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Realization of the Heisenberg-Kitaev model in the honeycomb lattice iridates A2IrO3

Yogesh Singh,1, 2 S. Manni,1 and P. Gegenwart1

1I. Physikalisches Institut, Georg-August-Universität Göttingen, D-37077, Göttingen, Germany
2Indian Institute of Science Education and Research Mohali, Sector 81, SAS Nagar, Manauli 140306, India

(Dated: June 3, 2011)

Using thermodynamic measurements on the honeycomb lattice iridates A2IrO3 (A =Na, Li) we
demonstrate that these materials are possible realizations of the Heisenberg-Kitaev model. Both
materials are Mott insulators with effective spins S = 1/2 on a honeycomb lattice. The Curie
Weiss temperature decreases from θ ≈ −125 K for Na2IrO3 to θ ≈ −33 K for Li2IrO3. Surprisingly
however, the antiferromagnetic ordering temperature for both materials is the same TN ≈ 15 K.
This counter-intuitive behavior directly mimics the recent predictions of the finite temperature
Heisenberg-Kitaev model on a honeycomb lattice. Our results also indicate that the Li2IrO3 system
is close (0.6 ≤ α ≤ 0.7) to the Kitaev limit (α ≥ 0.8) and that application of pressure might tune it
to the spin-liquid state expected in the Kitaev limit of the model.

Introduction: Recently the Kitaev model of spins S =
1/2 on a honeycomb lattice has attracted a lot of atten-
tion because it is a relatively simple spin model involv-
ing only nearest neighbor interactions and yet it shows
several exotic states of matter.1 The ground state is a
gapless spin-liquid with emergent Majorana excitations,
or a gapped topologically ordered state (the Z2 spin-
liquid) with Abelian anyonic excitations depending on
the model parameters.1 Yet another exotic phase of the
Kitaev model is obtained when the spin-liquid is gapped
out by applying a magnetic field perpendicular to the
honeycomb plane.1,2 This phase is also a gapped, topo-
logically ordered phase, but one with non-abelian quasi-
particle (Majorana fermions) statistics.2,3 Among sys-
tems predicted to support Majorana fermions are exotic
fractional quantum Hall systems4 and heterostructures
of topological insulators, semi-metals, or semiconductors
with conventional s-wave superconductors.5 Realizations
of the Kitaev model and its extentions would also be av-
enues to look for these elusive quasiparticles.
The Kitaev model is thus relevant to such diverse areas

as quantum computation1,6 and strongly correlated con-
densed matter systems7,8 among others and search for
realizations of this and related models is of fundamental
importance.
In looking for experimental realizations of the Ki-

taev model one must not only look for systems with
S = 1/2 on the honeycomb lattice. In addition one
also needs to look at how to introduce anisotropic ex-
change interactions required in the model. Supercon-
ducting circuits9 and optical lattices10 have been pro-
posed as possible ways of realizing the Kitaev model. In
solid state materials, Mott insulating transition metal ox-
ides with strong spin-orbit coupling have been suggested
as possible candidates.7,11

The layered iridate Na2IrO3 has effective S = 1/2 Ir4+

moments on a honeycomb lattice.12 The strong spin-orbit
coupling in this 5d transition metal system is likely to
lead to orbital dependent anisotropic in-plane exchange.
However, one needs to worry about the possibility of
other interactions like the isotropic Heisenberg interac-
tions being present in addition to the Kitaev like inter-

actions. Such a Heisenberg-Kitaev (HK) model has been
studied recently and found to have an interesting phase
diagram depending on the relative strength of the two
terms. The HK Hamiltonian can be written as11

HHK = (1− α)
!

ij

σ⃗i.σ⃗j − 2α
!

γ

σγ
i .σ

γ
j (1)

where the σi are the Pauli matrices for the effective
S = 1/2 and γ = x, y, z labels the three different links
for each spin of the honeycomb lattice. The first part
in Eq.(1) is the isotropic Heisenberg term while the sec-
ond term is the anisotropic Kitaev term.11 The Heisen-
berg exchange is antiferromagnetic, while the anisotropic
Kitaev exchange is ferromagnetic. Varying the relative
coupling strength 0 ≤ α ≤ 1, the model interpolates
from the simple Heisenberg model with a Néel ground
state for α = 0 to the Kitaev model for α = 1, which
even for ferromagnetic interactions is highly frustrated
and exhibits a gapless spin-liquid ground state.1 As the
coupling α is varied, three magnetic phases were found
in zero temperature calculations11 and have been found
to persist in calculations at finite temperatures too.13

The three phases are a simple Néel antiferromagnet for
0 ≤ α ≤ 0.4, a stripy antiferromagnet for 0.4 ≤ α ≤ 0.8,
and a spin-liquid state for 0.8 ≤ α ≤ 1.11,13

Even though the A2IrO3 materials have been sug-
gested as possible avenues to look for Kitaev like and
HK like physics,7,11,13 there is very limited experimental
data available for the A2IrO3 systems. We have ear-
lier shown that single crystal Na2IrO3 is a Mott insu-
lator which undergoes antiferromagnetic ordering below
TN = 15 K although the polycrystalline samples showed
glassy behavior.12 There are two conflicting reports on
the magnetic properties of Li2IrO3.14,15 The first report
suggested paramagnetic behavior between T = 5 K and
300 K without any sign of magnetic order14 while the
second report showed an anomaly in the magnetic sus-
ceptibility below T = 10 K which was also accompanied
by a hysteresis between zero-field-cooled and field-cooled
data suggesting glassy behavior.15 No heat capacity data
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Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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(b) H–1 model

FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH

9


(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
ij

(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

X,X’ (-d, 0,+d) 1 ! 4 d

xy

+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

Z (+d,+d, 0) 1 ! 2 d

xy

-0.162 -0.022 +0.021 -0.119 -0.024 +0.023 -0.059 -0.031 +0.030
d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d

yz

-0.016 -0.239 +0.086 -0.017 -0.254 +0.077 -0.024 -0.271 +0.056

Continued in next page...

Exchange interactions:

tNN
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�
t1 t2
t2 t1

t3
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�
Other terms are smaller 
then 20 meV and ignored.
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Z-bonds
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Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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(b) H–1 model

FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH

9


(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
ij

(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

X,X’ (-d, 0,+d) 1 ! 4 d

xy

+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

Z (+d,+d, 0) 1 ! 2 d

xy

-0.162 -0.022 +0.021 -0.119 -0.024 +0.023 -0.059 -0.031 +0.030
d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d

yz

-0.016 -0.239 +0.086 -0.017 -0.254 +0.077 -0.024 -0.271 +0.056

Continued in next page...

Exchange interactions:
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Kitaev-Heisenberg Model on a Honeycomb Lattice: Possible Exotic Phases in Iridium
Oxides A2IrO3

Jǐŕı Chaloupka,1, 2 George Jackeli,2, ∗ and Giniyat Khaliullin2

1Department of Condensed Matter Physics, Masaryk University, Kotlářská 2, 61137 Brno, Czech Republic
2Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

(Dated: July 12, 2010)

We derive and study a spin one-half Hamiltonian on a honeycomb lattice describing the exchange
interactions between Ir4+ ions in a family of layered iridates A2IrO3 (A=Li, Na). Depending on the
microscopic parameters, the Hamiltonian interpolates between the Heisenberg and exactly solvable
Kitaev models. Exact diagonalization and a complementary spin-wave analysis reveal the presence
of an extended spin-liquid phase near the Kitaev limit and a conventional Néel state close to the
Heisenberg limit. The two phases are separated by an unusual stripy antiferromagnetic state, which
is the exact ground state of the model at the midpoint between two limits.

PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et

Magnetic systems exhibit, most commonly, long-range
classical order at sufficiently low temperatures. An ex-
ception are frustrated magnets, in which the topology of
the underlying lattice and/or competing interactions lead
to an extensively degenerate manifold of classical states.
In such systems, exotic quantum phases of Mott insula-
tors (spin liquids, valence bond solids, etc.) can emerge
as the true ground states (for reviews see Refs. [1, 2]). In
quantum spin liquids, strong zero-point fluctuations of
correlated spins prevent them to “freeze” into magnetic
or statically dimerized patterns, and conventional phase
transitions that break time-reversal and lattice symme-
tries are avoided. Spin liquids have attracted particular
attention since Anderson proposed their possible connec-
tion to superconductivity of cuprates [3].

Recently, spin-liquid states of matter have been exem-
plified, on a quantitative level, by an exactly solvable
model by Kitaev [4]. His model deals with spins one-half
that live on a honeycomb lattice. The nearest-neighbor
(NN) spins interact in a simple Ising-like fashion but, be-
cause different bonds use different spin components [see
Fig. 1(a)], the model is highly frustrated. Its ground state
is spin-disordered and supports the emergent gapless ex-
citations represented by Majorana fermions [4]. Spin-
spin correlations are, however, short-ranged and confined
to NN pairs [5, 6]. This may suggest the robustness of
the disordered state to spin perturbations. Indeed, Tsve-
lik has shown [7] that there is a window of stability for
the spin-liquid state in the Kitaev model perturbed by
isotropic Heisenberg exchange.

Finding a physical realization of this remarkable model
is a great challenge, also because of its special properties
attractive for quantum computation [4]. As the key el-
ement of the model is a bond-selective spin anisotropy,
one possible idea [8] is to explore Mott insulators of late
transition metal ions with orbital degeneracy, in which
the bond directional nature of electron orbitals can be
translated into a desired anisotropy of magnetic interac-
tions through strong spin-orbit coupling.

In this Letter, we examine the iridium oxides A2IrO3

from this perspective. In these compounds, the Ir4+ ions
have an effective spin one-half moment and form weakly
coupled honeycomb-lattice planes. Our analysis of the
underlying exchange mechanisms shows that the spin
Hamiltonian comprises two terms, ferromagnetic (FM)
and antiferromagnetic (AF), in the form of Kitaev and
Heisenberg models, respectively. The model has an in-
teresting phase behavior and hosts, in addition to the
spin-liquid state, an unusual AF order that is also an
exact solution at a certain point in phase space.
Experimental studies of iridium compounds are rather

scarce, and the nature of their insulating behavior is not
yet fully understood. In fact, Na2IrO3 was suggested as
an interesting candidate for a topological band insulator
[9]. Given that high temperature magnetic susceptibil-
ities of Na2IrO3 and Li2IrO3 obey the Curie-Weiss law
with an effective moment corresponding S = 1/2 per Ir
ion [10–13], we start here with the Mott insulator picture.
The Hamiltonian.– We recall that the Ir4+ ion in the

octahedral field has a single hole in the threefold degener-
ate t2g level hosting an orbital angular momentum l = 1.
Strong spin-orbit coupling lifts this degeneracy, and the
resulting ground state is a Kramers doublet with total
angular momentum one-half [14], referred to as “spin”
hereafter. In fact, it is predominantly of orbital origin,
and this is what makes the magnetic interactions highly
anisotropic due to the spin-orbit entanglement of mag-
netic and real spaces. In A2IrO3 compounds, the IrO6

octahedra share the edges, and Ir ions can communicate
through two 90◦ Ir-O-Ir exchange paths [8] or via direct
overlap of their orbitals. Collecting the possible exchange
processes (discussed below) and projecting them onto the
lowest Kramers doublet with S = 1/2, we obtain the fol-
lowing spin Hamiltonian on a given NN ij bond:

H(γ)
ij = −J1 Sγ

i S
γ
j + J2 Si ·Sj . (1)

Here, spin quantization axes are taken along the cubic
axes of IrO6 octahedra. In a honeycomb lattice formed

4

atures. If the exchange interactions were purely Kitaev
like they would have been ferromagnetic and we would
have obtained a positive Weiss temperature θ and addi-
tionally the ground state would have been a spin-liquid.
Therefore, the magnetic properties of these materials are
not governed entirely by Kitaev physics alone.
If on the other hand the exchange interactions were

entirely Heisenberg like, then these materials would have
shown a simple Néel type antiferromagnetic ordering.
However, recent resonant x-ray scattering measurements
on single crystalline Na2IrO3 have established that the
magnetic order is not a simple Néel antiferromagnet but
is rather of a stripy antiferromagnetic kind.16 Such a
stripy AFM state has been predicted for the Heisenberg-
Kitaev model when the parameter α in the model lies in
the range 0.4 ≤ α ≤ 0.8.11,13 Given the similarities of
the magnetic anomalies in the χ(T ) and C(T ) data for
both Na2IrO3 and Li2IrO3 it is most likely that Li2IrO3

also shows a similar stripy antiferromagnetic structure.
Thus there are strong indications that the A2IrO3 mate-
rials lie in the region 0.4 ≤ α ≤ 0.8 of the Heisenberg-
Kitaev model. Calculations of the finite temperature
Heisenberg-Kitaev model predict that if the system stays
in the region where 0.4 ≤ α ≤ 0.8 then θ monotonically
decreases with increasing α.13 Remarkably however, it is
also predicted that the magnetic ordering temperature
stays unchanged between 0.4 ≤ α ≤ 0.7 and only starts
dropping significantly as one approaches the Kitaev limit
beyond α ≥ 0.8 where long range order is replaced by a
spin-liquid state as the ground state.13 The reduction of
the Weiss temperature scale on increasing α is natural
since the Heisenberg term comes with an antiferromag-
netic sign and the Kitaev term comes with a ferromag-
netic sign. This reduction in the Weiss temperature scale
is indeed observed for our systems where θ decreases from
≈ −125 K to ≈ −33 K on going from Na2IrO3 to the
Li2IrO3 system. We can get a lower-limit estimate of
the proximity of the Li2IrO3 system to the Kitaev limit
of α ≥ 0.8 by assuming that Na2IrO3 sits at the lower
edge α = 0.4 of the region in which the stripy antiferro-
magnetism is observed. We can then use the theoretical
predictions of the variation of the Weiss temperature ver-
sus α [Ref. 13] and our experimental estimates of θ for

Na2IrO3 and Li2IrO3 to obtain α ≈ 0.6 as a lower limit
for Li2IrO3. Thus, Li2IrO3 lies very close to the Kitaev
limit α ≥ 0.8.
In going from the Na to the Li system the a, b lattice

parameters are reduced by ≈ 4.5% while the c parame-
ter is reduced by ≈ 10%. Thus, substituting Na by Li
is equivalent to preferentially applying chemical pressure
along the c axis (⊥ to the honeycomb planes). This leads
to a decrease of the c-axis distortion of the IrO6 octahe-
dra which enhances the parameters η1,2 leading to an
increased Kitaev coupling.11 This is consistent with the
value of α ≥ 0.6 for Li2IrO3 which puts its closer to the
Kitaev limit.
In addition to the above reduction of the Weiss scale,

the antiferromagnetic ordering temperature TN ≈ 15 K
is the same for both Na2IrO3 and Li2IrO3 despite a
factor of≈ 5 reduction of θ. This counter-intuitive re-
sult is again in direct agreement with the above theo-
retical predictions of the finite temperature Hiesenberg-
Kitaev model.13 The above independence of TN on θ for
0.4 ≤ α ≤ 0.7 and the factor of 8 reduction of TN com-
pared to θ for the Na system, are issues that will need
to be addressed in future experimental and theoretical
work.
In summary, our results provide the strongest support

yet that the A2IrO3 materials are the first realization of
the Heinsenberg-Kitaev model in real solid-state materi-
als. From the above comparison of experiment and the-
ory it is also clear that Li2IrO3 lies close to the α ≥ 0.8
Kitaev limit. The application of c-axis pressure to the
A2IrO3 materials can push them closer to the Kitaev
limit and the Li2IrO3 system should be easier to tune
given that it most likely lies close to α = 0.8.
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Generic Spin Model for the Honeycomb Iridates beyond the Kitaev Limit
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Recently, realizations of Kitaev physics have been sought in the A2IrO3 family of honeycomb iridates, origi-
nating from oxygen-mediated exchange through edge-shared octahedra. However, for the je⇥ = 1/2 Mott insu-
lator in these materials exchange from direct d-orbital overlap is relevant, and it was proposed that a Heisenberg
term should be added to the Kitaev model. Here we provide the generic nearest-neighbour spin Hamiltonian
when both oxygen-mediated and direct overlap are present, containing a bond-dependent o⇥-diagonal exchange
in addition to Heisenberg and Kitaev terms. We analyze this complete model using a combination of classical
techniques and exact diagonalization. Near the Kitaev limit, we find new magnetic phases, 120⌅ and incommen-
surate spiral order, as well as extended regions of zigzag and stripy order. Possible applications to Na2IrO3 and
Li2IrO3 are discussed.

