1000 with GBP and BP. It can be seen that

GA-BP achieves better delay performance compared to BP

and GBP.

As stated earlier, we are interested to use long routes when

the short routes are congested. We can detect congestion

over greedy paths and start sending packets through non-

greedy links by choosing a proper M . Increasing M will
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Fig. 11. Performance parameters with different spanning trees
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delay sending packets over non-greedy routes. Proper choice

of M depends on the average queue length when the packets

are sent just through greedy paths and the network is

stable. If the maximum achievable average queue length of a

network is larger compared to another network, based on the

characteristics of back-pressure, average queue differential

backlog in this network is larger. As a result, a larger M
should be chosen in order to prevent packets to be sent along

non-greedy links before the greedy ones become heavily

loaded. If the maximum achievable average queue length

is large, small M results in sending packets through non-

greedy links before congestion happens. In this scenario, the

average length of active queues when λ = 20 is equal to 31.

This average queue length is much larger than 2.5 which is

the average queue length when λ = 0.5 in scenario 1. As

a result, proper M in scenario 2 is larger than the one in

scenario 1.

For the third scenario, as illustrated in Figure 3, we

consider 15 nodes with 58 links. 4 flows are created in the

network as shown in Table II. The arrival rate of each flow

ranges from 0.05 to 1.3. We assume each link can transmit

five packets during a time-slot. We construct the hyperbolic

embedding of the graph for one arbitrary spanning tree.

In Figure 9(a), we compare the delay performance of GA-

BP when M = 10 with GBP and BP. It can be seen that the

throughput optimal region of GBP is the same as BP. And

GA-BP and GBP perform considerably better than BP. Based

on this figure, we conclude the greedy paths are performing

well for this set of sources and destinations in the network.

As expected in this scenario, proper M is larger than scenario

1. The reason is that the average queue length when λ is close

to the capacity region, using the GBP algorithm, is about 5,

which is larger than the corresponding number in scenario

1.

In Figure 9(b), we illustrate the impact of M on the

ratio of total packets routed over non-greedy links to the

packets routed over greedy ones. It can be seen that as M
increases, the ratio of the packets routed over non-greedy

links over greedy ones decreases. Since routing over the

greedy paths in this scenario achieves the capacity region of

the network, we can achieve throughput optimality without

sending packets through non-greedy links which results in

zero penalty. Based on Theorem 1, since the zero penalty is

achievable, the upper bound of average sum of queue length

would not depend on M . As a result, as M increases the

upper bound of sum of queues remains the same. On the

other hand, as M increases packets are sent through loop

free greedy paths which improves delay performance.

In Figure 11, we compare the delay performance of GA-

BP with M = 10 for different chosen spanning trees depicted

in Figure 10. Greedy paths obtained by embedding 10(c)

provide more short greedy paths compared to others. As a

result, Tree 10(c) has better delay performance.

Simulation results in this section show that the GA-BP

algorithm has better performance and it achieves the capacity

region of the network. In GA-BP, M is a critical parameter

that should be selected carefully. The selected M should

neither be too large nor too small compared to the scale of

the queue length.

VII. CONCLUSIONS AND FUTURE WORK

In this paper, we have proposed a greedy-aided back-

pressure algorithm to improve the delay performance, while

maintaining the throughput-optimality property of the tradi-

tional back-pressure algorithm. We analyzed the proposed

algorithm analytically and via simulations. We demonstrated

the improvement in delay performance of our algorithm

over traditional routing schemes. Our algorithm provides

the network designer a control parameter M to tune the

delay-performance of the network. Further, our algorithm

is robust to addition of new nodes. Due to the incremental

property of hyperbolic embedding, there is no need to re-

embed the network. However, for real network deployments,

link and node failures may occur frequently. This may lead

to loss of greedy paths, causing the packets to get stuck

in local minima. This requires an adaptation in the greedy

route selection. We are currently investigating the dynamic

network scenarios that account for such node failures.

ACKNOWLEDGMENT

This material is based upon work supported by the Na-

tional Science Foundation (NSF) grant CNS-1035655 and

NIST grant 70NANB11H148.

REFERENCES

[1] L. Tassiulas and A. Ephremides, “Stability properties of constrained
queueing systems and scheduling policies for maximum throughput in
multihop radio networks,” IEEE Trans. on Automatic Control, vol. 37,
no. 12, pp. 1936–1948, Dec 1992.

[2] B. Ji, C. Joo, and N. Shroff, “Delay-based back-pressure scheduling
in multi-hop wireless networks,” in Proc of IEEE INFOCOM, April
2011, pp. 2579–2587.

[3] L. Ying, S. Shakkottai, A. Reddy, and S. Liu, “On combining shortest-
path and back-pressure routing over multihop wireless networks,”
IEEE/ACM Trans. on Networking, vol. 19, no. 3, pp. 841–854, June
2011.

[4] L. Bui, R. Srikant, and A. Stolyar, “A novel architecture for reduction
of delay and queueing structure complexity in the back-pressure
algorithm,” IEEE/ACM Transactions on Networking, vol. 19, no. 6,
pp. 1597–1609, Dec 2011.

[5] B. Ji, C. Joo, and N. Shroff, “Throughput-optimal scheduling in
multihop wireless networks without per-flow information,” IEEE/ACM
Trans. on Networking, vol. 21, no. 2, pp. 634–647, April 2013.

[6] E. Stai, J. S. Baras, and S. Papavassiliou, “Throughput-delay tradeoff
in wireless multi-hop networks via greedy hyperbolic embedding,” in
Proc. of Intl. Symposium on Mathematical Theory of Networks and
Systems, ser. MTNS ’12, 2012, pp. 1–8.

[7] A. Cvetkovski and M. Crovella, “Hyperbolic embedding and routing
for dynamic graphs,” in Proc. of IEEE INFOCOM, Apr 2009, pp.
1647–1655.

[8] M. J. Neely, Stochastic Network Optimization with Application to
Communication and Queueing Systems. Morgan and Claypool
Publishers, 2010.

[9] L. Georgiadis, M. J, and R. Tassiulas, “Resource allocation and cross-
layer control in wireless networks,” in Foundations and Trends in
Networking, 2006, pp. 1–149.

[10] A. Eryilmaz, A. Ozdaglar, and E. Modiano, “Polynomial complexity
algorithms for full utilization of multi-hop wireless networks,” in
INFOCOM 2007. 26th IEEE International Conference on Computer
Communications. IEEE. IEEE, 2007, pp. 499–507.

[11] E. Modiano, D. Shah, and G. Zussman, “Maximizing throughput in
wireless networks via gossiping,” SIGMETRICS Perform. Eval. Rev.,
vol. 34, no. 1, pp. 27–38, Jun. 2006.

[12] “Sprint ip network performance,” https://www.sprint.net/performance/,
2011.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

705



Modelling and structural properties of distributed
parameter wind power systems

Hugues Mounier∗, Luca Greco∗
∗Laboratoire des Signaux et Systèmes
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Abstract—We examine two distributed parameter models for
strings of generators connected to a wind farm. We show that
these models boil down to delay systems either with or without
continuous dynamics, depending on the type of the chosen
boundary conditions. We then investigate the differential flatness
of the systems.
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controllability, differential flatness, wave equation, wind power
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I. INTRODUCTION

Inter area oscillations is a known and annoying phenomenon
in power systems. A simple yet representative modelisation of
this phenomena can be done through a distributed parameter
system of hyperbolic type (namely a wave equation) by
assuming a distributed placement of strings of generators ([5],
[17], [3], [24], [30], [39], [43]). The involved wave equations
are amenable to delay systems, the study of which has a rich
literature. Quite a few authors have used algebraic techniques
([1], [8], [18]). We here envision the problem using module
theoretic techniques, which have been used for delay systems
([9], [13], [15] as well as for distributed parameter systems
[16], [28], [35], [42]).

The paper is organized as follows: in a first Section, the
module theoretic setting is recalled, including the module asso-
ciated to a distributed parameter system and its controllability
properties. In a second one, two modelizations are reviewed,
one stemming from the literature, and another new one. The
control appearing at the boundary is supposed to come from a
wind farm. We then show that the first input/output model is a
purely discrete one (i.e. it has no continuous dynamics, from a
control perpective) and that the second is a neutral distributed
delay one. In a third Section, the controllability properties of
the two systems are given, wherefrom a placement of the wind
farm can be deduced.

II. MODULE THEORETIC SETTING

A. R-linear systems

We shall consider in this section quite general definitions
for linear systems viewed as modules over a ring. In the
next section, we shall be more specific in order to describe

boundary value problems as modules over a ring parametrized
by space.

Definition 1: An R-system Λ, or a system over R, is an
R-module. A presentation matrix of a finitely presented R-
system Σ is a matrix P such that Σ ∼= [v]/[Pv] where [v]
is free with basis v. An output y is a subset, which may be
empty, of Λ. An input-output R-system, or an input-output
system over R, is an R-dynamics equipped with an output.
The next definition allows, by extension of scalars, to obtain
much nicer algebraic properties when needed.

Definition 2: Let A be an R-algebra and Λ be an R-system.
The A-module A⊗R Λ is an A-system, which extends Λ.

B. Boundary value problems as systems parametrized by
space

We shall here consider boundary value PDE systems as
modules over rings. A space parametrization is embedded in
the chosen rings.

1) Model class: Models are here considered as space
dynamics with time differential operator coefficients.

Distributed equations: The envisioned model equations are
based on a Cauchy-Kowalevski form:

∂xwi = Aiwi +Biu, wi : Ωi → (D
′∗)p, u ∈ (D

′∗)m,

Ai ∈ (R[∂t])
pi×pi , Bi ∈ (R[∂t])

pi×m, i ∈ {1, . . . , l} (1a)

where w1, . . . ,wl are the distributed variables, the lumped
variables are u = (u1, . . . , um), and D′∗ denotes a space of
(ultra -) distributions.

Assumptions: We shall make two assumptions:

• The intervals Ω1, . . . ,Ωl are given by an open neighbor-
hood of

Ω̃i = [xi,0, xi,1], `i = xi,1 − xi,0 = qi`

qi ∈ Q, ` ∈ R
(1b)

Without loss of generality, assume xi,0 = 0.
• The characteristic polynomials of the matrices A1, . . . , Al
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can be written

Pi(λ) := det(λI −Ai) =

pi∑
ν=0

ai,νλ
ν , (1c)

ai,ν =
∑

ν+µ≤pi

ai,ν,µ∂
µ
t (1d)

with ai,j,k ∈ R, ai,pi,0 = 1. Moreover, their principal
parts

∑
µ+ν=pi

ai,µ,ν∂
µ
t λ

ν are hyperbolic w.r.t. the time
t, i.e. the roots of

∑
µ+ν=pi

ai,µ,νλ
j are real.

Boundary conditions: The models are completed by the
following boundary conditions

l∑
i=1

Liwi(0) +Riwi(`i) +Du = 0 (1e)

with D ∈ (R[∂t])
q×m and Li, Ri ∈ (R[∂t])

q×pi .
A possible choice for the coefficient ring is the ring RIX =

C[∂t,SX,S
I
X], with X ⊆ R and

SX = {C0(z`), . . . , Cp−1(z`)|z ∈ X},
SI

X = {CI0 (z`), . . . , CIp−1|z ∈ X},

` defined as in (1b), and

CIi (x) =

∫ x

0

Ci(ζ)dζ.

Here, the Ci (i = 0, . . . , p− 1) are the fundamental solutions
of the partial differential system under study.

Inspired by the results given in [25], [1], [18], and in view
of the simplification of the analysis of the module properties,
instead of the ring RIR, we shall use a slightly larger ring,
given by RR = C(∂t)[SR] ∩ E ′∗.

C. System controllabilities

In this section we emphasize several controllability notions
which are defined directly without referring to a solution
space. Let us start with some purely algebraic definitions:

Definition 3 (see, e.g. , [13, Def. 2.4.]): Let A be an R
algebra. An R-system Λ is said to be A-torsion free control-
lable (resp. A-projective controllable, A-free controllable) if
the A-module A ⊗R Λ is torsion free (resp. projective, free).
An R-torsion free (resp. R-projective, R-free) controllable R-
system is simply called torsion free (resp. projective, free)
controllable.

Elementary homological algebra (see, e.g., [33]) yields
Proposition 1: A-free (resp. A-projective) controllability

implies A-projective (resp. A-torsion free) controllability.
Proposition 2: R-free controllability implies A-free control-

lability for any R-algebra A. More generally, given any R-
system Σ that is a direct sum of a torsion module tΣ and a
free module Λ, the extended system A ⊗R Σ is a direct sum
of the torsion module A⊗R tΣ and the free module A⊗R Λ.

Definition 4: Take an A-free controllable R-system Λ with
a finite output y. This output is said to be A-flat, or A-basic,
if y is a basis of A⊗R Λ. If A ∼= R then y is simply called
flat, or basic.

III. MODELLING

A. Distributed Parameter System models

Consider a transmission line with series of generators. The
generation Gi and power angle change δi are supposed to
be continuously distributed over the spatial dimension z. The
Rotor dynamics of the ith generator is taken to be (see, e.g.
[17]) (

2Hi

Ωs

)
δ̈i + ξδ̇i = Pi (2)

with the following
Hi The inertia constant
Ωs The electrical frequency with 60Hz base
Pi The real power flowing out the ith machine
ξ A damping coefficient
Then, the real power flow from node i to node i+ 1 over a

lossless line is

Pi,i+1 =
EiEi+1 sin(δi − δi+1)

xi

with Ei the voltage magnitude at bus i and xi is the linearized
effective impedance between machine i and i+ 1.

We then make the following two common assumptions: the
change angle δi is small and Ei = 1. With these, we get

Pi = Pi+1,i − Pi,i+1
(δi−1 − δi)(δi − δi+1)

xi

By substitution and division by ∆L, one obtains
2

Ωi

Hi

∆L
δ̈i +

ξ

∆L
δ̇i =

∆L

xi

δi − δi−1

(∆L)2
− ∆L

xi

δi − δi+1

(∆L)2

Then, taking the limit ∆L→ 0, and setting

HT =
1

L

∫ L

0

dH(z) =
H(L)

L
, γ =

x(L)

L
, η =

ξ(L)

L

yields, with ν =
√

377/2HT γ

∂2
t δ(z, t) + η ∂tδ(z, t) = ν2 ∂2

zδ(z, t) (3)

The corresponding power flow is

P (z, t) = − 1

γ
∂zδ(z, t) (4)

This type of model has been used to take into account inter
area oscillation phenomena.

Adding power injection to the previous model leads to

∂2
t δ(z, t) + η ∂tδ(z, t)− ν2 ∂2

zδ(z, t) = W (z, t) (5)

with boundary conditions

P (0, t) = P (1, t) = 0, or ∂zδ(0, t) = ∂zδ(1, t) = 0

A first model, used in [24], is a point source injection

W (u, t) = ρPg(t)δ̄(z − α)

where δ̄ denotes the delta Dirac distribution, and Pg the net
power injected. Another possible model, which we introduce
here, is a power flow injection

W (u, t) = −γPg(t)δ̄′(z − α)
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with δ̄′ is the Dirac’s derivative, in the distributional sense.
The previous model (5) with point source injection

∂2
t δp(z, t) + η∂tδp(z, t)− ν2∂2

zδp(z, t) = ρPg(t)δ̄p(z − α)

is equivalent to the following model

∀z ∈ [0, α],

∂2
t δ
−
p (z, t) + η ∂tδ

−
p (z, t)− ν2 ∂2

zδ
−
p (z, t) = 0 (6a)

∂zδ
−
p (0, t) = 0 (6b)

δ−p (α, t) = ρPg(t) (6c)

∀z ∈ [α,L],

∂2
t δ

+
p (z, t) + η ∂tδ

+
p (z, t)− ν2 ∂2

zδ
+
p (z, t) = 0 (6d)

δ+
p (α, t) = ρPg(t) (6e)

∂zδ
+
p (L, t) = 0 (6f)

The other model we introduce, corresponding to the model (5)
with power flow injection:

∂2
t δf (z, t) + η∂tδf (z, t)− ν2∂2

zδf (z, t) = −γPg(t)δ̄′f (z − α)

is equivalent to the following model

∀z ∈ [0, α],

∂2
t δ
−
f (z, t) + η ∂tδ

−
f (z, t)− ν2 ∂2

zδ
−
f (z, t) = 0 (7a)

∂zδ
−
f (0, t) = 0 (7b)

∂zδ
−
f (α, t) = −γPg(t) (7c)

∀z ∈ [α,L],

∂2
t δ

+
f (z, t) + η ∂tδ

+
f (z, t)− ν2 ∂2

zδ
+
f (z, t) = 0 (7d)

∂zδ
+
f (α, t) = −γPg(t) (7e)

∂zδ
+
f (L, t) = 0 (7f)

Remark 1: Note that, a point source actuation (as in
(6c)) implies that the actuator is able to directly modifiy
the controlled variable (here the angular variable). A flow
actuation (as in (7c)) includes a form of actuation model,
which is consistent with power as space derivative of angle
change depicted in (4). The first model implies hihgly powerful
actuation, to be able to directly steer the angle change. Fol-
lowing a mechanical-electrical analogy, consider the torsional
displacements of a metallic rod of length L with wave speed
c and actuation u. Two models are

c2∂2
zθ(z, t)− ∂2

t θ(z, t) = 0, z ∈ [0, L]

∂zθ(0, t) = 0, θ(L, t) = u(t)

for point actuation and

c2∂2
zθ(z, t)− ∂2

t θ(z, t) = 0, z ∈ [0, L]

∂zθ(0, t) = 0, ∂zθ(L, t) = u(t)

for flow actuation. Here, in the second model, the actuation
∂zθ(L, t) is a torque actuation model. In the first one, the
actuator is supposed to be sufficiently powerfull to act directly
on the displacement.

B. Point source model solution

General solution: Let us consider the first half point source
model for z ∈ [0, α] (equations (6a)–(6c)):

∂2
t δ
−
p (z, t) + η ∂tδ

−
p (z, t)− ν2 ∂2

zδ
−
p (z, t) = 0 (8a)

∂zδ
−
p (0, t) = 0 (8b)

δ−p (α, t) = ρPg(t) (8c)

The temporal Laplace transform of (8) yields

s2δ̂−p (z, s) + ηsδ̂−p (z, s)− ν2∂2
z δ̂
−
p (z, s) = 0

∂z δ̂
−
p (0, s) = 0

δ̂−p (α, s) = ρP̂g(s)

Freezing s leads to an ODE in space:

s2δ̂−p (z) + ηsδ̂−p (z)− ν2
dδ̂−p
dz2

(z) = 0 (9)

dδ̂−p
dz

(0) = 0, δ̂−p (α) = ρP̂g(s) (10)

where we have kept the symbol δ−p by abuse of notation.
The general solution of the previous ODE is investigated

through the characteristic equation in ξ:

s2 + ηs− ν2ξ2 = 0

yielding

ξ = ± ς
√
s2 + ηs = ±σ(s), with ς = 1/ν

Thus, the general solution of (9) is

δ̂−p (z) = eςz
√
s2+ηs λ̂1 + e−ςz

√
s2+ηs λ̂2 = eσzλ̂1 + e−σzλ̂2

Boundary value problem solution: The general solution of
(8) is rewritten as

δ̂−p (z, s) = Ĉz(s)µ̂
−
p1(s) + Ŝz(s)µ̂

−
p2(s), where

Ĉz(s) = cosh(σz), Ŝz(s) =
sinh(σz)

σ

The sole advantage of using these operators is that:

Ĉ0(s) = 1, Ŝ0(s) = 0

which simplifies the boundary conditions expressions. The
spatial derivatives of Ĉz and Ŝz are:

∂zĈz = σ2Ŝz, ∂zŜz = Ĉz

And the spatial derivative of δ̂−p is

∂z δ̂
−
p (z, s) = σ2Ŝzµ̂

−
p1 + Ĉzµ̂

−
p2

Similarily, the general solution of the second half point source
model for z ∈ [α,L] (equations (6d)–(6f)) and its spatial
derivatives are

δ̂+
p (z, s) = Ĉzµ̂

+
p1 + Ŝzµ̂

+
p2

∂z δ̂
+
p (z, s) = σ2Ŝzµ̂

+
p1 + Ĉzµ̂

+
p2
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The boundary conditions of the point source model (6)

∂zδ
−
p (0, t) = 0

δ−p (α, t) = ρPg(t)

δ+
p (α, t) = ρPg(t)

∂zδ
+
p (L, t) = 0

are then expressed as, in the Laplace domain

µ̂−p2 = 0 (11a)

Ĉαµ̂
−
p1 + Ŝαµ

−
p2 = ρP̂g(s) (11b)

Ĉαµ̂
+
p1 + Ŝαµ̂

+
p2 = ρP̂g(s) (11c)

σ2ŜLµ̂
+
p1 + ĈLµ̂

+
p2 = 0 (11d)

Recalling the general solutions and/or spatial derivatives:

δ̂−p (z, s) = Ĉzµ̂
−
p1

δ̂+
p (z, s) = Ĉzµ̂

+
p1 + Ŝzµ̂

+
p2

∂z δ̂
+
p (z, s) = σ2Ŝzµ̂

+
p1 + Ĉzµ̂

+
p2

we get the following expressions for µ̂−p1, µ̂+
p1 and µ̂+

p2:

µ̂−p1 = δ̂−p (0, s) = δ̂−p0 (12a)

µ̂+
p1 = δ̂+

p (0, s) = δ̂+
p0 (12b)

µ̂+
p2 = ∂z δ̂

+
p (0, s) = δ̂+′

p0 (12c)

Thus, the preceding equations (11) become

Ĉαδ̂
+
p0 + Ŝαδ̂

+′

p0 = Ĉαδ̂
−
p0 (13a)

σ2ŜLδ̂
+
p0 + ĈLδ̂

+′

p0 = 0 (13b)

which form the relations of the RQ-system ΛpQ = [δ̂−p0, δ̂+
p0,

δ̂+′

p0 ]RQ . The presentation of ΛpQ is then

(
−Ĉα Ĉα Ŝα

0 σ2ŜL ĈL

)δ̂
−
p0

δ̂+
p0

δ̂+′

p0

 = 0 (14)

To be more specific from a physical viewpoint, the model
can be written as

Ĉαδ̂
+
p0 + Ŝαδ̂

+′

p0 = Ĉαδ̂
−
p0 (15a)

σ2ŜLδ̂
+
p0 + ĈLδ̂

+′

p0 = 0 (15b)

ρP̂g = Ĉαδ̂
−
p0 (15c)

δ̂−pz = Ĉz δ̂
−
p0 (15d)

δ̂+
pz = Ĉz δ̂

+
p0 + Ŝz δ̂

+′

p0 (15e)

with δ−pz = δ−p (z, s), δ+
pz = δ+

p (z, s).

C. Power flow model solution

General and boundary value problem solution: The general
solution of power flow model (7) and its spatial derivatives are

δ̂−f (z, s) = Ĉzµ̂
−
f1 + Ŝzµ̂

−
f2 ∂z δ̂

−
f (z, s) = σ2Ŝzµ̂

−
f1 + Ĉzµ

−
f2

δ̂+
f (z, s) = Ĉzµ̂

+
f1 + Ŝzµ̂

+
f2 ∂z δ̂

+
f (z, s) = σ2Ŝzµ̂

+
f1 + Ĉzµ̂

+
f2

The boundary conditions of the power flow model (7)

∂zδ
−
f (0, t) = 0

∂zδ
−
f (α, t) = −γPg(t)

∂zδ
+
f (α, t) = −γPg(t)

∂zδ
+
f (L, t) = 0

are then expressed as

µ̂−f2 = 0 (16a)

σ2Ŝαµ̂
−
f1 + Ĉαµ

−
f2 = −γP̂g(s) (16b)

σ2Ŝαµ̂
+
f1 + Ĉαµ

+
f2 = −γP̂g(s) (16c)

σ2ŜLµ̂
+
f1 + ĈLµ̂

+
f2 = 0 (16d)

The following expressions are obtained for µ̂−f1, µ̂+
f1 and µ̂+

f2:

µ̂−f1 = δ̂−f (0, s) = δ̂−f0 (17)

µ̂+
f1 = δ̂+

f (0, s) = δ̂+
f0 (18)

µ̂+
f2 = ∂z δ̂

+
f (0, s) = δ̂+′

f0 (19)

We then get the following equations

σ2Ŝαδ̂f
+

0 + Ĉαδ
+′

f0 = σ2Ŝαδ̂
−
f0 (20a)

σ2ŜLδ̂
+
f0 + ĈLδ

+′

f0 = 0 (20b)

which form the relations of the RQ-system ΛfQ = [δ̂−f0, δ̂+
f0,

δ̂+′

f0 ]RQ . The presentation of ΛfQ is then

(
−σ2Ŝα σ2Ŝα Ĉα

0 σ2ŜL ĈL

)δ̂
−
f0

δ̂+
f0

δ̂+′

f0

 = 0 (21)

To be more specific from a physical viewpoint, the model
can be written as

σ2Ŝαδ̂f
+

0 − Ĉαδ
+′

f0 = σ2Ŝαδ̂
−
f0 (22a)

σ2ŜLδ̂
+
f0 − ĈLδ

+′

f0 = 0 (22b)

−γP̂g = σ2Ŝαδ̂
−
f0 (22c)

δ̂−fz = Ĉz δ̂
−
f0 (22d)

δ̂+
fz = Ĉz δ̂

+
f0 + Ŝz δ̂

+′

f0 (22e)

with δ−fz = δ−f (z, s), δ+
fz = δ+

f (z, s).
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IV. STRUCTURAL PROPERTIES

A. Point source system

The presentation matrix associated to ΛpQ is

PΛp
Q

=

(
−Ĉα Ĉα Ŝα

0 σ2ŜL ĈL

)
(23)

and the associated minors are:

m1(s) = −σ2ĈαŜL (24a)

m2(s) = −ĈαĈL (24b)

m3(s) = ĈαĈL − σ2ŜLŜα = ĈL−α (24c)

We then have the following proposition
Theorem 1: The RQ-system ΛpQ is RQ-free controllable if,

and only if, ĈL−α and Ĉα have no common zeros in C.

B. Power flow system

The presentation matrix associated to ΛpQ is

PΛp
Q

=

(
−σ2Ŝα σ2Ŝα Ĉα

0 σ2ŜL ĈL

)
(25)

and the associated minors are:

m1(s) = −σ4ŜαŜL (26a)

m2(s) = −σ2ŜαĈL (26b)

m3(s) = σ2ŜαĈL − σ2ŜLĈα = σ2Ŝα−L (26c)

We then have the following proposition
Proposition 3: The RQ-system ΛfQ is not RQ-free control-

lable.
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An Iterative Projection method for Synchronization of Invertible
Matrices Over Graphs

Johan Thunberg∗, Nicolo Colombo, Zuogong Yue, and Jorge Goncalves

Abstract— This paper addresses synchronization of invertible
matrices over graphs. The matrices represent pairwise trans-
formations between n euclidean coordinate systems. Synchro-
nization means that composite transformations over loops are
equal to the identity. Given a set of measured matrices that
are not synchronized, the synchronization problem amounts to
fining new synchronized matrices close to the former. Under the
assumption that the measurement noise is zero mean Gaussian
with known covariance, we introduce an iterative method based
on linear subspace projection. The method is free of step
size determination and tuning and numerical simulations show
significant improvement of the solution compared to a recently
proposed direct method as well as the Gauss-Newton method.

I. INTRODUCTION

This paper presents a method for synchronization of in-
vertible matrices (or transformations) over graphs. The word
“synchronization” in this context, does not refer to consen-
sus [1] or rendezvous, e.g., attitude synchronization [2], but
to transitive consistency [3], [4]. It means that transforma-
tions over loops are equal to the identity. This is a property
that must be fulfilled if the transformations are bijections.
If the property is not fulfilled, i.e., the matrices are not
synchronized, the objective is to find new matrices that are
synchronized and “close” to the former in an appropriate
sense.

The synchronization problem has been addressed in the
literature before, but mostly for the case of orthogonal
matrices. In the case of orthogonal matrices, Govindu et al.
use Lie-group averaging, where a first-order approximation
in the tangent space is employed [5]–[7]. Singer et al.,
present several optimization-based approaches [4], [8], [9].
The same group of authors have also presented several
application-oriented results [10]–[13]. Their works have also
been adapted by Pachauri et al. to the case where the
transformations are permutation matrices [14].

Practical examples where synchronization is present in-
clude rigid bodies in space and multiple-images registra-
tion [15]. In the former, the transformations are rigid and in
the latter the transformations are affine (if not nonlinear); by
using homogeneous coordinates, the transformations can be
represented as matrices in GL(d,R). Furthermore, the rota-
tional respective linear part can be chosen to be synchronized
independently from the translational part. Synchronization is
also closely related to the 3D localization problem, where

This work was supported by Fonds National de la Recherche Luxemourg
FNR8864515, I1R-SCG-PFN-14CRCL.

All authors are with Luxembourg Centre for Systems Biomedicine, Uni-
versity of Luxembourg, 6, avenue du Swing, L-4367 Belvaux, Luxembourg.
∗For correspondence, johan.thunberg@uni.lu

rigid transformations are calculated from camera measure-
ments [16]–[18], and the Generalized Procrustes Problem,
where rotations, translations and scales are calculated from
point-clouds [19]–[23].

In this paper, we introduce a new iterative method for
synchronization. Under the assumptions that the matrices are
drawn from Gaussian distributions with known covariance,
the method achieves a suboptimal solution to the maximum
log-likelihood problem. The key procedure in each iteration
of the method comprises a projection step, where the ma-
trices calculated in the previous iteration are projected onto
a linear subspace calculated by spectral factorization of a
positive semi-definite matrix. The method is free from step-
size determination and tuning. For initialization, a problem
is solved with a convex objective function and quadratic
constraints; it is solved by means of spectral factorization
of a Hessian matrix. This initialization method improves on
a recently presented direct method [23].

II. GRAPHS AND CONSISTENT MATRICES

In order to define the problem we want to solve, we need
to state some concepts of directed graphs. Let G = (V, E)
be a directed graph, where V = {1, 2, . . . , n} is the node set
and E ⊂ V × V is the edge set.

Definition II.1. (connected graph, undirected path)
The directed graph G is connected if there is an undirected
path from any node in the graph to any other node. An
undirected path is defined as a (finite) sequence of unique
nodes such that for any pair (i, j) of consecutive nodes in
the sequence it holds that

((i, j) ∈ E) or ((j, i) ∈ E).

Definition II.2. (quasi-strongly connected graph, center,
directed path)
The connected directed graph G is quasi-strongly connected
(QSC) if it contains a center. A center is a node in the graph
to which there is a directed path from any other node in the
graph. A directed path is defined as a (finite) sequence of
unique nodes such that any pair of consecutive nodes in the
sequence comprises an edge in E .

Definition II.3. (strongly connected graph)
The directed graph G is strongly connected if for each pair
(i, j) ∈ V × V , there is a directed path from i to j.

Definition II.4. (strongly connected component)
A strongly connected component of a directed graph G =
(V, E), is a strongly connected graph Gc = (Vc, Ec), such
that Vc ⊂ V and E ⊃ Ec ⊂ Vc × Vc
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Definition II.5. The complete graph is (V,V × V).

Now we connect the directed graphs with collections of
matrices in GL(d,R).

Definition II.6. (transitive consistency)
1) The matrices in the collection {Gij}(i,j)∈V×V of ma-

trices in GL(d,R) are transitively consistent for the
complete graph if there is a collection {Gi}i∈V of
matrices in GL(d,R) such that

Gij = G−1i Gj for all i, j. (1)

2) Given a graph G = (V, E), the matrices in
the collection {Gij}(i,j)∈E of matrices in GL(d,R)
are transitively consistent for G if there is a col-
lection {Gij}(i,j)∈V×V ⊃ {Gij}(i,j)∈E such that
{Gij}(i,j)∈V×V is transitively consistent for the com-
plete graph.

Another word for transitive consistency, which will be
used in this paper, is synchronization. We say that two collec-
tions {Gi}i∈V and {Ḡi}i∈V are equal up to transformation
from the left if there is a matrix Q ∈ GL(d,R) such that

QGi = Ḡi for all i.

Lemma II.1 ( [3]). For any graph G = (V, E) and collection
{Gij}(i,j)∈E of matrices in GL(d,R) that are transitively
consistent for G the following holds

1) All collections {Gi}i∈V satisfying (1) are equal up
to transformation from the left if and only if G is
connected,

2) there is a unique collection {Gij}(i,j)∈V×V ⊃
{Gij}(i,j)∈E of transitively consistent matrices for the
complete graph, if and only if all collections {Gi}i∈V
satisfying (1) are equal up to transformation from the
left.

Lemma II.2. The matrices in the collection {Gij}(i,j)∈V×V
of matrices in GL(d,R) are transitively consistent for the
complete graph if and only if

Gik = GijGjk

for all i, j and k.

For a proof of Lemma II.2 we refer to [24].

III. PROBLEM FORMULATION

In this section we formulate the problem. On a high level,
the problem is described as follows. Given a directed and
connected graph G = (V, E) and a collection {Gij}(i,j)∈E
of matrices in Rd×d, the problem is to find a collection
of transitively consistent (or synchronized) invertible Ḡij-
matrices (i.e., elements in GL(d,R)) that are close to the
Gij matrices (we return to the meaning of closeness in
the detailed description of the problem below). Due to
Definition II.6, this general problem is equivalent to finding
a collection {Ḡi}i∈V of invertible matrices such that the
matrices Ḡij = (Ḡ−1i Ḡj) are close to the Gij-matrices.

Now we provide a detailed description of the problem. It
is formulated as a maximum likelihood estimation problem.
We assume that there is a collection {Gtrue

i }i∈V of matrices
in GL(d,R) such that that (the vectorization of) each Gij-
matrix in the collection {Gij}(i,j)∈E has been drawn from
the distribution

N (vec((Gtrue
i )−1Gtrue

j ), Q−1ij ).

Each Qij ∈ Rd2×d2

is positive definite. The vec(·)-operator
transforms a matrix into a vector by stacking the columns
after each other in consecutive order.

The maximum-likelihood matrix synchronization problem
is formulated as

minimize
G

f(G) =
∑

(i,j)∈E

1

2
vec(Gij −G−1i Gj)

T ·

Qijvec(Gij −G−1i Gj),

subject to G = [G1, G2, . . . , Gn],

Gi ∈ GL(d,R) for all i.

(2)

Remark III.1. In the special case when the Qij-matrices
are equal to the identity, problem (2) can be written more
compactly as

f(G) =
∑

(i,j)∈E

1

2
‖Gij −G−1i Gj‖2F .

The graph G = (V, E) is assumed to be connected. Con-
nectivity, is necessary to guarantee that the Gi matrices are
unique up to transformations from the left in the case of
synchronized Gij matrices, see Lemma II.1.

It should be noted that problem (2) is a nonlinear (non-
convex) least squares problem over an open (non-convex) set.
A valid concern is that of the well-posedness of Problem (2),
i.e., can we rightfully write “minimize” instead of “inf”.
In fact, in its most general form, without any requirements
for the G-graph and the Gij-matrices, the problem is not
well-posed. To be sure that there exists a minimizer to the
problem, we have to impose additional constraints on those
objects. Proposition III.1 introduces such constraints.

According to Proposition III.1 1), the well-posedness is
guaranteed if G is strongly-connected. The condition 2) in
the proposition violates the assumption that the matrices
are drawn from Gaussian distributions. Thus, this second
condition is nothing but a requirement for the Problem (2)
to be well posed. It should be noticed however that the event
that at least one of the drawn matrices is rank deficient has
probability zero.

Before we proceed, we introduce the set

S = {G : G = [G1, G2, . . . , Gn], Gi ∈ GL(d,R) for all i}.

Proposition III.1. If one of the two assumptions below are
fulfilled, then f defined in problem (2) attains a minimum on
the set S.
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1) G = (V, E) is strongly connected,

2) G = (V, E) is connected, and there is at most one
strongly connected component Gc of G that contains
two or more nodes. For any edge (i, j) ∈ E , where at
least one of the nodes i and j is not in Gc, it holds
that Gij ∈ GL(R, d).

Proof of Proposition III.1: All norms in this proof shall
be read as the Frobenius norm. The proof begins with a
general part and proceeds with parts tailored for conditions
1) and 2), respectively.

General part: Since, the function f is bounded from below
(by 0), there is a sequence {Gs}∞s=1 with Gs ∈ S for all s
such that

inf
G∈S

f(G) = lim
s→∞

f(Gs) and f(Gs+1) ≤ f(Gs) for all s.

Let Gs = [Gs
1, G

s
2, . . . , G

s
n] for all s, where Gs

i ∈
GL(d,R) for all i, s. Since {f(Gs)}∞s=1 is decreasing,
due to the structure of f , it is easy to verify that
{‖(Gs

i )
−1Gs

j‖}s∈N,(i,j)∈E is uniformly bounded, which
means that the elements in {(Gs

i )
−1Gs

j}s∈N,(i,j)∈E are uni-
formly bounded. Hence, there is a sub-sequence {sk}∞k=1

such that {(Gsk
i )−1Gsk

j }∞k=1 converges for all (i, j) ∈ E
(application of Weierstrass Theorem). Thus, there are Ḡij ∈
Rd×d for all (i, j) ∈ E such that

lim
k→∞

(Gsk
i )−1Gsk

j = Ḡij for all (i, j) ∈ E . (3)

One can now show that

inf
G∈S

f(G) =
∑

(i,j)∈E

1

2
vec(Gij − Ḡij)

TQijvec(Gij − Ḡij).

Condition 1) The first step is to show that the Ḡij-matrices
are invertible. Suppose that there is an edge (i1, i2) ∈ E such
that Ḡi1i2 is not invertible. Since the graph G is strongly
connected (i, j) is part of a loop with distinct nodes. Let the
edges in the loop be (i1, i2), (i2, i3), . . . , (iN , i1), where N
is the number nodes in the loop. Now it holds that

lim
k→∞

(Gsk
i1

)−1Gsk
i2

(Gsk
i2

)−1Gsk
i3
· · · (Gsk

iN
)−1Gsk

i1

= ( lim
k→∞

(Gsk
i1

)−1Gsk
i2

)( lim
k→∞

(Gsk
i2

)−1Gsk
i3

) · · ·

( lim
k→∞

(Gsk
iN

)−1Gsk
i1

) = Ḡi1i2Ḡi2i3 · · · ḠiN i1 = I.

Since the right-hand side in the last equation is inverible, all
the matrices in the left-hand side must also be. Especially
Gi1i2 , which was claimed not to. This is a contradiction.
Hence, all the Ḡij-matrices are invertible.

Now we can augment the collection of Ḡij-matrices. We
define

Ḡij = lim
k→∞

(Gsk
i )−1Gsk

j for all (j, i) ∈ E , (4)

For any (i, l) 6∈ E , for which there is j such that (i, j), (j, l) ∈
E holds, we define Ḡil by

lim
k→∞

(Gsk
i )−1Gsk

j (Gsk
j )−1Gsk

l

=( lim
k1→∞

(G
sk1
i )−1G

sk1
j )( lim

k2→∞
(G

sk2
j )−1G

sk2

l )

= ḠijḠjl = Ḡil.

Now we can add new matrices to the collection of existing
Ḡij-matrices by considering new (i, j, l)-triplets as set forth
above. As a consequence of the fact that the graph G is
connected, this procedure can be continued until all the Ḡij-
matrices are added (i.e., all index pairs are considered). All
the matrices in the collection {Ḡij}(i,j)∈V×V are invertible.
Furthermore, by using a limit argument, one can show that

ḠijḠjk = Ḡil for all i, j, l.

The latter implies – due to Lemma II.2 – that there are Ḡi-
matrices in GL(d,R) such that

Ḡij = Ḡ−1i Ḡj for all (i, j) ∈ V × V.

Hence, the problem has a minimizer under condition 1).

Condition 2) We partition E , i.e., the edge-set of G, into
two sets. The first, S1, comprises edges that are contained
in the strongly connected component Gc. The second, S2,
comprises the rest of the edges.

First, we consider edges in S1. Along the lines of the
proof for condition 1), one can prove that ḠijḠjk = Ḡik

for all i, j, k ∈ Gc. Furthermore, for all edges in S1, there
are Ḡi-matrices such that Ḡij = Ḡ−1i Ḡj for all i, j ∈ Gc.

Secondly, we consider edges in S2. Each edge in S2 is
contained in a tree (which is one of perhaps many trees
consisting of nodes that are not in Gc) where one and only
one “leaf-edge” ends or starts in a node ic that is a node in
Gc. Now one can show that there are Ḡij-matrices for the
edges in the tree such that

Ḡij = Ḡ−1i Ḡj ,

where the Ḡi-matrices (for all nodes but ic) are computed
recursively, starting with Gk, where k is the other node,
besides ic, in the “leaf-edge”. Depending on whether the
edge has the form (k, ic) or (ic, k), the matrix Ḡk is either
given by Ḡ−1k = GkicG

−1
ic

or Ḡk = GicGick. The matrix
Gkic was assumed to be invertible, see condition 2). Once
Ḡk is computed, we can continue with the matrices of the
nodes directly connected to k and so on. The equivalent
procedure is then performed for all the trees (if there are
more than one).

Remark III.2. Note that since the graph G is assumed to be
connected, the Ḡij-matrices in the proof of Proposition III.1
correspond to a unique (up to transformation from the left
that is) collection of Ḡi-matrices, see Lemma II.1. However,
we do not claim the solution to be unique (up to transfor-
mation from the left) of the optimal solution to this problem.
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IV. THE ITERATIVE PROJECTION METHOD

In this section we introduce our method, which is an iter-
ative method that achieves a suboptimal solution to Problem
(2). At each iteration k, the matrix

G(k) = [G1(k), G2(k), . . . , Gn(k)]

is calculated. After a suitable number of iterations, T , the
algorithm stops and the final Ḡ-matrix is chosen as the best
G(k)-matrix for all the iterations k = 1, 2, . . . , T .

A. Initialization

As initialization for the method (step 0 in the main
algorithm), an other optimization problem than (2) is solved.
The problem is defined below.

minimize
G

∑
(i,j)∈E

1

2
‖GijGj −Gi‖2F

subject to G = [G1, G2, . . . , Gn],

Gi ∈ Rd×d,

GGT = nI.

(5)

The Gi(0)-matrices are obtained from the optimal solution
to this problem. Provided that the Gij-matrices are close
enough to be synchronized, one can show that that the opti-
mal Ḡi-matrices are invertible and the problem is well posed.
Solving (5) amounts to performing a Spectral Factorization
or a Singular Value Decomposition (SVD). More specifically,
we reformulate the problem (5) as:

minimize
W

trace(WTHW ),

subject to W ∈ Rnd×d,WTW = I.
(6)

The matrix H is defined as

H = diag(A1)⊗ I + diag(WTW )−W −WT ,

where 1 ∈ Rn is the vector where each element is equal to
1, W = [Wij ], A = [Aij ], and

Wij =

{
Gij if (i, j) ∈ E ,
0 else,

, Aij =

{
1 if (i, j) ∈ E ,
0 else.

Now, let V be the optimal solution to Problem (6) (ob-
tained by preforming SVD or spectral factorization of H)
and identify the Gi(0)-matrices by

V T = [(G1(0))−T , (G2(0))−T , . . . , (Gn(0))−T ].

B. Main algorithm

Step 0: Set k = 0, choose T ∈ N, and choose G(0)
according to the procedure in Section IV-A.

Step 1: Let H̄(k) = [H̄ij(k)], where

H̄ii(k) =
∑
j∈Ni

(Gj(k)T ⊗ I)TQij(Gj(k)T ⊗ I)+∑
{j:i∈Nj}

(Gi(k)T ⊗Gji)
TQji(Gi(k)T ⊗Gji)

for all i and

H̄ij(k) ={
0 if

{
(i, j) 6∈ E ,
(j, i) 6∈ E ,{

−(Gj(k)T ⊗ I)TQij(Gj(k)T ⊗Gij) if

{
(i, j) ∈ E ,
(j, i) 6∈ E ,{

−(Gi(k)T ⊗Gji)
TQji(Gi(k)T ⊗ I) if

{
(i, j) 6∈ E ,
(j, i) ∈ E ,{

−(Gj(k)T ⊗ I)TQij(Gj(k)T ⊗Gij)

− (Gi(k)T ⊗Gji)
TQji(Gi(k)T ⊗ I)

if

{
(i, j) ∈ E ,
(j, i) ∈ E ,

for all i 6= j. The object ⊗ is the Kronecker product.

Step 2: Let Z(k) be the matrix (up to permutation),
whose column vectors are given by the d2 eigenvectors
corresponding to the d2 smallest eigenvalues of the
matrix H̄(k). These eigenvectors are computed by spectral
factorization of H̄(k).

Step 3: Define R = [R1, R2, . . . , Rn] ∈ Rd×nd via

vec(R)

=Z(k)Z(k)T vec([(G1(k))−1, (G2(k))−1, . . . , (Gn(k))−1])
(7)

where Ri ∈ Rd×d for all i.

Step 4: If the Ri-matrices are invertible and k + 1 ≤ T , let
k = k + 1, Ḡ(k) = R, and goto Step 1. Else, let

Ḡ = G(l), where l = arg min
m∈{1,2,...,k}

f(G(m))

and terminate the algorithm.

V. EXPLANATION AND MOTIVATION OF THE ALGORITHM

In this section we explain and motivate the proposed
algorithm. To begin with, we turn to Section IV-A and
the initialization procedure. The function f in (2) reduces
to the objective function in Problem (6) if two restrictions
are fulfilled. The first is that all the Qij-matrices are equal
to I – in this case the function is on the form given in
Remark III.1 – the second is that the matrices are constrained
to be orthogonal. If these two restrictions are fulfilled, the
procedure in Section IV-A generates a solution very close
to the global optimal solution of the restricted Problem (2),
see [3] and especially Section 3.4 for further details on the
method. The constraint GGT = nI is a relaxation of the
constraint that GiG

T
i = I for all i. A related method, also

for the case where Qij = I for all i, j was presented in
[23]. That method was specialized for affine transformation
matrices.

One of the more interesting properties of Problem (6) (or
rather the matrix H defined in Section IV-A) is provided by
the following proposition.
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Proposition V.1 ( [3]). The collection {Gij}(i,j)∈E of matri-
ces in GL(d,R) is transitively consistent for the connected
graph G if and only if

dim(ker(H)) = d,

where H is defined in Section IV-A.

Furthermore, one can also show that the rank of H is always
larger or equal to (n−1)d if the Gij-matrices are invertible.

Now we turn to the motivation behind the main algorithm.
We want to solve problem (2). However, not only is the
feasible set non-convex, the objective function in (2) is
non-convex too. A key idea behind the algorithm is to
approximate the objective function with a convex one. This is
done in the manner described below. The objective function
f in Problem (2) is given by

f(G) =
∑

(i,j)∈E

1

2
vec(Gij −G−1

i Gj)
TQijvec(Gij −G−1

i Gj)

=
∑

(i,j)∈E

1

2
vec((GijG

−1
j −G−1

i )Gj)
T ·

Qijvec((GijG
−1
j −G−1

i )Gj).

Now, let us introduce the following function

f̄(G,R) =
∑

(i,j)∈E

1

2
vec((GijRj −Ri)Gj)

T ·

Qijvec((GijRj −Ri)Gj),

where R = [R1, R2, . . . , Rn] and each Ri ∈ Rd×d for all i.
The problem (2) can be rewritten as

minimize
G

f̄(G,R)

subject to Ri = G−1i for all i.
(8)

Now, let us consider the following optimization problem. In
each iteration we aim to minimize f̄(G(k), R) with respect
to R. To be more specific, we solve a the following problem

minimize
P

‖G(k)− P‖F

subject to P = [P1, P2, . . . , Pn],

Pi ∈ Rd×d for all i,
vec(P ) ∈ im(Z(k)),

Z(k) = arg min
Z
{ZT H̄(k)Z : . . .

Z ∈ Rnd2×d2

, ZTZ = I},
H̄(k) = (∇R)2f̄(G(k), R).

(9)

The Hessian matrix of the function f̄(G(k), R) with re-
spect to R is H̄(k). If the Gij-matrices are transitively
consistent and the Gi(k)-matrices fulfill (1), then ḡ(k) =
vec([G−11 (k), G−12 (k), . . . , G−1n (k)]) is contained in the d2-
dimensional nullspace of H̄(k). If the Gij-matrices are not
synchronized, the optimal solution to a certain optimization
problem is contained in im(Z(k)). The optimization problem
is that of minimizing f̄(G(k), R) with respect to R, subject
to the constraint that vec(R) has unit norm. Now, one

could propose a method similar to the one in Section IV-
A, where the optimal solution is obtained from Z(k) (which
is the equivalent to the matrix V in Section IV-A). However,
im(Z(k)) is a d2-dimensional subspace and it is hard to
extract the optimal solution from this space. The trick is
instead to project the (vectorization of the) near-optimal
solution, consisting of the inverses of the Gi(k)-matrices,
onto im(Z(k)), and by this procedure, removing the parts
that are not contained in im(Z(k)). Solving Problem (9)
corresponds to performing this projection procedure. The
projection is given by the matrix R in (7).

VI. NUMERICAL EXPERIMENTS

To evaluate the performance of the algorithm, numerical
simulations were conducted. Results of those simulations are
shown in Fig. 1. For each out of eight different param-
eter settings, 100 simulations were run and the minimum
and the median of the normalized f -values are shown for
each iteration of the algorithms (see explanation of the
normalization below). Red lines correspond to our proposed
method, whereas black lines correspond to the Gauss-Newton
method, which is a standard method for nonlinear least
squares problems. In [3], explicit expressions are provided
for the Gauss-Newton method for the case where all the Qij-
matrices are equal to the identity matrix.

For simplicity, we have not considered the damped version
of the Gauss-Newton method, nor the Levenberg-Marquad
generalization. Thus, we reserve ourselves for possible im-
provements present, would these aspects been accounted for.
As is the case for our method, the initialization procedure for
the Gauss-Newton method is the direct method in Section IV-
A.

The objective values have been normalized compared to
that obtained via the initialization procedure. The initializa-
tion procedure is (to the best of our knowledge) the state of
the art in terms of direct methods. The problem at hand, (2)
that is, has (to the best of our knowledge) not been studied
before in the general form we consider. Due to this reason,
we did not consider more comparison methods than the
Gauss-Newton method and the direct method in Section IV-
A.

The parameters in Fig. 1 are defined as follows.
• n is the number of coordinate systems.

• d is the dimension of the matrices, i.e., the matrices
are contained in Rd×d.

• ρ is the graph density. We always assume that the
graphs are connected, so ρ = 0 corresponds to a tree
graph and ρ = 1 corresponds to the complete graph,
with linear interpolation in between.

• σg is a parameter used in the generation of the Gij-
matrices. It is used in the following procedure.

– First random orthogonal matrices are generated,
call them Ri, for all i ∈ V . Each such matrix
is generated from R̄i matrices whose elements
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are samples drawn from the uniform distribution
with (−0.5, 0.5) as support. The R̄i-matrices are
projected onto O(n) in the least square sense to
get the Ri-matrices.

– Then Gtrue
i -matrices are created by element wise

addition of samples drawn from N (0, σg) to the
Ri-matrices.

– Now Ḡtrue
ij = (Gtrue

i )−1Gtrue
j for all i, j. These

synchronized Ḡtrue
ij -matrices are then used for the

means in the distributions N (vec(Gtrue
ij ), Q−1ij ),

from which the (vectorization of the) Gij-matrices
are drawn.

• σQ is a parameter used in the generation of the Qij

matrices. Q̄ij-matrices are created by element wise ad-
dition of samples drawn from N (0, σQ) to the identity
matrix. Then Qij = Q̄T

ijQ̄ij . Thus, if σQ = 0, it holds
that Qij = I for all i, j.

There are a couple of things to note here. The first is that
the graph is not necessarily strongly connected, albeit con-
nected. The conditions in Proposition III.1 are not necessarily
fulfilled. Yet, the method works well in practice (in the
medium sense), see the simulations. Improvement of the
initial solution was observed for all the different parameter
settings, which is not the case for the Gauss-Newton method.
The second thing to note is the involvement of orthogonal
matrices in the generation of the Gtrue

i -matrices. Orthogonal
matrices are the least ill-conditioned matrices (with respect to
matrix inversion). Thus, for near-orthogonal Gtrue

i -matrices,
the optimization problem is more tractable than for more ill-
conditioned matrices. For all parameter settings in Fig. 1,
σg = 0.5, which means that the Gtrue

i -matrices are (statisti-
cally speaking) not that close to orthogonal matrices.

We should emphasize here that in each simulation, for each
setting of parameters, new matrices and graphs were gen-
erated. Also, note that no median-improvement is achieved
when the the Gauss-Newton method is used for parameter
settings corresponding to the bottom sub-figures. As already
mentioned, one might argue that by choosing proper step-
sizes and by augmenting the Gauss-Newton method with a
gradient term (the Levenberg-Marquad algorithm) we would
improve the perfomance. Now, this is underpinning one of
the advantages with the proposed method – it is free of such
step-size determination and tuning, which makes it easy to
use in practice.

VII. CONCLUSIONS

A new iterative method has been presented for synchro-
nization of invertible matrices over graphs. The matrices are
assumed to be drawn from Gaussian distributions with known
covariance. The method is projection method, where the
updated matrices in each iteration are obtained by means of
projection onto a linear subspace. The method has fast con-
vergence and is free of step-size determination and tuning. In
numerical simulations, the method performs better than the

Gauss-Newton method as well as a recently proposed direct
method.
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Fig. 1: Improvement over the direct method for the proposed algorithm and the Gauss-Newton method. Eight different
parameter settings are considered. Values below 1 are improvements compared to the direct method, which is being
used for initialization.
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Inverse Problems for Matrix Exponential in System Identification:
System Aliasing

Zuogon Yue, Johan Thunberg∗ and Jorge Gonçalves

Abstract— This note addresses identification of the A-matrix
in continuous time linear dynamical systems on state-space
form. If this matrix is partially known or known to have a
sparse structure, such knowledge can be used to simplify the
identification. We begin by introducing some general conditions
for solvability of the inverse problems for matrix exponential.
Next, we introduce “system aliasing” as an issue in the identifi-
cation of slow sampled systems. Such aliasing give rise to non-
unique matrix logarithms. As we show, by imposing additional
conditions on and prior knowledge about the A-matrix, the
issue of system aliasing can, at least partially, be overcome.
Under conditions on the sparsity and the norm of the A-matrix,
it is identifiable up to a finite equivalence class.

I. INTRODUCTION

Time-series models in engineering, economics and biology
can often be represented by state-space models. In the exam-
ple of gene regulatory networks (evolving close to equilibria),
the structure of the right-hand side defines pathways, from
which conclusions can be drawn about possible diseases. For
continuous-time linear dynamics, the state-space form has an
A-matrix, which reveals the direct connections between the
states. In many dynamical systems, as the aforementioned
ones, the structure of this matrix is either partially known
or known to be sparse. This paper investigates what such
criteria can be used to identify the A-matrix.

Estimating continuous-time systems from discrete-time
measured data is an important part of the field of systems
identification, see e.g. [1]–[3]. However, with low sampling
rates, the identification of continuous-time systems becomes
particularly challenging, manifested in the lack of compre-
hensive studies. In the presence of “system aliasing”, the
discrete-time signals do not contain certain information about
the continuous-time signals. As a result, even though the
discrete-time system can be identified, the selection of the
continuous-time model may be ambiguous. This note sheds
light on how this issue of system aliasing complicates the
identification.

Before addressing the issues related to system aliasing,
we first recall some results on matrix logarithms and ex-
ponentials – the questions of existence and uniqueness are
addressed. The results are given as algebraic conditions for
obtaining a unique A-matrix within a set. In contrast to these
results, the note proceeds by first providing the minimal
sampling frequency such that system aliasing is avoided.

This work was supported by Fonds National de la Recherche Luxembourg
(9247977 & 8864515).

All authors are with Luxembourg Centre for Systems Biomedicine
(LCSB), University of Luxembourg, 6, avenue du Swing, L-4367 Belvaux,
Luxembourg.
∗For correspondence, johan.thunberg@uni.lu

Then we consider the issue of system aliasing. When know
that the A-matrix is sparse, we observe that allowing for
“aliased” representations might lead to A-matrices that are
more sparse among the aliased solutions, thus exposing
more structures in the state generation. This note gives a
mathematical definition of “system aliases”, and study how
to select the sparest one among the aliases of the underlying
systems. Refer to [4] for more preliminaries and all proofs.

II. PRELIMINARIES

Let

A = Ā+ E and D ∈ Rp×n
2

,

where Ā ∈ Rn×n and E ∈ S ⊆ Rn×n. This note addresses
properties that must hold for (A,D,S ) or (Ā, E,D,S )
in order to guarantee that E can be determined from
Dvec(exp(A)). In the following cited definitions and the-
orems, we adopt the notations in [5].

A. Principal logarithm

Theorem 1 (principal logarithm [5, Thm. 1.31]). Let P ∈
Cn×n have no eigenvalues on R−. There is a unique log-
arithm X of P all of whose eigenvalues lie in the strip
{z : −π < im(z) < π}. We refer to X as the principal
logarithm of P and write X = Log(P ). If P is real then its
principal logarithm is real.

Let G(h) = {z ∈ C : −π/h < im(z) < π/h, h ∈ R}. We
denote the set of real matrices in Rn×n whose eigenvalues
lie in the strip G(1) by A (n). By restricting the set for which
Ā and E belong to A (n), it follows that

E = Log(exp(A))− Ā,

is one-to-one. Throughout the text, the notations exp(·) and
e(·) are used interchangeably. We use log(·) for general pri-
mary matrix logarithms and Log(·) for principal logarithms.

Theorem 2 (Gantmacher [5, Thm. 1.27]). Let P ∈ Cn×n
be nonsingular with the Jordan canonical form

Z−1PZ = J = diag(J1, J2, ..., Jp) (1a)

Jk = Jk(λk) =


λk 1

λk
. . .
. . . 1

λk

 ∈ Cmk×mk .

(1b)

Then all solutions to eA = P are given by

A = ZU diag(Lj11 , L
j2
2 , ..., L

jp
p )U−1Z−1, (2)
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where
Ljkk = log(Jk(λk)) + 2jkπiImk

; (3)
log(Jk(λk)) denotes

f(Jk) :=


f(λk) f ′(λk) · · · f(mk−1)(λk)

(mk−1)!

f(λk)
. . .

...
. . . f ′(λk)

f(λk)


with f the principal branch of the logarithm, defined by
Im(log(z)) ∈ (−π, π]; jk is an arbitrary integer; and U
is an arbitrary nonsingular matrix that commutes with J .

Theorem 3 (classification of logarithms [5, Thm. 1.28]). Let
the nonsingular matrix P ∈ Cn×n have the Jordan canonical
form (1) with p Jordan blocks, and let s ≤ p be the number
of distinct eigenvalues of A. Then eA = P has a countable
infinity of solutions that are primary functions of P , given
by

Aj = Z diag(Lj11 , L
(j2)
2 , ..., L(jp)

p )Z−1, (4)

where Ljkk is defined in (3), corresponding to all possible
choices of the integers j1, ..., jp, subject to the constraint
that ji = jk whenever λi = λk.

B. Fréchet Derivatives
Definition 1 ( [5]). The Fréchet derivative of the matrix
function f : Cn×n → Cn×n at a point X ∈ Cn×n is a linear
map

Cn×n L−→ Cn×n
E 7−→ L(X,E)

such that for all E ∈ Cn×n

f(X + E)− f(X)− L(X,E) = o(‖E‖).
The Fréchet derivative exists for matrix functions exp and

Log (principal logarithm) and it is unique. It holds that [5,
p. 238]

Lexp(X,E) =

∫ 1

0

eX(1−s)EeXsds,

LLog(X,E) =

∫ 1

0

(t(X − I) + I)−1E(t(X − I) + I)−1)dt.

C. Fréchet derivatives for the vector representation
The vector representation of the Fréchet derivatives

Lexp(X,E) and LLog(X,E) have the structure of being
given as a matrix multiplied by vec(E).

vec(Lexp(X,E)) = K(X, 0)vec(E), (5)

vec(LLog(X,E)) = K(X, 0)−1vec(E), (6)

K(X,E) =
(
I ⊗ exp(X)

)
ψ
(
(X + E)T ⊕ (−X))

)
. (7)

Here K(X,E) can be seen as an extension of the object
K(X) defined in [5, Thm. 10.13]. The vector representation
of eA = eĀ+E can be written as

vec(eĀ+E) = vec(eĀ) +K(Ā, E)E. (8)

Moreover, let us define the maps fĀ : Rn×n → Rn2

and gĀ :
Rn×n → Rn2

by

fĀ(E) = K(Ā, E)vec(E) and gĀ(E) = K(Ā, 0)vec(E).

III. PROBLEM FORMULATIONS

A. General notation

Definition 2.

E (A,D, h,S ) =
{
A∗ ∈ Rn×n : D ∈ Rn

2×n2

, h ∈ R,

A∗ = arg min
Ã∈S

‖Dvec(exp(hA))−Dvec(exp(hÃ))‖2
}
,

where S ⊆ Rn×n contains A.

This set will be used to define the important concept of
system aliasing in continuous-time linear system identifica-
tion. Considering the special case of the set S ⊆ A (n), we
introduce the following set.

Definition 3.

EL(Ā, E,D,S ) =
{
E∗ : Ā+ E∗ ∈ A (n), D ∈ Rn

2×n2

,

E∗ = arg min
Ẽ∈S

‖Dvec(exp(Ā+ E))−Dvec(exp(Ā+ Ẽ))‖2
}

where S ⊆ Rn×n contains E.

If E is “sufficiently” small in norm, there is an approxi-
mated problem that we could investigate, where we can use
Fréchet derivatives to approximate exp(Ā + E) at Ā in the
direction of E.

Definition 4.

ES(Ā, E,D,S ) =
{
E∗ : Ā+ E∗ ∈ A (n), D ∈ Rn

2×n2

,

E∗ = arg min
Ẽ∈S

‖DK(Ā, 0)
(

vec(E)− vec(Ẽ)
)
‖2
}
,

where S ⊆ Rn×n is a linear subspace containing E.

Here we use the first order approximation of the expo-
nential matrix. Then we assume that S is a linear subspace
and we want to find out in what directions in this space the
first order approximation is good. To be more precise, the
question is for what (Ā, E,D,S ) it holds that(

sup
E′∈ES(Ā,tE,D,S )

‖E′ − tE‖

)
|t|

→ 0 ast→ 0. (9)

B. Continuous-time linear system identification

Consider the linear dynamical system{
ẋ(t) = Ax(t),

y(t) = Cx(t),
(10)

where A = Ā+E; C ∈ Rp×n has full rank, x(t) ∈ Rn and
y(t) ∈ Rp.

With the general notation given in Section III-A, we
can give a definition on system aliasing only using the A-
matrix and the sampling period h, which does not necessarily
depend on specific identification methods.

Definition 5 (System aliasing). Given A ∈ S and h ∈
R+, if there exists Â 6= A ∈ E (A, I, h,S ), then Â is
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called a system alias of A with respect to S . By default,
choose S (A) :=

{
Ã ∈ Rn×n : max{im(eig(Ã))} ≤

max{im(eig(A))}
}

.

We are particularly interested in E (A, I, h,S ) = {A},
i.e. there is system aliasing. Note that the concept of system
aliasing does not depend on specific data. It only depends on
system dynamics (e.g. the A-matrix in (10)) and sampling
frequencies. If the D matrix is specifically constructed by
data instead of I , E (A,D, h,S ) = {A}, where A denotes
the ground truth. This tells us that the underlying system
is identifiable from the given data (see Section IV-B). Ob-
viously, if we have system aliasing for the system with a
specific sampling frequency, without extra prior information
on A (see Section V), the system is not identifiable.

IV. NO SYSTEM ALIASING

A. The minimal sampling frequency
Provided with the definition of system aliasing, a question

is: for what (A, h) does it hold that E (A, I, h,S (A)) =
{A}.

To make principal matrix logarithm Log(·) well-defined,
assume that exp(hA) has no negative real eigenvalues.
According to Theorem 1 and 2, it always holds that
Log(exp(hA))/h ∈ E (A, I, h,S (A)). To avoid system
aliasing, we have to force Log(exp(hA))/h = A to be
satisfied. It is equivalent to eig(hA) ∈ G(1).

Given no other information on the system, consider the
identification problem of A using full-state measurement.
The only way to find the unique estimation is to decrease the
sampling period h until the ground truth falls into the strip
of G(h), and then use the principal logarithm. Otherwise,
we would be bothered by system aliases of A and unable to
make a decision, unless we know extra prior information on
A. For full-state measurement, identifiability is guaranteed
by selecting appropriate h such that there is no system
aliases. For the general case of identification using output
measurement, the issue is studied in Section IV-B.

Theorem 4 (Nyquist-Shannon-like sampling theorem). To
uniquely obtain A from Ad by taking the principal matrix
logarithm, where Ad is identified from sampled data, the
sampling frequency ω (rad/s) must satisfy

ω ≥ 2 max {| im (λi(A)) |, i = 1, . . . , n} .

Equivalently, the sampling period h should satisfy

h ≤ min {π/| im (λi(A)) |, i = 1, . . . , n} .
B. Partial information

Suppose all A’s in A (n), which implies there is no system
aliasing, i.e. the case in Definition 3. Now consider the
identifiability problem of (10) from data with low sampling
frequency 2π/h. To be precise, it is to find out for what
(Ā, E,D,S ), it holds that EL(Ā, E,D,S ) = {E}.

Lemma 5. For Ā, E, D, S 3 E, if there is linear subspace
L such that fĀ(S ) ⊆ L , then EL(Ā, E,D,S ) = {E} if

L ∩ ker(D) = {0}.

Lemma 6. For Ā, E, D and S 3 E, (9) holds if and only
if

g−1
Ā

(ker(D)) ∩S = {0}.

Proposition 7. If

S ⊆ {Ẽ : im(Ẽ) ∪ im(ĀẼ) ∪ im(Ā2Ẽ) ∪ . . .
∪ im(Ān−1Ẽ) ⊆ im(CT )}.

and
D = (XT ⊗ C),

where X ∈ Rn×n is a non-singular matrix, then
EL(Ā, E,D,S ) = {E} and

E = log

([
C
Z

]−1 [
CeAX

ZeĀX

]
X−1

)
− Ā,

where Z is any matrix in R(n−p)×n such that im(ZT ) =
ker(C).

Proposition 8. Suppose the system (10) is initialized at k
different initial points x0,1, x0,2, . . . , x0,k ∈ Rn, C ∈ Rp×n
is a full rank matrix and S is an l-dimensional linear
subspace. At the time t = 1, for initial point i, yi(1) =
CeAx0,i, where i ∈ {1, 2, . . . , k}.

For almost all linearly independent vectors
x0,1, x0,2, . . . x0,k in Rn and almost all matrices Ā in
Rn×n, (9) holds where

D =
[
x0,1 x0,2 . . . x0,k

]T ⊗ C,
if and only if

l ≤ kp.

Remark 1. In Proposition 8, instead of having k different
initial points one can have one intial point and sample y(t)
at the times t = 1, t = 2 etc. for almost all Ā, E and x0 such
that [x0, e

Ax0, e
2Ax0, . . . , e

(k−1)A] has full rank (9) holds
when

D = (
[
xT0 (eAx0)T . . . (e(k−1)Ax0)T

]
⊗ C,

l ≤ kp and S is an l-dimensional linear subset.

V. SYSTEM ALIASING AND BOUNDED CONSTRAINTS

In the previous section we hinted that the conditions for
no system aliasing follow as a consequence of bounded
eigenvalues. In this section we follow this path and explicitly
formulate an optimization problem to deal with identification
in the presence of system aliases.

Consider the case of full-state measurements, i.e. C =
I in (10), and h is NOT chosen small enough such that
E (A, I, h,S (A)) = {A}. In order to find out A among the
aliases we need extra information, for instance, properties of
A known a priori. Here we assume that the ground truth
A is the sparest solution in E (A, I, h,S (κ)) and κ ∈ R
as an upper bound that can be roughly estimated. The set
S (κ) will be defined after giving Definition 6. A is chosen
by solving the following optimization problem

minimize
Â∈E (A,I,h,S (κ))

‖Â‖0. (11)
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We need to calculate E (A, I, h,S (κ)) from data. Given
the measurement X1 = [x(h), x(2h), . . . , x(Nh)], X2 =
[x(0), x(h), . . . , x

(
(N − 1)h

)
], let Âd be an estimation of

the A-matrix in the corresponding discrete-time state space
representation. In the deterministic case1as (10), Âd =
X1X

T
2 (X2X

T
2 )−1 and Âd = exp(hA) . Hence,

E (A, I, h,S (κ)) =
{
Ã ∈ S (κ) : exp(hÃ) = Âd

}
, (12)

and define

S :=
{
Ã ∈ Rn×n : exp(hÃ) = Âd

}
. (13)

To formulate S (κ), we introduce a special norm of A,
which is equivalent to the Frobenius norm up to a change of
coordinates.

Definition 6 (Z-weighted norm). Let hZ(A) = Z−1AZ,
where Z is the matrix defined in Theorem 3. Then the norm
is defined as ‖hZ(·)‖F = ‖ · ‖F ◦ hZ .

Since we assume that Âd is fixed, i.e., the data X is not
used in the optimization problems defined here, the matrix
Z is constant. One can observe that

‖hZ(Â)‖F = vec(Â)T (ZT ⊗ Z−1)T (ZT ⊗ Z−1)vec(Â)

is a proper (ZT ⊗Z−1)T (ZT ⊗Z−1)-weighted vector norm
in terms of vec(Â). Using ‖hZ(·)‖F is on the one hand
simplifying the analysis we conduct throughout this section,
and on the other explicitly penalizes the imaginary part
of the eigenvalues without “distorting” them through the
transformation by Z.

Now we define S (κ) using the norm ‖hZ(·)‖F . The basic
idea is that one should exclude such A’s whose imaginary
parts of eigenvalues are too large, which implies their system
response will show wild fluctuation. To make our assumption
and the problem (11) practically meaningful, instead of
Rn×n, we restrict S to be a norm bounded subset

S (κ) =
{
Ã ∈ Rn×n : ‖hZ(Ã)‖F ≤ κ

}
. (14)

In the following we will show that the feasible set of (11)
has only finite elements, which implies it can be solved at
least by brute force methods. Recall that the set S in (13) is
countable according to Theorem 3.

Let M := diag(m1,m2, . . . ,mp), j := [j1, j2, . . . , jp] and
β := [β1, β2, . . . , βp], where log(λk) , αk + iπβk, k =
1, . . . , p, and jk, λk are defined in Theorem 2. A function
I is defined as

I (j, δ) := δTMδ + (2j + β)TMδ, (15)

where j, δ ∈ Zp. Moreover, it satisfies I (j, δ) = I (0, j +
δ)−I (0, j), which follows by noticing

I (j, δ) = (δ + j + β/2)
T
M (δ + j + β/2)

− (j + β/2)
T
M (j + β/2) . (16)

1For stochastic cases, Âd is consistently estimated by Predic-
tion Error Minimization or Maximum Likelihood methods [1], and
limN→∞ E(Âd(N)) = exp(hA). If only finite samples are available,
we cannot obtain the exactly equivalent E (A, I, h,S (κ)) from data.

Moreover, let A0 denote a special matrix logarithm for which
all jk (k = 1, . . . , p) in (3) are equal to 0.

Definition 7 (equivalence relations). An equivalence relation
“∼” is defined on S as a binary relation: for any A1, A2 ∈ S,
j(1) and j(2) are defined for A1, A2, respectively, we say
A1 ∼ A2 if I (j(1), j(2) − j(1)) = 0.

Lemma 9. Let S be the set defined in (12) and parametrized
by (4) in Theorem 3. For any A1, A2 ∈ S, ‖hZ(A1)‖F =
‖hZ(A2)‖F if and only if A1 ∼ A2.

Lemma 10. Given any Ā ∈ S, there exist finite Ai ∈ S that
satisfies Ai ∼ Ā.

Lemma 11. There exists finite Ai ∈ S such that
‖hZ(Ai)‖F ≤ κ.

Proposition 12 (lower boundness of logarithms). Let S be
the set defined in (12). Given any Ā ∈ S, there exists
M(Ā) > 0, such that for any A ∈ {A ∈ S : A � Ā},
it holds that ∣∣‖hZ(A)‖F − ‖hZ(Ā)‖F

∣∣ ≥M.

Proposition 13. Let S be the set defined in (12). For any
Ā ∈ S, there exist κl, κu ∈ R in S (κl, κu) = {Ã ∈ Rn×n :
κl ≤ ‖hZ(Ã)‖F ≤ κu} such that (11) has a unique optimal
point in the sense of the equivalence relation in Definition 7.

VI. CONCLUSIONS

This paper addresses identification of continuous-time dy-
namical systems with sparse topologies. The key assumption
is that the sampling frequency is low. Under this assumption
a realization/identification problem comes to surface, which
has largely been overlooked in the community. First we
propose the minimal sampling frequency that guarantees
no system aliasing. Allowing system aliasing, one needs
to search over a collection of matrix logarithms to find
the sparsest one. We provide theoretical results for when a
unique solution exists up to a finite equivalence class.
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Consensus and Synchronized Periodicity in Nonlinear Delayed Networks

Christoforos Somarakis 1, John S. Baras 2, Nader Motee 1

Abstract— In this paper, we investigate stability and con-
vergence properties of a class of nonlinear delayed consensus
networks. Using tools and techniques from functional differ-
ential equations, sufficient stability conditions with respect to
a common state as well as estimates on the convergence rate
are derived. We characterize the limit (consensus) state for
time-invariant sub-classes of these networks. More importantly,
we specify under what conditions a delayed network exhibits
periodic synchronized solutions. We provide sufficient condi-
tions for existence, uniqueness and stability of this interesting
phenomenon that we illustrate with a simulation example.

I. INTRODUCTION

Distributed cooperative dynamics have been vividly stimu-
lating the attention of the engineering and applied mathemat-
ics communities for over a decade now. The most popular
dynamics of this kind is the well-studied models of linear
consensus algorithms.

More precisely, a linear consensus network involves N ≥
2 agents, in which each agent i ∈ V := {1, . . . , N} is tagged
with a state of interest, denoted by xi. The state of each agent
evolves under the following averaging schemes,

xi(n+ 1) =
∑
j

aijxj(n), ẋi(t) =
∑
j

aij
(
xj(t)− xi(t)

)
. (1)

Certain connectivity criteria on the graph induced by the
weight coefficients aij guarantee convergence of xi in the
long run to a common consensus state [3], [9], [10], [17].
Networks of type (1) have been extensively used in the liter-
ature to explain cooperative computation in robotic, social,
biological, natural (flocking) networks (see for example [16]
and references therein). There are active lines of research that
aim at modifying the linear model (1) in order to incorporate
more realistic operational conditions of real-world consensus
networks, namely, delays and nonlinear couplings.

A. Nonlinear Models

Recent works investigate nonlinear variations of consensus
networks supplying the literature with a fruitful of impressive
results. Nonlinear versions of (1) exist in the literature
primarily as extensions of the linear scheme, because they

* This work was partially supported by US AFOSR MURI grant FA9550-
09-1-0538, NSF grant CNS-135655, NIST grant 70NANB11H148, NSF-
ECCS-1202517, AFOSR-YIP FA9550-13-1-0158, ONR N00014-13-1-0636,
and NSF CAREER ECCS-1454022
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2J. S. Baras is with the Electrical & Computer Engineering Dept., The
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preserve its vital qualitative features [1], [7], [9], [11], [12].
In his seminal work [9], Moreau studied the generic system:

i ∈ V :

{
xi(n+ 1) = fi(n, x1(n), . . . , xN (n)), n > n0,

xi(n0) = x0i , n = n0
(2)

where n ∈ Z+. Moreau built an asymptotic stability argu-
ment with respect to the set of consensus states, based on
set-valued Lyapunov functions. He showed that agreement
among agents emerges as n→∞, on condition that

xi(n+ 1) ∈ co
{
x1(n), . . . , xN (n)

}
, n ≥ n0. (3)

The latter condition sets every agent’s new state to lie in the
interior of the convex hull of their neighbors’ current states.
A different approach was adopted, by the same researcher,
for the continuous time linear version of (1) (see [8]). In that
paper he provided a semi-rigorous proof of the contraction
of the difference maxi xi(t)−mini xi(t) through time.

The nonlinear nature of (2) is essentially sine qua non.
Carathéodory’s Theorem assures that (3) is equivalent to
the discrete (1) if aij ≥ 0,

∑
j aij ≡ 1 [13]. These

are, in fact, the connectivity conditions that characterize co-
operative algorithms of type (1).

A first alternative of (1) is obtained assuming nonlinear
couplings on agents’ which possess certain passivity proper-
ties [1], [11] and this assumption has been used to rigorously
study models from chemistry and social sciences [5], [4]. A
second version is introduced in [12] as follows: For i ∈ V :

{
ẋi(t) =

∑
j aij(t)

(
gij(xj(t))− gij(xi(t))

)
, t ≥ t0

xi(t) = x0i , t = t0.
(4)

The authors prove convergence of solutions to a common
constant in the presence of connectivity failures. Their work
relies on Lyapunov stability and Invariance Principles in a
differential inclusion theory; framework.

B. Delays

In real world situations the agents’ access to information
is not instant. Robots have terminals that may take some
time to process data, exogenous conditions impose delays
in the transmission of information from one node to another.
Hence the phenomenon of delays plays a very important role
in the reliability and performance of the consensus networks
and it cannot be ignored. Generally speaking there are two
categories of delays. The processing delays characterize the
existence of delay while agent i processes its own value
whereas the propagation delays that characterize the delay
as agent i receives the transmitted states from the network.

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

823



It is shown that while the former type can destabilize the
dynamics, the latter type can only affect the performance of
the network.

C. Contribution

The contribution of this paper is three-fold. We intro-
duce delayed versions of (4) with multiple time-dependent
propagation delays and study the existence and stability of
consensus solutions through a fixed point theory argument.
Our approach exploits a novel representation of the solution
with respect to a nominal exponential stable delayed version
of (1). The result associates the performance of the non-
linear network with the strength of the non-linearity and the
magnitude of the delays. We explain how a special type
of (4) (called monotonic) with delays exhibits asymptotic
stability with arbitrary multiple delays. Next, we characterize
the consensus point in the autonomous case of networks
with constant delays and we conclude by showing how non-
linearity and delays can create periodic non-constant syn-
chronized exponentially stable solutions. A simple example
illustrates the latter result concluding the work.

II. NOTATIONS & DEFINITIONS

By RN we denote the N−dimensional Euclidean space
endowed with the norm |y| = maxi |yi|. By 1 we un-
derstand the N -dimensional column vector of all ones. By
Cl([a, b],RN ) we understand the Banach space of continu-
ous functions mapping [a, b] into RN with the topology of
uniform convergence that have l ≥ 0 continuous derivatives.
We set C := C0([−τ, 0],RN ) for some τ > 0 and we
designate the norm |φ| = sups∈[−τ,0] |φ(s)| for φ ∈ C.
If x ∈ C([−σ − τ, σ + α],RN ) then for t ∈ [σ, σ + α], we
understand xt ∈ C as xt(s) = x(t + s), s ∈ [−τ, 0]. We
recall L1 the class of absolutely integrable functions. By d

dt
or “ · ” we understand the right-hand side Dini derivative. A
solution of an initial value problem through t0,φ is denoted
by x(t0,φ) so that xt0 = φ. For any xt ∈ C we define

W (xt) = [min
i∈V

min
s∈[−τ,0]

xi(t+ s),max
i∈V

max
s∈[−τ,0]

xi(t+ s)]

S(xt) = max
i∈V

max
s∈[−τ,0]

xi(t+ s)−min
i∈V

min
s∈[−τ,0]

xi(t+ s)

It can be easily shown that S(xt) is a pseudo-metric: While
S(xt) is non-negative and it satisfies the triangular inequality,
S(xt) = 0 implies

{
xt ∈ C : xi(t+ s) = xj(t+ s′), s, s′ ∈ [−τ, 0], i, j ∈ V

}
that we denote by ∆. The symbol t0 is reserved for the initial
time. For an appropriate operator R : [t0 ×∞) × C → RN
the initial value problem{

ẏ(t) = R(t)yt, t ≥ t0
y(t) = φ(t), t ∈ [t0 − τ, t0]

has a unique solution y(t, t0,φ), t ∈ [t0 − τ,∞). Another
representation is for fixed t ≥ t0, yt(t0,φ) to be a member
of C. To the initial value problem we associate a family of
continuous linear operators T (t, t0) : C → C,

T (t, t0)φ→ yt(t0,φ).

The framework can incorporate general (possibly time-
varying) delays, expressed as smooth functions of time. A
delay between two agents i and j is defined as τij(t) ∈
C1
(
[t0,∞), [0, τ ]

)
. Also, for the sake of brevity, we adopt

λij(t) = t− τij(t).
The framework for ordinary differential equations is re-

covered as a special case where τ = 0.

A. Review of Stability Results for Linear Systems

The communication network can be rigorously described
by a (possibly time varying) weighted graph Gt =
(V,Et,Wt) where Et denotes the set of edges and Wt the
connectivity weight between nodes at every instant t ≥ t0.
At this point we will review a stability result concerning
the continuous time delayed version of (1), in the following
initial value problem: For i ∈ V :,

{
ẋi(t) =

∑
j∈V aij(t)

(
xj(λij(t))− xi(t)

)
, t ≥ t0

xi(t) = φi(t), t ∈ [t0 − τ, t0]
(5)

For this we will need a number of assumptions that charac-
terize the connectivity conditions and the delays. The matrix
representation of Gt is with the adjacency matrix A(t),
each element of which aij(t) corresponds to the connectivity
between nodes.

Assumption 2.1: [3] For any i, j ∈ V , aij : [t0,∞) →
[0,∞), integrable with the property that t ≥ t0 : aij(t) 6= 0
implies aij(s) ≥ δ > 0 for an ε interval of time.

Assumption 2.2: [8] The graph Gt time-varying attains
the property there exists B > 0 such that

∫ t+B
t

A(s) ds
corresponds to a routed-out branching network.

Assumption 2.3: ∀i, j ∈ V , τij(t) ∈ C1([t0,∞), [0, τ ])
such that 1− τ̇ij(t) > 0.

Theorem 2.4: [16] Under Assumptions 2.1, 2.2 and 2.3,
the solution x of (5) satisfies

S(xt) ≤ Γe−γ(t−t0)S(φt0)

for some Γ, γ > 0 that depend on the network parameters as
described in the assumptions. In particular, ∃ k ∈ W (φt0)
such that limt→∞ xi(t) ≡ k exponentially fast.

Remark 2.5: For τ < ∞ set as the upper bound of the
magnitude of the delays, S(xt) ≡ 0 implies that the system
is at a constant consensus state.

Remark 2.6: Explicit estimates of Γ, γ in terms of the
network parameters lie beyond the scope of this report. The
interested reader is referred to [16].

III. NONLINEAR DELAYED NETWORKS

We consider the scenario of a network of agents running
a non-linear alrogithm of type (4) where each agent receives
a delayed version of its neighboring agents’ state. The
corresponding initial value problem reads:
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{
ẋi(t) =

∑
j gij

(
t, xj(λij(t))

)
−
∑
j gij

(
t, xi(t)

)
, t ≥ t0

xi(t) = φi(t), t ∈ [t0 − τ, t0]
(6)

To the best of our knowledge, the literature lacks an effec-
tive framework to rigorously study the long term behavior of
systems like (6) apart from special cases studied with very
hard assumptions on gij(·) [12]. In this section, we will
tackle this problem with the development of a fixed point
theory argument by comparing (6) with (5) in which we will
prove simultaneously, existence in the long run, uniqueness
and stability of solutions, with explicit rate estimates.

Assumption 3.1: Assume that for all i 6= j there are
functions aij as in Assumption 2.1 that form a graph as
in Assumption 2.2 and kij : [t0,∞)→ [0,∞) such that for
any y1, y2 ∈ R and t ≥ t0,∣∣∣∣aij(t)− ∫ 1

0

g′ij(t, qy1 + (1− q)y2)) dq

∣∣∣∣ ≤ kij(t)
where g′ij(t, x) =

∂gij(t,x)
∂x is assumed to exist and be

integrable.
The above assumption generally establishes a growth

estimate of gij with respect to aij and it is a hard Lipschitz
condition. We are ready now to state the first result of this
work.

Theorem 3.2: Let Assumptions 2.1, 2.2, 3.1 and 2.3, hold.
Consider the initial value problem (6) with its solution x. If

sup
t≥t0

D

∫ t

t0

e−γ(t−σ)k(σ) dσ < 1

where D = 2(N − 1)Γeγτ , then there exists ε ∈ (0, γ), such
that xt → ∆ as t→∞ exponentially fast with rate ε > 0.

Proof: We observe that we can write (6) as

ẋi(t) =
∑
j

aij(t)
(
xj(λij(t))− xi(t)

)
+
∑
j

(
g̃ij(t, xj(λij(t))− g̃ij(t, xi(t))

)
where g̃ij(t, y) = gij(t, y) − aij(t)y. In vector form the
systems of equations read

ẋ(t) = −L(t,xt) + G̃(t,xt) (7)

where L and G are RN -valued operators, acting on
[t0,∞)×C, with the ith component to be

∑
j [aij(t)xi(t)−

aij(t)xj(λ1j(t))] and
∑
j [g̃ij(t, xj(λ1j(t)) − g̃ij(t, xi(t))]

respectively. Now, the linear network

ż(t) = −L(t, zt)

admits under Assumptions 2.1, 2.2, solutions that regardless
φt0 , are exponentially stable with respect to ∆. Following
[14] the solution xt in terms of zt = T (t, t0)φt0 is

xt(t0,φt0) = T (t, t0)φt0 +

∫ t

t0

T (t, σ)Y G̃(σ,xσ) dσ (8)

where the last integral is with the understanding that

xt(t0,φt0)(s) = [T (t, t0)φt0 ](s) +

∫ t

t0

[T (t, σ)Y ](s)G̃(σ,xσ) dσ

for s ∈ [−τ, 0] and Y the N × N matrix valued function
Y (s) = 0 for s ∈ [−τ, 0] and Y = I for s = 0. The
triangular inequality and Theorem 2.4 yield

S(xt) ≤ S(zt) + S

(∫ t

t0

T (t, σ)Y G̃(σ,xσ) dσ

)
≤ Γe−γ(t−t0)S(φt0) + S

(∫ t

t0

T (t, σ)Y G̃(σ,xσ) dσ

)
and the last term is bounded by 2Γ

∫ t
t0
e−γ(t+s−σ)(N −

1)k(σ)S(xσ) dσ, for k(s) = maxij kij(s). So

S(xt) ≤ Γe−γ(t−t0)S(φt0) +D

∫ t

t0

e−γ(t−σ)k(σ)S(xσ) dσ.

This inequality implies that S(xt) is in fact upper bounded
by the solution q(t) of

q(t) = Γe−γ(t−t0)q(t0) +D

∫ t

t0

e−γ(t−σ)k(σ)q(σ) dσ (9)

for t ≥ t0 and q(t) = S(φt0).
1) Existence & uniqueness of a fixed point: Consider the

following space of functions

M =
{
y ∈ C0([t0,∞),R+

)
: y(t0) =S(φt0),

sup
t≥t0

eεt|y(t)| <∞
}

where ε as in the statement of the Theorem, together with
the weighted metric

ρ(y1, y2) = sup
t≥t0

eεt|y1(t)− y2(t)|

constitute a weighted complete metric space [2]. In this
metric space (M, ρ) we will apply the Contraction Mapping
Principle as follows: Define the operator Qy with (Qy)(t) =
S(φt0) for t = t0 and

(Qy)(t) = Γe−γ(t−t0)S(φt0) +D

∫ t

t0

e−γ(t−s)k(s)y(s) ds

for t ≥ t0, and note for any y ∈ M, eεt(Qy)(t) → 0 if
ε < γ, as the first term clearly vanishes and the second
term vanishes as the convolution of an L1 function with a
function that goes to zero. It is, finally, easy to see that Q is
a contraction in (M, ρ) since

ρ(Qy1,Qy2) ≤ D sup
t≥t0

eεt
∫ t

t0

eγ(t−s)k(s)e−εs dsρ(y1, y2)

Then the imposed condition and Banach’s Principle imply
that there exists ε small enough so that Q is a contraction
mapping in (M, ρ) hence it attains a unique solution in M
ensuring that the unique solution (the one that majors S(xt))
vanishes exponentially fast with rate ε > 0.
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A. Monotonic couplings

Theorem 3.2 is admittedly a rather conservative stability
result of (6) based on its relation to (5), the growth of the
perturbation (Assumption 3.1) and the maximum delay. In
particular, there is a strict interplay between D and kij for
the stability result to apply. This approach is too restrictive
because, heuristically speaking, we allowed “unregulated
freedom” on the way gij is allowed to vary. A simple type of
gij , makes the dynamics of (6) to mimic those of the linear
case (5). In particular, we will ask the following monotonic
condition1.

Assumption 3.3: For all i, j ∈ V it holds that gij ∈
C1
(
[t0,∞) × R,R

)
such that g(t, x) 6= 0 implies

∂
∂xgij(t, x) > 0 uniformly in x.
This condition yields the following interesting corollary that
we state here without proof.

Corollary 3.4: Let Assumptions of Theorem 3.2 hold to-
gether with Assumption 3.3. Then the solution x of (6) is
exponentially stable with respect to ∆ for arbitrary τ , with
rate γ > 0.

B. Characterization of the consensus point

It is well known that when a consensus system attains
time-invariant parameters there is a closed form solution of
the consensus point. In the absence of delays and constant
connectivity weights the solutions converge to wTx0 where
w ∈ RN satisfies wTL = 0, wi ≥ 0,

∑
i wi = 1, for L the

laplacian matrix of the network. Time-dependent parameters
(connection weights or delays) make generally the expression
of the consensus point in an explicit form inevitable. Non-
autonomous dynamics affect constantly the system’s solution
in a way that cannot simply depend on the initial conditions.
In this section we will consider and autonomous version of
(6) under a supplementary symmetry assumption:

Assumption 3.5: For the nonlinear functions gij it holds
that gij ∈ C1(R,R) with the property g′ij = g′ji.

For the main result we will need the next technical lemma:
Lemma 3.6: Let Assumption 3.3 hold. Given φi ∈

C0([−τ, 0],R), i = 1, . . . , N then ∃ ! c ∈W (φ) to satisfy

c =
∑
i

αiφi(0) +
∑
i,j

βi

(∫ 0

−τij
gij(φj(s)) ds− τijgij(c)

)
where α,β ∈ RN ≥ 0 with

∑
i αi =

∑
i βi = 1.

Proof: Define the function J : W (φ)→ R

J(c) = c−
∑
i

αiφi(0)−
∑
i,j

βi

(∫ 0

−τ
gij(φj(s)) ds+ gij(c)

)
We begin by excluding the trivial cases. This is for W (φ)
being a singleton, i.e. W (φ) = {c} and hence φi ≡ c and
automatically J ≡ 0. If W (φ) is not a singleton then we
take

c1 := min
i∈V

min
s∈[−τ,0]

φi(s) < max
i∈V

max
s∈[−τ,0]

φi(s) =: c2

1The term “monotone” is due to H. Smith [15]

by continuity of φi and gij we conclude that

c1 ≤ φi(0) and gij(c) ≤ gij(φi(s))

but with some i, j such that gij(c) < gij(φ(s)) for some
s ∈ [−τ, 0]. Consequently, J(c1) < 0 and similar analysis
will yield J(c2) > 0. By the theorem of Bolzano there exists
c ∈W such that J(c) = 0. The uniqueness of c follows from
the fact that J ′ = 1 +

∑
i,j βig

′
ij(c) > 0.

Theorem 3.7: Consider the system (6) with gij(t, x) =
gij(x) and τij(t) ≡ τij . Let Assumptions 3.3 and 3.5 hold
and the nonlinear network is simply connected. The solution
x = x(t, t0,φ), t ≥ t0 of (6) converges to the unique
solution of

c =
∑
j

αjφj(0) +
∑
i,j

1

N

∫ 0

−τij
gij
(
φj(s)

)
ds−

∑
i,j

1

N
τijgij(c)

exponentially fast with rates dictated by Theorem 2.4.
Proof: [Sketch] It suffices to show that x indeed con-

verges to a point satisfying the aforementioned nonlinear
algebraic equation. We rewrite (6) as follows:

ẋi(t) =
∑
j

(
gij(xj)− gij(xi)

− d

dt

∫ t

t−τij

[
gij
(
xj(s)

)
− gij(c)

]
ds

)
Consider the solution y of

i ∈ V :

{
ẏi =

∑
j gij(yj)−

∑
j gij(yi), t > 0

yi(t) = φ0
i , t = 0

(10)

In vector form (10) reads,

ẏ = G(y), y(0) = φ0

For t ≥ s ≥ 0, V(s) := y
(
t, s,x(s)

)
and differentiate

with respect to s

d

ds
V(s) = −

∂y
(
t, s,x(s)

)
∂ξ

d

ds
H(xs)

where H(xs) is a vector with the ith element∑
j

∫ s
s−τij

[
gij(xj(σ)) − gij(c)

]
dσ. Note that ∂y(t,s,x(s))

∂ξ

is the principal matrix solution of the following linear
non-autonomous system

ż = G′
(
y(t, s,x(s))

)
z.

This is a consensus network with symmetric weights for
which it is very well known that regardless of y(t, s,x(s)),
z(t)→ 11T

N z0 exponentially fast. Next, we integrate from 0
to t to obtain the following expression for the solution of (6)

x(t, 0,φ) = y(t, 0,φ0)−
∫ t

0

∂y
(
t, s,x(s)

)
∂ξ

d

ds
H(xs) ds

Integration by parts and change of the order of integration
in the last equation yields as t→∞
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1c =1
∑
j

αjφj(0) + 1
∑
i,j

1

N

(∫ 0

−τij
gij
(
φj(s)

)
ds− τijgij(c)

)
which, by Lemma 3.6, we know that it attains a unique
solution in W (φ0).

IV. PERIODIC SYNCHRONIZED SOLUTIONS

Studies in consensus systems with propagation delayed
information confirm that the effect of delays appear only on
the performance of the network. In this section we will show
that the effect of propagation delays in cooperative systems
may cause more complex behavior than simply weakening
the rate of convergence to consensus. Indeed, whenever the
dynamics are nonlinear and the type of delays is distributed,
there seems to be a possibility of a non-trivial periodic
solution. The period of the solution is directly connected
to the magnitude of the delay. We focus our discussion on
both periodic and synchronized solutions.

Definition 4.1: A function y ∈ C([t0,∞),RN ) is syn-
chronized if |y| <∞ and S(y(t)) ≡ 0.

This is an extended concept of agreement that basically
accepts consensus along a non-trivial orbit. The forms of
networks that exhibit such behavior are substantially different
from the previous ones. Consider the following initial value
problem; For i ∈ V :


ẋi(t) =

∑
j

[ ∫ 0

−τ gij
(
t, s, xj(t+ s)

)
p(t, s) ds− gij

(
t, t, xi(t)

)]
, t ≥ t0

xi(t) = φi(t) , t ∈ [t0 − τ, t0]
(11)

where p ∈ C0([t0,∞)× [−τ, 0],R+) has the property∫ 0

−τ
p(t, s) ds = 1, t ≥ 0. (12)

The working hypothesis in the conventional consensus net-
works models agent i to receive the signal with the state xj
from agent j with a coupling weight which suffers from no
processing delay. This condition would makes sense only if
the particular rate is a parameter controlled exclusively by
i. Otherwise, if the information on the coupling rate is also
transmitted from j should suffer from delays. We will show
here that if this is the case, periodic solutions can occur.
We study the generic scenario where uncertainty is put in an
interval of possible delays. This is typically expressed via
a distribution function that smoothly weights the different
possible delays.

A. Delay induced synchronization

Exhaustive simulations have suggested the following mod-
ification of the consensus network:


ẋi(t) = −

∑
j gij

(
t, xi(t)

)
+
∑
j

∫ t
t−T gij

(
s, xj(s)

)
p(s− t) ds,

, t ≥ 0

xi(t) = φi(t), t ∈ [−T, 0]
(13)

where p is a distributed delay satisfying (12) with τ = T . The
conditions we are imposing on gij are significantly harder
than the ones considered so far.

Assumption 4.2: For all i, j ∈ V, t ≥ 0, x ∈ R, the
following properties hold:
(i.) gij(t, x) > 0, uniformly in t, if and only if j is

connected to i and zero otherwise.
(ii.) gij(t+ T, x) = gij(t, x),

(iii.) ∂
∂xgij(t, x) ∈ C0

(
[0,∞) × R, [K,K]

)
for (i, j) ∈ E

and some 0 < K ≤ K <∞, independent of t
(iv.)

∑
j gij(t, x) is independent of i.

Assumption 4.3: The connectivity graph is static and there
exists j ∈ V : gij 6= 0 for all i ∈ V \{j}.

Proposition 4.4: Let Assumption 4.2 hold. If

K

∫ 0

−T
p(s)(−s) ds < 1,

then there exists a unique synchronized periodic solution
of (13) with period T . The solution is constant only if there
is c such that∑

j

gij(t, c) =

∫ 0

−T
p(s)

∑
j

gij(t+ s, c) ds.

Proof: [Sketch] We begin with the second state-
ment. If x is synchronized and T−periodic, i.e. x(t) =(
x1(t), . . . , xN (t)

)
=
(
ζ(t), . . . , ζ(t)

)
for some appropriate

function. By Assumption 4.2(v.),

ζ̇(t) = −
∑
j

gij
(
t, ζ(t)

)
+
∑
j

∫ t

t−T
gij
(
s, ζ(s)

)
p(s− t) ds

independent of i. If ζ(t) ≡ c for some c ∈ R, then the last
equation reads

0 = −
∑
j

gij
(
t, c
)

+
∑
j

∫ t

t−T
gij
(
s, c
)
p(s− t) ds

= −
∑
j

gij
(
t, c
)

+

∫ 0

−T
p(s)

∑
j

gij(t+ s, c) ds

We proceed by proving the existence and uniqueness of
a periodic solution x(t) = 1ζ(t). Adding and subtracting
gij
(
t, xj(t)

)
we arrive at the following equivalent equation

for xi

ẋi(t) =
∑
j

gij
(
t, xj(t)

)
−
∑
j

gij
(
t, xi(t)

)
−
∑
j

d

dt

∫ 0

−T
p(s)

∫ t

t+s

gij
(
w, xj(w)

)
dwds

We follow the steps of the proof of Theorem 3.7. We set
l(s) = x

(
t, s, z(s)

)
, differentiate with respect to s and

integrate from 0 to t and we express the solution x(t) =
x(t, 0,φ) of (13) as follows:

x(t, 0,φ) = z(t, 0,φ)−

−
∫ t

0

∂z(t, s,x(s))

∂ξ

d

ds

∫ 0

−T
p(q)

∫ s

s+q

G(w,x(w)) dwdqds

(14)
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Let
(
S, | · |

)
be the Banach space of continuous T -periodic

synchronized functions. Define the operator P : S → B as
follows:

(Px)(t) = x(14)(t)

where x(14)(t) is the right hand-side of (14) as it was
expressed above. Interestingly enough, Q, restricted to S,
becomes particularly simplified. Indeed, for x ∈ S under
Assumption 4.2:

1) z(t, 0,φ) ≡ φ,
2) G

(
w,x(w)

)
∈ ∆ for any fixed w ≥ −T .

Consequently, the principal matrix ∂z
∂ξ acts on ∆ and thus

has no effect on any such element of ∆. So we are left with

(Px)(t) = φ(0) +

∫ 0

−T
p(q)

∫ 0

q

G
(
w,φ(w)

)
dwdq

−
∫ 0

−T
p(q)

∫ t

t+q

G
(
w,x(w)

)
dwdq

and it is easy to see that (Px)(t+ T ) = (Px)(t).
Finally, under the stated condition Q becomes a contrac-

tion under the metric ρ(x,y) = supt maxi |xi(t)−yi(t)| and
the Contraction Mapping Principle applies to prove existence
and uniqueness of a fixed point in S, concluding the proof.

Proposition 4.4 states a sufficient condition for existence
and uniqueness of a periodic synchronized solution. We will
see now that this condition actually suffices for the local
asymptotic stability of 1ζ.

Theorem 4.5: Let Assumptions 4.2 and 4.3 hold. The
synchronized solution 1ζ(t) of Proposition 4.4 is locally
exponentially stable if

sup
t≥0

∫ 0

−T

∫ t

t+s

[∑
j

∂gij(w, ζ(w))

∂x

]
dwp(s) ds < 1.

Proof: [Sketch]We will make a first variation orbital
stability argument. Assumption 4.2 implies that the right
hand-side of (13) has continuous first order partial derivatives
globally. Let 1ζ(t) be the T -periodic solution of (13) defined
from Proposition 4.4 and x(t, 0,φ) a solution of (13) so
that φ is in the vicinity of 1ζ. For t ≥ 0, set z(t) =
maxi |xi(t)−ζ(t)|. If xi(t)−ζ(t) ≥ 0 then Taylor’s theorem
yields

dt

dt
z(t) ≤−

∑
j

∂gij
(
t, ζ(t)

)
∂x

z(t)

+

∫ t

t−T

∑
j

∂gij
(
s, ζ(s)

)
∂x

z(s)p(s− t) ds+ o(|z|).

A similar argumentation for xi(t) − ζ(t) < 0 yields the
same upper bound for ż(t). Consequently, for initial data
near the periodic orbit we omit the higher order terms o(|z|)
and observe that ż(t) ≤ q̇(t) for

q̇(t) =−
∑
j

∂gij
(
t, ζ(t)

)
∂x

q(t)

+

∫ t

t−T

∑
j

∂gij
(
s, ζ(s)

)
∂x

q(s)p(s− t) ds

In view of (12) we write

d

dt
q(t) = − d

dt

∫ 0

−T

∫ t

t+s

[∑
j

∂gij
(
w, ζ(w)

)
∂x

]
q(w) dwp(s) ds

and this will yield

q(t) = q0 −
∫ 0

−T

∫ t

t+s

[∑
j

∂gij
(
w, ζ(w)

)
∂x

]
q(w) dwp(s) ds

(15)
with q0 = q(0) +

∫ 0

−T
∫ 0

s

[∑
j
∂gij(w,ζ(w))

∂x

]
q(w) dwp(s) ds.

For z(·) as defined above and χ > 0 we consider the
functional space

V =
{
v(t) ∈ C0([−T,∞),R) : v(s) = z(s)|s∈[−T,0],

sup
t≥0

eχt|v(t)| <∞
}

which, together with the weighted metric, ρ(v1, v2) =
supt e

χt|v1(t) − v2(t)| constitutes a complete metric space
[2]. Define the mapping Q : V→ B

(Qv) =

{
z(t), t ∈ [−T, 0]

q(15)(t), t ≥ 0

where q(15)(t) stands for the right hand-side of (15). It is easy
to see that Q : V→ V and under the imposed condition one
can pick χ > 0 small enough so that

sup
t≥0

eχt
∫ 0

−T

∫ t

t+s

[∑
j

∂gij(w, ζ(w))

∂x

]
e−χw dwp(s) ds < 1.

Then Q becomes a contraction in V and the Contraction
Mapping Principle applies to ensure a unique fixed point. So
q(t) converges to 0 exponentially fast and so does z(t).

V. A SIMULATION EXAMPLE

Due to space limitations we will illustrate only Theorem
4.5 with a simple simulation run over a small network.
Consider the 3× 3 network

ẋi = −
3∑
j=1

aij(t)gij
(
xi
)

+

∫ t

t−1

3∑
j=1

aij(s)gij
(
xj(s)

)
p(s− t) ds

with

G(x) = ḡ

 0 0.01x+ x3

1+x2
3x+ sin2(x)

0.01x+ x3

1+x2
0 3x+ sin2(x)

3x+ sin2(x) 0.01x+ x3

1+x2
0


for some ḡ > 0 and

A(t) =

 0 2 + sin(2πt) 3 + sin(4πt)
2 + sin(2πt) 0 3 + sin(4πt)
3 + sin(4πt) 2 + sin(2πt) 0

 .
It can be easily verified that the system satisfies Assumptions
4.2 and 4.3. Moreover, if p(s) ≡ 1, (12) is satisfied, as
well. Choosing ḡ < 1

6.14 both the conditions of Proposition
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Fig. 1. Simulation run with the ddesd routine in MATLAB.

4.4 and Theorem 4.5 hold and this means that there is a
unique solution that is exponentially stable with rate χ =
0.0015. See Figure 1 for a numerical calculation of the
solution. A simulation study of the solutions of the network
reveals that the upper bound of ḡ is conservative. Indeed
the monotonicity of gij suggests that periodic solutions exist
and are asymptotically stable for arbitrary values of ḡ and
arbitrary initial data.

VI. CONCLUDING REMARKS

In this paper we considered classes of nonlinear delayed
extension of consensus networks developing nonlinear meth-
ods for the characterization of the long-term behavior of the
its solutions. Sufficient conditions for asymptotic stability
depend not only on the connectivity regime between nodes
but also on the type of the coupling non-linearities as well
as the magnitude of the delays in the network. Whenever
the nonlinear systems incorporate monotonic features hard
stability conditions are replaced by the standard ones from
linear theory.

The autonomous case also provides information on the
consensus point. The monotonicity condition implies that the
consensus point serves as a unique solution of a nonlinear
algebraic equation that depends on the connectivity of the
network as well as the (constant) delays.

In the last part of the work section we pointed out that
although the standard type in synchronization solutions of
consensus systems is the constant solutions, in an inter-
esting turn of events we showed that for the special type
of distributed delays, nonlinearity provides an alternative:
the existence and asymptotic stability of synchronized yet
non-constant periodic solutions. We proved the existence
and uniqueness of a periodic solution with a fixed point
theorem approach and its local stability using the classic
variational argument. Our objective was to merely point to
this a direction of dynamic behavior thus the very strong
and simplifying assumptions of Theorem 4.5 and open the

discussion with the introduction of the standard framework
and the first scratching of the surface of this topic.

Despite several advantages of non-linear variational tech-
niques we conclude this work by discussing the drawback
of too strong assumptions of Theorem 3.2. The key reason
is that the metric S(xt) is by its nature very conservative
because it considers τ -interval of solutions, hence it provides
estimates that grow exponentially fast with τ . In addition,
the derivation of the solution operator in the proof of the
theorem is generally crude. One would follow more involved
methods discussed in [6] for the solution representation in
terms of S(xt) provided that one would prove that the spread
operator S : C → RN attains an, at least integrable, Fréchet
derivative.

It is clear that the discussed drawbacks of our approach
constitutes the challenges that pave the way for future
research work.
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Clustering-based Model Reduction of Network Systems
with Error Bounds

Xiaodong Cheng1, Yu Kawano2 and Jacquelien M.A. Scherpen1

Abstract— In this paper, we present a structure-preserving
model reduction procedure for network systems by means of
graph clustering. In our approach, vertices in the graph are
iteratively aggregated if they have similar frequency responses
to the external inputs. The resulting reduced-order system
can still be interpreted as a network system but defined on
a graph with fewer vertices. Furthermore, we establish an
approximation error bound of one-step clustering.

I. INTRODUCTION

In this paper, we investigate model reduction methods
of network systems, which are evolving on a connected
undirected graph. Such systems can easily become complex
and high-dimensional, which complicates system analysis
and synthesis. Therefore, we intend to find a procedure
to approximate the original systems with simpler and low-
dimensional ones. Meanwhile, the reduced model also needs
to preserve the network spatial structure since it should be
qualified for further studies e.g. distributed controller design.

However, the conventional model reduction techniques,
such as balanced truncation and moment matching, are
difficult to be implemented for network systems, because
they destroy the network structure in general. Against this
background, the idea of clustering is applied in [1]–[5].
In [3], almost equitable partition is adopted so that the
approximation error can be formulated. But for general
graphs, such partitions are difficult to find. Networked system
evolving on a tree graph is studied in [4], where edge system
is introduced and the importance of edges are characterized
by diagonal edge controllability and observability Gramians.
The graph clustering is processed by aggregating those
vertices linked by less important edges. [5], [6] develop their
reduction methods for positive network systems. Based on
the tridiagonal realization of such systems, the notation of
reducibility is introduced to establish the approximation error
expressions.

We also use graph clustering to develop our model reduc-
tion approach. In contrast to [3], [4], our method is more
generalized since we do not restrict to a specific clustering
as [3] or to tree topology as [4]. Besides, we establish a
different cluster selection process from [5], [6], where graph

1Xiaodong Cheng and Jacquelien M.A. Scherpen are with Fac-
ulty of Mathematics and Natural Science, ENTEG, University of
Groningen, Nijenborgh 4, 9747 AG Groningen, the Netherlands.
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2Yu Kawano is with Graduate School of Informatics, Kyoto University,
Sakyo-ku, Kyoto 606-8501, Japan ykawano@i.kyoto-u.ac.jp

This work of X. Cheng was partly supported by Chinese Scholarship
Council (CSC) and the work of Y. Kawano was partly supported by JST
CREST.

clustering is conducted by recursively merging vertices with
closer behaviors. The primary result can be found in [7],
which investigates single-input network systems and derives
the explicit expressions of the approximation errors. In the
current paper, we extend the result to multiple-input cases
and establish computable error bounds between the full-order
and reduced-order model.

The outline of this paper is as follows. In Section II,
we formulate the model reduction problem and present the
reduced model based on clustering. Section III proposes
a procedure for cluster selection and establishes the error
bounds of one-step clustering. An example illustrates the
feasibility of our method in Section IV. Finally, we conclude
the whole paper in Section V.

Notation: Denoted R as the field of real numbers. R(s) is
the rational function field over R with variable s. For a vector
v ∈ Rn, vi is its i-th element. The cardinality of a set V is
given by |V|. The H∞ and H2 norms of transfer function
G(s) are denoted by ‖G(s)‖H∞ and ‖G(s)‖H2

, respectively.
The identity matrix of size n is given as In and 1n denotes a
n-entries vector of all ones. The subscript n is omitted when
no confusion arises. Finally, ei is i-th column vector of I .

II. PROBLEM FORMULATION

In this section, we first present the mathematic model of
the network system and then use clustering-based projection
to obtain a reduced-order system.

A. Network System

In this paper, we consider a connected undirected graph
defined by a triple G = (V, E), where V = {1, 2, · · · , n} is a
set of vertices and E ⊆ V ×V is the set of edges. A network
system evolving on such graph is given by

Σ :

{
Mẋ = −Lx+Bu,
y = x,

(1)

with states x ∈ Rn and inertia matrix M :=
diag (m1,m2, · · · ,mn) ∈ Rn×n. Different form [7], mul-
tiple inputs u ∈ Rp are injected to the system. More impor-
tantly, the Laplacian matrix L ∈ Rn×n is associated with
a connected undirected graph G, which has the following
properties:
• L = LT is positive semidefinite, which has only one

eigenvalue at zero.
• The diagonal entries of L are all positive while its off-

diagonal entries are all non-positive.
• All the rows and columns sum to zero.
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B. Structure-preserving Model Reduction

In this paper, the structure of network systems is repre-
sented by the structure of Laplacian matrix L and inertia
matrix M . Thus, it is required that in the reduced-order
model, the inertia matrix is still diagonal positive definite
and the Laplacian matrix also fulfills the properties listed in
II-A. To achieve structure preservation, we propose a model
reduction procedure using clustering-based projection.

First, we recall the concept of clustering. A nonempty
index subset of V is called a cluster of graph G and a
collection of clusters C = {C1, C2, · · · , Cr} is called a
partition of G, if Ci ∩ Cj = ∅ for any i, j ∈ V and⋃
i=1,2,··· ,r Ci = V. Then, the cluster matrix associated to

a clustering C is

P := [p(C1), p(C2), · · · , p(Cr)] , (2)

where p(Ci) ∈ Rn is a characteristic vector of a cluster Ci
such that 1T p(Ci) = |Ci|. The k-th element of p(Ci) is 1
when k ∈ Ci and 0 otherwise.

It has been shown in [1], [3], [7] that for system (1), if
we applies the following projection

x(t) ≈ Px̂(t) (3)

with reduced states x̂ ∈ Rr and cluster matrix P ∈ Rn×r
(r � n), the resulting reduced-order model can be written
as

Σ̂ :

{
M̂ ˙̂x = −L̂x̂+ PTBu,
ŷ = Px̂.

(4)

Here, M̂ := PTMP is again diagonal positive definite and
L̂ := PTLP is again a Laplacian matrix associated with a
connected undirected graph with less vertices.

Next, we discuss the preservation of consensus in the
reduced-order system. For agents interconnected by a net-
work, consensus refers to reaching an agreement among all
the agents regarding a certain quantity of interest which
depends on the state of all agents. Consider ξij(t) and ξ̂ij(t)
to be the impulse response of xi and x̂i to the uj-channel
respectively. Denote

Ξ(t) =

ξ11(t) · · · ξ1p(t)
...

. . .
...

ξn1(t) · · · ξnp(t)

 ,

Ξ̂(t) =

ξ̂11(t) · · · ξ̂1p(t)
...

. . .
...

ξ̂n1(t) · · · ξ̂rp(t)

 .
(5)

Then, the following lemma implies that both the original
system (1) and its reduced-order system (4) reach consensus.

Theorem 1: For the reduced-order model Σ̂, resulting
from any arbitrary clustering C of system Σ with vertices
set V , we have

lim
t→∞

ξik(t) = lim
t→∞

ξ̂jk(t), (6)

for any i ∈ {1, 2, · · · , n}, j ∈ {1, 2, · · · , r}, 1 ≤ k ≤ q.

Proof: First, we can proof that

lim
t→∞

Ξ(t) =
1n1TnB

1TnM1n
. (7)

The reasoning is similar as the proof for single-input case
in [7]. Notice that Ξ(t) here is a n × p matrix instead of a
n× 1 vector in single-input case. Then, we also have

lim
t→∞

Ξ̂(t) =
1r1

T
r P

TB

1Tr M̂1r
. (8)

For any cluster matrix P ∈ Rn×r, we have P1r = 1n.
Therefore,

1Tr B̂

1Tr M̂1r
=

1TnB

1TnM1n
, (9)

which yields equation (6).
With the clustering-based projection (3), we have shown

that the graph Laplacian structure and the consensus property
of the network system are preserved. However, the quality
of model reduction in such framework is depended on the
cluster selection, thus, we formulate the problem as follows.

Problem 1: Given a network system Σ as in (1), find
a graph clustering with P ∈ Rn×r (r � n) such that
the resulting reduced model Σ̂ as in (4) approximates the
original system (1) such that ‖Σ− Σ̂‖H2

or ‖Σ− Σ̂‖H∞ is
minimalized. �

To solve the above problem, we propose a feasible algo-
rithm for searching a suitable clustering which has already
been applied for single-input systems in [7]. We now extend
this procedure to the multiple-input case.

III. CLUSTER SELECTION

This section introduces the cluster selection algorithm and
then derives the error bound associated with this algorithm.

A. Iterative Clustering Algorithm

Problem 1 is NP-hard, whose minimum is difficult to
be achieved generally. Nevertheless, we still can obtain a
solution close to the optimum by the algorithm presented in
this section.

We denote the k-th input to the i-th state transfer function
as gi,k(s) = Xi(s)/Uk(s), where Xi(s) and Uk(s) are
the Laplace transforms of the i-th state and the k-th input
respectively. The Laplace transform of Ξ(t) is computed as

H(s) =

g1,1(s) · · · g1,p(s)
...

. . .
...

gn,1(s) · · · gn,p(s)

 = (sM + L)−1B. (10)

Here H(s) is a n-by-p matrix of transfer functions, while
in single-input case, it is a n-by-1 column vector of transfer
functions. From (10), the singularity of L may cause the
unboundedness of the H∞- or H2-norm of each transfer
function gi,k(s). Despite of that, we can still obtain an
bounded norm by considering the difference between the
input-state transfer functions.

Denote the i-th row of H(s) as

ηi(s) = [gi,1(s), gi,2(s), · · · , gi,p(s)] ∈ R(s)1×p. (11)
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TABLE I
ITERATIVE CLUSTERING ALGORITHM

Input: M , L and B, model order n, reduced order r

Output: M̂, L̂, B̂

1: Initialize: k ← n, Mk ←M , Lk ← L, Bk ← B

2: Compute the transfer functions (10) using Mk , Lk and Bk .

3: ci ← i for i = 1, 2, · · · , k − 2; ck−1 ← {k − 1, k}
4: d← ‖ηk−1 − ηk‖
5: For i = 1 : k

6: For j = 1 : i− 1

7: If ‖ηi − ηj‖ < d

8: {ci, cj} ← ck−1, ck−1 ← {i, j}
9: d← ‖ηi − ηj‖
10: End For

11: End For

12: Compute P by clustering [c1, c2, · · · , ck−1].

13: Mk ← PTMkP , Lk ← PTLkP , Bk ← PTBk

14: k ← k − 1

15: If k = r, stop and return M̂ ←Mk , L̂← Lk , B̂ ← Bk ,

else jump to 2.

Similar as Lemma 4 in [7], we have the following Lemma.
Note that ηi(s) is a row vector of transfer functions instead
of a scalar one.

Lemma 1: Consider the network system Σ with vertices
set V . ηi(s) is the input-state transfer functions defined in
(11). Then ‖ηi(s) − ηj(s)‖H2 and ‖ηi(s) − ηj(s)‖H∞ are
finite, for any arbitrary i, j ∈ V . �

The boundedness of ‖ηi(s) − ηj(s)‖H∞ or ‖ηi(s) −
ηj(s)‖H2

provides us a method to indicate how close the
behavior of the i-th and j-th vertices is. Furthermore, we can
define a norm distance matrix D, whose entries are defined
by

Dij = ‖ηi(s)− ηj(s)‖H2 . (12)

Based on D, we further provide an iterative algorithm to
search for an appropriate graph clustering. Given a n-th order
network system, we first evaluate the differences among the
vertices by computing the norm distance matrix D. Then,
the two vertices who have the minimal distance in terms of
H2-norm are aggregated into one cluster. The corresponding
cluster matrix is given by (2) which then generates a reduced
network system with one less dimension. We can repeat these
steps until obtaining a system with a desired reduced order
r. The details of this algorithm are shown in Table I.

B. Error Analysis

Denote

Ĥ(s) = P (sM̂ + L̂)−1PTB ∈ R(s)n×p (13)

as the matrix of transfer functions for the reduced-order
model in (4). Let η̂i(s) be the i-th row of Ĥ(s), i.e.,

η̂i(s) = eTi P (sM̂ + L̂)−1B̂ ∈ R(s)1×p, (14)

which presents the mapping from the external inputs to the
i-th state component. Then we have the following Lemma.

Lemma 2: Consider the network system Σ and the result-
ing reduced-order model Σ̂ by graph clustering. ηi(s), η̂i(s)
are row vectors of transfer functions defined in (11) and (14),
respectively. Then, ‖ηi(s)−η̂j(s)‖H∞ and ‖ηi(s)−η̂j(s)‖H2

are finite, for any i ∈ {1, 2, · · · , n} and j ∈ {1, 2, · · · , r}.
Proof: From the definition of H2 norm, we have

‖ηi(s)− η̂j(s)‖2H2
=

∫ ∞
0

‖xi(t)− x̂j(t)‖22dt, (15)

where xi(t) and x̂j(t) are the i-th row of Ξ(t) and j-th row of
Ξ̂(t) in (5), respectively. First, it is known that both system Σ
and Σ̂ are stable from [1], which implies both xi(t) and x̂j(t)
are bounded smooth functions of t. Moreover, by Theorem
1, xi(t) and x̂j(t) are converging to that same value, which
yields xi(∞) = x̂j(∞). Thus, for bounded initial conditions
xi(0) and x̂j(0), the integral in (15) is bounded, i.e., ‖ηi(s)−
η̂i(s)‖2H2

< ∞, which also implies its H∞-norm is also
finite.

Note that η̂i(s) presents all the dynamics of cluster Ci.
The main idea of clustering-based model reduction is to use
η̂i(s) to approximate every ηj(s) in cluster Cj . We show that
the reduced model achieve a bounded approximation error in
the following theorem.

Theorem 2: Consider the network system Σ and the re-
sulting reduced-order model Σ̂ by graph clustering. Then
‖Σ− Σ̂‖H∞ and ‖Σ− Σ̂‖H2

are always bounded.
Proof: Note that ‖Σ−Σ̂‖ := ‖H(s)−Ĥ(s)‖ and since

H(s)− Ĥ(s) =


η1(s)− η̂1(s)
η2(s)− η̂2(s)

· · ·
ηn(s)− η̂n(s)

 ,
then the conclusion can be straightforwardly obtained by
applying Lemma 2.

The Algorithm in Table I repeatedly applies one-step
reduction procedure to obtain a simpler networked model
of arbitrary dimension. Next, we analyze the error bound
of one-step approximation. Before proceeding, the following
definitions and lemmas are provided.

Definition 1: [8] Consider a square real matrix A = [aij ].
If aij ≤ 0 for all i 6= j and all the eigenvalues of A have
positive real parts, then A is called an M-matrix. �

Lemma 3: [8] If A is an M-matrix, then A−1 is real
nonnegative, i.e., all the entries of A−1 are real nonnegative.

�
Definition 2: [9] A descriptor system (E,A,B,C,D) is

called state-space symmetric if ET = E, AT = A, BT = B
and DT = D. �

Lemma 4: [9] Consider a state-space symmetric descrip-
tor system (E,A,B,C,D) with an admissible pair (E,A).
If E � 0 or E � 0, then the H∞-norm of the system transfer
function G(s) = C(sE +A)−1B +D can be given by

‖G(s)‖H∞ = max {|λm(D)|, |λm(G(0))|} .

�
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Definition 3: [10] A linear system (A,B,C,D) is inter-
nally positive if and only if (i) the off-diagonal entries of A
are all nonnegative i.e., it is a Metzler matrix; (ii) B, C and
D are all nonnegative. �

Lemma 5: [10] Consider a linear system (A,B,C,D)
with A Hurwitz. Let g(t) = CeAtB + Dδ(t) be the
corresponding impulse response and G(s) be the transfer
function. If CeAtB � 0 for t ≥ 0 and D � 0, then
‖g(t)‖p = ‖G(0)‖p for p = 1, p = 2 and p = ∞. In
particular, if g(t) is scalar, then ‖g(t)‖p = G(0) for all
p ∈ [0,∞]. Here, ‖◦‖p represents the p-induced norm. �

Then, the error bounds of one-step clustering are given by
the following theorem.

Theorem 3: Consider the n-th dimensional networked
system Σ as in (1). Let Σ̂ as in (4) be the (n− 1)-th order
reduced model of Σ by clustering vertex µ and ν. Moreover,
ηi(s) and η̂i(s) are the transfer functions as in (11) and (14).
Denote δη := ηµ(s)− ην(s). Then, the approximation errors
are bounded as

‖ηi(s)− η̂i(s)‖ ≤
ρ
√
n− 2

mi
‖δη‖, for all i 6= µ, ν (16)

‖ηµ(s)− η̂µ(s)‖ ≤
mν +

∑n
i=1,i6=µ,νmi

mµ +mν
‖δη‖, (17)

‖ην(s)− η̂ν(s)‖ ≤
mµ +

∑n
i=1,i6=µ,νmi

mµ +mν
‖δη‖, (18)

where ‖·‖ represents H∞-norm and

ρ = λm

(
Ms +

11T

mµ +mν

)−1
with Ms a square submatrix obtained by removing the µ and
ν rows and columns of M .

Proof: We use the notation ‖·‖ to represent the H∞-
norm through the proof. Without loss of generality, we
suppose the vertex n − 1 and n of the original system Σ
are aggregated. Besides, we denote δη := ηn−1(s)− ηn(s) ∈
R(s)1×p and

∆ηa =


η1(s)− η̂1(s)
η2(s)− η̂2(s)

...
ηn−2(s)− η̂n−2(s)

 ,
∆ηb = ηn−1(s)− η̂n−1(s),

∆ηc = ηn(s)− η̂n(s).

(19)

In this case, the cluster matrix P ∈ Rn×(n−1) is given by

P =

[
In−2 0

0 12

]
. (20)

Furthermore, we partition L and M as

L =

[
L11 L12

LT12 L22

]
,M =

[
M11 0

0 M22

]
, (21)

where L11,M11 ∈ R(n−2)×(n−2), M22 = diag[mn−1,mn].
L12 ∈ R(n−2)×2 can be presented by L12 = [−`1,−`2]

with `1 and `2 being nonnegative vectors. For simplicity, we
denote m̃ = mn−1 +mn.

Recall the expressions of transfer functions in (10), we
have

(sM + L)

 η1(s)
...

ηn(s)

 = B, (22)

(sM̂ + L̂)

 η̂1(s)
...

η̂n−1(s)

 = B̂. (23)

Reshuffling (22), we obtain

(sM + L)P

 η1(s)
...

ηn−1(s)

 = B +

[
−`2

smn + 1T `2

]
δη,

(24)
Multiplying PT from left to (24) yields

(sM̂ + L̂)

 η1(s)
...

ηn−1(s)

 = B̂+

[
−`2

smn + 1T `2

]
δη. (25)

Then, we subtract (25) from (23) and obtain

(sM̂ + L̂)

[
∆ηa
∆ηb

]
=

[
−`2

smn + 1T `2

]
δη. (26)

Furthermore, with L1 = 0, we have

sM̂ + L̂ =

[
sM11 + L11 −L111
−1TL11 sm̃+ 1TL111

]
. (27)

We use
T =

[
In−2 0
1T 1

]
. (28)

to multiply with (26) and further obtain the following equa-
tion[

sM11 + L11 −L111
1TM11 m̃

] [
∆ηa
∆ηb

]
=

[
−`2
mn

]
δη (29)

By solving the above equation, the error expressions of ∆ηa
and ∆ηb are respectively given by

∆ηa = Ka(s)δη, ∆ηb = Kb(s)δη (30)

with

Ka(s) = M−111

[
sL−111 + M̃

]−1 (mn

m̃
1− L−111 `2

)
, (31)

Kb(s) =
mn + 1TM11(sM11 + L11)−1`2
m̃+ 1TM11(sM11 + L11)−1L111

. (32)

Here, M̃ = M−111 + m̃−111T .
Moreover, since η̂n = η̂n−1, we have

∆ηb −∆ηc = δη. (33)

Also note that L111 = `1 + `2. As result, we can obtain
∆ηc = Kc(s)δη with

Kc(s) = −mn−1 + 1TM11(sM11 + L11)−1`1
m̃+ 1TM11(sM11 + L11)−1L111

. (34)
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Next, based on the derived error formulas, we further
investigate the error bounds.

Denote Ω(s) =
[
sL−111 + M̃

]−1
, then we have for 1 ≤

i ≤ n− 2,

∆ηi = eTi Ka(s)δη = eTi M
−1
11 Ω(s)

(mn

m̃
1− L−111 `2

)
δη.

(35)
Consequently,

‖∆ηi‖ ≤ ‖eTi M−111 ‖ · ‖Ω(s)‖ · ‖mn

m̃
1− L−111 `2‖ · ‖δη‖

= m−1i · ‖Ω(s)‖ · ‖mn

m̃
1− L−111 `2‖ · ‖δη‖.

(36)

First, as Ω(s) can be regarded as a state-space symmetric
descriptor system with identity input and output matrices, by
Lemma 4, its H∞ norm is

‖Ω(s)‖ = λm(M̃)−1 := ρ. (37)

Then, equation L111 = `1 + `2 leads to
mn

m̃
1− L−111 `2 =

mn

m̃
(L−111 `1 + L−111 `2)− L−111 `2

= L−111 (
mn

m̃
`1 −

mn−1

m̃
`2)

(38)

Note that L11 is a M-matrix, therefore, L−111 is a nonnegative
matrix by Lemma 3. Besides, since L111 = `1+`2 and `1, `2
are vectors with real nonnegative elements, we can guarantee
that both L−111 `1 and L−111 `2 not greater than L−111 L111 = 1
entry-wise. Then, from (38),

‖mn

m̃
1− L−111 `2‖ ≤

mn

m̃
‖L−111 `1‖+

mn−1

m̃
‖L−111 `2‖

≤ ‖1‖ =
√
n− 2.

(39)

Finally, by (36), (37) and (39), we have the bound for
∆ηi. After replacing n − 1, n and M11 by µ, ν and Ms

respectively, it is equivalent to (16) .
Next, we find the H∞ bound for Kb(s) in (32). Note that

Kb(s) is in the form of a quotient of two SISO transfer
functions, i.e.,

Kb(s) :=
Gd(s)

Gn(s)
, (40)

where

Gd(s) = 1T (sI + L11M
−1
11 )−1L111 + m̃. (41)

Gn(s) = 1T (sI + L11M
−1
11 )−1(−`2) +mn, (42)

The state-space representation of Gd(s) is

ẋ = −(L11M
−1
11 )x+ (L111)u,

y = 1Tx+ m̃u.

With m̃ 6= 0, we have

ẋ = −(L11M
−1
11 )x+ (L111)

(
−m̃−11Tx+ m̃−1y

)
,

u = −m̃−11Tx+ m̃−1y,

which leads to the inverse transfer function as

Gd(s)
−1 = −m̃−21T

[
sL−111 + M̃

]−1
1 + m̃−1. (43)

Observe that G0(s)−1 is a state-space symmetric descriptor
system and Note that

|Gd(0)−1| = |Gd(0)|−1 =
1

1TM111 + m̃
<

1

m̃
. (44)

Thus, by Lemma (4),

‖G−1d (s)‖ = m̃−1. (45)

On the other hand, Gn(s) is a internally positive system
by Definition 3. Denote gn(t) as the impulse response, then
Lemma 5 yields ‖gn(t)‖2 = Gn(0). It is well known that
‖gn(t)‖2 = maxω‖Gn(jω)‖2, which is equal to ‖Gn(s)‖ in
SISO case. Therefore,

‖Kb(s)‖ ≤ ‖Gn(s)‖ · ‖G−1d (s)‖ =
mn +

∑n−2
i=1 mi

m̃
, (46)

which leads to the error bound in (17).
Similarly, we can obtain the bound for ∆ηc as in (18).

IV. ILLUSTRATIVE EXAMPLE

We demonstrate the model reduction procedure of iterative
clustering in this section. Consider a 4-dimensional mass-
damper network model as an example (see Fig. 1) and the
system coefficients in (1) are given by

M =


1 0 0 0
0 5 0 0
0 0 2 0
0 0 0 4

 , L =


6 −1 −2 −3
−1 3 −1 −1
−2 −1 4 −1
−3 −1 −1 5

 ,
B =

[
1 0 0 0
0 1 0 0

]T
, C = I4.

(47)

The Bode plot of the system is shown in Fig. 2.
Applying the algorithm proposed in Table I, we obtain

its 3-dimensional approximated model. The norm distance
matrix D is given by,

D =


0 0.3235 0.2653 0.2727

0.3235 0 0.1506 0.1585
0.2653 0.1506 0 0.0200
0.2727 0.1585 0.0200 0

 . (48)

The minimal value among the off-diagonal entries in D is
0.0200, which implies that the mass 3 and 4 have most
similar behaviors. It is can also be seen from This can be
also seen from Fig. 2, in which their frequency responses are
closer than the other states. As a result, the vertex 3 and 4
are aggregated, which yields the cluster matrix P as

P =


1 0 0
0 1 0
0 0 1
0 0 1

 .
Then, the reduced-order model is presented by

M̂ =

 1 0 0
0 5 0
0 0 6

 , L̂ =

 6 −1 −5
−1 3 −2
−5 −2 7

 ,
B̂ =

[
1 0 0
0 1 0

]T
, Ĉ = P.

(49)
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Fig. 1. Topology of the original network system (left) and the reduced
system (right)

It is straightforward to see that the network structure is
preserved in the new system since we can again interpret it
as a network system as in Fig. 1. There is a clear physical
interpretation for our reduced-order model: the mass of the
new vertex 3 is the sum of the masses in the third cluster.
Moreover, the damper on the edge (1, 3) in the reduced graph
is the sum of the dampers one the edges (1, 4) and (2, 4) in
the original graph. In the same way, the damper on the new
edge (2, 3) also synthesizes the dampers one the edges (1, 4)
and (2, 4) while the damper inside the cluster vanishes.
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Fig. 2. Bode plot of the original system.
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Fig. 3. Bode plot of the reduced-order system.

We compute the final values of the impulse responses for
the original and reduced-order systems, respectively.

lim
t→∞

Ξ(t) = lim
t→∞

Ξ̂(t) =
1

12


1 1
1 1
1 1
1 1

 . (50)
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Fig. 4. Plot of the error magnitude.

where Ξ(t) and Ξ̂(t) are the impulse responses of the full-
order and reduced system, respectively. The result shows
both systems converge to a same final value when t→∞.

The Bode plots of the reduced-order system are shown in
Fig. 3. Also, the output error ηi− η̂i ( i = 1, 2, 3, 4 ) between
the model (47) and (49) is plotted in Fig. 4. It indicates that
the dynamics of the vertices that are not clustered with any
other vertices achieve a better approximation. In Fig. 4, we
observe that the error magnitudes of η3− η̂3 and η4− η̂3 are
relatively bigger than those of η1 − η̂1 and η2 − η̂2.

This result shows that the proposed method is feasible.

V. CONCLUSION

In this paper, we propose a clustering-based model re-
duction method for network systems and the approximation
error bounds are studied. Our method allows for an insightful
physical interpretation and the structure of network system
is preserved. The idea can be widely extended for different
types of network systems. Future work includes extensions
to second-order networks and to network models with sub-
systems of higher-order linear dynamics.
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Optimal sensor selection for optimal filtering of spatially distributed
processes

Michael A. Demetriou Fariba Fahroo

Abstract— We consider the problem of the integrated design
of an optimal state estimator and its associated optimal sensor
positioning for a class of distributed parameter systems. The
optimal estimator is parameterized by the admissible sensor
locations and an appropriate performance measure is used
to obtain the optimal sensor location. It turns out that this
performance measure is given by the trace of a location
parameterized solution to an operator Riccati equation. The
conditions ensuring that the optimal sensor of the finite dimen-
sional optimization problem converges to the optimal sensor of
the infinite dimensional optimization problem are summarized.
Studies of the effects of the spatial distribution of the process
noise on 1D diffusion PDE are performed in order to shed light
on the effects of the optimal sensor location.

Index Terms— Distributed parameter systems; optimal filter;
optimal sensor selection; finite dimensional approximation.

I. INTRODUCTION

The problem of selecting actuating and sensing devices
for spatially distributed systems has been the topic of many
works representing different engineering and science disci-
plines over the last four decades. The survey papers [1], [2]
provide an overview of the various approaches used to select
actuators and sensors in spatially distributed processes.

One may use open loop approaches, where the locations
are selected that result in a system that is “more” controllable
or “more” observable. These can be quantified in terms of the
controllability/observability indices or the level of controlla-
bility/observability, as measured by the coercivity bound of
the associated controllability/observability Gramian, [3], [4].
Related to the selection of said devices in structural systems,
[5], [6], [7], [8] considered various open loop metrics for
their optimal placement on the structures.

Open loop techniques that consider only specific modes
were considered in [9], [10], [11] for parabolic PDEs and in
[12] for second order PDES representing flexible structures.
In summary, one selects the optimal sensors or actuators
that ensure that a measure of modal observability or modal
controllability is optimized. By a priori selecting the modes
of interest (the ones with the largest energy), the resulting
finite dimensional system has its optimal sensors and ac-
tuators chosen so that an appropriate observability or con-
trollability metric is optimized. The resulting optimization
ensures that the specific modes are “more” observable and
“more” controllable. More recently, [13] provided a theo-
retical framework and a computational scheme for finding

M. A. Demetriou is with Worcester Polytechnic Institute, Dept of Me-
chanical Engineering, Worcester, MA 01609, USA, mdemetri@wpi.edu.

F. Fahroo is with Department of Applied Mathematics, Naval Postgrad-
uate School, Monterey, CA 93943 USA, fariba.fahroo@gmail.com.

the shape and location of sensors and actuators in PDE
systems using system theoretic properties (open loop). The
appropriate controllability and observability inequalities were
introduces which essentially considered the sensor and actua-
tor locations that make the resulting PDEs “more” observable
and “more” controllable. Using the appropriate restrictions
one may relate such metrics in [13] to the ones considered
in [11] by only considering specific eigenfunctions (modes).

Closer to the infinite dimensional case, the problem of
selecting a device based on a closed-loop measure was first
presented in [14], [15], where the optimal quadratic cost of
the controller was parameterized by the actuator locations
and an optimization over all actuator locations yielded the
location and the optimal LQR controller. The same idea was
subsequently applied to acoustic systems [16], [17], [18].
Adding another level of optimization that included the effects
of the spatial distribution of disturbances was considered in
[19], [20], [21], [22].

Using a computational scheme, [23] presented an approach
where the selection of sensor location was based on the
approximation of the LQR-based feedback kernels. The idea
was to find the sensor location so that the feedback control
kernel is best approximated by a pointwise function and the
optimal controller is approximated by a scalar multiple of
the output with the said optimal sensor. Continuing, [24]
considered an LQG-based performance metric to select a
sensor for the Boussinesq equation. As part of the presented
metric, the authors in [24] considered the distance of the
candidate sensors to the nearest unobservable system. Such
an approach was also considered in [25] which considered
the distance from unobservability as the metric to select
sensors. The latter appears to be the complement of the
approach in [13] which provided sensor locations that make
the system “more” observable. Similar to [24], the authors in
[26] considered a method for selecting actuators and sensors
using H2 synthesis and in particular an iterative method for
computing the gradient of the H2 norm, parameterized by the
actuator and sensor locations. Using optimal filter criteria to
select the sensor, by minimizing the location parameterized
covariance operator was considered in [20].

A component missing from the above optimization was the
consideration of the finite dimensional approximations of the
infinite dimensional plant and the respective convergence of
the optimal locations. Early works from the 1980s pointed to
the need of an approximation scheme that is dual convergent.
This ensured that both the solutions to the matrix Riccati
equations and the kernels would converge to their infinite
dimensional representations, [27], [28], [29], [30], [31],
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[32] While these works only considered the convergence of
the Riccati solutions and the associated kernels, they did
not consider the convergence of the optimal value of the
optimal costs with respect to the actuator locations. This last
condition was solved in [33], [34] and in [35]. By imposing a
compactness condition on certain input and output operators,
the optimal location of an actuator corresponding to the
finite dimensional approximation of the plant, was shown
to converge to the optimal actuator location corresponding
to the infinite dimensional system. Additionally, in [35], the
worst spatial distribution of the disturbances was found by
adding another level of optimization.

In the above works, the problem of optimal sensor location
that ensures the “best” possible filter while ensuring that
any optimal values corresponding to the finite dimensional
representation would converge to the optimal values cor-
responding to the infinite dimensional plant has yet to be
considered. This problem is undertaken here by considering
a certain class of infinite dimensional systems and proceeding
to design an optimal state estimator (Kalman filter). The idea
follows [36], where it first appeared, where one solves a
Kalman filter parameterized by the sensor locations. Using
duality arguments for the optimal actuator optimization in
[33], [34], [35], additional conditions are imposed on the
relevant input and output operators in order to ensure that
the optimal sensor location for the finite dimensional system
converges to the optimal sensor location of the infinite
dimensional systems.

The remainder of the manuscript is as follows. The prob-
lem under consideration is introduced in Section II. The
optimal state estimator (Kalman filter) as parameterized by
the candidate sensor locations is given in Section III. The
computations of the optimal sensors that take into account the
convergence of the approximating scheme are summarized
in Section IV. A numerical example of a one dimensional
advection diffusion PDE examining the effects of the spatial
distribution of process noise on the optimal sensor location is
presented in Section V and conclusions follow in Section VI.

II. PROBLEM DESCRIPTION

We consider infinite dimensional systems described by the
evolution equation

ẋ(t) = Ax(t)+B1w(t)+B2u(t)

y(t) = Cx(t)+ v(t), x(0) ∈ D(A),
(1)

where x ∈ X is the state of the infinite dimensional system,
X is the state space, u denotes the control signal, w the
process noise, y ∈ Y the measured output and v the process
noise. The Hilbert space X is equipped with inner product
and norm denoted by 〈·, ·〉 and ‖ · ‖, respectively. The state
operator A is assumed to generate a strongly continuous
semigroup T (t) on the Hilbert space X , [37]. The control
input operator B2 ∈ L(U,X ) is a bounded linear operator
from the control space U to the state space X . Similarly, the
process noise input operator B2 ∈ L(W ,X ) is a bounded
linear operator from the process noise space W to the state
space X . The process and measurement uncertain signals

are assumed to be square integrable. The measurement noise
covariance is denoted by N. The output operator is denoted
by C ∈L(X ,Y ), is similarly assumed to be a bounded linear
operator.

In order to facilitate the sensor placement, the output
operator is parameterized by the candidate sensor locations
θ ∈ Θ. Thus we now have the output as

y(t;θ) = C (θ)x(t)+ v(t), (2)

and through the dependence of the output operator C (θ) on
the sensor location, the output signal is also dependent on the
sensor location θ ∈ Θ. The parameter set Θ consists of the
admissible locations that ensure a certain system theoretic
property is ensured; thus

Θ = {θ ∈ Ω :
(

C (θ),A
)

is approximately observable}. (3)

The sensor location optimization now can be summarized:
find the sensor location from the admissible set Θ that
produces the best possible state estimator.

Remark 1: While one can use system theoretic properties,
such as observability, to find the optimal sensor location,
we opt to choose the best sensor to optimize a closed
loop performance measure. One can certainly “precompute”
the admissible locations that enhance observability and use
them as the parameter set. In (3) above, the parameter
set only considered candidate locations that render the pair
(

C (θ),A
)

only approximately observable, [38]. One can
further optimize the parameter set Θ so that each element θ∈
Θ yields enhanced observability with a guaranteed level of
observability. This for example can be addressed by ensuring
a certain level of observability as defined by the coercivity
bound of the associated observability Gramian operator, see
[20].

III. LOCATION-DEPENDENT OPTIMAL STATE ESTIMATOR

The associated optimal state estimator of (1), (2) is given
by the following location-parameterized Kalman filter

˙̂x(t;θ) =
(

A −L(θ)C (θ)
)

x̂(t;θ)+B2u(t)+L(θ)y(t;θ)

x̂(0;θ) ∈ D(A), θ ∈ Θ.
(4)

While the plant state x(t) in (1) is not dependent on the
parameter θ∈Θ, its output y(t;θ)) is. Consequently, the state
estimator for (1) is also dependent on the parameter θ ∈ Θ.

The filter operator gain L(θ) = S(θ)C ∗(θ)N−1, where
S(θ) is the location-parameterized positive operator solution
to the filter algebraic Riccati operator equation

〈Aφ,S(θ)ψ〉X + 〈S(θ)φ,A∗ψ〉X + 〈φ,B1B∗
1 ψ〉X

−〈φ,S(θ)C ∗(θ)N−1C (θ)S(θ)ψ〉X = 0, θ ∈ Θ,
(5)

for all test functions φ,ψ ∈ dom (A∗). By imposing rather
standard assumptions on the noise covariances, the solution
to the above location-parameterized operator equation exists.
All is left now is to find an appropriate metric to perform
optimization. i.e. find the best x̂(t;θ) over all θ ∈ Θ. It turns
out that the appropriate metric of the best estimator is the
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mean reconstruction error which is expressed in terms of the
trace of the variance operator

Jopt(θ) = E
[

〈x(t)− x̂(t;θ),x(t)− x̂(t;θ)〉2
X

]

= trace [S(θ)] , θ ∈ Θ.
(6)

Therefore, the optimal sensor location is found as the one
that optimizes (6) above and hence

θopt = arg inf
θ∈Θ

trace [S(θ)] . (7)

Using the plant (1) and state estimator (4), the evolution
equation for the state estimator error e(t) = x(t)− x̂(t) is
governed by

ė(t;θ) =
(

A −L(θ)C (θ)
)

e(t;θ)−B1w(t)+L(θ)ν(t).

This will be used for analysis in Section V.

IV. COMPUTATIONS OF OPTIMAL SENSOR LOCATION

The optimization defined in (7) cannot be implemented as
the solution to the operator Riccati equation in (5) is infinite
dimensional. An approximation is thus warranted in order
to numerically implement the sensor optimization (7). Most
of the arguments for the approximating framework follow
from [39]. The finite dimensional approximation of both the
plant (1) and state estimator (4) will be considered. Towards
this end, we let {X n} be a family of finite dimensional
subspaces of the state space X . Additionally, we let Pn be the
orthogonal projection of the state space X onto X n. Define
the sequence of state operators An = L(X n,X n) and

BN
1 =PnB1, BN

2 =PnB2, Cn(θ)=PnC (θ), Ln(θ)=PnL(θ).

We then have the sequence of finite dimensional approxima-
tions to the plant (1) and estimator (4)

ẋn(t) = Anxn(t)+Bn
1w(t)+Bn

2u(t),

yn(t;θ) =Cn(θ)xn(t)+ v(t),

and

˙̂x
n
(t;θ) =

(

An−Ln(θ)Cn(θ)
)

x̂n(t;θ)+Bn
2u(t)+Ln(θ)yn(t;θ).

To ensure the existence of a positive solution to the Riccati
equation, we require (Cn(θ),An) be detectable and (An,Bn

1)
be stabilizable. The detectability of (Cn(θ),An) is imposed
uniformly with θ. Then we have that the (finite dimensional
representation of the) optimal cost (cf. (6)) is

[

Jopt(θ)
]n

= trace [Sn(θ)] , θ ∈ Θ,

and the unique positive solution to the filter Ricati matrix
equation is

Sn(θ)
(

An
)T

+AnSn(θ)+Bn
1

(

Bn
1

)T

−Sn(θ)
(

Cn(θ)
)T

N−1Cn(θ)Sn(θ) = 0, ∀θ ∈ Θ.
(8)

For fixed θ∈Θ, one can impose certain standard assumptions
that ensure that the solution to the finite dimensional repre-
sentation of the above filter Riccati equation (8) converge
to the positive solution of the operator Riccati equation (5).
These assumptions, as taken from [40], [41] and in particular

from [42] as the latter deals with filter Riccati equations, are
given by

(C1) For every φ ∈ X , eAntPnφ converges strongly to T (t)φ,
where T (t) is the semigroup generated by A and
e(A

n)T tPnφ converges strongly to T ∗(t)φ.
(C2) The pairs (Cn(θ),An) are uniformly detectable and the

pairs (An,Bn
1) are uniformly stabilizable.

(C3) The following finite dimensional approximations con-
verge as the discretization index n approaches infinity:

‖(Cn(θ))T y−C ∗(θ)y‖→ 0, ‖Cn(θ)Pnφ−C (θ)φ‖→ 0,

‖Bn
1w−B1w‖→ 0, ‖(Bn

1)
T Pnφ−B∗

1 φ‖→ 0.

The above guarantee that for each fixed θ ∈ Θ, the solution
to the finite dimensional Riccati equation will converge to
the solution to the operator Riccati equation in (5). As these
are established results and by now considered standard [42],
they are simply stated.

One must now ensure that the optimal location corre-
sponding to the finite dimensional approximation [Jopt(θ)]n
will converge to the optimal sensor location from its infinite
dimensional analogue (6), (7).

Lemma 1: Consider the filter (3) and assume that the
output operators C (θ) is a family of compact output operators
such that

lim
λ→µ

‖C (λ)−C (µ)‖= 0, ∀λ,µ ∈ Θ,

and that the standard approximation conditions (C1)-(C3)
are satisfied. Then the positive operator solutions S(θ) to the
Riccati equations (5) are continuous functions of the sensor
locations θ ∈ Θ in the sense

lim
λ→µ

‖S(λ)−S(µ)‖

and there exists an optimal sensor location θopt such that

trace [S(θopt)] = inf
θ∈Θ

trace [S(θ)] .

Moreover, we have that the approximating optimal costs
converge to the optimal costs

lim
n→∞

inf
θ∈Θ

trace [Sn(θ)] = inf
θ∈Θ

trace [S(θ)] ,

and hence we have

θopt = lim
n→∞

θn
opt .

The last equation is interpreted as the convergence of
the optimal sensor location of the finite dimensional system
to the optimal sensor location of the infinite dimensional
system. A consequence of the above conditions of the finite
dimensional approximation scheme is that the optimal finite
dimensional filter Ln(θn

opt) corresponding to the optimal
sensor location θn

opt , converges to the optimal infinite di-
mensional filter L(θopt) corresponding to the optimal sensor
location θopt .

The proof of Lemma 1 is omitted, as most of the ar-
guments follow from the dual problem of optimal actuator
location presented in [33], [34], [35].
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V. NUMERICAL STUDIES

Consider the advection diffusion PDE with reaction term
in one spatial dimension over the spatial domain Ω = [0,1],
given by

∂x(t,ξ)
∂t

= a1
∂2x(t,ξ)

∂ξ2 +a2
∂x(t,ξ)

∂ξ

+a3x(t,ξ)+b1(ξ)w(t)+b2(ξ)u(t)
(9)

with Dirichlet boundary conditions and with output

y(t;θ) =
∫ 1

0
δ(ξ−θ)x(t,ξ)dξ+ν(t)

The state space is X = L2(0,1). To approximate and simulate
the plant and the state estimator, an exponential detectability
and stabilizability preserving scheme was implemented. A
finite element based approximation scheme used a total of
200 linear splines [43], [44] that were modified to account
for the boundary conditions. The spatial integrals required
to compute the matrix representations of the state, input and
output operators were computed using a composite two-point
Gauss-Legendre quadrature rule, [45]. One can identify the
state of (9) with the element of the Hilbert space (1) and
use the same notation x(t) = x(t, ·) with the hope that this
slight abuse of notation will not cause any confusion. For
simplicity, the control input was set to zero.

Using the expansion x(t,ξ) = ∑n
i=1 xn

i (t)φn
i (ξ) we arrive at

the following implicit system of differential equations

Mnẋn(t) = Knxn(t)+ ˜Bn
2w(t),

with xn(t) =
[

xn
1(t) . . . xn

n(t)
]T

, where the mass, stiff-
ness and process noise input matrices are given by

[Mn]i j =
∫ 1

0
φi(ξ)φ j(ξ)dξ,

[Kn]i j =

∫ 1

0

(

a1
d2φn

i (ξ)
dξ2 +a2

dφn
i (ξ)
dξ

+a3φn
i (ξ)

)

φn
j(ξ)dξ,

[˜Bn
1]i =

∫ 1

0
b2(ξ)φn

i (ξ)dξ.

The output measurement matrix is

[Cn(θ)]i =
∫ 1

0
δ(ξ−θ)φn

i (ξ)dξ = φn
i (θ), ∀θ ∈ Θ.

The finite dimensional representation of the plant is then
given by

ẋn(t) = Anxn(t)+Bn
1w(t)

with output

yn(t;θ) =Cn(θ)xn(t)+ν(t),

where
An = (Mn)−1 Kn, Bn

1 = (Mn)−1
˜Bn

1.

The resulting algebraic Riccati equation was solved using
the Matlabr solver are. The finite dimensional representa-
tion of the estimator is given by

˙̂xn(t) = Anx̂n(t)+Ln(θ)(y(t;θ)−Cn(θ)x̂n(t)) .
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Fig. 1. Optimal costs vs sensor spatial location.

The resulting semidiscrete systems of differential equations
for the plant and the estimator where subsequently integrated
numerically over the time interval [0, 20]s using the stiff
ODE solver from the Matlabr ODE library, routine ode23s
which is based on a 4th order Runge-Kutta scheme. The plant
and state estimator initial conditions were chosen as

x(0,ξ) = sin(π(1−ξ))e−7(ξ−1)2
, x̂(0,ξ) = 0, ξ ∈ [0,1].

The state operator parameters were chosen as a1 = 5×10−3,
a2 =−10−2 and a3 =−3×10−3. The parameter set Θ in this
case is given by all spatial points in the spatial domain [0,1]
that exclude the zeros of the eigenfunctions of the advection
diffusion operator.

To examine the effects of the spatial distribution of process
noise, four different distributions were selected and given by

b11(ξ) = sin(π(1−ξ))e−7(ξ−1)2

b12(ξ) = sin(πξ)

b13(ξ) = sin(πξ)e−tξ2

b14(ξ) = 1.

The four different process noise covariance matrices were
normalized in order to provide a meaningful comparison.
Each of the corresponding Qn

i matrices were

Qn
i =

Bn
1i(B

n
1i)

T

|Bn
1i(B

n
1i)

T |
, i = 1,2,3,4.

Figure 1 depicts the optimal cost as a function of the
spatial location θ for each of the four spatial distributions of
the process noise b1i(ξ). Each produces a different optimal
value of the sensor location, as also tabulated in the table
below.

To further relate the spatial distribution of the process
noise to the optimal sensor location, Figure 2 depicts the
optimal cost as a function of the spatial location θ for
each b1i(ξ). It also includes the spatial distribution functions
b1i(ξ). It can be observed that the maximum (peak) value of
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spatial distribution opt. location θopt opt. cost Jopt

b11(ξ) 0.755 0.710

b12(ξ) 0.510 0.950

b13(ξ) 0.265 0.739

b14(ξ) 0.515 1.091

TABLE I

OPTIMAL SENSOR LOCATION AND CORRESPONDING OPTIMAL

ESTIMATION COST FOR DIFFERENT SPATIAL DISTRIBUTION OF PROCESS

NOISE b1(ξ).
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Fig. 2. Comparison of optimal costs and spatial distribution of disturbances.

the spatial distribution function coincides with the minimum
of the cost Ji(θ), i.e. the optimal sensor location. In the last
case of a spatially uniform spatial distribution of the process
noise, the optimal value of the sensor is, as expected, in the
middle of the spatial domain.

The evolution of the L2(Ω) norm of the associated esti-
mation error is presented in Figure 3 for two different sensor
locations. The first, termed the optimal location, corresponds
to the optimal sensor location when b2(ξ) = b21(ξ) and
following Table 1, is ξopt = 0.755. The second, termed
the non-optimal location, corresponds to the optimal sensor
location when b2(ξ) = b24(ξ) and is ξnon = 0.515. Both
sensor location are optimal with respect to their respective
spatial distributions of process noise b2(ξ). However, the
plant was simulated with b2(ξ) = b21(ξ). One would then
expect that the sensor location ξopt = 0.755 to provide
the best performance of the Kalman filter. As observed in
Figure 3, the state estimation error corresponding to the filter
that assumes the correct spatial distribution of process noise
b21(ξ) performs much better than the filter which assumes the
wrong spatial distribution of process noise b24(ξ). Table II
below summarizes the L2(0,20;L2(Ω)) norm of the state

Time (sec)
0 2 4 6 8 10 12 14 16 18 20

0

0.05

0.1

0.15

0.2

0.25
Evolution of L

2
 state error norm

optimal
non-opt.

Fig. 3. Evolution of L2 state error norms: optimal and non optimal sensor
location.

case norm

optimal ξopt = 0.755 0.16231

non-optimal ξnon = 0.515 0.32527

TABLE II

L2(0,20;L2(Ω)) NORM OF THE STATE ESTIMATION ERROR.

estimation error, given by

‖e‖2
L2(0,20) =

∫ 20

0
‖e(t)‖2 dt

=
∫ 20

0

(∫ 1

0
[x(t,ξ)− x̂(t,ξ)]2 dξ

)

dt,

and further emphasizes the importance of having the correct
spatial distribution of process noise b1(ξ) in designing an
optimal filter and an optimal sensor location for systems
governed by (1). Drawing from the work in [35], when
the spatial distribution of disturbances b1(ξ) is not known,
then one may use the duality relations to find such a spatial
distribution of disturbances.

VI. CONCLUSIONS

We have considered the problem of finding the optimal
location of a sensing device for a class of infinite dimen-
sional systems. Using “closed-loop” techniques, an optimal
state estimator was parameterized by the candidate sensor
locations and resulting optimization costs was taken as the
location-parameterized variance operator. This entailed the
trace of the location-parameterized positive solution to the
filter Riccati operator equation. Following the dual problem
of optimal actuator selection using LQR considerations, an
approximation scheme was considered which ensured that
the optimal sensor location for the optimal filter of the
finite dimensional approximation of the plant would converge
to the optimal location of the original infinite dimensional
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system. Extensive simulation studies examining the effects
of different spatial distributions of the process noise on the
optimal sensor location were presented.
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Comparing regularized spectral estimation methods on voiced speech

Per Enqvist, and W. Bastiaan Kleijn.