The honeycomb family of iridium oxides[1–11] has at-
tracted a considerable amount of attention [12–20] due to
the possibility they lie near a realization of Kitaev’s exactly
solvable spin-1/2 honeycomb model[21]. This model hosts
a number of remarkable features: a Z2 spin liquid with gap-
less Majorana fermions and (non-Abelian) anyonic excita-
tions under an applied magnetic field. No symmetry prin-
ciple excludes terms besides the Kitaev, so additional inter-
actions are generically expected. From microscopic calcu-
lations of exchange mediated through the edge-shared oxy-
gen octahedra, it has been proposed that a pure Kitaev model
of je⇥ = 1/2 spins was the appropriate description[22]. It
was further suggested that direct overlap of the d-orbitals
generalizes this to a Heisenberg-Kitaev (HK) model[13], lin-
early interpolating between an isotropic Heisenberg model
and Kitaev’s bond-dependent exchange Hamiltonian. Exten-
sive study of the HK model[23–28] has shown a variety of fas-
cinating phenomena, including an extended spin liquid phase
and quantum phase transitions into several well-understood
magnetic ground states. While present, the zigzag phase seen
in Na2IrO3 [2, 4, 6] is di⇤cult to stabilize within the HK
model; one must resort to additional t2g-eg exchange paths[18]
or further neighbour hoppings[14]. In light of this puzzle one
may question whether the HK model provides an adequate de-
scription of the honeycomb iridates even at the nearest neigh-
bour level.

In this Letter, we show that when applied to the honey-
comb iridates the HK model is incomplete, explicitly deriving
the je⇥ = 1/2 spin model from a multiorbital t2g Hubbard-
Kanamori Hamiltonian. Considering the most idealized crys-
tal structure, an additional spin-spin interaction beyond the
HK model must be included: bond-dependent symmetric o⇥-
diagonal exchange. The complete spin Hamiltonian has the
form

H =
⇤

⌃i j⌥⇧�⇥(⇤)

⌅
J�S i · �S j + KS ⇤i S ⇤j + �

�
S �i S ⇥j + S ⇥i S �j

⇥⇧
, (1)

where J is Heisenberg exchange, K is the Kitaev exchange,
and � denotes the symmetric o⇥-diagonal exchange. On each
bond we distinguish one spin direction ⇤, labeling the bond

yx

z

zx(y)

yz(x)

xy(z)

Ir4+

O2�A+

FIG. 1: Crystal structure of the honeycomb iridates A2IrO3
with Ir4+ in black, O2� in white, and A = Na+,Li+ in gray.
For the Kitaev and bond-dependent exchanges we have
denoted the yz(x) bonds blue, the zx(y) bonds green and the
xy(z) bonds red.

�⇥(⇤) where � and ⇥ are the two remaining directions. Ex-
amining the phase diagram using a combination of classical
arguments and exact diagonalization, we find that with the in-
clusion of � new magnetic phases are stabilized near the Ki-
taev limits: an incommensurate spiral (IS) and 120⌅ order, in
addition to extended regions of zigzag and stripy order.

Microscopics.– We first construct a minimal model of a
honeycomb lattice of Ir4+ ions surrounded by a network of
edge-sharing oxygen octahedra. The Ir4+ 5d levels are split
into an eg doublet and t2g triplet by large crystal field e⇥ects,
leaving a single hole in the t2g states. Within the t2g mani-
fold, the orbital angular momentum behaves as an le⇥ = 1
triplet, with large spin-orbit coupling splitting this into an ac-
tive je⇥ = 1/2 doublet and filled je⇥ = 3/2 states. Because of
significant on-site interactions, localized je⇥ = 1/2 spins pro-
vide an e⇥ective model for the low-energy physics. To per-
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tNN
ij =

�

�
t1 t2
t2 t1

t3

�

�
Other terms are smaller 
then 20 meV and ignored.

a

b

c

Z-bonds
X-bonds

Y-bonds

Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623

Pressur
e	

Pressur
e	

Hopping integral between neighboring Ir t2g orbitals:

8

bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,

FM
c

AF
a

FM-SZFM
SP

a

�

SP
a+

D
D

SP
b

�
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b

+

SZ
x/y

H

SZ
b

hh
MQ1

hh
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH

9


(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
ij

(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV
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X,X’ (-d, 0,+d) 1 ! 4 d

xy

+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052

tNN d
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d
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d
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d

yz
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d
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d

yz

Z (+d,+d, 0) 1 ! 2 d

xy

-0.162 -0.022 +0.021 -0.119 -0.024 +0.023 -0.059 -0.031 +0.030
d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d

yz

-0.016 -0.239 +0.086 -0.017 -0.254 +0.077 -0.024 -0.271 +0.056

Continued in next page...

Exchange interactions:

tNN
ij =

�

�
t1 t2
t2 t1

t3

�

�
Other terms are smaller 
then 20 meV and ignored.

a

b

c

Z-bonds
X-bonds

Y-bonds

Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH
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(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
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(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV
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X,X’ (-d, 0,+d) 1 ! 4 d
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+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052
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Z (+d,+d, 0) 1 ! 2 d

xy
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d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d
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Exchange interactions:

tNN
ij =
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�
t1 t2
t2 t1

t3
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�
Other terms are smaller 
then 20 meV and ignored.
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Z-bonds
X-bonds

Y-bonds

Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH

9


(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
ij

(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

X,X’ (-d, 0,+d) 1 ! 4 d

xy

+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

Z (+d,+d, 0) 1 ! 2 d

xy

-0.162 -0.022 +0.021 -0.119 -0.024 +0.023 -0.059 -0.031 +0.030
d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d

yz

-0.016 -0.239 +0.086 -0.017 -0.254 +0.077 -0.024 -0.271 +0.056

Continued in next page...
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Kitaev-Heisenberg Model on a Honeycomb Lattice: Possible Exotic Phases in Iridium
Oxides A2IrO3

Jǐŕı Chaloupka,1, 2 George Jackeli,2, ∗ and Giniyat Khaliullin2

1Department of Condensed Matter Physics, Masaryk University, Kotlářská 2, 61137 Brno, Czech Republic
2Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

(Dated: July 12, 2010)

We derive and study a spin one-half Hamiltonian on a honeycomb lattice describing the exchange
interactions between Ir4+ ions in a family of layered iridates A2IrO3 (A=Li, Na). Depending on the
microscopic parameters, the Hamiltonian interpolates between the Heisenberg and exactly solvable
Kitaev models. Exact diagonalization and a complementary spin-wave analysis reveal the presence
of an extended spin-liquid phase near the Kitaev limit and a conventional Néel state close to the
Heisenberg limit. The two phases are separated by an unusual stripy antiferromagnetic state, which
is the exact ground state of the model at the midpoint between two limits.

PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et

Magnetic systems exhibit, most commonly, long-range
classical order at sufficiently low temperatures. An ex-
ception are frustrated magnets, in which the topology of
the underlying lattice and/or competing interactions lead
to an extensively degenerate manifold of classical states.
In such systems, exotic quantum phases of Mott insula-
tors (spin liquids, valence bond solids, etc.) can emerge
as the true ground states (for reviews see Refs. [1, 2]). In
quantum spin liquids, strong zero-point fluctuations of
correlated spins prevent them to “freeze” into magnetic
or statically dimerized patterns, and conventional phase
transitions that break time-reversal and lattice symme-
tries are avoided. Spin liquids have attracted particular
attention since Anderson proposed their possible connec-
tion to superconductivity of cuprates [3].

Recently, spin-liquid states of matter have been exem-
plified, on a quantitative level, by an exactly solvable
model by Kitaev [4]. His model deals with spins one-half
that live on a honeycomb lattice. The nearest-neighbor
(NN) spins interact in a simple Ising-like fashion but, be-
cause different bonds use different spin components [see
Fig. 1(a)], the model is highly frustrated. Its ground state
is spin-disordered and supports the emergent gapless ex-
citations represented by Majorana fermions [4]. Spin-
spin correlations are, however, short-ranged and confined
to NN pairs [5, 6]. This may suggest the robustness of
the disordered state to spin perturbations. Indeed, Tsve-
lik has shown [7] that there is a window of stability for
the spin-liquid state in the Kitaev model perturbed by
isotropic Heisenberg exchange.

Finding a physical realization of this remarkable model
is a great challenge, also because of its special properties
attractive for quantum computation [4]. As the key el-
ement of the model is a bond-selective spin anisotropy,
one possible idea [8] is to explore Mott insulators of late
transition metal ions with orbital degeneracy, in which
the bond directional nature of electron orbitals can be
translated into a desired anisotropy of magnetic interac-
tions through strong spin-orbit coupling.

In this Letter, we examine the iridium oxides A2IrO3

from this perspective. In these compounds, the Ir4+ ions
have an effective spin one-half moment and form weakly
coupled honeycomb-lattice planes. Our analysis of the
underlying exchange mechanisms shows that the spin
Hamiltonian comprises two terms, ferromagnetic (FM)
and antiferromagnetic (AF), in the form of Kitaev and
Heisenberg models, respectively. The model has an in-
teresting phase behavior and hosts, in addition to the
spin-liquid state, an unusual AF order that is also an
exact solution at a certain point in phase space.
Experimental studies of iridium compounds are rather

scarce, and the nature of their insulating behavior is not
yet fully understood. In fact, Na2IrO3 was suggested as
an interesting candidate for a topological band insulator
[9]. Given that high temperature magnetic susceptibil-
ities of Na2IrO3 and Li2IrO3 obey the Curie-Weiss law
with an effective moment corresponding S = 1/2 per Ir
ion [10–13], we start here with the Mott insulator picture.
The Hamiltonian.– We recall that the Ir4+ ion in the

octahedral field has a single hole in the threefold degener-
ate t2g level hosting an orbital angular momentum l = 1.
Strong spin-orbit coupling lifts this degeneracy, and the
resulting ground state is a Kramers doublet with total
angular momentum one-half [14], referred to as “spin”
hereafter. In fact, it is predominantly of orbital origin,
and this is what makes the magnetic interactions highly
anisotropic due to the spin-orbit entanglement of mag-
netic and real spaces. In A2IrO3 compounds, the IrO6

octahedra share the edges, and Ir ions can communicate
through two 90◦ Ir-O-Ir exchange paths [8] or via direct
overlap of their orbitals. Collecting the possible exchange
processes (discussed below) and projecting them onto the
lowest Kramers doublet with S = 1/2, we obtain the fol-
lowing spin Hamiltonian on a given NN ij bond:

H(γ)
ij = −J1 Sγ

i S
γ
j + J2 Si ·Sj . (1)

Here, spin quantization axes are taken along the cubic
axes of IrO6 octahedra. In a honeycomb lattice formed

4

atures. If the exchange interactions were purely Kitaev
like they would have been ferromagnetic and we would
have obtained a positive Weiss temperature θ and addi-
tionally the ground state would have been a spin-liquid.
Therefore, the magnetic properties of these materials are
not governed entirely by Kitaev physics alone.
If on the other hand the exchange interactions were

entirely Heisenberg like, then these materials would have
shown a simple Néel type antiferromagnetic ordering.
However, recent resonant x-ray scattering measurements
on single crystalline Na2IrO3 have established that the
magnetic order is not a simple Néel antiferromagnet but
is rather of a stripy antiferromagnetic kind.16 Such a
stripy AFM state has been predicted for the Heisenberg-
Kitaev model when the parameter α in the model lies in
the range 0.4 ≤ α ≤ 0.8.11,13 Given the similarities of
the magnetic anomalies in the χ(T ) and C(T ) data for
both Na2IrO3 and Li2IrO3 it is most likely that Li2IrO3

also shows a similar stripy antiferromagnetic structure.
Thus there are strong indications that the A2IrO3 mate-
rials lie in the region 0.4 ≤ α ≤ 0.8 of the Heisenberg-
Kitaev model. Calculations of the finite temperature
Heisenberg-Kitaev model predict that if the system stays
in the region where 0.4 ≤ α ≤ 0.8 then θ monotonically
decreases with increasing α.13 Remarkably however, it is
also predicted that the magnetic ordering temperature
stays unchanged between 0.4 ≤ α ≤ 0.7 and only starts
dropping significantly as one approaches the Kitaev limit
beyond α ≥ 0.8 where long range order is replaced by a
spin-liquid state as the ground state.13 The reduction of
the Weiss temperature scale on increasing α is natural
since the Heisenberg term comes with an antiferromag-
netic sign and the Kitaev term comes with a ferromag-
netic sign. This reduction in the Weiss temperature scale
is indeed observed for our systems where θ decreases from
≈ −125 K to ≈ −33 K on going from Na2IrO3 to the
Li2IrO3 system. We can get a lower-limit estimate of
the proximity of the Li2IrO3 system to the Kitaev limit
of α ≥ 0.8 by assuming that Na2IrO3 sits at the lower
edge α = 0.4 of the region in which the stripy antiferro-
magnetism is observed. We can then use the theoretical
predictions of the variation of the Weiss temperature ver-
sus α [Ref. 13] and our experimental estimates of θ for

Na2IrO3 and Li2IrO3 to obtain α ≈ 0.6 as a lower limit
for Li2IrO3. Thus, Li2IrO3 lies very close to the Kitaev
limit α ≥ 0.8.
In going from the Na to the Li system the a, b lattice

parameters are reduced by ≈ 4.5% while the c parame-
ter is reduced by ≈ 10%. Thus, substituting Na by Li
is equivalent to preferentially applying chemical pressure
along the c axis (⊥ to the honeycomb planes). This leads
to a decrease of the c-axis distortion of the IrO6 octahe-
dra which enhances the parameters η1,2 leading to an
increased Kitaev coupling.11 This is consistent with the
value of α ≥ 0.6 for Li2IrO3 which puts its closer to the
Kitaev limit.
In addition to the above reduction of the Weiss scale,

the antiferromagnetic ordering temperature TN ≈ 15 K
is the same for both Na2IrO3 and Li2IrO3 despite a
factor of≈ 5 reduction of θ. This counter-intuitive re-
sult is again in direct agreement with the above theo-
retical predictions of the finite temperature Hiesenberg-
Kitaev model.13 The above independence of TN on θ for
0.4 ≤ α ≤ 0.7 and the factor of 8 reduction of TN com-
pared to θ for the Na system, are issues that will need
to be addressed in future experimental and theoretical
work.
In summary, our results provide the strongest support

yet that the A2IrO3 materials are the first realization of
the Heinsenberg-Kitaev model in real solid-state materi-
als. From the above comparison of experiment and the-
ory it is also clear that Li2IrO3 lies close to the α ≥ 0.8
Kitaev limit. The application of c-axis pressure to the
A2IrO3 materials can push them closer to the Kitaev
limit and the Li2IrO3 system should be easier to tune
given that it most likely lies close to α = 0.8.
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Realization of the Heisenberg-Kitaev model in the honeycomb lattice iridates A2IrO3
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Using thermodynamic measurements on the honeycomb lattice iridates A2IrO3 (A =Na, Li) we
demonstrate that these materials are possible realizations of the Heisenberg-Kitaev model. Both
materials are Mott insulators with effective spins S = 1/2 on a honeycomb lattice. The Curie
Weiss temperature decreases from θ ≈ −125 K for Na2IrO3 to θ ≈ −33 K for Li2IrO3. Surprisingly
however, the antiferromagnetic ordering temperature for both materials is the same TN ≈ 15 K.
This counter-intuitive behavior directly mimics the recent predictions of the finite temperature
Heisenberg-Kitaev model on a honeycomb lattice. Our results also indicate that the Li2IrO3 system
is close (0.6 ≤ α ≤ 0.7) to the Kitaev limit (α ≥ 0.8) and that application of pressure might tune it
to the spin-liquid state expected in the Kitaev limit of the model.