I. EXTENDED ABSTRACT

The main aim is to compare the performance of some
selected methods for spectral estimation for speech data. The
maximum entropy (ME) method [1], also called the linear
prediction method or autocorrelation method, is probably the
traditionally most used method and has many advantages.
For example, it determines autoregressive (AR) models that
can be guaranteed to be stable and describe the spectrum in
a concise way and with good precision. Moreover, compu-
tationally efficient non-iterative algorithms to determine the
AR-model exist.

In this study we focus on speech data. Speech data can be
modelled well as the product of a smooth spectral envelope
corresponding to the shaping of the vocal tract and the
spectrum of the excitation signal. The excitation signal has a
periodic character, which results in a harmonic character of
its power spectral density (PSD). The aim of the estimation
considered here is to recover the smooth spectrum of the
vocal tract by finding the spectral envelope of the measured
speech signal.

Depending on if the application is analysis or synthesis
of the speech signal, there are different requirements on the
estimation. For synthesis it is important that a stable filter is
determined and that the filter could be easily implemented,
on the other hand, for analysis it is most important to
have a good fit of the spectral envelope. For example, to
do speech coding, or enhancement, the synthesis requires a
stable filter which usually corresponds to a low order AR-
model, and to do speech recognition the analysis requires a
good description of the spectral envelope.

ME models sometimes are contaminated with the spectral
fine structure corresponding to the excitation signal. This
results in peaky spectral envelope models. Several methods
have been developed for reducing the peakiness and get a
better, more robust, description of the spectral envelope.

The spectral envelope estimation methods considered here
are all evaluated in a simulation study based on experiments
in [7]. Artificial speech signals are generated from a large
number of AR-filters and finite windows of speech data

{y1, y2, · · · , yN} (1)

of length N are used to estimate the PSD with the methods.
Different sampling frequencies, pitch frequencies and noise

P. Enqvist is with the Department of Mathematics, KTH Royal Institute
of Technology, Lindstedtsv. 25, SE-100 44 Stockholm, Sweden. e-mail:
penqvistmath.kth.se

W.B. Kleijn is with the School of engineering and computer science,
Victoria university of Wellington, New Zealand

levels are used to determine which parameters are important
for the estimation.

The simplest estimate of the PSD is the periodogram,
which is based on the Fourier transform of the data (1), but
it is well known to have a large variance [28]. One way
to reduce the variance is to use methods of moments. The
ME-method is one such method that is based on matching
some of the first (auto-)covariances of the speech signal. The
covariances are one example of moments that can be used to
characterize the PSD and be estimated from data. The PSD Φ
can be written as the Fourier series of the infinite covariance
sequence {r0, r1, · · · , }, i.e.,

Φ(eiθ) =

∞∑
`=0

r` cos(`θ), (2)

and the covariances are the Fourier coefficients

rk =
1

2π

∫ π

−π
eikθΦ(eiθ)dθ. (3)

Cepstrum parameters are the other type of moments con-
sidered in this paper. We define the cepstrum coefficients
by

ck =
1

2π

∫ π

−π
eikθ log Φ(eiθ) dθ. (4)

If the moments are chosen appropriately a unique PSD
in some model class can be determined by matching the
moments.

II. BAYESIAN FRAMEWORK

and is used to give an alternative derivation of the known
optimization problem formulations for the methods consid-
ered here. The methods only differ in the choice of the prior
probability assumptions.

In this section we define the various PSD estimation
methods that we will compare. We show that the methods
considered here can almost all be derived from the same
Bayesian framework, which we base on the work [29] on
the maximum entropy method with noisy data. In [18],
[14], [6] this Bayesian interpretation was already adopted. In
fact, most regularization methods can be interpreted from a
Bayesian perspective by imposing certain prior distributions
on the parameters of the estimator. The idea is to determine
the Maximum A Posteriori (MAP) PSD Φ, based on the
observed data D and a priori known auxiliary information
I on Φ.

By Bayes’ Theorem we know that

P (Φ|I,D) =
P (D|Φ, I)P (Φ|I)

P (D|I)

∝ P (D|Φ, I)P (Φ|I), (5)
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where P (Φ|I) is the prior distribution of Φ.
Maximizing the logarithm of the MAP is then equivalent

to maximizing

f(Φ) = logP (D|Φ, I) + logP (Φ|I). (6)

III. SPECTRAL ESTIMATION METHODS

Next, we will briefly describe how a number of approaches
to spectral estimation can be derived using the Bayesian
framework with different choices of I and D.

A. Maximum Entropy, ME

A class of maximum entropy methods is based on interpo-
lation of covariances. We place these methods in a Bayesian
framework and make some connections to Kullback-Leibler
divergence and linear prediction.

Data D is given by exact covariances. Thus, the term
logP (Φ|I) in (6) should be maximized over all Φ satisfying
the interpolation constraints.

We have to assign an a priori probability for the PSD Φ
given the prior information I which we will assume can be
given in terms of a PSD Ψ. One way to do this is to assume
that the logarithm of the prior probability is proportional to
minus the Kullback-Leibler divergence [13], also called the
cross-entropy [27], between Φ and Ψ, i.e., up to a constant

logPKL(Φ|I) = − 1

2π

∫ π

−π
Ψ log ΨΦ−1dθ. (7)

The objective function for the Bayesian problem (6) is then

fKL = − 1

2π

∫ π

−π
Ψ log ΨΦ−1 dθ, (8)

with the constraint Φ ∈ D imposing exact interpolation. This
is the same objective function as in [13] and the MAP PSD
Φ = Ψ/Q obtained by maximizing (6) for the case Ψ = 1
is the Maximum Entropy (ME) method [13], also called the
autocorrelation method [28].

B. Regularization by penalizing the derivative, RC

Given that we want to determine a spectrum that is more
regular than that found by standard analysis, an obvious idea
is to find a PSD that has a derivative that is bounded from
above by some constant, i.e., bounds the regularization term

R(Φ) =
1

2π

∫ π

−π

[
d

dθ
log Φ(eiθ)

]2
dθ < Λ. (9)

The penalty function R(Φ) has been proposed in [5], [19].
We put this in the Bayesian framework and model the
prior probability by P (Φ|I) = exp{−λR(Φ)}, where λ
is a positive constant, and R̂ = aTDFDa is a quadratic
approximation of R [24], [7]. The method (RC) is described
in [7], with objective function (6) given by fRC

= −aTRa−
λR̂(Φ). The optimal AR-model can be obtained by solving
a linear equation system [24].

C. Approximative Interpolation Regularization, ME≈

As in [29], [11], let the data D be given by some
measured covariances r̂0, · · · , r̂n with uncorrelated Gaussian
measurement errors d0, · · · , dn. That is

dk =
1

2π

∫ π

−π
Φ(eiθ) eikθ dθ − r̂k (10)

have a Normal distribution, then, up to a constant,

logP (D|Φ, I) = −
n∑
k=0

|dk|2

2σ2
k

(11)

where dk depends on Φ as in (10).
As in (7), we assume that the logarithm of the prior

probability is proportional to minus the Kullback-Leibler
divergence between Φ and Ψ. Here we will only consider
the case that Ψ = 1, then

fME≈ = −λ
n∑
k=0

|dk|2 +

∫
log Φ dθ. (12)

The unique stable AR(n) model can be determined by solving
a convex optimization problem [10].

D. Minimizing the Hellinger distance, H≈
By replacing in method KL the Kullback-Leibler diver-

gence with the Hellinger distance [12] an approximative
interpolation version of the spectral estimation method in
[12] is obtained. Then

fH≈ = −
n∑
k=1

|dk|2

σ2
k

−
∫ (√

Φ−
√

Ψ
)2
dθ (13)

is a variation of the objective function used in [12], proposed
in [9].

From this approach a unique spectral density ΦH =
1/Q(z)2 is obtained. ΦH is also a stable AR-model; of twice
the degree compared to the Maximum Entropy-model, but
with the same number of parameters.

E. Minimizing the weighted L2-distance, MR≈

By replacing in method KL the Kullback-Leibler diver-
gence with the weighted L2-distance

L(Φ,Ψ) =
1

2π

∫ π

−π

[
Φ(eiθ)−Ψ(eiθ)

]2
Φ(eiθ)

dθ (14)

a spectral density Φ = 1/
√
Q is obtained [9], which is not

an AR-model, but which has the same number of parameters.
Realization of such a process is not easy so an approximation
is used here.

F. Smoothness priors long AR-model, SP

This is a regularized version of the least-squares method
[28] that determines a filter directly from the data (1). As
for the covariance method stability can not be guarranteed.

In [18], Kitagawa and Gersch proposed a regularization
with a smoothness measure defined on the k:th derivative,
of the AR-polynomial. Here we use k = 1.
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Stability of the determined filter is not guarranteed. In
[15], the least-squares problem corresponding to the auto-
correlation method is used for P (D|Φ, I), which means that
without regularization the stability is guarranteed, but with
regularization they provided no proof of stability.

G. Sparse Linear Prediction, SLP

In [14], sparse linear prediction is applied on speech pro-
cessing. The AR estimation method is based on maximizing
the sparsity of the prediction error and is not based on
moment matching.

Sparsity is determined by the cardinality, or the 0-norm,
that counts the number of non-zero components of a vector.
Optimizing cardinality leads to NP-hard problems and there-
fore the p-norm is often used as an approximation, and in
particular p = 1 is often used. Usint the 1-norm instead of
2-norm

fSLP = ‖z −Xã‖1 + λ‖ã‖1, (15)

It can be interpreted from the Bayesian approach as the prior
information term corresponding to that ã has a Generalized
Gaussian distribution as argued in [14]. We use the MATLAB
implementation [4] described in [17]. Stability of the filter
is not guarranteed.

H. Covariance and Cepstrum Matching methods, CCM

The method of moments idea and Bayesian approach can
be extended to determine both poles and zeros from covari-
ances and cepstrum estimates. Enforcing exact interpolation
of the covariances r0, · · · , rn and cepstrum coefficients
c1, · · · , cm and maximizing a prior probability leads to an
optimal spectral density of the form of an ARMA model
Φ = S/Q [20], [2]. if the dual optimization problem has
an interior point solution [2]. We consider three regularized
versions of the approach; primal CCMP, dual CCMD and
primal-dual CCM≈.

I. Prediction Error Method, PEM

We also use a regularized version of the prediction error
method [21]. Let ε(t, θ) denote the prediction error, where
the ARMA-model is parameterized by θ, and forms the first
term (data dependent) in

fPEM(θ) =

N∑
t=1

ε2(t, θ) + λ||θ||2. (16)

The second term is added for regularization and is suggested
in [22], [23], [6]. They interpret the regularization term from
a Bayesian view as a prior information that θ has a mean
zero normal distribution with a covariance matrix which is
a multiple of the identity matrix depending on λ and the
variance of ε. The objective function in (16) is non-convex,
and due to stability constraints the feasible region for θ is
also non-convex.

We denote the method by (PEM), and use the command
armax in the system identification toolbox (version 2013b)
in MATLAB to solve the optimization problem.

J. Cepstral smoothing, C
A common moment-matching method is to estimate the

spectrum as the truncated Fourier transform on a logarithmic
scale, i.e., approximating the Fourier transform of log Φ with

C(θ) =

n∑
k=0

ĉk cos(kθ). (17)

This can also be seen as a low-pass liftering operation. The
number, n, of terms that are kept when truncating determines
the compromise between the smoothness and precision of the
estimate Φ̂(θ) = eC(θ).

K. Optimization of Likelihood Criterium, OLC

In [5], log Φ is the likelihood function is regularized by a
term

R(Φ) =
1

2π

∫ π

−π

[
dk

dθk
log Φ(eiθ)

]2
dθ, (18)

The optimization problem is non-convex and convergence
can not be guarranteed. The MATLAB implementation in [4]
is used, and in our experiments the iterative optimization
solver fminunc in MATLAB converges nicely.

L. Weighted Least-Squares method, WLS

In [5], an approximative method that is similar to OLC
for low noise conditions was proposed. The MATLAB imple-
mentation in [4] is used.

M. True envelope estimation, TE

In [16], the cepstrum based true envelope estimator was
introduced. It is based on sequential estimation of the log
spectrum with a function (17), starting with the cepstral
smoothing of the signal and then approaching the envelope
by matching the largest value of the Fourier estimate and the
previous estimate.

N. Cubic spline method, S
Finally, we will use a method from [26], also used in [7],

where the peaks in the periodogram are found and a cubic
spline curve is fitted to these values in the log-domain. We
will denote this method by (S) for spline, and use a MATLAB
implementation provided by A. Ekman.

IV. COMPARING THE ESTIMATION METHODS

We compare the different methods that we have described.
For comparing the fit of the estimated spectras the log
spectral distortion measure is used in the field [25].

Eight different experiments are performed on artificial
speech, with different sampling frequencies, pitch frequen-
cies and noise levels. The estimated models have order n =
10 for sampling frequency 8 khZ and n = 16 for sampling
frequency 16 khZ. For the higher sampling frequency a
higher order model is allowed so that the models can describe
well the envelope.

In each experiment the methods are applied to 1000 speech
frames of 20 ms duration and the average values of the
spectral distortion measure are determined. In the result
section we will present the distances as spectral distortion
errors relative to the ME error.
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Abbrev. Art. mod. Est. mod. Pitch freq. Sampl. freq. SNR
F8 n = 20 n = 10 400 Hz 8 kHz
M8 n = 20 n = 10 250 Hz 8 kHz
F16 n = 32 n = 16 400 Hz 16 kHz
M16 n = 32 n = 16 250 Hz 16 kHz
F8n n = 20 n = 10 400 Hz 8 kHz 20 dB
M8n n = 20 n = 10 250 Hz 8 kHz 20 dB
F16n n = 32 n = 16 400 Hz 16 kHz 20 dB
M16n n = 32 n = 16 250 Hz 16 kHz 20 dB

TABLE I
OVERVIEW TABLE FOR PARAMETERS IN THE SIMULATION EXAMPLES

Method F8 M8 F16 M16 F8n M8n F16n M16n
ME 1 1 1 1 1 1 1 1
RC 0.953 0.999 0.973 1.0000 0.986 1.000 0.995 1.000
SP 0.992 0.982 0.966 0.9314 0.667 0.734 0.763 0.762
SLP 0.815 0.956 0.809 0.9699 0.593 0.624 0.532 0.524
ME≈ 0.986 0.974 0.948 0.897 0.691 0.580 0.475 0.410
H≈ 1.169 1.092 1.194 0.918 0.741 0.671 0.536 0.415
MR≈ 1.194 1.382 1.474 1.481 0.687 0.707 0.606 0.473
CCM1

D 0.989 0.874 0.963 0.755 0.965 0.984 0.998 0.997
CCM2

D 0.993 0.860 0.943 0.742 0.964 0.987 0.998 0.997
CCM≈ 0.940 0.795 0.882 0.682 0.671 0.664 0.7023 0.737
PEM 1.587 1.148 1.826 1.023 0.7120 0.600 0.569 0.488
OLC 0.770 1.052 0.805 1.573 0.739 0.948 1.048 1.023
WLS 0.778 0.692 0.924 0.736 0.677 0.776 0.817 0.851
C1 0.905 0.892 1.215 1.501 0.808 1.016 0.901 1.023
C2 0.917 0.825 1.124 1.239 0.844 0.951 1.190 0.919
TE 0.783 0.605 0.672 0.560 1.164 1.198 1.239 1.214
S 0.768 0.635 0.719 0.673 1.196 1.057 1.449 1.211

TABLE II
SUMMARY OF THE BEST AVERAGE RESULTS FOR ALL METHODS

V. RESULTS

A number of spectral estimation methods were reviewed,
in some cases further developed, and set in a Bayesian frame-
work. These methods were evaluated in using simulations
with artificial speech and different characteristics described
by Table I. Finally, in Table II the best results for each
experiment is summarized.

The regularization improves the results, but it depends
on the speech characteristics. Generally we can say that
the higher the pitch frequency, the higher the noise level and
the lower the sampling frequency are, the larger value of the
regularization parameter λ should be choosen.

We also observe that the best method depends on the
requirements on stability, computational complexity, speech
characterisitics, and desired spectral representation.
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A Stationary-Action Control Representation for the Dequantized Schrödinger
Equation

William M. McEneaney

Abstract— A stochastic control representation for solution of
the Schrödinger equation is obtained, utilizing complex-valued
diffusion processes. The Maslov dequantization is employed,
where the domain is complex-valued in the space variable. The
control problem is defined in terms of stationarity rather than
optimality. The notion of stationarity is utilized to relate the
Hamilton-Jacobi form of the dequantized Schrödinger equation
to its stochastic control representation. Convexity of the action
functional is not required, and there is no restriction on the
duration of the problem.

I. INTRODUCTION

Diffusion representations have long been utilized in the
study of Hamilton-Jacobi partial differential equations (HJ
PDEs). The bulk of such results apply to real-valued HJ
PDEs, that is, to HJ PDEs where the coefficients and solu-
tions are real-valued. The Schrödinger equation is complex-
valued, although generally defined over a real-valued space
domain, which presents difficulties for the development of
stochastic control representations. There is substantial ex-
isting work on the relation of stochastic processes to the
Schrödinger equation, cf. [11], [15], [24], [25], [28]. The
approach considered here is in the spirit of the Feynman path-
integral interpretation [6], [7], where in particular, one looks
at a certain action-based functional, S, where ψ = exp{ i~S}
and ~ denotes Planck’s constant. One seeks a representation
for S in the form of a value function for a stochastic control
problem where the action functional is the payoff, cf. [2], [3],
[6], [7], [10], [14], [19]. We note that this latter approach is
also sometimes employed in analysis of semiclassical limits,
cf. [1], [3], [10], [14].

An issue that arises in such approaches is that control has
traditionally considered classical optimization (minimization
or maximization) of some payoff. Implicit in that is an
assumption that the payoff is real valued. In [4], [22],
the authors consider a least-action approach to obtaining
fundamental solutions to two-point boundary value problems
(TPBVPs) for conservative dynamical systems. However,
that formulation induced duration limits on the problems
which could be addressed, where those limits were similar to
duration limits present in existing results on the Schrödinger
equation representation in terms of action, cf. [2], [3], [10].
We note that the duration limits are related to a loss of
convexity of the payoff as the time horizon is extended.
The least-action principle is a special case of the more
generally applicable stationary-action principle, where the
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University of California San Diego, La Jolla, CA 92093-0411, USA.

wmceneaney@ucsd.edu

latter is equivalent to the former when the action functional
is convex and coercive. Consequently and more recently, the
notion of “staticization” was introduced for such TPBVPs, in
which case one seeks a stationary point of the action over the
space of control inputs. The extension to stationarity removes
the restriction on problem duration. This yields a dynamic
program which takes the form of an HJ PDE in the case
of continuous-time/continuous-space processes, where these
were studied in the context of deterministic dynamics in [21],
[20], [23].

As staticization seeks points where the derivative of a
functional is zero, as opposed to optimization of the func-
tional, it is easily extended to the case of complex-valued
systems. The extension to stochastic dynamics is easily made
as well. Also, as staticization does not require the imposition
of duration limits on the problems, one can apply this
new tool to the stochastic-control representation problem for
the dequantized Schrödinger equation, and that is the topic
considered herein.

In order to clarify the details in the above, we recall the
Schrödinger initial value problem, given as

0 = i~ψt(s, x) + ~2

2m∆ψ(s, x)− ψ(s, x)V (x), (s, x) ∈ D,
(1)

ψ(0, x) = ψ0(x), x ∈ Rn, (2)

where m ∈ (0,∞) denotes mass, initial condition ψ0 takes
values in C, V denotes a known potential function, ∆ denotes
the Laplacian with respect to the space (second) variable,
D .

= (0, t) × Rn, and subscript t will denote the derivative
with respect to the time variable (the first argument of ψ here)
regardless of the symbol being used for time in the argument
list. We also let D .

= (0, t]×Rn. We consider what is some-
times referred to as the Maslov dequantization of the solution
of the Schrödinger equation (cf., [18]), which as noted above,
is S : D → C given by ψ(s, x) = exp{ i~S(s, x)}. Note that
ψt = i

~ψSt, ψx = i
~ψSx and ∆ψ = i

~ψ∆S − 1
~2ψ|Sx|2c

where for y ∈ Cn, |y|2c
.
= yT y =

∑n
j=1 y

2
j . (We remark that

notation | · |2c is not intended to indicate a squared norm; the
range is complex.) We find that (1)–(2) become

0 = −St(s, x) + i~
2m∆S(s, x) +H(x, Sx(s, x)), (3)

(s, x) ∈ D,
S(0, x) = φ(x), x ∈ Rn, (4)

where H : Rn × Cn → C is the Hamiltonian given by
H(x, p) = −

[
1

2m |p|
2
c + V (x)

]
= stat
v∈Cn

{
vT p+ m

2 |v|
2
c − V (x)

}
, (5)
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and stat will be defined in the next section. We look for
solutions in the space

S .
= {S : D → C |S ∈ C1,2

p (D) ∩ C(D)}, (6)

where C1,2
p denotes the space of functions which are con-

tinuously differentiable once in time and twice in space,
and which satisfy a polynomial-growth bound. We will find
it helpful to reverse the time variable, and hence we look
instead, and equivalently, at the HJ PDE problem given by

0 = St(s, x) + i~
2m∆S(s, x) +H(x, Sx(s, x)), (s, x) ∈ D,

(7)
S(t, x) = φ(x), x ∈ Rn. (8)

Working mainly with this last form, we will fix t ∈ (0,∞),
and allow s to vary in (0, t].

Recall that in semiclassical limit analysis, one views ~ as
a small parameter, and examines the limit as ~ ↓ 0. Applying
this in (7)–(8) yields an HJ PDE problem of the form

0 = St(s, x) +H(x, Sx(s, x)), (s, x) ∈ D, (9)
S(t, x) = φ(x), x ∈ Rn. (10)

Recalling the above-noted recent work on least-action and
stationary-action formulations of certain TPBVPs [4], [21],
[22], [20], [23], it was found that the associated HJ PDEs
for such problems also take the form (9)–(10). This was the
original motivation for the effort here, where we develop
a stationary-action based representation for the solution of
(7)–(8) (and consequently (1)–(2)). Due to the complex
multiplier on the Laplacian, this representation is in terms
of a stationary-action stochastic control problem with a
complex-valued diffusion coefficient.

The main contribution of this effort is that the use of
stationarity rather than optimization allows for the extension
of the stationary-action stochastic control representation to
arbitrary duration problems (Theorem 6). More specifically,
we demonstrate that solutions of (7)–(8) are given by (48),
where J~ and ξ· are given by (47) and (16), respectively.
Further, as this representation has a similar form to that of
the stationary-action value for the limit system, but where the
latter lacks the input diffusion term, one has the expectation
that this will provide a new tool for the study of semiclassical
limits.

In Section II, we recall the definitions necessary for
stationarity problems. In Section III, the underlying space
domain is extended from a space over the real field to a
space over the complex field. This necessitates several other
minor extensions, which are covered in the subsections. In
particular, some classical existence and uniqueness results for
stochastic differential equations (SDEs) are easily extended
to their complex-valued counterparts. In Section IV, the
main result of the paper, a stationarity-based stochastic-
control value function representation for the dequantized
Schrödinger equation, is obtained. More specifically, a veri-
fication result is obtained demonstrating that if a solution of
the HJ PDE over the “complexified” domain exists, then that
solution has the indicated representation.

II. STATIONARITY DEFINITIONS

Recall that classical systems obey the stationary action
principle, where the path taken by the system is that which
is a stationary point of the action functional. For this and
other reasons, as in the definition of the Hamiltonian given
in (5), we find it useful to develop additional notation
and nomenclature. Specifically, we will refer to the search
for stationary points more succinctly as staticization (in
analogy with minimization, and similarly to that, based on
the Latin “statica”). In particular, we make the following
definitions. Suppose (Y, | · |) is a generic normed vector
space over C with G ⊆ Y , and suppose F : G → C.
We say ȳ ∈ argstat{F (y) | y ∈ G} if ȳ ∈ G and either
lim supy→ȳ,y∈G\{ȳ} |F (y) − F (ȳ)|/|y − ȳ| = 0, or there
exists δ > 0 such that G∩Bδ(ȳ) = {ȳ} (where Bδ(ȳ) denotes
the ball of radius δ around ȳ). If argstat{F (y) | y ∈ G} 6= ∅,
we define the possibly set-valued stats operator by

stats
y∈G

F (y)
.
= stats{F (y) | y ∈ G}
.
=
{
F (ȳ)

∣∣ ȳ ∈ argstat{F (y) | y ∈ G}
}
.

If argstat{F (y) | y ∈ G} = ∅, statsy∈G F (y) is undefined.
We will also be interested in a single-valued stat operation.
In particular, if there exists a ∈ C such that statsy∈G F (y) =
{a}, then staty∈G F (y)

.
= a; otherwise, staty∈G F (y) is

undefined. At times, we may abuse notation by writing
ȳ = argstat{F (y) | y ∈ G} in the event that the argstat
is the single point {ȳ}. The following is immediate from the
above definitions.

Lemma 1: Suppose Y is a Hilbert space, with open set
G ⊆ Y , and that F : G → C is Fréchet differentiable at
ȳ ∈ G with Riesz representation Fy(ȳ) ∈ Y Then, ȳ ∈
argstat{F (y) | y ∈ G} if and only if Fy(ȳ) = 0.

For further discussion, we refer the reader to [21], [23].

III. EXTENSIONS TO THE COMPLEX DOMAIN

Various details of extensions to the complex domain must
be considered prior to the development of the representation.

A. Extended problem and assumptions

Although (1)–(2), (3)–(4) and (7)–(8) are typically given
as HJ PDE problems over D, as in Doss et al. [1], [2], [3] we
will find it convenient to change the domain to one where the
space components lie over the complex field. We also extend
the domain of the potential to Cn, i.e., V : Cn → C, and
we will abuse notation by employing the same symbol for
the extended-domain functions. Throughout, for k ∈ N, and
x ∈ Ck or x ∈ Rk, we let |x| denote the Euclidean norm.
Let DC

.
= (0, t)× Cn and DC = (0, t]× Cn, and define

SC
.
= {S : DC → C|S is continuous on DC, continuously

differentiable in time on DC, and (11)
holomorphic on Cn for all r ∈ (0, t] },

SpC
.
= {S ∈ SC | S satisfies a polynomial growth condition

in space, uniformly on (0, t] }. (12)
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The extended-domain form of problem (7)–(8) is

0 = S̄t(s, x) + i~
2m∆S̄(s, x) +H(x, S̄x(s, x)), (s, x) ∈ DC,

(13)
S̄(t, x) = φ(x), x ∈ Cn. (14)

Throughout, we assume the following.

For each ~ ∈ (0, 1], there exists a solution, S̄ =
S̄~ ∈ SpC to (13)–(14). (A.0)

V, φ : Cn → C are holomorphic on Cn. Further,
there exists C0 < ∞ and q ∈ N such that
|Vxx(x)|, |φxx(x)| < C0(1+|x|2q) for all x ∈ Cn.

(A.1)

For each ~ ∈ (0, 1], there exists CS = C~
S <

∞ such that |S̄x(r, x)| ≤ CS(1 + |x|) and
|S̄xx(r, x)| ≤ CS(1 + |x|2q) for all (r, x) ∈ DC.

(A.2)

B. The underlying stochastic dynamics
We let (Ω,F , P ) be a probability triple, where Ω denotes

a sample space, F denotes a σ-algebra on Ω, and P denotes
a probability measure on (Ω,F). Let {Fs | s ∈ [0, t]} denote
a filtration on (Ω,F , P ), and let B· denote an F·-adapted
Brownian motion taking values in Rn. For s ∈ [0, t], let

Us
.
= {u : [s, t]× Ω→ Cn |u is F·-adapted, right-cts,

E
∫ t
s
|ur|m dr <∞ ∀m ∈ N }. (15)

We supply Us with the norm ‖u‖Us
.
=

maxm∈]1,M̄ [

[
E
∫ t
s
|ur|m dr

]1/m
, where M̄ ≥ 8q. We

will be interested in diffusion processes given by

ξr = ξ(s,x)
r = x+

∫ r

s

uρ dρ+
√

~
m

1+i√
2
B∆
r , (16)

where x ∈ Cn, s ∈ [0, t], u ∈ Us, and B∆
r

.
= Br − Bs for

r ∈ [s, t]. We will also be interested in the case where the
control input is generated by a state-feedback. In particular,
we will consider

ξ̄∗r = ξ̄∗,(s,x)
r

.
= x+

∫ r

s

(−1
m )S̄x(ρ, ξ̄∗,(s,x)

ρ ) dρ+
√

~
m

1+i√
2
B∆
r ,

(17)
where presuming for now existence and uniqueness of a
solution of (17), we may define the resulting u∗,(s,x) ∈ Us
given by

u∗,(s,x)
r (ω)

.
= ˆ̄u(r, ξ̄∗,(s,x)(ω))

.
= (−1

m )S̄x(r, ξ̄∗,(s,x)
r (ω))

(18)
for all r ∈ [s, t] and ω ∈ Ω. For s ∈ [0, t], we let

Xs
.
= {ξ : [s, t]× Ω→ Cn | ξ is F·-adapted, right-cts,

E sup
r∈[s,t]

|ξr|m <∞ ∀m ∈ N }. (19)

We supply Xs with the norm ‖ξ‖Xs

.
=

maxm∈]1,M̄ [

[
E supr∈[s,t] |ξr|m

]1/m
.

It is natural to work with complex-valued state processes
in this problem domain. However, in order to easily apply
many of the existing results regarding existence, uniqueness
and moments, we will find it handy to use a “vectorized”
real-valued representation for the complex-valued state pro-
cesses. We begin from the standard mapping of the complex

plane into R2, denoted here by V00 : C → R2, with
V00(x)

.
= (y, z)T , where y = Re(x) and z = Im(x).

This immediately yields the mapping V0 : Cn → R2n

given by V0(y + iz)
.
= (yT , zT )T , where component-wise,

(yj , zj)
T = V00(xj) for all j ∈]1, n[ , where throughout,

for integer a ≤ b, we define ]a, b[= {a, a + 1, . . . b}. Also
in the interests of a reduction of cumbersome notation, we
will henceforth frequently abuse notation by writing (y, z)
in place of (yT , zT )T when the meaning is clear.

Given control process, u ∈ Us, we define its vectorized
analog by the isometric isomorphism, V : Us → Uvs , where
[V(u)]r

.
= (vTr , w

T
r )T and (vTr , w

T
r )T = V0(ur) for all r ∈

[s, t] and ω ∈ Ω, and where

Uvs
.
= {(v, w) : [s, t]× Ω→ R2n | (v, w) is F·-adapted,

right-cts, E
∫ t
s
|vr|m + |wr|m dr <∞ ∀m ∈ N}, (20)

‖u‖Uv
s

.
= max
m∈]1,M̄ [

[
E
∫ t
s
|vr|m + |wr|m dr

]1/m
. (21)

Again abusing notation, we also define the isometric isomor-
phism, V : Xs → X vs by [V(ξ)]r

.
= [V(η+iζ)]r

.
= (ηTr , ζ

T
r )T

for all r ∈ [s, t] and ω ∈ Ω, where

X vs
.
= {(η, ζ) : [s, t]× Ω→ R2n | (η, ζ) is F·-adapted,

right-cts, E sup
r∈[s,t]

[|ηr|m + |ζr|m] <∞ ∀m ∈ N }, (22)

‖(η, ζ)‖Xv
s

.
= max
m∈]1,M̄ [

[
E sup
r∈[s,t]

(|ηr|m + |ζr|m)
]1/m

. (23)

Under transformation by V , (16) becomes(
ηr
ζr

)
=

(
y
z

)
+

∫ r

s

(
vρ
wρ

)
dρ+

√
~
m

1√
2

(
In×n
In×n

)
B∆
r . (24)

We may decompose S̄ ∈ SC as

(R̄(r,V0(x)), T̄ (r,V0(x)))T
.
= V00(S̄(r, x)), (25)

where R̄, T̄ : D2
.
= (0, t] × R2n → R, and we also

let D2
.
= (0, t) × R2n. For later reference, it will be

helpful to recall some standard relations between derivative
components, which are induced by the Cauchy-Riemann
equations. For all (r, x) = (r, y + iz) ∈ (0, t) × Cn and
all j, k, ` ∈]1, n[, and suppressing the arguments for reasons
of space we have

Re[S̄xj ,xk
] = R̄yj ,yk = −R̄zj ,zk = T̄zj ,yk = T̄yj ,zk , (26)

Im[S̄xj ,xk
] = −R̄yj ,zk = −R̄zj ,yk = −T̄zj ,zk = T̄yj ,yk ,

(27)
Re[S̄xj ,xk,x`

] = R̄yj ,yk,y` = −R̄yj ,zk,z` = −R̄zj ,zk,y`
= −R̄zj ,yk,z` = T̄zj ,yk,y` = −T̄zj ,zk,z`
= T̄yj ,zk,y` = T̄yj ,yk,z` , (28)

Im[S̄xj ,xk,x`
] = −R̄yj ,yk,z` = −R̄yj ,zk,y` = R̄zj ,zk,z`

= −R̄zj ,yk,y` = −T̄zj ,yk,z` = −T̄zj ,zk,y`
= −T̄yj ,zk,z` = T̄yj ,yk,y` . (29)

One may also easily verify that with R̄, T̄ given by (25) and
(yT , zT )T = V0(x),

V00(|S̄x(r, x)|2c) =

(∑n
j=1 R̄

2
yj (r, y, z)− R̄2

zj (r, y, z)∑n
j=1−2R̄yj (r, y, z)R̄zj (r, y, z)

)
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=

(∑n
j=1 T̄

2
zj (r, y, z)− T̄ 2

yj (r, y, z)∑n
j=1 2T̄yj (r, y, z)T̄zj (r, y, z)

)
.

(30)

Further, given u0 ∈ Cn, s ∈ [0, t] and x ∈ Cn with
(yT , zT )T

.
= V0(x),

V0

(
argstat
u0∈Cn

[ n∑
j=1

S̄xj (r, x)u0
j + m

2 |u
0|2c
])

= 1
m

(
−R̄y(r, y, z)
R̄z(r, y, z)

)
= 1

m

(
−T̄z(r, y, z)
−T̄y(r, y, z)

)
. (31)

Using the above, we see that under transformation V , (17)
becomes(

η∗r
ζ∗r

)
=

(
y
z

)
+

∫ r

s

1
m

(
−R̄y(ρ, η∗ρ, ζ

∗
ρ )

R̄z(ρ, η
∗
ρ, ζ
∗
ρ )

)
dρ

+
√

~
m

1√
2

(
In×n
In×n

)
B∆
r

=

(
y
z

)
+

∫ r

s

−1
m

(
T̄z(ρ, η

∗
ρ, ζ
∗
ρ )

T̄y(ρ, η∗ρ, ζ
∗
ρ )

)
dρ

+
√

~
m

1√
2

(
In×n
In×n

)
B∆
r . (32)

Throughout, concerning both real and complex stochastic
differential equations, typically given in integral form such as
in (32), solution refers to a strong solution, unless specifically
cited as a weak solution.

Lemma 2: Let s ∈ [0, t), x ∈ Cn, u ∈ Us, (y, z) = V0(x)
and (v, w) = V(u). There exists a unique solution, (η, ζ) ∈
X vs , to (24), and a unique solution, (η∗, ζ∗) ∈ X vs , to (32).

Lemma 2 is easily obtained from minor extensions of well-
known existing results (specifically, [16, Theorem II.6.1] ;
and [13, Theorem IV.1.1] or [27, Theorem V.38)]), and in the
interests of space, we do not include the proof. The following
is also straightforward, cf. [26].

Lemma 3: Let s ∈ [0, t), x ∈ Cn, u ∈ Us, (yT , zT )T =
V0(x) and (v, w) = V(u). ξ ∈ Xs is a solution of (16) if and
only if V(ξ) ∈ X vs is a solution of (24). Similarly, ξ̄∗ ∈ Xs
is a solution of (17) if and only if V(ξ̄∗) ∈ X vs is a solution
of (32).

Combining Lemmas 2 and 3, one has:

Lemma 4: Let s ∈ [0, t), x ∈ Cn and u ∈ Us. There exists
a unique solution, ξ ∈ Xs, to (16), and a unique solution,
ξ̄∗ ∈ Xs, to (17).

C. A relationship among the solutions
By the Cauchy-Riemann equations and (26)–(27),

|S̄x|2c =

n∑
j=1

R̄2
yj − R̄

2
zj + 2iT̄yj T̄zj , (33)

∆S̄ =

n∑
j=1

T̄yj ,zj − iR̄yj ,zj . (34)

Let (
V R(V0(x)), V I(V0(x))

)T .
= V00(V (x)), (35)

(
φR(V0(x)), φI(V0(x))

)T .
= V00(φ(x)), (36)

for all x ∈ Cn. Substituting (33)–(36) into (13), and
separating the real and imaginary parts, we have

0 = R̄t − ~
2m

n∑
j=1

R̄yj ,zj − 1
2m

n∑
j=1

(
R̄2
yj − R̄

2
zj

)
− V R, (37)

0 = T̄t − ~
2m

n∑
j=1

T̄yj ,zj − 1
m

n∑
j=1

T̄yj T̄zj − V I , (38)

on D2, and, of course,
R̄(t, y, z) = φR(y, z) ∀ (y, z) ∈ R2n, (39)

T̄ (t, y, z) = φI(y, z) ∀ (y, z) ∈ R2n. (40)

Proposition 5: Let S̄ ∈ SC and R̄, T̄ satisfy (25) for all
(r, x) ∈ DC. If S̄ satisfies (13)–(14), then R̄, T̄ satisfy (37)–
(40). Alternatively, if R̄, T̄ ∈ C1,2(D2;R)∩C(D2;R) satisfy
(37)–(40), and S̄ ∈ SC is given by (25), then S̄ satisfies (13)–
(14).

Proof: The first assertion follows by simple algebraic
substitution, using the Cauchy-Riemann equations and (26)–
(27). Now, suppose R̄, T̄ ∈ C1,2(D2;R) ∩ C(D2;R) satisfy
(37)–(40), and let S̄ be given by (25). We will show that
R̄, T̄ satisfy the Cauchy-Riemann relations, and hence that
S̄ ∈ SC. After that, one may again use simple algebraic
substitutions to verify the final assertion.

Differentiating (37) with respect to yk, and (38) with
respect to zk, yields

R̄t,yk = ~
2m

n∑
j=1

R̄yj ,zj ,yk+ 1
m

n∑
j=1

(
R̄yj R̄yj ,yk − R̄zj R̄zj ,yk

)
+ V Ryk , (41)

T̄t,zk = ~
2m

n∑
j=1

T̄yj ,zj ,zk + 1
m

n∑
j=1

(
T̄zj T̄yj ,zk + T̄yj T̄zj ,zk

)
+ V Izk . (42)

Applying the Cauchy-Riemann equations and (26)–(29) in
(41) and (42), with a little work one finds

T̄t,zk = R̄t,yk ∀ (s, y, z) ∈ D2, ∀k ∈]1, n[ . (43)

Also note that as φ is holomorphic,

R̄yk(t, y, z) = φRyk(y, z) = φIzk(y, z) = T̄zk(t, y, z) (44)

for all y, z ∈ Rn. By the Fundamental Theorem of Calculus,

T̄zk(s, y, z) = T̄zk(t, y, z)−
∫ t

s

T̄t,zk(σ, y, z) dσ,

which by (43),(44),
= R̄yk(s, y, z) ∀ (s, y, z) ∈ D2, ∀k ∈]1, n[. (45)

Similarly, one obtains

T̄yk(s, y, z) = −R̄zk(s, y, z) ∀ (s, y, z) ∈ D2, ∀k ∈]1, n[.
(46)

By (45),(46), the Cauchy-Riemann conditions are satisfied.
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IV. THE VERIFICATION

We will obtain a verification result demonstrating that a
solution of (7)–(8) is the stationary value of the expectation
of the action functional on process paths satisfying (16).

For s ∈ (0, t) and ~ ∈ (0, 1], we define payoff J~(s, ·, ·) :
Rn × Us → C by

J~(s, x, u)
.
= E

{∫ t

s

m
2 |ur|

2
c − V (ξr) dr + φ(ξt)

}
, (47)

where ξ satisfies (16) with input u ∈ Us and initial state
x ∈ Rn. The stationary value, S~ : D → C, is given by

S~(s, x)
.
= stat
u∈Us

J~(s, x, u) ∀ (s, x) ∈ D. (48)

We assume throughout Section IV that

argstatu∈Us J
~(s, x, u) is single-valued for all

(s, x) ∈ D. (A.3)

This is the last assumption. We remark that one may want to
weaken this assumption to uniqueness in some prespecified
subset of D, but leave that additional complication to a later
effort. The main result of the section is:

Theorem 6: Let ~ ∈ (0, 1]. Suppose S̄ ∈ SpC sat-
isfies (13)–(14), and there exists ĈS < ∞ such that
|S̄xxx(r, x)|, |S̄txx(r, x)|, |S̄xxxx(r, x)| ≤ ĈS(1 + |x|2q) for
all (s, x) ∈ DC. Then, S̄(s, x) = S~(s, x) for all (s, x) ∈
DC.

The proof of Theorem 6 follows a somewhat similar
path as that in the stationary-action dynamic programming
equation results of [21], [23]. However, the stochastic and
complex-valued aspects of the problem at hand introduce
substantial difficulties not present in those results. We begin
with two lemmas. The proofs are technical but relatively
straightforward, and are not included.

Lemma 7: Let s ∈ [0, t), x ∈ Cn, ~ ∈ (0, 1] and u ∈ Us.
Let ξ ∈ Xs be given by (16). Suppose S̄ ∈ SpC satisfies (13)–
(14). Let ū∗ = ū∗,(s,x), ξ̄∗ = ξ̄∗,(s,x) be given by (17)-(18).
Then,

S̄(s, x) = E
{∫ t

s

−S̄t(r, ξr)− S̄Tx (r, ξr)ur

− i~
2m∆S̄(r, ξr) dr + φ(ξt)

}
and

S̄(s, x) = E
{∫ t

s

−S̄t(r, ξ̄∗r )− S̄Tx (r, ξ̄∗r )ū∗r

− i~
2m∆S̄(r, ξ̄∗r ) dr + φ(ξ̄∗t )

}
.

Lemma 8: Let ~ ∈ (0, 1], and suppose that S̄ ∈ SpC
satisfies (13)–(14). Then, S̄(s, x) = J~(s, x, ū∗,(s,x)) for all
(s, x) ∈ DC, where ū∗,(s,x) is given by (17)-(18) with S̄ in
place of S.

Note that Lemma 7 only implies that the solution of HJ
PDE problem (13)–(14) satisfies a specific complex-valued
version of Itô’s formula. After that, Lemma 8 shows that the

solution of (13)–(14) is the payoff under the control that is
asserted to be the stationary control. It remains to show that
this control does indeed achieve an argstat of the payoff.
That last step is accomplished in the remaining proof of
Theorem 6. Only an outline of the long, rather technical,
proof is included.

Proof: [outline of the proof of Theorem 6.] Fix (s, x) ∈
DC. Let L(x, v)

.
= m

2 |v|
2
c − V (x) for all x, v ∈ Cn. For

compactness of nontation, let ξ̄∗ = ξ̄∗,(s,x) and ū∗ = ū∗,(s,x).
By Lemma 8,

S̄(s, x) = E
{∫ t

s

L(ξ̄∗r , ū
∗
r) dr + φ(ξ̄∗t )

}
= J~(s, x, ū∗).

(49)
It remains to be shown the ū∗ is the argstat over Us of
J~(s, x, ·).

Let u ∈ Us and δ
.
= u − ū∗ ∈ Us. Let ξ ∈ Xs be the

trajectory generated by u, i.e., the solution of (16), and let
∆

.
= ξ− ξ̄∗ ∈ Xs, where we note that ∆r =

∫ r
s
δρ dρ for all

(r, ω) ∈ [s, t]× Ω. By (49),

J~(s, x, ū∗) = S̄(s, x) = E{S̄(t, ξt)}
+
[
S̄(s, x)− E{S̄(t, ξt)}

]
,

which by Lemma 7 and (14),

= E{φ(ξt)}+ E
{∫ t

s

L(ξr, ur) dr

}
+ E

{∫ t

s

−L(ξr, ur) dr − S̄t(r, ξr)− S̄Tx (r, ξr)ur

− i~
2m∆S̄(r, ξr) dr

}
. (50)

Using (13) and the Cauchy-Riemann equations, (50) yields∣∣J~(s, x, ū∗,(s,x))− J~(s, x, u)
∣∣

≤ E
{∫ t

s

∣∣L(ξ̄∗r , ū
∗
r)− L(ξr, ur) + S̄t(r, ξ̄

∗
r )− S̄t(r, ξr)

+ S̄Tx (r, ξ̄∗r )ū∗r − S̄Tx (r, ξr)ur

+ i~
2m [∆S̄(r, ξ̄∗r )−∆S̄(r, ξr)]

∣∣ dr}
.
= E

{∫ t

s

∣∣Ξr(ω)
∣∣ dr}. (51)

It remains to show that∣∣J~(s, x, ū∗,(s,x))− J~(s, x, u)
∣∣ ≤ C‖δ‖2Us ,

for an appropriate C <∞ on a sufficiently small ball.
Using Taylor’s theorem and the assumed bounds on deriva-

tives, one finds∣∣Ξr∣∣ ≤ ∣∣∣− Vx(ξ̄∗r )∆r +mū∗rδr + S̄tx(r, ξ̄∗r )∆r

+ S̄xx(r, ξ̄∗r )ū∗r∆r + S̄x(r, ξ̄∗r )δr +
[
S̄x(r, ξr)ur

− S̄x(r, ξ̄∗r )ū∗r − S̄xx(r, ξ̄∗r )ū∗r∆r − S̄x(r, ξ̄∗r )δr
]

+ i~
2m (∆S̄)x(r, ξ̄∗r )∆r

∣∣∣+K1

(
1 + |ξr|2q + |ξ̄∗r |2q

)
|∆r|2

+m|δr|2 ∀ (r, ω) ∈ (s, t)× Ω, (52)
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for appropriate K1 = K1(C0, ĈS , ~,m) <∞.
Next, using Lemma 1, one shows

mū∗r + S̄x(r, ξ̄∗) = 0. (53)

Next, note that

− Vx(ξ̄∗r ) + S̄tx(r, ξ̄∗) + S̄xx(r, ξ̄∗r )ū∗r + i~
2m (∆S̄)x(r, ξ̄∗)

=
∂

∂x

[
− V (x) + S̄t(r, x) + S̄x(r, x)v

+ i~
2m S̄xx(r, x)

]∣∣∣∣
x=ξ̄∗x, v=ˆ̄u(r,ξ̄∗r )

(54)

where the partial derivative notation indicates that the deriva-
tive is taken only over explicitly appearing arguments. Re-
calling definitions (18), one has

ˆ̄u(r, x) = −1
m S̄x(r, x) = argstat

v∈Cn

[
L(x, v) + S̄x(r, x)v

]
,

(55)
for all (r, x) ∈ DC. Working with (54), and applying (55),
one finds

− Vx(ξ̄∗r ) + S̄tx(r, ξ̄∗) + S̄xx(r, ξ̄∗r )ū∗r + i~
2m (∆S̄)x(r, ξ̄∗)

= 0. (56)

Substituting (53) and (56) into (52), we have∣∣Ξr∣∣ ≤ ∣∣∣S̄x(r, ξr)ur − S̄x(r, ξ̄∗r )ū∗r − S̄xx(r, ξ̄∗r )ū∗r∆r

− S̄x(r, ξ̄∗r )δr

∣∣∣+K1

(
1 + |ξr|2q + |ξ̄∗r |2q

)
|∆r|2

+m|δr|2 ∀ (r, ω) ∈ (s, t)× Ω,

which implies∣∣J~(s, x, ū∗,(s,x))− J~(s, x, u)
∣∣ = E

∫ t

s

∣∣Ξr∣∣ dr
≤ m‖δ‖2Us +K1E

∫ t

s

(
1 + |ξr|2q + |ξ̄∗r |2q

)
|∆r|2 dr

+ E
∫ t

s

∣∣∣S̄x(r, ξr)ur − S̄x(r, ξ̄∗r )ū∗r − S̄xx(r, ξ̄∗r )ū∗r∆r

− S̄x(r, ξ̄∗r )δr

∣∣∣ dr.
Then, working with the assumptions, and using Taylor’s
theorem, the definition of ū∗r and various Hölder inequalities,
one eventually obtains∣∣J~(s, x, ū∗,(s,x))− J~(s, x, u)

∣∣ ≤ C‖δ‖2Us ,
for ‖δ‖Us ≤ 1 and appropriate choice of C =

C(t, x, C0, Cs, Ĉs, q) < ∞. By definition, this implies that
ū∗ = argstatu∈Us J

~(s, x, u), where uniqueness of the
argstat is guaranteed by Assumption (A.3).

It may be worth noting the following, which reflects the
uniqueness implied by the above representation.

Corollary 9: In addition to (A.0)–(A.3), assume the con-
ditions of Theorem 6. There exists a unique solution S̃ ∈ SpC
to (13)–(14), where S̃ = S~. There also exists a solution,
Ŝ ∈ S, to (7)–(8), given by Ŝ(r, y) = S~(r,V−1

0 ((yT , 0)T ))
for all (r, y) ∈ D. Lastly, any other solution in S to (7)–(8)

cannot be extended holomorphically to a solution of (13)–
(14) in SpC.

Remark 10: The results concerning Ŝ in Corollary 9 also
extend to (1)–(2) and (3)–(4) in the obvious ways.
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Control of Discrete-time Linear Ensemble Systems with Linear

Parameter Variation*

Jr-Shin Li1 and Lin Tie2

Abstract— The control of ensembles of dynamic systems is re-
ceiving increased attention due to newly emerging applications
in science and engineering. Controllability of linear ensemble
systems has been extensively studied in recent years with a
special focus on continuous-time systems. In this paper, we study
a class of discrete-time linear ensemble systems, whose natural
dynamics vary linearly with the system parameter. We establish
explicit controllability and reachability conditions for these
ensemble systems and show that stability plays an important
role for controllability. In addition, we analyze how control-
lability can be affected through discretization for continuous-
time linear ensemble systems and provide a sufficient condition
under which the controllability property is invariant with
discretization.

I. INTRODUCTION

The problems of ensemble control arise from various

emerging applications in science and engineering, for ex-

ample, manipulation of spin ensembles in nuclear magnetic

resonance [1], [2], coordination of the movement of flocks

in biology [3], and desynchronization of pathologically syn-

chronized neurons in the brain in neuroscience [4]. Under-

standing the ability to manipulate the entire ensemble in

a desired, and, furthermore, an optimal way is compelling

within these application domains and has led to seminal

work on the analysis of ensemble controllability [5], [6], [7]

and synthesis of optimal ensemble controls [8], [9], [10] by

developing new analytical and numerical methods.

Recently, notable criteria were derived to characterize

controllability of linear ensemble systems. These studies

mainly focused on continuous-time ensemble systems, in

which necessary and sufficient controllability conditions for

time-varying linear ensemble systems in Hilbert space were

constructed [11], and explicit and algebraically verifiable

conditions were also derived for a special class of time-

invariant linear ensemble systems [12], [13]. More recently,

controllability of one-parameter families of time-invariant

linear systems was studied for both continuous-time and

discrete-time cases [14], where separate necessary conditions

and sufficient conditions were derived, which required the

spectra of the family of system matrices to be disjoint.

In this note, we address the controllability problems of

discrete-time linear ensemble systems and focus on the time-

invariant systems whose natural dynamics vary linearly with

*This work was supported in part by the National Science Foundation
under the awards CMMI-1301148, CMMI-1462796, and ECCS-1509342

1Jr-Shin Li is with the Department of Electrical and Systems Engineering,
Washington University, St. Louis, MO 63130, USA jsli@wustl.edu

2Lin Tie is with the School of Automation Science and
Electrical Engineering, Beihang University, Beijing, 100191, China
tielin@buaa.edu.cn

the system parameter. In Section II, we establish explicit

controllability and reachability conditions for this class of

ensemble systems and show that stability plays an impor-

tant role for controllability. In Section III, we examine the

discretization effect on controllability for continuous-time

ensemble systems and provide a sufficient condition under

which the controllability is invariant under discretization.

II. CONTROLLABILITY OF DISCRETE-TIME LINEAR

ENSEMBLE SYSTEMS

In this section, we study ensemble control of discrete-

time linear systems and establish explicit controllability

conditions that are algebraically easy to verify. Specifically,

we consider the ensemble system of the form

X(k+ 1,β ) = β AX(k,β )+BU(k), (1)

where k ∈ N= {0,1,2, . . .} denotes the time step, X(k,β ) ∈
R

n, and U(k) = (u1(k), . . . ,um(k))
′ ∈R

m. This system is said

to be uniformly ensemble controllable if for any ε > 0, there

exists a finite time N ∈Z
+ and an open-loop control function

U(k) ∈ R
m that steers the system from an initial state X0 =

X(0,β ) into the ε-neighborhood of a target state XF(β ) at

time N, i.e., if supβ∈K ‖X(N,β )−XF(β )‖ < ε holds [14],

[15].

In linear systems theory, for continuous-time systems,

controllability is defined as the ability to steer the system

from an arbitrary initial state to the origin under the action of

an admissible control input; and reachability is an equivalent

concept that is defined reversely as the ability for the

system to reach an arbitrary terminal state from the origin.

However, these two notions may be different for discrete-

time systems. In the context of ensemble control systems,

ensemble reachability refers to the ability to approximately

steer the ensemble from the origin to any given state (often

a function of the system parameter, i.e., β ).

Proposition 1: Consider the discrete-time linear ensemble

system as in (1) with β ∈K = [−β1,β2]⊂R where β1,β2 > 0.

This system is uniformly ensemble reachable if and only if

(i) rank(A) = n,

(ii) rank(B) = n.
Proof. The necessity proof is similar to that for Theorem 1

in [12] and is omitted here. For the sufficiency, by condition

(ii) we can assume, without loss of generality, that the first n

columns of B are linearly independent, i.e., B = [Bn Bm−n],
where Bn ∈ R

n×n is nonsingular and Bm−n ∈ R
n×(m−n). In

the following proof, we only apply the first n controls of

U(k) = (u1(k), . . . ,um(k))
′ (m ≥ n) and let u j(k) = 0 for j =
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n + 1, . . . ,m and BU(k) = Bn(u1(k), . . . ,un(k))
′. Therefore,

for simplicity, we can assume that B is a nonsingular n× n

matrix.

Now, given a terminal state XF(β ), it can be uniformly

approximated by a vector-valued polynomial of order N−1,

i.e., pN−1(β ) =∑N−1
i=0 ciβ

i, such that ‖XF(β )− pN−1(β )‖∞ <
ε over K for any given ε > 0. Because

X(N,β ) = β AX(N − 1,β )+BU(N− 1)

= β 2A2X(N − 2,β )+β ABU(N− 1)+BU(N− 1)

=
N−1

∑
i=0

β iAiBU(N − 1− i),

where X(0,β ) = 0, and choosing U(N − 1− i) = B−1A−ici

for i = 0,1, . . . ,N − 1, where by conditions (i) and (ii) A,B
are invertible, we obtain X(N,β ) = pN−1(β ). �

Note that the ensemble reachability conditions presented in

Proposition 1 for the discrete-time linear ensemble system as

in (1) are identical to the ensemble controllability conditions

for the continuous-time counterpart of the system (1) (see

[12]). However, in general, ensemble reachability does not

imply ensemble controllability in the discrete-time case,

which will be demonstrated in the following theorem.

Theorem 1: Consider the discrete-time linear ensemble

system as in (1) with β ∈ K = [−β1,β2]⊂R, where β1,β2 >
0. This system is uniformly ensemble controllable if and only

if

(i) rank(A) = n,

(ii) rank(B) = n,

(iii) ρ(β A)< 1, ∀ β ∈ K,

where ρ(β A) denotes the spectrum of the matrix β A.

Proof. (Necessity): Since ensemble controllability of this

system implies ensemble reachability, conditions (i) and (ii)

are necessary by Proposition 1. We prove condition (iii)

through considering the two cases of the eigenvalues of A.

(Case I): If A has a real eigenvalue λ , assuming λ = 1

(this is without loss of generality since we can absorb λ
into β such that β A = β̄ Ā, where β̄ = λ β ∈ [−λ β1,λ β2]
and Ā = λ−1A), then we can find a nonsingular matrix P

that transforms the ensemble system into

X(k+ 1,β ) = β

[

Ã11 Ã12

0 1

]

X(k,β )+ B̃U(k), (2)

where X = (x1, . . . ,xn)
′
, Ã11 ∈R

(n−1)×(n−1), Ã12 ∈R
n−1, 0 ∈

R
1×(n−1) is a vector of zeros, and B̃ = PB. Consider the last

state equation in (2), that is,

xn(k+ 1,β ) = β xn(k,β )+ v(k), (3)

where v(k) = ∑m
i=1 b̃niui(k) with b̃n1, . . . , b̃nm the entries of

the last row of B̃. If the ensemble system in (1) is ensemble

controllable with β ∈ [−β1,β2], so is the subsystem as in (3).

Suppose that xn(0,β ) = eβ and the last element of XF(β ),

(XF)n = e
β
a , where a > 1. Then, ensemble controllability of

(3) implies that, for any given ε > 0, there exists a positive

integer N and coefficients ci ∈R such that X(N,β ) = eβ β N +

∑N−1
i=0 ciβ

i and

‖e
β
a −X(N,β )‖∞ < ε. (4)

However, by Lemma 1 in Appendix, this approximation is

impossible to achieve when β2 ≥ 1. As a result, following

Remark 2 in Appendix, if the ensemble system in (1) is

ensemble controllable, then [−β1,β2]⊂ (−1,1).

(Case II): Now we consider the other case when A has a

pair of complex conjugate eigenvalues λ ± µ j. We can still

assume |λ ± µ j| = 1, so that it can be written as cosθ ±
j sin θ , and transform the ensemble system in (1) into

X(k+1,β )= β





Ã11 Ã12

0
cosθ −sinθ
sinθ cosθ



X(k,β )+B̃U(k),

(5)

where Ã11 ∈R
(n−2)×(n−2), Ã12 ∈R

(n−2)×2, and 0 ∈R
2×(n−2).

Consider the last two state equations in (5), that is,

[

xn−1(k+ 1,β )
xn(k+ 1,β )

]

= β

[

cosθ −sinθ
sinθ cosθ

][

xn−1(k,β )
xn(k,β )

]

+ B̃n−1,nU(k), (6)

where B̃n−1,n is the matrix composed of the last two rows of

B̃ and has full rank. Defining Y (k,β ) = xn−1(k,β )+ jxn(k,β )
and α(k) = v1(k)+ jv2(k), where vi, i= 1,2, are the elements

of B̃n−1,nU(k), we obtain

Y (k+ 1,β ) = β̄Y (k,β )+α(k) (7)

which has the same structure as the subsystem in (3), where

β̄ = β e jθ . One can follow similar ideas as for proving en-

semble controllability of the subsystem in (3) and show that

if the set
{

β e jθ |β ∈ [−β1,β2]
}

is not inside the unit circle,

then system (7) is not ensemble controllable, and neither is

the subsystem in (6). That is, ensemble controllability of the

system in (1) requires [−β1,β2]⊂ (−1,1), i.e., condition (iii)

is necessary.

(Sufficiency): Suppose that conditions (i)-(iii) hold. As

described in the proof of Proposition 1, without loss of

generality, we assume that B is an n×n nonsingular matrix.

At time N +L, we have

X(N +L,β ) = β N+LAN+LX(0,β )+
N−1

∑
i=0

β iAiBU(N − 1− i),

for U(k) = 0 for k = N, . . . ,N + L − 1. Given a desired

terminal state XF(β ), it can be uniformly approximated by a

vector-valued polynomial of order N−1 such that ‖XF(β )−

∑N−1
i=0 ciβ

i‖∞ < ε
2

for some N. Moreover, by condition (iii),

we can choose L sufficiently large such that

‖β N+LAN+LX(0,β )‖∞ ≤ ‖β A‖N+L
∞ ‖X(0,β )‖∞ <

ε

2
.

As a result, letting U(N − 1 − i) = B−1A−ici for i =
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0,1, . . . ,N − 1, yields

‖X(N +L,β )−XF(β )‖∞

=
∥

∥β N+LAN+LX(0,β )−
(

XF(β )−
N−1

∑
i=0

ciβ
i
)
∥

∥

∞

≤ ‖β N+LAN+LX(0,β )‖∞+ ‖XF(β )−
N−1

∑
i=0

ciβ
i‖∞

<
ε

2
+

ε

2
= ε.

The system in (1) is uniformly ensemble controllable. �

Remark 1: Theorem 1 indicates that ensemble controlla-

bility of the discrete-time linear ensemble systems requires

stability, however, the reverse implication does not hold.

This is different from the relation between controllability and

stability in classical linear systems theory that controllability

implies stability but does not require it.

III. FRAGILITY OF CONTROLLABILITY THROUGH

DISCRETIZATION

In practice, it is often the case that discretization is a

necessary step for numerical implementations of continuous-

time systems. It may, however, occur that controllability will

break down through the application of certain discretization

schemes, and here we show that the Euler discretization is

a prominent example. Consider the continuous-time time-

invariant linear system,

ẋ(t) = Ax(t)+BU(t), (8)

the discretized system based on the Euler discretization is

then given by

x(k+ 1) = (I + τA)x(k)+ τBU(k), Ãx(k)+ B̃U(k), (9)

where x ∈ R
n, U ∈ R

m, A ∈ R
n×n, B ∈ R

n×m, and τ > 0 is

the step size. Since

[

B̃ ÃB̃ · · · Ãn−1B̃
]

=
[

B AB · · · An−1B
]

×












τI τI · · · τI

τ2I · · ·
...

. . . C1
n−1τn−1I

τnI













,

where the second matrix on the right hand side is nonsin-

gular, the discrete-time system in (9) is controllable if and

only if the continuous-time system in (8) is. In other words,

controllability of the latter system can be preserved after

Euler discretization.

However, applying the Euler discretization to the

continuous-time linear ensemble system of the form

d

dt
X(t,β ) = β AX(t,β )+BU(t) (10)

yields

X(k+ 1,β ) = (I + τβ A)X(k,β )+ τBU(k). (11)

The full rank conditions of the matrices A and B ensure

uniform ensemble controllability for the system in (10),

but not for its discretized counterpart as in (11). This can

be simply demonstrated by the following two-dimensional

system,
[

x1(k+ 1,β )
x2(k+ 1,β )

]

= Ã(τβ )

[

x1(k,β )
x2(k,β )

]

+

[

u(k)
v(k)

]

where Ã(τβ ) = I+τβ

[

1 0

0 −1

]

and u(k),v(k)∈R. In this

case, it holds for all K ⊂ R that ρ(Ã(τβ )) > 1. Assume,

without loss of generality, that β̃ = 1 + τβ > 1 for some

β ∈ [β1,β2] and let [β̃1, β̃2] = [1+ τβ1,1+ τβ2] with β̃2 > 1,

the state equation for x1 is reduced to

x1(k+ 1, β̃) = β̃ x1(k, β̃ )+ u(k), (12)

where β̃ ∈ [β̃1, β̃2]. According to Theorem 1, the system in

(12) is not ensemble controllable. This simple example not

only demonstrates that the Euler discretization may break

controllability for linear ensemble systems but also implies

that controllability for the system in (1) can be preserved

after the Euler discretization if it is stable, which will be

shown in the following.

Proposition 2: Consider the linear ensemble system as in

(10) and assume that it is uniformly ensemble controllable.

If this system is stable, i.e., all of the eigenvalues of β A have

negative real parts over K = [β1,β2] ⊂ R, then the resulting

discrete-time system from the Euler discretization as in (11)

is uniformly ensemble controllable.

Proof. If all the eigenvalues of β A have negative real parts

for all β ∈K, then the spectrum ρ(I+τβ A)< 1 for all β ∈K,

where τ is sufficiently small. By Theorem 1, the discretized

system (11) is uniformly ensemble controllable. �

IV. CONCLUSIONS

In this note, we develop explicit controllability criteria for

discrete-time time-invariant linear ensemble systems whose

natural dynamics vary linearly with the system parameter.

We show that ensemble controllability requires not only the

full rank of the system and control matrices but also the

stability of the whole ensemble. Furthermore, we illustrate

that the Euler discretization applied to discretize a control-

lable continuous-time linear ensemble system may destroy

controllability. Hence, it may not be suitable or has to be

used with caution for control designs involving discretizing

continuous-time ensemble systems.

V. APPENDIX

Lemma 1: Let pN(β ) , eβ β N + ∑N−1
i=0 ciβ

i, where β ∈
[β1,β2] ⊂ R with either β1 > 1 or β2 < −1. Then, there

exists no positive integer N and coefficients ci ∈R such that

‖e
β
a − pN(β )‖∞ < ε , where a > β2 when β1 > 1, and a < β1

when β2 <−1.

Proof. We only consider the case of β1 > 1 since the

case of β2 <−1 can be discussed in the same way. We can

write pN(β ) = β N ∑∞
i=0

1
i!

β i +∑N−1
i=0 ciβ

i = ∑∞
i=0 ciβ

i, where

ci =
1

(i−N)! for i = N,N + 1, . . ., and e
β
a = ∑∞

i=0
1

i!ai β
i, so

that e
β
a − pN(β ) = ∑+∞

i=0

(

1
i!ai − ci

)

β i = ∑N−1
i=0

(

1
i!ai − ci

)

β i +
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(

1
N!aN −1

)

β N +
(

1
(N+1)!aN+1 −1

)

β N+1 + · · · . Note that β N >
1

N!
> 1

N!aN β N , since β > 1 and
β
a
< 1 for any β ∈ [β1,β2].

If pN(β ) is an approximation to e
β
a over [β1,β2], then

the less the approximation error ε is, the larger N is.

This, however, implies β N ≫ 1 ≫ 1
N!aN β N , so that the

higher order terms in the approximation, e.g.,
(

1
N!aN −1

)

β N ,
(

1
(N+1)!aN+1 − 1

)

β N+1, and so on, can not be neglected. As

a result, ‖e
β
a − pN(β )‖∞ cannot be made sufficiently small

for all β ∈ [β1,β2]. �

Remark 2: In fact, the approximation can be made pos-

sible only if |β | < 1, since lim
N→∞

∣

∣β N − 1
N!aN β N

∣

∣ ≤ lim
N→∞

∣

∣1+

1
N!aN

∣

∣ |β |N = 0.
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Control of dissipative PDE systems with strong convective phenomena
based on model reduction

Manda Yang and Antonios Armaou1

Abstract— The focus of this work is to control dissipative
partial differential equation systems with strong convective
phenomena by employing model-order reduction methods. The
accuracy of the resulting reduced order model (ROM) and the
ROM-based observer decreases as a system behavior switches
from diffusion-dominated to convection-dominated. We propose
to use adaptive proper orthogonal decomposition (APOD) to
enhance the accuracy of the observer by updating the ROM.
A case study of regulating a tubular reactor at an open-loop
unstable steady state is presented, where the performance of
the ROM-based observer is evaluated. It’s also demonstrated
that APOD can improve the accuracy of the observer when an
unexpected disturbance occurs.

I. INTRODUCTION

Spatial variation exists in many chemical industry pro-
cesses as a result of diffusion and convection phenomena;
examples include chemical vapor decomposition and tubular
reactors. Due to the spatial variation, these processes are infi-
nite dimensional in nature and are mathematically described
by partial differential equations (PDEs). Controlling these
processes is of significant safety and economic importance.

Actuation in PDEs can be divided into 3 categories:
source terms/interior control, boundary control and coeffi-
cients [22]. Most of the studies focus on source terms and
boundary control, while control via coefficients has been
rarely discussed. To improve the process controllability, this
work focuses on control by manipulating the convection
coefficient. However, when a system has strong convective
phenomenon, the accuracy of the corresponding reduced
order model may suffer.

Conventional controller designs are based on spatial dis-
cretization techniques. Finite difference method (FDM) can
be used to construct a system of ordinary differential equa-
tions (ODEs). In the work of Dejan Bošković et al. [5],
backstepping is utilized to control a tubular chemical reactor
based on the finite dimensional model generated by FDM.
Despite its wide usage, this approach usually leads to a
high order system. Since the dynamic behavior of systems
described by parabolic PDEs can be approximated by finite
dimensional systems [3], [9], low order models can be
obtained via method of weighted residuals (MWR) [2], [4].
However, as convection becomes more and more dominant
compared with diffusion, the accuracy of the reduced order
model of a certain order decreases since the energy captured

Financial support from the National Science foundation, CMMI award
#13-00322 is gratefully acknowledged.

1Department of Chemical Engineering, The Pennsylvania State Uni-
versity, University Park, PA 16802, USA, Tel: +1(814) 865-5316, Email
address: armaou@engr.psu.edu

by each mode becomes closer. In the extreme case in
which convection is dominant and diffusion is negligible,
this approach is no longer applicable, since all the modes
have almost the same energy [7], [8].

To deal with the ROM accuracy issue, we propose to use
adaptive proper orthogonal decomposition (APOD) [20] to
update the ROM when new observation becomes available.
To generate ROM, MWR approximates the state variable by
superposition of basis functions multiplied by time dependent
coefficients. Proper orthogonal decomposition (POD) [19] is
a standard method to construct basis functions numerically
by using an ensemble of data of state profile collected from
experiment or simulation. Based on whether basis functions
are updated by incorporating new observations, POD can be
divided into two categories: batch POD [10] and incremental
POD. Most research about POD method focuses on batch
POD. Compared with standard POD [19], which process all
the data in a batch, one of the advantages of incremental
POD is it can mitigate the impact of historic observations
by successively updating basis function and enabling dimen-
sion increase or decrease when new observation becomes
available. Since applying POD iteratively is computational
intensive, a significant amount of research has focused on
designing incremental POD methods with less computational
cost, including APOD, adaptive POD (aPOD) [18], recursive
POD [21], incremental POD (iPOD)[23], and incremental
SVD/POD method [6]. To reduce the computational cost,
different assumptions are made in these methods. In our
work, we focus on APOD.

In this work, the performance of APOD in systems with
strong convective phenomena is evaluated through a tubular
reactor example. First, a ROM of a system with time-
varying velocity is constructed via APOD to demonstrate
the improvement in the accuracy of ROM. Then velocity is
used as actuator to control the system. It’s also demonstrated
that APOD can improve the accuracy of the ROM when
unexpected disturbance occurs.

II. APPROACH AND TECHNIQUES

We focus on processes described by the following semi-
linear partial differential equation.

∂x

∂t
= θ1

∂x

∂z
+ θ2

∂2x

∂z2
+ f(x) + b(z)u (1)

ym =

∫
Ωz

s(z)xdz (2)
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Fig. 1. flow chart of DAPOD

subject to the boundary condition

g(x,
∂x

∂z
) = 0 on Γ (3)

and the initial condition

x(z, 0) = x0(z) (4)

Here t denotes time, x = [x1, x2, · · · , xn0
]T ∈ Rn0 , z ∈

Ωz is the spatial coordinate; θ1 is a convection parameter,
θ2 is a diffusion parameter, f(x) is a nonlinear function.
u = [u1, u2, · · · , un1 ]T denotes manipulated variables, b(z)
describes how the manipulated variables u control the system
spatially. ym denotes measured output, g is a nonlinear
spatial operator defined at the process boundary Γ.

A. Method of Weighted Residuals

We use MWR to approximate the PDE by a set of ODEs.
State variable x is approximated by

x =

m∑
i=1

ci(t)φi(z) (5)

Weight functions are chosen to be the same with basis
functions. Both of them are determined by DAPOD. The
resulting ROM is as follows

dC

dt
= θ1A1C + θ2A2C + F (C) +Bu (6)

where C = [c1, c2, · · · , cm]T ∈ Rm×1, A1, A2 ∈ Rm×m

and F = [f1, f2, · · · , fm]T

B. DAPOD

To improve the performance of APOD, we proposed a
modified version, called discrete APOD (DAPOD). It can be
summarized into the following steps:
• construct basis functions off-line
• incorporate new snapshots
• determine basis function size
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Fig. 2. temporal profile of −θ1
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Fig. 5. error of x2 in ROMs based
on DAPOD and POD

• check the accuracy of ROM
• update basis functions
• eliminate old snapshot(s)
The flow chart of DAPOD is displayed in Fig. 1.
In the off-line initial basis function construction step, we

can use singular value decomposition (SVD) to construct the
basis function Φ, and initial basis function size is determined
by energy captured by each basis function.

In on-line step, snapshot matrix A is updated when new
snapshot becomes available. Both importance and ”fresh-
ness” of snapshots are considered.

As new snapshots become available, the number of basis
functions needed to construct ROM may increase or decease.
We change the basis function size accordingly based on the
energy captured by the basis functions truncated in previous
steps.

After calculating energy captured by basis functions, we
check the accuracy of basis functions if the basis function
size is unchanged. When basis functions size changes or cur-
rent basis functions are not accurate enough, basis functions
are updated.

III. APPLICATION TO TUBULAR REACTOR
EXAMPLE

We apply DAPOD to a tubular reactor example [1], in
which a first order reaction takes place. Both temperature
and concentration of reactant vary in space.

A. ROM for System with Time-varying Velocity

The governing equation is as follows:

∂T

∂t
=− v ∂T

∂z
+

k

ρcp

∂2T

∂z2
+
−∆H

ρcp
k0e−

E
RT CA

− hAs

ρcp
(T − Tc)

∂CA

∂t
=− v ∂CA

∂z
+DA

∂2CA

∂z2
− k0e−

E
RT CA

(7)
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The boundary condition of this problem is

z = 0 :

T = T0

CA = CA0

(8)

z = L :

∂T

∂z
= 0

∂CA

∂z
= 0

(9)

After defining new variables, the governing equation 7 is
simplified to

∂x1

∂t
=u1

∂x1

∂z
+ β12

∂2x1

∂z2
+ β13e−

βe
1+x1 (1 + x2)

+ βT (u2 − x1)

∂x2

∂t
=u1

∂x2

∂z
+ β22

∂2x2

∂z2
+ β23e−

βe
1+x1 (1 + x2)

(10)

where

x1 =
T − T0

T0
, x2 =

CA − CA0

CA0
, z̃ =

z

L

u1 = − v
L
, u2 =

Tc − T0

T0
, β12 =

k

ρcpL2
, β13 =

−∆Hk0CA0

T0ρcp

β22 =
DA

L2
, β23 =

DA

L2
, βe =

E

RT0
, βT =

hAs

ρc
(11)

The corresponding boundary condition is

z = 0 : x1 = 0

x2 = 0
(12)

z = 1 :
∂x1

∂z
= 0

∂x2

∂z
= 0

(13)

To demonstrate updating basis function using new snap-
shots can improve the accuracy of ROM, we use DAPOD to
construct ROM for the process with unknown velocity. The
term that contains velocity is displayed in Fig.2. (θ1 = −v/L
in this example. ) Standard POD is used as a comparison, in
which dimension of ROM at any time is the same with that in
DAPOD. Dimension of ROMs or numbers of basis functions
are provided in Fig. 3. The basis functions in standard POD
are also used as the initial basis functions in DAPOD. Since
it’s collected from process with constant velocity, updating
basis functions using new online snapshot can better capture
the current behavior of the system.

The errors of ROMs are displayed in Fig. 4 and 5, where
red dots indicate basis functions in DAPOD are updated. The
error is defined as follows:

e =

√∫ L

0
(x− x̃)2dz

L
(14)

where x̃ represents the state estimated by observer and L
is the length of reactor, which is 1 in this case. This result
clearly demonstrates that DAPOD can improve the accuracy
of ROM.

Fig. 6. system response of x1 Fig. 7. system response of x2

t
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x 1

0

0.03

0.05
DAPOD
POD

Fig. 8. error of x1 in ROMs based
on DAPOD and POD

t
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x 2

0

0.05

0.1
DAPOD
POD

Fig. 9. error of x2 in ROMs based
on DAPOD and POD

B. Lyapunov-based Control

In this section we use both cooling jacket (u2 in Eq. 10)
and velocity (−u2L in Eq. 10 or −θ1L in Eq. 1 where L is a
constant) to control the system. The objective is to maintain
the temperature at x1(z) = 0 and the concentration of A at
outlet is x2(1) = −0.1. Snapshots or profile over the whole
domain are assumed to be available periodically and one
sensor is lo located at z = 1 to measure the temperature
continuously. State variables of ROM are estimated by Lu-
enberger observer [16] and controller is designed based on
Lyapunov function [14], [12]. The limits for control actions
are set to be: u1 ∈ [−10, 0] and u2 ∈ [−0.5, 0.5]. The process
operation block diagram is provided in Fig. 10.

To prevent chattering, we modified the method for the case
‖(LGV )′(x)‖ = 0. The following bounded control law is
employed:{

u = −k(x)(LGV )′(x) ‖(LGV )′(x)‖ > 0
u̇ = 0 ‖(LGV )′(x)‖ = 0

(15)

The control actions are set to u1 = −7 and u2 = 0 at
first 2 units of time. Then the controller becomes active.

System

Dynamic 

observer

DAPOD 

updates 

basis 

functions

snapshots

Controller

Estimated state

input

output

Basis 

functions 

generated 

off-line

On-line

Output & snapshots

Fig. 10. process operation block diagram
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Fig. 13. control action u1 in ROMs
based on DAPOD and POD
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Fig. 14. control action u2 in ROMs
based on DAPOD and POD

At t = 6.6, concentration on the boundary CA0 increases
by 10%; as a result the boundary condition and coefficients
that involves CA0 all change accordingly. This disturbance
is not known by controller or observer and the new trend
induced by this disturbance is not captured in the initial
snapshots ensemble. System response based on DAPOD for
x1 and x2 are displayed in Fig. 6 and 7. It’s clear that the
controller stabilize the system at the set point x1(z) = 0 and
x2(1) = −0.1. Similar to last section, we also compare the
result based on DAPOD and POD, Fig.8 and 9 compares
the error of observer. The disturbance leads to large error in
dynamic observer which is based on ROM. DAPOD captures
the new behavior using new snapshots and the error of
observer decreases gradually. Since the objectives are x1 = 0
and x2(1) = −0.1, we compared the norm of x1 with set
point in Fig. 11 and x2(1) is given in Fig. 12. It can be seen
that both x1 and x2 have smaller offset in system based on
DAPOD. Control action u1 and u2 are displayed in Fig. 13
and 14. It’s clear that both manipulated variables are within
the limits.
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A Smooth Distributed Control Law for Global Rendezvous of Unicycles

Ashton Roza, Manfredi Maggiore, Luca Scardovi

Abstract— This extended abstract presents a solution to the
rendezvous control problem for a network of unicycles on the
plane. A smooth, static control law is presented that drives
the unicycles to a common position from arbitrary initial
conditions. Each unicycle is equipped with an onboard camera
and can measure its relative displacement to its neighbors in
body frame. The feedback is a function only of these onboard
measurements and no global positioning system is required, nor
any information about the unicycles’ attitudes.

I. INTRODUCTION

This extended abstract presents the first solution to the

rendezvous problem for a group of unicycle vehicles on the

plane using continuous, static feedbacks that are local and

distributed. The objective of the rendezvous control problem

is to design the control inputs for each robot so as to drive

them to a common position from arbitrary initial conditions.

The sensing between vehicles is modelled as a directed graph

that contains a globally reachable node. An important feature

of the control is that it is local and distributed. This means

that the vehicle’s control inputs depend only on the relative

displacement to its neighbors in body frame. The set of

neighbors of each robot is time invariant.

The difficulty in solving the rendezvous control problem

comes from the fact that the unicycles are nonholonomic,

in that their velocity is restricted to be parallel to the

vehicle’s heading direction. To overcome this difficulty, the

solution we present relies on a control structure made of

two nested loops. An outer loop treats the vehicles as fully-

actuated single integrators with a linear consensus controller

as the velocity input. Here we leverage existing consensus

algorithms for single integrators, for instance [1], [2], [3].

The velocity input computed by the outer loop becomes

a reference signal for the inner loop, which assigns local

and distributed feedbacks for the unicycles that solve the

rendezvous control problem. This methodology was inspired

from our previous work in [4] for rendezvous of rigid bodies

in three dimensions.

Several results exist that solve the rendezvous problem for

a group of unicycle vehicles on the plane. The solution in

this abstract is the first that uses continuous, static feedbacks

that are local and distributed. In [5], the authors presented the

first smooth, local and distributed solution to the rendezvous

problem. However, the solution is implemented using time-

varying feedbacks. In [6] both positions and attitudes of the
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The authors are with the Department of Electrical and Computer
Engineering, University of Toronto, 10 King’s College Road, Toronto,
ON, M5S 3G4, Canada. ashton.roza@mail.utoronto.ca,

maggiore@ece.utoronto.ca, scardovi@scg.utoronto.ca

unicycles are synchronized using a time invariant distributed

control. The graph is time-dependent and the authors assume

an initially connected communication graph. The controller

that is implemented, however, is discontinuous. In [7] a

static, local and distributed control is presented. However, the

authors make the assumption that whenever two vehicles get

sufficiently close together they merge into a single vehicle,

introducing a discontinuity in the control. Although, such an

assumption may be acceptable from a practical point of view,

it is not mathematically sound.

Several authors have addressed the problem of stabilizing

circular formations. Typically, this circle can be chosen

with arbitrarily small nonzero radius but rendezvous cannot

be achieved. In [8] the authors present a local and dis-

tributed control law making dynamic and kinematic unicycles

converge to a common circle whose centre is stationary

and dependent on the initial configuration of the robots.

The spacing and ordering of unicycles on the circle is

also controlled. In [9], [10], the authors stabilize relative

equilibria for a group of unicycles moving at unit speed.

Such relative equilibria can be either circular or parallel

motions. Other authors, for instance [11], [12], [13], consider

specifically cyclic pursuit of the unicycles while stabilizing

circular formations.

II. PRELIMINARIES AND NOTATION

If v, w are vectors in R
2, we denote by v ·w := v⊤w their

Euclidean inner product (also called the dot product), and

by ‖v‖ := (v · v)1/2 the Euclidean norm of v. Let {e1, e2}
denote the natural basis of R

2 and SO(2) := {M ∈ R
2×2 :

M−1 = M⊤, det(M) = 1}. Let S1 denote the unit circle

and

Tn := S1 × · · · × S1

︸ ︷︷ ︸

n

the n-torus. If Γ is a closed subset of a Riemannian manifold

X , and d : X × X → [0,∞) is a distance metric on X , we

denote by ‖χ‖Γ := infψ∈Γ d(χ, ψ) the point-to-set distance

of χ ∈ X to Γ. If ε > 0, we let Bε(Γ) := {χ ∈ X : ‖χ‖Γ <
ε} and by N (Γ) we denote a neighborhood of Γ in X . If

I = {i1, . . . , in} is an index set, the ordered list of elements

(xi1 , . . . , xin) is denoted by (xj)j∈I .

Let U,W be finite-dimensional vector spaces. A function

f : U →W is homogeneous of degree r if, for all λ > 0 and

for all x ∈ U , f(λx) = λrf(x). A function f : U×V →W ,

f(x, y) is homogeneous of degree r with respect to x if for

all λ > 0 and for all (x, y) ∈ U × V , f(λx, y) = λrf(x, y).
The following stability definitions are taken from [14]. Let

Σ : χ̇ = f(χ) be a smooth dynamical system with state space

a Riemannian manifold X . Let φ(t, χ0) denote its local phase
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flow. Let Γ ⊂ X be a closed set that is positively invariant

for Σ, i.e., for all χ0 ∈ Γ, φ(t, χ0) ∈ Γ for all t > 0 for

which φ(t, χ0) is defined.

Definition 1: The set Γ is stable for Σ if for any ε > 0,

there exists a neighborhood N (Γ) ⊂ X such that, for all

χ0 ∈ N (Γ), φ(t, χ0) ∈ Bε(Γ), for all t > 0 for which

φ(t, χ0) is defined. The set Γ is attractive for Σ if there

exists neighborhood N (Γ) ⊂ X such that for all χ0 ∈ N (Γ),
limt→∞ ‖φ(t, χ0)‖Γ = 0. The domain of attraction of Γ
is the set {χ0 ∈ X : limt→∞ ‖φ(t, χ0)‖Γ = 0}. The

set Γ is globally attractive for Σ if it is attractive with

domain of attraction X . The set Γ is locally asymptotically

stable (LAS) for Σ if it is stable and attractive. The set Γ
is globally asymptotically stable for Σ if it is stable and

globally attractive. △

III. MODELING

Let I be the common inertia frame for all robots. We

denote the body frame for robot i by Bi = {bix, biy} attached

to the center of mass of robot i. The model of the unicycle

i is given by,

ẋi =

[

ui cos(θi)
ui sin(θi)

]

(1)

θ̇i = ωi. (2)

This model is standard. The position of the i-th robot is

denoted by xi ∈ R
2 and the displacement between two robots

is denoted by xij := xj − xi. The orientation of body frame

Bi with respect to the inertial frame I is denoted θi. The

body frame Bi can be represented by a rotation matrix Ri
whose columns are the coordinate representations of bix and

biy in frame I, so that Ri ∈ SO(2). The representation of an

inertial vector r in the body frame i is denoted ri := R⊤
i r.

The quantity (ui cos(θi), ui sin(θi)) = uiRie1 is the velocity

of robot i with magnitude ui and direction bix. Thus the

velocity has constant direction in body frame Bi. The angular

speed for robot i is denoted ωi. The control inputs are the

robot’s speed input ui and angular speed ωi.

IV. RENDEZVOUS CONTROL PROBLEM

We begin by defining the sensor digraph G = (V , E),
where V is a set of nodes labelled as {1, . . . , n}, each

representing a robot, and E is the set of edges. An edge

from node i to node j indicates that robot i can sense robot

j (G has no self-loops). A node is globally reachable if there

exists a path from any other node to it1.

We denote by Ni ⊂ V the set of vehicles that robot i can

sense. In this paper we assume that Ni is constant for each

i ∈ {1, . . . , n} (and hence G is constant as well). If j ∈ Ni,

then we say that robot j is a neighbour of robot i. If this is the

case, then robot i can sense the relative displacement of robot

j in its own body frame, i.e., the quantities xiij . Define the

vector yi := (xij)j∈Ni
. The relative displacements available

to robot i are contained in the vector yii := (xiij)j∈Ni
. A

1For a graph G, existence of a globally reachable node is equivalent to
having a directed spanning tree in the reverse graph.

Consensus

Control

Rotational

Control

robot

Sensors

Thrust

Control

Fig. 1. Block diagram of the rendezvous control system for robot i.

local and distributed feedback (ui, ωi) for robot i is a locally

Lipschitz function of yii .

We are now ready to define the Rendezvous Control

Problem.

Rendezvous Control Problem: Consider system (1), (2) with

sensor digraph G, and define the rendezvous manifold

Γ :=
{

(xi, θi)i∈{1,...,n} ∈ R
2n × Tn : xij = 0, ∀i, j

}

.

(3)

Find, if possible, local and distributed feedbacks

(ui, ω
i
i)i=1,...,n such that Γ is globally asymptotically

stable. △

V. SOLUTION OF THE RENDEZVOUS CONTROL PROBLEM

We present the solution of the rendezvous control problem

for unicycles. Consider the function,

fi(yi) =
∑

j∈Ni

aijxij , (4)

i = 1, . . . , n with aij > 0. The function fi(yi) is a standard

linear consensus controller for single integrator systems [1],

[2], [3]. Let the control inputs of the robots be defined as,

ui = ‖fi(y
i
i)‖fi(y

i
i) · e1,

ωi = −k1fi(y
i
i) · e2, i = 1, . . . , n.

(5)

The result below states that for sufficiently large k1, the feed-

back in (5) achieves rendezvous for a network of unicycles

with a sensor digraph containing a globally reachable node.

The existence of a globally reachable node in the graph is a

minimal requirement, i.e., if the condition does not hold,

there is no local and distributed control law solving the

rendezvous control problem [5].

Theorem 1: Consider system (1), (2) and assume that the

sensor graph G contains a globally reachable node. Let ui
and ωi be as in (5) with fi(yi) as in (4). There exists k⋆1 > 0
such that for any k1 > k⋆1 feedback (5) solves the rendezvous

control problem.

The proof of Theorem 1 will appear in a future publication.

The proposed control scheme is illustrated in the block

diagram of Figure 1. There are two nested loops. The outer

loop treats each robot as a single-integrator driven by the

linear consensus controller,

ẋi = fi(yi), i = 1, . . . , n. (6)
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The set
{

(xi)i∈{1,...,n} ∈ R
2n : xij = 0, ∀i, j

}

is globally

asymptotically stable for (6) if the sensing graph has a

globally reachable node [2]. The controller fi becomes a

reference for the inner-loop thrust and rotational controllers

that assign the unicycle control inputs in (5). The intuition

behind these controllers is illustrated in Figure 2. The speed

input ui is the dot product ui = ‖fi(y
i
i)‖fi(y

i
i) · e1. This

is the projection of the reference ‖fi(yi)‖fi(yi) onto the

heading axis bix of robot i. The angular speed, on the other

hand, is proportional to the dot product between the reference

fi(yi) and the second body axis biy . In Figure 2, one can

see that ωi = −k1‖fi‖ sin(φi) acts to reduce the angle

φi between bix and fi(yi) with a rate proportional to the

magnitude of fi. Together, these control inputs drive the robot

velocity uibix approximately to the reference ‖fi(yi)‖fi(yi).
The convergence is approximate because the control inputs

do not depend on the time derivative of fi. It is the difference

in angle between uibix and ‖fi(yi)‖fi(yi) as opposed to

the difference in magnitude that is important for obtaining

rendezvous. Since ‖fi(yi)‖fi(yi) is homogeneous of degree

two, as the robots approach consensus, ωi converges to zero

slower than ui. This allows ωi to approximately close the

gap between the vectors uibix and ‖fi(yi)‖fi(yi) even as the

robots converge to consensus.

Fig. 2. Illustration of the control input ui and angular speed ωi in (5).

VI. CONCLUSIONS

We have presented the first solution to the rendezvous

control problem for a group of unicycle vehicles on the

plane using continuous, static feedbacks that are local and

distributed. The solution assumes a constant sensor digraph

and relies on a control structure made of two nested loops.
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A Riemannian Optimization Approach for Role Model Extraction

Melissa Marchand1, Wen Huang2, Arnaud Browet2, Paul Van Dooren2 and Kyle A. Gallivan1

Abstract— The ability to compute meaningful clusters of
nodes is important in the analysis of large networks. A
particular approach to this problem is the use of role models of
a graph. For large networks, the algorithms must be specifically
designed to extract role models while maintaining efficiency
in storage and computations. Browet et al. have investigated
the computation of role models for both moderately sized and
large networks. They proposed an efficient iteration on low-
rank matrices to compute an approximation to the required
pairwise node similarity measure at MTNS 2014. In this paper,
we summarize a new approach to compute an approximation to
the pairwise node similarity measure for large networks based
on Riemannian optimization. A comparison of our optimization
approach with that of Browet et al. shows that our approach
computes the same approximate solution in significantly less
time.

I. INTRODUCTION

Many complex systems can be represented as network
structures, e.g., human interactions, food webs, and gene
interactions. Recent works have focused on the extrac-
tion of clusters to comprehend large networks and obtain
relevant statistical properties. In recent years, researchers
have proposed various measures and algorithms to identify
community structures, i.e., subgroups of densely connected
nodes [9], [14], [15]. However, this structural distribution of
nodes in a graph is not always representative, for example,
bipartite networks or cycle graphs do not contain commu-
nities, even if they might be heavily structured. Also, less
attention has been turned toward discovering more general
structures, known as role extraction or block modeling [8],
[16].

In previous work, Browet et al. solved the role extraction
problem by assuming different roles in a network represent
groups of nodes that have similar flow patterns [5], [6],
[7]. Thus, communities are roles where each node in a
role mainly interacts with other nodes within the same role.
However, many other role interactions can be defined, such
as, a leader-follower model on social network interactions
or a block cycle model for food webs. To represent these
flow patterns, Browet et al. defined a pairwise node similarity

*This paper presents research results of the Belgian Network DYSCO
(Dynamical Systems, Control, and Optimization), funded by the Interuni-
versity Attraction Poles Programme initiated by the Belgian Science Policy
Office. It was also partially supported by the U.S. National Science
Foundation under grant NSF 1262476.

1 Florida State University - Department of Mathematics,
Florida State University, 208 Love Building, 1017 Academic Way,
Tallahassee, FL 32306-4510, Corresponding author:
mmarchan@math.fsu.edu

2Intstitue of Information and Communitcation Technologies, Electronics,
and Applied Mathematics (ICTEAM), Catholic University of Louvain
(UCL), 4 Av. G. Lemaitre, 1348 Louvain-la-Neuve, Belgium

measure to compare the neighborhood patterns of every node,
where the measure is high for any pair of nodes sharing
analogous flow properties. They proposed a two-stage role
extraction algorithm. The first stage computes a measure of
node-to-node similarity using a matrix iterative scheme and
the second stage extracts roles using a fast community detec-
tion algorithm. For large networks, a modification of the two-
stage algorithm was developed to save on computation. The
iterative scheme to compute the matrix with elements that
measured pairwise node similarity was modified to include
projection onto low-rank matrices to converge to a low-rank
approximation of the similarity matrix. The modifications
resulted in a noticeable improvement for large networks.

In recent years, there has been significant advances in
solving optimization problems with constraints that can be
characterized as a Riemannian manifold. Improvements in
convergence theory and the characterization of the compu-
tational demands and mathematical structure of fundamen-
tal operations such as vector transport and retraction have
produced a systematic theory for families of algorithms and
well-organized computational library implementations (see
for example [3], [10], [11], [12], and [17]). In this paper,
we summarize a new approach to compute a low-rank ap-
proximation to the pairwise node similarity matrix for large
networks based on Riemannian optimization. This is done
by developing a cost function over the Riemannian manifold
of symmetric positive semidefinite matrices of fixed-rank
and, after deriving the required Riemannian objects, applying
Riemannian optimization algorithms appropriate for large
networks. A comparison of our optimization approach with
that of Browet et al. shows that our approach computes the
same approximate solution in significantly less time.

The paper is organized as follows. In Section II both
the original and low-rank approaches of Browet et al. are
described and associated convergence results stated. A cost
function is derived from the low-rank matrix iteration in
Section III. The manifold framework is discussed and the
Riemannian objects required to apply Riemannian optimiza-
tion algorithms are stated in Section IV. In Section V,
numerical experiments using role structure examples like
those used in [6] are used to demonstrate the improvement
due to the Riemannian approach to the pairwise node sim-
ilarity computation. Finally, conclusions and future work
are presented in Section VI. Details of this work will be
presented in a forthcoming dissertation.
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II. LOW-RANK APPROXIMATION OF SIMILARITY MATRIX
BY BROWET ET AL.

Given a weighted and directed graph GA(V,E), where
V is the set of vertices and E is the set of edges and its
adjacency matrix A ∈ Rn×n is defined as Ai,j 6= 0 if (i, j) ∈
E for i, j ∈ V , the pairwise node similarity measure S ∈
Rn×n, presented in [5], is defined as

Sk+1 = ΓA[I + β2Sk] (1)

where

ΓA : Rn×n → Rn×n : ΓA[X] = AXAT +ATXA, (2)

I is the identity matrix, and β ∈ R. The similarity score Si,j

is the number of common target nodes from node i to node j
with the same neighborhood patterns. Note that the similarity
matrix S is a symmetric positive semidefinite matrix and that
the parameter β can be chosen to increase the weight of long
neighborhood paths while guaranteeing convergence of the
sequence Sk in (1) [5] [6].

The iteration of Browet et al. to compute S is given by
(with S0 = 0),

Sk+1 = S1 + β2ΓA[Sk] (3)

where
S1 = AAT +ATA.

Browet et al. showed that if β is chosen such that

β2 ≤ 1

ρ (A⊗A+ (A⊗A)T )
,

where ρ(·) denotes the spectral radius, then the sequence
converges to the fixed point solution S∗ given by

vec(S∗) =
[
I − β2

(
A⊗A+ (A⊗A)T

)]−1
vec(S1), (4)

where vec(S) denotes the vectorization of the matrix S
formed by stacking the columns of S into one column
vector. A less computationally expensive bound to ensure
convergence is given by

β2 ≤ 1

ρ ((A+AT ))
2 .

However, even if the sequence is guaranteed to converge,
its computational cost to compute the fixed point solution
may be unacceptably high. Thus, Browet et al. defined a low-
rank approximation of the similarity matrix Sk. For S(r)

k =
XkX

T
k , where Xk ∈ Rn×r

∗ is a full-column rank matrix of
size n× r, the low-rank similarity approximation scheme is
defined as

S
(r)
1 = Π(r)

[
[A | AT ][A | AT ]T

]
= X1X

T
1

S
(r)
k+1 = Π(r)

[
S
(r)
1 + β2Γ

[
S
(r)
k

]]
= Xk+1X

T
k+1 (5)

where Π(r)[·] is an orthogonal projector onto the dominant
subspace of dimension at most r, which is computed as a
truncated SVD on the Rk-factor (i.e., Rk = UkΣkVk) of the
QR factorization of Yk defined as

Yk =
[
X1 | βAXk | βATXk

]
.

The updated factor Xk+1 is computed as

Xk+1 = QkUkΣk.

The stopping criterion for the low-rank iteration of Browet
et al. is

‖R
(
Ir 0
0 −Ir

)
RT ‖F ≤ ε (6)

where R ∈ R2r×2r is from the QR factorization of
[Xk+1 | Xk].

Browet et al. proved, using perturbation theory, that the
low-rank iterative scheme (5) converges locally to a fixed
point S(r) if the spectral gap at the rth singular value is
sufficiently large [5].

III. COST FUNCTION DERIVATION

The first step in developing a Riemannian optimization
approach to replace the low-rank algorithm above is to write
it in a form that is related to an iteration that is more clearly
related to optimization and then to deduce a cost function.
Observe that (5) can be written as

S
(r)
k+1 = Π(r)

[
S
(r)
k +

(
S
(r)
1 − S(r)

k + β2Γ
[
S
(r)
k

])]
= Π(r)

[
S
(r)
k +∇f

(
S
(r)
k

)]
.

where

f(S) = trace
(
ST

(
S
(r)
1 − 1

2
S + β2ASAT

))
=

〈
S, S

(r)
1 − 1

2
S + β2ASAT

〉
F

, (7)

trace(·) denotes the trace operator, i.e., for matrix A ∈
Rn×n, trace(A) =

∑n
i=1 ai,i, and 〈·, ·〉F denotes the Frobe-

nius inner product. One can verify this by considering the
directional derivative of f along Z ∈ Rn×n, that is,

Df(S)[Z] = trace
(
S
(r)T

1 Z − 1

2
(ZTS + STZ)

+ β2(AZATST +ASATZT )
)

= trace
(
ZT (S

(r)
1 − S + β2(ATSA+ASAT ))

)
=
〈
Z, S

(r)
1 − S + β2Γ[S]

〉
F
.

Thus, the gradient of f is, as desired,

∇f(S) = S
(r)
1 − S + β2Γ[S]. (8)

If the similarity matrix S is not full-rank, i.e., S = XXT

where X ∈ Rn×r and rank(X) = r then S can be defined
viewed as an element of the symmetric positive semidefinite
fixed-rank manifold, S+(n, r), where S+(n, r) is defined by

S+(n, r) :=
{
S ∈ Rn×n|S = ST � 0, rank(S) = r

}
:=
{
XXT | X ∈ Rn×r, rank(X) = r

}
. (9)

Finally, given the cost function f : S+(n, r) → R : S 7→
f(S), we define the function F : Rn×r → R : X 7→ F (X)
where F (X) = f(XXT ) and the optimization problem

max
X∈Rn×r

F (X). (10)

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

59



is considered for the approximation of the pairwise similarity
matrix.

IV. RIEMANNIAN OPTIMIZATION ON SYMMETRIC
POSITIVE SEMIDEFINITE FIXED-RANK MANIFOLD

Observe that (10) is invariant by right-multiplication of X
by orthogonal matrices O of size r × r. Thus, we need to
remove the degeneracy of the critical points. To do this, we
will define the equivalence class as

[X] = {XO|O ∈ Or} (11)

where Or is the orthogonal group, i.e., Or :={
O ∈ Rr×r|OTO = Ir

}
. The set of all equivalence classes

is defined as

Rn×r
∗ /Or :=

{
[X]|X ∈ Rn×r

∗
}

(12)

where Rn×r
∗ is the noncompact Stiefel manifold, i.e., the set

of full-rank matrices in Rn×r. Absil et al. showed in [1] that
the quotient Rn×r

∗ /Or is a quotient manifold. Therefore, (10)
can be rewritten on the quotient manifold Rn×r

∗ /Or, i.e.,

max
[X]∈Rn×r

∗ /Or

Fr([X]) (13)

where the function Fr : Rn×r
∗ /Or → R : [X] 7→

Fr([X]) = F (X). To use known Riemannian optimization
methods (e.g., Riemannian steepest descent, limited-memory
Riemannian Broyden-Fletcher-Goldfarb-Shanno (BFGS)) to
solve (13), a few important mathematical objects are re-
quired. They are defined below.

A. Notation

Given a manifold M, TXM denotes the tangent space
space of M at X ∈M. For the quotient manifold, M/ ∼ ,
the tangent space decomposes into the vertical space, denoted
VXM/ ∼, and the horizontal space, denoted HXM/ ∼
where X ∈M is the representative element for the element
of the quotient space X̃ ∈ M/ ∼. The Riemannian metric,
which is the smooth varying inner product between two
elements on the tangent space TXM, is denoted

gX(η, ξ) = 〈η, ξ〉X
for η, ξ ∈ TXM. The flat [ notation is used as ξ[ which
denotes a function from TXM to R, which is ξ[η =
gX(ξ, η), for all η ∈ TXM.

Lastly, given a function f(X) on M, gradf(X) denotes
the Riemannian gradient of f at X .

B. Riemannian Objects

The derivations of the Riemannian objects for the symmet-
ric positive semidefinite fixed-rank manifold, S+(n, r), are
given in [13]. However, due to the size of the networks used
for the role model problem, we would like to use the intrinsic
dimension representation discussed in [10, Section 9.5]. That
is, a tangent vector η ∈ TXM can be represented by a d-
dimensional vector, denoted v, of coordinates in a given basis
BX of TXM. If the columns of BX forms an orthonormal
basis of TXM, then many operations are inexpensive to

compute [10, Section 9.5]. However, the basis derived from
the horizontal space given in [13] is not an orthonormal basis
with respect to the metric also in [13]. Thus, we will use an
alternative Riemannian metric for S+(n, r), which will give
us an alternative horizontal space.

An alternative Riemannian metric on the quotient manifold
Rn×r
∗ /Or is

gX(η, ξ) = trace
(
(XTX)ηT ξ

)
(14)

for all η, ξ ∈ HXRn×r
∗ /Or where the horizontal space is

defined as

HXRn×r
∗ /Or : =

{
XS +X⊥K | S = ST , S ∈ Rr×r,

K ∈ R(n−r)×r
}

(15)

and the vertical space is defined as

VXRn×r
∗ /Or :=

{
XΩ | ΩT = −Ω, Ω ∈ Rr×r} . (16)

Then, an orthonormal basis of (15) with respect to (14) is{
XL−T eie

T
i L
−1, i = 1, . . . , r

}
∪
{

1√
2
XL−T

(eie
T
j − ejeTi )L−1, i = 1, . . . , r, j = i+ 1, . . . , r

}
∪
{
X⊥ẽie

T
i L
−1, i = 1, . . . , n− r, j = 1, . . . , r

}
,

where (e1, . . . , er) is the canonical basis of Rr,
(ẽ1, . . . , ẽ(n−r)) is the canonical basis of Rn−r, and
XTX = LLT is the Cholesky decomposition. The
dimension of the manifold is

dimS+(n, r) = nr − 1

2
r(r − 1) (17)

where n is the size of the network and r is the rank.
Since Riemannian algorithms need a retraction and, for

some, a vector transport, these objects must be defined for
S+(n, r). The retraction used is represented by the mapping
RX : HXRn×r

∗ /Or → Rn×r
∗ , where it is defined as

RX(η) = X + η. (18)

The vector transport by parallelization is defined by

T = BYB
[
X (19)

where BY and BX are orthonormal bases of HY Rn×r
∗ /Or

and HXRn×r
∗ /Or, respectively, i.e., B[

XBX = I for all X
where I is the identity matrix [11]. Then, the d-dimensional
representation of (19) for v = B[

Xη is

T dv = B[
Y T η = B[

YBYB
[
Xη

= (B[
YBY )(B[

XBX)v = v (20)

where T d is a d-dimensional representation of the vector
transport [10, Section 9.5].

Since BX forms an orthonormal basis of HXRn×r
∗ /Or,

then the Riemannian metric (14) reduces to the Euclidean
metric for the intrinsic representations, i.e.,

ĝX(η, ξ) = vTu, (21)

where η = BXv and ξ = BXu ∈ HXRn×r
∗ /Or [10, Section

9.5].
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C. Riemannian Gradient

Recall the definition of Riemannian gradient [2, Section
3.6]: Given a smooth scalar field f on a Riemannian manifold
M, the gradient of f at X , denoted by gradf(X), is defined
as the unique element of TXM that satisfies

Df(X)[η] = gX(gradf(X), η) (22)

for all η ∈ TXM where gX(·, ·) denotes the Riemannian
metric. Consider the directional derivative of F along any
η ∈ HXRn×r

∗ /Or, i.e.,

DF (X)[η] = trace
(
ηXTS

(r)
1 +XηTS

(r)
1 − 1

2
(ηXTXXT

+ XηTXXT +XXT ηXT +XXTXηT )

+ β2(ηXTAXXTAT +XηTAXXTAT

+ XXTAηXTAT +XXTAXηTAT )
)

= trace
((
ηXT +XηT

)T
S
(r)
1 −

(
ηXT +XηT

)T
XXT

+ β2
(
ηXT +XηT

)T (
AXXTAT +ATXXTA

))
= trace

((
ηXT +XηT

)T (
S
(r)
1 +XXT + β2Γ

[
XXT

]))
= trace

((
ηXT +XηT

)T
gradf(XXT )

)
= trace

(
XηT gradf(XXT )

)
+ trace

(
ηXT gradf(XXT )

)
= trace

(
ηT gradf(XXT )X

)
+ trace

(
ηT gradf(XXT )TX

)
.

Since gradf(XXT ) = gradf(XXT )T , then the directional
derivative of F along any η ∈ HXRn×r

∗ /Or is

DF (X)[η] = trace
(
ηT 2gradf(XXT )X

)
. (23)

Using the definition of the Riemannian gradient (22), (23)
can be rewritten to look like the Riemannian metric (14),
i.e.,

DF (X)[η] = trace
(
ηT 2gradf(XXT )X

)
= trace

(
ηT 2gradf(XXT )X(XTX)−1(XTX)

)
= trace

(
(XTX)ηT 2gradf(XXT )X(XTX)−1

)
.

Thus, the Riemannian gradient of (13) at X is

gradFr(X) = 2gradf(XXT )X(XTX)−1. (24)

V. NUMERICAL EXPERIMENTS

All codes were written in Matlab and all experiments are
performed in Matlab R2015a on a 64 bit Mac platform with
2.5 GHz and 4 GB of memory.

The Riemannian optimization methods used in the experi-
ments are steepest descent (RSD) [2] and limited-memory
BFGS (LRBFGS) [12]. Both algorithms are line search
algorithms and use the back tracking line search to find
an Armijo point [2, Definition 4.2.2]. The initial stepsize
is taken to be 1, the coefficient c1 in the Armijo condition is
10−4, and the ratio ρ for the decreasing the stepsize is 0.25.

The stopping criterion for both optimization methods
requires the norm of the final gradient over the initial gradient
to be less than 10−6, and for the algorithm of Browet et al.
ε = 10−6 in (6). The maximum number of iterations for

1 1

Fig. 1. Two different types of role graphs. Left: Community structure.
Right: Block cycle.

the algorithm of Browet et al. and outer iterations for the
optimization algorithms was 2000. The relative error was
computed for each fixed-rank r, i.e.,

‖S(r)
approx − S∗‖F
‖S∗‖F

(25)

where S(r)
approx is the approximate similarity matrix computed

from either the algorithm of Browet et al. or our optimization
approach and S∗ is the fixed point solution given by (4).
Table I summarizes the notation used when stating the
experimental results.

As in [6], we computed the similarity measure of Erdós-
Rényi random graphs containing a block structure (see
Figure 1). To build our graphs, first we chose a directed role
graph GB(VB , EB), i.e., each node in GB defines a role
that we want to identify. The first role graph we considered
corresponds to a community structure where the nodes in a
role interact mainly with other nodes in the same role. The
second role graph corresponds to a block cycle where each
node in a role interacts mainly with nodes in the following
role in the cycle.

Given the role graph GB , we built our random graph
GA(VA, EA) in the same manner used in Browet et al. [6]
where each node in GA has a corresponding role in GB .
Edges were added to EA according to two probability param-
eters pin and pout. For every pair of nodes i, j ∈ VA, an edge
(i, j) ∈ EA was added with probability pin if there is an edge
between the corresponding roles in GB . If the edges does not
exist between the corresponding roles in GB , then the edge is
added with probability pout. This created adjacency matrices
A that were numerically low-rank (i.e., the numerical rank

TABLE I
NOTATION FOR REPORTING EXPERIMENTAL RESULTS.

iter number of iterations
nf number of function evaluations
ng number of gradient evaluations
nV number of vector transport operations
nR number of retraction evaluations
ff final function value
gf0 Riemannian metric value of the initial gradient
gff Riemannian metric value of the final gradient

rel error relative error defined by (25)
norm diff stopping criterion (6)

t time (seconds)
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of A for both role graphs is 3). Experimental results for
(pin, pout) = (0.9, 0.1) and (pin, pout) = (0.7, 0.3) for both
examples are displayed below.

Table II displays the results for the Erdós-Rényi random
graph with community structure for pin = 0.9 and pout =
0.1. From the table, we can see that the relative error for
all three methods was the same as r increased and that after
r = 3 the relative error changed very little. In comparing the
time, the Riemannian methods were faster than the algorithm
of Browet et al. for each fixed-rank r. Comparing the number
of iterations it took for the methods to converge to a solution,

the algorithm of Browet et al. was consistent in taking
34 iterations to converge to an approximate solution while
LRBFGS took between 6 and 7 iterations to converge and
RSD took 18 iterations to converge. Thus, the optimization
algorithms were faster at converging to the same solution as
the algorithm of Browet et al. in iterations and time. The effi-
ciency of the LRBFGS method can be attributed to the fewer
function evaluations, gradient evaluations, and number of
retractions. Also, even though LRBFGS has vector transport
computations and RSD does not, the vector transport is by
parallelization, and due to the intrinsic representation of our

TABLE II
RESULTS FOR ERDÓS-RÉNYI GRAPH WITH COMMUNITY STRUCTURE FOR (pin, pout) = (0.9, 0.1). THE SUBSCRIPT ν INDICATES A SCALE OF 10ν .

r 1 2 3 4 5 10 15

RSD

iter 18 18 18 18 18 18 18
nf 37 37 37 37 37 37 37
ng 19 19 19 19 19 19 19
nV 0 0 0 0 0 0 0
nR 36 36 36 36 36 36 36
ff −1.9411 −2.3111 −2.4111 −2.4111 −2.4111 −2.4111 −2.4111
gff 2.04−1 2.04−1 2.04−1 2.04−1 2.04−1 2.04−1 2.04−1

rel error 1.10 6.48−1 2.14−1 2.13−1 2.13−1 2.10−1 2.06−1

gff/gf0 4.89−7 4.72−7 4.71−7 4.71−7 4.71−7 4.71−7 4.71−7

t (sec) 8.61−2 1.26−1 1.50−1 2.20−1 2.26−1 2.26−1 3.95−1

LRBFGS

iter 6 6 7 7 7 7 7
nf 8 8 9 9 9 9 9
ng 7 7 8 8 8 8 8
nV 44 44 52 52 52 52 52
nR 7 7 8 8 8 8 8
ff −1.9411 −2.3111 −2.4111 −2.4111 −2.4111 −2.4111 −2.4111
gff 1.45−2 1.73−1 1.25−1 1.26−1 1.26−1 1.75−1 2.24−1

rel error 1.10 6.48−1 2.14−1 2.13−1 2.13−1 2.10−1 2.06−1

gff/gf0 3.48−8 4.01−7 2.89−7 2.92−7 2.92−7 4.06−7 5.18−7

t (sec) 8.82−2 5.05−2 6.27−2 7.76−2 9.19−2 9.17−2 1.28−1

Browet’s LR Alg
iter 34 34 34 34 34 34 34

rel error 1.10 6.48−1 2.14−1 2.13−1 2.13−1 2.10−1 2.06−1

norm diff 8.21−7 8.19−7 8.23−7 8.17−7 8.26−7 8.22−7 8.24−7

t (sec) 2.27−1 2.59−1 2.93−1 3.08−1 5.36−1 6.23−1 7.30−1

TABLE III
RESULTS FOR ERDÓS-RÉNYI GRAPH WITH COMMUNITY STRUCTURE FOR (pin, pout) = (0.7, 0.3). THE SUBSCRIPT ν INDICATES A SCALE OF 10ν .

r 1 2 3 4 5 10 15

RSD

iter 18 18 18 18 18 18 18
nf 37 37 37 37 37 37 37
ng 19 19 19 19 19 19 19
nV 0 0 0 0 0 0 0
nR 36 36 36 36 36 36 36
ff −2.8611 −2.8811 −2.8911 −2.8911 −2.8911 −2.8911 −2.8911
gff 2.47−1 2.47−1 2.47−1 2.47−1 2.47−1 2.47−1 2.47−1

rel error 7.11−1 6.13−1 5.45−1 5.43−1 5.41−1 5.31−1 5.21−1

gff/gf0 4.89−7 4.89−7 4.89−7 4.89−7 4.89−7 4.89−7 4.89−7

t (sec) 8.80−2 1.33−1 1.56−1 1.59−1 2.25−1 2.45−1 3.20−1

LRBFGS

iter 6 7 7 7 7 7 7
nf 8 14 9 9 9 9 9
ng 7 8 8 8 8 8 8
nV 44 52 52 52 52 52 52
nR 7 13 8 8 8 8 8
ff −2.8611 −2.8811 −2.8911 −2.8911 −2.8911 −2.8911 −2.8911
gff 1.62−2 3.94−2 4.52−2 1.57−1 1.70−1 2.91−1 4.29−1

rel error 7.11−1 6.13−1 5.45−1 5.43−1 5.41−1 5.31−1 5.21−1

gff/gf0 3.20−8 7.80−8 8.93−8 3.11−7 3.37−7 5.76−7 8.48−7

t (sec) 8.87−2 9.03−2 6.79−2 7.40−2 7.72−2 1.33−1 2.04−1

Browet’s LR Alg
iter 34 34 34 34 34 35 35

rel error 7.11−1 6.13−1 5.45−1 5.43−1 5.41−1 5.31−1 5.21−1

norm diff 9.95−7 9.99−7 9.97−7 9.93−7 9.96−7 4.55−7 4.53−7

t (sec) 2.81−1 2.64−1 3.01−1 3.26−1 3.28−1 6.31−1 8.53−1
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tangent vectors, it just happens to be the identity. Hence, the
vector transport does not slow down the computational time
of LRBFGS. After we approximated our similarity measures,
we implemented the fast community detection algorithm
by Browet et al. described in [7] to extract the roles. The
roles extracted from the similarity matrix approximations of
the algorithm of Browet et al. were the same as the roles
extracted from the similarity matrix approximations of the
Riemannian methods.

In Table III, the probability parameters are pin = 0.7 and
pout = 0.3. For these parameters, the blocks in the adjacency

matrix have become less distinct and we can see that there
is less of a distinction in the relative error across the fixed-
ranks. Also, as before, LRBFGS took the fewest number of
iterations and converged to a solution in the smallest time.

The results for the Erdós-Rényi random graph with block
cycle structure for pin = 0.9 and pout = 0.1 are in Table IV.
For this example, the methods were all able to detect the
numerical rank 3 as there is little change in the relative error
after r = 3. However, as the blocks become less distinct, the
change in the relative error across r becomes less distinct
(see Table V). Also, as in the previous example, LRBFGS

TABLE IV
RESULTS FOR ERDÓS-RÉNYI GRAPH WITH BLOCK CYCLE STRUCTURE FOR (pin, pout) = (0.9, 0.1). THE SUBSCRIPT ν INDICATES A SCALE OF 10ν .

r 1 2 3 4 5 10 15

RSD

iter 19 19 18 18 18 18 18
nf 39 39 37 37 37 37 37
ng 20 20 19 19 19 19 19
nV 0 0 0 0 0 0 0
nR 38 38 36 36 36 36 36
ff −1.3411 −1.6011 −1.8811 −1.8811 −1.8811 −1.8811 −1.8811
gff 1.81−1 2.83−1 1.72−1 1.72−1 1.72−1 1.72−1 1.72−1

rel error 1.08 6.41−1 2.17−1 2.16−1 2.16−1 2.12−1 2.09−1

gff/gf0 5.33−7 8.19−7 4.60−7 4.60−7 4.60−7 4.60−7 4.60−7

t (sec) 8.59−2 1.33−1 1.46−1 1.66−1 2.35−1 2.30−1 3.34−1

LRBFGS

iter 6 10 9 9 9 9 9
nf 8 12 11 11 11 11 11
ng 7 11 10 10 10 10 10
nV 44 76 68 68 68 68 68
nR 7 11 10 10 10 10 10
ff −1.3411 −1.6011 −1.8811 −1.8811 −1.8811 −1.8811 −1.8811
gff 2.54−1 1.13−1 2.72−1 2.72−1 2.71−1 2.69−1 2.66−1

rel error 1.08 6.41−1 2.17−1 2.16−1 2.16−1 2.12−1 2.09−1

gff/gf0 7.48−7 3.27−7 7.27−7 7.26−7 7.26−7 7.21−7 7.13−7

t (sec) 8.65−2 8.15−2 8.92−2 8.27−2 1.16−1 4.62−1 1.80−1

Browet’s LR Alg
iter 34 34 34 34 34 34 34

rel error 1.08 6.41−1 2.17−1 2.16−1 2.16−1 2.12−1 2.09−1

norm diff 6.77−7 6.94−7 6.93−7 6.94−7 6.94−7 6.88−7 6.99−7

t (sec) 1.68−1 2.55−1 3.45−1 3.19−1 3.82−1 6.45−1 8.51−1

TABLE V
RESULTS FOR ERDÓS-RÉNYI GRAPH WITH BLOCK CYCLE STRUCTURE FOR (pin, pout) = (0.7, 0.3). THE SUBSCRIPT ν INDICATES A SCALE OF 10ν .

r 1 2 3 4 5 10 15

RSD

iter 18 18 18 18 18 18 18
nf 37 37 37 37 37 37 37
ng 19 19 19 19 19 19 19
nV 0 0 0 0 0 0 0
nR 36 36 36 36 36 36 36
ff −2.6311 −2.6411 −2.6511 −2.6511 −2.6511 −2.6611 −2.6611
gff 2.48−1 2.48−1 2.37−1 2.37−1 2.38−1 2.38−1 2.38−1

rel error 7.28−1 6.35−1 5.60−1 5.58−1 5.56−1 5.45−1 5.36−1

gff/gf0 5.12−7 5.11−7 4.90−7 4.90−7 4.90−7 4.90−7 4.90−7

t (sec) 7.98−2 1.25−1 1.47−1 2.17−1 2.19−1 2.25−1 3.31−1

LRBFGS

iter 6 9 8 8 8 8 8
nf 8 11 10 10 10 10 10
ng 7 10 9 9 9 9 9
nV 44 68 60 60 60 60 60
nR 7 10 9 9 9 9 9
ff −2.6311 −2.6411 −2.6511 −2.6511 −2.6511 −2.6611 −2.6611
gff 2.49−2 6.80−2 2.39−1 2.39−1 2.57−1 2.98−1 3.38−1

rel error 7.28−1 6.35−1 5.60−1 5.58−1 5.56−1 5.45−1 5.36−1

gff/gf0 5.14−8 1.40−7 4.94−7 4.94−7 5.31−7 6.14−7 6.96−7

t (sec) 3.37−2 8.26−2 1.05−1 7.64−2 8.58−2 1.21−1 1.37−1

Browet’s LR Alg
iter 34 34 34 34 34 34 34

rel error 7.28−1 6.35−1 5.60−1 5.58−1 5.56−1 5.45−1 5.36−1

norm diff 9.53−7 9.55−7 9.53−7 9.57−7 9.60−7 9.59−7 9.61−7

t (sec) 1.84−1 2.65−1 2.95−1 3.12−1 3.32−1 5.78−1 6.94−1
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reached an approximate solution faster and in fewer iterations
than RSD and the algorithm of Browet et al.

VI. CONCLUSION

In this paper, a fixed-rank Riemannian optimization ap-
proach to approximate the pairwise node similarity measure
used in role extraction was summarized. When applied
to Erós-Rényi random graphs containing block structure
amenable to the identification of roles, the Riemannian
approach computed low-rank similarity approximations very
close to those produced by the low-rank iterative algorithm
of Browet et al. The Riemannian approach computed the
approximations in significantly less time. Future work in-
cludes applying the pairwise node similarity measure and
our approach to networks from applications such as food
webs and gene interactions. For these networks, the number
of roles is unknown; hence, the numerical rank of the sim-
ilarity matrix is unknown. This implies the need to include
the choice of rank in the free parameters. Algorithms and
convergence theory has been developed recently for such
problems in Zhou’s dissertation [17]. One of the applications
considered in that dissertation is the evaluation of similarity
between two graphs using the metric by Blondel et al [4]. A
more sophisticated algorithm including rank adaptation for
the pairwise node similarity in role model extraction should
be possible and a key to an effective and efficient practical
role model extraction algorithm.
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Active Fault Diagnosis for Hybrid Systems

Lucas C. Foguth1, Richard D. Braatz1, and Davide M. Raimondo2

Abstract— This article considers the problem of design-
ing an input to improve the diagnosability of faults in
hybrid systems that are subject to initial condition un-
certainty, process noise, and measurement noise. An outer
approximation of the set of inputs that do not guarantee
fault isolation is computed offline by solving a series of
mixed integer linear programs (MILPs). By parameterizing
this set as a function of the initial condition uncertainty set,
we enable the implementation of closed-loop fault diagnosis
strategies. Then, online, we take a slice of the set at the
appropriate initial condition parameterization. Finally, a
minimally harmful input sequence is obtained by solving
an optimization over the relative complement of this slice
with respect to input constraints. The effectiveness of the
method is illustrated on a benchmark three-tank example.

I. INTRODUCTION

Addressing Fault Detection and Isolation (FDI) in
industrial processes is crucial to ensuring safe and prof-
itable operations. When a system consists of numerous
components (sensors, actuators, ...) and/or is affected
by measurement and process noise, human monitoring
becomes difficult, if not impossible. For these reasons,
automatic fault detection and isolation (FDI) schemes
have been investigated by many researchers [1]–[4].
Passive FDI approaches rely solely on input-output data
and prior knowledge of the process to detect and isolate
possible anomalies. While these schemes have been
useful in practice, some faults are not detectable in
the available measurements due to poor diagnosability
at certain operating conditions and the compensatory
action of the control systems. Active FDI schemes sug-
gest suitably modifying the inputs in order to provide
sufficient excitation to the system and accelerate fault
isolation [5]–[12]. Both probabilistic and deterministic
active FDI schemes have been considered in the recent
past. Probabilistic approaches assume probability density
functions (PDFs) for the process and measurement noise.
Inputs are designed to maximize some measure of the
probability of correct diagnosis, but no hard guarantees
are usually possible [13]–[15]. Deterministic approaches,
on the other hand, assume that uncertainty and noise are
bounded within a given set. In this case, inputs can be
designed to guarantee a correct diagnosis [5]–[7], [16].

1Massachusetts Institute of Technology, Cambridge, MA 02139,
USA {lcfoguth, braatz}@mit.edu

2Identification and Control of Dynamic Systems
Laboratory, University of Pavia, 27100 Pavia, Italy
davide.raimondo@unipv.it

This paper presents a deterministic active FDI scheme
for hybrid linear systems. Hybrid models can be used to
describe a wide variety of systems or to approximate
many nonlinear dynamics. Despite this fact, due to the
complexity of the underlying problem, active FDI of
hybrid systems did not receive a lot of attention (see [17]
for a probabilistic approach and [18]–[20] for determin-
istic methods). This paper describes faults by discrete
switches between hybrid models subject to bounded
disturbances and uncertainties. The input is designed in
order to generate outputs consistent with at most one
possible fault, so as to provide a guarantee of correct
diagnosis. Inputs satisfying this condition are referred
to as separating inputs. In the case of linear systems
with two models only (e.g., the nominal model and one
faulty model), the set of inputs guaranteeing separation
was shown to be the complement of a projection of a
high-dimensional polytope [16]. Polytope projection is
very computationally intensive and numerically unstable
for polytopes of dimension greater than about 10. The
use of zonotopes [21] instead of polytopes has been
suggested in [7], since projections with zonotopes are
efficient and numerically robust even in high dimensions.
Unfortunately, when hybrid systems are considered, due
to the presence of binary variables, the set of separating
inputs is much more complex than in the linear case and
its exact computation is extremely challenging. Besides,
we are interested in the separating input with minimum
length and minimum 1-norm, which requires solving an
optimization problem. The complexity of the separating
input set strongly affects the computational cost of the
optimization, making it unaffordable for most hybrid
systems.

This article proposes a method to conservatively
approximate the set of inputs that do not guarantee
separation. The proposed approach requires the offline
solution of a number of mixed integer linear programs
and provides a mechanism to tune between conservatism
and computational complexity. Although any element
outside this set would lead to a guaranteed fault isolation
if applied in open loop, it is well known that a closed-
loop approach can be used to reduce conservativeness
[22], [23]. Indeed, at each time step, the intersection
between prediction and measurement can be used to
calculate a new initial condition set which may result in
a less conservative input sequence. We therefore propose
parametrizing, offline, the set of non-separating inputs in
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terms of the initial condition. Online, at each time step,
it is sufficient to take a slice of the parametrized set for
the appropriate value of the initial condition and solve
an optimization problem over the relative complement of
this slice with respect to input constraints. The resulting
optimization problems are simple to implement and
practically solvable, also when multiple faulty models
are considered.

This paper is organized as follows. Section II describes
hybrid systems as mixed logical dynamical (MLD) sys-
tems and states the active FDI problem for this class of
systems. Section III presents several preliminaries and
notation used throughout the paper. Section IV proposes
a method for solving the active FDI problem by using
a number of hyperplanes to outer-approximate the set
of infeasible input sequences, and discusses the param-
eterization of this set by the uncertain initial condition
for use in a closed-loop formulation. Finally, Section V
demonstrates the performance of the proposed algorithm
on a benchmark three-tank hybrid system.

II. PROBLEM STATEMENT

A. Mixed logical discrete (MLD) systems

This work considers the class of discrete-time systems
that can be written in the form of a mixed logical discrete
(MLD) system:

xk+1 = Axk +B1uk +B2δk +B3zk (1a)
yk =Cxk +D1uk +D2δk +D3zk (1b)

E2δk +E3zk ≤ E1uk +E4xk +E5 (1c)

where x ∈ Rnxc ×{0,1}nxb are the continuous and binary
states of the system, u ∈ Rnuc ×{0,1}nub are the con-
tinuous and binary inputs, y ∈ Rnyc ×{0,1}nyb are the
outputs, and δ ∈ {0,1}nδ , z ∈ Rnz are auxiliary binary
and continuous variables, respectively. These auxiliary
variables are created when recasting propositional logic
into the form of linear constraints.

The system (1) is assumed to be completely well-
posed, meaning that, given x and u, the variables δ

and z are uniquely defined through the inequalities (1c).
This assumption is valid for all deterministic real-world
systems. This work also assumes that nxb = nub = 0,
which is made for simplicity of presentation, with the
extension to the more general case being straightforward.
All state, input, and auxiliary variable constraints can be
incorporated directly into the inequality constraint (1c).

The form (1) can be used to describe a wide variety
of systems, including linear hybrid systems, finite state
machines, automata, and some classes of discrete event
systems. Linear systems, affine systems, and constrained
linear systems are all special cases of MLD systems.
Software is freely available that rewrites various classes
of systems in the form (1) [24]. For more information

about MLD systems, including their features and capa-
bilities, the reader is referred to [25].

B. Fault isolation
Consider a discrete-time system whose dynamics are

described by one of nm possible MLD models. One of
these models corresponds to the nominal system, while
the rest of the models correspond to various possible
faults that can occur in the system. When the model
i ∈M = {1, · · · ,nm} is active, the system behavior can
be described by the MLD system

xk+1 = A[i]xk +B[i]
1 uk +B[i]

2 δk +B[i]
3 zk +B[i]

w wk (2a)

yk =C[i]xk +D[i]
1 uk +D[i]

2 δk +D[i]
3 zk +D[i]

v vk (2b)

E [i]
2 δk +E [i]

3 zk ≤ E [i]
1 uk +E [i]

4 xk +E [i]
5 +E [i]

6 wk +E [i]
7 vk (2c)

where w ∈W ⊆ Rnw and v ∈V ⊆ Rnv represent process
and measurement noise affecting the continuous states
and measurements, respectively. The sets W and V are
assumed to be polytopes, with polytopic input con-
straints, U ⊆ Rnu , included in (2c). The initial condition
associated with fault model i is assumed as known to lie
within a polytope x[i]0 ∈ X [i]

0 ⊆ Rnx , and it is assumed that
the system (2) is completely well-posed.

The objective of active FDI is to design a minimally
harmful (in terms of length and/or norm) input sequence
(u0, · · · ,uN−1) in such a way that the output of the
process at time N, i.e. yN , is consistent with exactly
one i ∈M . It is assumed that only one model is active
during the time horizon [0, · · · ,N], i.e. the diagnosis is
fast enough to avoid switching between models in this
window.

III. PRELIMINARIES

A. Notation and basic definitions

A tilde is used to denote sequences of time-varying
vectors in (2). For example, ũl:k denotes the sequence
(ul , . . .uk), while ỹk denotes the sequence (y0, . . . ,yk).
The notation x̃l:k|l−1 denotes that a sequence is com-
puted at time l−1 assuming xl−1 is known. Consider a
particular fault model i ∈M : given an initial condition
x[i]0 , an input sequence ũk, a disturbance sequence w̃k,
and measurement noise at time k, vk, the states and
outputs at time k are xk = φ

[i]
k (x[i]0 , ũk, w̃k) and y[i]k =

ψ
[i]
k (x[i]0 , ũk, w̃k,vk), respectively, where φ

[i]
k and ψ

[i]
k are

the state and output solution maps. Given a set Π, its kth
Cartesian product is defined as Π̃k = Π×Π× ·· · ×Π.
CM = {(i, j) : i, j ∈M , i 6= j} denotes the set of pairs of
integers (i, j) such that i, j ∈M and i 6= j. The rest of
the paper assumes that W and V are known and fixed.

B. Reachable sets

When the initial condition, the process noise, and the
measurement noise are unknown but bounded within
their respective polytopes, the state and the output of
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each model i ∈M at time k are unknown but bounded
within their respective reachable sets, defined as

X [i]
k (ũk,X

[i]
0 )≡ {φ [i]

k (x[i]0 , ũk, w̃k) : x[i]0 ∈ X [i]
0 , w̃k ∈ W̃k} (3)

Y [i]
k (ũk,X

[i]
0 )≡ {ψ [i]

k (x[i]0 , ũk, w̃k,vk) : x[i]0 ∈ X [i]
0 , w̃k ∈ W̃k,vk ∈V}

(4)
In the case of linear systems, where W , V , and X [i]

0
are all polytopes, it is possible to explicitly compute the
reachable sets by projecting a polytope in the space of
all variables (x[i]0 , ũk, w̃k,vk,yk), which includes the de-
scription of the dynamics and all the constraints over the
horizon, into the space of the output yk (or state xk) only
[16]. Polytope projections can be performed using any
of several different algorithms, such as Fourier-Motzkin
elimination or vertex computation. These methods are
computationally expensive and numerically inaccurate,
especially for high-dimensional polytopes. Zonotopes
are centrally symmetric convex polytopes that can be
described as Minkowski sums of line segments [21].
Compared to the polytopic case, the projection of zono-
topes is significantly cheaper by only requiring matrix
multiplications [26]. When W , V , and X [i]

0 are all zono-
topes, this property is very useful since the reachable
sets of linear systems remain zonotopes whose center
(but not size) is affected by the sequence ũk [7].

Unfortunately, in the hybrid case, the use of zono-
topes does not provide similar benefits. First of all,
the presence of binary variables in the description of
hybrid systems makes reachable sets at time k not
convex in general, but rather the union of 2knδ sets.
Therefore, the number of sets explodes with the number
of binary variables nδ and the horizon k. Besides, even
the reachable set for a fixed binary sequence δ̃k is not
a zonotope in general, but is actually a polytope due
to the nature of hybrid systems, whose mathematical
description includes polytopic inequality constraints, see
(2c). For this reason, in the remainder of the paper, all
sets are assumed to be polytopes.

C. Optimal Separating Input
The objective of deterministic active FDI is to inject an

input into the system able to guarantee that any output
yk at time k is consistent with only one possible fault
model, which implies fault isolation. This corresponds
to satisfying

Y [i]
k (ũk,X

[i]
0 )∩Y [ j]

k (ũk,X
[ j]
0 ) = /0, ∀(i, j) ∈ CM . (5)

Input sequences fulfilling this condition are referred to
as separating input sequences. Conversely, any input
sequence for which ∃(i, j)∈ CM such that

Y [i]
k (ũk,X

[i]
0 )∩Y [ j]

k (ũk,X
[ j]
0 ) 6= /0 (6)

is not suitable for fault isolation. In the linear case,
the set of these latter sequences is the union of |CM |

polytopes, each of which can be computed by first
intersecting the projection of polytopes i and j in
(x0, ũk, w̃k,vk,yk) into the joint input-output space, and
then projecting the result into the input space only (see
Figure 1 for an example and [16] for further details).

Fig. 1: Projection of polytopes in (x0, ũk, w̃k,vk,yk) into
the joint output-input space (left). Projection of the
intersection of the polytopes on the left into the input
space (right).

As already discussed, polytope projection is quite ex-
pensive. Besides, we are not really interested in comput-
ing the set of separating inputs explicitly. Our objective
is to find the shortest separating input that is minimally
harmful in terms of 1-norm (although the extension to
∞-norm or 2-norm is straightforward). This problem can
be formulated as finding the smallest value of k such
that the optimization problem

min ‖ũk‖p

s.t. ũk ∈ Ũk

Y [i]
k (ũk,X

[i]
0 )∩Y [ j]

k (ũk,X
[ j]
0 ) = /0, ∀(i, j) ∈ CM

(7)
is feasible. In this formulation, the reachable sets are
implicitly defined by a set of equality and inequality
constraints (representing the dynamics and the bounds
on initial condition, measurement and process noise).

In the case of linear systems, the last constraint in the
above problem can be posed as |CM | linear programs
(see equation (5) in [10] and [7], where the latter makes
use of zonotopes). In practice, the separation of the
reachable sets can be checked by verifying that the
two sets have a point in common only when inflated.
This reformulation leads to a bilevel program, which,
after replacing the inner programs with KKT conditions,
becomes a mixed integer linear program [7]. The com-
plexity of the resulting problem can be mitigated by
outer approximating the output reachable sets with sets
described by fewer variables and constraints [27], [28].

In the case of hybrid systems, checking whether two
reachable sets are overlapping would require the solu-
tion of mixed integer linear programs, each containing
22knδ binary variables. With the objective of replacing
a bilevel optimization with a single program, the inner
MILPs could be solved multi-parametrically in the input
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[29], thus resulting in a set of equality and inequality
constraints involving binary and continuous variables.
Unfortunately this approach is not viable because, due
to the complexity of the multi-parametric solution of
an MILP, even the simplest hybrid active FDI problem
could become easily intractable. Alternatively, the next
section proposes to compute an outer approximation
of the set of inputs satisfying (6) by solving offline
a number of MILPs, without computing explicitly any
projection. The obtained set is then used to formulate
an optimization problem aimed at finding the minimum
1-norm separating input.

IV. PROPOSED ALGORITHM

Denote the set of inputs satisfying (6) as

U C
k (X0)={ũk:∃(i, j)∈CM s.t. Y [i]

k (ũk,X
[i]
0 )∩Y [ j]

k (ũk,X
[ j]
0 ) 6= /0}

(8)
where X0 =

[
X [1]

0 ,X [2]
0 , · · · ,X [|M |]

0

]
. To outer-approximate

the set U C
k (X0), we begin by generating a random

hyperplane H ∈ Rknu . The objective to find the smallest
α∗ such that the polyhedron defined by Pu = {ũk :
Hũk ≤ α∗} contains U C

k (X0), that is, U C
k (X0) ⊂Pu.

This task can be accomplished by solving the MILP

max
α,ũk,x

[i]
0 ,x[ j]0 ,w̃[i]

k ,w̃[ j]
k ,v[i]k ,v[ j]k ,δ̃

[i]
k ,δ̃

[ j]
k ,z̃[i]k ,z̃[ j]k

α

(9)s.t. Hũk ≥ α

ψ
[i]
k (ũk,x

[i]
0 , w̃[i]

k ,v[i]k ) = ψ
[ j]
k (ũk,x

[ j]
0 , w̃[ j]

k ,v[ j]k )

x[i]0 ∈ X [i]
0

x[ j]0 ∈ X [ j]
0

w̃[i]
k , w̃[ j]

k ∈ W̃k

v[i]k ,v[ j]k ∈Vk

for all (i, j) ∈ CM . Let α∗i j denote the optimal value
of α associated with the optimization problem (9) for
the (i, j) ∈ CM fault pair. Then α∗ is given by the
maximum of these α∗i j so that U C

k (X0) ⊂Pu. For the
same hyperplane, the optimization problem

max
α,ũk,x

[i]
0 ,x[ j]0 ,w̃[i]

k ,w̃[ j]
k ,v[i]k ,v[ j]k ,δ̃

[i]
k ,δ̃

[ j]
k ,z̃[i]k ,z̃[ j]k

α

(10)s.t. Hũk ≤ α

ψ
[i]
k (ũk,x

[i]
0 , w̃[i]

k ,v[i]k ) = ψ
[ j]
k (ũk,x

[ j]
0 , w̃[ j]

k ,v[ j]k )

x[i]0 ∈ X [i]
0

x[ j]0 ∈ X [ j]
0

w̃[i]
k , w̃[ j]

k ∈ W̃k

v[i]k ,v[ j]k ∈Vk

can also be solved for all (i, j) ∈ CM . Let α
†
i j denote

the optimal value of α associated with the optimization
problem (10) for the (i, j) ∈ CM fault pair. Then α†

is given by the minimum of these α
†
i j so that Pl =

{ũk : −Hũk ≤ −α†} also contains U C
k (X0). Solving

these two optimization problems can be thought of as
using a hyperplane to bound U C

k (X0) from the “upper-
right” and then from the “lower-left”, or finding the
thinnest “slab” that contains U C

k (X0). This procedure
can be repeated many times, and the intersections of
the resulting polytopes can be used to outer-approximate
U C

k (X0). The intersection of polytopes is easy to com-
pute, as it simply involves concatenating matrices, and
we denote this intersection as P =Pu∩Pl . Redundant
hyperplanes can be eliminated by calculating a minimum
H representation.

Remark 1: When H is chosen based on the rows of
the identity matrix, the proposed method is equivalent to
outer-bounding U C

k (X0) by a minimum-volume hyper-
rectangle. This choice can be used to guarantee that the
outer approximation of U C

k (X0) is bounded (assuming
that U C

k (X0) itself is bounded).
The method is illustrated in Figure 2. The figure

shows the set U C
k (X0) in red as a union of disjoint

polytopes. The outer approximation P associated with
the hyperplane H = [1, 1] is shown in blue on the left.
Note that, when using one hyperplane, the set P is
unbounded in the direction parallel to the hyperplane.
The right panel shows the same set U C

k (X0). The outer
approximation P is shown in blue. The latter was
obtained by using 50 random hyperplanes. Note that
complexity can be tuned by choosing the number of
hyperplanes appropriately.

Fig. 2: U C
k (X0) is shown in red. The blue set on the left

represents the outer approximation P for the hyperplane
H = [1, 1]. The outer approximation P shown on the
right was obtained with 50 random hyperplanes.

Several methods exist for reducing the conservative-
ness of the proposed method. The most obvious in-
volves generating a larger number of random hyper-
planes. The computational complexity of the proposed
method increases linearly with the number of generated
hyperplanes. However, due to the random nature of
the proposed algorithm, it may happen that a large
number of random hyperplanes may be needed in order
to achieve a good approximation of U C

k (X0). For this
reason, we also propose a more systematic algorithm for
approximation of U C

k (X0).
The proposed algorithm can be summarized as 4 steps:
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1) Generate an outer-bounding hyper-rectangle for
U C

k (X0), which can be done using the optimiza-
tions described above and choosing hyperplanes
corresponding to rows of the identity matrix (this
step is illustrated in Figure 3).

2) When the outer-bounding hyper-rectangle is cal-
culated, points on the edges of the set U C

k (X0)
can be extracted from the optimal solution of the
optimization problem. These points are where the
hyperplanes defining the hyper-rectangle “touch”
the set U C

k (X0). We propose calculating the con-
vex hull of all of these points, as shown in the left
panel of Figure 4.

3) We then propose calculating the H-representation
of this convex hull. The hyperplanes comprising
this H-representation can then be used as the
random hyperplanes in problems (9) and (10). The
resulting optimization problems give an outer ap-
proximation P for U C

k (X0), which is illustrated
in the right panel of Figure 4.

4) This procedure can be repeated: finding points
where the current approximation P “touches” the
edges of U C

k (X0), calculating the convex hull of
these points, and then using the H-representation
of this convex hull to find a (better) outer-
approximation P for U C

k (X0).

In numerical examples, we have observed this algo-
rithm usually converging to the exact convex hull of
U C

k (X0) in relatively few iterations. The disadvantage of
this algorithm is that it requires a convex hull calculation
and a conversion from V to H representation at each
iteration. However, since these operations are performed
in a relatively low dimensional space, this algorithm for
calculation of P remains relatively fast.

Fig. 3: Approximation of U C by an outer hyper-
rectangle.

Remark 2: A second method for reducing conser-
vatism involves enumerating subsets of binary variables
in the sequence δ̃k. In this way, rather than outer-
approximating the convex hull of U C

k (X0), the convex
hull of subsets of polytopes defining U C

k (X0) is outer-

Fig. 4: U C
k (X0) is shown in red. On the left, in blue, the

convex hull of points where the outer-bounding hyper-
rectangle “touch” the edges of U C. On the right, in blue,
an outer approximation P resulting from 1 iteration of
the proposed algorithm.

bounded. This method could result in less conservatism
when U C

k (X0) is composed of disjoint sets, as P will
also be disjoint. The drawback of this method is that it
complicates the resulting optimization problems.

A. Finding a separating input sequence

When binary variables are not enumerated, P will
be a single polytope. Therefore, the problem of finding
a minimally harmful input sequence can be formulated
as an MILP (or a set of LPs) by dividing the relative
complement of P (with respect to input constraints) into
a family of polytopic sets and requiring that ũk is in at
least one of these sets. As an example, if the polytope
P is defined by n inequalities Hiũk ≤ bi, i = 1, · · · ,n,
then a minimally harmful separating input sequence can
be found by solving n LPs:

min
ũk

‖ũk‖1

s.t. Hiũk ≥ bi

ũk ∈ Ũk

This LP is solved for all i = 1, . . . ,n, and the smallest
optimal input sequence ũ∗k can be used as a minimally
harmful separating input sequence. In the case where
P is defined by a set of polytopes, the division of the
relative complement is not as trivial. However, a similar
method could be implemented by looking at all of the
combinations of the inequalities associated with each
polytope. In this case, the resulting optimization problem
can be expressed as an MILP. The ideas presented in
[30] could potentially be used to lower the computational
cost of these MILPs. Although a 1-norm objective is
shown in Problem (IV-A), a 2-norm or ∞-norm objective
can also be employed, resulting in an MIQP or MILP,
respectively.

The disadvantage of this approach is that all of the
optimization problems are functions of the set of possible
initial conditions X0. Therefore, each time that a new
set of possible initial conditions is obtained, the entire
algorithm must be re-implemented, which would make
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the algorithm computationally difficult to apply online.
The next section proposes a method for parameterizing
offline the set P as a function of the set of possible
initial conditions X0. In this way, whenever a new set
of possible initial conditions is obtained (e.g., when new
measurements are collected), all that remains in order to
find a minimally harmful separating input sequence is to
solve a series of linear programs.

B. Parameterization of initial condition

Finding the set P online can be computationally
expensive, especially if many hyperplanes are generated
or if binary variables are enumerated. This section pro-
poses a method for parameterizing P in terms of the
initial condition. In this way, not only can the calculation
of P be completed entirely offline, but a closed-loop
implementation of the fault isolation algorithm can be
used to further reduce conservatism.

Firstly, the initial condition space X0 is parameterized
(or outer-approximated) as a box with center xc and
size xs, which is denoted by X0(xc,xs). In the proposed
parameterization, P will exist not only in the space of
input sequences ũk, but also in the space of the initial
condition parameterizations xc and xs. The set P can
therefore be found by solving, similarly to (9):

max
α,ũk,x

[i]
0 ,x[ j]0 ,w̃[i]

k ,w̃[ j]
k ,v[i]k ,v[ j]k ,xc,xs,δ̃k

α

(11)
s.t. H[ũk;xc;xs]≥ α

ψ
[i]
k (ũk,x

[i]
0 , w̃[i]

k ,v[i]k ) = ψ
[ j]
k (ũk,x

[ j]
0 , w̃[ j]

k ,v[ j]k )

x[i]0 ∈ X [i]
0 (xc,xs)

x[ j]0 ∈ X [ j]
0 (xc,xs)

w̃[i]
k , w̃[ j]

k ∈ W̃k

v[i]k ,v[ j]k ∈Vk

xc ∈ Xc

xs ∈ Xs

where [ũk;xc;xs] denotes the concatenation of ũk, xc, and
xs, and Xc and Xs are bounding sets for xc and xs, re-
spectively. Note that the randomly generated hyperplanes
H are now not only in the dimension of ũk, but in the
higher dimension of [ũk;xc;xs]. Just as the minimization
problem (10) could be used with the maximization (9)
to define the set P , a minimization problem can be
solved together with the maximization (11) to find P
parameterized in terms of X0. Once P is defined in
terms of [ũk;xc;xs], a minimally harmful input sequence
can be found by taking a slice of the polytope P at the
appropriate values of xc and xs and then following the
algorithm described in Section IV-A.

Remark 3: Note that conservatism can be reduced by
dividing the parameter space X0(xc,xs) into sections and

then finding a polytope associated with each section.
This gridding technique can be used to reduce conser-
vatism at the cost of greater computational expense. This
tradeoff can be decided a priori.

Finding the appropriate xc and xs at which to take
a slice of P can be difficult. If online computational
expense was not a large concern, we could take the in-
tersection of the reachable set calculated at the previous
timestep with the measurement achieved at the current
timestep. This intersection could be outer-approximated
with a box, whose parameters are xc and xs. For sim-
plicity, this work chooses xc and xs based solely on the
measurement and knowledge of V .

Note that a set P can be found for all k = 1,2, . . . ,n j.
Then, in order to optimize over the number of timesteps
necessary for isolation, optimization problem can be
solved for increasing k until a feasible problem is found.

C. Algorithm summary

This paper proposes finding offline the set U C pa-
rameterized as a function of the set of possible initial
conditions X0. Then, online, the algorithm is applied by
first selecting parameters xc and xs which parameterize
an outer approximation of the set of initial conditions
X0. Then a set of linear programs is solved in order to
minimally harmful separating input sequence. After the
first element in this sequence is applied, a consistency
test can be used to determine consistency with each
of the possible fault models. We propose using the
feasibiliy of the MILP

max
x[i]0 ,w̃k,vk

0 (12)

s.t. ψ
[i]
k (ũk,x

[i]
0 , w̃k,vk) = yk, ∀k ∈ NN

x[i]0 ∈ X [i]
0 (xc,xs)

w̃k ∈ W̃k

vk ∈Vk

as a test for consistency with the ith model, where N = 1.
The measurements yk and the input sequence ũk are both
known.

If this problem is only feasible for a single i ∈M ,
the FDI problem has been solved. If not, the current
measurement and predictions from the previous set of
initial conditions can be used to determine a new set
of possible initial conditions X [i]

0 . A series of LPs can
then be solved to determine a new minimally harmful
separating input sequence. If this new separating input
sequence is less harmful (in terms of size or norm) than
the previously calculated separating input sequence, the
next element of this sequence can be applied. Otherwise,
the next element of the previously calculated separating
input sequence can be used. In other words, the least
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harmful input sequence is kept while the other is dis-
carded.

This process can be repeated – at every timestep, find
a new separating input sequence and either use this new
sequence or keep the old sequence – until (12) is feasible
for only a single i∈M . Note that an upper bound on the
total number of required inputs is given by the number
of steps that were required at the first implementation of
the fault detection algorithm.

V. NUMERICAL EXAMPLE

This example is the benchmark three-tank problem
[31] illustrated in Figure 5. Pipes at heights h = 0 and
h = hv = 0.3 m connect tank 1 to tank 3 and tank 3 to
tank 2. The pipe connecting tank 1 to tank 3 at height
hv can be closed using a valve V1. The inlet flowrate
to tank 1, Q1, and the inlet flowrate to tank 2, Q2, are
both manipulated variables. The states of the system are
the heights of water in each of the three tanks, denoted
h1, h2, and h3. In the nominal case, valve VL1 at the
bottom of tank 1 is closed and valve V1 is open. The flow
through each of the pipes is approximated by a piecewise
linear function (as in, for example, [32]). The objective
is separation of the nominal model from two possible
faults: the valve VL1 being stuck open, and the valve V1
being blocked closed. Three binary variables were used
to describe this system: one indicating whether each state
hi is above or below the valve height hv.

Fig. 5: Benchmark 3 tank example.

This particular example considers B[i]
w and D[i]

v to be
the identity matrix, and W and V are chosen to be hyper-
rectangles centered at the origin with sides of length
0.02 m and 0.06 m, respectively. The maximum value
of xs was chosen to correspond to the size of V .

The parametric space [xc, xs] was divided into eight
regions, corresponding to each of the different possible
combinations of binary variables. For each region of this
parameter space, the set P was calculated using 200
random hyperplanes, which was done fixing the horizon
k at 1, 2, 3, 4, and 5 timesteps.

The first objective of this example was to ensure
that our algorithm provides the user with a separating
input sequence. To this end, an initial condition hyper-
rectangle X0 was chosen with center [0.594 0.594 0.594]
and sides of length 0.06 m. Each fault model system
was then simulated 1000 times for randomly chosen
values of x0 ∈ X0, ṽk ∈ Ṽk, and w̃k ∈ W̃k (values were
sampled from a uniform distribution). These simulations
were performed for five timesteps using a separating
input sequence calculated using the appropriate set P .
These simulations therefore approximate the reachable
set at timestep 5 after the separating input sequence has
been applied. The convex hulls of these samples were
plotted and are shown in Figure 6. The reachable sets of
each fault model are seen to be separated in the figure,
which implies that the input sequence calculated using
our algorithm was indeed a separating input sequence.
The fact that the red and green sets are so close in
proximity also suggests that the conservatism of our
algorithm, although present, was small.

The active FDI strategy applied in closed loop was
then simulated using the algorithm proposed in this
paper. The uncertainty sets and sampling methods were
all the same as described above. Using our algorithm,
an average of 2.01 timesteps were needed for separation
of each fault model, thus illustrating that the use of
measurement allows significant reduction in the time
required to guarantee a diagnosis.

Fig. 6: Approximate reachable sets at timestep 5 of the
nominal model (green), the model in which VL1 is stuck
open (blue), and the model in which V1 is stuck closed
(red).

VI. CONCLUSIONS

This paper proposes an algorithm for guaranteed
active fault isolation for hybrid systems in the pres-
ence of initial condition uncertainty, process noise, and
measurement noise. The guarantee was accomplished
by outer-approximating the set of manipulated variable

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

383



sequences that do not guarantee fault isolation, which
was done using a series of MILPs. An MILP could then
be solved to find a minimally harmful input sequence
outside of this set. We also propose parameterizing the
outer-approximation via an initial condition uncertainty
set, which allowed the computation of the set to be
accomplished completely offline. Then, online, a slice
of the set can be taken, and a set of LPs can be used
to find the minimally harmful input sequence outside of
the slice. This method was implemented on a benchmark
three-tank problem.
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A homogeneous polynomial p ∈ R[x0, . . . ,xd ] of
degree m is called hyperbolic with respect to some
point a∈Rd+1, if p(a) 6= 0 and for every x∈Rd+1 we
have that p(a+tx) has precisely m real roots (count-
ing multiplicities). Hyperbolic polynomials were
first studied as symbols of hyperbolic partial dif-
ferential equations with constant coefficients, since
the Cauchy problem is well defined for such types
of PDEs (cf. [1]). Another classical example of hy-
perbolic polynomial is the determinant on the real
vector space of real symmetric matrices. It is easy
to see that the determinant is hyperbolic with re-
spect to the identity matrix. Gärding discovered
in [2] that in fact the zero sets of such irreducible
polynomials have remarkable convexity properties.
His results have been extended in [3] to the setting
of convex symmetric functions.

One can reformulate the definition of hyper-
bolicity in purely geometric terms. Let X ⊂ Pd

be a real hypersurface, let a ∈ Pd be a real point,
then we say that X is hyperbolic with respect to
a, if for every real line L through a we have that
X∩L⊂X(R). In [4] the notion of hyperbolicity was
generalized to subvarieties of the projective space
of arbitrary codimension, namely for a real X ⊂ Pd

of dimension k we have that X is hyperbolic with
respect to a real linear subspace V ⊂ Pd of dimen-
sion d− k−1, if X ∩V = /0 and for every real linear
subspace V ⊂U ⊂ Pd of dimension d− k, we have
that X∩U ⊂ X(R). Note that if π : Pd \V → Pk is the
projection from V , then since X does not intersect
V , we get a finite flat morphism π : X → Pk. Now
the second condition is equivalent to the fact that
for every p ∈ Pd(R), we have that π−1(p), the fiber
over p, consists entirely of real points. This leads
us to make the following definition:

Definition. Let X and Y be real quasi-projective va-
rieties, a morphism f : X→Y is said to be real fibered
if:

• f is finite, flat and surjective;

• y ∈ (R) and x ∈ f−1(y), then x ∈ X(R).

In particular, a real projective variety X of dimen-
sion K is called weakly hyperbolic if X admits a real
fibered morphsim f : X → Pk.

In this talk we will discuss the notion of real
fibered morphisms, weak hyperbolicity and hyper-
bolicity. We show that for a smooth projective curve
X we have that X is weakly hyperbolic if and only if
X is of dividing type if and only if X can be embed-
ded over the reals in P3 as a hyperbolic curve. We
will see an example that this claim fails for higher
dimensional smooth projective varieties. Next we
will show that a real fibered morphism is necessar-
ily unramified at smooth real points and discuss a
theorem that describes the structure of real points
of a smooth weakly hyperbolic variety, that gives a
partial generalization of a [5, Thm. 5.2]. We will
conclude with some open questions and problems.

This talk is based on joint work with M. Kum-
mer ( [6]).
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Global Optimality Bounds for ICA Algorithms

Nicolo Colombo1∗, Johan Thunberg1 and Jorge Goncalves1

Abstract— Independent Component Analysis is a popular
statistical method for separating a multivariate signal into
additive components. It has been shown that the signal sep-
aration problem can be reduced to the joint diagonalization
of the matrix slices of some higher-order cumulants of the
signal. In this approach, the unknown mixing matrix can
be computed directly from the obtained joint diagonalizer.
Various iterative algorithms for solving the non-convex joint
diagonalization problem exist, but they usually lack global
optimality guarantees. In this paper, we introduce a procedure
for computing an optimality gap for local optimal solutions.
The optimality gap is then used to obtain an empirical error
bound for the estimated mixing matrix. Finally, a class of
simultaneous matrix decomposition problems that admit such
relaxation procedure is identified.