Introduction: Recently the Kitaev model of spins S =
1/2 on a honeycomb lattice has attracted a lot of atten-
tion because it is a relatively simple spin model involv-
ing only nearest neighbor interactions and yet it shows
several exotic states of matter.1 The ground state is a
gapless spin-liquid with emergent Majorana excitations,
or a gapped topologically ordered state (the Z2 spin-
liquid) with Abelian anyonic excitations depending on
the model parameters.1 Yet another exotic phase of the
Kitaev model is obtained when the spin-liquid is gapped
out by applying a magnetic field perpendicular to the
honeycomb plane.1,2 This phase is also a gapped, topo-
logically ordered phase, but one with non-abelian quasi-
particle (Majorana fermions) statistics.2,3 Among sys-
tems predicted to support Majorana fermions are exotic
fractional quantum Hall systems4 and heterostructures
of topological insulators, semi-metals, or semiconductors
with conventional s-wave superconductors.5 Realizations
of the Kitaev model and its extentions would also be av-
enues to look for these elusive quasiparticles.
The Kitaev model is thus relevant to such diverse areas

as quantum computation1,6 and strongly correlated con-
densed matter systems7,8 among others and search for
realizations of this and related models is of fundamental
importance.
In looking for experimental realizations of the Ki-

taev model one must not only look for systems with
S = 1/2 on the honeycomb lattice. In addition one
also needs to look at how to introduce anisotropic ex-
change interactions required in the model. Supercon-
ducting circuits9 and optical lattices10 have been pro-
posed as possible ways of realizing the Kitaev model. In
solid state materials, Mott insulating transition metal ox-
ides with strong spin-orbit coupling have been suggested
as possible candidates.7,11

The layered iridate Na2IrO3 has effective S = 1/2 Ir4+

moments on a honeycomb lattice.12 The strong spin-orbit
coupling in this 5d transition metal system is likely to
lead to orbital dependent anisotropic in-plane exchange.
However, one needs to worry about the possibility of
other interactions like the isotropic Heisenberg interac-
tions being present in addition to the Kitaev like inter-

actions. Such a Heisenberg-Kitaev (HK) model has been
studied recently and found to have an interesting phase
diagram depending on the relative strength of the two
terms. The HK Hamiltonian can be written as11

HHK = (1− α)
!

ij

σ⃗i.σ⃗j − 2α
!

γ

σγ
i .σ

γ
j (1)

where the σi are the Pauli matrices for the effective
S = 1/2 and γ = x, y, z labels the three different links
for each spin of the honeycomb lattice. The first part
in Eq.(1) is the isotropic Heisenberg term while the sec-
ond term is the anisotropic Kitaev term.11 The Heisen-
berg exchange is antiferromagnetic, while the anisotropic
Kitaev exchange is ferromagnetic. Varying the relative
coupling strength 0 ≤ α ≤ 1, the model interpolates
from the simple Heisenberg model with a Néel ground
state for α = 0 to the Kitaev model for α = 1, which
even for ferromagnetic interactions is highly frustrated
and exhibits a gapless spin-liquid ground state.1 As the
coupling α is varied, three magnetic phases were found
in zero temperature calculations11 and have been found
to persist in calculations at finite temperatures too.13

The three phases are a simple Néel antiferromagnet for
0 ≤ α ≤ 0.4, a stripy antiferromagnet for 0.4 ≤ α ≤ 0.8,
and a spin-liquid state for 0.8 ≤ α ≤ 1.11,13

Even though the A2IrO3 materials have been sug-
gested as possible avenues to look for Kitaev like and
HK like physics,7,11,13 there is very limited experimental
data available for the A2IrO3 systems. We have ear-
lier shown that single crystal Na2IrO3 is a Mott insu-
lator which undergoes antiferromagnetic ordering below
TN = 15 K although the polycrystalline samples showed
glassy behavior.12 There are two conflicting reports on
the magnetic properties of Li2IrO3.14,15 The first report
suggested paramagnetic behavior between T = 5 K and
300 K without any sign of magnetic order14 while the
second report showed an anomaly in the magnetic sus-
ceptibility below T = 10 K which was also accompanied
by a hysteresis between zero-field-cooled and field-cooled
data suggesting glassy behavior.15 No heat capacity data
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PRL 102, 256403 (2009)

α-A2IrO3
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and G. Khaliullin,  
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| ⇤j⌅ = � 1⌃
3
(i|xz, ⇥s⌅ � |yz, ⇥s⌅+ |xy, ⇤s⌅)

| �j⇤ =
1⇧
3
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Strong Spin-Orbit Coupling  
leads to Spin-Orbit  

entangled pseudo-spin basis  
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Kitaev-Heisenberg Model on a Honeycomb Lattice: Possible Exotic Phases in Iridium
Oxides A2IrO3
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We derive and study a spin one-half Hamiltonian on a honeycomb lattice describing the exchange
interactions between Ir4+ ions in a family of layered iridates A2IrO3 (A=Li, Na). Depending on the
microscopic parameters, the Hamiltonian interpolates between the Heisenberg and exactly solvable
Kitaev models. Exact diagonalization and a complementary spin-wave analysis reveal the presence
of an extended spin-liquid phase near the Kitaev limit and a conventional Néel state close to the
Heisenberg limit. The two phases are separated by an unusual stripy antiferromagnetic state, which
is the exact ground state of the model at the midpoint between two limits.

PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et

Magnetic systems exhibit, most commonly, long-range
classical order at sufficiently low temperatures. An ex-
ception are frustrated magnets, in which the topology of
the underlying lattice and/or competing interactions lead
to an extensively degenerate manifold of classical states.
In such systems, exotic quantum phases of Mott insula-
tors (spin liquids, valence bond solids, etc.) can emerge
as the true ground states (for reviews see Refs. [1, 2]). In
quantum spin liquids, strong zero-point fluctuations of
correlated spins prevent them to “freeze” into magnetic
or statically dimerized patterns, and conventional phase
transitions that break time-reversal and lattice symme-
tries are avoided. Spin liquids have attracted particular
attention since Anderson proposed their possible connec-
tion to superconductivity of cuprates [3].

Recently, spin-liquid states of matter have been exem-
plified, on a quantitative level, by an exactly solvable
model by Kitaev [4]. His model deals with spins one-half
that live on a honeycomb lattice. The nearest-neighbor
(NN) spins interact in a simple Ising-like fashion but, be-
cause different bonds use different spin components [see
Fig. 1(a)], the model is highly frustrated. Its ground state
is spin-disordered and supports the emergent gapless ex-
citations represented by Majorana fermions [4]. Spin-
spin correlations are, however, short-ranged and confined
to NN pairs [5, 6]. This may suggest the robustness of
the disordered state to spin perturbations. Indeed, Tsve-
lik has shown [7] that there is a window of stability for
the spin-liquid state in the Kitaev model perturbed by
isotropic Heisenberg exchange.

Finding a physical realization of this remarkable model
is a great challenge, also because of its special properties
attractive for quantum computation [4]. As the key el-
ement of the model is a bond-selective spin anisotropy,
one possible idea [8] is to explore Mott insulators of late
transition metal ions with orbital degeneracy, in which
the bond directional nature of electron orbitals can be
translated into a desired anisotropy of magnetic interac-
tions through strong spin-orbit coupling.

In this Letter, we examine the iridium oxides A2IrO3

from this perspective. In these compounds, the Ir4+ ions
have an effective spin one-half moment and form weakly
coupled honeycomb-lattice planes. Our analysis of the
underlying exchange mechanisms shows that the spin
Hamiltonian comprises two terms, ferromagnetic (FM)
and antiferromagnetic (AF), in the form of Kitaev and
Heisenberg models, respectively. The model has an in-
teresting phase behavior and hosts, in addition to the
spin-liquid state, an unusual AF order that is also an
exact solution at a certain point in phase space.
Experimental studies of iridium compounds are rather

scarce, and the nature of their insulating behavior is not
yet fully understood. In fact, Na2IrO3 was suggested as
an interesting candidate for a topological band insulator
[9]. Given that high temperature magnetic susceptibil-
ities of Na2IrO3 and Li2IrO3 obey the Curie-Weiss law
with an effective moment corresponding S = 1/2 per Ir
ion [10–13], we start here with the Mott insulator picture.
The Hamiltonian.– We recall that the Ir4+ ion in the

octahedral field has a single hole in the threefold degener-
ate t2g level hosting an orbital angular momentum l = 1.
Strong spin-orbit coupling lifts this degeneracy, and the
resulting ground state is a Kramers doublet with total
angular momentum one-half [14], referred to as “spin”
hereafter. In fact, it is predominantly of orbital origin,
and this is what makes the magnetic interactions highly
anisotropic due to the spin-orbit entanglement of mag-
netic and real spaces. In A2IrO3 compounds, the IrO6

octahedra share the edges, and Ir ions can communicate
through two 90◦ Ir-O-Ir exchange paths [8] or via direct
overlap of their orbitals. Collecting the possible exchange
processes (discussed below) and projecting them onto the
lowest Kramers doublet with S = 1/2, we obtain the fol-
lowing spin Hamiltonian on a given NN ij bond:

H(γ)
ij = −J1 Sγ

i S
γ
j + J2 Si ·Sj . (1)

Here, spin quantization axes are taken along the cubic
axes of IrO6 octahedra. In a honeycomb lattice formed

4

atures. If the exchange interactions were purely Kitaev
like they would have been ferromagnetic and we would
have obtained a positive Weiss temperature θ and addi-
tionally the ground state would have been a spin-liquid.
Therefore, the magnetic properties of these materials are
not governed entirely by Kitaev physics alone.
If on the other hand the exchange interactions were

entirely Heisenberg like, then these materials would have
shown a simple Néel type antiferromagnetic ordering.
However, recent resonant x-ray scattering measurements
on single crystalline Na2IrO3 have established that the
magnetic order is not a simple Néel antiferromagnet but
is rather of a stripy antiferromagnetic kind.16 Such a
stripy AFM state has been predicted for the Heisenberg-
Kitaev model when the parameter α in the model lies in
the range 0.4 ≤ α ≤ 0.8.11,13 Given the similarities of
the magnetic anomalies in the χ(T ) and C(T ) data for
both Na2IrO3 and Li2IrO3 it is most likely that Li2IrO3

also shows a similar stripy antiferromagnetic structure.
Thus there are strong indications that the A2IrO3 mate-
rials lie in the region 0.4 ≤ α ≤ 0.8 of the Heisenberg-
Kitaev model. Calculations of the finite temperature
Heisenberg-Kitaev model predict that if the system stays
in the region where 0.4 ≤ α ≤ 0.8 then θ monotonically
decreases with increasing α.13 Remarkably however, it is
also predicted that the magnetic ordering temperature
stays unchanged between 0.4 ≤ α ≤ 0.7 and only starts
dropping significantly as one approaches the Kitaev limit
beyond α ≥ 0.8 where long range order is replaced by a
spin-liquid state as the ground state.13 The reduction of
the Weiss temperature scale on increasing α is natural
since the Heisenberg term comes with an antiferromag-
netic sign and the Kitaev term comes with a ferromag-
netic sign. This reduction in the Weiss temperature scale
is indeed observed for our systems where θ decreases from
≈ −125 K to ≈ −33 K on going from Na2IrO3 to the
Li2IrO3 system. We can get a lower-limit estimate of
the proximity of the Li2IrO3 system to the Kitaev limit
of α ≥ 0.8 by assuming that Na2IrO3 sits at the lower
edge α = 0.4 of the region in which the stripy antiferro-
magnetism is observed. We can then use the theoretical
predictions of the variation of the Weiss temperature ver-
sus α [Ref. 13] and our experimental estimates of θ for

Na2IrO3 and Li2IrO3 to obtain α ≈ 0.6 as a lower limit
for Li2IrO3. Thus, Li2IrO3 lies very close to the Kitaev
limit α ≥ 0.8.
In going from the Na to the Li system the a, b lattice

parameters are reduced by ≈ 4.5% while the c parame-
ter is reduced by ≈ 10%. Thus, substituting Na by Li
is equivalent to preferentially applying chemical pressure
along the c axis (⊥ to the honeycomb planes). This leads
to a decrease of the c-axis distortion of the IrO6 octahe-
dra which enhances the parameters η1,2 leading to an
increased Kitaev coupling.11 This is consistent with the
value of α ≥ 0.6 for Li2IrO3 which puts its closer to the
Kitaev limit.
In addition to the above reduction of the Weiss scale,

the antiferromagnetic ordering temperature TN ≈ 15 K
is the same for both Na2IrO3 and Li2IrO3 despite a
factor of≈ 5 reduction of θ. This counter-intuitive re-
sult is again in direct agreement with the above theo-
retical predictions of the finite temperature Hiesenberg-
Kitaev model.13 The above independence of TN on θ for
0.4 ≤ α ≤ 0.7 and the factor of 8 reduction of TN com-
pared to θ for the Na system, are issues that will need
to be addressed in future experimental and theoretical
work.
In summary, our results provide the strongest support

yet that the A2IrO3 materials are the first realization of
the Heinsenberg-Kitaev model in real solid-state materi-
als. From the above comparison of experiment and the-
ory it is also clear that Li2IrO3 lies close to the α ≥ 0.8
Kitaev limit. The application of c-axis pressure to the
A2IrO3 materials can push them closer to the Kitaev
limit and the Li2IrO3 system should be easier to tune
given that it most likely lies close to α = 0.8.
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated

pyxy xy

pzxz xz

180o
(a)

pz

pz

(b)

xz yz

yz xz

o90

FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass

Including  
Hund’s coupling  

and projecting to  
Jeff=1/2 manifold

Edge-Sharing  
Oxygen Octahedra

tNN
ij =

�

�
t1 t2
t2 t1

t3

�

�
Other terms are smaller 
then 20 meV and ignored.

a

b

c

Z-bonds
X-bonds

Y-bonds

Lattice	parameters	and	hopping	integrals	vs.	Pressure
(Lattice	optimized	with	SOC+U=2eV	in	VASP.	No	SOC,	U	is	included	in	Wannier	orbital	calculation)

Lattice	constants hopping:	Z-bonds	(in	eV) {X,Y}-bonds	(in	eV)
a/a0 b/b0 c/c0 t1 |t2| t3 t1 |t2| t3

-3.9 1.008 1.010 1.012 0.080 0.248 -0.139 0.078 0.248 -0.128
-1.1 0.998 0.998 1.004 0.087 0.242 -0.176 0.090 0.242 -0.185
2.1 0.988 0.986 0.996 0.094 0.241 -0.201 0.102 0.240 -0.240
5.9 0.978 0.974 0.987 0.100 0.237 -0.231 0.115 0.232 -0.302
10.2 0.968 0.962 0.980 0.106 0.238 -0.248 0.131 0.228 -0.365

Exchange	interactions	from	the	above	hopping	integrals	
(U=2.0eV,	J_H/U=0.2,	SOC=0.45eV	used.	J-K-G	ratio	is	robust	against	parameter	change.)

Lattice	constants JKG:	Z-bonds	(in	meV) JKG:	{X,Y}-bonds	(in	meV)
a/a0 b/b0 c/c0 J K Gamma J K Gamma

-3.9 1.008 1.010 1.012 -1.4 -6.5 -5.2 -1.1 -6.8 -4.9
-1.1 0.998 0.998 1.004 -2.2 -5.1 -6.1 -2.4 -4.8 -6.4
2.1 0.988 0.986 0.996 -2.7 -4.2 -6.8 -3.4 -2.7 -7.9
5.9 0.978 0.974 0.987 -3.2 -2.8 -7.5 -4.1 0.6 -9.3
10.2 0.968 0.962 0.980 -3.6 -2.1 -8.1 -4.9 4.3 -10.8

a2 6.1742 6.1742 4.0687 3.0 3.0 2.0 6.0 6.0 0.0
a1 4.1486 8.1999 0 2.0 4.0 0.0 -2.0 2.0 0.0
a3 -2.0257 2.0257 4.0687 -1.0 1.0 2.0 0.0 0.0 4.0

c-a-b c0-a0-b0raio
12.348 12.348 0 17.463 17.8271 0.9796
-4.0513 4.0513 0 5.7294 5.9194 0.9679

0 0 8.1373 8.1373 8.4562 0.9623

Pressur
e	

Pressur
e	

Hopping integral between neighboring Ir t2g orbitals:
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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(b) H–1 model

FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

Some	notable	features:	
1. Pressure	reduces	the	Ir-Ir	distance,	changing	

t3	term	drastically.	
2. Strain	is	anisotropic:	X/Y	bonds	are	more	

strongly	affected	by	the	pressure.		
3. At	high	pressure,	sign	of	Kitaev	term	can	be	

opposite	for	X/Y	and	Z	bonds.		
4. Γ	dominates	at	high	P.

Low-P

High-P
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FIG. S3. (Color online) Band structures (solid red lines) calculated from tight-binding calculations including up to (a) NN, (b) NNN, and (c)
third-NN hopping terms from the Wannier orbital calcualtions tabulated in Table. S3, compared to those from ab-initio results (dashed grey
lines). SOC is included in the calculations.

The role of further-neighbor hopping amplitudes in the
band structure are shown in Fig. S3, where the evolution of
band structure as we include NNN and third NN terms are
presented. Fig. S3 shows the change of the band structures
as further-neighbor hopping terms are included with the pres-
ence of SOC; Fig. S3(a), (b) and (c) show the bands with hop-
ping terms up to NN, NNN, and third NN terms, respectively,
with the presence of SOC. One can see that, the large SOC
in Ir tends to make the jeff = 1/2 bands to be flatter in this
locally honeycomb-like lattice, and including NNN and third
NN terms does not change the overall behavior. Comparing
Fig. S3(a) and Fig. S3(b), one can notice that the dispersion
inside the jeff = 1/2 subbands is affected by the NNN terms,
but the semi-metallic character is left unchanged. Inclusion
of third NN terms, as can be seen in Fig. S3(c), makes the
dispersion slightly closer to the ab-initio bands.