I. INTRODUCTION

A large class of algorithms for Independent Components
Analysis (ICA) is based on the simultaneous diagonalisation
of several symmetric matrices, obtained from the higher
order cumulants of the empirical data [Cardoso, 1999]. In
the orthogonal approach, where the signal is spatially white,
the matrix slices of the fourth-order cumulant tensor can be
diagonalised by an orthogonal mixing matrix. The ICA is
then equivalent to a simultaneous diagonalisation problem,
over the set of orthogonal matrices O(n). In general, for non
spatially white signals, the ICA is either cast into a non-
orthogonal simultaneous digaonalization problem [Yeredor,
2002] [Afsari and Krishnaprasad, 2004] [Ziehe et al., 2004],
or reduced to the orthogonal case via the empirical whitening
of the signal. See [Souloumiac, 2009] for a comparison
of these two approaches. In the presence of noise, the
problem of finding the approximate joint diagonalizer of a
set of matrices is usually reformulated as a minimisation
problem over a suitable set matrix. In the orthogonal case, the
existence of a global optimal solution for this minimisation
problem is guaranteed by the compactness of the O(n). Due
to the non-convexity of the associated objective function,
finding a global optimizer is in general hard and should be
approximately solved in an iterative fashion. Two popular
classes of iterative methods have been proposed in the litera-
ture: Jacobi-like algorithms based on Givens rotation updates
[Bunse-Gerstner et al., 1993] [Cardoso and Souloumiac,
1996] and matrix-manifold approaches where the descent
steps are computed from a gradient flow equation [Manton,
2002] [Yamada and Ezaki, 2003] [Afsari and Krishnaprasad,
2004]. Other approaches have also been considered, see for

1 Luxembourg Centre for System Biomedicine
∗ nicolo.colombo@uni.lu
This work was supported by Fonds National de la Recherche Luxemourg

FNR8864515, I1R-SCG-PFN-14CRCL.

example [Wax and Sheinvald, 1997] [Van der Veen, 2001]
[Afsari, 2006]. A drawback of all these iterative methods
is the lack of global optimality guarantees and some, often
obscure, dependence on the initialisation. However, most
of these iterative algorithms have been proven to achieve
local convergence. The ‘distance’ between the obtained local
optimal solution and the global optimal solution depends on
the cost function landscape which in general is not straight-
forward to analyse. The optimality gap of such solutions,
i.e. the distance between a particular local optimum and the
global minimum of the objective function, can depend on
the initialisation but also on the unknown noise level of the
data. This paper provides a procedure based on a spectral
relaxation of the non-convex objective function, to compute
such an optimality gap.

A series of numerical experiment show that the obtained
optimality gap can be very small in relation to the global
minimum of the relaxed objective function. Two main con-
clusions can be drawn: i) for the class of simultaneous
matrix decomposition related to ICA, the spectral relaxation
can be used as a good approximation of the true non-
convex objective function and ii) in most of the cases, the
solutions provided by the iterative algorithms tested here
are practically equivalent to the theoretical global optimal
solution . In the case of the orthogonal joint diagonalization,
we show how the optimality gap can be used to characterize
a given sub-optimal solution. In particular, it is possible to
estimate the distance between the sub-optimal solution and
the closest exact diagonalizer of the exactly joint diagonaliz-
able ground-truth matrices. Under the reasonable assumption
that an estimation of the noise level is available such a bound
involves only ‘empirical’ quantities that can computed from
the input matrices and the optimality gap. More practically,
in the ICA framework these bounds can be used to estimate
the error in the recovery of the ICA mixing matrices by
using only the observed signal and a prior knowledge of
the noise level of the signal. Finally, we show that the
method is quite general and can be used to compute the
optimality gap in a broader class of problem. Under certain
rank-dimension conditions, this class includes a large number
of simultaneous matrix decomposition problems where the
optimization problem is harder that in the ICA setting and
subject to stronger initialisation issues.

This paper proceeds as follows: Section II contains a brief
review of the link between ICA and simultaneous diago-
nalisation; Section III is dedicated to the spectral relaxation
in the case of the orthogonal simultaneous diagonalisation;
the empirical bound and a sketch on how this is obtained
from the optimality gap is given in Section IV while all
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the details about the derivation of the empirical bound
are provided in Section V; finally, Section VII includes
possible generalisations and Section VII a series of numerical
simulations and experiments on synthetic data.

II. ICA AND SIMULTANEOUS DIAGONALISATION

Consider the ICA model

x = U0s (1)

where x is the observed n-dimensional signal, U0 is the
mixing matrix and the components of s are the n independent
sources. In the orthogonal approach, x and s are assumed to
be unit norm spatially white vectors and U0 an orthogonal
matrix. The general case where x is not spatially white
can be reconnected to the orthogonal case via an opportune
pre whitening of the signal [Souloumiac, 2009]. It can be
shown that the matrix slices of the fourth-order cumulant
tensor of x can be diagonalised by the orthogonal matrix U0

[Cardoso, 1999]. Given four random variables u1, u2, u3, u4,
their fourth order cumulant tensor is defined by

Cum(u1, u2, u3, u4) = (2)

E(ū1ū2ū3ū4)− R̄12R̄34 − R̄13R̄24 − R̄14R̄23

where ū = u−E(u), with E(u) being the expectation value
of u, and R̄ij = E(ūiūj). The (assumed) independence of
the sources implies Cum(si, sj , sk, sl) = k(si)δ(i, j, k, l),
where the kurtosis is defined as k(u) = Cum(u, u, u, u),
and hence

Cum(xi, xj , xk, xl) (3)

=

n∑
a=1

k(sa)[U0]ia[U0]ja[U0]ka[U0]la

The matrix slices of these fourth-order tensors [Mr]ij =∑
kl[Θr]klC

(4)
ijkl, where C

(4)
ijkl = Cum(xi, xj , xk, xl), Θr,

for r = 1, . . . , R, are n × n random matrices, can be
simultaneously diagonalised by the matrix U0. For any r =
1, . . . , R, the matrix slice Mr is a symmetric matrices of the
form

Mr = U0diag([Λr1, . . . ,Λrn])UT0 r = 1, . . . , R (4)

where diag(a), for a = [a1, . . . , an], is a diagonal matrix
with entries a1, . . . an and Λra = k(sa)[UT0 ΘrU0]aa. In
presence of white noise, ε, the ICA model (1) is x = U0s+ε
and the empirical cumulant matrices are no longer simultane-
ously diagonalisable. However, an estimation of the mixing
matrix U0 can be obtained by finding their approximate joint
diagonalizer. The empirical matrix slices can be written as

M̂r = Mr + σWr r = 1, . . . , R (5)

where Mr are the joint diagonalizable matrices defined in (4),
σ is a positive scalar and Wr are symmetric matrices whose
explicit form in terms of U0, s and ε can be obtained from
the definition of the fourth-order cumulant (3). With no loss
of generality we can assume ‖Wr‖ ≤ 1. The approximate
orthogonal diagonalizer of the empirical matrices M̂r can

be found by solving the following non-convex optimization
problem1

minimize L(U) =

R∑
r=1

‖off(UT M̂rU)‖2 (6)

s.t. UTU = 1

where [off(A)]ij = 0 if i = j and [off(A)]ij = Aij if i 6= j
and ‖ · ‖ is the Frobenius norm, i.e. ‖A‖ =

√
Tr(ATA).

III. SPECTRAL RELAXATION AND OPTIMALITY GAP

Due to the non-convexity of L(U), solving (6) is not
straightforward. However, L admits a convex relaxation that
can be solved globally by means of a spectral decomposition
of a positive semi-definite matrix computed from the data.
The global optimum of the relaxed objective bounds from
below the global optimum of L. By letting U∗ be a solution
obtained from an iterative algorithm, a bound on the opti-
mality gap is obtained as the distance between L(U∗) and
global optimum of the relaxed objective. By construction it
bounds from above the distance between the obtained local
minimum and the global minimum of L(U).

A. Spectral Relaxation

Consider the function L : O(n2)→ R defined by

L(V ) = Tr
(
OffV m̂m̂TV T

)
(7)

where the matrix Off is defined by Off vec(A) = vec off(A)
and m̂ = [vec(M̂1), . . . , vec(M̂R)]T . It easy to verify that
L(U) = L(U ⊗ U), where ⊗ is the Kronecker product. A
‘relaxed’ optimization problem is

minimize L(V ) = Tr
(
OffV m̂m̂TV T

)
(8)

s.t. V TV = 1

where the relaxation is to drop the constraint V = U⊗U . The
objective function of the relaxed problem is quadratic in V
and a global optimal solution can be found by computing the
spectral decomposition of the positive semi-definite matrix
m̂m̂T . Since Off is diagonal with only zeros and ones on
the diagonal, the solution to (8) is given by a column wise
reordering of the matrix consisting of the singular vectors of
m̂m̂T . More precisely

V∗ = QΓV̄ T m̂m̂T = V̄ ΣV̄ T (9)

where Σ is a diagonal matrix, Q is an orthogonal matrix such
that OffQ = Off and Γ is a permutation matrix that swaps
the n2−n smallest singular values of m̂m̂T to the positions
defined by the non-zero entries of Off . In other words, Q is
an orthogonal matrix that leave the subspace of the smallest
singular values of mmT invariant, up to permutations.

1This is a rather arbitrary but common choice and other more refined
objective functions may be considered.
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B. Optimality Gap

Due to the compactness of O(n), the optimization prop-
timizoblem (6) has a globally optimal solution. Let Ūopt be
such a globally optimal solution to (6) and U∗ the solution
computed by an iterative algorithm. Then

L(V∗) ≤ L(Ūopt ⊗ Ūopt) = L(Ūopt) ≤ L(U∗) (10)

In particular, for any suboptimal U∗ we can bound the
distance from the global optimum by computing the relaxed
solution V∗ and use

L(U∗)− L(Ūopt) ≤ δopt, δopt = L(U∗)− L(V∗) (11)

IV. ERROR BOUNDS

In this section we provide bounds for the error in the
estimation of the mixing matrix U0 by a function of the
optimality gap and other empirical quantities. The key idea
is to combine a characterization of the global optimum
analogous to the perturbation analysis of [Cardoso, 1994]
with the optimality gap (11). In particular, the optimality gap
is used to establish an upper bound on the distance between
the obtained sub-optimal solution U∗ and a provably good
optimal solution Uopt, where provably good means that it
is possible to prove its closeness to a ground truth mixing
matrix U0. Both the analysis of [Cardoso, 1994] and all
bounds derived here are linear approximations, that hold up
to second order terms in the noise parameter. Our main result
is the following theorem.

Theorem 1. Let M̂r, for r = 1, . . . , R, be the nearly joint
diagonalizable matrices defined in (5). Let U∗ be any sub-
optimal solution of the joint diagonalization problem (6).
Then there is a U0, which is an exact diagonalizer of the
ground-truth matrices, such that U∗ can be written as

U∗ = U0e
α∗X∗ α∗ > 0 X = −XT ‖X‖ = 1

(12)
and α∗ obeys

α∗ ≤
σĝ

Γ̂

(
ĝ + 2 +

√
ĝ2 + 4ĝ + 1 +

δopt

2σ2ĝ

)
(13)

up to O(σ2) terms, where ĝ = Γ̂2

γ̂ ,

γ̂ = min
i<i′

R∑
r=1

([UT∗ M̂rU∗]ii − [UT∗ M̂rU∗]i′i′)
2 (14)

Γ̂ =

R∑
r=1

∑
i<i′

([UT∗ M̂rU∗]ii − [UT∗ M̂rU∗]i′i′)
2 (15)

and δopt is defined in (11).

Proof’s sketch

Let U0 be a joint diagonalizer of the ground-truth matrices
Mr, r = 1, . . . , R. Every orthogonal matrix can be written
in the form U = U0e

αX , for some α > 0 and X = −XT .
Without loss of generality one can also assume ‖X‖ = 1.
The empirical bound in Theorem 1 is an inequality on
the perturbation parameter α. According to the expansion

U = U0e
αX , the perturbation parameter α is interpreted as

the ‘distance’ between U and the ground-truth solution U0.
The proof of Theorem 1 consists of four steps:
(i) Characterization of the optimal solutions: an optimal
solution Uopt of (6) is expanded around U0, the closest joint
diagonalizer of the ground-truth matrices, and characterized
via a linear inequality on αopt, the perturbation parameter
defined by the expansion Uopt = U0e

αoptXopt ;
(ii) Distance from the optimal solution: the distance between
Uopt and the obtained sub-optimal solution U∗ is estimates
as a function of the ground-truth matrices and the optimality
gap (11);
(iii) Empirical estimation: the theoretical inequalities ob-
tained in the previous steps are converted into ‘empirical’
linear inequalities via a Taylor expansion in the parameter
σ;
(iv) Triangular inequality: a bound on α∗ in terms of the
empirical bound on αopt and the obtained distance from the
optimal solution is derived via the triangular inequality.

V. PROOF OF THEOREM 1
The proof of Theorem 1 is organised in the four main

steps outlined in the previous section. A detailed description
of each step is provided in the followingsolution to.

A. Characterization of the optimal solutions
In this subsection we recall a result for the perturbation

of joint diagonalizers that first appeared in [Cardoso, 1994].
However, the bound obtained here is slightly different from
the one of [Cardoso, 1994] for the following reason. Since
our goal is only to bound the ‘distance’ between the optimal
solutions of (6), Uopt, and the ground-truth mixing matrices,
U0, we focus on the magnitude of the perturbation parameter
αopt appearing in the expansion Uopt = U0e

αoptXopt , where
Xopt is a unit norm skew-symmetric matrix. As in [Cardoso,
1994], a first order bound in the parameter αopt and the noise
level σ defined in (5) is obtained by expanding around U0

the stationarity equation ∇L(U) = 0, where ∇L(U) is the
gradient of the objective function (6) at U . The key difference
between the derivation described here and [Cardoso, 1994]
is that we do not provide an explicit form for Xopt in terms
of the unperturbed matrices Mr and noise matrices Wr. In
fact, these are ground-truth quantities that are in general not
known and cannot appear in the empirical estimation.

The bound on αopt is obtained as follows. The gradient of
(6) at U is computed by considering the directional derivative
of (6) at U in a tangent space direction Z = −ZT

〈Z,∇L〉 =
d

dt
L(UetZ)

∣∣∣∣
t=0

(16)

=
d

dt

R∑
r=1

‖off(e−tZUT M̂rUe
tZ)‖2

∣∣∣∣∣
t=0

(17)

= 2

R∑
r=1

Tr
(
Z[off(UT M̂rU), UT M̂T

r U ]
)

(18)

= −2〈Z,
R∑
r=1

[off(UT M̂rU), UT M̂rU ]〉 (19)
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where we have defined 〈A,B〉 = Tr(ATB), [A,B] = AB−
BA, used the cliclic properties of the trace, M̂r = M̂T

r and
Z = −ZT . The solutions of (6) are, by definition, stationary
points of (6) and hence solutions of the stationarity equation
above. Let Uopt be a minimizer of (6) in a neighbourhood of
U0, which is a joint diagonalizer of the ground-truth matrices.
Since Uopt is an orthogonal matrix, it can be written as
Uopt = U0e

αoptXopt , with Xopt = −XT
opt, ‖Xopt‖ = 1.

Moreover, if the noise parameter is small enough, one can
assume that Uopt is not too far from U0 and consider a linear
expansion of the stationarity condition around U0. We have

0 =

R∑
r=1

[off(UToptM̂rUopt), U
T
optM̂rUopt] (20)

=

R∑
r=1

[off ([Λr, αoptXopt]) ,Λr] (21)

+

R∑
r=1

[off
(
UT0 σWrU0

)
,Λr] +O((αopt + σ)2)

where we have defined Λr = diag([Λr1, . . . ,Λrn]). The idea
is to isolate the terms that are linear in αoptXopt and obtain
a linear equation of the form αoptT̃vec(Xopt) = w, where T̃
is a d2×d2 matrix and and w is the vectorization of the term
proportional to σ. The linear equation can be used to estimate
αopt by finding a lower bound of ‖αoptT̃vec(Xopt)‖ under
the constraint ‖Xopt‖ = 1. It is easy to show that the linear
operator T̃ is given by

T̃ =

R∑
r=1

t̃2r t̃r = (1⊗ Λr − Λr ⊗ 1)Off (22)

and that T̃vec(X) = 0 for all X = −XT . In order to
use the linearized stationarity equation to bound αopt =
‖vec(αoptXopt)‖ we need to project the equation into a
subspace where the corresponding linear operator is invert-
ible. This subspace is the subspace of strictly lower-diagonal
matrices. The idea is to exploit the fact that αoptXopt

is skew-symmetric. Since the lower-diagonal part equals
the upper-diagonal part up to a sign flip, it is enough to
characterize its lower-diagonal part.2 First of all, it easy
to verify that

∑R
r=1[off ([Λr, X]) ,Λr] is a skew symmetric

matrix. For any skew symmetric matrix X one has X =
low(X) − low(X)T , where the operator low(·) is defined
by [low(A)]ij = Aij if i > j and [low(A)]ij = 0

for i ≤ j. It follows that
∑R
r=1[off ([Λr, X]) ,Λr] = 0

implies low
(∑R

r=1[off ([Λr, X]) ,Λr]
)

= 0 and vice versa.
In particular we observe that

low

(
R∑
r=1

[off ([Λr, X]) ,Λr]

)
= (23)

low

(
R∑
r=1

[low ([Λr, low(X)]) ,Λr]

)
2A similar splitting operator technique has been used for example in

[Konstantinov et al., 1994] for the perturbation analysis of a slightly different
matrix factorisation problem.

as it can be shown by using the fact that the commutator
between a diagonal matrix and a strictly upper-diagonal
matrix is strictly upper-diagonal. We consider the projected
stationarity equation

low

(
R∑
r=1

[low ([Λr, low(αoptXopt)]) ,Λr]

)
= (24)

−low

(
R∑
r=1

[off
(
UT0 σWrU0

)
,Λr]

)

that holds up to O((αopt + σ)2) terms. The vectorization of
the above equation reads

Tvec(αoptXopt) = (25)

−vec

(
R∑
r=1

low
(
[off

(
UT0 σWrU0

)
,Λr]

))

where T is a linear operator defined by

Tx = vec

(
low

(
R∑
r=1

[low ([Λr, low(mat(x))]) ,Λr]

))
(26)

where x is a d2-dimensional vector and mat(x) its column-
wise matricization. The linear operator T can be written
explicitly in terms of Kronecker products of the diagonal ma-
trices Λr and a linear operator Low defined by Lowvec(A) =
vec(low(A)). Its explicit form is

T =

R∑
r=1

t2r tr = Low(1⊗ Λr − Λr ⊗ 1)Low (27)

The matrices tr are a diagonal matrices whose non-vanishing
diagonal elements are

[tr]ii =

R∑
r=1

Λrj−Λrj′ i = d(j−1)+j′ and j < j′ (28)

Note that T is always rank-deficient and hence non-
invertible. However, since Xopt = −XT

opt and ‖Xopt‖ = 1,
a lower bound on the perturbation parameter αopt can be
obtained by taking the norm of both sides of (25). Let

γ = min{‖Tvec(X)‖, ‖X‖ = 1, X = −XT } (29)

= min
j<j′

R∑
r=1

(Λrj − Λrj′)
2 (30)

then it easy to see that γ > 0 if, for all j 6= j′ there exists
at least one r ∈ {1, . . . , R} such that Λrj 6= Λrj′ . This is
the non-degeneracy condition required in [Cardoso, 1994]
for (6) to be well posed. Note that one has γ > 0 because
all vanishing elements on the diagonal of T multiply the
vanishing elements of vec(X), if X = −XT . From (25)
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one has

(αoptγ)2 ≤ ‖Tvec(αoptXopt)‖2 (31)

≤

∥∥∥∥∥low

(
R∑
r=1

[low
(
UT0 σWrU0

)
,Λr]

)∥∥∥∥∥
2

(32)

=

∥∥∥∥∥
R∑
r=1

trvec(UT0 σWrU0)

∥∥∥∥∥
2

(33)

≤
R∑
r=1

‖tr‖2
R∑
r=1

‖σWr‖2 (34)

= Γ2W2 (35)

where we have defined

Γ2 =

R∑
r=1

‖tr‖2 =

R∑
r=1

∑
i<i′

(Λri − Λri′)
2 (36)

W2 =

R∑
r=1

‖σWr‖2 (37)

and used ‖A‖ = ‖vec(A)‖, low([off(A),Λ]) =
low([low(A),Λ]), for any diagonal Λ and ‖UT0 AU0‖ = ‖A‖.
This implies

αopt ≤
ΓW
γ

+O((αopt + σ)2) (38)

B. Distance From the Optimal Solution

Aim of this subsection is to estimate the distance between
a sub-optimal solution and the closest optimal solution
characterized by (38). Again, since the sub-optimal solution
is an orthogonal matrix we can write U∗ = U0e

α∗X∗, with
‖X∗‖ = 1 and α∗ > 0. The goal is to obtain a bound for
‖α∗X∗−αoptXopt‖ as a function of the optimality gap (11).
We consider the inequality

δopt ≥
R∑
r=1

‖off(UT∗ M̂rU∗)‖2 −
R∑
r=1

‖off(UToptM̂rUopt)‖2

(39)

= 2

R∑
r=1

‖low(UT∗ M̂rU∗)‖2 − 2

R∑
r=1

‖low(UToptM̂rUopt)‖2

(40)
where the second equality holds because the matrices
UT∗ M̂rU∗ and UToptM̂rUopt are symmetric. Expanding in
αopt, α∗ and σ and neglecting higher order terms we obtain

δopt

2
≥

R∑
r=1

(
yT tTr try + 2yT tTr (trz + ar)− 2zT tTr trz

)
(41)

where we have defined y = vec(α∗X∗ − αoptXopt), z =
vec(αoptXopt), tr = Low(1 ⊗ Λr − Λr ⊗ 1)Low and ar =
vec(low(UT0 σWrU0)). This implies

yTTy ≤ δopt

2
+ 2zTTz − 2yT

R∑
r=1

tTr (trz + ar) (42)

where T =
∑R
r=1 t

T
r tr. Letting ỹ = y

‖y‖ and using γ ≤
ỹTT ỹ one has

‖y‖2γ ≤

∣∣∣∣∣δopt

2
+ 2zTTz − 2yT

R∑
r=1

tTr (trz + ar)

∣∣∣∣∣ (43)

≤ C + 2B‖y‖ (44)

where

C =
δopt

2
+ 2zTTz ≤ δopt

2
+ 2α2

optΓ
2 (45)

B = ‖
R∑
r=1

tTr (trz + ar)‖ ≤ αoptΓ
2 + ΓW (46)

This is a scalar second order inequality in ‖y‖ = ‖α∗X∗ −
αoptXopt‖. One obtains

‖α∗X∗ − αoptXopt‖ ≤ (47)

B +
√
B2 + Cγ

γ
+O((αopt + α∗ + σ)2)

C. Empirical Estimations
In order to obtain an empirical error bound, all quantities

in (38) and (47) should be expressed as functions of the
empirical matrices M̂r, the obtained solution and the opti-
mality gap. The formers are characterized by the empirical
joint eigenvalues, given by

Λ̂ri = UT∗ M̂rU∗ r = 1, . . . , R i = 1, . . . , n (48)

where U∗ is the obtained sub-optimal solution. For all r =
1, . . . , R and all i = 1, d . . . , n, the Λ̂ri obey

Λ̂ri = Λri +
[
[UT0 MrU0, α∗X∗] + UT0 σWrU0

]
ii

(49)
= Λri +O(α∗) +O(σ) (50)

that implies

γ̂ = min
i 6=i′

R∑
r=1

(Λ̂ri − Λ̂ri′)
2 = γ +O(α∗ + σ) (51)

with γ defined in (29), and

Γ̂2 =

R∑
r=1

∑
i<i′

(Λ̂ri − Λ̂ri′)
2 = Γ2 +O((α∗ + σ)2) (52)

with Γ defined in (36). Finally, by assuming ‖σWr‖2 ≤ 1
one has W2 = σR. Alternatively, one could assume all Wr

to be relatizations of a matrix random variable W defined by
{W ∼ W : W = WT , [W ]ij = N (0, 1)}. In this case the
matrices Wr are unbounded but a probabilistic constraint on
1
R

∑
r ‖Wr‖2 can be obtained by computing the expectation

and the variance of the the random variable ‖W‖2 and then
applying the Chebyshev’s inequality Pr(|x − E(x)| > t) <
E((x−E(x))2)

t2 , with t > 0 and x an arbitrary scalar random
variable. By choosing for simplicity the former assumption,
the following empirical bounds hold up to higher order terms
in (αopt + αopt + σ)

C ≤ δopt

2
+ 2

σ2Γ̂4

γ̂2
B ≤ σΓ̂(1 +

Γ̂2

γ̂
) (53)

where we have used αopt ≤ σΓ̂
γ̂ +O((αopt + αopt + σ)2).
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D. Triangular inequality

The result obtained in Section V-B can be combined with
the error bound obtained in Section V-A and the empirical
estimations given in Section V-C to obtain an empirical
inequality on the distance between the sub-optimal solution
U∗ and the closest ground-truth mixing matrix U0. This is
done via the triangular inequality

α∗ = ‖α∗X∗‖ ≤ ‖α∗X∗ − αoptXopt‖+ ‖αoptXopt‖ (54)

Up to second order terms in the perturbation parameters αopt,
α∗ and σ one obtains

α∗ ≤ B +
√
B2 + Cγ

γ
+ αopt (55)

≤ σĝ

Γ̂

(
ĝ + 2 +

√
ĝ2 + 4ĝ + 1 +

δopt

2σ2ĝ

)
(56)

where we have defined ĝ = Γ̂2

γ̂ and δopt is given in (11).

VI. NON ORTHOGONAL ICA AND OTHER EXTENSIONS

The method used to compute the optimality gap in Section
III can be generalised to various simultaneous matrix de-
composition problems. More precisely, a spectral relaxation
of the type (8) exists for all simultaneous decomposition
problems that can be associated to an objective function of
the form

L(X,Y ) =

R∑
r

‖p(XM̂rY )‖2 (57)

= Tr(PPT (X ⊗ Y )T m̂m̂T (X ⊗ Y )) (58)

where P is a linear projector defined by Pvec(A) =
vec(p(A)), with p(·) being any generalisation
of the off operator defined in Section II, and
m̂ = [vec(M̂1), . . . , vec(M̂R)]. It should be noticed
that the obtained optimality gap trivialises if
rank(X ⊗ Y ) < n2 − rank(m̂m̂T ) because in that
case all independent columns of the variable (X ⊗ Y ) can
be chosen in the null space of m̂m̂T and the minimum
of the relaxed objective is 0. When such rank-condition
is satisfied, one obtains a non-vanishing optimality gap,
which may be used to compute empirical bounds similar
to the result of Section IV. However, this would require a
characterisation of the optimal solution analogous to (38)
that is not available for the general case. First requirement
for such an analysis is the existence of a ground-truth
solution. This is guaranteed if the matrices M̂r are assumed
to be in the form M̂r = X−1

0 TrY
−1
0 +σWr, with p(Tr) = 0

for all r = 1, . . . , R. More generally, all steps involved in
the derivation of Theorem 1 would be related on the specific
properties of the expansion of the relevant variables, i.e.

X = Z0 + t

(
d

dt
X(Z0 + tE)|t=0

)
+O(t2) (59)

where X(t = 0) = Z0 and E is any direction. We leave
the explicit derivation of the empirical bound in the case of
more general objectives for future work.

VII. EXPERIMENTS

A set of numerical experiments has been designed to
study the tightness of the spectral relaxation described in
Section III and the empirical bound defined by Theorem 1
in Section IV. We considered the problem of the approximate
joint diagonalisation of symmetric matrices of dimension
n = 5, 10. For each n, distinct datasets of nearly joint
diagonalizable matrices have been generated, with varying
sample size (number of matrices) R = 10, 50, 100, 500 and
noise level σ = 10−12, 10−8, 10−4, 10−2, 10−1. For each
parameter setting, we have created 10 different datasets
by choosing 10 random ground-truth matrices U0, 10 joint
eigenvalues matrices Λ and the corresponding noise matrices
Wr. In particular, the noise matrices Wr have been chosen
to be gaussian symmetric random matrices of zero mean
and unit variance, i.e. [Wr]ij ∼ N (0, 1) for all i ≤ j
i, j = 1, . . . , n and Wr = WT

r . According to the assumption
considered in our perturbation analysis, the noise matrices
have been randomly renormalised to satisfy ‖Wr‖ ≤ 1. The
joint diagonalization of all datasets has been performed with
the Jacobi algorithm of [Cardoso and Souloumiac, 1996].
For each datasets we have considered 10 different initial
conditions. The convergence of the algorithm for all different
initial conditions is shown in Figure 1. In all cases the values
assumed by the objective function (6) at convergence within
the same dataset are statistically equivalent, independently
of the initial conditions. Moreover, a visual comparison with
the global minimum of the corresponding convex relaxation
shows that the obtained solutions are close to global opti-
mality. To make this evaluation more quantitative we have
defined a relative optimality gap

δ̃opt =
L(U∗)− L(V∗)

L(U∗)
(60)

where L(U) and L(V ) are given in (6) and (8) respectively,
U∗ is solution computed by the Jacobi algorithm and V∗
the global optimum of the relaxed objective, computed as
explained in Section III. For all R and σ, all datasets and all
initial conditions we have computed the relative optimality
gap and averaged over all simulations sharing the same
parameters. The obtained values are reported in Table I. A
synthetic view of the dependence of the relative optimality
gap respect to the sample size, R, and the noise level, σ,
is provided by Figure 2 Finally, we have used the same
numerical simulations to investigate the tightness of the
empirical bound described in Section IV. For each empirical
solution U∗ obtained by the Jacobi algorithm on a given
dataset, we have computed the perturbation parameter α∗ and
the associated empirical bound, according to the definitions
given in Theorem 1. Average values for each n, R and σ
are shown in Figure 3. The intermediate lines in the plots
correspond to the bound (38) for the provably good optimal
solutions Uopt. In general, even if the bound provided by
the linear analysis of Section IV is expected to hold only up
to second order terms, the inequalities are not violated for
any value of the perturbation parameters α∗, σ. However,
the bound does not seem to be sufficiently tight to be used
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n = 5 ε = 10−12 ε = 10−8 ε = 10−4 ε = 10−2 ε = 10−1

R = 10 0.41± 0.11 0.43± 0.09 0.45± 0.08 0.45± 0.09 0.42± 0.06
R = 50 0.07± 0.01 0.08± 0.01 0.08± 0.02 0.08± 0.01 0.09± 0.01
R = 100 0.04± 0.01 0.04± 0.01 0.04± 0.01 0.04± 0.00 0.04± 0.00
R = 500 0.01± 0.00 0.01± 0.00 0.01± 0.00 0.01± 0.00 0.01± 0.00

n = 10 ε = 10−12 ε = 10−8 ε = 10−4 ε = 10−2 ε = 10−1

R = 10 0.99± 0.02 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
R = 50 0.18± 0.01 0.18± 0.01 0.19± 0.01 0.18± 0.02 0.18± 0.01
R = 100 0.09± 0.01 0.09± 0.01 0.09± 0.00 0.09± 0.01 0.09± 0.00
R = 500 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00 0.02± 0.00

TABLE I: Average relative optimality gaps for n=5,10, different sample sizes R and noise levels σ. The displayed values
are obtained by averaging over all datasets and initial conditions for a given choice of the parameters R and σ.
The reported uncertainty is the corresponding standard variation.

in practical applications. Improvements in this sense can be
expected from a nonlinear extension of the first order analysis
considered here.

VIII. CONCLUSIONS

This paper shows how to compute a globally defined
optimality gap for a class of joint matrix decomposition
problems. In the orthogonal setting (joint diagonalization
of symmetric matrices) it is possible to use the obtained
optimality gap to bound the error in the recovered orthogonal
diagonalizer as a function of the input matrices and noise
level. Applied to ICA, this provides global guarantees on the
estimation of the mixing matrix that can be computed from
the observed signal alone (by assuming a prior knowledge
of the noise level). Numerical simulations show that the
spectral relaxation used to compute the gap can be really
tight. Moreover, the result allows us to conclude that, in
most cases, the local solutions computed by the Jacobi
iterative algorithm of [Cardoso and Souloumiac, 1996] are
close to global optimality. As a future direction, we plan to
extend the full error analysis to the non-orthogonal setting or
more general simultaneous matrix decomposition problems,
as for example the simultaneous Schur decomposition. More
practical applications in various fields (signal processing,
linear algebra, tensor factorisation..) will be also addressed
in forthcoming follow-up of this work.
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Fig. 1: The convergence of the Jacobi algorithm of [Car-
doso and Souloumiac, 1996] for different initial
conditions and different datasets. The orthogonal
matrices used as initial conditions were generated
by taking the left singular vectors of a random
matrix. In all cases, the algorithm converges to
points that can be considered statistically equiva-
lent in terms of the corresponding objective values.
For all parameters settings ( R = 10, 50, 100, 500,
σ = 10−12, 10−8, 10−4, 10−2, 10−1) only the re-
sults obtained on the first of the 10 experiments
are considered. The plots show the value of the
objective function (y-axis) at each iteration (x-axis),
with different lines corresponding to different initial
conditions. In each plot, the black dashed line rep-
resents the global minimum of the relaxed objective
that is used to compute the optimality gap.

Fig. 2: Average relative gap for different sample size
R = 10, 50, 100, 500 and noise level σ =
10−12, 10−8, 10−4, 10−2, 10−1. For given R and σ,
the average gap is over all corresponding datasets and
initial conditions. Errorbars represent the associated
standard deviations.

Fig. 3: Tightness of the empirical bound defined by Theorem
1 for different sample sizes and noise levels. The
plots show average values for the empirical pertur-
bation parameter α∗, defined by the expansion U∗ =
U0e

α∗X∗ with X∗ = −XT
∗ and ‖X∗‖ = 1, and the

associated empirical bound. The empirical bound is
computed from the obtained solution by applying the
definitions of Theorem 1. The intermediate line is a
bound on the perturbation parameter αopt, associated
with the optimal solutions of (6).
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Comparison of Stabilization of Piezoelectric Euler-Bernoulli Beam Models
Extended Abstract

M.C. de Jong1, J.M.A Scherpen1, and K.A. Morris2

I. INTRODUCTION

Piezoelectric materials are used in many control and
sensing applications; such as vibration control in small and
large mechanical structures, shape control of beams, plates,
and surfaces, and on-line measurement and compensation
in aerospace and other high-precision areas. A strip of
piezoelectric material is known as a piezoelectric beam.
The behavior of piezoelectric beams depends on interactions
between electrical, magnetic and mechanical effects.

A number of different assumptions for the mechanical
part of the beam and the electric-field can be used. In this
work the Euler-Bernoulli model for the mechanical behavior
is used with both the quasi-static electric-field assumption
[5], and the dynamic electromagnetic-field assumption [7].
Previous work [7] showed that these assumptions affect sta-
bilizability. Furthermore, it was shown in [8], that the choice
for current or voltage control also affects stabilizability. In
[13] the dynamic electromagnetic field assumption is used
with Timoshenko assumptions for the mechanical behavior.

These models are all systems of partial differential equa-
tions (PDEs). However, in general a finite-dimensional ap-
proximation must be used. The above models can all be
put into a the port-Hamiltonian form [9], [6]. It is therefore
attractive to consider approximation methods that preserve
this structure, and hence hopefully the flow of energy in the
system. One such method is described in [2]. In [10], the
derivation and the structure-preserving discretization of the
nonlinear Euler-Bernoulli piezoelectric beam is described,
and for the more elaborate Timoshenko beam we refer to
[11]. The approximated nonlinear port-Hamiltonian-model is
shown to be not stabilizable if a quasi-static electrical field
is assumed, and stabilizable if the dynamic electromagnetic
field is assumed, [12]. Since the modelling assumptions
are different from other work it is unclear whether this
is a property of the PDE model or a consequence of the
approximation. In this talk the influence of the approximation
on stabilization and controller design will be investigated for
several models where the stabilizability and controllability of
the PDE is known.

1 M.C. de Jong and J.M.A. Scherpen are with the Faculty
of Mathematics and Natural Sciences, University of Groningen,
9747 AG Groningen, The Netherlands {matthijs.de.jong,
j.m.a.scherpen}@rug.nl

2 K.A. Morris is with the Department of Applied Mathematics, University
of Waterloo, Ontario, N2L 3G1, Canada kmorris@uwaterloo.ca
The author acknowledges financial support of this research by NSERC.

II. BEAM MODELS

Consider a beam B with length L, width 2h, and thickness
2t where the length is significantly larger than the width and
the thickness. The one-dimensional Euler-Bernoulli assump-
tions are used to describe the mechanical behavior of the
beam. This derivation of the partial differential equations de-
scribing the dynamics with a fully dynamic electromagnetic
field can be found in more detail in [7] and the discussion
of the port-Hamiltonian form is in [6].

The constitutive relationship for piezoelectric material
under the quasi-static electric-field assumption is [5][

σ
D

]
=

[
S −eT
e ε

] [
ε
E

]
, (1)

where the stress σ and electrical displacement D are related
to the strain ε in the material and the (quasi-static) electric
field E, by the electric permitivity ε, the piezoelectric
constant e, and S originating from Hooke’s law.

The total energy of the system is the sum of the kinetic,
elastic potential, and electric potential energies as follows

H(u, ε, E) =
1

2

∫
V

[
ρ‖u̇‖2 + σε+DE

]
dV, (2)

with ρ the mass-density and u̇ denotes the time-derivative
of the displacement. By inserting (1) in (2), the total energy
can be rewritten as a function of the momenta p := [p1, p2]T

for the respective stretching and bending momenta, electric-
field E and deformation ū := [un, w

(1)]T , with the respective
longitudinal and transversal deformation, as

H(p, ε, E) =
1

2

∫ L

0

[
pTM−1p

]
dx

+

∫ L

0

[
AS
(
u(1)
n

)2

+ IS
(
w(2)

)2

−2I0Su
(1)
n w(2) + εAE2

]
dx,

(3)

where A denotes the beam cross-section, ey denotes the unit-
vector in the y-direction, and

p := M ˙̄u = ρ

[
A −I0
−I0 I

] [
u̇n
ẇ(1)

]
,

I =

∫
A

e2
ydA =

4ht3

3
, I0 =

∫
A

eydA = 0,

(4)

for centroidal coordinates. In the port-Hamiltonian
framework, the total energy of the system is referred
to as the Hamiltonian, hence we will refer to (3) as such.

The dynamic equations for the momenta (i.e. ṗ1, ṗ2) are
obtained using Hamilton’s principle, see for instance, [3].
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This leads to the following system of partial differential
equations that describe the stretching behavior

ṗ1 =

[
∂

∂x

(
ASu(1)

n − I0Sw(2) − eAE
)

+ 2hfx

]
, (5)

ṗ2 =

[
∂

∂x

(
ISw(2) − I0Su(1)

n + eI0E
)
− z2hfx

]
, (6)

with boundary conditions u
(1)
n (0) = u

(1)
n (L) = 0,

w(2)(0) = w(2)(L) = 0,
E(0) = E(L).

Using (4) we see that the bending equations (6) are un-
affected by the electric-field, therefore only the stretching
equations (5) are considered. For the sake of comparison
the external force fx is omitted. This reduces (5) and is
subsequently casted into the port-Hamiltonian formalism
with states with α := [ρu̇n, u

(1)
n , E]T , Hamiltonian

Hα =
1

2

∫ L

0

[
1

ρ
(α1)2 +AS(α2)2 + εA()α3)2

]
dx,

and input current Ie. The port-Hamiltonian system is given
by

∂α

∂t
=

 0 ∂
∂x − eε

∂
∂x

∂
∂x 0 0
− eε

∂
∂x 0 0


∂Hα

∂α1
∂Hα

∂α2
∂Hα

∂α3

 +

 0
0
1
εAq

 Ie
y =

1

εAq

∂Hα

∂α3
,

(7)

with Aq the surface of the capacitor for the distributed control
input Ie, natural output y, and boundary conditions{

α2(0) = α2(L) = 0,
α3(0) = α3(L).

The model with magnetic effect originates form [7]. By
linearization for the non-linear potential distribution, the
linear port-Hamiltonian system with magnetic effects can be
written with states β := [u

(1)
n , p(1), ρu̇n, µṗ], where p denotes

the electrical-charge, the Hamiltonian

Hβ =
1

2

∫ L

0

[
1

ρ
(β3)2 +

1

µ
(β4)2 + S̄(β1)2 + ε̄(β2)2

− 2ε̄eβ1β2

]
dx,

(8)

and system

∂β

∂t
=


0 0 ∂

∂x 0
0 0 0 ∂

∂x
∂
∂x 0 0 0
0 ∂

∂x 0 0



∂Hβ

∂β1

∂Hβ

∂β2

∂Hβ

∂β3

∂Hβ

∂β4

 , (9)

with boundary conditions
β3(0) = β3(0) = 0,
β1(L) = β2(L),

eβ1(L) = β2(L) + V (t)
ε̄h

.

The model with static electric-field is obtained from (8)
and (9) by equating the magnetic permeability µ = 0 and
further simplification, see [7] for more details. Furthermore,
the model is exactly observable and stabilizable, as is shown

in [4]. In [7] it is shown that the piezoelectric model with
magnetic effects is observable and stabilizable for parameters
of Lebesgue measure zero.

III. APPROXIMATION

An approximation of the port-Hamiltonian model (7) can
be obtained using the procedure described in [2]. The beam
is split into n sections, each represented by a model in port-
Hamiltonian-formulation, with approximated energy stor-
age function. The interconnection of these port-Hamiltonian
models for the sections, via the interstitial boundary-ports,
once again result in a port-Hamiltonian model for the approx-
imated model. The total energy of the approximated model
is the sum of the energies for each section. The two outer
ports of the two outer sub-models are the external boundary-
ports for the total approximated model and are subjected to
the boundary conditions. The advantage of this approach is
that the energy and port-Hamiltonian structure is preserved.

A standard finite-element approximation based on cubic
splines, widely used in structural analysis, can also be
used. This however does not preserve the energy and port-
Hamiltonian structure.

The stabilizability of these two types of finite-dimensional
models are compared to the stabilizability of the original
infinite-dimensional models (7), (9), and the model with
static electric-effect. The energy functions of the various
models are also compared.
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Computation of discrete frequency truncated system norm

Hanumant Singh Shekhawat1

Abstract— Some digital signal processing applications
require computation of the frequency truncated norm of a
discrete time system. This paper explains how to compute
the truncated L

2 norm of a discrete time system.

I. INTRODUCTION

In multi-rate signal processing, we often encounter

systems with transfer function of form Ḡ(e
jθ
M ) in the

discrete Fourier domain [2]. Here, M is a positive in-

teger in many cases (for example in the down-sampling

M is the down-sampling factor). L2 norm of this system

is given by

‖Ḡ‖2L2 =
1

2π
tr

∫ π

−π

Ḡ∼(e
jθ
M )Ḡ(e

jθ
M ) dθ (1)

=
M

2π
tr

∫ π
M

−
π
M

Ḡ∼(ejθ)Ḡ(ejθ) dθ (2)

where Ḡ∼(z) := ḠT (z−1) and j :=
√
−1. This is

a truncation of the usual integral needed for L2 norm

calculation. This norm is needed for calculating energy

of the residual after application of an anti-aliasing fil-

ter [2]. Apart from multi-rate signal-processing, these

integrals are useful in sample-data system theory also

[1]. Generalizing the problem, we can concentrate on

calculating the following discrete frequency truncated

system norm defined as

‖Ḡ‖2[θ1,θ2] :=
1

2π
tr

∫ θ2

θ1

Ḡ∼(ejθ)Ḡ(ejθ) dθ. (3)

In this paper, concentration is on evaluating anti-

derivative
∫

Ḡ∼(ejθ)Ḡ(ejθ) dθ which is essential for

evaluating (1) and (3). It is assumed that the discrete

time system Ḡ is linear discrete time invariant (LDTI)

and its transfer function Ḡ(z) is a proper rational transfer

function with real co-efficients. These type of systems

can be represented in state space as Ḡ(z) = D +
C(zI−A)−1B where A,B,C and D are real matrices.

For simplicity of exposition, it is assumed that D = 0
throughout this paper. Similar truncated norm problems

are dealt in [4], however for the continuous time system

only.

Just like the scalar case, the inverse operation in the

integrand of the above integrals suggest that we have

matrix logarithm in the results. However, the logarithm

1 Hanumant Singh Shekhawat is with Department of Electronics
and Electrical Engineering, Indian Institute of Technology Guwahati,
India. h.s.shekhawat@iitg.ernet.in

of a matrix X ∈ C
n×n itself is multi-valued. The matrix

logarithm can be made unique by requiring that X do

not have no eigenvalues on R
− (closed negative real

axis). In this way a unique matrix logarithm log(X)
exists and it is standard in the literature, known as the

principal logarithm [3, Theorem 1.31]. We have to take

care of this in the calculation of the discrete frequency

truncated system norm. Note that we are integrating on

the unit circle here, this makes the problem very different

(at-least for the general case discussed below) from the

continuous time system case explained in [4]. Results

for the stable system are given in the next section and

the generic case is discussed in the subsequent section.

II. STABLE CASE

A discrete system Ḡ is defined stable if A is Schur (i.e.

all eigenvalues of A are strictly inside the unit circle).

It is a classic result that for a stable system the squared

L2 norm is given by

‖Ḡ‖2L2 :=
1

2π
tr

∫ π

−π

Ḡ∼(ejθ)Ḡ(ejθ) dθ = trBTPB (4)

where P is the unique solution of the discrete Lyapunov

equation

ATPA− P + CTC = 0. (5)

The discrete frequency truncation norm can

be calculated by first evaluating anti-derivative
∫

Ḡ∼(ejθ)Ḡ(ejθ) dθ.

Theorem 2.1: Let discrete system Ḡ be stable and

strictly proper. Let Ḡ(ejθ) = C(ejθI − A)−1B with A,

B, C real matrices. Then,
∫

Ḡ∼(ejθ)Ḡ(ejθ) dθ = BTPB

+ imag(BTP log(I − e−jθA)B) (6)

where P is the unique solution of (5) and log denotes

the principal logarithm and θ ∈ [−π, π].
Proof:

Assume A is invertible and let Γ is a closed contour

inside the unit circle that encloses all eigenvalues of A

but not zero. Since −jz−1 log(1− e−jθz) is analytic on

and inside Γ, we have (using [3, Definition 1.11])

− jA−1 log(I − e−jθA)

=
1

2πj

∫

Γ

−jz−1 log(1− e−jθz)(zI −A)−1 dz.
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Now,

d(−jA−1 log(I − e−jθA))

dθ

=
1

2πj

∫

Γ

−jz−1 d log(I − e−jθz)

dθ
(zI −A)−1 dz

=
1

2πj

∫

Γ

1

ejθ − z
(zI −A)−1 dz

= (ejθI −A)−1.

The above follows from the fact that (ejθ − z)−1 is

analytic on and inside Γ.

Also, note that

Ḡ∼(ejθ)Ḡ(ejθ) = BT (I − ejθAT )−1PB

+BTPA(ejθI −A)−1B

=BTPB + ejθBT (I − ejθAT )−1ATPB

+BTPA(ejθI −A)−1B.

Now, using the anti-derivative of (ejθI − A)−1 and the

fact that integration (w.r.t. θ) of complex conjugate is

conjugate of integration, we have the result.

Now, assume A is singular. Since the set of non-

invertible matrices is a dense set, we can add a matrix

Ξ (with a very small norm) to A to make A + Ξ
invertible. The result follows from continuity of the

matrix logarithm.

Logarithm of a real matrix is real [3, theorem 1.31].

This fact can be used to derive (4) using (6).

III. GENERAL CASE

We often encounter cases where A has eigenvalues

on the unit circle as well as inside and outside of

the unit circle. As mentioned earlier, the integration

on the unit circle makes this problem quite distinct

from the continuous time system case. There are few

mathematical intricacies required due to integration on

the unit circle and the principal logarithm here. For

example, if A = 2 and θ = 0 then log(I − e−jθA)
is not defined. Therefore, we cannot use (6) in general.

Even the trick of taking −i out of integration, used in

[4], does not work here because log(i− ie−jθA) is not

defined when A = 2 and θ = π/3. We may think that

log(−i + ie−jθA) will work but it is not defined when

A = −2 and θ = 2π/3. All these problems can be

solved if we use the tangent half-angle substitution i.e.

ejθ =
1 + jt

1− jt
= −

t− j

t+ j
(7)

Here t = tan( θ2 ). Starting with integration of a discrete

transfer function.

Theorem 3.1: Suppose system K̄ is strictly proper

and K̄(z) = C(zI−A)−1B with A, B, C real matrices.

Let {λi} denotes the set all eigenvalues of A on the unit

circle. If A and I +A are invertible then anti-derivative

∫

K̄(ejθ) dθ = −jCA−1 (− log(t− j)I

+ log
(

t− j(I +A)−1(I −A)
))

B

on θ ∈ (maxi Arg λi, π]. Here t = tan( θ2 ) and Arg(z)
denotes the principal argument i.e. argument of the

complex number in (−π, π].

Proof: Define f(z) :=
−jz−1

(

− log(t− j) + log
(

t− j(1 + z)−1(1− z)
))

and let Γ is a closed contour that encloses all

eigenvalues of A but not zero and −1. Clearly, f(z) is

analytic on and inside Γ if θ > maxi Arg λi. Now, we

have (using [3, Definition 1.11])

F (θ) =
1

2πj

∫

Γ

f(z)(zI −A)−1 dz.

where

F (θ) :=− jA−1 (− log(t− j)I

+ log
(

t− j(I +A)−1(I −A)
))

.

Now,

dF (θ)

dθ
=

1

2πj

∫

Γ

df(z)

dθ
(zI −A)−1 dz

=
1

2πj

∫

Γ

1

ejθ − z
(zI −A)−1 dz

= (ejθI −A)−1.

Note that (ejθ − z)−1 is analytic on and inside Γ if

θ > maxi Arg λi.

For the discrete frequency truncated norm, we can use

the following simplified result.

Theorem 3.2: Suppose Ḡ is strictly proper and

Ḡ(z) = C(zI − A)−1B with A, B, C real matrices.

Define

Ah :=

[

A 0
CTC I

]

, Eh :=

[

I 0
0 AT

]

,

Ch :=
[

0 −BT
]

, and Bh :=

[

B

0

]

.

Let {λi} denotes the set all unit (norm) eigenvalues of

A. If I +A is invertible then anti-derivative

∫

Ḡ∼(ejθ)Ḡ(ejθ) dθ = −jCh (− log(t− j))I

+ log(tI − j(Eh +Ah)
−1(Eh −Ah))

)

Bh

on θ ∈ (maxi Arg λi, π]. Here t = tan( θ2 ) and Arg(z)
denotes the principal argument of a complex number z.
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Proof: It is given in the proof of [5, lemma 21.14]

that if A is not singular and stable then

Ḡ∼(z)Ḡ(z)

=





A 0
(AT )−1CTC (AT )−1

B

0
−BT (AT )−1CTC −BT (AT )−1 0





=

(

E−1
h Ah Bh

ChE
−1
h Ah 0

)

.

Matrix integration part of the proof is skipped. However,

the result is an extension of Theorem 3.1.

Now, assume A is singular. Since the set of non-

invertible matrices is a dense set, we can add a matrix Ξ
(with a very small norm) to A to make A+Ξ invertible.

Now the result follows from continuity of the matrix

logarithm.

A similar result is obtained by writing the system

Ḡ∼(z)Ḡ(z) in the descriptor form and using continuity

of the logarithm. As done in [4], the result discussed

here will work (in case of definite integral) with some

modification as long as the limit of integral does not

contain a pole on the unit circle.

IV. CONCLUSIONS

Computation of the discrete frequency truncated sys-

tem norm arises in different signal processing applica-

tions. In this paper, we gave expressions for truncated

L2 norm of a stable discrete time system and a discrete

time system with poles on both sides of the unit circle

in the complex plane.
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de Branges Spaces on Compact Riemann Surfaces and a Beurling-Lax
Type Theorem*

Ariel Pinhas 1

Abstract— Using the notion of commutative operator vessel
we study de Branges Rovnyak spaces, whose elements are
multiplicative sections of a line bundle on a real compact
Riemann surface. As a special case we obtain a Beurling-
Lax type theorem in the setting of the corresponding Hardy
space on a finite bordered Riemann surface. The inner function
in the classical Beurling’s theorem is replaced by the joint
characteristic function of two–operator vessel, introduced by
M.S. Livšic ([10], [11], [12]).

I. INTRODUCTION

The theory of de Branges-Rovnyak spaces of analytic
functions (see for instance [5], [6], [7]) allows to prove
Beurling-Lax type theorems in the theory of one complex
variable when leaving the setting of the Hardy space. An
illustrative example is the following theorem.

Theorem 1: Let Ω be an open subset of the complex
plane, symmetric with respect to the real line, and let J be a
signature matrix (both selfadjoint and unitary). Let X be a
reproducing kernel Hilbert space of functions analytic in Ω.
Then, the reproducing kernel of X is of the form

KΘ(z,w) =
J−Θ(z)JΘ(w)∗

−i(z−w)
, (1)

where Θ is a Cn×n-valued function analytic in Ω if and only
if the following two conditions are in force:

1) RαX ⊂X for all α ∈Ω.
2) The structure identity

[Rα f ,g]− [ f ,Rβ g]−(α−β )[Rβ f ,Rβ g] = ig(β )∗J f (α)
(2)

holds for all α,β ∈Ω and f ,g ∈X .

See [5, Theorem III], where Ω∩R is assumed non-empty.
This restriction was later removed in [13] and in [4] (for the
corresponding theorem in the case of the disk, see [1]).

We note that (2) is automatically satisfied in the Hardy
space H2(Cr). Therefore, taking orthogonal complement,
Theorem 1 restricted to subspaces of H2(Cr) implies the
Beurling-Lax theorem, under the hypothesis of a symmetric
domain of analyticity.

These results are based on joint work with Daniel Alpay (Ben Gurion
University of the Negev) and Victor Vinnikov (Ben Gurion University of
the Negev).

1Ariel Pinhas is with the Department of Mathematics, Ben
Gurion University of the Negev, 8410501, Beer-Sheva, Israel
arielp@math.bgu.ac.il

II. THE STRUCTURE THEOREM ON REAL COMPACT
RIEMANN SURFACES

The first step toward Beurling’s theorem on a real compact
Riemann surface, is to present the counterpart version of
Theorem 1. We first introduce briefly the basic setting.

We consider the framework of a reproducing kernel Hilbert
space (denoted by X ) of sections of the form L

ζ̃
⊗∆ in

a real compact Riemann surface X . Here L
ζ̃

is a unitary

flat line bundle corresponding to ζ̃ in J(X) and ∆ satisfies
∆⊗∆ = KX , that is, the square root of the canonical line
bundle KX on X .

In this setting the Cauchy kernel is given by

Kζ (u,v) =
θ [ζ ](v−u)

iθ [ζ ](0)E(u,v)
, (3)

where E(·, ·) is the prime form, see [8], and θ [ζ ] is the
theta function with characteristic ζ . We note that (3) is the
counterpart of the kernel 1

z−w in the case of compact Riemann
surface.

Let y be a meromorphic function on X with n distinct
poles p1, ..., pn and let cm be the residue of y(·) at the pole
pm. Then the resolvent operator, denoted by Ry

α , is given by
(see [14, Equation 3-4])

Ry
α f (u) =

f (u)
y(u)−α

−
n

∑
j=1

f (u( j))

dy(u( j))

θ [ζ̃ ](u( j)−u)

θ [ζ̃ ](0)E(u( j),u)
. (4)

Here the points u( j) points on X such that y(u( j)) = α . The
model operator, My, satisfying (in the neighborhood of the
poles of y) Ry

α = (My−α)−1, is given by

My f (u) = y(u) f (u)+
n

∑
m=1

cm f (p(m))
θ [ζ̃ ](p(m)−u)

θ [ζ̃ ](0)E(p(m),u)
. (5)

Before proceeding to the main theorem, we mention that
the counterpart of the structure identity (2), in the real
compact Riemann surfaces, is given by

[Ryk
α f ,g]− [ f ,Ryk

β
g]− (α−β )[Ryk

α f ,Ryk
β

g] =

− i(α−β )
n

∑
l,t=1

1

dy(ν(l))dy(ω(t))

θ [ζ̃ ](ν(l)−ω(t))

θ [ζ̃ ](0)E(ν(l),ω(t))

× f (ν(l))g(ω(t)). (6)

The analogue of Theorem 1 in the setting of real compact
Riemann surfaces is given by (we refer to [2, Theorem 3.6]
for the full theorem and proof):
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Theorem 2: Let X be a real compact Riemann surface.
1) Let X be a reproducing kernel Hilbert space of

sections of L
ζ̃
⊗∆ analytic in open and connected set

Ω. We Choose real meromorphic functions y1 and y2
with generating M (X), such that Ω contains all the
points above the singular points of C and contains the
poles of y1 and y2 and all the elements of X are
regular at these points. Furthermore, assume that for
every α,β ∈C such that their n pre-images lies within
Ω and the following two conditions hold:

a) X is invariant under Ry1
α and Ry2

β
.

b) For every choice of f ,g ∈X such that both are
analytic at the poles of y1 and y2, the structure
identity (6) holds.

Then the reproducing kernel of X is of the form

K(p,q) = K
ζ̃
(p,q)−T (p)Kζ (p,q)T (q)∗ (7)

for some ζ and where T (p) is a bundle map with
multipliers.

2) Conversely, let T be a (ζ , ζ̃ )-contractive and let X
a reproducing kernel Hilbert space with reproducing
kernel of the form

K
ζ̃
(p,q)−T (p)Kζ (p,q)T (q)∗. (8)

Furthermore, let y be a real meromorphic function on
X such that T is regular at the poles of y. Then X is
Ry

α invariant and the structure identity (6) holds.
The strategy of the proof is to embed the operators My1

and My2 , where y1 and y2 generate the field of meromorphic
functions on X , in a commutative vessel of the form

(My1 ,My2 ,X ,Φ,E,σ1,σ2,γ, γ̃), (9)

where E =Cn, and where Φ is the evaluation operator from
X to E at infinity. Then the reproducing kernel of X is of
the desired form, i.e.

K(p,q) = K
ζ̃
(p,q)−T (p)Kζ (p,q)T (q)∗. (10)

On the other hand, let T (p) be a (ζ , ζ̃ )-contractive map-
ping. Then there exists a commutative vessel such that T (p)
is the joint characteristic function of the vessel. Considering
the corresponding model space, one may yield the invari-
ant property under the resolvent operator. Furthermore, the
structure identity holds since it is equivalent to the vessel
colligation condition.

A. Subspaces of H2
ζ̃

and a version of Beurling’s Theorem

Let S be a finite bordered Riemann surface with k border
components, denoted by X j. The double of S is a compact
Riemann surface X with natural antiholomorphic involution
τ turning X to be a real compact Riemann surface (equivalent
to real algebraic curve). The boundary ∂S coincides with the
set of fixed points on X (denoted by XR). Furthermore, X
becomes a compact Riemann surface of dividing type since
X \XR contains two connected components X+ = S and X−.

We consider the Hardy space of sections f of the line
bundle χ⊗∆ analytic on the finite bordered Riemann surface
S such that (see also [3])

sup
1−ε<r<1

k−1

∑
i=0

∫
Xi(r)

f (p)∗ f (p)< ∞.

It is a Hilbert space equipped with the inner product

< f ,g >= lim
r→1

k−1

∑
i=0

∫
Xi(r)

g(p)∗ f (p).

This space naturally fits to the reproducing kernel Hilbert
space with reproducing kernel of the form (3) where ζ̃ ∈ T0.
Thus, the Cauchy kernels are positive on X+.

We now present the version of Beurling’s theorem in the
setting of finite bordered Riemann surfaces.

Theorem 3: Let S be a finite bordered Riemann surface
with double X , and let H2

ζ̃
, with ζ̃ ∈ T0, be the corresponding

Hardy space on X+. We choose y1 and y2 real meromorphic
functions in X of dividing type generating M (X). Assume
that, for a subset H of H2

ζ̃
, the following properties hold,

1) H is closed subspace of H2
ζ̃

and for every α ∈C+, H

is invariant under the multiplication operators M 1
y1(u)−α

and M 1
y2(u)−α

.

2) The elements of H ⊥ (the orthogonal complement of
H ) have analytic extension to the neighborhoods of
the poles of y1 and y2.

Then H is of the form

H = SH2
ζ̃
,

where S is the joint characteristic function , a contractive
mapping between line bundles.

The proof is based on the following observations. First we
show that the structure identity automatically holds in the
linear span of the Cauchy kernels. Then we use the structure
identity to show that the operator Ry

α is bounded inside H2
ζ̃

.

We then continue and prove that the Ry
α -invariant subspaces

of the orthogonal complement H ⊥ coincide with 1
y(ω)−α

-
multiplication operator invariant subspaces of H . Finally,
we apply the structure theorem (Theorem 2).

The Beurling’s theorems on finite bordered Riemann sur-
faces as presented in [15] and [9], emphasize subspaces
which are invariant by multiplication operators of some
functions algebra (in [15], the collection of functions analytic
inside R and continuous in R). Hence, we are motivated to
present a corresponding, and (in some sense) more general-
ized, version of the Beurling’s theorem.

Theorem 4: Let S be a finite bordered Riemann surface
with its double X . Let H2

ζ̃
, with the appropriate ζ̃ ∈ T0, be

the corresponding Hardy space on X+. Furthermore, assume
that the following hold,

1) H is closed subspace of H2
ζ̃

and H is invariant under
the multiplication operators of all elements belong to
the algebra of functions which are analytic in S and
continuous on ∂S.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

819



2) The elements of H ⊥ have analytic extension with
bounded point evaluation in a neighborhood U of a
point p ∈ ∂S.

Then H is of the form

H = T H2
ζ̃
,

where T is a mapping between line bundles as defined in
Theorem 2.
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Coherence and Stability in Large-Scale Networks with Distributed
Dynamic Feedback

Emma Tegling, Partha Mitra, Henrik Sandberg and Bassam Bamieh

Abstract— We consider consensus and vehicular formation
control problems and address the question of performance
in large-scale networks subject to distributed disturbances.
We study performance in terms of “global order”, quantified
through nodal state fluctuations, which captures the notion
of network coherence. It has previously been shown that
coherence of networks with regular lattice structures depends
on the lattice dimension, and that three spatial dimensions
are necessary to achieve full coherence in networks with local,
static, feedback. Here, we address the question of whether a
dynamic feedback law, where the controller at each node has
an internal memory state, can improve coherence properties
of large-scale networks, so that full coherence can be achieved
in lower lattice dimensions. We show that it is not possible to
design such a dynamic feedback protocol, based on local relative
state measurements, that exhibits better coherence properties
than static, memoryless, feedback. If the controller, however,
can access certain global, absolute, state information, we show
that it suffices to have such information of one of the states to
achieve full coherence, provided the measurement is noiseless.
In particular, dynamic feedback with absolute velocity feedback
can make a 1-dimensional vehicular platoon coherent, whereas
a static protocol also requires feedback from absolute position
measurements.
Keywords: Distributed control, spatially invariant systems,
large-scale networks, limitations.
AMS subject classification: 93A15, 93C05.

INTRODUCTION AND PROBLEM FORMULATION

We treat the consensus and vehicular formation prob-
lems as networked dynamical systems modeled over the d-
dimensional discrete torus Zd

L. In the consensus problem,
there is a scalar information state xk at each network site,
while in the vehicular formation case, there are two d-
dimensional states, position xk and velocity vk. We assume
that the networks are subject to distributed stochastic distur-
bances, and write the dynamics at the kth network site as
ẋk = uk+wk in the consensus case, and ẍk = v̇k = uk+wk

for the vehicular formations, where uk is the control signal
and wk is the disturbance. The presence of viscous friction
in the vehicular formation model can be included as v̇k =
−µvk + uk + wk, where µ > 0 is a drag coefficient.
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100 44 Stockholm, Sweden (tegling, hsan@kth.se)
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B. Bamieh is with the Department of Mechanical Engineering at the
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(bamieh@engineering.ucsb.edu).
Partial funding support through the NSF INSPIRE grant 1344069 and
through the Swedish Research Council grant 2013-5523 is gratefully ac-
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In this work, we are concerned with performance of these
networks in terms of notions of “global order”, or coherence,
quantified through the steady state variance of nodal state
fluctuations with respect to a global mean. That is,

V := lim
t→∞

E{y∗k(t)yk(t)}, where yk := xk−
1

N

∑
l∈Zd

L

xl. (1)

Since we consider spatially invariant systems over tori,
V will be independent of network site k. We study the
asymptotic scaling of this performance measure with respect
to the system size N = Ld. We call a system which exhibits a
better scaling more coherent than a system with bad scaling,
as the former will form a more rigid formation when the
system grows. If the scaling is such that the variance V
remains bounded asymptotically, the system is said to be
fully coherent.

Recent work has focused on characterizing performance
limits in these types of systems in various settings [1]–
[5]. In [1], fundamental limitations to performance in terms
of network coherence were examined for consensus and
vehicular formation problems with local, static feedback (i.e.,
proportional feedback from relative measurements between
neighboring nodes). In the most problematic case, a 1-
dimensional vehicle platoon, these limitations imply that
even though the network is stable and has only small errors
between neighboring nodes, it cannot be made coherent on
a large scale. Instead, the formation exhibits an “accordion-
type” motion, which limits the throughput performance of the
platoon. It was shown that access to absolute measurements
of all states with respect to a global reference frame are
necessary to achieve full coherence in such vehicle platoons.

The objective of the present work is to address the
question of whether dynamic feedback, where the controllers
are equipped with memory, may alleviate the fundamental
performance limitations of local feedback found in [1].
We consider a general dynamic control law in which we
introduce a single internal controller state zk at each network
site. We can then write the closed loop systems’ equations
of motion compactly as[

ż
ẋ

]
=

[
A B
I F

] [
z
x

]
+

[
0
I

]
w (2)

for the consensus problem, andżẋ
v̇

 =

A B C
0 0 I
I F G

zx
v

+

00
I

w (3)
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for the vehicular formation problem. The static feedback
laws are recovered by removing the states in z. The linear
feedback operators A, B, C, F, G are, as in [1], assumed
to be spatially invariant and local, implying that they are
convolution operators using information from a bounded
neighborhood. In the vehicular formation case, we further
assume that the feedback laws are isotropic and exhibit
reflection symmetry around each network site.

PERFORMANCE EVALUATION IN THE LIMIT OF INFINITE
LATTICES

The performance measure in (1) for the consensus and
vehicular formation problems can be evaluated through H2

norms of input-output systems from disturbance w to out-
put y. These norms are calculated using traces of system
Gramians, which in turn are sums involving eigenvalues of
the underlying system matrices. These matrices are circulant,
and their eigenvalues can therefore be calculated as the
values of the Fourier symbols of the corresponding feedback
operators. In order to evaluate the asymptotic performance
of the systems, bounds on the H2 norms are established in
terms of the scaling in network size N of the respective sums
that involve the Fourier symbols from the system Gramians.

As a key contribution of the present work, we propose a
novel approach to evaluating such sums and their asymptotic
scalings based on general Fourier analysis, see e.g. [6]. We
exploit the locality property of the the convolution opera-
tors to re-define them on the infinite toric lattice Zd. The
Fourier symbols of the original operators then correspond
to subsamples of the Z-transforms, evaluated on the unit
torus (S1)d, of these re-defined operators. This allows us to
bound the discrete sums in the traces of system Gramians
through corresponding integrals expressed in terms of the
Z-transforms, which are continuous functions on (S1)d. We
show that the asymptotic scalings of performance, as well
as stability conditions, can be determined through simple
properties of these integrals.

MAIN RESULTS

Our main results, for which the proofs can be found in [7],
are summarized as follows:

i. We show that the fundamental performance limitation of
local feedback remains, in the sense that it is not possible
to design a dynamic feedback protocol on the forms (2)
and (3), based on relative measurements between neigh-
boring nodes, so that coherence properties are improved
compared to static feedback. The measure (1) remains
dependent on the lattice dimension d, and for the con-
sensus problem (2), it scales asymptotically as

V ∼ 1

β


N d = 1

log(N) d = 2

1 d ≥ 3

(4)

for any feasible (that is, stable) choice of the operators
A, B, F . Here β is an algorithm parameter associated
with control effort, and “∼” implies scaling up to a

multiplicative factor independent of N and β. In the
vehicular formation case, the asymptotic scaling is as
in (4) if viscous friction is present, and otherwise as

V ∼ 1

β2



N3 d = 1

N d = 2

N1/3 d = 3

log(N) d = 4

1 d ≥ 5

(5)

for any feasible choice of A, B, C, F, G in (3). This
in particular means that it is impossible to construct a
distributed dynamic controller, with a single memory
state at each network site, that makes a 1-dimensional
vehicular platoon coherent using only local feedback
from relative measurements.

ii. If the controller, however, has access to absolute state in-
formation at each network site, we show that a dynamic
feedback protocol can be designed so that it suffices
to have absolute information of one state to achieve
full coherence in a 1-dimensional formation, whereas
a static controller requires absolute measurements of all
states. This implies that a dynamic control law utilizing
absolute measurements of velocity can, in theory, make a
1-dimensional vehicular platoon coherent, even though
position is measured locally. One such control law is
the distributed averaging proportional-integral (DAPI)
controller:

uk =zk + f+(xk+1 − xk) + f−(xk−1 − xk)− govk
żk =a+(zk+1 − zk) + a−(zk−1 − zk)− covk (6)

where f+, f−, a+, a−, go, co are constant gains. This
controller has received much recent attention in the con-
text of power network synchronization [8]–[11], which
is a problem that is very similar to the present vehicular
dynamics. While a controller such as (6) requires perfect
velocity measurements to achieve full coherence, our
results indicate that this type of dynamic feedback can
improve coherence, and thus rigidity and throughput, in
large vehicle platoons, where velocity measurements are
typically more readily available than position data.

iii. In the process of deriving the above results, we show
that several classes of dynamic controllers will de-
stabilize large networks in the case of only local, relative
feedback. Therefore, many distributed dynamic feedback
laws that may be feasible for small formations will
become unstable if the network grows. For example, in
the absence of absolute state feedback or viscous damp-
ing, the consensus protocol (2) requires the operator
B to exhibit reflection symmetry to guarantee stability,
while in the vehicular formation case (3), B must be
zero, meaning that distributed integral control based on
vehicle positions is not feasible.
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Noncommutative Sinkhorn theorem
and generalizations

Yongxin Chen, Tryphon Georgiou and Michele Pavon

Our topic traces back to DEMING AND STEPHAN [1]
who sought to fit an empirical joint distribution of two
random variables with a priori known marginals for each
and proposed an iterative scheme for determining a solution.
Thus, in the case of finite probability spaces, the problem
data consist of two probability vectors p0 and p1 together
with the empirical joint probability matrix

P = [p(i, j)]Ni,j=1,

i.e., a matrix P such that p(i, j) ≥ 0 and
∑

i,j p(i, j) = 1.
Then the task is to suitably modify P into

P̂ = [p̂(i, j)]Ni,j=1

which is consistent with the marginals, i.e.,∑
i

p̂(i, j) = p0(j) and
∑
j

p̂(i, j) = p1(i),

over the corresponding indexing sets. Originally, the iterative
fitting algorithm in [1] was meant to minimize the “ξ2-square
distance” ∑

i,j

(p(i, j)− p̂(i, j))2

p(i, j)
.

It took thirty years before a proof of convergence for the
Deming-Stephan algorithm was provided in [2]. It also took
almost the same amount of time before it was understood that
convergence it towards a “minimum discrimination of infor-
mation” solution [2], [4], [3], i.e. a maximum entropy solu-
tion. The solution namely minimizes relative entropy from
p among the joint distributions with the given marginals, cf.
[5] for related results.

Closely related work that was motivated by estimation
of transition probabilities of Markov chains led to a very
similar problem. Here Π = [π(i, j)] is the transition prob-
ability from state i to j of a Markov chain. The problem
which was originally posed by L. Welch (as cited in [6],
[7]) is to normalize its entries by alternating between scaling
rows and columns, so that they sum up to one, and thereby
modify Π so as to become doubly stochastic. Convergence of
this algorithm, which is similar to the algorithm of Deming
and Stephan, and the fact that under suitable conditions
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it leads to a doubly stochastic matrix Π̂ is now known
as Sinkhorn’s theorem [6]. The more general case of the
Deming and Stephan’s setting corresponds to asking for a
transition probability matrix Π̂ for the Markov chain that
satisfies1

Π̂†p0 = p1

for the given probability vectors–Sinkhorn’s theorem corre-
sponds to the special case where p0 and p1 have all their
entries equal. For the more general setting the basic theorem
can be phrased as follows.

Theorem 1: Let

Π = [π(i, j)]
N
i,j=1

be a N × N stochastic matrix i.e., π(i, j) ≥ 0 and∑
j p(i, j) = 1, and in addition assume that all entries are

positive (π(i, j) > 0), and let p0, p1 be given probability
vectors. Then, there exist a unique (up to scaling) pair of
diagonal matrices D1, D0 such that

Π̂ := D1ΠD−10

is a stochastic matrix and satisfies

Π̂†p0 = p1.

The solution Π̂ is seen as a correction of Π so as to
agree with the given marginal vectors. The scaling matrices
can be obtained by a convergent iteration of scaling columns
and rows accordingly. Moreover, it can be shown that this
process provides a new law for the Markov chain for which
the joint probability law (given by p(i, j) = π̂(i, j)p0(i))
between states at two points in time for the Markov chain,
is closest in the relative entropy sense to the “prior” law
(given by π(i, j)p0(i)) and subject to being consistent with
the given marginals. For background and further references
see [8], [9], [10].

The purpose of the presentation will be to highlight key
points of the above theory and the context to discuss a non-
commutative generalization. Briefly, this pertains to Quantum
Channels [16, Chapter 2] that represent the noncommutative
counterparts of Markov transitions. Finite-dimensional non-
commutative probability spaces are composed of nonnegative
matrices having trace one, herein denoted by

D := {ρ ∈ Cn×n | ρ = ρ† ≥ 0 and trace ρ = 1}.

These are referred to as density matrices and encapsulate
the statistics of quantum systems–they are the analog of

1Dagger † denotes the adjoint.
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probability vectors. Linear maps in this category are trace
preserving and completely positive (CPTP). Assuming for
notation convenience that both domain and range have the
same size, CPTP admit the representation

E† : D→ D : ρ −→ σ =
∑
i=1

EiρE
†
i , (1a)

with Ei ∈ Cn×n such that∑
i=1

E†iEi = I. (1b)

Throughout, I denotes the identity matrix. Condition (1b)
ensures that the map preserves the trace, i.e., that trace(σ) =
trace(ρ) = 1. Completely-positive refers to the property that,
besides the fact that E†(ρ) ≥ 0 for all ρ ≥ 0 (i.e., being a
positive map), if Ik denotes the identity map on Ck×k and ⊗
the tensor product, then Ik ⊗ E† is a positive map for all k.
The above so-called Kraus-representation (1a-1b) precisely
characterizes the CPTP property (see, e.g., [16, Chapter 2]).

The condition in Theorem 1 that requires strict positivity
of transition probabilities (π(i, j) > 0 for all indices), implies
that Π maps probability vectors into the open interior of the
probability simplex. Likewise, the following property that we
refer to as positivity improving,

E†(ρ) > 0 for any ρ ∈ D, (2)

amounts to having the image of E† contained in the interior
of the space of density matrices. Positivity improving can
be rephrased as having no pair of vectors w, v ∈ Cn such
that w†Eiv = 0 for all i ∈ {1, . . . , nE}. Interestingly, while
entry-wise positivity of a matrix is easy to ascertain, deter-
mining whether a given CPTP map is positivity improving
turns out to be NP-hard [11], [13].

While there are many similarities between quantum
channels and Markov evolution, there are also fundamental
differences. A departure from classical probability arises
in that, in general, there is no notion of joint probability
between the two ends of a quantum channel. This is due
to the fact that the order in which measurements take place
matters. For this reason, generalization of the problems of
Deming and Stephan, and Sinkhorn for Quantum channels
can more naturally be thought in the context of CPTP maps.

Sinkhorn’s theorem [6], [7] extends almost vebatim to
the noncommutative setting. In this context, the problem
amounts to scaling the two ends of the Quantum channel
so as modify the channel to be consistent with uniform
marginals, i.e., with

ρ0 =
1

n
I as well as ρ1 =

1

n
I.

We refer to CPTP maps with this property as doubly stochas-
tic. The precise result is:

Theorem 2: Given a positivity improving CPTP map
E†, there exists a pair of square matrices χ0, χ1 (unique up

to scaling and left multiplication by a unitary) such that

Ê†(·) := χ1

(
E†(χ−10 (·)χ−†0 )

)
χ†1 (3)

is a doubly stochastic, i.e.,

Ê(I) = I as well as Ê†(I) = I.

This result was obtained by Gurvits [12, Theorem
4.7] and independently in [9] using a completely different
arguments. In [12] existence was established by construct-
ing certain natural potentials (locally scalable functionals)
whereas in [9] the proof was based on nonlinear Frobenius-
Perron theory and the Hilbert metric.

The full generalization of Theorem 1 to the noncom-
mutative case remains open. This will be the topic of the
presentation and it is more precisely stated below as a
conjecture (see also [9, Conjecture 1]):

Conjecture 1: Given a positivity improving CPTP map
E† and two density matrices ρ0, ρ1, there exists a pair of
square matrices χ0, χ1 unique up to scaling by a constant
such that

Ê†(·) := χ1

(
E†(χ−10 (·)χ−†0 )

)
χ†1 (4)

maps ρ0 into ρ1 and it is trace preserving, that is,

Ê†(ρ0) = ρ1 as well as Ê(I) = I.

In either, Theorem 2 and Conjecture 1, it is seen
that χ0χ

†
0 and χ1χ

†
1 play the role of the scaling matrices

D0 and D1, respectively. In fact, specialization of the two
statements to the commutative case (where, e.g., ρ0, ρ1, χ0,
χ1 are diagonal and the CPTP map reduces to a stochastic
matrix) can be seen to correspond precisely to their classical
counterpart in Theorem 1. The presentation will highlight the
context and overview the theory surrounding this problem.
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Algebraic analysis for the Ore extension ring of differential
time-varying delay operators

Alban Quadrat1 and Rosane Ushirobira2

Abstract— As far as we know, there is no algebraic (poly-
nomial) approach for the study of linear differential time-
delay systems in the case of a (sufficiently regular) time-
varying delay. Based on the concept of skew polynomial rings
developed by Ore in the 30s, the purpose of this paper is to
construct the ring of differential time-delay operators as an
Ore extension and to analyze its properties. Classical algebraic
properties of this ring, such as noetherianity, its homological
and Krull dimensions and the existence of Gröbner bases, are
characterized in terms of the time-varying delay function. In
conclusion, the algebraic analysis approach to linear systems
theory allows us to study linear differential time-varying delay
systems (e.g. existence of autonomous elements, controllabil-
ity, parametrizability, flatness, behavioral approach) through
methods coming from module theory, homological algebra and
constructive algebra.

I. INTRODUCTION

Differential time-delay systems have been extensively
studied in the literature of control theory. Most of these
previous works consider constant or distributed time-delays.
Motivated by applications, such as in incompressible fluid
flows in pipes, material or vehicular flows, metal-rolling
processes, communication networks and so on [9], [12], [20],
[22], the class of differential time-varying delay (DTVD)
systems has been investigated mainly from a stability analysis
viewpoint. See for instance [1], [14], [11], [21] and the
references therein.

At the end of the 90s, following a mathematical theory
developed by Malgrange, Bernstein, Sato, Kashiwara and
others, the algebraic analysis approach to linear systems
theory was initiated by Oberst, Fliess and Pommaret (see
[6], [15], [16], [23] and the references therein). Within
this approach, an intrinsic study of linear systems can be
developed based on module theory, homological algebra
and functional analysis. In particular, built-in properties of
linear systems can be characterized by means of module
properties independently of the system representation. More-
over, Willems’ behavioral approach can also be realized and
developed within this framework [15].

Based on the concepts of a skew polynomial [13] and an
Ore algebra [4], computer algebra methods (e.g. Gröbner
or Janet bases [2], [4]) and a constructive approach to
module theory and homological algebra [19], an effective
algebraic analysis approach to linear functional systems
was initiated in [2], [5]. General classes of linear functional

1Alban Quadrat is with Inria, Non-A project, 40 Avenue Halley, 59650
Vileneuve d’Ascq, France. alban.quadrat@inria.fr.

2Rosane Ushirobira is with Inria, Non-A project,
40 Avenue Halley, 59650 Vileneuve d’Ascq, France.
rosane.ushirobira@inria.fr.

systems (e.g. differential systems, constant time-delay sys-
tems, discrete systems) can then be studied by means of
common mathematical concepts, theorems and algorithms.
This approach yields the development of the OREMODULES
and OREMORPHISMS packages [3], [5] allowing the study
of control concepts such as controllability, observability,
parametrizability, flatness and equivalences thoroughly.

The goal of this paper is to develop an algebraic analysis
approach to linear DTVD systems. With this aim in mind,
firstly the ring of DTVD operators is shown to be an
Ore extension D [13]. Important algebraic and homological
properties of D are then characterized. Since D is also a
bijective skew PBW extension [7], using [8], Gröbner basis
techniques can be used to effectively test standard module
properties and thus system properties. The corresponding
algorithms will be implemented in the future.

General definitions of skew polynomial rings and Ore
extensions are given in Section II as well as some examples.
In Section III, we give the explicit construction of the
ring D of DTVD operators as an Ore extension. Algebraic
properties of this Ore extension are analyzed in Section IV,
especially within a homological framework. In Section V,
system properties are characterized in terms of module theory
and homological algebra. Finally, in Section VI, we discuss
some open questions concerning D.

II. SKEW POLYNOMIAL RINGS AND ORE EXTENSIONS

In this section, we briefly recall general concepts such as
the definitions of skew polynomial ring, of an Ore extension
and of an Ore algebra. We also show that the ring of differ-
ential time-varying delay operators is not an Ore algebra.

Definition 1 ([13]): Let A be a ring. An Ore extension
A[∂;σ, δ] of A is the noncommutative ring formed by
elements of the form

∑n
i=0 ai ∂

i with ai ∈ A, obeying the
following commutation rule

∀ a ∈ A, ∂ a = σ(a) ∂ + δ(a), (1)

where σ is a ring endomorphism of A (i.e. σ : A −→ A
satisfies σ(1) = 1, σ(a + b) = σ(a) + σ(b) and σ(a b) =
σ(a)σ(b), for all a, b ∈ A) and δ is a σ-derivation of A, i.e.
δ : A −→ A and it satisfies for all a, b ∈ A:

δ(a+ b) = δ(a) + δ(b), (2)
δ(a b) = σ(a) δ(b) + δ(a) b. (3)

The Ore extension A[∂;σ, δ] of A is also called a skew
polynomial ring over A.
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Example 1: Let A be a ring and δ a derivation of A (i.e.
δ : A −→ A satisfies (2) and (3) with σ = idA. Note that
in this case, (2) is the standard Leibniz’s rule). The ring
(A, δ) is called a a differential ring. For instance, in the case
A = k[t] (resp. A = k(t)) denotes the commutative ring of
polynomials (resp. rational functions) in t with coefficients
in a field k (e.g. k = Q, R, or C), or if A is the ring
of analytic (or meromorphic) functions in t, then d

dt is a
derivation of A and

(
A, d

dt

)
is a differential ring. In what

follows, we will denote a derivation by d
dt . The Ore extension

O = A
[
∂; idA,

d
dt

]
of a ring A is then the ring of differential

operators in ∂ with coefficients in A. An element of O is of
the form

∑n
i=0 ai ∂

i, where the product as to be understood
as the composition of the following operators acting on A:

ai : A −→ A
a 7−→ ai a,

∂ : A −→ A
a 7−→ d

dt a.

We may check that (1) is satisfied for σ = idA:

(∂ ai)(a) = ∂(ai a) =
d
dt (ai a) = ai

(
d
dt a
)
+
(
d
dt ai

)
a

=
(
ai ∂ + d

dt ai
)
(a), ∀ a ∈ A.

Example 2: Let h ∈ R>0 := {t ∈ R | t > 0} and A
be a ring of real-valued functions of t equipped with the
endomorphism σ defined by σ(a(t)) = a(t−h) for all a ∈ A.
The Ore extension O = A[S;σ, 0] of A is the ring of time-
delay (TD) operators with coefficients in A. An element of
O is of the form

∑n
i=0 ai S

i, where the product as to be
understood as the composition of the two operators:

ai : A −→ A
a 7−→ ai a,

S : A −→ A
a(t) 7−→ a(t− h).

Similarly as above, if A is a ring of real-valued sequences
on Z, i.e. A = RZ, then an element a ∈ A can be written as
a = (ai)i∈Z. Let σ be the endomorphism defined by forward
(resp. backward) shift σ (ai) = (ai+1) for (resp. σ (ai) =
(ai−1)) all i ∈ Z. Then, A [S;σ, 0] is the skew polynomial
ring of forward (resp. backward) shift operators.

If our goal is to study linear systems of differential time-
delay (DTD) equations, of differential difference equations,
of partial differential equations and so on, i.e. rings of
multivariate functional operators, then the Ore extension
construction can be iterated. Hence, if O = A[∂;σ, δ] is an
Ore extension of A and σ2 (resp. δ2) is an endomorphism
(resp. a σ2-derivation) of O, then the Ore extension B =
O [∂2;σ2, δ2] = A [∂;σ, δ] [∂2;σ2, δ2] of O can be defined.
Note that we then have:

∀ o ∈ O, ∂2 o = σ2(o) ∂2 + δ2(o).

For ∂ ∈ O, we have ∂2 ∂ = σ2(∂) ∂2 + δ2(∂). That implies
that ∂2 ∂ is usually not equal to ∂ ∂2, i.e. ∂ and ∂2 do
not usually commute. In many standard applications though,
functional operators commute with each other. This remark
led to the introduction of the concept of an Ore algebra.

Definition 2 ([4]): If A is a k-algebra, then an Ore ex-
tension A[∂1;σ1, δ1] · · · [∂n;σn, δn] of A is called an Ore

algebra if σj(A) ⊆ A and δj(A) ⊆ A for j = 1, . . . , n, and:

1 ≤ i < j ≤ n, σj(∂i) = ∂i, δj(∂i) = 0,

1 ≤ i, j ≤ n, i 6= j,


(σj ◦ σi)|A = (σi ◦ σj)|A,
(δj ◦ σi)|A = (σi ◦ δj)|A,
(δj ◦ δi)|A = (δi ◦ δj)|A.

Example 3: Note that β1 = ∂
∂x1

is a derivation of the
polynomial ring A = R[x1, x2]. Hence, we can define the
Ore extension O = A [∂1; idA, β1] of A formed by the
differential operators in ∂1 with coefficients in A. Consider
the following derivation of O:

β2 =
∂

∂x2
: O −→ O∑r

i=0 ai(x1, x2) ∂
i
1 7−→

∑r
i=0

∂ai(x1, x2)

∂x1
∂i1.

Thus, the Ore extension B = O [∂2; idO, β2] of O can be
formed. The conditions of an Ore algebra are clearly fulfilled
(β2 ◦ β1 = β1 ◦ β2 is the Schwarz’s theorem), which shows
that B is an Ore algebra and ∂2 ∂1 = ∂1 ∂2, i.e. the operators
∂1 and ∂2 commute.

Example 4: Let O = A [∂; idA, δ] be a ring of differential
operators with coefficients in a differential R-algebra A of
functions of t with δ = d

dt . Let h be a non-negative real and
σ be the following map:

σ : O −→ O∑r
i=0 ai(t) ∂

i 7−→
∑r
i=0 ai(t− h) ∂i.

Then, σ is an endomorphism of O since h is a constant.
Thus, we can consider the Ore extension B = O[S;σ, 0] of
O. For a ∈ A, we have

(δ ◦ σ) (a(t)) = d

dt
a(t− h) = ȧ(t− h) = (σ ◦ δ) (a(t)) ,

which shows that (δ ◦ σ)|A = (σ ◦ δ)|A. The remaining
conditions for an Ore algebra can easily be checked and that
shows that B is an Ore algebra. In particular, we have:

S (∂) = σ(∂)S = ∂ S.

We now show that the ring of DTVD operators is not an
Ore algebra. Let h be a smooth or an analytic function which
satisfies:

∀ t ∈ R≥0 := {t ∈ R | t ≥ 0}, h(t) ≥ 0. (4)

Let
(
A, δ = d

dt

)
be a differential ring of real-valued functions

of t equipped with an endomorphism σ defined by σ (a(t)) =
a (t− h(t)) for all a ∈ A. Then, we obtain

(δ ◦ σ)(a(t)) = δ(a(t− h(t))) = (1− ḣ(t)) ȧ(t− h(t))
= (1− ḣ(t)) (σ ◦ δ)(a(t)),

which shows that (δ ◦ σ)|A = (1 − ḣ) (σ ◦ δ)|A. Hence, we
cannot construct an Ore algebra of DTVD operators.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

50



III. AN ORE EXTENSION CONSTRUCTION

Let us develop an explicit Ore extension construction
for the ring of DTVD operators. Let

(
A, δ = d

dt

)
be a

differential ring of real-valued functions of t equipped with
an endomorphism σ defined by σ (a(t)) = a (t− h(t)) for
all a ∈ A. We assume that t ∈ A so that h(t) = t−σ(t) ∈ A.
Let O = A

[
∂; idA,

d
dt

]
be the skew polynomial ring of

differential operators with coefficients in A.

We first note that the following map σ

σ : O −→ O∑r
i=0 ai(t) ∂

i 7−→
∑r
i=0 ai(t− h(t)) ∂i,

cannot be an endomorphism of O. Indeed, if so, then using
the identity ∂ a(t) = a(t) ∂ + ȧ(t) of O, we would get

σ(∂ a(t)) = σ(∂)σ(a(t)) = ∂ a(t− h(t))
= a(t− h(t)) ∂ + (1− ḣ(t)) a(t− h(t)),

σ(a(t) ∂ + ȧ(t)) = σ(a(t))σ(∂) + σ(ȧ(t))

= a(t− h(t)) ∂ + ȧ(t− h(t)),
(5)

which yields σ(∂ a(t)) 6= σ(a(t) ∂ + ȧ(t)) apart from the
case ḣ(t) = 0, i.e. h(t) = h ∈ R≥0 is a constant function.

In what follows, we suppose that h satisfies the conditions

∀ t ∈ R≥0, ḣ(t) 6= 1,

and 1/(1− ḣ) ∈ A. Then, we consider the following map:

σ : O −→ O∑r
i=0 ai(t) ∂

i 7−→
∑r
i=0 ai(t− h(t))

(
1

1− ḣ
∂

)i
.

(6)
We claim that σ is an endomorphism of O.

Remark 1: If we note x(t) := t− h(t), then we have:

d

dt
=
dx

dt

d

dx
=
(
1− ḣ(t)

) d

dx
⇒ d

dx
=

1

1− ḣ(t)
d

dt
.

Therefore, if we set ∂t := ∂ =
d

dt
and ∂x :=

d

dx
, then the

map σ can be understood as:

σ(a(t)) = a(x), σ(∂t) = ∂x.

Hence, σ corresponds to the change of time-scale, i.e. we
pass from time t to time x(t) := t− h(t).

Using the notation of Remark 1, we have:

σ

(
r∑
i=0

ai(t) ∂
i
t

)
=

r∑
i=0

ai(x) ∂
i
x. (7)

We clearly have σ(1) = 1. Moreover, σ is an additive
map. Let us prove that σ is multiplicative. If we consider

d1 :=

r∑
i=0

ai(t) ∂
i
t , d2 :=

s∑
j=0

bj(t) ∂
j ∈ O,

then we have d1 d2 =
∑r+s
k=0 ck(t) ∂

k
t , for some ck ∈ A.

Using (7), we have:

σ(d1) =

r∑
i=0

ai(x) ∂
i
x, σ(d2) =

s∑
j=0

bj(x) ∂
j
x,

σ(d1 d2) =

r+s∑
k=0

ck(x) ∂
k
x .

Since O = A
[
∂x; idA,

d
dx

]
is a ring of differential operators

in ∂x with function coefficients in x, we also have:

r+s∑
k=0

ck(x) ∂
k
x =

(
r∑
i=0

ai(x) ∂
i
x

)  s∑
j=0

bj(x) ∂
j
x

 .

That shows that σ(d1 d2) = σ(d1)σ(d2) and proves that σ
is an endomorphism of O.

Since σ is an endomorphism of O, we can then introduce
the Ore extension of O defined by:

D = O [S;σ, 0] = A

[
∂; idA,

d

dt

]
[S;σ, 0] .

In the rest of the text, this ring will be called a ring of
differential time-varying delay (DTVD) operators over A.
An element d ∈ D is then of the form:

d =
∑

0≤i+j≤r

aij(t) ∂
i Sj , aij ∈ A.

From the definition of an Ore extension, we have:

∀ o ∈ O, S o = σ(o)S. (8)

Considering o := ∂, we obtain:

S ∂ =
1

1− ḣ
∂ S, i.e. ∂ S = (1− ḣ)S ∂. (9)

Note that (9) corresponds to the following identity:

(∂ S)(y(t)) =
d

dt
y(t− h(t)) = (1− ḣ(t)) ẏ(t− h(t))

= (1− ḣ(t)) (S ∂)(y(t)).

Remark 2: The ring D of DTVD operators can also be
obtained by extending the ring A[S;σ, 0] of time-varying de-
lay operators, where σ is defined by σ (a(t)) = a (t− h(t)).
Indeed, if we define the following maps

σ2 : A[S;σ, 0] −→ A[S;σ, 0]∑r
i=0 ai(t)S

i 7−→
∑r
i=0 ai(t) ((1− ḣ(t))S)i,

δ2 : A[S;σ, 0] −→ A[S;σ, 0]∑r
i=0 ai(t)S

i 7−→
∑r
i=0 ȧi(t)S

i,

then we can check that σ2 is an endomorphism of A[S;σ, 0]
and β2 a σ2-derivation of A[S;σ, 0]. Therefore, we can define
the Ore extension D′ = A[S;σ, 0][∂;σ2, δ2]. Then, we have{

∂ a(t) = σ2(a(t)) ∂ + δ2(a(t)) = a(t) ∂ + ȧ(t),

∂ S = σ2(S) ∂ + δ2(S) = (1− ḣ(t))S ∂,

and we can check that D′ = D.
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IV. ALGEBRAIC PROPERTIES OF THE ORE EXTENSION D

In this section, we study the properties of the ring D of
DTVD operators defined in Section III.

We refer to [2], [13], [19] for basic algebraic definitions.
Let us state again standard results on Ore extensions.

Theorem 1 ([13]): Let A be a noncommutative ring and
D = A[∂;σ, δ] a skew polynomial ring. Then, we have:

1) If A is a domain (i.e. A has no non-zero zero divisors)
and σ is injective endomorphism of A, then D is a
domain.

2) If A is a left Ore domain (i.e. A is a domain satisfying
Aa1 ∩ Aa2 6= 0 for all a1, a2 ∈ A \ {0}) and σ is
injective, then D is a left Ore domain.

3) If A is a left (right) noetherian ring (i.e. every left
(right) ideal of A is finitely generated) and σ is an
automorphism of A, then D is a left (right) noetherian
ring. Moreover, if A is a domain, then D is a left (right)
Ore domain.

We obtain the following important corollary of Theorem 1.

Corollary 1: Let D = A
[
∂; idA,

d
dt

]
[S;σ, 0] be the ring

of DTVD operators defined in Section III. Then, we have:
1) If A is a domain, then so is D.
2) If A is a left Ore domain, then so is D.
3) If A is a left (right) noetherian ring and if σ|A is an

automorphism of A, then D is a left (right) noetherian
ring. Moreover, σ|A is an automorphism of A if and
only if the function l defined by

l : R≥0 −→ R
t 7−→ t− h(t),

(10)

admits an inverse l−1 ∈ A which satisfies a ◦ l−1 ∈ A
for all a ∈ A (e.g. h(t) := q t + h, where h ∈ R≥0
and 0 < q < 1). Finally, if A is a domain, then D is a
left (right) Ore domain.

Proof: 1 and 2 are direct consequences of 1 and 2
of Theorem 1 and of the fact that idA and σ, defined in
Section III, are both injective endomorphisms of A.

3. Let us first prove that σ|A is an automorphism of A if
and only if the function l defined by (10) admits an inverse in
A. If σ is an automorphism of A, then for every a ∈ A, there
exists a unique b ∈ A such that a(t) = σ(b(t)) = b(l(t)).
Taking a = t ∈ A, we get t = (b ◦ l)(t), i.e., b ◦ l =
idR≥0

, which proves that l is injective and thus bijective on
its image, and b = l−1 ∈ A. Moreover, for every c ∈ A,
σ−1(c) ∈ A, where σ−1(c(t)) = c(σ−1(t)) = c(l−1(t)),
which shows that c ◦ l−1 ∈ A. Conversely, if (10) admits an
inverse l−1 ∈ A and a ◦ l−1 ∈ A for all a ∈ A, then we can
define the endomorphism σ′ of A by

σ′ : A −→ A

a(t) 7−→ a(l−1(t)),

and we can easily check that we have σ′ ◦ σ = idA and
σ ◦σ′ = idA, i.e., σ is an automorphism of A and σ′ = σ−1.

Let us now show that the automorphism σ of A extends
to an automorphism of the ring O = A

[
∂; idA,

d
dt

]
of

differential operators by considering the action on O

σ′ : O −→ O
r∑

i=0

ai(t) ∂
i
t 7−→

r∑
i=0

a(l−1(t))

(
1
˙(l−1)(t)

∂t

)i

=

r∑
i=0

a(y) ∂i
y,

with the notations y := l−1(t) and ∂y := 1
˙(l−1)(t)

∂t. Similarly
as for (6), we can prove that σ′ is an endomorphism of A.
Using l−1 ◦ l = id and l ◦ l−1 = id, we get:

l(l−1(t)) = t ⇒ l̇(l−1(t)) ˙(l−1)(t) = 1,

l−1(l(t)) = t ⇒ ˙l−1(l(t)) l̇(t) = 1.

Since l̇ = 1 − ḣ ∈ A, we obtain 1/ ˙(l−1) = l̇(l−1) ∈ A.
Moreover, we have

(σ′ ◦ σ)
(∑r

i=0 ai(t) ∂
i
t

)
= σ′

(∑r
i=0 ai(l(t))

(
1
l̇(t)

∂t

)i)
=

∑r
i=0 ai(t)

(
1

l̇(l−1(t)) ˙(l−1)(t)
∂t

)i
=

∑r
i=0 ai(t) ∂

i
t ,

(σ ◦ σ′)
(∑r

i=0 ai(t) ∂
i
t

)
= σ

(∑r
i=0 ai(l

−1(t))
(

1
˙(l−1)(t)

∂t

)i)
=

∑r
i=0 ai(t)

(
1

˙(l−1)(l(t)) l̇(t)
∂t

)i
=

∑r
i=0 ai(t) ∂

i
t ,

and shows that σ is an automorphism of O and σ′ = σ−1.
Finally, the results are consequences of 3 of Theorem 1.

Corollary 1 can be found again using the second construc-
tion of the ring of DTVD operators given in Remark 2.

Example 5: Let us consider h1(t) := 1/(1 + t2) and
h2(t) = 1 − h1(t). We have h1(t), h2(t) ∈ [0, 1[ for all
t ∈ R≥0. We can check that 1− ḣ1(t) = 1+ 2 t

(1+t2)2 = 0 and
1−ḣ2(t) = 1− 2 t

(1+t2)2 = 0 have no real (positive) solutions.
The functions li : t ∈ R≥0 7−→ t−hi(t) ∈ [0, 1[ are bijective
for i = 1, 2. For x ≥ 0, the equation l1(t) = t− h1(t) = x
admits a unique real positive solution defined by:

l−11 (x) :=
x

3
+
α1

6
− 1

3α1
(3− x2),

α1 :=
(
8x3 + 72x+ 108

+12
√
3 (4x4 + 4x3 + 8x2 + 36x+ 31)

)1/3
.

Similarly, for x ≥ 0, l2(t) = t− h2(t) = x admits a unique
real solution defined by:

l−12 (x) =
1

3
(x+ 1) +

1

6
α2 +

(x2 + 2x− 2)

3α2
,

α2 :=
(
8x3 + 24x2 + 96x+ 188

+
√

3 (4x4 + 20x3 + 44x2 + 80x+ 83)
)1/3

.
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For i = 1, 2, if Ai is a differential field such that a ◦ li ∈ A
and a ◦ l−1i ∈ A for all a ∈ A, then using Corollary 1,
Di = Ai

[
∂; idAi ,

d
dt

]
[Si;σhi , 0] are noetherian domains.

We have the following important result for the effective
study of linear systems over the ring D of DTVD operators.

Theorem 2: Every left ideal of the Ore extension D =
A
[
∂; idA,

d
dt

]
[S;σ, 0], where A is a field and σ an automor-

phism, admits a Gröbner basis for an admissible monomial
order [10] which can be computed by means of Buchberger’s
algorithm [10]. More generally, every left D-submodule of
D1×p admits a Gröbner basis for p ∈ Z≥0.

Proof: If A is a field, then the Ore extension D =
A
[
∂; idA,

d
dt

]
[S;σ, 0] of DTVD operators is a bijective

skew PBW extension [7]. In [8], it is proved that Gröbner
techniques [10] hold over a bijective skew PBW extension.

Within the algebraic analysis approach to linear systems
theory, if D is a ring (of functional operators), R ∈ Dq×p a
q× p matrix with entries in D and F a left D-module, then
a linear functional system or a behavior is defined by:

kerF (R.) := {η ∈ Fp := Fp×1 | Rη = 0}.

Now, if we consider the left D-submodule D1×q R :=
{µR | µ ∈ D1×q} of D1×r defined by all the left D-linear
combinations of the rows of R and the factor left D-module
M := D1×p/(D1×q R), then a standard homological algebra
result (also called Malgrange’s remark) states that we have

kerF (R.) ∼= homD(M,F), (11)

where homD(M,F) denotes the abelian group (i.e. the Z-
module) of D-homomorphisms (i.e. left D-linear maps) from
M to F [19]. For more details, see [2], [15], [17], [23].
A consequence of (11) is that a linear system/behavior can
be studied by means of M (which encodes the system
equations) and by F (which is the functional space where
the solutions are sought, also called the signal space in the
behavioral approach [15]). In particular, the module proper-
ties of M characterize built-in properties of the linear system
kerF (R.) such as controllability, observability, flatness, etc.
Let us state again basic module properties [19].

Definition 3: Let D be a domain and M a finitely gener-
ated left D-module, i.e. M =

∑r
i=1Dmi, where mi ∈M .

1) M is free if there exists r ∈ Z≥0 such that M ∼= D1×r,
where ∼= stands for an isomorphism, i.e. a bijective
homomorphism of left D-modules.

2) M is stably free if there exist r, s ∈ Z≥0 such that
M ⊕D1×s ∼= D1×r.

3) M is projective if there exist r ∈ Z≥0 and a left D-
module N such that M ⊕N ∼= D1×r.

4) M is reflexive if the canonical evaluation homomor-
phism ε : M −→ M?? := homD(homD(M,D), D),
defined by ε(m)(f) := f(m) for all m ∈ M and for
all f ∈M? := homD(M,D), is an isomorphism.

5) The torsion submodule t(M) of M is defined by:

t(M) := {m ∈M | ∃ d ∈ D \ {0} : dm = 0}.

6) M is torsion-free if t(M) = 0.
7) M is torsion if t(M) =M .

A free module is clearly stably free (take s = 0) and a
stably free module is projective (take N := D1×s). Since a
projective module is a direct summand of a finitely generated
free module, we can easily check that M ∼=M??, i.e. M is
a reflexive module. Note that we have:

ker ε = {m ∈M | ∀ f ∈M? : f(m) = 0}.

Now, if m ∈ t(M), then there exists d ∈ D \ {0} such that
dm = 0, which yields d f(m) = f(dm) = f(0) = 0 for all
f ∈ M?, and thus f(m) = 0 since D is a domain, which
shows that t(M) ⊆ ker ε. Hence, if M is a reflexive, then
M is torsion-free. The study of the converse of these results
is an important issue in control theory since it is related,
for instance, to recognizing when a controllable system is
parametrizable or flat [2], [6], [17], [18]. Note that if D is
a principal ideal domain (i.e. every left (resp. right) ideal of
D are of the form Dd (resp. dD) for a certain d ∈ D) [19],
as, e.g. D := k[∂; id, 0] where k is a field, then a torsion-free
module is free.

We now characterize homological invariants [13], [19] of
the ring of DTVD operators which play important roles in
the algebraic analysis approach [2], [17]. To do that, we first
review basic definitions of homological algebra [19].

Definition 4: 1) A sequence of left (right) D-modules
Mi and of δi ∈ homD(Mi,Mi−1) for i ∈ Z is a
complex if δi ◦ δi+1 = 0, i.e. if im δi+1 ⊆ ker δi for all
i ∈ Z. This complex is denoted by:

M• : . . .
δi+2 // Mi+1

δi+1 // Mi
δi // Mi−1

δi−1 // . . .

2) The defect of exactness of the complex M• at Mi is
the left (right) D-module defined by:

Hi(M•) := ker δi/im δi+1.

3) The complex M• is said to be exact at Mi if we have
Hi(M•) = 0, i.e. if ker δi = im δi+1, and is exact if
Hi(M•) = 0 for all i ∈ Z.

4) A projective (resp. free) resolution of a left D-module
M is an exact sequence of the form

P• : . . .
δ3 // P2

δ2 // P1
δ1 // P0

δ1 // M // 0,

where the Pi’s are projective (resp. free) left D-
modules. If Pi = 0 for i ≥ m + 1, then the length
of the resolution P• is set to be m. Similar definitions
hold for right D-modules.

5) The left projective dimension of a left D-module M ,
denoted by lpdD(M), is the length of the shortest
projective resolution of M (and similarly for the right
projective dimension of a right D-module).

6) The left (resp. right) global dimension of D, denoted
by lgdD (resp. rgdD), is the supremum of lpdD(M)
(resp. rpdD(M)) over all the left (resp. right) D-
modules M .
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Theorem 3 (Auslander’s theorem, Corollary 8.28 of [19]):
If A is a noetherian ring (i.e. both left and right noetherian
ring), then lgldA = rgldA. Then, we simply note gldA.

Definition 5: A ring A for which every finitely generated
left (resp. right) A-module has finite projective dimension is
called a left (resp. right) regular ring.

Theorem 4 ([13]): Let A be a ring with finite left (resp.
right) global dimension lgldA (resp. rgldA) and σ an
automorphism of A. Then, we have:

1) lgldA ≤ lgldA[∂;σ, δ] ≤ lgldA+ 1
(resp. rgldA ≤ rgldA[∂;σ, δ] ≤ rgldA+ 1).

2) If δ = 0, then we have lgldA[∂;σ, δ] = lgldA + 1
(resp. rgldA[∂;σ, δ] = rgldA+ 1).

3) If A is a semisimple Artinian ring (e.g. A is a field),
then lgldA[∂;σ, δ] = 1 (resp. rgldA[∂;σ, δ] = 1).

Corollary 2: Let D = A
[
∂; idA,

d
dt

]
[S;σ, 0] be the ring

of DTVD operators defined in Section III, where the function
l : t 7−→ t − h(t) is bijective (e.g. h(t) := q t + h where
h ∈ R≥0 and 0 < q < 1). If A has finite left (resp. right)
global dimension lgldA (resp. rgldA), then we have:

lgldA+ 1 ≤ lgldD ≤ lgldA+ 2

(resp. rgldA+1 ≤ rgldD ≤ rgldA+2). In particular, D is
a left (resp. right) regular ring. If A a semisimple Artinian
ring (e.g. A is a field), then we have lgldD = 2 (resp.
rgldD = 2). Finally, if A is a noetherian ring, then we have
gldD = lgldD = lrgldD.

Example 6: Considering again Example 5, if D = D1 or
D = D2, then we have gldD = 2.

Definition 6: A ring A is said to be projective stably free
if every finitely generated projective left/right A-module is
stably free.

Theorem 5 (Serre’s theorem): If A is a left regular
noetherian ring and projective stably free (e.g. A is a field),
then so is the ring D = A

[
∂; idA,

d
dt

]
[S;σ, 0].

Proof: It is a consequence of Corollary 12.3.3 of [13].

Corollary 3: Let D = A
[
∂; idA,

d
dt

]
[S;σ, 0] be the ring

of DTVD operators defined in Section III, where the function
l : t 7−→ t−h(t) is bijective (e.g. h(t) := q t+h, where h ∈
R≥0 and 0 < q < 1), R ∈ Dq×p, and M = D1×p/(D1×q R)
the left D-module finitely presented by R. Then, M admits
a free resolution of length less than or equal to lgldD + 1.

Proof: This can be proved as in Proposition 8 of [2].

For an explicit way to compute free resolutions of finitely
generated left D-modules based on Gröbner basis techniques,
see [2], [17] and the OREMODULES package [3].

We denote by lKdimA the left Krull dimension of the ring
A. For more details, see [13] and the references therein.

Theorem 6 (Proposition 6.5.4 of [13]): If A is a left
noetherian ring, σ an automorphism of A and δ a σ-
derivation, then we have:

1) lKdimA ≤ lKdimA[∂;σ, δ] ≤ lKdimA+ 1.
2) lKdimA[S;σ, 0] = lKdimA.
3) If A is a left Artinian ring, then lKdimA[S;σ, 0] = 1.

Corollary 4: Let D = A
[
∂; idA,

d
dt

]
[S;σ, 0] be the ring

of DTVD operators defined in Section III, where the function
l : t 7−→ t − h(t) is bijective (e.g. h(t) := q t + h, where
h ∈ R≥0 and 0 < q < 1), then we have:

lKdimA ≤ lKdimD ≤ lKdimA+ 1.

If D is a left noetherian domain, then we can define its
total quotient field K := {d−1 n | 0 6= d, n ∈ D} and the
rank of a left D-module M is then defined by

rankD(M) := dimK(K ⊗D M),

where K ⊗D M is the left K-vector space obtained by
extending the scalars of M from D to K [19]. In control
theory, the rank of the left D-module M = D1×p/(D1×q R)
corresponds to the number of inputs of the linear system.

Theorem 7 (Theorems 11.1.14 and 11.1.17 of [13]): If
D is a left noetherian domain, then any stably free left
D-module M with rankD(M) ≥ lKdim(D) + 1 is free.

V. ALGEBRAIC ANALYSIS APPROACH

Let us introduce the concept of extension modules [19].
In this section, we suppose that D is a noetherian domain.
Let M = D1×p/(D1×q R) be the left D-module finitely pre-
sented by the system matrix R ∈ Dq×p, which is associated
with the linear system kerF (R.) = {η ∈ Fp | Rη = 0}.
Then, we have the following exact sequence

0 // kerD(.R)
i // D1×q .R // D1×p π // M // 0,

where i is the canonical injection, .R ∈ homD(D
1×q, D1×p)

is defined by (.R)(µ) = µR for all µ ∈ D1×q and
π ∈ homD(D

1×p,M) is the canonical projection which
sends λ ∈ D1×p onto its residue class π(λ) ∈ M (note
that π(λ) = π(λ′) iff λ − λ′ ∈ D1×q R). Since D is a left
noetherian ring, the finitely generated left D-module D1×q

is noetherian, and thus kerD(.R) = {µ ∈ D1×q | µR = 0}
is a finitely generated left D-module. Thus, there exists a
finite set of generators {µj}j=1,...,r of kerD(.R). If we note
R2 = (µT1 . . . µTr )

T ∈ Dr×q , then we have kerD(.R) =
imD(.R2) = D1×r R2. Thus, we get the following long
exact sequence of left D-modules:

0 // kerD(.R2)
i2 // D1×r .R2 // D1×q .R //

D1×p π // M // 0.

Repeating the same arguments as above for kerD(.R2) and
so on, we finally obtain a free resolution of M

. . .
.R3 // D1×p2 .R2 // D1×p1 .R1 // D1×p0 π //

M // 0,
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where p0 = p, p1 = q, p2 = r and R1 = R. Applying
the contravariant left exact functor homD( · ,F) [19] to the
truncated free resolution defined by

. . .
.R3 // D1×p2 .R2 // D1×p1 .R1 // D1×p0 // 0,

(12)
i.e. dualizing (12), we get the following complex

F• : . . . Fp2R3.oo Fp1R2.oo Fp0R1.oo 0,oo

where (Ri.)(η) = Ri η for all η ∈ Fpi−1 for i ≥ 1. The
defects of exactness of F•, also cohomologies of F•, are
defined by:{

H0(F•) = kerF (R1.),

Hi(F•) = kerF (Ri+1.)/imF (Ri.), i ≥ 1.

Using (11), we obtain H0(F•) ∼= homD(M,F). More
generally, an important result of homological algebra proves
that the cohomologies Hi(F•)’s do not depend on the choice
of the free resolution of M , i.e. up to isomorphism, they
depend only on M and F [19]. They are then denoted by{

extiD(M,F) = homD(M,F),
extiD(M,F) = Hi(F•), i ≥ 1,

and are called extension abelian groups. In the case where
F = D, we can prove that the extiD(M,D)’s inherit a right
D-module structure. Similarly, if M is a right D-module,
then the extiD(M,D)’s inherit left D-module structures. For
an implementation of the computation of the extiD(M,D)’s
for certain Ore algebras, see the OREMODULES package [3].

Due to the homological nature of the main results of [2]
(see also [17]), they can directly be applied to the ring of
DTVD operators.

Theorem 8: Let A be a regular noetherian ring and D =
A
[
∂; idA,

d
dt

]
[S;σ, 0] the ring of DTVD operators with

coefficients in A defined in Section III, where the function
l : t 7−→ t − h(t) is bijective (e.g. h(t) := q t + h, where
h ∈ R≥0 and 0 < q < 1), R ∈ Dq×p, M = D1×p/(D1×q R)
and N = Dq/(RDp) the Auslander transpose of M . Then:

1) t(M) ∼= ext1D(N,D).
2) M is torsion-free iff ext1D(N,D) = 0.
3) M is reflexive iff extiD(N,D) = 0 for i = 1, 2.
4) M is projective iff extiD(N,D) = 0 for i =

1, . . . , gldD.
5) If A is a projective stably free ring (e.g. A is a field),

then M is projective left D-module if and only if M is
stably free left D-module. Moreover, M is free when
rankD(M) ≥ lKdim(D) + 1.

Proof: 1 and 2 are direct consequences of Theorem 5
of [2]. 3 (resp. 4) is a consequence of Theorem 6 (resp.
Theorem 7) of [2]. Finally, let us prove 5. A stably free
left D-module is well-known to be a projective one. The
converse is proved in Corollary 12.3.3 of [13].

Within the algebraic analysis approach, the concept of an
injective cogenerator signal space F plays a similar role as

the one of an algebraic closed field in algebraic geometry
(think about the solutions of x2 + 1 = 0 in R). A non-
trivial module M = D1×p/(D1×q R) then defines a non-
zero linear system/behavior kerF (R.). Moreover, a complete
duality exists between linear systems/behaviors and finitely
presented left modules [2], [15], [17], [23].

Definition 7 ([19]): 1) A left D-module F is cogener-
ator if for every left D-module M and m ∈M \ {0},
there exists f ∈ homD(M,F) such that f(m) 6= 0.

2) A left D-module F is injective if extiD(M,F) = 0 for
all i ≥ 1 and for all left D-modules M .

For a given ring D, it can be shown that an injective
cogenerator left D-module F always exists [19].

According to [2], [6], [15], [16], [17], [23], we can state
the following general definitions.

Definition 8: Let D be a noetherian domain, R ∈ Dq×p,
F an injective cogenerator left D-module and kerF (R.).

1) An observable ψ(η) of kerF (R.) is a D-linear combi-
nation of the system variables, i.e. ψ(η) =

∑p
i=1 di ηi,

where di ∈ D and η = (η1 . . . ηp)
T ∈ kerF (R.).

2) An observable ψ(η) is called autonomous if it satisfies
a D-linear relation by itself, i.e. dψ(η) = 0 for some
d ∈ D \ {0}. It is called free it is not autonomous.

3) The linear system is said to be controllable if every
observable is free.

4) The linear system is said to be parametrizable if there
exists a matrix Q ∈ Dp×m such that

kerF (R.) = imF (Q.) = QFm,

i.e. if for every η ∈ kerF (R.), there exists ξ ∈ Fm
such that η = Qξ. Then, Q is called a parametrization
and ξ a potential.

5) The linear system is said to be flat if there exists a
parametrization Q ∈ Dp×m which admits a left inverse
T ∈ Dm×p, i.e. T Q = Ip. In other words, a flat system
is a parametrizable system such that every component
ξi of a potential ξ is an observable of the system. The
potential ξ is then called a flat output.

The next theorem explicitly characterizes the above defi-
nitions in terms of properties of modules.

Theorem 9 ([2], [6]): Let M = D1×p/(D1×q R) be the
finitely presented left D-module associated with the linear
system kerF (R.) = {η ∈ Fp | Rη = 0}. With the
hypotheses of Definition 8, we have:

1) The observables of the linear system are in one-to-one
correspondence with the elements of M .

2) The autonomous elements of the linear system are in
one-to-one correspondence with the torsion elements
of M . The linear system is controllable iff M is
torsion-free.

3) The linear system is parametrizable iff there exists a
matrix Q ∈ Dp×m such that we have M ∼= D1×pQ,
i.e. iff M is a torsion-free left D-module. Then, the
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matrix Q is a parametrization, i.e. kerF (R.) = QFm.
A parametrization Q can be computed by checking that
ext1D(N,D) = 0, where N = Dq/(RDp).

4) The linear system is flat iff M is a free left D-module.
Then, the bases of M are in one-to-one correspondence
with the flat outputs of the linear system.

Combining Theorems 8 and 9, system properties listed in
Definition 8 can be explicitly characterized in terms of mod-
ule properties and in terms of the vanishing of the extension
modules extiD(N,D)’s. Hence, the future implementation of
Gröbner basis techniques for the ring D (see Theorem 2) in
the OREMODULES package [3] will give us an effective way
to check the system properties given in Definition 8.

Example 7: Let us consider the system ẋ(t) = u(t−h(t)),
where l : t 7−→ t − h(t) is bijective (e.g. h(t) := q t + h,
where h ∈ R≥0 and 0 < q < 1). Let D be a ring of DTVD
operators, R = (∂ − S) ∈ D1×2, M = D1×2/(DR) the
left D-module finitely presented by R and N = D/(RD2)
be the Auslander transpose of M . Let study M .

Using (9), i.e. ∂ S = (1− ḣ)S ∂ = S
(
σ−1

(
1− ḣ

)
∂
)

,

if Q =
(
S σ−1

(
1− ḣ

)
∂
)T
∈ D2, then we obtain

imD(Q.) = kerD(R.), and thus we obtain the free res-

olution 0 Noo D
κoo D2R.oo D

Q.oo 0.oo

Dualizing this free resolution, we get the complex

0 // D
.R // D1×2 .Q // D // 0, which yields:{

ext1D(N,D) = kerD(.Q)/imD(.R) ∼= t(M),

ext2D(N,D) = D/(D1×2Q) = D/ (S, ∂) 6= 0.

We obtain that M is a torsion-free but not a projective left
D-module because kerD(.Q) = imD(.R) and gldD = 2.

If F is an injective left D-module, then applying the con-
travariant exact functor homD( · ,F) to the above complex,
we obtain the following exact sequence of abelian groups:

0 Foo F2R.oo F
Q.oo kerF (Q.)oo 0.oo

In particular, we have kerF (R.) = imF (Q.), which shows
that Q is a parametrization of kerF (R.), i.e. we have:{

x(t) = S ξ(t) = ξ(t− h(t)),

u(t) = σ−1
(
1− ḣ

)
∂ ξ(t) =

(
1− ḣ(l−1(t))

)
ξ̇(t).

Since σ is an automorphism of A
[
∂; idA,

d
dt

]
, then

we can define the skew Laurent polynomial ring E =
A
[
∂; idA,

d
dt

]
[S;σ, 0][S−1;σ−1, 0] [13]. Hence, E⊗DM is

a free left E-module of rank 1 and x is a basis of E⊗DM ,
i.e. the DTVD system is a S-flat system [6].

VI. CONCLUSION

In this paper, we propose an algebraic analysis approach
for the ring of differential time-varying delay operators real-
ized as an Ore extension D. The corresponding construction
is explicit and provides a new algebraic approach for the

study of linear differential varying time-delay systems. More-
over, homological algebraic properties of D were studied and
its global and Krull dimensions were analyzed.

Nevertheless, some questions remain open. For instance,
to determine whether or not D is an Auslander regular ring
or Cohen Macaulay [13]. Another important point would be
to define an involution of D so that Gröbner bases can be
calculated for right D-modules. For more details, see [2].
Finally, an implementation of Gröbner basis techniques for
D is an important issue for the constructive aspects.
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Optimal Control Location for Time-Varying Systems
on a Finite-Time Horizon

Birgit Jacob1, Xueran Wu2 and Hendrik Elbern3

Abstract— The choice of the location of controllers is of great
importance for designing control systems. For time-varying
systems in Hilbert spaces, the existence and convergence of
the optimal location based on linear-quadratic control on a
finite-time horizon is studied.

I. EXISTENCE OF OPTIMAL CONTROL LOCATION

Throughout this paper, we will always assume that the
state space of the time-varying system is a real separable
Hilbert space X , and the input and output space are Hilbert
spaces denoted by U and Y , respectively. First, we introduce
the notion of mild evolution operators for the time-varying
system.

Definition 1.1: Let a, b ∈ R with a < b and Γba :
{(t, s)|a 6 s 6 t 6 b}. We call T (·, ·) : Γba → L(X) a
mild evolution operator if

1) T (t, t) = I,
2) T (t, r)T (r, s) = T (t, s), a 6 s 6 r 6 t 6 b,
3) T (·, s) : [s, b]→ L(X) and T (t, ·) : [a, t]→ L(X) are

strongly continuous.
4) M := sup

(t,s)∈Γb
a

‖T (t, s)‖ <∞.

If (S(t))≥0 is a C0-semigroup, then T (t, s) := S(t − s)
defines a mild evolution operator on Γb0 for every b > 0.
In the following we assume that T (·, ·) : Γba → L(X) is a
mild evolution operator, and B ∈ L∞s (a, b;U,X) with B∗ ∈
L∞s (a, b;X,U). Here

L∞s (a, b;X,Y )

:={F : [a, b]→ L(X,Y ) | F is strongly meas.,
‖F‖∞ := ess sup

t∈[a,b]

‖F (t)‖ <∞}.

For an initial time t0 ∈ [a, b], we consider the time-varying
system described by

x(t) = T (t, t0)x0 +

∫ t

t0

T (t, s)B(s)u(s)ds, t ∈ [t0, b], (1)

where x0 ∈ X and u ∈ L2(t0, b;U). We are interested in
the following linear-quadratic optimal control problem.
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Linear-Quadratic Optimal Control Problem: Find for
x0 ∈ X a control u0 ∈ L2(t0, b;U) which minimizes the
cost functional

J(t0, x0, u) = 〈x(b), Gx(b)〉 (2)

+

∫ b

t0

‖C(s)x(s)‖2 + 〈u(s), F (s)u(s)〉ds,

where the function x is given by (1). Here G ∈ L(X),
C ∈ L∞s (a, b;X,Y ) and F ∈ L∞s (a, b;U,U),
F (t) is self-adjoint and nonnegative for a.e. t, and
F−1 ∈ L∞s (a, b;U,U).

It is well known, see [2], that the linear-quadratic optimal
control problem possesses for x0 ∈ X a unique solution
u0, which is given by u0(t) = −L(t)x(t), t ∈ [t0, b],
L(t) = F−1(t)B∗(t)Π(t), such that the minimum of the
cost functional is given by

min
u∈L2(t0,b;U)

J(t0, x0, u) = J(t0, x0, u0) = 〈x0,Π(t0)x0〉.

Here the self-adjoint nonnegative operator Π(t) is the unique
solution of the first integral Riccati equation (IRE)

Π(t)x = T ∗(b, t)GT (b, t)x (3)

+

∫ b

t

T ∗(s, t)[C∗(s)C(s)−

Π(s)B(s)F−1(s)B∗(s)Π(s)]T (s, t)xds

and the second IRE

Π(t)x =T ∗Π(b, t)GTΠ(b, t)x (4)

+

∫ b

t

T ∗Π(s, t)[C∗(s)C(s)

+ Π(s)B(s)F−1(s)B∗(s)Π(s)]TΠ(s, t)xds,

where

TΠ(t, τ)x =T (t, τ)x

−
∫ t

τ

T (t, s)B(s)F−1(s)B∗(s)Π(s)TΠ(s, τ)xds.

Now we consider the situation that we have the opportunity
to choose m locations to control and each location varies over
a compact set Ω ⊂ Rl. We indicate those m locations by the
parameter r ∈ Ωm, and denote the location-dependent input
operator B(·) by Br(·). Throughout the rest of the paper, by a
time-varying system with location-dependent input operator
the time-varying system (1) and the cost functional (2) with
Br instead of B is meant. The corresponding solution of the
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IRE and the Riccati operator L are denoted by Πr and Lr,
respectively.
In most cases, the initial state x0 is not fixed. This indicates
several different ways to define the optimal actuator location
problem. We take two possible ways into account here. The
first one is to minimize the cost with the worst choice of
initial value, which is

max
‖x0‖=1

min
u∈L2(t0,b;U)

Jr(x0, u) = ‖Πr(t0)‖.

Let `r(t0) := ‖Πr(t0)‖, the optimal performance of r is
ˆ̀(t0) = infr∈Ωm ‖Πr(t0)‖.
The second one is to assume that the system is stochastic.
Thus, we need to consider the trace of Πr(t0) instead, since
the trace indicates the sum of the diviation of the state
vector in each coordinate. Thus the measurement of the
particular performance of r is given by the nuclear norm of
Πr(t0), which is `r1(t0) = ‖Πr(t0)‖1. Further, the optimal
performance is

ˆ̀
1(t0) = inf

r∈Ωm
‖Πr(t0)‖1.

For time-invariant problems on an infinite time horizon this
problem was studied in [3]. We aim to extend these results
to time-varying system on a finite-time horizon.
Theorem 1.2: Let {Br}r, r ∈ Ωm, be a family of
compact operator valued functions with the property that
limr→r0 ‖Br−Br0‖∞ = 0 for r0 ∈ Ωm. Then the solutions
of the corresponding integral Riccati equations Πr satisfies

lim
r→r0

‖Πr(t)−Πr0(t)‖ = 0, t ∈ [a, b],

and there exists an optimal location r̂ such that for any initial
time t0 ∈ [a, b],

ˆ̀(t0) = ‖Πr̂(t0)‖ = inf
r∈Ωm

‖Πr(t0)‖.
Theorem 1.2 shows the continuity of optimal actuator loca-
tions and existence of the optimal location in the operator
norm. For stochastic systems, the above problem leads to
the nuclear norm. Thus, first we develop conditions which
can guarentee that the Riccati operator is a nuclear operator.
Similar to Theorem 3.1 in [1], we have
Theorem 1.3: Let T (·, ·) be a mild evolution operator on X ,
B ∈ L∞s (a, b;Cp, X), and C ∈ L∞s (a, b;X,Cq). Then for
any t0 ∈ [a, b] we have :

1) The observability operator Ct0 : X → L2(t0, b;Cq)
defined by

(Ct0x0)(·) = C(·)T (·, t0)x0, x0 ∈ X,

is a Hilbert-Schmidt operator;
2) The controllability operator Bt0 : L2(t0, b;Cp) → X

defined by

Bt0u =

∫ b

t0

T (b, s)B(s)u(s)ds

is a Hilbert-Schmidt operator;
3) C∗t0Ct0 and Bt0B∗t0 are nuclear operators.

Corollary 1.4: Assume that the input space U and the output
space Y are finite-dimensional and G that is a nuclear

operator, then the unique nonnegative self-adjoint solution
Π(t0) of the integral Riccati equation is a nuclear operator.
Theorem 1.5: We consider the time-varying system (1) with
the location-dependent input operators and the cost func-
tional (2). If {Br}r satisfies that limr→r0 ‖Br−Br0‖∞ = 0,
r0 ∈ Ωm, U and Y are finite-dimensional and G is a nuclear
operator, then

lim
r→r0

‖Πr(t)−Πr0(t)‖1 = 0, t ∈ [t0, b]

and there exists an optimal location r̂ such that

ˆ̀
1(t) = ‖Πr̂(t0)‖1 = inf

r∈Ωm
‖Πr(t0)‖1.

II. CONVERGENCE OF OPTIMAL CONTROL LOCATIONS

In practice, the integral Riccati equation in an infinite-
dimensional space cannot be solved directly. Usually, we
approximate and solve it in finite-dimensional space by a
sequence of approximations from various numerical meth-
ods. Let Xn be a family of finite-dimensional subspaces
of X and Pn be the corresponding orthogonal projection
of X onto Xn. The finite-dimensional spaces {Xn} inherit
the norm from X . For every n ∈ N, let Tn(·, ·) be a mild
evolution operator on Xn, Bn(t) ∈ L∞s (t0, b;U,Xn) and
Cn(t) = C(t)Pn, Gn ∈ L(Xn), t ∈ [t0, b]. This defines a
sequence of approximations

x(t1) = Tn(t1, t)x(t) +

∫ t1

t

Tn(t, s)Bn(s)u(s)ds,

with the cost functional

Jn(t, x, u) = 〈x(b), Gnx(b)〉

+

∫ b

t

〈Cn(s)x(s), Cn(s)x(s)〉+ 〈u(s), F (s)u(s)〉ds.

We denote the optimal control of the approximation by
un(t) = −Ln(t)Pnx(t), t ∈ [t0, b], where Ln(t) =
F−1B∗nΠn, the perturbed evolution operator of Tn(·, ·) by
−BnLn by TLn(·, ·) and the Riccati operator of the approx-
imation by Πn.
In order to guarantee that Πn(t) converges to Π(t), the
following assumptions are needed. For each x ∈ X , u ∈ U ,
y ∈ Y , when n→∞,
(a1) (i) Tn(t, s)Pnx→ T (t, s)x; (ii) T ∗n(t, s)Pnx→
T ∗(t, s)x
and supn ‖Tn(t, s)‖ <∞, (t, s) ∈ Γbt0 .
(a2) (i) Bn(t)u→ B(t)u; (ii) B∗n(t)Pnx→
B∗(t)x, a.e..
(a3) (i) Cn(t)Pnx → C(t)x; (ii) C∗n(t)y →
C∗(t)y, a.e..
(a4) supn ‖Gn‖ <∞ and GnPnx→ Gx.
Before we study the uniform convergence from Πn(t) to
Π(t), we study under which condition the compactness of
Π(t) can be guaranteed. The following lemma shows this.
Lemma 2.1: We consider the time-varying system (1) with
the cost functional (2). If B(t), C(t), t ∈ [t0, b] and G
are compact operators, then the unique solution Π(t) of the
integral Riccati equation (4) is compact.
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The following theorem shows the uniform convergence of
Πn(t).
Theorem 2.2: For the sequence of approximations under the
assumptions (a1)− (a4), if B(t), C(t), t ∈ [t0, b] and G are
compact operators and limn→∞ ‖Bn −PnB‖∞ = 0, then

lim
n→∞

‖Πn(t)Pn −Π(t)‖ = 0, t ∈ [t0, b].

Next we show that the optimal control locations of approx-
imations converges to the optimal control location of the
original system.
Theorem 2.3: Under the assumptions (a1)−(a4) and further
assume Br,n = PnBr, r ∈ Ωm, if Br(t), C(t) and G, t ∈
[t0, b] are compact operators and limr→r0 ‖Br − Br0‖ = 0,
then

ˆ̀
n(t)→ ˆ̀(t), r̂n → r̂, n→∞.

Associated with Corollary 1.4, the following theorem guar-
antees the uniform convergence of the Riccati operators of
the approximations to the Riccati operator of the original
system in nuclear norm.
Theorem 2.4: For the sequence of approximations under the
assumptions (a1)− (a4), if U and Y are finite dimensional,
limn→∞ ‖Bn − PnB‖∞ = 0, G is nuclear operator and
limn→∞ ‖GnPn −G‖1 = 0, then

lim
n→∞

‖Πn(t)Pn −Π(t)‖1 = 0

Theorem 2.5: Under the assumptions (a1) − (a4) and ad-
ditionally assume Br,n = PnBr, r ∈ Ωm, if the input
space U and the output space Y are finite dimensional,
limr→r0 ‖Br − Br0‖ = 0, G is nuclear operator and
limn→∞ ‖GnPn −G‖1 = 0, then

ˆ̀
1,n(t)→ ˆ̀

1(t), r̂n → r̂, n→∞.
III. CONCLUSIONS

We studied the existence and convergence of optimal loca-
tions based on the linear-quadratic optimal control problem
on a finite-time horizon for time-varying infinite-dimensional
systems. All prrof and further results can be found in [4].
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An Accretive Operator Approach to Ergodic Problems for Zero-Sum
Games

Antoine Hochart∗†

Abstract— Mean payoff stochastic games can be studied by
means of a nonlinear spectral problem involving the Shapley
operator: the ergodic equation. A solution consists in a scalar,
called the ergodic constant, and a vector, called bias. The
existence of such a pair entails that the mean payoff per time
unit is equal to the ergodic constant for any initial state, and the
bias gives stationary strategies. By exploiting two fundamental
properties of Shapley operators, monotonicity and additive
homogeneity, we give a necessary and sufficient condition for the
solvability of the ergodic equation for all the Shapley operators
obtained by perturbation of the transition payments of a given
stochastic game with finite state space. If the latter condition is
satisfied, we establish that the bias is unique (up to an additive
constant) for a generic perturbation of the transition payments.
To show these results, we use the theory of accretive operators,
and prove in particular some surjectivity condition.

I. INTRODUCTION

In this paper, we are interested in stochastic games with
mean payoff. A first question is to understand under which
conditions the value of such games is independent of the
initial state. This question can be studied by means of the
ergodic equation. When the state space is finite, the latter
writes

T (u) = λe+ u , (1)

where T : Rn → Rn is the Shapley operator, e is the unit
vector of Rn, and (λ, u) ∈ R×Rn is a solution. If such a pair
exists, the scalar λ, called ergodic constant, gives the mean
payoff per time unit for every initial state, and the vector u,
called bias, determines optimal stationary strategies. Here,
we study the situation in which the ergodic equation has
a solution for all the Shapley operators obtained by per-
turbation of the transition payments of a given stochastic
game. When this property is satisfied, we say that the game
is ergodic. Several results in control theory [1], [2], discrete
event systems theory [3], [4] or Perron-Frobenius theory [5],
[6] leads to sufficient ergodicity conditions for games, which
are related to accessibility conditions. Under particular hy-
pothesis (bounded transition payment function [7], “weakly
convex” Shapley operator [8], etc.), these conditions are also
necessary.

A second question concerns the structure of the set of
bias. In the one-player case (optimal control problems),
characterizations have been given, both in the deterministic
framework [9] and the stochastic one [2]. The two-player

∗The author is with INRIA Saclay-Ile-de-France and CMAP, Ecole
polytechnique, Route de Saclay, 91128 Palaiseau cedex, France.
antoine.hochart@cmap.polytechnique.fr
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Jacques Hadamard (FMJH)

case appears less accessible and understanding the situations
in which the bias is unique (up to an additive constant)
is already interesting. In a previous work [10], we have
shown the uniqueness of the bias for a generic perturbation
of the payments in the case of ergodic games with perfect
information and finite action spaces.

In the present work, we apply the theory of accretive
operators to the study of zero-sum games. We first establish
a preliminary result on the surjectivity of accretive maps in
finite dimension. Then, we deduce some results concerning
the fixed points of nonexpansive maps: we give a condition
equivalent to the existence of a fixed point for all additive
perturbations of such a given map, and we establish, under
this condition, the uniqueness of the fixed point for a generic
perturbation. Finally, we apply these results to stochastic
games with finite state space. We show in particular that the
sufficient ergodicity condition introduced in [11], involving
hypergraphs, is in fact necessary, and we solve a problem
raised in [6].

II. PRELIMINARIES ON ACCRETIVE MAPS

A. Definitions

Throughout the paper, (X , ‖ · ‖) is a finite-dimensional
real vector space equipped with a given norm. We denote
by A : X ⇒ X a set-valued map A from X to itself, i.e.,
a map from X to the powerset of X . The domain of A
is defined by dom(A) := {x ∈ X | A(x) 6= ∅}, and its
range by rg(A) :=

⋃
x∈X A(x). The inverse of A, denoted

by A−1, is the set-valued map from X to X sending y ∈ X
to {x ∈ X | y ∈ A(x)}, so that x ∈ A−1(y) if, and only if,
y ∈ A(x). For background on set-valued maps we refer the
reader to the monograph of Aubin and Frankowska [12].

We denote by X ∗ the dual space of X , by ‖ · ‖∗ its dual
norm, and by 〈·, ·〉 the duality product. The (normalized)
duality mapping on X is the set-valued map J : X ⇒ X ∗
defined by

J(x) := {x∗ ∈ X ∗ | ‖x∗‖∗ = ‖x‖, 〈x, x∗〉 = ‖x∗‖∗ ‖x‖} .

Note that dom(J) = X by the Hahn-Banach theorem, and
that J(x) is a compact convex subset of X ∗ for every x ∈ X .

A set-valued map A : X ⇒ X is accretive if, for every
x, y ∈ X , every u ∈ A(x) and every v ∈ A(y), there exists
an element x∗ ∈ J(x − y) such that 〈u − v, x∗〉 > 0.
Furthermore, denoting by Id the identity map on X , if
rg(Id + λA) = X for some (hence all) λ > 0, then A
is m-accretive. Finally, A is coaccretive if its inverse A−1

is accretive.
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Accretive maps have been widely studied as infinitesimal
generators of nonexpansive semigroups associated to evolu-
tion equations in Banach spaces, see [13], [14], [15], [16].
They also naturally appear when considering trajectories
defined by nonexpansive maps, see [17] and the references
therein. Indeed, if a map T : X → X is nonexpansive (with
respect to the norm of X ), meaning that ‖T (x) − T (y)‖ 6
‖x− y‖ for all x, y ∈ X , then the operator A := Id− T is
m-accretive.

B. Surjectivity Conditions

The main result of this section is a necessary surjectivity
condition for accretive maps in finite-dimensional spaces.

Theorem 1: Let A : X ⇒ X be an accretive map on a
finite-dimensional vector space X . If rg(A) = X , then the
subset Sα := {x ∈ X | infu∈A(x) ‖u‖ 6 α} is bounded for
every scalar α > 0. Moreover, if A is m-accretive, then the
converse also holds true.

The second part of Theorem 1 is a special case of a
corollary of Th. 3 in [18]. As for the first part, it is deduced
from the subsequent proposition. The latter is a transposition
to coaccretive maps, at least in finite dimension, of the known
fact that an accretive map A in a reflexive Banach space is
locally bounded at any point x in the interior of its domain,
meaning that there exists a neighborhood V of x such that
A(V) is bounded, see [19].

Proposition 2: Let A : X ⇒ X be a coaccretive map and
let x be a point in the interior of dom(A). Then A is locally
bounded at x.

Example 3 (discrete p-Laplacian): Let G = (V,E) be
a finite connected undirected graph. Every edge {i, j} is
equipped with a weight Cij > 0. For p > 1, the discrete
p-Laplacian is the map Lp : RV → RV , whose coordinate
i ∈ V is defined by

(Lp(v))i =
∑

j:{i,j}∈E

Cij(vi − vj)|Cij(vi − vj)|p−2 .

Let B ⊂ V be a nonempty subset different from V , and
let w ∈ RB . We are interested in the following boundary
value problem: given g ∈ RV \B , find v ∈ RV such that{

(Lp(v))i = −gi , ∀i ∈ V \B ,

vi = wi , ∀i ∈ B .
(2)

Note that this problem is equivalent to the minimization of
the energy function∑

{i,j}∈E

1

pCij
|Cij(vi − vj)|p +

∑
i∈V \B

givi ,

subject to vi = wi for all i ∈ B. In particular, when p = 2,
it recovers the classical problem of computing the electrical
potential v on the graph G, with a prescribed potential wi at
node i ∈ B and a prescribed current gi at node i ∈ V \ B,
Cij being the conductance of the edge {i, j}.

Let us reformulate Problem (2) as follows. Let X = RV \B
and, for x ∈ X and w ∈ RB , let x|w be the vector in RV
given by (x|w)i = xi for i ∈ V \ B and (x|w)i = wi for

i ∈ B. Let us now introduce the operator A : X → X whose
coordinate i ∈ V \ B is defined by (A(x))i = (Lp(x|w))i.
Thus, Problem (2) is equivalent to finding a solution x ∈ X
to the equation A(x) = −g.

It can be shown that A is m-accretive (it is the gradient
of a convex continuous function). Hence, according to The-
orem 1, the latter equation has a solution for every g ∈ X
if, and only if, the subsets Sα = {x ∈ X | ‖A(x)‖ 6 α} are
bounded for all α > 0 (‖ · ‖ being any norm). We leave it to
the reader to check that this condition holds.

III. FIXED POINT PROBLEMS FOR
NONEXPANSIVE MAPS

A. Existence Stability of Fixed Points

As a direct application of Theorem 1, we get a necessary
and sufficient condition for the stability, under additive per-
turbations, of the existence of fixed points of a nonexpansive
operator.

Corollary 4: Let (X , ‖ · ‖) be a finite-dimensional real
vector space and let T : X → X be a nonexpansive operator.
For every vector g ∈ X , the operator g + T has at least one
fixed point if, and only if, for every scalar α > 0, the set
Sα := {x ∈ X | ‖x− T (x)‖ 6 α} is bounded.

Note that the “if” part is also readily obtained as a
corollary of Th. 4.1 in [5].

B. Generic Uniqueness of the Fixed Point

We now fix a nonexpansive operator T : X → X and
assume that the condition in Corollary 4 is satisfied. Then,
we define the set-valued map FP : X ⇒ X by FP(g) :=
{x ∈ X | x − T (x) = g}, i.e., the map that associates
to a vector g ∈ X the set of fixed points of the operator
g + T . Note that, by hypothesis, we have dom(FP) = X
and FP−1 = Id− T .

We first deduce from the condition in Corollary 4 some
properties on FP.

Lemma 5: The set-valued map FP has compact values
and is upper semicontinuous.

Then, by exploiting the accretivity of the operator Id−T
we get a characterization of the vectors g for which g + T
has a unique fixed point.

Theorem 6: The set-valued map FP is continuous at point
g ∈ X if, and only if, FP(g) is a singleton.

The properties mentioned in Theorem 6 are in fact generic,
meaning that the set of elements of X for which FP is single-
valued is a residual. Recall that a residual of X is a countable
intersection of dense open subsets of X . According to Baire’s
Theorem, a residual of the finite-dimensional vector space
X is dense. This generic property is stated in the following
result.

Theorem 7 (see [12, Th. 1.4.13]): Let X and Y be two
finite-dimensional vector spaces, and let A : X ⇒ Y be an
upper semicontinuous set-valued map. Then, A is continuous
on a residual of X .
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IV. APPLICATION TO GAMES WITH ERGODIC
PAYOFF

A. Stochastic Games with Mean Payoff

An important application where nonexpansive operators
appears, which is our main motivation, is two-player zero-
sum repeated games. We consider here the case of stochastic
games with a finite state space, say [n] := {1, . . . , n}. When
the current state is i ∈ [n], the (mixed) action spaces of the
Players MIN and MAX are denoted by Ai and Bi, respectively,
and if actions a ∈ Ai and b ∈ Bi are selected by the
players, the transition payment is denoted by rabi ∈ R and
the transition probability by P abi := (P abij )j∈[n] ∈ Rn.

The game is played in stages, starting from a given initial
state i0, as follows: at step `, if the current state is i`, the
players choose actions a` ∈ Ai` and b` ∈ Bi` . Then, Player
MIN pays ra`b`i`

to Player MAX and the next state is chosen
according to the probability law P a`b`i`

.
We consider here games played in finite horizon. The

payoff of a play in the k-stage game (played in horizon
k) is given by the sum of the transition payments of the k
first stages, namely Σ06`6k−1r

a`b`
i`

. Player MAX intends to
maximize this quantity while Player MIN intends to minimize
it. This gives rise to the value (if it exists) of the k-stage
game, which we denote by vki when the initial state is i.

The value vector vk = (vki )i∈[n] ∈ Rn, which we assume
to exist, satisfies the following recursive formula:

vk = T (vk−1) , v0 = 0 , (3)

where T : Rn → Rn is the Shapley operator, whose ith
coordinate is given by

Ti(x) = inf
a∈Ai

sup
b∈Bi

(
rabi +

∑
j∈[n]

P abij xj

)
. (4)

Here, inf and sup commutes. The asymptotic behavior of
the average payoff vector per time unit, vk/k, as the number
of stages k grows to infinity is a major topic in game
theory, see [20]. When the limit exist, we call it the mean-
payoff vector. Because of the recursive structure of the game
expressed in (3), this problem amounts to study the orbit
{T k(0) | k ∈ N} of the Shapley operator. In particular, note
that if the nonlinear spectral problem (1) has a solution, then
the sequence (vki /k) converges to λ for any state i ∈ [n].
This fact relies on the following two properties satisfied by
any Shapley operator T :
• monotonicity: x 6 y =⇒ T (x) 6 T (y), x, y ∈ Rn;
• additive homogeneity: T (x+λe) = T (x)+λe, x ∈ Rn,
λ ∈ R.

This implies in particular that T is sup-norm nonexpansive.
Let us mention that any operator on Rn that is monotone

and additively homogeneous can be written as a Shapley
operator (4), see [21], [22]. This motivates the following
definition.

Definition 8: We call Shapley operator (on Rn) any oper-
ator from Rn to itself that is both monotone and additively
homogeneous.

B. Ergodicity Conditions for Zero-Sum Games

Let us introduce the Hilbert’s seminorm on Rn, defined
by

‖x‖H = max
16i6n

xi − min
16i6n

xi .

Let TPn be the “additive projective space” of Rn, defined
as the set of equivalence classes of Rn where two vectors
x, y ∈ Rn are equivalent if there exists a scalar α ∈ R such
that x − y = αe. Note that, in this case, we have ‖x‖H =
‖y‖H. Hence, the space (TPn, ‖ ·‖H) is a normed space with
finite dimension.

It is a standard result (see for instance [6]) that any Shapley
operator T : Rn → Rn is nonexpansive with respect to
the Hilbert’s seminorm. Moreover, since T is monotone and
additively homogeneous, it can be quotiented into a map [T ] :
TPn → TPn. Thus, this quotiented map is nonexpansive
with respect to the norm ‖ · ‖H.

Observe now that a vector u ∈ Rn is a bias of T , meaning
that there exists a scalar λ ∈ R such that the pair (λ, u) solves
the ergodic equation (1), if, and only if, its equivalence class
[u] ∈ TPn is a fixed point of [T ].

Let T be a Shapley operator on Rn. Given two scalars
α, β ∈ R, we define the slice space Sβα as the subset of
Rn {x ∈ Rn | αe + x 6 T (x) 6 βe + x}. As a special
case of Th. 4.1 in [5] applied to the quotiented map [T ],
we deduce that if all the slice spaces are bounded in the
Hilbert’s seminorm, then the game associated to the Shapley
operator T is ergodic, meaning that for every vector g ∈ Rn,
there is a scalar λ ∈ R and a vector u ∈ Rn such that
g+T (u) = λe+u. Observe that, if T is written as in (4), then
g + T is the Shapley operator of a game almost identical to
the one associated with T , except that the transition payments
are given by gi + rabi , i.e., are perturbed by quantities that
only depend on the state.

The above remarks and a direct application of Corollary 4
to the quotiented map [T ] leads to necessary and sufficient
ergodicity conditions for zero-sum repeated games.

Theorem 9: Let T : Rn → Rn be a Shapley operator. The
following are equivalent:

i) for every vector g ∈ Rn, there is a pair (λ, u) ∈ R×Rn
such that g + T (u) = λe+ u;

ii) the subset Sα = {x ∈ Rn | ‖x − T (x)‖H 6 α} is
bounded in the Hilbert’s seminorm for all α ∈ R;

iii) the slice space Sβα = {x ∈ Rn | αe + x 6 T (x) 6
βe + x} is bounded in the Hilbert’s seminorm for all
α, β ∈ R.

Example 10: Consider the Shapley operator T : R3 → R3

given by

T (x) =

 sup0<p61 ( log p+ p(x1 ∧ x3) + (1− p)x2 )
inf0<p61 ( − log p+ p(x2 ∨ x3) + (1− p)x1 )

x3

 (5)

where ∧ and ∨ stand for min and max, respectively. It
corresponds to a game with three states. Player MAX controls
state 1, Player MIN controls state 2 and state 3 is an absorbing
state. In state 1, Player MAX chooses an action p ∈ (0, 1] and
receives log p from Player MIN. Then, with probability p,
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Player MIN selects the next state between 1 and 3, and with
probability 1−p the next state is 2. Hence, in state 1, Player
MAX is losing and she can only increase the probability to
leave the state to a more profitable one (namely, state 2) at
the expense of a blowing cost. A dual trade-off applies to
Player MIN in state 2.

Using the hypergraph conditions in [11] for instance, we
can show that all the slice spaces are bounded in the Hilbert’s
seminorm. Thus, according to Theorem 9, the value of the
game does not depend on the initial state for any additional
payment gi granted in state i.

C. Generic Uniqueness of the Bias of Zero-Sum Games

We now fix a Shapley operator T : Rn → Rn and
we assume that the associated game is ergodic. A direct
application of Lemma 5, Theorem 6 and Theorem 7 to the
quotiented map [T ] leads to the following.

Theorem 11: The set of perturbation vectors g ∈ Rn for
which g + T has a unique bias (up to an additive constant)
is a residual of Rn.

Example 12: Consider the Shapley operator (5) intro-
duced in Example 10. We have already noted that the game
associated to this operator is ergodic, and it is readily seen
that, for a perturbation vector g ∈ R3, the ergodic constant
of g+ T is g3. Thus, for a generic vector g ∈ R3, there is a
unique vector u ∈ R3 (up to an additive constant) such that
g + T (u) = g3e+ u.

Remark 13: Let us mention that when T is polyhedral,
that is, when considering a game with perfect information
and finite action spaces, we have more information on the
geometry of the residual set. More specifically, we have
shown in [10] that the set of perturbation vectors g for which
g+ T has more than one bias is included in the finite union
of subspaces of codimension 1.

As an example, let us consider the following Shapley
operator defined on R3 and already introduced in [10] (recall
that the addition has precedence over min and max, denoted
here by ∧ and ∨, respectively):

T (x) =

 1
2
(x1 + x3) ∧ 1 + 1

2
(x1 + x2)

2 + 1
2
(x1 + x3) ∧

(
1 + 1

2
(x1 + x2) ∨ −2 + x3

)
3 + 1

2
(x1 + x3) ∨ 1 + x3

 .

It can be proved that the ergodic equation (1) is solvable
for every perturbation vector g ∈ R3 (see [7] for an
effective method). Figure 1 shows the intersection between
the hyperplane {g ∈ R3 | g3 = 0} and the locus of
perturbation vectors g for which g + T may have more
than one bias. Hence, for each g in the interior of a full-
dimensional polyhedron, g + T has a unique bias (up to an
additive constant).
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Stochastic control, entropic interpolation and gradient flows on
Wasserstein product spaces*

Yongxin Chen1, Tryphon Georgiou2 and Michele Pavon3

Abstract— Since the early nineties, it has been observed
that the Schrödinger bridge problem can be formulated as a
stochastic control problem with atypical boundary constraints.
This in turn has a fluid dynamic counterpart where the flow
of probability densities represents an entropic interpolation
between the given initial and final marginals. In the zero noise
limit, such entropic interpolation converges in a suitable sense to
the displacement interpolation of optimal mass transport (OMT).
We consider two absolutely continuous curves in Wasserstein
space W2 and study the evolution of the relative entropy on
W2×W2 on a finite time interval. Thus, this study differs from
previous work in OMT theory concerning relative entropy from
a fixed (often equilibrium) distribution (density). We derive
a gradient flow on Wasserstein product space. We find the
remarkable property that fluxes in the two components are
opposite. Plugging in the “steepest descent” into the evolution
of the relative entropy we get what appears to be a new formula:
The two flows approach each other at a faster rate than that
of two solutions of the same Fokker-Planck. We then study
the evolution of relative entropy in the case of uncontrolled-
controlled diffusions. In two special cases of the Schrödinger
bridge problem, we show that such relative entropy may be
monotonically decreasing or monotonically increasing.

I. INTRODUCTION

In the Schrödinger bridge problem (SBP) [17], one seeks
the random evolution (a probability measure on path-space)
which is closest in the relative entropy sense to a prior
Markov diffusion evolution and has certain prescribed ini-
tial and final marginals µ and ν . As already observed
by Schrödinger [34], [35], the problem may be reduced
to a static problem which, except for the cost, resembles
the Kantorovich relaxed formulation of the optimal mass
transport problem (OMT). Considering that since [2] (OMT)
also has a dynamic formulation, we have two problems
which admit equivalent static and dynamic versions [23].
Moreover, in both cases, the solution entails a flow of
one-time marginals joining µ and ν . The OMT yields a
displacement interpolation flow whereas the SBP provides
an entropic interpolation flow.

Trough the work of Mikami, Mikami-Thieullen and
Leonard [25], [26], [27], [22], [23], we know that the OMT

*Research partially supported by the NSF under Grant ECCS-1509387,
the AFOSR under Grants FA9550-12-1-0319, and FA9550-15-1-0045 and
by the University of Padova Research Project CPDA 140897.
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3 Michele Pavon is with the Dipartimento di Matematica, Università di
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may be viewed as a “zero-noise limit” of SBP when the
prior is a sort of uniform measure on path space with
vanishing variance. This connection has been extended to
more general prior evolutions in [9], [10]. Moreover, we
know that, thanks to a very useful intuition by Otto [29],
the displacement interpolation flow {µt ;0 ≤ t ≤ 1} may be
viewed as a constant-speed geodesic joining µ and ν in
Wasserstein space [37]. What can be said from this geometric
viewpoint of the entropic flow? It cannot be a geodesic, but
can it be characterized as a curve minimizing a suitable
action? In [9], we showed that this is indeed the case
resorting to a time-symmetric fluid dynamic formulation of
SBP. The action features an extra term which is a Fisher
information functional. Moreover, this characterization of the
Schrödinger bridge answers at once a question posed by
Carlen [4, pp. 130-131].

It has been observed since the early nineties that SBP can
be turned, thanks to Girsanov’s theorem, into a stochastic
control problem with atypical boundary constraints, see
[12], [3], [13], [31], [15]. The latter has a fluid dynamic
counterpart. It is therefore interesting to compare the flow
associated to the uncontrolled evolution (prior) to the optimal
one. In particular, it is interesting to study the evolution of
the relative entropy on the product Wasserstein space on a
finite time interval. Thus, this study differs from previous
work in OMT theory concerning relative entropy from an
equilibrium distribution (density). We derive in Section IV
a gradient flow on Wasserstein product space. We find the
remarkable property that fluxes in the two components are
opposite. Plugging in the“steepest descent” into the evolution
of the relative entropy we get what appears to be a new
formula (23): The two flows approach each other at a faster
rate than that of two solutions of the same Fokker-Planck.
We then study the evolution of relative entropy in the case of
uncontrolled-controlled diffusions. We show by one special
case of the Schrödinger bridge problem that such relative
entropy may even be monotonically increasing.

The paper is outlined as follows. In Section II, we re-
call some fundamental facts and concepts from the theory
of optimal transportation. In Section III, we review the
variational formulation of the Fokker-Planck equation as a
gradient flow on Wasserstein space. Section IV, we study the
evolution of relative entropy on Wasserstein product space.
In Section V, we recall some basic elements of the Nelson-
Föllmer kinematics of finite-energy diffusions. Finally, in
Section VI, we study the relative entropy change in the
case of a controlled evolution. This is then specialized to
the Schrödinger bridge.
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II. ELEMENTS OF OPTIMAL MASS TRANSPORT THEORY

The literature on this problem is by now so vast and our
degree of competence is such that we shall not even attempt
here to give a reasonable and/or balanced introduction to
the various fascinating aspects of this theory. Fortunately,
there exist excellent monographs and survey papers on this
topic, see [33], [14], [37], [1], [38], [30], to which we refer
the reader. We shall only briefly review some concepts and
results which are relevant for the topics of this paper.