Supplementary Material D:

NN exchange interactions

The exchanges J , K, and � are given by (suppressing the
bond label ↵)

J =
4

27


(2t1 + t3)2(4JH + 3U)

U2
� 16JH(t1 � t3)2

(2U + 3�)2

�

K =
32JH

9


(t1 � t3)2�3t22

(2U + 3�)2

�
, � =

64JH

9

t2(t1 � t3)

(2U + 3�)2
, (1)

where ti (i = 1, 2, 3), JH , U , and � are the NN hopping
amplitudes, Hund’s coupling, on-site Coulomb repulsion, and
SOC respectively[9]. ti is illustrated in Fig. S2(a). Note that,
the small amount of NN Heisenberg interaction is attributed
to the cancelation between the 2t1 and t3 in the antiferromag-
netic contrubution to J in Eq. 1. Since t2 is the largest term,
as mentioned in the main text, ferromagnetic K becomes the
most dominant contribution in the exchange interactions.

TABLE S3: A subset of Ir t2g hopping terms T
ij

as representatives of each
hopping channels up to third NN, where Hhop =

P
ij

C†
i

·T
ij

·C
j

and C† and
C† being the creation and annihilation operator for t2g states, respectively. d is
approximate distance between Ir and O. Other hopping terms can be recovered
by applying T

ji

= T†
ij

, Ca,b,z

2 rotations, and inversion operations.

Kind r
ij

(in Cartesian coord.) Sublattice Ue↵ = 0.0 eV Ue↵ = 1.5 eV Ue↵ = 3.0 eV

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

X,X’ (-d, 0,+d) 1 ! 4 d

xy

+0.088 +0.018 +0.260 +0.080 +0.019 +0.276 +0.064 +0.021 +0.289
d

xz

+0.018 -0.152 +0.013 +0.020 -0.110 +0.013 +0.021 -0.051 0.005
d

yz

+0.259 +0.013 +0.078 +0.276 +0.013 +0.067 +0.288 0.003 +0.052

tNN d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

d

xy

d

xz

d

yz

Z (+d,+d, 0) 1 ! 2 d

xy

-0.162 -0.022 +0.021 -0.119 -0.024 +0.023 -0.059 -0.031 +0.030
d

xz

+0.016 +0.087 -0.239 +0.017 +0.078 -0.255 +0.025 +0.072 -0.269
d

yz

-0.016 -0.239 +0.086 -0.017 -0.254 +0.077 -0.024 -0.271 +0.056

Continued in next page...

Exchange interactions:



Kitaev Model on Honeycomb Lattice: Exact Solution

II. HEISENBERG-KITAEV MODEL ON HYPER-HONEYCOMB

Let us consider the following Heisenberg-Kitaev model on the Hyper-honeycomb lattice.

HHK = J
�

⇥ij⇤

Si · Sj �K
�

��links

S�
i S

�
j (1)

We first study the di�erent limits.

A. K=0

This is the limit of the pure antiferromagnetic Heisenberg model. The above lattice is

similar topologically to the lattice in fig. 5. On this lattice, the Neel order is not frustrated.

This is shown in figure 6. The reason that Neel order is not frustrated is that the above

lattice can be seen as a partially deleted cubic lattice where the deletion is done without

introducing new bonds.[7] So the Neel order remains unfrustrated and is the classical ground

state.

B. J=0

This is the pure Kitaev limit. This limit was first studied by Mandal et. al [4] on the

deleted cubic lattice (fig. 5). The Hamiltonian looks like:

HK = �
�

��links

S�
i S

�
j (2)

where the di�erent links are given in fig. 5. The details of this lattice are described in

Appendix A. Using the usual majorana fermion decomposition of the spins, we find that the

Hamiltonian is given by:

HK =
i

2

�

��links

u�
ijcicj (where u�

ij = ib�i b
�
j ) (3)

Now unlike the 2D case here we do not have a clear cut Lieb’s theorem which says that the

ground state belongs to the zero flux sector. So Ref. [4] resorted to some selected numerical

check and found that the ground state indeed belongs to this sector. We shall assume that

this is correct and look for the majorana dispersion in this sector. In this sector, we can set
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FIG. 5. The spectrum of the dispersing majorana fermion in the pure kitaev model on the hyperhoneycomb lattice along paths of high symmetry
in the first Brillouin zone (The first Brillouin zone and the paths are shown in Appendix A)

point (K = 2J), although the classical energies of the three
orders remain same, but, quantum corrections coming from
the spin-wave fluctuations lift this, accidental classical degen-
eracy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al6 showed that
the pure Kitaev model on the deleted cubic lattice which is
topologically similar to the hyper-honeycomb lattice can be
exactly solved using methods originally employed by Kitaev.2

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual ma-
jorana fermion decomposition of the spins

S�
i = ib�i c (3)

we find that the Hamiltonian (Eq. 1) in this limit is given by:

HK =
i

2

⌥

��links

u�
ijcicj (where u�

ij = ib�i b
�
j ), (4)

where we have put the overall scale K = 1. The {bxi , b
y
i , b

z
i , c}

are the four majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (see fig. 1) are given by6

WP =
�

loop

u�
ij (5)

Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.
This separation of the majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
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containing 2(mod 4) sites have zero-flux through them, while
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orders remain same, but, quantum corrections coming from
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containing 2(mod 4) sites have zero-flux through them, while
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y � z and x � z bonds respectively. We would like to re-
emphasize that the word skew indicates that this is essentially
a three dimensional magnetic order as opposed to a stacked
up two dimensional spin order. At this special point there is a
continuous “SU(2)” spin rotation symmetry that ensures that
all the three skew-stripy phases described above have the same
energy.

It is however worthwhile to note that there is a crucial
difference from the honeycomb case away from this special
point. In the honeycomb lattice a two dimensional stripy
phase is obtained for the Heisenberg-Kitaev model at the same
parameter value. There, a C3 symmetry of the lattice along
with concomitant rotation of the spins which is a symmetry
of the HHK Hamiltonian on the honeycomb lattice ensures
that the three stripy ordered phases have the same energy even
away from this special point where there is no “SU(2)” sym-
metry. However on the hyper-honeycomb lattice, there is only
a C2 symmetry between the x and the y bonds, while the z
bonds are not related by any symmetry. So there is no a-priori
reason for the Sz ordered skew-stripy phase to have the same
energy as the other two. Indeed we find that, away from this
point (K = 2J), although the classical energies of the three
states remain the same, quantum corrections coming from the
spin-wave fluctuations lift this accidental classical degener-
acy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al19 showed
that the pure Kitaev model on the deleted cubic lattice which
is topologically similar to the hyper-honeycomb lattice can
be exactly solved using methods originally employed by
Kitaev.18

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual Ma-
jorana fermion decomposition of the spins
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we find that the Hamiltonian (Eq. 1) in this limit is given by:
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are the four Majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (the blue sites in Fig. 1) are given by19
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Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.

This separation of the Majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.18

The problem then reduces to Majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb
lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al.28 proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice19 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al.19 resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes for several flux configurations and found that the zero-
flux sector has the lowest energy. Thus it is expected that the
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a gauge where u�
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This Hamiltonian can then be diagonalized by fourier trans-
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The spectrum is given by:
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The spectrum for the dispersing Majorana fermion, c, along
the high symmetry lines within the first Brillouin zone is given
in Fig. 5. The lower two bands are occupied while the zero
energy surface describe the contour of the gapless excitation.
We find a fermi surface of co-dimension two, i.e. line nodes.
From Eq. 11, it is easy to see that this is given by the zeros of

WP = ±1⇒
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point (K = 2J), although the classical energies of the three
orders remain same, but, quantum corrections coming from
the spin-wave fluctuations lift this, accidental classical degen-
eracy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al6 showed that
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Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.
This separation of the majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.

The problem then reduces to majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb

lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al. proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice6 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al. resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes and found that the zero-flux sector has the lowest energy.
Assuming that this is also true in our case, we can specialize to
the zero-flux sector choosing a gauge where u�
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This Hamiltonian can then be diagonalized by fourier trans-
formation taking the unit cell, as given in given in fig. 1 (and
the lattice vectors are given in Appendix A). We get
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FIG. 4: (Color online) Spinon spectrum in the Kitaev limit.
Bands shown in red are occupied, bands shown in blue are
unoccupied.
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However, we would like to emphasize that the above
chiral p-wave pairing does not necessarily imply time-
reversal symmetry breaking, which is now implemented
projectively.1 The structure of the pairing terms di↵ers
from the work of Burnell and Nayak19, who found py
pairing about the Dirac points, by choosing a di↵erent
basis for the fermions which is related to the present one
by a gauge transformation.

We can further calculate the spin-spin correlation func-
tions within mean field theory. Using the Majorana rep-
resentation we find that this is given by:

hS↵
i S

�
j i ⇠ h�0

i�
0
j ih�↵

i �
�
j i (50)

Since the second correlation function involves absolutely
flat bands, it is only non-zero when ↵ = � and when
i = j or i and j belong to the same unit cell. Hence the
spin correlation are short ranged even if the spin liquid
is gapless. This is a novel feature of the Kitaev spin
liquid, where exact calculations7 also indicate that such
correlations vanish beyond nearest neighbour.

We would like to point out here that, when the model
is perturbed with the Heisenberg term, the gapped flat
bands acquire a weak dispersion, but still remain gapped.
Within perturbation theory, this is expected to lead
to exponentially decaying spin-spin correlation decaying
with a length-scale characteristic of the energy-gap.22

B. The gauge structure

At this point, before actually discussing the results of
our mean-field calculations, we wish to discuss the gauge
structure of the our spin liquid ansatz.
At the outset, it should be noted that the projec-

tive symmetry group (PSG) classification including the
triplet decoupling channels has not been comprehensively
studied. While a comprehensive discussion of these PSGs
is beyond the scope of our present work, we indicate the
relevant issues in the context of the Heisenberg-Kitaev
model by extending the formalism introduced by Shin-
dou and Momoi27.
While the formulation outlined above is more suited

to calculations of the mean field spectrum and self-
consistent solutions, to decipher the nature of the spin
liquid and the gauge transformations we wish to cast the
above decoupling within an SU(2) formalism.
In order to examine the nature of the spin liquid state,

it is worthwhile to formulate this Hamiltonian in another
basis. The transformation into this basis is defined by

~fi ! ~f 0
i = A~fi, Ui,p ! AUi,pA

†, (51)

where the transformation matrix is given by

A =

2

64

1 0 0 0
0 0 0 1
0 1 0 0
0 0 �1 0

3

75 (52)

and ~fi is given by Eq. 28. In the new basis, the ~f 0
i are

given by

~f 0
i
† =

h
f†
i," fi,# f†

i,# �fi,"

i
. (53)

In this basis, we can write the set of gauge transfor-
mations which leave our physical spin degrees of freedom
invariant in a block diagonal form,

Wi =


Vi 0
0 Vi

�
(54)

where the Vi matrices form a two dimensional represen-
tation of SU(2). The spinon Hamiltonian (Eq 31), when
written in the new basis, is invariant under the simulta-
neous gauge transformation

~f 0
i ! Wi

~f 0
i , U 0

i,p ! Wi+pU
0
i,pW

†
i . (55)

where U 0
i,p = AUi,pA

† gives the analog of Bogoliubov-de-
Gennes Hamiltonian in the new basis.
In order to study the low energy degrees of freedom

in this theory, we allow gauge fluctuations of the U 0
i,p

matrices of the form

U 0
i,p = Ū 0

i,pe
ial

i,p

l

, (56)
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Kitaev-Heisenberg Model on a Honeycomb Lattice: Possible Exotic Phases in Iridium
Oxides A2IrO3
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We derive and study a spin one-half Hamiltonian on a honeycomb lattice describing the exchange
interactions between Ir4+ ions in a family of layered iridates A2IrO3 (A=Li, Na). Depending on the
microscopic parameters, the Hamiltonian interpolates between the Heisenberg and exactly solvable
Kitaev models. Exact diagonalization and a complementary spin-wave analysis reveal the presence
of an extended spin-liquid phase near the Kitaev limit and a conventional Néel state close to the
Heisenberg limit. The two phases are separated by an unusual stripy antiferromagnetic state, which
is the exact ground state of the model at the midpoint between two limits.

PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et

Magnetic systems exhibit, most commonly, long-range
classical order at sufficiently low temperatures. An ex-
ception are frustrated magnets, in which the topology of
the underlying lattice and/or competing interactions lead
to an extensively degenerate manifold of classical states.
In such systems, exotic quantum phases of Mott insula-
tors (spin liquids, valence bond solids, etc.) can emerge
as the true ground states (for reviews see Refs. [1, 2]). In
quantum spin liquids, strong zero-point fluctuations of
correlated spins prevent them to “freeze” into magnetic
or statically dimerized patterns, and conventional phase
transitions that break time-reversal and lattice symme-
tries are avoided. Spin liquids have attracted particular
attention since Anderson proposed their possible connec-
tion to superconductivity of cuprates [3].

Recently, spin-liquid states of matter have been exem-
plified, on a quantitative level, by an exactly solvable
model by Kitaev [4]. His model deals with spins one-half
that live on a honeycomb lattice. The nearest-neighbor
(NN) spins interact in a simple Ising-like fashion but, be-
cause different bonds use different spin components [see
Fig. 1(a)], the model is highly frustrated. Its ground state
is spin-disordered and supports the emergent gapless ex-
citations represented by Majorana fermions [4]. Spin-
spin correlations are, however, short-ranged and confined
to NN pairs [5, 6]. This may suggest the robustness of
the disordered state to spin perturbations. Indeed, Tsve-
lik has shown [7] that there is a window of stability for
the spin-liquid state in the Kitaev model perturbed by
isotropic Heisenberg exchange.

Finding a physical realization of this remarkable model
is a great challenge, also because of its special properties
attractive for quantum computation [4]. As the key el-
ement of the model is a bond-selective spin anisotropy,
one possible idea [8] is to explore Mott insulators of late
transition metal ions with orbital degeneracy, in which
the bond directional nature of electron orbitals can be
translated into a desired anisotropy of magnetic interac-
tions through strong spin-orbit coupling.