A. The static problem

Let ν0 and ν1 be probability measures on the measurable
spaces X and Y , respectively. Let c : X ×Y → [0,+∞) be
a measurable map with c(x,y) representing the cost of
transporting a unit of mass from location x to location y.
Let Tν0ν1 be the family of measurable maps T : X→Y such
that T #ν0 = ν1, namely such that ν1 is the push-forward of
ν0 under T . Then Monge’s optimal mass transport problem
(OMT) is

inf
T∈Tν0ν1

∫
X×Y

c(x,T (x))dν0(x). (1)

As is well known, this problem may be unfeasible, namely
the family Tν0ν1 may be empty. This is never the case for
the “relaxed” version of the problem studied by Kantorovich
in the 1940’s

inf
π∈Π(ν0,ν1)

∫
X×Y

c(x,y)dπ(x,y) (2)

where Π(ν0,ν1) are “couplings” of ν0 and ν1, namely
probability distributions on X ×Y with marginals ν0 and
ν1. Indeed, Π(ν0,ν1) always contains the product measure
ν0⊗ ν1. Let us specialize the Monge-Kantorovich problem
(2) to the case X = Y = RN and c(x,y) = ‖x− y‖2. Then,
if ν1 does not give mass to sets of dimension ≤ n− 1, by
Brenier’s theorem [37, p.66], there exists a unique optimal
transport plan π (Kantorovich) induced by a dν0 a.e. unique
map T (Monge), T = ∇ϕ , ϕ convex, and we have

π = (I×∇ϕ)#ν0, ∇ϕ#ν0 = ν1. (3)

Here I denotes the identity map. Among the extensions of
this result, we mention that to strictly convex, superlinear
costs c by Gangbo and McCann [18]. The optimal transport
problem may be used to introduce a useful distance between
probability measures. Indeed, let P2(RN) be the set of
probability measures µ on RN with finite second moment.
For ν0,ν1 ∈P2(RN), the Wasserstein (Vasershtein) quadratic
distance, is defined by

W2(ν0,ν1) =

(
inf

π∈Π(ν0,ν1)

∫
RN×RN

‖x− y‖2dπ(x,y)
)1/2

. (4)

As is well known [37, Theorem 7.3], W2 is a bona fide dis-
tance. Moreover, it provides a most natural way to “metrize”
weak convergence1 in P2(RN) [37, Theorem 7.12], [1,
Proposition 7.1.5] (the same applies to the case p ≥ 1

1µk converges weakly to µ if
∫
RN f dµk→

∫
RN f dµ for every continuous,

bounded function f .

replacing 2 with p everywhere). The Wasserstein space W2
is defined as the metric space

(
P2(RN),W2

)
. It is a Polish

space, namely a separable, complete metric space.

B. The dynamic problem

So far, we have dealt with the static optimal transport
problem. Nevertheless, in [2, p.378] it is observed that “...a
continuum mechanics formulation was already implicitly
contained in the original problem addressed by Monge...
Eliminating the time variable was just a clever way of
reducing the dimension of the problem”. Thus, a dynamic
version of the OMT problem was already in fieri in Gaspar
Monge’s 1781 “Mémoire sur la théorie des déblais et des
remblais” ! It was elegantly accomplished by Benamou and
Brenier in [2] by showing that

W 2
2 (ν0,ν1) = inf

(µ,v)

∫ 1

0

∫
RN
‖v(x, t)‖2

µt(dx)dt, (5a)

∂ µ

∂ t
+∇ · (vµ) = 0, (5b)

µ0 = ν0, µ1 = ν1. (5c)

Here the flow {µt ;0 ≤ t ≤ 1} varies over continuous maps
from [0,1] to P2(RN) and v over smooth fields. In [38],
Villani states at the beginning of Chapter 7 that two main
motivations for the time-dependent version of OMT are
• a time-dependent model gives a more complete descrip-

tion of the transport;
• the richer mathematical structure will be useful later on.

We can add three further reasons:
• it opens the way to establish a connection with the

Schrödinger bridge problem, where the latter appears
as a regularization of the former [25], [26], [27], [22],
[23], [9], [10];

• it allows to view the optimal transport problem as an
(atypical) optimal control problem [6]-[10].

• In some applications such as interpolation of images
[11] or spectral morphing [20], the interpolating flow is
essential!

Let {µ∗t ;0 ≤ t ≤ 1} and {v∗(x, t);(x, t) ∈ RN × [0,1]} be
optimal for (5). Then

µ
∗
t = [(1− t)I + t∇ϕ]#ν0,

with T = ∇ϕ solving Monge’s problem, provides, in Mc-
Cann’s language, the displacement interpolation between ν0
and ν1. Then {µ∗t ;0≤ t ≤ 1} may be viewed as a constant-
speed geodesic joining ν0 and ν1 in Wasserstein space (Otto).
This formally endows W2 with a “pseudo” Riemannian
structure. McCann discovered [24] that certain functionals
are displacement convex, namely convex along Wasserstein
geodesics. This has led to a variety of applications. Following
one of Otto’s main discoveries [21], [29], it turns out that
a large class of PDE’s may be viewed as gradient flows
on the Wasserstein space W2. This interpretation, because
of the displacement convexity of the functionals, is well
suited to establish uniqueness and to study energy dissipation
and convergence to equilibrium. A rigorous setting in which
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to make sense of the Otto calculus has been developed
by Ambrosio, Gigli and Savaré [1] for a suitable class of
functionals. Convexity along geodesics in W2 also leads to
new proofs of various geometric and functional inequalities
[24], [37, Chapter 9]. Finally, we mention that, when the
space is not flat, qualitative properties of optimal transport
can be quantified in terms of how bounds on the Ricci-
Curbastro curvature affect the displacement convexity of
certain specific functionals [38, Part II].

The tangent space of P2(RN) at a probability measure
µ , denoted by TµP2(RN) [1] may be identified with the
closure in L2

µ of the span of {∇ϕ : ϕ ∈ C∞
c }, where C∞

c is
the family of smooth functions with compact support. It is
naturally equipped with the scalar product of L2

µ .

III. THE FOKKER-PLANCK EQUATION AS A GRADIENT
FLOW ON WASSERSTEIN SPACE

Let us review the variational formulation of the Fokker-
Planck equation as a gradient flow on Wasserstein space [21],
[37], [36]. Consider a physical system with phase space RN

and with Hamiltonian H : x 7→ H(x) = Ex. The thermody-
namic states of the system are given by the family P(RN)
of probability distributions P on RN admitting density ρ . On
P(RN), we define the internal energy as the expected value
of the Energy observable in state P

U(H,ρ) = EP{H }=
∫
RN

H(x)ρ(x)dx = 〈H,ρ〉. (6)

Let us also introduce the (differential) Gibbs entropy

S(p) =−k
∫
RN

logρ(x)ρ(x)dx, (7)

where k is Boltzmann’s constant. S is strictly concave on
P(RN). According to the Gibbsian postulate of classical
statistical mechanics, the equilibrium state of a microscopic
system at constant absolute temperature T and with Hamil-
tonian function H is necessarily given by the Boltzmann
distribution law with density

ρ̄(x) = Z−1 exp
[
−H(x)

kT

]
(8)

where Z is the partition function2. Let us introduce the Free
Energy functional F defined by

F(H,ρ,T ) :=U(H,ρ)−T S(ρ). (9)

Since S is strictly concave on S and U(E, ·) is linear, it
follows that F is strictly convex on the state space P(RN).
By Gibbs’ variational principle, the Boltzmann distribution
ρ̄ is a minimum point of the free energy F on P(RN). Also
notice that

D(ρ‖ρ̄) =
∫
RN

log
ρ(x)
ρ̄(x)

ρ(x)dx

= −1
k

S(ρ)+ logZ +
1

kT

∫
RN

H(x)ρ(x)dx

=
1

kT
F(H,ρ,T )+ logZ.

2The letter Z was chosen by Boltzmann to indicate “zuständige Summe”
(pertinent sum- here integral).

Since Z does not depend on ρ , we conclude that Gibb’s
principle is a trivial consequence of the fact that ρ̄ minimizes
D(ρ‖ρ̄) on D(RN).

Consider now an absolutely continuous curve µt : [t0, t1]→
W2. Then [1, Chapter 8], there exist “velocity field” vt ∈ L2

µt
such that the following continuity equation holds on (0,T )

d
dt

µt +∇ · (vt µt) = 0.

Suppose dµt = ρtdx, so that the continuity equation

∂ρ

∂ t
+∇ · (vρ) = 0 (10)

holds. We want to study the free energy functional
F(H,ρt ,T ) or, equivalently, D(ρt‖ρ̄), along the flow {ρt ; t0≤
t ≤ t1}. Using (10), we get

d
dt
D(ρt‖ρ̄) =

∫
RN

[
1+ logρt +

1
kT

H(x)
]

∂ρt

∂ t
dx

=−
∫
RN

[
1+ logρt +

1
kT

H(x)
]

∇ · (vρt)dx. (11)

Integrating by parts, if the boundary terms at infinity vanish,
we get

d
dt
D(ρt‖ρ̄) =

∫
RN

∇

[
logρt +

1
kT

H(x)
]
· vρtdx

= 〈∇ logρt +
1

kT
∇H(x),v〉L2

ρt
.

Thus, the Wasserstein gradient of D(ρt‖ρ̄) is

∇W2D(ρt‖ρ̄) = ∇ logρt +
1

kT
∇H(x).

The corresponding gradient flow is

∂ρt

∂ t
= ∇ ·

[(
∇ logρt +

1
kT

∇H(x)
)

ρt

]
= ∇ ·

[
1

kT
∇H(x)ρt

]
+∆ρt . (12)

But this is precisely the Fokker-Planck equation correspond-
ing to the diffusion process

dXt =−
1

kT
∇H(Xt)dt +

√
2dWt (13)

where W is a standard n-dimensional Wiener process. The
process (13) has the Boltzmann distribution (8) as invariant
density. Recall that [1, p.220] F(H,ρt ,T ) or, equivalently,
D(ρt‖ρ̄) are displacement convex and have therefore a
unique minimizer.

Remark 1: It seems worthwhile investigating to what ex-
tent the fundamental assumption of statistical mechanics
that the variables with longer relaxation time form a vector
Markov process having (8) as invariant density is equivalent
to the requirement that the flow of one-time densities be a
gradient flow in Wasserstein space for the free energy.

Let us finally plug the “steepest descent” (12) into (11).
We get, after integrating by parts, the well known formula
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[19]

d
dt
D(ρt‖ρ̄) =

∫
RN

[
1+ logρt +

1
kT

H(x)
]

∂ρt

∂ t
dx

=
∫
RN

[
1+ logρt +

1
kT

H(x)
]

∇ ·
[

1
kT

∇H(x)ρt +∇ρt

]
dx

=−
∫
RN
‖∇ log

(
ρt

ρ̄

)
‖2

ρtdx. (14)

The last integral in (14) is sometimes called the relative
Fisher information of ρt with respect to ρ̄ [37, p.278].

IV. RELATIVE ENTROPY AS A FUNCTIONAL ON
WASSERSTEIN PRODUCT SPACES

Consider now two absolutely continuous curves µt :
[t0, t1]→ W2 and µ̃t : [t0, t1]→ W2 and their velocity fields
vt ∈ L2

µt and ṽt ∈ L2
µ̃t

. Then, on (0,T )

d
dt

µt +∇ · (vt µt) = 0, (15)

d
dt

µ̃t +∇ · (ṽt µ̃t) = 0. (16)

Let us suppose that dµt = ρt(x)dx and dµ̃t = ρ̃t(x)dx, for all
t ∈ [t0, t1]. Then (15)-(16) become

∂ρ

∂ t
+∇ · (vρ) = 0, (17)

∂ ρ̃

∂ t
+∇ · (ṽρ̃) = 0, (18)

where the fields v and ṽ satisfy∫
RN
‖v(x, t)‖2

ρt(x)dx < ∞,
∫
RN
‖ṽ(x, t)‖2

ρ̃t(x)dx < ∞.

The differentiability of the Wasserstein distance W2(ρ̃t ,ρt)
has been studied [38, Theorem 23.9]. Consider instead the
relative entropy functional on W2×W2

D(ρ̃t‖ρt) =
∫
RN

h(ρ̃t ,ρt)dx =
∫
RN

log
(

ρ̃t

ρt

)
ρ̃tdx,

h(ρ̃,ρ) = log
(

ρ̃

ρ

)
ρ̃.

Relative entropy functionals D(·‖γ), where γ is a fixed prob-
ability measure (density), have been studied as geodesically
convex functionals on P2(RN), see [1, Section 9.4]. Our
study of the evolution of D(ρ̃t‖ρt) is motivated by problems
on a finite time interval such as the Schrödinger bridge
problem and stochastic control problems (Section VI) where
it is important to evaluate relative entropy on two flows of
marginals.

We get

d
dt
D(ρ̃t‖ρt) =

∫
RN

[
∂h
∂ ρ̃

∂ ρ̃

∂ t
+

∂h
∂ρ

∂ρ

∂ t

]
dx

=
∫
RN

[(1+ log ρ̃t − logρt)(−∇ · (ṽρ̃t)

+

(
− ρ̃t

ρt

)
(−∇ · (vρt)

]
dx (19)

After an integration by parts, assuming that the boundary
terms at infinity vanish, we get

d
dt
D(ρ̃t‖ρt) =

∫
RN

[
∇ log

(
ρ̃t

ρt

)
· ṽρ̃t −∇

ρ̃t

ρt
· vρt

]
dx

=
∫
RN

[(
∇ log

(
ρ̃t
ρt

)
−∇

ρ̃t
ρt

)
·
(

ṽρ̃t
vρt

)]
dx. (20)

Notice that the last expression looks like〈(
∇ log

(
ρ̃t
ρt

)
−∇

ρ̃t
ρt

)
,

(
ṽ
v

)〉
L2

ρ̃t
×L2

ρt

.

Thus, we identify the gradient of the functional D(ρ̃‖ρ) on
W2×W2 as (

∇1
W2
D(ρ̃‖ρ)

∇2
W2
D(ρ̃‖ρ)

)
=

(
∇ log

(
ρ̃

ρ

)
−∇

ρ̃

ρt

)
. (21)

Let us now compute the gradient flow on W2×W2 corre-
sponding to gradient (21). We get

∂

∂ t

(
ρ̃t
ρt

)
−∇ ·

∇ log
(

ρ̃t
ρt

)
ρ̃t

−∇

(
ρ̃t
ρt

)
ρt

= 0. (22)

Since

J1 = ∇ log
(

ρ̃t

ρt

)
ρ̃t = ∇

(
ρ̃t

ρt

)
ρt =−J2,

we observe the remarkable property that in the “steepest
descent” (22) on the product Wasserstein space the “fluxes”
are opposite and, therefore, ∂ ρ̃

∂ t = − ∂ρ

∂ t . If we plug the
steepest descent (22) into (19), we get what appears to be a
new formula

d
dt
D(ρ̃t‖ρt) =

∫
RN

[(
1+ log ρ̃t − logρt +

ρ̃t

ρt

)
∂ ρ̃

∂ t

]
dx

=−
∫
RN

[
‖∇ log

(
ρ̃t

ρt

)
‖2

ρ̃t +‖∇
(

ρ̃t

ρt

)
‖2

ρt

]
dx

=−
∫
RN

[(
1+

ρ̃t

ρt

)
‖∇ log

(
ρ̃t

ρt

)
‖2

ρ̃t

]
dx, (23)

which should be compared to (14).
Let us return to equation (20). By multiplying and dividing

by ρ̃t in the last term of the middle expression, we get

d
dt
D(ρ̃t‖ρt) =

∫
RN

[
∇ log

(
ρ̃t

ρt

)
· (ṽ− v)

]
ρ̃tdx (24)

which is precisely the expression obtained in [32, Theorem
III.1].

V. ELEMENTS OF NELSON-FÖLLMER KINEMATICS OF
FINITE-ENERGY DIFFUSION PROCESSES

Let (Ω,F ,P) be a complete probability space. A stochas-
tic process {ξ (t); t0 ≤ t ≤ t1} is called a finite-energy dif-
fusion with constant diffusion coefficient σ2IN if the paths
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ξ (ω) belong to C
(
[t0, t1];RN

)
(N-dimensional continuous

functions) and

ξ (t)−ξ (s)=
∫ t

s
β (τ)dτ+σ [W+(t)−W+(s)], t0≤ s< t ≤ t1,

(25)
where β (t) is at each time t a measurable function of the
past {ξ (τ); t0 ≤ τ ≤ t} and W is a standard N-dimensional
Wiener process. Moreover, the drift β satisfies the finite
energy condition

E
{∫ t1

t0
‖β‖2dτ

}
< ∞.

In [16], Föllmer has shown that a finite-energy diffusion also
admits a reverse-time Ito differential. Namely, there exists
a measurable function γ(t) of the future {ξ (τ); t ≤ τ ≤ t1}
called backward drift and another Wiener process W− such
that

ξ (t)−ξ (s)=
∫ t

s
γ(τ)dτ+σ [W−(t)−W−(s)], t0≤ s< t ≤ t1.

(26)
Moreover, γ satisfies

E
{∫ t1

t0
‖γ‖2dτ

}
< ∞.

Let us agree that dt always indicate a strictly positive
variable. For any function f : [t0, t1] → R let d+ f (t) =
f (t + dt)− f (t) be the forward increment at time t and let
d− f (t) = f (t)− f (t−dt) be the backward increment at time
t. For a finite-energy diffusion, Föllmer has also shown in
[16] that forward and backward drifts may be obtained as
Nelson’s conditional derivatives [28]

β (t) = lim
dt↘0

E
{

d+ξ (t)
dt
|ξ (τ), t0 ≤ τ ≤ t

}
,

γ(t) = lim
dt↘0

E
{

d−ξ (t)
dt
|ξ (τ), t ≤ τ ≤ t1

}
,

the limits being taken in L2
N(Ω,F ,P). It was finally shown

in [16] that the one-time probability density ρt(·) of ξ (t)
(which exists for every t > t0) is absolutely continuous on
RN and the following duality relation holds ∀t > 0

E{β (t)− γ(t)|ξ (t)}= σ
2
∇ logρ(ξ (t), t), a.s.. (27)

Let us introduce the fields

b+(x, t)=E{β (t)|ξ (t) = x} , b−(x, t)= E{γ(t)|ξ (t) = x} .

Then, Ito’s rule for the forward and backward differential of
ξ imply that ρt satisfies the two Fokker-Planck equations

∂ρ

∂ t
+∇ · (b+ρ)− σ2

2
∆ρ = 0, (28)

∂ρ

∂ t
+∇ · (b−ρ)+

σ2

2
∆ρ = 0. (29)

Following Nelson, let us introduce the current and osmotic
drift of ξ by

v(t) =
β (t)+ γ(t)

2
, u(t) =

β (t)− γ(t)
2

, (30)

respectively. Clearly v is similar to the classical velocity,
whereas u is the velocity due to the noise which tends to
zero when σ2 tends to zero. Let us also introduce

v(x, t) = E{v(t)|ξ (t) = x}= b+(x, t)+b−(x, t)
2

.

Then, combining (28) and (29), we get

∂ρ

∂ t
+∇ · (vρ) = 0, (31)

which has the form of a continuity equation expressing
conservation of mass. When ξ is Markovian with β (t) =
b+(ξ (t), t) and γ(t) = b−(ξ (t), t), (27) reduces to Nelson’s
relation

b+(x, t)−b−(x, t) = σ
2
∇ logρt(x). (32)

Then (31) holds with

v(x, t) = b+(x, t)−
σ2

2
∇ logρt(x). (33)

VI. RELATIVE ENTROPY PRODUCTION FOR CONTROLLED
EVOLUTION

Consider on [t0, t1] a finite-energy Markov process taking
values in RN with forward Ito differential

dξ = b+(ξ (t), t)dt +σdW+. (34)

Let ρt(x) be the probability density of ξ (t). Consider also
the feedback controlled process ξ u with forward differential

dξ
u = b+(ξ u(t), t)dt +u(ξ u(t), t)dt +σdW+. (35)

Here the control u is adapted to the past and is such that ξ u is
a finite-energy diffusion. Let ρu

t (x) be the probability density
of ξ u(t). We are interested in the evolution of D(ρu

t ‖ρt). By
(33)-(31), the densities satisfy

∂ρ

∂ t
+∇ · (vρ) = 0,

v(x, t) = b+(x, t)−
σ2

2
∇ logρt(x)

∂ρu

∂ t
+∇ · (vu

ρ
u) = 0,

vu(x, t) = b+(x, t)+u(x, t)− σ2

2
∇ logρ

u
t (x).

By (24), we now get

d
dt
D(ρu

t ‖ρt) =
∫
RN

[
∇ log

(
ρu

t

ρt

)
· (vu− v)

]
ρ

u
t dx

=
∫
RN

[
∇ log

(
ρu

t

ρt

)
·
(

u− σ2

2
∇ log

(
ρu

t

ρt

))]
ρ

u
t dx. (36)

Suppose now ρu
t = ρ0

t is also uncontrolled and differs from
ρt only because of the initial condition at t = t0. Then (36)
gives the well known formula generalizing (14)

d
dt
D(ρ0

t ‖ρt) =−
σ2

2

∫
RN

[
∇ log

(
ρ0

t

ρt

)
·∇ log

(
ρ0

t

ρt

)]
ρ

u
t dx

(37)
which shows that two solutions of the same Fokker-Plank
equation tend to get closer.
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Consider now the situation where ξ (t) represents a “prior”
evolution on [t0, t1] and the controlled evolution ξ u∗ = ξ ∗ is
the solution of the Schrödinger bridge problem for a pair of
initial and final marginals ρ0 and ρ1 [17], [39]. Then

u∗(ξ ∗, t) = σ
2
∇ logϕ(ξ ∗, t)

and the differential of ξ ∗ is given by

dξ
∗ = b+(ξ ∗(t), t)dt +σ

2
∇ logϕ(ξ ∗(t), t)dt +σdW+ (38)

where ϕ is space-time harmonic for the prior evolution,
namely it satisfies

∂ϕ

∂ t
+b+ ·∇ϕ +

σ2

2
∆ϕ = 0. (39)

Let ρϕ be the density of ξ ∗. Let us first consider the
special case of the Schrödinger bridge problem where relative
entropy on path space is minimized under the only constraint
that the initial marginal density be ρ0 6= ρt0 . Then, the optimal
control u∗ is identically zero and the evolution of the relative
entropy is given by (37). Consider instead the case of the
problem where only the final marginal density ρ1 6= ρt1 is
imposed. In such case,

ρ
ϕ

t (x) = ρt(x)ϕ(x, t).

Then (36) gives

d
dt
D(ρϕ

t ‖ρt) =
σ2

2

∫
RN

[∇ logϕ ·∇ logϕ]ρ
ϕ

t dx. (40)

This shows that D(ρϕ

t ‖ρt) increases up to time t = t1.
It represents the intuitive fact that the bridge evolution
has to be as close as possible to the prior but the final
value of the relative entropy must be the positive quantity
D(ρ1‖ρt1). Thus, D(ρϕ

t ‖ρt) approaches this positive quantity
from below. Result (40) may be viewed as a reverse-time H-
theorem, as the bridge and the reference evolution have the
same backward drift [17].
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[35] E. Schrödinger, Sur la théorie relativiste de l’electron et l’interpretation
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Certified Algorithms for proving the structural stability of
two-dimensional systems possibly with parameters

Yacine Bouzidi1 and Fabrice Rouillier2

Abstract— In [1], a new method for testing the structural
stability of multidimensional systems has been presented. The
key idea of this method is to reduce the problem of testing
the structural stability to that of deciding if an algebraic
set has real points. Following the same idea, we consider in
this work the specific case of two-dimensional systems and
focus on the practical efficiency aspect. For such systems, the
problem of testing the stability is reduced to that of deciding
if a bivariate algebraic system with finitely many solutions has
real ones. Our first contribution is an algorithm that answers
this question while achieving practical efficiency. Our second
contribution concerns the stability of two dimensional systems
with parameters. More precisely, given a two-dimensional
system depending on a set of parameters, we present a new
algorithm that computes regions of the parameter space in
which the considered system is structurally stable.

I. INTRODUCTION

Two-dimensional systems have wide applications in sev-
eral areas such as signal and image processing or iterative
algorithm design. An important question in the study of
such systems concerns their stability which is a necessary
condition for them to work properly. In this paper, we are in-
terested in testing the structural stability of two-dimensional
discrete linear systems.

Given a two-dimensional discrete linear system described
within the frequency domain by the transfer function

G(z1, z2) := N(z1,z2)
D(z1,z2 )

,

where N and D are polynomials in the variables z1, z2 with
real coefficients such that N ∧ D = 1. This system is said
to be structurally stable if the denominator of its transfer
function is devoid from zeros in the complex unit bi-disk
D2 := {(z1, z2) ∈ C2 | |z1| ≤ 1 and |z2| ≤ 1}, or in other
words, if:

D(z1, z2) 6= 0 for |z1| ≤ 1, |z2| ≤ 1. (1)

In this work, we consider the two following problems:

Problem 1 (non parametric stability): Given a two-
dimensional system defined by a transfer function

G(z1, z2) := N(z1,z2)
D(z1,z2 )

,

with N,D ∈ R[z1, z2]. Check if this system is stable, that is,
if Condition (1) is satisfied.

Problem 2 (parametric stability): Given a two-dimensional
system defined by a transfer function

This work was supported by the project MSDOS ANR-13-BS03-0005.
1INRIA Lille Yacine.Bouzidi@inria.fr
2INRIA Paris and IMJ-PRG and CNRS and UPMC

Fabrice.Rouillier@inria.fr

G(z1, z2, U) := N(z1,z2,U)
D(z1,z2,U) ,

where N,D ∈ R[U ][z1, z2] and U = {U1, . . . , Uk} is a
set of real parameters. Compute regions in the parameter
space Rk in which the underlying system (after substitution
of the parameters) is either stable or unstable. In other
words, the goal is to compute an union of cells Ci in
Rk such that, ∀(u1, . . . , uk) ∈ Ci, the system defined by
G(z1, z2, u1, . . . , uk) is either stable or unstable.

There exist numerous tests for solving Problem 1. One can
mention for instance the work in [2], [3], [4], [5], [6] and the
references therein, where this problem is solved using purely
algebraic methods. Common to all these methods is that they
proceed recursively on the number of variables, reducing the
computations with a 2-D polynomial to computations with a
set of 1-D polynomials using algebraic tools like resultants
and sub-resultants [7]. Another set of methods as for instance
the one in [8] use the sum of square techniques for testing
the stability condition. Such methods show better practical
behavior compared to purely algebraic method, but are in
general conservative i.e., provide only sufficient stability
condition. For a complete overview on two-dimensional
stability tests, the reader may refer to [9].

For Problem 2, to the best of the author’s knowledge,
there does not exist any general implemented method for
solving it. In [5], the authors propose a two-dimensional
stability test and apply the latter to example of systems with
parameters. However, due to the simplicity of these systems,
the computation of the desired regions is performed by hand
and no indication is given on how to obtain them in an
automatic way.

Our contribution in this paper is twofold. We firstly present
a non conservative and practically efficient method for solv-
ing Problem 1. This method starts from the following set of
conditions which has been shown in [10] to be equivalent to
Condition (1): D(z1, 1) 6= 0 | |z1| ≤ 1,

D(1, z2) 6= 0 | |z1| ≤ 1,
D(z1, z2) 6= 0 | |z1| = |z2| = 1.

(2)

A first remark is that the first two conditions of (2)
involve only univariate polynomials, and can thus be easily
checked using classical one-dimensional stability tests (see
for instance [11], [2]). The main difficulty is then to check
the last condition of (2), i.e.:

D(z1, z2) 6= 0 | |z1| = |z2| = 1. (3)
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It has been shown in [1] that testing Condition (3) for
multidimensional systems is equivalent, via a particular
Möbius transformation, to deciding if an algebraic system of
equations admits real zeros. Adapted to the two-dimensional
system under consideration, this allows to reduce the problem
to that of deciding if a bivariate algebraic system with
finitely many complex solutions admits real solutions. For
this problem, we present a method based on the computation
of the so-called separating form for the solutions which is a
classical notion in solving systems algorithms.

Our second contribution is a new method for solving
Problem 2. Similarly as above, this method starts from
the set of conditions (2) which now depends on a set of
parameters {U1, . . . , Uk}. For the two first conditions, we
extend a classical univariate stability test so that it can handle
parameters, which allows to derive a stability condition as
a sign condition on some polynomials depending only on
the parameters. For the last condition of (2), we perform the
same Möbius transformation as above and then make use
of the the concept of Discriminant variety of a polynomial
system which is a generalization of the classical notion of
discriminant of a univariate polynomial. Such a Discriminant
variety allows to partitioning the parameter space Rk into
regions in which a given system of equations has a constant
number of real solutions.

This paper is organized as follows. In Section II, some re-
sults obtained in [1] are stated in the case of two-dimensional
systems. In Section III, we describe an algorithm for deciding
if a bivariate algebraic system with real coefficients has or
not real solutions. In Section IV, we address the problem of
testing the stability of two-dimensional systems depending
on parameters. Finally, in Section V, we illustrate our algo-
rithm through a set of examples, both in the parametric and
the non-parametric case.

II. ALGEBRAIC TRANSFORMATION

Notation: Throughout this paper. For a given set of
polynomials f1, . . . , fs in Q[x1, . . . , xn], I := 〈f1, . . . , fs〉
denotes the ideal generated by f1, . . . , fs, VC(I) := {α ∈
Cn | f1(α) = · · · = fs(α) = 0} the complex variety (the set
of complex zeros) of I and VR(I) := {α ∈ Rn | f1(α) =
· · · = fs(α) = 0} its real variety (the set of real zeros).

In the following, we recall and adapt the approach pre-
sented in [1] to the specific case of two-dimensional system.

As mentioned in the introduction, the main step in
checking conditions (2) is the test of Condition (3), i.e.,
D(z1, z2) 6= 0, |z1| = |z2| = 1, which resumes to decide
the existence of complex zeros of D(z1, z2) on the bi-circle

T2 := {(α1, α2) ∈ C2 | |α1| = 1 and |α2| = 1}.

The first step in [1] consists in applying the Möbius
substitution z 7→ x−i

x+i to each variable of D(z1, z2) (such
a transformation maps the real line R := R ∪∞ to the unit
circle T deprived from the point 1, i.e., to T\{1}). This yields
a rational fraction in C(x1, x2) whose numerator writes as
R(x1, x2) + i C(x1, x2). Accordingly, it follows:

Theorem 1: Let D(z1, z2) ∈ R[z1, z2] of degrees d1, d2
in z1, z2. One can compute two polynomials R(x1, x2) and
C(x1, x2) of total degrees bounded by d1 + d2, such that
VC(D(z1, z2)) ∩ [T\{1}]2 = ∅ ⇐⇒ VR(R, C) = ∅.

As pointed out in [1], the condition stated in the above
theorem is not equivalent to Condition (3) since it excludes
the points of the unit bi-circle that have at least one of their
coordinates equals to one. However, checking that D(z1, z2)
does not vanish at these points, i.e., D(1, z2) 6= 0 | |z2| = 1
and D(z1, 1) 6= 0 | |z1| = 1 is included in the test of the
two first conditions of (2). Consequently, D(z1, z2) satisfies
Condition (1) if and only if
• D(z1, 1) 6= 0 for |z1| ≤ 1.
• D(1, z2) 6= 0 for |z2| ≤ 1.
• The polynomial system {R(x1, x2) = C(x1, x2) = 0}

does not have real solutions.

III. NON PARAMETRIC STABILITY

As shown in the previous section, testing the stability
of a two-dimensional system is equivalent to testing the
stability of two one-dimensional systems and deciding if an
algebraic system {R(x1, x2) = C(x1, x2) = 0} admits real
solutions. Testing the stability of one-dimensional systems
can be efficiently achieved using existing implementations
(see for instance [2]). Therefore, in the following, we focus
our attention on the second problem, that is, deciding if the
polynomial system {R(x1, x2) = C(x1, x2) = 0} has real
solutions.

In the following, we assume without loss of generality that
R(x1, x2) and C(x1, x2) are weakly coprime in Q[x1, x2],
i.e. gcd(R, C) = 1, which implies that the ideal I := 〈R, C〉
is zero-dimensional1. V (I) := {(α1, α2) ∈ C2|R(α1, α2) =
C(α1, α2) = 0} denotes the set of its complex solutions.

Our idea is to reduce the problem of deciding the existence
of real solutions of I to that of deciding the existence of real
roots of a well chosen univariate polynomial. To do so, let
start with the following result which stems from the fact that
the quotient algebra A := Q[x1,x2]

I is a finite dimensional Q-
vector space.

Theorem 2: Let P ∈ Q[x1, x2] and let MP be the endo-
morphism of the multiplication by P in A

MP : A −→ A
f 7−→ Pf.

The eigenvalues of MP are P (α1, α2),with (α1, α2) ∈
V (I). The multiplicity of P (α1, α2) as an eigenvalue of MP

is equals to the multiplicity of (α1, α2) as a zero of I [13].

Hence, if CP denotes the characteristic polynomial of
MP , then CP (t) =

∏
(α1,α2)∈V

(t− P (α1, α2))µ(α1,α2), where

µ(α1, α2) denotes the multiplicity of the zero (α1, α2) in I .
Moreover, a bijection exists between the solutions of V (I)

1If R and C are not coprime, it is sufficient to compute their gcd
in Q[x1, x2], G(x1, x2), and to consider the two systems {RG ,

C
G } and

{G, ∂G
∂x1
G} which are known to be zero-dimensional and whose the union

of real solutions are the real solutions of {R, C} [12].
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and the roots of CP (t) providing that the polynomial P is a
separating element for V (I).

Definition 1: P ∈ Q[x1, x2] is a separating element for
V (I) if and only if the map (α1, α2) ∈ V (I) 7−→ P (α1, α2)
is injective.

The fact that P is a separating element for V (I) yields
an important property regarding to the existence of real
solutions of V (I). The following result can straightforwardly
be proved considering a parameterization of the solutions, for
example using [14].

Theorem 3: Let P ∈ Q[x1, x2] be a separating element
for V (I). Then, the polynomial CP (t) has real roots if and
only if V (I) has real solutions.

Consequently, computing a separating element of V (I) as
well as the corresponding polynomial CP (t) allows to reduce
the problem of searching for real solutions of V (I) to that
of searching for real roots of CP (t).

For the computation of a separating element of V (I),
an important remark is that the number of non separating
elements is bounded by n (n−1)

2 where n denotes the cardinal
of V (I) [13]. Thus, a separating element can always be
found among the set

{
x1 + a x2, a = 0, . . . , n (n−1)

2

}
. On

the other hand, we know by Bezout that, for any poly-
nomials R and C of total degree d, the cardinal of V (I)
is bounded by d2. Hence one strategy for computing a
separating element for V (I) is to loop over 1 + d2(d2−1)

2
different integers a, compute for each a the number of
distinct roots of Cx1+a x2(t) (the degree of its squarefree
part Cx1+a x2

(t) :=
Cx1+a x2

gcd(Cx1+a x2
,C′

x1+a x2
) ), and finally select

an a for which this number is maximal. This ensures that
the degree of Cx1+a x2

(t) is equals to the cardinal of V (I),
and thus that the roots of Cx1+a x2

(t) are in bijection with
the points of V (I). However from the computation point of
view this strategy is not recommended since it requires the
computations of d2(d2−1)

2 characteristic polynomials along
with their squarefree parts. The latter calculation requires in
addition the computation of a Gröbner basis of I (to get the
description of Q[x1,x2]

I ) which can be costly in practice.
Alternatively, we propose below a method that avoids the

computation of a Gröbner basis of I , and searches adaptively
for a separating element. More precisely, this method makes
use of a separation test which allows to stop the algorithm
as soon as a separating element is found.

The following first result shows that for a given x1 +a x2,
the polynomial Cx1+a x2

(t) is equals, up to a factor in Q,
to the resultant of two polynomials resulting from R and C
after a change of variable.

Theorem 4: [12] Let R(x1, x2), C(x1, x2) ∈ Q[x1, x2].
Define R′(t, x2) := R(t − a x2, x2) and C′(t, x2) := C(t −
a x2, x2) where a ∈ Z is such that the leading coefficient of
R′ and C′ with respect to x2 are coprime. Then, the resultant
of R′ and C′ with respect to x2, denoted Resx2(R′, C′), is
equal to c

∏
(α1,α2)∈V (t− α1 − aα2)µ(α1,α2), with c ∈ Q.

On the other hand, given a linear form x1+a x2, it is well
known that the latter is separating for V (I) if and only if for
each root α of Resx2

(R′, C′) (where R′ and C′ are defined
as in Theorem 4), the gcd of R′(α, x2) and C′(α, x2) has
exactly one root.

In order to check this separation condition for a given
x1 + a x2, we first perform a triangular decomposition
of {R′(t, x2), C′(t, x2)} (see Section (A) of Appendix for
details). This yields a set of triangular systems of the form
{rk(t),Sresk(t, x2)}, k = 1 . . . min(degx2

(R), degx2
(C)),

such that Sresk(α, x2) is the gcd of R′(α, x2) and C′(α, x2)
for any root α of rk(t). Then, we use the following result
(which proof can be found in [15]).

Theorem 5: Let R(x1, x2), C(x1, x2) ∈ Q[x1, x2]. Define
the polynomials R′(t, x2), C′(t, x2) as in Theorem 4, and
let {rk(t),Sresk(t, x2)}, k = 1 . . .m be the triangular
decomposition of {R′, C′}. Then x1 + a x2 is a separating
element for V (I) if and only if ∀k ∈ {1, . . . ,m} and
∀i ∈ {0, . . . , k − 1},

k (k− i)sr{k,i}(t)sr{k,k}(t)− (i+ 1)sr{k,k−1}(t) sr{k,i+1}(t)

is zero modulo rk(t).

Finally, our algorithm for checking if V (I) has real
solutions consists in computing for arbitrary linear forms
x1+a x2 the above triangular decomposition and stop as soon
as the condition of Theorem 5 is satisfied, which implies that
the form x1 + a x2 is separating. Then, it remains to check
if the resultant of R′ and C′ with respect to x2 has real roots
which can be done using for example Sturm sequence [7].
Remark: In practice, several strategies are used in order to
reduce the running time of the above algorithm. For instance,
the computation is stopped as soon as a resultant, computed
for an arbitrary form x1 +a x2, is square free, which implies
that the form x1+a x2 is separating according to Theorem 4.
The computation is also stopped when the computed resultant
does not have real zeros, since it implies that the system
does not have real zeros as well. Another example is the
way we choose the candidate forms x1 + a x2. Indeed, in
order to increase the probability of the form to be separating,
a first computation is performed modulo a prime number
ν (coefficients are considered in Z

ν Z ). Such a computation
turns out to be very fast since it avoids coefficient swell
in the algorithm. Providing that a linear form is separating
modulo the prime ν, the latter has then a high probability to
be separating in Z and one can choose it as a candidate for
the algorithm in Z.

IV. PARAMETRIC STABILITY

In this section, we consider a two-dimensional sys-
tem defined by a polynomial D(z1, z2, U) where U =
{U1, . . . , Uk} is a set of parameters. As mentioned in the
introduction, our goal is to study the stability of this system
(the truth of Condition (1)) depending on the values of the
parameters. Starting from the poynomial D(z1, z2, U), our
approach consists roughly in computing a set of polyno-
mials {p1, . . . , ps} in Q[U1, . . . , Uk] satisfying the property
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that the stability of the system defined by D(z1, z2, U)
does not change, provided that the sign of the sequence
{p1(U), . . . , ps(U)} does not change. Then Rk is decom-
posed into cells in which the signs of {p1, . . . , ps} remain
invariants, and cells for which the system is stable are kept.

Considering D(z1, z2, U) as a polynomial in the variables
z1, z2 with coefficients are polynomials in Q[U1, . . . , Uk], we
still have an equivalence between Condition (1) and the set
of conditions (2) and we can apply to the last condition of
(2) the transformation given in Section II which yields the
following set of conditions depending on the parameters U . D(z1, 1, U) 6= 0 | |z1| ≤ 1,

D(1, z2, U) 6= 0 | |z2| ≤ 1,
V (〈R(x1, x2, U), C(x1, x2, U)〉) ∩ R2 = ∅.

(4)

We shall start with the study of the first two conditions
involving univariate polynomials with parameters. Our first
step consists in transforming these conditions so that contin-
uous stability tests can be used. More precisely, we apply
the change of variable s1 = 1−z1

1+z1
(resp. s2 = 1−z2

1+z2
)

to the polynomial D(z1, 1, U) (resp. D(1, z2, U)). These
conditions then write as D1(s1, 1, U) 6= 0, Re(s1) ≥ 0
and D2(1, s2, U) 6= 0, Re(s1) ≥ 0, where D1(s1, 1, U)
(resp. D2(1, s2, U)) is the numerator of D( 1−s1

1+s1
, 1, U) (resp.

D(1, 1−s21+s2
, U)). In a second step, we use a classical result of

Linard and Chipart [7] that expresses the stability condition
of a continuous polynomial D(s) as a positivity condition of
its coefficients as well as some signed principal subresultant
sequence of two polynomials F (s) and G(s) satisfying
D(s) = F (s2) + sG(s2) (see [7, Thm. 9.30]). Using the
specialization property of subresultants (see Section (A)),
we can generalize this result to the case of univariate
polynomials depending on parameters. In particular, applying
this test to the polynomials D1(s1, U) and D2(s2, U) yields
a set of polynomials depending only on parameters U , and
the stability of D1(s1, U) and D2(s2, U) (resp. D(z1, 1, U)
and D(1, z2, U)) is then satisfied providing that these poly-
nomials are positive. In the sequel, we shall denote these
polynomials by φi(U).

The next question of interest is to decide if the system

S :=

{
R(x1, x2, U) = 0
C(x1, x2, U) = 0

(5)

where U = [U1, . . . , Uk], admits real solutions.
In the following, we shall assume that the system S is

generically zero-dimensional, that is, for almost any values of
the parameters u ∈ Ck, the underlying system, after substi-
tuting the parameters, {R(x1, x2, u) = 0, C(x1, x2, u) = 0}
admits a finite number of complex solutions.

A. Discriminant varieties: definition and properties

Our approach for answering the above question makes
use of the concept of discriminant variety of a polynomial
system depending on parameters [16]. Loosely speaking, a
discriminant variety, denoted by WD, is an algebraic variety
in the parameter space defining a partition of the latter that
consists of:

• The discriminant variety WD itself, and
• Disjoint open connected subsets U1, · · · ,Ur of the

parameter space which do not insect the discriminant
variety and such that any solution of (5) with parameters
lying in some Ui, belongs to the image of an analytic
function of Ui into the solutions of (5).

Remark. An important property of discriminant varieties is
that, if u and v are two vectors of parameters which belong
to the same Ui, the specialized systems SU=u and SU=v have
exactly the same number of real roots.

It should be stressed that the concept of discriminant
variety (as well as its computation) is defined for general
systems of equations (with n variables). However, in the
sequel, for the sake of simplicity, we restrict our description
to the case of systems of two equations in two variables. For
a complete description, one may refer to the work in [16].

Since WD belongs to the parameter space, we introduce
the projection mapping ΠU : (α1, α2, u) ∈ C(2+k) 7−→ u ∈
Ck. We also introduce the inverse projection on the parameter
space Π−1U : u 7−→ (u, α1, α2) ⊂ V (S) .

It has been shown that if one considers the set of all
u ∈ Ck such that there exists no neighborhood U of u
such that Π−1U (U) ∩ V (S) is an analytic covering of U , this
set defines a variety named minimal discriminant variety of
V (S) associated with ΠU , and a key remark is that this
minimal variety is defined independently of any algorithm.

In our setting, the ideal S = 〈R, C〉 is equidimensional
and the minimal discriminant variety WD of V (S) associated
with ΠU is the union of two subsets:
• O∞: the set of α ∈ Ck such that Π−1U (U)∩V (S) is not

compact for any compact neighborhood U of α in Ck
• Oc: the set of the critical values of ΠU union the

projection of the singular points of V (S)

Intuitively, O∞ represents parameter’s values such that there
exist either vertical leafs of solutions or leafs that are going
to infinity above some of their neighborhood, while Oc
represents parameter’s values such that above some of their
neighborhood, the number of leafs varies. Roughly speaking,
WD represents parameter’s values over which the number of
solutions changes.

In our case, Oc = ΠU (V (〈R, C, Jacx1,x2(R, C)〉)) where
Jacx1,x2(R, C) denotes the determinant of the Jacobian ma-
trix with respect to the variables x1 and x2.

B. Discriminant varieties: computations

An important remark for the computation of the discrimi-
nant variety WD of S is that both O∞ and Oc are algebraic
sets (for general systems, this is not always the case for Oc).
WD can thus be described as the union of two algebraic sets
that can be computed independently.
O∞ and Oc are projections of some algebraic varieties

and computing them remains to eliminating variables in the
systems of equations corresponding to these varieties, that
is, for a given I = 〈f1, . . . , fl〉 ⊂ K[x1, x2, U ], computing
ΠU (V (I)) = V (IU ) where IU ⊂ K[U ] is defined by IU =
I ∩ K[U ]. Algorithmically, IU can be computed by means
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of Gröbner basis for any elimination ordering < such that
U < x1, x2 (see Appendix for details). More precisely, it
suffices to compute a Gröbner basis for such an ordering
and to keep the polynomials that belong to K[U ].

Hence, computing an ideal Ic such that Oc = V (Ic)
remains to computing the determinant Jacx1,x2(R, C) and
a Gröbner basis of the ideal 〈R, C, Jacx1,x2

(R, C)〉 for any
elimination ordering < such that U < x1, x2.

In [16], it has been also remarked that such elimination
orderings allow to compute an ideal I∞ ⊂ Q[U ] such that
O∞ = V (I∞). Precisely, Suppose that G is a reduced
Gröbner basis of 〈R, C〉 for a monomial ordering <U,x1,x2

,
that is, the product of two degree reverse lexicographic
orderings <U for the parameters and <x1,x2 for the variables.
We define the set E∞i = {LM<x1,x2

(g) | g ∈ G, ∃m ≥
0, LM<x1,x2

(g) = xmi }, where LM< denotes the leading
monomial of a polynomial for an admissible monomial
ordering <, then:
• E∞i is the Gröbner basis of some ideal I∞i ⊂ K[U ] for
<U ;

• O∞ =
⋃n
i=k+1 V (I∞i ).

C. Discussing the number of real solutions

Once a discriminant variety WD of S computed, we get
a partition of the parameter space made of the discriminant
variety and of the connected components of its complemen-
tary with the property that over any neighborhood U that
does not meet WD, Π−1U (U) is an analytic covering of U . In
particular, the number of solutions of S is constant over any
connected set that do not intersect the discriminant variety.

Also, for computing the (constant) number of solutions
over each connected component that do not meet the dis-
criminant variety, it suffices to take one vector u of parameter
values in each of these components and to solve the zero-
dimensional system SU=u.

Remark: Note that the structure of the solutions is not
known above the discriminant variety itself. As it is a set of
null measure, it is useless here to study what is going on for
such parameter values. However, the discriminant variety is
defined by a polynomial system that can be merged to the
original system to follow the study recursively.

The discriminant variety has been defined with respect to
complex solutions. For real solutions, two cases occur : either
ΠU (V (S)∩Rk+2) ⊂WD and one needs to study V (〈S〉)∩
Π−1U (WD) instead of V (S) or ΠU (V (S)∩Rk+2)*WD and
then WD ∩ Rk is a discriminant variety for V (S) ∩ Rk+2,
which is the usual situation. Note that in the second case, if
Wd is minimal for V (S) , then Wd ∩ Rk it not necessarily
minimal for V (S) ∩ Rk+2.

D. Computing regions of stability

We now go back to our initial problem which is the
computation of regions in the parameter space, such that
the set of Conditions (4) is satisfied (and thus the system
is stable). As mentioned at the beginning of this section,
we can compute a set of polynomials {φi(U)}i=1,...,l1 such
that, the two first conditions of (4) are satisfied if and only

if φi(U) > 0. On the other hand, according to above,
we can also compute a set of polynomials {fi(U)}i=1,...,l2

that defines a partition of the parameter space in which the
number of real solutions of S is constant. Now, considering
the global set of polynomials F := {φi(U), fi(U)}, we
can compute a Cylindrical Algebraic Decomposition (CAD)
adapted to F [17]. This yields a disjoint union of cells in
Rk in which the signs of the polynomials in F are constant.
In particular, by definition, inside each of these cells, both
the sign of the polynomial φi(U) and the number of real
solutions of S are constant. This implies that the system is
either stable or unstable. To determine the cells for which the
system is stable, it suffices to select a simple point (vector
of parameter values) in each cell and to test the Conditions
(4) after substitution of the parameters.

In practice, we compute a partial CAD since we are only
interested in computing cells of maximal dimension.

Partial CAD: Given a set of polynomials
{P1, . . . , Pk} ∈ Q[x1, .., xn−1][xn], consider
Proj({P1, . . . , Pd}, xn) ⊂ Q[x1, .., xn−1] =
{LeadingCoeffxn

(Pi),Discriminantxn
(Pi), i = 1..d} ∪

{Resxn(Pi, Pj), i 6= j; i, j = 1..d}. Then ∪i=1..dV (Pi)
is an analytic covering of each open connected set
of Rn−1 that do not meet V (Proj(P1, . . . , Pd, xn)).
Roughly speaking, ∪i=1..dV (Pi) decomposes the cylinder
over any connected open set U ⊂ Rn−1 that do not
meet V (Proj(P1, . . . , Pd, xn)) into the union of leafs
(of dimension n − 1) of ∪i=1..dV (Pi) and bands (of
dimension n) between two of these leafs with the property
that [sign(P1), . . . , sign(Pd)] defines a constant sequence in
each band. Now, given Proj(P1, . . . , Pd, xn) one can then
compute recursively Proj(. . . Proj(P1, .., Pd, xn), . . . , xn−1)
until getting points and then obtain recursively a partition of
Rn into some algebraic proper set D (of dimension at most
n− 1) and some cells of dimension n in which P1, . . . , Pd
have all a constant sign.

This process is a partial CAD adapted to P1, . . . , Pd. The
difference with the classical CAD is that P1, . . . , Pd have
not necessarily a constant sign on the algebraic set D. Note
that D can be decomposed itself using the same process.

V. EXPERIMENTATION

A. Non parametric case

As mentioned in Section III, the algorithm described in
the present article is a set of optimizations for the two-
dimensional case of a general algorithm we proposed in [1].

Roughly speaking, we mainly propose a dedicated method
for deciding if a system of two equations in two variables
admits real solutions, keeping track of the shape of the
systems linked to the stability problem we want to study.

In order to measure the gain we obtain, we compare
against the general method Isolate partially developed
by the same authors and available in the Maple software
RootFinding. This function first computes a Rational
Univariate Representation ([14]) from a Gröbner basis com-
puted with F4 algorithm ([18]) and then makes use of
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a variant of Descartes’ algorithm [19] as well as multi-
precision interval arithmetic [20] to isolate the real roots of
the system.

For the present experiments we re-use some black boxes
developed for the algorithms described in [21] or [22]
which are using exactly the same technical base as the
above function to design the algorithm’s component that
computes the univariate polynomial Cx1+a x2

and performs
the separation check. All the other components are shared
with the RootFinding[Isolate] function from Maple.

For dense polynomials with coefficients that can be en-
coded on 23 bits (such as if there were coming from floating
point numbers), the results we obtained on a core i7 3.5
Ghz with 32 GB of memory are summarized in the following
table in which Degree denotes the degree of the polynomial
D(z1, z2) to be studied, ]V (I) the number of complex
roots of the bivariate system to be solved to decide the
stability, RootF inding the computation time of the general
function RootFinding[Isolate] and Dedicated our
new (dedicated) algorithm.

Degree ]V (I) RootFinding Dedicated
10 200 2.3 < 1
15 450 29.8 < 1
20 800 223.4 < 1
25 1280 866.9 1.42
30 1800 3348.2 2.79
35 2450 > 1 hour 7.81
40 3200 > 1 hour 15.51

Note that on these examples, we did not report the com-
putation times required by the two other conditions (stability
of D(1, z2) and D(z1, 1)) since they are small compared to
the resolution of the full bivariate system.

As an interesting fact, it is worth mentioning that using
a naive implementation of the Möbius transforms makes the
latter step the most dominant part in the dedicated algorithm.

B. Parametric case

Let now consider a 2D transfer function depending on two
parameters and whose denominator is:
D(z1, z2) = (4u1 + 2u2 + 3)z1 + (−2u1 + 1)z2 + (4u1 −
2u2−2)z1 z2+(2u1−2u2 +4)z1

2 z2+(−u1−u2 +1)z1 z2
2.

We first apply the algebraic transformation from Section II
to D(z1, z2), the resulting bivariate parametric system we
have to study is {R(x1, x2) = C(x1, x2) = 0} with
R(x, y) = 7 u1 x

2y2−3 u2 x
2y2+7x2y2+u1 x

2+7 y2u1−
5 u2 x

2 + y2u2 − x2 − 3 y2 + u1 − u2 − 11,
C(x, y) = 10 u1 x

2y − 8 u1 xy
2 + 6 u2 x

2y + 4 u2 xy
2 +

4x2y−6xy2−8 u1 x+10 u1 y+4 u2 x+6 yu2 −6x+4 y]

The minimal discriminant variety of this bivariate
system with respect to the projection onto (u1, u2)
can be obtained by running the Maple function
RootFinding[Parametric][Discriminant Variety]

which gives an union of 10 lines, 2 quadrics and one curve
of degree 6.

Computing the conditions on the parameters that discrim-
inate the situations where D(z1, 1) (resp. D(1, z2)) has (or

Fig. 1. Global view - Parameter space decomposition

Fig. 2. Zoom u1 = −4 . . . 2, u2 = −7 . . . 7 - Parameter space
decomposition

not) roots in the unit disk lead to a list of 6 lines with 3 of
them already in the discriminant variety.

Decomposing the parameter space cylindrically with re-
spect to these 16 curves gives 1161 cells (see Figure 1).

Among each cell, the system is either stable or unstable. It
is then sufficient to pick up one couple of parameter values
in each cell and to count the number of real solutions of
the (non parametric) zero-dimensional system {R, C} and
perform the stability test of D(z1, 1) and D(1, z2).

It should be noticed that in some regions of the parameter
space, some cells are very small.

Finally, it turns out that 118 of these regions correspond to
unstable systems. For example the cell containing the couple
(u1 = −.4717912847, u2 = −.5389591122) contains pa-
rameters values that all correspond to unstable systems while
the cell containing the couple (u1 = −.6152602220, u2 =
−.5389591122) contains parameters values that all corre-
spond to stable systems (see Figure 3).

APPENDIX

A. Resultant and Subresultants

A key tool, related to the study of solutions of algebraic
systems, is the Subresultant sequence. We provide below its
definition and some of its properties that are needed for the
description of our algorithms. For a complete overview, the
reader may refer to [7].
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Fig. 3. Zoom around a non stable region : u1 = −0.4 . . . − 0.6, u2 =
−0.4 . . .− 0.6 - Parameter space decomposition

D denotes a unique factorization domain and F its fraction
field. Let f = a0 + . . . + anx

n and g = b0 + . . . + bmx
m

be two polynomials with coefficients in D. We shall always
assume in the following that an 6= 0, bn 6= 0 and n ≥ m.

For an integer k such that 0 ≤ k ≤ m, we define the
following D-linear map

ϕk : (u, v) 7−→ uf + vg

such that u, v ∈ D[x] are polynomials with degrees
respectively less or equal than n − k − 1 and m − k − 1
whose the corresponding matrix is given as:

Sk =



an an−1 · · · a0

. . . . . .
an an−1 . . . a0

bm bm−1 . . . b0

. . . . . .
bm bm−1 . . . b0


The matrix S0 is the classical Sylvester matrix associated

to f and g. To be coherent with the degree of polynomials,
we will attach index i− 1 to the i-th column of Sk, so that
the indexes of the columns go from 0 to n+m− k − 1

Definition 2: For j ≤ n + m − k − 1 and 0 ≤ k ≤ m,
let srk,j be the determinant of the submatrix of Sk formed
by the last n+m− 2 k− 1 columns, the column of index j
and all the n+m− 2k rows. The polynomial Sresk(f, g) =
srk,k xk + . . .+ srk,0 is the k-th polynomial subresultant of f
and g, and its leading term srk,k (or simply srk) is the k-th
principal subresultant of f and g. The polynomial Res(f, g) =
sr0 is the resultant of f and g.

Proposition 1: The following properties are equivalent:
• f, g have a common root in F, the alg. closure of F,

• Sres0(f, g) = 0,
• f, g have a non trivial gcd which is proportional to the

non-zero polynomial subresultant of minimal index.

In addition, the subresultant sequence bears an important
specialization property.

Proposition 2: Let D and D′ be unique factorization do-
mains and φ : D → D′ be a morphism. Let f, g ∈
D[x] and suppose that degree(φ(f)) = degree(f) >
degree(g) = degree(φ(g)). Then φ(Sresi(f, g)) =
Sresi(φ(f), φ(g)),∀i = 0 . . . degree(g).

Consider now two polynomials f =
∑n
i=0 ai(x1) xi2 and

g =
∑m
i=0 bi(x1) xi2 in Q[x1, x2]. The two above properties

leads to the following result.

Proposition 3: For any α such that an(α) and bm(α) do
not both vanish. The first polynomial Sresx2,k(α, x2) (for k
increasing) that does not identically vanish is of degree k
and it is the gcd of f(α, x1) and g(α, x2)(up to a nonzero
constant in the fraction field of D(α)).

Triangular decomposition: Given two bivariate poly-
nomials f, g ∈ Q[x1, x2] such that an(x1) and bm(x1)
are coprime, one can use the above result in order to
compute a triangular description of the solutions of the
system S := {f = g = 0}. Indeed, starting from the
resultant of f and g whose roots α are the x1 coordinates
of the common solutions of S, one can factorize the latter
depending on the degree of the gcd of f(α, x2) and g(α, x2).
For each root α of the resultant, the gcd of f(α, x2) and
g(α, x2) is then given as the specialization at α of the
first non vanishing polynomial subresultant according to
Proposition 3. Consequently, the set of solutions of S, i,e.,
{(α, β) ∈ C2|f(α, β) = g(α, β) = 0} is equal to the set⋃m−1
i=1 {(α, β) ∈ C2|hi(α) = Sresi(α, β) = 0}, where the

polynomial hi(x1) is the factor of the resultant whose any
root α satisfies the property that the degree of the gcd of
f(α, x2) and g(α, x2) is equals to i. See [12] for more details
about this triangular decomposition algorithm.

B. Gröbner bases

A Gröbner basis of an ideal I ⊂ Q[x1, . . . , xn] is a com-
putable generator set of I with good algorithmic properties.
This generator set is defined with respect to a monomial
ordering, say a total ordering on Nn which is compatible with
the multiplication of monomials. The lexicographic ordering,
denoted <lex, is the most well-known ordering:

xα1
1 · · ·x

αn
n <lex x

β1
1 · · ·x

βn
n

⇔ ∃i0 ≤ n ,

{
αi = βi, for i = 1, . . . , i0 − 1,
αi0 < βi0

(6)

However, for efficiency reasons, it is often preferable to
consider the so-called degree orderings such as the degree
reverse lexicographic order (DRL):

xα1
1 · . . . · x

αn
n <DRL x

β1
1 · . . . · x

βn
n ⇔

x
∑

k αk
0 · x−αn

1 · . . . · x−α1
n <lex x

∑
k βk

0 · x−βn1 · . . . · x−β1n .
(7)
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Once a monomial ordering > is fixed it induces a natu-
ral notion of leading monomial for any polynomial p in
Q[x1, . . . , xn] which is the greatest monomial of p for >
denoted by LM(p,<) in the sequel.

Whatever the monomial ordering used, the key property of
a Gröbner basis is to induce a canonical reduction function
named normalForm:

Theorem 6: [13] Let G be a Gröbner basis of an
ideal I ⊂ Q[x1, . . . , xn] for a fixed ordering <. Then,
a polynomial p ∈ Q[x1, . . . , xn] belongs to I if and
only if NormalForm(p,G,<) = 0. In particular,
NormalForm(p,G,<) is unique.

We pay a particular attention to Gröbner bases with respect
to elimination or block orderings (defined below) since they
provide a way of eliminate some variables from the system.

Definition 3: Given two monomial orderings <U (w.r.t.
the variables U1, . . . , Ud) and <X (w.r.t. the variables
xd+1, . . . , xn), a block ordering <U,X is defined as follows
: given two monomials m and m′, then m <U,X m′ if
and only if either m|U1=1,...,Ud=1

<X m′|U1=1,...,Ud=1
or

(m|U1=1,...,Ud=1
= m′|U1=1,...,Ud=1

and m|xd+1=1,...,xn=1
<U

m′|xd+1=1,...,xn=1
). We say that such an ordering eliminates

xd+1, . . . , xn.

The lexicographical ordering such x1 < . . . < xn is
a block ordering for any 1 < i < n, which eliminates
xi+1, . . . , xn. However, this ordering is not recommended for
elimination because the computation is usually much harder
than with block orderings such both <U and <X are DRL
orderings.

Two important applications of elimination orderings are
the projections and localizations, which can be summarized
in the following two propositions. To facilitate the illustra-
tion, the following notation is needed. Given any subset V
of Cd (d is an arbitrary positive integer), V is its Zariski
closure which is the smallest subset of Cd containing V . If
V is a constructible set (i.e. it may be defined by equations
and inequations), then V is also the closure for the usual
topology. This will be always the case in the following.

Proposition 4: [23] Let G be a Gröbner basis of an ideal
I ⊂ Q[U,X] w.r.t. a block ordering <U,X , then G

⋂
Q[U,X]

is a Gröbner basis of I
⋂
Q[U,X] w.r.t. <U . Moreover,

if ΠU : Cn −→ Cd denotes the canonical projection on
the coordinates U , then V (I ∩ Q[U ]) = V (G ∩ Q[U ]) =
ΠU (V (I)).

Proposition 5: [24] Let I ⊂ Q[X] and T be a new inde-
terminate, then V (I) \ V (f) = V ((I + 〈Tf − 1〉)

⋂
Q[X]).

If G′ ⊂ Q[X,T ] is a Gröbner basis of I + 〈Tf − 1〉 w.r.t
a block ordering <X,T , then G′

⋂
Q[X] is a Gröbner basis

of I : f∞ := (I + 〈Tf − 1〉)
⋂
Q[X] w.r.t. <X . The variety

V (I) \ V (f) and the ideal I : f∞ are usually called the
localization of V (I) and I by f .
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An alternating minimization algorithm
for structured covariance completion problems

Armin Zare, Yongxin Chen, Mihailo R. Jovanović, and Tryphon T. Georgiou

Abstract— State statistics of linear systems satisfy certain
structural constraints that arise from the underlying dynamics
and the directionality of input disturbances. These statistics
are relevant in understanding the fundamental physics and
can be used to develop control-oriented models for large-scale
dynamical systems, e.g., stochastically forced linearized Navier-
Stokes equations. The problem of completing partially known
state statistics via stochastically driven linear time-invariant
systems gives rise to a class of structured covariance completion
problems. In this, nuclear norm minimization is used to
identify forcing models of low complexity. Herein, we develop a
customized alternating minimization algorithm (AMA) to solve
this optimization problem for large-scale systems. We interpret
AMA as a proximal gradient for the dual problem which allows
us to prove convergence for the algorithm with fixed step-size.

Index Terms— Alternating minimization algorithm, convex
optimization, nuclear norm regularization, state covariances,
structured matrix completion problems.

I. INTRODUCTION

Motivated by the necessity for control-oriented modeling
of systems with large number of degrees of freedom, e.g.,
fluid flows, we have developed a framework to account for
partially observed second-order statistics using stochastically
forced linear models [1]–[5]. These models have shown to
preserve the essential dynamics. For instance, linearization of
the Navier-Stokes equations around mean-velocity, driven by
white-in-time stochastic excitation has shown to qualitatively
replicate structural features of wall-bounded shear flows [6]–
[9]. However, it has also been recognized that white-in-
time stochastic forcing is too restrictive to reproduce all
statistical features of the fluctuating velocity field [5], [10],
[11]. Building on [12], [13], we depart from white-in-
time restriction and consider low-complexity models with
colored-in-time excitations that successfully account for all
observed second-order statistics that may be available from
experiments or numerical simulations.

In our setting, the complexity is quantified by the rank
of the correlation structure of excitation sources and we
utilize nuclear norm minimization as a surrogate for rank
minimization [14], [15]. The resulting convex optimization
problem can be cast as a semidefinite program (SDP) which
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is readily solvable by standard software for small-size prob-
lems. However, for larger problems, we have developed
customized optimization algorithms based on alternating
direction methods [4], [16]. In this presentation, we focus on
a customized alternating minimization algorithm (AMA) and
show that AMA can be interpreted as a proximal gradient for
the dual problem. This interpretation can be used to establish
sub-linear convergence of the algorithm [4].

II. PROBLEM FORMULATION

Consider a linear time-invariant (LTI) system

ẋ = Ax + B u, (1)

where x(t) ∈ Cn is the state vector, A ∈ Cn×n and
B ∈ Cn×m are dynamic and input matrices, and u(t) ∈ Cm
is a stationary zero-mean stochastic process. For a Hurwitz
matrix A and controllable pair (A,B), the positive definite
matrix X qualifies as being the steady-state covariance
matrix of the state in (1),

X := lim
t→∞

E (x(t)x∗(t)) ,

if and only if the linear equation,

AX + X A∗ = − (BH∗ + H B∗) , (2)

is solvable in terms of H ∈ Cn×m [12], [13]. Here, E is the
expectation operator and ∗ denotes the complex conjugate
transpose. When u is white noise with covariance W , X
satisfies the Lyapunov equation

AX + X A∗ = −BWB∗.

This results from (2) with H = BW/2 and yields a negative
semi-definite right-hand-side. In contrast, for the case of
colored-in-time stochastic excitation of the linear dynamics,
the right-hand-side of (2), which we denote as

Z := − (AX + X A∗) ,

may have both positive and negative eigenvalues.
The covariance completion problem is formulated as,

minimize
X,Z

− log det (X) + γ ‖Z‖∗
subject to A1(X) + Z = 0

A2(X) − G = 0.

(CC)

Here, A1 : Cn×n → Cn×n and A2 : Cn×n → Cp×p are
linear operators, with

A1(X) := AX + XA∗

A2(X) := (C X C∗) ◦ E.
(3)
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Matrices A, C, E, and G denote problem data, and Hermitian
matrices X , Z ∈ Cn×n are optimization variables. Entries of
the Hermitian matrix G represent partially available second-
order statistics and C is a matrix that establishes the rela-
tionship between entries of the state covariance matrix X
and partially available statistics resulting from experiments
or simulations. While the logarithmic barrier function in the
objective is introduced to guarantee the positive definiteness
of X , the nuclear norm, i.e., the sum of singular values of
a matrix, ‖Z‖∗ :=

∑
i σi(Z), is used as a proxy for rank

minimization [14], [15] with the parameter γ indicating the
relative weight on the nuclear norm. The symbol ◦ denotes
elementwise matrix multiplication and E is the structural
identity matrix,

Eij =

{
1, if Gij is available
0, if Gij is unavailable.

Convexity of (CC) follows from the convexity of its objective
function Jp(X,Z) and convexity of the constraint set [17].

The Lagrange dual of (CC) is given by

maximize
Y1, Y2

log det
(
A†

1(Y1) + A†
2(Y2)

)
− 〈G, Y2〉+ n

subject to ‖Y1‖2 ≤ γ
(D)

where Hermitian matrices Y1, Y2 are dual variables associ-
ated with equality constraints in (CC) and A†

1 and A†
2 are

the adjoints of the operators defined in (3) [4]. We denote
the objective of (D) as Jd(Y1, Y2).

III. ALTERNATING MINIMIZATION ALGORITHM

The logarithmic barrier function in (CC) is strongly convex
over any compact subset of the positive definite cone [18].
As a result, problem (CC) is well-suited for the application
of AMA, which requires strong convexity of the smooth part
of the objective function [19].

The augmented Lagrangian associated with (CC) is

Lρ(X,Z;Y1, Y2) = − log detX + γ ‖Z‖∗ +

〈Y1, A1(X) + Z〉 + 〈Y2, A2(X)−G〉 +
ρ

2
‖A1(X) + Z‖2F +

ρ

2
‖A2(X) − G‖2F

where ρ is a positive scalar and ‖·‖F is the Frobenius norm.
AMA follows a sequence of iterations,

Xk+1 := argmin
X

L0 (X, Zk; Y k1 , Y
k
2 ) (4a)

Zk+1 := argmin
Z

Lρ (Xk+1, Z; Y k1 , Y
k
2 ) (4b)

Y k+1
1 := Y k1 + ρ

(
A1(Xk+1) + Zk+1

)
(4c)

Y k+1
2 := Y k2 + ρ

(
A2(Xk+1) − G

)
(4d)

which terminate when the duality gap

∆gap := − log detXk+1 + γ ‖Zk+1‖∗ − Jd
(
Y k+1
1 , Y k+1

2

)
and the primal residual ∆p are sufficiently small. In the
X-minimization step (4a), AMA leads to a closed-form
expression for Xk+1. This is followed by the Z-minimization

step (4b) which amounts to the soft-thresholding operator
acting on the singular values of a matrix. Finally, the
Lagrange multipliers, Y1 and Y2, are updated based on
the primal residuals with the step-size ρ. The step-size is
obtained by adjusting an initial BB step-size [20] through
a backtracking procedure to guarantee positive definiteness
of the subsequent iterate of (4a) and sufficient dual ascent;
see [16], [21] for additional details.

Our customized AMA is summarized as Algorithm 1. Here
A† denotes the adjoint of the operator pair A := (A1,A2).

Algorithm 1 Customized AMA

input: A, G, γ > 0, tolerances ε1, ε2, and backtracking
constant β ∈ (0, 1).
initialize: k = 0, ρ0,0 = 1, ∆gap = ∆p = 2ε1,
Y 0
2 = On×n, and choose Y 0

1 such that A†
1(Y 0

1 ) =
(γ/‖Y 0

1 ‖2)In×n.

while: |∆gap| > ε1 and ∆p > ε2,

Xk+1 = (A†(Y k1 , Y
k
2 ))−1

compute ρk: {βjρk,0}j=0,1,... such that Xk+2 � 0

and Y k+1
1 and Y k+1

2 achieve sufficient dual ascent

Zk+1 = Sγ/ρ
(
−A1(Xk+1) − (1/ρ)Y k1

)
Y k+1
1 = Y k1 + ρ

(
A1(Xk+1) + Zk+1

)
Y k+1
2 = Y k2 + ρ

(
A2(Xk+1) − G

)
k = k + 1

ρk,0 =
∑2
i=1 ‖Y

k+1
i − Y ki ‖2F /∑2

i=1

〈
Y k+1
i − Y ki , ∇Jd(Y ki )−∇Jd(Y k+1

i )
〉

endwhile
output: ε-optimal solutions, Xk+1 and Zk+1.

Computational complexity: The X- and Z-minimization
steps respectively involve a matrix inversion and a singular
value decomposition, which require O(n3) operations each.
However, the Z-minimization steps is embedded within an
iterative backtracking procedure for selecting the step-size
ρk. Thus, if this step-size selection takes q inner iterations,
the total computational cost for a single iteration of AMA is
O(qn3). In contrast, the worst-case complexity of standard
SDP solvers is O(n6).

IV. AMA AS A PROXIMAL GRADIENT ON THE DUAL

We next show that (4c) and (4d) are equivalent to those
obtained by applying the proximal gradient algorithm to (D).

The dual problem (D) takes the following form

minimize
Y1,Y2

f(Y1, Y2) + g(Y1, Y2) (5)

where f(Y1, Y2) = − log detA†(Y1, Y2) − 〈G, Y2〉 and
g(Y1, Y2) denotes the indicator function

I(Y1) =

{
0, ‖Y1‖2 ≤ γ

+∞, otherwise.
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Both f : (Cn×n,Cp×p) → R and g: (Cn×n,Cp×p) →
R ∪ {+∞} are closed proper convex functions and f is
continuously differentiable. For Y1 ∈ Cn×n and Y2 ∈
Cp×p, the proximal operator of g, proxg: (Cn×n,Cp×p)→
(Cn×n,Cp×p) is given by

proxg(V1, V2) = argmin
Y1,Y2

g(Y1, Y2) +
1

2

2∑
i=1

‖Yi − Vi‖2F

where V1 and V2 are fixed matrices. For (5), the proximal
gradient method [22] determines the updates as

(Y k+1
1 , Y k+1

2 ) := proxρg(Y
k
1 − ρ∇Y1f(Y k1 , Y

k
2 ),

Y k2 − ρ∇Y2
f(Y k1 , Y

k
2 ))

where ρ > 0 is the step-size. For ρ ∈ (0, 1/L] this method
converges with rate O(1/k) [23]. Here, L represents a bound
on the Lipschitz constant.

Application of the proximal gradient method to the dual
problem (5) yields

Y k+1
1 := argmin

Y1

〈
∇Y1

(− log detA†(Y k1 , Y
k
2 )), Y1

〉
+

I (Y1) +
L

2
‖Y1 − Y k1 ‖2F (6a)

Y k+1
2 := argmin

Y2

〈
∇Y2

(− log detA†(Y k1 , Y
k
2 )), Y2

〉
+

〈G, Y2〉 +
L

2
‖Y2 − Y k2 ‖2F (6b)

The gradient in (6a) is determined by

∇Y1
(− log detA†(Y k1 , Y

k
2 )) = −A1(A†(Y k1 , Y

k
2 )−1)

and we thus have

Y k+1
1 := argmin

Y1

I(Y1) +

L

2
‖Y1 − (Y k1 +

1

L
A1(A†(Y k1 , Y

k
2 )−1))‖2F .

(7)
Since Xk+1 = A†(Y k1 , Y

k
2 )−1, it follows that the dual update

Y k+1
1 given by (4c) solves (7) with ρ = 1/L. This is because

the saturation operator Tγ represents the proximal mapping
for the indicator function I (Y1) [22]. Finally, from the first
order optimality conditions for (6b), the dual update

Y k+1
2 = Y k2 +

1

L
(A2(A†(Y k1 , Y

k
2 )−1)−G)

is equivalent to (4d) with ρ = 1/L.

The equivalence between AMA and the proximal gradient
algorithm can be used to prove convergence of customized
AMA [4]. For this, we establish Lipschitz continuity of
the gradient of the logarithmic barrier in the dual objective
function over a convex domain. In addition, we show that
the dual iterates are bounded within this domain. Therefore,
a bound on the step-size ρ can be sought that guarantees con-
vergence at a sub-linear rate that is no worse than O(1/k).
While AMA with a constant step-size cannot achieve a linear
convergence rate, in practice we observe that a heuristic
step-size selection (BB step-size initialization followed by
backtracking) can improve its convergence properties [4].
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Towards Synthesis of Polynomial Controllers - A Multi-Affine Approach

Nicolas Ribard1, Rafael Wisniewski1, and Christoffer Sloth1

Abstract— In the paper, we strive to develop an algorithm
that simultaneously computes a polynomial control and a
polynomial Lyapunov function. This ensures asymptotic sta-
bility of the designed feedback system. The above problem is
translated to a certificate of positivity. To this end, we use the
representation of the given control system in Bernstein basis.
Subsequently, the control synthesis problem is reduced to finite
number of evaluations of a polynomial on vertices of cubes in
the space of parameters representing admissible controls and
Lyapunov functions.

Index Terms— Control design, Bernstein basis, stability, cer-
tificates of positivity; MSC: 14P05, 93B25, 93B51

I. INTRODUCTION

It is a long-standing challenge to design control systems
that stabilize nonlinear dynamical systems. Some methods
have been developed for handling classes of nonlinear sys-
tems [6]; however, the current algorithms for designing
controllers suffer from complexity issues. Immense progress
has been seen for the class of polynomial systems, but only
low to medium sized polynomial systems can be handled
[15].

The key to finding a Lyapunov function for a polyno-
mial system is to find a certificate of positivity. A popular
certificate of positivity for polynomials is the existence of
a sum of squares (SOS) decomposition. The existence of
a SOS decomposition of a polynomial can be formulated
as a semidefinite programming problem; and therefore, cer-
tificates of positivity of polynomials are computationally
tractable [12], [14]. On bounded regions, it is known that
exponentially stable nonlinear systems have polynomial Lya-
punov functions [13].

Polynomial certificates of positivity have been applied for
computing Lyapunov functions. These algorithms have been
developed by means of mainly SOS-based programming
[11]; however, also Handelman’s theorem [7] and Bernstein-
based certificates have been used [17]. The complexity of
SOS programs for determining stability has been evaluated
in [7], where it is shown that in the uncontrolled case, the
method is far more efficient.

On rectangles, it is simpler to certify the positivity of
a multi-affine function than polynomials. This has been
successfully used for the control of multi-affine systems in
[1], [5], where only conditions on the vertices are exploited.
Similar conditions were utilised in [16] on polynomials that
can be expressed as affine functions after a lifting called
blossoming.

1N. Ribard, R. Wisniewski, and C. Sloth are with Section of Au-
tomation & Control, Aalborg University, 9220 Aalborg East, Denmark
{nr,raf,ces}@es.aau.dk

This paper will exploit a certificates of positivity in the
Bernstein basis [8], [3], [2] for designing control systems
for polynomial dynamical systems. We translate the control
synthesis problem to bilinear inequalities, and show how
a control may be designed using multi-affine methods on
cubes.

The paper is organized as follows. Section II presents
preliminary definitions and results on Bernstein polynomials
and certificates of positivity, and Section III formulates
the controller design problem as bilinear inequalities. Sub-
sequently, Section IV presents an idea for the design of
Lyapunov functions using a multi-affine approach. Finally,
Section V comprises conclusions.

II. PRELIMINARIES

This section presents background on Lyapunov stability,
Bernstein polynomials and results on certificates of positivity.

We study the affine control system given by

ẋ = Fu(x) := f(x) + g(x)u(x), (1)

where x ∈ Rn is the state and u : Rn → Rm is the control.
The vector field Fu : Rn → Rn is defined by the drift f :
Rn → Rn and the input matrix function g : Rn → Rn×m.

A. Lyapunov Stability

We study the stability of an equilibrium x0. To this end,
we use the notion of a Lyapunov function, which we recall
below to establish notation.

Proposition 1: Let x0 be an equilibrium point for (1) and
let D ⊆ Rn contain x0. Let V : D → R be a continuously
differentiable function such that

V (x) > 0, ∀x ∈ D − {x0} (2a)

−∂V
∂x

(x)Fu(x) > 0, ∀x ∈ D − {x0}. (2b)

Then x0 is asymptotically stable.
We say that any function V satisfying Proposition 1 is
a Lyapunov function for Fu. Without loss of generality,
we assume that x0 = 0. Furthermore, we assume that all
functions are polynomial.

To simplify the notation, we define LFu as the negative
of the Lie derivative as follows

LFu : R[X] 7→ R[X]

g 7→ −∂g
∂x
Fu,

where R[X] = R[X1, . . . , Xn] denotes the ring of polyno-
mials in n variables X1, . . . , Xn.
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B. Simplices

This work exploits a certificate of positivity in the (sim-
plicial) Bernstein basis. We begin with a recollection of the
definition of a simplex.

Definition 1 (Simplex): Let δ0, . . . , δn ∈ Rn with n ≥
1. The ordered list ∆ = [δ0, . . . , δn] is called a simplex of
vertices δ0, . . . , δn. If δ0, . . . , δn are affinely independent, the
simplex ∆ is said to be non-degenerate.

In this paper, ∆ = [δ0, . . . , δn] will denote a non-
degenerate simplex of Rn.

Barycentric coordinates can be associated to a simplex
∆ = [δ0, ..., δn]. The barycentric coordinates (affine poly-
nomials) λ0, . . . , λn ∈ R[X1, . . . , Xn] associated to ∆ are
defined by

∀x ∈ Rn,
n∑
i=0

λi(x) = 1, x =

n∑
i=0

λi(x)δi.

Consequently, a simplex ∆ is characterized by its barycen-
tric coordinates as

∆ =

n⋂
i=0

{x ∈ Rn| λi(x) ≥ 0}.

This means that the barycentric coordinates describe the
simplex as a semi-algebraic set.

Example 1: In R2, we define ∆ = [(0, 0), (0, 1), (1, 0)].
This simplex can be described with barycentric coordinates

λ0(x1, x2) = 1− x1 − x2,
λ1(x1, x2) = x1,

λ2(x1, x2) = x2.

This example can be extended to a greater dimension by
defining the standard simplex.

Definition 2: In Rn, we define ∆ = [δ0, ..., δn], with δ0 =
0 and ∀i ∈ {1, ..., n}, δi is the vector in Rn full of zeros
with 1 at the ith position. This simplex is called standard
simplex.
In the remainder of the paper, we use the following con-
vention for defining barycentric coordinates for the n-
dimensional standard simplex for j = 0, . . . , n

λj =

{
1−

∑n
i=1Xi if j = 0

Xj otherwise.
(3)

We work on the standard simplex, since there exists an
affine map from a standard simplex to any given simplex.
Therefore, the presented results can be translated to an
arbitrary simplex, making this method generic.

C. Bernstein Polynomials

In this subsection, we present Bernstein polynomials and
provide a certificate of positivity in the simplicial Bernstein
basis.

Definition 3 (Bernstein Polynomials): Let ∆ be a simplex
with associated barycentric coordinates λ0, . . . , λn ∈ R[X],

and let α = (α0, . . . , αn) ∈ Nn+1. The Bernstein polynomi-
als of degree d ∈ N0 with respect to the simplex ∆ are

Bdα :=
d!

α0! · · ·αn!

n∏
i=0

λαi
i ∈ R[X]

for |α| = d where |α| :=
∑
i

αi.

To obtain a more compact notation, we write Bdα =
(
d
α

)
λα.

The Bernstein polynomials of degree d form a basis for
polynomials of degree no greater than d; thus, we can
uniquely rewrite any such polynomial as

f =
∑
|α|=d

bα(f, d,∆)Bdα,

where bα(f, d,∆) is the Bernstein coefficients of f of degree
d on ∆.

Bernstein polynomials are positive semidefinite on the
simplex where they are defined, i.e. ∀x ∈ ∆, Bdα(x) ≥
0. This implies that any convex combination of Bernstein
polynomials is positive semidefinite on ∆.

Lemma 1: Let P be a polynomial of degree p and let 4
be a simplex. If the Bernstein coefficients bα(P, d,∆) of P
of some degree d ≥ p on ∆ are all positive, then P is positive
on 4.
The converse of Lemma 1 is not obvious; it is given by
Bernstein’s Theorem.

Theorem 1 (Bernstein’s Theorem): If a nonzero polyno-
mial P of degree p is positive on a simplex, then there exists
d ≥ p such that all coefficients of P given in the Bernstein
basis of degree d are positive.

It is not evident how the degree d should be chosen
to ensure that all Bernstein coefficients are positive. The
degree bounds in [8] depend on the minimum value of
the polynomial and are not applicable to the search for a
function.

Example 2: The polynomial P = 5X2 − 4X + 1 is
positive on the simplex 4 = [−1, 1] but b(P, 2, [−1, 1]) =
(10,−4, 2), so a representation of degree two is not sufficient
to determine the positivity of P . However, all coefficients are
positive for b(P, 21, [−1, 1]), i.e., by elevating the degree of
the representation of P to 21, it is possible to certify the
positivity of P .

For the degree d of the Berstein basis and the number n
of variables, Nd :=

(
d+n
d

)
is the number of terms in the

Bernstein basis.
Define σd : {0, . . . , Nd} → {β ∈ Nd, |β| ≤ d} such that

σd organizes βd in the lexicographic order, with

∀i, j ∈ {0, ..., Nd}, i < j ⇔ σd(i) <lex σd(j).

To ease the notation, σd will be written σ. Furthermore,
the Bernstein coefficients bα(P, d,∆) are organized with the
lexicographic order on α, i.e.,

(b(P, d,∆))i = bσ(i)(P, d,∆).
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D. Multiaffine Maps

An alternative to Benstein representation on simplices is
its representation on boxes [10]. Both representations will be
used in the next section for the controller design.

At the outset, we characterise a box in Rn by two vectors
a and b with a < b (the inequalities of vectors will be
understood component-wise, i.e., ai < bi). Subsequently, the
box �(a, b) is the set

�(a, b) ≡ {x ∈ Rn| a ≤ x ≤ b} = [a1, b1]× . . .× [an, bn].

The vertices V (a, b) of the box �(a, b) are

V (a, b) ≡
n∏
i=1

{ai, bi} = {a1, b1} × · · · × {an, bn}.

On an interval R, a box is an interval [a, b]. In this incident,
the α-th Bernstein basis of degree d is the polynomial

Bdα(x; a, b) ≡
(
d

α

)
1

(b− a)d
(x− a)α(b− x)d−α

for α = 0, . . . , d.
On Rn, the situation gets slightly more involved. Let d, i ∈

Zn+ with i ≤ d. For the box �(a, b), the i-th Bernstein basis
Bdα(x; a, b) of degree d is the following tensor product

Bdα(x; a, b) ≡ Bd1α1
(x1; a1, b1) · · ·Bdnαn

(xn; an, bn).

Consequently, any polynomial of degree d in x is uniquely
written in the following (Bernstein) form

f(x) =
∑

0≤α≤d

bα(f, d, a, b)Bdα(x; a, b).

In particular, if the polynomial f is a multi-affine function,
i.e., f is a polynomial of the form

f(x) =
∑

α∈{0,1}n
cαx

α,

then the degree of the representing the polynomial in Bern-
stein form is d = (1, . . . , 1). As it will be shown shortly, this
observation will be instrumental; it implies that the value of
a multi-affine function on a box is uniquely determined by its
values on the vertices. As it was true for the polynomials in
Bernstein form on simplices, polynomials in Bernstein form
on boxes enjoy convex hull property. This is formalised in
the next proposition from [4]. The following notations will
be instrumental, α/d ≡ (α1/d1, . . . , αn/dn). Furthermore,
we introduce the linear isomorphism S : [0, 1]n → �(a, b)
taking the lower left vertex 0 to a and upper right vertex 1
to b.

Proposition 2 (Lemma 2.1 in [4]): Let p be a polynomial
(in monomial basis) of degree d. Then the following prop-
erties hold for its Bernstein coefficients bα ≡ bα(p, d, a, b)

1) Sharpness on vertices of the box

bα = p(S(α/d)) for α ∈ {0, d1} × . . .× {0, dn}.

2) Convex hull property

Conv{(x, p(x)) ∈ Rn × R| x ∈ �(a, b)} ⊆
Conv{(S(α/d), bα) ∈ Rn × R| α ∈ Zn+, 0 ≤ α ≤ d}.

For a multi-affine map f , Proposition 2 reads f on a box
has values in the convex hull of its values at vertices of this
box.

Corollary 1: If d ≤ (1, . . . , 1) then

f(�(a, b)) = Conv{(S(α), bα) ∈ Rn × R| α ∈ {0, 1}n}.
The above corollary will be used in Section IV.

III. BILINEAR CONDITIONS FOR CONTROLLER
SYNTHESIS

This section presents bilinear inequalities which are to be
solved to obtain a stabilizing control for a given polynomial
system. We focus on determining a function that satisfies
the Lyapunov conditions on only one simplex (the standard
simplex), rather than on a domain consisting of a union of
simplices, which is necessary for studying stability. This is of
course a great simplification of the genuine control syntheses
problem.

A. Stability Analysis by Linear Inequalities

At the outset, we restrict our attention to the verification
of asymptotic stability. Specifically, this subsection provides
linear inequalities that can be used to determine that a given
function is positive and that it is decreasing along the vector
field. A similar result is found in [18].

Suppose that a candidate polynomial Lyapunov function
V has degree no greater than d, then V can be written as

V =
∑
|α|=d

bα(V, d,∆)Bdα.

The function V is positive definite on ∆ if the Bernstein
coefficients bα(V, d,∆) are positive for all α. This certificate
of positivity is easy to check and it can readily be used for
finding a Lyapunov function V , when the control u is known.

Similarly, we setup conditions for certifying the positivity
of LFu(V ) on ∆, i.e., that the Lie derivative is negative on
∆.

The polynomial LFu
(V ) can be written as

LFu(V ) = LFu(
∑
|α|=d

bα(V, d,∆)Bdα)

=
∑
|α|=d

bα(V, d,∆)LFu
(Bdα)

= −
∑
|α|=d

bα(V, d,∆)
∂Bdα
∂x

Fu

Suppose that LFu
(V ) is of maximal degree D, then we

can rewrite LFu
(V ) in a new Bernstein basis BDγ as

LFu
(V ) =

∑
|γ|=D

bγ(LFu
(V ), D,∆)BDγ .

This implies that LFu
(V ) is positive on 4 if the Bernstein

coefficients bγ(LFu
(V ), D,∆) are positive for all γ.

The two conditions are summarized below.
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Lemma 1: If for all α with |α| = d and for all γ with
|γ| = D,

bα(V, d,∆) > 0 (4a)
bγ(LFu(V ), D,∆) > 0. (4b)

Then

V (x) > 0 ∀x ∈ 4
LFu

(V )(x) > 0 ∀x ∈ 4.
The conditions in (4) are linear in the Bernstein coefficients;
thus, they can be solved as a linear programming problem.

B. Controller Synthesis by Bilinear Inequalities

To utilise the results in Lemma 1 for the control synthesis,
the synthesis shall be carried out on a family of n-simplices
S ≡ {σi| i ∈ 1, . . . ,K} that generates a complex. We
assume that the equilibrium is one of the vertices of simplices
in S . The Lyapunov function has to be piecewise continuous
[9]. In other words, we strive to find a polynomial control
function u and a family V ≡ {Vi| i ∈ 1, . . . ,K} of functions
such that

1) Whenever τ ≡ σ1 ∩ σ2 6= ∅, Vσ1 |τ = Vσ2 |τ ,
2) Whenever 0 ∈ σ, Vσ(0) = 0, and LFu

(Vσ)(0) = 0.
3) For each simples σ ∈ S, the conditions (4) in Lemma 1

are satisfied for all coefficient γ, except for the one
corresponding to the equilibrium 0.

In the sequel, we focus on the point 3), which we see as
the most challenging. Problems 1) and 2) correspond merely
to equality constraints on Bernstein coefficients.

It is seen from (4) that (4a) is a set of linear inequalities in
the Bernstein coefficients. If the control u is unknown then
(4b) is not linear in the Bernstein coefficients. Therefore, this
subsection focuses on rewriting the conditions given in (4b).

We exploit the following property of Berstein coefficients.
Lemma 2: For any d ∈ N, a simplex ∆, α ∈ Rn with

|α| = d, l ∈ R and polynomial functions f, g,

bα(f + lg, d,∆) = bα(f, d,∆) + lbα(g, d,∆).

The following notation will be instrumental. We fix the
maximal degree of the Lyapunov function V , and represent
it in Bernstein basis as

V =
∑
|α|=d

vαB
d
α,

where vα ∈ R is a Bernstein coefficient of V .
Also, we fix the maximal degree of control function u :

Rn → Rm, and we will represent it on a monomial basis.

u =
∑
|β|≤du

uαX
β ,

where uα ∈ Rm is a vector of Bernstein coefficients
associated to u.

Without loss of generality, we consider only the vectors
of coefficients, since the coefficients uniquely define the

polynomials up to a given degree. To this end, we define
the following vectors of coefficients

V =
[
vσ(1) . . . vσ(Nd)

]T
U =

[
uTσ(1) . . . uTσ(Ndu )

]T
.

Noticing that Fu is affine in u, LFu is linear in U and V ,
we can express the Bernstein coefficients as follows.

Lemma 2: The following equation holds true

bγ(LFu
(V ), D,∆) = UTMγV + LγV,

for some matrices Mγ , and Lγ .

IV. STEP TOWARDS CONTROL SYNTHESIS

We formulate the problem, solution of which will make si-
multaneous computation of a control and Lyapunov function
possible.

Problem 1: Let M = {(Mγ , Lγ) ∈ Rk×l × Rl| γ ∈ Λ},
where Λ is a finite index set, be a family of pairs of Rk by
Rl matrices and vectors in Rl. We ask the question whether
there is a pair (U, V ) ∈ Rk × Rl>0 such that

Fγ(U, V ) ≡ 〈U,MγV 〉+ 〈Lγ , V 〉 > 0 (5)

for all γ ∈ Λ. We would also like to compute an instance of
such a pair.

Firstly, we make an observation that each Fγ is multi-
affine. As discussed in Section II-D, a natural way to study
a multi-affine function is to relate its values to boxes in RN
with N = l + k. Consequently, the properties of Fγ are
summarised in Proposition 2.

We restrict the study of feasible coefficients V and U to
compact subset Rk×Rl>0 covered by a finite family of boxes
D ≡ {�(ak, bk)| k = 1, . . . ,M}. As a consequence, the
feasibility studies will be narrowed down to feasibility on
each box �(a, b) ∈ D. Specifically, we distinguish three
cases

1) If there is a vertex v ∈ V (a, b) such that Fγ(v) > 0 for
all γ ∈ Zn with |γ| = D, then there is a pair (U, V )
such that (5) holds.

2) If there is γ such that Fγ(v) ≤ 0 for all v ∈ V (a, b),
then there is no feasible solution on �(a, b).

3) Otherwise subdivide �(a, b).
There are several options for a subdivision algorithm in
3). The most straightforward is to divide each edge with
alternating values of Fγ on the adjacent vertices into halves.
Another option is to use the observation that a multi-affine
map is affine on any edge e; hence, a zero-crossing point,
say q, of Fγ on e is easily computable. Subsequently, an
alternative subdivision is to subdivide the edge e at q. In
this work, we will not study the algorithm for subdivision in
details; we will leave this subject for the future work.

V. CONCLUSION AND FUTURE WORK

In this paper, we have translated the design control and
sufficient condition of stability with Lyapunov function from
trial and error to an algorithms. The design leans upon
certificates of positives of polynomials in Bernstein form.
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The developed algorithm involves a number of decision
variables: the Bernstein coefficients for Lyapunov function,
the coefficients of the control polynomial. The control design
algorithm involves partitioning of the space of admissi-
ble control- and Lyapunov-coefficients by multi-dimensional
boxes. The feasibility study boils down to the computation
of the values of the decision variables on the vertices of
these boxes. Our future work is develop an algorithm for
subdivision of the boxes. Secondly, we intend to determine
the limit of this method with respect to time computation.
Additionally, we will study specific choices of control ac-
cording to a priori defined preferences such as the degree or
terms.
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On the optimal control problem for a class of monotone bilinear systems

Marcello Colombino, Neil K. Dhingra, Mihailo R. Jovanović, Anders Rantzer and Roy S. Smith

Abstract— We consider a class of positive systems in which
the control signal enters bilinearly with the state. Such dynamics
arise naturally, for example, from modeling the evolutionary
dynamics of HIV in the presence of drug therapy. For this
class of system, we formulate an infinite horizon optimal control
problem and show that the optimal control signal is constant
over time. We further extend our results to the case of uncertain
dynamics and provide a characterization of the optimal robust
controller.

I. INTRODUCTION

This work is motivated by recent developments focusing
on combination drug therapy design for HIV treatment [1]–
[9] and robust control for positive systems [10], [11]. These
advancements provide a suitable framework for modeling
the evolution of an HIV population in terms of a bilinear
positive system in which drug therapy is represented by a
decentralized controller.

The design of unconstrained decentralized controllers for
positive systems is known to be convex [12]. However,
the design of drug therapy imposes additional structural
constraints on the controller which the methodology in [12],
in general, cannot handle. In [5]–[7], the authors approached
this problem by designing suboptimal L1 andH∞ controllers
which satisfy such structural constraints. In [8], we showed
that the designing an H2 optimal controller for only the
symmetric component of the model provides a convex upper
bound for the original problem. In [9] we built on [3],
[4] and showed convexity of the structured H2 and H∞
optimal control problems for positive systems and developed
algorithms for controller design.

In [5]–[9], either a constant control signal is assumed or
heuristics are used to introduce time dependance. In this
work, we show that such a constant input is in fact optimal
for the induced power norm over all almost-periodic control
signals. Finally, we use our advancements in [10], [11] to
develop methods to design controllers which account for
uncertainty in the model and in the control input.

II. PROBLEM FORMULATION

We first present the class of bilinear positive systems we
study and then present the main result and a sketch of the
proof. Consider the system

ẋ = (A + D(u))x + Bd, (1)

where A ∈ Rn×n is a Metzler matrix, D : Rm → Dn×n
is a diagonal matrix which is linear function of u, B is a

nonnegative matrix, and Q,R � 0 are nonnegative matrices.
We define the performance output of (1) as,

zud :=

[
Q

1
2

0

]
x+

[
0

R
1
2

]
u,

given a control signal u ∈ Bm2 and a disturbance d ∈ Br2. The
set Bm2 is a suitable subset of power signals known as the
space of Besicovitch almost periodic functions [13], which
is a Hilbert space with inner product

〈u, v〉 = lim
T→∞

1

T

∫ T

0

uT (t) v(t) dt.

We define our performance metric as the induced power
norm of the system,

J∞(u) := sup
‖d‖2pow≤1

‖zud‖2pow.

where the power semi-norm of a signal v is given by

‖v‖2pow, := lim sup
T→∞

1

T

∫ T

0

vT (t)v(t) dt. (2)

The performance metric J∞(u) measures the optimal
response to the worst case persistent disturbance that can
affect the system. We are now ready to formulate the optimal
control problem.

Problem 1 (Optimal control problem): Find the control
signal u(t) = µ(x(t)) that minimizes J∞(u).

III. MAIN RESULT

We can now state the main technical result of this work,
namely that a constant input u(t) = ū solves Problem 1.

Theorem 1: If there exist ū ∈ Rm such that (A+D(ū)) is
Hurwitz, then the power-induced norm, J∞(u), is minimized
over u by a constant function u(t) = ū? for all t ≥ 0.

Proof: [Sketch of the proof] The proof is divided into
three main parts:
• Show that the the worst case disturbance is always

constant.
• Prove that given a constant disturbance, the power norm

of the output is a convex function of the control signal
u(t).

• Show that given a constant disturbance, the best con-
stant control signal u(t) = ū∗(t) is a local minimum
for the power norm of the output over all u(t) ∈ Bm2 .
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IV. SOLUTION TO THE OPTIMAL CONTROL PROBLEM

Since Problem 1 is solved by a constant input u(t) =
ū, system (1) subject to the optimal control signal is a
time invariant system and the maximum power amplification
coincides with the H∞ norm of the system. Because it is a
positive system, this is given by the gain of the system with
the input d(t) = v where v is the right maximum singular
vector of Q

1
2 (A + D(ū))−1B. Since u(t) is time invariant,

‖R̄ 1
2u(t)‖2pow = ūTRū, and therefore,

J∞(ū) = σ̄2
(
Q

1
2 (A+D(ū))

−1
B
)

+ ūTRū.

The function J∞ is convex over a constant u and is con-
tinuously differentiable when the graph associated with A is
strongly connected [9].

Since J∞(ū) is not always differentiable, subgradient
methods [14] can be used to find a solution.

Proposition 2: Let D be a linear operator and Acl := A+
D(ū) be Hurwitz. Then,

∂J∞(ū) =

{
2σ̄cl

∑
i

αiD
† (A−1

cl Bviw
T
i CA

−1
cl

)
+ 2Rū∣∣∣∣ wTi (CA−1

cl B
)
vi = σ̄cl, α ∈ P

}
(3)

where D†(u) is the adjoint of D(u), σ̄cl = σ̄(Q
1
2A−1

cl B)
and P is the probability simplex defined by

P :=

α | αj ≥ 0,
∑
j

αj = 1

 .

For further discussion of the algorithms, we refer the
interested reader to [9, Section VI], where we discuss the use
of proximal methods [15], [16] to solve optimization prob-
lems of the form of Problem 1 augmented with nonsmooth
regularizers.

V. ROBUST CONTROL PROBLEM

In this section we tackle the robustness problem and we
show that, exploiting the properties of positive systems, the
robust optimal control problem is convex and no harder to
solve than the standard optimal control problem. We add
uncertainties ∆A and δu to the system (1)

ẋ = ((A+ ∆A) + D(u+ δu))x + Bd, (4)

where

∆A =

 δ11 · · · δ1n
...

. . .
...

δn1 · · · δnn


represents the uncertainty in the A matrix and δu represents
the uncertainty of the control signal.

We will bound the uncertainty as |δij | < αij for all (i, j) ∈
{1, . . . , n}2 and |δuk

| < βk for all k ∈ {1, . . . ,m} with
αij ≥ 0 and βk ≥ 0. Let us define the set of admissible
perturbations as

∆ := {(∆A, δu) | ‖δij‖ ≤ αij , |δuk
| < βk }

and

Ã :=

 α11 · · · α1n

...
. . .

...
αn1 · · · αnn

 , β =

 β1

...
βm


For fixed ∆A and δu and input signal u, we denote by
J∞(u ; ∆A, δu) the induced gain of system (4). The robust
optimal control problem is as follows.

Problem 2 (Robust optimal control problem): Find the
control signal u(t) = µ(x(t)) that minimizes J∞(u; ∆A, δu)
for the worst-case uncertainty (∆A, δu) ∈∆,

min
u

max
(∆A,δu)∈∆

J∞(u ; ∆A, δu).

We now characterize the solution to this problem.
Theorem 3: Assume that D(u) is elementwise nonpositive

when u is elementwise nonnegative. Provided there exist ū
such that (A+ Ã)+D(ū−β) is Hurwitz, the solution to the
Robust Optimal Control Problem 2 is given by the solution
to the Optimal Control Problem 1 applied to the system

ẋ =
(

(A+ Ã) + D(u− β)
)
x + Bd.

Proof: [Sketch of the proof] We first show that the worst
case uncertainty is always (∆A, δu) = (Ã,−β). From there,
the proof is immediate.

In the next section we provide and example and intuition
for the main results.

VI. COMBINATION DRUG THERAPY FOR HIV

As shown in [1], [5], the problem of designing drug
dosages for treating HIV can be modeled with the following
bilinear system

ẋ =

(
A −

m∑
k= 1

ukDk

)
x + Bd. (5)

Here, the ith component of the state vector x represents the
population of the ith HIV mutant. The matrix A represent
the rate at which replication or mutations occur, i.e., aij
represents the rate at which mutant i turns into mutant j
and aii represents the replication rate of mutant i. The
control input uk is the dose of drug k and the matrices
Dk ∈ D+ specify how efficiently drug k neutralizes each
HIV mutant. The disturbance d represents the effect of noise
and unmodeled dynamics on the system. Let us now consider
the performance output

z :=

[
Q

1
2

0

]
x+

[
0

R
1
2

]
u,

were the matrix Q
1
2 < 0 captures, for example, how deadly

each virus strand is and the matrix R
1
2 < 0 captures, for

example, the cost of different drugs.
Clearly, system (5) is of the form (1). Interestingly, The-

orem 1 implies that the optimal treatment strategy that kills
the virus population and minimizes the effect of worst case
disturbance is to continuously deliver a constant dose of
drugs.
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A. Uncertain model of HIV dynamics
A large challenge with HIV virus dynamics is model

uncertainty. Uncertainty rises from two different aspects:
• It is difficult to estimate the mutation coefficients be-

tween viral strands.
• Once a drug dosage ui is chosen, it is difficult to

precisely deliver the correct amount of drug.
In the HIV example, ∆A represents the uncertainty of

the replication-mutation rates of the virus and the vector δu
represents the uncertainty of the drug dosage. The optimal
robust drug dose is obtained by solving Problem 1 for

ẋ =

(
A+ Ã −

m∑
k= 1

(uk − βk)Dk

)
x + Bd. (6)

Note that when applied to the HIV example, the statement
of Theorem 3 is very intuitive; the worst case perturbation
is the one for which the virus replicates and mutates most
aggressively and the drugs are the least effective.

ACKNOWLEDGMENTS

The authors would like to acknowledge Peyman Mohajerin
Esfahani for helpful discussions on functional analysis.

REFERENCES

[1] E. Hernandez-Vargas, P. Colaneri, R. Middleton, and F. Blanchini,
“Discrete-time control for switched positive systems with application
to mitigating viral escape,” International Journal of Robust and
Nonlinear Control, vol. 21, no. 10, pp. 1093–1111, 2011.

[2] E. A. Hernandez-Vargas, P. Colaneri, and R. H. Middleton, “Optimal
therapy scheduling for a simplified HIV infection model,” Automatica,
vol. 49, no. 9, pp. 2874–2880, 2013.

[3] P. Colaneri, R. H. Middleton, Z. Chen, D. Caporale, and F. Blanchini,
“Convexity of the cost functional in an optimal control problem for
a class of positive switched systems,” Automatica, vol. 4, no. 50,
pp. 1227–1234, 2014.

[4] A. Rantzer and B. Bernhardsson, “Control of convex monotone
systems,” in Proceedings of the 53rd IEE Conference on Decision
and Control, 2014.

[5] V. Jonsson, A. Rantzer, and R. M. Murray, “A scalable formulation
for engineering combination therapies for evolutionary dynamics of
disease,” Proceedings of the 2014 American Control Conference, 2014.

[6] V. Jonsson, N. Matni, and R. M. Murray, “Reverse engineering
combination therapies for evolutionary dynamics of disease: An H∞
approach,” in Proceedings of the 52nd IEEE Conference on Decision
and Control, pp. 2060–2065, 2013.

[7] V. Jonsson, N. Matni, and R. M. Murray, “Synthesizing combination
therapies for evolutionary dynamics of disease for nonlinear pharma-
codynamics,” in Proceedings of the 53rd 53rd Conference on Decision
and Control, pp. 2352–2358, IEEE, 2014.

[8] N. K. Dhingra and M. R. Jovanović, “Convex synthesis of symmetric
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On Nonlinear Feedforward Logic for σ-LFSRs

Suman Roy1, Srinivasan Krishnaswamy2 and Pushpinder Goyal3

Abstract— Nonlinear feedforward logic is used to in-
crease the linear complexity of sequences generated by
LFSRs. In this paper, we have proposed a method of using
nonlinear feedforward logic with word based σ-LFSRs.
The statistical properties of sequences generated by this
method have been analyzed and the results have been
compared to an earlier method available in literature.

I. INTRODUCTION

Pseudorandom number generators (PRNGs) find
many applications ranging from cryptography ( [10],
[9]) and error correcting codes [11] to spread spectrum
communication [12]. Due to simplicity in hardware
implementation, Linear Feedback Shift Registers (LF-
SRs) are commonly used as basic building blocks for
the PRNGs. Sequences that are generated by LFSRs
with primitive characteristic polynomials have some
statistical properties associated with randomness such
as balanced property, span-n property and the 2-level
auto-correlation property [4]. However, these sequences
have low linear complexity which is highly undesirable
from cryptographic point of view. Various methods
have been suggested to overcome this shortcoming [5].
One such method is the use of Nonlinear Feedforward
Generators (NLFGs). Analysis of sequences generated
by the NLFGs has been an active research area [1]–[3],
[7], [14].

A σ-LFSR is an LFSR with multi-input multi-output
delay blocks [15]. This configuration utilizes the paral-
lelism provided by modern word based processors. As
in the case of conventional LFSRs, vector sequences
generated by σ-LFSRs having primitive characteristic
polynomials have properties associated with random-
ness. Further, corresponding to a single primitive poly-
nomial there can be multiple feedback configurations.
An algorithm for designing such feedback configurations
is given in [8] along with a formula for the number of
such configurations. A method of extending nonlinear

1 Researcher is with Department of Electronics and Electrical
Engineering, Indian Institute of Technology Guwahati, Guwahati,
Assam 781039, India suman.roy@iitg.ernet.in

2 Faculty is with the Department of Electronics and Electrical
Engineering, Indian Institute of Technology Guwahati, Guwahati,
Assam 781039, India srinikris@iitg.ernet.in

3 Software Engineer at Samsung R&D, Noida, Delhi, India.
pushpinder.goyal24@gmail.com

feedforward logic to σ-LFSRs is given in [6]. However,
the sequences generated by this method are found to
have poor statistical properties. In this paper we suggest
an alternate method of using nonlinear feedforward logic
with σ-LFSRs. We contrast the statistical properties of
the sequences generated by this method with those of
sequences generated by the scheme given in [6].

The remainder of this paper is organized as follows.
Section II contains an introduction to word based σ-
LFSRs. Section III deals with NLFGs and the use
of Langford sequences. In section IV, we propose a
method of extending nonlinear feedforward logic to
σ-LFSRs. Statistical properties of sequences generated
using the aforementioned scheme are analyzed in section
V. Section VI summarizes the results and concludes the
paper.

Fq denotes the finite field of order q = pn, where p
is a prime number and n is a positive integer. Fn

q de-
notes the n-dimensional vector space over Fq . A matrix
with rows x1, x2, . . . , xn is denoted by [x1, x2, . . . , xn].
A matrix with columns y1, y2, . . . , yn is denoted by
[y1; y2; . . . ; yn].

II. LFSRS AND σ-LFSRS

An LFSR is an electronic circuit consisting of serially
connected delay blocks, feedback gain elements and
adders as shown in Figure 1. The output of an LFSR
satisfies a Linear Recurring Relation (LRR) sj+m =
a0sj + a1sj+1 + . . . + am−1sj+m−1, where the coef-
ficients a0, a1, . . . , am−1 are the feedback gains. The
polynomial p(x) = xm− am−1x

m−1− . . .− a0, having
the same coefficients as the LRR, is known as the
characteristic polynomial of the LFSR and the degree
of p(x) is known as the degree of the LFSR.

o/p
0DL −1 DL −2

sj aL−2 a2 a1 a0aL−1

D
1

Dmm

m m

Fig. 1. LFSR
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The outputs of the delay blocks in an LFSR at any
time instant k constitute a vector x(k) ∈ Fm

2 . This
vector is known as the state vector of the LFSR. Two
consecutive state vectors are related by the equation
x(k + 1) = Ax(k) where,

A =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
a0 a1 a2 . . . am−1

 ∈ Fm×m
2

The matrix A is called the state transition matrix of
the LFSR. Note that A is the companion matrix of the
characteristic polynomial of the LFSR. If the character-
istic polynomial of A is primitive, every nonzero state
vector occurs once in every cycle. This ensures that
all sequences generated by an LFSR with a primitive
characteristic polynomial p(x) are shifted versions of
one another. Each periodic sequence can be generated by
many LFSR configurations. The minimum degree of an
LFSR configuration that generates a periodic sequence
is known as the linear complexity of that sequence. The
characteristic polynomial of such an LFSR is known as
the minimal polynomial of the sequence.

A σ-LFSR is an LFSR with multi-input multi-output
delay blocks as shown in Figure 2. A detailed description
of σ-LFSR can be found in [8], [15].

D0D1D
L-2

D
L-1

B0B1
B
L-1

m-1 m-1

m-1

Fig. 2. An r-input, r-output σ-LFSR with m delay blocks

The scalar feedback gains in a conventional LFSR
are replaced by gain matrices B0, B1, . . . , Bm−1 ∈
Fr×r
q . The output of a σ-LFSR with m r-input r-

output delay blocks is a sequence of vectors (s)∞j=0 =
{s0, s1, s2, . . .} ∈ Fr

2 related by the following vector
LRR:

sj+m = B0sj +B1sj+1 + . . .+Bm−1sj+m−1 (1)

where j=0,1,. . . and sj ∈ Fr
2.

At any time instant k, let si(k) be the output of the
Bi-th delay block. The state vector s(k) of an σ-LFSR

at that instant can be obtained by stacking the outputs
of the delay blocks one below the other.

s(k) =


s0(k)
s1(k)

...
sm−1(k)

 ∈ Frm
2

Two consecutive state vectors are related by the
equation s(k+1) = Arms(k). Where the state transition
matrix Arm has the following structure:

Arm =


0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I
B0 B1 B2 . . . Bm−1

 ∈ Frm×rm
2

where 0 ∈ Fr×r
2 is the zero matrix and I ∈ Fr×r

2 is
the identity matrix. Arm has r-companion structure and
it is known as transition matrix. The sequence of state
vectors (and consequently the output sequence of the
σ-LFSR) is a periodic sequence whose period divides
the order of the matrix Arm in the group GL(rm,F2).
This in turn is equal to the degree of the characteristic
polynomial of Arm. If this polynomial is primitive then
repeated multiplication of any nonzero vector by Arm

generates all non zero vectors in Frm
2 . Therefore, the

period of a nonzero vector sequence generated by a
primitive σ-LFSR is 2rm − 1 which is the maximum
possible period for any σ-LFSR with m r-input r-output
delay blocks. Interestingly, unlike conventional LFSRs,
σ-LFSR with many feedback configurations can have the
same characteristic polynomial. An algorithm to design
such feedback configurations is given in [8].

A vector sequence generated by a σ-LFSR can be
seen as an r-tuple of scalar sequences, each satisfying
the LRR corresponding to the characteristic polynomial
of the σ-LFSR. These scalar sequences are known as
the component sequences of the vector sequence. The
characteristic polynomial of the σ-LFSR is the LCM of
the minimal polynomial of the component sequences.
Therefore, when the characteristic polynomial of the
σ-LFSR is primitive, the minimal polynomial of each
component sequence generated by it is equal to this
polynomial. This ensures that the component sequences
are shifted versions of each other.

For a σ-LFSR with a primitive characteristic poly-
nomial of degree n, the state vector of its component
sequence is defined as the set of n consecutive bits of
that sequence. For example if si(·) is the i-th com-
ponent sequence of a σ-LFSR with a primitive char-

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

367



acteristic polynomial of degree n, the vector xi(k) =
[si(k), si(k + 1), . . . , si(k + n − 1)] is the state vector
of si(·) at the k-th time instant.

Lemma 1: Consider a σ-LFSR with m r-input r-
output delay blocks and a primitive characteristic poly-
nomial. Let x1(k), x2(k), . . . , xr(k) be the state vectors
of its component sequences at time instant k. The vectors
x1(k), x1(k + 1), . . . , x1(k + m − 1),x2(k), x2(k +
1), . . . , x2(k+m− 1),. . .,xr(k), xr(k+1), . . . , xr(k+
m− 1) are linearly independent.

Proof: Let Arm be the state transition matrix
of the σ-LFSR and p(s) be its characteristic polyno-
mial. Let x(k) be its state vector at time instant k.
Now, the minimal polynomial of x(k) with respect to
Arm divides p(s). However, since p(s) is primitive
(hence irreducible), the minimal polynomial of x(k)
with respect to Arm is p(s). Therefore, x(k), x(k +
1) = Armx(k), . . . , x(k + rm − 1) = Arm−1

rm x(k) are
linearly independent, i.e., the matrix P = [x(k), x(k +
1), . . . , x(k + rm − 1)] ∈ Frm×rm

2 has full rank.
Observe that P = [x1(k);x2(k); . . . ;xr(k);x1(k +
1);x2(k+1); . . . ;xr(k+1); . . . ;x1(k+m−1);x2(k+
m − 1); . . . ;xr(k + m − 1)]. Therefore, the vectors
x1(k), x1(k + 1), . . . , x1(k + m − 1),x2(k), x2(k +
1), . . . , x2(k+m− 1),. . .,xr(k), xr(k+1), . . . , xr(k+
m− 1) are linearly independent.
As a direct consequence of the above lemma we have
the following result.

Corollary 1: Consider a σ-LFSR with m r-input
r-output delay blocks and a primitive characteristic
polynomial. If the component sequences of the LFSR
are s(k), s(k + r1), s(k + r2), . . . , s(k + rm−1), where
r1, r2, . . . , rm−1 > 0, then

1) 2rm −m > ri > m− 1 (1 ≤ i ≤ m− 1)
2) 2rm −m > |ri − rj | > m− 1 (1 ≤ i ≤ m− 1)
For the remainder of this paper we assume that

the σ-LFSRs considered have primitive characteristic
polynomials.

III. NONLINEAR FEEDFORWARD GENERATOR

The linear complexity of a sequence generated by an
LFSR can at most be equal to the number of delay blocks
in the LFSR. For a sequence with linear complexity n,
the characteristic polynomial of the generating LFSR
can be determined by observing merely 2n− 1 consec-
utive samples of the sequence [10]. This is undesirable
from a cryptographic point of view. One way of increas-
ing the linear complexity of a sequence generated by an
LFSR is by the use of nonlinear feedforward logic [5],
[7]. Here, as shown in Figure 3, the outputs of pairs of
delay blocks in an LFSR are multiplied (ANDed) with
each other and the products then added (Ex-ORed) to

generate a new sequence. The input span of a multiplier
is defined as the number of delay blocks between the
two bits that it multiplies. For example, in Figure 3 the
span of the left most multiplier is 2.

Linear function 

1 12 23 3

Output

Fig. 3. Nonlinear feedforward generator

In addition to the increase in linear complexity, it is
important that the statistical properties of the generated
sequence are close to those of a random sequence.
It has been empirically observed that the statistical
properties of a sequence generated using a nonlinear
feedforward logic scheme are satisfactory if the span
of the multipliers used are all different and the number
of multipliers is maximized [5]. One way of doing this
is by using Langford sequences.

Definition 1: A Langford sequence is a sequence of
2n positive integers in which every integer between 1
and n occurs twice and for each i ≤ n, there are i
elements of the sequence between the two occurrences
of i.

For example, for n = 4, {4, 1, 3, 1, 2, 4, 3, 2} is a
Langford sequence. Langford sequences exist only for
n ≡ 0 or 3 (mod 4).

A Langford sequence of length 2n can be used to de-
sign a nonlinear feedforward scheme with n multipliers
for an LFSR having L = 2n delay blocks as follows:

1) The delay blocks of the LFSR are labeled according
to the Langford sequence. Thus, corresponding to each
positive integer i ≤ n there exists a pair of delay blocks
labeled by i having i delay blocks between them.

2) The outputs of delay blocks labeled by the same
integer are given as inputs to the multipliers.

3) The output sequence is obtained by adding the
outputs of the n multipliers.

For example, for an LFSR with characteristic polyno-
mial 1+x+x6, the nonlinear feedforward logic scheme
corresponding to the Langford sequence {2, 3, 1, 2, 1, 3}
is as shown in Figure 4.
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Fig. 4. Generation of a component sequence

IV. NLFGS OVER σ-LFSR

A method of extending the concept of NLFGs to
σ-LFSRs is given in [6], wherein the multiplication
of the outputs of delay blocks is done bit-wise. As
in the scalar case, a Langford sequence is used to
determine the inputs of the bitwise multipliers. For a
σ-LFSR with m r-input r-output delay blocks, m

2 such
multipliers are used. Thus, although each component
sequence of the σ-LFSR has a minimal polynomial of
degree mr only m of its bits are multiplied at any
given instant. This results in the output sequence having
a disproportionately high number of zeros along with
a deterioration of other statistical properties. In this
section, we propose an alternate nonlinear feedforward
scheme for σ-LFSRs using Langford sequences. We
assume that the number of delay blocks m is such that
m
2 equivalent to 0 or 3 (mod 4). (When the number of

delay blocks is not equivalent to 0 or 3 (mod 4), only the
first m1 delay blocks are considered for the multiplier
assembly where m1 is the highest integer less than m
such that m1

2 is equivalent to 0 or 3 (mod 4)). For an

σ-LFSR with m r-input r-output delay blocks, we chose
a set of r Langford sequences of length m, one for each
component sequence. The output of each delay block is
multiplied with the output of a permutation matrix P .
For generating the i-th component sequence the delay
blocks are labeled according the i-th Langford sequence.
The output of the delay block corresponding to the
first occurrence of an integer in the Langford sequence
is bitwise multiplied with the permuted output of the
delay block corresponding to the second occurrence of
the same integer. The output of these vector multipliers
are then added to generate a vector whose entries are
then added to obtain a scalar. This scalar sequence
constitutes the i-th component sequence of the output
vector sequence. For a σ-LFSR with six delay blocks the
scalar sequence corresponding to the Langford sequence
312132 is generated as shown in Figure 4.

∑
denotes

the addition of the elements of a vector.

At any instant of time, the outputs of the
delay blocks give us m consecutive bits of each
component sequence of the LFSR. As we have seen
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in Section II, the characteristic polynomial of the
σ-LFSR being primitive ensures that the component
sequences are shifted versions of the each other.
This means that at any given instant of time we
have r disjoint blocks of m consecutive bits of a
scalar sequence S(·) whose minimal polynomial
is equal to the characteristic polynomial of the
σ-LFSR. (The fact that they are disjoint follows
from Corollary 1). For example, if the component
sequences are s(k), s(k + l2), s(k + l3), . . . , s(k + lr)
respectively then at time instant k the blocks
available to us are: (s(k), s(k + 1), . . . , s(k + m −
1)), (s(k + l2), s(k + l2 + 1), . . . , s(k + l2 +m− 1)),
. . . , (s(k + lr), s(k + lr + 1), . . . , s(k + lr +m − 1)).
The permutation matrix determines the way in which
the elements of these blocks are multiplied with one
another. For example, if the permutation matrix P is an
identity matrix, the multipliers multiply the elements
of the same block with each other. The span of each
multiplier is a vector, each entry of which gives us
the minimum number of bits in the sequence S(·)
between the two bits that the corresponding element
multiplies. For example, consider a σ-LFSR with six
2-input 2-output delay blocks. Let the permutation

matrix be P =

[
0 1
1 0

]
and the component sequences

be s(k) and s(k + l2). Consider a multiplier that
multiplies the output of the first delay block with
the permuted output of the fourth delay block. The
first element of the multiplier multiplies s(k) with
s(k + l2 + 3) and the second multiplier multiplies
s(k + l2) with s(k + 3). Therefore, the span of the

multiplier is
(
min(l2 + 2, 2rm − 3− (l2 + 2))
min(l2 − 4, 2rm − 3− (l2 − 4))

)
. From

the empirical evidence available for single input single
output LFSRs it can be conjectured that if the entries of
the span vectors are distinct then the output sequence
will have good statistical properties. As we will see
in the following lemma, this is almost always ensured
for the r = 2 case when the permutation matrix is

P =

[
0 1
1 0

]
.

Lemma 2: Consider a σ-LFSR with m 2-input 2-
output delay blocks. Let its component sequences be
s(k) and s(k + l2) respectively. For an NLFG config-

uration with permutation matrix P =

[
0 1
1 0

]
, all the

entries of the span vector will be distinct except when
2rm−3−m

2 ≤ l2 ≤ 2rm−3+m
2 .

Proof: Observe that the entries of the span vectors
will either be of the form l2 + i or 2rm − 3 − (l2 + i)
where |i| ≤ m

2 . Therefore, two of these entries will be

equal only if

l2 + i = 2rm − 3− (l2 + j) (2)

for some i, j such that |i|, |j| ≤ m
2 .

Clearly, |i + j| ≤ m. Hence, Equation 2 can be
satisfied only if 2rm−3−m

2 ≤ l2 ≤ 2rm−3+m
2 .

V. SIMULATION RESULTS OF PSEUDORANDOM
BINARY SEQUENCES GENERATED FROM NLFG

Two configurations of the proposed scheme have
been simulated in MATLAB. The first configuration has
six 2-input 2-output delay blocks with a characteristic
polynomial 1 + x + x3 + x5 + x6 + x7 + x12 while
the second one has eight 2-input 2-output delay blocks
with a characteristic polynomial 1+x2+x3+x5+x16.
The resulting output sequences have been analyzed for
their linear complexity (see Table I. In both cases the
linear complexity of the resulting sequence is equal to
mr(mr−1)

2 . Further, we have calculated the frequency of
occurrence of k consecutive zeros or ones for various
values of k (for the six delay block case). These results
have been compared with the results of the scheme
proposed in [6](see Table II). Here Y1 and Y2 are the
component sequences generated by the scheme proposed
in this paper while Z1 and Z2 are the component
sequences generated by the NLFG scheme described in
[6]. Clearly, for the case considered, the performance of
the proposed scheme is far superior to that of the earlier
scheme.

The auto-correlation sequences of the generated bi-
nary sequences have been plotted. As we can see from
Figures 5 and 6 the generated sequences are very close
to having a two level autocorrelation property.

VI. CONCLUSION

In this paper, we have proposed a scheme by which
nonlinear feedforward logic can be applied to σ-LFSRs.
The statistical properties of the generated sequences
have been analyzed and tabulated. For the cases consid-
ered, the proposed scheme shows a superior performance
to the scheme available in literature.
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TABLE I
LINEAR COMPLEXITY OF NLFG SEQUENCES

Case
Delay
Blocks

Langford
Arrangement Minimal Polynomial

Linear
Com-

plexity

1 6
2 3 1 2 1 3

and
3 1 2 1 3 2

x66 + x64 + x63 + x61 + x60 + x59 + x54 + x53

+x52 + x49 + x37 + x35 + x32 + x31 + x30 + x29

+x27 + x26 + x24 + x23 + x22 + x19 + x18 + x17

+x16 + x12 + x11 + x10 + x8 + x3 + 1

66

2 8
2 3 4 2 1 3 1 4

and
4 1 3 1 2 4 3 2

x120 + x119 + x117 + x116 + x114 + x113 + x112

+x111 + x110 + x106 + x104 + x103 + x102 + x101

+x99 + x96 + x95 + x93 + x91 + x89 + x84 + x83

+x82 + x74 + x73 + x71 + x70 + x65 + x62 + x59

+x58 + x53 + x52 + x50 + x46 + x44 + x41 + x40

+x39 + x35 + x34 + x33 + x32 + x30 + x26 + x25

+x24 + x23 + x21 + x19 + x16 + x12 + x11 + x8

+x7 + 1

120

TABLE II
OCCURRENCE OF CHAINS OF LENGTH k IN ONE PERIOD

k (Z1) (Z2) (Y1) (Y2)

k Consecutive 0’s Consecutive 1’s Consecutive 0’s Consecutive 1’s Consecutive 0’s Consecutive 1’s Consecutive 0’s Consecutive 1’s

1 2304 1792 2304 1792 2080 2016 2080 2016
2 1407 896 1407 896 1055 992 1055 992
3 958 448 958 448 534 448 534 448
4 701 224 701 224 277 232 277 232
5 524 112 525 112 147 110 147 110
6 383 56 385 56 75 56 75 56
7 270 27 272 27 41 28 41 28
8 185 10 187 10 23 14 23 14
9 133 3 134 3 12 6 12 6

10 94 1 94 1 7 1 7 1
11 66 - 65 - 4 - 4 -
12 46 - 44 - 3 - 3 -
13 30 - 28 - 2 - 2 -
14 18 - 16 - 1 - 1 -
15 11 - 9 - - - - -
16 6 - 4 - - - - -
17 5 - 3 - - - - -
18 4 - 2 - - - - -
19 3 - 1 - - - - -
20 2 - - - - - - -
21 1 - - - - - - -
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Determining Clusters with Similar Electrical Influences in a Power
Network: A Deterministic Annealing based Approach

Mayank Baranwala and Srinivasa M. Salapakaa

I. INTRODUCTION

This extended abstract provides a tool for clustering an
electrical power network with many buses into pre-specified
number of groups such that buses within each group have
a similar influence over the remainder of the network. The
proposed approach is general in the sense that different
notions that quantify similarity and that quantify influence
can be used. For ease of exposition the approach is presented
for a particular practical notion of influence; more precisely
the influence of one bus on another is characterized in terms
sensitivity of voltage fluctuations at one bus due to reactive
power perturbations at the other bus. This notion of influence
is particularly useful since it encompasses electrical connec-
tivity rather than only the network topology; for instance,
two buses that are strongly electrically coupled through the
network even though not directly physically connected to
each other will be considered similar in this notion, since
voltage variation at one bus brings about similar variation at
the other bus. Furthermore, the grouping of buses achieved
after clustering using this notion of influence is such that
the voltage fluctuations at a bus due to perturbations at
buses within the same group are typically more than voltage
fluctuations due to perturbations at buses from other groups.

In this abstract, the buses in a power network are repre-
sented as points in an Euclidean space, where the coordinate
corresponding to each bus represents the vector of pairwise
electrical couplings (or influence) between the bus and other
buses in the network. The problem of clustering buses into
groups is cast as a combinatorial optimization problem,
which is reinterpreted as a combinatorial resource allocation
problem. These problems are non convex and computation-
ally complex. In this work, the approach for clustering buses
is based on the deterministic annealing (DA) algorithm.
This algorithm offers two important features: (1) ability to
avoid many poor local optima and (2) has a relatively faster
convergence rate when compared to approaches as simulated
annealing or Lloyd’s/k-means algorithms. It formulates an
effective energy function parameterized by an annealing
parameter and this function is deterministically optimized at
successively increased values of the parameter. The approach
is tested on the IEEE-14 bus data; the tests demonstrate the
efficacy of the proposed approach. Simulation results show
that perturbation at a particular bus has higher influence on
the buses of its resident group and has much lesser effect on
buses from other groups.

aDepartment of Mechanical Engineering, University of Illinois,
Urbana-Champaign, IL 61801, USA baranwa2@illinois.edu;
salapaka@illinois.edu

TABLE I
CLUSTERING RESULTS FOR IEEE-14 BUS DATA

Bus
#

Bus Type Volt mag.
Operating

pt

Volt
mag.

(2×V2)

Volt
mag.

(1.5×V6)

Volt
mag.

(2×V3)
1 Slack (B) 1.0600 1.0600 1.0600 1.0600
2 PV (Y) 1.0450 2.0900 1.0450 1.0600
3 PV (Y) 1.0100 1.0100 1.0100 2.0200
4 PQ (Y) 1.0142 1.4043 1.1021 1.2372
5 PQ (Y) 1.0172 1.4082 1.1269 1.1495
6 PV (G) 1.0700 1.0700 1.6050 1.0700
7 PQ (B) 1.0503 1.2254 1.1747 1.1496
8 PV (B) 1.0900 1.0900 1.0900 1.0900
9 PQ (G) 1.0337 1.2003 1.2530 1.1270
10 PQ (G) 1.0326 1.1705 1.3088 1.1096
11 PQ (G) 1.0475 1.1179 1.4510 1.0866
12 PQ (G) 1.0535 1.0661 1.5695 1.0607
13 PQ (G) 1.0471 1.0715 1.5421 1.0606
14 PQ (G) 1.0213 1.1276 1.3650 1.0807

II. RESULTS AND DISCUSSIONS
Table I shows the clustering results for the IEEE 14 bus

data 1. The DA algorithm is employed to obtain three natural
partitions (marked by different colors in the ‘Bus Type’
column and also indicated by the corresponding initials).
Column 3 indicates the solution of the power-flow problem
in p.u. (per unit), while columns 4 and 5 indicate the effect
of perturbations in generator voltage magnitudes at buses 2
and 6, respectively. As is seen in columns 4 and 5 of Table
I, the influence of these perturbations is larger at the buses
belonging to the same group (cluster) where the perturbations
originate. For instance, doubling the generator voltage at bus
2 results in change in voltage magnitudes at buses 4 and 5
by about 0.4 p.u. The effect of this perturbation is less severe
at other buses, which do not belong to the group formed by
the buses 2, 3, 4 and 5.

As stated earlier, two buses are deemed close when they
have close similarity in terms of the influences over the
entire network. Columns 4 and 6 in Table I demonstrate
the effect of doubling generator voltages at buses 2 and 3,
respectively. Note that these buses lie in the same group. It is
easily seen that the influences of these perturbations over the
entire network are similar. For instance, bus 12 is not largely
influenced by these perturbations. The perturbations result in
the changes in voltage magnitudes at bus 12 by 0.0126 p.u.
and 0.0072 p.u., respectively. However, the effect is large on
buses such as bus 7, where the changes in voltage magnitudes
are 0.1751 p.u. and 0.0993 p.u., respectively.

1Christie, Rich. “Power systems test case archive.” Electrical Engineering
dept., University of Washington (2000).
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Robust Control Invariant Sets for Positive Monotone Systems
(Extended Abstract)

Sadra Sadraddini and Calin Belta

Abstract— Robust control invariant sets play a major role
in safety control of cyber-physical systems that are subject
to various constraints and objectives. In this work, we char-
acterize geometrical properties of robust control invariant
sets for discrete time positive monotone (cooperative) systems
with bounded disturbances and provide a novel algorithm to
compute them. Unlike fixed-point iterative algorithms that rely
on computationally intensive set operations, our method can
be cast as an optimization problem. Furthermore, monotonicity
properties enable us to find controlled limit-cycles of the system.
We also show that, under some mild assumptions, safety control
of monotone systems does not require state feedback. We
demonstrate the results of our methods on a signalized urban
traffic network where the safety objective is to keep the traffic
flow uncongested.

I. NOTATION

We denote the positive orthant of an n-dimensional space
by Rn+ := [0,∞)n. For two vectors a, b ∈ Rn, we use the
following notations:

a � b ⇔ ai ≤ bi, (1)

for all i = 1, · · · , n. We denote the n-dimensional vector of
all ones by 1n.

Definition 1: Given a vector a ∈ Rn+, the set R(a) is
defined as:

R(a) :=
{
x ∈ Rn+ | x � a

}
. (2)

Definition 2: The set S ⊆ Rn+ is a lower-set if ∀x ∈ S
we have R(x) ⊆ S.

II. PROBLEM STATEMENT AND APPROACH

We consider discrete time systems in the form of

x+ = f(x,w, u), (3)

where x ∈ Rn+ is the state, w ∈ W is the adversarial input
and u ∈ U is the control input from an admissible set U . We
assume that the set W ⊂ Rm+ is a rectangle in the form of:

W = R(w∗), (4)

which is a reasonable assumption for many networked
systems where the components of the adversarial inputs
are stochastically independent. Note that any set W can
be over-approximated by a R(w∗). We do not make any
restrictive assumptions on U . For instance, U is an index set
representing the decisions on traffic lights in an urban traffic
network.

The authors are with the Department of Mechanical Engineering, Boston
University, Boston, MA 02215 {sadra,cbelta}@bu.edu.
This work was partially supported by the NSF under grants CPS- 1446151
and CMMI-1400167.

Definition 3: System (3) is cooperative if for all x1 �
x2, w1,� w2:

f(x1, w1, u) � f(x2, w2, u), ∀u ∈ U . (5)
We assume that system (3) is cooperative. Apart from
cooperativeness, we do not further restrict the function f :
Rn+ × W × U → Rn+. In particular, we are interested in
hybrid systems. For example, the urban traffic model in [1]
is a piece-wise affine hybrid system.

Remark 1: In this paper, monotonicity is defined with
respect to the state and adversarial inputs, which is different
from the definitions in [2], [3] and [4], where it is assumed
that for all x1 � x2, w1 � w2, u1 � u2:

f(x1, w1, u1) � f(x2, w2, u2).

Such systems are also monotone with respect to the control
inputs. We have relaxed this condition in this paper. We do
not even assume that the set U is partially ordered.

We wish to restrict the evolution of the state of the system
to a user-defined set, which is referred to as safe set in the
rest of the paper. We assume that safe sets are lower-sets.
This is a restrictive assumption that is specifically motivated
by the nature of the urban traffic networks and is also closely
related to the stabilization of positive systems. The problems
formulated in [3] and [4] consider a more general form of
safe sets that are not necessarily lower-sets. In this paper, we
consider the following problem:

Problem 1: Given a cooperative system (3) and a lower-
set safe-set S ⊂ Rn+, find a set of initial conditions and a
control strategy such that the evolution of the system, for
any sequence of admissible adversarial inputs, is confined to
S for all times.

The solution to the problem above involves computation
of a set Ω ⊆ S and a control policy, such that the evolution
of the system is restricted to Ω. The set Ω is a robust control
invariant set (RCIS), which is formally defined in Sec. III.

III. SOLUTION

Definition 4: Given system (3), the set Ω ⊆ R is RCIS if
and only if:

∀x ∈ Ω,∃u ∈ U s.t. f(x,w, u) ∈ Ω,∀w ∈ W.
Definition 5: An s-sequence is a finite length sequence of

controls, denoted by:

us := (u∗0, u
∗
1, u
∗
2, · · · , u∗T−1), (6)

where there exist x∗0 ∈ S such that

x∗T � x∗0, (7)
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where T is the length of the sequence and x∗k+1 =
f(x∗k, w

∗, u∗k), x∗k ∈ S, 0 ≤ k ≤ T − 1.
The conditions in the definition above can be formulated as
the set of the following constraints: x∗k ∈ S, 0 ≤ k ≤ T − 1,

x∗k+1 = f(x∗k, w
∗, u∗k),

x∗T � x∗0.
(8)

The following theorem is the key idea of the paper. The
proof follows from the monotonicity.

Theorem 1: If (x∗k, u
∗
k), 0 ≤ k ≤ T − 1, is a fea-

sible solution to the set of constraints (8), then us =
(u∗0, u

∗
1, u
∗
2, · · · , u∗T−1) is an s-sequence and the set

Ω∗ :=

T−1⋃
k=0

R(x∗k) (9)

is a RCIS inside S.
We now explain how to use the theorem above and find

an s-sequence. If T is fixed, a solution (8) can be solved
using a constraint feasibility solver. As opposed to the fixed-
point algorithms (e.g., see [5]), we are able to find a RCIS
for system (3) by solving a single feasibility problem. In
particular, we are interested in mixed logical dynamical
[6] systems and mixed-integer linear constraints where (8)
can be cast as a mixed integer linear programming (MILP)
problem, which is solved using efficient state of the art
solvers.

We formulate (8) as the constraints of an MILP problem,
where the cost function aims to maximize a type of size for
the set Ω∗. For example, the following optimization problem:

u∗k, x
∗
k = argmax ‖x∗0‖1 ,

s.t. Eqn. (8), (10)

provides a feasible solution to (8) where L1 norm of x∗0
is maximized. . Algorithmically, we start from T = 1 and
implement T ← T + 1 until (8) becomes feasible and a
solution to Problem 1 is obtained. Large values of T makes
finding a feasible solution for (8) impractical. In Sec. IV, we
explain the necessity criteria for the existence of s-sequences.

We also characterize the infinite time system response to
the repetitions of an s-sequence and show its relation to
controlled limit cycles and attractive sets. We introduce the
following repetitive sequence:

us := (u∗0, u
∗
1, · · · , u∗T−1). (11)

The sequence above is basically the control strategy. Its
applicability solely requires the initial condition to be in
R(x∗0) (it is straightforward to prove that R(x∗0) is reachable
from any point in Ω∗). In other words, our solution to the
control strategy in Problem 1 is a simple policy that does
not require state feedback.

Starting from x∗0 and applying the s-sequence us, we arrive
in x∗T � x∗0. We shall continue to repeatedly apply us.

Theorem 2: Let us = (u∗0, · · · , u∗k) be the s-sequence that
corresponds to x∗0 ∈ S. Then the trajectory of the following

system:

x∗cT+k+1 = f(x∗cT+k, w
∗, u∗k), c = 0, 1, · · · , 0 ≤ k ≤ T − 1,

(12)
converges to a limit cycle, i.e. limc→∞ x∗cT+k exists. More-
over, the set

Γ =

T−1⋃
k=0

R(x∞k ), (13)

is an attractive set for all the trajectories of system (3)
starting from R(x∗0) under the control strategy (11).

IV. NECESSITY OF EXISTENCE OF S-SEQUENCES

In the last section, we showed that the existence of s-
sequences is sufficient for providing a solution to Problem
1. In this section we provide a fundamental result on the
necessity conditions for the existence of s-sequences. We
show that, under some assumptions, the existence of s-
sequences is almost necessary.

Assumption 1: The safe set S is bounded.
The other required assumption is a notion of strict mono-
tonicity with respect to the adversarial inputs. Strict mono-
tonicity means that if w1 ≺ w2, then f(x, u, w1) ≺
f(x, u, w2). However, a weaker assumption is sufficient:

Assumption 2: For any safe trajectory of xk+1 =
f(xk, w

∗
k, uk), xk ∈ S, 0 ≤ k ≤ N − 1, there exist N∗ such

that for all N > N∗, xN is strictly monotone with respect
to the adversarial inputs in the sense that there exist ε∗ such
that for all ε < ε∗:

1nαε � x′N − xN , (14)

where x′k+1 = f(x′k, w
∗
k + 1nε, uk), 0 ≤ k ≤ N − 1, and ε,

ε∗ are positive constants.
The assumption above is much weaker than the assumption
of strict monotonicity. We only require that multi-step strict
monotonicity with respect to the adversarial inputs holds for
long enough safe trajectories. We now use the assumptions
above to provide the main statement of this section.

Theorem 3: Provided that Assumption 1 and Assumption
2 are true, the existence of an s-sequence is almost necessary
for the existence of a solution to Problem 1 in the sense that:

1) if a robust safe control strategy for system (3) with
W = R(w∗) exists, then there exist at least one s-
sequence of length less than T for the system (3) with
W = R(w∗ − 1nε) such that T ≤ c1

εn ,
2) if an s-sequence of length less than T is not found for

the system (3) with R(w∗), then there does not exist
a robust safe control strategy for the system (3) with
W = R(w∗ + 1nε) such that ε ≥ c2

n√
T

,
where c1 and c2 are ε independent constants.

As mentioned, applying the repetition strategy (11) does
not require state feedback and only requires the knowledge
that x0 ∈ R(x∗0). This is true if we assume the system starts
from the origin (e.g. in a traffic network, this corresponds
to some time that all links are empty). The theorem above
addresses the concern of searching for very long s-sequences.
Starting from T = 1 and ending at some T that is beyond
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our computational resources, without having an s-sequence
found, we know that the existence of a solution to Problem
1 is highly unlikely. Informally, such a policy, if exists, is
fragile, in the sense that, a slight increase in the adversarial
inputs makes the policy invalid.

V. EXAMPLE

In this section, we apply our methods to the urban traffic
network shown in Fig. 1. First, we explain the details of the
model in [1].

Let L and J represent the set of links and junctions,
respectively. Link l is characterized by its tail junction
τ(l) ∈ {J ∪ ∅} and head junction η(l) ∈ I, where τ(l) = ∅
indicates that link l is an entry link to the network. For
simplicity, we consider networks in which all links are either
in north-south (l) or east-west (↔) directions. We denote the
direction of link l by dir(l) ∈ {l,↔}. The traffic light at
junction j ∈ J is denoted by u(j) ∈ {l,↔}. The control
input is a |J | dimensional tuple representing all the traffic
lights in the network. The state is x ∈ Rn+, where n = |L|
and x(l) is the number of vehicles on link l. The number of
vehicles that flow out of link l in one time step, denoted by
z(l), is:

z(l) =

 min

(
x(l), c(l), min

k,η(l)=τ(k)
slk

)
, u(η(l)) = dir(l),

0, otherwise,
(15)

where c(l) is the maximum outflow of vehicles from l in one
time step and slk is the supply available from downstream
link k to l. The FIFO-based model for supply is slk =
αlk

βlk
(x(k),cap − x(k)), where αlk ∈ [0, 1] is the capacity ratio

of k dedicated to l, βlk ∈ [0, 1] is the ratio of flow turning
from l to k and x(k),cap ∈ Rn+ is the vehicular capacity of
link k. Therefore, by restricting the state to the following
rectangular safe set:

S =
{
x
∣∣x(l) ≤ x(l),s} , (16)

where x(l),s ≤ x(l),cap − max
k,η(k)=τ(l)

αlk

βlk
c(k), we ensure that

slk is never the minimizer in (15). As a result, (15) becomes:

z(l) =

{
min

(
x(l), c(l)

)
, u(η(l)) = dir(l),

0, otherwise.
(17)

The discrete time evolution of x(l) is given by:

x(l),+ = x(l) − z(l) + w(l) +
∑

k,η(k)=τ(l)

βklz
(k), (18)

where w(l) ∈ [0, w(l),∗] is the adversarial input correspond-
ing to link l. It is straightforward to check that ∂x(l),+

∂x(l) ∈
{0, 1}, ∂x(l),+

∂x(k) ∈ {0, βkl}, ∂x(l),+

∂w(l) = 1 and ∂x(l),+

∂w(k) = 0.
Therefore, the evolution of each state component is mono-
tone with respect to the state and adversarial inputs. Finally,
in a compact form, the evolution of this cooperative system
can be written in the form (3). We wish to find a control
policy for the urban traffic network shown in Fig. 1 such

x(l),s = 60, l = 1, 2, 3, 4, 5, 6, 9, 10,
x(l),s = 60, l = 7, 8, 11, 12

c(l) = 20, l = 1, 2, 3, 4, 5, 6, 9, 10,
c(l) = 10, l = 7, 8, 11, 12

β12 = 0.7, β45 = β78 = β9 10 = 0.7, β23 = β56 = 0.6,
β11 5 = β11 12 = 0.5,β82 = β2 10 = 0.4
β93 = β10 6 = β11 5 = β68 = β4 12 = 0.3

w(1),∗ = w(4),∗ = 8, w(7),∗ = 4, w(9),∗ = 7, w(11),∗ = 6

w(l),∗ = 0, l = 2, 3, 5, 6, 8, 10, 12

TABLE I
PARAMETERS OF THE NETWORK IN FIG. 1

1 2 3

6 5 4

9

128 10

7 11

a b c

d e f

Fig. 1. An urban traffic network. Each directed edge 1 − 12 represents
a one-way road. The vertices a − f are junctions. The control input is a
6-dimensional tuple, where each component represents the decision for the
traffic light at each junction from the set {l,↔}, where l and ↔ stand
for the actuation of the vehicular flow in the north-south and the east-west
directions, respectively.

that the state is always in S . The network parameters are
given in Table I.

We formulate (10) as a MILP. The smallest T for which
an s-sequence is found is T = 5. The time required to solve
the MILP using Gurobi is 79 seconds on a 3GHz Core i7
MacBook Pro. Table II shows the traffic light at each junction
for each control input in (u∗0, u

∗
1, u
∗
2, u
∗
3, u
∗
4). We obtain a

RCIS and an attractive set that lie in R12
+ . As explained in

Sec. IV, we can simulate the system x∗k+1 = f(x∗k, w
∗, u∗k)

to obtain the limit cycle, which is illustrated in Fig. 2. A
trajectory of the system starting from x∗0 with w chosen from
a uniform distribution over R(w∗) is also shown in Fig. 2.

TABLE II
TRAFFIC LIGHTS AT JUNCTIONS CORRESPONDING TO THE S-SEQUENCE

junction u∗0 u∗1 u∗2 u∗3 u4∗
a l ↔ l l ↔
b l l ↔ ↔ ↔
c l ↔ l ↔ l
d l ↔ l l ↔
e l l ↔ ↔ ↔
f l ↔ l ↔ l
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Monotone Order Properties for Control of
Nonlinear Parabolic PDE on Graphs

Sidhant Misra, Marc Vuffray, Anatoly Zlotnik and Michael Chertkov

Abstract— We derive conditions for the propagation of mono-
tone ordering properties for a class of nonlinear parabolic
partial differential equation (PDE) systems on metric graphs.
For such systems, PDEs with a general nonlinear dissipation
term define evolution on each edge, and balance laws create
Kirchhoff-Neumann boundary conditions at the vertices. Initial
conditions, as well as time-varying parameters in the coupling
conditions at vertices, provide an initial value problem (IVP).
We first prove that ordering properties of the solution to the
IVP are preserved when the initial conditions and time-varying
coupling law parameters at vertices are appropriately ordered.
Then, we prove that when monotone ordering is not preserved,
the first crossing of solutions occurs at a graph vertex. We
consider the implications for robust optimal control formula-
tions and real-time monitoring of uncertain dynamic flows on
networks, and discuss application to subsonic compressible fluid
flow with energy dissipation on physical networks.

I. INTRODUCTION

The preservation of monotone order propagation (MOP)
properties in dynamical systems has been extensively inves-
tigated in the context of ordinary differential equation theory
[1], [2], [3], [4]. The recent discovery of numerous applica-
tions has renewed interest in such systems, for example to
vehicle routing under uncertainty [5], analysis of chemical
reaction networks [6], as well as power systems and turbulent
jet flows [7]. The notion of monotone control systems [8], [9]
has also facilitated stability analysis for systems with MOP
properties [10], and enabled robust control in applications
including automation of building ventilation systems [11].
Several results on the propagation of order properties for
stochastic systems exist as well [12].

Previous studies on monotone dynamical systems have
largely focused on MOP properties of ordinary differential
equations (ODEs) [4], and applications involving represen-
tations of fluid flow or the aggregated motion of discrete
particles were examined with ODE models [4], [13]. How-
ever, control and optimization approaches to systems repre-
sented by PDE dynamics could benefit significantly from
monotone systems concepts, in particular control of fluid
flows on networks [14], [15] and quantum graphs [16]. While
recent results have used monotonicity properties to optimize
fluid flows over networks using set-theoretic and variational
approaches [17], [18], these focused on the steady-states of
the flow equations. These studies demonstrate that the steady-
states have a monotone ordering with respect to certain input
parameters. Crucially, this property was shown to enable
significant simplification of robust optimization formulations,
in particular for distributed flows on large-scale networks.

S. Misra, M. Vuffray, A. Zlotnik and M. Chertkov are with Los Alamos
National Laboratory, Los Alamos, NM 87545. Email: { sidhant |
vuffray | azlotnik | chertkov }@lanl.gov.

The need to develop robust optimal control formulations
for emerging applications involving uncertain dynamic flows
on networks motivates investigation of MOP properties for
PDEs. The approximation of a diffusive PDE operator by an
ODE system and derivation of MOP properties using the es-
tablished ODE theory has been suggested for basic reaction-
diffusion problems [6], [19]. Otherwise, monotone operators
have been examined primarily in the context of existence
and approximations of solutions to nonlinear PDE systems
[20], [21], [22]. Recently, conditions for MOP properties
were derived for actuated dynamic commodity flows through
networks [23]. The notion of a monotone parameterized
control system was introduced, and MOP properties were
shown to facilitate efficient formulation of robust optimal
control problems with uncertainty in nodal commodity with-
drawals. Lumped-element approximation was used to express
the dissipative PDEs on network edges as ODE systems, to
which existing MOP theory was applied. However, no ab
initio analysis of MOP properties of PDE systems on graphs
has been performed to date.

In this manuscript, we derive several results on the propa-
gation of monotone order properties for systems of nonlinear
parabolic PDEs on metric graphs. Specifically, PDEs with
a general nonlinear dissipation term define state evolution
on each edge, and balance laws create Kirchhoff-Neumann
boundary conditions at the vertices. We first suppose that
initial conditions, together with time-varying parameters
that characterize coupling conditions at vertices, provide a
well-posed initial value problem (IVP). Our main result is
a theorem establishing preservation of monotone ordering
properties of the solution to the IVP when the initial condi-
tions and time-varying coupling law parameters at vertices
are appropriately ordered. Furthermore, we prove that when
monotone ordering is not preserved, the first crossing of
solutions occurs at a graph vertex.

The manuscript is organized as follows. In Section II, we
formulate a class of nonlinear parabolic PDE systems defined
on a collection of domains that form a metric graph when
coupled by nodal Kirchhoff-Neumann boundary conditions,
and state the main results given the required assumptions.
Section III contains the formal proofs of the main results on
monotone order propagation and crossing point condtions for
solutions to the PDE system. Then, implications for formulat-
ing robust optimal control problems and monitoring policies
for uncertain dynamic flows on networks are discussed in
Section IV, followed by a review of applications to subsonic
compressible fluid flow with energy dissipation on physical
networks. We summarize our conclusions in Section V.
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II. PARABOLIC PDE SYSTEMS ON METRIC GRAPHS

We consider a metric graph Γ = (V, E , λ) where V is
the set of vertices and E ⊂ V × V is the set of directed
edges (i, j) ∈ E that connect the vertices i, j ∈ V . Here
λ : E → R+ is a metric on the edges, where R+ denotes the
non-negative real numbers. Let the incoming and outgoing
neighborhoods of j ∈ V be denoted by ∂+j and ∂−j,
respectively. These sets are defined as

∂+j = {i ∈ V | (i, j) ∈ E} (1)
∂−j = {k ∈ V | (j, k) ∈ E} . (2)

Every edge (i, j) ∈ E is associated with a spatial dimension
on the interval Iij = [0, Lij ], where Lij = λ(i, j) > 0 is
interpreted as the edge length defined by the metric λ. We
let V = |V| and E = |E| denote the number of vertices and
of edges, respectively.

The state of the network system is characterized within
each edge (i, j) ∈ E by space-time dependent variables
corresponding to flow φij : [0, T ] × Iij → R and non-
negative density ρij : [0, T ] × Iij → R+. In addition, every
vertex i ∈ V is associated with a time-dependent internal
nodal density ρi(t) : [0, T ] → R+ and is subject to a time-
dependent flow injection qi : [0, T ]→ R.

We suppose that the density and flow dynamics on the
edge (i, j) ∈ E evolve according to the generalized dissipa-
tive relations

∂tρij(t, xij) + ∂xφij(t, xij) = 0 (3)
φij(t, xij) + fij(t, ρij(t, xij), ∂xρij(t, xij)) = 0, (4)

which are called respectively the continuity and momentum
dissipation equations.

Next, we establish nodal relations that characterize the
boundary conditions for the flow dynamics (3)-(4) on each
edge of the graph. For this purpose, in order to simplify
notation we define

ρ
ij

(t) , ρij(t, 0), ρij(t) , ρij(t, Lij), (5)

φ
ij

(t) , φij(t, 0), φij(t) , φij(t, Lij). (6)

At each vertex i ∈ V the flow and density values at the
endpoints of adjoining edges must satisfy certain compatibil-
ity conditions. First, a Kirchhoff-Neumann property of flow
conservation is ensured through nodal continuity equations

qj(t) +
∑
i∈∂+j

φij −
∑
k∈∂−j

φ
jk

= 0, ∀ j ∈ V. (7)

In addition, we include compatibility conditions that relate
nodal densities to boundary conditions on edges. For each
edge (i, j) ∈ E , the corresponding nodal conditions are

ρ
ij

(t) = αij(t, ρi(t)), ρij(t) = αij(t, ρj(t)), (8)

where the compatibility functions αij(t, ρ) and αij(t, ρ) are
monotonically increasing functions in ρ for all t ∈ [0, T ]
and ρ > 0. The functions ρi are auxiliary variables that
denote internal nodal density values. The above compatibility
conditions are visualized in Figure 1.

Fig. 1. Nodal densities ρj and boundary variables ρ
ij

, φ
ij

, ρij , and φij ,
and compatibility functions αij and αij for an edge (left) and a joint (right).

We suppose that instantaneous state of the system at time
t = 0 is specified by initial density and flow profiles

ρij(0, x) = ρ0ij(x), φij(0, x) = φ0ij(x), ∀ (i, j) ∈ E . (9)

Assumption 1: We make the following assumptions on
initial value problem (3)-(9) that describes the coupled
network flow dynamics with initial conditions.
(i) Well-posedness and regularity of initial conditions:

There exists an integer k ≥ 2 such that ρ0ij , φ
0
ij ∈

Ck([0, Lij ]) for all (i, j) ∈ E . Moreover the coupling
constriants (7) and (8) hold at t = 0.

(ii) Continuity of inputs and control: The compatibility
functions satisfy αij , αij ∈ Ck+([0, T ] × R+) for all
(i, j) ∈ E , and the nodal parameter functions satisfy
qi ∈ Ck([0, T ]) for all i ∈ V .

(iii) Well-posedness of coupled network dynamics: The ini-
tial value problem consisting of the coupled network
flow dynamics with the initial conditions in (3)-(9),
along with given compatibility functions αij and αij ,
admits a unique classical solution that is twice contin-
uously differentiable.