In this Letter, we examine the iridium oxides A2IrO3

from this perspective. In these compounds, the Ir4+ ions
have an effective spin one-half moment and form weakly
coupled honeycomb-lattice planes. Our analysis of the
underlying exchange mechanisms shows that the spin
Hamiltonian comprises two terms, ferromagnetic (FM)
and antiferromagnetic (AF), in the form of Kitaev and
Heisenberg models, respectively. The model has an in-
teresting phase behavior and hosts, in addition to the
spin-liquid state, an unusual AF order that is also an
exact solution at a certain point in phase space.
Experimental studies of iridium compounds are rather

scarce, and the nature of their insulating behavior is not
yet fully understood. In fact, Na2IrO3 was suggested as
an interesting candidate for a topological band insulator
[9]. Given that high temperature magnetic susceptibil-
ities of Na2IrO3 and Li2IrO3 obey the Curie-Weiss law
with an effective moment corresponding S = 1/2 per Ir
ion [10–13], we start here with the Mott insulator picture.
The Hamiltonian.– We recall that the Ir4+ ion in the

octahedral field has a single hole in the threefold degener-
ate t2g level hosting an orbital angular momentum l = 1.
Strong spin-orbit coupling lifts this degeneracy, and the
resulting ground state is a Kramers doublet with total
angular momentum one-half [14], referred to as “spin”
hereafter. In fact, it is predominantly of orbital origin,
and this is what makes the magnetic interactions highly
anisotropic due to the spin-orbit entanglement of mag-
netic and real spaces. In A2IrO3 compounds, the IrO6

octahedra share the edges, and Ir ions can communicate
through two 90◦ Ir-O-Ir exchange paths [8] or via direct
overlap of their orbitals. Collecting the possible exchange
processes (discussed below) and projecting them onto the
lowest Kramers doublet with S = 1/2, we obtain the fol-
lowing spin Hamiltonian on a given NN ij bond:

H(γ)
ij = −J1 Sγ

i S
γ
j + J2 Si ·Sj . (1)

Here, spin quantization axes are taken along the cubic
axes of IrO6 octahedra. In a honeycomb lattice formed
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atures. If the exchange interactions were purely Kitaev
like they would have been ferromagnetic and we would
have obtained a positive Weiss temperature θ and addi-
tionally the ground state would have been a spin-liquid.
Therefore, the magnetic properties of these materials are
not governed entirely by Kitaev physics alone.
If on the other hand the exchange interactions were

entirely Heisenberg like, then these materials would have
shown a simple Néel type antiferromagnetic ordering.
However, recent resonant x-ray scattering measurements
on single crystalline Na2IrO3 have established that the
magnetic order is not a simple Néel antiferromagnet but
is rather of a stripy antiferromagnetic kind.16 Such a
stripy AFM state has been predicted for the Heisenberg-
Kitaev model when the parameter α in the model lies in
the range 0.4 ≤ α ≤ 0.8.11,13 Given the similarities of
the magnetic anomalies in the χ(T ) and C(T ) data for
both Na2IrO3 and Li2IrO3 it is most likely that Li2IrO3

also shows a similar stripy antiferromagnetic structure.
Thus there are strong indications that the A2IrO3 mate-
rials lie in the region 0.4 ≤ α ≤ 0.8 of the Heisenberg-
Kitaev model. Calculations of the finite temperature
Heisenberg-Kitaev model predict that if the system stays
in the region where 0.4 ≤ α ≤ 0.8 then θ monotonically
decreases with increasing α.13 Remarkably however, it is
also predicted that the magnetic ordering temperature
stays unchanged between 0.4 ≤ α ≤ 0.7 and only starts
dropping significantly as one approaches the Kitaev limit
beyond α ≥ 0.8 where long range order is replaced by a
spin-liquid state as the ground state.13 The reduction of
the Weiss temperature scale on increasing α is natural
since the Heisenberg term comes with an antiferromag-
netic sign and the Kitaev term comes with a ferromag-
netic sign. This reduction in the Weiss temperature scale
is indeed observed for our systems where θ decreases from
≈ −125 K to ≈ −33 K on going from Na2IrO3 to the
Li2IrO3 system. We can get a lower-limit estimate of
the proximity of the Li2IrO3 system to the Kitaev limit
of α ≥ 0.8 by assuming that Na2IrO3 sits at the lower
edge α = 0.4 of the region in which the stripy antiferro-
magnetism is observed. We can then use the theoretical
predictions of the variation of the Weiss temperature ver-
sus α [Ref. 13] and our experimental estimates of θ for

Na2IrO3 and Li2IrO3 to obtain α ≈ 0.6 as a lower limit
for Li2IrO3. Thus, Li2IrO3 lies very close to the Kitaev
limit α ≥ 0.8.
In going from the Na to the Li system the a, b lattice

parameters are reduced by ≈ 4.5% while the c parame-
ter is reduced by ≈ 10%. Thus, substituting Na by Li
is equivalent to preferentially applying chemical pressure
along the c axis (⊥ to the honeycomb planes). This leads
to a decrease of the c-axis distortion of the IrO6 octahe-
dra which enhances the parameters η1,2 leading to an
increased Kitaev coupling.11 This is consistent with the
value of α ≥ 0.6 for Li2IrO3 which puts its closer to the
Kitaev limit.
In addition to the above reduction of the Weiss scale,

the antiferromagnetic ordering temperature TN ≈ 15 K
is the same for both Na2IrO3 and Li2IrO3 despite a
factor of≈ 5 reduction of θ. This counter-intuitive re-
sult is again in direct agreement with the above theo-
retical predictions of the finite temperature Hiesenberg-
Kitaev model.13 The above independence of TN on θ for
0.4 ≤ α ≤ 0.7 and the factor of 8 reduction of TN com-
pared to θ for the Na system, are issues that will need
to be addressed in future experimental and theoretical
work.
In summary, our results provide the strongest support

yet that the A2IrO3 materials are the first realization of
the Heinsenberg-Kitaev model in real solid-state materi-
als. From the above comparison of experiment and the-
ory it is also clear that Li2IrO3 lies close to the α ≥ 0.8
Kitaev limit. The application of c-axis pressure to the
A2IrO3 materials can push them closer to the Kitaev
limit and the Li2IrO3 system should be easier to tune
given that it most likely lies close to α = 0.8.
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Rev. Lett. 106, 067203 (2011).

9 J. Q. You, X.-F. Shi, X. Hu, and F. Nori, Phys. Rev. B
81, 014505 (2010).

10 L.-M. Duan, E. Demler, and M. D. Lukin, Phys. Rev. Lett.
91, 090402 (2003).

11 J. Chaloupka, G. Jackeli, and G. Khaliullin, Phys. Rev.
Lett. 105, 027204 (2010).

12 Y. Singh and P. Gegenwart, Phys. Rev. B 82, 064412
(2010).

13 J. Reuther, R. Thomale, and S. Trebst, arXiv:1105.2005,
(2011).

Possible proximity of the Mott insulating Iridate Na2IrO3 to a topological phase:
Phase diagram of the Heisenberg-Kitaev model in a magnetic field
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Motivated by the recent experimental observation of a Mott insulating state for the layered Iridate Na2IrO3,
we discuss possible ordering states of the effective Iridium moments in the presence of strong spin-orbit coupling
and a magnetic field. For a field pointing in the �111⇥ direction – perpendicular to the hexagonal lattice formed
by the Iridium moments – we find that a combination of Heisenberg and Kitaev exchange interactions gives rise
to a rich phase diagram with both symmetry breaking magnetically ordered phases as well as a topologically
ordered phase that is stable over a small range of coupling parameters. Our numerical simulations further
indicate two exotic multicritical points at the boundaries between these ordered phases.

PACS numbers: 71.20.Be, 75.25.Dk, 75.30.Et, 75.10.Jm

In the realm of condensed matter physics, spin-orbit cou-
pling has long been considered a residual, relativistic cor-
rection of minor relevance to the macroscopic properties of
a material. In recent years this perspective has dramatically
changed, especially due to the theoretical prediction and sub-
sequent experimental observation of fundamentally new states
of quantum matter, so-called topological insulators [1], that
are solely due to the effect of spin-orbit coupling. The topo-
logical insulators experimentally realized so far are semicon-
ductors, whose physical properties can be largely captured by
band theory of non-interacting electrons. It is an interesting
challenge, for both theory and experiment, to identify an even
broader class of materials where this physics plays out even in
the presence of interactions and strong correlations [2]. Good
candidate materials for the latter are the Iridates [3, 4]. These
5d transition metal oxides are prone to exhibit electronic cor-
relations and form (weak) Mott insulators, while the relatively
large mass of the Iridium ions (Z = 77) gives rise to a com-
parably strong spin-orbit coupling, which has been found to
be as large as ⇤ ⌅ 400 meV [5]. The most common va-
lence of the Iridium ions in these materials is Ir4+. The d-
orbitals of this 5d5 configuration are typically split by the sur-
rounding crystal field, and for the octahedral geometry of the
IrO6 oxygen cage, result in an orbital configuration where five
electrons occupy the lowered, threefold degenerate t2g level.
Spin-orbit coupling will further lift this degeneracy of the t2g
orbitals and for strong coupling the effective l = 1 orbital
angular momentum [6] is combined with the s = 1/2 spin
degree of freedom carried by the hole of this partially filled
t2g orbital configuration. This leaves us with two Kramers
doublets of total angular momentum j = 3/2 and j = 1/2,
of which the former is of lower energy and fully occupied by
four electrons, while the partial filling of the latter gives rise
to an effective spin-1/2 degree of freedom.

In this manuscript we focus on the Iridate Na2IrO3, in
which NaIr2O6 slabs are stacked along the crystallographic
c-axis, and the Ir4+ ions in the layers form a hexagonal lat-
tice [4]. Recent measurements of the magnetic susceptibil-

ity provide evidence of effective spin-1/2 moments and mag-
netic correlations below TN ⌅ 15 K indicating that Na2IrO3

is indeed a Mott insulator [4]. Theoretically, it has been ar-
gued [7, 8] that the interactions between the effective Iridium
moments in the Mott regime are captured by a combination
of isotropic and highly anisotropic exchanges, which can be
tracked back to the spin and orbital components of the effec-
tive momenta. A microscopic Hamiltonian interpolating be-
tween these two types of exchanges is given by

HHK = (1� �)
�

⇥i,j⇤

�⌅i · �⌅j � 2�
�

��links

⌅�
i ⌅

�
j , (1)

where the ⌅i denote the effective spin-1/2 moment of the Ir4+

ions, ⇥ = x, y, z indicates the three different links of the
hexagonal lattice, and 0 ⇤ � ⇤ 1 parametrizes the relative
coupling strength of the isotropic and anisotropic exchange
between the moments. For � = 0 the Hamiltonian reduces
to the ordinary Heisenberg model, while in the opposite limit
of highly anisotropic exchanges (� = 1) the system corre-
sponds to the Kitaev model [9]. The latter is known to exhibit
a gapless spin-liquid ground state (for equal coupling along
the links) that can be gapped out into a topological phase with
non-Abelian quasiparticle excitations by certain time-reversal
symmetry breaking perturbations [9]. One such perturbation
is a magnetic field pointing in the ⇧111⌃ direction, perpendic-
ular to the honeycomb layer

HHK+h = HHK �
�

i

�h · �⌅i . (2)

The main result of our manuscript is the rich phase diagram
of this model, shown in Fig. 1. Besides two conventional,
magnetically ordered phases we find a topologically ordered
phase and two multicritical points, which we will discuss in
detail in the remainder of the manuscript.

Numerical simulations.– We determine the ground-state
phase diagram of Hamiltonian (2) by extensive ‘quasi-2D’
density-matrix renormalization group (DMRG) [10] calcula-
tions on systems with up to N = 64 sites. In particular,
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by Ir ions, there are three distinct types of NN bonds
referred to as γ(= x, y, z) bonds because they host the
Ising-like J1 coupling between the γ components of spins
[see Fig. 1(a)]. The first part of Eq. (1) is thus nothing
but the FM Kitaev model, and the J2 term is a conven-
tional AF Heisenberg model. The exchange constants J1
and J2 are derived from a multiorbital Hubbard Hamilto-
nian consisting of the local interactions and the hopping
term. The latter describes tpdπ hopping between Ir 5d
and O 2p orbitals via the charge-transfer gap ∆pd, and
a direct dd overlap t′ between NN Ir t2g orbitals [15].
We find J1 = (η1 + 2η2) and J2 = (η2 + η3). Hereafter,
we use 4t2/9Ud as our energy unit, where t = t2pdπ/∆pd,
and Ud stands for the Coulomb repulsion on the same
d orbitals. There are three physically distinct virtual
processes that determine the set of η parameters and
thus the ratio J2/J1. The η1 = 6JH

Ud−3JH

Ud

Ud−JH
term ap-

pears due to the multiplet structure of the excited lev-
els induced by Hund’s coupling JH [8]. The processes
when two holes meet at the same oxygen site (and ex-
perience Up repulsion) and when they are cyclically ex-
changed around a Ir2O2 square plaquette bring together
a η2 = Up

∆pd+Up/2
Ud

∆pd
contribution. Further, a direct dd-

hopping t′ between NN Ir t2g orbitals contributes to the
Heisenberg term with exchange coupling η3 = (t′/t)2. It
is difficult to estimate the values of all the parameters
involved; however, we expect η1 to be the largest, of the
order of 1, and η2,3 < 1.
We parametrize the exchange couplings as J1 = 2α and

J2 = 1−α and study the properties of Kitaev-Heisenberg
model (1) in the whole parameter space 0 ≤ α ≤ 1.
Phase diagram.– At α = 0, we are left with the Heisen-

berg model exhibiting the Néel order with a staggered
moment reduced to ⟨Sz⟩ ≃ 0.24 [16]. The opposite limit,
α = 1, corresponds to the exactly solvable Kitaev model
with a short-range spin-liquid state [4], where spin corre-
lation functions are identically zero beyond the NN dis-
tance and, on a given NN bond, only the components of
spins matching the bond type are correlated [5].
Interestingly, the model is exactly solvable at α = 1

2 ,
too. At this point Eq. (1) reads, e.g., on a z-type bond,

as H(z)
ij = 1

2 (S
x
i S

x
j + Sy

i S
y
j − Sz

i S
z
j ). This anisotropic

Hamiltonian can be mapped to that of a simple Heisen-
berg model on all bonds simultaneously [17]. Specifically,
we divide the honeycomb lattice into four sublattices [see
Fig. 1(b)] and introduce the rotated operators S̃: While
S̃ = S in one of the sublattices, S̃ on the remaining
three sublattices differs from the original S by the sign
of two appropriate components, depending on the sub-
lattice they belong to. In the new basis, Eq. (1) takes
the form

H(γ)
ij = −2(2α− 1) S̃γ

i S̃
γ
j − (1− α) S̃i ·S̃j . (2)

At α = 1
2 , the first term vanishes and we obtain the

isotropic, both in spin and real spaces, Heisenberg model

H(γ)
ij = − 1

2 S̃i ·S̃j with FM coupling. Thus, at α = 1
2 ,
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FIG. 1: (a) Three types of bonds in the honeycomb lat-
tice and Kitaev part of the interaction. (b) The supercell
of the four-sublattice system enabling the transformation of
the model (1) into the Hamiltonian of a simple ferromagnet
at α = 1

2 . This supercell with periodic boundary conditions
applied was used as a cluster for the exact diagonalization.
(c) Schematic phase diagram: With increasing α, the ground
state changes from the Néel AF order to the stripy AF state
(being a fluctuation-free exact solution at α = 1

2 ) and to the
Kitaev spin liquid. See the text for the critical values of α.

i.e., at J1 = 2J2, the exact ground state of model (1)
is a fully polarized FM state in the rotated basis. Now
consider the FM array of spins with, e.g., ⟨S̃z⟩ = 1/2,
and map it back to the original spin basis. The resulting
order corresponds to a stripy AF pattern of the original
magnetic moments depicted in Fig. 1(c). Note that such
a stripy order, despite being of AF type, is fluctuation-
free at α = 1

2 and would thus show a fully saturated AF
order parameter.
The above discussion suggests three possible ground

state phases of the model (1) as shown in Fig. 1(c): (i)
Néel order near α = 0, (ii) stripy AF order around α = 1

2 ,
and (iii) a spin-liquid phase close to α = 1.
We first consider the ordered phases. Except special

cases of α = 0 and α = 1
2 just discussed, the Hamil-

tonian (1) does not have any spin-rotational symmetry.
However, a spurious SU(2) continuous symmetry and as-
sociated pseudo-Goldstone mode appear in a linear spin-
wave (SW) description. As in the case of a similar model
on a cubic lattice [18], we find that quantum fluctuations
restore the underlying discrete (hexagonal) symmetry of
the model, selecting thereby the direction of ordered mo-
ments along one of the cubic axes (of IrO6 octahedra),
and also open a gap in SW spectra. Considering the
quantum energy cost for rotating the order parameter by
a small angle away from a cubic axis, we find a quantum
SW gap ∆ ≃ 2

α (α− 1
2 )

2 for α ∼ 1
2 .
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a) Néel d)b) zig-zag

b

c) stripy

a

2π
bΓ

2π
a

Néel
zig-zag
stripy

FIG. 3: (Color online) Diagram of a) Néel, b) zig-zag and c)
stripy order. d) Reciprocal space diagram showing locations
of magnetic Bragg peaks for various magnetic phases (inner
hexagon shows first Brillouin zone of the honeycomb lattice).
e) Powder inelastic neutron scattering data. The notable well-
defined feature is the sharp lower boundary of the scattering
at low Q (filled (magenta) symbols in h-j)), which we associate
with a sinusoidal spin wave dispersion; this becomes damped
out in the paramagnetic phase in f). Slanted thick dashed ar-
row shows the scan direction in g). Gray shading marks the
inaccessible region close to the elastic line dominated by inco-
herent elastic scattering. g) Energy scan (solid points 4.6 K,
open symbols 55 K) through the maximum spin-wave energy
seen in e) fitted to a Gaussian peak (solid line), dashed line is
estimated background. h-j) Calculated spherically-averaged
spin-wave intensity [16] for the J1,2,3 model with h) zig-zag
or i) stripy order, and j) the KH model with stripy order for
parameters given in the text. Solid red line in j) highlights
the low-energy boundary, which coincides with the dispersion
from Γ to the first softening point.

seen. Calculations for the KH Hamiltonian (1) are shown
in Fig. 3j) for α = 0.4 (lower limit for the stripy phase)
and J1 = 25.85 meV to reproduce the CW temperature
[21] Θ = −S(S + 1)(J1 − JK/3)/kB. The lower bound-

ary of the scattering at low Q (solid line) is predicted to
have a quadratic shape near the first softening point, a ro-
bust feature for any α throughout the stripy phase. This
is in contrast to the data where the dispersion bound-
ary (marked by filled symbols) has a distinctly different,
sinusoidal-like shape with a curvature the opposite way.
In addition, a different distribution of scattering weight
to higher energies is predicted, but not seen in the data.
We conclude that the KH model in the stripy phase has
a qualitatively different spin-wave spectrum compared to
the data. A minimal model that can reproduce the ob-
served low-Q dispersion and which predicts distribution
of magnetic scattering in broad overall agreement with
the data up to some intensity modulations is shown in
Fig. 3h) and requires substantial couplings up to 3rd
neighbors, which stabilize zig-zag magnetic order. Re-
cent theory [13] proposed that in addition to couplings
up to 3rd neighbors, a Kitaev term may also exist. We
have compared the data with such a model as well [16]
and estimate that a Kitaev term, if present, is smaller
than an upper bound corresponding to α ! 0.40(5).
We note that sizeable J3’s are not uncommon in trian-

gular plane metal oxides. The reason is that even though
J1 involves two hoppings and J3 four, the two additional
hoppings are strong pdσ ones, and the hopping proceeds
through intermediate unoccupied eg states [22]. In case of
Na2IrO3 the hopping proceeds through somewhat higher
Na s orbitals, but these are very diffuse, and the corre-
sponding tspσ parameter is sizeable. Near cancellation
of the AFM and FM superexchange interaction for the
nearest-neighbor path further reduces J1 compared to J3.
To summarize, by combining single-crystal diffraction

and LDA calculations we proposed a revised crystal
structure for the spin-orbit coupled honeycomb antifer-
romagnet Na2IrO3 that highlights important departures
from the ideal case where the Kitaev exchange domi-
nates. We observed dispersive spin-wave excitations in
inelastic neutron scattering and showed that substantial
further-neighbor exchange couplings are required to ex-
plain the observed dispersion and we proposed a model
for the magnetic ground state that could support such a
dispersion relation.
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Chalker and L. Balents for discussions, and EPSRC for
funding. Work at Rutgers was supported by DOE (DE-
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Motivated by recent experiments on ��Li2IrO3 [1], we study the phase diagram of the Heisenberg-Kitaev
model on a three dimensional lattice of tri-coordinated Ir4+, dubbed the hyper-honeycomb lattice by Takagi
et. al. The lattice geometry of this material, along with Ir4+ ions carrying Je� = 1/2 moments, suggests
that the Heisenberg-Kitaev model may effectively capture the low energy spin-physics of the system in the
strong-coupling limit. Using a combination of semiclassical analysis, exact solution and slave-fermion mean
field theory, we find, in addition to the spin-liquid, four different magnetically ordered phases depending on the
parameter regime. All four magnetic phases–the Néel, the polarized ferromagnet, the skew-stripy and the skew-
zig-zag, have collinear spin ordering. The three dimensional Z2 spin liquid, which extends over an extended
parameter regime around the exactly solvable Kitaev point, has a gapless Majorana mode with a deformed
Fermi-circle (co-dimensions, dc = 2). We discuss the effect of the magnetic field and finite temperature on
different phases that may be relevant for future experiments.

I. INTRODUCTION

Recent studies show that 5d transition metal (Ir=iridium,
osmium) oxides,2–10 with large spin-orbit coupling, are
promising candidates for realizing a number of previously un-
known electronic phases of matter11–16 as well as providing
concrete material systems that may harbour some of the so far
theoretically studied novel quantum phases of electrons.17,18

To this latter category belongs the now well-known Kitaev
model.18 Originally proposed on a honeycomb lattice, the Ki-
taev model is an exactly solvable spin-1/2 Hamiltonian that
has a quantum spin-liquid ground state. Subsequent studies
found similar exactly solvable spin models on several other
two and three dimensional lattices.19–23

In an interesting work by Jackeli et al.24, it was pointed out
that in presence of strong SO coupling, spin Hamiltonians of
the kind proposed by Kitaev (quantum compass models) can
be realized in certain 5d transition metal oxide Mott insula-
tors with coordination number z = 3. While the almost si-
multaneous discovery of two honeycomb iridium oxide Mott
insulators (Na2IrO3

2 and Li2IrO3
3) have lead to a thorough in-

vestigation of these Hamiltonians on honeycomb lattice, there
are other tri-coordinated lattices in both two and three spa-
tial dimensions, where similar physics may become relevant
in context of materials.

In this work, we study such a three dimensional Ir based
Mott insulator where the magnetism may be correctly de-
scribed by a generalized quantum compass Hamiltonian. Our
work is directly motivated by the recent experiments by H.
Takagi et al.1 on �-Li2IrO3. In this material, the Ir4+ ions,
carrying Je� = 1/2 moments, sit on a three dimensional
network that has been dubbed as a hyper-honeycomb lattice
(face-centred-orthorhombic lattice with a 4-site unit cell) by
Takagi et al.1 (Fig. 1). Since each Ir site has three Ir neigh-
bours and is surrounded by an oxygen octahedron (see below),
we find that a spin-1/2 quantum compass model captures the
low energy spin physics of this system in the strong coupling
limit (with localized moments).

This is particularly interesting and our study shows that on

FIG. 1. (color online) The tri-coordinated orthorhombic lattice. The
orthorhombic unit cell is outlined in gray. The primitive unit cell
contains four Ir atoms colored yellow and are labeled from 1 to 4.
The ten blue sites show the smallest closed loop on this lattice. These
sites are labeled from a to j. All the other Ir atoms are colored gray.
The primitive vectors for the 4-site unit cell are given by ai. For the
Kitaev interactions, the red bonds refer to SxSx, the green to SySy ,
and the blue to SzSz interactions respectively. The orientation of the
global x, y, z coordinates are shown in the bottom right.

the present lattice the above Hamiltonian allows, apart from
four magnetically ordered phases, a quantum spin liquid phase
over an extended part of the phase diagram. This spin liq-
uid is adiabatically connected to the exactly solvable ground
state of the Kitaev model. We use a combination of semi-
classical analysis (Luttinger-Tisza approximation with zero
point corrections from spin-waves), exact solution and slave-
fermion mean field theory to find the details of the phase di-
agram over the entire parameter regime. We find that all the
magnetic phases, namely, the Néel, the polarized ferromag-
net, the skew-stripy (Fig. 4) and the skew-zig-zag (Fig. 8),
have collinear spin ordering. The last two phases (see be-
low) have interesting similarities and important differences
with their two dimensional counterparts obtained on the hon-
eycomb lattice.24,25 The spin liquid, on the other hand, is a
three dimensional Z2 spin liquid, with a gapless Majorana
spinon mode. The Majorana spinon has gapless line nodes

Discovery of Three dimensional “Honeycomb” lattice

β- Li2IrO3
arXiv:1403.3296

FIG. 1. Single crystal of H⇧1⌃-Li2IrO3 and the Ir lattice structure. (A) Single crystal oriented to

be parallel to the crystallographic axes shown in (C), (B) 3D view and (C) projection in the ab

plane. In (B) gray shading emphasizes the Ir (purple balls) honeycomb rows that run parallel to the

a± b diagonals, alternating upon moving along the c-axis. For simplicity only Li ions (grey balls)

located in the center of Ir honeycombs are shown. In (B) and (C) the rectangular box indicates

the unit cell. Comparing (A) and (C) we note that the ⇤70� angle between honeycomb rows is

evident in the crystalline morphology.

the spin-anisotropy of exchange across the Ir-O2-Ir bond from the temperature dependence

of the anisotropic magnetic susceptibility. The crystals are synthesized as described in

Methods. As shown in Figure 1A, the crystals are clearly faceted and typically around

100�100�200µm3 in size. In contrast to the monoclinic structure of the layered iridate, we

find that these materials are orthorhombic and belong to the non-symmorphic space group

Cccm, with lattice parameters a = 5.9119(3) Å, b = 8.4461(5) Å, c = 17.8363(10) Å (see SI

I in published version for details of the crystallography). The structure (shown in Figure 1B

and C) contains two interlaced honeycomb planes, the orientation of which alternate along

the c axis. The angle ⇥0 between the honeycomb planes is fixed by the geometry of the

edge shared bonding of the IrO6 octahedra (see Figures 2A and 4A ). For cubic octahedra

cos⇥o = 1/3, namely ⇥o ⌅ 70�, as shown in Figure 2A. The x-ray refinement (see SI II

in published version) indicates that the stoichiometry is Li2IrO3, such that the Ir oxidation

state is Ir4+ 5d5 with an e�ective Ir local moment of Je� = 1/2. The possibility of Li deficiency

in our samples could lead to some Ir5+ sites, however this is not expected to have a marked

e�ect on the magnetism; in the case that spin-orbit coupling dominates over the Coulomb
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Motivated by recent experiments on ��Li2IrO3 [1], we study the phase diagram of the Heisenberg-Kitaev
model on a three dimensional lattice of tri-coordinated Ir4+, dubbed the hyper-honeycomb lattice by Takagi
et. al. The lattice geometry of this material, along with Ir4+ ions carrying Je� = 1/2 moments, suggests
that the Heisenberg-Kitaev model may effectively capture the low energy spin-physics of the system in the
strong-coupling limit. Using a combination of semiclassical analysis, exact solution and slave-fermion mean
field theory, we find, in addition to the spin-liquid, four different magnetically ordered phases depending on the
parameter regime. All four magnetic phases–the Néel, the polarized ferromagnet, the skew-stripy and the skew-
zig-zag, have collinear spin ordering. The three dimensional Z2 spin liquid, which extends over an extended
parameter regime around the exactly solvable Kitaev point, has a gapless Majorana mode with a deformed
Fermi-circle (co-dimensions, dc = 2). We discuss the effect of the magnetic field and finite temperature on
different phases that may be relevant for future experiments.

I. INTRODUCTION

Recent studies show that 5d transition metal (Ir=iridium,
osmium) oxides,2–10 with large spin-orbit coupling, are
promising candidates for realizing a number of previously un-
known electronic phases of matter11–16 as well as providing
concrete material systems that may harbour some of the so far
theoretically studied novel quantum phases of electrons.17,18

To this latter category belongs the now well-known Kitaev
model.18 Originally proposed on a honeycomb lattice, the Ki-
taev model is an exactly solvable spin-1/2 Hamiltonian that
has a quantum spin-liquid ground state. Subsequent studies
found similar exactly solvable spin models on several other
two and three dimensional lattices.19–23

In an interesting work by Jackeli et al.24, it was pointed out
that in presence of strong SO coupling, spin Hamiltonians of
the kind proposed by Kitaev (quantum compass models) can
be realized in certain 5d transition metal oxide Mott insula-
tors with coordination number z = 3. While the almost si-
multaneous discovery of two honeycomb iridium oxide Mott
insulators (Na2IrO3

2 and Li2IrO3
3) have lead to a thorough in-

vestigation of these Hamiltonians on honeycomb lattice, there
are other tri-coordinated lattices in both two and three spa-
tial dimensions, where similar physics may become relevant
in context of materials.

In this work, we study such a three dimensional Ir based
Mott insulator where the magnetism may be correctly de-
scribed by a generalized quantum compass Hamiltonian. Our
work is directly motivated by the recent experiments by H.
Takagi et al.1 on �-Li2IrO3. In this material, the Ir4+ ions,
carrying Je� = 1/2 moments, sit on a three dimensional
network that has been dubbed as a hyper-honeycomb lattice
(face-centred-orthorhombic lattice with a 4-site unit cell) by
Takagi et al.1 (Fig. 1). Since each Ir site has three Ir neigh-
bours and is surrounded by an oxygen octahedron (see below),
we find that a spin-1/2 quantum compass model captures the
low energy spin physics of this system in the strong coupling
limit (with localized moments).

This is particularly interesting and our study shows that on

FIG. 1. (color online) The tri-coordinated orthorhombic lattice. The
orthorhombic unit cell is outlined in gray. The primitive unit cell
contains four Ir atoms colored yellow and are labeled from 1 to 4.
The ten blue sites show the smallest closed loop on this lattice. These
sites are labeled from a to j. All the other Ir atoms are colored gray.
The primitive vectors for the 4-site unit cell are given by ai. For the
Kitaev interactions, the red bonds refer to SxSx, the green to SySy ,
and the blue to SzSz interactions respectively. The orientation of the
global x, y, z coordinates are shown in the bottom right.

the present lattice the above Hamiltonian allows, apart from
four magnetically ordered phases, a quantum spin liquid phase
over an extended part of the phase diagram. This spin liq-
uid is adiabatically connected to the exactly solvable ground
state of the Kitaev model. We use a combination of semi-
classical analysis (Luttinger-Tisza approximation with zero
point corrections from spin-waves), exact solution and slave-
fermion mean field theory to find the details of the phase di-
agram over the entire parameter regime. We find that all the
magnetic phases, namely, the Néel, the polarized ferromag-
net, the skew-stripy (Fig. 4) and the skew-zig-zag (Fig. 8),
have collinear spin ordering. The last two phases (see be-
low) have interesting similarities and important differences
with their two dimensional counterparts obtained on the hon-
eycomb lattice.24,25 The spin liquid, on the other hand, is a
three dimensional Z2 spin liquid, with a gapless Majorana
spinon mode. The Majorana spinon has gapless line nodes
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FIG. 3. (Color online) (a,b) Band structrue and density of states (DOS) projected onto the je↵ states in the presence of SOC (a) without and
(b) with the on-site Coulomb interaction Ue↵ = 3.0eV. (c) shows the schematic shape of the je↵=1/2-like Wannier orbital constructed from the
je↵=1/2-dominated bands near the Fermi level. Dashed and solid circles depict the Wannier orbitals from calculations without and with finite
Ue↵ , respectively. Weights of the central je↵=1/2 and nearest-neighboring je↵=3/2 tail in the orbital are shown in (d) as a function of Ue↵ .

Ue↵ (eV) 0.0 1.5 3.0
�t2g 0.401 0.482 0.516
t1 Z +0.085 +0.077 +0.064

X +0.083 +0.074 +0.058
|t2| Z 0.238 0.255 0.270

X 0.260 0.276 0.289
t3 Z -0.162 -0.119 -0.060

X -0.153 -0.110 -0.055

TABLE I. Magnitude of SOC within the Ir t2g states and t2g hopping
terms from Wannier orbital calculations in the presence of Ue↵ . We
adopt the coordinate system such that t2 is negative for both Z and X
bonds. By symmetry, t2 is positive for the X’ bonds.

↵LIO[26, 27], which mirrors the remnant molecular orbital
character originating from the t2g hopping[28]. As Ue↵ is in-
cluded and �t2g is enhanced, the jeff = 1/2 character becomes
more dominant while je↵ = 3/2 components on the NN sites
decreases as shown in Fig. 3(c) and (d). The jeff = 1/2-like
Wannier orbital is more localized accordingly, which makes
the low-energy description of �LIO in terms of the localized
jeff = 1/2 states more feasible in the strong coupling limit.

t2g Wannier orbital hopping amplitudes – For a detailed un-
derstanding of how the near-ideal structure of �LIO is man-
ifested in the electronic band structure, we calculated the Ir
t2g hopping amplitudes from the Wannier orbitals in the ex-
perimental structure. Table I shows the magnitude of the three
largest hopping terms—t1, t2, and t3—as the value of Ue↵

changes (Ueff = 0.0 eV, 1.5 eV, and 3.0 eV, and SOC is in-
cluded in the calculation); see Fig. 4 and Ref. [29] for illustra-
tion of these hopping processes. Since the Ir-Ir bond lengths
and Ir-O-Ir bond angles are similar on the two inequivalent
bonds of �LIO (X and Z bonds), the values of their respective
hopping amplitudes are expected to be similar. Indeed, by
comparing the hopping amplitudes between the two inequiv-

alent NN bonds, we observe small anistropies between the X
and Z bonds (< 10%) regardless of the value of Ue↵ . Since the
presence of trigonal distortions differentiate the Z bond from
the X bonds, the small anisotropy in the hopping amplitudes
reflects the close-to-ideal structure of �LIO.

The evolution of the NN hopping amplitudes as we include
on-site Coulomb interactions can be seen in Table I. As Ueff
increases, |t2| increases while t1 and t3 decrease. Such be-
havior is understood in terms of the enhanced hybridization
between the Ir t2g and oxygen p states in the presence of Ue↵ .
Inclusion of Ueff pushes the jeff=3/2 states down energetically
so that they become closer to the oxygen p states. This leads
to increased hybridization between the Ir t2g and oxygen p
states, which yields the enhancement of oxygen-mediated t2
(and the reduction of t1 and t3).