(iv) Stability under small perturbations: Let
ρij(t, xij), φij(t, xij) for (i, j) ∈ E be the unique
classical solution to (3)-(9). Let ρij,ε(t, xij) and
φij,ε(t, xij) for all (i, j) ∈ E be a solution to the
perturbed system

∂tρij,ε(t, xij)+∂xφij,ε(t, xij)− ε = 0, (10)
φij,ε(t, xij)+fij(t, ρij,ε(t, xij), ∂xρij,ε(t, xij)) = 0, (11)

with the perturbed initial conditions

ρij,ε(0, x) = ρ0ij(x) + ε, φij,ε(0, x) = φ0ij(x) (12)

for all (i, j) ∈ E . Then as ε→ 0, the perturbed solution
converges point-wise to the original solution, i.e., for
all (i, j) ∈ E , xij ∈ Iij and t ∈ [0, T ], we have

lim
ε→0

ρij,ε(t, xij) = ρij(t, xij). (13)

Theorem 1: Suppose the initial value problem described
in (3)-(9) satisfies Assumption 1. Also suppose that the
dissipation function fij(t, u, v) is strictly increasing in the
third argument v for all (i, j) ∈ E . Let ρ

(1)
ij (0, xij)

and ρ
(2)
ij (0, xij) be two initial conditions that satisfy

ρ
(1)
ij (0, xij) ≥ ρ

(2)
ij (0, xij) for all (i, j) ∈ E , xij ∈ Iij . Let

S ⊆ V be an arbitrary subset of V . Let t0 ∈ [0, T ] and
suppose that for all i ∈ S we have that q(1)i (t) ≥ q

(2)
i (t)

for all t ∈ [0, t0] and for all i ∈ V \ S we have that
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ρ
(1)
i (t) ≥ ρ(2)i (t) for all t ∈ [0, t0]. Then the densities in the

system satisfy ρ
(1)
ij (t, xij) ≥ ρ

(2)
ij (t, xij) for all (i, j) ∈ E ,

xij ∈ Iij and t ∈ [0, t0].

Observe that that no assumption is made in Theorem 1
regarding the nodal parameter functions q(1)i (t) and q

(2)
i (t)

for nodes i ∈ V \ S . The statement implies that if we start
with two initial conditions that satisfy a certain ordering, then
regardless of the nodal parameter functions, if this ordering
is ever violated during the course of the evolution of the
system, the violation must first occur at one of the vertices
i ∈ V \ S of the network. As a consequence, if the nodal
density values ρi(t) for nodes i ∈ V \ S also satisfy the
same ordering, then the ordering of the initial conditions is
preserved throughout the evolution of the system.

III. PROOF OF MAIN RESULT

A. Crossing Points

The proof is constructed by establishing the non-existence
of the so-called “first crossing point”. We formalize this
definition below.

Definition 1: Let ρ
(1)
ij (t, xij) and ρ

(2)
ij (t, xij) be the

unique classical solutions corresponding to the initial condi-
tions ρ(1)ij (0, xij) and ρ(2)ij (0, xij) and injections q(1)i (t) and
q
(2)
i (t) respectively. Further suppose that for all (i, j) ∈ E

and for all xij ∈ Iij we have ρ
(1)
ij (0, xij) ≥ ρ

(2)
ij (0, xij).

Then a tuple (tc, xc), where tc ∈ (0, T ] and xc ∈ Iij for
some (i, j) ∈ E is called a first crossing point if

tc = sup{t ∈[0, T ] : ρ
(1)
ij (t, xij) ≥ ρ(2)ij (t, xij)

∀ (i, j) ∈ E , xij ∈ Iij}, (14)

and, there exists a δ > 0, such that

ρ
(1)
ij (t, xc) < ρ

(2)
ij (t, xc), (15)

for all t ∈ (tc, tc + δ).
First crossing points need not be unique because there may

be multiple coordinates xc that satisfy the above definition.
The crossing time tc however, is unique by definition. Note
that whenever there is no crossing point in the system
dynamics until some time t0, then the ordering of the initial
conditions must be preserved till t0. In the rest of the section,
we prove the appropriate non-existence of first crossing
points in order to establish Theorem 1.

B. Technical Lemmas

In this section, we prove several technical lemmas that
will be useful to establish Theorem 1. Let ρ(1)ij,ε(t, xij) be
the solution to the perturbed system in (10)-(11) with nodal
input parameters set at q(1)i (t). The following lemmas prove
that there can be no crossing point of the perturbed solution
ρ
(1)
ij,ε(t, xij) and ρ(2)ij (0, xij) either in the interior of an edge

or at a vertex i ∈ V where q(1)i (t) ≥ q(2)i (t).
Lemma 2: Let (i, j) ∈ E be an edge. Suppose that for all

xij ∈ Iij we have ρ(1)ij (0, xij) ≥ ρ
(2)
ij (0, xij). Then there is

no first crossing point (tc, xc) between the perturbed solution

Fig. 2. Left Figure: example of a first crossing point at xc. Right Figure:
example of a crossing point at xc that is not a first crossing point. Relations
(20) and (21) are satisfied in the left Figure but not in the right Figure.

ρ
(1)
ij,ε(t, xij) and its non-perturbed counterpart ρ(2)ij (t, xij)

such that tc ∈ [0, T ] and 0 < xc < Lij .

Lemma 3: Let j ∈ V . Suppose that a first crossing occurs
at (tc, xc = 0) on an edge (j, k) ∈ E for one k ∈ ∂−j or at
(tc, xc = Lij) on an edge (i, j) ∈ E for one i ∈ ∂+j. Then
a first crossing point occurs at (tc, xc = 0) for all edges
(j, k) ∈ E with k ∈ ∂−j and also at (tc, xc = Lij) for all
edges (i, j) ∈ E with i ∈ ∂+j.

Lemma 4: Let j ∈ V . Suppose that for all k ∈ ∂−j and
for all xjk ∈ Ijk we have ρ(1)jk (0, xjk) ≥ ρ(2)jk (0, xjk). Further
suppose that q(1)j (t) ≥ q(2)j (t). Then there is no first crossing
point (tc, xc) between the perturbed solution ρ

(1)
jk,ε(t, xjk)

and ρ
(2)
jk (t, xjk) such that tc ∈ [0, T ] and xc = 0 for any

k ∈ ∂−j.

Proof: [Proof of Lemma 2] Suppose for the sake of
contradiction that there exists a first crossing point (tc, xc)
such that 0 < xc < Lij . Then by Definition 1,

ρ
(1)
ij,ε(tc, xc) = ρ

(2)
ij (tc, xc), (16)

ρ
(1)
ij,ε(tc, x) ≥ ρ(2)ij (tc, x), x ∈ (0, Lij). (17)

By Assumption 1, the functions ρ(1)ij,ε(tc, x) and ρ
(2)
ij (tc, x)

and hence the function g : (0, Lij)→ R given by

g(x) = ρ
(1)
ij,ε(tc, x)− ρ(2)ij (tc, x) (18)

is in Ck. Combined with (16)-(17), this means the function
g(.) must also satisfy

∂

∂x
g(xc) = 0,

∂

∂x2
g(xc) ≥ 0, (19)

which in turn yields

∂xρ
(1)
ij,ε(tc, xc) = ∂xρ

(2)
ij (tc, xc), (20)

∂2xρ
(1)
ij,ε(tc, xc) ≥ ∂

2
xρ

(2)
ij (tc, xc). (21)

See Figure 2 for a pictorial interpretation of the relations
(20) and (21).

Further, (15) implies that ∂tρ
(1)
ij,ε(tc, xc) ≤ ∂tρ

(2)
ij (tc, xc),

so that applying the continuity equation (3) and its perturbed
version (10), we obtain

−∂xφ(1)ij,ε(tc, xc) + ε ≤ −∂xφ(2)ij (tc, xc). (22)

We substitute for the flow terms in (22) using the dissipation
equation (4) and its perturbed counterpart (11) to obtain the
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relation

∂xfij(tc, ρ
(1)
ij,ε(t, xc), ∂xρ

(1)
ij,ε(t, xc))

≤ ∂xfij(t, ρ(2)ij (t, xc), ∂xρ
(2)
ij (t, xc))− ε

< ∂xfij(t, ρ
(2)
ij (t, xc), ∂xρ

(2)
ij (t, xc)). (23)

Using the chain rule for differentiation, we can rewrite for
k = 1, 2,

∂xfij(tc, ρ
(k)
ij (t, xc), ∂xρ

(k)
ij (t, xc))

= ∂ufij(tc, ρ
(k)
ij (t, xc), ∂xρ

(k)
ij (t, xc))∂xρ

(k)
ij (t, xc)

+ ∂vfij(tc, ρ
(k)
ij (t, xc), ∂xρ

(k)
ij (t, xc))∂

2
xρ

(k)
ij (t, xc). (24)

Substituting (24) into (23) and using (16) and (20), we get

∂vfij(tc, ρ
(1)
ij,ε(t, xc), ∂xρ

(1)
ij,ε(t, xc))∂

2
xρ

(1)
ij,ε(t, xc)

< ∂vfij(tc, ρ
(2)
ij (t, xc), ∂xρ

(2)
ij (t, xc))∂

2
xρ

(2)
ij (t, xc). (25)

Because the dissipation function fij(t, u, v) is strictly in-
creasing in the third argument v, and recalling the equiva-
lence relations (16) and (20), we have

∂vfij(tc, ρ
(1)
ij,ε(t, xc), ∂xρ

(1)
ij,ε(t, xc))

= ∂vfij(tc, ρ
(2)
c (t, xc), ∂xρ

(2)
ij (t, xc)) > 0. (26)

Finally, the equality and positivity of ∂vfij terms in (26) can
be used to simplify (25) to yield the simple strict inequality

∂2xρ
(1)
ij (t, xij) < ∂2xρ

(2)
ij (t, xij). (27)

This contradicts (21), and hence our assumption must be
incorrect and the proof of the lemma is complete.

Proof: [Proof of Lemma 3] Recall that by the com-
patibility constraints (8), we have for any k ∈ ∂−j that
ρjk(tc, 0) = αjk(tc, ρj(tc)) and for any i ∈ ∂+j that
ρij(tc, Lij) = αij(tc, ρj(tc)). Here αjk(tc, ρ) and αij(tc, ρ)
are invertible functions of ρ for all (i, j), (j, k) ∈ E and
ρ > 0, because we have assumed that the compatibility
functions are strictly increasing for positive values in the
second argument. Let us then denote by α−1jk,t(·) and α−1ij,t(·)
the inverses of the corresponding functions at the time t.
Then, for any i ∈ ∂+j and k ∈ ∂−j, we have the relations

ρij(tc, Lij) = αij(tc, α
−1
jk,tc

(ρjk(tc, 0))), (28)

ρjk(tc, 0) = αjk(tc, α
−1
ij,tc

(ρij(tc, Lij))), (29)

where αij(t, α−1jk,t(·)) and αjk(t, α−1ij,t(·)) are compositions
of invertible increasing functions and therefore bijective and
increasing. As a result, by Definition 1, the existence of a
crossing point at (tc, xjk = 0) for some k ∈ ∂−j implies
that there is also a crossing point at (tc, xjk = 0) for all
k ∈ ∂−j and also at at (tc, xij = Lij) for all i ∈ ∂+j.

Proof: [Proof of Lemma 4] We again seek to reach a
contradiction by starting with the assumption that there exists
a first crossing point (tc, xc) for some tc ∈ [0, T ] between
the quantities ρ(1)jk,ε(t, xjk) and ρ(2)jk (t, xjk) for some k ∈ ∂−j
and xjk = xc = 0. By the definition of first crossing point

we must have

ρ
(1)
jk,ε(tc, 0) = ρ

(2)
jk (tc, 0), (30)

ρ
(1)
jk,ε(tc, x) ≥ ρ(2)jk (tc, x), x ∈ [0, Ljk]. (31)

We then can apply a similar argument as that used in the
proof of Lemma 2. Because ρ

(1)
jk (tc, x) − ρ

(2)
jk (tc, x) is in

Ck, one of the following options must be true.

• Option 1:

∂xρ
(1)
jk,ε(tc, 0) = ∂xρ

(2)
jk (tc, 0), (32)

∂2xρ
(1)
jk,ε(tc, 0) ≥ ∂2xρ

(2)
jk (tc, 0). (33)

• Option 2:

∂xρ
(1)
jk,ε(tc, 0) > ∂xρ

(2)
jk (tc, 0). (34)

By following the exact same argument as in the proof of
Lemma 2, we can show that Option 1 leads to a contradiction.
What remains is to prove that Option 2 is also disallowed.
Because fjk(t, u, v) is strictly increasing in v, using (30) and
(34) we see that

fjk(tc, ρ
(1)
jk (tc, 0),∂xρ

(1)
jk (tc, 0))

> fjk(tc, ρ
(2)
jk (tc, 0), ∂xρ

(2)
jk (tc, 0)).

(35)

Applying Lemma 3 to edges outgoing from node j we find
that (30) and (34) hold for all k ∈ ∂−j, hence so does (35).
Combining with the dissipation equation (4), this gives for
all k ∈ ∂−j that φ(1)jk (tc, 0) < φ

(2)
jk (tc, 0). Similarly, Lemma

3 implies that the relations ρ(1)ij,ε(tc, Lij) = ρ
(2)
ij (tc, Lij) and

∂xρ
(1)
ij,ε(tc, Lij) > ∂xρ

(2)
ij (tc, Lij) must hold for all i ∈ ∂+j,

and hence φ(1)ij (tc, Lij) < φ
(2)
ij (tc, Lij) hold for all i ∈ ∂+j

as well. We then apply the flow conservation equation (7) to
obtain

q(1)(tc) =
∑
k∈∂−j

φ
(1)
jk (tc, 0) +

∑
i∈∂+j

φ
(1)
ij (tc, Lij)

<
∑
k∈∂−j

φ
(2)
jk (tc, 0) +

∑
i∈∂+j

φ
(2)
ij (tc, Lij)

= q(2)(tc). (36)

The last statement is in contradiction with the assumptions
of Lemma 4.

Before proceeding to the proof of Theorem 1 we state one
last lemma that relates the solution of the perturbed system
in (10)-(11) to the original system.

Lemma 5: The solution to the perturbed system
ρ
(1)
ij,ε(t, xij) is always greater than or equal to the solution
ρ
(1)
ij (t, xij) of the original system for all t ∈ [0, T ].

Proof: We observe that all assumptions in Lemma 2
and Lemma 4 are satisfied if we replace ρ

(2)
ij (t, xij) by

ρ
(1)
ij (t, xij). As a consequence, there can be no first crossing

point between ρ(1)ij,ε(t, xij) and ρ(1)ij (t, xij). Therefore, for all
t ∈ [0, T ] we must have ρ(1)ij,ε(t, xij) ≥ ρ

(1)
ij (t, xij).
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C. Proof of the Main Result

Proof: [Proof of Theorem 1] Fix an ε > 0. Let
ρ
(1)
ij,ε(t, xij) be the solution to the perturbed system in (10)-

(11) with nodal input parameters set at q(1)i (t). Then by
Lemma 2, there can be no first crossing point between
ρ
(1)
ij,ε(t, xij) and ρ

(2)
ij (t, xij) such that tc ∈ [0, t0] and 0 <

xij < Lij for some (i, j) ∈ E . The above statement is
also true by Lemma 4 for i ∈ S . Further, by Lemma 5,
we have that ρ(1)i (t) ≥ ρ(2)i (t) implies ρ(1)i,ε (t) ≥ ρ(2)i (t) and
hence there is no crossing point at i /∈ S. This means for all
t ∈ [0, t0] we have

ρ
(1)
ij,ε(t, xij) ≥ ρ

(2)
ij (t, xij), (37)

for all (i, j) ∈ E and xij ∈ Iij . Because ε > 0 was chosen
arbitrarily, we can take the limit ε → 0 in (38), and using
Assumption 1-(iv), we get

ρ
(1)
ij (t, xij) ≥ ρ(2)ij (t, xij), (38)

This completes the proof of the Main Theorem.

IV. DISCUSSION AND APPLICATIONS

The MOP properties established in Sections II and III have
several important interpretations for understanding the pos-
sible robust optimal control formulations for parabolic PDEs
on metric graphs. We consider robust control formulations
where the nodal parameter functions qj(t) are prescribed
ahead of time within a compact subset of Ck[0, T ], but
are uncertain. Such control formulations appear in problems
related to the transportation of commodities over networks,
in particular the flow of compressible fluids such as natural
gas in large scale pipeline systems [24], [15], where the flows
are well-described by parabolic systems of PDE of the form
(3)-(7). In order to solve robust optimal control problems
for such systems, computationally tractable formulations
are essential. Consider the following deterministic optimal
control problem:

min J (ρ, φ, α) =

∫ T

0

L(t, φ(t), φ(t), α(t), α(t))dt, (39)

s.t. ∂tρij(t, xij) + ∂xφij(t, xij) = 0 (40)
φij(t, xij) + fij(t, ρij(t, xij), ∂xρij(t, xij)) = 0, (41)
ρ
ij

(t)=αijρi(t), ρij(t)=αijρj(t), ∀ (i, j) ∈ E (42)

qj(t) +
∑
i∈∂+j

φij −
∑
k∈∂−j

φ
jk

= 0, ∀ j ∈ V (43)

ρmin ≤ ρij(t, x) ≤ ρmax, ∀ (i, j) ∈ E . (44)

In the above formulation, the density compatibility func-
tions are linear with factors αij and αij . We also define
φ(t) = (φ

π−1(1)
(t), . . . , φ

π−1(E)
(t)) ∈ RE and φ(t) =

(φπ−1(1)(t), . . . , φπ−1(E)(t)) ∈ RE , where π : E → [E]
is a mapping from the set of edges to the integers 1 to E.
Similarly, we define α(t) = (απ−1(1)(t), . . . , απ−1(E)(t)) ∈
RE and α(t) = (απ−1(1)(t), . . . , απ−1(E)(t)) ∈ RE , which
form the collection of control functions.

A version of problem (39)-(44) can be formulated such
that the solution is robust to uncertain variation in the nodal
parameter functions qi(t) within some known bounds, i.e.,

q
(1)
j (t) ≥ qj(t) ≥ q(2)j (t), ∀ j ∈ V and t ∈ [0, T ]. (45)

The resulting problem is extremely challenging because of
the semi-infinite set of constraints. Using Theorem 1, how-
ever, we can obtain significantly simplified reformulations
of the robust control problem as well as a “monitoring”
mechanism that we describe in following subsections.

A. Simplified Representation of Robust Optimal Control
As a consequence of Theorem 1, we can obtain a reformu-

lation of the semi-infinite constrained robust control problem
with interval uncertainty as in (45) by enforcing feasibility
only for the extreme scenarios. As long as the optimal control
solution satisfies the constraints for the two extremal cases
of nodal parameter functions qj(t) for j ∈ V , feasibility
will also be guaranteed for all nodal parameter functions
that are bounded by the extreme scenarios. We rewrite the
entire formulation below for completeness.

min J (ρ, φ, α)=

∫ T

0

L(t, φ(t), φ(t), α(t), α(t))dt, (46)

s.t. ∂tρij(t, xij) + ∂xφij(t, xij) = 0 (47)
φij(t, xij)+fij(t, ρij(t, xij), ∂xρij(t, xij))=0, (48)
ρ
ij
(t)=αijρi(t), ρij(t)=αijρj(t), ∀(i,j)∈E (49)

q̂j(t) +
∑
i∈∂+j

φij −
∑
k∈∂−j

φ
jk

= 0, ∀ j ∈ V (50)

∂tρ
(1)
ij (t, xij) + ∂xφ

(1)
ij (t, xij) = 0 (51)

φ
(1)
ij (t, xij)+fij(t, ρ

(1)
ij (t, xij), ∂xρ

(1)
ij (t, xij))=0, (52)

ρ(1)
ij

(t)=αijρ
(1)
i (t), ρ

(1)
ij (t)=αijρ

(1)
j (t), ∀(i,j)∈E (53)

q
(1)
j (t) +

∑
i∈∂+j

φ
(1)

ij −
∑
k∈∂−j

φ(1)
jk

= 0, ∀ j ∈ V (54)

∂tρ
(2)
ij (t, xij) + ∂xφ

(2)
ij (t, xij) = 0 (55)

φ
(2)
ij (t, xij)+fij(t, ρ

(2)
ij (t, xij), ∂xρ

(2)
ij (t, xij))=0, (56)

ρ(2)
ij

(t)=αijρ
(2)
i (t), ρ

(2)
ij (t)=αijρ

(2)
j (t), ∀(i,j)∈E (57)

q
(2)
j (t) +

∑
i∈∂+j

φ
(2)

ij −
∑
k∈∂−j

φ(2)
jk

= 0, ∀ j ∈ V (58)

ρmin ≤ ρ(1)ij (t, xij) ≤ ρmax, ∀ (i, j) ∈ E (59)

ρmin ≤ ρ(2)ij (t, xij) ≤ ρmax, ∀ (i, j) ∈ E . (60)

In the above formulation, equations (47)-(50), (51)-(54),
and (55)-(58) represent the physical constraints for the nom-
inal, high injection, and low injection cases, respectively.
For evaluating the objective function J , we chose the flow
solutions corresponding to the nominal injection profiles
q̂i(t) that are bounded by the extremal envelopes. We enforce
feasibility of the ρij(t, xij) only with respect to the extreme
scenarios corresponding to the lower and upper envelopes
q
(1)
i (t) and q

(2)
i (t) of the uncertain nodal parameters qi(t).

By Theorem 1, as long as q
(1)
j (t) ≥ q̂j(t) ≥ q

(2)
j (t),
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then the corresponding densities ρij(t, xij) must also satisfy
ρ
(1)
ij (t, xij) ≥ ρij(t, xij) ≥ ρ(2)ij (t, xij) for all t ∈ [0, T ], and

hence the constraints (59) and (60) as well.
If the objective function is also monotone with respect to

the nodal input parameters, one can also obtain a simplified
representation of min-max robust optimal control, as in [17].

B. Policy for Real-Time Nodal Monitoring

We have obtained a tractable formulation for the robust
control problem when the uncertainty envelopes of the nodal
input parameters are known a priori. Suppose that there exists
a feasible solution to the simplified representation for the
robust optimal control problem in (46)-(60), and that the
optimal control vectors α(t) and α(t) that keep the system
feasible under uncertainty have been obtained. In this section
we suggest a simple monitoring mechanism that can be
used to react to real-time deviations outside of the predicted
uncertainty envelope. If, for instance, an error in uncertainty
quantification causes qi(t) for some i ∈ V to deviate outside
of the predicted envelope [q

(2)
i (t), q

(1)
i (t)], then feasibility is

no longer guaranteed with the control solution α(t) and α(t)
to problem (46)-(60) because the assumptions of Theorem 1
no longer hold. One way to compensate for such variation
is to enforce the nodal input parameters to the predicted
upper or lower bounds, q(1)i (t) or q(2)i (t), as appropriate.
However, this may be too conservative for enforcing the
density constraints (44), because if qi(t) is not within the
expected envelope, then it does not necessarily mean that
the density constraints, which are the focus in the motivating
applications, are violated. However, Theorem 1 still applies,
and this facilitates a much less conservative Nodal Moni-
toring Policy (NMP) to reactively maintain system densities
within feasible bounds.

Nodal Monitoring Policy (NMP): Let S ⊂ V be the subset
of nodes where the upper bound qi(t) ≤ q

(1)
i (t) on nodal

parameters is violated, and let S ⊂ V be the subset of
nodes where the lower bound qi(t) ≥ q

(2)
i (t) is violated.

Let ρ(1)i (t) and ρ(2)i (t) for i ∈ V be the collections of nodal
density solutions corresponding to fixing the nodal input
parameters at q(1)i (t) and q(2)i (t), respectively. The policy is
to monitor the real-time density profiles ρi(t) for i ∈ S ∪S.
If no crossing points are encountered between the real-
time solution ρi(t) and the upper and lower density profile
solutions ρ(1)i (t) and ρ(2)i (t), respectively, then the system is
safe with respect to the density limits. Alternatively, suppose
we encounter a crossing point at time tc at node i ∈ S. The
policy then calls to reset the nodal parameter at i to q(1)i (t)
and to leave the rest of the nodal parameters untouched. It
turns out that this simple action is sufficient to guarantee that
the system-wide density remains within ρmin and ρmax. This
is contained in the following corollary.

Corollary 6 (Sufficiency of Nodal Monitoring Policy):
Suppose we implement the NMP described above. Then we
have ρ(2)(t, xij) ≤ ρ(t, xij) ≤ ρ(1)(t, xij) for all t ∈ [0, T ]
and (i, j) ∈ E .

Proof: The proof is a direct application of Theorem 1,
because by construction of the policy, the assumptions in the
theorem are satisfied for all t ∈ [0, T ].

V. CONCLUSIONS

In this manuscript, we have derived monotone order prop-
agation (MOP) properties for a class of nonlinear parabolic
partial differential equation (PDE) systems on metric graphs.
We have established an ab initio proof that ordering prop-
erties of the solution to the initial value problem (IVP)
are preserved when the initial conditions and time-varying
nodal parameters at vertices are appropriately ordered. In
addition, we proved that when monotone ordering is not
preserved, the first crossing of solutions occurs at a graph
vertex. These results have important implications for robust
optimal control of subsonic compressible fluid flow with
energy dissipation on physical networks subject to uncer-
tainty. In particular, there exists a direct application to robust
dynamic optimization of compressors in large-scale natural
gas pipeline networks [15], [17], [23], and energy systems in
general [7]. In addition to simplified robust optimal control
formulations, we have presented a nodal monitoring policy
(NMP) for control of nonlinear parabolic PDE on graphs
subject to parameter uncertainty. The results may also find
uses in analysis of vehicle transportation networks [25], [26],
[27], [28], [29], [30], [5], and information systems [13], [31],
[32].
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On periodically time-varying convolutional codes

Ricardo Pereira1 and Paula Rocha2

I. EXTENDED ABSTRACT

Convolutional codes [4] are an important type of error
correcting codes that can be represented as a time-
invariant discrete linear system over a finite field [8]. They
are used to achieve reliable data transfer, for instance,
in mobile communications, digital video and satellite
communications [9]. In particular, periodically time-varying
convolutional codes have attracted the attention of several
researchers [2], [3]. One of the advantages of this type of
codes is that they can have better distance properties than
the best time-invariant convolutional code of the same rate
and total encoder memory [7].

In this work we consider convolutional codes C with P -
periodic encoders, i.e.:

C := {w : w(Pl + t) = (Gt(D)u)(Pl + t);

t = 0, ..., P − 1; l = 0, 1, ...},
(1)

where each Gt(D) is a n × k polynomial matrix over a
finite field F, i.e., Gt(D) ∈ Fn×k[D], D represents the shift
Du(l) = u(l − 1), and u is an information sequence in Fk.

Inspired by the ideas developed in [6] and [1] for the case
of behaviors, considering the linear map

Lp : (Rn)
Z →

(
RPn

)Z
defined by

(Lpw)(l) :=


w(Pl)

w(Pl + 1)
...

w(Pl + P − 1)

 , P ∈ N

we associate with C a time-invariant convolutional code CL,
the “lifted” version of C, defined as

CL :=
{
w̃ ∈

(
RPn

)Z |w̃ = Lpw, w ∈ C
}
.

Note that, since

(Gt(D)u)(Pl + t) =
((
D−tGt(D)

)
u
)

(Pl),

Equation (1) can also be written as

(ΩP,n(D)w)(Pl) = (G(D)u)(Pl), l = 0, 1, . . . ,

1CIDMA - Center for Research and Development in Mathematics and
Applications, Department of Mathematics, University of Aveiro, Aveiro,
Portugal ricardopereira@ua.pt

2SYSTEC, Faculty of Engineering, University of Porto, Portugal
mprocha@fe.up.pt

with

ΩP,n(D) =


In

D−1In
...

D−P+1In


and

G(D) =


G0(D)

D−1G1(D)
...

D−P+1GP−1(D)

 ∈ RPn×k.

Moreover, by decomposing the matrix G as

G(D) = GL
(
DP
)

ΩP,n(D)

with

GL(D) =
[
GL0(D) GL1(D) · · · GLP−1(D)

]
,

the lifted code can be represented as

CL :=
{
w̃ : w̃(l) = (GL(D)ũ)(l), l = 0, 1, ...

}
,

where w̃ = LPw and ũ = LPu.

In the sequel, we consider convolutional codes C with 2-
periodic encoders, i.e., such P = 2 and

Gt(D) = Gt0 +Gt1D + · · ·+GtND
N ∈ Fn×k[D], t = 0, 1.

Moreover we assume that the matrices G0
0, G

1
0, G

0
N and G1

N

are full column rank. This implies that the matrices Gt(D)
are column reduced (see [5] for a definition), t = 0, 1.
Assuming also that Gt(D) are right-prime, t = 0, 1, we have
that Gt(D) are minimal encoders, t = 0, 1 [4]. Minimal
encoders are particularly important since their McMillan
degrees correspond to the code degree, which is a measure
of its complexity.

The parameters of the encoders Gt, t = 0, 1, are (n, k, δ),
where δ = kN is the degree of the code Ct generated by
Gt(D).

The generalized Singleton bound for each code Ct is

(n− k)
(⌊

δ
k

⌋
+ 1
)

+ δ + 1

= (n− k)
(⌊
kN
k

⌋
+ 1
)

+ kN + 1

= nN + n− k + 1.

(2)

By definition,

G0(D) = G0
0 +G0

1D + · · ·+G0
ND

N + 0DN+1

DG1(D) = 0 +G1
0D +G1

1D
2 + · · ·+

G1
N−1D

N +G1
ND

N+1
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which can be decomposed as[
G0(D)
DG1(D)

]
=

([
G0

0

0

]
+

[
G0

2

G1
1

]
D2 + . . .

)
+

([
G0

1

G1
0

]
+

[
G0

3

G1
2

]
D2 + . . .

)
D

The matrix GL can be written as

GL(D) =

[
G0

0 G0
1

0 G1
0

]
+

[
G0

2 G0
3

G1
1 G1

2

]
D

+ · · ·+
[
G0
N 0

G1
N−1 G1

N

]
Dd

N
2 e

(3)

We will prove the following result.

Theorem 1: GL(D) is a minimal time-invariant encoder.

Proof: Since, by hypothesis, G0
0, G

1
0, G

0
N and G1

N are
full column rank, we have that GL(D) is column reduced.
We prove now that GL(D) is right-prime. By hypothesis,[
G0(D)
DG1(D)

]
is right-prime and[

G0(D)
DG1(D)

]
= GL

(
D2
) [ In
DIn

]
(4)

If GL
(
D2
)

=
[
GL0

(
D2
)

GL1
(
D2
)]

is not right-
prime, then GL0

(
D2
)

and GL1
(
D2
)

have a squared non
unimodular common factor, F (D) ∈ Fk×k[D], i.e.,

GL0
(
D2
)

= G̃L0(D)F (D) and GL1
(
D2
)

= G̃L1(D)F (D)

Then, by equation (4),[
G0(D)
DG1(D)

]
=

[
G̃L0(D)F (D) G̃L1(D)F (D)

] [
In
DIn

]
= G̃L0(D)F (D) + G̃L1(D)F (D)D

= G̃L0(D)F (D) + G̃L1(D)DF (D)

=
(
G̃L0(D) + G̃L1(D)D

)
F (D)

which is a contradiction because
[
G0(D)
DG1(D)

]
is right-prime.

Hence GL
(
D2
)

is right-prime and therefore also GL(D) is
right-prime.

The parameters of the encoder GL(D) are (2n, 2k, kN)
since it can be shown, by equation (3), that if N is even
the degree is δ = 2k

⌈
N
2

⌉
= 2kN2 = kN and if N is odd the

degree is δ = k
⌈
N
2

⌉
+ k

⌊
N
2

⌋
= kN . Then the generalized

Singleton bound is

(2n− 2k)
(⌊
kN
2k

⌋
+ 1
)

+ kN + 1

=

{
nN + 2n− 2k + 1, ifN even
nN + n− k + 1, if N odd

which, is equal to the bound of each periodic encoder (2)
when N is odd, but has an increase of n−k when N is even.

This result is similar to the one derived in [2] using a
different reasoning.

Obtaining a larger bound for the odd case is encouraging
from the point of view of achieving a larger distance for the
periodic case. However, the question whether the obtained
bound can be reached is still the subject of current investi-
gation.
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Products of Doubly Stochastic Matrices*

Weiguo Xia, Ji Liu, Ming Cao, Karl H. Johansson, and Tamer Başar

Abstract— Doubly stochastic matrices constitute an impor-
tant class of stochastic matrices, playing a critical role in the
study of discrete-time distributed averaging and distributed
optimization algorithms. In this extended abstract, we report
on several properties of such matrices. Furthermore, we utilize
these properties to establish necessary and sufficient conditions
for deciding whether a set of doubly stochastic matrices is a
consensus set or not.

Index Terms— Matrix theory; Control systems; Stability

I. INTRODUCTION

Distributed coordination of multi-agent systems is a top-
ic that has received a great deal of attention in the last
two decades [1]–[3]. The consensus problem is one of the
benchmark problems in which a group of interacting agents
are driven to reach agreement on a variable of interest. In
the linear discrete-time consensus process, the update of the
agents’ states can be characterized by a linear recursion
equation with the system matrix being a stochastic matrix
[1], [3], [4]. The analysis of the system heavily relies on the
property of the infinite product of stochastic matrices.

Properties of stochastic matrices have been studied ex-
tensively and a rich set of results on the conditions for the
convergence of infinite products of stochastic matrices have
been obtained [5]–[7], which can be traced back at least to
the work on nonnegative matrices and Markov chains [7]. If
we restrict our attention to certain subclasses of stochastic
matrices, the study may help simplify those established
results for general stochastic matrices. In this extended
abstract, we pay special attention to an important class of
stochastic matrices, doubly stochastic matrices, which arise
often in distributed averaging problems [8] and distributed
optimization algorithms [9], [10]. We study their properties,
and establish necessary and sufficient conditions to decide
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work.
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whether a set of doubly stochastic matrices is a consensus
set, whose definition will be given precisely later. These
new results may shed light on better utilization of doubly
stochastic matrices.

The remainder of the extended abstract is organized as
follows. In Section II, preliminaries on stochastic matrices
are introduced. Section III investigates the properties of
doubly stochastic matrices and establishes necessary and
sufficient conditions for deciding consensus. Conclusions are
drawn in Section IV.

II. PRELIMINARIES

We first introduce some preliminaries on stochastic ma-
trices. Let n be a positive integer. A matrix P = {pij}n×n
is said to be stochastic if pij ≥ 0 for all i, j ∈ N ,
{1, 2, . . . , n}, and

∑n
j=1 pij = 1 for all i ∈ N . P is said

to be doubly stochastic if both P and PT are stochastic.
Consider a stochastic matrix P . For a set A ⊆ N , the set of
one-stage consequent indices [11] of A is defined by

FP (A) = {j : pij > 0 for some i ∈ A}

and we call FP the consequent function of P .
Lemma 1: [12] Let P and Q be two n× n nonnegative

matrices. Then, FPQ(A) = FQ(FP (A)) for all subsets A ⊆
N .

A stochastic matrix P is indecomposable and aperiodic,
and thus called an SIA matrix, if limm→∞ Pm = 1cT ,
where 1 is the n-dimensional all-one column vector, and
c = [c1, . . . , cn]

T is some column vector satisfying ci ≥ 0
and

∑n
i=1 ci = 1. We say that P belongs to the Sarymsakov

class, or equivalently P is a Sarymsakov matrix, if for any
two disjoint nonempty sets A, Ã ⊆ N , either

FP (A) ∩ FP (Ã) 6= ∅, (1)

or

FP (A)∩FP (Ã) = ∅ and |FP (A)∪FP (Ã)| > |A∪Ã|, (2)

where | · | denotes the cardinality of a set. P is said to be
a scrambling matrix if for any pair of distinct indices i, j ∈
N , there exists an index k ∈ N such that pik and pjk are
positive.

Stochastic matrices arise often in discrete-time linear con-
sensus processes, which can be modeled by

x(k + 1) = P (k)x(k), k ≥ 1, (3)

where x(k) = [x1(k), x2(k), . . . , xn(k)]
T ∈ IRn and each

P (k) is an n×n stochastic matrix. The convergence of x(k)
to a common value for any initial condition is equivalent to
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the convergence of the matrix product P (k) · · ·P (2)P (1) to
a matrix with all rows equal as k goes to infinity. When the
sequence of matrices P (1), P (2), . . . is picked from a set of
stochastic matrices P , an important question to answer is as
follows: What are the conditions on P so that every infinite
left-product · · ·P (k) · · ·P (2)P (1) converges to a rank-one
matrix? A set having this property is called a consensus set.

Definition 1: (Consensus set) Let P be a set of n ×
n stochastic matrices. P is a consensus set if for
each sequence of matrices P (1), P (2), P (3), . . . from P ,
P (k) · · ·P (2)P (1) converges to a rank-one matrix 1cT as
k →∞, where ci ≥ 0 and

∑n
i=1 ci = 1.

Necessary and sufficient conditions for P being a consen-
sus set have been established in [5], [7], [13]–[15].

Theorem 1: [15] Let P be a compact set of n × n
stochastic matrices. The following conditions are equivalent:

1) P is a consensus set.
2) For each integer k ≥ 1 and any P (i) ∈ P, 1 ≤ i ≤ k,

the matrix P (k) · · ·P (1) is SIA.
3) There is an integer ν ≥ 1 such that for each k ≥ ν and

any P (i) ∈ P, 1 ≤ i ≤ k, the matrix P (k) · · ·P (1) is
scrambling.

4) There is an integer α ≥ 1 such that for each k ≥ α and
any P (i) ∈ P, 1 ≤ i ≤ k, the matrix P (k) · · ·P (1)
belongs to the Sarymsakov class.

A combinatorial necessary and sufficient condition for
deciding whether a compact set of stochastic matrices is a
consensus set or not has been established in [14].

Theorem 2: [14] A compact set P of n × n stochastic
matrices is not a consensus if, and only if, there exist two
sequences of nonempty subsets of N , S1, S2, . . . , Sl, and
S′1, S

′
2, . . . , S

′
l , of length l ≤ 3n − 2n+1 + 1 and a sequence

of matrices P (1), P (2), . . . , P (l) from P such that

Si ∩ S′i = ∅ for all i = 1, . . . , l,

and for all i = 1, . . . , l − 1,

FP (i)(Si) ⊆ Si+1, FP (l)(Sl) ⊆ S1,

FP (i)(S
′
i) ⊆ S′i+1, FP (l)(S

′
l) ⊆ S′1.

The above results hold for all compact sets of general
stochastic matrices. We pay special attention to doubly s-
tochastic matrices here, explore their properties, and establish
necessary and sufficient conditions for determining whether
a compact set of doubly stochastic matrices is a consensus
set or not.

III. DOUBLY STOCHASTIC MATRICES

We first present several properties of doubly stochastic
matrices that may not hold for general stochastic matrices.

Lemma 2: [16] Let P be a doubly stochastic matrix. For
any nonempty set A ⊆ N , |FP (A)| ≥ |A|.

Lemma 3: Let P be a doubly stochastic matrix. For any
two disjoint nonempty subsets A, Ã ⊆ N , if FP (A) ∩
FP (Ã) 6= ∅, then |FP (A)| > |A| and |FP (Ã)| > |Ã|.

The following lemma reveals when a doubly stochastic
matrix is a Sarymsakov matrix.

Proposition 1: [16] Let P be a doubly stochastic matrix.
P is a Sarymsakov matrix if, and only if, for every nonempty
set A ( N , |FP (A)| > |A|.

A necessary and sufficient condition for a stochastic matrix
to be SIA is as follows.

Theorem 3: [15] A stochastic matrix P is SIA if, and
only if, for any two disjoint nonempty subsets A, Ã ⊆ N ,
there exists an integer k ≥ 1 such that either

F k
P (A) ∩ F k

P (Ã) 6= ∅, (4)

or

F k
P (A)∩F k

P (Ã) = ∅ and |F k
P (A)∪F k

P (Ã)| > |A∪Ã|. (5)
For doubly stochastic matrices, we have a simplified

condition.
Proposition 2: Let P be a doubly stochastic matrix. P is

an SIA matrix if, and only if, for every nonempty set A ( N ,
there exists a positive integer k such that |F k

P (A)| > |A|.
For doubly stochastic matrices satisfying the condition

pij > 0 if and only if pji > 0 for all i 6= j, (6)

we have the following result.
Proposition 3: [16] Let P be a doubly stochastic matrix

satisfying condition (6). If P is SIA, then P is a Sarymsakov
matrix.

For doubly stochastic matrices, the necessary and suffi-
cient condition for deciding consensus can be obtained using
Proposition 2. We first state the following result.

Theorem 4: Let P be a compact set of n × n doubly
stochastic matrices, and let

b(n) ,

(
n

bn−12 c

)
,

where bn−12 c is the greatest integer that is no larger than
n−1
2 and (

n
bn−12 c

)
=

n!

bn−12 c!
(
n− bn−12 c

)
!
.

P is a consensus set if, and only if, for each k ≥ b(n) and
any P (i) ∈ P, 1 ≤ i ≤ k, the matrix P (1) · · ·P (k−1)P (k)
belongs to the Sarymsakov class.

Remark 1: The next result, Theorem 5, says that “α” in
condition (4) in Theorem 1 can be taken as b(n) when all
the matrices in P are doubly stochastic matrices, instead
of 1

2 (3
n − 2n+1 + 1) (see Theorem 4.7 in [6]) for general

stochastic matrices. 2

Theorem 5: Let P be a compact set of n × n doubly
stochastic matrices. Then, P is not a consensus set if,
and only if, there exist a sequence of nonempty subsets
of N , S1, S2, . . . , Sl of length l ≤ b(n), and a sequence
of matrices P (1), P (2), . . . , P (l) from P such that for all
i ∈ {1, 2, . . . , l − 1},

FP (i)(Si) ⊆ Si+1, FP (l)(Sl) ⊆ S1. (7)
Remark 2: It has been shown in [14] that the process

of deciding whether a finite set of stochastic matrices is a
consensus set or not is NP-hard. Theorem 5 can be used to
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decide whether a finite set of doubly stochastic matrices is
a consensus set or not, and can be helpful for checking the
complexity. 2

For a finite set of doubly stochastic matrices satisfying
(6), deciding whether this set is a consensus set or not can
be accomplished in polynomial time. In fact, this is true
for several classes of stochastic matrices. We identify below
some of such classes of stochastic matrices.

Definition 2: A stochastic matrix P is said to belong to
the classM if either P is a Sarymsakov matrix, or P is not
an SIA matrix.

The class M is actually composed of all the Sarymakov
matrices and the non-SIA matrices.

Theorem 6: Let P be a finite set of n × n stochastic
matrices. If P ⊆ M, then whether P is a consensus set
or not can be decided in O(n4) time.

Remark 3: There are several classes of stochastic matrices
that belong to the classM. For example, stochastic matrices
with positive diagonal entries [4], [17], symmetric stochastic
matrices [14], and doubly stochastic matrices satisfying (6)
(Proposition 3). Theorem 6 shows that for a finite set of
matrices from these classes of matrices, a polynomial time
algorithm can be derived to decide whether the set is a
consensus set or not. 2

IV. CONCLUSIONS

We have reported on several properties of doubly s-
tochastic matrices, and presented a necessary and sufficient
condition for a doubly stochastic matrix to be SIA. A combi-
natorial necessary and sufficient condition has been derived
for deciding whether a compact set of doubly stochastic
matrices is a consensus set or not.
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On the structural controllability of sparse bilinear control systems

Mohamed-Ali Belabbas Bahman Gharesifard

Abstract— We study the structural controllability of

the class of driftless sparse bilinear control system, where

the control matrices are forced to be of certain sparse

patterns. We prove that sparse bilinear control systems

are structurally controllable, hence extending the classical

results of Boothby and Wilson [1] to the class of sparse

bilinear control systems. Along the way, we prove that a

driftless bilinear sparse control systems is controllable if

and only if there exist two sparse matrices in the same

class of sparse matrix system such that their correspond-

ing bilinear control systems is controllable. Our result

generalizes the result of Boothby [2, Theorem C] and

moreover, our proof provides an alternative proof for

the classical result of Kuranshi [3, Theorem 6], which

states that any real semi-simple Lie subalgebra can be

generated by two elements of it.

I. Introduction

Bilinear control systems capture the simplest form of
couplings between the state of the system and control
inputs, and yet have many interesting properties of
nonlinear control systems. The controllability bilinear
systems is a well-studied topic [4], [5], [6], [2], [1], [8],
although there are still many open questions about their
most basic controllability properties, see [8] and refer-
ences therein. In particular, the controllability problem
for bilinear control systems with drift is to a large extent
open [8].

This work is concerned with the problem of struc-
tural controllability of a class of driftless bilinear
control systems, where each control matrix belongs to a
sparse matrix space [9], in which a selected number of
entires are forced to be zero. The motivation for study-
ing this class of systems comes from the recent interests
in studying networked control systems, where limited
number of the subsystems interact with each other, or
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where the controller have only access to a limited num-
ber of states. Bilinear systems model many practical
scenarios of complex networked systems, for example
chemical and microbial cell-growth model [10]. As
noted recently [11] and [12], changing the intensity of
interconnections between the subsystems of a complex
system can provide tools for controlling their evolutions
of the system. Our main objective in this work is to
show that driftless sparse bilinear control system are
structurally controllable, and to conclude some useful
information about their generators****. This document
serves as an extended abstract, and the proofs and some
details on the implications of the results will appear
elsewhere.

II. Preliminaries

Consider the driftless bilinear control system,

ẋ(t) =
m
∑

ℓ=1

uℓ (t)Bℓx(t), (1)

where x(t) ∈ Rn for all t ≥ 0, and Bℓ ∈ R
n×n . The

space of admissible control inputs that we consider is
the space of all piecewise constant functions on R. A
bilinear system as in (1) is controllable if there exists
if its state x(t) can be driven from an arbitrary non-
zero initial state to an arbitrary non-zero final state in
finite time. This is similar to the classical notion of
controllability of linear systems, with the caveat that
the origin is always an equilibrium point of (1).

a) On Lie algebras: To keep this short note as
self-contained as possible, we briefly recall a few
frequently used notions from the theory of Lie al-
gebras [13]. We denote by gl(n,R) the Lie algebra
of GL(n,R), the group of all real invertible n by
n matrices, equipped with the Lie bracket operation
denoted by [A, B] := AB − B A as usual. Throughout,
we assume that g is a Lie subalgebra of gl(n,R). The
Lie algebra g is called abelian if the Lie bracket of
any two elements of g vanishes, and is called simple

if it is non-abelian and its only ideals are {0} and g
itself. A Lie algebra is semi-simple if it is a direct sum
of simple Lie algebras. An important concept is the
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one of Lie algebraic closure of a subspace of matrices:
for a linear subspace Σ ⊂ g, we denote by ΣLA the
subspace of g obtained by taking an aribtrary number
of iterated iterated brackets of elements of Σ. Precisely,
A ∈ ΣLA if either A ∈ Σ or if there exists B1, . . . , Bp

so that A = [B1, [B2, · · · , [Bp−1, Bp]] · · · ]. Note that by
construction {Σ}LA is closed under bracket and is thus a
Lie subalgebra of g. We say that k matrices A1, . . . , Ak

generate the Lie algebra g if the Lie algebraic closure
of their span is g, that is if {span(A1, . . . , Ak )}LA = g.

b) Controllability of bilinear systems: A classical
result about the controllability of bilinear system is that
system (1) is controllable if and only if {B1, . . . , Bm }LA

generates one of the so-called transitive Lie alge-
bras [1]. Transitive Lie algebras have been classified,
and we only mention here that sl(n), the Lie algebra
of traceless matrices, is a transitive Lie algebra.

The following is a key observation made
in Boothby [2].

Theorem 2.1 (Boothby 1975): Suppose (1) is con-
trollable on Rn\{0}. Then there exists B1, B2 ∈ R

n×n

such that the control system (1) is equivalent to

ẋ(t) = (uB1 + vB2)x(t),

where u and v are piecewise constant functions on R.

We refer the reader to [2] for a precise definition of
the notion of equivalence of systems used by Boothby,
but for our purpose it is sufficient to say that transitive
Lie algebras (a necessity for controllability) can be
generated by 2 elements.

This result is a consequence of the observation made
about the centre of real semi-simple Lie algebras, and
a theorem of Kuranshi [3], which is recalled shortly.

Theorem 2.2 (Kuranshi 1951): Let g0 be a real
semi-simple Lie subalgebra of gl(n,R). Then there
exists two elements A1 and A2 of g0 that generate g0.

III. Problem Statement

Let Σβ , where β ⊂ {1, . . . , n} × {1, . . . , n}, be the
vector space of matrices in such that all entries not in
β are forced to be zero. Following [9], we call such a
vector space a Sparse Matrix Space (SMS). Consider
now the driftless bilinear control system

ẋ(t) =
m
∑

ℓ=1

uℓ (t)Bℓx(t), (2)

where Bℓ ∈ Σβ , and uℓ : R>0 → R (control input)
is a piecewise constant function as before, for all ℓ ∈
{1, . . . ,m}, and m ∈ Z≥1. We refer to this system as

a driftless Σβ-constrained m-bilinear sparse control

system. A space matrix space Σβ is then called m-

controllable if there exists matrices Bℓ, 1 ≤ ℓ ≤
m, in Σβ so that (2) is controllable. It is called m-

structurally controllable if it is controllable for almost
all Bℓ, 1 ≤ ℓ ≤ m in Σβ .

IV. Main results

We establish the following result, which extends 2.1
to sparse systems.

Theorem 4.1: The system (2) is controllable on
R
n\{0} if and only if there exists B1 ∈ and B2 in Σβ

such that the system

ẋ(t) = (uB1 + vB2)x(t),

is controllable.

Although we do not provide a proof for this result in
this note, it is worth mentioning a few remarks about
the proof. Note that what needs to be shown here is that
whenever a set of m matrices belong a sparsity pattern
Σβ , and moreover form a controllable bilinear system,
there exists 2 matrices in the sparsity pattern Σβ that
also form a controllable system; the proof provided in
Theorem 2.1 does not directly extend to this scenario,
since the proof relies on Theorem 2.2, where an explicit
pair of elements generating the underlying Lie algebra
are exhibited. These elements in general do not belong
to Σβ . To overcome this, we derived the following key
result, which has Theorem 2.2 as a corollary.

Proposition 4.2: Let Σ ⊂ g be a subspace of dimen-
sion n < dim g and such that ΣLA = g. Then there exists
B1, B2 ∈ Σ such that {B1, B2}LA = g

The proof of this result, which is omitted, uses an
induction argument. Let us now make a comment on
how Kuranshi’s Theorem can be concluded from this
result. Firstly, one can show that when g be a semi-
simple Lie algebra. Then there exists a codimension
one subspace Σ ⊂ g with ΣLA = g. This along with the
inductive step provided by Proposition 4.2 leads to the
Kuranshi’s Theorem.

Corollary 4.3 (Kuranshi Theorem): If g is a semi-
simple Lie algebra, there exists A, B ∈ g such that
{A, B}LA = g.

Finally, Theorem 4.1 allows us to prove the follow-
ing result, establishing the structural controllability of
driftless bilinear sparse control systems.

Theorem 4.4: If (2) is controllable, then it is also
structurally controllable.
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The proof of this result uses a classical argument,
stating that the set of matrices generated by the two
generators of g in Theorem 4.1 form an open dense
subset of the set of all elements in g.

V. Concluding remarks

We have shown that the controllability properties of
vectors fields belonging to a sparse linear subspace are
generic, and that results similar to the classical results
of Boothby and Kuranshi hold as well. An avenue
of future work is to find graph theoretic conditions
under which there exists a controllable bilinear system
realization for an m-bilinear sparse control system. We
also wish to investigate if the same result holds when
the control matrices belong to different sparse matrix
systems.
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Stable polynomials and boundary zeros*

Greg Knese1

Abstract— We discuss two questions associated with bivariate
stable polynomials, those with no zeros on the bidisk D2, which
possess zeros on the two-torus (or bi-circle) T2. First, when is
a rational function, analytic on the bidisk, in L2(T2)? Second,
when is a rational function, again analytic on the bidisk, an
extreme point in the set of analytic functions on the bidisk
with positive real part (and normalized to map 0 to 1)? The
first question can be answered by fixing the denominator p of a
rational function f = q/p and studying the ideal of those q such
that f ∈ L2(T2). The generators of this ideal can be explicitly
described and the dimensions of certain finite dimensional
subspaces of this ideal can be computed. The second question
is not yet answered but we can describe a class of rational
functions (which involve stable polynomials with as many zeros
as possible on T2 in a certain sense) that may contain all of
the extreme points.

I. INTRODUCTION
A bivariate polynomial p ∈ C[z, w] is said to be stable if

p(z, w) 6= 0 whenever |z|, |w| < 1. Such polynomials natu-
rally appear as denominators of bivariate rational functions
that are analytic on the bidisk D2 = D × D = {(z, w) ∈
C : |z|, |w| < 1}. While the algebraic properties of such
functions are classical mathematics, the analytic properties
are less understood yet are very much of interest in both
the engineering and mathematics literature (see [1], [2], [3],
[4], [5]). Of particular interest are properties of rational
functions with singularities on the two-torus T2 = {(z, w) :
|z| = |w| = 1} that cannot be removed by eliminating
common factors; these singularities are called non-essential
singularities of the second kind.

In this extended abstract, we discuss two questions related
to the analytic properties of singularities of rational functions
on the bidisk. First, given a rational function analytic on the
bidisk, when is it in L2(T2)? Second, the set of analytic
functions on the bidisk with positive real part normalized
to map (0, 0) to 1 form a convex set; what are its extreme
points?

II. INTEGRABILITY ON T2

One way to study integrability of rational functions (and
other related regularity properties) is to fix a stable polyno-
mial p ∈ C[z, w] and look at the following ideal

Ip =

{
q ∈ C[z, w] :

∫
T2

∣∣∣∣q(z, w)

p(z, w)

∣∣∣∣2 |dz||dw| <∞
}
.

A main theorem from [6] describes a set of generators of
Ip. To state the theorem, we need to describe some orthgonal

*Partially supported by NSF grant DMS-1363239
1Greg Knese is with Faculty of the College of Arts & Sciences,

Department of Mathematics, Washington University in St. Louis, Saint
Louis, MO 63130, USA geknese@math.wustl.edu

complements in the weighted L2 space H = L2( dσ|p|2 ) where
dσ is normalized Lebesgue measure on T2. First, let deg q =
(j, k) denote the bidegree of a given q ∈ C[z, w]; that is, q
has degree j in z and degree k in w. We write deg q ≤ (j, k)
if the degree in z is at most j and the degree in w is at most
k. Define

Pj,k = {q ∈ Ip : deg q ≤ (j, k)}.

The correct statement of our theorem requires us to
reduce to what is referred to as a scattering (Schur) stable
polynomial in [3]. If deg p = (n,m) then the reflection of
p is p̃(z, w) = znwmp(1/z̄, 1/w̄). We say p is scattering
stable if p is stable and p and p̃ have no common irreducible
factors. It turns out that common factors of p and p̃ will
divide every element of Ip, so the reduction to scattering
stable p is no loss of generality.

Theorem 1 (Theorem A of [6]): Let p ∈ C[z, w] be scat-
tering stable with deg p = (n,m). Then, Ip is generated as
an ideal by bases of the following subspaces

Pn−1,m 	 Pn−1,m−1
Pn−1,m 	 wPn−1,m−1
Pn,m−1 	 Pn−1,m−1.

All orthogonal complements are taken with respect to the
standard inner product on Hp.

Furthermore, in [6] we also compute the dimension of
Pj,k for j ≥ n and k ≥ m. The spaces in the above theorem
can be constructed using the one variable matrix Fejér-Riesz
theorem. The theorem makes it possible to deduce many of
the main examples of [1] in a non-ad hoc fashion.

III. EXTREME POINTS

Let PRP2 denote the set of analytic functions f on the
bidisk D2 that have positive real part and satisfy f(0) = 1.
In his ICM address [7], Rudin asks for a description of
the extreme points of PRP2 (he actually asks about the
more general problem on a polydisk, but we will focus on
dimension 2). The extreme points for the analogous space in
one variable are simply the functions

z 7→ 1 + eiθz

1− eiθz
for θ ∈ [0, 2π). No description of the extreme points of
PRP2 is known but some interesting work has been done
by McDonald [8], [9]. In particular, if f ∈ PRP2 is rational
and maps T2 to the imaginary axis (ignoring singularities),
then McDonald has given a concrete description of the face
associated to f ∈ PRP2. A face associated to a point f in a
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convex set consists of all line segments in the set that contain
f as an interior point. Let us provide some details.

If f ∈ PRP2, we can write f = 1+F
1−F where F : D2 → D

is analytic and F (0) = 1. This is just a Cayley transform.
If f is rational and maps T2 to the imaginary axis, then F
is of the form p̃

p , where p ∈ C[z, w] is scattering stable.
McDonald [9] proves that functions in the face associated to
f are of the form

p+ p̃

p− p̃
+

2v

p− p̃
=

1 + p̃+v
p+v

1− p̃+v
p+v

where v ∈ C[z, w] has deg v ≤ deg p, v(0) = 0, and
ṽ = v. Necessarily, p + v has no zeros in D2 and for some
ε > 0 the polynomial p − εv has no zeros in D2. This
description of faces makes it possible to determine whether
a given rational function is an extreme point. It is not hard
to see from McDonald’s description that if p has no zeros
in T2 and depends on both variables, then the associated f
is not an extreme point. Thus, the polynomials of interest
will necessarily have at least one zero on T2. The following
function is an extreme point

(1− z)(1− w)

1− zw
which corresponds to p(z, w) = 2 − z − w, while the
reciprocal of this function is not an extreme point

1− zw
(1− z)(1− w)

=
1

2

(
1 + z

1− z
+

1 + w

1− w

)
.

This latter example corresponds to p(z, w) = i(2− z − w).
These examples show that it is not enough to consider the
number of zeros on T2.

Recently, we have shown that if p has as many zeros as
possible in common with p̃ on T2 (which happens to be 2nm
counting multiplicities appropriately) and p−p̃ is irreducible,
then the associated f (as above) is an extreme point. We are
not sure if the converse is true.
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Multiplicity and Stable Varieties of Time-delay Systems: A Missing Link

Islam Boussaada and Hakkı Ulaş Ünal and Silviu-Iulian Niculescu

Abstract— Multiple spectral values in dynamical systems are
often at the origin of complex behaviors as well as unstable solu-
tions. However, in some recent studies, an unexpected property
is emphasized. More precisely, an example of real scalar delay
system is constructed, where the maximal multiplicity of an
appropriate delay-dependant real and negative spectral value
leads to a negative spectral abscissa and, as a consequence, the
asymptotic stability of the corresponding steady state solution.
In algebraic terms (with respect to the parameter space), the
variety corresponding to such a multiple root defines a stable
variety for the steady state. Furthermore, for the reduced exam-
ples we consider, we show that, under mild assumptions, such a
multiple spectral value is nothing else than the spectral abscissa.
To the best of the authors’ knowledge, such a property was
not deeply investigated. Motivated by the potential implication
of such a property in control systems applications, this note is
devoted to better explore the connexion between those varieties.
Finally, the sunflower dynamical equation illustrates the study.

I. INTRODUCTION

Symmetries in networked dynamical systems often induce
equivariance conditions, which may be associated to multiple
spectral values. For instance, it is observed in [1] that the
existence of multi-dimensional irreducible representations
of the symmetry group may force a spectral value to be
multiple. Such multiple roots may induce complex behaviors,
for instance, in the case of multiple Hopf points’ dynamics
one refers the reader to the work [2]. As a matter of fact,
it is shown that the Hopf points near a 1:1 resonant double
Hopf point in a general three-dimensional parameter space
form a Whitney umbrella, a phenomenon which cannot occur
near the standard Hopf points. Furthermore, it is well known
the crucial effect of multiplicities (algebraic/geometric) of a
given spectral values on the stability of the steady-state of
the corresponding dynamical system, see for instance [3]. As
an example, the loss of stability of the down hanging equilib-
rium position of tubes covering fluid is observed in [4]. It is
shown that such an instability is due to a multiple Hopf point,
which is, itself, due to some symmetries. Recent works by the
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authors [5], [6], [7] characterized multiple Crossing Imagi-
nary Roots (CIR) for time-delay systems using an approach
Birkhoff/Vandermonde-based. In [6] it is shown that the
admissible multiplicity of the zero spectral value is bounded
by the generic Polya and Szegö bound denoted PSB , which
is nothing than the degree of the corresponding quasipoly-
nomial, see for instance [8]. In [5] it is shown that a given
CIR with non vanishing frequency never reach PSB and a
sharper bound for its admissible multiplicities is established.
However, even the characterization of the multiplicty of a
given complex (non real) spectral value may be carried out
by the same approach, it involves hyperbolic/trigonometric
functional confluent Vandemonde matrices. Furthermore, in
such a case the PSB can never be reached. Furthermore,
an example of scalar retarded equation with two delays is
studied in [5] where it is shown that the multiplicity of
real spectral values may reach the PSB . The corresponding
system has some further interesting properties: (i) it is
asymptotically stable, (ii) its spectral abscissa (rightmost
root) corresponds to this maximal allowable multiple root
located on the imaginary axis. Such observations open the
perspective to further explore the exhibiting links between
the existence and maximal allowable multiplicity of some
negative spectral value reaching PSB (or the quasipolyno-
mial degree) and the stability of the corresponding dynamical
system. We claim that such a property was already observed
in [9], where a tuning strategy is proposed for the design of
delayed Proportional-Integral controller by placing a triple
real dominant root for the closed-loop system. However, the
right-most position is cheked using a Mikhailov curve and
QPmR toolbox, see for instance [10]. In the sequel, the above
property which is called multiplicity induced stability will be
analytically explored.

Most of the stability analysis in feedback systems is based
on the mathematical model of the considered system. How-
ever, in practice, it is not possible to find a single fixed model
for any physical system such that its behaviour matches with
actual system. Therefore, the stability analysis should be
done by taking into account the possible perturbations on
the parameters of the mathematical model to be considered.
In order to find a set of perturbed plants, where the feedback
system is stable for all possible plants in this set, the small-
gain theorem [11], [12], [13], is widely used.

The present work is a natural continuation of [5] and [6],
its aim is to better understand the correspondence between
the multiple spectral value variety and the stable variety
corresponding to the steady state solution.

The remaining paper is organized as follows. Section 2
starts by presenting the prerequisite as well as the problem

22nd International Symposium on
Mathematical Theory of Networks and Systems
July 11-15, 2016.  Minneapolis, MN, USA

188



statement. Some reduced order motivating examples are dis-
cussed in section 3. Next, the main results are proposed and
proved in Section 4. In Section 5, the multiplicity induced
stability is explored for the sunflower equation. Concluding
remarks end the paper.

II. PROBLEM FORMULATION AND PREREQUISITE

In this paper, we are concerned by the following class of
time-delay systems:

ẋ =

N∑
k=0

Akx(t− τk) (1)

where x = (x1, . . . , xn) ∈ Rn denotes the state-vector,
under appropriate initial conditions belonging to the Banach
space of continuous functions C([−τN , 0],Rn). Here τj ,
j = 1 . . . N are strictly increasing positive constant delays,
τ0 = 0, τ = (τ1, . . . , τN ) and the matrices Aj ∈ Mn(R)
for j = 0 . . . N . It is well known that the asymptotic
behavior of the solutions of (1) is determined from the
spectrum ℵ designating the set of the roots of the associated
characteristic function denoted in the sequel ∆(z, τ), often
called quasipolynomial, that is a transcendental polynomial
in the Laplace variable z in which appear exponential terms
induced by delays, see for instance [14]. The study of the
zeros of such a class of entire functions [15] plays a crucial
role especially in the analysis of the asymptotic stability of
the zero solution associated with System (1). Indeed, the zero
solution is asymptotically stable if all the spectral values of
(1) are in the open left-half complex plane [3].

The characteristic function corresponding to System (1) is
a quasipolynomial ∆ : C× RN+ → C of the form:

∆(z, τ) = det

(
z I −A0 −

N∑
k=1

Ak e
−τkz

)
. (2)

Without any loss of generality, and for the sake of simplicity,
the quasipolynomial function can be written

∆(z, τ) = P0(z) +

Ñ∑
k=1

Pk(z) eσkz, (3)

where σk are admissible combinations of the components of
the delay vector τ := (τ1, . . . , τN ); σk := −

∑N
l=1 αk,lτl

such that 0 ≤ αk,l ≤ n, Ñ the cardinality of all admissible
σk, which is a positive integer satisfying Ñ ≥ N . Without
any loss of generality, all the σk are assumed to be distinct
and σ := (σ1, . . . , σN ) is considered as an auxiliary
delay vector for the quasipolynomial, see for instance [6].
It is also assumed that ai,j stands for the coefficient of
the monomial zj in Pi, a0 := (a0,0, . . . , a0,n)

> is the
vector composed from the coefficients of the polynomial P0

and p :=
(
a1,0, . . . , a1,n1−1, . . . , aÑ,0, . . . , aÑ,nÑ−1

)>
. It

follows from (2) that P0 is a monic polynomial of degree
n in z and the polynomials Pk are such that deg(Pk) :=
dk − 1 = n−

∑N
l=1 αk,l ≤ (n− 1).

A given complex number z0 is said to be a spectral value for

(1) if ∆(z0, τ
∗) = 0 for some delay vector τ∗. We denote

by ∂kz∆(z, τ) the k-th derivative of ∆(z, τ) given by (3)
with respect to the variable z. A spectral value z0 is of
algebraic multiplicity m ≥ 1 if ∆(z0, τ

∗) = ∂z∆(z0, τ
∗) =

. . . = ∂m−1z ∆(z0, τ
∗) = 0 and ∂mz ∆(z0, τ

∗) 6= 0. Rn and
Mn(R) are, respectively, the set of n-dimensional vectors
and n× n-dimensional matrices with real numbers denoted
as R. For A ∈ Mn(R), zi(A) denotes its i.th eigenvalue,
i = 1, 2, . . . , n. R(·) and I(·) respectively represent the real
and imaginary parts of (·). jR := {jω | ω ∈ R} is the
set of imaginary numbers, where j is the imaginary unit. C
is the set of complex numbers, R+ is the set positive real
numbers. Co := {z ∈ C | R(z) > 0} is the open right-
half-plane, C+ := Co ∪ jR is the closed right-half-plane.
H∞ represents the Hardy space of real functions which
are bounded and analytic on C0. Ln2 consists of all square
integrable and Lebesgue measurable functions. The norm
on H∞ is ‖G‖∞ := supz∈Co ‖G(z)‖ = supω∈R ‖G(jω)‖,
where ‖ · ‖ is the spectral norm. We call G is a stable if
G ∈ H∞.

As mentioned in the introduction, the aim of this paper is
to better understand the link between the variety defined by a
given multiple (of course stable) root for time-delay systems
and the asymptotic stability variety corresponding to steady
state solution of the system.

Let us recall some notions and results which will be used
in the sequel.

Proposition 1 (Pólya-Szegö, [8], pp. 144). Let ~1, . . . , ~N
denote real numbers such that ~1 < . . . < ~N , and
d1, . . . , dN positive integers satisfying

d1 ≥ 1, d2 ≥ 1 . . . dN ≥ 1, d1+d2+ . . .+dN = D+N.

Let fi,j(s) stands for the function fi,j(s) = sj−1 e~i s, for
1 ≤ j ≤ di and 1 ≤ i ≤ N .

Let \ be the number of zeros of the function

f(s) =
∑

1≤i≤N,1≤j≤di

ci,j fi,j(s),

that are contained in the horizontal strip α ≤ I(z) ≤ β.
Assuming that∑

1≤k≤d1

|c1,k| > 0, . . . ,
∑

1≤k≤dN

|cN,k| > 0,

then
(τN − τ1)(β − α)

2π
−D+1 ≤ ] ≤ (τN − τ1)(β − α)

2π
+D+N−1.

The above result gives a bound on the number of character-
istic roots of the quasipolynomial function in the horizontal
strip α ≤ I(z) ≤ β. Its proof is based on the argument
principal, see also [16] for a modern formulation of the
mentioned result.

Now, if one sets α = β in the formulation above, then
one lets a bound of the number of the quasipolynomial roots
such that Im(z) = β, which turns to be a bound for the
multiplicity of any root z0 such that Im(z0) = β. This bound
is nothing else than the degree of the quasipolynomial i.e.
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Fig. 1. Feedback System.

the number of the involved delays including the case where
the delay is zero, plus the degrees minus 1. Such a bound
is sharp when the corresponding quasipolynomial consists in
complete polynomials i. e. polynomials having all their terms
ordered from the greatest degree up to the independent term.

Theorem II.1 ([11], [17]). Let us consider the standard
feedback configuration in Figure 1, where u1 ∈ Lm2 , u2 ∈
Ln2 , and G1 and G2 are of appropriate dimensions causal
and bounded operators. Then, the interconnected system is
bounded if ‖G1G2‖L2 < 1.

The boundedness of a given interconnected system as in
Figure 1 implies that if G1 is a stable transfer function and
G2 is uncertain block, then, the characteristic function (of
the interconnected system) does not have any zeros in the
C+ for an arbitrary G2 provided that its L2 gain is bounded
by 1
‖G1‖∞ .

III. MOTIVATING EXAMPLE

Let us start with a simple scalar differential equation with
one delay representing a biological model discussed by K. L.
Cooke in [18] for describing the dynamics of a vector disease
model where the infected host population x(t) is governed
by:

ẋ(t) + a0 x(t) + a1 x(t− τ1)− a1 x(t− τ1)x(t) = 0, (4)

here a1 > 0 designates the contact rate between infected and
uninfected populations and it is assumed that the infection of
the host recovery proceeds exponentially at a rate −a0 > 0,
see also [19] for more insights on the modeling and stability
results. Let us focus on the linearized system which is given
by:

ẋ(t) + a0 x(t) + a1 x(t− τ) = 0. (5)

Proposition 2. For a given delay τ ∈ R+, system (5) admits
a double spectral value at z = z0 if and only if

z0 = −a0τ + 1

τ
and a1 =

e−a0τ−1

τ
. (6)

If in addition, a0 > − 1
τ then the zero solution of system (5) is

asymptotically stable and z0 is the corresponding rightmost
root.
If a0 = − 1

τ then z0 = 0 is the only double spectral value
of (5) on the imaginary axis and the set of unstable spectra
σ+ = ∅.

Proof: One knows that z = z0 is a spectral value of
(5) if and only if z0 is a root of the characteristic equation

∆(z, τ) = z + a0 + a1 e
−zτ = 0. (7)

Thus, for a fixed delay τ one has a1 = − (z0 + a0) ez0 τ .
Furthermore, z0 is a double spectral value for (5) if and
only if ∂z∆(z0, τ) = 0 and ∂2zz∆(z0, τ) 6= 0. Hence, one
substitute the condition above (guaranteeing that z0 is a
spectral value of (5)) in the expression of ∂z∆(z, τ) one
obtains: 1 + z0 τ + a0τ = 0 which gives z0 = −a0τ+1

τ .
Now, it can be easily checked that, under the conditions (6)
we have ∂2zz∆(z0, τ) 6= 0. Thus, as expected, the maximal
multiplicity is two.

Now, when a1 satisfies (6), then one can write the char-
acteristic function (7) as:

∆(z, τ) =

(
z + a0 +

1

τ

)(
1 +

e−τ(z+a0+
1
τ ) − 1

τ
(
z + a0 + 1

τ

) )

=

(
z + a0 +

1

τ

)(
1−

∫ 1

0

e−τ(z+a0+
1
τ ) t dt

)
(8)

To prove that σ+ = ∅, assume that there exists some z1 =
ζ1 + j η1 a root of (8) such that ζ1 > 0. Then;

1 =

∫ 1

0

e−τ(z1−z0) t dt

= <
(∫ 1

0

e−τ(ζ1+j η1+a0+
1
τ ) t dt

)
≤
∣∣∣∣∫ 1

0

e−τ(ζ1+j η1+a0+
1
τ ) t dt

∣∣∣∣ ≤ ∫ 1

0

e−τ(ζ1+a0+
1
τ ) tdt.

(9)
But, when a0 ≥ − 1

τ for a positive delay τ ,∫ 1

0

e−τ(ζ1+a0+
1
τ ) t dt < 1 (10)

which proves the inconsistency of the hypothesis ζ1 > 0.
Furthermore, if one assumes that ζ1 > z0, inequality (10)
leads to the inconsistency of such assumption, which guar-
antees that z0 is the corresponding dominant root (rightmost
root).

As an example, consider the linear scalar time-delay
systems with two discrete delays. The stability analysis of
such a class of systems can be done by using the geometric
approach established in [20]. In [5], the following proposition
is proved:

Proposition 3 ([5]). For each pair (τ1, τ2) ∈ R∗+×R∗+ (τ1 6=
τ2), the equation

ẋ(t) + a1 x(t− τ1) + a2 x(t− τ2) = 0 (11)

admits a triple spectral value at z0 = −(τ1 + τ2)/(τ1τ2)
if, and only if, a1 = τ2eτ1z0/

(
τ2τ1 − τ21

)
, a2 =

τ1eτ2z0/
(
τ2τ1 − τ22

)
. Moreover, under this configuration, z0

is the rightmost root and the zero solution is asymptotically
stable. When additionally, the system parameters a1, a2 ∈
R+ then any spectral value is simple.
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If the parameters of the system are left free, the above
proposition establishes conditions for z0 to be triple root of
(11) for any arbitrarily chosen positive delays τ1 and τ2.
It is important to emphasize that, for an arbitrarily chosen
triplet (z0, τ1, τ2) with z0 ∈ C, the set of conditions a1 =
τ2eτ1z0/

(
τ2τ1 − τ21

)
, a2 = τ1eτ2z0/

(
τ2τ1 − τ22

)
, guarantees

that z0 is a double root for (11). That is, the multiplicity
three imposes only the negative value of such a root z0 =
−(τ1 + τ2)/(τ1τ2). Furthermore, it is important to recall that
no any spectral value can have an algebraic multiplicity
greater than three, which is the Polya and Szegö bound PSB .

From an application point of view, when additional re-
strictions on the system’s parameters are set, then such
a multiplicity may not be reached. For instance, a wide
range of applications in physics and biology may consider
a positivity constraint on the system parameters, see for
instance [21]. In such a case, any spectral value z0 is simple.
Indeed, a root to be double for (11), demand that a1a2 < 0.

In addition, since the system parameters may not be
known exactly, one should consider the asymptotic stability
of the solution in presence of delay-uncertainties. One of
the standard approaches to tackle this problem is the small-
gain theorem (Theorem II.1). In order to use the theorem,
the characteristic function of (11) can be factorized as
G1(s)(1 + G2(s)/G1(s)), where G1 is a stable transfer
function with known delay values, while G2 corresponds to
the uncertain part, however, its L2 norm is bounded, see
Figure 1. In the sequel, we will present some preliminaries
to utilize the theorem to determine the delay margin of a
system described in (2), when their characteristic function
admits a maximal multiplicity.

In the sequel, we will present some preliminaries to utilize
the theorem to determine the delay margin of a system
described in (2), when their characteristic function admits
a maximal multiplicity.

Lemma 1. Let us consider the dynamic model described as

ẋ(t) = Ax(t− τ), (12)

where A ∈ Mn(R) is assumed to be Hurwitz with real
eigenvalues, and τ is a positive real number. Then, the
minimum τ , for which the characteristic function of the
system has no any zeros in the C+, is

τ <
π/2

maxi=1,..,n |zi(A)|
. (13)

Proof: By the eigenvalue-decomposition of A, there ex-
ists a non-singular matrix V ∈Mn(R) such that V −1AV =
Λ, where Λ is a triangular matrix, whose diagonal entries
are the eigenvalues of A. Then,

∆(z, τ) := det(zI−Ae−zτ ) =

n̂∏
i=1

(z−zi(A)e−zτ )mi , (14)

where I is an identity matrix inMn(R) and mi is the multi-
plicity of zi(A),

∑n̂
i=1mi = n. From (14), ∆(jω∗, τ∗) = 0

for some non-negative (ω∗, τ∗)-pair if and only if

ω∗ + zi(A) sin(ω∗τ∗) = 0 (15)
zi(A) cos(ω∗τ∗) = 0 (16)

holds at least for one i, i = 1, . . . , n̂. Then, since (16) is
satisfied at

ω∗ =
1

τ∗
(
π

2
+ kπ), k = 0, 1, . . . ,

from (15), zeros of ∆(z, τ) on the positive imaginary axis
are only the magnitudes of eigenvalues of A, which apper if
and only if

τ∗ =
1

−zi(A)

(π
2

+ 2kπ
)

k = 0, 1, . . . .

In addition, from (14), since

R
(
d

dτ
z

)−1
= − 1

zi(A)ω∗
> 0, (17)

i = 1, . . . , n̂, since zi(A) < 0, the crossing direction is
towards instability. Therefore, the characteristic function has
no zeros in the C+ if τ is in the following interval⋂
i=1,...,n̂

[
0,

1

−zi(A)

π

2

)
=

[
0,

π/2

maxi=1,..,n̂ |zi(A)|

)
, (18)

Now, let us consider some more general case:

Proposition 4. Consider system (1). Suppose that for some
k = 0, .., N , say k∗, A∗k is Hurwitz and the corresponding
delay

τ∗k <
π/2

maxi=1,..,n̂ |zi(A∗k)|
(19)

Then, the characteristic equation of (1) has no right-half-
plane zeros for all τk, k = {0, .., N}\{k∗}, if

N∑
k=0,k 6=k∗

‖Ak‖2 <
1

‖(zI −A∗ke−zk
∗)−1‖∞

, (20)

Proof: Let assume that for some k = 0, .., N , say k =
k∗, there exists τ∗k satisfying (19). Then, since ∆(z, τ∗k ) :=
det((zI − A∗ke−zτk)) has no zeros in C+, then, G1(s) :=
(zI−A∗ke−zτ

∗
k )−1 ∈ H∞. In addition, since e−τz ∈ H∞ for

any τ > 0, then, G2 :=
∑N
k=0,k 6=k∗ Ake

−zk ∈ H∞. Then,
from (20), since ‖G1G2‖∞ ≤ ‖G1‖∞

∑N
k=0,k 6=k∗ ‖Ak‖2 <

1, by Theorem II.1, one has:(
I − G2(z)

G1(z)

)−1
∈ H∞, (21)

which implies that det(zI −
∑N
k=0Ake

−zτk) has no zeros
in C+.

Let us now discuss the robustness of the stability criteria
established in Proposition 3. For that, consider System (11)
with fixed delays (τ1, τ2) = (τ∗1 , τ

∗
2 ) and assume that

(a∗1, a
∗
2) are chosen such that the maximal multiplicity is

reached. Then, consider a perturbation of the delay vector
(τ1, τ2) = (τ∗1 + ε1, τ

∗
2 + ε2) (thus z∗0 is no further a triple
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Fig. 2. Stability crossing curves corresponding to Equation (11) in (τ1, τ2)
plane where (a1, a2) = (a∗1, a

∗
2) defined by 3 with (τ∗1 , τ

∗
2 ) = (1, 2). Here

we use the algorithm from [20].

spectral value for Equation (11)). Figure 2 gives the stability
crossing curves for Equation (11).

Lemma 2. Let us consider (11) with fixed delays τ∗2 >
τ∗1 for which the corresponding quasipolynomial function
admits a root at z0 = −(τ1

∗ + τ2
∗)/(τ∗1 τ2

∗) with maximal
multiplicity. Then, the corresponding characteristic function
has no C+ zeros for τ1 ∈ [τ∗1 , τ

∗
1 + ε1) and τ2 ∈ [τ∗2 ,∞),

where

ε1 < π/2

(
1

a22 − a12 + 2a1

)1/2

− τ∗1 (22)

Proof: By Proposition 3, z∗0 is a characteristic root
of (11) with the maximal multiplicity if, and only if, ai =
τ∗j e

τ∗i z
∗
0

(τ∗j −τ∗i )τ∗i
, i, j = 1, 2, i 6= j. Since it is assumed that τ∗2 >

τ∗1 then, a1 > |a2|, where a2 is negative. In addition, since
|ai| < 1, i = 1, 2, then,

1

a22 − a12 + 2a1
> 0. (23)

Furthermore, since (τ∗1 +ε1)a∗1 < π/2, then, by Lemma 1,
G1(z) := 1

z+a1e
−(τ∗1 +ε1)z ∈ H∞. Since the zeros of the

characteristic function of (11), where τ1 = τ∗1 + ε1 and
τ2 = τ∗2 + ε2, are the zeros of (1 + G1(z)a2e

−(τ∗2 +ε2)z))
and

sup
ω∈R

∣∣∣∣∣ a2e
−jτ∗ω(

jω + a1e−(τ
∗
1 +ε1)jω

) ∣∣∣∣∣
2

<
a2

2

(π2
1

τ∗1 +ε1
)2 + a12 − 2a1

< 1, (24)

then the small-gain theorem asserts that the characteristic
function of (11) has no C+ zeros for all τ1 ∈ [τ∗1 , τ

∗
1 + ε1)

and τ2 ∈ [τ∗2 ,∞).
As shown in Figure 3, the characteristic function of (11),

where (a∗1, a
∗
2) are chosen such that the maximal multiplicity

is reached, has no any zeros in C+ for sufficiently large τ2
values, while τ1a∗1 < π/2.

IV. MAIN RESULT

In this section, we shall extend the result of Proposition 3
and Lemma 1 for two more general classes of systems. The
first is nothing than the scalar equation with N delay blocks.
The second is the general planar system with two delays.

τ
2

0 2 4 6 8 10 12 14 16 18 20

τ
1

3

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Fig. 3. Imaginary axis curve seperating the (τ1−τ2) delay-parameter space
into two regions for the system in (11) in (τ1, τ2) plane where (a1, a2) =
(a∗1, a

∗
2) defined by 3 with (τ∗1 , τ

∗
2 ) = (1, 2). The plots are obtained by

using DDE-BIFTOOL [22], [23]

A. A scalar equation with N-delay blocks

The following proposition generalizes the result of [5]
given in Proposition 3 to the case of linear systems with
N constant delays given by:

ẋ(t) +

N∑
i=0

ai x(t− τi) = 0. (25)

where τ0 = 0 and τl < τi for l < i.

Proposition 5. System (25) admits a rightmost spectral value
at z = z0 with multiplicity N + 1 if and only if

z0 = −a0 −
N∑
i=1

1

τi
and

ai =
ez0 τi

τi

N∏
l=1
l 6=i

τl
(τl − τi)

for i = 1, . . . , N.

(26)

If in addition, z0 < 0 then the zero solution of system (25)
is asymptotically stable.

Proof: A spectral value z0 of (25) is a root of the
characteristic equation

∆(z, τ) = z +

N∑
i=0

ai e
−zτi . (27)

Some tedious algebraic computations allow to check that
when the system parameters satisfy (26) then ∆(z0, τ) =
. . . = ∂Nz,...,z∆(z0, τ) = 0 and ∂N+1

z,...,z∆(z0, τ) 6= 0.
Now, when ai satisfy (26), then one can write the charac-

teristic equation (27) as:

∆(z, τ) = (z − z0)×1 +

∑N
i=1

e−(z−z0) τi

τi

∏N
l=1
l 6=i

τl
(τl−τi) −

∑N
i=1

1
τi(

z + a0 +
∑N
l=1

1
τl

)
 .

(28)
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To prove that σ+ = ∅, let assume that there exists z1 =
ζ1 + j η1 a root of (28) such that ζ1 > 0. Let us set ci =∏N
l=1
l 6=i

τl
(τl−τi) , then, we have

1 =

N∑
i=1

ci e−(z1−z0) τi

τi (z1 − z0)
−

N∑
i=1

1

τi (z1 − z0)
(29)

Interestingly, the following equality which can be easily
shown by induction gives considerable simplification on the
above expression

N∑
i=1

ci
τi

=

N∑
i=1

1

τi
and ci =

N∏
l=1
l 6=i

τl
(τl − τi)

(30)

Thus, (29) can be written 1 =
∑N
i=1 ci

∫ 1

0
e−(z1−z0) τi t dt,

which implies:

1 = |
N∑
i=1

ci

∫ 1

0

e−(ζ1−z0) τi t dt| ≤
N∑
i=1

|ci
∫ 1

0

e−(ζ1−z0) τi t| dt

(31)
But, when a0 ≥ − 1

τ , for a positive delay τ ,∫ 1

0

e−τ(γ1+a0+
1
τ ) t dt < 1, (32)

which proves the inconsistency of the hypothesis ζ1 > 0.
In the sequel, we will present some sufficient conditions

to discuss the stability margins of linear systems defined as
in (25).

Lemma 3. The characteristic function of the linear system
given in (25) has no zeros in C+ for either

N∑
i=1,i6=k

1

τi
< 2ak(1− sin(akτk)), (33)

where akτk < π/2, and ak 6= 0, or
N∑
i=1

1

τi
< a0, if

N∑
i=1

ai < a0 (34)

.

Proof: Let us assume that a0 in (25) equals to 0 and
at least one ai, i = 1, . . . , N , say ak, akτ2 < π/2. Then, by
Lemma 1, ∆k(z, τk) = (z + ake

−zτk) has no zeros in C+,
where z is the Laplace variable. Note, since the characteristic
function of (25) can be written as

∆(z, τ) = (z + ake
−zτk)

(
1−

∑N
i=1,i6=k aie

−zτi

z + ake−zτk

)
,

by the small-gain theorem, ∆(z, τ) has no zeros in C+ if∥∥∥∥∥
∑N
i=1,i6=k aie

−zτi

z + ake−zτk

∥∥∥∥∥
∞

< 1.

Now, let G1(z) := 1
z+ake

−zτk and G2(z) :=∑N
i=1,i6=k aie

−zτi . Then, since

∂

∂ω
|G1(jω)|2 =

2ω − 2ak sin(ωτk)− 2ωakτk cos(ωτk)

(ω2 + a2k − 2ωak sin(ωτk))
2 ,

∂
∂ω |G1(jω)|2 = 0 for some ω = ω∗, where ω∗ is the solution
of

ω∗ =
ak sin(ω∗τk)

1− akτk cos(ω∗τk)
.

Then, since G1 ∈ H∞,

‖G1‖∞ ≤
1

2ak(1− sin(akτk))
<∞.

In addition, since G2 ∈ H∞, by (30),

‖G2‖∞ ≤
N∑
i=1

ai =
∑
i=1,N

1

τi
.

Therefore, by the small-gain theorem, the characteristic func-
tions of (25) has no zeros for delay values satisfying (33).

For the case of a0 6= 0, since a0 > 0 and G1(z) = 1
z+a0

is in H∞ and its H∞ norm is bounded by (1/a0). Then, by
the small-gain theorem, the characteristic functions of (25)
has no zeros for parameters satisfying (34).

B. Revisiting sunflower dynamics

In this section we revisit a standard model describing the
helical movement of a growing plant, known as the Sunflower
model:

ẍ+
a

τ
ẋ+

b

τ
sin(x(t− τ)) = 0 (35)

Such a model is known to reproduce the dynamics of the
upper part of the stem of the plant, which performs a
rotating movement. Here the state x(t) designates the angle
of the plant with respect to the vertical line and the delay τ
corresponds to a geotropic reaction time and a and b some
positive parameters, see for instance [24]. In the sequel, we
consider the linearized system with α = a/τ and β = b/τ :

ẍ+ αẋ+ βx(t− τ) = 0 (36)

The following proposition emphasizes again the effect of
the multiplicity of a given spectral value on the asymptotic
stability of the zero solution of (36).

Proposition 6. System (36) admits a spectral value at z with
multiplicity 2 if and only if (α, z) = (α+, z+) or (α, z) =
(α−, z−) where:

α− = −
(

2 +
√

4 + τ2β2
)

e
1/2 τ

(
−β− 2+

√
4+τ2β2

τ

)
τ−2,

z− = −β
2
− 2 +

√
4 + τ2β2

2τ

α+ =
(
−2 +

√
4 + τ2β2

)
e
1/2 τ

(
−β+−2+

√
4+τ2β2

τ

)
τ−2,

z+ = −β
2

+
−2 +

√
4 + τ2β2

2τ
(37)

Furthermore, when (z, α) = (z+, α+) (respectively
(z−, α−)) and τβ > 2

√
3 (τβ < 2

√
3) then z+ (respectively

z−) is a the rightmost root and the corresponding steady
state solution is asymptotically stable.

Proof: The vanishing of the corresponding quasipoly-
nomial as well as its first derivative gives the two admissible
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solutions presented in (37). Here, the bound of the multiplic-
ity is reached since PSB(∆) = 2. Furthermore, for a fixed
(τ, β) ∈ R∗+×R+ if α = α+ one has z = z+ is a double root
of ∆+(z, τ) = 0. One can writes the corresponding equation
as:

∆+(z, τ) = (z − z+)
2

(
1 +

∆+(z, τ)− (z − z+)
2

(z − z+)
2

)
= 0.

(38)
Similarly to the proof of Proposition 2, equation (38) gives

∆+(z, τ) =

(z − z+)
2

(
1 +

∫ 1

0

∫ s

0

τ (2 z0 + β) e−τ (z−z0)tdt ds

)
= 0.

(39)
Let z1 = γ1 + jω1 be a root of the second factor of
∆+ such that γ1 > z0 and βτ > 2

√
3 then, 1 <∫ 1

0

∫ s
0

2e−τ (z1−z0)tdt ds. Thus, the assymption is inconsis-
tent and the root z+ is the rightmost root. Finally, the zero
solution is asmptotically stable. The proof for z− is similar.

V. CONCLUDING REMARKS

In this note we studied a link between the variety corre-
sponding to a multiple spectral value and the one correspond-
ing to the asymptotic stability of the steady state solution for
Time-delay systems. Furthermore, such an emphasized link
allows to derive some simple algebraic criteria for stability
based on the explicit analytic identification of the rightmost
root. In addition, it is shown that presence of multiple
spectral value may allow large perturbations on the delay
parameter values of the system. Finally, such a criterion may
be used in controller design because of its simplicity and
robustness properties.
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Constructions of Strict Lyapunov Functions: Stability,

Robustness, Delays, and State Constraints

Proposal for MTNS 2016 Mini-Course

Lecturers: Frederic Mazenc∗ and Michael Malisoff †

1 Motivation

The construction of strict Lyapunov functions is important for proving stability and robustness
properties for nonlinear control systems. In some cases, stabilization problems can be solved with
the help of nonstrict Lyapunov functions, which are proper and positive definite functions whose
time derivatives are nonpositive along all solutions of the closed loop system. By properness and
positive definiteness of a function V , we mean that V is zero at the equilibrium, positive at all
other states, and satisfies V (x) → ∞ as |x| → ∞ or as x approaches the boundary of the state
space. However, nonstrict Lyapunov functions by themselves are insufficient to solve asymptotic
stabilization problems, since they do not ensure convergence to the equilibrium. Instead, one often
uses nonstrict Lyapunov functions, combined with LaSalle invariance or a Matrosov approach [6].

However, even if one uses LaSalle invariance or standard Matrosov approaches, there is usually
no guarantee of robustness, e.g., under control or model uncertainty. This helped motivate the
lecturers’ ‘strictification’ approach for converting nonstrict Lyapunov functions into strict ones [2].
A strict Lyapunov function is a proper positive definite function whose time derivative is negative
along all solutions of the system outside the equilibrium. Strict Lyapunov functions also allow us
to robustify controls, e.g., to prove robustness in the key sense of input-to-state stability (or ISS).

To see how this ‘robustification’ approach can be done in the special case of time invariant
nonlinear control affine systems of the form ẋ = f(x) + g(x)u(x), assume that we found a control
u(x) such that the closed loop system is globally asymptotically stable to 0, and that we have
a strict Lyapunov function V for the closed loop system such that −V̇ (x) is proper and positive
definite, or equivalently, there is a class K∞ function α such that V̇ (x) ≤ −α(|x|) holds along all
trajectories of the closed loop system [2]. Then the closed loop system ẋ = f(x) + g(x)(u](x) + δ)
has the ISS property with respect to the set of all measurable essentially bounded functions δ when
we use u](x) = u(x)− (∇V (x)g(x))>, i.e., we get ISS with respect to actuator errors δ [2].

However, to use u], one needs formulas for the gradient ∇V of the strict Lyapunov function, and
this was another motivation for the strictification approach, but there are other motivations. For
instance, having closed form strict Lyapunov functions leads to explicit formulas for comparison
functions in ISS estimates, and can make backstepping possible. Analogous results can be shown
for systems with delays, where strict Lyapunov functions for undelayed systems are replaced by
strict Lyapunov-Krasovskii functionals, whose domains are infinite dimensional sets of functions,
and this makes it possible to quantify the effects of input delays on the control performance.

∗Mazenc is with EPI DISCO Inria-Saclay, L2S, CNRS-CentraleSupelec, 3 rue Joliot Curie, 91192 Gif-sur-Yvette,
France. frederic.mazenc@l2s.centralesupelec.fr.
†Malisoff is with the Department of Mathematics, 303 Lockett Hall, Louisiana State University, Baton Rouge, LA

70803-4918, USA. malisoff@lsu.edu.
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2 Objectives

The preceding discussion motivates this mini-course, which presents several developments involving
constructions of strict Lyapunov functions for systems with uncertainties, state constraints, or input
delays. It will be understandable and beneficial to those who are familiar with the material in a
standard graduate course on nonlinear control systems, and will consist of three 50-minute lectures.

Lecture 1: Matrosov’s Approach (Lecturer: Frederic Mazenc)

The Matrosov approach involves combining known nonstrict Lyapunov functions for nonlinear
systems with one or more so-called auxiliary functions, to build strict Lyapunov function for the
systems [6]. While very general, it may not always be easy to find the auxiliary functions. In this
lecture, we review a method for building the required auxiliary functions, based on iterated Lie
derivatives, and we illustrate the method using a Lotka-Voltera dynamics [4]. We also provide an
alternative Matrosov type construction for chains of exponential integrators where the right sides
of the systems saturate, so they are not completely controllable [1]. This leads to stabilization
and tracking results for a broad class of predator-prey and other time-varying biologically inspired
control systems that have input delays or positivity constraints on the states of the systems.

Lecture 2: Lyapunov-Krasovskii Methods (Lecturer: Michael Malisoff)

Starting from a strict Lyapunov function V for a controlled system without delays, it is often
possible to add integral terms to V to obtain a Lyapunov-Krasovskii functional for the corresponding
input delayed system, and to find a range of admissible values for the delays that ensure robust
asymptotic stability properties under control or model uncertainties. This contrasts with prediction
or reduction methods that take the delay value into account in the control design. Although
prediction and reduction often compensate for arbitrarily long delays, a potential advantage of the
Lyapunov-Krasovskii approach is that it allows us to use simpler controllers that were originally
designed for systems without delays. This lecture will discuss the Lyapunov-Krasovskii approach,
including illustrations involving a key curve tracking dynamics that arises in marine robotics [5, 7].

Lecture 3: Robust Forward Invariance (Lecturer: Michael Malisoff)

Many applications such as collision avoidance problems require that tracking objectives be met,
while also keeping the state in certain safe regions of the state space. Robust forward invariance can
be used with Lyapunov-Krasovskii functionals to provide predictable tolerance and safety bounds
that ensure that systems respect state constraints. It is a novel variant of the strong invariance
property for differential inclusions, with the additional useful feature that it provides maximum
allowable perturbation sets that the system can tolerate without violating the required tolerance
and safety bounds. This lecture will discuss applications of robust forward invariance to human-
pointer interactions under pointer acceleration [8], and to 3D curve tracking under delays and state
constraints where an adaptive controller is used to identify unknown control gains [3].

3 Speaker Biographies

Frederic Mazenc was born in Cannes, France in 1969. He received his Ph.D. in Automatic Control
and Mathematics from the CAS at Ecole des Mines de Paris in 1996. He was a Postdoctoral Fellow
at CESAME at the University of Louvain in 1997. From 1998 to 1999, he was a Postdoctoral Fellow
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at the Centre for Process Systems Engineering at Imperial College. He was a CR at INRIA Lorraine
from October 1999 to January 2004. In January 2004, he became CR1 at INRIA Sophia-Antipolis,
and he has been CR1 at INRIA Saclay since January 2010. He received a best paper award from
IEEE Transactions on Control Systems Technology at the 2006 IEEE Conference on Decision and
Control, and a Best Presentation Award in an American Control Conference session. His current
research interests include nonlinear control theory, differential equations with delay, robust control,
and microbial ecology. He has more than 200 peer reviewed publications. Together with Michael
Malisoff, he authored a research monograph entitled Constructions of Strict Lyapunov Functions
in the Springer Communications and Control Engineering Series. He serves as Associate Editor for
Asian Journal of Control, European Journal of Control, IEEE Transactions on Automatic Control,
Journal of Control and Decision, and Mathematical Control and Related Fields.

Michael Malisoff was born in the City of New York and received his Ph.D. in 2000 from the
Department of Mathematics at Rutgers University in New Brunswick, NJ. In 2000, he became a
DARPA Research Associate at Washington University in Saint Louis, as part of the Joint Force Air
Component Commander Project. In 2001, he joined the tenure track faculty of the Department
of Mathematics at Louisiana State University in Baton Rouge, where he is currently the Roy Paul
Daniels Professor #3 in the College of Science. His awards include the First Place Student Best
Paper Award at the 1999 IEEE Conference on Decision and Control, two three-year US National
Science Foundation Mathematical Sciences Priority Area grants, and 9 Best Presentation awards
in American Control Conference sessions. He has more than 100 publications on optimal control,
feedback design, and engineering applications. He has served as Associate Editor for Automatica,
IEEE Transactions on Automatic Control, and SIAM Journal on Control and Optimization.
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Nonlinear Optimal Control for Reduced Order Quadratic Nonlinear
Systems

Samir Sahyoun, Seddik M. Djouadi and Tomer Lancewicki1

Abstract— The main motivation of using model reduction
techniques for large order systems is to design computationally
less expensive and faster controllers based on reduced mod-
els, and then apply them to the full order systems. Proper
orthogonal decomposition (POD) is a classical model reduction
technique that is widely used for model reduction for nonlinear
systems especially in fluid dynamics. In this paper we design
the Proper Orthogonal Decomposition model order reduction
technique for the nonlinear Burgers PDE system. We first show
in details how to compute the optimal POD basis functions and
then how to do the Galerkin Projection to get the reduced
order system, in which explicit parameters for the states and
the control appear. Then we derive explicitly the nonlinear
optimal controller for a defined optimization problem. Finally
we compare our nonlinear controller with linearized controllers
for highly nonlinear systems.

I. INTRODUCTION

Real time applications need fast control design, in
particular for systems described by partial differential
equations (PDEs), where control design is computationally
expensive because of the high number of degrees of freedom
used to capture the dynamics of the infinite dimensional
system accurately. [1], [2], [3]. A very large number of
states is needed to accurately capture the dynamics of such
systems which makes them unsuitable for control design
[4], [5]. Conventionally the order of the system must be
reduced before control law design can be done [6], [7].

There is no complete generalization of the Pontryagin’s
Maximum Principle [8],[9] for PDEs. However, basic
ideas on how to deal with optimal control for PDEs were
presented by Lions [10] and Li [11]. In [12], Optimal
control theory was used to derive optimality conditions for
the nonlinear wave equation PDE system that describes the
swing phase behavior over large electromechanical power
systems.

For nonlinear systems, Proper Orthogonal Decomposition
(POD) is a model reduction technique that proved efficient
performance when used to reduce models that approximate
nonlinear infinite dimensional systems by high order finite
dimensional systems, especially those who describe the

*This work was supported in part by the National Science Foundation
under grant No CNS-1239366, and in part by the Engineering Research
Center Program of the National Science Foundation and the Department of
Energy under NSF Award Number EEC-1041877 and the CURENT Industry
Partnership Program.

1S. Sahyoun, S. Djouadi, and T. Lancewicki are with the De-
partment of Electrical Engineering and Computer Science, University
of Tennessee, Knoxville, Tennessee 37996 USA; ssahyoun@utk.edu,
djouadi@eecs.utk.edu, tomerlance@gmail.com

dynamics of fluid flows [13]. POD is a popular model
reduction technique used to alleviate the computational
expense required for very high dimensional systems.

In POD, the snapshot method is usually used to create
an ensemble of solutions with particular open loop control
input data. The set is used to construct a set of POD basis
modes [6]. It is well known that the modes maximize energy
in a mean square sense [13]. In our earlier paper [14], we
showed that POD is optimal in a wider sense, which is of a
distance minimization in spaces of Hilbert-Schmidt integral
operators. These arguments are used to carry out model
reduction, and determine its fidelity [15].

In [16], the solution space of nonlinear PDEs was grouped
into clusters where the behavior has significantly different
features. Space-time clustering was applied using a hybrid
clustering scheme that combined space and time behavior
together. The nonlinear convective PDE system governed
by the Burgers’ equation for fluid flows over 1D and 2D
domains was reduced and showed a significant improvement
over conventional Global POD.

The reduction-control conventional path is to reduce
the model, linearize, design the control based on the
reduced model, and then apply the controller on the full
model. However with systems with higher nonlinearities
linearization fails. In this paper we follow the same path but
we do not linearize, instead we design the nonlinear optimal
controller based on the POD reduced order system with
a particular quadratic nonlinearity in the state and the control.

Nonlinear control theory covers a wider class of systems
that do not obey the superposition principle. It applies
to more real-world systems which are often governed by
nonlinear partial differential equations. The mathematical
techniques which have been developed to handle them are
more rigorous and much less general, often applying only
to narrow categories of systems. Even if the plant is linear,
a nonlinear controller can often have attractive features such
as simpler implementation, faster speed, more accuracy,
or reduced control energy, which justify the more difficult
design procedure.

In [21] POD was utilized to solve a suboptimal optimal
control problem for the one dimensional Burgers equation
while in [22] an optimal controller was designed but the
limitation is that the control input is an additional source
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or sink term that is added at a location within the spatial
interval. In this paper, the control enters through Dirichlet
boundary conditions instead of a spatially distributed control.

This paper is organized as follows. In section (II), the
POD basis set for the nonlinear Burgers’ PDE solution is
computed. In section (III), the POD basis functions are
projected on the PDE to obtain the nonlinear reduced order
system. In section (IV), the nonlinear optimal controller
is designed where we show the performance for the high
nonlinearity case. Finally section (V) is the conclusion and
future work.

II. POD BASIS COMPUTATION

The nonlinear system described by the Burgers’ equation
is used to describe the velocity dynamics in incompressible
fluid flows because it has the same type of quadratic non-
linearity that appears in the Navier-Stokes equations. The
1-D nonlinear Burgers’ equation is given by [18]:

∂w

∂t
=

1

Re

∂2w

∂x2
− w∂w

∂x
(1)

where x ∈ [a, b] and t ∈ [t0, tf ] and the initial condition is:

w(x, t0) = w0(x) (2)

Re is the Burgers’ equation viscosity term, it is analogues
to the Reynolds number in the Navier Stokes equations for
fluid flows. The Reynolds number is defined as the ratio
of momentum forces to viscous forces and consequently
quantifies the relative importance of these two types
of forces for given flow conditions. Reynolds numbers
frequently arise when performing scaling of fluid dynamics
problems, and as such can be used to determine dynamic
similitude between two different cases of fluid flow. They
are also used to characterize different flow regimes within a
similar fluid, such as laminar or turbulent flow.

For the 1D Burgers’ equation system discussed in this
paper, Re acts as a weight on the nonlinearity. It is clear
from (1) that low values for Re makes the linear diffusion
term dominates the nonlinear term while large values kills
the linear term and the system becomes highly nonlinear.

The PDE in (1) is numerically solved in the time interval
[0, 1] and the spatial domain [0, 1] with initial condition
w0(x) = sin(2πx) and zero Dirichlet conditions at the
two boundaries. Figures 1 and 2 show the solution for two
different values of Re. As shown in Figure 1, the value of
Re = 100 gives more weight to the nonlinear term and a
shock begins to show up at t = 0.7. A higher value of
Re = 1000 causes a faster and sharper shock.

For the Dirichlet boundary control problem, the boundary
conditions for the system are specified as:(

w(a, t)
w(b, t)

)
=

(
ua(t)
ub(t)

)
:= u(t) (3)

Fig. 1. Shock Formation with Re=100

Fig. 2. Shock Formation with Re=1000

Different input values are used to generate the ensemble of
solution snapshots {Y }Ti=1, then the TxT correlation matrix
is defined by:

Ri,j =< Yi, Yj > (4)

where < ·, · > is the standard L2(Ω) inner product:

< Yi, Yj >=

∫
Ω

YiY
∗
j dx (5)

where Y ∗j is the complex conjugate of Yj . The eigenvalues
of R are found and sorted in descending order, and their
corresponding eigenvectors are calculated. Each eigenvector
is normalized and then the POD basis is computed

φi(x) =

T∑
j=1

vi,jYj(x) (6)

where vi,j is the jth component of the eigenvector vi.
The solution w(t, x) of the distributed parameter system
is approximated by a linear combination of the POD basis
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functions as:

w(x, t) =

N∑
i=1

αi(t)φi(x) (7)

The POD Bases set is now ready for the next step
discussed in the next section, where Galerkin projection
is performed on the PDE to derive the nonlinear temporal
model.

III. GALERKIN PROJECTION

The expression in (7) is used in (1) and Galerkin projection
is performed by multiplying (1) by the basis functions φj(x)
and integrating over the domain. Due to the orthogonality of
POD basis, the left hand side of (1) becomes:∫

Ω

dw(x, t)

dt
φj(x)dx =

∫
Ω

d
∑N
i=1 αi(t)φi(x)

dt
φj(x)dx

= α̇j(t) (8)

Integrating the linear diffusion term by parts yields:∫
Ω

1

Re

d2w

dx2
φj(x)dx =

1

Re

(
dw

dx
φj

∣∣∣∣
∂Ω

−
∫

Ω

dw

dx

dφj
dx

dx

)
=

1

Re

(
dw(b)

dx
φj(b)−

dw(a)

dx
φj(a)−

∫ b

a

dw

dx

dφj
dx

dx

)
(9)

The spatial derivatives at the boundaries can be approximated
as:

dw(a)

dx
=
w(a+ h)− w(a)

h
(10)

dw(b)

dx
=
w(b)− w(b− h)

h
(11)

where h is a sufficiently small mesh step size, w(a) and w(b)
are the control inputs defined in (3), and

w(a+ h) =

N∑
i=1

αi(t)φi(a+ h) (12)

w(b− h) =

N∑
i=1

αi(t)φi(b− h) (13)

The linear term then has the form Aα+Bu where

Aji = − 1

Re
[
φi(b− h)φj(b)

h
+
φi(a+ h)φj(a)

h

+

∫ b

a

dφi
dx

dφj
dx

dx] (14)

and B is the Nx2 matrix such that:

Bj1 =
φj(a)

hRe
, Bj2 =

φj(b)

hRe
(15)

The nonlinear term in (1) can be written as 1
2
dw2

dx , so the
Galerkin projection becomes:

−
∫

Ω

1

2

dw2

dx
φj(x)dx =

−
(
w2

2
φj

∣∣∣∣
∂Ω

−
∫

Ω

w2

2

dφj
dx

dx

)
= −1

2

(
w2(b)φj(b)− w2(a)φj(a)−

∫ b

a

w2 dφj
dx

dx

)
(16)

The nonlinear term then has the form N(α) + B′u2 where
u2 is the vector of the term by term squares of the inputs
vector u described in (3):

u2 =

(
u2

1

u2
2

)
(17)

N(α) =
1

2

∫ b

a

(

N∑
i=1

ai(t)φi(x))2φj(x)

dx
dx (18)

and B′ is the Nx2 matrix such that:

B′j1 =
φj(a)

2
, B′j2 = −φj(b)

2
(19)

Finally, the initial condition in (2) is projected onto the POD
basis to find the initial values for α. The complete reduced
order system becomes:

α̇ = Aα+N(α) +Bu+B′u2 (20)
α(0) = α0. (21)

Fig. 3. Full Vs Reduced model with Re=100

Figures 3 and 4 compare the solution of the full and
reduced order models. Solid is the full order, dashed
is the reduced. POD modes were constructed from 50
snapshots and the number of spacial degrees of freedom
is 200, i.e. the full order system size is 200. The reduced
order size is two only. The low number of states needed
to get this performance is driven by the fact that zero
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Fig. 4. Full Vs Reduced model with Re=5000

Dirichlet boundary conditions are used to generate the
snapshots. We will see later that as input values change,
more states will be needed to achieve the same performance.

Although the reconstructed solution looks to agree with the
full order one, there is still a problem for highly nonlinear
situations (high Re) where discontinuities might appear as
shown in Figure 5 where both POD modes have a sharp
change at x = 0.5 where shocks occur as shown earlier.
As shown in (20), the spatial derivative of the POD modes
is needed to design the system parameters in (20). Figure
6 shows how large these derivatives are around the shock
location.

Fig. 5. The two POD Basis functions for the highly nonlinear system

Now, for the same initial condition but using different
controls, we use ua = t and ub = −t where t runs from
0 to 1, five states are needed to show the performance in
Figure 7. Notice the multiple shocks that increase overtime.

In the next section we derive the nonlinear optimal con-
troller.

Fig. 6. The spacial derivative of the two POD basis functions shown in
Figure 5

Fig. 7. Nontrivial boundary controls, Re=5000 with 5 states model

IV. NONLINEAR CONTROL

In most applications, the control objective for such sys-
tems is to track a particular trajectory, so we consider the
minimization of the cost function:

J(u) =
1

2

∫ tf

0

[(α− αr)TQ(α− αr) + uTRu]dt (22)

subject to the constraints:

α̇ = Aα+N(α) +Bu+B′u2

α(0) = α0.

where αr is the reference states vector that the system is
supposed to track, Q is a diagonal, symmetric and posi-
tive semidefinite matrix of state weights, R is a diagonal,
symmetric and positive-definite matrix of control weights.
The optimization problem (22) is considered over all controls
u ∈ L2(0,∞).
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The Hamiltonian is defined as:

H =
1

2
(α− αr)TQ(α− αr) +

1

2
uTRu

+ λT (Aα+N(α) +Bu+B′u2) (23)

where λ is the adjoint variables vector. Derivative of H w.r.t
the control u is zero at the critical control values, so the
optimality equation becomes:

∂H

∂u
= Ru+BTλ+ 2(B′Tλ ◦ u) = 0 (24)

where ◦ denotes the Hadamard product (term by term mul-
tiplication). Since R is diagonal then it is easy to factorize
as:

Ru = diag(R) ◦ u (25)

where diag(R) is the diagonal vector of R. The optimal
control can be found:

uopt =
−BTλ

diag(R) + 2B′Tλ
(26)

Note that the division in (25) is computed term by term
between the numerator and denominator vectors. It is the
inverse operation of the Hadamard product.
The adjoint equation is:

λ̇ = −∂H
∂α

= −Q(α− αr)−ATλ+
dλTN(α)

dα
(27)

λ(tf ) = 0. (28)

dλTN(α)
dα is found by differentiating the expression in (18).

It is convenient to express the integral over the domain Ω as
a sum (which is how it is actually coded in Matlab), so:

dλTN(α)

dα
= 2ΦT (

dΦ

dx
◦ Φα) (29)

where Φ is the matrix that contain all POD basis vectors.
Finally the coupled states and adjoint systems (20), (21),
(27) and (28) are solved simultaneously.

The state system has initial conditions while the adjoint
has final conditions. One method to solve such coupled
systems is the forward backward sweep method explained
in [8] and [19]. The steps of the forward backward sweep
algorithm is as follows:

1) Start with an initial guess for the control uopt over the
domain.

2) Using the state system initial conditions and the values
for uopt , solve for α forward in time.

3) Using the adjoint final conditions and the values for
uopt and α, solve λ backward in time.

4) Update uopt by entering the new α and λ into the
expression of the optimal control.

5) Check convergence. Stop if the difference is negligible
between this iteration and the previous one, otherwise
return to step 2.

Convergence and stability of this algorithm is discussed in
[20].

Figure 8 shows a comparison between a full order con-
trolled system and a 3 states reduced system with Re = 100.

Fig. 8. Full Vs 3 states Reduced order nonlinear control

While linearized controllers might work just fine with
low Re, they definitely fail when Re goes large and hence
nonlinearity dominates the system behavior. To compare our
nonlinear controller to the linear one, a high Re is being
used with the same number of reduced order system (5 states)
and the same tracking function which is an arbitrary solution
obtained with symmetric sinusoidal boundary conditions and
a sin wave initial condition as usual. Figure 9 and 10 show
how the linear control fails to track the reference function
as good as the nonlinear one. Reference trajectories are the
solid blues and controlled system trajectories are the dashed
reds.

Fig. 9. Linear control

V. CONCLUSIONS

In this paper, we gave a complete and detailed approach
for POD model reduction, Galerkin projection, and finally
the nonlinear optimal control design. We derived explicit
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Fig. 10. Nonlinear control

expressions for the adjoint and state equations in order to
avoid numerical instabilities. The nonlinear control design is
shown to be significantly better than the linearized one when
the nonlinearities in the system are dominant.
In future work we plan to design the nonlinear controller for
the 2D Burgers’ equation system where more work is needed
for the projection step.
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On the Identification of Polytrees of Linear Dynamic Systems with
Hidden Nodes

Firoozeh Sepehr1 and Donatello Materassi 1

I. EXTENDED ABSTRACT

Most important advantages provided by networked sys-
tems are a modular approach to design, the possibility of
conveniently introducing redundancy and the capability of
implementing distributed and parallel algorithms. All these
advantages often lead to consider networked systems as the
preferred paradigm for the design and realization of many
technological devices. For the very same reasons, it is not
surprising that modularity is also a defining characteristic
for many natural and biological systems. Indeed, in many
areas, such as Economics (see e.g. [1]), Biology (see e.g.
[2]), Cognitive Sciences (see e.g. [3]), Ecology (see e.g. [4])
and Geology (see e.g. [5]), determining the underlying in-
put/output connections among various entities of a distributed
or large scale system from observed data is typically the first
step to understand its fundamental mechanisms.

Researchers have approached the problem of reconstruct-
ing the structure of a network from time series data in
a variety of ways. Several techniques extract a network
structure from data making use of heuristic considerations
without providing any guarantees about the correctness of
the reconstruction (see e.g. [6], [7]). For example, in [6]
different techniques for quantifying and evaluating the mod-
ular structure of a network are compared and a new one is
proposed trying to combine both the topological and dynamic
information of the system under investigation. However, the
network topology is estimated only qualitatively. Similarly, in
[7] several notions of betweenness are introduced in order to
determine a graph capturing clusters in a complex system in
a qualitatively way. Equivalences between the identification
of a dynamic network and a l0 sparsification problem are
highlighted in [8] and [9], suggesting the difficulty of the
reconstruction procedure. While works like [8] and [9] follow
more quantitative approaches that make use of sparse opti-
mization methods, still no theoretical guarantees are derived
about the correct identification of the topology.

Many methodologies that offer theoretical guarantees on
the consistency of the reconstruction tend to rely on the
possibility of injecting known signals at one location of
the network and observing the overall system response (see
e.g. [10], [11]) or knocking out one or multiple nodes (see
e.g. [12]). These methodologies can be realistically applied
on smaller networks and on systems that can be actively
manipulated. Reconstruction techniques that make use only

*This work was not supported by any organization
1 Firoozeh Sepehr (fsepehr1@vols.utk.edu) and Donatello

Materassi (dmateras@utk.edu) are with Department of Electrical
Engineering and Computer Science, University of Tennessee, Knoxville

of non-invasive observations, namely observations obtained
without actively forcing the system, often require some
additional assumptions on the network dynamics or topology.
For example, [13] assumes that the underlying structure is
a tree; [14], [15], [16] assume the presence of delays in the
system in order to successfully apply Granger causality (see
[17]); and [18] exploits the semi-graphoid properties [19]
of Wiener filters (see [20]) to identify networks of dynamic
systems with no directed loops.

One fundamental limitation of most of these techniques is
that they assume that all nodes are observable. In many appli-
cations, however only measurements from part of the nodes
are available. In other cases, it might not even be known if
there are hidden nodes in the network. Taking into account
the presence of hidden nodes is a formidable challenge for
any network reconstruction technique. Fundamental results
are provided in [21] (section 8.3 “Learning hidden causes”)
and in [22] under the assumption of a tree topology with a
single root.

This article extends the results in [21] and [22] by
considering the problem of reconstructing the interconnec-
tion structure of a directed tree when only non-invasive
observations are available and in the potential presence of
hidden nodes and multiple roots. As pointed out in [23],
polytrees (directed trees with multiple roots) represent a
much richer and more expressive class of models than rooted
trees, thus the extensions obtained in this article provide a
significant methodological improvement with applications to
several areas such as adaptive bitrate estimation [24], leader
detection [25], and disease spreading [26].

Furthermore, it is observed that in the case of complex
structures, an approximation of the actual topology with a
simpler one can lead to a better understanding of the underly-
ing mechanisms of the system under investigation [9]. Thus,
even though an acyclic topology may seem a quite reductive
choice, given an intricate and connected link structure, one
may be interested into approximating it with a tree scheme.
Such an approximation could be considered satisfactory if the
most important connections were captured. For example, tree
topologies have been successfully employed in [2] for the
study of gene regulatory networks or in [1] for the analysis
of economic systems. As a consequence, the identification
results derived in this article provide consistent reconstruc-
tion algorithms for polytrees of dynamic system which can
also have a wider range of applications for network systems
that do not necessarily have an acyclic topology.
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Technical results

The article proposes an approach for the reconstruction
of a network of dynamical systems with polytree structure
where part of the nodes are not observable. In particular
it assumes that neither the location nor the number of
hidden nodes are a priori known. In the scientific literature
some approaches have been developed which are capable
of reconstructing the structure of the network under similar
assumptions, but they are proven to work only on rooted
trees and not on polytrees [22]. Furthermore, these method-
ologies can not determine the orientation of the links. The
techniques presented in this paper extend these previous
results providing necessary and sufficient conditions for
the correct reconstruction of a polytree network of linear
dynamical systems. In particular it is found that it is possible
to reconstruct a polytree of dynamic systems with hidden
nodes if and only if each hidden node has degree greater
or equal to 3 and outdegree greater or equal to 2. Since
the conditions are necessary and sufficient, the article also
offers fundamental limitations on the topologies that can be
successfully identified from data.

The basic idea behind this approach is to break down the
problem of reconstructing the structure of a polytree into
subproblems that only deal with rooted trees. The proposed
algorithm starts by defining an appropriate distance among
the observable nodes of a polytree and determines all subsets
of nodes that are the descendants of the same root. By
applying the results in [22] to each one of these subsets, it is
possible to reconstruct the interconnection structure of these
rooted trees. Since the interconnections between common
nodes in two rooted trees are the same, the reconstructed
rooted trees can be merged to form the overall undirected
structure of the original polytree. Finally Rebane-Pearl algo-
rithm [23] is applied to recover the orientation of at least part
of the links. As for Rebane-Pearl algorithm, it is possible to
identify only the orientations of all links adjacent to nodes
with indegree greater or equal to 2 and the descendants of
such nodes.
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Complete Synchronizability in Networks of LTI Systems

Tian Xia and Luca Scardovi

Abstract— This paper introduces and characterizes the
classes of completely synchronizable and practically-completely
synchronizable systems. Passivity and output-feedback passivity
are shown to be sufficient conditions for complete synchroniz-
ability and practically-complete synchronizability respectively.
A full characterization is provided for the class of SISO systems.

I. INTRODUCTION

Consider a collection of N identical LTI systems P =
(A,B,C)

ẋi = Axi +Bui,

yi = Cxi,
∀i ∈ {1, . . . , N}, (1)

where xi ∈ Rn, yi ∈ Rm, and ui ∈ Rq . A network is a
collection of N systems (denoted by PN ) that are mutually
coupled by

ui = K

N∑
j=1

σi,j(yj − yi), ∀i ∈ {1, . . . , N}. (2)

where K ∈ Rq×m is a static feedback gain and σi,j ≥ 0
are the coupling weights. The network induces a weighted
digraph G = (V, E ,Σ) where vertex i ∈ V represents
system i, edge (i, j) ∈ E exists when σi,j is nonzero, and
the adjacency matrix has components [Σ]i,j := σi,j . The
Laplacian matrix of G is defined as

[LG]i,j :=

{∑
k∈V σi,k, i = j,

−σi,j , i 6= j.

The spectrum of LG is always a subset of the closed right-
half plane and always contains zero. We define

ρ (G) = min{Re (λ2) , . . . ,Re (λN )}

where {λ1 = 0, λ2, . . . , λN} are the eigenvalues of LG. It
is known that if G contains a globally reachable node1, then
ρ (G) > 0.

The network is denoted by N = (PN ,K,G). Network
(PN ,K,G) is said to synchronize if the solution of (1)
and (2) satisfies limt→∞ ‖xi(t) − xj(t)‖ = 0 for every
i, j ∈ {1, . . . , N} and every initial condition. In [1], we
presented a sufficient and necessary condition for a network
to synchronize (Theorem 1 below). The result is based on
the notion of synchronization region.

This research was supported by the Natural Sciences and Engineering
Research Council of Canada (NSERC).

Tian Xia and Luca Scardovi are with the Department of
Electrical and Computer Engineering, University of Toronto, Toronto,
ON, M5S 3G4, Canada; e-mail: t.xia@mail.utoronto.ca;
scardovi@scg.utoronto.ca.

1A globally reachable node of a graph is a vertex that can be reached
from every other vertex by traversing along the edges.

Definition 1: Given system P and gain K, the synchro-
nization region is

SP(K) :=
{
s ∈ C

∣∣ A− sBKC is Hurwitz
}
.

Theorem 1: [1] A network (PN ,K,G) synchronizes if
and only if SP(K) contains all eigenvalues of LG except an
instance of zero.

In [1], we characterized the class of synchronizable sys-
tems (i.e. systems P for which there exists a gain K and a
graph G such that the network (PN ,K,G) synchronizes). In
this contribution, we study systems for which there exists K
such that SP(K) ⊇ C>a := {s ∈ C

∣∣ Re (s) > a}.
Definition 2: A system P is completely synchronizable if

there exists a controller K ∈ Rq×m such that SP(K) ⊇ C>0.
A system P is practically-completely synchronizable if for
every a > 0, there exists a K such that SP(K) ⊇ C>a.

By Theorem 1, if SP(K) ⊇ C>0, then (PN ,K,G) syn-
chronizes for every graph G containing a globally reachable
node. If SP(K) ⊇ C>a, then (PN ,K,G) synchronizes as
long as ρ (G) > a. Our main result is a full characterization
of (practically) completely synchronizable SISO systems.

Complete synchronizability has been studied in [2] and [3]
under the extra assumption that B = In (In is the identity in
Rn×n). Theorem 1 of [2] proved complete synchronizability
of (A, In, C) under the assumptions that (A,C) is detectable
and A is neutrally stable. Theorem 1 of [3] showed that
detectability of (A,C) is sufficient for practically-complete
synchronizability of (A, In, C). Particular systems such as
double and single integrators have been studied in [4], [5].

The dynamic controller case is addressed in [6] and in
[7] for time-invariant graphs and time-varying graphs respec-
tively. [8] also considered the extension of [7] to collections
of heterogeneous systems. In the dynamic controller case,
stability and detectability of P are sufficient for network
synchronization.

II. MAIN RESULTS

The first result is an extension of Theorem 4 in [9] and pro-
vides a link between (practically) complete synchronizability
and (output-feedback) passivity (see [10] for definitions).

Theorem 2: Given a miminal (controllable and observ-
able) system P, the following facts hold true

i) If P is passive, then P is completely synchronizable and
for every K = KT > 0, (PN ,K,G) synchronizes for
every graph G containing a globally reachable node.

ii) If P is output-feedback passive, then P is practically-
completely synchronizable and for every K = KT > 0,
there exists a > 0 such that (PN ,K,G) synchronizes
whenever ρ (G) > a.
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Synchronizability

Output-feedback 
stabilizability

Complete synchronizability

Practically-complete 
synchronizability

Passivity

Output-feedback 
passivity

Fig. 1: Venn diagram depicting the relationship between
(practically) complete synchronizability and other system
properties.

Remark 1: When P is output-feedback passive, Theorem
2 gives K such that (PN ,K,G) synchronizes whenever
ρ (G) > a, but a is potentially large. If one is interested in
K ′ such that (PN ,K ′,G) synchronizes whenever ρ (G) > ε
for some ε > 0, it suffices to take K ′ = aK/ε.

Fig. 1 illustrates the relationship between studied system
properties. In general, passivity is not necessary for complete
synchronizability. Indeed, the system below is completely
synchronizable but not passive:

A =

[
0 1
0 0

]
, B = I2, C = I2.

For the class of SISO systems, we provide a complete
characterization of (practically) complete synchronizability.

Theorem 3: Let P be a minimal2 SISO system. The
following statements hold:

i) P is completely synchronizable if and only if one or
more of the following conditions is satisfied

a) A is Hurwitz;
b) (A,B,C) is passive;
c) (A,−B,C) is passive.

ii) P is practically-completely synchronizable if and only
if one or more of the following conditions is satisfied

a) A is Hurwitz;
b) (A,B,C) is output-feedback passive;
c) (A,−B,C) is output-feedback passive.

Theorem 3 is applicable to non-minimal systems by using
the next result (proved in [1]).

Theorem 4: Let P̃ be the minimal subsystem of P. For
any gain K,

SP(K) =

{
SP̃(K), P is stabilizable and detectable,
∅, otherwise.

The following example studies practically-complete syn-
chronizability in second order SISO systems.

2A system is minimal if it is controllable and observable.

Example 1: Consider a system P = (A,B,C):

A =

[
0 1
a b

]
, B =

[
0
1

]
, C =

[
c d

]
.

By Theorem 4, P is practically-completely synchronizable
if and only if P is stabilizable, detectable and its minimal
subsystem P̃ is practically-completely synchronizable.

System P is always stabilizable. Its detectability and
minimal subsystem P̃ are listed case by case

i) (c2 + bcd− ad2 6= 0): P always detectable, and P̃ = P;
ii) (c2+bcd−ad2 = 0; d 6= 0): P is detectable iff c/d > 0,

and P̃ = (c/d+ b, d, 1);
iii) (c2 + bcd − ad2 = 0; d = 0): P is detectable iff A is

Hurwitz, and P̃ is a system of zero order.
In cases ii and iii, P̃ is always practically-completely syn-
chronizable. In case i, practically-complete synchronizability
of P̃ is characterized by the three alternatives in Theorem 3,
which are equivalent to

a) Asymptotic stability of A: a < 0 and b < 0;
b) Output-feedback passivity of (A,B,C) : c ≥ 0, d > 0,

and a ≤ 0 if c = 0;
c) Output-feedback passivity of (A,−B,C): c ≤ 0, d < 0,

and a ≤ 0 if c = 0.
In particular, sufficient and necessary conditions for

practically-complete synchronizability of harmonic oscilla-
tors and double integrators are listed in TABLE I.

TABLE I: Sufficient and necessary conditions for practically-
complete synchronizability

System Conditions

A =

[
0 1
−1 0

]
, B =

[
0
1

]
, C =

[
c d

]
cd ≥ 0 and d 6= 0

A =

[
0 1
0 0

]
, B =

[
0
1

]
, C =

[
c d

]
cd > 0
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Abstract— The use of regularization in sparse estimation
methods has recently received huge attention and impacted
virtually all fields of applied mathematics. This interest was
sparked by the recovery results of Candès, Donoho, Tao, Tropp,
et al. and has resulted in a framework for solving a set of
combinatorial problems in polynomial time by using convex
relaxation techniques.

In this work we study the use of total-variation regularization
methods for inverse problems in high-resolution imaging, widely
used in remote sensing. For these problems, the dictionary is
typically coherent and existing theory for robust/exact recovery
does not apply. In fact, the robustness cannot be guaranteed in
the usual strong sense. Instead, we consider metrics inspired by
the Monge-Kantorovich transportation problem and show that
the solution can be robustly recovered if the original signal is
sufficiently sparse and separated.

I. INTRODUCTION

Consider the measurement y ∈ CN , consisting of a signal
in noise,

y =

L∑
`=1

c?`a(ω?` ) + w, (1)

where the signal is sparse with respect to a possibly infinite
dictionary A = {a(ω) : ω ∈ Ω} ⊂ CN with Ω ⊂ Rd.
Here c?` ∈ C scale the corresponding dictionary element
a(ω?` ), and w ∈ CN is an unknown error term. The inverse
problem of estimating the signal (c?` , ω

?
` ), for ` = 1, . . . , L

from the measurement y is a key element for modelling
and estimation of signals and appear in a wide range of
areas including radar/sonar [16], spectral analysis [17], [10],
medical imaging, communication, and system identification
[13], [15], [21]. There is a large number of methods for
this problem: parametric methods (e.g., maximum likelihood,
maximum entropy), non-parametric methods (e.g., the peri-
odogram, backprojection, matched filter), and sparse methods
(basis pursuit, matching pursuit) [5], [1]. In this work, we
will consider a recently popular approach for addressing this
problem using compressive sensing, namely, the use of sparse
approaches based on total-variation (TV) regularization [6],
[8], [18].

The dictionary A = {a(ω), ω ∈ Ω} ⊂ CN depends on
the application at hand, and some common examples are as
follows.

This work was supported in part by Swedish Research Coun-
cil, Swedish Foundation for Strategic Research, NSF CCF-1218388,
NSF 1027696, AFOSR FA9550-12-1-0319 and Vincentine Hermes-Luh
Endowment. Johan Karlsson is with the department of Mathemat-
ics, Royal Institute of Technology (KTH), Stockholm, 100 44, Swe-
den, johan.karlsson@math.kth.se. Lipeng Ning is with Brigham
and Women’s Hospital, Harvard Medical School, Boston, MA 02115,
lning@bwh.harvard.edu

• Frequency estimation, spectral estimation, direction of
arrival:

[a(ω)]n =
1√
N
ei(n−1)ω, n = 1 . . . N, (2)

ω ∈ [0, 2π),

• d-dimensional frequency estimation, e.g., synthetic
aperture radar (SAR), medical imaging:

[a(ω)]n =
1√
N
eik

T
nω, kn ∈ Zd, n = 1 . . . N,

ω ∈ [0, 2π)d

• Delay estimation, e.g., radar and sonar:

[a(ω)]n = s(ω − tn), n = 1 . . . N,

ω ∈ [ωmin, ωmax],

and where s(t) is the probing waveform and t1, . . . , tN
is a set of measuring points.

Let A : M(Ω)→ CN be the linear operator defined by

Ax :=

∫
ω∈Ω

a(ω)dx(ω),

where M(Ω) denotes the set of bounded complex measures
on Ω. The signal can be expressed as

y =
∑L
`=1 c

?
`a(ω?` ) + w =

∫
ω∈Ω

a(ω)dx?(ω) + w,

where x? =
∑L
`=1 c

?
`δω?

`
.

Thus, the inverse problem is to find a sparse measure x with
consistent with the linear system

y = Ax+ w. (3)

The system (3) is underdetermined and hence has infinitely
many solutions; and to single out a unique solution, sparse
methods use `1 or TV regularization as a convex surrogate
for the cardinality (see, e.g., the review articles [5], [1], [14].)
This sparse recovery problem has been intensely studied
during the last decade for various classes of underdetermined
systems and significant advances have been made in under-
standing when these approaches recover a sparse signal. In
fact, it can be proved that if A is sufficiently incoherent,
then these recovery methods can be used to recover a sparse
solution robustly [5], [1], [4], [22]. However, these recovery
results can not be used for these cases where the dictionary
contains an infinite number of elements.

Nevertheless, empirical results suggest that these sparse
methods have significantly higher performance compared to,
e.g., the periodogram. In this paper we will study sparse
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recovery methods based on TV-regularization in order to
determine what can be guaranteed in terms of error bounds
and robustness. As seen in [12], no useful bounds can be
obtained in terms of the `2 norm (see also [24], [2]). Instead
we consider distances based on optimal mass transport and
show that the magnitude of the true solution can be recovered
robustly under certain conditions.

In Section II we discuss sparse recovery methods. In
Section III we define the Monge-Kantorovich transportation
distance. In Section IV we discuss worst case bounds for a
sparse recovery method expressed in terms of the transporta-
tion distance.

II. METHODS BASED ON TV-REGULARIZATION

A common objective in estimation is to find the most
sparse solution consistent with a linear system (3), e.g., the
optimum of

arg min
x∈M(Ω)

‖x‖0 subject to ‖y −Ax‖2 ≤ ε, (4)

where the support of x has a finite number of points
and ‖x‖0 denotes the cardinality of the support set. This
is a combinatorial problem, but using the TV-norm1 as a
surrogate for the cardinality:

arg min
x∈M(Ω)

‖x‖TV subject to ‖y −Ax‖2 ≤ ε, (5)

leads to a problem that is convex (and hence computationally
feasible) and in many cases achieves its minimum close to
the minimum of (4). If Ω is a discrete set, this recovery
method is often called LASSO [20] or basis pursuit denoising
(BPDN) [1]. In fact, this may be used for robust recovery
of a sparse vector given that certain conditions such as the
resticted isometry property [5] or the exact recovery condi-
tion [22]. For inverse problems in imaging, the dictionary is
normally highly coherent, and there properties does not hold,

Recent development on spectral estimation problems that
fit into this framework have shown that exact `2 recovery
is possible in the noise free case if the true support is
sufficiently separated [3], [19]. However, for robust recovery
the constant controlling the bound goes to infinity as the
minimal distance between points in the frequency grid goes
to zero, hence these robust recovery `2 bounds are not
applicable to the case here.

Next we will reformulate our problem (5) which is posed
in terms of a complex measure x in terms of a non-negative
measure ρ. To this end define the extended domain Θ =
{θ = (τ, ω) : τ ∈ T and ω ∈ Ω} where T = [0, 2π) and the
corresponding extended dictionary by including the complex
phase as a parameter Ã = {ã(θ) = eiτa(ω) : θ = (τ, ω) ∈
Θ}. Analogously we define the extended linear operator

Ã : M+(Θ)→ CN by Ãρ :=

∫
θ∈Θ

ã(θ)dρ(θ).

and the corresponding minimization problem

min
ρ≥0

ρ(Θ) subject to ‖y − Ãρ‖2 ≤ ε, (6)

1Here we denote ‖x‖TV := |x|(Ω) =
∫
Ω d|x(ω)|. Note that this is

identical to the `1-norm whenever Ω is a discrete set.

where ρ ∈ M+(Θ) is a non-negative measure on Θ. Any
optimal solution x̃est of (6) cannot have support in two
points (τ0, ω0) and (τ1, ω1) with ω0 = ω1. Therefore the
two optimization problems (5) and (6) are equivalent in the
sense that they have the same optimal value, and the optimal
solutions relates as

ρ(τ, ω) = |x(ω)|δ(τ − arg(x(ω))), (7)

where arg(x(ω)) ∈ T is the phase in the polar representation
dx(ω) = ei arg(x(ω))d|x(ω)|.

III. TRANSPORTATION DISTANCE

The Monge-Kantorovich distance quantifies the optimal
transportation cost of transferring one “mass” distribution to
another with specified cost of moving one unit amount of
mass from one location to another [23].

Consider the two non-negative bounded measures on Θ =
T × Ω, ρ0 and ρ1, that each represent a distribution of
“mass” on Θ. Let m(θ0, θ1) represent the amount of mass
transported from location θ0 to location θ1, and we say
that the non-negative measure M on Θ × Θ is a feasible
transportation plan from ρ0 to ρ1 if the respective marginals
are equal to ρ0 and ρ1, respectively, i.e., if M is in

Π(ρ0, ρ1) :=
{
M non-negative measure on Θ×Θ :∫
θ1∈Θ

dM(θ0, θ1) = dρ0(θ0), θ0 ∈ Θ∫
θ0∈Θ

dM(θ0, θ1) = dρ1(θ1), θ1 ∈ Θ
}
.

Let c(θ0, θ1) be the cost of transferring one unit amount of
mass from the location θ0 to location θ1. Then the minimum
cost of transporting mass with distribution ρ0 to a distribution
ρ1 is

T (ρ0, ρ1) = inf
M∈Π(ρ0,ρ1)

∫
θ0,θ1∈Θ

c(θ0, θ1)dM(θ0, θ1). (8)

This is known as the Monge-Kantorivich distance [11].
Monge-Kantorovich distances are not metrics, in general, but
they readily give rise to a class of the so-called Wasserstein
metrics

Wp(ρ0, ρ1) = T (ρ0, ρ1)min(1, 1p )

where the cost function is of the form c(θ0, θ1) = d(θ0, θ1)p

where d is a metric on Θ and p ∈ (0,∞) [23].
The Monge-Kantorovich theory deals with mass distribu-

tions of equal mass, however, in [9] we develop distances
based on similar principles, that applies to distributions of
possibly unequal mass. Given the two mass distributions ρ0

and ρ1, we postulate that these are perturbations of two other
mass distributions σ0, σ1, that have equal mass. Then, the
cost of transporting ρ0 and ρ1 to one another can be thought
of as the cost of transporting σ0 and σ1 to one another plus
the size of the respective perturbations:

T̃ (ρ0, ρ1) := inf
‖σ0‖TV=‖σ1‖TV

T (σ0, σ1)+

1∑
j=0

‖ρj−σj‖TV. (9)
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Fig. 1. Fourier dictionary (2) with N = 30: Cost c((0, 0), θ) is depicted
as function of angle distance (τ ) and phase (ω).

For the problem of comparing sparse recovery vector xest

obtained from (5) and the true solution x?, we consider the
corresponding nonnegative measures ρest and ρ? given by
(7). The cost of transferring one unit of mass from θ0 to θ1

is given by the function c(θ0, θ1) = 1 − Re(ã(θ0)∗ã(θ1)),
depicted in Figure 1. From the definition of the transportation
distance (8), it is clear that the first term in (9) represents the
cost of transferring the mass while the second term in (9)
represents a mass perturbation which penalize the difference
in TV-norm between ρest and ρ?.

IV. WORST CASE ERROR BOUNDS FOR BASIS PURSUIT
DENOISING

In this section we will consider the error bound for the
case

x? =
∑
λ∈Λ

α?λδλ, (10)

when the support of x? is a finite number of points. We will
derive the bound based on the following properties

11a) x? has support Λ,

11b) ‖xest‖TV ≤ ‖x?‖TV, (11)
11c) ‖Axest −Ax?‖2 ≤ 2ε,

which clearly hold for xest obtained from (5). If Λ contains
two frequencies that are closely located, the signals may
cancel with each other, i.e., there are x? such that ‖Ax?‖2 �
‖x?‖2, and there is no hope to reconstruct x?. Therefore we
can only hope to achieve such a bound if the support Λ is
sufficiently separated (c.f., page 17 in [7]). To quantify this,
define the cumulative intercoherence with respect to Λ.

Definition 1: Let A be a dictionary with index set Ω and
let Λ ⊂ Ω. Then we define

µΛ := max
ω∈Ω

(∑
λ∈Λ

|a(λ)∗a(ω)| −max
λ∈Λ
|a(λ)∗a(ω)|

)
= max

ω∈Ω
min
φ∈Λ

∑
λ∈Λ\φ

|a(λ)∗a(ω)|,

which we denote by the cumulative intercoherence.
The cumulative coherence µΛ is a quantitative measure

on how closely spaced a set of spectral lines are. If all
frequencies of Λ are sufficiently separated, then for any
ω we will have |a(λ)∗a(ω)| � 1 for all λ ∈ Λ except
one, hence µλ � 1. Figure 2 depicts µΛ where the
dictionary corresponds to Fourier vectors (2) and where
Λ = {0, ω, 2ω, . . . , (L − 1)ω} is equispaced and N = 100,
for the three cases L ∈ {2, 3, 10}.
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Fig. 2. Intercoherence for L ∈ {2, 3, 10} and Λ consisting of L equispaced
frequencies with distance ω. Here N = 100.

We use this to quantify the worst case error in the recovery
(5) in terms of the transportation distance.

Theorem 2: Let x? be a complex measure with finite
support Λ, let ρ? be the corresponding nonnegative measure
obtained via (7), and let w ∈ CN×1 with ‖w‖2 ≤ ε. Then
the optimal solution ρest of (6) with y = Ax? + w satisfies

T̃ (ρest, ρ
?) ≤ 6

(
ε
√
L(1 + µΛ) + µΛ‖x?‖TV

)
,

where µΛ is given by Definition 1 and L = |Λ|.
Note that Theorem 2 generalizes our previous results in

[12] in two directions. Firstly, it gives a bound on the solu-
tions and not just the magnitude of the solutions. Secondly, it
is applicable to a large family of dictionaries, also including
cases where the dictionary is infinite and the measurement
is instead represented by an integral operator.

V. CONCLUSION

Inverse problems of the type considered here are funda-
mental in remote sensing applications, such as radar and
medical imaging. In this work we analyse sparse method that
use TV-regularization for this problem. This method have
empirically been shown to provide high resolution estimates,
but a theoretic foundation for these problems with a highly
coherent dictionary is lacking. Our main contribution in this
work is to provide an error bound for this method by using
a distance inspired by the theory of optimal mass transport.
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Control preserving positivity in

diffusion and population dynamics systems

by M. Tucsnak

University of Bordeaux

1 Introduction

The motivation of this study comes from various infinite dimensional systems
modelling heat propagation, diffusion processes or population dynamics, in
which the state variable is necessarily described by a positive function. Most
of the controllability or stabilization results on these systems neglect these con-
straints so that the controlled trajectories do not necessarily describe physically
or biological relevant situations. In this work we give simple examples, involv-
ing parabolic or transport partial differential equations, for which we are able to
design controls preserving positivity constraints. We show that satisfying such
constraints requires, in general, a large enough controllability time.

We treat below in a quite detailed manner the example of a parabolic equa-
tion controlled from the boundary. We consider here a very basic question
which, as far as we know, has not been explicitly addressed in the literature.
More precisely, given T > 0 we study the possibility of driving the tempera-
ture from a strictly positive constant value to another strictly positive constant
value, using a boundary control which ensures the fact that the temperature is
strictly positive at every point in the domain and at each moment in the time
interval on which our control is active.

Our second motivating example is the so-called McKendrick–Von Foerster
model in population dynamics (see Barbu and Iannelli [1] for an important paper
tackling these models from a control theoretic viewpoint)). For obvious reasons,
when computing a distributed control (which corresponds to harvesting), one
has to ensure the positivity of the state (population in this case) trajectory.
Our aim is to discuss both the spatial homogeneous case and the one when the
spatial diffusion is present in the system. However, the work on this second
type of application requires further developments, so it is not included in this
extended abstract.

1
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2 A heat equation with boundary control

Consider the following system, governed by a parabolic equation with Neumann
boundary control:

∂z

∂t
= ∆z − a(x)z in Ω× (0,∞), (2.1)

∂z

∂ν
= u on ∂Ω× (0,∞), (2.2)

z(x, 0) = K0(x) for x ∈ Ω, (2.3)

where Ω ⊂ Rn, with n ∈ N is an open non-empty open set with smooth boundary
∂Ω and a ∈ L∞(Ω) satisfies

a(x) > a0 > 0 (x ∈ Ω).

In the above systemK0 > 0 is the solution of the elliptic boundary value problem

−∆K0 + aK0 = 0 (x ∈ Ω),

∂K0

∂ν
= u0 on ∂Ω,

for some u0 ∈ L2(∂Ω).
We introduce at this point a second function defined on ∂Ω, denoted by u1

and we denote by K1 > 0 the solution of the elliptic prolem

−∆K1 + aK1 = 0 (x ∈ Ω),

∂K1

∂ν
= u1 on ∂Ω.

The main result in this section states as follows:

Theorem 2.1. With the above notation and assumptions there exists T > 0
and a control function u ∈ L2([0, T ];L2(Γ)) such that the solution z of (2.1)
satisfies the condition

z(T, x) = K1(x) (x ∈ Ω), (2.4)

z(t, x) > 0 (t ∈ [0, T ], x ∈ Ω) (2.5)

Proof. We use a method inspired by the quasistatic deformations approach in-
troduced (at least in an infinite dimensional context) by Coron and Trélat [2].
More precisely, the first step consists in introducing the functions u defined by

u(s, x) = (1− s)u0(x) + su1(x) (s ∈ [0, 1], x ∈ ∂Ω),

so that clearly u(·, 0) = u0 and u(·, 1) = u1. We also introduce the family of
function z : [0, 1]× Ω → R which are solutions of the Neumann problems

−∆z(s, x) + az(s, x) = 0 (s ∈ [0, 1], x ∈ Ω),

2
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∂z

∂ν
(s, x) = u(s, x) (s ∈ [0, 1], x ∈ ∂Ω).

By linearity, we have z(0, x) = K0 and z(1, x) = K1

We next introduce, for every ε > 0 the functions zε :
[
0, 1

ε

]
× Ω → R and

uε :
[
0, 1

ε

]
× ∂Ω → R defined by

uε(t, x) = u(εt, x)

(
t ∈

[
0,

1

ε

]
, x ∈ ∂Ω

)
,

zε(t, x) = z(εt, x)

(
t ∈

[
0,

1

ε

]
, x ∈ Ω

)
.

A simple calculation shows that

∂zε
∂t

= ∆zε − a(x)zε + ε(K1 −K0) (t ∈ [0, 1/ε], x ∈ Ω) (2.6)

∂zε
∂ν

= uε (t ∈ [0, 1/ε], x ∈ Ω), (2.7)

zε(0, x) = K0(x) for x ∈ Ω, (2.8)

Denoting eε = z − zε, vε = u− uε, we have that

∂eε
∂t

= ∆eε − a(x)eε − ε(K1 −K0) (t ∈ [0, 1/ε], x ∈ Ω) (2.9)

∂eε
∂ν

= vε (t ∈ [0, 1/ε], x ∈ Ω), (2.10)

eε(0, x) = 0 for x ∈ Ω. (2.11)

It is not difficult to check that that, given η > 0, we can choose u = uε for
t ∈ [0, 1/(2ε)] and ε small enough to have

∥eε(t, ·)∥L∞(Ω) < η (t ∈ [0, 1/(2ε)]).

Using next estimates on the controllability cost for parabolic equations (see, for
instance [3] and references therein), we obtain that there exists a control vε such
that

∥eε(t, ·)∥L∞(Ω) < η (t ∈ [1/(2ε), 1/ε]),

and
eε(1/ε, ·) = 0,

which ends the proof.

Remark 2.2. A simpler control which could work, at if K0 and K1 are close
enough, is

u(t, x) =
∂K1

∂ν
(t, x).

However, in general we have no guarantee that this control satisfies the positivity
constraint (2.5).

3
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3 An entropy based approach on an 1D example

Consider the boundary control system

∂z

∂t
= zxx in [0, 1]× (0,∞), (3.12)

z(0, t) = u0(t), z(1, t) = u1(t) (t > 0), (3.13)

z(x, 0) = K0 for x ∈ [0, 1]. (3.14)

A natural, in view of applications, problem, can be stated as follows: given
K1 > 0, τ > 0, find u0 and u1 with

z(x, τ) = K1. (3.15)

In this section we propose an entropy based approach which shows, in particular,
that it is unlikely to achieve this goal in an arbitrarily small time. More precisely,
denote by η the entropy of the system which we define by η = ln(z). It is not
difficult to check that if z is a positive sate trajectory of the above system then
η satisfies the equations

∂η

∂t
= ηxx + η2x in Ω× (0,∞), (3.16)

η(0, t) = lnu0(t), η(1, t) = lnu1(t) (t > 0), (3.17)

ln η(x, 0) = lnK0 for x ∈ [0, 1], (3.18)

together with
ln η(x, τ) = lnKτ for x ∈ [0, 1], (3.19)

The by now standard controllability theory of semilinear parabolic equations
implies that there exists fontrols u0 and u1 solving the controllability problem
in some time τ , but this goal cannot be attained in arbitrarily small time.
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Nonlinear Systems, Moments and Moment Completions

Hayoung Choi1, Juan Cockburn2,3, Farhad Jafari∗1,3

Abstract— The standard (nonlinear) problem of optimal
control or variational calculus can be converted into a
(linear) problem over the space of measures. Function
theoretic considerations of the variational problem fur-
ther reduces this problem to a problem of moments with
respect to specific classes of (orthogonal) polynomials.
While semidefinite programming (SDP) methods can be
used to solve this reformulation, analytically this problem
is convertible to finding measures for which some mo-
ments or linear combination of moments are specified
and a functional of other moments is minimized. In
particular, this is a moment completion problem where
not only completions are sought, but a “best” completion
is expected.

I. THE PROBLEM

The following notation will be useful. Let X ⊂ Rn

be compact, K ⊂ X be closed and Σ = [0,T ] × X .
Let x : [0,T ] → Rn be a C 1 map, f : Σ → X be a
smooth vector field. Then the Cauchy problem has a
unique absolutely continuous solution with values in
X . As usual, C (Σ) is the Banach space of continuous
functions with sup norm, h ∈ C (Σ), M (Σ) = C (Σ)?

is the space of finite signed measures with total
variation norm, and M (Σ)+ is the positive cone of
non-negative measures in M (Σ).

Let us consider the following Cauchy problem (the
general variational calculus problem): Given x0

inf
x0∈X

∫ T

0
h(t ,x(t )|x0)d t ,

s.t.
dx

d t
= f (t ,x(t )) a.e. on t ∈ [0,T ]

x(s) ∈ X a.e. s ∈ [0,T ]

(1)

Here the minimization is with respect to the tra-
jectories in X with a given x(0, X ). We view x0 as
a random variable on X with probability measure
µ0 ∈ M (X )+, where the measure µ0 is transported
by the ODE. Then, the variational problem seeks a
measure satisfying certain moment conditions that

* Corresponding author
1 Department of Mathematics, University of Wyoming, Laramie, WY

82071, USA. Hchoi@uwyo.edu
2 Department of Computer Engineering, Rochester Institute of Tech-

nology, Rochester, NY 14623, USA. juan.cockburn@rit.edu
3 Institute for Mathematics and its Applications, Minneapolis, MN

55455, USA. FJafari@uwyo.edu

minimizes a linear combination of its moments (the
Lagrangian). For A×B ⊂Σ a Borel set, define

µ(A×B |x0) :=
∫

A
IB (x(t )|x0)d t .

µ(A×B |x0) measures the time spent by the trajectory
(t ,x(t )|x0) in the set A×B . Then for v ∈C (Σ)∫ T

0
v(t ,x(t )|x0)d t =

∫ T

0

∫
X

v(t , x)µ(d t ,d x|x0).

For w ∈C 1(Σ), define

A w(t , x) := ∂w

∂t
(t , x)+〈 f (t , x), w(t , x)〉

and the Liouville operator L : C 1(Σ) →C (Σ)×C (K )

L w := (A w, wT ), (2)

where wT = w(T, x). We note that the dual of the
Liouville operator is

〈v,L ?µ〉 = 〈L v,µ〉

=
∫ T

0

∫
X

L v(t , x)µ(d t ,d x|x0),

L ?µ=−∂µ
∂t

−
n∑

i=1

∂( fiµ)

∂xi

=−∂µ
∂t

−div( f µ).

Denoting by µ0 ∈M (X )+ the initial measure, and by
µT ∈M (X )+ the terminal measure, by the Fundamen-
tal Theorem of Calculus (FTC) and the definition of
the Liouville operator we have∫

X
v(T, x)µT (d x|x0) =

∫
X

v(0, x)µ0(d x|x0)+∫ T

0

∫
X

L v(t , x)µ(d t ,d x|x0),

or in simpler notation

〈v,Λ?µ〉 = 〈v,µT 〉−〈v,µ0〉.

That is,
∂µ

∂t
+div( f µ) =µ0 −µT . (3)

Hence, the nonlinear dynamical system is converted
to a linear partial differential equation (PDE).
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Theorem 1: [1], [2] The variational calculus problem
in (1) is equivalent to

inf
∫
Σ

h(t , x)µ(d t ,d x|x0)

s.t.
∂µ

∂t
+div( f µ) =µ0 −µT

〈1,µ0〉 = 1

(4)

where the infimum is with respect to the measures µ,
µ0, µT and T .

For an autonomous systems, where h and f do not
depend explicitly on t , this becomes

inf 〈h,µ〉
s.t. div( f µ) =µ0 −µT

〈1,µ0〉 = 1
(5)

It is important to note that if h and f in (5) are
polynomials, these are moment statements.

Example 1: The following simple example illustrates
this reformulation in simple terms. An abstract non-
linear variational problem can be cast in the following
form: find µ such that

p? = inf
µ∈M+

〈x2,µ〉

s.t. −∂(xµ)

∂x
=µ0

〈1,µ0〉 = 1

where µ0 is a given measure.

II. MOMENTS AND MOMENT COMPLETIONS

Let A be a (commutative) algebra of complex-valued
functions on Rn such that 1 ∈ A , and if f ∈ A , then
f ∈A . A linear map L : A →C is positive semidefinite
if L( f f ) ≥ 0 for all f ∈A . We assume L(1) > 0. If A is
the algebra of polynomials in Rn and L(tα) = γα, then
{γα} is positive (semi)definite if the associated linear
map Lγ is positive (semi)definite.

Also (γα) is a moment sequence if L is a moment
map, i.e., if there exists a positive measure µ on Rn

such that

L( f ) =
∫

f dµ ∀ f ∈A .

If the domain Rn is replaced by Tn , the n-dimensional
torus, this is the trigonometric moment or the
Carathéodory problem.

We want to characterize those positive semidefinite
maps that are moment maps and satisfy the con-
straints given by the flow (the Liouville equation) and
among the feasible solutions, minimize certain linear
combination of moments, i.e., if (ν) is a moment

multisequence in Rn or Tn , and c is a scalar vector,
find

inf
ν∈Mn

〈c,ν〉
s.t. Aν=β

ν0 = 1

(6)

where M n+ is the cone of moment sequences.

A pattern is completable if for any positive
(semi)definite sequence at those locations (i.e., the
Hankel or Toeplitz submatrices, is extendable to pos-
itive (semi)definite sequences.

In [3] we characterize the positive definite and pos-
itive semidefinite completable and non-completable
patterns for Hankel matrices and give results on the
uniqueness of these completions. The corresponding
results for Toeplitz matrices are described by [4].

While positive definiteness of a sequence is necessary
and sufficient for it to be a moment sequence on R,
in Rn positive definiteness is no longer sufficient. The
following striking result gives an algebraic condition
for a multisequence to be a moment sequence.

Theorem 2: [5] Let (γα),α ∈ Nn
0 be an n-sequence of

real numbers. Then (γα) is a moment multisequence
if and only if there exists an (n + 1) − d positive
semidefinite multisequence (δ(α,k)) such that

(i) δ(α,0) = γα
(ii) δ(α,k) = δ(α,k+1) +

∑n
j=1δ(α+2e j ,k+1)

γ has a uniquely determined representing measure if
and only if δ is unique.

We shall say that the (n+1)-multisequence (δ(α,k)) has
the PV-property if (i) and (ii) hold. The complexity of
the PV-property makes the extension of a moment
multisequence satisfying (6) rather formidable. It is
useful to note

Theorem 3: [6] If (γα) ∈Mn , then (γdα) is a moment
multisequence, where dα= (d1α1, · · ·dnαn).

With the above completion and submoment results,
and many additional results of this type in [7], the
variational problem may be converted to completing
moment sequences in such a way that certain func-
tionals of the moments are minimized. Here, we focus
our attention on the Carathéodory moment problem,
where the measures are supported on the unit circle
T or the n-torus Tn . For compact domains in Rn ,
as it is frequently the case in the variational setting,
the Carathéodory problem and the real polynomial
problem are interchangeable (see [8], p. 133-134).

III. THE TRIGONOMETRIC MOMENT PROBLEM

It is well known that the space of moment sequences
for positive measures with support on T are in one-
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to-one correspondence with the Carathéodory class
C of holomorphic functions with non-negative real
parts on the open unit disk D. The Liouville equa-
tion specifies various coefficients of the Taylor series
of these functions. Thus, the minimization problem
reduces to finding lower bounds on some linear
combination of coefficients of these functions when
certain coefficients are specified. This is clearly a
problem in function theory and one that ties readily
to the work of Cauchy, Bieberbach, Beurling, Szegö,
Verblunsky, Simon and many others (see [9] and
references therein, for example). This synthesis is a
variation on the Carathéodory-Toeplitz-Fejér interpo-
lation problem.

We begin with the scalar Carathéodory-Toeplitz (CT)
interpolation problem that can be stated as follows:

Carathéodory-Toeplitz interpolation. Find a function
φ(z) ∈C such that

φ(z) = a0 +a1z +a2z2 +·· ·+an zn +O(zn+1)

This problem can be reduced to a trigonometric
moments problem using the Riesz-Herglotz theorem
[10]. Assuming φ(0) = 0, z ∈ D, and expanding in a
power series

φ(z) =
∫
T

e iθ+ z

e iθ− z
dµ(θ)

= γ0 +2γ1z +2γ1z2 +·· ·+2γk zk +·· ·
where µ is a positive Borel measure on the unit
circle T and γk are the trigonometric moments of the
measure µ

γk =
∫ π

−π
e−i kθdµ(θ), k ∈Z, γ−k = γk .

The positive measure can be recovered from φ(z)
using

µ(A) = lim
r↑1

∫
A
ℜ

{
φ(r e iθ)

}
dθ, (7)

for any Borel set A in [−π,π].

The theorem below, based on [10], characterizes the
solutions to the Carathéodory-Toeplitz problem in
terms of the positivity of certain moments matrices.
This characterization is particularly useful for our
optimization problem.

Theorem 4: Let T (γ) = (γi− j )n
i , j=0 denote the Hermi-

tian Toeplitz matrix with first column given by γ =
(γ0,γ1, . . . ,γn) where γ is a vector of moments asso-
ciated with the interpolation data a = (a0, a1, . . . , an).
Then the Carathéodory-Toeplitz interpolation problem

i) Has a solution if and only if T (γ) ≥ 0,
ii) Has infinitely many solutions if and only if T (γ) >

0,

iii) Has a unique solution if and only if T (γ) is
singular.

The solution to the Carathéodory-Toeplitz interpola-
tion problem can be obtained using the Layer Peeling
Algorithm in [11] (Chaper 1).

The relation between moments, measures and poles
of the Carathéodory interpolants is summarized in the
following theorem (see [7], for example). To simplify
notation denote a polynomial v(z) =∑n

k=0 vk zk by its
vector of coefficients v ∈Cn+1.

Theorem 5: Let γ= (γ0, . . . ,γn) be a vector of the first
n trigonometric moments of a positive measure µ on
T and T (γ) be its associated moment matrix. Assume
that T (γ)p = 0 and p spans the kernel of T (γ). Then

i) The roots of p(z), {αi }n
0 ⊂T and are all distinct.

ii) The moments are given by γk =∑n
j=1ρ jα

k
j , where

ρ j = v j
∗T (δ)v j > 0 (8)

and v j is the vector of coefficients of the Lagrange
basis polynomial associated with α j given by

v j (z) =
n∏

i=1, j 6=i

z −αi

α j −αi
. (9)

iii) The measure µ can be chosen as

µ=
r∑

j=1
ρ jδαi , r = rankT (βsγ). (10)

Theorem 5 gives a constructive procedure to recover
a measure from its moment matrix.

It is often the case that the support of the measures
µ must be constrained to subsets of the unit circle.
A less known result in [10] characterizes measures on
disconnected linear compact sets of T (see Theorem
2.3, p. 295). Here we give only the simplest case when
the support is [−τ,τ] ⊂ [−π,π].

Theorem 6: [10] The sequence {γk }n
0 admits a repre-

sentation of the form

γk =
∫ τ

−τ
e−i kθdµ(θ)

if and only if (γi− j )n
i , j=0 ≥ 0 and

(γi− j+1)n−1
i , j=0 −2cos(τ) (γi− j )n−1

i , j=0 + (γi− j−1)n−1
i , j=0 ≥ 0.

Note that the additional positivity condition can be
interpreted as induced by the localization polynomial

p(z, z) = z −2cos(τ)+ z, z ∈T.

For measures with support on T, the scalar moment
problem corresponding to (6) can be posed as a
semidefinite program (SDP) over the cone of positive
semidefinite Toeplitz matrices. If the corresponding
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SDP problem has a solution, a positive measure
can be recovered either by solving the Carathéodory-
Toeplitz interpolation problem or directly from the
Toeplitz matrices using Theorem 5.

IV. NUMERICAL EXAMPLE

Consider the problem of finding moment sequences
γ,γo and γT associated with probability measures,
µ, µo and µT with support in X , Xo and XT , respec-
tively, and minimize a linear function of the moments
subject to linear equality constraints (imposed by the
Liouville equations).

inf
T (γ),T (γ0),T (γT )∈Σ+

〈w ,γ〉
s.t. Aγ=γ0 −γT

< γ0,1〉 = 1
< γ,1〉 = 1
supp(µ) = X
supp(µo) = Xo

supp(µT ) = XT .

For illustration purposes let,

X =[−π,π], Xo = [−π/3,π/3], XT = [−π/4,π/4],

w = (0,4,1,0, . . .),

A = diag(0,1,2, . . . ,n).

The truncation order n (the size of the moment
vectors is n+1) must be chosen large enough to make
the solution unique, when possible. This will occur
when the matrices T (γ), T (γ0) and T (γT ) are all rank
deficient indicating that the corresponding moments
are representing.

This SDP problem can be solved numerically in Mat-
lab using CVX [12] which will call an SDP solver of
our choice (see the partial listing 1).

For n = 4, the problem results in a SDP problem with
66 variables and 9 equality constraints and was solved
using SDPT3 4.0 [13] in 21 iterations. The optimal
value is −1.45657. The moments vectors are

γ= (1.0000,−0.2761,−0.3523,−0.1805,0.1041),

γo = (1.0000,0.5000,−0.5000,−1.0000,−0.5000),

γT = (1.0000,0.7761,0.2046,−0.4585,−0.9163)

and the matrix ranks (up to numerical precision)

rankT (γ) = 4, rankT (γ0) = 2, rankT (γT ) = 2.

Since all the matrices are rank deficient the solution
(to the interpolation problem) is unique and the
moments are representing. The measures extracted
from these moments are shown in the table below
and are also shown graphically in Fig. 1.

Listing 1. CVX transcription of SDP problem
cvx_begin sdp
variable T(n+1,n+1) symmetric toeplitz semidefinite
variable To(n+1,n+1) symmetric toeplitz semidefinite
variable Tf(n+1,n+1) symmetric toeplitz semidefinite
minimize( w’* T(:,1) )
subject to
%% Louiville flow constraints
A* T(:,1) == To(:,1) - Tf(:,1);

%% Probability measures constraints
To(1,1) == 1;
T(1,1) == 1;

%% Support constraints (localication matrices)
% For mu_0: tau = 1/3*pi;

To(1+1:end,0+1:end-1) ...
+ To(0+1:end-1,1+1:end) ...
- 2*cos(1/3*pi) * To(0+1:end-1,0+1:end-1) >= 0;

% For mu_T: tau = 1/4*pi;
Tf(1+1:end,0+1:end-1) ...

+ Tf(0+1:end-1,1+1:end) ...
- 2*cos(1/4*pi) * Tf(0+1:end-1,0+1:end-1) >= 0;
end

cvx_end

θ/π

-1
.0

0
-0

.8
1

-0
.4

5

0
.0

0

0
.4

5

0
.8

1
1
.0

0

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

µ(θ)

θ/π

-1
.0

0

-0
.3

3

0
.0

0

0
.3

3

1
.0

0

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

µ0(θ)

θ/π

-1
.0

0

-0
.2

2

0
.0

0

0
.2

2

1
.0

0

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

µT (θ)

Fig. 1. Measures for moments problem

The corresponding holomorphic functions associated
with each measure are

f (z) = −0.5(z +1)(z −1)(z2 +0.7624z +1)

(z2 +1.658z +1)(z2 −0.3435z +1)
,

fo(z) = −0.5(z −1)(z +1)

z2 − z +1)
,

fT (z) = 0.5(z −1)(z +1)

(z2 −1.552z +1)
.

It can be verified that the angle of the poles of the
above function are the same as those reported in the
Table I. For illustration purposes the pole-zero plot of
f (z) is also shown in Fig. 2. Note that all the poles
are on the unit circle, as expected.
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µ: θ/π -0.8111 -0.4451 0.4451 0.8111
ρ 0.2237 0.2763 0.2763 0.2237

µ0: θ/π -0.3333 0.3333
ρ 0.5000 0.5000

µT : θ/π -0.2172 0.2172
ρ 0.5000 0.5000

TABLE I

DIRAC MEASURES
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Fig. 2. Pole-Zero plot of f (z)

V. THE POLYDISC CASE

Recall that a continuous complex function u is n-
harmonic in the open unit polydisc Dn ⊂ Cn if u is
harmonic in each variable separately. If we let

P (z, w) =
n∏

i=1

1− r 2
i

1−2ri cosθi + r 2
i

where z = (z1, · · · , zn), |zi | < 1, z j = r j e iθ j , w ∈Tn , then
clearly P (z, w) > 0,∫

Tn
P (z, w)dmn(w) = 1,

and
P (z, w) =∑

r |k1|
1 · · ·r |kn |

n e i k·(θ−ϕ).

In analogy with the one variable case, the Riesz-
Herglotz representation theorem for nonnegative n-
harmonic functions in Dn guarantees the existence of
a unique nonnegative Borel measure µ on Tn such
that

u(z) =
∫
Tn

P (z, w)dµ(w).

We also note that if the Fourier coefficients of µ vanish
outside Zn+, then u is holomorphic. However, for
n > 1, there is a distinction between real n-harmonic
functions and real parts of holomorphic functions. For
example, r1r2 cos(θ1 −θ2) is 2-harmonic in D2 but is
not the real part of a holomorphic function, whereas

r1r2 cos(θ1 + θ2) = ℜ(z1z2). Rudin ([14], Chapter 2)
shows the following:

Theorem 7: If µ is a real measure on Tn , then the
Poisson integral of µ is a real part of holomorphic
function in Dn if and only if the Fourier coefficients
of µ are 0 for all k outside Zn+ ∪ (−Zn+). If f is a
nonnegative lower semicontinuous function on T n

and f ∈ L1(Tn), then there is a nonnegative singular
measure σ on Tn such that the Poisson integral of
f −dσ is the real part of a holomorphic function in
Dn .

This result suggests that, up to perturbation by a
singular measure, a nonnegative lower semicontin-
uous function on the n-torus is the real part of a
holomorphic function in the polydiscs. Unfortunately,
by Tchakaloff’s theorem [15], since truncated moment
sequences are induced by singular measures, this per-
turbation is critical for the sought after interpolation.

At the sake of being redundant, we pose the
Carathéodory moment problem for the polydisc and
the completion problem associated with this problem.
This is, given a set S ⊂Zn+, and (cα)α∈S , find a holo-
morphic function on the polydisc F with nonnegative
real part for which (cα)α∈S and (cα)α∈−S are the
corresponding Fourier coefficients.

Using the one-variable proof of this theorem, and
Theorem 7, which imposes an essential difference
between n-harmonic functions in polydiscs to be the
real part of holomorphic functions and the case of
the disc, it is easy to verify

Theorem 8: If S is the lattice of integers, with the
absolute value of each component less than k, in the
first and third orthants, then F has a positive real part
if and only if for every ζ ∈C

k∑
|α|,|β|=0

cα−βζαζβ ≥ 0,

where c−α = cα and c0 = c + c, and F (z) = c +∑k
|α|=1 cαzα.

In particular, necessity and sufficiency of the positive
definiteness of the Fourier coefficients of F on Tn

for existence of a holomorphic function with positive
real part on polydiscs guarantees, by duality, that any
positive polynomial on the n-torus is a sum of squares
of polynomials. Conversely, this result can be obtained
from the latter (see [8], Theorem 4.11).

Now the variational problem takes the following form:
Given S ⊂ Zn+, and (cα)α∈S satisfying a linear con-
straint, find all admissible finite completions of this
sequence that preserve positive definiteness of the
multisequence.
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In one-variable, [16] shows that when a partial pos-
itive definite matrix is banded, i.e. a j k is specified
for | j − k| ≤ m, then positive definite completions
necessarily exist, and the extension with largest deter-
minant is necessarily a Toeplitz matrix. However, [4]
shows that this strong existence result fails in general
if the specified data is not banded. While positive
definite completions may exist, for the matrix to cor-
respond to a holomorphic function with positive real
part, we are only interested in the Toeplitz extensions
of the partially specified matrices. Interestingly, the
existence of positive definite extensions for Toeplitz
matrices is fully answered by [17] in D2. To state
their result, let R(m,n) = {0,1, . . . ,m}× {0,1, . . . ,n}, and
S(1,n) = R(1,n) \ {(1,n)}.

Theorem 9: [17] All finite subsets of Z2 which possess
the extension property are either isomorphic to sets
of the form R(0,n), R(1,n) or S(1,n), n ≥ 0, or are
obtained by the translation of any of these sets by a
vector with integer coefficients.

The linear constraint on the Fourier coefficients of
the measure given by the Liouville equation can be
absorbed in the above construction. A simple example
here would make this idea more transparent.

Example 2: Consider the following 2-dimensional
variation of Example 1. Let a scalar-valued matrix A
impose a linear contraint on the Fourier coefficients
of a nonnegative finite Borel measure µ on T2 be-
longing to R(1,n). That is, let A ∈Rp×2(n+1), p < n, c =
(c0,0, · · · ,c0,n ,c1,0, · · · ,c1,n)T and a (data) vector Λ ∈Rp

be given such that
Ac =Λ. (11)

This gives a linear constraint on the Fourier co-
efficients c0,0, · · · ,c0,n ,c1,0, · · · ,c1,n and it reduces the
dimensionality of the feasible coefficients (c) to 2(n+
1)−p. If there is a feasible positive definite solution for
this problem satisfying (11), then by Theorem 9, since
R(1,n) has the extension property, this sequence can
be extended. Among all such extensions, there will be
a solution of the minimization problem.

VI. CONCLUSION

Highly nonlinear problems of variational calculus and
optimal control can be recast as extremal moment
problems subject to linear constraints. While moment
problems have received a great deal of attention for

more than a century, moment extensions and, in
particular, constrained moment extension problems
have not been treated extensively. In this paper, we
trace this development and use some recent results
on the Riesz-Carathéory interpolation problem and
moment extensions in one and several variables to
highlight this approach. This translation seems to
raise new questions on moment problems on the
torus that will require further investigation.
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Distributed Optimization with Multi-Agent Gradient Information

Kiran S. Sajjanshetty and Sekhar Tatikonda

Abstract— We propose a distributed optimization model
wherein agents exchange gradient information along with their
states to minimize a sum of convex functions. It is shown
that the local state update equations converge to the classical
gradient descent algorithm if an agent’s degree information is
also transmitted. Theoretical results showing the convergence
rate estimates for the proposed update rule are provided.
Simulation examples with various fixed graph structures are
shown which indicate significant improvement in the speed of
convergence when compared to the model which uses just the
state information of its neighbors.

Index Terms - Distributed optimization, convex functions,
gradient descent, fixed graph structure.

I. INTRODUCTION

A variation of the multi-agent distributed optimization
problem introduced by Nedic and Ozdaglar [1] is examined
in this paper. As in the model introduced in [1], it is
assumed that the agents are connected to each other via
a graph and that neighbors exchange state information. In
addition, the neighbors are also allowed to exchange gradient
information. From a communication point of view, it can
be seen that two vectors are essentially being sent at every
time, hence doubling the information transmitted between
neighbors. From a computational point of view there is
very little extra work. In the original model the gradients
have already been computed to perform the local updates.
In the variation introduced in this paper, the gradients are
transmitted between neighbors and the local update equation
is modified accordingly to reflect this information. See (2)
below. The proof of convergence follows similarly to [1] [2]
[3] [4] with a few changes as described below. We show, via
simulation, that the addition of gradient information leads to
much faster convergence rates of the algorithm.

II. PROBLEM FORMULATION

Consider the following unconstrained minimization prob-
lem [5]:

minimize
m∑
i=1

fi(x) subject to x ∈ Rn (1)

where each fi : Rn → R is a continuously differentiable
convex function. It is required to solve the above mentioned
minimization problem cooperatively by a group of m
agents, with each agent i having knowledge of just
one component function fi. This task is performed by

K. Sajjanshetty is with the Department of Electrical Engineering, Uni-
versity of Southern California, Los Angeles, CA -90089, USA (e-mail:
sajjansh@usc.edu).
S. Tatikonda is with the Department of Electrical Engineering, Yale Univer-
sity, New Haven, CT - 06511, USA (e-mail: sekhar.tatikonda@yale.edu).

exchanging information between agents which communicate
with each other over time. The optimal value of the function
is denoted as f∗ and the optimal solution set is denoted by
X∗, where X∗ = {x∗|

∑m
i=1 fi(x) = f∗}.

The following assumptions are made about the neighbor
graph of agents.

Assumption 2.1: The neighbor graph (V,E), where V
is the set of all agents and E denotes the set of pairs of
communicating agents, is assumed to be time-invariant
(fixed).

Assumption 2.2: The graph (V,E) is assumed to be
connected.

Every agent i maintains an estimate of the optimal solution
denoted by xi(k) ∈ Rn where k denotes time. It updates this
state at every instant by combining its own information with
that received from its neighbors. The update rule adopted by
every agent i is as follows,

xi(k + 1) =

m∑
j=1

aijxj(k)− αi(k)

m∑
j=1

bij∇fj(k) (2)

where the scalar aij is the weight that agent i assigns
to the information xj obtained from a neighboring agent
j. There exists a scalar η with 0 < η < 1 such that
aij ≥ η for all agents j communicating with agent i,
otherwise aij = 0. Similarly, the scalar bij is the weight that
agent i assigns to the gradient information ∇fj(k), where
∇fj(k) = ∇fj(xj(k)) corresponding to neighbor j. The
scalar bij is chosen as follows,

bij =

{
m

|N (j)|+1 , if agents i and j are communicating

0, otherwise
(3)

where N (j) denotes the set of neighbors of agent j
(excluding itself) and |N (j)| denotes its degree. It is not
necessary for agent i to know its neighbor’s neighbors i.e.
N (j) corresponding to every neighbor j. This information
can be transmitted to i by its neighbor j in the form ∇fj(k)

|N (j)|+1
instead of just transmitting the gradient information. The
choice of scalars bij will be become clear later in this section.
The row vector ai = [ai1, ai2, . . . , aim] is stochastic, i.e.,∑m
j=1 aij = 1 and the scalar αi(k) > 0 is the stepsize used

by agent i at time k. In order to simplify the analysis, the
stepsize used by every agent i is assumed to be the same,
αi(k) = α(k), ∀i. The update equation indicates that every
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agent receives gradient information ∇fj(k) along with the
state information xj from its neighbors. This results in faster
convergence to the optimal when compared to just the state
information transfer xj as in [1]. The evolution of xi(k) from
time t = 0 can be represented in a compact form as follows,

xi(k) =

m∑
j=1

[Ak]ijxj(0)

−
k∑
s=1

m∑
j=1

m∑
l=1

α(s− 1)[Ak−s]ij [B]jl∇fl(s− 1)

(4)

where A ∈ Rm×m is a matrix of rows ai for i = 1 to
m, hence is row-stochastic. The scalar [A]ij represents the
entry in i-th row and j-th column. Similarly, B ∈ Rm×m
represents a matrix of rows bi = [bi1, bi2, . . . , bim] for i = 1
to m. It can be easily verified that 1TB = m1T where
1T ∈ R1×m is a row vector with every entry equal to 1.
Some qualitative properties associated with the matrix A
are discussed below.

Property 2.1 [1]: Let the weights aij be chosen as given
above. Then we have, [Am−1]ij > ηm−1 for all i, j, where
m is the number of agents.

Property 2.2 [1]: The limit Ā = limk→∞Ak exists and
has identical rows with positive elements.

Property 2.3 [1]: If the matrix A is doubly stochastic,
then the entries [Ak−s]ij converge to 1

m as k → ∞ with a
geometric rate for all i, j and s with k ≥ s,

‖[Ak−s]ij −
1

m
‖ ≤ 2

1 + η−N0

1− ηN0
(1− ηN0)

k−s
N0

where N0 = m− 1.

Assume that the matrix A is doubly stochastic. From
property 2.3, it is clear that, if the agents cease to compute
their gradients after sometime , say for k ≥ k̄, then the
agent’s updates asymptotically converge to a common limit.
This is true for the choice of the entries in the B matrix.
This common limit depends on all the past state updates of
the agents. Taking limit on both sides of (4), we get,

lim
k→∞

xi(k) =

m∑
j=1

lim
k→∞

[Ak]ijxj(0)

−
k̄∑
s=1

m∑
j=1

m∑
l=1

α(s− 1) lim
k→∞

[Ak−s]ij [B]jl∇fl(s− 1) (5)

Let the common limit vector be denoted by y(k̄), which is
given by,

y(k̄) =
1

m

m∑
j=1

xj(0)− 1

m

k̄∑
s=1

m∑
j=1

m∑
l=1

α(s−1)[B]jl∇fl(s−1)

Since
∑m
j=1[B]jl = m for all l, we further get,

y(k̄) =
1

m

m∑
j=1

xj(0) −
k̄∑
s=1

m∑
l=1

α(s − 1)∇fl(s − 1)

Re-indexing the above equation using k, we obtain,

y(k) =
1

m

m∑
j=1

xj(0) −
k∑
s=1

m∑
l=1

α(s − 1)∇fl(s − 1)

y(k + 1) = y(k)− α(k)

m∑
l=1

∇fl(k) (6)

The choice of the scalars bij is now justified since the
above equation looks exactly like the classical gradient
descent algorithm [6] even when the neighbor graph is
connected, except for the fact that ∇fl(k) = ∇fl(xl(k)) 6=
∇fl(y(k)). As already mentioned, y(k) is a vector that the
agents would asymptotically agree to if they were to cease
computing their local gradients, but continue to transmit their
states for combining information. In other words, y(k) can
be viewed as a global summary of the state of computation
at time k and xi(k) as the local state of computation [7].

III. CONVERGENCE RESULTS

The distance between a vector y and the set X∗ is given
by,

dist(y,X∗) = inf
x∗∈X∗

‖y − x∗‖ (7)

where ‖.‖ denotes the standard euclidean norm.

Let f(x) =
∑m
i=1 fi(x), dj(k) = ∇fj(xj(k)) and gj(k)

= ∇fj(y(k)) for all j = 1, . . . , m and all k ≥ 0.

Lemma 3.1: Let the sequence y(k) be generated by the
iteration (6). When the optimal solution set X∗ is nonempty,
we have for k ≥ 0,

dist2(y(k + 1), X∗) ≤ dist2(y(k), X∗)

+ 2α(k)

m∑
l=1

(‖dl(k)‖+ ‖gl(k)‖)(‖y(k)− xl(k)‖)

− 2α(k)[f(y(k))− f∗] + α2(k)

m∑
l=1

‖dl(k)‖2 (8)

Proof : Using (6), we obtain for any x ∈ Rn and all k ≥ 0,

‖y(k + 1)− x‖2 ≤ ‖y(k)− x‖2

− 2α(k)

m∑
l=1

dl(k)T (y(k)− x) + α2(k)

m∑
l=1

‖dl(k)‖2 (9)

From the proof of Lemma 5 in [1], we have,

dl(k)T (y(k)− x)

≥ −(‖dl(k)‖+ ‖gl(k)‖)(‖y(k)− xl(k)‖
+ fl(y(k))− fl(x) (10)

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

76



Substituting (10) in (9), we get,

‖y(k + 1)− x‖2 ≤ ‖y(k)− x‖2

+ 2α(k)

m∑
l=1

(‖dl(k)‖+ ‖gl(k)‖)‖y(k)− xl(k)‖

− 2α(k)(f(y(k))− f(x)) + α2(k)

m∑
l=1

‖dl(k)‖2 (11)

By letting x ∈ X∗ and taking the infimum over x ∈ X∗
on both sides of (11), we get,

dist2(y(k + 1), X∗) ≤ dist2(y(k), X∗)

+ 2α(k)

m∑
l=1

(‖dl(k)‖+ ‖gl(k)‖)(‖y(k)− xl(k)‖)

− 2α(k)[f(y(k))− f∗] + α2(k)

m∑
l=1

‖dl(k)‖2 (12)

�
The convergence results that follow are based on the

following assumption.

Assumption 3.1(Gradient boundedness): There exists a
scalar L > 0 such that

max{‖dj(k)‖, ‖gj(k)‖} ≤ L

where dj(k) = ∇fj(xj(k)) and gj(k) = ∇fj(y(k)) for all
j = 1, 2, . . . ,m and all k ≥ 0.

The convergence results are presented in the theorem
below. The convergence rate between the agents update
and the common limit vector depends on convergence of
powers of the doubly stochastic matrix, A. As seen in the
previous section, this rate is geometric. A uniform upper
bound between f(ŷ(k)) and f∗ is provided where ŷ(k) is
defined as follows,

ŷ(k) =
1

k

k−1∑
h=0

y(h) (13)

Theorem 1 [Main result]: Let assumption 3.1 hold and
assume that the step size α(k) is such that

α(k) > 0, lim
k→∞

α(k) = 0,

∞∑
k=0

α(k) =∞.

Let xj(0) denote the initial state vector of agent j with

max
1≤j≤m

‖xj(0)‖ ≤ α(0)L.

Then, for the sequences y(k) and xi(k) generated by the
iterations (6) and (4) respectively, we have :
(a)

‖y(k)− xi(k)‖ ≤ 2α(0)LmC1 (14)

for all i ∈ {1, 2, . . . ,m}, where C1 =
1+η−N0

1−ηN0

1

1−(1−ηN0 )
1

N0

(b)

f(ŷ(k))−f∗ ≤ dist2(y(0), X∗)

2kα(k)
+
mα(0)L2

2
+C (15)

where ŷ(k) is the averaged vector given by (13) and
C = 8m2L2α(0)C1

2 .
Proof :

(a) Equation (6) can be written as follows,

y(k) = y(0)−
k∑
s=1

m∑
l=1

α(s− 1)∇fl(s− 1) (16)

for all k ≥ 1 where y(0) = 1
m

∑m
j=1 xj(0).

Using (16) and (4), we get the following,

‖y(k)− xi(k)‖ ≤ ‖
m∑
j=1

(
1

m
− [Ak]ij)xj(0)

−
k∑
s=1

m∑
l=1

α(s− 1)∇fl(s− 1)

+

k∑
s=1

m∑
j=1

m∑
l=1

α(s− 1)[Ak−s]ij [B]jl∇fl(s− 1)‖

On simplifying the above equation we get,

‖y(k)− xi(k)‖ ≤ max
1≤j≤m

‖xj(0)‖
m∑
j=1

|( 1

m
− [Ak]ij)|

+‖
k∑
s=1

m∑
l=1

(1−
m∑
j=1

[Ak−s]ij [B]jl)α(s−1)∇fl(s−1)‖

Using the assumption max1≤j≤m ‖xj(0)‖ ≤ α(0)L and
property 2.3, we get the following,

‖y(k)− xi(k)‖ ≤ 2α(0)Lm
1 + η−N0

1− ηN0
(1− ηN0)

k
N0

+ α(0)Lm

k∑
s=1

2

(
1 + η−N0

1− ηN0

)
(1− ηN0)

k−s
N0

Therefore,

‖y(k)− xi(k)‖ ≤ 2α(0)LmC1 (17)

where C1 = 1+η−N0

1−ηN0

1

1−(1−ηN0 )
1

N0

.

(b) From Lemma 3.1 and assumption 3.1, we get,

dist2(y(k + 1), X∗) ≤ dist2(y(k), X∗)

+ 4α(k)L

m∑
l=1

(‖y(k)− xl(k)‖)

− 2α(k)[f(y(k))− f∗] + α2(k)L2m

Substituting (17) in the above equation, we get,

dist2(y(k + 1), X∗) ≤ dist2(y(k), X∗)

+ α(k)L2m(8mC1α(0) + α(k))

− 2α(k)[f(y(k))− f∗]
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Rearranging the terms of the above equation, we get,

f(y(k))− f∗ ≤ dist2(y(k), X∗)− dist2(y(k), X∗)

2α(k)

+
L2mα(0)(1 + 8mC1)

2

By taking the average of the preceding equation over k
time instants, we get,

1

k

k−1∑
h=0

f(y(h))− f∗ ≤ dist2(y(0), X∗)

2kα(k)

+
L2mα(0)

2
+

8m2L2α(0)C1

2

Therefore,

f(ŷ(k))−f∗ ≤ dist2(y(0), X∗)

2kα(k)
+
mα(0)L2

2
+C (18)

where ŷ(k) is the averaged vector given by (13) and
C = 8m2L2α(0)C1

2 .
�

As seen from part (a) of the above theorem, the error
between y(k) and xi(k) for all i is bounded above by a
constant proportional to the initial stepsize α(0). Therefore,
smaller initial stepsize guarantees smaller error between y(k)
and xi(k). In part (b), the error between f(ŷ(k)) and f∗ has
three additive terms. The first term is inversely proportional
to the stepsize α(k) and time k. The second and third
term are proportional to α(0), L and m. The error between
f(ŷ(k)) and f∗ for the proposed model is smaller than the
model that exchanges just the state information [1]. The error
is reduced by a factor of m in the first term.

IV. SIMULATION RESULTS

Exchanging gradient information along with the state
information results in faster convergence to the optimal point
when compared to just exchanging state information. The
examples in this section validate this claim. Simulations
were performed with various fixed graph structures: line, grid
and random graphs. For simplicity, the method described in
this paper is denoted as M1 and the method with just the
state information transfer is denoted as M2. A diminishing
stepsize rule was used in the examples presented below along
with the following cost function,

f(x) =

m∑
i=1

fi(x)

fi(x) =
1

2
xTQix− biTx (19)

where Qi is a positive definite matrix. In this paper, we
consider x ∈ R2 and the following forms of Qi and bi,

Qi =

[
m+ 0.5− i 0

0 0.5i

]
bi =

[
i−m/2

0.1i

]
(20)

The terms ex(k) and ef(x)(k) are defined as follows,

ex(k) =

m∑
i=1

‖xi(k)− x∗‖

ef(x)(k) =‖
∑m
i=1 fi(xi(k))− f∗‖

(21)

A. Line graph

. . .  
1 2 3 m

Fig. 1: Line Graph

A neighbor graph with a line structure as shown in Fig. 1
is chosen with m = 10 agents. For this case, the theoretical
optimal point is x∗ = [ 0.1

0.2 ] and the optimal cost is f∗ =
−0.8. The quantities ex(k) and ef(x)(k) for both M1 and
M2 are shown in Fig. 2 and Fig. 3. As is evident from these
figures, M1 takes much lesser time (less than half the time)
when compared to M2 to reach the optimal point.

Fig. 2: Line graph: ex(k) for M1 (green) and M2 (red)

Fig. 3: Line graph: ef(x)(k) for M1 (green) and M2 (red)
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B. Grid graph
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.   .   .   .   
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.     .
 
.

. 

. 

1 2 p

p+1 2p p+2 

Fig. 4: Grid graph

Fig. 5: Grid graph: ex(k) for M1 (green) and M2 (red)

A neighbor graph with a grid structure as shown in Fig. 4
is chosen with m = 20 agents. For this case, the theoretical
optimal point is x∗ = [ 0.05

0.2 ] and the optimal cost is f∗ =
−2.35. The quantities ex(k) and ef(x)(k) for both M1 and
M2 are shown in Fig. 5 and Fig. 6. The figures indicate faster
convergence of M1 to the optimal point when compared to
M2

C. Random graph

Erdos Renyi random graph structure with an edge proba-
bility p = 0.6 was generated as shown in Fig. 7 with m = 10
agents. The optimal point is x∗ = [ 0.1

0.2 ] and the optimal cost
is f∗ = −0.8 as in the first example. Faster convergence is
evident from Fig. 8 and Fig. 9.

V. CONCLUSION

A distributed optimization model wherein agents exchange
gradient information along with the state information to min-
imize a sum of convex functions was introduced. The weights
assigned by an agent to the gradient information received
from its neighbors are specifically chosen to reduce the

Fig. 6: Grid graph: ef(x)(k) for M1 (green) and M2 (red)

Fig. 7: Random graph

update equation to the classical gradient descent algorithm
in the limit. Convergence rate estimates are provided which
indicate improvement by a factor of m for the proposed
approach. Simulation examples validate the use of gradient
information and show that the convergence time reduces to
less than half the time taken by the model which uses just
the state information of its neighbors.
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Modelling Type 1 Diabetes Mellitus Blood Glucose Dynamics as a
Monotone System

Aivar Sootla and Marzia Cescon

Abstract— In this presentation, we study an FDA-approved
Type 1 diabetes mellitus (T1DM) blood glucose dynamics
simulator used in the majority of the practical studies on Arti-
ficial Pancreas (AP). We show that under some physiologically
plausible assumptions, the glucoregulatory system described by
the model is monotone. This means that the system generates
trajectories which are monotone with respect to specific changes
in initial conditions and control signals. This strong property
leads to many interesting observations. By using monotonicity,
for example, it becomes straightforward to compute bounds on
glucose concentration subject to variations in intake of carbo-
hydrates and insulin injections. Monotonicity also rigorously
justifies recent studies on fundamental limitations in glucose
control.

I. INTRODUCTION

Monotone systems generate trajectories which are mono-
tone with respect to changes in initial conditions and con-
trol signals. This property entails many results in systems
theory, for example: under certain conditions monotone
systems posses sum-separable Lyapynov functions [1]; the
basins of attraction have a particular geometry [2]; basins
of attractions and reachability sets can be estimated in an
efficient manner [3], [4]; and can be controlled by constant
control signals [5]. Showing that a system is monotone can,
therefore, yield many practical implications. In this work, we
study the type 1 diabetes control problem from monotone
systems theory perspective.

Diabetes is a group of metabolic diseases characterized by
the inability of the organism to autonomously regulate the
blood glucose levels [6]. It requires continuing medical care
to prevent acute complications and to reduce the risk of long-
term complications. Inadequate glucose control is associated
with damage, dysfunction and failure of various organs [6].
The development of means intended to improve diabetes care
and management results decisive in order to curb the diabetes
epidemic, both from patients quality of life and economic
perspectives and has attracted much attention over the past
decades [7]–[12]. In particular, sustained minimization of the
time spent in hyperglycemia while avoiding hypoglycemia
can be attained developing an integrated approach which sets
no additional burden on the patients and works proactively,
considering not only the instantaneous effects of the control
actions but also their consequences in the near future [13].

In this work, we consider the FDA-approved blood glucose
dynamics model for Type 1 diabetes patients described in

A. Sootla is with Montefiore Institute, University of Liège, B-4000,
Belgium. asootla@ulg.ac.be and holds an F.R.S–FNRS fellowship.

M. Cescon is with Department of Electrical and Electronic Engineering,
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the publications [14], [15], and the patent [16]. In [17] it is
shown that the trajectories of this model posses monotonicity
property with respect to initial conditions after some initial
transient; however, monotonicity with respect to control sig-
nals and parameters was not proven. A monotonicity analysis
with respect to states and parameters of the Cobelli [18]
and Hovorka [8] models was carried out in [19] and [20],
respectively, with the purpose of output solution envelopes
computation. Concepts from modal interval analysis were
applied to the models [7], [8], [14], [15] in the presence
of uncertainty by Garcia-Jaramillo et al. in [21] to generate
glucose response bounds. This presentation deals with the
derivation of the assumptions under which T1DM blood
glucose kinetics are monotone, while also discussing a
physiological intuition behind these assumptions. Observing
that the glucoregulatory system is monotone allows us to
show that a larger dose of insulin (respectively, dose of
carbohydrates) will lead to a smaller (respectively, larger)
glucose concentration for all times. This may seem an
obvious observation from a physiological point of view, but
to our best knowledge, we present the first formal proof
of this result. Moreover, the monotonicity result leads to
prediction of glucose concentrations subject to variations
in intake of carbohydrates and insulin injections. Finally,
similarly to [22], we discuss fundamental limitations for
control, providing a mathematical justification of all the
assumptions.

II. PRELIMINARIES ON MONOTONE SYSTEMS

Consider single input control systems

ẋ = f(x, u), x(0) = x0, (1)

where f : D × U → Rn, u : R≥0 → U , D ⊂ Rn, U ⊂ R
and u(·) belongs to the space U∞ of Lebesgue measurable
functions with values from U . We define the flow map φf :
R×D × U∞ → Rn, where φf (t, x0, u) is a solution to the
system (1) with an initial condition x0 and a control signal
u. In short, monotone systems are those which preserve a
partial order relation in initial conditions and input signals.
A relation ∼ is called a partial order if it is reflexive (x ∼ x),
transitive (x ∼ y, y ∼ z implies x ∼ z), and antisymmetric
(x ∼ y, y ∼ x implies x = y). We define a partial order
�x through a cone K ∈ Rn as follows: x �x y if and only
if x − y ∈ K. Similarly we can define a partial order for
signals u ∈ U∞: u �u v if u(t)− v(t) ∈ K for all t ≥ 0.

Definition 1: The system (1) is called monotone on DM×
U∞ with respect to the partial orders �x, �u, if for all x, y ∈
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Fig. 1. A block scheme for a glucose/insulin model, where Hgut denotes
the gut kinetics subsystem, Hins the insulin kinetics subsystem, Hglu the
glucose kinetics subsystem and ucho(t) ingested carbohydrates, uins(t)
injected insulin, Ra(t) glucose rate of appearance in blood after a meal
intake, Id(t) the delayed insulin signal, X(t) the remote insulin and yglu(t)
the blood glucose concentration

DM and u, v ∈ U∞ such that x �x y and u �u v, we have
φg(t, x, u) �x φg(t, y, v) for all t ≥ 0.

A certificate for monotonicity with respect to an orthant
(e.g. the positive orthant Rn≥0) is referred to as Kamke-Müller
conditions [23]. To introduce this certicifacte, we require the
concept of p-convex sets, a set M is called p-convex if for
every x, y in M such that x �x y, and every λ ∈ (0, 1) we
have that λx+ (1− λ)y ∈M .

Proposition 1 ( [23]): Consider the system (1) on D and
U . Let the partial orders �x, �u be induced by Rn≥0, Rm≥0,
respectively, then

(i) the system (1) is monotone if and only if for all x �x y
such that xi = yi and u �u v we have that fi(x, u) ≥
fi(y, v);

(ii) let f be differentiable in x, u and let the sets D, U be
p-convex. Then the system (1) is monotone if and only if

∂fi
∂xj
≥ 0, ∀ i 6= j, (x, u) ∈ cl(D)× U

∂fi
∂uj
≥ 0, ∀ i, j, (x, u) ∈ D × U .

Monotonicity can also be checked with respect to orthants
PxRn≥0, PuRm≥0, where Px = diag((−1)ε1 , . . . , (−1)εn),
Pu = diag((−1)δ1 , . . . , (−1)δm) for some εi, δi in {0, 1}.
This result is obtained by the variable change x̃ = Pxx and
ũ = Puu and applying Proposition 1.

III. APPROXIMATION OF THE T1DM BLOOD GLUCOSE
DYNAMICS BY A MONOTONE SYSTEM

We make a standing assumption that the patient does not
suffer from any other illnesses (e.g., flu) and is at rest,
i.e., is not exercising and does not experience high stress.
In this case, intuitively, the more insulin is injected the
lower the blood glucose concentration is going to be, and
the more carbohydrates are ingested the higher the blood
glucose concentration should be. This physiological property
corresponds to the monotonicity property of mathematical
models. Hence, one would expect the glucoregulatory system
to be a monotone system with respect to inputs, i.e. insulin
injections and carbohydrate intake, and the output, i.e. the
blood glucose level. In what follows, we show that the glu-
cose dynamics is actually not a monotone system. However,
given some parameter values and/or around certain operating

points the system can be approximated by a monotone
system.

We consider three subsystems: the gut kinetics Hgut,
the insulin kinetics Hins, the glucose kinetics Hglu (see,
Fig. 1). Our modelling procedure repeats many steps of the
modelling in [14]–[16]. However, we use slightly different
subsystems and approximate some parts of the model so that
the system H connecting the subsystems Hgut, Hins, Hglu

becomes monotone. Due to space limitation, we describe in
detail only the subsystem Hgut, the simplifying assumptions
needed and the physiological intuition behind them. We refer
the reader to [14]–[16] for the full description of the model,
the definitions of the variables and parameters used.

1) Subsystem 1. Insulin kineticsHins: Input to the subsys-
tem is uins(t), which models insulin injections, and outputs
yins1 = Id, yins2 = X , which affect a downstream subsys-
tem of glucose kinetics Hglu. The subsystem has positive
dynamics with respect to uins(t) and hence monotone. Note
that the negative constant bias term −p2UIb in the dynamics
X(t) does not affect monotonicity.

Ẋ(t) = −p2UX(t) + p2U (Ip(t)/Vl − Ib)
İ1(t) = −ki(I1(t)− Ip(t)/Vl)
İd(t) = −ki(Id(t)− I1(t))
İl(t) = −(m1 +m3)Il(t) +m2Ip(t)+

ka1Isc1(t) + ka2Isc2(t)

İp(t) = −(m2 +m4)Ip(t) +m1Il(t)

İsc1(t) = uins(t)− (ka1 + kd)Isc1(t)

İsc2(t) = kdIsc1(t)− ka2Isc2(t)

2) Subsystem 2. The Glucose Kinetics Hglu: Inputs to
this subsystem are yins1 = Id, yins2 = X coming from
the insulin kinetics subsystem and ycho = Ra coming from
the gut kinetics subsystem. The only output is glycemia
ygly = Gp/VG (mg/dl), where VG is the distribution volume
of glucose. The subsystem Hglu dynamics are as follows

Ġp(t) = max{kp1 − kp2Gp(t)− kp3Id(t)− kp4Ipo, 0}︸ ︷︷ ︸
EPG(t)

− Fcns︸︷︷︸
Uii(t)

+k2Gt(t) +Ra(t)− k1Gp(t)

Ġt(t) = k1Gp(t)− k2Gt(t)−
(Vmo + VmxX(t))Gt(t)

Kmo +Gt(t)︸ ︷︷ ︸
Uid(t)

,

It can be verifed that the subsystem is monotone by means
of point (i) in Proposition 1.

3) Subsystem 3. Gut Kinetics Hgut: This subsystem has
three states: the glucose mass in the intestine Qgut (mg),
and the glucose mass in the stomach in the solid Qsto1, and
liquid Qsto2 phase (mg). The output from the subsystem is
the glucose rate of appearance in plasma ycho = Ra(t), while
the input is the amount of ingested glucose ucho(t) = Dδ(t),
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hence D has the meaning of the accumulated effect of the
input on the subsystem. The dynamical system is as follows:

Q̇sto1 = f1 = −kgriQsto1 +Dδ(t),

Q̇sto2 = f2 = −kempt(Qsto/D)Qsto2 + kgriQsto1,

Q̇gut = f3 = −kabsQgut + kempt(Qsto/D)Qsto2,

Qsto = Qsto1 +Qsto2,

Ra(t) =
fkabs
BW

Qgut(t),

where kgri is the rate of grinding; kabs the rate constant
of intestinal absorption; kempt gastric emptying; BW is the
body weight and f is the fraction of the intestinal absorption
which appears in plasma. In [14], it is assumed that

kempt(Qsto/D) = kmin +
kmax − kmin

2
·

(tahn(α(Qsto/D − b))− tahn(β(Qsto/D − c)) + 2).

where α = 2.5/(1 − b), β = 2.5/c, while the parameters b
and c are used to shape the curve kempt(·).

According to a physiologic intuition the more carbohy-
drates are ingested the higher the output Ra(t) should be.
However, if kempt is not constant, it can be verified that this
system is not monotone with respect to any orthant, hence
this physiological intuition may not be true. Therefore, in
order to proceed we will make some simplifying assumptions
A1 the meal with total amount of carbohydrates equal to D

comes at time t = 0,
A2 the rate of gastric emptying is such that

kempt ≈ kmin +
kmax − kmin

2
·

(tahn(α(Qsto1 +Qsto2)− γ1)) + 1);

A3 the rate of grinding kgri is larger than the speed of the
gastric emptying ∂kempt

∂Qsto1
Qsto2;

A4 the value ∂kempt

∂D Qsto2 ≈ 0.
Assumption A2 is valid when c is very small, meaning that

kempt is equal to kmax for t ≈ 0, however then kempt lowers
to kmin and stays at this level until the stomach is empty.
This assumption is also discussed in [14]. If Assumption A3
does not hold for all Qsto2, then the glucose in the liquid
state leaves the stomach faster than the solid state glucose is
being ground to the liquid state and Qsto2 is always equal to
zero. Hence, we can accept Assumption A3 to be generally
fulfilled. Alternatively, we can modify one of the equations
as follows:

Q̇sto2 = −kempt(Qsto/D)Qsto2 + kgri1Qsto1,

kgri1 = max

(
kgri, max

Qsto1,Qsto1

∂kempt

∂Qsto1
Qsto2

)
,

thus making an approximation of the original model. Finally,
Assumption A4 is equivalent to the condition that a change in
the mass of ingested glucose affects directly only the mass of
glucose in the solid state Qsto1, and does not directly affect
the mass of glucose in the liquid state Qsto2 and the mass

of glucose in the intestine Qgut. The main purpose of this
assumption is to ensure input monotonicity.

Our assumptions have a clear physiological meaning,
which is validated by the fact that for most of the consid-
ered parameter values these assumptions are fulfilled. Under
Assumption A1-A4, the signs of the Jacobian of the vector
field are consistent with monotonicity according to Proposi-
tion 1, and hence the gut kinetics can be approximated by a
monotone system.

4) Summary: In diabetes modelling (see e.g., [9], [14],
[15]) Endogenous Glucose Production EPG(t) and insulin
dependent glucose utilization Uid(t) are considered typically
as separate compartments, which affect glucose kinetics.
Therefore from a physiological perspective, we should have
considered EPG(t) and Uid(t) as inputs to the glucose
subsystem, while making numerous modifications to the
dynamics. We chose a more control-theoretic way of looking
at the system, so that the proof of our main claim becomes
clearer to understand. Let

x1 = Gp(t) x2 = Gt(t) x3 = Qsto1(t)

x4 = Qsto2(t) x5 = Qgut(t) x6 = X(t)

x7 = I1(t) x8 = Id(t) x9 = Ip(t)

x10 = Il(t) x11 = Isc1(t) x12 = Isc2(t)

Now the following proposition is straightforward in light
of the discussion above, since a cascade of control monotone
systems Hgut, Hins, Hglu is also control monotone [23].

Theorem 1: Under Assumptions A1–A4 the system H is
monotone with respect to inputs ucho, uins. This means that
we have the following relation:

φ(t, x0, vcho, vins) �x φ(t, y0, ucho, uins) (2)

for all t ≥ 0, and for all ucho ≤ vcho, vins ≥ uins, x0 �x y0.

IV. IMPLICATIONS OF MONOTONICITY

A. Some Trivial Observations

Theorem 1 implies two facts which are intuitive from a
physiological point of view facts. We formally state them as
follows.

Corollary 1: Let ucho be the ingested carbohydrate and
uins the prescribed regimen of insulin to cope with it,
respectively. Let δu∗ins > 0 be the insulin bolus applied
at time t = 0 and let it do not cause a hypoglycaemic
event. Then any insulin bolus δuins ≤ δu∗ins does not cause
hypoglycaemia.

Let ucho, uins be as above. Let δu∗cho > 0 be an additional
carbohydrate intake at time t = 0 and let it do not cause
a hyperglycaemic event. Then any carbohydrate ingestion
δucho ≤ δu∗cho does not cause a hyperglycaemic event.

The proof of this corollary is straightforward, but we
discuss the implications in slightly more detail. Con-
sider the blood glucose level concentration trajectory
yglu(t, x0, ucho, uins). The trajectory yglu(t, x0, ucho, uins +
δuins), where δuins > 0 is an injection of insulin
bolus at time 0, will always lie under the trajectory
yglu(t, x0, ucho, uins). Larger doses δuins > 0 can obviously
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cause hypoglycaemia, even if with δuins = 0 a hypergly-
caemic event occurs at some time t ≥ 0.

B. Prediction of Glucose Concentrations

Corollary 2: Let uins = µins + εins, ucho = µcho + εcho,
where µins is an estimated dose of the insulin injection, εins
is the estimation error such that |εins| ≤ dins, similarly µins is
the estimated intake of carbohydrates, εcho is the estimation
error such that |εcho| ≤ dcho. Then

yglu(t, x0, µcho − dcho, µins + dins) ≤
yglu(t, x0, ucho, uins) ≤

yglu(t, x0, µcho + dcho, µins − dins),

for all times t > 0 and all |εins| ≤ dins, |εcho| ≤ dcho.
This is a very strong property for predicting glucose con-

centration subject to uncertain insulin injections and intake
of carbohydrates. This results can be extend to account for
modelling errors, which is one of the future work directions.

C. Fundamental Limitations

In [22], the authors showed that under certain assumptions
on a T1DM model derived therein a certain type of funda-
mental control limitations for positive linear systems hold.
However, the authors have not justified their assumptions
using first principle models. The theory discussed so far,
allows us to formulate one of the main results in [22] as
a corollary to Theorem 1.

Corollary 3: Attempts to minimize the maximum peak
response to intake of carbohydrates by injection of insulin
at same time are necessarily accompanied by an undershoot
in blood glucose concentration at a later time.

This means that if we want to decide at time t = 0
how much insulin can counteract the meal intake causing
hyperglycaemia, we have to account for the undershoot
at later time. Since otherwise we may inadvertently cause
hypoglycaemia as schematically depicted in Figure 2. Of
course, this is valid if the patient does not have a snack
later in order to counteract hypoglycaemia. The main con-
clusion of this fundamental limitation supports the use of an
MPC type controller in artificial pancreas studies, which can
spread insulin injections in time and has a better chance of
overcoming undershoots in comparison with multi-injection
therapy.
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Optimal steering of Ensembles

Yongxin Chen, Tryphon Georgiou and Michele Pavon

Abstract
We consider ensembles of particles or systems, all obeying
the same dynamics or, equivalently, dynamical systems with
uncertain states. In either case, we discuss i) the problem
of optimally steering ensembles to a desired probability
density, and ii) the problem of maintaining an ensemble at a
specified admissible stationary distribution. In the context of
linear dynamics and Gaussian distributions, our topic relates
classical LQR and LQG theory and covariance control, while
more generally it pertains to the controllability and optimal
control of the Fokker-Planck and Liouville equations.

Introduction
The paradigm that we discuss encompasses various general-
ization of classical linear quadratic regulator (LQR) and the
linear quadratic Gaussian regulator (LQG). More specifically,
we focus on optimal control problems, with and without
stochastic excitation, that require steering an ensemble of
dynamical systems, obeying identical dynamics, between
two end-points in time with control input of minimum
averaged energy. Typically, besides knowledge of the system
dynamics, the data for the problem consist of the starting
and terminal distribution of the ensemble. Equivalently, the
problem can also be conceived as that of steering a dynamical
with state uncertainty between the two end-points in time.
Another variation of the problem is to maintain the ensemble
at a pre-specified admissible distribution with control input
of minimum power. The presentation will be largely based
on our recent work in [1], [2], [3], [4], [5], [6], [7], [8]
and will highlight the theme and key contributions in these
publications.

It is envisioned that the framework in this work will
impact problems of steering particle beams via a time-
varying potential, swarms (UAV’s, large collection of micro-
satellites, etc.), as well as the modeling of the flow and
collective motion of particles, clouds, insects, birds, etc.
between end-point distributions. It is worth underscoring
that, as eloquently stated by R. Brockett in [9, page 23], from
a controls perspective “important limitations standing in the
way of the wider use of optimal control can be circumvented
by explicitly acknowledging that in most situations the
apparatus implementing the control policy will judged on its
ability to cope with a distribution of initial states, rather than
a single state.” The aim of the research in the publications
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cited above has been to address relevant questions in this
suggested overarching program.

A. Linear-dynamics & Gaussian ensembles
Consider the controlled evolution

dxu(t) = Axu(t)dt+Bu(t)dt+B1dw(t),

xu(0) = x0 a.s. (1)

Here A, B, B1 take values in Rn×n, Rn×m, Rn×p, respec-
tively, x0 is an n-dimensional, zero-mean Gaussian vector
with covariance Σ0 which is independent of the standard
p-dimensional Wiener process {w(t) | 0 ≤ t ≤ T}, Σ0

is positive definite, and T ≤ ∞ represents the end point
of a time interval of interest. The standard paradigm of
Linear Quadratic theory is to specify a target value for the
state vector, e.g., the origin for simplicity, and impose a
quadratic penalty on possible deviations. In contrast, the
question that we are interested in this context is to determine
the admissible values of the state covariance Σ(T ) that
can be obtained through feedback control and to specify
corresponding control inputs of minimal (quadratic) effort.
More generally, we are interested in specifying the terminal
distribution.

– Control of state-statistics over a finite time-window:
Assuming the control input in state-feedback form,

u(x, t) = −K(t)x, (2)

state statistics remain Gaussian and the state covariance
Σ(t) := E{x(t)x(t)′} of (1) satisfies the Lyapunov differ-
ential equation

Σ̇(t) = (A−BK(t))Σ(t)+Σ(t)(A−BK(t))′+B1B
′
1 (3)

with Σ(0) = Σ0. Regardless of the choice of K(·), it is easy
to see that (3) specifies dynamics that leave invariant the
cone of positive semi-definite symmetric matrices. Thus, our
interest is in our ability to specify Σ(T ) = ΣT via a suitable
choice of K(·), which therefore necessitates that the solution
Σ(t) remains in the positive cone for all t ∈ [0, T ].

Letting U(t) := −Σ(t)K(t)′ and Q := B1B
′
1, we are

led to study controllability of the matrix-valued differential
Lyapunov system

Σ̇(t) = AΣ(t) + Σ(t)A′ +BU(t)′ + U(t)B′ +Q. (4)

Interestingly, (A,B) is a controllable pair if and only if we
can select U(·) in (4) to steer Σ(·) between given positive
definite end points Σ0 and ΣT while remaining within the
non-negative cone [2, Theorem 3], cf. [9], [10]. The theorem
in [2] requires time-invariant dynamics, though we believe
that the a corresponding statement holds for time-varying
systems as well.
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We now return to the question of optimality with regard
to averaged input energy, namely

J(u) := E

{∫ T

0

u(t)′u(t) dt

}
<∞, (5)

Resorting to standard LQG arguments it can be shown
that optimal solutions are characterized by the following
nonlinearly coupled Riccati equations

Π̇ = −A′Π−ΠA+ ΠBB′Π (6a)
Ḣ = −A′H−HA−HBB′H (6b)

+ (Π + H) (BB′ −B1B
′
1) (Π + H)

Σ−10 = Π(0) + H(0) (6c)
Σ−1T = Π(T ) + H(T ) (6d)

where H(t) := Σ(t)−1 − Π(t). Indeed, assuming that
{(Π(t),H(t)) | 0 ≤ t ≤ T} satisfy (6a-6d), the feedback
control law

u(x, t) = −K(t)x. (7)

with K(t) = B(t)′Π(t) can be shown to be an optimal
solution to the problem and that it is unique.

For the special case where B(t) ≡ B1(t), that is, the
case where the control inputs and the noise enter the system
through identical channels, the nonlinear system of equations
(6) can be solved in closed form and is detailed in [1]. For the
case where control and noise excitation channels differ, [2]
provides a numerical approach for constructing suboptimal
controls.

– Admissible stationary state-distributions:

A stationary counterpart of the above problem is to de-
termine, for A,B,B1 independent of time and (A,B)
controllable, all admissible stationary state covariances Σ
corresponding to choices of state-feedback control u = −Kx
that ensure A−BK is a Hurwitz matrix.

Interestingly, while any Gaussian distribution can be
reached in finite time with a suitable control law, not all
non-negative matrices Σ are admissible as covariances of
stationary state Gaussian distributions for the given system
and, accordingly, a suitable state feedback. For that to be
the case, Σ, A,B,B1 must satisfy the following algebraic
condition:

rank

[
AΣ + ΣA′ +B1B

′
1 B

B 0

]
= rank

[
0 B
B 0

]
. (8)

The precise statement is given in [2, Section III.B] and, once
again, a computational approach to obtain suboptimal control
laws is provided.

– An academic example

In order to illustrate the problem being discussed, we con-
sider the following model for particles experiencing random
displacement (i.e., the noise term dw has a direct impact on
their position):

dx(t) = v(t)dt+ dw(t) (9a)
dv(t) = u(t)dt. (9b)

Fig. 1: State trajectories of system in (9)

Here, u(t) is the control input (force) at our disposal, x(t)
represents position and v(t) velocity (integral of acceleration
due to input forcing), while w(t) represents random displace-
ment due to impulsive accelerations. Alternatively,

∫ t
v(τ)dτ

may represent actual position while x(t) may represent noisy
measurement of position.

The purpose of the example is to highlight a case where
the control is handicapped compared to the effect of noise.
Indeed, the displacement w(t) directly affects x(t) while the
control effort u(t) needs to be integrated before it mitigates
the effect of w(t) on the position x(t) of the particles. We
choose

Σ1 =

[
1 −1/2
−1/2 1/2

]
(10)

as a candidate stationary state-covariance, which, as it turns
out, can be maintained with state-feeback gain K = [1, 1].
Next, we steer the spread of the particles from an initial
Gaussian distribution with Σ0 = 2I at t = 0 to the terminal
marginal Σ1 at t = 1, and from there on, since Σ1 is
an admissible stationary state-covariance, we maintain the
distribution as indicated. Figure 1 depicts typical sample
paths in phase space as functions of time.

B. Output feedback
It turns out that when the state is not directly accessible and
the control is a function of the observation process

dy(t) = Cx(t)dt+Ddv(t), (11)

the achievable state covariances are constrained by the op-
timal estimation error-covariance P (·) provided by Kalman
filter:

dx̂(t) = Ax̂(t)dt+Bu(t)dt

+P (t)C ′(DD′)−1(dy − Cx̂dt), x̂(0) = 0,

Ṗ (t) = AP (t) + P (t)A′ +B1B
′
1

−P (t)C ′(DD′)−1CP (t), P (0) = Σ0.

Indeed, it is shown in [5] that ΣT ≥ P (T ) is a necessary
condition for a terminal state covariance to be “reachable”
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through steering of the ensemble dynamics. It is also shown
that strict inequality is ΣT > P (T ) is in fact sufficient.

Similarly, it is a consequence of the optimality of
the Kalman filter that if P is the optimal stationary error
covariance, which of course satisfies the Algebraic Riccati
Equation (ARE)

AP + PA′ +B1B
′
1 − PC ′(DD′)−1CP = 0,

any stationary covariance Σ of the state vector must satisfy
Σ ≥ P. It is also shown in [5] that the algebraic condition
(8) characterizing stationary state covariances, together with
the positivity constraint Σ > P , are in effect sufficient in
an approximate sense. More specifically, that in this case it
is always possible to maintain the ensemble at a stationary
condition with covariance equal or arbitrarily close to Σ.

C. Steering diffusion processes
A considerably more general scenario is being discussed
in [3] where ensembles of particles/systems were sought to
obey

dx(t) = f(x(t), t)dt+ σ(x(t), t)dw(t), (12)

while, at the same time, are allowed to be absorbed or created
by the medium in which they travel at some rate [11, p 272].
Their total mass/density ρ(x, t), x ∈ Rn, evolves according
to the transport-diffusion equation

∂ρ

∂t
+∇ · (f(x, t)ρ) + V (x, t)ρ =

1

2

n∑
i,j=1

∂2(aij(x, t)ρ)

∂xi∂xj
,

with ρ(x, 0) = ρ0(x). The presence of V (x, t) allows
precisely for the possibility of loss or gain of mass, so that
the integral of ρ(x, t) over Rn is not necessarily constant.
The formulation in [3] aims at steering the ensemble through
a control drift term σ(x(t), t)u(x(t), t)dt to a final target dis-
tribution. Necessary conditions are obtained and the special
case of linear dynamics is dealt in detail.

D. Zero-noise limit and optimal mass transport
It is of interest to study the evolution of an ensemble that fol-
lows a deterministic law, between end-point marginals, and
determine an optimal control law. E.g., for linear dynamics,
to determine

inf
u

E
∫ T

0

1

2
‖u(t, x)‖2dt, (13a)

ẋ(t) = Ax(t) +Bu(t, x) (13b)
x(0) ∼ ρ0, x(T ) ∼ ρT . (13c)

The formulation has been studied as the zero-noise limit of
the diffusion process

dx(t) = Ax(t)dt+Bu(t)dt+
√
εBdw(t), (14)

and connections to optimal mass transport drawn in [12],
[13], [7]. This approach allows obtaining approximate so-
lutions to general optimal mass transport problems, via
solutions to suitable relaxations that in fact, allow for fast
and efficient computation [14], [6].
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Nonrecursively Interconnected Fliess Operators

Preserve Global Convergence: An Expanded View

Irina M. Winter-Arboleda† Luis A. Duffaut Espinosa‡ W. Steven Gray†

Abstract— A common representation of an input-output sys-
tem in nonlinear control theory is the Chen-Fliess functional
series or Fliess operator. Such a functional series is said to be
globally convergent when there is no a priori upper bound on
both the L1-norm of an admissible input and the length of time
over which the corresponding output is well defined. Recent
developments have expanded the class of globally convergent
Fliess operators. The goal of this paper is to show that the
global convergence property is preserved for nonrecursive inter-
connections (i.e., the parallel, product and cascade connections)
involving this largest known class of globally convergent input-
output systems. The goal is only partially achieved, however, as
some qualification is still needed for the cascade connection.

Index Terms— Nonlinear control systems, Chen-Fliess series,
locally convex topological vector spaces, system interconnec-
tions.

AMS Subject Classifications—93C10, 47H30, 46A99

I. INTRODUCTION

It is common in nonlinear control theory to represent

input-output systems in terms of functional series. The Chen-

Fliess series or Fliess operator is one such representation

where the terms of the series are indexed by words [6],

[7], [11]. Such a functional series is said to be globally

convergent when there is no a priori upper bound on both the

L1-norm of an admissible input and the length of time over

which the corresponding output is well defined. A sufficient

condition for global convergence can be described in terms

of the asymptotic behavior (in magnitude) of the coefficients

of the series via the notion of Gevrey order, that is, by a

growth rate of the form KMn(n!)s for some real K,M > 0
and s ∈ R, where n is word length. In particular, it was

shown in [16] that 0 ≤ s < 1 is a sufficient condition

for global convergence. However, an interesting example

presented by Ferfera in [4], [5] and more recent analysis in

[15] in the context of system interconnection suggested that

this Gevrey condition is not necessary. The full situation is

now described in [17]. It turns out that there is a class of

systems whose generating series has Gevrey order s = 1
but whose series representation converges globally. Strictly

speaking, every globally convergent system is also locally

convergent, but this class of systems has a functional series

representation with no finite singularities to bound its radius

of convergence. Therefore, such systems are called weakly

locally convergent. They can be viewed as a limiting case

in that they reside only in the closure under a semi-norm

†Department of Electrical and Computer Engineering, Old Dominion
University, Norfolk, Virginia 23529, USA.

‡Department of Electrical and Computer Engineering, George Mason
University, Fairfax, VA 22030, USA.

topology of the set of series whose Gevrey order satisfy

0 ≤ s < 1. So any operator associated with such a generating

series is globally convergent. The example of Ferfera is now

seen as the earliest known example of such a system.

The example of Ferfera was originally introduced to show

that rationality is not preserved under the cascade connection.

Rational series have Gevrey order s = 0, and, as explained in

[17], Ferfera’s cascaded system results in a composite system

whose Gevrey order is s = 1. Therefore, interconnected

systems can exhibit a Gevrey order distinct from that of

their component systems. However, as observed in [15], all

cascades of systems having Gevrey order s = 0 have a Fliess

operator representation that converges globally. So the prop-

erty of global convergence is preserved in this situation. The

goal of this paper is to show that this is true in general for all

nonrecursive interconnections (i.e., the parallel, product and

cascade connections) involving the largest known class of

globally convergent systems as described in [17]. The goal is

only partially achieved, however, as some qualification is still

needed for the cascade connection. The feedback connection

is viewed as a recursive connection, and this claim is known

to be false as shown in [9, Example 3].

The paper is organized as follows. In Section II, some pre-

liminaries concerning formal power series, Fliess operators

and their nonrecursive interconnections are given. In order

to make the paper more self-contained, a brief summary of

the expanded class of globally convergent Fliess operators

in [17] is also provided. The convergence analysis for the

parallel and product interconnections is given in Section III.

In the subsequent section, the global convergence of the

cascade interconnection is addressed. The conclusions are

provided in the final section.

II. PRELIMINARIES

A. Fliess Operators and Their Interconnections

A finite nonempty set of noncommuting symbols X =
{x0, x1, . . . , xm} is called an alphabet. Each element of X
is called a letter, and any finite sequence of letters from

X , η = xi1 · · ·xik , is called a word over X . The length

of η, |η|, is the number of letters in η. Let |η|xi
denote the

number of times the letter xi ∈ X appears in the word η. The

set of all words including the empty word, ∅, is designated

by X∗. It forms a monoid under catenation. Any mapping

c : X∗ → R
ℓ is called a formal power series. The value of

c at η ∈ X∗ is written as (c, η) and called the coefficient

of η in c. Typically, c is represented as the formal sum c =
∑

η∈X∗
(c, η)η. The subset of X∗ defined by supp(c) = {η :

(c, η) 6= 0} is called the support of c. A series ĉ is said

to be a subseries of c if supp(ĉ) ⊆ supp(c) and (ĉ, η) =
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(c, η), ∀η ∈ supp(ĉ). The collection of all formal power

series over X is denoted by R
ℓ〈〈X〉〉. It forms an associative

R-algebra under the catenation product and an associative

and commutative R-algebra under the shuffle product, that is,

the bilinear product defined in terms of the shuffle product

of two words

(xiη) ⊔⊔ (xjξ) = xi(η ⊔⊔ (xjξ)) + xj((xiη) ⊔⊔ ξ),

where xi, xj ∈ X , η, ξ ∈ X∗ and with η ⊔⊔ ∅ = ∅ ⊔⊔ η = η
[6], [14].

One can formally associate with any series c ∈ R
ℓ〈〈X〉〉

a causal m-input, ℓ-output operator, Fc, in the following

manner. Let p ≥ 1 and t0 < t1 be given. For a Lebesgue

measurable function u : [t0, t1] → R
m, define ‖u‖p =

max{‖ui‖p : 1 ≤ i ≤ m}, where ‖ui‖p is the usual

Lp-norm for a measurable real-valued function, ui, defined

on [t0, t1]. Let Lm
p [t0, t1] denote the set of all measurable

functions defined on [t0, t1] having a finite ‖ · ‖p norm

and Bm
p (Ru)[t0, t1] := {u ∈ Lm

p [t0, t1] : ‖u‖p ≤ Ru}.

Assume C[t0, t1] is the subset of continuous functions in

Lm
1 [t0, t1]. Define inductively for each η ∈ X∗ the map

Eη : Lm
1 [t0, t1] → C[t0, t1] by setting E∅[u] = 1 and letting

Exiη̄[u](t, t0) =

∫ t

t0

ui(τ)Eη̄[u](τ, t0) dτ,

where xi ∈ X , η̄ ∈ X∗, and u0 = 1. The input-output

operator corresponding to c is the Fliess operator

Fc[u](t) =
∑

η∈X∗

(c, η)Eη[u](t, t0) (1)

[6], [7]. The generating series c is said to be of Gevrey order

s ∈ R if there exists constants K,M > 0 such that

|(c, η)| ≤ KM |η|(|η|!)s, ∀η ∈ X∗, (2)

and s is the smallest number having this property [1], [16].

(Here, |z| := maxi |zi| when z ∈ R
ℓ.) If 0 ≤ s ≤ 1 then Fc

constitutes a well defined mapping from Bm
p (Ru)[t0, t0+T ]

into Bℓ
q(S)[t0, t0 + T ] for sufficiently small Ru, T > 0,

where the numbers p, q ∈ [1,∞] are conjugate exponents,

i.e., 1/p+1/q = 1 [10]. The set of all such locally convergent

generating series is denoted by R
ℓ
LC〈〈X〉〉. The subset of all

generating series with s = 1 is denoted by R
ℓ
1〈〈X〉〉. The

least upper bound on max{Ru, T}, say ρ(Fc), is called the

radius of convergence of the operator. It was shown in [3]

that 0 < 1/M(m+ 1) ≤ ρ(Fc). When 0 ≤ s < 1, the series

(1) defines an operator from the extended space Lm
p,e(t0) into

C[t0,∞), where

Lm
p,e(t0) :={u : [t0,∞) → R

m : u[t0,t1] ∈ Lm
p [t0, t1],

∀t1 ∈ (t0,∞)},

and u[t0,t1] denotes the restriction of u to [t0, t1] [16]. This

set of globally convergent series is designated by R
ℓ
GC〈〈X〉〉.

A series c is said to be globally maximal with Gevrey order s
and growth constants K,M > 0 if each component of (c, η)
is equal to KM |η|(|η|!)s, ∀η ∈ X∗.

Given Fliess operators Fc and Fd, where c, d ∈ R
ℓ〈〈X〉〉,

the parallel and product connections as shown in Figures 1

and 2 satisfy

Fc + Fd = Fc+d

yu

Fd

Fc

+

Fig. 1. Parallel connection of two Fliess operators with an adder.

yu

Fd

Fc

×

Fig. 2. Product connection of two Fliess operators with a multiplier.

and

FcFd = Fc ⊔⊔ d,

respectively [6]. When Fliess operators Fc and Fd with c ∈
R

ℓ〈〈X〉〉 and d ∈ R
m〈〈X〉〉 are interconnected in a cascade

fashion as shown in Figure 3, the composite system Fc ◦
Fd has the Fliess operator representation Fc◦d, where the

composition product of c and d is given by

c ◦ d =
∑

η∈X∗

(c, η)ψd(η)(1) (3)

[4], [5]. The mapping ψd is the continuous (in the ultramet-

u
v

yFd Fc

Fig. 3. Cascade connection of two Fliess operators.

ric sense) algebra homomorphism from R〈〈X〉〉 to the set

of vector space endomorphism on R〈〈X〉〉, End(R〈〈X〉〉),
uniquely specified by ψd(xiη) = ψd(xi) ◦ ψd(η) with

ψd(xi)(e) = x0(di ⊔⊔ e),

i = 0, 1, . . . ,m for any e ∈ R〈〈X〉〉, and where di is the

i-th component series of d (d0 := 1). ψd(∅) is defined to

be the identity map on R〈〈X〉〉. This composition product is

associative and R-linear in its left argument.

B. Expanded Set of Globally Convergent Fliess Operators

The set of globally convergent Fliess operators was ex-

panded in [17] beyond the set of systems having generating

series in RGC〈〈X〉〉. In this section the situation is briefly

summarized as it plays a role in the material that follows.

Without lost of generality, it is assumed throughout that

ℓ = 1.

Define for any fixed R > 0

‖c‖∞,R = sup
η∈X∗

{

|(c, η)|
R|η|

|η|!

}

and the corresponding normed linear subspace of the R-

vector space R〈〈X〉〉 denoted by S∞(R) := {c ∈ R〈〈X〉〉 :
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‖c‖∞,R <∞}. A sequence {ci}i∈N in S∞(R) converges to

c ∈ S∞(R) if and only if ‖ci − c‖∞,R → 0 as i → ∞.

(Hereafter, the shorthand notation ci → c is used.) It is

easy to show that the spaces S∞(R), R ∈ R
+ are nested.

Therefore if ci → c in S∞(R) and ci → c′ in S∞(R′) then

c = c′. Let S∞,e := ∪R>0S∞(R) and S∞ := ∩R>0S∞(R).
The extended space S∞,e is a locally convex topological

vector space equipped with a family of semi-norms ‖ ·‖∞,R,

R ∈ R
+. This semi-norm topology is second countable,

and thus first countable. The space is also Hausdorff, in

which case, sequentially continuous maps are continuous. A

sequence {ci}i∈N in S∞,e converges to a (unique) c ∈ S∞,e

in the semi-norm topology if and only if ‖ci − c‖∞,R → 0
as i→ ∞ for all R > 0. Given a series c ∈ S∞,e, let

R̄c := sup
‖c‖

∞,R<∞

R>0

R.

If R̄c = ∞ then it follows that c ∈ S∞. The closure

of RGC〈〈X〉〉 in the semi-norm topology is denoted by

RGC〈〈X〉〉. It is shown in [17] that RLC〈〈X〉〉 = S∞,e

and RGC〈〈X〉〉 = S∞. In addition, the set R1〈〈X〉〉 can

be partitioned as

R1〈〈X〉〉 =
(

RLC〈〈X〉〉 \ RGC〈〈X〉〉
)

⋃

∂RGC〈〈X〉〉.

The series in RLC〈〈X〉〉 \ RGC〈〈X〉〉 are referred to

as strongly locally convergent, whereas the series in

∂RGC〈〈X〉〉 are said to be weakly locally convergent. The

relationship among these sets is summarized in Figure 4.

R〈〈X〉〉

RLC〈〈X〉〉 = S∞,e

RGC〈〈X〉〉

R1〈〈X〉〉

(shaded area

plus dotted line)

RGC〈〈X〉〉

= S∞

(inside area

plus dotted line)

Strongly

locally convergent

RLC〈〈X〉〉 \ RGC〈〈X〉〉
(shaded area)

Weakly

locally convergent

∂RGC〈〈X〉〉
(dotted line)

Fig. 4. Relationship between S∞,e, S∞, Gevrey order and various notions
of convergence.

The main results in [17] are given below.

Theorem 1: If c is a strongly locally convergent series,

then the radius of convergence of series (1) is finite.

Theorem 2: If c is a weakly locally convergent series, then

the radius of convergence of series (1) is infinite.

The next two corollaries provide yet another characteriza-

tion of strongly and weakly locally convergent series. (The

second corollary does not appear in [17].)

Corollary 1: Let c be a strongly locally convergent series.

Then there exists a subseries ĉ ∈ R1〈〈X〉〉 such that each

coefficient (ĉ, η) is growing exactly at the rate KM |η| |η|!
for some K,M > 0.

Corollary 2: If c is weakly locally convergent then all

subseries of c are weakly locally convergent.

Proof: The prove is by contradiction. Assume ĉ ∈ R1〈〈X〉〉
is a subseries of c which is strongly locally convergent. Then

by Theorem 1, Fĉ has a finite radius of convergence. This

implies that Fc also has a finite radius of convergence (see

the proof of Theorem 8 in [17]). Therefore, a contradiction

arises since c has infinite radius of convergence in light of

Theorem 2.

The following example provides a specific example of a

weakly globally convergent series, which is the more subtle

case.

Example 1: Let X = {x0, x1} and consider the rational

series x∗1 :=
∑

k≥0 x
k
1 . Using the notion of formal power

series composition defined in (3), the series considered by

Ferfera in [4], [5] is

cF := x∗1 ◦ x
∗

1. (4)

Define two subseries of cF :

c
1/2
F =

∞
∑

k=0

(cF , x
k
0x

k
1)x

k
0x

k
1

and

c1F =
∞
∑

k0,k1=0

(cF , x
k0

0 x
k1

1 )xk0

0 x
k1

1 .

Ferfera’s central argument in showing that rationality is not

preserved under composition was the observation that the

coefficients

(c
1/2
F , xk0x

k
1) = kk, k ≥ 0

grow too fast to satisfy (2) when s = 0. Therefore, cF
can not be rational. The series c

1/2
F , on the other hand, was

shown in [17] to have Gevrey order s = 1/2, and therefore

c ∈ RGC〈〈X〉〉. The more interesting case, however, is

the series c1F , which was shown to have Gevrey order 1
with c1F ∈ ∂RGC〈〈X〉〉. Therefore, c1F is weakly locally

convergent. The same property can be shown for the full

series cF .

III. PARALLEL AND PRODUCT INTERCONNECTIONS

This section has two objectives. The first is to compute

upper bounds on the Gevrey orders of the generating series

for the parallel and product interconnections of two Fliess

operators with generating series in RGC〈〈X〉〉. The second

is to show that these two interconnections preserve the global

convergence property. Since global convergence of a Fliess

operator is completely characterized by its generating series,

that is, Fc is globally convergent if and only if c ∈ S∞, it

is only necessary to show that S∞ is closed under addition

and the shuffle product. The following technical results will

be needed to do this analysis.

Lemma 1: For any K,M, s > 0, there exists an integer
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N > 0 such that

KMn ≤ (n!)s, (5)

for all integers n > N .

Proof: From Stirling’s approximation it follows that n! ≈√
2πn(n/e)n for n≫ 1. Therefore,

lim
n→+∞

K
Mn

(n!)s
=

K

(2π)
s/2

lim
n→+∞

(esM)n
√
nnns

= 0,

which directly leads to (5).

Lemma 2: [16] For any integer n ≥ 0 and 0 < s ≤ 1
such that ns≫ 1 it follows that

(ns)! ≤ KsM
n
s (n!)

s,

where (ns)! := Γ(ns + 1), Ks = ((2π)1−ss)1/2 and Ms =
ss.

Lemma 3: [13] (Neoclassical Inequality) For any integer

n ≥ 0, x, y ∈ R
+, and p ≥ 1 it follows that

(

1

p

)2 n
∑

j=0

xj/p

(j/p)!

y(n−j)/p

((n− j)/p)!
≤

(x+ y)
n/p

(n/p)!
.

Note that when p = 1 above, the result reduces to the

binomial theorem.

A. The Parallel Connection

To analyze the parallel connection, it is first shown below

how to compute the Gevrey order of the sum of two maximal

globally convergent series.

Lemma 4: Let c, d ∈ RGC〈〈X〉〉 be maximal globally

convergent series with Gevrey order sc and sd, respectively.

If b := c + d then b ∈ RGC〈〈X〉〉 has Gevrey order

sb = max {sc, sd}.

Proof: First recall that the Gevrey order of a series b is the

smallest s satisfying (2). Observe for any ν ∈ Xn, n ≥ 0,

that

(b, ν) = (c, ν) + (d, ν) = KcM
n
c (n!)

sc +KdM
n
d (n!)

sd

≤ KMn(n!)s, (6)

where s := max {sc, sd}, M := max {Mc,Md} and K :=
Kc+Kd. Letting sb denote the Gevrey order of b, it is clear

from (6) that sb ≤ s < 1, which implies that b ∈ RGC〈〈X〉〉.
It is shown now that sb 6< s since considering otherwise

would render a contradiction. Suppose sb < s and there

exist constants Kb,Mb > 0 such that (b, ν) ≤ KbM
n
b (n!)

sb ,

∀ν ∈ Xn, n ≥ 0. There is no loss of generality in assuming

sc ≤ sd. In which case, sb < s = max {sc, sd} = sd, and

therefore,

(b, ν) = KcM
n
c (n!)

sc +KdM
n
d (n!)

sd ≤ KbM
n
b (n!)

sb .

In particular, this implies that KdM
n
d (n!)

sd−sb ≤ KbM
n
b .

Hence,

(n!)sd−sb ≤
Kb

Kd

(

Mb

Md

)n

. (7)

Substituting M ′ = Mb/Md, K ′ = Kb/Kd and s′ = sd −
sb in (7) gives K ′M ′n ≥ (n!)s

′

, which contradicts (5) in

Lemma 1 since by assumption sd − sb > 0. Therefore, sb =
max {sc, sd}.

It is now straightforward to compute an upper bound

on the Gevrey order of the sum of two arbitrary series in

RGC〈〈X〉〉.

Theorem 3: Let c, d ∈ RGC〈〈X〉〉 with Gevrey order sc
and sd, respectively. If b := c+ d then b ∈ RGC〈〈X〉〉 with

Gevrey order sb ≤ max {sc, sd}.

Proof: For any ν ∈ X∗ it follows that

|(c+ d, ν)| ≤ |(c, ν)|+ |(d, ν)| ≤ (c̄, ν) + (d̄, ν) = (b̄, ν),

where b̄, c̄ and d̄, are the maximal globally convergent series

corresponding to b, c and d, respectively (that is, each pair,

for example b and b̄, share the same growth constants). From

Lemma 4 it then follows directly that sb ≤ max {sc, sd}.

The fact that the upper bound on the Gevrey order of the

sum of two series is the maximum of the Gevrey orders of

the component series implies that RGC〈〈X〉〉 is closed under

addition. The next theorem shows that S∞ is also closed

under addition, and thus, the parallel connection preserves

the global convergence of Fliess operators in the broadest

known sense.

Theorem 4: The space S∞ is closed under addition.

Proof: Let c, d ∈ S∞. Then clearly

‖c+ d‖∞,R ≤ ‖c‖∞,R + ‖d‖∞,R <∞

for all R > 0. Hence, c+ d ∈ S∞.

B. The Product Connection

The product connection is now addressed. The problem is

more difficult since sums are replaced with shuffle products.

The first lemma computes the Gevrey order of the shuffle

product of two maximal globally convergent series.

Lemma 5: Let c, d ∈ RGC〈〈X〉〉 be maximal globally

convergent series with Gevrey order sc and sd, respectively.

If b := c ⊔⊔ d then b ∈ RGC〈〈X〉〉 has Gevrey order sb =
max {sc, sd}.

Proof: Observe that for any ν ∈ Xn, n ≥ 0,

(b, ν) = (c ⊔⊔ d, ν) =
n
∑

j=0

∑

η∈Xj

ξ∈Xn−j

(c, η)(d, ξ)(η ⊔⊔ ξ, ν)

=

n
∑

j=0

KcM
j
c (j!)

scKdM
n−j
d ((n− j)!)sd

(

n

j

)

= KcKdn!

n
∑

j=0

M j
cM

n−j
d

1

(j!)1−sc((n− j)!)1−sd
.

Using Lemma 2 and letting s := max {sc, sd}, s′ := 1− s,

Ks := ((2π)1−s′s′)1/2 and Ms := s′
s′

, it follows that

(c ⊔⊔ d, ν)

≤ KcKdn!
n
∑

j=0

M j
cM

n−j
d

(Ks)
2Mn

s

(js′)!((n− j)s′)!
,

= KcKd(Ks)
2Mn

s n!

n
∑

j=0

(Mc
1/s′)

js′

(Md
1/s′)

(n−j)s′

(js′)!((n− j)s′)!
.

Now applying Lemma 3 gives

(c ⊔⊔ d, ν) ≤
1

s′
KcKd(Ks)

2Mn
s n!

(Mc
1/s′ +Md

1/s′)ns
′

(ns′)!
.
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In which case, from Lemma 2 is it immediate that

(c ⊔⊔ d, ν) ≤ KMn(n!)s, (8)

where M :=Mc
1/s′ +Md

1/s′ and K := KcKdKs/s
′. Since

the Gevrey order is the smallest s satisfying (2), if the Gevrey

order of b = c ⊔⊔ d is sb, then it is clear from (8) that sb ≤
s < 1, which automatically implies that b ∈ RGC〈〈X〉〉. It

is shown now that sb 6< s since otherwise a contradiction

is obtained. Suppose sb < s and that there exist constants

Kb,Mb > 0 such that (b, ν) ≤ KbM
n
b (n!)

sb , ∀ν ∈ Xn,

n ≥ 0. Without loss of generality assume sc ≤ sd. In which

case, sb < s = max {sc, sd} = sd. Thus,

(b, ν) = (c ⊔⊔ d, ν) ≤ KbM
n
b (n!)

sb ,

which implies that

(c ⊔⊔ d, ν)=

n
∑

j=0

∑

η∈Xj

ξ∈Xn−j

(c, η)(d, ξ)(η ⊔⊔ ξ, ν) ≤ KbM
n
b (n!)

sb.

In particular, the j = 0 term in the summation above must

satisfy

(c, ∅)(d, ν) = KcKdM
n
d (n!)

sd ≤ KbM
n
b (n!)

sb ,

which amounts to the inequality

(n!)sd−sb ≤
Kb

KcKd

(

Mb

Md

)n

. (9)

Letting M ′ := Mb/Md, K ′ := Kb/(KcKd) and s̄ := sd −
sb in (9) gives K ′M ′n ≥ (n!)s̄, which contradicts (5) in

Lemma 1 since by assumption s̄ = sd − sb > 0. Thus,

sb = max {sc, sd}.

An expression for an upper bound on the Gevrey order of

the shuffle product of two arbitrary series in RGC〈〈X〉〉 is

computed in the following theorem.

Theorem 5: Let c, d ∈ RGC〈〈X〉〉 with Gevrey order sc
and sd, respectively. If b := c ⊔⊔ d then b ∈ RGC〈〈X〉〉 with

with Gevrey order sb ≤ max {sc, sd}.

Proof: First observe that for all ν ∈ X∗

|(c ⊔⊔ d, ν)| ≤ (c̄ ⊔⊔ d̄, ν) = (b̄, ν),

where b̄, c̄ and d̄ are maximal globally convergent series

corresponding to b, c and d, respectively. From Lemma 5 it

then follows directly that sb ≤ max {sc, sd}.

It is next shown that the product connection preserves

global convergence by proving that the shuffle product of

two series in S∞ always produces another series in S∞.

The following lemma is essential.

Lemma 6: For every c, d ∈ S∞,

‖c ⊔⊔ d‖∞,R ≤ ‖c‖∞,R‖d‖∞,R

for all R > 0.

Proof: Starting with the definition of the norm on S∞(R):

‖c ⊔⊔ d‖∞,R = sup
ν∈X∗

{

|(c ⊔⊔ d, ν)|
R|ν|

|ν|!

}

≤ sup
ν∈Xn

0≤j≤n
n≥0







∑

η∈Xj ,ξ∈Xn−j

|(c, η)| |(d, ξ)| (η ⊔⊔ ξ, ν)
Rn

n!







≤ sup
ν∈Xn

0≤j≤n
n≥0







(

max
η∈Xj

|(c, η)|Rj

)(

max
ξ∈Xn−j

|(d, ξ)|Rn−j

)

·

1

n!

∑

η∈Xj ,ξ∈Xn−j

(η ⊔⊔ ξ, ν)







.

It is easy to show by induction that
∑

η∈Xj

ξ∈Xn−j

(η ⊔⊔ ξ, ν) =

(

n

j

)

, ∀ν ∈ Xn.

Therefore,

‖c ⊔⊔ d‖∞,R

≤ sup
ν∈Xn

0≤j≤n
n≥0

{(

max
η∈Xj

|(c, η)|
Rj

j!

)(

max
ξ∈Xn−j

|(d, ξ)|
Rn−j

(n− j)!

)}

.

Since c, d ∈ S∞, it is clear that ‖c‖∞,R <∞ and ‖d‖∞,R <
∞. This implies that

‖c ⊔⊔ d‖∞,R≤ sup
η∈Xj

0≤j≤n
n≥0

{

|(c, η)|
Rj

j!

}

sup
ξ∈Xn−j

0≤j≤n
n≥0

{

|(d, ξ)|
Rn−j

(n− j)!

}

≤ sup
η∈X∗

{

|(c, η)|
R|η|

|η|!

}

sup
ξ∈X∗

{

|(d, ξ)|
R|ξ|

|ξ|!

}

= ‖c‖∞,R‖d‖∞,R,

which completes the proof.

Theorem 6: The space S∞ is closed under the shuffle

product.

Proof: Let c, d ∈ S∞. Then from Lemma 6 it follows that

‖c ⊔⊔ d‖∞,R ≤ ‖c‖∞,R‖d‖∞,R <∞

for all R > 0. Hence, c ⊔⊔ d ∈ S∞.

IV. CASCADE INTERCONNECTION

In this section the global convergence of the cascade

connection is addressed. It is instructive to start with a few

simple examples.

Example 2: Let X0 = {x0} and assume c ∈ RGC〈〈X0〉〉
has Gevrey order sc. Since c ◦ d = c for any d ∈ R〈〈X〉〉,
it follows that the Gevrey order sc is preserved for this

particular series composition.

Example 3: Consider the rational series

c =
∞
∑

n1,n2=0

KMn1+n2 xn1

0 x1x
n2

0 = K(Mx0)
∗x1(Mx0)

∗.

This series is input-limited in the sense that there is a fixed

upper bound on |η|x1
when η ∈ supp(c). In this case, the

letter x1, corresponding to the input u in Fc[u], appears

exactly once in every word in the support of c. It is known

that the composition product preserves rationality when its

left argument is input-limited [2], [4], [5]. Therefore, since

all rational series have Gevrey order is s = 0, the Gevrey

order is also preserved for this composition.
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Examples 1-3 provide specific cases in which the Gevrey

order of the composition of two series can be determined

exactly. The following theorem shows that an explicit upper

bound on the Gevrey order of a composition over RGC〈〈X〉〉
can be computed when the left argument of the composition

product is input-limited. Unfortunately, at present, no other

classes of series are known for which an explicit upper bound

on the Gevrey order can be determined.

Theorem 7: Let c, d ∈ RGC〈〈X〉〉 with Gevrey orders sc
and sd, respectively. If b := c◦d with c is input-limited, then

b ∈ RGC〈〈X〉〉, and its Gevrey order is sb ≤ max{sc, sd}.

Proof: Since c is input-limited, there exists some fixed

N ∈ N such |η|x1
≤ N , ∀η ∈ supp{c}. Therefore, the

composition product b = c ◦ d can be written in terms of a

finite number of sums and shuffle products. It then follows

from Theorems 3 and 5 that the Gevrey order of b must

satisfy sb ≤ max{sc, sd}.

Now the key conjecture that must be proved in order

ensure that global convergence is preserved under cascades in

the fullest sense describe in Subsection II-B is given below.

Conjecture 1: The space S∞ is closed under the compo-

sition product.

A possible plan of attack for a proof is given using the

following two theorems regarding the completeness of the

spaces S∞(R), R > 0 and S∞.

Theorem 8: (S∞(R), ‖ · ‖∞,R) is a Banach space for any

R > 0.

Proof: The proof parallels the classical proof for the

completeness of l∞ [12, p. 33]. Fix R > 0 and let {ci}i≥0

be a Cauchy sequence in the normed linear space S∞(R).
Then for any ǫ > 0 there exists an N ∈ N such that for all

i, j > N

‖ci − cj‖∞,R = sup
η∈X∗

{

|(ci − cj , η)|
R|η|

|η|!

}

< ǫ.

Therefore, given any word η ∈ X∗

|(ci − cj , η)|
R|η|

|η|!
=

∣

∣

∣

∣

(ci, η)
R|η|

|η|!
− (cj , η)

R|η|

|η|!

∣

∣

∣

∣

< ǫ, (10)

implying that {(ci, η)R
|η|/ |η|!}i≥0 is a Cauchy sequence in

R. Hence, for each η ∈ X∗ define

cη = lim
i→∞

(ci, η)
R|η|

|η|!
,

and let c :=
∑

η∈X∗
(c, η)η, where (c, η) := cη |η|!/R

|η|.

The claim now is that c ∈ S∞(R). Letting j → ∞ in (10)

gives
∣

∣

∣

∣

(ci, η)
R|η|

|η|!
− cη

∣

∣

∣

∣

< ǫ, i > N. (11)

For any fixed i, since ci ∈ S∞(R), there exists a real number

Bi > 0 such that |(ci, η)|R
|η|/ |η|! ≤ Bi for all η ∈ X∗.

Therefore, if i > N then for every η ∈ X∗

|(c, η)|
R|η|

|η|!
≤

∣

∣

∣

∣

cη − (ci, η)
R|η|

|η|!

∣

∣

∣

∣

+ |(ci, η)|
R|η|

|η|!
≤ ǫ+Bi.

Hence, c ∈ S∞(R). To show completeness, it is only

necessary to show that ci → c as a sequence in S∞(R).

From (11) it follows that for any η ∈ X∗

|(ci, η)− (c, η)|
R|η|

|η|!
< ǫ, i > N.

Therefore, ‖ci − c‖∞,R < ǫ when i > N , implying that

ci → c as desired.

Theorem 9: The space S∞ is complete.

Proof: Given that S∞ ⊂ S∞(R) is closed, it follows from

[8, Proposition 0.24] that S∞ is a complete metric space

since S∞(R) is a complete metric space for any fixed R > 0.

A starting point for proving Conjecture 1 is to use the

following lemma from [17].

Lemma 7: Let c ∈ S∞ and define cN =
∑N

n=0

∑

η∈Xn(c, η)η, N ≥ 0. Then each cN ∈ S∞

and cN → c in the semi-norm topology.

The key idea is to select c, d ∈ S∞ and define the sequence

{cN}N≥0 as above. Since each cN ◦ d can be written in

terms of a finite number of summations and shuffles, then

by Theorems 4 and 6 it follows that cN ◦ d ∈ S∞. So if it

can be shown that cN ◦d→ c◦d in the semi-norm topology,

then from the completeness of S∞ it follows that c◦d ∈ S∞,

thus proving Conjecture 1. But the exact mechanics for this

final step have yet to be realized. The following example

illustrates Conjecture 1.

Example 4: Consider the bilinear state space system

ż1 = z1z2, z1(0) = 1

ż2 = z2u, z2(0) = 1

y = z1.

It is easily verified that y = FcF [u], where cF is defined in

(4). The operator FcF has an infinite radius of convergence

since it was shown in [17] that cF is weakly locally conver-

gent. The cascade of two such systems has the realization

ż = g0(z) + g1(z)u, y = h(z), (12)

where

g0(z) =







z1z2
z2z3
z3z4
0






, g1(z) =







0
0
0
z4






,

h(z) = z1, and zi(0) = 1 for all i. The corresponding

generating series cF ◦ cF can be computed by iterated Lie

derivatives (see [11]) to give

cF ◦ cF =1 + x0 + 2x20 + 6x30 + 23x40 + x30x1 + 106x50

+ 9x40x1 + 3x30x1x0 + x30x
2
1 + 568x60 + 68x40x1

+ 34x30x1x0 + 11x40x
2
1 + 11x30x1x

2
0 + 3x30x

2
1x0

+ 4x30x1x0x1 + x30x
3
1 + · · ·

Consistent with Conjecture 1, cF ◦cF should also be weakly

locally convergent and therefore FcF ◦cF would have an

infinite radius of convergence. In order to test this claim

independently, note that the solution of (12) can be written

in terms of compositions of functionals as

y(t) = FcF ◦cF [u](t) = Fc[Fc[Fc[Fc[u]]]](t),

where
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Fig. 5. Response of the operator FcF ◦cF [u] when u = e
−t (solid line)

on a quadruple logarithmic scale and the bounding function t+1.2 (dotted
line).

Fc[u](t) = exp

(
∫ t

0

u(τ) dτ

)

.

Now given any u ∈ L1
p[0, T ] for some arbitrary T > 0, Fc[u]

is clearly well defined on [0, T ]. Repeating this argument

three more times yields the same conclusion for y. A MatLab

simulation of (12) to generate y when u(t) = e−t is shown

in Figure 5. Since the output is four nested exponentials, the

response is best viewed by taking four successive logarithms.

Note that in the figure the response increases monotonically

after approximately t = 1.1. The quadruple exponential of

t+ 1.2 (found empirically) bounds the response completely

so that there are no finite escape-times no matter how long

the simulation is run. This behavior is consistent with that

of a globally convergent Fliess operator.

V. CONCLUSIONS

The main result in this paper is that the global con-

vergence property is preserved for parallel and product

interconnections using the largest known class of globally

convergent Fliess operators. In the process, explicit upper

bounds were derived for the Gevrey orders of such inter-

connections involving generating series from RGC〈〈X〉〉.

On the other hand, no general formula of this type is yet

known for cascade interconnections. In addition, it has yet to

proved that global convergence in the sense described here

is preserved under the cascade connection, but a plausible

plan of attacked was outlined based on the completeness of

the spaces involved. This will be pursued in future work.
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Control of the Linear Threshold Model of Cascades in Large-Scale
Networks

Wilbert Samuel Rossi1 Giacomo Como2 Fabio Fagnani3

Abstract— The spread of new ideas and technologies in social
and economic networks – as well as contagion dynamics in
financial networks – are often driven by cascading mechanisms.
We focus on the Linear Threshold Model (LTM), that was
first introduced by Granovetter (1978). In the LTM the state
of each agent depends on the state of the neighbors via a
threshold rule and multiple switch are possible. We analyze
the LTM on sparse large-scale directed networks that feature
heterogeneous agents. Using a local mean-field approach, we
obtain a nonlinear, one-dimensional, recursive equation that
approximates the evolution of the fraction of active agents. We
prove that this approximation is sound on most of the networks
of given size and given statistics of degrees and thresholds.
Remarkably, the local mean-field approach continues to hold
even if the threshold distribution is dynamically adjusted,
allowing the formulation of an optimal control problem. We
present a case study in which the optimal solution can be
reproduced by applying a suboptimal heuristic method.

I. THE LINEAR THRESHOLD MODEL

The spread of new behaviors may exhibit cascading effects
in social, economic and technological networks [1]. These
phenomena generally depend on the topology of the network
as well as on the nature of the local agents’ dynamics.
Here we consider the (unweighted) Linear Threshold Model
(LTM), of which we approximate the dynamic on directed
random graphs, to identify control heuristics.

The LTM is an activation process that has neighborhood
effects. Let N = (V, E , ρ(t), σ) be a generically directed
network with finite agent set V = {1, 2, . . . , n}. Let E ⊆
V × V be the multi-set of directed links. The presence of a
directed link (i, j) ∈ E indicates that agent i observes agent
j and is influenced by her. We allow links to occur with
a multiplicity larger than one in E . The in-degree and out-
degree of each agent, counting multiplicities, are denoted
by δi and κi respectively. To each agent is associated a
binary parameter σi ∈ {0, 1} and, for t ≥ 0, a sequence of
integer parameters ρi(t) ∈ {0, 1, . . . , κi} termed activation
thresholds. The corresponding vectors σ and ρ(t) complete
the definition of the network N .

Every agent is endowed with a binary state Zi(t) ∈
{0, 1} meaning {inactive, active} respectively, initialized by
Zi(0) = σi. In the LTM dynamics, agents activate if the

1 Wilbert Samuel Rossi is with the Department of Applied Mathematics,
University of Twente, 7500 AE Enschede, The Netherlands; Email contact:
w.s.rossi@utwente.nl

2 Giacomo Como is with the Department of Automatic Control, Lund
University, Ole Romers vag 1, 22363 Lund, Sweden; E-mail contact:
giacomo.como@control.lth.se

3 Fabio Fagnani is with the Dipartimento di Scienze Matematiche
(DISMA), Politecnico di Torino, corso Duca degli Abruzzi 24, 10129
Torino, Italy; E-mail contacts: fabio.fagnani@polito.it

number of active out-neighbors is at least as large as their
current activation threshold; otherwise they deactivate:

Zi(t+ 1) =

{
1 if

∑
j:(i,j)∈E Zj(t) ≥ ρi(t)

0 otherwise
(1)

The summation element of (1) above implicitly takes into
account the multiplicity of (i, j). This local deterministic rule
is applied synchronously by all the agents, which can switch
state multiple times. Once N = (V, E , ρ(t), σ) is known, the
LTM process is completely deterministic.

II. SOME BASIC PROPERTIES
The LTM dynamic (1) enjoys some basic monotonicity

properties that prove particularly useful during its analysis.
These are collected in the following lemma whose statement
adopts the notational convention that inequalities between
two vectors are meant to hold entry-wise.

Lemma 1: Consider two networks N = (V, E , ρ(t), σ)
and N+ = (V, E , ρ(t), σ+) which differ only (possibly)
for the initial state vector. Let Z(t) and Z+(t) be the state
vectors of the LTM dynamics (1) onN andN+, respectively.
Then,

(i) if σ+ ≥ σ, then Z+(t) ≥ Z(t) for all t ≥ 0;
(ii) if ∀i ∈ V , ρi(0) ≤ (1 − σi)κi and ρi(t) is a non-

increasing sequence, then Z(t) is non-decreasing in t,
hence in particular eventually constant.

The dynamic described by condition (ii) of Lemma 1 is
termed progressive, since only transitions from 0 to 1 occur.
Agents that are initially active (σi = 1) are stubborn because
they have a null threshold (ρi(t) = 0, for all t ≥ 0).

As pointed out in Granovetter’s original work [2], the
analysis of the LTM becomes easy if the population is fully
mixed, i.e. if E = V×V with every edge (self loop included)
having multiplicity one. It is sufficient to introduce the cu-
mulative distribution function of the normalized thresholds:

Ft(θ) =
1

n

∣∣{i : ρi(t) ≤ bθ nc}
∣∣ , 0 ≤ θ ≤ 1 , (2)

which may be time-varying. Let the fraction of state-1
adopters at time t be denoted by:

z(t) =
1

n

∑
i∈V

Zi(t),

then the LTM dynamics (1) implies that:

z(t+ 1) = Ft(z(t)) , t ≥ 0 . (3)

Hence, the evolution of the fraction of state-1 adopters in
the fully mixed population can be determined by the above
one-dimesional, non-linear, time-varying recursion.
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III. LARGE-SCALE SPARSE NETWORKS WITH
GIVEN STATISTICS

In scenarios more realistic that the fully mixed population,
agents interact on a non-trivial network N . In this case, the
simple recursion (3) no longer holds true and the analysis
and optimization of the LTM (and its progressive variant)
become typically hard problems, c.f. [3], [4], [5], [6], [7],
[8], [9]. On the other hand, in practical applications to large-
scale networks, complete information about the network
structure and about the specific threshold configuration might
not available, while only aggregate statistics such as degree
and threshold distributions might be known, or might be
impractical to use, due to computational constraints.

With this motivation, we analyze the LTM on the ensemble
of all directed graphs that howe a given joint degree/threshold
distribution (formally, we will consider the directed version
of the so-called configuration model [10], [9] of interconnec-
tions), rather than on a specific network N . We prove that
the fraction of state-1 adopters z(t) after a finite number of
iterations of the LTM dynamics (1) is arbitrarily close to the
output of a recursive system on all but a small fraction of
networks in this ensemble (such fraction vanishing as the
network size n grows large). Hence, we recover a recursive
description of the dynamic in the spirit of that proposed by
Granovetter.

To describe the graph ensemble, we consider the in and
out-degree vectors δ and κ, such that

∑
i δi =

∑
i κi, the

threshold vectors ρ(t) and the initial state vector σ. The
corresponding statistic is:

pd,k,r,s(t) := n−1
∣∣{i∈V : δi = d, κi = k, ρi(t) = r, σi = s}

∣∣,
with

∑
d,k,s pd,k,r,s(t) constant. An instance of the directed

configuration model ensemble is obtained by first assigning
– to each node i – δi incoming half-edges, κi outgoing half-
edges, the threshold sequence ρi(t) and the initial state σi,
and then pairing at random the half-edges (see [9], [10, p.
70]).

Our result is proved in three main steps. First, we introduce
a further random graph model, the two-stage branching
process with offspring distribution matching the statistics of
the configuration model ensemble, taking care to use the
time-varying statistics in reverse order. In the interval [0, 1]
we define the functions:

φt(x) :=
∑
d,k,r

d/d̄ pd,k,r(t)ϕk,r(x)

ψt(x) :=
∑
d,k,r

pd,k,r(t)ϕk,r(x)

where pd,k,r(t) =
∑
s pd,k,r,s(t), d̄ is the average in-degree

and ϕk,r(x) =
∑k
i=r

(
k
i

)
xi(1−x)k−i. We introduce the local

mean-field recursion as:

x(t+ 1) = φt(x(t)) , y(t+ 1) = ψt(x(t)) , (4)

having initial condition x(0) =
∑
d,k,r d/d̄ pd,k,r,1(0) and

y(0) =
∑
d,k,r pd,k,r,1(0). We show that the output y(t) of

(4) gives the exact expression of the expected value of the

root node’s state in the LTM dynamics (1) on such branching
process. Remember that the LTM dynamics is deterministic;
hence the only randomness that the expectation takes on is
that associated with the generation of the branching process.

Proposition 2: Let {pd,k,r,s[t′]} be a (possibly time-
varying) joint distribution of in-degree, out-degree, threshold,
and initial state. Let Tt be the associated two-stage branching
process with t generations, with node set V = {v0, v1, . . .},
v0 being the root node (unique node with generation 0). Let
Zv0(t) be the state of the root node at time t, obtained with
the LTM dynamics (1) on Tt, and let y(t) be the output of
the recursion (4). Then, for every fixed time t ≥ 0, the state
Zv0(t) of the root node v0 is a Bernoulli random variable of
expected value y(t).

Second, we prove that, after t iterations of the LTM
dynamics (1) on the configuration model ensemble, the
average fraction z(t) of state-1 adopters is arbitrarily close
to y(t), i.e. the expected value of the root node’s state on the
branching process. Finally, a concentration result is obtained,
showing that on most of the networks of the configuration
model ensemble, after t iterations of the LTM dynamics,
the fraction z(t) of state-1 adopters is arbitrarily close to its
average z(t), hence to the output y(t) of the recursion (4).
These last two steps are expressed in the following theorem.

Theorem 3: Let N be a random network drawn from
the directed configuration model ensemble of size n with
statistics {pd,k,r,s[t′]}. Let Z(t), for t ≥ 0 be the state vector
of the LTM dynamics (1) on N , let z(t) = 1

n

∑
i Zi(t),

and let y(t) be the output of the recursion (4) . Then, for
0 < ε ≤ γt/n, where γt = dmaxk

2t+3
max /d, it holds true that:

|z(t)− y(t)| ≤ ε

for all but at most a fraction 2e−ε
2βn of networks from the

ensemble, where β = (16dk2t
max)−1.

IV. CONTROL

If the thresholds statistics are constant, the analysis of
the local mean-field dynamic reduces to the study of the
fixed points of the recursion (4) and the trajectories towards
them. The recursion converges since the update function are
both fixed and non-decreasing in [0, 1]. Given the initial
condition y(0), it is possible to estimate the fraction of
active nodes at the convergence. More interesting is the
study of the local mean-field dynamic with time-varying
threshold statistics, and the corresponding formulation of
optimal control problems.

We present a preliminary case study of a regular network,
i.e. a network in which every agent shares the same in and out
degree, δi = κi = k. For a regular network, the full statistic
{pd,k,r,s(t)} reduces to the statistic {pr,s(t)} of threshold
and initial state. The local mean-field functions and the initial
conditions of the recursion (4) simplify accordingly.

We allow the threshold given to each agent to be increased
by one unit, at some cost. The goal is to minimize the fraction
of active agents during the process up to a given time horizon
T , with respect to the choice of the group of nodes for which
the threshold is increased, while maintaining the total control
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Fig. 1. Optimization problem of the example in section IV: the shaded
area contains the points (x, φt(x)) for which there exist a feasible state
function φt(x). Cf. the main text for a longer description.

cost (total fraction of nodes with increased thresholds) below
a given amount. We address our problem as an open-loop
optimization problem – as usual for these optimal control
problems – in which the cost function is a linear combination
of the fraction of active agents at time t and the control cost.

Let {p0
r} be the nominal threshold statistic. For 0 ≤ r ≤

k− 1, the control variable ur(t) is the fraction of node with
nominal threshold r which, at time t, enjoys the incremented
threshold r + 1. Then, the elements of the time-varying
threshold statistic {pr(t)} are given by: p0(t) = p0

0 − u0(t)
pr(t) = p0

r − ur(t) + ur−1(t) 1 ≤ r ≤ k − 1
pk(t) = p0

k + uk−1(t)
(5)

with the natural constraint 0 ≤ ur(t) ≤ p0
r .

The control variables are also subject to the “budget”
constraint

∑
r ur(t) ≤ b. Using the control vector u(t), we

compactly write all such control constraints as u(t) ∈ Ω.
The simple linear cost is:

Γ(y(·),u(·)) =

T−1∑
t=0

[∑
rur(t) + c y(t)

]
+ cF y(T )

where T is the time horizon and c, cF are the cost coeffi-
cients. We are now ready to formulate the following optimal
control problem:

minu(·) Γ(y(·),u(·))

subject to initial condition x(0), y(0)

local mean-field dynamic (4)
control variable structure (5)
control variable constraints u(t) ∈ Ω ∀t

In the example presented in this section, we assume k = 8.
We choose the nominal threshold distribution {p0

r for 0 ≤
r ≤ 8} close to the uniform one, to obtain a non-trivial
interval where the controlled dynamic can move freely. Let
us denote by φ(x,u) the state function φt(x) corresponding
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Fig. 2. Optimization results of the example in section IV: the plot of the
optimal trajectory y(t) found.
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Fig. 3. Optimization results of the example in section IV: a graphical
representation of the control sequence u(t) corresponding to the optimal
solution found.

to the control vectors u. Then, the shaded area in the
Figure 1 shows the envelope of every function φ(x,u) which
corresponds to a feasible control vector u ∈ Ω. The upper
border of the shaded area is the function φ(x,0), whereas the
lower border shows the smallest update that can be obtain
for a given x, i.e. the function minu∈Ω φ(x,u). Finally, the
intersection between the 45◦ line and the shaded area gives
the interval in which the controlled dynamic can move freely.

In the example, the cost coefficients are c = 0.7 and cF =
4, the budget bound is b = 0.17 and the time horizon is
T = 40. The problem has been simulated in Matlabr using
a global solver and a random multi-start from various initial
guesses. Figure 2 represents the trajectory y(t) corresponding
to the optimal solution found (represented by a line with
circles), which indeed tends to reduce the fraction of active
agents.

Figure 3 represents graphically the control sequence u(t),
to help understand which control variables are used at each
time step. If ur(t) ≥ 5% p0

r , the plot contains an empty circle
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with coordinate (t, r); if ur(t) ≥ 95% p0
r , that circle is full.

We choose a tight budget bound on purpose, so as to avoid
the saturation of several control variables at the same time.
Interestingly, the pattern behind Figure 3 shows that:

ur(t) > 0 ←→ r ≈ k x(t).

This is not random. Intuitively, the nodes for which
r ≈ k x(t) holds are those which benefit most from a
threshold increment, and this has an impact at both t + 1
and at succeeding times. If we consider a sub-optimal Model
Predictive Control scheme with prediction horizon Tx ≤ T ,
and we make a first order approximation of the corresponding
cost to be optimized, it is possible to support the previous
observation. In such an approximation, the optimization of
the control variables decouples and the most effective control
variable is that for which r ≈ k x(t).

V. CONCLUSIONS

We have considered the Linear Threshold Model (LTM)
of cascades that, in fully mixed populations, can be analyzed
using a simple recursion. The LTM enjoys monotonicity
properties that are helpful in the analysis and allows us to
extract progressive dynamics from it. On a sparse, large-
scale directed network with given size and given statistics of
degrees and thresholds, it is possible to obtain a nonlinear,
one-dimensional, recursive equation able to approximate the
evolution of the fraction of active agents. We have proved
that the approximation is good on most of the networks
of the same size and statistics. We have presented a case
study and observed that the solution found can be reproduced
by applying a suboptimal heuristic method. Future work

will investigate in more detail the optimal control problem
formulation, and attempt to extend some of the result to
further graph ensembles.
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Optimal sensor and actuator placement with sparsity
constraints.

Mohamed-Ali Belabbas

Abstract

We derive necessary and sufficient conditions for the optimal, in the least square sense,
actuator/sensor problem for a linear, time-invariant system when there are sparsity constraints
on the allowable actuators/sensors. We furthermore present an algorithm that produces optimal
actuator/sensor with probability one.

I. Introduction

The optimal placement of sensor and actuators for the estimation and control of linear systems
has applications ranging from finance [1] to instrumentation design [2] to environmental engi-
neering [3]. In fact, the optimal actuator/sensor design problem is almost as old as the solution
of the LQ(G) control problem itself, and over the years a variety of methods have been proposed
to address it. The main difficulty encountered is that the optimization problem defining an
optimal actuator/sensor is not convex. To sidestep this difficulty, suboptimal solutions obtained
by way of convex relaxations or ad hoc heuristics for specific application are often used [4], [2].
Another approach is to focus on a convex performance measure [5], [6] or optimize bounds for
the estimation error [7]. There is also an extensive literature discussing the properties of, and
numerical methods for, optimal sensor/actuator placement in infinite dimensional spaces; see [8],
[9] and references therein.

The author has recently shown in [10] that the optimal actuator placement problem had, in a
certain regime, a unique global optimal actuator and provided an algorithm to find this actuator.
We describe this result in this note and extend it to obtain an optimal actuator/sensor when
there are sparsity constraints on the actuator/sensor.

II. On optimal actuator placement

We adopt in this note the point of view of optimal actuator placement. The results apply,
modulo minor adjustments, to the case of optimal sensor placement for the Kalman filter. We
refer the reader to [10] for an in-depth analysis from that point of view.

Consider the linear, time-invariant control system

d

dt
x(t) = Ax(t) + bu, (1)

where x ∈ R
n and b ∈ R

n×1. We refer to the vector b as the actuator of the system. An optimal
linear quadratic (LQ) control u(t, x) is a control which minimizes the cost functional

V(x0) = min
u

∫

∞

0

(

x(t)⊤Qx(t) + u2(t, x)
)

dt,

given x(0) = x0, where Q is a user-selected positive definite matrix.

Mohamed-Ali Belabbas is with the Coordinate Science Laboratory at the University of Illinois, Urbana-Champaign,
USA belabbas@uiuc.edu. The work of the author is partially supported by NSF grants ECCS.
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It is known that the optimal u(t, x) is a feedback controller of the form u(x) = −b⊤Kx where
K obeys the Riccati equation

A⊤K + KA − Kbb⊤K + Q = 0.

As a by-product of the solution to the LQ optimal control problem, one obtains that the
optimal value for the cost is V(x0) = x⊤0 Kx0 = tr(Kx0x⊤0 ). This quantity can be interpreted
as the minimum cost of return to zero from x0. When dealing with systems which are consistently
initialized to the same initial condition x0, one could seek to find the actuator that minimizes
V(x0). When the initial state is unknown, or arbitrary, one could seek to minimize Ex0

(V(x0)) for
an arbitrary rotationally invariant (i.e. isotropic) distribution with density g(r)dr (for r = ‖x‖).
A simple calculation shows that the expected value of V(x0) is then

Ex0
(V(x0)) = tr(K)

∫

∞

0
g(r)r2dr.

Both situations are encompassed in the following broader problem: find the actuator that
minimizes tr(LK), where L is a parameter matrix. This actuator is the one returning the system
to its desired state with the least effort starting from x0 (if L = x0x⊤0 ) or on average (if L = In).

a) Geometry of the optimal placement problem: We express an actuator matrix as
√

γb where
γ > 0 and b is normalized ‖b‖2 = 1. The parameter γ represents the magnitude, or strength,
of the actuator. Now consider the following procedure: multiply b by a positive factor r > 1 in
Eq. (1) and divide u by the same factor r. Then the right-hand-side of (1) remains unchanged
but the cost J(x0) decreases. Thus, in order to obtain meaningful results, we must fix the norm
of b, since otherwise, letting ‖b‖ grow always decreases the cost.

For L and Q positive definite matrices, set

J(γ, b) := tr(LK) (2)

where K satisfies the Riccati equation

A⊤K + KA − γKbb⊤K + Q = 0. (3)

Now denote by Sn−1 the n − 1-dimensional unit sphere in R
n: Sn−1 := {(x1, . . . , xn) ∈ R

n |
x2

1 + . . . + x2
n = 1}. By definition, b ∈ Sn−1. Recall that the projective space RP(n − 1) is the

space of all lines in R
n going through the origin. Every such line intersects the unit sphere

in two antipodal points. Thus, one can describe RP(n − 1) as the unit sphere Sn−1 with its
antipodal points identified, since both these points yield the same element of RP(n − 1). Now,
note that J(γ, b) = J(γ,−b), and thus J(γ, ·) is a real-valued function defined on the projective
space RP(n − 1).

We set throughout this note
B := bb⊤.

For b normalized as above, we have B2 = B and rank(B) = 1, thus B is the orthogonal projector
onto span(b). We denote by Proj(1, n) the set of orthogonal rank 1 projection matrix in R

n. Note
that if b′ = −b, then B′ = B and thus we have that Proj(n − 1) ≃ RP(n − 1). With a slight abuse
of language, we refer to both B and b as actuators and define J(γ, B) := J(γ, b). We call an actuator
b optimal if it is a global minimizer of J(γ, b) for γ fixed.
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III. Optimal actuator placement with sparsity constraints.

Throughout this section, we let K be the solution of the Riccati equation (3) and R be the
solution of the Lyapunov equation

(A − γBK)R + R(A − γBK)⊤ + L = 0. (4)

The following result then holds, where we recall that [A, B] := AB − BA:

Theorem 3.1: The function J(γ, B) admits a unique global minimum B∗ for γ > 0 small.
Moreover, the differential equation

d

dt
B = [B, [B, M]]

where M := KRK converges from almost all1 initial conditions B0 ∈ Proj(1, n) to the optimal
actuator B∗.

In many practical applications, some entries of the actuator b are constrained to be zero.
These zero entries correspond to variables which cannot be directly actuated. The set of optimal
actuators is thus a zero pattern of the type, e.g., b = [∗, 0, ∗, ∗, 0, . . . , 0, ∗]⊤ where the “∗”
represent arbitrary real entries and the zeros are fixed. The set of admissible b’s forms a vector
space which we describe as follows: let β ⊆ {1, 2, . . . , n} be a multi-index of cardinality p. We
denote by Σβ ⊆ R

n the space of vectors with entries not in β forced to be zero:

Σβ = span{ei | i ∈ β},

where ei ∈ R
n is the vector will all zero entries, except for the ith one, which is one.

As above, by letting the norm of b increase, one can decrease the cost arbitrarily. Consequently,
we again constrain the norm of b by setting ‖b‖ =

√
γ. The resulting optimization problem is

thus
min

b∈RP(n−1)∩Σβ

tr(LK). (5)

We note that if b ∈ Σβ, then −b ∈ Σβ and thus the intersection RP(n − 1) ∩ Σβ is well defined.
To the multi-index set β, we assign the vector space of sparse matrices Σβ×β ⊂ R

n×n whose
non-zero entries are indexed by β × β. Namely,

Σβ×β = span{Eij | i, j ∈ β},

where Eij = eie
⊤
j is the n × n matrix with all zero entries except for the ijth one, which is one.

It is evident that the intersection of the space of symmetric rank one projectors and Σβ×β is
never empty provided that β is not the empty set. We have the following result, which extends
Theorem 3.1:

Theorem 3.2: The function J(γ, b) for b ∈ RP(n − 1)∩ Σβ admits a unique global minimum b∗

for γ > 0 small. Moreover, the differential equation

d

dt
B = [B, [B, M]] (6)

where M := KRK converges from almost all initial conditions B0 ∈ Proj(1, n) ∩ Σβ×β, to the
optimal actuator with the sparsity constraints specified by β.

The proof is omitted in this note.

1By almost all, we mean with the exception of a set of codimension at least 1.
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IV. Concluding remarks and outlook

This note addresses the design of sparse, optimal actuators and sensors for linear systems.
When the sparsity pattern is known, we have shown that the optimal sparse actuator is unique
and have provided an algorithm to obtain it.

Another problem of potential practical interest is to optimize over the sparsity patterns as
well. Precisely, given that the sparsity pattern β is unknown, but constrained to be of cardinality
p, what is the best actuator with exactly p non-zero entries indexed by β? The method described
here allows us to solve this problem by repeating (n

p) times the procedure of Eq. (6), one

time for each sparsity pattern of cardinality p. The classical greedy approach, which obtains
a suboptimal pattern of cardinality p recursively by adding one non-zero entry at a time, is
expected to perform relatively well [11] as the optimal choice of sparsity pattern is easily shown
to be a submodular optimization problem. Whether there exists faster algorithms that solve this
problem exactly remains an open question.
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Natural Gradients for the H2 Problem

Andrew Lamperski

Abstract— A common method for computing approximately
optimal control laws involves fixing a parametric form of the
controller controller and then performing gradient descent on
the cost-to-go function. Several successful methods for state-
feedback reinforcement learning are based on the natural
gradient. The natural gradient rescales the classical gradient
by the inverse Fisher information matrix of the parameters,
thereby incorporating information about the sensitivity of the
system to changes in the parameters. In this extended abstract,
we study describe natural gradient algorithms for dynamic
output feedback problems such as H2 control. For the H2

problem, we give explicit formulas to compute the natural
gradient when plant matrices are known, and give a method
to approximate it from samples when plant matrices are not
known.

I. INTRODUCTION

In a typical output feedback setting, a dynamic controller
using only sensor measurements is designed based on a
model of the internal plant dynamics. In contrast, for typ-
ical reinforcement learning settings, a static state feedback
controller is learned from samples of states and step-costs,
using no plant model. In both cases, optimization can be
performed via dynamic programming and its variants.

A prominent method in reinforcement learning and
robotics is called policy search [1], [2]. In these techniques,
controllers are restricted a functional forms which depend on
a finite number of parameters. Approximate optimal control
is achieved by minimizing the cost-to-go or average cost-
per-step function with respect to the parameters.

A particular case of policy search is the natural gradient
method, [3], [4], [5], [6]. In this method, a state-feedback
parameterization is fixed. The parameters induce a probabil-
ity distribution over the states and actions, giving rise to an
associated Fisher information matrix. The natural gradient
is the gradient of the cost-to-go function with respect to
the Riemannian metric induced by the Fisher information
matrix. Natural gradient algorithms typically estimate the
natural gradient online, using only state and cost samples,
and then use the estimates to optimize the parameters.

This extended abstract introduces an extension of the
natural gradient to output feedback problems. Here, instead
of sampling states, the natural gradient is estimated from
samples of measurable signals: the plant output, the con-
troller inputs, the controller states, and the step costs. For
the H2 problem, explicit formulas for the natural gradient
are also presented for comparison purposes.

A. Lamperski is with the Department of Electrical and Com-
puter Engineering, University of Minnesota, Minneapolis, MN, USA
(alampers@umn.edu).

II. PROBLEM

A. The Systems

P

Kθ
v

z w

uy

Fig. 1: The general feedback loop. Here P is a discrete-
time generalized plant. As in the standard H2 problem, w
denotes identity-covariance Gaussian white noise, z is the
cost signal, y is the measurement, and u is the controller
input. The controller Kθ is subject to a separate identity-
covariance Gaussian white noise signal, v, which will act as
exploration noise. Furthermore, the controller depends on a
parameter vector, θ ∈ Rq .

The general feedback loop of interest in this extended
abstract is given in Fig. 1. Here, P denotes a discrete-time
plant

P =

 A B1 B2

C1 0 D12

C2 D21 0

 ,
which satisfies standard assumptions for the H2 problem:

• (A,B1, C1) is stabilizable and detectable;
• (A,B2, C2) is stabilizable and detectable;
• DT

12

[
C1 D12

]
=
[
0 I

]
;

•

[
C2

D21

]
DT

21 =

[
0
I

]
.

See [7].
The controller has the form:

Kθ =

[
E(θ) F1(θ) F2(θ)
G(θ) H1(θ) H2(θ)

]
,

where the matrices E(θ), F1(θ), etc. are assumed to be affine
functions of a parameter vector θ ∈ Rq . We will assume
further that F2(θ)H2(θ)

T = 0 for all θ. Thus, if v is a zero
mean Gaussian random variable with identify covariance,
then F2(θ)v and H2(θ)v are independent random variables.

Example 1: Consider the discrete-time plant given by

P =

 A B1 B2

C1 0 D12

C2 D21 0

 =


0.9 1 0 1
1 0 0 0
0 0 0 1
1 0 1 0

 (1)
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The classical H2 solution is given by

Kopt =

[
A+B2K + LC2 −L

K 0

]
, (2)

Where K is the linear quadratic regulator gain and L is the
Kalman filter gain associated with P . See [7].

In this case, K = L ≈ −0.538 and A + B2K + LC2 ≈
−0.175.

We fix a controller parameterization as:

Kθ =

[
0.1θ1 −L 0.1θ2 0
K 0 0 0.1θ2

]
, (3)

This parameterization is chosen mainly for illustration pur-
poses, since it requires the computation of K and L. Opti-
mality of (2) implies that the optimal parameter vector will
be given by[

θ∗1
θ∗2

]
=

[
10(A+ LC2 +B2K)

0

]
≈
[
−1.75

0

]
.

Returning to the general problem, note that the closed-
loop dynamics can be represented in the time-domain by the
following system of equations

xk+1 = Axk +B1wk +B2uk (4a)
sk+1 = E(θ)sk + F1(θ)yk + F2(θ)vk (4b)
zk = C1xk +D12uk (4c)
yk = C2xk +D21wk (4d)
uk = G(θ)sk +H1(θ)yk +H2(θ)vk. (4e)

Thus, closed-loop mapping from the noise signals
[
w

v

]
to

z is given by

Gθ =

[
ACL(θ) BCL(θ)
CCL(θ) DCL(θ)

]
= (5) A+B2H1C2 B2G B1 +B2H1D21 B2H2

F1C2 E F1D21 F2

C1 +D12H1C2 D12G D12H1D21 D12H2

 .
Here, the dependence of the controller matrices on θ was

dropped for compactness. Recall that the controller matrices
are affine functions of θ, and so the closed loop matrices
ACL(θ), BCL(θ), CCL(θ) and DCL(θ) must be affine func-
tions of θ as well.

B. The Natural Gradient

Before adapting the natural gradient to our particular
problem, we review the general definition. Say that x is a
random variable with probability density function, pθ(x), that
depends smoothly on a parameter vector θ ∈ Rq . The Fisher
information matrix is defined by

M(θ) = E
[
(∇θ log pθ(x)) (∇θ log pθ(x))

T
]
. (6)

Here, M(θ) is smooth and positive semidefinite. In many
cases of interest, it is positive definite and can be used to
define a Riemannian metric of Rq .

A standard result in probability gives the following useful
formula for the Fisher information matrix:

M(θ) = −E
[
∇2

θ log pθ(x)
]
. (7)

Say that J(θ) is a function of θ defined by

J(θ) = E [f(x)] ,

for some function f . Here, the dependence on θ arises
because the density of x is a function of θ.

The natural gradient of J(θ) is defined by the gradient
with respect to the metric induced by M(θ), [8]:

∇̃θJ(θ) =M(θ)−1∇θJ(θ). (8)

In our case, the cost is J(θ) = ‖Gθ‖2H2
, the squared H2

norm of the closed-loop mapping. As is well-known, [7],
J(θ) satisfies:

J(θ) = lim
k→∞

E
[
z
T
NzN

]
(9a)

= Tr
(
CCL(θ)X(θ)CCL(θ)

T +DCL(θ)DCL(θ)
T
)
,

(9b)

where X(θ) is the closed-loop controllability Gramian:

X(θ) = ACL(θ)X(θ)ACL(θ)
T +BCL(θ)BCL(θ)

T. (10)

For J(θ) to be well-defined, we will assume that the
process defined by (4) converges to a stationary distribution.
Let pθ be the associated density. For compact notation, define
Sk = (xk,yk, zk, sk,uk, sk+1) let S = (x,y, z, s,u, s′) be
the random variable defined by:

pθ(S = S) = lim
k→∞

pθ(Sk = S) (11)

If the initial conditions x0 = 0 and s0 = 0, the time-
domain equations, (4), imply that the probability density of
the sequences can be factorized as

pθ(x1:N , s1:N , z0:N−1, y0:N−1, u0:N−1) =(
ΠN−1

k=0 p(xk+1|xk, uk)p(yk|xk)p(zk|xk, uk)
)
·(

ΠN−1
k=0 pθ(sk+1|sk, yk)pθ(uk|sk, yk)

)
, (12)

where the distributions depending on θ are Gaussians defined
by:

pθ(sk+1|sk, yk) = N (sk+1|Esk + F1yk, F2F
T
2 )

pθ(uk|sk, yk) = N (uk|Gsk +H1yk, H2H
T
2 ).

Recall that E, F1, F1, G, H1, and H2 depend on θ, while all
other matrices (and thus density functions) are independent
of θ. Thus, (7), (11) and (12) can be used to prove the
following lemma:

Lemma 1: The Fisher information matrix of pθ(S) is
given by

M(θ) = E
[
−∇2

θ log pθ(S)
]

− lim
k→∞

E
[
∇2

θ log pθ(sk+1|sk,yk) +∇2
θ log pθ(uk|sk,yk)

]
.

(13)
The goal of this extended abstract is to provide is to

provide methods for computing the natural gradient, (8),
where J(θ) is defined by (9) and M(θ) is given by (13).
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Fig. 2: The streamlines show the gradient descent flow. The
contours are level-sets of the cost, J(θ). Here, as would
be expected the gradient descent method flows toward the
optimal solution near (−1.75, 0).

III. MAIN RESULTS

A. Analytic Solutions
In this subsection, we give analytic formulas for the natural

gradient, (8). This amounts to giving formulas for ∇θJ(θ)
and M(θ). We will assume that ACL(θ) is stable.

Recall that the closed-loop controllability Gramian was
given by X . The following proposition shows how to com-
pute the classical gradient ∇θJ(θ).

Proposition 1: The partial derivatives of J(θ) are given
by

∂J(θ)

∂θi
= Tr

(
CCL

∂X

∂θi
C ′

CL

)
+ 2Tr

(
∂CCL

∂θi
XC ′

CL

)
+ 2Tr

(
∂DCL

∂θi
D′

CL

)
,

where the derivative of the Gramian is given by

∂X

∂θi
= ACL

∂X

∂θi
A′

CL

+
∂ACL

∂θi
XA′

CL+ACLX
∂ACL

∂θi

′
+
∂BCL

∂θi
B′

CL+BCL
∂BCL

∂θi

′
.

Note that the equation for ∂X
∂θi

is a Lyapunov equation,
and so can be solved efficiently.

Using the expression for the gradient, we can do a standard
gradient descent as: θ̇ = −∇θJ(θ). See Fig. 2.

The Fisher information matrix can be computed from the
stationary value of the terms in (13):

Proposition 2: The entries of M(θ) are given by

Mij(θ) =
1

2
Tr

(
(F2F

′
2)

−1 ∂(F2F
′
2)

∂θi
(F2F

′
2)

−1 ∂(F2F
′
2)

∂θj

)
+Tr

([
∂E
∂θi

∂F1

∂θi

]′
(F2F

′
2)

−1
[
∂E
∂θj

∂F1

∂θj

]
Ω

)
+

1

2
Tr

(
(H2H

′
2)

−1 ∂(H2H
′
2)

∂θi
(H2H

′
2)

−1 ∂(H2H
′
2)

∂θj

)
+Tr

([
∂G
∂θi

∂H1

∂θi

]′
(H2H

′
2)

−1
[
∂G
∂θi

∂H1

∂θi

]
Ω

)
,
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Fig. 3: The streamlines show the flow under (14), while
the contours, again, give level sets of J(θ). In this case, as
with classical gradient descent, all trajectories flow toward
the optimal solution.

where

Ω = lim
k→∞

E

[[
sk

yk

] [
sk

yk

]T]

=

[ [
0 I

]
0[

C2 0
]

D21

] [
X 0
0 I

] [ [
0 I

]
0[

C2 0
]

D21

]T
.

Fig. 3 depicts the parameter trajectories that result from
natural gradient descent:

θ̇ = −M(θ)−1∇θJ(θ). (14)

B. Approximation from Input-Output Data

Now we present a method for approximating the natural
gradient, (8), using only the following data:

• Samples of the signals measurable to the controller: sk,
yk, uk, and z

T
kzk;

• The controller matrices: E(θ), F1(θ), F2(θ), G(θ),
H1(θ), H2(θ), and their derivatives with respect to θ.

Throughout this subsection, we will assume that the signals
have reached their stationary distribution.

We will derive this approximation from the average
cost-per-stage Bellman equation. Since controller’s sufficent
statistic is sk,yk, the associated Bellman equation, in policy
evaluation form, is given by:

J(θ) + V (sk,yk) = E
[
z
T
kzk + V (sk+1,yk+1)|sk,yk

]
,

(15)
for some function V . In this case, it can be shown that V is
quadratic. See [9].

Now we will see how to generate an approximation of the
natural gradient from the Bellman equation. The fact that
∇θ log pθ = 1

pθ
∇θpθ implies that

∇θ log pθ(sk+1|sk,yk) +∇θ log pθ(uk|sk,yk)

are zero-mean random vectors. Furthermore, given sk,yk,ul,
and sk+1, they can be computed analytically from the
controller matrices and their derivatives.
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This fact, combined with (15) implies that for any vector
of coefficients β ∈ Rq , the following holds:

J(θ) = z
T
kzk + V (sk+1,yk+1)− V (sk,yk)

−(∇θ log pθ(sk+1|sk,yk) +∇θ log pθ(uk|sk,yk))
T
β+εk,

(16)

where εk is a zero-mean random variable.
Similar to [4], [5], it can be shown that the vector β which

minimizes the variance of εk is exactly the natural gradient.
Intuitively, if εk ≈ 0, then differentiating both sides and
taking averages shows that

∇θJ(θ) ≈M(θ)β. (17)

and so β gives an approximation to the natural gradient:
β ≈M(θ)−1∇θJ(θ).

Since we are assuming no knowledge of the plant matrices,
however, we cannot compute the terms J(θ) and V directly.
In order to estimate β, we must also estimate the terms in
(16). We use the following linear approximations:

J(θ) ≈ γ, V (sk, yk) ≈ φ(sk, yk)Tα,

where φ(sk, yk) is a basis vector for quadratic functions.
In other words, for any quadratic V (sk, yk), there is a
coefficient vector, α such that V (sk, yk) = φ(sk, yk)

Tα.
Plugging these approximations into (16) gives the follow-

ing relationship:

dk = z
T
kzk + (φ(sk,yk)− φ(sk+1,yk+1))

T
α− γ

−(∇θ log pθ(sk+1|sk,yk) +∇θ log pθ(uk|sk,yk))
T
β ≈ 0.

(18)

The term on the left, dk is called the temporal difference.
Coefficients that satisfy this approximate equality can be
learned using a temporal difference method, [10].

Furthermore, given approximations to the natural gradient,
the parameters can be updated using stochastic descent.

The full algorithm can be summarized by

ζk+1 = ζk + ηkdkχk

χk+1 = λχk + ψk

θk+1 = θk − ρkβk

where λ ∈ [0, 1] is a constant, ζk =
[
γk αT

k βT
k

]T
,

ψk =

 1
φ(sk,yk)

∇θ log pθ(sk+1|sk,yk) +∇θ log pθ(uk|sk,yk)


and ηk and ρk are positive step size sequences that satisfy

lim
k→∞

ηk = lim
k→∞

ρk = 0,

∞∑
k=0

ηk =

∞∑
k=0

ρk =∞.

The vector χk is called the eligibility vector. See Fig. 4 for
the performance on the example system.
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Fig. 4: This figure shows three trajectories of 50, 000 time-
steps of the temporal difference scheme on the example
system. The circles show the starting parameter values and
the stars show the final values. The optimal value is, again,
near (−1.75, 0). Prior to the start of the temporal difference
algorithm, the system was simulated for 5, 000 steps with
the initial parameters so that the states could reach their
stationary distributions. If the temporal difference scheme
is initiated before the system nears stationarity, the initial
gradient estimates are highly inaccurate and lead to poor
optimization results. In all cases shown, the final parameters
achieve values within %10 of the optimal cost. It should be
noted, however, that sometimes the random nature of the
algorithm causes the parameters to get temporarily worse,
occasionally to the point that ACL(θ) becomes unstable.
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Multi-Agent Consensus by Quantized Communication
with Subtractive Dither

Ryosuke Morita1

Abstract— This paper considers multi-agent consensus prob-
lem by quantized communication. For the quantization, sub-
tractive dither is used. Subtractive dither method is that the
additive noise-like signal is introduced before quantization and
then the same signal is subtracted after quantization. The
author focuses here the difference of the performance between
using subtractive and non-subtractive dither method. Enemy
or broken agents are distinguished from the normal agents by
the difference of the performance.

I. INTRODUCTION

A Multi-agent system is that a lot of subsystems called
“agent” cooperates each other autonomously and achieve a
global objective. In many cases, such a system does not need
any supervisor thus it is expected to be used for large scale
systems [1]–[4].

One of the important problems for multi-agent systems is
average consensus. Based on it, the various applications are
provided such as vehicle formation [5], clock synchroniza-
tion [6], and so on.

To achieve consensus, the communication of each agent
plays an important role. When the multi-agent system con-
structed as large network, it needs wide channel for the
agents to communicate each other, depending on the whole
system. Because of this, it is reasonable to assume that the
communication capability is restricted. Therefore, this paper
considers quantized communication.

Consensus problem with quantized communication have
been also considered in [7]–[9]. In this paper, another prob-
lem setting is considered, where subtractive dither method is
introduced for the communication.

In general, dithering method has two type, non-subtractive
dither method (or just “dithering method”) and subtractive
dither method. The former one is that the additive noise-like
signal called “dither signal” is introduced into the original
continuous signal and then the signal is quantized [10]–[15].
The latter one is that the dither signal is also added before
quantization and then the same dither signal is subtracted
after quantization [14]–[16]. By using subtractive dither, the
similarity of the signal after quantization is better than using
non-subtractive dither. The author also have shown that the
control performance expected to be better in quantized feed-
back control systems [17]. However, it remain that how we
synchronize the dither signals before and after quantization.
In this paper, it is assumed that the agents in a system can
synchronize the dither signals in a certain way. Instead of
this assumption, the author focus here to use the difference

1Ryosuke Morita is with Faculty Engineering, Gifu University, 1-1
Yanagito, Gifu 501-1193, Japan rmorita@gifu-u.ac.jp

of the control performance between using subtractive and
non-subtractive dither.

If the dither signals are not the same between a sender
and a receiver of the communication, we can say that it is
the same situation where the independent noise of the dither
signal is added in the communication. Thus, the agent with
unsynchronized dither signal could not achieve consensus or
it needs longer time to achieve consensus than normal agents
which have synchronized dither signals. Therefore, we can
find the broken agents and/or enemy agents in the system by
comparing the convergence of the consensus.

In this paper, the author first define the dynamics of
the agents which communicate with subtractive and non-
subtractive dithered quantization. Then, we focus on the con-
vergence speed of consensus by both quantization method.
The difference of the convergence speed shows that some
agents have the different dither signals and we distinguish
such agents from the normal ones.

II. DYNAMICS OF AGENTS

A multi-agent system with N ∈ N agents is considered.
The topology of the system is given by a undirected graph
G(V,E) where V = {1, 2, . . . , N} is the set of nodes and
E ⊆ V × V is the set of edges. In this paper, we assume
that the graph G is an undirected connected graph. An agent
i ∈ V updates its state xi(k) ∈ R by

xi(k + 1) = xi(k) + rvi(k), (1)

where k is the discrete time, vi(k) ∈ R is the input, and
r ∈ R is a constant value. The input vi(k) is generated by
dithering method which is given by

vi(k) =
∑
j∈Ni

vij(k), (2)

vij(k) = q[xj(k) + wj(k)− xi(k)]− wi(k), (3)

where q[·] is a uniform quantization operator and wi(k) ∈ R,
wj(k) ∈ R are the dither signals. The symbol Ni expresses
the set of the neighboring agents of the agent i. If wi(k) = 0
and wj(k) 6= 0, the equation (1) means non-subtractive dither
method. If wi(k) = −wj(k), it means subtractive dither
method. For simple expression, we define the unquantized
input ui(k) ∈ R as

ui(k) =
∑
j∈Ni

uij(k), (4)

uij(k) = xj(k) + wj(k)− xi(k). (5)
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Fig. 1. Example of multi-agent system topology.

Now, we introduce a quantizer error ξi(k) ∈ R which is
defined as

ξi(k) = vi(k)− ui(k) (6)

By using ξ, the dynamics of the agent (1) is transformed into

xi(k + 1) = xi(k) + r(ui(k) + ξi(k)). (7)

The multi-agent system is characterized by a graph Lapla-
cian L ∈ RN×N whose {i, j}-th element lij is

lij =

 −1 if (i, j) ∈ E,
|Ni| if i = j,
0 otherwise.

By using the graph Laplacian L, the dynamics of the system
is written in

x(k + 1) = (IN − rL)x(k)− rLw(k) + rΞ(k)1N , (8)

where x(k) = [x1(k) x2(k) · · · xN (k)]>, w(k) =
[w1(k) w2(k) · · · wN (k)]>, and 1N = [1 1 · · · 1]> ∈ RN .
The matrix IN ∈ RN×N is identical and the {i, j}-th element
ξij(k) ∈ R of the matrix Ξ(k) ∈ RN×N is given as

ξij(k) =

{
q[uij(k)]− uij(k) if (i, j) ∈ E,
0 otherwise.

If we use subtractive dither method, i.e., wi(k) = wj(k)
for all i and j, the second term of the right-hand side
of (8) becomes zero. Consequently, the effect of dithering
remains only in the third term and the behavior of the whole
system is similar to a usual (not multi-agent) system with
non-subtractive dither. On the other hand, if we use non-
subtractive dither method, i.e., wi(k) = 0 and wj(k) 6= 0
for (3), the whole system (8) behaves like a usual system
with subtractive dither. In most cases, subtractive dither
method produces better performance in quantized control
than non-subtractive dither method. Thus, we do not have
to use subtractive dither for each agent to obtain nice global
performance. However, if we regard the dither signals as
identification keys, we have chance to distinguish a special
agent from its behavior.

III. NUMERICAL EXAMPLE

In this section, some numerical examples are demonstrated
to show behavior of multi-agent systems with subtractive
and non-subtractive dither. We consider a system with five
agents and its topology is given by Fig. 1. The initial state is
x(0) = [6 7 5 3 4]> and the constant value r of (1) is r = 0.5.
The quantization interval is 0.6 and the dither signals are
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Fig. 2. Behavior of the agents with non-subtractive dither.
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Fig. 3. Behavior of the agents with subtractive dither.

random variables with uniform probability distribution on
(−0.3, 0.3]. Fig. 2 shows the behavior of the agents with non-
subtractive dither, that is, vij(k) = q[xj(k)+wj(k)−xi(k)].
In this example, the same dither signal is used for all agent,
i.e., w1(k) = w2(k) = · · · = w5(k) but wi(k1) 6= wi(k2)
if k1 6= k2. Fig. 3 shows the behavior of the agents with
subtractive dither in the same condition as Fig. 2. Comparing
these results, It looks better achieve consensus when we use
non-subtractive dither. If we use different dither signals for
each agents, such as w1(k) = w3(k) = w4(k) = w5(k) and
w2 6= w1(k), the behavior becomes like Fig. 4. We can find
many edges for agent 2 (red line) and agent 3 (orange line).
This result tells us which is the agent with different dither
signal or which are connected with it.

IV. CONCLUDING REMARKS

In this paper, multi-agent consensus problems with sub-
tractive and non-subtractive dither method are considered.
When subtractive dither method is applied into each agent,
we showed that it appears to be non-subtractive dither
method for the whole multi-agent system and vice versa.
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Fig. 4. Behavior of the agents with different dither signals.
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In addition, we also show that behavior of the agents with
different dither signals has some different points so we can
find such irregular agents from their behavior. However, we
have not derived a clear rule to distinguish a special agent
from the others yet. Hence quantitative evaluation of multi-
agent systems in such situation is our future work.
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On Additive Lyapunov Functions and Existence of Neutral Supply
Rates in Acyclic LTI Dynamical Networks *

Andrej Jokić1 and Ivica Nakić2

Abstract— In this paper we are concerned with linear time
invariant (LTI) systems which admit a Lyapunov function with
a specific additive structure. We prove that if a dynamical
network, composed as set of LTI systems interconnected over an
acyclic graph, admits an additive quadratic Lyapunov function,
then the systems are dissipative with respect to a set of
interconnection neutral supply rates (we show that this set is
necessarily nonempty), where each supply rate from the set is
defined on a single interconnection link in the network.

I. INTRODUCTION

Dissipativity theory [1] has been one of the major tools in
both i) robust control theory, where many of the problems
can be formulated, solved or interpreted in this framework; ii)
stability analysis / control synthesis for large scale systems,
see e.g. [1] and [5] for classical results and, e.g., [3], [4]
for a more recent controller synthesis result. One of the
fundamental results states that if interconnected systems
are dissipative with suitably defined interconnection neutral
supply rates, then the overall interconnected system is stable
(see e.g. [1], [2]).

In this paper we consider dynamical networks defined as
a set of linear time invariant systems interconnected over
an arbitrary acyclic graph. We define an additive Lyapunov
function as a Lyapunov function which is a sum of “local
functions”, where each such local function is assigned to one
system in the network and depends only on the states of that
particular system. Indeed, the above mentioned dissipativity-
type results commonly end up with additive Lyapunov func-
tions as the main analysis/synthesis tools, where the local
functions are nothing else than the storage functions related
to the interconnection neutral supply rates.

While it is well known that existence of neutral supply
rates implies existence of an additive Lyapunov function, to
the best of our knowledge, the converse statement has not
been proven in a sufficiently general case. In this paper we
prove such converse result for the case of acyclic dynamical
networks of LTI systems and quadratic additive Lyapunov
functions. More precisely, we prove that if such dynamical
network is stable and admits an additive Lyapunov func-
tion, then there necessarily exists a set of suitably defined
quadratic interconnection neutral supply rates defined on the
interconnection links. We restrict ourself to systems in which

*This work has been fully supported by the Croatian Science Foundation
under the project 9354 Control of Spatially Distributed Systems.

1Andrej Jokić is with Faculty of Mechanical Engineering and Naval
Architecture, University of Zagreb, Croatia andrej.jokic@fsb.hr

2Ivica Nakić is with the Department of Mathematics, Faculty of Science,
University of Zagreb, Croatia.

the direct feed-through matrices (the “D matrix” in a state-
space realization) of systems in the network are zero.

II. NOTATION AND PRELIMINARIES

In this section we define the notation and present some no-
tions and results which will be instrumental in the remainder
of the paper.

1) Notation.: Let R denote the field of real numbers and
let Rm×n denote m by n matrices with elements in R. The
transpose of a matrix A is denoted by A>. We use Sn to
denote the set of all symmetric matrices of dimension n×n.
KerA and ImA are used to denote the kernel and the image
space of A, respectively. The operator col(·, . . . , ·) stacks its
operands into a column vector, and diag(·, . . . , ·) denotes a
square matrix with its operands on the main diagonal and
zeros elsewhere. The matrix inequalities A� B (A≺ B) and
A � B (A � B) mean A and B are symmetric and A−B is
positive definite (negative definite) and positive semi-definite
(negative semi-definite), respectively. Blocks in matrices that
can be inferred by symmetry are sometimes denoted by ? to
save space. For a finite set Ω we use to |Ω| to denote its
cardinality. For a linear time invariant (LTI) system G with
a state-space description(

ẋ
z

)
=

(
A B
C D

)(
x
d

)
(1)

we will use the notation G =
[

A B
C D

]
or G = (A,B,C,D) to

denote a state space realization of a transfer function G(s),
i.e., G(s) =C(sI−A)−1B+D.

2) Dissipative LTI systems with quadratic supply rates:
Here we briefly recall characterization of dissipative LTI
systems in terms of linear matrix inequalities. For more
details we refer to, e.g., [1], [2]. We say that an LTI system
G given by (1) is strictly dissipative with respect to the
quadratic supply function

s(d,z) =
(

d
z

)>(Q S
S> R

)(
d
z

)
,

where Q and R are symmetric matrices of appropriate di-
mensions and S is a real matrix, if there exists a quadratic
storage function V (x)= x>Px, such that the time derivative of
V (x(t)) along the system’s trajectory satisfies the inequality

V̇ (x(t))< s(d(t),z(t))

at any time t and for all col(x(t),d(t),z(t)) 6= 0. This dissipa-
tivity condition is equivalet to the existence of a symmetric
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P such that the following linear matrix inequality (LMI) is
feasible

I 0
A B
0 I
C D


>

0 P 0 0
P 0 0 0
0 0 −Q −S
0 0 −S> −R




I 0
A B
0 I
C D

≺ 0.

3) Interconnection neutral supply rates: Consider two
systems G1 and G2 given by

G1 :

{
ẋ1 = A1x1 +B1v1
w1 =C1x1 +D1v1

, G2 :

{
ẋ2 = A2x2 +B2v2
w2 =C2x2 +D2v2

(2)

and their interconnection obtained by taking v1 = w2 and
v2 = w1. Indeed, we assume that the dimensions of the con-
sidered signals are compatible so that such interconnection
is possible. Suppose that the system G1 is strictly dissipative
with respect to supply function s1(v1,w1) and system G2 is
strictly dissipative with respect to supply function s2(v2,w2),
that is, there exist storage functions V1(x1) and V2(x2), such
that for all systems trajectories the following dissipation
inequalities hold

V̇1(x1)< s1(v1,w1), for col(x1,v1,w1) 6= 0
V̇2(x2)< s2(v2,w2) for col(x2,v2,w2) 6= 0.

(3)

The interconnection is said to be neutral with respect to
supply rates s1,s2 if

s1(v1,w1)+ s2(v2,w2) = 0,

for all v1, w1, v2, w2 such that v1 = w2, v2 = w1.

Remark II.1 The following two conditions imply stability of
the interconnected systems:

1) The dissipation inequalities (3) are satisfied with posi-
tive definite storage functions, that is, Vi(xi)> 0 for all
xi 6= 0, i = 1,2;

2) The interconnection is neutral with respect to the supply
rates s1 and s2 from (3).

Indeed, positive definite function V (x1,x2) :=V1(x1)+V2(x2)
has negative definite time derivative along the state tra-
jectories of the interconnected system, since the above two
conditions imply V̇ (x1,x2) = V̇1(x1)+ V̇2(x2) < s1(v1,w1)+
s2(v2,w2) = 0 and therefore V (x1,x2) is a Lyapunov function
for the interconnected system.

4) Non-conservative stability result based on full-block
S-procedure: Consider system interconnection presented in
Figure 1 and given by w = Gv, v = ∆(w). Let G be an LTI

G

∆

w v

Fig. 1. Uncertain dynamical system represented in a basic feedback
interconnection

system and suppose the operator ∆, which belongs to some

set Λ, is a static (memoryless) mapping from Rnw to Rnv . The
following theorem considers the case when Λ is a compact
set, and is a consequence (in particular the “only if” part)
of the full-block S-procedure. For more details see [6], [7].

Theorem II.2 Let G =
[

A B
C D

]
, A ∈Rn×n, D∈Rnw×nv and

let Λ be a compact set. Then the system presented in Figure 1
is (exponentially) stable if and only if there exist P ∈ Sn,
P� 0 and Q ∈ Snv , R ∈ Snw , S ∈ Rnv×nw such the following
matrix inequalities are satisfied(

∆

I

)>(Q S
S> R

)(
∆

I

)
� 0 for all ∆ ∈ Λ,

I 0
A B
0 I
C D


>

0 P 0 0
P 0 0 0
0 0 Q S
0 0 S> R




I 0
A B
0 I
C D

≺ 0.

III. DYNAMICAL NETWORKS

In this section we introduce the notion of dynamical
networks, as used in this paper, and present a suitable
modelling framework for such systems. The section is to
a large extent following the modelling framework from [8].

We define a dynamical network as a finite set of dynamical
systems interconnected via physical or communicational
links over some graph. More precisely, we use a directed
graph Γ := (Ω,E) in which each vertex Gi ∈Ω is identified
with a dynamical system, while a directed edge (Gi,G j)∈ E
means that the dynamics of the system Gi influences the
dynamics of the system G j, i.e., there is an output signal of
Gi that is input to G j.

Let L = |Ω|, i.e., L is the number of vertices (systems) in
Γ. We assume that system indexes range from 1 to L, that
is, Ω = {Gi}i=1,...,L. We will use the following notation for
the interconnection signals:
• wi j is the signal associated with the directed edge
(Gi,G j), i.e., wi j is an output from the system Gi and
influences dynamics of the system G j. We use ni j to
denote the spatial dimension of wi j, that is, wi j(t)∈Rni j .

• v ji is the signal associated with the directed edge
(Gi,G j), denotes the input signal to the system G j.

When the interconnections between the system are ideal
(e.g., there are no time delays, or dynamical elements in
general, in the interconnection links) we have the following
interconnection relations

vi j = w ji (5)

for all edges in Γ. Note that vi j(t)∈Rn ji . With the following
abbreviations

v := col
i=1,...,L

(
col

j=1,...,L
(vi j)

)
w := col

i=1,...,L

(
col

j=1,...,L
(wi j)

)
wH := col

i=1,...,L

(
col

j=1,...,L
(w ji)

)
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the ideal interconnections (5) are in compact way given by

v = wH = Hw,

where H is suitably defined permutation matrix. We will refer
to the matrix H as the interconnection matrix.

For each i ∈ {1, . . . ,L} we further make the following
definitions

vi := col
j=1,...,L

(vi j),

wi := col
j=1,...,L

(wi j),

that is, the signal vi collects all interconnection signals which
act as an input to the system Gi, while the signal wi collects
all outputs of the system Gi. We limit our focus to finite
dimensional, linear, time-invariant systems, and in that case
the system Gi can be represented in a state-space form as
follows (

ẋi
wi

)
=

(
Ai Bi
Ci 0

)(
xi
vi

)
,

where xi(t) ∈ Rni is the state vector. We will use Gi(s) to
address the transfer matrix of the i-th system, i.e., we have

Gi =

[
Ai Bi
Ci 0

]
.

Finally, with the abbreviations x := col
i=1,...,L

(xi) and

A := diag
i=1,...,L

(Ai), B := diag
i=1,...,L

(Bi), C := diag
i=1,...,L

(Ci),

the overall interconnected system is given by(
ẋ
w

)
=

(
A B
C 0

)(
x
v

)
, v = Hw. (7)

With G =

[
A B
C 0

]
the overall interconnected system is

presented in Figure 2. Note that G(s) = diag
i=1,...,L

(Gi(s)), that

is, the system G is a collection of uncoupled systems Gi,
collected together in a transfer matrix G with block diagonal
structure.

G

H

w v

Fig. 2. Spatially distributed system represented as a set of uncoupled
dynamical systems (G) interconnected via matrix H in feedback loop.

Let n := ∑
L
i=1 ni, m := ∑

L
i=1 ∑

L
j=1 ni j, where ni j = 0 when

(Gi,G j) /∈ E. Based on Theorem II.2 we have the following
stability result.

Proposition III.1 The system (7) is stable if and only if
there exists P ∈ Sn×n, P � 0, and Q ∈ Sm×m,S ∈ Rm×m,R ∈
Sm×m, such that(

H
I

)>(Q S
S> R

)(
H
I

)
= R+S>H +H>S+H>QH � 0

(8)

and the following matrix inequality is satisfied
I 0
A B
0 I
C D


>

0 P 0 0
P 0 0 0
0 0 Q S
0 0 S> R




I 0
A B
0 I
C D

≺ 0. (9)

The conditions of Proposition III.1, when satisfied, imply
that V (x) := x>Px is Lyapunov function for the dynamical
network.

IV. PROBLEM DEFINITION AND OVERVIEW OF
THE MAIN RESULTS

A. Problem definition

We say that the dynamical network given by (7) admits an
additive Lyapunov function if there exists a block diagonal
matrix P= diag(P1, . . . ,PL) with Pi ∈ Sni , such that P� 0 and
A >P+PA ≺ 0, where A = A+BHC. The term additive
comes from the fact that the Lyapunov function is then given
by

V (x) = x>1 P1x1︸ ︷︷ ︸
V1(x1)

+ . . .x>L PLxL︸ ︷︷ ︸
VL(xL)

, (10)

that is, V (x) is a sum of local functions Vi(·), where each Vi
is local to the system i in a sense that it depends only on
the states of that system.

Before formally stating the problem definition, we further
make the following assumptions and definitions.

Let Γ̂ = (Ω, Ê) be an undirected graph defined from the
directed interconnection graph Γ = {Ω,E} as follows(

(Gi,G j) ∈ E
)

or
(
(G j,Gi) ∈ E

)
=⇒ (Gi,G j) ∈ Ê,(

(Gi,G j) /∈ E
)

and
(
(Gi,G j) /∈ E

)
=⇒ (Gi,G j) /∈ Ê,

We make the following assumption.

Assumption IV.1 The graph Γ̂ is acyclic.

Let Ni denote the set of indices of the systems adjacent
to the system Gi in Γ̂, that is, Ni := { j |(Gi,G j) ∈ Ê}. In
connection to the system Gi we define the following set of
supply functions, each related to one edge (Gi,G j), j ∈ Ni:

si j(vi j,wi j) :=
(

vi j
wi j

)>
Πi j

(
vi j
wi j

)
, j ∈ Ni, (11)

where Πi j is a symmetric real matrix of suitable dimensions.

Theorem IV.2 With Assumption IV.1, the following two
statements are equivalent:

i) The system (7) admits an additive quadratic Lyapunov
function of the form (10).

ii) For each i∈Ω and each j ∈Ni there exists a symmetric
real matrix Πi j, which defines si j as in (11), so that
a) V̇i(xi)< ∑ j∈Ni si j(vi j,wi j) along trajectories xi, vi j,

wi j satisfying (7);
b) si j(vi j,wi j) + s ji(v ji,w ji) = 0 for each (i, j) such

that (Gi,G j) ∈ Ê;
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where Vi(xi) = x>i Pixi.

Note that the inequalities in part (a) of the statement (ii)
mean that the system Gi is strictly dissipative with respect
to the supply function ∑ j∈Ni si j(vi j,wi j), while the condition
in part (b) of the statement (ii) means that the supplies
si j and s ji are interconnection neutral supply rates for the
interconnections between the systems Gi and G j. We also
emphasize that in the above theorem each matrix Pi from (i)
is indeed the same Pi as in (ii).

The implication (ii) =⇒ (i) is trivial to prove. It is a
straightforward generalization of the Remark II.1 from two
to arbitrary number of interconnected systems. The main
contribution of this paper is to prove (i) =⇒ (ii).