Strong-coupling minimal model and experimental spiral
phase – Having validated the use of the jeff = 1/2 basis
and the similarity of hopping amplitudes between inequiva-
lent bonds, we can now construct an effective model to de-
scribe the low-energy properties of �LIO in the large-U limit.
Following the derivation in Ref. [9], we start with localized
jeff = 1/2 states then perform a strong-coupling expansion
using NN t2g hopping amplitudes. In the presence of Hund’s
coupling JH , we arrive at a NN, jeff = 1/2 model with highly
anisotropic pseudospin exchanges

H =
X

hiji2↵(��)

J↵Si · Sj + K↵S↵
i S↵

j + �↵(S�
i S�

j + S�
i S�

j ),

where Si is the jeff = 1/2 pseudospin on site i, ↵ labels the
NN hiji bond by its Kitaev component, and � and � denote
the two non-Kitaev components of the hiji-bond. The ex-
changes are functions of the hopping ampltiudes, strength of
Hund’s coupling, SOC, and the on-site Coulomb interaction:
the precise functional forms are given in the Supplementary
Materials.
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We study the general phase diagram of correlated electrons for iridium-based (Ir) compounds on the hyper-
honeycomb lattice—a crystal structure where the Ir4+ ions form a three-dimensional network with three-fold
coordination recently realized in the �-Li2IrO3 compound. Using a combination of microscopic derivations,
symmetry analysis, and density functional calculations, we determine the general model for the electrons occu-
pying the jeff = 1/2 orbitals at the Ir4+ sites. In the non-interacting limit, we find that this model allows for
both topological and trivial electronic band insulators along with metallic states. The effect of Hubbard-type
electron-electron repulsion on the above electronic structure in stabilizing q = 0 magnetic order reveals a phase
diagram with continuous phase transition between a topological band insulator and a Néel ordered magnetic
insulator.

I. INTRODUCTION

The importance of the interplay between spin-orbit cou-
pling (SOC) and electron-electron correlations in stabilizing
a wide variety of novel electronic phases such as topological
insulators (TI), Weyl semi-metals, and quantum spin liquids
has been explored recently.1–7 Materials such as 5d transition
metal (iridium=Ir, osmium=Os) oxides with strong atomic
SOC provide fertile grounds to uncover the above physics
and a large number of such compounds are currently being
investigated.8–16

Recently, the material �-Li2IrO3 has been synthesized by
Takagi et al.17 which has attracted attention due to the novel
three-dimensional network formed by the Ir4+ ions—the hy-
perhoneycomb lattice (see Fig. 1). It has been theoretically
predicted that the spin model in the strong-coupling limit can
be highly anisotropic and may lead to interesting magnetic
as well as a three-dimensional Kitaev quantum spin-liquid
ground state.18–21

In this paper, motivated by the above developments, we
study the weak- and intermediate-coupling regimes of �-
Li2IrO3 and iso-structural compounds with Ir situated on a
hyperhoneycomb lattice. We point out the possibility of inter-
esting ground states in these systems that generally arise from
the nature of the underlying lattice geometry and strong SOC
effects. In turn, these results can shed light on the physics of
the above material and others on a similar lattice structure.

An important starting point in the study of these compounds
is to ascertain the nature of the electronic structure, particu-
larly that of the electronic bands near the Fermi level. Due
to the large atomic SOC, as in a large number of Ir-based
compounds,3,6,12,13,22 the low energy bands are expected to be
formed by jeff = 1/2 atomic orbitals. Using the symmetries
of the hyperhoneycomb lattice, we obtain the general tight-
binding Hamiltonian for the jeff = 1/2 orbitals. Apart from
the generic metal and band insulator (BI), we find that this
hopping Hamiltonian allows for a three-dimensional strong

a3

a1

a2

x

y

z
1 2

3 4

FIG. 1. (Color online) The ideal hyperhoneycomb lattice. The Ir4+

atoms (denoted by white spheres, except for the four yellow ones
that indicate the four atoms in our unit cell) sit in an octahedral cage
(shaded in blue) of oxygen atoms (small red spheres). The lattice
vectors are denoted by a1,a2 and a3. The three nearest-neighbor
bonds are referred to as x (green), y (pink) and z (blue) bonds.

TI (STI) over a large parameter regime. The above tight-
binding model is further justified by more microscopic calcu-
lations based on Slater-Koster parameters for the 5d orbitals
in the large SOC limit for the ideal hyperhoneycomb lattice.
This latter calculation also reveals the connection between the
symmetry-allowed hopping parameters and the Slater-Koster
parameters. In parallel, we perform density functional theory
(DFT) calculations in the presence of SOC to probe the nature
of the states near the Fermi level for �-Li2IrO3 on an ideal hy-
perhoneycomb lattice. The DFT results support our assump-
tion that the low energy states near the Fermi level have a
predominantly jeff = 1/2 orbital character and are well sepa-
rated from the jeff = 3/2 bands that lie below the Fermi level.
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Strong Coupling Limit: Localized Pseudo-Spin Model
2

(a) Classical phase diagram with � > 0

(b) AFM (c) FM (d) Stripy

(e) Zigzag (f) 120⇥ (g) | ⇣Q| in the IS

FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.

form the strong coupling expansion, we consider an atomic
Hamiltonian of Kanamori form[29]:

H0 =
↵

i

⇤
U � 3JH

2
(Ni � 5)2 � 2JHS 2

i � JH

2
L2

i

⌅
, (2)

where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have

↵

 i j⌦��⇥(⇤)

�
t1

�
d†i�d j� + d†i⇥d j⇥

⇥
+ t2

�
d†i�d j⇥ + d†i⇥d j�

⇥
+ t3d†i⇤di⇤

�
,

where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
the directions to orbitals as x ⇧ yz, y ⇧ zx and z ⇧ xy. The
parameters t1, t2, and t3 are given by

t1 =
tdd⌥ + tdd⌅

2
, t2 =

t2
pd⌥

⇥pd
+

tdd⌥ � tdd⌅

2
, t3 =

3tdd� + tdd⌅

4
,

where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH

⌅
, (3)

K =
8JH

9

⇧
    ⌥

(t1 � t3)2 � 3t2
2

(U � 3JH)(U � JH)

⌃
⌦⌦⌦⌦� , (4)

� =
16JH

9

⇤
t2(t1 � t3)

(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and

(a) Ir-Ir overlap for t1 (b) Ir-O-Ir overlap for t2

(c) Ir-Ir overlap for t2

2

(d) Ir-Ir overlap for t3
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FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.

form the strong coupling expansion, we consider an atomic
Hamiltonian of Kanamori form[29]:

H0 =
↵

i

⇤
U � 3JH

2
(Ni � 5)2 � 2JHS 2

i � JH

2
L2

i

⌅
, (2)

where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have

↵

 i j⌦��⇥(⇤)

�
t1

�
d†i�d j� + d†i⇥d j⇥

⇥
+ t2

�
d†i�d j⇥ + d†i⇥d j�

⇥
+ t3d†i⇤di⇤

�
,

where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
the directions to orbitals as x ⇧ yz, y ⇧ zx and z ⇧ xy. The
parameters t1, t2, and t3 are given by

t1 =
tdd⌥ + tdd⌅

2
, t2 =

t2
pd⌥

⇥pd
+

tdd⌥ � tdd⌅

2
, t3 =

3tdd� + tdd⌅

4
,

where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH

⌅
, (3)

K =
8JH

9
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(t1 � t3)2 � 3t2
2
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⌦⌦⌦⌦� , (4)

� =
16JH

9

⇤
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(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and
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FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.

form the strong coupling expansion, we consider an atomic
Hamiltonian of Kanamori form[29]:

H0 =
↵

i

⇤
U � 3JH

2
(Ni � 5)2 � 2JHS 2

i � JH

2
L2

i

⌅
, (2)

where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have

↵

 i j⌦��⇥(⇤)

�
t1

�
d†i�d j� + d†i⇥d j⇥

⇥
+ t2

�
d†i�d j⇥ + d†i⇥d j�

⇥
+ t3d†i⇤di⇤

�
,

where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
the directions to orbitals as x ⇧ yz, y ⇧ zx and z ⇧ xy. The
parameters t1, t2, and t3 are given by

t1 =
tdd⌥ + tdd⌅

2
, t2 =

t2
pd⌥

⇥pd
+

tdd⌥ � tdd⌅

2
, t3 =

3tdd� + tdd⌅

4
,

where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH

⌅
, (3)

K =
8JH

9

⇧
    ⌥

(t1 � t3)2 � 3t2
2

(U � 3JH)(U � JH)

⌃
⌦⌦⌦⌦� , (4)

� =
16JH

9

⇤
t2(t1 � t3)

(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and
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Recently, realizations of Kitaev physics have been sought in the A2IrO3 family of honeycomb iridates, origi-
nating from oxygen-mediated exchange through edge-shared octahedra. However, for the je⇥ = 1/2 Mott insu-
lator in these materials exchange from direct d-orbital overlap is relevant, and it was proposed that a Heisenberg
term should be added to the Kitaev model. Here we provide the generic nearest-neighbour spin Hamiltonian
when both oxygen-mediated and direct overlap are present, containing a bond-dependent o⇥-diagonal exchange
in addition to Heisenberg and Kitaev terms. We analyze this complete model using a combination of classical
techniques and exact diagonalization. Near the Kitaev limit, we find new magnetic phases, 120⌅ and incommen-
surate spiral order, as well as extended regions of zigzag and stripy order. Possible applications to Na2IrO3 and
Li2IrO3 are discussed.

The honeycomb family of iridium oxides[1–11] has at-
tracted a considerable amount of attention [12–20] due to
the possibility they lie near a realization of Kitaev’s exactly
solvable spin-1/2 honeycomb model[21]. This model hosts
a number of remarkable features: a Z2 spin liquid with gap-
less Majorana fermions and (non-Abelian) anyonic excita-
tions under an applied magnetic field. No symmetry prin-
ciple excludes terms besides the Kitaev, so additional inter-
actions are generically expected. From microscopic calcu-
lations of exchange mediated through the edge-shared oxy-
gen octahedra, it has been proposed that a pure Kitaev model
of je⇥ = 1/2 spins was the appropriate description[22]. It
was further suggested that direct overlap of the d-orbitals
generalizes this to a Heisenberg-Kitaev (HK) model[13], lin-
early interpolating between an isotropic Heisenberg model
and Kitaev’s bond-dependent exchange Hamiltonian. Exten-
sive study of the HK model[23–28] has shown a variety of fas-
cinating phenomena, including an extended spin liquid phase
and quantum phase transitions into several well-understood
magnetic ground states. While present, the zigzag phase seen
in Na2IrO3 [2, 4, 6] is di⇤cult to stabilize within the HK
model; one must resort to additional t2g-eg exchange paths[18]
or further neighbour hoppings[14]. In light of this puzzle one
may question whether the HK model provides an adequate de-
scription of the honeycomb iridates even at the nearest neigh-
bour level.

In this Letter, we show that when applied to the honey-
comb iridates the HK model is incomplete, explicitly deriving
the je⇥ = 1/2 spin model from a multiorbital t2g Hubbard-
Kanamori Hamiltonian. Considering the most idealized crys-
tal structure, an additional spin-spin interaction beyond the
HK model must be included: bond-dependent symmetric o⇥-
diagonal exchange. The complete spin Hamiltonian has the
form

H =
⇤

⌃i j⌥⇧�⇥(⇤)

⌅
J�S i · �S j + KS ⇤i S ⇤j + �

�
S �i S ⇥j + S ⇥i S �j

⇥⇧
, (1)

where J is Heisenberg exchange, K is the Kitaev exchange,
and � denotes the symmetric o⇥-diagonal exchange. On each
bond we distinguish one spin direction ⇤, labeling the bond

FIG. 1: Crystal structure of the honeycomb iridates A2IrO3
with Ir4+ in black, O2� in white, and A = Na+,Li+ in gray.
For the Kitaev and bond-dependent exchanges we have
denoted the yz(x) bonds blue, the zx(y) bonds green and the
xy(z) bonds red.

�⇥(⇤) where � and ⇥ are the two remaining directions. Ex-
amining the phase diagram using a combination of classical
arguments and exact diagonalization, we find that with the in-
clusion of � new magnetic phases are stabilized near the Ki-
taev limits: an incommensurate spiral (IS) and 120⌅ order, in
addition to extended regions of zigzag and stripy order.

Microscopics.– We first construct a minimal model of a
honeycomb lattice of Ir4+ ions surrounded by a network of
edge-sharing oxygen octahedra. The Ir4+ 5d levels are split
into an eg doublet and t2g triplet by large crystal field e⇥ects,
leaving a single hole in the t2g states. Within the t2g mani-
fold, the orbital angular momentum behaves as an le⇥ = 1
triplet, with large spin-orbit coupling splitting this into an ac-
tive je⇥ = 1/2 doublet and filled je⇥ = 3/2 states. Because of
significant on-site interactions, localized je⇥ = 1/2 spins pro-
vide an e⇥ective model for the low-energy physics. To per-
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FIG. 2: (a) Combined Luttinger-Tisza and single-Q analysis.
Solid colours correspond to exact classical ground states
from Luttinger-Tisza while the region indicated by the white
dashed line are the single-Q results. (b-f) Ground state spin
configurations in each phase. (g) Magnitude of the ordering
wave-vector ⇣Q in the IS phase.

form the strong coupling expansion, we consider an atomic
Hamiltonian of Kanamori form[29]:

H0 =
↵

i

⇤
U � 3JH

2
(Ni � 5)2 � 2JHS 2

i � JH

2
L2

i

⌅
, (2)

where Ni, S i, and Li are the total number, spin, and (e⇤ec-
tive) orbital angular momentum operators at site i, U is the
Coulomb interaction, and JH is Hund’s coupling. The expan-
sion is carried out in the limit U, JH ⌅ ⌃ ⌅ t, first taking U
and JH to be large. Since the spin-orbit coupling then domi-
nates the kinetic terms, the resulting spin-orbital model can be
projected into the je⇤ = 1/2 subspace.

The kinetic terms are encapsulated through a tight-binding
model for the Ir t2g orbitals, including both direct overlap of d-

orbitals and hopping mediated through the oxygen atoms. For
our purposes, we focus on nearest-neighbour bonds where we
then have

↵

 i j⌦��⇥(⇤)

�
t1

�
d†i�d j� + d†i⇥d j⇥

⇥
+ t2

�
d†i�d j⇥ + d†i⇥d j�

⇥
+ t3d†i⇤di⇤

�
,

where d†i� = (d†i�⌃ d†i�⌥) and di� are the creation and annihila-
tion operators for the t2g state � at site i. Here we sum over the
yz(x), zx(y) and xy(z) links as indicated in Fig. 1, but mapping
the directions to orbitals as x ⇧ yz, y ⇧ zx and z ⇧ xy. The
parameters t1, t2, and t3 are given by

t1 =
tdd⌥ + tdd⌅

2
, t2 =

t2
pd⌥

⇥pd
+

tdd⌥ � tdd⌅

2
, t3 =

3tdd� + tdd⌅

4
,

where tdd�, tdd⌥, tdd⌅ and tpd⌥ are Slater-Koster[30] parameters
for the direct Ir-Ir overlap and Ir-O overlap while ⇥pd is the Ir-
O gap[31]. Treating the kinetic terms as a perturbation yields
the Hamiltonian in Eq. 1 with

J =
4

27

⇤
6t1(t1 + 2t3)

U � 3JH
+

2(t1 � t3)2

U � JH
+

(2t1 + t3)2

U + 2JH

⌅
, (3)

K =
8JH
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⇧
    ⌥

(t1 � t3)2 � 3t2
2

(U � 3JH)(U � JH)

⌃
⌦⌦⌦⌦� , (4)

� =
16JH
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⇤
t2(t1 � t3)

(U � 3JH)(U � JH)

⌅
. (5)

Exchanges of the same form as the � term were originally
called symmetric anisotropic exchange[32, 33] and can be re-
lated to the truncated dipolar exchange[34, 35] discussed in
other contexts through a reparametrization. We stress that
since this term is allowed by symmetry even in the most ide-
alized cases, the presence of the � term is a generic feature of
je⇤ = 1/2 models with edge-shared octahedra (see the Sup-
plemental material [36] for more information). To confirm
this, the strong coupling expansion was also carried out in the
limit where U, ⌃ ⌅ JH ⌅ t, with the contributions of JH
included in the excited states perturbatively. While energies
of the virtual states involve ⌃ instead of JH , all three terms are
generated, with the dependence of K and � on the hoppings t1,
t2, and t3 unchanged (Supplemental Material [36]). Whereas
the Kitaev limit can be naturally accessed when t2 ⌅ t1, t3,
leaving this regime introduces both J and �making it di⌅cult
to reach the HK limit[37]. Fine tuning could in principle ren-
der � small, but the dominant contributions to t1 ⇤ tdd⌥ and
t3 ⇤ tdd� are of opposite sign making any such tuning implau-
sible. Further applications to wider classes of iridium oxides
are left for future work.