B. Overview of the main results

The core part of proof of Theorem IV.2 is divided in
the two subsequent sections, Section V and Section VI.
Both sections contain results for which we believe are
of independent interest. In this section we first formally
define the problems solved in Sections V and VI. Then we
indicate how these two results combine to form the proof
of Theorem IV.2.

1) Connective stability: Consider a dynamical network
given by (7) with L ≥ 2. In Section V we will prove the
following proposition.

Proposition IV.3 Let (Gi,G j) ∈ E and suppose that the
system (7) admits an additive quadratic Lyapunov function of
the form (10). Then the system obtained by interconnecting
the systems Gi and G j alone is stable, that is, the system
given by

wi j = Givi j, w ji = G jv ji, wi j = v ji, w ji = vi j (12)

is stable. Moreover, the function V (xi,x j) = x>i Pixi + x>j Pjx j
is a Lyapunov function for the interconnected system (12).

We call the property from Proposition IV.3 the connective
stability, as it is closely related to the connective stability
notion defined e.g. in [9].

2) Existence of neutral supply rates for the case of two
systems: In Section VI we will prove the following propo-
sition.

Proposition IV.4 The Theorem IV.2 is true for L= 2, that is,

the theorem is true for G = diag(G1,G2) and H =

(
0 I
I 0

)
(see Figure 2).

Note that above proposition is in fact the converse statement
to the one made in Remark II.1.

3) Proof of Theorem IV.2 (Sketch): By Proposition IV.3,
for any (i, j) such that (Gi,G j) ∈ Ê there is an additive Lya-
punov function for the system (12). Then by Proposition IV.4
there exists si j(vi j,wi j) and s ji(v ji,w ji) so that

a) si j(vi j,wi j)+ s ji(v ji,w ji) = 0;
b) Gi is strictly dissipative with respect to si j(vi j,wi j) with

the storage function Vi(xi) = x>i Pixi;
c) G j is strictly dissipative with respect to s ji(v ji,w ji) with

the storage function Vi(xi) = x>i Pixi.

Since this holds all pairs (i, j) such that (Gi,G j) ∈ Ê, we
can construct the supply rates in Theorem IV.2 so that
the statement (i) implies the statement (ii). In particular,
Assumption IV.1 allows us to construct such supply rates so
that Gi is not only strictly dissipative with respect to each si j
(for each j ∈Ni) separately, but that it is also dissipative with
respect to the joint combined supply ∑ j∈Ni si j, as presented
in part a) in the statement (ii) of the theorem. Details of the
such construction are here omitted.

V. CONNECTIVE STABILITY

In this section we prove Proposition IV.3.
For simplicity let i = 1 and j = 2. In addition to the

definitions and abbreviations made in Section III, we make
the following ones. Let v̂1 and ŵ be the vectors so that v1 =
col(v12, v̂1) and w1 = col(w12, ŵ1). Analogously, we define v̂2
and ŵ2 so that v2 = col(v21, v̂2) and w2 = col(w21, ŵ2). The
system G1 is then given in the following state-space form

ẋ1 = A1x1 +B12v12 + B̂1v̂1 (13a)
w12 =C12x1 (13b)

ŵ1 = Ĉ1x1 (13c)

for B12, B̂1, C12 and Ĉ1 being suitably selected submatrices
from B1 and C1. Analogously, the system G2 is given by

ẋ2 = A2x2 +B21v21 + B̂2v̂2 (14a)
w21 =C21x2 (14b)

ŵ2 = Ĉ2x2 (14c)

for B21, B̂2, C21 and Ĉ2 being suitably selected submatrices
from B2 and C2. Since G1 and G2 are interconnected in a
sense that v21 = w12 and v12 = w21, from (13) and (14) we
can define the system GI , given by

ẋI = AIxI +BIvI ,

wI =CIxI ,

as interconnection of systems G1 and G2, where
xI = col(x1,x2), vI = col(v̂1, v̂2), wI = col(ŵ1, ŵ2),
BI = diag(B̂1, B̂2), CI = diag(Ĉ1,Ĉ2) and

AI =

(
A1 B12C21

B21C12 A2

)
.

Now, the overall interconnected system given by (7) and
presented in Figure 2 can be alternatively presented as
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follows(
ẋI
ẋII

)
=

(
AI 0
0 AII

)
︸ ︷︷ ︸

AO

(
xI
xII

)
+

(
BI 0
0 BII

)
︸ ︷︷ ︸

BO

(
vI
vII

)
,

(
wI
wII

)
=

(
CI 0
0 CII

)
︸ ︷︷ ︸

CO

(
xI
xII

)
,

(
vI
vII

)
=

(
0 H1

H2 H3

)
︸ ︷︷ ︸

HO

(
wI
wII

)
,

where xII = col(x3,x4, . . . ,xL), vII = col(v3,v4, . . . ,vL),
wII = col(w3,w4, . . . ,wL), AII = diag(A3,A4, . . . ,AL), BII =
diag(B3,B4, . . . ,BL), CII = diag(C3,C4, . . . ,CL), and H1, H2
and H3 are suitably constructed from the matrix H.

If the system (7) admits an additive Lyapunov func-
tion, with PI := diag(P1,P2), PII := diag(P3,P4, . . . ,PL), P =
diag(PI ,PII)� 0, we have that

(AO +BOHOCO)
>P+P(AO +BOHOCO)≺ 0,

which reads as(
A>I PI +PIAI M>2 PII +PIM1

M>1 PI +PIIM2 M>3 PII +PIIM3

)
≺ 0, (17)

where M1 = BIH1CII , M2 = BIIH2CI and M3 = AII +
BIIH3CII . The upper left block in (17) is therefore negative
definite, that is, A>I PI +PIAI ≺ 0. The latter inequality and
PI � 0 imply stability of the interconnection of G1 and G2
alone, as stated in Proposition IV.3. This is so since such
interconnected system composed of G1 and G2 is given by
a state space realization ẋI = AIxI .

VI. EXISTENCE OF NEUTRAL SUPPLY RATES:
CASE OF TWO SYSTEMS

In this section we present a proof of Proposition IV.4.
Consider two LTI systems G1 and G2, given by (2) with

D1 = 0, D2 = 0, and interconnected in a way that v1 = w2 =:
w, v2 = w1 =: z, where x1(t) ∈ Rn1 , x2(t) ∈ Rn2 , z(t) ∈ Rnz ,
w(t) ∈ Rnw . The interconnected system G is then given by

G :
(

ẋ1
ẋ2

)
=

(
A1 B1C2

B2C1 A2

)
︸ ︷︷ ︸

A

(
x1
x2

)
︸ ︷︷ ︸

x

. (18)

Recall that existence of interconnection neutral supply rates
means that there exist supply rates s1 and s2 such that
s1(w,z)+ s2(z,w) = 0 and

V̇1(x1)< s1(w,z), for col(x1,w,z) 6= 0
V̇2(x2)< s2(z,w) for col(x2,z,w) 6= 0.

With the abbreviations H :=
(

0 I
I 0

)
, A := diag(A1,A2),

B := diag(B1,B2), C := diag(C1,C2), the stability of the
system (18) is by Proposition III.1 equivalent to existence
of matrices P� 0 and

Π =

(
Q S
S> R

)
:=


Q11 Q12 S11 S12
Q>12 Q22 S21 S22
S>11 S>21 R11 R12
S>12 S>22 R>12 R22

 , (20)

which satisfy (8) and (9). Observe that, in general, both P
and Π are full matrices. Proposition IV.4 is concerned with

block diagonal P, that is, assumption is that P= diag(P1,P2).
According to the full-block S-procedure, straightforward
modification of Proposition III.1 states that the system (18)
is stable with an additive Lyapunov function (block diagonal
P) if and only if there exists full symmetric Π, i.e., as in
(20), so that (8) and (9) hold. This result is the starting point
of the proof. Our aim is show that with the block diagonal
P, we can also, without loss of generality, impose certain
structural constraints on Π, which in fact imply existence of
the interconnection neutral supply rates. The proof follows in
two steps. In the first step we make an assumption regarding
rank of matrices C1 and C2, while in the second step we
relax this assumption.

1) Step 1: Till Step 2, the standing assumption is that
both C1 and C2 are full row rank matrices. Furthermore, we
first consider the case when nz < n1 and nw < n2. At the
end of Step 1 we remark on the case when nz = n1 and
nw = n2, or when we have some other combination of the
above equalities/inequalities.

We make the following definitions. Let V1 span the kernel
of C1 and V2 span the kernel of C2. Furthermore, let W1
and W2 be the matrices whose columns span the orthogonal
subspaces to V1 and V2, respectively, and let

T =

(
V W 0
0 0 CW

)
, (21)

where V = diag(V1,V2), W = diag(W1,W2), CW =
diag(C2W2,C1W1). Note that T is nonsingular square
matrix. Let P = diag(P1,P2) and Q,S and R satisfy (8) and
(9). After applying the congruence transformation on (9)
with T , i.e., after pre-multiplying and post-multiplying (9)
with T> and T , respectively, we have(

V>MV V>MW V>NCW
W>MV W>MW +W>C>RCW W>NCW +W>C>S>CW
C>W N>V C>W N>W +C>W SCW C>W QCW

)
≺ 0

where M := A>P+PA and N := PB. After applying Schur
complement rule on the above inequality, with the diagonal
block V>MV to be inverted, we obtain the following equiv-
alent inequalities

V>MV ≺ 0 (22a)(
?
)>(R S>

S Q

)(
CW 0

0 CW

)
+
(
?
)>(R̂ Ŝ>

Ŝ Q̂

)(
W 0
0 CW

)
︸ ︷︷ ︸

Y

≺ 0

(22b)

where we have used the abbreviations

R̂ = M−MV (V>MV )−1V>M,

Ŝ = N>−N>V (V>MV )−1V>M,

Q̂ =−N>V (V>MV )−1V>N.

Note that R̂, Ŝ and Q̂ are by construction block diagonal ma-
trices, i.e., we can write R̂ = diag(R̂1, R̂2), Ŝ = diag(Ŝ1, Ŝ2),
Q̂ = diag(Q̂1, Q̂2), where R̂i ∈ Rni×ni for i = 1,2, Q̂1 ∈
Rnw×nw , Q̂2 ∈ Rnz×nz , Ŝ1 ∈ Rnw×n1 and Ŝ2 ∈ Rnz×n2 . Let us

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

349



define L1 =

(
C1
V>1

)
, L2 =

(
C2
V>2

)
. Note that L1 ∈Rn1×n1 and

L2 ∈ Rn2×n2 are nonsingular square matrices and

L1W1 =

(
C1W1

0

)
, L2W2 =

(
C2W2

0

)
.

With L = diag(L1,L2) the matrix Y from (22b) can be
presented as

Y =
(
?
)> (

?
)>(R̂ Ŝ>

Ŝ Q̂

)(
L−1L 0

0 I

)(
W 0
0 Cw

)
,

or

Y =

(
LW 0
0 CW

)>(L−>R̂L−1 L−>Ŝ>

ŜL−1 Q̂

)(
LW 0
0 CW

)
.

(24)
Note that

LW =


C1W1 0

0 0
0 C2W2
0 0

 (25)

and that we can, in conformity with the above partition of
LW , partition L−>R̂L−1 and ŜL−1 into blocks

L−>R̂L−1 =


R̃1

11 R̃1
12 0 0

(R̃1
12)
> R̃1

22 0 0
0 0 R̃2

11 R̃2
12

0 0 (R̃2
12)
> R̃2

22

 , (26)

ŜL−1 =

(
S̃1

11 S̃1
12 0 0

0 0 S̃2
11 S̃2

12

)
. (27)

Y from (24), after multiplications and with CW =
diag(C2W2,C1W1), becomes

Y =

(
CW 0

0 CW

)>(
R S >

S Q

)(
CW 0

0 CW

)
(28)

where

R =

(
R1 0
0 R2

)
:=
(

R̃1
11 0
0 R̃2

11

)
,

S =

(
S1 0
0 S2

)
:=
(

S̃1
11 0
0 S̃2

11

)
,

Q =

(
Q1 0
0 Q2

)
:=
(

Q̂1 0
0 Q̂2

)
= Q̂.

The inequality (22b) now reads as(
CW 0

0 CW

)>((
R S>
S Q

)
+

(
R S >

S Q

))(
CW 0

0 CW

)
≺ 0.

(30)
Since CW and CW are nonsigular square matrices, (30) is
equivalent to (

R S>

S Q

)
+

(
R S >

S Q

)
≺ 0, (31)

or equivalently(
Q S
S> R

)
+

(
Q S

S > R

)
≺ 0. (32)

Recall that Q, S and R are full matrices, while Q, S and
R are block diagonal matrices, derived from the parameters
of the systems (Ai,Bi,Ci, i = 1,2) and the Lyapunov matrices
P1,P2. The derived results up to now can be summarized in
the following equivalence

(32) ⇐⇒ (9). (33)

After pre-multiplying (32) with
(

H
I

)>
and post-multiplying

with
(

H
I

)
, with (8), we have(

H
I

)>(
Q S

S > R

)(
H
I

)
=

(
R1 +Q2 S >

1 +S2
S1 +S >

2 Q1 +R2

)
≺ 0.

(34)
Now, consider the following multiplier

ΠD =

(
QD SD
S>D RD

)
(35)

where α is a positive real number in the interval (0,1) and

QD = diag(−αQ1 +(1−α)R2, αR1− (1−α)Q2),

RD = diag(−αR1 +(1−α)Q2, αQ1− (1−α)R2),

SD = diag(−αS1 +(1−α)S >
2 , αS >

1 − (1−α)S2).

For future reference it will be convenient to use the
abbreviations QD

i , SD
i , RD

i , i = 1,2, to refer to the block
diagonal matrices in QD, SD, RD from (35), that is, QD =
diag(QD

1 ,Q
D
2 ), SD = diag(SD

1 ,S
D
2 ), RD = diag(RD

1 ,R
D
2 ).

It is easy to see that with Π = ΠD the condition (8) holds
since we have (

H
I

)>(QD SD
S>D RD

)(
H
I

)
= 0. (36)

Furthermore, it also directly follows that (32) holds when
Q = QD, S = SD and R = RD. This is so, since with (34), by
inspection it is easy to verify that(

QD SD
S>D RD

)
+

(
Q S

S > R

)
≺ 0. (37)

Now, due to (36), (37) and (33), we conclude that (8)

and (9) remain satisfied when
(

Q S
S> R

)
is replaced with(

QD SD
S>D RD

)
. After this replacement, it only remains to

realize that then all the matrices in (9) are block diagonal
and (9) decomposes into following two independent LMIs
(recall Di = 0) I 0

Ai Bi
0 I
Ci 0


> 0 Pi 0 0

Pi 0 0 0
0 0 QD

i SD
i

0 0 (SD
i )
> RD

i


 I 0

Ai Bi
0 I
Ci 0

≺ 0,

(38)
for i = 1,2, while the condition (8) reads as(

QD
2 SD

2
(SD

2 )
> RD

2

)
=

(
−RD

1 −(SD
1 )
>

−SD
1 −QD

1

)
. (39)

The conditions (38) specify that system i is dissipative with
quadratic supply si, for i = 1,2, while the condition (39)
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implies that s1 + s2 = 0. This concludes Step 1 of the proof
for the case when nz < n1, nw < n2. In case when either
nz = n1 or nw = n2 (or both), the proof follows along the
similar lines, except that the congruence transformation with
the matrix T , defined in (21), is either completely omitted
(when nz = n1 or nw = n2) or T is suitably modified. We
omit the details due to space limitations.

2) Step 2: Relaxing assumption on full row rank of
matrices C1 and C2.

Suppose that C2 ∈Rnw×n2 does not have full row rank, but
its row rank is ñw < nw. Without loss of generality we can
write

C2 =

(
CD

2
C̃2

)
where C̃2 ∈Rñw×n2 is a matrix collecting linearly independent
rows of C2, while CD

2 are the remaining rows. We can write

C2 =

(
J2
Iñw

)
C̃2 (40)

with suitably defined J2 ∈ R(nw−ñw)×ñw . Analogously, if C1
is not full row rank matrix, we can define C̃1 ∈ Rñz×n1 as a
full row rank submatrix of C1 and have

C1 =

(
J1
Iñz

)
C̃1, (41)

for some suitably defined J1 ∈ R(nz−ñz)×ñz .
Instead of considering the interconnection of systems

G1 = (A1,B1,C1,0) and G2 = (A2,B2,C2,0), we can now
equivalently consider stability of the system obtained by
interconnecting G̃1 =(A1, B̃1,C̃1,0) with G̃2 =(A2, B̃2,C̃2,0),
where

B̃1 = B1

(
J2
I

)
, B̃2 = B2

(
J1
I

)
. (42)

Since both C̃1 and C̃2 are full row rank, if there exists
an additive Lyapunov function V (x1,x2) =V1(x1)+V2(x2) =
x>1 P1x1+x>2 P2x2, we can construct a neutral supply rate (this
has been proven in Step 1). Let w̃ and z̃ denote respectively
input and output to the system G̃1. Then z̃ and w̃ are the input
and the output of G̃2, respectively. Recall that the neutral
supply rate existence implies that there exist Q̃, R̃, S̃ such
that

d
dt

V1(x1)<

(
w̃
z̃

)>( Q̃ S̃
S̃> R̃

)(
w̃
z̃

)
,

for all col(x1, w̃, z̃) 6= 0 as trajectories of system G̃1;

d
dt

V2(x2)<−
(

w̃
z̃

)>( Q̃ S̃
S̃> R̃

)(
w̃
z̃

)
,

for all col(x2, z̃, w̃) 6= 0 as trajectories of system G̃2.

The above dissipation inequalities are equivalent to the
following matrix inequalities

(?)>
(

0 P1
P1 0

)(
I 0

A1 B̃1

)
≺ (?)>

(
Q̃ S̃
S̃> R̃

)(
0 I

C̃1 0

)
,

(44)

(?)>
(

0 P2
P2 0

)(
I 0

A2 B̃2

)
≺ (?)>

(
−R̃ −S̃>

−S̃ −Q̃

)(
0 I

C̃2 0

)
.

(45)
Consider the equality

(?)>


Q11 Q12 S11 S12
Q>12 Q22 S21 S22
S>11 S>21 R11 R12
S>12 S>22 R>12 R22


 J2 0

I 0
0 J1
0 I

=

(
Q̃ S̃
S̃> R̃

)
, (46)

which is a linear equation in Q,S,R, where

Q :=
(

Q11 Q12
Q>12 Q22

)
, S :=

(
S11 Q12
S21 S22

)
, R :=

(
R11 R12
R>12 R22

)
,

for some known Q̃, S̃, R̃.
Substituting (46) into (44), with (41) and (42), we obtain

(?)>
(

I 0
A1 B1

)>( 0 P1
P1 0

)(
I 0

A1 B1

)
︸ ︷︷ ︸

=:X1

 I 0
0 J2
0 I

≺

≺ (?)>
(

0 I
C1 0

)>(Q S
S> R

)(
0 I

C1 0

)
︸ ︷︷ ︸

=:Y1

 I 0
0 J2
0 I

 .

(47)

Similarly, substituting (46) into (45), with (40) and (42), we
obtain I 0

0 J1
0 I

>( I 0
A2 B2

)>( 0 P2
P2 0

)(
I 0

A2 B2

)
︸ ︷︷ ︸

=:X2

 I 0
0 J1
0 I

≺

≺

 I 0
0 J1
0 I

>( 0 I
C2 0

)>(−R −S>
−S −Q

)(
0 I

C2 0

)
︸ ︷︷ ︸

=:Y2

 I 0
0 J1
0 I

 .

(48)

Our aim is to show that we can always select Q,S and R
with (46) such that X1 ≺ Y1 and X2 ≺ Y2. Indeed, these two
inequalities mean that Q,S and R define the interconnection
neutral supply rates for the original system with matrices C1
and C2.

Consider first the inequality X1 ≺ Y1. The inequality (47)

implies that X1 ≺Y1 on Im

(
I 0
0 J2
0 I

)
, that is, x>X1x < x>Y1x

for all x ∈ Im

(
I 0
0 J2
0 I

)
, x 6= 0, but not necessarily also for

an arbitrary x 6= 0. Note that Ker
(

I 0 0
0 J>2 I

)
= Im

(
0
I
−J>2

)
,

and

K :=

 I 0 0
0 J2 I
0 I −J>2


is nonsingular square matrix. The dashed lines in the above
definition of K indicate partition into 2× 2 matrix blocks
whose dimensions are in conformity with matrix blocks in
X1 and Y1, allowing for direct block-wise multiplications in
expressions K>X1K and K>Y1K.

Next, we show that we can always select Q,S and R in
(46) so that K>X1K ≺K>Y1K. Since K is nonsingular square
matrix, the latter inequality indeed implies X1 ≺ Y1

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

351



In addition to (46) let us further constrain Q by adding
the following relation between Q and Q̃(

J2 I
I −J>2

)>(Q11 Q12
Q>12 Q22

)(
J2 I
I −J>2

)
=

(
Q̃ 0
0 γQI

)
(49)

for some fixed real γQ. Note that for given Q̃ and γQ, the
above equation uniquely defines Q. Also note that the only
constraint on Q from (46) is given by(

J2
I

)>
Q
(

J2
I

)
= Q̃

and is also present in (49). In that sense, uniquely defined Q
from (49) necessarily satisfies constraint on Q imposed by
(46).

The inequality (47), after multiplications and substitution
for Q̃, reads asA>1 P1 +P1A1−C>1 RC1 (P1B1−C>1 S>)

(
J2
I

)
(
J>2 I

)
(B>1 P1−SC1) −Q̃

≺ 0, (50)

while K>X1K ≺K>Y1K, after multiplications and with (49),
reads asA>1 P1 +P1A1−C>1 RC1 (P1B1−C>1 S>)

(
J2
I

)
N(

J>2 I
)
(B>1 P1−SC1) −Q̃ 0
N> 0 −γQI

≺ 0,

(51)
where N = (P1B1−C>1 S>)

(
I −J2

)>. Applying the Schur
complement rule on the above inequality, with lower right
block (−γQI) inverted, we obtain that (51) is equivalent toA>1 P1 +P1A1−C>1 RC1 + γ

−1
Q NN> (P1B1−C>1 S>)

(
J2
I

)
(
J>2 I

)
(B>1 P1−SC1) −Q̃

≺ 0,

(52)
with γQ > 0. Due to (50), which is guaranteed to hold, we

can always render (52) feasible by taking sufficiently large
γQ. To summarize, with sufficiently large γQ, the equation
(49) gives us the parameter matrix Q for neutral supply rate
of the original system, starting from the parameter matrix Q̃
of the modified system.

Satisfying the inequality X2≺Y2 follows by symmetry and
as a result gives us the following conditions which relate R
with R̃:(

J1 I
I −J>1

)>(R11 R12
R>12 R22

)(
J1 I
I −J>1

)
=

(
R̃ 0
0 γRI

)
(53)

for some sufficiently small negative real γR (sufficiently large
|γR|) Due to space limitations we will not present the detailed
proof of why (53) satisfies. The procedure is completely
analogous to the one for Q.

Finally, to complete the proof, note that conditions
K>X1K ≺K>Y1K and F>X2F ≺ F>Y2F , with (49) and (53),
do not impose any additional constraints on S, that is, the
only constraints on S that we consider are the ones imposed
by (46), and it is easy to see that they always have a solution.

More precisely, (46) gives the following relation between S
and S̃ (

J>2 I
)(S12 S12

S21 S22

)
︸ ︷︷ ︸

S

(
J1
I

)
= S̃,

which always has a solution in S for any given S̃.

VII. CONCLUSIONS

In this paper we have proved that existence of additive
quadratic Lyapunov function for an acyclic LTI dynamical
network implies existence of suitably defined interconnection
neutral supply rates.
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A chance-constrained approach to the quantized control of a heat
ventilation and air conditioning system with prioritized constraints

Caterina Brocchini1, Alessandro Falsone1, Giorgio Manganini1, Ondrej Holub2, Maria Prandini1

Abstract— This paper addresses quantized control of a heat
ventilation and air conditioning system. The objective is to
guarantee comfort, defined in terms of desired temperature and
humidity, with a higher priority assigned to the temperature
control. The system is described by a linear model with a
stochastic input to account for model uncertainty. A chance-
constrained control design strategy is proposed where con-
straints on the temperature and humidity ranges are enforced
over some look-ahead time horizon with a predefined (high)
probability with respect to the uncertain initial state and the
stochastic input. Feasibility of the constraints is guaranteed by
minimizing the temperature and humidity variability around
the desired set-points, with the variability range on the humidity
eventually enlarged when needed to squeeze the one on the
temperature. The resulting quantized control is applied in a
receding horizon fashion, leading to a closed-loop solution that
integrates state filtering to reduce on the fly the uncertainty on
the state.

I. INTRODUCTION

Energy management is an interesting and challenging
problem that has recently attracted the attention of many
researchers in academy as well as in industry, with focus on
microgrid operation, [1]–[5]. Exhaustion of energy resources
and heavy environmental impact are two of the main issues
that arise from the growing energy consumption. Almost of
40% of the total energy consumption in developed coun-
tries is due to buildings [6], a significant part of it being
used by Heating, Ventilation and Air Conditioning (HVAC)
systems for maintaining comfort conditions for the building
occupants. Indeed, indoor air quality seems to have a direct
impact on people productivity [7]. Thus a significant part
of the research on optimal energy management has been
focused on climate control in buildings (see e.g. [8]–[18])

Building energy regulations were established since the
1970s to guarantee a certain energy efficiency level [19].
Efficient management of HVAC units imposes new require-
ments on their configuration and operation: new components
are added, on-off actuators are replaced by multi-staged
ones, and more complex control specifications are given.
Control specifications for an HVAC system are naturally
given in terms of comfort conditions, i.e., desired ranges
for temperature and humidity. Due to the limited control
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authority of HVAC multi-staged actuators, some priority
order need to be assigned to the controlled variables and,
in particular, temperature regulation has higher priority since
temperature is more relevant to comfort than humidity.

HVAC systems have multiple components, and physical
modeling based on first principles becomes quite challeng-
ing. A possible solution is to determine relevant operating
conditions and identify for each of them a linear model that
includes a stochastic input to account for actual noises and
also model inaccuracy. The resulting model is a stochastic
switched linear system, with switches determined by an
endogenous signal in that it depends on the values taken
by the state variables, [20], [21].

The joint presence of quantization of the control input,
prioritization of constraints, stochastic input, and switching
dynamics makes the problem hard to tackle with traditional
control design methodologies.

In this paper, we focus on a single operating condition
and propose a novel chance-constrained approach to solve
the quantized control problem with prioritized constraints.
Constraints on temperature and humidity are enforced in
probability over some look-ahead time horizon, where the
probability is induced on the system evolution by the uncer-
tain initial state and the stochastic input. Since constraints
on temperature and humidity might cause infeasibility of
the chance-constraint optimization program, inspired by [22],
[23], feasibility is enforced by optimizing the temperature
and humidity ranges. This also allows to handle the prioriti-
zation of the temperature constraint over that on the humidity,
by eventually enlarging the humidity range with respect to
the desired range if this is needed to squeeze the one on
the temperature. The resulting quantized control is applied
in a receding horizon fashion, thus leading to a closed-
loop solution which allows to incorporate state filtering and
progressively reduce the uncertainty on the state.

A numerical instance of the problem shows the superiority
of the proposed control design methodology against a Model
Predictive Control (MPC) approach (see e.g. [24]) where
prioritization is accounted for indirectly, via different weights
on temperature and humidity in a quadratic average cost.

The rest of the paper is organized as follows. In Section
II, we described the model of the HVAC system. In Sec-
tion III we describe the control problem and the proposed
solution, including algorithmic aspects related to the chance
constrained optimization program solution via randomized
techniques and its receding horizon application integrating
state filtering. In Section IV, a numerical example is pre-
sented to show the effectiveness of the proposed approach.
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Some concluding remarks are drawn in Section V.

II. HVAC MODELING

HVAC systems are used to provide thermal comfort and
suitable air quality inside a building. An HVAC is composed
of one or more Roof Top Units (RTUs), which are devices
used to regulate and circulate air in different zones of the
building. Direct-expansion RTUs use a refrigerant vapor
expansion-compression cycle to directly cool the supplied air
[25], typically via two- to four-compressor units. A supply
fan blows the air across the evaporator, which serves as a
cooling coil. In the simplest case, the supply air is directly
transported to the conditioned zone. Economiser dampers
can be used to mix fresh outside air with air returned from
the zone to alter the air properties at the intake of the
cooling/heating coils. The considered RTU is equipped with
a two-stage compressor, a multi-speed supply fan, and a
modulating economiser. It comprises a controller that reg-
ulates temperature and humidity of the zone. Measurements
of both zone temperature and humidity are made available to
the controller and our aim here is to provide a new control
algorithm for an RTU operating in a zone of a building.

A description of the controlled system based on first
principles [26], [27] is given by

{

CZAṪZA = PZA − PRTU

ẇZA = hZA − hRTU

(1)

where P , h, T , and w represent the heat gains, moisture
gains, temperature, and absolute humidity, respectively; and
the subscripts (.)ZA and (.)RTU refer to zone and RTU.
In practice, these equations are not useful for control de-
sign purposes since they are quite involved when making
the dependence on the control inputs (compressor power,
speed of the fan, dampers positions in the economiser) and
disturbance inputs (e.g. occupancy and weather conditions)
explicit, and physical parameters entering the description are
difficult to determine. For instance, the amount of heat PRTU

extracted from the supply air by the cooling coil depends
in general on the compressor power, mixed air temperature
and humidity, and supply airflow. In turn, properties of the
mixed air at the intake of the cooling coil depend on the
outside air and return air properties and the mixing ratio
for the two air streams, as determined by the economiser
position; and the airflow is a function of the fan speed
and system resistance, which depends on the economiser
positions and the pressure changes in the conditioned space
due to windows opening/closing.

To the purpose of control design, first-principle equations
are then replaced by a simpler approximate description
constituted by a set of linear models to describe the behavior
of the controlled system around specific operating points,
which can be derived via black box identification. If this
is done in a laboratory setup, large sources of uncertainty
that affect the real operating system like, e.g., the occupancy
and location (weather and shading) of the building, and
interaction between conditioned zones, are neglected and
an additive stochastic input is introduced to account for

them. The controlled system (RTU operating in a zone)
is hence reduced to a switching stochastic linear system
that changes dynamics when commuting between different
operating conditions and is subject to a quantized control
input given by the multi-stage controls of the RTU.

In formulas, for each operating condition, the controlled
system model is given by:

{

ξ̇ = Fξ +Gυυ +Gωω

ζ = Hξ
(2)

where ξ is the state vector comprising zone temperature and
humidity which are made available as output in ζ, the input
υ comprises the discrete multi-stage controls of the RTU,
and ω is a stochastic input used to capture inaccuracy of the
model (2) with respect to (1) and short-term fluctuations in
the operating conditions (primarily the loads PZA and hZA).
Matrices F , Gυ , and Gω depend on the operating condition.

In this paper, we focus on control design for a given
operating condition.

III. QUANTIZED CONTROL WITH PRIORITIZED
CONSTRAINTS

The addressed control problem consists in operating the
HVAC system so as to maintain appropriate comfort con-
ditions in the zone, i.e., to keep the zone temperature and
humidity within prescribed ranges around given set points.
Since the discrete nature of the available control inputs makes
it difficult to keep both humidity and temperature within their
prescribed ranges, we assign a different priority to the two
controlled variables by allowing the humidity specification to
be violated if this is needed to satisfy that on the temperature
(prioritized constraints).

The control problem is defined over a finite horizon [0, tf ]
which is discretized in M time slot of length ∆t. A discrete-
time version of system (2) is then introduced where state and
output variables are sampled every ∆t time units.
If the control input υ is kept constant in each interval
[k∆t, (k + 1)∆t) for k = 0, . . . ,M − 1, then a discrete-
time system equivalent to (2) is given by

{

xk+1 = Axk + Buuk +Bddk

yk = Cxk

(3)

where matrices A, Bu, and Bd are given by

A = eF∆t , Bu =

∫ ∆t

0

eFτGυdτ, Bd =

∫ ∆t

0

eFτGωdτ,

(4)

and we set xk = ξ(k∆t), uk = υ(k∆t), yk = ζ(k∆t),
dk = ω(k∆t), assuming that ω is constant over each sample
interval, k = 0, . . . ,M − 1. The control input uk takes
value in some discrete set U . The initial condition x0 may
be uncertain and characterized as a random variable with a
certain probability distribution.

The output yk is composed of the temperature and humid-
ity variables, which are denoted in the following as yTk and
yHk , respectively: yk = [yTk yHk ]⊤. Since the system is linear,
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we can assume without loss of generality that the desired
ranges for yTk and yHk are both symmetric and centered
around zero, namely [−T̄ , T̄ ] and [−H̄, H̄], respectively.
Our ideal goal is then to design the control input uk, k =
0, . . . ,M − 1, so as to enforce the following constraints:

|yTk | ≤ T̄ , |yHk | ≤ H̄, k = 0, 1, . . . ,M.

Note, however, that these are constraints posed on variables
that depend on the uncertain initial state and stochastic input
dk realizations. To make this dependence explicit, let us
introduce some compact notations.

Set

u =











u0

u1

...
uM−1











, d =











d0
d1
...

dM−1











, y =











y0
y1
...

yM











.

If we then unroll the dynamics of (3) along the discrete time
horizon starting from the initial state x0, we easily get

y = Ax0 + Buu+ Bdd,

where matrices A, Bu and Bd are defined as follows

A =















C

CA

CA2

...
CAM















,

Bu =



















0 0 · · · 0 0
CBu 0 · · · 0 0
CABu CBu · · · 0 0

... · · · · · · · · ·
...

CAM−2Bu CAM−3Bu · · · CBu 0
CAM−1Bu CAM−2Bu · · · CABu CBu



















,

Bd =



















0 0 · · · 0 0
CBd 0 · · · 0 0
CABd CBd · · · 0 0

... · · · · · · · · ·
...

CAM−2Bd CAM−3Bd · · · CBd 0
CAM−1Bd CAM−2Bd · · · CABd CBd



















.

To account for the uncertainty affecting the system evo-
lution, one can opt either for hard constraints or for soft
constraints: in the case of hard constraints, they must hold for
every and each uncertainty instance, even for very unlikely
realizations, while in the case of soft constraints, they are
expressed in probability and must hold on a set of uncertainty
instances of predefined probability at least 1 − ε, with ε ∈
(0, 1) set by the user. Since the hard constraint solution may
be conservative and hard constraints are indeed not feasible
when the stochastic input dk has unbounded support (dk
enters additively the output and its contribution cannot be

canceled exactly), we head for a soft constraint formulation
of the form

P(x0,d){|y
T | ≤ T̄ , |yH | ≤ H̄} ≥ 1− ε, (5)

with P(x0,d) denoting the joint probability distribution of the
uncertain initial state and the stochastic input. Here

yT =











yT0
yT1
...

yTM











, yH =











yH0
yH1

...
yHM











,

T̄ and H̄ are column vectors with M +1 elements all equal
to T̄ and H̄ , respectively, and absolute value and inequalities
should be interpreted componentwise.

Still, it might be the case that the probabilistic constraint
(5) is unfeasible since it is violated at time k = 0 (the
air in the zone starts to be controlled at time k = 0) or
along the control horizon because of the limited actuation
capabilities of the control system and the unboundedness of
the stochastic input. Inspired by [22], [23], we address this
feasibility issue by relaxing the constraint (5) and replacing
the threshold values T̄ and H̄ with optimization variables,
say hT

k and hH
k , k = 0, 1, . . . ,M , representing the bounds

on the temperature and the humidity, that are minimized via
the introduction of an appropriate cost function.
Interestingly, we can exploit constraint relaxation to account
for prioritization of the control specifications. More specif-
ically, we can give more weight to the minimization of the
bounds on the temperature with respect to those on the
humidity in the cost function, and impose that the bounds
on the humidity are not smaller than the desired H̄ value.
This way, the variability range of the humidity is possibly
enlarged with respect to the desired range so as to squeeze
that on the temperature.
This finally leads to the following formulation of the control
problem:

min
u∈UM,h∈R2(M+1)

h⊤Wh (6)

subject to: P(x0,d){|Ax0 + Buu+ Bdd| ≤ h} ≥ 1− ε

hH ≥ H̄

where the optimization variables are given by the control
input u taking values in the discrete set UM , and by
the bounds on temperature and humidity that are collected
in h =

[

h⊤
0 h⊤

1 . . . h⊤

M

]⊤
with hk = [hT

k hH
k ]⊤ ∈

R
2. Vector hH appearing in the optimization problem (6)

comprises only the bounds on the humidity, i.e., hH =
[

hH
0 hH

1 . . . hH
M

]⊤
. W is a block diagonal matrix with

on the diagonal 2×2 positive definite matrices Wk, each one
weighting hk, k = 0, 1, . . . ,M . Matrices Wk can be chosen
to be all equal to the diagonal matrix W = diag(wT , wH)
with wT ≫ wH > 0 so as to weight more the temperature
bounds than the humidity bounds.

Note that (6) is a chance-constrained optimization program
in that it involves a bound in probability. Also, it is a mixed
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integer optimization problem since some of the decision vari-
ables are discrete. These two aspects pose some challenges
to the solution of (6) that will be addressed in the next
subsection.

A. Scenario solution to the chance-constrained optimization

Chance-constrained optimization problems are known to
be hard to solve except for few particular cases, [28], [29].
In this work we resort on a randomized technique, known as
the scenario approach, [30]–[33], to approximately solve (6).
Notably, precise guarantees can be given on the feasibility
of the scenario solution for the original chance-constrained
problem (6).

We next briefly recall the results on the scenario theory
given in the literature that are relevant to our problem.
Consider a chance-constrained optimization problem of the
form

min
ϑ∈Rd

f(ϑ) (7)

subject to: Pδ{ϑ ∈ Θδ} ≥ 1− ε

where f(·) is a convex function, Θδ is a convex set depending
on an uncertain parameter δ, which takes values in a set ∆
according to a (possibly unknown) probability distribution
Pδ.

The idea of the scenario approach is as simple as follows.
Suppose that N samples δ(1), . . . , δ(N) of the uncertain
parameter drawn independently according to Pδ are available.
Then, a randomized solution to (7) can be found by solving
the following convex optimization program

min
ϑ∈Rd

f(ϑ) (8)

subject to: ϑ ∈ Θδ(i) i = 1, . . . , N

and the following Theorem 1 establishes a link between the
solution to (8) and its feasibility for (7).

Theorem 1 (Scenario Guarantees): Let problem (8) be
feasible for every multi-sample extraction δ(1), . . . , δ(N).
Choose a confidence parameter β ∈ (0, 1). If N is selected
so as to satisfy

d
∑

i=0

(

N

i

)

εi(1− ε)N−i ≤ β, (9)

where d is the number of decision variables, then, with
probability at least 1− β, the solution ϑ⋆

N to (8) is feasible
for (7).

Note that the explicit bound

N ≥
d+ 1 + ln(1/β) +

√

2(d+ 1) ln(1/β)

ε
(10)

derived in [34] from (9) shows that the dependence on the
confidence parameter β is logarithmic so that β can be
set very small, say β = 10−6, to get a result that holds
deterministically (with probability ≃ 1) without having a too
large sample size N .

The scenario solution h⋆
N , u⋆

N to problem (6) is then
obtained via the optimization program

min
u∈UM, h∈R2(M+1)

M
∑

k=0

hkWh⊤

k (11)

subject to: |Ax
(i)
0 + Buu+ Bdd

(i)| ≤ h, i = 1, . . . , N

hH ≥ H̄

where (x
(i)
0 ,d(i)), i = 1, . . . , N are independently extracted

from P(x0,d).
Unfortunately, the optimization variables u in problem (6)

are discrete so that Theorem 1 does not apply directly to the
scenario solution h⋆

N , u⋆
N . However, we can easily generalize

Theorem 1 to our setting by considering |U |M instances of
problem (6) (here, |U | denotes the cardinality of the discrete
set U ), one for each possible value uj , j = 1, . . . , |U |M , of
u ∈ UM :

min
h∈R2(M+1)

M
∑

k=0

hkWh⊤

k (12)

subject to:

P(x0,d){|Ax0 + Buu
j + Bdd| ≤ h ∧ hH ≥ H̄} ≥ 1− ε.

Let us denote problem (12) as P j
C . A scenario solution to P

j
C

can be computed with the guarantees provided by Theorem
1 since the assumptions of the theorem are now satisfied. In
particular, the solution h⋆

N,j to the scenario version

min
h∈R2(M+1)

M
∑

k=0

hkWh⊤

k

subject to:

|Ax
(i)
0 + Buu

j + Bdd
(i)| ≤ h, i = 1, . . . , N,

hH ≥ H̄

of problem P
j
C in (12) satisfies

P(x0,d){|Ax0 + Buu
j + Bdd| ≤ h⋆

N,j} ≥ 1− ε (13)

with probability at least 1 − β if N is chosen according to
(9) with d = 2(M + 1). Now, the solution h⋆

N , u⋆
N to (11)

can be obtained as h⋆
N = h⋆

N,j⋆
N

and u⋆
N = uj⋆N where

j⋆N = arg min
j∈{1,2,...,|U|M}

M
∑

k=0

h⋆
N,jk

Wh⋆
N,j

⊤

k

and, hence, it satisfies

P(x0,d){|Ax0 + Buu
⋆
N + Bdd| ≤ h

⋆
N} ≥ 1− ε,

with probability at least 1 − |U |Mβ, since conditions (13),
j = 1, . . . , |U |M , hold jointly with such a probability.
This finally leads to the following statement.

Proposition 1: Choose a confidence parameter β. If N is
selected so as to satisfy

2(M+1)
∑

i=0

(

N

i

)

εi(1 − ε)N−i ≤
β

|U |M
, (14)
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then, with probability at least 1 − β, the solutions h⋆
N and

u⋆
N to (11) are feasible for the original chance-constrained

mixed integer program (6).
Since N satisfying (14) depends logarithmically on β

|U|M
,

then, N scales linearly with the time horizon length M (see
(10) where d should be set equal to 2(M +1) and β should
be replaced by β

|U|M
).

B. Receding horizon implementation with state filtering

Due to the presence of the stochastic input d, a closed-loop
solution would be more desirable for control purposes rather
than an open-loop one. We here adopt a receding-horizon
approach in which, at each time step ℓ, a new instance of
problem (6) is solved over the shifted time window [ℓ,M+ℓ],
the first control action u⋆

ℓ is applied and then the procedure
is repeated at ℓ + 1. Note that when solving problem (6)
over the shifted time window [ℓ,M + ℓ], the initial state x0

becomes xℓ and the stochastic input realization d contains
shifted samples of dk, k = ℓ, ℓ + 1, . . . , ℓ + M − 1. Some
knowledge is acquired on the probability distributions of the
shifted initial state xℓ and of the shifted stochastic input
realization d, if dk is a correlated process, so that the a-
posteriori probability distributions of state and stochastic
input given the past output observations can be used to get
feedback in the receding horizon implementation.

Filtering techniques can be adopted to determine the a-
posteriori distribution of the current state and future stochas-
tic input realizations given the past output observations.
Interestingly, given the adopted scenario solution to the
chance-constrained optimization program, we actually need
N samples extracted from such a-posteriori distributions so
that particle filtering techniques can be adopted, [35], [36].
Particle filtering are indeed of general applicability. If the
stochastic input dk is modeled as a colored Gaussian process
obtained by filtering a white Gaussian process ek with a
linear system and the initial state x0 is Gaussian, the state of
the system can be enlarged to include the input dk (see the
numerical example in Section IV), and Kalman filtering can
then be applied to get covariance and mean of the a-posteriori
enlarged state distribution, see e.g. [37].

IV. NUMERICAL EXAMPLE

In this section we present some simulation results on a
numerical instance of the problem to show the effectiveness
of the proposed approach.

The considered RTU is equipped with a two-stage
compressor, a multi-speed supply fan, and a modulating
economiser. For the sake of simplicity, the economiser is
considered fixed. The controlled system operating in some
nominal condition and the adopted continuous time linear
system model (2) has order n = 4. Its state ξ = [ξ1 ξ2 ξ3 ξ4]

⊤

comprises the temperature (ξ1) and the humidity (ξ3), which
are provided as output of the system ζ = [ζ1 ζ2]

⊤. The
control input υ = [υ1 υ2]

⊤ includes the speed of the supply
fan and the compressor, both taking three possible values:
OFF, LOW, HIGH, which are coded here as −50, 0, 50.

The disturbance ω is modeled as a Gaussian process. The
matrices of system (2) are as follows

F = 10−4









−28 −5.6 0 0
0 −8.3 0 0
0 0 −17 1
0 0 0 −2.8









Gυ = Gω = 10−4









−0.8 −1.7
0 5.8

−1.7 0.08
0 2.3









C̃ =

[

1 0 0 0
0 0 1 0

]

.

The discretization time interval ∆t is set equal to 5
minutes. Matrices of the discrete time model (3) can be
derived via (4). Note that Bu = Bd = B in this example.

The stochastic input dk acting on (3) is modeled as the
following filtered Gaussian process

dk+1 = Addk + ek, (15)

where Ad = diag(a, a) with a = 0.9835, and ek is a white
Gaussian process N (02, σ

2
eI2), 02 being the zero vector with

two components, I2 the identity matrix of order two, and
σ2
e = 0.6147. Filter (15) is assumed to be initialized with

the stationary distribution: d0 ∼ N (02, σ
2
dI2), where σ2

d =
σ2
e/(1 − a2). Figure 1 plots a realization of the stochastic

input for reference.
The desired bounds on temperature and (relative) humidity

are T̄ = 0.5◦C and H̄ = 5%. The weighting matrix W

entering the definition of the chance-constrained problem (6)
is set equal to W = diag(10, 1) so as to give priority to the
temperature control. The discrete control horizon length is
set equal to M = 3. A receding horizon implementation
using Kalman filtering is adopted.

Since the dynamic of the stochastic input dk is known,
we can augment the state of the system including dk. The
augmented state is defined as x̄k = [x⊤

k d⊤k ]
⊤.

From (3) and (15), we get the following equivalent system

d
k
,1

-10

0

10

10 20 30 40 50

d
k
,2

-10

0

10

Time Slot

Fig. 1. A stochastic input realization.
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where the original state xk is replaced by the augmented
state x̄k and the stochastic input dynamic is included:

{

x̄k+1 = Āx̄k + B̄uk + S̄ek

yk = C̄x̄k

(16)

ek being the white Gaussian noise feeding (15). Matrices Ā,
B̄, S̄ and C̄ are given by:

Ā =

[

A B

0 Ad

]

, B̄ =

[

B

0

]

, S̄ =

[

0
I2

]

, C̄ =
[

C 0
]

(17)

with 0 representing a zero matrix of appropriate dimensions.
A reduced order filter can then be derived to obtain an
estimate of the components, say x̃k of the state x̄k that are
not available as measurements. If the initial state is Gaussian
and the gain of the filter is set equal to the Kalman gain,
the obtained estimate of x̃k is the mean of its a-posteriori
Gaussian distribution given the output observations up to
time k, and the variance of such a distribution can be ob-
tained via the Riccati equations used to set the Kalman gain,
see [38] for details of the implementation. The realizations
adopted at time k for the scenario solution to the chance-
constrained optimization are then obtained by sampling from
this a-posterior distribution. In particular, the realizations of
d are generated by initializing system (15) with the extracted
samples of the dk component of x̄(i)

k .
In the following results, the initial state x0 =

[x1,0 x2,0 x3,0 x4,0]
⊤ of the system has a Gaussian distribu-

tion with all independent components with zero mean and
standard deviation 0.17 for x1,0 and 1.7 for the others, and
ε = 0.1. In the scenario implementation, we set β = 10−6.
For comparative purposes, we consider the average cost
function

J(u) = E(x0,d)[y
⊤Wy]

and the (standard) MPC controller obtained by minimizing
J(u) and implementing the solution in a receding horizon
fashion, integrating state filtering via Kalman filtering as in
the proposed chance-constrained approach.

For comparative purposes, the two control strategies are
applied using the same initial state and the same realization
for the stochastic input, over a time horizon of 250 minutes
(L = 50 sampled times). Figures 2 and 3 represent the
output and control input (uC for the compressor and uF

for the fan) obtained by applying the proposed approach
and the standard MPC approach, respectively. Note that in
the case of the approach proposed in this paper, humidity
stay close to the boundary of the desired [−H̄, H̄] range to
keep the temperature closer to 0 and hence inside [−T̄ , T̄ ],
whereas in the standard MPC approach the humidity is better
centered in the range [−H̄, H̄] but the temperature has higher
fluctuations which brings it outside [−T̄ , T̄ ].

We applied Nv = 1981 times the two control laws to
different realizations of the initial state x0 and stochastic
input {dk, k = 0, 1, . . . , L− 1} and computed the expected
average temperature violation as

1

Nv

Nv
∑

i=1

[

1

L

L
∑

k=0

(

1− I[−T̄ ,T̄ ](y
T
k

(i)
)
)

]

y
T

-0.5

0.5

y
H

-5

5

u
F

-50

0

50

Time Slot

10 20 30 40 50

u
C

-50

0

50

Fig. 2. Proposed chance-constrained approach.
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Fig. 3. Standard average approach

where I[ℓ1,ℓ2](·) is the indicator function of the interval
[ℓ1, ℓ2]. Results are shown in Figure 4 plotting the expected
average temperature violations as a function of the thresholds
T̄ in the range [0.3, 0.6] for the two approaches. Note that the
curve obtained with the standard MPC approach is above that
obtained with the proposed approach for all threshold values
T̄ ∈ [0.3, 0.6].

V. CONCLUSION

In this paper we introduced a novel control design strategy
that is suitable for a heat, ventilation and air conditioning
system. Due to the multi-stage nature of its actuators, the
system is characterized by limited control capabilities, which
calls for a prioritization of control goals, when aiming at the
regulation of multiple variable at some desired set-point. The
main features of the proposed approach can be summarized
as follows:

• quantized nature of the control input is accounted
for: the control design problem is formulated as an
optimization problem over a finite-horizon with respect
to the discrete control inputs;

• probabilistic prioritized constraints on the state are
incorporated in the design: constraints on variables
affected by possibly unbounded stochastic inputs are
introduced, their feasibility is guaranteed by adding op-
timizations variables that relax the constraints if needed,
and the constraint on the variable with lower priority is
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Fig. 4. Average violation for the temperature.

made loose so as to favor the one on the variable with
higher priority;

• receding horizon implementation with state filtering:
the finite-horizon solution is recomputed based on the
updated information on the uncertainty obtained via
state filtering, and only the first control sample is
applied. This allows to obtain a closed-loop controller
that can better counteract uncertainty.

The effectiveness of the proposed approach was shown on
a numerical case study. Real experiments should be run to
better assess its performance and practical impact. Note that
in this paper, we focus on control of the HVAC system in a
given operating condition. Further work is needed to account
for changes in the operating condition. A possible solution
is to adopt an adaptive switching mechanism based on state
estimation, [39], [40], [41]. This solution has been explored
in [38] with reference to a particular setting where the same
model of the stochastic input is adopted for the systems
associated to different operating conditions. Results are pre-
liminary but appear promising. Alternatively, one could adopt
a Linear Parametric Varying (LPV) model (see e.g. [42]) for
the HVAC system that varies with continuity in a family
of linear systems. This would call for a gain scheduling
control solution, which should, however, be able to cope with
probabilistic prioritized constrained and quantized control
inputs.
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From characteristic functions to realization and interpolation problems
on noncommutative domains

Victor Vinnikov1

Associated with any discrete-time conservative in-
put/state/output (i/s/o) linear system, i.e., a system of equa-
tions of the form

Σ:
{

x(n + 1) = Ax(n) + Bu(n)
y(n) = Cx(n) + Du(n) (1)

where the block operator matrix U = [ A B
C D ] : [HE ] →

[ H
E∗

]
is unitary (U is also called a unitary colligation), there is
associated the transfer function TΣ(z) of the system (also
called the characteristic function of the colligation) given
by TΣ(z) = D + zC(I − zA)−1B which is a contractive
analytic operator-valued function on the unit disk D taking
values in L(E , E∗) (the space of bounded linear operators
from E to E∗), see [15], [17]. Conversely, any contractive
analytic operator-valued function T (z) on the unit disk can
be realized as the characteristic function of such a unitary
colligation. Alternatively, one can start with a contraction
operator T on a Hilbert space H, embed T∗ into a block
unitary operator U =

[
T∗ B
C D

]
(the so called Halmos dilation

of T) and consider the characteristic function ΘT(z) =
D + zC(I− zT∗)−1B to arrive at the Sz.-Nagy–Foiaş char-
acteristic operator function and canonical functional model
for T, see [7], [6], [16]. It is also well known that a Sz.-
Nagy–Foiaş canonical model can be identified with a Lax-
Phillips discrete-time scattering frameworks, see [14], where
the Sz.-Nagy–Foiaş characteristic operator function arises as
the Lax–Phillips scattering function.

In the late 1960s, Sarason [18] introduced an operator-
theoretic point of view to the classical interpolation problems
for bounded analytic functions which led to the Commutant
Lifting approach to a variety of more general matrix- and
operator-valued interpolation and moment problems. Much
of this work was stimulated by the connections with and
needs of H∞-control, as also exposed in the books [8], [4],
[9] which emphasized the connection between holomorphic
functions and transfer functions of input/state/output linear
systems. The following is a sample theorem from this era.
Let us use the notation S(U ,Y) for the L(U ,Y)-valued Schur
class consisting of holomorphic functions S mapping the unit
disk D into the unit ball BL(U ,Y) of the space of operators
L(U ,Y) from U into Y .

Theorem 1: Assume that we are given a subset Ω of the
unit disk D ⊂ C, three coefficient Hilbert spaces E ,U ,Y , and

This is a joint work with Joseph A. Ball and Gregory Marx (Virginia
Tex)

1Victor Vinnikov is with the Department of Mathematics,
Ben Gurion University of the Negev, 84105 Beer-Sheva, Israel
vinnikov@math.bgu.ac.il

functions a : Ω → L(Y, E) and b : : Ω → L(U , E). Then the
following conditions are equivalent:

1) There exists a Schur-class function S ∈ S(U ,Y) such
that S satisfies the set of left-tangential interpolation
conditions:

a(z)S(z) = b(z) for each z ∈ Ω. (2)

2) The generalized de Branges-Rovnyak kernel

KdBR
a,b (z, w) :=

a(z)a(w)∗ − b(z)b(w)∗

1− zw

is a positive kernel on Ω (written as Ka,b � 0), i.e., for
each finite set of points {z1, . . . , zN} in Ω, the N ×N
block matrix[

a(zi)a(zj)∗ − b(zi)b(zj)∗

1− zizj

]
i,j=1,...,N

is a positive semidefinite matrix.
3) There is an auxiliary Hilbert space X and a contractive

(or even unitary) colligation matrix

U :=
[
A B
C D

]
:

[
X
U

]
→

[
X
Y

]
so that the L(U ,Y)-valued function S given by

S(z) = D + zC(I − zA)−1B (3)

satisfies the interpolation conditions (2) on Ω.
In this talk we present a fairly general analogue of Theo-

rem 1 in the setting of noncommutative (nc) functions. These
are functions from a subset of the nc space Vnc =

∐∞
n=1 over

a vector space V to the nc space Wnc over a vector space
W that are graded (i.e., preserve the matrix size) and respect
direct sums and similarities. The theory of nc functions goes
back to the pioneering work of Taylor [19], [20] and was
recently extensively developed in [13]. It is closely related to
the work of Helton–Klep–McCullough [10], [11], [12] which
is in its turn motivated by the applications of semidefinite
programming to dimension-independent problems.

In our results, the role of the unit disc is taken over by the
set {Z ∈ Ξ ⊆ Vnc : ‖Q(Z)‖ < 1}, where Q is a nc function
on a full nc set Ξ ⊆ Vnc with values in L(R,S) for some
Hilbert spaces R and S. This is a generalization of the results
of Ball–Groenewald–Malakorn [5] (where V , R, and S are
finite dimensional, and Q is linear) and of Agler–McCarthy
[1], [2], see also [3] (where Q is a matrix polynomial).
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[15] M. S. Livšic, Operators, oscillations, waves (open systems), Transl.
Math. Monographs 34, American Mathematical Society, Providence,
R.I., 1973, ISBN 0-8218-1584-1.

[16] B. Sz.-Nagy, C. Foiaş, H. Bercovici, and L. Kérchy, Harmonic
Analysis on Hilbert Space (Revised and Enlarged Edition), Springer,
2010.

[17] O.J. Staffans, Well-Posed Linear Systems, Encyclopedia of Mathemat-
ics and Its Applications 103, Cambridge University Press, 2005.

[18] D. Sarason, Generalized interpolation in H∞, Trans. Amer. Math.
Soc. 127 (1967), 179–203.

[19] J. L. Taylor, A general framework for a multi-operator functional
calculus, Advances in Math., 9:183–252, 1972.

[20] J. L. Talor, Functions of several noncommuting variables, Bull. Amer.
Math. Soc. 79:1–34, 1973.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

822



Seeking Saddle-Points for Non-Convex QCQPs via the Distributed
Optimization Dynamics Approach

Xu Ma and Nicola Elia

Abstract— This paper focuses on solving general, non-convex
Quadratically Constrained Quadratic Programmings (QCQPs)
via the continuous-time optimization dynamics. In general, any
equilibrium to the optimization dynamics is a KKT point of the
optimization problem. However, because of the non-convexity of
QCQPs, KKT conditions are only necessary for locally optimal
solutions. Once the QCQP’s KKT point is found, we also have
to check whether or not it is globally optimal.

In this paper, we first develop an easily checkable necessary
and sufficient condition characterizing when the QCQP’s KKT
point is a saddle-point. Under this condition, a global optimum
can be obtained from the saddle-point. Next we analyze locally
asymptotic stability of the saddle-point equilibrium with respect
to the optimization dynamics. For certain networked QCQPs,
we point out that our approach exhibits an intrinsic distributed
computational structure. A MAXCUT example is also given to
illustrate the distributedness and effectiveness of our approach.

Index Terms— QCQPs, optimization dynamics, saddle-points,
distributed computational structure.

I. INTRODUCTION

The non-convex QCQPs have wide applications, such as
Boolean least squares, minimum cardinality problems, two
way partitionings, and polynomial minimizations, see [1] as
a reference. Certain problems are even classic in networked
optimizations, e.g., the MAXCUT problems [1] and optimal
power flows [2]. However, all these problems are NP-hard
in general and hence are difficult to solve.

Popular approaches for solving the non-convex QCQPs are
mainly based on convex relaxations, i.e., the Lagrange dual
and the semi-definite programming (SDP) relaxations. In this
paper, in contrast, we employ the so-called continuous-time
optimization dynamics to seek the saddle-points, if they exist,
for the original non-convex QCQPs.

The optimization dynamics approach was first proposed by
[3] and [4] to solve strictly convex problems in the 1950s. It
provides a natural way to interpret solving an optimization
problem as playing a min-max game between the primal and
dual variables. Recent applications find that such an approach
suits well for networked optimizations, see [5] and [6].

If the optimization dynamics converges to an equilibrium,
then that equilibrium automatically satisfies KKT conditions.
However, since we are applying this approach to non-convex
QCQPs, those KKT conditions can no longer guarantee the
global optimality. In fact, they are only necessary conditions
for locally optimal solutions.

This research has been supported by NSF grant CNS-1239319.
Xu Ma and Nicola Elia are with the Department of Electrical and

Computer Engineering, Iowa State University, Ames, IA 50010. E-mails:
{maxu, nelia}@iastate.edu.

Taking an advantage from the special structure of QCQPs,
in this paper we develop a necessary and sufficient condition
that characterizes when a QCQP’s KKT point must turn out
to be a saddle-point. We also show that, under the condition
that the saddle-point is isolated, it is locally asymptotically
stable with respect to the optimization dynamics. As a result,
the optimization dynamics approach becomes applicable for
seeking the saddle-points of non-convex QCQPs.

We notice that in literature there exist several discretized
primal-dual optimization algorithms, e.g., [7] and [8]. How-
ever, our optimization dynamics approach cannot be simply
considered as a continuous-time version. As far as we know,
those algorithms are mainly conceived for convex problems,
and are difficult to be applied to the non-convex QCQPs.

This paper has the following two contributions: Firstly, it is
a known result that strong duality holds when a non-convex
QCQP has only one quadratic constraint. As a comparison,
our work describes the strong duality conditions for a general
QCQP with finite inequality constraints. We also show that
these conditions are satisfied if and only if the corresponding
convex relaxations are tight for the original QCQP.

Secondly, we have discovered in [9] that the optimization
dynamics has an intrinsic distributed computational structure
for optimal power flow problems. Following this inspiration,
in this paper we generalize the same distributedness to other
networked QCQP problems.

This paper is organized as follows. In Section II, we recall
some basic results on the general constrained optimization.
In Section III, we introduce the optimization dynamics and
present the convergence analysis for a general optimization
problem. In Section IV, we develop a necessary and sufficient
condition for the saddle-points of QCQPs. In Section V, we
build connections between our global optimality conditions
with two existing convex relaxations for non-convex QCQPs.
In Section VI, we apply the optimization dynamics approach
to solve non-convex QCQPs. In Section VII, we provide one
MAXCUT example to demonstrate the distributedness and
effectiveness of our approach. Finally, concluding remarks
are presented in Section VIII.

II. PRELIMINARIES

A. Notations

Let us first introduce the following notations that will be
used throughout the paper. The symbol R denotes the real
line. Besides, Rn and Rn+, respectively, denote the real, n-
dimensional vector space and its non-negative orthant. Each
x ∈ Rn is assumed to be a column vector and we use xT to
denote its transpose.
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The set of all n × n real, symmetric matrices is denoted
by Sn. Given A ∈ Sn, A(k, l) denotes the (k, l) entry of
A, Tr{A} returns the trace of A, and λi(A) stands for the
i-th eigenvalue of A. Moreover, the notation A � 0 (A � 0)
means that A is positive definite (positive semi-definite).

B. Constrained Optimizations

Consider an inequality-constrained optimization

minimize
x∈Rn

f(x) (1a)

subject to gi(x) ≤ 0, i = 1, · · · ,m (1b)

where f : Rn → R and gi : Rn → R, for i = 1, · · · ,m, are
all continuously differentiable functions. Here, we may not
assume that optimization (1a) – (1b) is convex.

Assumption 1: We assume that optimization (1a) – (1b) is
feasible and has a finite optimal solution.

Let x̄ ∈ Rn be a feasible point for optimization (1a) – (1b).
Define I as the set that contains all indices corresponding
to the active constraints when evaluated at x̄, i.e.,

I := {i | gi(x̄) = 0, i = 1, · · · ,m}.

Definition 1: Given a feasible x̄ ∈ Rn, let ∇gi(x̄) ∈ Rn
denote the gradient of gi(x) evaluated at x̄. We say that x̄ is
regular if all the gradients ∇gr(x̄), for r ∈ I, are linearly
independent.

Remark 1: The concept of regularity is adopted from [12]
and it can be interpreted as a stronger constraint qualification
condition, see Appendix C in [13].

Definition 2: We define the Lagrangian L : Rn × Rm+ →
R associated with optimization (1a) – (1b) as

L(x, λ) := f(x) +

m∑
i=1

λigi(x) (2)

where λi, for i = 1, · · · ,m, are the Lagrange multipliers
associated with inequality constraints gi(x) ≤ 0. We require
that λi ≥ 0 for all indices i.

Theorem 1: [12] Suppose x̄ ∈ Rn is a local minimizer for
problem (1a) – (1b). If x̄ is regular, then there is a λ̄ ∈ Rm
such that

∇xL(x̄, λ̄) = 0 (3a)
gi(x̄) ≤ 0, ∀i = 1, · · · ,m (3b)
λ̄i ≥ 0, ∀i = 1, · · · ,m (3c)

λ̄igi(x̄) = 0, ∀i = 1, · · · ,m. (3d)

Remark 2: The last KKT condition (3d) is also known as
the complementary slackness.

Definition 3: A vector (x̄, λ̄) ∈ Rn × Rm+ is said to be a
KKT point of optimization (1a) – (1b) if it satisfies conditions
(3a) – (3d).

Definition 4: A KKT point (x̄, λ̄) ∈ Rn × Rm+ is said to
be strictly complementary if for all indices i = 1, · · · ,m

gi(x̄) < 0, λ̄i = 0 or gi(x̄) = 0, λ̄i > 0. (4)

When problem (1a) – (1b) is convex and satisfies certain
constraint qualifications, KKT conditions (3a) – (3d) become

also sufficient for characterizing its local optimum. Further,
because any local minimizer is a global solution to a convex
optimization, conditions (3a) – (3d) turn out to be necessary
and sufficient optimality conditions for problem (1a) – (1b).

Definition 5: A vector (x?, λ?) ∈ Rn × Rm+ is said to be
a saddle-point for the Lagrangian L(x, λ) if for all x ∈ Rn
and λ ∈ Rm+

L(x?, λ) ≤ L(x?, λ?) ≤ L(x, λ?). (5)

Theorem 2: [11] The vector (x?, λ?) is a saddle-point for
the Lagrangian L(x, λ) if and only if x? is a primal optimum
to optimization (1a) – (1b), λ? is a dual optimum, and the
optimal duality gap is zero.

Under mild assumptions for constraint qualifications, e.g.,
Slater’s condition or regularity condition, strong duality holds
for convex problems. Then Theorem 2 says that KKT points
and saddle-points are equivalent to each other. However, as
for the general optimization problem, a KKT point may not
necessarily be a saddle-point.

III. THE CONTINUOUS-TIME OPTIMIZATION DYNAMICS

A. The Optimization Dynamics Approach

A general approach for solving problem (1a) – (1b) is to
seek a saddle-point, if it exists, for its associated Lagrangian
(2). Therefore, we may utilize the following continuous-time
dynamical system to achieve this goal

ẋ := −∂L(x, λ)

∂x
= −∇xL(x, λ) (6a)

λ̇i :=

[
∂L(x, λ)

∂λi

]+
λi

=
[
gi(x)

]+
λi

(6b)

where the positive projection operator in (6b) is defined as[
gi(x)

]+
λi

:=

{
gi(x) if λi > 0 or gi(x) > 0

0 otherwise.

The reader may refer to [5] for more details about the positive
projections. We can show that (6a) – (6b) is equivalent to the
dynamical systems studied in [3] and [4]. When started from
an initial point λ0 ∈ Rm+ , dynamics (6b) guarantees that the
trajectory of λ will never escape from Rm+ .

The approach of using continuous-time dynamics to seek
saddle-points was initially proposed by [3]. By viewing the
primal and dual variables as two players that participate in a
min-max game, dynamics (6a) – (6b) can be interpreted as
follows: The primal player tries to minimize the Lagrangian
by moving against the gradient with respect to itself, while
the dual variable follows its own gradient direction in order to
maximize the Lagrangian. This evolution stops if dynamics
(6a) – (6b) converges to an equilibrium, which must be a
KKT point since it satisfies (3a) – (3d). If we further assume
that optimization (1a) – (1b) is convex, then this KKT point
is exactly a saddle-point for the Lagrangian (2).

Here we need to clarify the point that dynamics (6a) – (6b)
has multiple names in literature. It was first referred to as an
Arrow-Hurwicz system in [4] and as a primal-dual gradient
dynamics in [5]. In this work, we will adopt the terminology
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used in [6] and call dynamics (6a) – (6b) as an optimization
dynamical system or an optimization dynamics.

B. Convergence Analysis

In this subsection we investigate the convergence behavior
of optimization dynamics (6a) – (6b). Specifically, one may
pose the following questions: 1) Does dynamics (6a) – (6b)
have a unique solution to the ordinary differential equations?
2) If yes, then under what conditions will an equilibrium be
asymptotically stable with respect to dynamics (6a) – (6b)?
These questions can be answered by the next theorem.

Theorem 3: Suppose that the Lagrangian (2) has a strictly
complementary KKT point (x?, λ?). Also suppose that x? is
regular. If the Hessian of the Lagrangian (2) with respect to
x is positive definite when evaluated at (x?, λ?), then there
exists a small neighborhood around (x?, λ?) such that

• Optimization dynamics (6a) – (6b) has a unique solution
within this neighborhood;

• Any trajectory starting in this neighborhood converges
to the KKT point (x?, λ?) asymptotically.

The proof of Theorem 3 has been presented in our previous
work [10]. We omit the proof here due to the limited space.

Remark 3: In Theorem 3, we need three conditions, i.e.,
a positive definite Hessian of the Lagrangian, regularity, and
strict complementarity, to guarantee the locally asymptotic
stability of the KKT point. In fact, the KKT point satisfying
all those conditions turns out to be an isolated equilibrium to
the optimization dynamics. Specifically, the positive definite
Hessian of the Lagrangian ensures the local uniqueness of the
primal optimum, while strict complementarity and regularity
together determine the local uniqueness of the dual optimum.

IV. GLOBAL OPTIMALITY CONDITIONS FOR
THE NON-CONVEX QCQPS

In the previous section, we have presented an optimization
dynamics approach, which can seek KKT points for general
optimization problems under appropriate conditions. Because
of the possible non-convexity, however, the associated KKT
conditions are only necessary for local optimality. Then, once
a KKT point is found by our optimization dynamical system,
one would like to check whether it is also globally optimal.

Now we present global optimality conditions for a specific
class of optimizations, namely, the non-convex quadratically
constrained quadratic programmings (QCQPs). Consider the
general QCQP that is formulated as

minimize
x∈Rn

xTA0x+ bT0 x+ c0 (7a)

subject to xTAix+ bTi x+ ci ≤ 0, i = 1, · · · ,m (7b)

where A0, A1, · · · , Am ∈ Sn, b0, b1, · · · , bm ∈ Rn, and
c0, c1, · · · , cm ∈ R. Here, we do not assume that matrices
A0, A1, · · · , Am are positive semi-definite. In other words,
QCQP (7a) – (7b) may not be convex.

Assumption 2: We only assume throughout the paper that
QCQP (7a) – (7b) is feasible and has a finite optimal solution.

Let λ = [ λ1 · · · λm ]T ∈ Rm+ be the vector of Lagrange
multipliers. By Definition 2 the Lagrangian associated with
QCQP (7a) – (7b) can be given by

L(x, λ) = xTA0x+ bT0 x+ c0

+

m∑
i=1

λi
(
xTAix+ bTi x+ ci

)
= xT

(
A0 +

m∑
i=1

λiAi

)
x+

(
bT0 +

m∑
i=1

λib
T
i

)
x

+

(
c0 +

m∑
i=1

λici

)
. (8)

From the Lagrangian (8), we may first write down the KKT
conditions for QCQP (7a) – (7b). Let (x?, λ?) be a KKT
point of QCQP (7a) – (7b). Applying conditions (3a) – (3d)
we obtain

2

(
A0 +

m∑
i=1

λ?iAi

)
x? + b0 +

m∑
i=1

λ?i bi = 0 (9a)

x?TAix
? + bTi x

? + ci ≤ 0 (9b)
λ?i ≥ 0 (9c)

λ?i

(
x?TAix

? + bTi x
? + ci

)
= 0 (9d)

for all i = 1, · · · ,m. Because QCQP (7a) – (7b) may not
necessarily be a convex problem, KKT conditions (9a) – (9d)
are only necessary conditions for local optimality.

Our next result reveals the fact that, due to certain special
structure of QCQP (7a) – (7b), its associated KKT points are
equivalent to the saddle-points (and hence globally optimal)
provided that an additional linear matrix inequality holds.

Theorem 4: Suppose that the vector (x?, λ?) ∈ Rn ×Rm+
is a KKT point of QCQP (7a) – (7b). Then (x?, λ?) is also
a saddle-point for the Lagrangian (8) if and only if

A0 +

m∑
i=1

λ?iAi � 0. (10)

Proof: It is omitted here due to the limited space.
Remark 4: The KKT conditions (9a) – (9d) and LMI (10)

have together characterized global optimality for the general
QCQP (7a) – (7b). When (7a) – (7b) is convex or degrades to
a linear programming, the LMI (10) will be always satisfied.
In these cases, the KKT conditions themselves become the
equivalent global optimality conditions.

V. RELATIONS TO THE CONVEX RELAXATIONS

This section briefly reviews two convex relaxations that are
developed to solve the general QCQP problem (7a) – (7b).
These relaxations are the Lagrange dual relaxation and the
SDP relaxation, respectively. We also build relations between
these relaxations and our global optimality conditions.

A. The Lagrange Dual Relaxation

Let us first study the QCQP’s global optimality conditions
(9a) – (9d) and (10) from a Lagrange dual point of view. The
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Lagrange dual of QCQP (7a) – (7b) is given by

maximize
ν, γ

γ (11a)

subject to ν ≥ 0 (11b)
A0 +

m∑
i=1

νiAi
1

2

(
b0 +

m∑
i=1

νibi

)
1

2

(
b0 +

m∑
i=1

νibi

)T
c0 +

m∑
i=1

νici − γ

 � 0. (11c)

Suppose that (ν?, γ?) is an optimum to (11a) – (11c). Then
conditions (9c) and (10) are satisfied, according to the dual
feasibility constraints (11b) and (11c). Besides, suppose that
x? is an optimal solution to the primal QCQP (7a) – (7b),
then x? must be primal feasible. Hence, (9b) is satisfied, too.

One fact we should notice is that during the derivation of
the Lagrange dual (11a) – (11c), we have already employed
condition (9a) to minimize the Lagrangian (8) with respect
to the primal variable x. Therefore, condition (9a) is satisfied
at the point (x?, ν?), too.

We can see that the only condition left is the complemen-
tary slackness (9d). We have already known that if there exits
no optimal duality gap between QCQP (7a) – (7b) and its La-
grange dual (11a) – (11c), then the complementary slackness
(9d) holds. Conversely, if the complementary slackness (9d)
is satisfied, by Theorems 4 and 2, we conclude that strong
duality holds between problems (7a) – (7b) and (11a) – (11c).
In other words, the complementary slackness (9d) becomes
a necessary and sufficient condition that characterizes strong
duality between problems (7a) – (7b) and (11a) – (11c).

B. The SDP Relaxation

Alternatively, we can also formulate an SDP relaxation for
the general QCQP problem (7a) – (7b). Let us introduce a
new matrix variable W := xTx, then QCQP (7a) – (7b) can
be equivalently written as

minimize
x and W

Tr{A0W}+ bT0 x+ c0 (12a)

subject to Tr{AiW}+ bTi x+ ci ≤ 0, ∀i = 1, · · · ,m
(12b)

W = xTx (12c)

where both of the cost function and constraint (12a) – (12b)
are linear in x and W , while the only non-convex constraint
comes from (12c). Then we can replace (12c) with a convex
SDP constraint W − xxT � 0 and obtain

minimize
x and W

Tr{A0W}+ bT0 x+ c0 (13a)

subject to Tr{AiW}+ bTi x+ ci ≤ 0, ∀i = 1, · · · ,m
(13b)[

W x
xT 1

]
� 0. (13c)

Note that the last constraint (13c) has equivalently expressed
W − xxT � 0 using the Schur complement. Now problem
(13a) – (13c) becomes as a convex SDP, which is also called
an SDP relaxation for QCQP (7a) – (7b).

Theorem 5: Suppose that the SDP relaxation (13a) – (13c)
has an optimal solution (x?,W ?). Then it provides the same
optimal cost as QCQP (7a) – (7b) if and only if matrix W ?

is rank-one with W ? = (x?) (x?)
T .

Proof: The proof of Theorem 5 is quite straightforward
and hence is omitted here.

C. Relations to the Global Optimality Conditions

Reference [1] has shown that the Lagrange dual relaxation
(11a) – (11c) and the SDP relaxation (13a) – (13c) are in
fact Lagrange duals to each other. Since both relaxations are
convex problems, under general assumptions for constraint
qualification (e.g., Slater’s conditions), strong duality holds
between them. In other words, both relaxations (11a) – (11c)
and (13a) – (13c) provide the same lower bound.

We next summarize the relations between the tightness of
the SDP relaxation (13a) – (13c) and our global optimality
conditions (9a) – (9d) and (10).

Theorem 6: Suppose that Slater’s conditions hold for the
SDP relaxation (13a) – (13c). Then it has a rank-one optimal
solution with the same optimal cost as QCQP (7a) – (7b) if
and only if global optimality conditions (9a) – (9d) and (10)
are satisfied.

Proof: This proof follows from previous discussions in
Sections V-A and V-B. Details are omitted here.

Remark 5: The next section will show that the optimiza-
tion dynamics associated with QCQP (7a) – (7b) may exhibit
an intrinsic distributed structure. In contrast, both relaxations
(11a) – (11c) and (13a) – (13c) may not be directly amenable
to be solved by distributed optimization methods.

VI. THE OPTIMIZATION DYNAMICS
ASSOCIATED WITH THE GENERAL QCQPS

In this section we apply the continuous-time optimization
dynamics to solve the non-convex QCQPs. From definitions
(6a) – (6b), the optimization dynamical system associated
with QCQP (7a) – (7b) can be formulated as

ẋ = −2

(
A0 +

m∑
i=1

λiAi

)
x− b0 −

m∑
i=1

λibi (14a)

λ̇i =
[
xTAix+ bTi x+ ci

]+
λi

, ∀i = 1, · · · ,m. (14b)

We notice that any equilibrium to dynamics (14a) – (14b)
must satisfy KKT conditions (9a) – (9d). By Theorem 4, we
know that if the LMI condition (10) is satisfied, then such an
equilibrium must be a saddle-point for the Lagrangian (8).

In fact, the matrix in LMI (10) is indeed the Hessian of
the Lagrangian (8) with respect to the primal variable and
evaluated at the given equilibrium. It turns out that we can
apply Theorem 3 here to describe the saddle-point’s locally
asymptotic stability with respect to dynamics (14a) – (14b).

Theorem 7: Suppose that the Lagrangian (8) has a strictly
complementary KKT point (x?, λ?). Also suppose that x? is
regular. If A0 +

∑m
i=1 λ

?
iAi � 0, then there exists a small

neighborhood around (x?, λ?) such that
• Dynamics (14a) – (14b) has a unique solution within

this neighborhood;
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• Any trajectory starting in this neighborhood converges
to (x?, λ?) asymptotically.
Proof: This is a direct result by applying Theorem 3

to the QCQP’s Lagrangian (8).
Remark 6: We notice that the convergence of dynamics

(14a) – (14b) is guaranteed when the LMI condition in (10)
is positive definite. We will leave to future work the extension
of the convergence of dynamics (14a) – (14b) and Theorem
3 to the positive semi-definite cases.

On the other hand, once dynamics (14a) – (14b) converges
to a KKT point, we can employ LMI (10) to check whether
this KKT point is globally optimal or not.

Corollary 1: Suppose dynamics (14a) – (14b) converges
to an equilibrium (x?, λ?). Then (x?, λ?) is a saddle-point
if it satisfies LMI condition (10).

Proof: This is a direct result from Theorem 4.
Another important point we should clarify here is that, for

certain networked non-convex QCQPs, coefficient matrices
A0, A1, · · · , Am may reflect certain topological information
about the network’s connection among computing nodes. In
these circumstances, optimization dynamics (14a) – (14b)
will exhibit an intrinsic distributed computational structure.

VII. PARTITIONING AND MAXCUT PROBLEMS

In this section we investigate a special class of non-convex
QCQPs, the partitioning and MAXCUT problems, in order to
demonstrate the distributedness of our optimization dynamics
approach.

A. The Two-Way Partitioning Problem

Let us consider the two-way partitioning problem that is
formulated by [11]

minimize
x∈Rn

xTWx (15a)

subject to x2i = 1, ∀i = 1, 2, · · · , n (15b)

where W ∈ Sn. The constraints restrict the values of xi to
1 or −1, so the problem is equivalent to finding the vector
with components ±1 that minimizes xTWx. The feasible set
here is finite (it contains 2n points), so this problem can in
principle be solved by simply checking the objective value
of each feasible point. Since the number of feasible points
grows exponentially, however, this is possible only for small
problems. In general, the two-way partitioning problems are
very difficult to solve.

A feasible point x to the two-way partitioning problem
corresponds to the partition

{1, · · · , n} = {i | xi = −1} ∪ {i | xi = 1}

and the matrix coefficient W (i, j) can be interpreted as the
cost of having the elements i and j in the same partition, and
−W (i, j) is the cost of having i and j in different partitions.
The objective in (15a) is the total cost, over all pairs of
elements, and problem (15a) – (15b) seeks to find a partition
with the least total cost.

B. The MAXCUT Problem

A MAXCUT problem can be formulated as a particular
two-way partitioning problem that is defined over a network.
On a given graph G that consists of n nodes, we assign a non-
negative weight wij with each edge (i, j), where wij = 0 if
there is no edge that connects node i and node j. Then the
MAXCUT problem seeks to find a cut of the graph with the
largest possible weight, i.e., a partition of the set of nodes in
two parts G1 and G2 such that the total weight of all edges
linking these parts is maximized. The MAXCUT problem is
a classic problem in networked optimization.

Assumption 3: We assume that graph G is connected.
The weight of a particular cut xi is computed as

1

2

∑
{i | xixj=−1}

wij

which is also equal to

1

4

n∑
i, j=1

wij(1− xixj).

Hence, we would like to define W ∈ Sn as W (i, j) := −wij
if i 6= j and W (i, i) :=

∑
j 6=i wij . Note that the W matrix

here is exactly the weighted Laplacian of the network, so we
always have W � 0.

Finally, we can formulate the MAXCUT problem as

minimize
x∈Rn

− xTWx (16a)

subject to x2i = 1, ∀i = 1, 2, · · · , n (16b)

where we have changed the objective (16a) from maximizing
xTWx into minimizing −xTWx. Therefore, we can see that
the MAXCUT problem is a particular case of the two-way
partitioning problem. Moreover, both its objective (16a) and
constraint (16b) are non-convex.

C. A MAXCUT Example

We use a MAXCUT example to illustrate the distributed-
ness and effectiveness of our continuous-time optimization
dynamics approach. Consider a five-node weighted graph as
is shown in Fig. 1. Its weighted Laplacian matrix W is

W =


1.6 −0.4 −1 0 −0.2
−0.4 2.2 0 −0.6 −1.2
−1 0 2.2 −0.8 −0.4
0 −0.6 −0.8 1.8 −0.4
−0.2 −1.2 −0.4 −0.4 2.2

 .
In order to ensure that the MAXCUT problem always has

an isolated saddle-point, we select node 1 as the reference
node, i.e., we require that the optimal value of x1 to be 1.

To achieve this, we add an extra quadratic cost (x1 − 1)2

to (16a) and form an equivalent problem

minimize
x∈Rn

− xTWx+ (x1 − 1)2 (17a)

subject to x2i = 1, ∀i = 1, 2, · · · , 5. (17b)

Let λi, for i = 1, · · · , 5, be the Lagrange multipliers
associated with constraint x2i = 1. Because those constraints

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

69



are all equality constraints, we do not require their Lagrange
multipliers to be non-negative.

Let us also assign both primal and dual variables, xi and
λi, to each node i. We say that an optimization algorithm
is distributed if, during the optimization process, each node
only shares its individual variables with its directly connected
neighbors. In other words, any two nodes are not allowed to
communicate with each other if they are not connected.

Applying optimization dynamics (14a) – (14b) to problem
(17a) – (17b), we obtain the following dynamical system

ẋ1 = 2(0.6− λ1)x1 − 0.8x2 − 2x3 − 0.4x5 + 2 (18a)
ẋ2 = 2(2.2− λ2)x2 − 0.8x1 − 1.2x4 − 2.4x5 (18b)
ẋ3 = 2(2.2− λ3)x3 − 2x1 − 1.6x4 − 0.8x5 (18c)
ẋ4 = 2(1.8− λ4)x4 − 1.2x2 − 1.6x3 − 0.8x5 (18d)
ẋ5 = 2(2.2− λ5)x5 − 0.4x1 − 2.4x2 − 0.8x3 − 0.8x4

(18e)

λ̇i = x2i , ∀i = 1, · · · , 5 (18f)

where we do not need positive projections any more for the
multipliers’ dynamics (18f). We can see from dynamics (18f)
that each Lagrange multiplier λi only uses the local variable
xi to update itself. As for the primal dynamics (18a) – (18e),
it is clear that node i requires xi, λi, and xj , for all node j
which is directly connected with node i, to compute ẋi. Let
us take node 1 as an example to illustrate this point. Since
node 1 is not directly connected with node 4, in dynamics
(18a) all variables x1, λ1, x2, x3, and x5 are involved except
x4. Thus, we conclude that dynamical system (18a) – (18f)
has a distributed computational structure.

When we feed dynamics (18a) – (18f) with any random
initial point with `∞ norm less than 1, the dynamical system
evolves and converges to a KKT point x? = (1,−1,−1, 1, 1)
and λ? = (2.8, 4.4, 4.4, 2.8, 3.2). Trajectories of the primal
and dual variables are, respectively, plotted below in Fig. 2.

We next substitute this KKT point (x?, λ?) back to check
the LMI condition (10), we find the eigenvalues of LMI (10)
are given by 0.1037, 0.4230, 1.6096, 2.6273, and 3.8452.
Therefore, Theorem 4 is satisfied now and we can guarantee
that (x?, λ?) is exactly a saddle-point. The primal optimum
partitions these five nodes into two groups G1 = {1, 4, 5}
and G2 = {2, 3}, with the largest total weight equal to 4.4.

Remark 7: We notice that LMI (10) cannot be checked in
a distributed manner. However, our simulations suggest that
whenever dynamics (14a) – (14b) converges, LMI (10) is
always satisfied. This may lead to a future extension of our
convergence analysis result to avoid checking LMI (10).

VIII. CONCLUSION

In this paper, we have investigated in solving non-convex
QCQPs via the continuous-time optimization dynamics. We
have first developed a necessary and sufficient condition to
characterize the saddle-points for those non-convex QCQPs.
Based on that result, we have further studied the convergence
behavior of the associated optimization dynamics. Moreover,
for certain networked non-convex QCQPs, we have pointed
out a distributed structure of the optimization dynamics.
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Fig. 1. A five-node weighted graph
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Fig. 2. Convergence of the five-node MAXCUT example
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Traffic Delay Reduction via Distributed Dynamic Lane Reversal and
Rerouting

Evan Gravelle Sonia Martı́nez

Abstract— Traffic congestion is a major source of delays in
modern road networks. Motivated by this, in this paper we
propose two distributed algorithms to reduce delays: a dynamic
lane reversal algorithm and a rerouting algorithm. When there
is a large density of vehicles on one side of a road and a small
density on the other, time can be saved by reallocating lanes
from the less dense side to the more dense side, which motivates
dynamic lane reversal. When a road has greater density than
nearby roads, time can be saved by redirecting flow into the
least congested roads, this motivates dynamic rerouting. Given
a communication system between infrastructure and vehicles on
the road, the local state of the network can be approximated and
utilized by the algorithms to minimize travel time. Equilibrium
conditions for the system are analyzed, convergence of the lane
reversal algorithm to a critical point is proved, and overall
performance is examined in simulation.

I. INTRODUCTION

Motivation. Congestion is a major source of traffic delays
in modern road networks, and the problem is growing.
Significant imbalances of traffic density in a given road
network can arise due to many events, such as when there
is a large flow of vehicles towards an industrial center in
the morning, a large event ends and there is a mass of
flow out from large event, or there is an accident which
creates heavy congestion on one side of a road, for example.
Modern infrastructure endowed with new information tech-
nology requires no additional space or construction, and can
substantially reduce overall traffic delays. Motivated by this,
here we investigate the implementation and benefits of lane
reversal and traffic rerouting distributed algorithms that can
improve traffic flow.

In particular, recent advances in design, performance, and
cost of autonomous vehicles (see [5]) has fueled a growing
interest in Autonomous Intersection Management (AIM),
an efficient policy for coordinating autonomous vehicles
using an intersection manager (IM) to safely pass through
an intersection [9]. With the help of the AIM policy and
vehicle-to-infrastructure communications, an approximation
of the state of traffic can be constructed. The IM can then
implement more dynamic procedures to reverse one or more
lanes or communicate a new route to some vehicles if traffic
delays will be reduced. The future presence of autonomous
vehicles is also important in implementing the actual lane
reversal and vehicle rerouting, as physically moving a barrier

This work was supported by NSF-CMMI 1434819 and AFOSR
11RSL548. The authors are with the Department of Mechanical and
Aerospace Engineering, University of California, San Diego, CA 92093,
USA, {egravell,soniamd}@ucsd.edu

to reverse a lane is a slow process that can take hours, [1],
yet merely indicating a lane’s direction or a new route for a
vehicle is likely to cause driver confusion and increase risk of
accident. With advances in vehicle autonomy, lane reversal
and rerouting are less restricted by physical safety consider-
ations and can be achieved through simple communication
from the traffic signal to the vehicle.

Literature review. Many recent papers have furthured Au-
tonomous Intersection Management. Batch processing of
reservations in AIM to enforce liveness is proposed in [3].
An auction-based scheme under AIM is analyzed in [6].
Local information is shared and utilized to minimize delay
time under Greenshield’s traffic model in [20]. Some effort
has also recently been put towards solving vehicle routing
problems in modern context. A provably safe distributed
solution for coordinating vehicles outside an intersection
is provided in [16]. Work has also been done analyzing
traffic evolution over networks. Classical traffic models are
examined in a network setting in [19]. Passivity is used
to generalize the network flow control problem in [18]. A
solution to the problem of assigning freight loads to available
carriers given unbalanced network conditions is found in [2].

Much of the literature concerning lane reversal discusses
evacuation procedures in order to respond effectively to
natural disasters, [7], [17]. These papers propose the solution
of lane reversal to accommodate emergency evacuation in a
non-dynamic way. Some works discuss procedures and statis-
tics for location-specific cases where lane reversal would be
beneficial, [22], [21]. More recently, some have attempted to
further improve results through dynamic lane reversal. The
solution presented in [11] requires a centralized computer to
find an allocation strategy, with a minimum timestep of one
hour. In [13], the authors formulate a model and present a
centralized solution which does not use network dynamics.
In [10], dynamic lane reversal is implemented on a single
road and tested in simulation.

Statement of contributions. In this paper we extend the cell
transmission model to characterize the evolution of vehicle
density in a road network and the effect of both lane reversal
and rerouting on these dynamics. We establish objective
functions with the goal of minimizing total vehicle time spent
on the road, and propose two algorithms. Using lane reversal,
we propose a distributed algorithm to efficiently calculate
and implement an appropriate lane allocation and prove
convergence of the algorithm to a more efficient solution.
We analyze the long term behavior of the system of a road
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network with balanced lanes, and establish its convergence
to an equilibrium under certain regularity conditions of its
sources, sinks, and traffic on intersections. Then, we propose
a distributed rerouting algorithm to more efficiently achieve
this long-term equilibrium. We show through simulations
performance gains using lane reversal and rerouting on
various initial conditions.

Notation and Nomenclature. We let R denote the set of real
numbers, R≥0 denote the set of positive real numbers, and
Z denote the set of integers. Similarly, Rn (resp. Rn≥0,Zn)
denotes the product space of n copies of R (resp. R≥0,Z).
The vector of ones with length n is denoted by 1n. A directed
graph G consists of a set of vertices V and a set of directed
edges E, G = (V,E), such that E ⊂ V × V . Vertex a is
an out-neighbor of vertex b if (b, a) ∈ E. Similarly, a is an
in-neighbor of b if (a, b) ∈ E. Vertex a is a neighbor of b
if b is an out-neighbor or in-neighbor of a. The set of out-
neighbors (resp. in-neighbors) of a is denoted N out

a (resp.
N in
a ). We say that matrix A = {aij} is A ∈ sparse(G), for

G = (V,E), if aij = 0 when (i, j) /∈ E. Given a vertex set
V , Vr denotes the set of cells contained on road r.

II. PROBLEM STATEMENT

We consider traffic evolving over a road network. Each road
consists of one or two sides for each direction of traffic flow
and which have a given number of lanes. In addition, each
side is divided into cells of length L, which are used to
describe the evolution of traffic density, see Figure 1.

We define a directed graph GC = (C,EC) of cells i ∈ C,
such that (j, h) ∈ EC if traffic can flow from cell j to cell h.
A road is defined as the set of connected cells bounded on
each side by a source, sink, or an intersection manager (IM).
A source (resp. a sink) is a special cell in which traffic only
flows out (resp. flows in,) while an IM is an intelligent traffic
management system at an intersection of roads. We denote by
R the set of all roads and Nr the set of neighbors of road r,
where two roads are neighbors if they share an intersection.
We denote S as the set of all road sides, p,−p ∈ S are the
two sides of a road, n = |C|, and s = |S|. The intersection
graph GZ = (Z,EZ) consists of the vertex set Z containing
all IMs and edges (z1, z2) ∈ Z if there is exactly one road
connecting intersections z1 and z2 ∈ Z. A cell which flows
into a sink is denoted by i ∈ B, and a cell which receives
flow from a source is denoted by B.

Cells

Fig. 1: Road divided into cells

A. Traffic Model

The following traffic model is based on the Lighthill-
Whitham-Richards Partial Differential Equation, [12] and
[15], to describe the evolution of traffic density on each road
side, ρ : R≥0 × R→ R≥0,

∂tρ+ ∂xQ(ρ) = 0. (1)

This equation maintains conservation of mass, and the flow
function Q(ρ) is given by

Q(ρ) =

{
vfρ, ρ ≤ ρc,
vfρc
ρjam−ρc (ρjam − ρ), ρ > ρc,

(2)

where vf is the free flow speed of the vehicles, ρjam is the
density at which a traffic jam occurs, and ρc is the critical
density value where maximum flow occurs, see Figure 2.
This model is based on experimental data and is commonly
used to model traffic flow, particularly because it captures
the wave behavior of traffic.
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Fig. 2: Vehicle flow model

The Cell Transmission Model [8] is a discretization of (1)
using time step ∆t and spatial step ∆x, where is assumed
that all cells have length L = ∆x. For a cell i with exactly
one in-neighbor i−1 and one out-neighbor i+1, the density
of the cell is updated according to

ρi(t+ 1) = ρi(t)+

∆t

L(`p + up)
(q(ρi−1(t), ρi(t))− q(ρi(t), ρi+1(t))),

where i is contained on side p of road r, `p is the number of
default lanes of side p, ρi(t) is the density (vehicles/lane-km)
of vehicles on i at time t, and up(t) ∈ {1− `p, . . . , `−p−1}
is the number of additional lanes on side p. The constraint
up + u−p = `p + `−p must hold to keep the total number of
lanes in a road constant, where u−p ∈ {`−p−1, . . . , `p−1}
is the number of additional lanes on side −p. We have

q(ρi−1(t), ρi(t)) = qi−1,i(t) = min{qi−1(t),qi(t)}, (3)

is the flow rate (vehicles/hr) from i− 1 to i. The piecewise
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functions qi−1(t) and qi(t) are defined as

qi−1(t) =

{
vf (`p + up(t))ρi−1(t), ρi−1(t) ≤ ρc,
vf (`p + up(t))ρc, ρi−1(t) > ρc,

qi(t) =

{
vf (`p + up(t))ρc, ρi(t) ≤ ρc,
vfρc
ρjam−ρc (`p + up(t))(ρjam − ρi(t)), ρi(t) > ρc.

Intuitively, the flow from i−1 to i is restricted when ρi−1(t)
is small or ρi(t) is large [4].

Cells can also be connected to sources or sinks of various
strengths, these make up the boundary to the system. In this
paper, we define the flow from a source b to cell i ∈ C on
side p ∈ S to be

qb,i(t) =

{
αb(t)vf (`p + up(t))ρc, ρi(t) ≤ ρc,
αb(t)vfρc
ρjam−ρc (`p + up(t))(ρjam − ρi(t)), ρi(t) > ρc,

where αb(t) ∈ [0, 1] is the strength of source b at time t. In
turn, the flow from i in p ∈ S to sink c is described by:

qi,c(t) =

{
βc(t)vf (`p + up(t))ρi(t), ρi(t) ≤ ρc,
βc(t)vf (`p + up(t))ρc, ρi(t) > ρc,

where βc(t) ∈ [0, 1] is the strength of sink c at time t.

To model a network of roads at intersections, the flow out
of a cell must equal the sum of flows into other cells. We
define a matrix K = {kij} ∈ Rn×n where kij contains the
fraction of vehicles which move from cell i to cell j. For
now, we assume K is constant. If j is the only out-neighbor
of i in GC then kij = 1, but if j is one of multiple out-
neighbors, then kij < 1. The flow out of any cell i, based
on conservation of mass, is given by

qout
i (t) =

∑
j∈N out

i

kijqi,j(t), (4)

where ρ ∈ Rn is the vector of cell densities which are
not sources or sinks and N out

i is the set of out-neighbors
of i in GC. In this model, intersections are assumed to be
small compared to the length of each cell, so the time spent
in the intersection is negligible. The role of an efficient
Autonomous Intersection Management policy is important
to this assumption.

We similarly define

qin
i (t) =

∑
h∈N in

i

khiqh,i(t), (5)

where N in
i is the set of in-neighbors of i in GC.

The evolution of any cell in the network is given by

ρi(t+ 1) = ρi(t) +
∆t

L(`p + up)
(qin
i (t)− qout

i (t)), i ∈ C.
(6)

Ultimately, the system can be written as

ρ(t+ 1) = Aσ(ρ(t))ρ(t) + bσ(ρ(t)), (7)

where σ(ρ(t)) ∈ σ is the mode determined by the density
of the state, σ is the set of modes, and Aσ(ρ(t)), bσ(ρ(t))

are constructed using all equations from (3) to (6). In
the literature, this is known as the Switching Mode Model
(SMM) [14].

For lane reversal, the control input u ∈ Z|R| controls the
number of lanes per road which directly affects that road’s
density, see Figures 3 and 4.

Fig. 3: Before lane reversal

Fig. 4: After lane reversal

Based on conservation of mass, we update the density of
each cell i on a road side p after lane reversal as follows:

ρ+
i = ρi ·

`p + up

`p + u+
p
,

where ρi is the density of i, up is the control before the
discrete update to u+

p , which results in an update ρ+
i . In

this paper we assume that the change in road density is
instantaneous, based on an assumption that vehicles respond
quickly to a lane opening or closing. The clearing time tc,
the time it takes for all vehicles to vacate a lane being
reversed, is also assumed to be zero. Lane clearing can
realistically be performed in 15 seconds or less under most
traffic conditions in which a lane clearing occurs, so this
assumption is reasonable, [10].

B. Problem Formulation

To characterize performance of the system, we define the
objective function as the time spent of each vehicle in the
system GC summed over every vehicle, or

W (u) =

N∑
w=1

(
t`w − tew

)
,
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where t`w is the time in which vehicle w leaves G through
a sink, tew is the time in which vehicle w enters G through
a source, and N is the total number of vehicles that spent
time within the system. The total time spent is inversely
proportional to the total flowrate, so total time can be
approximated as

W (u) ≈ N

qavg
∑
p∈S `p

,

≈
tf∑
t=0

(
N∑

i∈C(qin
i (t) + qout

i (t))/2

)
,

where qavg is the average flow rate in G.

We define our first control input as the directional lane
allocation of each road u ∈ Z|R|, where up = 1 corresponds
to reversing one lane from the default lanes in the direction
of −p to the direction of p in the road r ∈ R. The goal is
to minimize W (u) while satisfying two physical constraints,
one which maintains the total number of lanes of a roadway
(the sum of lanes in both directions is constant), and the
other which requires a positive integer number of lanes. This
is stated as

Problem 1:

maximize
u∈R|R|

W (u) =

tf∑
t=0

(∑
i∈C

(qin
i (t) + qout

i (t))

)
subject to up ∈ {−`p + 1, . . . , `−p − 1},

u−p ∈ {−`−p + 1, . . . , `p − 1},
up + u−p = `p + `−p,∀ p,−p ∈ S.

A point u∗ is a critical point for Problem 1 if u∗ satisfies the
above constraints and if W (u∗) ≥W (u) for all u s.t. ∀ p ∈
S, u satisfies the above constraints and u∗ζ = uζ , ∀ ζ 6= p.

If vehicles can be redirected through intersections, then
K = {kij} ∈ Rn×n is our control variable, where kij is
the proportion of vehicles flowing from cell i to cell j. Each
non-zero value is lower bounded by a value kmin in order to
maintain connectedness of the graph. Assuming a uniform
critical density value in some network, we know maximum
flow can be obtained when ρi = ρc, ∀ i ∈ C, so to simplify
we only look at the current time step and write this new
problem as

Problem 2:

minimize
K∈Rn×n

W̃ (K) =
∑
i∈C
|ρi(t+ 1)− ρc|

subject to (K1n)i = 1, ∀ i /∈ B,
(K1n)i = 0, ∀ i ∈ B,
K ∈ sparse(GC),

kij ∈ [kmin, 1],∀ (i, j) ∈ E.

The best solution to Problem 2 will drive the state towards
its highest long-term flow.

C. Approximation of the State by IMs

Here, we will use the assumptions employed in [10] for an
IM to approximate the state of the traffic on the roads at the
intersection. Vehicles have unique identifiers and transmit a
message within D ≈ 300 meters to the IM for a reservation
request to cross intersections more efficiently. The IM at
intersection z ∈ Z maintains a counter variable zp for road
side p, adding one to zp when it receives a notification
message from a vehicle on road side p and subtracting
one from zp whenever a vehicle from road side p with
a confirmed reservation is expected to leave the road and
enter the intersection. The state of road side p at time t is
calculated as

ρp(t) =
zp(t)

(`p + up) min{L,D}
. (8)

If L > D then assume that the state of the entire road
is equal to the state in the local section. Note, with more
sensing than just at intersections, the state of the roads can be
more accurately approximated, so smaller cells can be used.
This approximation is used in both algorithms to determine
whether or not travel efficiency can be improved.

III. LANE REVERSAL POLICY

In this section we provide a distributed Lane Reversal Algo-
rithm together with its stability properties. The performance
of the algorithm is also analyzed in Section V.

A. Lane Reversal Algorithm

Problem 1 is a non-convex, non-smooth optimization prob-
lem with integer constraints. To simplify it, we ignore the
time horizon and optimize at each time step. We assume
that there is an IM z1 and z2 at both ends of each road, and
that z1 is assigned its control. This IM requires estimates
of the road states from its neighboring IMs and from the
neighbors of z2 to construct the complete local state. These
estimates are calculated by counting vehicles in and out of
each road as explained in Section II-C and in Equation (8).

We define Cp = {a ∈ C | a is a cell of p} for p ∈ S,
and similarly Cr = Cp ∪ C−p, where p,−p are the road
sides of r ∈ R. Suppose that T (t′) ∈ {1, . . . , T} represents
a clock ticking from 1 to T at each IM synchronously,
where T is the maximum number of ticks for which the
algorithm will run and ∆t′ < ∆t is a smaller discrete
time step. Each IM updates its assigned roads on specific
ticks, which are given by a schedule Λ(r) ∈ {1, . . . , T},
computed during an initialization phase. As an example,
in the road network in Figure 5 each road with the same
number Λ can update simultaneously. By means of the flag
function “to update,” computations are reduced to cases
when changes in the neighboring conditions can lead to non-
trivial updates. When the turn of an IM to update takes place
(line 5), then, in order to find the best control policy for some
road r with sides p,−p ∈ S while keeping other roads fixed,
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Wr(u + ωr∆r) is maximized over ωr ∈ Ωr in the LANE
REVERSAL ALGORITHM. Here, Wr =

∑
a∈Cr∪Nr

(qin
a +

qout
a ), Ωr = {−`p + 1, . . . , `−p − 1}, u contains the set

of current controls, and ∆r ∈ Zn has zeros everywhere
except 1 for each component i ∈ Cp and −1 for each
component j ∈ C−p. Since in real road networks most roads
have 4 or less lanes, an exhaustive search is computationally
inexpensive in this domain. If a trivial update takes place,
then a new update for neighboring roads is not necessary.
This is encoded by setting the to update function equal
to zero, otherwise this function is set equal to one. State
estimates are updated and information on updated controls,
states and the to update function is communicated to
neighbors. The algorithm runs until time tf .

3 3

3

3 3

3

1

1

11

1

1

2 2 2

222

4 4 4

444

Fig. 5: Schedule of road network

Algorithm 1: Lane Reversal Algorithm of IM z

1 Initialize time t′ = 0, schedule Λ(r), ∀ r ∈ R;
2 Initialize to update(r) = 1, ∀ r ∈ R;
3 for all r ∈ R with sides p,−p controlled by z and t′ do
4 Update up′ , u−p′ , to update(r′), and ρi′ if

messages were received from neighbors;
5 if to update = 1 and Λ(r) = T (t′) then
6 ω∗r ← argminωr∈Ωr

Wr(u+ ωr∆r);
7 u+

ν ← uν , ∀ ν ∈ R \ {p,−p};
8 u+

p ← up + ω∗r ;
9 u+

−p ← up − ω∗r ;
10 if u+

p = up then
11 to update(r)← 0;
12 else
13 to update(λ)← 1, ∀λ ∈ Nr;
14 to update(r)← 0;
15 end
16 Initiate lane swap, set ρ+

i = ρi · `r+ur

`r+u+
r
, ∀ i ∈ Cp

and ρ+
j = ρj · `r−u

+
r

`r−ur
, ∀ j ∈ C−p;

17 Transmit u+
p , u+

−p, to update(λ)∀λ ∈ Nr,
ρ+
i ∀ i ∈ Cp, and ρ+

i ∀ i ∈ C−p values to
neighbors of r;

18 end
19 t′ ← t′ + ∆t′;
20 end

B. Stability Analysis of Lane Reversal

We first establish an upper bound on the objective function:

Lemma 3.1: Under the constraints given in Problem 1, the
objective function satisfies

W (u) ≤ 2vfρc`n,

at each time step, assuming that `p = `, ∀ p ∈ S. This upper
bound is achieved when roads are lane-balanced (for any
path on the network, the number of lanes remains constant)
and ρi = ρc,∀ i ∈ C. Intuitively, this is the state when flow
through each lane is maximized over the whole network, and
there is no congestion formed through lane merging. �

The proof for this lemma is omitted, as it is simply calculated
by maximizing each cell’s flow.

Lemma 3.2: The LANE REVERSAL ALGORITHM converges
in finite time to a critical point u∗ of Problem 1 under the
listed constraints.

Proof: The update u+ is implemented in the LANE
REVERSAL ALGORITHM by evaluating Wr(u) and choosing
ωr which maximizes this value. Note that the algorithm
constrains u+

p s.t. u+
p ∈ {1 − `p, . . . , `−p − 1}. Since a

local maximizer of Wr(u) also maximizes W (u) and the
algorithm maintains a schedule which is compatible with the
separability of W (no two road neighbors update simultane-
ously), it is guaranteed that W (u+) ≥ W (u). In this way,
W is a monotonically non-decreasing function through the
algorithm. Using a discrete-time Lyapunov stability argument
with W , asymptotic convergence to a point u∗ satisfying the
constraints of Problem 1 for which W can not be improved
by modifying u∗ entry-wise can be guaranteed. Due to the
finite discrete state space, convergence occurs in finite time.

IV. VEHICLE REROUTING POLICY

In this section, we provide a stability analysis for the road
density evolving under the dynamics (3) to (6), under the
assumption of balanced sources and sinks. This motivates
the distributed rerouting algorithm, which is simulated in
Section V. In this section, we assume that there is no lane
reversal occuring, and that the number of lanes on each road
are equal, so `p + up = `p′ + up′ = `, ∀ p, p′ ∈ S.

A. Stability Analysis of Weight-Balanced Traffic Networks

Because maximum flow is achieved when ρi = ρc, ∀ i ∈
C, we are interested in finding conditions that guarantee
that system achieves this state naturally. We find one such
sufficient condition here.

We define α = [α1, . . . , αn]>, where αi ∈ [0, 1] is the
strength of the source connected to cell i (αi = 0 if no
source is connected to cell i). Similarly, β = [β1, . . . , βn]>

where βi ∈ [0, 1] is the strength of the sink connected to
cell i (βi = 0 if no sink is connected to cell i). We use two
assumptions:

Assumption 4.1 (Critical Density Value): The critical den-
sity value is ρc ∈ (0,

ρjam

2 ].
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Assumption 4.2 (Weight Balanced): The graph GC is weight
balanced with respect to the boundary conditions, or equiv-
alently, K>1n + α = 1n and K1n + β = 1n.

Assumption 4.3 (Existence of Sources and Sinks): There
exists a source and sink with nonzero strength somewhere
in GC.

Note that the first assumption may over-constrain the prob-
lem, depending on α and β and the specific example.
However, under these conditions, the following result holds.

Theorem 4.4 (Stability to critical density values):
Given Assumptions 4.1 on the value of ρc, 4.2 on
the weight-balanced graph, 4.3 on the existence of
sources and sinks, dynamics of Equations (3) through
(6) and a connected graph GC, any initial state with
ρi(0) ∈ [0, ρjam], ∀ i ∈ C, converges practically to ρc. In
other words, limt→∞ ρ(t) ∈ [(ρc − ε)1n, (ρc + ε)1n], where
ε ≤ ∆tvfρc

L . �

Intuitively, this result holds due to the natural dynamics
as well as the boundary conditions. The proof has been
excluded due to space constraints.

We can make a similar Lyapunov argument proving that
limt→∞ ρi(t) ∈ [ρmin

src , ρ
max
snk ],∀ i ∈ C, where ρmin

src =
ρc mini∈C(αi+

∑
j∈C kji) and ρmax

snk = ρjam−ρc mini∈C(βi+∑
j∈C kij). Bounding the flow rate in and out excludes any

state from being at equilibrium outside these bounds, given
the previous assumptions.

The previous analysis helps motivate the rerouting algorithm.
Maintaining Assumption 4.2 is crucial for equilibrium be-
havior of the network, and is expected that, when boundary
conditions oscillate about this condition, convergence to a
close-to-equilibrium condition will occur. However, within
these constraints we would like to hasten convergence to
further reduce delays, the benefits of this are heightened
under time-varying boundary conditions.

B. Rerouting Algorithm

In some situations, it is feasible to direct vehicles where to
go, in order to maintain a balanced networks over time. One
example is a factory setting where identical robots can have
dynamically reassigned tasks. Freight-type of vehicles or
autonomous cars in mobility-on-demand systems could also
be influenced in real traffic based on AIM-vehicle commu-
nication mechanisms. Control over vehicle direction means
that K can be altered under some constraints to improve the
total flow over the time interval. Because maximum flow is
achieved when ρi = ρc, ∀ i ∈ C, flow through intersections
can be redirected from more dense roads to less dense roads,
keeping the system close to ρc. This problem is formulated
in Problem 2.

A greedy approach suits this problem because it increases
immediate flow through the intersection and speeds up
the balancing of neighboring roads while maintaining the
equilibrium of the natural dynamics. A potential strategy is

to redirect flow from all in-neighbors of an intersection to the
least dense out-neighbor. If the least dense out-neighbor is
more dense than ρc, then redirect towards a sink if possible.
However, this approach creates congestion when sinks are
not ideal by attempting to direct flow out of the system but
the sink restricting the flow out, so we require an alternative
policy. Instead, each out-neighbor is sorted according to how
much flow they will allow in, and they are paired with in-
neighbors which provide the most flow, see REROUTING
ALGORITHM.

Algorithm 2: Rerouting Algorithm

1 for each intersection z ∈ Z at each time t do
2 D+ ← vector of cells flowing into z, sorted by

decreasing density;
3 D− ← vector of cells receiving flow from z, sorted

by increasing density;
4 for γ ∈ {1, . . . , |D+|} do
5 x← D+

γ ;
6 y ← D−γ ;
7 for ζ ∈ {1, . . . , n} do
8 if kx,ζ > 0 and ζ 6= y then
9 kx,ζ ← kmin;

10 end
11 if kζ,y > 0 and ζ 6= x then
12 kζ,y ← kmin;
13 end
14 end
15 kx,y ← 1− (|D+| − 1)kmin;
16 end
17 end

This algorithm is decentralized, the only information re-
quired is from immediate neighbors of an IM. Intuitively, the
algorithm is improving flow by directing flow from the most
dense in-neighbors of the intersection to the least dense out-
neighbors so that the flow from/to the most/least congested
road is relatively unrestricted. This pushes both states more
quickly towards ρc, and because they are the furthest away
from ρc, this helps decrease V (ρ(t)) more rapidly. Under
varying boundary conditions, this improvement is enhanced.

V. SIMULATION RESULTS

In simulation, both lane reversal and rerouting vehicles re-
duce overall traffic delay under imbalanced initial conditions
as we discuss next. We use ∆t = 1 second, L = 500
meters, ` = 4 lanes per road, and vf = 60 km/hr. Note,
ρjam ≈ 226 vehicles

km·lane was calculated by assuming an average
vehicle length of 4.11 meters and an average gap between
stationary vehicles of 0.31 meters.

Lane Reversal Algorithm

Generally, lane reversal creates a significant short-term im-
provement of traffic flow. Lane reversal can hinder overall
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traffic flow when reversing a lane requires lane merging
somewhere else in the system or when the road side with
less lanes receives heavy traffic flow afterwards. This first
issue can be addressed through coupling roads together so
that their control variables are equal and no lane merging is
required between them, in simulation we choose the more
conservative control value and apply that to both roads.
The second issue can be at least partially addressed through
predicting traffic patterns using past data or communications
with a larger portion of the road network, though we do not
address this in this paper.

We simulated a two road network with an intersection
between them, sources and sinks at the boundary, and an
initial state which had heavy congestion randomly sampled
from [0, ρjam/2] on one side of both roads and light conges-
tion randomly sampled from ρjam/2, ρjam] on the other. The
boundary conditions α and β on one end of the network
were randomly sampled from [0, 1] and α = 1 and β = 1
on the other side, creating an imbalanced flow. U-turns are
not allowed, and flow from any road to any neighbor is
equally likely. The improvement in the objective function
is shown in Table 6, we can see a large variance in the data
but there is always significant improvement. One example
of the benefit of lane reversal on the objective function is
shown in Figure 7, the flowrate increases immediately after
the lane reversal while maintaining the same equilibrium.
Note, maintaining a constant number of lanes along all paths
becomes impossible with a larger system, creating merges
which negatively affect the overall equilibrium.

36.6 28.9 21.8 13.5 39.1
44.3 68.8 13.0 54.6 34.7

Fig. 6: Relative reversal improvement (%)

Fig. 7: Lane reversal on two roads

Rerouting Algorithm

The rerouting policy improves flow rate in both short term
and long term while maintaining the original equilibrium,
though in a less dramatic fashion than lane reversal. We
have simulated a two block by two block road network with
random initial densities under random constant boundary
conditions with kmin = 0.05. We implemented the rerout-
ing policy on the central intersection, see Figure 8, black
represents very dense and white represents no vehicles. This
shows an initially unbalanced state which converged to a
more efficient state with help from the rerouting policy in
the middle intersection.

t = 0 seconds t = 20 seconds
Fig. 8: Twelve Road Network

In Table 9, we can see relative improvements on the total
flow rate given by this policy, ranging from negligible to
moderate. We note that the objective function describes the
performance of the each cell in the system, and in this
network there are 240 cells, only 8 of which are connected to
the intersection performing the policy, so moderate improve-
ment is acceptable. Under specific initial conditions, the most
improvement was seen at 36%, on average improvement is
between 0 and 5%, see Figure 9. In each case, this algorithm
improved overall flow rate.

1.3 0.1 5.7 0.1 1.3
3.3 0.0 3.4 4.6 3.9

Fig. 9: Relative rerouting improvement (%)

VI. CONCLUSION AND FUTURE WORK

In conclusion, we extended the cell transmission model and
established objective functions with the goal of minimizing
total time spent on the road. We proposed a distributed algo-
rithm to efficiently calculate and implement an appropriate
lane direction reallocation. We also proposed a distributed
algorithm to dynamically reroute vehicles to improve the
long term behavior of the system. We proved convergence
of the lane reversal algorithm to a critical point and bound
the equilibria of the traffic rerouting algorithm under certain
conditions. We showed through simulations performance
gains using lane reversal on a network under particular
conditions and using rerouting under different conditions.

There are many avenues for future work on this problem.
One avenue is improving the traffic model and comparing its

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

724



Fig. 10: Network Flow Rate

predictions with real traffic traffic data to ensure accuracy,
in particular the vehicle time spent in an intersection is
currently assumed constant. A microscopic model will better
capture the dynamics of real vehicles on a road network,
for example by implementing simulations which include
spawning and tracking individual vehicles. Reinforcement
learning can address some of the issues with using a greedy
lane reversal algorithm to further reduce total time delays.
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[14] L. Muñoz, X. Sun, R. Horowitz, and L. Alvarez. Traffic density
estimation with the cell transmission model. In American Control
Conference, 2003.

[15] P.I. Richards. Shock waves on the highway. Operations Research,
4(1):42–51, 1956.

[16] P. Tallapragada and J. Cortés. Coordinated intersection traffic man-
agement. IFAC-PapersOnLinel, 48(22):233–239, 2015.

[17] J.W. Wang, H.F. Wang, W.J. Zhang, W.H. Ip, and K. Furata. Evacu-
ation planning based on the contraflow technique with consideration
of evacuation priorities and traffic setup time. IEEE Transactions on
Intelligent Transportation Systems, 14(1):480–485, 2012.

[18] J.T. Wen and M. Arcak. A unifying passivity framework for network
flow control. IEEE Transactions on Automatic Control, 49(2):162–
174, 2004.

[19] D.B. Work, S. Blandin, O.P. Tossavainen, and A.M. Bayen. A
distributed highway velocity model for traffic state reconstruction.
Applied Mathematics Research eXpress (AMRX), pages 1–35, 2010.

[20] C. Wuthishuwong and A. Traechtler. Coordination of multiple au-
tonomous intersections by using local neighborhood information. In
Int. Conf. on Connected Vehicles and Expo, pages 48–53, 2013.

[21] D. Xue and Z. Dong. An intelligent contraflow control method for real-
time optimal traffic scheduling using artificial neural network, fuzzy
pattern recognition, and optimization. IEEE Transactions on Control
Systems Technology, 8(1):183–191, 2000.

[22] W.W. Zhou, P. Livolsi, E. Miska, H. Zhang, J. Wu, and D. Yang.
An intelligent traffic responsive contraflow lane control system. In
Vehicle Navigation and Information Systems Conference, pages 174–
181, 1993.

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

725



Finding Explicit Controls for Discretizations of the Schrödinger
Equation with Maple

Katherine A. Kime1

Abstract— We consider discretizations of a control system
for the Schrödinger equation in which the controls appear as
unknowns in systems of nonlinear equations. We discuss an
approach to solving such systems using the computer algebra
system Maple, finding explicit real controls under certain
conditions.

Keywords. control, Schrödinger, finite differences, Maple

I. INTRODUCTION

We consider discretizations of a control system for the
Schrödinger equation in which the control is a potential
function. We show that the computer algebra system Maple
can enable us, under certain conditions, to obtain explicit
discretized real-valued controls which steer an initial state
(discretized quantum wavepacket) to a terminal state which
is its horizontal translation, for an infinite collection of initial
states. Evolution is through a single intermediate state, which
varies with the initial state. In the case in which the initial
data is very narrow, i.e. highly localized, Maple does not
return an acceptable solution. However, when the initial data
is allowed further spatial extent, Maple does find solutions.
This is apparently in consonance with the Heisenberg Un-
certainty Principle, which would seem to imply that, as a
more highly localized state would have more momentum
components, it would be more difficult to control.

II. FORMULATION, DISCRETIZATION, MATRIX
EQUATION

Here we give a reprisal of the discussion in [3]. We
consider the one-dimensional time-dependent Schrödinger
equation

i
∂Ψ

∂t
= −∂2Ψ

∂x2
+ V (x, t)Ψ 0 < x < L, t > 0 (1)

with the potential V (x, t) a time-dependent barrier/well

V (x, t) =

 0 0 < x < a
v(t) a ≤ x ≤ b
0 b < x < L

. (2)

The barrier/well will act as the control. We use an extension
of the classic numerical approximation for static barrier/wells
used in Goldberg [2], which may be shown to be equivalent
to the Crank-Nicolson method (C-N) [1]. Our method is
obtained by introducing time-dependence of the potential

1Department of Mathematics and Statistics, University of Nebraska
Kearney, Kearney, Nebraska 68849 kimek@unk.edu

into the C-N equations. The potential is specified at half-
times, as in [4]. Letting ∆x denote the space step, ∆t denote
the time step, and Ψn

j approximate Ψ(xj , tn), we have

Ψn+1
j+1 +

(
2
(∆x)2

∆t
i− 2

)
Ψn+1

j +Ψn+1
j−1

− (∆x)2V (xj , tn+ 1
2
)Ψn+1

j

= −Ψn
j+1 +

(
2
(∆x)2

∆t
i+ 2

)
Ψn

j −Ψn
j−1

+ (∆x)2V (xj , tn+ 1
2
)Ψn

j ,

j = 1, ..., J, n = 0, ..., N − 1. (3)

The discrete boundary condition is

Ψn
0 = Ψn

J+1 = 0 n = 0, ..., N. (4)

We take ∆x = 1 and ∆t = 2. Let A be the J × J matrix

A =


−2 + i 1 0 · · · 0

1 −2 + i 1 · · · 0
· · · · · · · · · · · · · · ·
0 · · · 1 −2 + i 1
0 · · · 0 1 −2 + i

 (5)

Let V̂ n be the matrix

V̂ n =


V n
1 0 0 · · · 0
0 V n

2 0 · · · 0
· · · · · · · · · · · · · · ·
0 · · · 0 V n

J−1 0
0 · · · 0 0 V n

J

 (6)

where V n
j is an unknown which will be used as V (xj , tn+ 1

2
).

Let M be the NJ × (N + 1)J matrix

M =


A∗ − V̂ 0 A− V̂ 0 · · · 0

0 A∗ − V̂ 1 · · · 0
0 · · · · · · · · ·
0 · · · A∗ − V̂ N−1 A− V̂ N−1


(7)

Here 0 denotes the J×J zero matrix. Then the discretization
may be written in matrix form as

MΨ = 0 (8)

where Ψ = [Ψ0
1 · · ·Ψ0

J · · ·ΨN
1 · · ·ΨN

J ]T .

III. CONTROL PROBLEM

As in [3], we ask: If an initial state [Ψ0
1 · · ·Ψ0

J ]
T and a

terminal state [ΨN
1 · · ·ΨN

J ]T are specified, can we solve the
matrix equation (8) for the controls V n

j ? The potentials are
to be square barriers, and thus we require that, for fixed
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n, the terms V n
j are all equal to a single real constant vn,

except ”outside the barrier” where the potential is zero. Thus,
for each n = 0, 1, .., N − 1, we have a control variable
vn. Additional variables are introduced for the intermediate
states, as these states need not be specified. There are N −1
intermediate states, [Ψ1

1 · · ·Ψ1
J ]

T ,...,[ΨN−1
1 · · ·ΨN−1

J ]T . As
each Ψn

j is complex, each intermediate state has 2J real
variables.

For specified initial, terminal data, there are 2J(N − 1)
intermediate state variables and N control variables. The
product MΨ is an NJ vector. Each component is complex,
and thus matrix equation (8) corresponds to 2NJ equations.
Thus we have 2J(N − 1)+N variables for 2NJ equations.
This is a system of nonlinear equations, as the control
variables multiply the state variables.

IV. SOLVING FOR CONTROLS
One might expect that, as a rule of thumb, we would need

at least as many variables as equations in order to solve for
controls. We consider the case J = 3 and N = 2.

A. Narrow Initial Data
We let

[Ψ0
1,Ψ

0
2,Ψ

0
3]

T = [d1 + d2i, 0, 0]
T

where d1, d2 are variables, assumed real. Thus we are intro-
ducing two additional variables, attempting to find narrow
initial data which we can steer. First, we attempt to translate
two units to the right, with terminal state

[Ψ2
1,Ψ

2
2,Ψ

2
3]

T = [0, 0, d1 + d2i]
T .

Our intermediate state, as yet unspecified, is

[Ψ1
1,Ψ

1
2,Ψ

1
3]

T = [a1 + b1i, a2 + b2i, a3 + b3i]
T .

Thus

Ψ =



d1 + d2i
0
0

a1 + b1i
a2 + b2i
a3 + b3i

0
0

d1 + d2i


.

We form M using the two control variables v1, v2. Then
MΨ is a six by one vector, with each component a com-
plex expression. We use the solve command in Maple to
simultaneously solve the six equations obtained by setting
each of the six components of MΨ equal to zero. We have
6 + 2 + 2 = 10 real variables for 6 complex equations, or
12 real equations. The only solutions returned by Maple are
trivial or have complex controls, which are not desired.

Second, we attempt to translate only one unit to the right,
with terminal state

[Ψ2
1,Ψ

2
2,Ψ

2
3]

T = [0, d1 + d2i, 0]
T .

Again, we obtain only trivial solutions or solutions with
complex controls.

B. Initial States with Greater Extent

Now we let

[Ψ0
1,Ψ

0
2,Ψ

0
3]

T = [d1 + d2i, d3 + d4i, 0]
T ,

thus introducing two additional variables. We now will have
6 + 4 + 2 = 12 real variables for the 6 complex equations.
We attempt to translate one unit to the right. Thus

Ψ =



d1 + d2i
d3 + d4i

0
a1 + b1i
a2 + b2i
a3 + b3i

0
d1 + d2i
d3 + d4i


Again we form MΨ and using the solve command, solve the
six equations as above. Now, we obtain non-trivial solutions
with real controls, v1 = −3, v2 = −1 and the free variables
a1, b1, b2, b3, d2 and d4. The other variables are

a2 = −b1i− b1 − a1 − b2i+ a1i,

a3 =

(
1

10
− 3

10
i

)
(a1i+ 7b1i− b1 + 7a1 + 3b3 − b3i) ,

d1 = 2a1 + 2b1i− d2i,

and

d3 =

(
−1

5
+

2

5
i

)
(d4i− 2d4 + 4a1i+ 2b1i− 4b1 + 2a1) .

By simply allowing the initial data to extend over one
more space point, we obtain infinitely many initial states
which can be translated one unit to the right. For example,
taking a1 = b1 = b2 = b3 = d2 = d4 = 1, we obtain

ΨA =



2 + 2i
−2− 2i

0
1 + i
−2
3− i
0

2 + 2i
−2− 2i


Maple gives additional solutions in a less amenable form,

in this case of J = 3 and N = 2. With increasing J , e.g.
J = 5, the computational burden necessary to investigate the
existence of initial states which can be translated horizontally
using real-valued controls begins to become too great for
a desktop computer. It will be necessary to use a larger
computer than the standard desktop to determine the size
of the largest system that Maple can solve.
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Steady State Distribution of Molecular Motor Ensembles

Saurav Talukdar∗,1, Shreyas Bhaban∗,2, and Murti Salapaka2
*Both authors have contributed equally

Abstract— Directed transport of intracellular cargo is
predominantly carried out by nanoscale bio-mechanical agents
called molecular motor proteins. Often, multiple motors with
same or different mechano-chemical properties team up to
transport cargoes inside cells. In this article we analyze the
behavior of homogeneous multi-motor ensembles and prove
the existence of a transient state in the state space describing
the various configurations for a two-motor ensemble. We
further show that the various motor configurations for such an
ensemble have a unique steady state probability distribution,
implying that such a system possesses a degree of robustness.
Results of this nature can be extended to ensembles containing
higher number of motors, with the associated steady state distri-
butions providing insights into possible mechanisms employed
by motors while transporting a common cargo.

1. INTRODUCTION

Molecular motors such as kinesin and dynein are
the main effectors of intracellular transport and facilitate the
directed motion of cargoes inside the cell. The transport oc-
curs over directed polymerized lattices called microtubules.
It is known that multiple motors, often of the same or
different type, work in groups to enable both unidirectional
and bidirectional transport over large distances in vivo [1].
Disruptions in intracellular traffic, often caused by impaired
molecular motor behavior, are known to hamper healthy
cellular environment and cause a host of ailments including
neurodegenerative disorders [2], [3]. Therefore, deciphering
the fundamenltals of motor protein functionality is crucial
towards the goal of adressing maladies caused by impaired
motor behavior.

Single motor protein behavior can be well char-
acterized by its probabilities of stepping, detachment and
reattachment as it traverses along the microtubule filament.
Exprimental estimates of these probabilities have been made
possible by controlled experiments using optical tweezers
[1], [4], which along with enhancement using modern con-
trol mechanisms [5], [6] hold potential towards probing
molecular motors with higher precision and fidelity. Well
established single motor models informed by experiments
have enabled theoretical models that describe transport of
common cargo by multiple motor proteins. Existing mod-

1Saurav Talukdar is with the Department of Mechanical Engineer-
ing, University of Minnesota Twin Cities, Minneaplis, MN 55455, USA
taluk005@umn.edu

2Shreyas Bhaban and Murti Salapaka are with Department of Electrical
Engineering, University of Minnesota Twin Cities, Minneaplis, MN 55455,
USA bhaba001@umn,edu, murtis@umn.edu
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5
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Direction of 
motion

Fig. 1. Representation of an ensmeble of five motors carrying a cargo.
FL is the load force acting on the cargo in the direction opposing the cargo
motion. The microtubule filament is modeled as a series of locations spaced
8 nm apart.

els describing transport by teams of motors have utilized
different approaches such as mean-field theory [7], Monte-
Carlo simulations [8] and Master Equations [9]. Materassi
and co-workers in [10] employed master equations to show
that an ensemble of motors carrying a cargo can be efficiently
analyzed by modeling it as a Markov chain governed by a
suitable stochastic matrix. The model was further instaniated
for kinesin motors and quantities of biological interest such
as average velocity and runlength were obtained.

We capialized on the modeling principles used in
[10] and examined the Markov matrix to prove that the
state space of the associated Markov chain contains at least
one transient state. Furthermore, we show that the various
configurations of the motors carrying a common cargo be-
have according to a unique steady state distribution. In our
analysis, we have restricted our attention to an ensemble
of two kinesin motors, but the results can be applied for
ensembles containing higher number of motors with same
or different mechano-chemical properties as well.

In the next section, a brief description of the model
for multiple motors carrying a cargo is provided.

2. MATHEMATICAL MODEL

The linkage between the tail and motor-heads of a
single motor protein is modeled as a hookean spring when
stretched, having rest length l0 and stiffness Ke (see [10]
for model description). The motor exerts a force F on the
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cargo while transporting the cargo along the microtubule and
can take a forward step as long as the force is less than
its stalling force FS . The microtubule filament is modeled
as a series of equally spaced locations, with one or more
motors being possibly attached to a given location. To
represent multiple motors on the microtubule, the notion of
absolute configuration Z is used in [10] to encode the number
of motors attached to a given microtubule location. Since
microtubule filaments are typically several microns in length
and therefore much longer than the average processivity of
molecular motors (hundreds of nanometers), Z is a bi-infinite
sequence. For example, the absolute configuration for the
section of microtubule in Figure 1 is Z = [... 1 1 0 0 1 0 2 ...].
When a motor in the configuration Z steps forward, detaches
from or reattaches to the microtubule, a new configuration
Z ′ is attained. Assuming λZ(Z ′, Z), the probability rate of
transition from Z to Z ′, is known then it is possible to define
an infinite dimensional Markov Model (see [11], [12] for
description). However, the infinite dimension of the model
makes it unsuitable for an exact analysis, thereby making the
solution for the Master Equation intractable.

To tackle the issue, a projection of the infinite
dimentional model to a finite dimensional model is obtained
in a way that preserves the Markov property. It is primarily
due to the distance between the vanguard (forward most) and
rearguard (rear most) motor being bounded (see [10] and
[13] for details). It allows for the projection of the absolute
configuration Z to a relative configuration σ, which contains
information of the locations of all the motors in an ensemble
relative to the rearguard motor. Thus the relative configu-
ration for the ensemble in Figure 1 can be symbolically
represented by σ = M |M |||M ||MM , where M denotes
motor at a location and | denotes distinct locations. The
rate of transition between relative configurations σ and σ′,
denoted by λσ(σ′, σ), can be computed from the rate of
transition between absolute configurations λZ(Z ′, Z) (see
[10] and [13] for details). The probability of the system
being in relative configuration σ′ at t + ∆t given that it
is σ at t is represented by Pσ(σ′, t+ ∆t|σ, t). For small ∆t,
we denote Pσ(σ′, t+ ∆t|σ, t) = λσ(σ′, σ)∆t. Knowing the
rates λσ(σ′, σ), the probability Pσ(σ, t) of the system having
relative configuration σ at time t can be shown to satisfy
the Master Equation ∂

∂t
Pϑ(ϑ, t) =

∑
ϑ′∈ S

νϑ(ϑ, ϑ
′)Pϑ(ϑ

′, t) −

Pϑ(ϑ, t)
∑

ϑ′∈ S

νϑ(ϑ
′, ϑ) ,where S is the finite set of relative

configurations.

Let S = {σ1, . . . , σn, σn+1}. Here, σn+1 = φ
denotes the configuration where none of the motors in the
ensemble are attached to the microtubule i.e. cargo is lost. Let
Pi(t) be the probability of the ensemble being in the config-
uration σi at time t and P (t) = [P1(t), . . . , Pn(t), Pn+1(t)].
In [10], the probability vector P (t) is shown to satisfy,

d

dt
P (t) = Γ̄P (t) (1)

where Γ̄ ∈ R(n+1)×(n+1). Solving for P (t), P (t) =
eΓ̄(t−t0)P (t0) = J̄P (t0), where P (t0) denotes the probabil-
ity vector at initial time t0 and J̄ ∈ R(n+1)×(n+1). In order
to arrive at a non-trivial distribution in [10], the probability
is conditioned on at least one motor remaining engaged to
the microtubule. It reduces the dimension of S from n+1 to
n with the dynamics of the system now being described by
d
dtP (t) = ΓP (t) ,where Γ ∈ Rn×n. Thus P (t) = JP (t0)
with J ∈ Rn×n.

In the next section we limit our attention to two
motors carrying a common cargo and show that, under the
condition of one motor in the ensemble carrying the cargo
remaining engaged to the microtubule, the state space S
contains at least one transient state and that as t → ∞, a
unique steady state probability P (t) is reached.

3. STEADY STATE DYNAMICS

In this section we establish existence of transient
states and a unique steady state probability distribution in the
state space of relative configurations of a cargo carried by
multiple motors . The total number of motors in the ensemble
m̄ = 2. We establish results motivated from the underlying
biology and structure of the probability transition matrix J.
The Markov matrix J described in the previous section can
be arranged in the form as shown in (2),

J =

(
A B
0 C

)
, (2)

where, A ∈ Rm×m,B ∈ Rm×(n−m),C ∈ R(n−m)×(n−m),0
is a zero matrix of appropriate dimensions. Here, A is a
column stochastic matrix and is the transition matrix of a
subset of S. The state space S can be split into two disjoint
sets S1 = {σ1, σ2, · · · , σm} and S2 = {σm+1, · · · , σn} such
that S = S1 ∪ S2 and it is possible to transition from S2 to
S1(i.e., B 6= 0) but it is not possible to transition from S1

to S2. Thus, A is the transition matrix of the Markov chain
associated with the states S1. The arrangement of the matrix
J in the form of (2) is enabled by Theorem 1. First we
present a few definitions.

Definition 1 (Irreducible Markov Chain). An irreducible
Markov chain is such that if for any σi, σj ∈ S, there exist
n ∈ N such that (Jn)i,j > 0, that is, it is possible to reach
any state from any other state in finite hops.

Definition 2 (Aperiodic Markov Chain). An aperiodic
Markov chain is the one where each state is aperiodic. The
period of a state σi ∈ S is defined as d(i) := gcd{n ≥
1|(Jn)i,i > 0}. If d(i) = 1 then the state is said to be
aperiodic.

Definition 3 (Recurrent and Transient State). A state σi ∈ S
is said to be recurrent if the chain returns to state σi with
probability 1 in a finite number of steps given that it started
from σi, otherwise it is said to be transient.
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Definition 4 (Steady State Distribution). The right eigenvec-
tor π of the probabibility transition matrix J corresponding
to the eigenvalue 1 is said to be a steady state distribution,
that is, it satisfies Jπ = π.

Definition 5 (Limit Distribution). A vector π satisfying
lim
n→∞

Jn = π1
′

is said to be the limit distribution of J,
where 1 is a vector of all ones of appropriate dimensions.

Theorem 1. Given a cargo attached to m̄ = 2 motors and
subjected to opposing load force FL, there exists at least one
transient state σi ∈ S.

The first row of B 6= 0 as detachment events of
the molecular motors from the microtubule have non zero
probability. Hence, sum of each column of C < 1. The
Gershgorin theorem leads to |ρ(C)| < 1 implying that the
states associated with C are transient states. Thus, transition
probabilities of all transient states are clubbed into C. All the
recurrent states correspond to A. This justifies the structure
of J as shown in (2).

Theorem 2. Submatrix A of J is irreducible and aperiodic
(i.e., ergodic) and |ρ(C)| < 1.

Theorem 3. Consider J as defined in (2) such that A is
irreducible, aperiodic (from the previous theorem) and π be
its limit distribution. Then [π

′
0

′
]
′

is the limit distribution
and unique steady state distribution of the Markov chain with
the transition matrix J.

The existence of a unique steady state distribution
of the relative configurations of a cargo carried by multiple
motors demonstrates that a cargo-motor ensemble is a nat-
urally robust system. As long as the cargo remains bound
to the microtubule through at least one motor the cargo-
motor ensemble behaves according to a fixed distribution
independent of the initial distribution.

4. CONCLUSIONS

Transport of cargo by molecular motors is modeled
as a Markov chain derived from a probability master equation
is analysed in this article. The steady state probability distri-
bution of the relative configurations is proven to be unique
which signifies the robustness of the intracellular transport
mechanisms.
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Contractive determinantal representations of complex stable
polynomials

Victor Vinnikov1

Polynomial stability arises naturally in various problems of
Analysis and its applications such as Electrical Engineering
and Control Theory. A polynomial p ∈ C[z1, . . . , zd] is
called stable with respect to a domain D ⊆ Cd, or just D-
stable, if it has no zeros in D, and strongly D-stable if it has
no zeros in the domain closure D. In the case where d = 1
and D is the unit disk D = {z ∈ C : |z| < 1}, and p(0) = 1,
one can write

p = (1− a1z) · · · (1− anz) = det(I −Kz),

where ai = 1/zi, i = 1, . . . , n, the zeros zi of p are counted
according to their multiplicities, K = diag[a1, . . . , an], and
n = deg p. It follows that the matrix K is contractive (resp.,
strictly contractive), i.e., ‖K‖ ≤ 1 (resp., ‖K‖ < 1); here
and throughout the paper, ‖ · ‖ is the operator (2, 2) norm.

In the case where d = 2 and D is the unit bidisk D2, it
is also true that a stable (resp., strongly stable) polynomial
p has a contractive (resp., strictly contractive) determinantal
representation. It was shown in [1] (see also [5], [4], [6])
that every D2-stable (resp., strongly D2-stable) polynomial
p, with p(0) = 1, can be represented as

p = det(I −KZn), (1)

where n = (n1, n2) ∈ N2 is the bi-degree of p, Zn =
diag[z1In1 , z2In2 ], and the matrix K is contractive (resp.,
strictly contractive).

For a higher-dimensional polydisk case, D = Dd, d > 2, it
is in general not true that every stable (resp., strongly stable)
polynomial p, with p(0) = 1, has a determinantal represen-
tation (1) where now n = (n1, . . . , nd) ∈ Nd is equal to the
multi-degree of p, deg p, Zn = diag[z1In1 , . . . , zdInd

], and
the matrix K is contractive (resp., strictly contractive).

The existence of a representation (1) with a contractive
(resp., strictly contractive) matrix K provides a certificate for
stability (resp., strong stability) of a polynomial p. Moreover,
if merely a polynomial multiple of p has such a representa-
tion, the stability (resp., strong stability) of p is guaranteed.
We obtain the following result. Let P ∈ C`×m[z1, . . . , zd]
and P(r) ∈ C`r×mr [z1, . . . , zd], r = 1, . . . , k, be such that
P =

⊕k
r=1 P(r), and let

DP = {z ∈ Cd : ‖P(z)‖ < 1}. (2)

This is a joint work with Anatolii Grinshpan, Dmitry S. Kaliuzhnyi-
Verbovetskyi, and Hugo J. Woerdeman

1Victor Vinnikov is with the Department of Mathematics,
Ben Gurion University of the Negev, 84105 Beer-Sheva, Israel
vinnikov@math.bgu.ac.il

Under an appropriate Archimedean condition on P, which
in particular implies the boundedness of the domain DP,
for every strongly DP-stable polynomial p ∈ C[z1, . . . , zd]
there exists a polynomial q ∈ C[z1, . . . , zd] such that pq has
a determinantal representation

pq = det(I −KPn), (3)

where n = (n1, . . . , nk) ∈ Nk, Pn =
⊕k

r=1(P
(r) ⊗ Inr

),
and the matrix K is strictly contractive. We note that special
cases of the domain DP as above include the unit polydisk
and the classical Cartan domains of type I, II, and III, as
well as the Cartesian products of such domains.

We also construct strictly contractive determinantal rep-
resentations (3), without an additional polynomial factor q,
for strongly stable polynomials on a Cartesian product of
Cartan’s domains of type I, i.e., on a matrix unit polyball,

B`1×m1 × · · · × B`k×mk

=
{

Z = (Z(1), . . . , Z(k)) ∈ C`1×m1 × · · · × C`k×mk :

|Z(r)‖ < 1, r = 1, . . . , k
}

. (4)

Notice that the unit polydisk Dd is a special case of a unit
polyball where k = d, and `r = mr = 1 for r = 1, . . . , k.

The proof of our first main theorem is based on realization
formulae for multivariable rational functions. We show that
for c sufficiently small, the rational function c/p has Agler
norm strictly less than 1, and we construct a contractive
realization for it using a matrix-valued Hermitian Positivstel-
lensatz and a “lurking contraction” argument. This yields
immediately a contractive determinsntal representation of p
with a possible additional factor q.

The proof of the second main theorem uses a noncom-
mutative lifting and the theory of noncommutative rational
functions to eliminate the additional factor in case the domain
is a unit polyball.

This talk is based on [2] and [3].
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Enhanced Approximation of the Decentralized Assignability Measure
by Subgradient Methods

Alborz Alavian and Michael Rotkowitz

Abstract— This paper discusses the controllability of linear
time-invariant (LTI) systems with decentralized controllers.
Whether an LTI system is controllable (by LTI controllers) with
respect to a given information structure can be determined by
testing for fixed modes, but this gives a binary answer with no
information about robustness. Measures have been developed
to further determine how far a system is from having a fixed
mode, in particular the decentralized assignability measure of
Vaz and Davison in 1988, but these measures cannot actually
be computed in most cases. We thus seek an easily computable,
non-binary measure of controllability for LTI systems with
decentralized controllers of arbitrary information structure.

This problem has been addressed by utilizing modern opti-
mization techniques that tackle the decentralized assignability
measure. The main difficulties which have previously precluded
its widespread use, are that it involves the minimization of
the n-th singular value of a matrix, which must further be
minimized over a power set of the subsystems. A recently
developed algorithm uses the nuclear norm in place of the
singular value, then employs Alternating Direction Method of
Multipliers (ADMM) to decouple those variables that cause
further non-convexity. In this paper, we aim to improve this
algorithm by using its solution as a starting point for a tuning
method that utilizes subgradient methods to directly target
the n-th singular value, which is the original objective of the
decentralized assignability measure.

I. INTRODUCTION

A seminal result in decentralized control is the develop-
ment of fixed modes by [1] - that plant modes which cannot
be moved with a static decentralized controller cannot be
moved by a dynamic one either, and that the other modes
which can be moved can be shifted to any chosen locations
with arbitrary precision.

In many cases one needs to know more than just whether
or not a fixed mode is present. It could be the case that
although the plant is theoretically controllable (i.e., there
exists no fixed modes), that a large control effort is required
to move the states, and/or that a small perturbation to the
plant would result in a fixed mode. These questions have
been well answered for the centralized case through con-
trollability, observability, and Hankel operators. In particular,
Hankel singular values of a stable plant provide a non-binary
measure of how controllable and observable that plant is, and
are easy to compute.

A. Alavian is with the Department of Electrical and Computer En-
gineering, University of Maryland, College Park, MD 20742 USA,
alavian@umd.edu.

M. C. Rotkowitz is with the Institute for Systems Research and the
Department of Electrical and Computer Engineering, The University of
Maryland, College Park, MD 20742 USA, mcrotk@umd.edu.

This material is based upon work supported by the National Science
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In the decentralized case, Vaz & Davison have defined
the decentralized assignability measure based on the distance
of the plant from the set of plants that have a fixed mode
[2]. They characterized and connected the mobility of an
eigenvalue of the plant, which is the change in its location
when a decentralized controller of bounded magnitude is
applied, to the aforementioned measure. They have also
proven that this measure would be non-zero if and only if
there exist no fixed modes. However, this metric is hard to
compute for all but the smallest problems. As an alternative
strategy, the approach taken in [3] has explored the use of
the Hankel operator to develop an easily computable metric
which could provide information regarding proximity to a
fixed mode for decentralized control. The developed metric
in [3] combines the controllability gramian, observability
gramian, and a cross-gramian that incorporates the informa-
tion structure. That metric closely tracks the one of the Vaz
& Davison near presence of a fixed mode, for some but not
all the considered classes of fixed modes.

The developed metric by Vaz & Davison in [2] corre-
sponds to the minimization of the n-th singular value over
a power set. In this paper, we seek to take further steps
on the considered approach of [4] to attain an enhanced
approximation of the Vaz & Davison metric.

To this end, the approach taken in [4] has first relaxed
the optimization problem in Vaz & Davison into a form
that would no longer involve minimization over the power
set. Then, three methods for computational of the relaxed
version has been proposed. In all of these three methods,
the convex heuristic of nuclear norm [5] for rank mini-
mization has been used instead of minimizing over the n-th
singular value. In this paper, we aim to improve upon the
most promising method among those, and apply subgradient
methods to directly minimize the n-th singular value over
the continuous variable.

The organization of the paper is as follows. We state
the preliminary notations in Section II, and review the
fixed modes in Section III-A, the decentralized assignability
measure of [2] in Section III-B, the relaxation, and the
ADMM method to handle this relaxation in Section III-C.
We will state the subgradient of the n-th singular value,
and propose a method based on it in Section IV. Finally,
a numerical examples is provided in Section V to illustrate,
investigate, and compare the performance of the proposed
method.
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II. PRELIMINARIES

We assume that we have a causal, linear time-invariant,
and strictly proper plant G, with nu inputs and ny outputs. A
state-space representation for G is given by (A,B,C, 0), and
thus we have that A ∈ Rn×n, B ∈ Rn×nu , and C ∈ Rny×n.

We are not only interested in the input-output characteris-
tics of the plant G, but also in imposing sparsity constraints
(denoted by S) on the feedback controller (denoted by K),
i.e., we want to have K ∈ S. For ease of presentation, we
assume that sparsity constraint S is a perfectly decentralized
one, i.e., it corresponds to a diagonal sparsity constraint
where each input ui can only access its corresponding sensor
measurement yi, and hence nu = ny . Generalization of this
assumption to an arbitrary sparsity constraint can be obtained
by taking the diagonalization approach in [4, Section III.C].

III. REVIEW

In this section, we will review the related materials for our
problem formulation. We will first state the definition of the
fixed modes, and review an algebraic test for determining
them in Section III-A. We will then review the decentralized
assignability measure in Section III-B, which is the metric
that we would like to approximate in this paper.

A. Fixed Modes

We will first define the decentralized fixed modes and then
state a rank condition to check for their existence.

Definition 1: The set of fixed-modes of a plant G with
respect to a sparsity pattern S and a type T , is defined to
be:

Λ (G,S, T ) ,
{λ ∈ C | λ ∈ eig (ACL(G,K)) , ∀ K ∈ S ∩ T }
=

⋂
K∈S∩T

ACL(G,K),

where ACL(G,K) gives the resulting closed-loop A matrix
when controller K is closed around plant G.

Remark 2: This reduces to the well-known definition of
fixed modes in [1] if S is block-diagonal, and T = T s,
where T s is the set of static controllers.
An algebraic test to check for the existence of a fixed
mode (similar to the PBH rank test for controllability or
observability) was given in [6, Theorem 4.1]. The generalized
version of this test is given in the following theorem:

Theorem 3 ( [7, Theorem 2]): Given a strictly proper
plant G, represented in the state-space by (A,B,C, 0), and
an information structure S, we have that λ ∈ C is a fixed-
mode of G, i.e., λ ∈ Λ (G,S, T s), if and only if there exists
a subset I ⊆ {1, · · · , nu}, such that:

rank

[
A− λI BI

CJĪ 0

]
< n, (1)

where n is the dimension of the state, i.e., A ∈ Rn×n, and
JĪ are the sensors that can be seen from inputs other than
those in I. For a diagonal S, we have that JĪ = Ī.

B. Decentralized Assignability Measure

We will first state an existing metric on how far a system
is from having decentralized fixed modes, and then review
some of its properties. The materials in this section are
from [2], and adopted to the notation used in this paper.

We first define the set of plants that have the same
dimension as G, and have a fixed mode with respect to S.

Definition 4: Given dimension of state space matrices by
dim(G), and an information structure S, define the set of
unassignable systems as:

UNA (dim (G) ,S) ,

{G̃ | G̃ =
(
Ã, B̃, C̃, 0

)
, where Ã ∈ Rn×n, B̃ ∈ Rn×nu ,

C̃ ∈ Rny×n, such that Λ
(
G̃,S, T s

)
6= ∅}, (2)

where dependence on G is implicitly through dimension of
its state-space matrices.

We are interested in the minimum distance between G,
and the set of plants that have fixed-mode(s) with respect
to the information structure S, i.e., we are interested in the
distance of G from UNA (dim (G) ,S). To this end, define
the following notion of distance:

d (G,UNA (dim (G) ,S)) ,

inf
G̃∈UNA(dim(G),S)

∥∥∥∥[A− Ã B − B̃
C − C̃ 0

]∥∥∥∥
2

,
(3)

where (Ã, B̃, C̃, 0) is a state-space representation for G̃.
Vaz & Davison [2] have defined the decentralized

assignability measure as the above distance, and have shown
that it can equivalently be written as an another optimization
problem:

Theorem 5 ( [2, Theorem 3]): Given an LTI plant G, and
an information structure S, the decentralized assignability
measure is given by:

σVD (G,S) , d (G,UNA (dim (G) ,S))

= min
λ∈C,

I⊆{1,··· ,nu}

σn

([
A− λI BI

CJĪ 0

])
, (4)

where I can be any non-empty proper subset, and JĪ = Ī,
for a diagonal sparsity constraint S.

Remark 6: This metric is zero if and only if (1) has rank
less than n, which in turn is a necessary and sufficient
condition for having a fixed mode.

Remark 7: This metric possess interesting properties, but
it is hard to compute due to two reasons. Firstly, minimizing
the n-th singular value is non-convex, and secondly, mini-
mizing over the partitions I ⊆ {1, · · · , nu} would involve
integer programming (2nu − 2 cases). This is our main
motivation to approximate (4) by easily computable methods.

C. Relaxations of the Decentralized Assignability Measure

We are going to review approximation of the Vaz & Davi-
son metric in this section. We will first represent a theorem
on reformulating the integer programming involved in (1),
and investigate its relation to the original form. Next, we
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will apply this reformulation on (4), and utilize a convex
relaxation for minimizing of the n-th singular value. For
more details on the materials in this section, we refer the
reader to [4, Section V].

The following theorem proposes a relaxation for the power
set involved in the rank test of (1), and proves its equivalence.
Here, we present a restricted version of [4, Theorem 10] for
a diagonal sparsity constraint. For ease of notation define:

F (λ, α) ,

[
A− λI B diag (α)

diag (1− α)C 0

]
. (5)

Theorem 8: Given a plant G, and a diagonal information
structure S, let λ ∈ C be fixed. Then, there exists an I ⊆
{1, · · · , nu} such that (1) holds, if and only if there exists
an α ∈ [0, 1]nu such that:

rank (F (λ, α)) < n, (6)
i.e., λ ∈ Λ (G,S, T s) if and only if (6) holds for some α ∈
[0, 1]nu .

Proof: See, for example [4, Theorem 10].
We use the technique of Theorem 8 to approximate (4) by:

σB (G,S) , min
λ∈C
α∈Bnu

σn (F (λ, α)) , (7)

and then apply the same relaxation on it to derive the
following optimization problem:

σ� (G,S) , min
λ∈C

α∈[0,1]nu

σn (F (λ, α)) , (8)

where dependence on S in (7) and (8) are implicit, and
through the assumption of S being diagonal, (thus nu = ny),
or more generally by diagonalization.

In [4], nuclear norm [5] has been used as a rank mini-
mizing heuristic to further derive (8) into a convex program.
Accordingly, instead of σn(·), this heuristic has been applied
on (7) and (8) to derive the following counterparts, in which
‖·‖∗ represents the nuclear norm.

σ∗B (G,S) , min
λ∈C
α∈Bnu

‖F (λ, α)‖∗ , (9)

and also we have the following convex optimization problem:

σ∗� (G,S) , min
λ∈C

α∈[0,1]nu

‖F (λ, α)‖∗ . (10)

We briefly review the first two methods proposed in
[4], and then describe the third one in more detail, which
would be the method that is going to be improved upon
in this paper. In the first method, we directly solve the
convex program (10), which would involve a relaxed real
vector instead of the ideal binary one, and suggest it as the
approximated version of the original metric. Secondly, we
would take the solution of the first method, and round the
relaxed real vector to the closest binary value, and solve (10)
again with fixed α, and variable λ. Lastly, we will use the
Alternating Direction Method of Multipliers (ADMM) [8]
to propose an iterative algorithm that would directly achieve
the desired binary value in all the iterations.

We will now describe the key parts of the ADMM algo-

rithm. First, observe that (9) can be equivalently written as:

minimize ‖X‖∗
such that: X = F (λ, α),

with variables X ∈ R(n+nu)×(n+nu), λ ∈ C, and α ∈ Bnu .
The augmented Lagrangian of this problem can be written as:

Lρ (X,λ, α, Z) = ‖X‖∗+ 〈Z,X − F (λ, α)〉
+ 0.5ρ ‖X − F (λ, α)‖2F

where Z ∈ R(n+nu)×(n+nu) is the dual variable,
and 〈L, V 〉 = trace

(
LTV

)
. The ADMM consists of itera-

tions over minimizing α ∈ Bnu , the pair (X,λ), and updating
the dual variable Z. Details of these steps are omitted due
to the space limitations, but it is noteworthy to mention the
following remark regarding their characteristics.

Remark 9: The minimization over α separates for differ-
ent elements, and hence we only need to check the function
value at 2nu points, rather than 2nu points. Also, the mini-
mization over the pair (X,λ) would be a convex program.

Remark 10 ( [4, Theorem 14]): The value of
σn (F (λ, α)) at each step in the ADMM algorithm
would be an upper bound for the Vaz & Davison metric.

IV. A SUBGRADIENT-BASED METHOD

In this section, we will improve the ADMM algorithm
of [4] by applying a subgradient-based method on the final
solution of the ADMM method. We aim to first use the
ADMM algorithm, and then take the resulting (λ, α) pair as a
starting point where we fix α, and minimize the n-th singular
value over λ. We first give a definition of the subgradient
constrained to the local behaviour of the function, which
would be more suitable for non-smooth non-convex functions
such as the n-th singular value. Definitions presented here
are simplified versions of the ones in [9, Section 2].

Definition 11 (Regular Subgradient): Given a function
f : Rp → [−∞,+∞], we say y ∈ Rp is a regular
subgradient of f at x, if f(x) <∞, and in a neighbourhood
of x, we have:

f(x+ z) ≥ f(x) + 〈y, z〉+ o(z) as z → 0,

where o(z) denotes a real-valued function defined
in a neighbourhood of the origin which satisfies
limz→0‖z‖−1o(z) = 0.
The set of all regular subgradients of f at x is called the
regular subdifferential, and is denoted by ∂̂f(x). The regular
subdifferential could be empty at some points, yet a descent
direction could still be feasible in some cases. The following
definitions consider this aspect in a more general form.

Definition 12 (Limiting Subgradient): Given a function
f : Rp → [−∞,+∞], we say y ∈ Rp is a limiting
subgradient of f at x, if f(x) < ∞, and there exists
a sequence of points xr approaching x with values f(xr)
approaching f(x), and a sequence of regular subgradients yr

in ∂̂f(xr) approaching y.
The set of all limiting subgradients of f at x is called the
limiting subdifferential.
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Definition 13 (Clarke Subgradient): Given a function f :
Rp → [−∞,+∞], if f is locally Lipschitz in a neigh-
bourhood of x, a convex combination of subgradients (not
necessarily the regular ones) is called a Clarke subgradient.
The set of all Clarke subgradients of f at x is called the
Clarke subdifferential, and is denoted by ∂Cf(x).

We are now ready to describe the subgradient of the n-th
singular value for a general matrix in the following theorem,
and then adopt it to the affine combination that we have.

Theorem 14: Given a matrix X ∈ Cp×p with singular
value decomposition X = UXΣXV

T
X , a Clarke subgradient

of σn(·) at X , denoted by g(X) is given by:

g(X) = UXene
T
nV

T
X , (11)

where en is the Rp vector which is zero everywhere except
the n-th element which is 1.

Proof: See, for example, [10, Corollary 6.4].
Remark 15: A regular subgradient of σn(·) at X could

also be obtained in the same way as (11), unless
when σn(X) = σn−1(X), in which case the regular sub-
differential would be the empty set. This is the reason defi-
nitions 12 and 13 become advantages to have the right level
of technicality for developing a feasible descent direction for
our problem.

Next, define vec (X) as the vectorization operator that
puts columns of X on top of each other, and produces a
vector in Cp2

. Similarly, define vec−1 (x) as a reshaping
operator which puts elements of x ∈ Cp2

in the right position
in a Cp×p matrix such that vec−1 (vec (X)) = X . Also,
define σ̄n (x) , σn(vec−1 (x)). We want to fix α, and find
the subgradient of f̄(λ) , σn (F (λ, α)) with respect to λ in
the following theorem.

Theorem 16: Given a fixed α, a subgradient of f̄(·) at λ,
denoted by h(λ), is given by h(λ) = LTvec (g(F (λ, α))),
where L ∈ Rp2

is an appropriate matrix such that
vec (F (λ, α)) = Lλ+ d, for some d ∈ Rp2

.
Proof: Since vec (F (λ, α)) is an affine function of λ,

it can be written as vec (F (λ, α)) = Lλ + d. Hence, we
have that f̄(λ) = σ̄n (vec (F (λ, α))) = σ̄n (Lλ+ d). Thus,
we can use the affine combination rule for deriving the
subgradient.
Our algorithm for improving the ADMM method can then
be summarized as:

Method 1 (Subgradient):
1) Given G, apply the ADMM method in [4]. Initialize

k ← 0. Fix α, and set λ(k) = λ to the values given by
the ADMM algorithm. .

2) Find a Clarke subgradient of f̄(·) at λ(k) by Theo-
rem 14, and 16.

3) Update λ(k+1) ← λ(k) − γh(λ(k)), and k ← k + 1.
4) If the stopping criteria is met, report

mink σn
(
F (λ(k), α)

)
. Else, go to step 2.

V. NUMERICAL EXAMPLE

We will now provide a numerical example to inspect the
performance of the proposed method. The given plant is
strictly proper, stable, LTI, and is further centrally control-
lable and observable.

Example 17: Consider the following plant, with parameter
β ∈ R, for which n = 2.

A =

[
−1 0
0 −3

]
, B =

[
1 0
0 1

]
, C =

[
0 β
1 1

]
,Kbin =

[
1 0
0 1

]
.

This plant has a fixed mode only at β = 0. We vary β
and plot the n-th singular value obtained from the ADMM
method of [4], and the subgradient method in Figure 1. The
Vaz & Davison metric (σVD (G,S) in (4)) is computed for
the numerical example by evaluating the singular values over
a discrete grid in the complex plane for each of the 2nu − 2
possible subsets I, which is clearly only an option for very
small problems. We see that applying the subgradient method
on the outcome of the ADMM algorithm has resulted in a
better approximation of the Vaz & Davison metric.
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Fig. 1: Comparison of Singular Values for Example 17

Similar results were obtained across a range of examples
covering a variety of fixed mode types, as the tuning al-
gorithm presented here resulted in a closer tracking of the
metric, particularly at further distances from the fixed mode.
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On the Cone-Invariant Realizations of Nonnegative Impulse Responses*

Li Qiu1, Jianying Zheng1 and Yanqiong Zhang1

EXTENDED ABSTRACT

It is well known that a discrete-time scalar impulse
response h(k) with a proper rational Z-transform H(z)
always has a SISO state-space realization, i.e., a set of
difference/algebraic equations[

x(k + 1)
y(k)

]
=

[
A b
c d

][
x(k)
u(k)

]
where u(k), y(k) ∈ R and x(k) ∈ Rn so that

h(k) =

{
d k = 0

cAk−1b k > 0

and
H(z) = c(zI −A)−1b+ d.

Furthermore, it is always possible to find a realization whose
order n is the same as the order of H(z). A realization with
such a minimal order is called a minimal realization. Minimal
realizations are not unique. Any two minimal realizations are
related by a state-space coordinate transformation. See [1] for
a rather complete theory.

In applications, we often see systems with some non-
negativity properties. We may see external nonnegatve in-
put/output systems, i.e., those whose impulse responses are
nonnegative, or equivalently those whose outputs are non-
negative whenever the inputs are nonnegative. We may also
see internal nonnegative state-space systems whose states
and outputs are nonnegative whenever the initial conditions
and inputs are nonnegative, or equivalently whose state-space
parameter matrices are all nonnegative. Internal nonnegative
systems are always externally nonnegative, but whether or
not an external nonnegative system has an internal nonneg-
ative realization has been a research topic in the past two
decades.

The following problem was initiated by [2] and rather
completely studied by [3], [4]: Given a nonnegative impulse
response h(k) ≥ 0 for all k ≥ 0 with proper rational Z-
transform H(z), when can one find a nonnegative realization

(also called positive realization), in the sense that
[
A b
c d

]
is a (n+1)×(n+1) nonnegative matrix? First the authors of
[3] noticed that it is not always possible to find one. A simple
example, modified from the one given in [3], of nonnegative

*This work was supported by the Research Grants Council of Hong Kong
SAR.

The authors are with the Department of Electronic and Computer Engi-
neering, the Hong Kong University of Science and Technology, Clearwater
Bay, Kowloon, Hong Kong eeqiu@ust.hk; zjying@ust.hk;
eeyqzhang@ust.hk

impulse responses without nonnegative realizations is given
by

h(k) = 2 sin2 k = 1− cos 2k. (1)

This h(k) has modes 1, e2j , e−2j and its Z-transform H(z) is
of 3rd order. The authors of [3] then obtained a necessary and
sufficient condition for h(k) to have a nonnegative realization
under a mild assumption. This mild assumption was removed
in [4].

The following question was mentioned in [3]: If h(k) has
nonnegative realizations, what is the minimal order of these
realizations and how does it compare to the order of H(z)?
It was recognized that the answers to these questions are not
very pleasant. The order of a nonnegative realization of

h(k) = 2 sin2 (πkq/p) = 1− cos (2πkq/p) (2)

where p and q are coprime natural numbers, is at least
p, though the Z-transform H(z) of h(k) is only of 3rd
order. There were some studies on the minimality issue of
nonnegative realizations, e.g., [5], [6], but the understanding
is far from complete.

The nonnegative realizations, if exist, are not unique. How
two nonnegative realizations, or two minimal nonnegative
realizations, are related is not clearly understood at this
moment.

A good tutorial on the nonnegative realization problem
is given by [7]. The difficulty in the nonnegative real-
ization problem is that the dominant eigenvalues, i.e., the
eigenvalues with modulus equal to the spectral radius, of
a nonnegative matrix A ∈ Rn×n

+ can only have phases
determined by the p-th root of 1 for some p 6= n as told
by the Perron-Frobenius theorem. Moreover, the Karpelevich
theorem [8] tells us that the non-dominant eigenvalues of
nonnegative matrices also have restrictive positions, especial-
ly for matrices of small sizes. Consequently, the eigenvalues
of nonnegative matrices cannot cover all possible modes
of a nonnegative impulse response. The limitations in the
eigenvalue positions suggest that nonnegative systems are not
adequately powerful as a modelling tool. There are further
studies of nonnegative systems beyond realization problems.
See book [9] for the updated development.

A nonnegative system is a special case of systems[
x(k + 1)
y(k)

]
=

[
A b
c d

] [
x(k)
u(k)

]
(3)

satisfying the cone-invariance property:[
A b
c d

]
X+ × R+ ⊂ X+ × R+ (4)
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for some proper cone X+ in the state space X . We do
not rule out the possibility that the state space X is a
finite dimensional real linear space in the form other than
Rn. In such a case, A, b, c should no longer be viewed
as matrices, but are instead linear maps. When X = Rn

and X+ = Rn
+, this cone-invariant system reduces to a

nonnegative system shown above. A cone-invariant system
always has a nonnegative impulse response. This prompts us
to seek a more general cone X+ in a more general linear
space X for the realization, hoping that the limitation in the
eigenvalue positions of the cone-invariant maps would be
gone and the realization of all nonnegative impulse responses
would be possible. The family of cones we are to utilize are
the symmetric cones studied in [10]. Symmetric cones are
defined to be self-dual and homogeneous cones. A symmetric
cone is also the cone of squares under a Jordan product in the
salient space. We do not wish to go into the exact meaning of
these concepts. Instead we point out that typical symmetric
cones are as follows:

1) the positive orthant Rn
+;

2) the Lorentz cone (or called ice-cream cone) Ln
+ ={

x ∈ Rn : x1 ≥
√
x22 + · · ·+ x2n

}
;

3) the positive semi-definite (PSD) cone Sn+ which is
the set of n× n positive semi-definite real symmetric
matrices;

4) the Cartesian product of cones in the form of items 2
and 3. (Rn

+ in item 1 can be considered as the Cartesian
product of n copies of S1+.)

Symmetric cone-invariant systems, especially Lorentz cone-
invariant systems, were studied in [11], [12]

Let us re-examine the two exemplary impulse responses
(1) and (2). An L3

+-invariant realization of

h(k) = 1− cos(2ωk) (5)

is given by

A =

 1 0 0
0 cos 2ω − sin 2ω
0 sin 2ω cos 2ω

, b =

 1
cos 2ω
sin 2ω

,
c =

[
1 −1 0

]
, d = 0.

It is easy to verify that this realization exactly gives the
impulse response (5) which is equal to (1) when ω = 1 and to
(2) when ω = πq/p. It is also easy to see that the partitioned

matrix
[
A b
c d

]
, considered as a linear map on R3×R, is

L3
+×R+-invariant. This realization is minimal (except in the

trivial case when ω = 0) since its order is equal to the order
of H(z). The examples here demonstrate the advantage of
Ln
+-invariant systems over nonnegative systems in realizing

nonnegative impulse responses. It is exactly through these
examples that the power of symmetric cones in realizing
nonnegative impulse responses is discovered.

Generalizing the success in above examples, we consider
a nonnegative impulse response of the form

h(k) = α0 +

m∑
i=1

αi[1 + ρki cos(ωik + θi)] (6)

where α0 ≥ 0, αi, ωi > 0 and 0 < ρi ≤ 1 for 1 ≤ i ≤ m. We
also assume that ρiejωi are distinct for all i. The Z-transform
H(z) of this impulse response has an order n = 1 + 2m.
Denote

R(ω) =

[
cosω − sinω
sinω cosω

]
and

r(ω) =
[
cosω sinω

]
.

Then a minimal Ln
+-invariant realization is given by

A = diag(1, ρ1R(ω1), . . . , ρmR(ωm))

b =
[√∑m

i=0 ai
√
a1ρ1r(ω1) · · ·

√
amρmr(ωm)

]′
c =

[√∑m
i=0 ai

√
a1r(−θ1) · · · √amr(−θm)

]
d = h(0).

Whether the success so far carries over to more general situa-
tion is not clear at this moment. What if H(z) has poles with
multiplicity? Our recent study in [13] shows that a realization
invariant in the Cartesian product of several Lorentz cones
can be found. The minimality of this realization is unclear.
What if H(z) also has real poles other than the dominant one
at 1? We can combine the result in [3] and the above result to
get a realization which is invariant in the Cartesian product
of the nonnegative orthant and several Lorentz cones. The
minimality in this case is again unclear.

A more difficulty situation occur when the impulse re-
sponse h(k) in (6) cannot be decomposed into a positive
linear combination of simple nonnegative terms like

1 + ρki cos(ωik + θi).

For example, we can see that

h(k) = 1.8 + cos k + cos 4k (7)

is nonnegative, but it cannot be decomposed. It looks like
that this is a challenging situation. At this moment, it is an
open problem to find a symmetric cone-invariant realization
for such nonnegative impulse responses as (7).
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Noise-shaping A/D Conversion of Graph Signals

Nobuyuki Imoda, Shun-ichi Azuma, Taichi Kitao, and Toshiharu Sugie

Graph signals are signals defined on a graph as illustrated
in Fig. 1, which are a pair of

• a vector corresponding to the signal values,
• a graph representing the relation among the signal

values.
They are mathematical models of “networked signals” such
as digital images and the measurements of a sensor network.
As a frequency-domain method of analysis and design of
networked signals, the graph signal processing has become
one of the major topics in the engineering field [1].

So far, fundamental techniques have been developed for
graph signals, such as Fourier transformation, sample rate
conversion (up-sampling and down-sampling), and wavelet
transformation [1], [2]. On the other hand, analog-digital
conversion is a basic technique in signal processing, but there
are few studies on it.

In this talk, we briefly show our idea of the noise-shaping
analog-digital conversion of graph signals.

Fig. 1. Example of graph signals.
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Dynamic Quantizer Design based on Serial System Decomposition*

Yuki Minami1 and Kenji Kashima2

Abstract— In this paper, a novel quantizer design method for
discrete-valued input control is proposed. The key technique of
the proposed method is a serial decomposition of systems whose
input is discrete-valued. More specifically, we perform an inner-
outer like factorization, and a dynamic quantizer is analytically
derived for the outer part. The proposed method enables us
to design stable dynamic quantizers for non-minimum phase
systems.

I. INTRODUCTION

It is practically important to control discrete-valued input
dynamical systems, e.g., networked control via digital trans-
mission line, actuation driven by ON/OFF signals. Among
conventional results concerning this problem, this work is
along optimal dynamic quantizer design approach [1], [2],
[3], [4], [5], [6], [7], [8]. In this line of research, dynamic
quantizers that minimize the effect of quantization in a
suitable sense have been derived. However, the applicability
is limited to minimum phase systems since the unstable zeros
make optimal quantizers unstable; see Section III-A below. In
view of this, we propose to design a stable dynamic quantizer
whose performance is theoretically guaranteed. This is done
by applying inner-outer like decomposition to the given
plant. The optimality of the proposed method is proven in a
special case.

Notation: The set of real numbers, positive real numbers, and
natural numbers are R, R+, N, respectively. The open unit
disc in the complex plane is D. The state space representation
of a linear time invariant system P is given by

P :

[
A B
C D

]
,

whose impulse response and transfer function are given by

p(t) =

{
D (t = 0)
CAt−1B (t ≥ 1)

,

P (z) =
∞∑
t=0

p(t)z−t = D + C(zI −A)−1B.

The ∞-norm of a vector x = [x1 x2 · · · xn]
⊤ ∈ Rn

is defined by ∥x∥∞ := maxi∈{1,2,...,n} |xi|. Similarly, the
∞-norm of a discrete-time signal e is given by ∥e∥∞ :=

*This work was partly supported by JSPS KAKENHI
(15K12292,16H06094).

1Yuki Minami is with Graduate School of Information
Science, Nara Institute of Science and Technology, Nara, Japan
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Fig. 1. Two feedforward systems.

supt∈N ∥e(t)∥∞. The ℓ∞-gain of a stable system P is defined
as

∥P∥i∞ : = sup
r∈ℓm∞\{0}

∥Pr∥∞
∥r∥∞

. (1)

It is well-known ([9]) that this can be rewritten in terms of
the impulse response as

∥P∥i∞ = max
i∈{1,2,...,l}

m∑
j=1

∞∑
t=0

|pij(t)|, (2)

where pij(t) is the (i, j) element of p(t) ∈ Rl×m.

II. PROBLEM SETTING

Let us consider the discrete-valued input system Σ in
Fig. 1, which consists of a plant P and a quantizer Q. Here,
P is a discrete-time linear system denoted by

P :

[
AP BP

CP 0

]
, (3)

with AP ∈ Rn×n, BP ∈ Rn×1, CP ∈ R1×n. Assume that
all the eigenvalues of AP are in D. On the other hand, Q is
the dynamic quantizer given by

Q :

{
ξ(t+ 1) = Aξ(t) +B(v(t)− r(t))
v(t) = q[Cξ(t) + r(t) ]

(4)

where t ∈ {0} ∪ N, ξ ∈ RN is the state of Q such that
ξ(0) = 0, r ∈ R is the input, v ∈ {0,±d,±2d, . . .} is
the output, and A ∈ RN×N, B ∈ RN×1, C ∈ R1×N are
constant matrices [1], [2], [3], [4], [5], [6], [7]. Function
q : R → {0,±d,±2d, . . .} represents the static uniform
quantizer with the quantization size d ∈ R+.

In this paper, we attempt to design the quantizer Q such
that Σ in Fig. 1 best approximates P in a suitable sense. To
this end, we evaluate the gap between the outputs by e, and
introduce

E(Q) := sup
r∈ℓ∞

∥e∥∞. (5)

Then, the design problem is formulated as follows:
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Fig. 2. Error system with H .

Problem 1: Given a stable plant P and quantization size
d ∈ R+ in Σ, find Q(A, B, C) that satisfies

(C1) there exists M > 0 satisfying ∥ξ∥∞ < M, ∀r ∈ ℓ∞

and minimizes E(Q).
Condition (C1) guarantees the BIBO stability of the

quantizer. In [1], [2], the minimization of E(Q) was solved
without imposing Condition (C1). As a result, the stability
of the obtained quantizer was not guaranteed [3].

III. SERIES DECOMPOSITION APPROACH

A. Performance analysis

In this subsection, we explicitly represent E(Q) in terms
of plant P and quantizer Q.

First, the quantization error is denoted as

w(t) := q[Cξ(t) + r(t)]− (Cξ(t) + r(t)) (6)

where ∥w∥∞ < d/2. The equality v − r = w + Cξ enables
us to rewrite the output of Q as v = Hw + r. As a result,
Fig. 1 is equivalent to Fig. 2, where

H :

[
A+BC B

C 1

]
. (7)

Note that all the blocks in Fig. 2 are linear, and that the
signals Pr in the both paths are cancelled out. Therefore,
we obtain

e = PHw, (8)

and consequently the following theorem:
Theorem 1: In Problem 1, for any quantizer Q such that

PH is stable,

E(Q) = ∥PH∥i∞
d

2
(9)

holds. In addition, Condition (C1) holds if and only if H is
stable.

Proof: Equation (9) follows from the fact that w sat-
isfying ∥w∥∞ < d/2 is arbitrary. The proof of the second
claim is similar to [3, Lemma 2].

This theorem shows that Problem 1 is equivalent to find
a stable H in the form of (7) that minimizes the ℓ∞-gain
of PH . We can easily verify that ∥PH∥i∞ ≥ |CPBP |. In
addition, H = z−iCPBPP

−1 achieves this bound where i
is the direct delay length of P ; see also [1], [10]. However,
this H becomes unstable when the plant P is non-minimum
phase [3]. In the next section, we design a stable quantizer
Q based on partial information of the plant P .

B. Proposed method

Let us represent P as the series connection of F and G:

P = GF (10)

F :

[
AF BF

CF 0

]
, G :

[
AG BG

CG DG

]
, (11)

with AF ∈ RnF×nF , BF ∈ RnF×1, CF ∈ R1×nF , AG ∈
RnG×nG , BG ∈ RnG×1, CG ∈ R1×nG , DG ∈ R. We impose
the following assumption on F :

Assumption 1: 1) All the eigenvalues of AF and AF −
BF (CFBF )

−1CFAF are in D.
2) CFBF ̸= 0.

The first condition describes the stability of poles and zeros
of F . The second condition can be satisfied by including the
direct delay of P into G.

Based on this series decomposition, we design stable
dynamic quantizers.

Theorem 2: In Problem 1, decompose P as (10) such that
Assumption 1 is satisfied. Then, the quantizer

Q⋆ :

{
ξ(t+ 1) = AF ξ(t) +BF (v(t)− r(t))
v(t) = q[−(CFBF )

−1CFAF ξ(t) + r(t) ]
(12)

satisfies Condition (C1) and

E(Q⋆) = ∥G∥i∞|CFBF |
d

2
. (13)

Proof: Note that this quantizer yields H =
z−1CFBFF

−1. Therefore, Condition (C1) follows from
Assumption 1. By Theorem 1, we have

E(Q) = ∥GFH∥i∞
d

2
. (14)

Since FH = z−1CFBF , we obtain the second claim.
We make some remarks on this theorem:
• The decomposition affects the quantizer and resulting

performance.
• If the given P allows a decomposition such that G(z) =

z−i (i > 0) [10], the quantizer Q⋆ in (12) is optimal
and E(Q⋆) = |CFBF |d/2.

IV. OPTIMALITY OF DECOMPOSITION

It is not trivial to choose the decomposition so that the
corresponding Q⋆ achieves small approximation error. In
this section, we show that the optimal decomposition can
be obtained for the case where the plant P has only one
unstable zero.

Theorem 3: In Problem 1, suppose that P has only one
unstable zero denoted by a (|a| > 1). Denote the relative
degree of P by i ≥ 1. Then, the optimal quantizer in
the sense of Problem 1 is given by Q⋆ in (12) for the
decomposition (10) with

G(z) =
z− a

zi
. (15)

The resulting performance is given by

E(Q⋆) = (1 + |a|)|CFBF |
d

2
. (16)
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Proof: It is easy to verify that F := PG−1 has a
realization satisfying Assumption 1. Equality (16) follows
from (13) and ∥G∥i∞ = 1 + |a|. We can show that, for
any dynamic quantizer satisfying (C1), there exists {s(t)}t∈N
such that

∑∞
t=1 |s(t)| < ∞ and

PH = z−1G

(
CFBF +

∞∑
t=1

s(t)z−t

)
.

In addition, direct computation yields

∥PH∥i∞ ≥ (1 + |a|)|CFBF |+ (|a| − 1)
∞∑
t=1

|s(t)|.

This shows the optimality because |a| > 1. Details are
omitted.

It should be emphasized that the optimal performance is
affine to |a|.

V. CONCLUSIONS

In this paper, a new design method of dynamic quantizer
was proposed. Differently from the conventional results, this
method is applicable to stable quantizer design for non-
minimum phase plants.
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Control Theoretical Approach
for Single-Frequency Full-Duplex Wireless Relaying

Hampei Sasahara1, Masaaki Nagahara2, Kazunori Hayashi3, and Yutaka Yamamoto3

Abstract— We propose a design method of self-interference
cancelers for single-frequency full-duplex wireless relay stations
based on control theory. The canceler is designed to uniformly
suppress effects of coupling waves taking intersample behavior
into account. Simulation results are shown to illustrate the
effectiveness of the proposed method even in the case of
frequency-selective fading.

Keywords—H∞ optimization, sampled-data control, self-
interference cancellation, single-frequency full-duplex

AMS subject classifications: 93C57, 94A12

I. INTRODUCTION

In wireless communications, relay stations are employed
for relaying radio waves between radio stations that cannot
communicate with each other directly because of decreasing
of their signal powers. Meanwhile, it is crucial to efficiently
use the bandwidth owing to the limitation of frequency re-
sources [1], while traditional relay stations ordinarily utilize
different wireless resources, such as frequency, time, and
code, for their transmission and reception of their radio
waves. For the reason, single-frequency full-duplex relaying,
with which radio waves with the same carrier frequency are
transmitted and received at the same time, is regarded as one
of the key technologies in the fifth generation (5G) mobile
communications systems [2]. In order to realize such full-
duplex relaying, self-interference made by coupling waves is
the important issue [3].

Fig. 1 shows a wireless communication system with self-
interference by coupling waves. In the figure, radio waves
with the carrier frequency f [Hz] are sent from the base
station (represented as BS). One terminal (represented as
T1) receives the radio waves from BS directly, but the
other terminal (represented as T2) is too far from BS to
communicate with each other directly. Thus, a relay station
(represented as RS) is located between them to relay radio
waves. Then, radio waves transmitted from BS with the same
carrier frequency f [Hz] are transmitted from RS to T2,
but also they are fed back to the receiving antenna of RS
directly or through reflection objects. In consequence, self-
interference is caused around RS, which may deteriorate the

*This research was supported in part by JSPS KAKENHI Grant Numbers
15H02668, 15K14006, 26120521, 15K06064, 15H02252, and The Telecom-
munications Advancement Foundation.
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Nagahara is with Graduate School of Environmental Engineering, The
University of Kitakyusyu, Fukuoka, Japan. 3 Kazunori Hayashi and Yutaka
Yamamoto are with Graduate School of Informatics, Kyoto University,
Kyoto, Japan. sasahara.h@cym.mei.titech.ac.jp,
nagahara@ieee.org, kazunori@i.kyoto-u.ac.jp,
yy@i.kyoto-u.ac.jp
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Fig. 1. Self-interference

communication quality and, even worse, might destabilize
the closed-loop system.

For the problem of self-interference, digital cancellation
methods have been proposed to suppress effects of coupling
waves [4], [5], [6]. In these studies, relay stations are
modeled as discrete-time systems and they have proposed
their optimization methods in discrete-time domain. Radio
waves are, however, continuous-time signals naturally and
hence we should discuss the performance in continuous-time
domain. That is to say, intersample behavior should be taken
account of for self-interference suppression.

To tackle with the problem mentioned above, we propose
a new design method for self-interference suppression based
on the sampled-data control theory[7]. The transmitted radio
waves and coupling waves are modeled as continuous-time
signals, and minimize the worst case continuous-time error
due to self-interference by a digital canceler. The design
problem is formulated as a standard sampled-data H∞ opti-
mization problem. Simulation results are shown to illustrate
the effectiveness of the proposed method.

II. SYSTEM MODEL

Fig. 2 indicates a single-frequency full-duplex relay sta-
tion with a digital self-interference canceler. Radio waves
come to the receiving antenna and the low noise amplifier
(LNA) amplifies them. The received radio-frequency (RF)
signals are RF-demodulated and transformed to digital sig-
nals by the analog-to-digital converter (ADC). The signals
are through the digital signal processor (DSP) and effects of
self-interference are suppressed. Finally, they are converted
to analog signals by the digital-to-analog converter (DAC),
amplified by the power amplifier (PA), and transmitted from
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Fig. 2. Relay station

Fig. 3. Block diagram for feedback canceler design

the transmission antenna. There happen coupling waves and
self-interference is caused.

Fig. 3 depicts a mathematical error system associated with
the relay station [8]. F (s), P (s) are an anti-alias analog
filter and a post filter respectively. Sh is an ideal sampler
and Hh is a zero-order hold with sampling period h. Q(s)
is the characteristic of the coupling wave path with the
power amplifier and W (s) is an analog characteristic of input
signals. e−mhs is a process delay.

Then, our design problem is finding an optimal digital
canceler K(z) that minimizes ∥Tzw∥∞, where Tzw is the
system from w to z. Summarizing this, we have the following
design problem:

Problem 1: Find the digital canceler K(z) that stabilizes
the feedback system in Fig. 3 and uniformly minimizes the
L2 norm of the error z for any w ∈ L2.
This is a standard sampled-data H∞ control problem and
can be solved by fast-sample fast-hold (FSFH) approximation
[9].

III. SIMULATIONS

We give a simulation result to illustrate the effectiveness
of the proposed self-interference canceler design method.
The sampling period is normalized to 1, the normalized
carrier frequency f is 10000 [Hz]. Note that the sampling
frequency is 1 [Hz], which is much smaller than the carrier
frequency. Any anti-alias analog filter is not employed in this
simulation, namely, we assume F (s) = 1, P (s) = 1. The
frequency characteristic W (s) of input signals is modeled
by W (s) = 1/(2s + 1). The transmission gain is assumed
to be 2000, that is, 66 [dB]. Then, the characteristic of
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Fig. 4. Feedback cancellation: input signal (dash-dot line), reconstructed
signal u by the designed canceler (solid line)

self-interference path with the power amplifier is set to be
Q(s) = 2000(e−s + 0.5e−2s + 0.1e−3s). It is notable that
the self-interference path has frequency-selective fading [10].
With the settings, we design the H∞ optimal controller K(z)
by FSFH with discretization number N = 16.

We simulate self-interference cancellation with a rect-
angular wave input with the designed canceler. The input
signal contains frequency components beyond the Nyquist
frequency, π/h = π. Fig. 4 illustrates the input signal (dash-
dot line) and the reconstructed signal u (solid line) in the
feedback system. It is confirmed that the feedback system
is stabilized and small reconstruction errors are achieved by
the designed canceler as in the figure.
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On the stability margin of a dynamic network*

Yoonsoo Kim1

Abstract— This paper is concerned with the stability (gain
and phase) margin of a network of dynamical systems, e.g.
vehicles, each of which has access to the state of its neighbours
and subsequently uses a state feedback gain F for a certain
global objective such as formation flight. Here, the network
topology is directed and described by a generalized Laplacian
matrix L. An individual dynamical system can adopt its own
state feedback control law such as a LQR controller for an
ample stability margin, but it may lose the stability margin to
a great extent when the same control strategy utilizing relative
state information is used after being interconnected with
other dynamical systems. This paper reveals and elaborates
upon the following four facts: (1) The stability margin after
interconnection is quantified via the minimum singular value
of a frequency-dependent matrix made up of F and L; (2)
The stability margin of a network of dynamical systems
having a pole at the origin with a low control gain, is likely
to be the inverse of the zero-eigenvalue sensitivity of L when
the sensitivity is large; (3) There exists an upper bound of
the stability margin that has a computational merit, and
asymptotically converges to the exact margin with respect to
network size, probability of link existence and control gain
in a random network setting; and (4) L can be designed to
maximize the stability margin.

Key words: stability margin; network topology; vehicle
dynamics

I. INTRODUCTION AND PROBLEM STATEMENT

Many network control problems are often about how to
preserve benefits enjoyed by a single dynamical system when
it comes to a large network of multiple dynamical systems.
For example, most of classical linear system theories are
targeted for a single dynamical system, and may result in a
control gain K with no structure that maximizes a certain
benefit or minimize the corresponding performance index
J . Unfortunately, this K may not be directly used for a
network of multiple dynamical systems, as this network
control requires K to be structured so that each of the single
systems in the network uses information only from its neigh-
bours in its control synthesis. Thus, in order to deal with
this kind of dynamical network control problems, one may
want to develop a local control synthesis technique yielding
K with a desired structure, while minimizing the original
global performance index J . A couple of recent works within
which this spirit is embedded can be found in the literature.
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National University, Jinju 660-701, Republic of Korea. Corresponding
author’s email: yoonsoo@gnu.ac.kr

In [1], a local (or decentralized) control is designed for a
class of systems having a so-called separability property to
minimize a typical LQ (linear-quadratic) index. A similar
work was done in [2] for a class of systems having a so-
called localizability property.

In this paper, instead of designing K with a desired
structure from the scratch for a restricted class of systems, a
good local controller which typically comes with a guarantee
for a general dynamical system is utilized and subsequently
augmented to still be working fine for a network of the
dynamical systems. Here, the good local controller can be
chosen as a popular LQR (linear-quadratic-regulator) or its
variant which guarantees an ample stability margin (lower
gain margin of −1/2 = −6 dB and phase margin of 60◦ for
a standard LQR), and the augmentation is done via a directed
version of the Laplacian matrix LG , in a way to minimize
the loss of the goodness or the ample stability margin after
having the systems interconnected. Note that stability margin
is an important measure and appears in military specifications
on flight control systems, and it is a strict requirement that
must be met for aircraft certification [3], [4]. In the course
of performing the proposed control design work, several
facts are to be discovered and provide a firm basis for the
design work. In particular, these facts reveal the interplay
between local dynamics and global network topology from
the stability perspective.

To be more precise, consider a linear system that describes
the collective dynamics of n (mth-order) linear dynamical
systems, e.g. vehicles, ẋveh = Avehxveh + Bvehuveh with
Aveh ∈ R

m×m and Bveh ∈ R
m×k, in a directed (loopless)

network:

ẋ = Ax +Bu; u = −FL(x− h) (1.1)

with x, h ∈ R
mn, A = In ⊗ Aveh (In: identity matrix

of dimension n; ⊗: Kronecker product), B = In ⊗ Bveh,
F = In ⊗ Fveh (Fveh ∈ R

k×m) and L = LG ⊗ Im
(LG = In − D−1Ad, where D and Ad are the standard
in-d egree and adjacency matrices of a graph or network,
and LG1n = 0, where 1n is an all-one vector of dimension
n). Here, it is assumed that Aveh is stable (i.e. all the
eigenvalues of Aveh are located in the left half of complex
plane with the possilbility of having one pole at the origin),
and the state-feedback control input u must be designed to
achieve x → h (a constant vector which may represent
a desired vehicle formation) by choosing proper matrices
F and L. For m = 2 and connected graphs (having a
rooted directed spanning tree), large Fveh can guarantee the
asymptotic stability of the collective linear system with a
certain type of Aveh, as reported in [5]. A straightforward
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approach via pole placement can also be tried for the design
of Fveh to guarantee the asymptotic stability even for larger
m, but in fact this guaranteed stability is fragile in the sense
that the network topology captured by LG or L can render
the stability (especially, phase) margin arbitrarily small. This
fragility motivates the present study to investigate quantita-
tive relationships between stability margin, local dynamics
and network topology.

The effect of network topology on the stability margin
is discussed in [6], [7], in which it shows how network
topologies change the shape of Nyquist plot which describes
the frequency characteristics of the network of dynamical
systems, and thus affect the network stability. The main
idea therein is that for a stable loop transfer function, the
network stability directly depends on the eigenvalue locations
of LG which can control the encirclement of the Nyquist
plot around −1. In particular, it is noted that the (complex)
eigenvalues’ arguments play a crucial role in determining
the phase margins of directed networked systems. There
are several works ([5], [6], [8], [9]) in which eigenvalue
locations of LG are presented, calculated or estimated for
various graphs. But these existing works are applicable
to only limited classes of graphs, e.g. complete, acyclic,
cyclic and path graphs, so their direct application seems not
obvious to a control design which involves a general directed
network and takes into account stability margin in the design
requirement. In addition, the proper notion of stability margin
must be interpreted via minimum singular value (rather than
eigenvalues) for MIMO (Multi-Input-Multi-Output) systems,
although some claim that this singular-value-based notion
can be conservative in some cases.

This paper begins with revisiting the definitions of stability
margin in the literature, and takes the most general singular-
value-based one for the ensuing analysis and control design.
Then, some analysis is performed to discover several facts
around the stability margin being contributed by local dy-
namics and global network topology. Some of the facts are:
1) the stability margin of a network of dynamical systems
having a pole at the origin with a low control gain, is likely to
be the inverse of the zero-eigenvalue sensitivity of LG when
the sensitivity is large; and 2) there exists an upper bound
of the stability margin that has a computational merit, and
asymptotically converges to the exact margin with respect to
network size, probability of link existence and control gain
in a random network setting. These two facts are further
utilized to design LG for maximizing the stability margin
of the dynamical systems being interconnected via a general
network topology. Although some works have been done for
decentralized control or network topology design to optimize
a graph-theoretical property (e.g. second smallest eigenvalue
of LG ; [10], [11]) or a performance measure (e.g. H∞

norm; [12]), to the best of the author’s knowledge, there has
been no work reported so far regarding the control design
which directly addresses the stability margin of a network
of dynamical systems.

−
+

FLh u x

Collective dynamics

x=Ax+Bu.

Fig. 1. Block diagram representation of Eq. (1.1)

II. STABILITY OF COLLECTIVE DYNAMICS

The collective dynamics in (1.1) can be expressed via the
block diagram as shown in Fig. 1. From the block diagram,
the loop transfer function T (s) can be calculated as below:

T (s) = FL(sImn −A)−1B

= LG ⊗ {Fveh(sIm −Aveh)
−1Bveh}

︸ ︷︷ ︸

Local dynamics: Tveh(s)

. (2.2)

The second equality is due to the property of Kronecker
product. Then, the following lemma reveals the fact that
eigenvalues of the frequency response function T (jω) are
simply the products of those of LG and Tveh(jω).

Lemma 2.1: [13] If M1 ∈ R
n×n and M2 ∈ R

k×k have
eigenvalues λi (i = 1, 2, . . . , n) and µj (j = 1, 2, . . . , k),
respectively, then the nk eigenvalues of M1 ⊗ M2 are
λ1µ1, . . . , λ1µk, λ2µ1, . . . , λ2µk, . . . ,

λnµk.
The above lemma implies that the shape of the gener-

alized Nyquist plot of Tveh(s), i.e. det(Ink + T (jω)) for
−∞ < ω < ∞, is changed directly by the eigenvalues
λi of LG . For a SISO (Single-Input-Single-Output) system,
the following stability result immediately comes via the
generalized Nyquist stability criterion [14].

Theorem 2.2: For a given local dynamics Tveh(s) and a
network topology G, the collective dynamics (1.1) is stable
if and only if the locus of 1 + λiTveh(jω) with respect to
ω (−∞ ≤ ω ≤ ∞) encircles the origin p times counter-
clockwise direction for each λi, where p is the number
of unstable poles λiTveh(s) and λi’s are the eigenvalues
of LG . It is assumed that there are no unstable pole-zero
cancellations.

Eigenvalues of (mostly undirected/symmetric) LG are
studied in [6], [8], [9]. For example, a complete graph Kn

of n nodes has the eigenvalues of 0 and 1 + 1/(n− 1) with
the latter being repeated n − 1 times. An acyclic directed
graph of n nodes which often represents a leader-following
structure has the eigenvalue of 1 being repeated n times.
A single directed cycle of n nodes has the eigenvalues
of ej(i−1)/(2π) (i = 1, 2, . . . , n). For undirected/symmetric
graphs, the stability analysis becomes relatively easy because
all the eigenvalues of LG are real, i.e. they do not make
any phase contribution to T (jω). The main purpose of this
paper is to see how directed general graphs affect the stability
(more specifically, the stability margin) of the interconnected
network of local dynamical systems.

III. STABILITY MARGIN OF MIMO SYSTEMS

Extending the idea of the generalized Nyquist stability
criteria, one can define a stability margin (gain and phase
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margins; GM and PM) as follows: for given T (jω)

GMe =































Upper GM = max{ k ∈ R |
det(Ink + kT (jω)) = 0
for ω ∈ (−∞,∞)};

Lower GM = min{ k ∈ R |
det(Ink + kT (jω)) = 0
for ω ∈ (−∞,∞)},

PMe = min{ |γ| ∈ R | det(Ink + ejγT (jω)) = 0

for ω ∈ (−∞,∞)}.

This determinant or eigenvalue-based definition of stability
margin is found in [15], [16]. Unfortunately, this definition
pertains to the stability with respect to a single gain in the
input channels, and it does not correctly capture the uncer-
tainties in zero off-diagonal entries of a transfer function
matrix.

Alternatively, the stability margin for a general MIMO
system can be defined via the minimum singular value σ

of the inverse of the sensitivity function as follows [3]: for
0 ≤ α∗ ≤ 1

GM :
1

1± α∗
, PM : ± cos−1

[

1−
α∗2

2

]

, (3.3)

where α∗ = α(jω0) with ω0 = arg infω α(jω),

α(jω) , σ(Ink + T (jω))

or

σ(In + Tveh(jω)LG) (3.4)

for a SISO Tveh(s). This singular-value-based definition of
stability margin is better than the first one, in that it captures
the simultaneous change in the gains or the phases of all the
feedback loops, and also the possible uncertainties in zero
off-diagonal entries of a transfer function matrix. But this
definition may result in a quite conservative margin for the
system having ‘structured’ uncertainties, as reported in [16].

In this paper, the singular-value-based definition is adopted
to determine the stability margin of the network of dynamical
systems in (1.1). But due to the computational complexity
of α∗, upper bounds (β and ᾱ∗) of α∗ are proposed and
used for control designs later. Note that this computational
complexity issue becomes crucial when dealing with a large-
scale network.

IV. SOME RESULTS ON STABILITY MARGIN

In this section, several results are presented to provide
some insight into the stability margin of (1.1) and also the
basis for the control designs in the next section. These results
are mainly for SISO Tveh(s), but may be extended for MIMO
Tveh(s) at the expense of computational power. They also
allow for the efficient computation of upper bounds of α∗ in
(3.4).

Theorem 4.1: α∗ is at most 1, meaning that the stability
margin after interconnection cannot exceed the guaranteed
stability margin of LQR control before interconnection.

Theorem 4.2: Consider the network of dynamical systems
in (1.1), and the underlying network G is assumed to be
connected. Then, if |Tveh(jω)| → ∞,

σ(In + Tveh(jω)LG) → 1/κ , |1T
nw1|/

√
n, (4.5)

where w1 is the output singular vector associated with
σ(LG).

Theorem 4.3: For Tveh(s) having a frequency ω such that
|Tveh(jω)| → ∞, α∗ is attained at ω0 such that

|Tveh(jω0)| ≥
1− 1/κ2

2σ̄(LG)
, (4.6)

where σ̄(LG) denotes the maximum singular value of LG .
Theorem 4.4:

α∗ ≤ ᾱ∗ = ᾱ(jω̄0), (4.7)

where ω̄0 , arg infω∈Ω ᾱ(jω) with

ᾱ(jω) = min
i

|1 + Tveh(jω)λi| for all i = 1, 2, . . . , n,

λi is an eigenvalue of LG, and

Ω = {ω |Tveh(jω)λi ∈ D};

D = {x+ jy ∈ C | (x+ 1)2 + y2 ≤ 1, x < 0,

x, y ∈ R}.

The equality holds when G is undirected.
The above thorem tells that α∗ is bounded by the margin

ᾱ∗ = ᾱ(jω̄0) known as the vector margin (for SISO) in [17]
or the multivariable complex margin (for MIMO) in [16].
Instead of using ᾱ∗ itself, ω̄0 is now utilized to obtain a
tighter upper bound of α∗ as follows.

Corollary 4.5: For Tveh(s) having a frequency ω∞ such
that |Tveh(jω∞)| → ∞,

α∗ ≤ β , min{σ(1 + Tveh(jω̄0)LG), 1/κ}, (4.8)

where κ is the zero-eigenvalue sensitivity measure as defined
in (4.5). For Tveh(s) with no such ω∞,

α∗ ≤ β , σ(1 + Tveh(jω̄0)LG).
The upper bound ᾱ∗ of α∗ in (4.7) is an significant com-

putational improvement over α∗ itself, in that ᾱ∗ involves the
algebra of only complex numbers instead of matrices along
with the singular value decomposition for each ω, and it can
be computed after checking the magnitude only for a limited
(possibly quite small) set of ω ∈ D. Thus, ω̄ can easily be
found and used for calculating β in (4.8); β involves the
computation of σ(In +Tveh(jω)LG) only at ω = ω̄0 (rather
than the whole frequency range) and the left eigenvector of
LG associated with the zero eigenvalue. Note that β leads to
a new margin, GM and PM, via the equations in (3.3) with β

in place of α∗. In fact, the upper GM and PM serve as lower
bounds of the upper GM and PM, respectively, whereas the
lower GM does as an upper bound of the lower GM.

Note that ᾱ∗ itself can be considered as a kind of stability
margin and lead to the CM (multivariable complex margin)
as defined in [16]. In this case, the following may be useful
and can be exploited for a control design.
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Theorem 4.6: Suppose Tveh(jω) for each ω ∈ (−∞,∞)
lies outside the following circular complex region:

D′ = {x+ jy ∈ C | (x+ 1/2)2 + y2 ≤ 1/4, x < 0,

x, y ∈ R},

and it yields a certain CM (before interconnection). Then, the
closed-loop dynamics in (1.1) is asymptotically stable with
the CM unchanged or increased if λi is real for all i, and
λ2 ≥ 1, where λ2 denotes the second smallest eigenvalue of
LG .

Based on the aforementioned theorems, L or LG (part of
control gain) can be chosen for a large stability margin of
the network of dynamical systems in (1.1). Also it can be
shown that β asymptotically converges to α∗ with respect to
network size, probability of link existence and control gain
in a random network setting. These results shall be found in
the journal version of this paper.
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Matricial Wasserstein and Unsupervised Tracking

Lipeng Ning, Romeil Sandhu, Tryphon T. Georgiou, and Allen Tannenbaum

Abstract
The context of this work is spectral analysis of multivariable
times-series as this may arise in processing signals originat-
ing in antenna and sensor arrays. The salient feature of these
time signals is that they contain information about moving
scatterers/targets which may not be known a priori. That is,
neither the number nor the physical properties of scatterers
may be known in advance, a fact which necessitates that
analysis needs to be model free. Thus, what is important
is to attain reliable and high resolution spectral estimates
based on short-time observations due to the expected motion
of objects within the scattering field.

Traditional spectral analysis methods such as spectro-
grams and maximum entropy, Capon, etc. techniques, are of-
ten severely constrained by the non-stationary nature of time-
series, which necessitates very short observation records.
Thus, our goal has been to develop natural regularization
techniques that allow smooth interpolation of spectrograms
in time, thereby improving resolution and robustness. Since
power spectra are matrix-valued measure, we sought to
develop geometric tools that are based on weak∗ continuous
metrics, such as Wasserstein metrics, only for matrix-valued
functions. The present work is largely based on [1] where
such a theory was laid out.

Introduction
Traditional techniques in sensor arrays, detection, and es-
timation rely on periodogram-based methods, maximum-
entropy techniques, or beamforming. While these are ubiq-
uitous, they are severely limited when dealing with non-
stationary time-series. Assimilation of data from disparate
sources and dealing with systemic biases are quite challeng-
ing on their own, and they are even more so, when dealing
with non-stationary time-series; the non-stationary nature of
the signal content necessitates that spectral analysis is based
on short observation records.

Our approach has been to seek natural ways to quantify
distance between spectra, and to develop geometric tools
based on that. More specifically, power spectra and prob-
ability distributions can be viewed as points on a suitable
manifold. Then, slowly time-varying power spectra can be
viewed as flows (geodesics) on this manifold, and interpo-
lation/extrapolation of power spectral estimates as well as
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uncertainty quantification can all be carried out within the
associated metric topology. A desirable feature of metrics
that would make them suitable for applications is weak∗
continuity; this is the property that small changes in a
distribution affects measurements in a continuous manner.
Interesting, L2, L1, Kullback-Leibler divergence and several
many other popular notions of distance fail in this regard. To
this end we sought to generalize the notion of Wasserstein
distance, which is natural in this respect for scalar distribu-
tions.

Our interest in matrix valued measures stems from
the fact that those represent power spectra of vector-valued
time-series. In turn, vector-valued time-series may represent
measurements of different modalities across a distributed
array of sensors that reflect frequency/color, polarization,
spatial characteristics, and other attributes that are thought
to characterize target properties. Thus, we are interested in
a “transport-based geometry” for such matrix-valued dis-
tributions as well as a “transport theory” that is flexible
with regard to the preservation of mass/power across time.
Advances on this front make it possible to tackle in a natural
way smoothing and interpolation between inconsistent data
sets or time-varying characteristics of a series as well as
the computation of optical flow for object tracking in series
of frames. Besides the relevance of geodesics as a tool for
modeling, tracking, morphing, data assimilation/association,
etc., for power spectra and images alike, we expect to
advance concepts of resolution and the quantification of
uncertainty in rigorous terms.

Background
Our topic, to define and explore Wasserstein-like metrics and
the corresponding geometry for matrix-valued densities or
measures, is an attempt to build on the classical subject of
optimal mass transport (OMT). This subject has in recent
years witnessed a fast developing phase with many applica-
tions in physics, probability theory, economics, etc. Standard
references are [2], [3], [4] and some of the most significant
recent developments that in particular have inspired our work
are traced to [5], [6], [7].

Example
We wish to exemplify the spirit of our approach by a simple
example, which would be quite challenging (unless, one
uses hindsight and tailors a parametric method to the task).
The task is to track slowly time-varying sinusoidal signals
in noise that represent the echo from a pair of targets,
whose position changes with regard to an antenna array at
the same time. We wish to emphasize that we seek non-
parametric techniques, and although our example with be
treated parametrically (since a model is known), that in
general would not be the case. Hence, our interest in non-
parametric techniques.
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Fig. 1: Sensors and sources – correlated time-series

Consider two sources of sound (equivalently, scatterers
in an antenna array’s field of view) as shown in Figure 1
moving relative to each other in opposite directions and,
exchanging positions in the process, relative to the pair of
stationary microphones. The emitted sounds are recorded
by each microphone in considerable amount of ambient
noise. Their respective frequencies and intensities vary due
to Doppler shift and due to the change in their relative
proximity to the two sensors. Computer simulated signals
are also shown in Figure 1. The task is to distinguish the
relative position of the two sources using frequency analysis
of the recorded time-series.

The time-series is vector-valued (having two entries =
number of sensors/channels). Thus, the power spectrum is
matrix-valued (2 × 2 in this case). Short time maximum
entropy reconstruction of the power spectrum is shown in
Figure 2. Our convention is to show in the (1,1)-subplot
the spectrogram of the first sensor, the (2,2)-subplot that of
the second sensor, in the (1,2)-subplot the absolute value
of the cross spectrum and in the (2,1)-subplot its phase.
Next, in Figure 3 we display, following the same convention,
the regularized spectrogram where we used optimal mass
transport geometry and interpolated the time-distributions in
Figure 2 by an OMT geodesic.

At each frequency and time, either plot represents the
(color-coded) intensity of a Hermitian matrix, namely, the
value of the power spectral matrix density. (The (1,1) and
(2,2) entries are real, while the (1,2) and (2,1) are complex
conjugate of each other and their real part and phase are
displayed accordingly as indicated above.) Singular value
decomposition reveals the directionality of the incoming
energy. Thus, by identifying at each point in time the
maxima of the power, we determine the corresponding
singular vectors which reflect the relative portion of power
in each sensor for the corresponding power source, thereby,
pointing to its relative position (after suitable calibration).
Figures 4 and 5 show the paths that the corresponding
singular vectors traced over time, based on the maximum
entropy spectrogram of Figure 2 and that of the OMT
geodesic reconstruction in Figure 3, respectively. What
is especially revealing is the dramatic improvement in
resolution and consistency afforded by the use of OMT
geodesics. To some degree, this is to be expected since the
OMT geometry induces a natural (weakly continuous) metric
where the approximation takes place and, automatically, the
optimal path determined.
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Fig. 2: Maximum entropy matrix-spectrogram
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Fig. 3: OMT geodesic regularized matrix-spectrogram

In more detail, the schematics in Figures 6 and 7
explain how the paths of singular vectors corresponding to
maxima of spectral power were obtained from the matricial
spectrograms. Frequencies of maximal power are identified
by computing maxima of the trace of the matricial power
spectrum. We select the two frequencies where the power has
local maxima and compute the corresponding singular vector
of the (2×2 matrix) value of the power spectrum f . These are
shown in Figures 6 and 7 by red and green color, respectively.
Note that at each of the two frequencies there are two
singular vectors (since f is 2 × 2). The one corresponding
to the largest singular value is drawn in continuous line and
the other in dashed, and scaled to reflect the size of the
corresponding singular value. A “cleaner” view of the path
that the “top” singular vectors traverse is given in Figures 4
and 5, respectively, as noted earlier.
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Fig. 4: Path of singular vectors of main harmonics (ME
spectrogram), i.e., relative power in each sensor.
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Fig. 5: Path of singular vectors of main harmonics (OMT
spectrogram), i.e., relative power in each sensor.
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Fig. 6: Singular vectors corresponding to peak power vs. time
based on ME-spectrogram

Fig. 7: Singular vectors corresponding to peak power vs. time
based on OMT-spectrogram

We provide additional intuition on how mass
corresponds between the two end-point marginals in
an optimal mass transport framework by considering the
matrix-valued power spectra as in Figure 8. The two end-
point spectra are also shown in Figure 9. These represent
spectra and cross spectra for measurement in two channels
and, therefore, the power spectral density is a 2× 2 matrix-
valued function. The geodesic in Figure 8 produces a drift
of the power between the two channels. Non-parametric
techniques of interpolation typically suffer from a “push-
pop” phenomenon instead of shifting gracefully the power
between channels. It is instructive to note how the frequency
of the dominant harmonic shifts from one channel to the
other in Figure 8.

Rudiments of matrix-valued Wasserstein
The scalar OMT theory has been adapted in [8] to model
slowly time-varying changes in power spectra of time series
and has been used for statistical estimation, data assimila-
tion, and morphing. While in scalar time-series, the power
content may drift over time across frequencies (e.g., when
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considering Doppler effects, echolocation of a moving target,
etc.), in vector-valued time series the power spectral content
may shift principle directions as well. In fact, such a rotation
of the power-spectral content is typical in general antenna-
arrays when a scatterer changes position with respect to
array elements. Therefore, a concept of transport between
matrix-valued densities requires that we take into account
both, the cost of shifting power across frequencies as well
as the cost of rotating the corresponding principle axes.
We now briefly discuss such a “non-commutative” Monge-
Kantorovich transportation and a corresponding metric.

Consider two probability density functions µ0 and µ1

supported on R and let M(µ0, µ1) be the set of probability
measures m on R× R with µ0 and µ1 as marginals, i.e.∫

R
m(x, y)dy = µ0(x),

∫
R
m(x, y)dx = µ1(y), m ≥ 0.

Probability densities are thought of as distributions of mass
and the optimal mass transport problem is to determine

Tc(µ0, µ1) := inf
m∈M(µ0,µ1)

∫
R×R

c(x, y)m(x, y) dx dy, (1)

where c(x, y) is the cost of transporting one unit of mass
from location x to y. In particular, when c(x, y) = |x −
y|2, the optimal cost gives rise to the 2-Wasserstein metric
W2(µ0, µ1) =

√
T2(µ0, µ1) where

T2(µ0, µ1) := inf
m∈M(µ0,µ1)

∫
R×R
|x− y|2m(x, y) dx dy.

(2)
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Consider now the family of matrix-valued functions

F :=

{
µ(·) | for x ∈ R, µ(x)∗ = µ(x) ∈ Cn×n,

µ(x) ≥ 0, tr(

∫
R
µ(x)dx) = 1

}
.

These are Hermitian, positive semi-definite matrix-valued
functions on R normalized so that their trace integrates to
1. They will be referred to as matrix-valued densities and
can be thought of as a generalization of probability density
functions. The scalar-valued tr(µ) represents mass at loca-
tion x. Thus, all elements in F have the same total mass over
the support. In order to define a suitable generalization of
Kantorovich formulation of OMT to matrix-valued densities
we need a “joint” measure to live in a considerably bigger
space - a tensor product which is discussed next.

Consider a n2 × n2 (positive definite) matrix µ as an
element in L(H0 ⊗ H1), where L represents the space of
linear operators, and both H0 and H1 are, for our purposes
simply both identified with Cn. The partial traces trH0

and
trH1

, or tr0 and tr1 for brevity, are linear maps

tr1 : L(H0 ⊗H1) → L(H0) : µ 7→ tr1(µ)

tr0 : L(H0 ⊗H1) → L(H1) : µ 7→ tr0(µ)

defined uniquely by the property that on simple products they
act as follows:

tr1(µ0 ⊗ µ1) = tr(µ1)µ0 and tr0(µ0 ⊗ µ1) = tr(µ0)µ1

for any µ0 ∈ L(H0) and µ1 ∈ L(H1). Alternatively, µ ∈
L(H0 ⊗ H1) can be represented by a matrix

[
µik,`m

]
of

size n2 × n2 as it maps a basis element ui ⊗ vk ∈ H0 ⊗H1

to
∑
`,m µik,`mu` ⊗ vm. Then, the partial trace e.g., tr1(µ)

is the represented by the n × n matrix with (i, `)-th entry∑
k µik,`k, for 1 ≤ i, ` ≤ n. Likewise the (k,m)-th entry

of tr0(µ) is
∑
i µik,im, for 1 ≤ k,m ≤ n. See [9] for

the significance of partial trace in the context of quantum
mechanics.

Consider now two matrix-valued density functions
µ0,µ1 ∈ F . We seek

m(x, y) a n2 × n2 positive semi-definite matrix, (3a)

for (x, y) in the specified support (e.g., R× R, or [0, 2π]2),
such that

m0(x, y) := tr1(m(x, y)), m1(x, y) := tr0(m(x, y)),
(3b)∫

R
m0(x, y)dy = µ0(x),

∫
R
m1(x, y)dx = µ1(y), (3c)

and we denote

M(µ0,µ1) :=
{
m | (3a)− (3c) are satisfied

}
.

A suitable transportation cost can be defined as a functional
on a joint density in M(µ0,µ1), just as in the scalar case.
However, in contrast to the scalar case, besides penalizing
transport of mass between two points x and y, we need to

impose a penalty on a corresponding rotation as well (see
[1] for more discussion).

We first consider a scalar “mass transference” cost

min
m∈M(µ0,µ1)

∫
R×R

c(x, y) tr(m(x, y)) dx dy. (4)

This coincides with the optimal transportation cost be-
tween scalar-valued densities tr(µ0) and tr(µ1). Thus, if
tr(µ0(x)) = tr(µ1(x)), the optimal value of (4) is zero
since it reduces to optimal transport between identical scalar
marginals. Thus, (4) fails to quantify mismatch of direction-
ality between the given matrix-valued marginals. A term that
penalizes directionality missmatch is introduced next.

Assume that the marginals are positive definite point-
wise. Define the normalized partial traces

tr0(m(x, y)) := tr0(m(x, y))/ tr(m(x, y))

tr1(m(x, y)) := tr1(m(x, y))/ tr(m(x, y)).

Their difference captures the directional mismatch between
the two partial traces, and then

tr(‖(tr0 − tr1)m(x, y)‖2Fm(x, y))

quantifies the rotational mismatch, and thus we arrive at the
cost functional

tr

(
(c(x, y) + λ‖(tr0 − tr1)m(x, y)‖2F)m(x, y)

)
,

with λ > 0, to weigh in the relative significance of the
linear and rotational penalties, and define as our Wasserstein
matricial distance,

min
m∈M(µ0,µ1)

∫
R×R

tr

(
(c+ λ‖(tr0 − tr1)m‖2F)m

)
dx dy

with c(x, y) = (x − y)2, which in fact turns out to be a
convex optimization problem. Details are provided in [1].
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Laplacian Global Similarity of Networks

Romeil Sandhu, Tryphon Georgiou, Allen Tannenbaum

ABSTRACT

In this paper, we describe a methodology for com-
paring networks represented as weighted graphs. The
key idea is to associate a probability density function
derived from the graph Laplacian, and then compute the
Wasserstein distance between the derived densities of the
respective graphs. This has wide applications to various
networks including biological and financial.

I. INTRODUCTION

Understanding and classifying the behavior of complex
systems, which can often be represented as an intercon-
nected network, is a problem of paramount importance
that arises in biology, physics, finance, and social sys-
tems [1], [2]. Such systems are rarely static and often
display strong fluctuations that signify extremal events.
These events, which may include cascade failures in
banking ecosystems, delay propagation due to conges-
tion in air transportation, a mutated cellular cancerous
state, to even specific differentiation cellular states (e.g.,
muscle, bone, fat cells) derived from their parental
stem cells, are usually observed through a change of
topology and geometry of the underlying network. This
motivates the need to view the above as dynamical
system for which characterizations may elucidate certain
key system-level attributes. For example, recent attempts
have shown that by treating a graph as a statistical man-
ifold, one can utilize varying geometric notions of graph
curvature [3]–[5] as well as graph entropy [2], [6], [7]
to understand the functional robustness of the system at
hand with recent implications in uncovering mechanisms
of drug resistance [8]. While such quantities provide
valuable information in varying application settings,
they are by definition, local attributes with a resolution
instrinically linked at the edge and nodal scale of the
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network. Here, we are interested in a more global mea-
sure as seen in Figure 1. In particular, we are concerned
with statistically characterizing aforementioned catalytic
events based on the metric geometry comparing a family
of networks as opposed to an individual network.

II. BACKGROUND AND EXAMPLES

This work focuses on first treating the eigenvalue spec-
trum of the normalized graph Laplacian as a prob-
ability distribution, then utilizes theory from optimal
mass transport [9]–[12] to place a metric to measure
distances across a family of time-varying networks. It
is well-known that eigenvalue spectrum of the Lapla-
cian provides intrinsic information of the graph. An
example of a few areas that have garnered attention
have included construction of expander graphs [14]
to Cheeger’s inequality [15] with increasing attention
on connections between spectral graph theory and its
respective geometry. That is, as opposed to working
with the underlying discrete space alone, one can begin
by placing a probability structure on a graph for which
associated probability measures can be endowed with a
Riemannian structure. Geodesic paths (shortest distance)
ensue and convexity properties of the entropy along
paths reflect on geometric qualities of the graph. It has
been noted that entropy is closely related to network
topology and that entropy is a selective criterion that
may account for the robustness and heterogeneity of
both man-made and biological networks. In particular,
authors [16] previously employed a notion of quantum
entropy based on the graph Laplacian as a measure of
regularity for graphs placing it in the scope of other
measures that utilize the entire spectrum (e.g., Estrada
index [17]). This is in contrast to characterizing the
graph towards a specific eigenvalue or its spectral gap.
Following this, our work similarly takes into account
the entire spectrum yet employs the L2-Wasserstein
distance as a measure of similarity across networks and
as discussed below, its intimately related to notions of
entropy.

The theory of optimal mass transport and its relationship
to Riemannian geometry as well as entropy is at the
core of this work. In particular, it has been recently
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shown [13] that the lower bounds of Ricci curvature
(from geometry) are instrinically linked to Boltzmann
entropy with respect L2-Wasserstein metric (i.e., Ricci
curvature and entropy are positively correlated). Given
this, our previous work utilized a discrete notion of Ricci
[3] and scalar curvature to illustrate that graph curvature
may serve as a proxy for network robustness [2], [18]
with distinct advantages to that network entropy [6],
[7]. In the same manner, this work can be analogous
viewed to that of graph quantum entropy [16]. While
these parallels are briefly mentioned here (for the sake
of brevity), we will revisit and note the interesting rela-
tionship between such quantities in the full manuscript.

In closing, much of this paper sets the foundation of
devising various statistical methods focused on a family
of networks. This can be seen in Figure 2 for which
we analyze three classical graphs to illustrate the usage
of our method in classifying their structure in a more
global manner.
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Fig. 1: There exists varying ways one can characterize a particular network. (A) Ricci curvature provides an edge
measure of robustness and congestion between any two nodes . (B) Scalar curvature (via contraction of Ricci
curvature) provides a nodal measure of robustness and congestion. (C) The question remains of how to properly
compare two regional signaling cascades and more importantly, a family of networks characterizing a particular
dynamical system.

Fig. 2: We compare three classical networks and measure the L2 Wasserstein distance any two given networks to
illustrate a degree of similarity. Note: To avoid bias, the number of nodes (100) and edges (200) remain fixed and
only the topology was allowed to change.
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Bakry-Émery Ricci Curvature on Weighted Graphs
with Applications to Biological Networks

Maryam Pouryahya, Rena Elkin, Romeil Sandhu
Sarah Tannenbaum, Tryphon Georgiou, Allen Tannenbaum

ABSTRACT

In recent years, there have been tremendous efforts to
elucidate the complex mechanisms of cancer networks by
investigating the interactions of different genetic and epige-
netic factors. Mathematical tools can help significantly with
overcoming many of these challenges and can facilitate bet-
ter understanding of the complexities of the corresponding
networks. This has lead to the emergence of the field of
network and systems biology. The formal models employed in
biological networks range from graphs as abstract representa-
tions of pairwise interactions to complicated systems of partial
differential equations that try to capture all details of biological
interactions. Therefore, the mathematical methods and tools
employed in networks are quite diverse and heterogeneous. We
propose an integrative framework to identify genetic features
related to cancer networks and to distinguish them from
the normal tissue networks by geometrical analysis of the
networks provided by The Cancer Genome Atlas (TCGA) data.
Our study is based on the analogous notion of fundamental
concepts in Riemannian geometry, namely Ricci curvature, on
discrete spaces.

I. INTRODUCTION

This paper describes a number of facts about graph curvature
and its relation to functional network robustness with applica-
tions to studying mechanisms of robustness in cancer. Essen-
tially, it gives all the background material for understanding
[33] while proposing another notion of graph curvature valid
for graphs with negative weights [23], [42].

Cancer cells exhibit extensive mutational heterogeneity, and
subsequent elaborate protein interactions complicate the dis-
covery and understanding of involved genes and pathways. In
recent years, there have been tremendous efforts to elucidate
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the complex mechanisms of cancer networks by investigating
the interactions of different genetic and epigenetic factors.
Mathematical tools can help significantly with overcoming
many of the these challenges and can facilitate a better
understanding of the complexities of their networks. This has
led to the emergence of the field of network and systems
biology. The formal models employed in biological networks
range from graphs as abstract representations of pairwise
interactions to complicated systems of partial differential equa-
tions that try to capture all details of biological interactions.
Therefore, the mathematical methods and tools employed in
networks are quite diverse and heterogeneous. Furthermore,
recent decades have witnessed the thriving development of
new mathematical, computational and theoretical approaches
to tackle fundamental issues in network analysis. We have
proposed an integrative framework to identify genetic features
related to cancer networks and to distinguish them from the
normal tissue networks by geometrical analysis of the networks
provided by The Cancer Genome Atlas (TCGA) data.

Our study is based on the analogous notion of fundamental
concepts in Riemannian geometry, namely Ricci curvature,
on discrete spaces. The concept of curvature was initially
introduced to express the deviation of a geometric object
from being flat. The Riemann curvature tensor of such a
manifold encodes its geometric invariants and expresses the
deviation from Euclidean, that is, flat space. In Riemannian
geometry, sectional curvature is defined on two-dimensional
tangent planes and it expresses the convexity property of the
distance function between geodesics. The essential notion of
Ricci curvature is the average of sectional curvatures of all
tangent planes with some given direction. One important aspect
of Ricci curvature is that it can control the eigenvalues of the
Laplace-Beltrami operator [13].

Recently, several different notions of curvature have been
proposed applicable to more general metric spaces, and various
notions of generalized sectional curvature inequalities were
proposed. The one that we are interested in here is the Γ2-
calculus of Bakry-Émery. In their paper published in 1985 [3],
Bakry and Émery suggested a notion analogous to curvature
in the very general framework of a Markov semigroup. The
condition was based on the Bochner inequality with curvature-
dimension condition of (K,N), denoted by CD(K,N). These
attempts lead us to define the notions of curvature on discrete
structures like graphs. In fact, graphs are ideally suited for
explaining the meaning of curvature and the appeal of this dis-
crete feature is that it is fairly straightforward to be computed
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on graphs in many cases. There have been several efforts to
define the notion of Ricci curvature on discrete spaces [25] [34]
[28] [15] . Previously, among these definitions of generalized
Ricci curvature, we applied the one of Ollivier [28] on graphs,
[33]. We showed that the Olivier-Ricci curvature can be useful
to differentiate the cancer networks from normal ones. In this
paper, we apply a notion of curvature based on Bakry-Émery
theory [3] to weighted graphs following the approach of [23].
Also, of note is that this discrete version of Ricci curvature
does not limit us to graphs with only positive weights, which
was the case with our previous work in [33]. Here, we can
define the curvature on graphs of positive/negative weights
as long as we have negative semi-definite Laplacian. The
criteria that guaranteed the negative semi-definiteness of graph
Laplacian is provided in a work by [42] which we briefly
review in section (V).

The other subject of interest is the theory of optimal mass
transport and its relationship with Riemannian geometry, in
particular Ricci curvature. In the Riemannian context, the L2-
Wasserstein distance is well-adapted to the study of Ricci
curvature. We study an alternative definition of Wasserstein
suggested by Benamou and Brenier [5] on the space of density
probability. This leads us to discover the geodesics in the
Riemannian probability spaces as the L2-Wasserstein distance.

Finally, considering this Riemannian structure, via the
Bochner formula we can show that there is a positive correla-
tion between changing of the entropy and the Ricci curvature.
In conjunction with the Fluctuation Theorem [12], we conclude
that increasing the Ricci curvature is positively correlated with
increasing the robustness, herein expressed as ∆Ric×∆R ≥ 0.
An appealing feature of this correlation is that we can quantify
the difference between normal and cancer networks by a
fairly straightforward computation of the Bakry-Émery-Ricci
curvature on the networks.

II. WASSERSTEIN DISTANCE AND RIEMANNIAN

GEOMETRY

Before describing the results on graphs, we will review
the necessary literature on manifolds. Accordingly, let M
be a Riemmannian manifold equipped with volume element
dvol(M).

A. The Monge-Kantrovich Problem

The first optimal transport problem was proposed by Monge
in the 1780’s, a civil engineering problem which asks for the
minimal transportation cost to move a pile of soil (“déblais”)
to an excavation (“remblais”). The places where the soil should
be extracted, and the ones which should be filled, are all
known. A more modern form of the problem introduced by
Kantorovich in 1940’s yields the so-called Monge-Kantrovich
problem (MKP). The framework of the problem is as follows.

Let (X,µ) and (Y, ν) be two probability spaces and Π(µ, ν)
denotes the set of all joint probability measures on X × Y
whose marginals are µ and ν. The optimal transport cost sug-
gested by Kantorovich was the following linear programming

problem:

minimize
∫
c(x, y) dπ(x, y) over allπ ∈ Π(µ, ν).

where c(x, y) is the cost for transporting one unit of mass from
x to y. The cost function was originally defined in a distance
form on a metric space (X, d). This leads us to the following
distance function know as Lp Wasserstein:

Wp(µ, ν) =
(

inf
π∈Π(µ,ν)

∫
X×X

d(x, y)pdπ(x, y)
)1/p

,

Two exponents of p = 1 and p = 2 are particularly
interesting. The L1-Wasserstein distance is also known as the
Kantorovich-Rubinstein distance, or Earth Mover’s distance
among computer scientists. In [29], Ollivier used the L1-
Wasserstein distance to define the (Ollivier-)Ricci curvature.
We used this curvature in [33] to differentiate the cancer
networks from normal tissue networks. In this paper we focus
on the case p = 2. The L2-Wasserstein distance has some very
remarkable properties and can be related to fluid mechanics;
the research is based on the work of Yann Brenier which was
published in [5]. In this paper, Benamou and Brenier suggested
the following alternative numerical method to calculate the L2-
Wasserstein distance:

W2(µ0, µ1) =
(

inf
µ,v

∫ ∫ 1

0

µ(t, x)|v(x, t)|2dxdt
)1/2

, (1)

subject to the continuity equation (conservation of mass for-
mula):

∂µ

∂t
+∇ · (µv) = 0 (2)

with the initial and final conditions:

µ(0, .) = µ0, µ(1, .) = µ1. (3)

Here µ(t, x) is the density of a system of particles and v(x, t)
is the velocity field at time t and position x; ∇· stands for the
divergence operator.
The functional in (1) is the kinetic energy and it turns out that
the optimal conditions satisfy:

v(t, x) = ∇g(t, x),

where g is the Lagrange multiplier of constraints (2) and (3).
Also, the Hamilton-Jacobi equation holds for this optimal g:

∂g

∂t
+

1

2
||∇g||2 = 0. (4)

B. Riemannian Structure on Probability Densities

The Wasserstein distance defines a natural Riemannian
structure on the space of probability measures, and this struc-
ture is essential in explicating the relationship of entropy and
curvature [25] that we will sketch in Section VII-A.

Define

P := {µ ≥ 0 :

∫
µ dvol(M) = 1},

the space of probability densities. The tangent space at a given
point µ may be identified with

TµP ∼= {u :

∫
u dvol(M) = 0}.
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Thus inspired by the Benamou and Brenier [5], given two
“points”, µ0, µ1 ∈ P , the geodesic (Wasserstein) distance is:

inf
µ,g
{
∫ ∫ 1

0

µ(t, x)‖∇g(t, x)‖2 dt dvol(M)

subject to
∂µ

∂t
+ div(µ∇g) = 0,

µ(0, ·) = µ0, µ(1, ·) = µ1} (5)

In other words, we look at all curves in P connecting µ0 and
µ1, and take the shortest one with respect to the Wasserstein
metric.

This leads us to give P a Riemannian structure, which
will induce this Wasserstein distance. This idea is due to
Jordan et al. [21], [38]. Namely, under suitable assumptions
on differentiability for µ ∈ P , and u ∈ TµP , one solves the
Poisson equation

u = −div(µ∇g). (6)

This allows us to identify the tangent space with functions up
to an additive constant. Thus, for any given u we denote the
solution of (6) by gu. Then given, u1, u2 ∈ TµD, we can
define the inner product

〈u1, u2〉W2 :=

∫
∇gu1 · ∇gu2µ dvol(M), (7)

which imposes a Riemannian metric on the probability mea-
sure space P (X). Using integration by parts, we can see
this inner product will induce exactly the Wasserstein distance
defined by (5). We also have

〈u, u〉W2 =

∫
µ∇gu · ∇gu dvol(M)

= −
∫
gudiv(µ∇gu) dvol(M)

=

∫
u gu dvol(M). (8)

We note finally that the optimal g in the above optimization
problem satisfies the Hamilton-Jacobi equation:

∂g

∂t
+

1

2
‖∇g‖2 = 0. (9)

We also have the continuity equation:

∂µ

∂t
+ div(µ∇g) = 0, (10)

with boundary conditions

µ(0, ·) = µ0, µ(1, ·) = µ1.

Thus with these conditions, µt(x) = µ(t, x) defines a geodesic
in the Wasserstein sense on P(M). Further, the tangent vector
along the geodesic µt at µ0 is exactly

u :=
∂µ

∂t
|t=0. (11)

III. BAKRY-ÉMERY AND BOCHNER

We now review the Bochner formula [38] and Bakry-Émery
curvature [3]. We begin with the Bochner formula. Since this
is local, it is sufficient to review the notions in Euclidean
space. One of the ideas of Bakry-Émery [3] is to formulate
the Bochner formula through the Γ calculus that we sketch as
well now.

Let ∆ denote the Laplacian. Following [3], we define

Γ(f, g) := 1/2[∆(fg)− f∆g − g∆f ].

Therefore,
Γ(f, f) = 1/2[∆f2 − 2f∆f ].

It is easy to compute that

∆f2 = 2[f∆f + ‖∇f‖2].

Therefore, Γ(f, f) = ‖∇f‖2. Again following Bakry-Émery
[3], we iterate the above operation as follows:

Γ2(f, g) := 1/2[∆(Γ(f, g))− Γ(f,∆g)− Γ(g,∆f)],

and a simple calculation shows that

Γ2(f, f) = −∇f · ∇∆f + 1/2∆‖∇f‖2.

Recall the following argument in the continuous case on an
n-dimensional manifold via the classical Bochner formula:

−∇f · ∇∆f +
1

2
∆‖∇f‖2 = ‖∇2f‖2 +Ric(∇f),

where ∇2 denotes the Hessian operator. Now applying the
Cauchy-Schwartz inequality implies that

−∇f · ∇∆f +
1

2
∆‖∇f‖2 ≥ (∆f)2/N + k‖∇f‖2

if n ≤ N and k ≥ Ric. This is the C(k,N) criterion of
Bakry-Emery. Taking N =∞, we get

−∇f · ∇∆f +
1

2
∆‖∇f‖2 ≥ k‖∇f‖2. (12)

This motivates (15) to be given below.

IV. LAPLACIAN OF GRAPHS

Let G = (V,E) be an undirected graph with positive and
possibly negative weights. In order to define curvature in the
Bakry-Émery sense [3], one needs to ensure the the associated
combinatorial graph Laplacian LG is non-negative definite.
Necessary and sufficient conditions for this have been given
in [42]. We briefly review the necessary theory in the present
section.

Let G = (V,E) be a weighted graph with n vertices
(nodes). We always assume that the graph is connected. We
set

dx =
∑
y

wxy

µx(y) :=
wxy
dx

,

the sum taken over all neighbors of x where wxy denotes the
weight of an edge connecting x and y (it is taken as zero
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if there is no connecting edge between x and y). Note that
since the graph is undirected we have that wxy = wyx. We
let W = (wxy)1≤x,y≤n be the matrix of weights, and D be
the diagonal matrix with entries dx. Then the (combinatorial)
Laplacian matrix is defined as

LG := −(D −W ).

If all the weights are positive, then via the Gershgorin Circle
Theorem, LG is negative semi-definite. In the more general
case under consideration here, that under the assumption that
G has no cycles with negative weights, the necessary and
sufficient condition is the absolute values of the weights are
bounded by the entries of the resistivity matrix on the positive
part of the graph.

V. POSITIVE SEMI-DEFINITENESS OF GRAPH LAPLACIANS

Here, we review the necessary and sufficient conditions for
the combinatorial Laplacian matrix LG to be positive semi-
definite. As we discussed before, this is equivalent to the
negative semi-definiteness of our Laplacian matrix LG. From
electric circuit analysis, the graph G can be interpreted as
an electrical network where each edge represents a resistor
with resistance equal to the reciprocal of its edge weight. The
effective resistance across any two nodes x, y ∈ V is given by

Rxy(G) = eTxyL†exy

where L† is the Moore-Penrose pseudo inverse of L and exy ∈
R|E| denotes the column vector with a “1” in the x-th position,
a “-1” in the y-th position and zeros everywhere else [24].

When G has negative edge weights, both the magnitude of
these weights and the respective location of their associated
edges affect the positive semi-definiteness of the Laplacian
matrix. For simplicity, we follow the notation of [42] and
separate the positive and negative parts of the graph into
G+ = (V,E+) and G− = (V,E−) where E+ and E−
denote the set of edges with positive and negative weights,
respectively. Clearly, G = G+ ∪G−.

Now we assume that G+ is connected and require that no
cycle in G contains two distinct edges with negative weights.
Under this cyclic condition, we have the following theorem:

Theorem: Given a connected graph G = (V,E)
satisfying the conditions above, the combinatorial Laplacian,
LG = D − W , is positive semidefinite if and only if the
absolute value of each negative weight is bounded by its
effective resistance over the positive part of the graph, i.e.
|wxy| ≤ R−1

xy (G+) for all (x, y) ∈ E−.

Two proofs to the above theorem are provided in [9]. This
theorem helps us to identify the networks with negative semi-
definite Laplacians, LG, for which we will define the discrete
Ricci curvature.

VI. BAKRY-ÉMERY RICCI CURVATURE OF WEIGHTED

GRAPHS

We will assume that all of the graphs under consideration
have negative semidefinite Laplacians. Using the intuition of

[3], the authors of [23] give a notion of curvature on graphs
that is easily computable. Indeed, following [23] and using the
Γ calculus of [3], we define the following bilinear operators
for functions f, g : V → R and x ∈ V :

Γ(f, g)(x) := 1/2[LG(f · g)(x) (13)

− f(x)LGg(x)− g(x)LGf(x)],

Γ2(f, g)(x) := 1/2[LG(Γ(f, g)(x)) (14)

− Γ(f,LGg)(x)− Γ(g,LGf)(x)].

Γ2 is the Ricci curvature form on G.
Note from the former expression that

LG(f · g)(x) = f(x)LGg(x) + 2Γ(f, g)(x) + g(x)LGf(x)].

Set Γ(f) := Γ(f, f). Then following the logic of the Bochner
formula [23], we define the local graph Bakry-Émery-Ricci
curvature as the maximum value of k(x) such that

Γ2(f)(x) ≥ k(x)Γ(f)(x), ∀f, (15)

where x ∈ V.
The preceding discussion only makes sense if Γ is non-

negative definite at x. For graphs with negative weights, one
must take a more global approach since at nodes with negative
weights, this will not hold. More precisely, given f : V → R,
we have that Γ(f) : V → R, given by

Γ(f)(x) =
∑
y∼x

wxy(f(x)− f(y))2.

Note that as is standard,

f ′LGf = −1/2
∑
xy

wxy(f(x)− f(y))2,

where the sum is taken over all edges xy. These formulas
are correct for any combinatorial Laplacian for any undirected
graph with negative or positive weights. Assuming that the
Zelazo conditions [42] hold, f ′LGf is always non-negative.
For given x ∈ V , we have defined the local graph Ricci
curvature as the maximum value of k(x) such that

Γ2(f)(x) ≥ k(x)Γ(f)(x), ∀f,

where x ∈ V. This will only be applicable if∑
y∼x

wxy(f(x)− f(y))2 ≥ 0, ∀f. (16)

Unfortunately, this inequality cannot be guaranteed if wxyo <
0 for some adjacent yo. Indeed, we can take a function f such
that f(x) = f(y) = 0 for y 6= yo and f(yo) 6= 0.

Accordingly, we need to use a global notion of Ricci
curvature taken as follows: we simply take the maximum k
such that ∑

x∈V

Γ2(f)(x) ≥ k
∑
x∈V

Γ(f)(x), ∀f.

(This is really summing over all edges modulo a factor of
1/2 since each edge is counted twice in the summation.) We
will call this k the global graph Bakry-Émery-Ricci (BER)
curvature. BER will always refer to the global notion that is
well-defined whenever LG is non-negative definite.

4

MTNS 2016, July 11-15, 2016
Minneapolis, MN, USA

545



VII. CURVATURE, ENTROPY, AND ROBUSTNESS

In this section, we draw an interesting relationship between
the BER Curvature defined in section (VI), Boltzman entropy
and robustness. The idea is similar to the one we have used in
[33]. Here, robustness is defined as the ability of a system
to functionally adapt to changes in the environment. First,
we implement the classical Bochner formula once again to
establish a relationship between entropy and curvature. Then,
in section (VII-B) we review the Fluctuation Theorem [12]
which leads us to the correlation between entropy and robust-
ness. Finally, we conclude that there is a positive correlation
between entropy and curvature; this can help us to distinguish
the more robust networks, namely, the cancer networks from
the normal networks.

A. Entropy and Bochner

As noted by Lott-Villani [25], curvature and entropy are
very closely related using the Riemannian structure described
in Section II-B. We sketch this relationship now.

Define
H(µt) :=

∫
M

µt logµt dvol(M), (17)

which is the negative of the classical Boltzmann-Shannon
entropy functional S(µt) := −H(µt).

We consider the Hessian operator ∇2H(µ) : TµP → TµP
on the Riemannian manifold P (M). We compute first the
second derivative of H along along a geodesic path in P (M),
namely: we have that

d2

dt2
H(µt)|t=0 =

d

dt
〈∇H(µt), u〉W2

= 〈∇u∇H(µt), u〉W2 + 〈∇H(µt),∇uu〉W2

= 〈∇2H(µt) · u, u〉W2 .

since ∇uu = 0 (∇u is the covariant derivative in the direction
u). Here u := ∂µt

∂t
|t=0.

Next straightforward computation gives

d2

dt2
H(µt) = −

∫
M

∇g · ∇∆g +
1

2
∆(‖∇g‖2)µt dvol(M)

(18)
where µt and g = gu satisfy equations (9) and (10) above (µt
is the geodesic path). Now we invoke Bochner:

〈∇2H(µt) · u, u〉W2 (19)

=

∫
M

‖∇2gu‖2 + Ric(∇gu,∇gu)µ0 dvol(M).

Assume Ric ≥ kI as quadratic forms on the manifold M .
Then from equation (19), ∇2H is k-convex with respect to
〈·〉W2 . Thus, we recover the fact from [25] that

H(µt) ≤ tH(µ0) + (1− t)H(µ1)− k

2
t(1− t)W2(µ0, µ1)2.

Therefore, the above inequality indicates the positive correla-
tion between entropy and curvature which we express as:

∆S ×∆Ric ≥ 0 (20)

B. Fluctuation Theorem

One can understand the Fluctuation Theorem [12] as fol-
lows. Recall that if pε(t) denotes the probability that the mean
deviates by more than ε from the original (unperturbed) value
at time t, then

R := lim
t→∞,ε→0

(−1

t
log pε(t)).

On the other hand, evolutionary entropy S may be character-
ized in this setting as

S := lim
t→∞,ε→0

(
1

t
log qε(t)),

where qε(t) denotes the minimal number of genealogies of
length t whose total probability exceeds 1−ε. Thus the greater
the qε(t), the smaller the pε(t) and so the larger the decay
rate. The Fluctuation Theorem is an expression of this fact for
networks, and can be expressed as

∆S ×∆R ≥ 0, (21)

Considering (20) and (21), we conclude that changes in ro-
bustness (∆R) are also positively correlated with the network
curvature, i.e:

∆R×∆Ric ≥ 0. (22)

According to the work done in [12] and [40], it seems
that in many cases the normal protein interaction networks
possess a lower entropy than their cancerous analogues; hence
they are less robust. This could be justified as the ability of
oncoproteins to better respond to the changes in the cellular
environment due to their disorganized arrangement which leads
to possession of higher degrees of freedom. Since the curvature
is positively correlated to the robustness of networks and easier
to compute, it can help in quantifying the robustness in terms
of the adaptability of networks.

VIII. RESULTS

As we discussed before, our interest is in calculating the
BER curvature at global and local scales. In this section, we
apply BER curvature to certain cancer networks to differentiate
them from normal tissue networks. In particular, our results
illustrate that cancer networks exhibits a greater degree of
functional robustness compared to the normal tissue networks
[12], [33], [40].

A. Description of Data Sets

We have studied seven transcription networks composed
of cancer specific genes provided by Memorial Sloan Ket-
tering Cancer Center. The data consists of correlation values
of gene-to-gene expression in cancerous and normal tissues
which were computed across all samples within a given
phenotype. The network is constructed using these correlation
values as weights of the graph and the adjacency matrix
of the graph is given by the underlying biological gene-to-
gene interactions. Our TCGA data includes approximately 500
cancer-related genes of seven different tumor types: breast
invasive carcinoma [BRCA], head and neck squamous cell
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carcinoma [HNSC], kidney renal papillary cell carcinoma
[KIRP], liver hepatocellular carcinoma [LIHC], lung adeno-
carcinoma [LUAD], prostate adenocarcinoma [PRAD], and
thyroid carcinoma [THCA].

B. Local BER Curvature of Transcription Networks

In Table I we present the difference (cancer-normal) in aver-
age local graph BER curvature of each TCGA data. As shown
in the table, the average difference between cancer and normal
tissue distribution is always positive. Therefore, the average
local BER curvature in all seven cancer networks of our study
possess a higher value than the normal corresponding tissue.
Of note is that these results are consistent with our previous
work in [33] where the average Ollivier-Ricci curvature was
greater for the cancer networks compared to the normal one.

Cancer Type ∆ Average
Local BER
Curvature

Breast Carcinoma 0.1823
Head/Neck Carcinoma 0.1164
Kidney Carcinoma 0.2171
Liver Carcinoma 0.2272
Lung Adenocarcinoma 0.3202
Prostate Adenocarcinoma 0.1789
Thyroid Carcinoma 0.1328

TABLE I
LOCAL BER CURVATURES DEMONSTRATE A HIGHER ROBUSTNESS

OF THE CANCER NETWORKS WITH RESPECT TO THE NORMAL

TISSUE NETWORKS.

Additionally, since the local BER curvature measures the
curvature at the nodal level, it can illuminate the genes with
the most contribution to the robustness of the cancer network,
as illustrated by Figure 1. To this end, we also provide the top
twenty genes sorted with respect to the local BER curvature
of breast carcinoma and lung adenocarcinoma in Table II and
Table III, respectively.

1) Top twenty ranked genes in breast carcinoma: Taking a
closer look at Table II, it is interesting to notice relationships
among the top twenty genes and to consider their possible
implications with respect to robustness of the breast cancer
network. For instance, PIK3CA encodes the p110α protein, a
catalytic subunit of the PI3K (phosphatidylinositol 3-kinase)
enzyme and has been found to exhibit a 25% mutation rate
in breast cancer thereby making it the most regularly mutated
constituent [26]. AKT1 encodes AKT1 kinases which are in-
volved in many signaling pathways, it is a downstream effector
of PI3K, and is over-expressed in breast cancer as well [11].
Considering PIK3CA and AKT1 were both ranked among the
top twenty genes seems suggestive of the PI3K/Akt signaling
pathway’s significance in regards to cancer robustness. In fact,
the PI3K/Akt signaling pathway regulates many cell functions
necessary for tumorigenesis and cancer survival such as cell
growth, proliferation and apoptosis. We also notice that the
MAP2K1 gene encodes for the protein kinase MEK1 which

is involved in the MAPK/ERK pathway, also known as the
MEK/ERK pathway. PTPN11 codes for SHP2 (Src-homology
2 domain-containing phosphatase), a known drug target in
breast cancer and is required to fully activate the MAPK/ERK
pathway [1]. This pathway is a signal transduction pathway
involved in the promotion of cell survival, proliferation, and
metastasis. Stimulation of growth-factor receptors such as
EGFR, (also ranked among the top twenty genes), initiate
downstream activation of the MAPK/ERK pathway. This
pathway is also found to be excessively activated in many
cancers including breast and lung cancer, among others, and
is often caused by upstream activation from overly-expressed
or aberrantly activated cell surface receptors (such as EGFR).
[32] Intuitively, it makes sense that the cascading effects
of mutations and abnormal activity through these pathways,
which are imperative for cancer cell growth and survival,
would be favorable in regards to the robustness of the network
so it is not surprising that we find such functional relationships
among the top ranked genes.

(a) ∆ Curvature
(Cancer-Normal)

(b) Curvature (Normal) (c) Curvature (Cancer)

Fig. 1. Breast Carcinoma network visualization: In the above
illustrations, each node represents a single gene. The color of each
node remains the same in each of the figures 1(a), 1(b), 1(c) and is
assigned by the difference in its local graph BER curvature (Cancer-
Normal). The top twenty ranked genes are labelled and shown in red-
orange colors. The only differences between the above illustrations
are in the sizes of the nodes. In figure 1(a), the size of each node is
scaled in the same way as its color, by the difference in its local graph
BER curvature (Cancer-Normal). This is shown to highlight the top
genes contributing to breast cancer network robustness. Figure 1(b)
shows node sizes scaled by their local graph BER curvature in normal
tissues and figure 1(c) shows node sizes scaled by their local graph
BER curvature in cancerous tissues. Comparing figures 1(b) and 1(c),
we see a dramatic change in the curvature of the top twenty ranked
genes, where they go from demonstrating low curvature in normal
tissues to demonstrating high curvature in cancerous tissues, relative
to the other genes.

2) Top twenty ranked genes in lung adenocarcinoma: With
regards to local BER curvature for lung cancer, we chose
to highlight three genes from Table III, CDK4, NPM1, and
Rac1. The CDK4 protein, encoded by the CDK4 gene, plays
an important role in the cell cycle, particularly during the G1
phase. The role it plays as a significant cancer-related gene
is becoming more and more clear, as its function is to drive
cell-cycle progression by phosphorylating the retinoblastoma
protein. Overexpression of CDK4 has been described in many
tumors, including lung cancer [41]. NPM1 is an important
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gene to consider with regards to human tumorigenesis and
is frequently overexpressed in solid tumors of a diverse his-
tological origin. Depending on its expression levels and gene
dosage, NPM appears to function either as an oncogene or
a tumour suppressor. Either partial functional loss or aberrant
overexpression could lead to neoplastic transformation through
distinct mechanisms. In fact, the loss of 5q35 (where NPM1
resides) is also observed in non-small-cell lung carcinoma
including lung adenocarcinoma. Therefore, loss of the 5q
chromosomal region could ensue genomic instability in these
tumors, which could in turn favor tumor progression [19].
Rac1 is an important GTPase, encoded by the Rac1 gene
that has been implicated in many cellular processes including
transcriptional activation, cytoskeleton rearrangement, and cell
adhesion. Furthermore, it is thought to play a role in cancer
cell migration, invasion, and metastasis. Rac1 overexpression
has been found in various cancers including lung adenocarci-
noma. Interestingly, Rac1 overexpression also appears to be an
independent predictor of adverse outcome of these carcinomas
[7].

Gene
Rank

Top 20 Genes ∆ Curvature (Cancer-
Normal)

1 PICALM 7.4910
2 CLTCL1 4.9102
3 EPS15 4.3210
4 KIF5B 4.1284
5 CLTC 4.0657
6 PTPN11 4.0465
7 YWHAE 3.8416
8 EGFR 3.8357
9 JAK1 3.7590
10 MSN 3.6079
11 CDC73 3.5274
12 PIK3CA 3.4499
13 XPO1 3.4274
14 ALDH2 3.3854
15 SDHB 3.2626
16 GNAS 3.1372
17 AKT1 3.1279
18 MAP2K1 3.0754
19 CBL 3.0287
20 PML 3.0043

TABLE II
THE TOP 20 GENES WITH RESPECT TO LOCAL BER CURVATURE

FOR BREAST CARCINOMA.

C. Global BER Curvature of Transcription Networks

We also calculate the global BER curvature for the cancer
and normal networks as a whole. Since the average local
curvature (Table I) is not the optimal statistic of the networks,
the global BER curvature could better justify the higher
robustness of the cancer network with respect to the normal
network. Table IV shows five cancer networks which have a
higher global curvature than their corresponding normal ones.
As discussed before, this differentiates the cancer networks
with greater robustness compared to the normal network.

Gene
Rank

top 20 Genes ∆ Curvature (Cancer-
Normal)

1 CDK4 4.5675
2 PP2R1A 4.3991
3 NPM1 4.3766
4 MAP2K2 4.2263
5 SMARCE1 3.7553
6 YWHAE 3.6548
7 RPN1 3.4337
8 NONO 3.2941
9 XPO1 3.0835
10 H3F3A 3.0566
11 RAD21 2.9930
12 RAC1 2.8890
13 CDC73 2.8444
14 MSH2 2.8199
15 SYK 2.7858
16 LCK 2.7803
17 SET 2.5233
18 CALR 2.3671
19 RPL22 2.3658
20 HMGA1 2.3211

TABLE III
THE TOP 20 GENES WITH RESPECT TO LOCAL BER CURVATURE

FOR LUNG ADENOCARCINOMA.

Cancer Type ∆ Global BER
Curvature

Breast Carcinoma 1.3881
Head/Neck Carcinoma 0.7689
Liver Carcinoma 6.0827
Lung Adenocarcinoma 6.0637
Thyroid Carcinoma 0.8727

TABLE IV
GLOBAL BER CURVATURES ILLUSTRATE THAT THE CANCER

NETWORK AS A WHOLE EXHIBITS GREATER ROBUSTNESS THAN ITS

CORRESPONDING NORMAL NETWORK.

IX. CONCLUSIONS AND FURTHER RESEARCH

Our definition of BER curvature has consistently demon-
strated that cancerous networks characteristically exhibit
higher curvature than non-cancerous networks, both globally
and locally. More importantly, this characteristic is not lost
when considering networks with positive and negative edge
weights. As a result of the Fluctuation Theorem discussed
above, BER curvature provides a way to quantify robustness
of the entire network as well as the robustness of a particular
gene. Such a tool has the potential to elucidate unknown
key roles of proteins, suggest new promising drug targets,
measure the efficacy of certain therapies and help prevent drug-
resistance. While we have not yet verified that BER curvature
has these capabilities, our findings are encouraging.

An immediate next step would be to repeat this study on
larger networks, using TCGA data consisting of both cancer
and non-cancer-related genes. Ranking the nodes by their
BER curvature, we would expect to find the cancer-related
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genes clustered at the top of the list and the non-cancer-
related genes clustered at the bottom. This would provide
additional support for our definition of BER curvature and any
unexpected rankings could possibly provide some new insight.

A closely related idea for future work is to construct a
directed Laplacian that is consistent with our methods thus far
and also allows defining the local graph Ricci curvature for
nodes connected to edges with negative weights. This would
alleviate the limitation of using the combinatorial Laplacian as
defined above, which is obviated by inequality (16) in section
(VI).
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Stabilizability of Some Neutral Delay Systems with Chains of Poles
Clustering on the Imaginary Axis

Catherine Bonnet1 and Yutaka Yamamoto2

Abstract— When dealing with phenomena such as transport,
propagation or communication, it is a crucial issue to take
delays into account to avoid bad performances. Neutral type
delay systems are the most delicate to analyze as they may have
chains of poles clustering the imaginary axis. We investigate
here the H∞-stabilizability of two particular neutral delay
systems with a chain of poles clustering the imaginary axis:
the first one having a chain of poles in the left-half plane and
the second one having a chain of poles in the right-half plane.
In both case, we show how to construct a coprime factorization
over H∞ proving then they are both H∞-stabilizable.

Index Terms— Neutral systems, chain of poles, stabilizability;
AMS Subject classifications: 93C25, 93D15

I. INTRODUCTION

Neutral delay systems with commensurate delays possess
chains of poles asymptotic to vertical lines in the complex
plane. When those asymptotic axes lie in the open left-half
plane ie when the systems only possess a finite number
of unstable poles their H∞-stability properties are easy to
determine: as for delay systems of retarderd type (and as
for finite-dimensional systems) the absence of poles in the
closed right halp-plane is a necessary and sufficient con-
dition to ensure H∞-stability. With this condition in hand,
coprime and Bézout factors can be determined following
the scheme developed for retarded systems, allowing then
the parametrization of all H∞-controllers. The more delicate
case of neutral systems having chains of poles clustering the
imaginary axis has been studied in [5], [2] where necessary
and sufficient conditions of H∞-stability have been given.
Our aim in this paper is to investigate now the existence
of coprime factorization over H∞-stability for such systems
and it is well-known ([6]) that this is equivalent to their
stabilizability over H∞-stability. We restrict here the study
to systems with a transfer function having a numerator equal
to one and a denominator being a quasi-polynomial with
one delay and leading polynomial of degree two. We are
interested in both cases of systems having a chain of poles
clustering the imaginary axis from left or from right. For sake
of simplicity we present here our method on two particular
systems belonging to each class.
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II. SYSTEMS WITH A CHAIN OF POLES CLUSTERING ON
THE IMAGINARY AXIS FROM RIGHT

In this section we consider a particular neutral delay
systems with one delay and a chain of poles asymptotic to
the imaginary axis from the right with transfer function given
by

G(s) =
1

(s+ 1)(s+ 1 + (s+ 2)e−sT )
(1)

We have
s+ 1

s+ 2
= α− β

s
+
γ

s
+ o(s−2) with α = 1, β =

−1, γ = 2 satisfying
γ

α
− β2

2
> 0 so that from [5] we know

that the chain of poles is in the right halp-plane.

Proposition 1 Let G be the one given by (1). Then
(N(s), D(s)) defined by

N(s) =
1

(− 1
3s

2 − 2
3s+

1
2 ) + (− 1

3s
2 − s− 1)e−sT

and,

D(s) =
(s+ 1)(s+ 1 + (s+ 2)e−sT )

(− 1
3s

2 − 2
3s+

1
2 ) + (− 1

3s
2 − s− 1)e−sT

gives a coprime factorization of G over H∞

Proof:
Consider the quasi-polynomial as2+ bs+ c+(ds2+ es+

f)e−sT as a potential candidate for the denominator of N(s)
and D(s). Write

N(s) =
1

as2 + bs+ c+ (ds2 + es+ f)e−sT
,

and

D(s) =
(s+ 1)(s+ 1 + (s+ 2)e−sT )

as2 + bs+ c+ (ds2 + es+ f)e−sT
.

We then have

D(s) =
(s+ 1)(s+ 1 + (s+ 2)e−sT

as2 + bs+ c+ (ds2 + es+ f)e−sT

=
1

a

(

1 +
(2a− b)s+ a− c

d(s)

)

+
1

a

(

(a− d)s2 + s(3a− e) + 2a− f

d(s)

)

e−sT

Taking b = 2a, d = a and e = 3a, we see that D(s) is in
H∞ provided that as2 + bs + c + (ds2 + es + f)e−sT has
no zeros in the closed right-half plane.

Using the Walton-Marshall method [3] we obtain some
conditions on the coefficients to ensure that as2 + bs+ c+
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(ds2+es+f)e−sT has no unstable poles in the closed right
half-plane: a = − 1

3 , c = − 1
2 , f = −1.

Now, it is easy to verify that (N,D) satisfies the Corona
condition [1] inf

Re s>0
(|N(s)|+ |D(s)|) > 0.

III. SYSTEMS WITH A CHAIN OF POLES CLUSTERING ON
THE IMAGINARY AXIS FROM LEFT

In this section we consider another neutral delay systems
with one delay and a chain of poles asymptotic to the
imaginary axis from the left with transfer function given by

G(s) =
1

(s+ 1)(s− 1 + se−sT )
. (2)

We have (s− 1)/s = α+ β/s+ γ/s+ o(s−2) with α =
1, β = −1, γ = 0 satisfying γ/α − β2/2 > 0, so that from
[5] we see that the chain of poles is in the left half-plane.
However, G may possess unstable poles of small modulus
and there is also a need to determine a coprime factorization
for G.

Proposition 2 Let G be given by (2). The following
(N(s), D(s))

N(s) =
1

(s2 − 3
2 ) + (s2 + s− 3

4 )e
−sT

and,

D(s) =
s− 1 + se−sT

(s2 − 3
2 ) + (s2 + s− 3

4 )e
−sT

gives a coprime factorization of G over H∞.

Proof:
Consider the quasi-polynomial d(s) = as2+bs+c+(ds2+

es+ f)e−sT as a potential candidate for the denominator of
N(s) and D(s). Write

N(s) =
1

as2 + bs+ c+ (ds2 + es+ f)e−sT
,

and

D(s) =
(s+ 1)(s− 1 + se−sT )

as2 + bs+ c+ (ds2 + es+ f)e−sT
.

We then have

D(s) =
(s+ 1)(s− 1 + se−sT )

as2 + bs+ c+ (ds2 + es+ f)e−sT

=
1

a

(

1 +
−bs− c− a

d(s)

)

+
1

a

(

(a− d)s2 + s(a− e) + 2a− f

d(s)

)

e−sT

The conditions b = 0, d = a, e = a will ensure that D(s) is
in H∞ if d(s) has no unstable zeros.

The coefficients a = 1, c = − 3
2 , f = − 3

4 ensure that d(s)
has no zeros in the closed right half-plane. The rest is the
same as the previous subsection.

IV. CONCLUSION

We have determined coprime factorizations for special
neutral systems having chains of poles asymptotic to the
imaginary axis. The method developed here is being gen-
eralized to systems of the same class, that is with one delay
and a leading polynomial of degree 2. This result proves that
these systems are H∞-stabilizable. Further studies include
the determination of Bezout factors.
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Optimal Structures for Voltage Controllers in Inverters

Brian Johnson, Srinivasa Salapaka, Blake Lundstrom, and Murti Salapaka

Abstract— Output voltage regulation is a primary perfor-
mance objective in power electronics systems which are not
supported by a stiff voltage source. In this paper, we pose
an optimal voltage control problem for ac inverter systems
and study the structure of the resulting feedback laws. Here,
it is demonstrated that the solution to the optimal voltage
regulation control problem exhibits an inner current-controller
structure even though there are no explicit objectives on
tracking current which are targeted. Furthermore, the outer-
loop voltage control and inner-loop current control structure
is insensitive to the weighting transfer functions used in the
optimal control problem. Although the inner-outer structure
has been used in prior works, the optimal nature of such a
structure was not known. In deriving the optimal controller, we
also present a systematic design framework which is cognizant
of the physical properties of inverters. Case studies are used
to study the optimal controller and its performance.

I. INTRODUCTION

Voltage controllers form an integral component of mi-
crogrid systems, uninterruptible power supplies, dc-dc con-
verters, and systems which are not supported by a stiff
voltage source or grid. In so-called master-slave systems,
the system voltage is supported by a single “master” power
converter which typically acts on a fixed voltage reference
and all remaining units regulate their currents [1]. In parallel
converter systems, a centralized controller can be configured
such that the voltage across a common load tracks a single
reference [2], [3]. For decentralized implementations, droop-
controlled inverters [4], [5] and dc-dc converters [6] each
utilize an independent and variable voltage reference which
depends on the output of each unit. Irrespective of how
the voltage reference is generated, a voltage controller is
needed to modulate the power electronics such that the
output voltage tracks the reference. In this paper, we study
the optimal structure of voltage controllers for ac inverter
systems. In deriving the controller, we present a system-
atic design framework for designing multivariable voltage
controllers with robust and optimal performance. The de-
sign framework provides a systematic means of targeting
performance specifications that arise in typical ac power

B. Johnson and B. Lundstrom are with the National Renewable Energy
Laboratory (NREL), Golden, Colorado, USA. NREL is a national labora-
tory of the U.S. Department of Energy, Office of Energy Efficiency and
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S. Salapaka is with Department of Mechanical Engineering
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M. Salapaka is with the Department of Electrical and Computer Engi-
neering at the University of Minnesota. Email: murtis@umn.edu

systems. As our main result, we show that the resulting
optimal controller has an outer voltage controller and an
inner current controller embedded in it. This result confirms
that the inner-outer structure is optimal and substantiates the
longstanding observation in conventional designs that inner-
outer structures have superior performance [7]–[9].

Problems related to robust and optimal design of inverter
controllers have received recent attention. In [10], [11],
inverter controller parameters are obtained after solving
a servomechanism robust optimization problem. The H∞
framework and internal model principle were recently ap-
plied with the objective of rejecting periodic disturbances
in microgrids [12], [13]. Along similar lines, optimal con-
trollers for static VAR compensators have been investigated
[14]. Here, our focus is on studying the structure of the op-
timal controller itself and outlining an unambiguous design
procedure.

The outer-voltage inner-current control structure has a
rich history in the power community and has been utilized
extensively in single- and three-phase [8], [15] inverters
as well as dc-dc converters [7], [9]. Going back several
decades, some of the earliest uses of the inner-outer control
structure are found in dc-dc converter applications [16]
and was first employed due to its superior performance in
comparison to single-loop controllers. Subsequent analysis
and engineering judgment have indicated an inherent ro-
bustness to load variations and its application has become
well-established in inverters for ac systems [8]. Despite its
advantages over single-loop controllers, traditional inner-
outer design methods are iterative in nature, are not tailored
for multiple input systems, and do not offer performance
guarantees. In contrast, the proposed method is well-suited
for multivariable settings and guarantees optimality.

The main contributions of this paper are as follows: i)
we demonstrate that that the optimal voltage controller has
an inner-outer structure, and ii) in deriving the optimal
controller, we describe a systematic design process which
incorporates practical performance specifications in ac in-
verter systems.

The manuscript is organized in the following manner.
In Section II we introduce the reader to the inverter sys-
tem model, formulate the design problem, derive the plant
model, and outline practical considerations for ac power
electronics systems. The classical inner-outer structure is
introduced and its correspondence with the optimal H∞
is established in Section III. Concluding statements are in
Section IV.
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Fig. 1. A system consisting of a single-phase inverter connected across
an impedance load with an LC filter and closed-loop controller. The
unmodelled current source, ĩd, accounts for unknown sources and loads.
The inverter hardware, shown on the bottom, produces an instantaneous
switched voltage v̂inv. Using averaging, the inverter is modeled as a
controllable voltage source which follows the signal vinv.

II. SYSTEM MODEL, PROBLEM FORMULATION, AND
CONTROL DESIGN

A. Inverter System Description

Consider the system in Fig. 1 which consists of a power
electronics inverter connected across an impedance load, zL.
The inverter draws power from a dc source and generates a
switched ac voltage, v̂inv, which serves as a control variable.
Using pulse width modulation (PWM) techniques and a
high switching frequency, the switch cycle average of v̂inv
follows the command vinv [8]. The inductance, L, and
capacitance, C, filter high-frequency harmonics generated
by the switching action. R accounts for ohmic losses in the
inductor and r is the branch resistance which interfaces the
inverter terminals to the remaining system. ĩd encapsulates
the behavior of unknown loads and sources in the system
and is treated as a disturbance. Since the switching period
is typically much smaller than the filter time-constants, we
model the switch terminals as a controllable voltage source
which follows the control signal vinv. This averaged model
facilitates design, modeling, and analysis.

We assume that the measured signals include the inductor
current iinv, capacitor voltage v, and output branch current
i. The objective is to design a feedback law that generates
a voltage command, vinv, which ensures, i) v tracks v∗,
ii) control performance is robust to parametric uncertainty,
iii) the recovery time after disturbances and transients is
small, and iv) the control signal, vinv, respects bandwidth
limitations.
H∞ methods provide a framework for addressing multi-

ple objectives such as those in the previous paragraph. With
this approach, a linear stabilizing control law is obtained
by posing and solving an optimization problem. In the
remainder of the paper, we apply the H∞ framework to
derive a controller K(s) and subsequently show that the
optimal design exhibits an inner-outer structure.

K rLC
1−Y η

∗v
iLv

di

inviu v

1W
dW

2W

1z
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+

+

+
++

−− η

+
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+

r

CYinvY
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dĩ

Fig. 2. Block-diagram of the inverter circuit. The regulated variables, z1
and z2, are shown in red and the measurements are shown in green.

B. Problem Formalization

We denote i) the external input as w(s)1 where
w(s) = id(s) for the system in Fig. 1, ii) the con-
trol input as u(s) = vinv(s) − v(s) for the single in-
verter system, iii) the regulated output as z(s) and we
pick z(s) = [W1(s)(v

∗(s)− v(s)),W2(s)vinv(s)]
> where

W1(s) and W2(s) are user-defined weighting transfer func-
tions, and iv) the measured output as y(s) where y(s) =
[v∗(s)− v(s), i(s), iinv(s)]> for the inverter circuit. The
physical configuration for this system is shown in Fig. 1.

The inductor current is given by

iinv(s) = Yinv(s) (vinv(s)− v(s)) , (1)

where Yinv(s) := (sL+R)
−1. The load voltage can be

expressed as

vL(s) =
(
η(s)iinv(s) + ĩd(s)

)
Y −1rLC(s), (2)

where we define

η(s) :=
zC(s)

zC(s) + r
, (3)

YrCL(s) := YC(s)η(s) + YL(s), (4)

and YC(s) := z−1C (s) = sC. Along similar lines, the
capacitor voltage can be written as

v(s) = (riinv(s) + vL(s)) η(s). (5)

Lastly, the capacitor state-equation can be rearranged to
yield

i(s) = iinv(s)− YC(s)v(s). (6)

Using (1)–(6), recalling u(s) = vinv(s) − v(s) and z(s) =
[W1(s)(v

∗(s)− v(s)),W2(s)vinv(s)]
>, the block-diagram

of the inverter circuit with the regulated variables is given
in Fig. 2. Note that the transfer function, Wd(s) is a
user-defined transfer function which defines the expected
frequency range of disturbances.

1From here forward, s = σ + jω is a complex variable and proper
transfer functions are assumed throughout.
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The mapping from inputs w(s) and u(s) to outputs z(s)
and y(s) is given as:

W1(s)(v
∗(s)− v(s))

W2(s)vinv(s)
v∗(s)− v(s)

i(s)
iinv(s)

 = G(s)

[
id(s)

vinv(s)− v(s)

]
,

(7)
where, the generalized plant transfer matrix is
−W1(s)Wd(s)η(s)

YrLC(s) −W1(s)η(s)(1+rYL(s))Yinv(s)
YrLC(s)

W2(s)Wd(s)η(s)
YrLC(s) W2(s)

(
1+

η(s)(1+rYL(s))Yinv(s)

YrLC(s)

)
− η(s)
YrLC(s) −η(s)(1+rYL(s))Yinv(s)

YrLC(s)

−η(s)Yc(s)
YrLC(s)

η(s)YL(s)Yinv(s)
YrLC(s)

0 Yinv(s)


︸ ︷︷ ︸

=G(s)

. (8)

The derivation of (8) is summarized in Appendix-A. Having
obtained G(s), the controller K(s) can be found after
specifying the user-defined transfer functions W1(s), W2(s),
and Wd(s) and solving the H∞ design problem.

Remark 1: Although the load is generally unknown and
does not have static parameters, an estimate of the load
admittance can be utilized in the plant model. Subsequently,
we show robust performance to load variations.

C. Design of Weighting Transfer Functions

Here, we outline a set of guidelines for designing the cost
transfer functions which encapsulate practical performance
objectives and system properties.

1) Voltage regulation function W1(s): Referring to the
first row in (7), it is apparent that W1(s) has a direct
relationship on the voltage tracking error. Accordingly,
W1(s) is designed such that tracking error at the nominal
ac frequency, ωo, is minimized, the resonant behavior of
the inverter LC filter is damped by the controller, and
performance within the inverter bandwidth is emphasized.
Accordingly, W1(s) can be ascribed the following general
form:

W1(s) = κ1Gωo(s)Grlc(s)Gbw(s), (9)

where κ1 is an overall gain factor, Gωo(s) is tuned such
that it has a large amplitude at ωo, Grlc(s) damps out
the resonant behavior of the RLC elements in the filter,
and Gbw(s) emphasizes performance within the inverter
bandwidth.2 Gωo(s) can be written as the superposition of
a band-pass and notch filter with the following expression

Gωo(s) =
κNs

2 + 2κBPζωos+ κBPω
2
o

s2 + 2ζωos+ ω2
o

, (10)

where κN and κBP are the gains of the notch and bandpass
components, respectively, and ζ is the damping factor. Since
we wish to emphasize performance at the rated frequency,
ωo, we must pick κBP > κN. For variable frequency ac

2In practice, the inverter bandwidth is limited by the switching frequency,
sampling frequency, and time-step size of the digital controller.

systems, it may be necessary to increase ζ to broaden the
frequency range where Gωo(s) is large. This approach of
emphasizing the controller response at the rated system fre-
quency is similar to the widely used proportional-resonant
controller for ac systems [20], [21].

Undesired inverter filter resonance can be mitigated by
including a model of the filter within Grlc(s). Referring
to Fig. 1, denote the parallel impedance of the RL branch
and capacitor as zf(s) := (R+ sL) ‖(sC)−1. We ascribe
Grlc(s) the following form:

Grlc(s) = (zf(s) + 1)
den(zf(s))

α(s)
. (11)

In practice, the output filter is designed with minimal
resistive losses such that high efficiency is maintained. Con-
sequently, zf(s) usually exhibits a tight peak at 1/

√
LC and

small gain at all other frequencies. To provide robustness
to parameter variations (typical filter component tolerances
are ±10%) we wish to damp frequencies around 1/

√
LC

by tuning Grlc(s). Towards that end, den(zf(s))/α(s) is
selected to attain the desired response around 1/

√
LC and

the addition of 1 in the first factor of (11) flattens the gain
to unity at asymptotically high and low frequencies.

Reference tracking at frequencies within the inverter
bandwidth can be further enhanced by including the transfer
function, Gbw(s). Specifically, to ensure W1(s) does not
emphasize high frequencies which cannot be realized by
the hardware, Gbw(s) can be selected as a low-pass filter.
Here, we pick

Gbw(s) = (ωlpf/ (s+ ωlpf))
2
. (12)

Lastly, the overall gain factor, κ1, in (9) is proportional to
the voltage regulation aggressiveness of the controller and
can be tuned accordingly.

2) Inverter voltage control effort weighting function
W2(s): Referring to (7), it follows that W2(s) corresponds
to shaping the performance of vinv. Since there are no corre-
sponding reference signals to track, W2(s) can be designed
to suppress high-frequency control effort. Accordingly, a
high-pass filter or a related variation can be used as given
below

W2(s) =W3(s) =
c1s+ ωw

s+ c2ωw
, (13)

where c1 and c−12 are the asymptotic gains at high fre-
quencies and dc, respectively, and c1ωw and c−12 are the
frequency breakpoints.

3) Disturbance current transfer function Wd(s): The
function, Wd(s), characterizes the response of expected
disturbances. For systems with linear loads, we can assume
that disturbance currents have components primarily at ωo.
However, if nonlinear disturbances, such as diode rectifier
loads and switching power supplies, are anticipated, Wd(s)
can be chosen to emphasize higher order harmonics. If the
frequency content of unmodelled loads is anticipated, Wd(s)
can be chosen accordingly. For instance, the harmonics of
rectifier loads are well characterized in [18], [19]. Here,
we choose this function as a low-pass filter (i.e., Wd(s) =
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Fig. 3. Conventional voltage controller with an inner-outer structure.

1/
(
ω−1d s+ 1

)
) such that low-order harmonic rejection is

emphasized.

III. OPTIMAL CONTROL STRUCTURE AND
PERFORMANCE

In this section, we first introduce the classical voltage
controller and subsequently demonstrate its correspondence
with the proposed H∞ design.

A. The Outer-Voltage Inner-Current Control Structure
Consider the well-known voltage controller in Fig. 3

which exhibits an inner-outer structure [7], [8], [15]. In
this classical system, an outer voltage controller, Kv(s),
generates a reference, i∗inv(s), for an inner current controller,
Ki(s). The feedforward terms, i(s) and v(s), are used to
cancel signals which act as disturbances in the LC filter
plant. The intuition behind this design is that the inner
current controller allows for direct control of the energy
delivered by the inductor without introducing delays from
the capacitor. The architecture in Fig. 3 dates back several
decades [16]. Referring to Fig. 3, the current controller
output can be written as

vinv(s)− v(s)
= Ki(s) (i

∗
inv(s)− iinv(s))

= Kv(s)Ki(s) (v
∗(s)− v(s)) +Ki(s) (i(s)− iinv(s)) .(14)

Next, let’s consider the H∞ controller, K(s), that
we designed in Section II. This controller has inputs
[v∗(s)− v(s), i(s), iinv(s)]> and output signal is u(s) =
vinv(s)−v(s).3 Denote the controller transfer matrix entries

3The decision to pick u(s) = vinv(s) − v(s) becomes clear since this
provides an intrinsic voltage feedforward.
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Fig. 5. Responses of the controller for filter parameters L = 1 mH,
C = 22µF, and R = 10 mΩ when (a) κ1 = 102, and (b) κ1 = 104.
The voltage tracking error to control signal transfer function is shown on
the left. The responses from the output and inductor currents to control
signal are given on the right. Note that the magnitudes of the currents-to-
control transfer functions coincide over most of the frequency range and the
phases are separated by 180o. Here, the optimality of a control architecture
with an “outer” voltage controller and “inner” current controller is implied.

as K(s) = [Kue(s),Kui(s),Kuinv(s)], where Kue(s) is
the transfer function between the voltage error and control
signal, Kui(s) processes the output current measurement,
and Kuinv(s) corresponds to the inverter inductor current.
If Kui(s) ≈ −Kuinv(s), it follows that

u(s) := vinv(s)− v(s)
= Kue(s) (v

∗(s)− v(s)) +Kui(s)i(s) +Kuinv(s)iinv(s)

≈ Kue(s) (v
∗(s)− v(s)) +Kui(s) (i(s)− iinv(s)) . (15)

Comparing (15) and (14), it is apparent that if Kui(s) ≈
−Kuinv(s) holds, then the H∞ controller, K(s), has the
same structure as the classical controller in Fig. 3. This leads
us to the main result of the paper.

B. Optimality of inner current control and outer voltage
control configuration

Given the generalized plant matrix in (8), the weighting
transfer functions in (9)–(13), and the parameters in Table
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Fig. 6. Responses of the controller for filter parameters L = 3 mH,
C = 66µF, and R = 30 mΩ when (a) κ1 = 102, and (b) κ1 = 104.
As shown, the inner-outer structure remains despite variations in the filter
parameters and control gains.

1, the controller, K(s), is obtained after solving the H∞
design problem. As illustrated in Fig. 4, the voltage tracking
weighting transfer function, W1(s), has peaks at 2π60 rad/s
and 1/

√
LC. The transfer function, W2(s), exhibits a high-

pass characteristic. Having obtained the controller, we now
study the responses of Kui(s) and Kuinv(s).

As shown in, Figs. 5 and 6, the control response to both
current measurements is similar in magnitude over a broad
frequency range and they exhibit a 180o phase shift between
each other. This result confirms Kui(s) ≈ −Kuinv(s)
which implies the relationship in (15) and establishes a
correspondence with the conventional inner-outer response
in (14). This observation holds for parametric variations in
the plant output filter and the controller gains. In particular,
the L, C, and R filter values in Figs. 5 and 6 differ by a
factor of 3 and the respective subplots utilize a weighting
coefficient κ1 that varies by a factor of 100. This provides
strong evidence that Kui(s) ≈ −Kuinv(s) holds over a
broad set of conditions. It is worth noting and especially
interesting that the inner-current controller appears despite
the exclusion of current as a regulated variable.
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Fig. 7. A comparison of disturbance rejection for filter parameters L =
1 mH, C = 22µF, and R = 10 mΩ when, (a) the weighting coefficient
κ1 = 102, and (b) κ1 = 104. In the simulation, a sinusoidal current
disturbance is abruptly started at t = 0.1 s. As illustrated, the controller
with the larger coefficient in W1(s) reduces the error amplitude during
transients and reaches a lower steady-state error. Note that the error during
the transient exhibits oscillatory behavior at the filter resonant frequency.

C. Time-Domain Performance

Here we analyze the time-domain performance of the
system in Fig. 1 with the optimal controller. In the gener-
alized plant matrix, a nominal parallel RL load is assumed
which consumes 1 kW of real power with a power factor
of 0.8. A sinusoidal voltage reference is utilized where
v∗(t) = 120

√
2 sin (ωot).

We observe the case when a disturbance current, id, is
injected into the load. Referring to Fig. 7, the inverter is
initially delivering power to the nominal load. At t = 0.1 s,
a sinusoidal disturbance current with amplitude 10A and
120o phase shift is initiated. To illustrate how controller
performance is easily adjusted by tuning the weighting
transfer functions, we compare voltage regulation when the
performance coefficient κ1 in (9) is adjusted. In Figs. 7(a)
and 7(b), κ1 is assigned a value of 102 and 104, respectively.
In comparing the response of the two systems, it is evident
that the controller with the larger value of κ1 yields a smaller
voltage tracking error during both transients and in steady-
state.

IV. CONCLUSION

Here, we studied the optimal structure of voltage con-
trollers for inverters. It was shown that the optimal con-
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TABLE I
PLANT AND CONTROLLER PARAMETERS.

R = 10 mΩ, 30 mΩ r = 1 Ω
C = 22µF, 66µF L = 1 mH, 3 mH

Y −1
L(nom)

= 12 Ω + s(42.4 mH) κ1 = 102, 104

κN = 1 κBP = 102

ζ = 0.01 α(s) = LCs2 + 100RCs+ 1

ωlpf = 8ωo c1 = c2 = 0.01
ωw = 4ωo ωd = 3ωo

troller, obtained via H∞ synthesis, contains outer-voltage
and inner-current control loops embedded in it. This result is
obtained despite variations in the design parameters and the
intentional exclusion of current design specifications. This
suggests that the optimality of the inner-outer structure holds
over a wide parameter space and is generally applicable. As
part of future efforts, an analytical proof of the inner-outer
structure is in progress.

APPENDIX

A. Computation of G(s)

v∗(s)− v(s) is given by

v∗(s)− v(s)

= v∗(s)−
(

η(s)

YrLC(s)

)
id(s)

−
(
η(s) (1 + rYL(s))Yinv(s)

YrLC(s)

)
(vinv(s)− v(s)) , (16)

where the final expression follows from

r + η(s)Y −1rLC(s) = Y −1rLC(s) (1 + rYL(s)) , (17)

and YL(s) := z−1L (s). (16) accounts for the first and third
rows of G(s) in (7).

The inverter voltage can be written in terms of id(s) and
(vinv(s)− v(s)) as given below:

vinv(s)

=
Wd(s)η(s)

YrLC(s)
id(s) +(

1 +
η(s) (1 + rYL(s))Yinv(s)

YrLC(s)

)
(vinv(s)− v(s)) ,(18)

The result in (18) corresponds to the second row of (7).
Along similar lines, the inverter output current can be

expressed as

i(s)

= −
(
Wd(s)η(s)Yc(s)

YrLC(s)

)
id(s)

+

(
η(s)YL(s)Yinv(s)

YrLC(s)

)
(vinv(s)− v(s)) , (19)

where we utilized the fact that

1− rYc(s)η(s)−
η2(s)Yc(s)

YrLC(s)
=
η(s)YL(s)

YrLC(s)
. (20)

The fourth row of G(s) is characterized using (19) and the
last row is given by (1).
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Algorithms and Intractability Results for Minimal Controllability
Problems: An Extended Abstract

Alex Olshevsky1

We consider the problem of actuator selection: given a
linear system, we would like to choose a set of variables to
actuate which make the system controllable. Our interest is
motivated by the recent emergence of large-scale systems,
ranging from electricity distribution systems to biological
networks, to which one would like to apply control strategies
and where actuating even a constant fraction of the variables
is not realistically feasible. It is natural to wonder whether
such systems can be steered from strategies which affect only
a tiny fraction of the variables in the system.

Formally, we consider the following problem: given a
linear system on n variables,

ẋi =

n∑
j=1

aijxj , i = 1, . . . , n,

find a set I ⊂ {1, . . . , n} of smallest cardinality such that
the actuated system

ẋi =

n∑
j=1

aijxj + ui, i ∈ I,

ẋi =

n∑
j=1

aijxj , i /∈ I. (1)

is controllable. We adopt the notation I∗(A) to denote an
optimal solution set of this problem. We refer to this as the
minimal controllability problem.

One may, of course, attempt to enumerate all the 2n

subsets of {1, . . . , n} and check each one for controllability
but this would take prohibitively long. Unfortunately, the next
theorem shows that this is essentially inevitable.

Theorem 1 ([4]). There exists a constants c with the follow-
ing property: unless P = NP , there is no polynomial-time
algorithm which given the matrix A produces a set I such
that Eq. (1) is controllable and

|I|
|I∗(A)|

≤ c log n.

This is a rather pessimistic result: not only is it not possible
to solve the minimal controllability problemin polynomial
time (unless P = NP ), it is not even possible to approximate
it to anything less than a multiplicative factor of O(log n).
We argue this explains why there are so few results on this
problem in the existing literature, despite attention dating
back to the 1960s [7].

This work was supported by NSF award ECCS-1351684 ??
1Alex Olshevsky is with the Coordinated Science Lab, University of

Illinois at Urbana-Champaign, aolshev2@illinois.edu

We now turn to the ways in which the problem may be
solvable, of which we enumerate several. First, one might
wonder at whether the bound of Theorem 1 is achievable;
does there exist an algorithm which produces an O(log n)
approximation to the minimal controllability set?

A positive answer would be interesting since, ultimately,
the goal is to avoid having to choose input which actuate
every state in the network or a positive fraction of the states.
For example, if the network is controllable from a constant
number of actuated states, such an approximation algorithm
would control it from O(log n) actuated states – which is
still a negligible fraction of the total n state variables.

Fortunately, the answer to this last question is indeed
positive as the next theorem shows. Given set I , let us
adopt the notation BI to denote the diagonal matrix which
satisfies Bii = 1 whenever i ∈ I and Bii = 0 otherwise.
As is standard, C(A,B) denotes the controllability matrix
[B, AB, . . . , An−1B].

Theorem 2 ([4]). Consider the heuristic which, at each step,
adds a single variable to the set I maximize the rank increase
of the controllability matrix C(A,BI) until the system is
controllable. This heuristic has the property that, after it
terminates, we have

|I|
|I∗(A)|

≤ c′ log n,

for some constant c′.

We remark that there is no contradiction between the
above two theorems since the constants c and c′ need not
be identical. Moreover, it is obvious that this heuristic can
be implemented in polynomial time. Taken together, the
two theorems can be said to resolve the complexity of the
minimal controllability problem.

We next observe that a similar result is true even if there
are “forbidden variables.” Indeed, suppose we are given the
matrix A as before but now additionally we are given a subset
F of variables and our goal is to find the set of variables I
of smallest cardinality which makes Eq. (1) controllable and
satisfies I ∩F = ∅. Intuitively, some variables are “internal”
to the system and cannot be actuated. Let as assume that
choosing I = F c renders the system controllable (else
the problem is vacuous) and let I∗F (A) denote an optimal
solution to this problem. The next theorem shows that a
natural modification of the previous theorem carries the same
guarantee.

Theorem 3. The heuristic which repeatedly adds variables
from the complement of F to the set I to maximize the rank
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increase of the controllability matrix C(A,BI) at each step
until the system is controllable has the property that, after it
terminates, we have

|I|
|I∗F (A)|

≤ c′′ log n

for some constant c′′.

Finally we describe another way in which the minimal
controllability problems is solvable, namely after passing to
the so-called “structural” version.

For any matrix A, let Z(A) be the set of pairs (i, j) with
Aij = 0. We will say that the linear system ẋ = Ax is
structurally controllable if there exists another matrix B with
Z(A) ⊂ Z(B) such that ẋ = Bx is controllable.

It is possible to show that if ẋ = Ax is structurally
controllable, then ẋ = Bx is controllable for almost all
matrices B which satisfy Bij = 0 whenever Aij = 0. In
other words, a system is structurally controllable if and only
if one can perturb the nonzero elements of A by an arbitrarily
small amount and obtain a controllable system [2].

It turns out that the structural minimal controllability
problem can be solved quite fast, as the next theorem
demonstrates.

Theorem 4 ([5]). Let A be a matrix with m nonzero entries.
Then in O(n+m

√
n) deterministic operations it is possible

to find a set of variables I such that Eq. (1) is structurally
controllable, and moreover I is the smallest set with this
property.

The result is related to the recent paper [3], which obtained
a similar running time for the different problem of minimiz-
ing the number of driver nodes (see [3] for a definition).
Earlier results [6] had a worse running time and the recent
paper [1] showed the runing time of the last theorem cannot
be improved unless faster protocols for maximum matching
in bipartite graphs are obtained.
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Explicitly solvable bilinear optimal control problems
with applications in ecology.

Erik I. Verriest1 Gunther Dirr2 Uwe Helmke2 and Oliver Mitesser3

Abstract— For a class of bilinear systems, we show how
the optimal control problem with a reward functional that is
linear in the states can be solved using a simple change of
variables in the input functions. Sufficient conditions are given
for the optimal control to be of bang-bang type. The problem
is applied to a problem studied in mathematical biology,
modeling the dynamic behavior of eusocial bees, originally
discussed by Macevicz and Oster [7].

Keywords: bilinear systems, optimal control, bang-bang
control, population dynamics, ecology model

AMS subject classifications: 49J15.49J30,92D40

I. INTRODUCTION

It is well-known that even very simple nonlinear optimal
control problems are notoriously hard to solve. In this paper,
we will make use of a simple change of variables in the
input functions to solve a class of bilinear optimal control
problems

ẋ(t) = (A+ u(t)bc)x(t), x(0) = x0,

max
∫ T

0 ℓ(x(t), cx(t)u(t), t) dt.
(1)

Controllability properties of such bilinear systems have been
analyzed by Brockett [2] and Hayek [3], who established
convexity of the reachable sets under mild conditions. In
this paper, we show how one can solve the optimal control
problem (1) for linear, possibly time dependent reward
functionals. We establish sufficient conditions for the optimal
control to be bang-bang with a unique switching point
including explicit expressions for the switching time and
the optimal value of the reward. We then apply this to an
optimal control problem arising in mathematical biology, that
of optimal resource allocation for annual eusocial insects.
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This leads to a two-dimensional optimal control problem (1)
that has been first studied by Macevicz and Oster [7]. Our
results strengthen and extend their earlier work and shed new
light on the optimal resource allocation problem for annual
eusocial insects.

II. A TRANSFORMATION TECHNIQUE FOR BILINEAR

OPTIMAL CONTROL PROBLEMS

We begin with a formulation of the transformation tech-
nique for general nonlinear systems

ẋ = f(x,R(x)u) (2)

where R(x) ≥ 0 denotes a smooth scalar real valued func-
tion. We assume that the input values u(t) are constrained
to the interval 0 ≤ u(t) ≤ 1. Let U denote the set of
all L∞-input functions with values in [0, 1]. The optimal
control problem we then consider is to maximize the reward
functional

J(u) :=

∫ T

0

ℓ(x(t), R(x(t))u(t), t) dt (3)

over all controls u ∈ U under the constraint (2), i.e.

ẋ(t) = f(x,R(x)u), x(0) = x0,

max
u∈U

∫ T

0

ℓ
(

x(t), R(x(t))u(t), t
)

dt.
(P1)

A classical approach to solve this problem is the celebrated
Pontryagin Maximum Principle [6], [14], [4]. In order to
do so, it is however more convenient to first transform
the input functions using the state dependent transformation
v := R(x)u. Thus the set of admissible controls U gets
transformed into a class V of control functions v satisfying
the state dependent constraint v ∈ [0, R(x)]. More precisely,
the input constraint u ∈ U gets replaced by the constraint
V := {(x(t), v(t))|0 ≤ v(t) ≤ R(x(t)} on pairs (x, v) of
admissible state and input trajectories. Therefore, we obtain
the optimal control problem

ż = f(z, v), z(0) = x0,

max
(z,v)∈V

∫ T

0

ℓ
(

z(t), v(t), t
)

dt.
(P2)

Here, we replaced the state variable x by z in order to
distinguish more easily between (P1) and (P2). We refer to
(P2) as the input linearized version of (P1). Note that the
optimal control problem (P2) is now simplified, but at the
expense of using state dependent constraints on the values of
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the input functions v. We continue with a brief formulation
of the equivalence principle that is used subsequently.

Proposition 1 (Equivalence Principle): Let Ω ⊂ R
n be a

subset that is invariant under the flow of (2) for all controls
u ∈ U . Assume further that R(x) > 0 on Ω. Then, for q ∈ Ω,
the optimal control problems (P1) and (P2) are equivalent
in the following sense:

(a) If u∗ ∈ U is an optimal control for (P1) with
corresponding state trajectory x∗(t), then the pair
(x∗(t), R(x∗(t))u(t)) is optimal for (P2).

(b) Conversely, if the pair (z∗(t), v∗(t)) is optimal for (P2),
then u∗(t) := R(z∗(t))

−1v∗(t) is an optimal control for
(P1) with corresponding state trajectory z∗(t).

A. Bilinear systems with linear cost functionals

We next detail this approach for bilinear control problems
of the form

ẋ(t) = (A+ u(t)bc)x(t), x(0) = x0,

max
∫ T

0
k⊤(t)x(t) dt + h⊤x(T ),

(4)

where the controls are restricted to 0 ≤ u(t) ≤ 1. Here,
A ∈ R

n×n, b, h ∈ R
n, c ∈ R

1×n, and t 7→ k(t) ∈ R
n are

given. Moreover, we assume that (4) is a positive system,
i.e., the states of (4) are supposed to evolve in the closed
positive orthant R

n
+ := [0; 1)n. A necessary and sufficient

condition for this to hold is that both A and A + bc are
Metzler matrices, i.e., their off-diagonal entries of are
non-negative [1]. In order to proceed with the analysis
of (4) we impose the following conditions on the system
parameters A, b, c, h, k(t).

Assumptions.

(A1) A and A+ bc are Metzler matrices and the components
of c are nonnegative (indicated by c ≥ 0).

(A2) The initial state x0 ≥ 0 satisfies cx0 > 0.
(A3) The map t 7→ q(t) := k(t) + A⊤h is real analytic and

there exits m ∈ N such that
m
∑

k=0

(q(k)(T ))⊤Am+kb 6= 0.

Brockett [2] has shown under assumption (A1) that the
reachable sets RT of the bilinear (5) are convex; see also
Hayek [3] for related results. Our goal is to solve the optimal
control problem (4), which is equivalent to

ẋ(t) = (A+ u(t)bc)x(t), x(0) = x0,

max
∫ T

0 [(k⊤(t) + h⊤A)x(t) + h⊤bu(t)cx(t)] dt.
(5)

In order to obtain further information on the optimal controls
we apply the above described change of variables to the
input values. Using the state dependent input transformation
v = ucx (and renaming x to z) the bilinear optimal control
problem (4) or, equivalently, (5) is transformed into the linear
optimal control problem

ż(t) = Az(t) + bv(t), z(0) = x0,

max
∫ T

0
(k⊤(t) + h⊤A)z(t) + h⊤bv(t) dt.

(6)

with state dependent constraints on the controls 0 ≤ v(t) ≤
cz(t). We will see that the equivalence principle of Propo-
sition 1 guarantees that (6), (5) and (4) are equivalent.
By convexity of the reachable set RT , the linear problem
(6) amounts to a convex optimization problem. Via the
Pontryagin maximum principle, we obtain the Hamiltonian

H(z, v, λ, t) = (k⊤(t)+h⊤A)z+h⊤bv+λ⊤(Az+bv), (7)

and costate equation

λ̇ = −A⊤(λ + h)− k(t)−
∂H

∂v

∂v∗

∂z
, λ(T ) = 0. (8)

where v∗(z) is the optimal control derived from the maxi-
mum principle for the linear problem. Now, we are prepared
to state our main result on the optimal control problem (4).

Theorem 1: Let assumptions (A1) – (A3) be satisfied.
Then there exists a unique control u∗ : [0;T ] → [0; 1] that
solves (4). The optimal control u∗ is bang-bang and there
exist no singular arcs. Moreover, assume that the switching
function

σ(t) := b⊤(h+ λ(t)),

where

σ(t) > 0 ⇒ λ̇ = −(A+ bc)⊤(h+ λ)− k

σ(t) < 0 ⇒ λ̇ = −A⊤(h+ λ)− k,

with final condition σ(T ) = h⊤b, has a unique root ts in
(0, T ) such that σ(t) > 0 for 0 < t < ts and σ(t) < 0
for ts < t < T . Then, if h⊤b < 0, the unique control
u∗ : [0;T ] → [0; 1] is given by

u∗(t) =

{

1 if 0 ≤ t < ts
0 if ts < t ≤ T

with unique switching time ts and optimal state trajectory

x∗(t) =

{

e(A+bc)tx0 if 0 ≤ t≤ ts
eA(t−ts)e(A+bc)tsx0 if ts < t ≤ T.

The switching time is then the solution to

h⊤eA(T−ts)b+

∫ T

ts

k⊤(s)eA(s−ts)b ds = 0.

III. THE LINEAR RESOURCE MODEL

The analysis of optimal resource investment strategies in
annual social insects like wasps, bumble bees or halictits was
strongly influenced by the work of Macevicz and Oster [7]
and Oster and Wilson [11], who reformulated these tasks as
optimal control problem for the bilinear control system

Ẇ (t) = −µW (t) + γW (t)u(t)

Ṡ(t) = −νS(t) + γW (t)(1− u(t))
(9)

In this model W (t) is the population of worker bees, while
S(t) is the population of sexual bees. It is assumed that
the resource is a known linear function of W (t). Moreover,
α > 0, β > 0, γ > 0 are constants.

Macevicz and Oster [7] developed an optimality analysis
of the temporal pattern of workers W and sexual production
S in annual colony cycles. Concerning the task of optimizing
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the output S(T ) of sexuals, they proved the pure worker
production followed by pure sexual production (bang-bang
strategy) to be the optimal policy to maximize the number
of sexuals at the end of the season (Darwinian fitness) for a
wide range of ecological conditions. However, their analysis
was not complete in all details. Subsequent work by [8], [9],
[10], [12], [5] extended the scope and considered additional
biological details.

The allocation problem consists in determining the optimal
u-profile, constrained by 0 ≤ u(t) ≤ 1, to optimize S(T ).
Thus we aim at maximizing the production of sexual bees
in (9).

With the state x = [W,S]⊤ and c = [γ, 0], we obtain a
linear system

d

dt

[

W (t)
S(t)

]

=

[

−µ 0
γ −ν

]

︸ ︷︷ ︸

A

[

W (t)
S(t)

]

+

[

1
−1

]

︸ ︷︷ ︸

b

v(t).

(10)
The objective function may be rewritten with h⊤ = [0, 1], as

J = S(T ) =

∫ T

0

Ṡ(t) dt =

∫ T

0

h⊤ẋ(t) dt.

However, the control has now a state dependent constraint

0 ≤ v(t) ≤ γW (t) = cx(t).

A straightforward computation shows that the matrix ex-
ponential function for A is

eAt =

[

e−µt 0
γ

ν−µ
(e−µt − e−νt) e−νt

]

,

while

e(A+bc)t =

[

e(γ−µ)t 0
0 e−νt

]

.

Here b⊤h = −1 < 0, so that in the control must end with
v = 0. The switching function σ(t) in the final interval
(where v = 0) is

h⊤eA(T−t)b =
γ

ν − µ
e−µ(T−t) −

γ − µ− ν

ν − µ
e−ν(T−t),

so that the switching time is determined by its zero crossing
ts. For µ > ν and γ − µ+ ν > 0 we obtain

ts = T −
1

ν − µ
ln

(

1−
µ− ν

γ

)

. (11)

Since the switching point is unique, we have in the inter-
val (ts, T ) the control v = 0 and the trajectory x(t) =
e(t−ts)Axts . In the interval (0, ts), one gets v(t) = cx(t),
and the trajectory is given by x(t) = et(A+bc)x0. Altogether
we obtain

Theorem 2: Assume that 0 < µ−ν < γ. There is a unique
optimal control u that maximizes J = S(T ), which is bang-
bang

u∗(t) =
1 if 1 ≤ t ≤ ts
0 if ts ≤ t ≤ T,

with unique switching time

ts = T −
1

ν − µ
ln

(

1−
µ− ν

γ

)

.

There is no singular arc. The optimal trajectory for S(0) = 0
and W (0) = 1, is

W (t) =

{

e(c−µ)t if t ≤ ts
ects−µt if t > ts

and

S(t) =

{

0 if t ≤ ts
γ

µ−ν

(

e(γ−µ+ν)ts−νt − eγts−µt
)

if t > ts.

The optimal reward (final population of sexual bees) is

S∗(T ) =
γe(γ−µ)T

γ − µ+ ν

(

1−
µ− ν

γ

)

γ

µ−ν

.

Proof: The assumptions of Theorem 1 are satisfied.
The result follows by substituting the explicit formula for
eAt into the expressions for the optimal state trajectory and
optimal cost. The formula (11) for the unique switching time
completes the proof.

It is of interest to determine the control (switching time)
in feedback form. Noting that at the switching time, the
population of worker bees is W (ts) = e(γ−µ)ts , one gets
upon substituting ts that

W (ts)

W (T )
= eµ(ts−T ) =

(

1−
µ− ν

γ

)

µ

µ−ν
def
= Γ.

Loosely speaking, one can think of W (T ) as a carrying
capacity of the colony, so that switching occurs when a
fraction Γ of the carrying capacity is reached. Note that if
(µ−ν)/γ is small, then using the exponential approximation
for

(

1−
µ− ν

γ

)

µ

µ−ν

=

[

(

1−
µ− ν

γ

)

γ

µ−ν

]

µ

γ

we see that
ln Γ ≃ −

µ

γ
,

which is the ratio of the net growth rate (of worker bees) to
their birth rate.

For the parameter values γ = 1, µ = 0.5, ν = 0.2, and
season length T = 10, we display the results below.

Fig. 1. States for optimal (blue= W , green=S) and non-optimal (ts = 7)
(blue=W , red=S) switching
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Figure 1 shows the trajectories for the states (W and S)
in the optimal switching and a non-optimal switching case.
For the given parameter values, the optimal switching occurs
at ts = 8.811083520. The yield as function of the switching
time 0 ≤ ts ≤ T is shown in Figure 2.

Fig. 2. Final population of sexual bees in function of switching time

A. Average cost

We next study the same bilinear control system (9), but
with the modified cost functional (α > 0)

J2 =

∫ T

0

e−αth⊤x(t)dt. (12)

This case has not been studied so far, but is of considerable
interest to biologists. A straightforward computation shows
that for µ 6= ν the switching function σ(t) is equal to

σ(t) =
e−αts(t)

(ν − µ)(α+ µ)(α + ν)
,

where

s(t) =(γ − µ− α)(ν − µ)− γ(ν + α)e−(µ+α)(T−t)

+ (γ + ν − µ)(µ+ α)e−(ν+α)(T−t).

It can be shown that ṡ(T ) > 0 if and only if ν > µ.
Moreover, if ν > µ, then ṡ(t) has a (necessarily unique) zero
in [0, T ] if and only if e(µ−ν)T ≤ γ

γ+ν−µ
. This is equivalent

to the constraint on T

T ≥
1

ν − µ
ln

(

1 +
ν − µ

γ

)

. (13)

Theorem 3: Assume that γ+ ν−µ > 0, ν > µ and let T
satisfy (13). Assume further that

(γ − µ− α)(ν − µ)− γ(ν + α)e−(µ+α)T

+ (γ + ν − µ)(µ+ α)e−(ν+α)T > 0.

Then there is a unique optimal control u∗ for (9) that
maximizes J = S(T ), which is bang-bang

u∗(t) =

{

1 if 0 ≤ t ≤ t∗s

0 if t∗s < t ≤ T.

with unique switching time 0 < t∗s < T satisfying s(t∗s) = 0.
There exist no singular arcs. The optimal state trajectory is

W (t) =

{

e(γ−µ)t if t ≤ t∗s
eγt

∗

s−µt if t > t∗s

and

S(t) =

{

0 if t ≤ t∗s
γ

µ−ν

(

e(γ−µ+ν)t∗s−νt − eγt
∗

s−µt
)

if t > t∗s

The optimal cost is

J∗

2 (T ) =
et

∗

s(γ−µ+ν)−(α+ν)T

α+ ν
. (14)

The proof is straightforward and omitted.

IV. CONCLUSIONS

Using a simple bijective transformation on input functions
we establish new results on the optimal control for certain
classes of bilinear control systems. These control systems
arise when one considers the output feedback gain in a
linear system as a control. An application to optimal resource
allocation is given, that extends earlier results by Macevicz
and Oster [8]. Our method is applicable to other situations as
well; future studies [13] will include the discussion of time
delays and nonlinear resource functions.
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Positive Systems - Convex Invertible Cones point of view

Daniel Alpay, Math. dept. Ben-Gurion University, Israel.

Izchak Lewkowicz, ECE dept. Ben-Gurion University, Israel.

Talk 2: Convex Invertible Cones of Matrices I. Lewkowicz

The set P of positive definite matrices is a Convex Invertible Cone by itself.

One of the prime motivations for introducing Linear Matrix Inequalities computation
was the search for Common Quadratic Lyapunov Factor:

Given n× n matrices A1, . . . , Am, does there exist a non-singular Hermitian matrix
H so that simultaneousely

HAj + A∗

j
H ∈ P j = 1, . . . , m.

Whenever this condition holds, it implies that also

HÃ+ Ã∗H ∈ P,

where,

Ã =
(

(5A1 + 2

5
A−1

2
)−1 + A4

)

−1

+ 2A3 + . . .

i.e.
Ã ∈ cic(A1, . . . , Am).

More formaly,
cic(A1, . . . , Am) ⊂ LH ,

where for a non-singular Hermitian matrix H,

LH := {A : HA+ A∗H ∈ P }, (0.1)

is the set of all square matrices A sharing a Common Quadratic Lyapunov Factor H.

It turned out that LH in Eq. (0.1) is a maximal open CIC of matrices sharing the
same inertia (as H). In the sense that the set of positive semidefinite matrices closure
of the open set P.

Roughly speaking, whereever there is an LMI, there is an underlying CIC structure.

In the early 2000’s T. Ando proved that a maximal open CIC of matrices sharing the
same inertia + additional conditions, must be in the form of LH in Eq. (0.1).

The above example of Ã, illustrates the fact that cic(A1, . . . , Am) may be viewed as
the image of rational functions of m non-commuting variables, mapping (LH)

m to LH .
This is a link to the next talk by J. Ball.
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Positive Systems - Convex Invertible Cones point of view

Daniel Alpay, Math. dept. Ben-Gurion University, Israel.

Izchak Lewkowicz, ECE dept. Ben-Gurion University, Israel.

Talk 4: Sector Preserving and Monotonicity - D. Alpay

The Convex Invertible Cone generated by a scalar z in Cr, the open right half of the
complex plane, is given by,

cic(z) = {s ∈ Cr : |Im(z)|
Re(z)

≥ |Im(s)|
Re(s)

}
⋃

{0}.

This is a sector symmetric with respect to the real positive ray, with an openning of
an angle ±θ for some θ ∈ [0, π

2
). The whole Cr is recovered, as θ −→ π

2
.

Denoting by P the set of positive semi-definite matrices, recall that a square matrix-
valued rational function F (s), analytic in Cr is said to be Positive if

F (s) + F (s)∗ ∈ P s ∈ Cr .

In electrical engineering, the Positive Real version is commonly used.

The study of rational positive functions, has been motivated from the 1920’s by (lumped)
electrical networks theory, and from the 1950‘s in the context of absolute stability.

The above intuition motivates the study of Sector Positive Fuctions, where in scalar
terminology the Nyquist plot is confined to a sector in Cr, or in electrical networks
concepts the reactive part is “small” relative to the resistive component.

Sometimes passivity is formally referred to as systems where the input x and output y
satisfy

Re (〈x, y〉) ≥ 0,

for some well defined inner product. One can refine this notion to sectors where

Re (〈x, y〉) ≥ α (〈x, x〉)
1
2 (〈y, y〉)

1
2 α ∈ [0, 1] parameter.

Again sector passivity is intimately linked to CICs. Moreover, equipped with the inner
product formalism, the idea may be extended to monotone operators.
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Positive Systems - Convex Invertible Cones point of view

Daniel Alpay, Math. dept. Ben-Gurion University, Israel.

Izchak Lewkowicz, ECE dept. Ben-Gurion University, Israel.

Talk 5: The Kalman - Yakubovich - Popov Lemma I. Lewkowicz

In a nutshell, we here show that the celebrated K-Y-P Lemma establishes a connection
between two maximal Convex Invertible Cones:
(i) (matrix-valued) rational functions (ii) of realization arrays.

A m×m-valued rational function F (s) where lim
s → ∞

F (s) is well defined (i.e. with no

poles at infinity), admits a state space realization,

F (s) = C(sIn − A)−1B +D,

where n is the McMillan degree of F (s), and in a shorthand notation,

Realiz =

(

A B

C D

)

.

If the realization array Realiz is viewed as a (n+m)×(n+m) matrix, the K-Y-P Lemma
may be formulated as saying:
There exist (non-unique) H ∈ Pn so that,

((

−H 0

0 Im

)

Realiz + R∗

ealiz

(

−H 0

0 Im

))

∈ Pn+m H ∈ Pn ,

if and only if F (s) is a rational positive (real) function.

Recall now that the set of rational positive (real) function (=dviving point impedance
of passive electrical networks) turned to be CIC. In fact, a converse is also true. A
maximal CIC of functions which are analytic in Cr and includes the constant function
F (s) ≡ Im, must be the set of rational positive (real) functions.

On the other hand, employing previous notation, for a non-singular (n+m)× (n+m)

Hermitian matrix Ĥ, the set

L
Ĥ
:= {Realiz : ĤRealiz + R∗

ealizĤ ∈ Pn+m } Ĥ =
(

−H 0

0 Im

)

H∈Pn ,

is a closed Convex Invertible Cone of realization “matrices” Realiz .

This has interesting implications, e.g. if Realiz is a realization of a positive function, so
are the rational function whose realization are, ( A B

C D
)
−1

or ( A B

C D
) + 2 ( A B

C D
)
−1

. . .

The topics presented in this session are just samples of known connections between
positive systems and the CIC structure. More importantly, this opens the door for
quite a few exciting research problems. If time permits, some will be presented.
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Distributed Nonlinear Control of Multi-Agent Systems
with Switching Topologies

Tengfei Liu1 and Zhong-Ping Jiang2

I. EXTENDED ABSTRACT

The study of distributed control could be traced back
to the 1980’s, when the problem of asynchronous asymp-
totic agreement was studied in the context of distributed
decision making and parallel computing [1], [2]. In the
past decade, the distributed control of multi-agent systems
has been widely studied in the controls community. Under
communication constraints, distributed control is a natural
way to realize some desired group behavior for multi-agent
systems by taking advantage of local system information and
information exchanges among neighboring systems. Several
methods have been developed for distributed control of
multi-agent systems by extending traditional control design
tools. Emergent applications of distributed control theory
include algebraic graph theory [3], [4], [5], [6], [7], [8],
passivity [9], Lyapunov stability theory [10], [11], [12],
[13] and output regulation [14], [15], [16]. Applications
of distributed control include sensor networks [17], vehicle
coordination and formation [18], [19], [20], [21] and smart
power grids [22].

Nonlinearity is ubiquitous in engineering systems. One
of the major challenges to distributed control is caused by
complex nonlinear dynamics. There have been several results
on the distributed control of nonlinear multi-agent systems.
For example, reference [23] studies the consensus problem
of a class of heterogeneous nonlinear systems. In [24], a
connectivity condition was developed such that a distributed
output-feedback control problem is solvable if the global
robust output regulation problem is solvable for each agent
by an output feedback control law. Reference [25] studies the
cooperative semi-global robust output regulation problem for
a class of minimum phase nonlinear uncertain multi-agent
systems. Note that references [23], [24], [25] use output
regulation techniques. In our recent paper [26], we have
developed a cyclic-small-gain approach to distributed control
of nonlinear uncertain multi-agent systems with the agents
modeled by the output-feedback form. It should be pointed

*This research was supported partly by NSF grant ECCS-1230040, by
NSFC grants 61374042 and 61522305, by the Fundamental Research Funds
for the Central Universities under Grants N130108001 and N140805001 in
China, by the Project 111 (No. B08015) at the State Key Laboratory of
Synthetical Automation for Process Industries, and in part by State Key
Laboratory of Intelligent Control and Decision of Complex Systems.

1Tengfei Liu is with State Key Laboratory of Synthetical Automation
for Process Industries, Northeastern University, Shenyang, 110004, China
tfliu@mail.neu.edu.cn

2Zhong-Ping Jiang is with Polytechnic School of Engineering, New
York University, Five MetroTech Center, Brooklyn, NY 11201, USA
zjiang@nyu.edu

out that all of references [23], [24], [25], [26] consider the
case of fixed topologies.

This paper focuses on the problems caused by the co-
existence of switching topologies and nonlinear dynamics,
which leads to the fundamental difference between this result
and most of the previously published results on distributed
control of multi-agent systems. Specifically, we study the
distributed control of nonlinear multi-agent systems with
switching topologies for output-agreement, that is, the out-
puts of the agents are steered to a common value. In our
problem setting, each agent can use the output of itself
and the outputs of its neighbors for the local control law
design, while only the informed agents can access the desired
agreement value. In addition, the agents studied in this paper
are assumed to be input-to-output stabilizable with respect to
measurement errors, and are not required to take the identical
dynamical model.

The main contribution of this paper is a cyclic-small-
gain approach to distributed control of nonlinear multi-agent
systems with switching topologies. In particular, we will

• transform the distributed control problem into a control
problem of a dynamic network with each subsystem
corresponding to one controlled agent,

• use the concepts of input-to-state stability (ISS) and
input-to-output stability (IOS) [27], [28] to describe the
dynamic interaction between the controlled agents, and

• employ the cyclic-small-gain theorem [29], [30], [31]
to guarantee the convergence of the agents’ outputs to
the agreement value.

Note that the coexistence of switching topologies and nonlin-
ear dynamics means that the closed-loop multi-agent system
is a switching nonlinear system, which, generally speaking,
is difficult to handle. To overcome this difficulty, for each
agent, we employ a novel dynamic mechanism to process
the information exchange between the agents, such that the
closed-loop multi-agent system can be transformed into a
dynamic network with fixed topology. The reader is referred
to [28], [32] for the original development of the nonlinear
small-gain theorem. With the design in this paper, output
agreement is realizable for nonlinear multi-agent systems as
long as the switching topologies satisfy a joint connectivity
condition.
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[10] P. Ögren, M. Egerstedt, and X. Hu, “A control Lyapunov function
approach to multiagent coordination,” IEEE Transactions on Robotics
and Automation, vol. 18, pp. 847–851, 2002.

[11] Z. Lin, B. Francis, and M. Maggiore, “State agreement for continuous-
time coupled nonlinear systems,” SIAM Journal on Control and
Optimization, vol. 46, pp. 288–307, 2007.

[12] G. Shi and Y. Hong, “Global target aggregation and state agreement of
nonlinear multi-agent systems with switching topologies,” Automatica,
vol. 45, pp. 1165–1175, 2009.

[13] S. Liu, L. Xie, and H. Zhang, “Distributed consensus for multi-agent
systems with delays and noises in transmission channels,” Automatica,
vol. 47, pp. 920–934, 2011.

[14] X. Wang, Y. Hong, J. Huang, and Z. P. Jiang, “A distributed control
approach to a robust output regulation problem for multi-agent system-
s,” IEEE Transactions on Automatic Control, vol. 55, pp. 2891–2895,
2010.

[15] P. Wieland, R. Sepulchre, and F. Allgöwer, “An internal model
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