Classical phase diagram.- To understand the e⇤ects of in-
cluding this bond-dependent � term, we first map out the clas-
sical magnetic phases. We parametrize the exchanges using
angles  and ⇧

J = sin ⇧ cos  , K = sin ⇧ sin  , � = cos ⇧, (6)

fixing the energy scale so that
�

J2 + K2 + �2 = 1. By map-
ping ⇣S i ⇧ �⇣S i on one sublattice, we send  ⇧ � and

e.g. In the limit of 

Strong Coupling Limit: Localized Pseudo-Spin Model 6

Supplementary Material A:

Details on ab-initio electronic structure calculations

For the electronic structure calculations with SOC and on-
site Coulomb interaction, OPENMX code[31, 32], which is
based on the linear-combination-of-pseudo-atomic-orbital ba-
sis formalism, was used. A non-collinear DFT scheme and
a fully relativistic j-dependent pseudopotential were used to
treat SOC, and Perdew-Burke-Ernzerhof (PBE) parametriza-
tion of the generalized gradient apporoximation (GGA) was
chosen for the exchange-correlation functional[], (Cite PBE)
which was compared and found to be almost identical with
the results with the Perdew and Zunger local density approx-
imation functional[]. (Cite CA-PZ) 400 Ry of energy cutoff
was used for the real-space sampling, and 9 ⇥ 9 ⇥ 9 k-grid
was adopted for the primitive unit cell. Electron interactions
are treated as on-site Coulomb interactions via a simplified
LDA+U formalism implemented in OPENMX code[33], and

up to 3.0 eV of Ue↵ ⌘ U � JH parameter (JH is Hund’s
coupling) was used for Ir d orbital in our GGA+SOC+U cal-
culations. Maximally-localized Wannier orbital method[34],
which is implemented in OPENMX code[35], were used to
obtain the tight-binding Hamiltonian for Ir t2g atoms.

z

x ydxz

t3
t2

t1 pz

dyz

FIG. 4. (Color online) (Supplementary materials:) The three largest
t2g Wannier orbital hopping amplitudes.



Kitaev Model: Exact Solution

II. HEISENBERG-KITAEV MODEL ON HYPER-HONEYCOMB

Let us consider the following Heisenberg-Kitaev model on the Hyper-honeycomb lattice.

HHK = J
�

⇥ij⇤

Si · Sj �K
�

��links

S�
i S

�
j (1)

We first study the di�erent limits.

A. K=0

This is the limit of the pure antiferromagnetic Heisenberg model. The above lattice is

similar topologically to the lattice in fig. 5. On this lattice, the Neel order is not frustrated.

This is shown in figure 6. The reason that Neel order is not frustrated is that the above

lattice can be seen as a partially deleted cubic lattice where the deletion is done without

introducing new bonds.[7] So the Neel order remains unfrustrated and is the classical ground

state.

B. J=0

This is the pure Kitaev limit. This limit was first studied by Mandal et. al [4] on the

deleted cubic lattice (fig. 5). The Hamiltonian looks like:

HK = �
�

��links

S�
i S

�
j (2)

where the di�erent links are given in fig. 5. The details of this lattice are described in

Appendix A. Using the usual majorana fermion decomposition of the spins, we find that the

Hamiltonian is given by:

HK =
i

2

�

��links

u�
ijcicj (where u�

ij = ib�i b
�
j ) (3)

Now unlike the 2D case here we do not have a clear cut Lieb’s theorem which says that the

ground state belongs to the zero flux sector. So Ref. [4] resorted to some selected numerical

check and found that the ground state indeed belongs to this sector. We shall assume that

this is correct and look for the majorana dispersion in this sector. In this sector, we can set
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FIG. 5. The spectrum of the dispersing majorana fermion in the pure kitaev model on the hyperhoneycomb lattice along paths of high symmetry
in the first Brillouin zone (The first Brillouin zone and the paths are shown in Appendix A)

point (K = 2J), although the classical energies of the three
orders remain same, but, quantum corrections coming from
the spin-wave fluctuations lift this, accidental classical degen-
eracy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al6 showed that
the pure Kitaev model on the deleted cubic lattice which is
topologically similar to the hyper-honeycomb lattice can be
exactly solved using methods originally employed by Kitaev.2

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual ma-
jorana fermion decomposition of the spins

S�
i = ib�i c (3)

we find that the Hamiltonian (Eq. 1) in this limit is given by:

HK =
i

2

⌥

��links

u�
ijcicj (where u�

ij = ib�i b
�
j ), (4)

where we have put the overall scale K = 1. The {bxi , b
y
i , b

z
i , c}

are the four majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (see fig. 1) are given by6

WP =
�

loop

u�
ij (5)

Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.
This separation of the majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.

The problem then reduces to majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb

lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al. proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice6 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al. resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes and found that the zero-flux sector has the lowest energy.
Assuming that this is also true in our case, we can specialize to
the zero-flux sector choosing a gauge where u�

ij = +1 (⇥⇧ij⌃)
to get

H0�flux
K =

i

2

⌥

ij

cicj (6)

This Hamiltonian can then be diagonalized by fourier trans-
formation taking the unit cell, as given in given in fig. 1 (and
the lattice vectors are given in Appendix A). We get

H0�flux
K =

⌥

k

�T
�kHk�k (7)

where �T
k = (c1,k, c2,k, c3,k, c4,k) and

Hk =
i

4

�

⇧⇤

0 1 0 Ak

�1 0 BK 0
0 �B⇤

k 0 1
�A⇤

k 0 �1 0

⇥

⌃⌅ (8)

where,

Ak = e�ik·a1 + e�ik·a2 ; Bk = 1 + e�ik·a3 (9)
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orders remain same, but, quantum corrections coming from
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This is the pure Kitaev limit. Mandal et. al6 showed that
the pure Kitaev model on the deleted cubic lattice which is
topologically similar to the hyper-honeycomb lattice can be
exactly solved using methods originally employed by Kitaev.2

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual ma-
jorana fermion decomposition of the spins
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latter being good quantum numbers, lies at the heart of the
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The problem then reduces to majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb
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prove Lieb’s theorem for the present lattice6 because of the
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the fermion hopping Hamiltonian (Eq. 4) over large system
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point (K = 2J), although the classical energies of the three
orders remain same, but, quantum corrections coming from
the spin-wave fluctuations lift this, accidental classical degen-
eracy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al6 showed that
the pure Kitaev model on the deleted cubic lattice which is
topologically similar to the hyper-honeycomb lattice can be
exactly solved using methods originally employed by Kitaev.2

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual ma-
jorana fermion decomposition of the spins

S�
i = ib�i c (3)

we find that the Hamiltonian (Eq. 1) in this limit is given by:

HK =
i

2

⌥

��links

u�
ijcicj (where u�

ij = ib�i b
�
j ), (4)

where we have put the overall scale K = 1. The {bxi , b
y
i , b

z
i , c}

are the four majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (see fig. 1) are given by6

WP =
�

loop

u�
ij (5)

Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.
This separation of the majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.

The problem then reduces to majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb

lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al. proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice6 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al. resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes and found that the zero-flux sector has the lowest energy.
Assuming that this is also true in our case, we can specialize to
the zero-flux sector choosing a gauge where u�

ij = +1 (⇥⇧ij⌃)
to get

H0�flux
K =

i

2

⌥

ij

cicj (6)

This Hamiltonian can then be diagonalized by fourier trans-
formation taking the unit cell, as given in given in fig. 1 (and
the lattice vectors are given in Appendix A). We get

H0�flux
K =

⌥

k
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�kHk�k (7)

where �T
k = (c1,k, c2,k, c3,k, c4,k) and
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where,

Ak = e�ik·a1 + e�ik·a2 ; Bk = 1 + e�ik·a3 (9)
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FIG. 5. The spectrum of the dispersing majorana fermion in the pure kitaev model on the hyperhoneycomb lattice along paths of high symmetry
in the first Brillouin zone (The first Brillouin zone and the paths are shown in Appendix A)

point (K = 2J), although the classical energies of the three
orders remain same, but, quantum corrections coming from
the spin-wave fluctuations lift this, accidental classical degen-
eracy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al6 showed that
the pure Kitaev model on the deleted cubic lattice which is
topologically similar to the hyper-honeycomb lattice can be
exactly solved using methods originally employed by Kitaev.2

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual ma-
jorana fermion decomposition of the spins
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i = ib�i c (3)

we find that the Hamiltonian (Eq. 1) in this limit is given by:
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where we have put the overall scale K = 1. The {bxi , b
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are the four majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (see fig. 1) are given by6
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Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.
This separation of the majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.

The problem then reduces to majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb

lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al. proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice6 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al. resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes and found that the zero-flux sector has the lowest energy.
Assuming that this is also true in our case, we can specialize to
the zero-flux sector choosing a gauge where u�

ij = +1 (⇥⇧ij⌃)
to get

H0�flux
K =
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2

⌥

ij

cicj (6)

This Hamiltonian can then be diagonalized by fourier trans-
formation taking the unit cell, as given in given in fig. 1 (and
the lattice vectors are given in Appendix A). We get
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where �T
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where,

Ak = e�ik·a1 + e�ik·a2 ; Bk = 1 + e�ik·a3 (9)

Ground state is in the zero-flux sector

commute with the Hamiltonian

4

y � z and x � z bonds respectively. We would like to re-
emphasize that the word skew indicates that this is essentially
a three dimensional magnetic order as opposed to a stacked
up two dimensional spin order. At this special point there is a
continuous “SU(2)” spin rotation symmetry that ensures that
all the three skew-stripy phases described above have the same
energy.

It is however worthwhile to note that there is a crucial
difference from the honeycomb case away from this special
point. In the honeycomb lattice a two dimensional stripy
phase is obtained for the Heisenberg-Kitaev model at the same
parameter value. There, a C3 symmetry of the lattice along
with concomitant rotation of the spins which is a symmetry
of the HHK Hamiltonian on the honeycomb lattice ensures
that the three stripy ordered phases have the same energy even
away from this special point where there is no “SU(2)” sym-
metry. However on the hyper-honeycomb lattice, there is only
a C2 symmetry between the x and the y bonds, while the z
bonds are not related by any symmetry. So there is no a-priori
reason for the Sz ordered skew-stripy phase to have the same
energy as the other two. Indeed we find that, away from this
point (K = 2J), although the classical energies of the three
states remain the same, quantum corrections coming from the
spin-wave fluctuations lift this accidental classical degener-
acy.

C. J = 0 : The Kitaev Spin Liquid

This is the pure Kitaev limit. Mandal et. al19 showed
that the pure Kitaev model on the deleted cubic lattice which
is topologically similar to the hyper-honeycomb lattice can
be exactly solved using methods originally employed by
Kitaev.18

The exact solution, as in the honeycomb case, is rendered
by the three-fold coordination and consequent presence of an
infinite number of conserved quantities. Using the usual Ma-
jorana fermion decomposition of the spins

S�
i = ib�i c (3)

we find that the Hamiltonian (Eq. 1) in this limit is given by:

HK =
i

2
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j ), (4)

where we have put the overall scale K = 1. The {bxi , b
y
i , b

z
i , c}

are the four Majorana fermions that mutually anticommute.
The infinite number of conserved quantities are given by

the Z2-link variables u�
ij that commute with each other and

with the Hamiltonian (Eq. 4). The Z2-fluxes generated by u�
ij

over the 10 site loop (the blue sites in Fig. 1) are given by19

WP =
⌦

loop

u�
ij . (5)

Since these fluxes commute with the Hamiltonian, by con-
struction, they do not have any dynamics and hence the prob-
lem can be solved independently for different flux sectors.

This separation of the Majorana sector and the flux sector, the
latter being good quantum numbers, lies at the heart of the
exact solution of the Kitaev models on different lattices.18

The problem then reduces to Majorana fermions hopping
in the background of frozen fluxes on the hyper-honeycomb
lattice. Similar issues have been studied by various people
on other lattices. E. Lieb et al.28 proved that, on certain bi-
partite lattice that contain mirror planes that bisect the lattice
links, the lowest energy is obtained when planer plaquettes
containing 2(mod 4) sites have zero-flux through them, while
plaquettes having 0 (mod 4) sites have �-flux through them.
Unfortunately, unlike the 2D-honeycomb lattice, we cannot
prove Lieb’s theorem for the present lattice19 because of the
absence of suitable miror planes. In absence of such theo-
rems, Mandal et al.19 resorted to numerical diagonalization of
the fermion hopping Hamiltonian (Eq. 4) over large system
sizes for several flux configurations and found that the zero-
flux sector has the lowest energy. Thus it is expected that the
zero flux sector corresponds to the ground state in our case as
well. We can then specialize to the zero-flux sector choosing
a gauge where u�

ij = +1 (⇤⌥ij�) to get

H0�flux
K =

i

2

 

ij

cicj . (6)

This Hamiltonian can then be diagonalized by fourier trans-
formation, taking the unit cell as given in Fig. 1 (the lattice
vectors are given in Appendix A). We get

H0�flux
K =

 

k

�T
�kHk�k (7)

where �T
k = (c1,k, c2,k, c3,k, c4,k) and

Hk =
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4
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where,

Ak = e�ik·a1 + e�ik·a2 ; Bk = 1 + e�ik·a3 (9)

The spectrum is given by:

Ek = ± 1

2
⌦
2

�
(2 + |Ak|2 + |Bk|2)± (10)

↵
[2 + |Ak|2 + |Bk|2]2 � 4 [1 + |Ak|2|Bk|2 + 2⌅ [AkB⇤

k]]

⇥1/2

(11)

The spectrum for the dispersing Majorana fermion, c, along
the high symmetry lines within the first Brillouin zone is given
in Fig. 5. The lower two bands are occupied while the zero
energy surface describe the contour of the gapless excitation.
We find a fermi surface of co-dimension two, i.e. line nodes.
From Eq. 11, it is easy to see that this is given by the zeros of

WP = ±1⇒
S. Mandal and N. Surendran (2009)Hyper-Honeycomb

Ground state is in a π-flux sector Wp = �1some
Stripy-Honeycomb R. Schaffer, E. Lee, Y.-M. Lu, Y. B. Kim, PRL 2015
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they define conserved quantities that take on the values of ±1

on each bond. These u
ij

are not gauge invariant. However,
products of these operators over closed loops, which corre-
spond to fluxes of the Z2 gauge field, are gauge invariant[9].
By choosing a configuration of {u

ij

}, the fluxes are fully de-
termined and the Hamiltonian becomes quadratic in terms of
the c fermions. The ground state can be found by solving the
quadratic Hamiltonians corresponding to all possible flux con-
figurations (or flux sectors) and identifying the flux sector that
yields the lowest energy state.

Unlike the 2D honeycomb lattice, both the hyperhoney-
comb (i.e. H–0) and H–1 lattices possess loops without mir-
ror symmetries. As such, Lieb’s theorem [17] cannot deter-
mine the flux passing through these loops in the ground state.
We performed a brute-force search throughout all flux sec-
tors compatible with an 8-fold enlarged unit cell and the re-
sults suggest that the ground state on the hyperhoneycomb
lattice belongs to the zero-flux sector, which agrees with pre-
vious work[12]. In contrast, on the H–1 lattice, we find
that the ground state flux sector differs for different values
of � = J

z

/J
x

. At the isotropic point � = 1, a particular flux
configuration with ⇡ flux passing through a subset of the loops
appears to be the ground state flux sector (hereafter, we label
it as the “⇡-flux sector”). Upon increasing �, the zero-flux
sector becomes energetically favorable. We will first focus on
the zero-flux sectors on the hyperhoneycomb and H–1 lattices
and defer the more involved analysis of the ⇡-flux sector on
the H–1 lattice for later.

Bulk Majorana spectrum in the zero-flux sector: Due to
the bipartite nature of both the hyperhoneycomb and H–1 lat-
tices, the Hamiltonian in any flux sector takes the off-diagonal
form

H�
n

=

X

k

~c T

n,�k

H�
n,k

~c
n,k

(2)

H�
n,k

=

"
0 �iD�

n,k

i
⇣
D�

n,k

⌘†
0

#
, (3)

where n refers to the nth-harmonic honeycomb, � labels the
flux sector, and ~c

n,k

is the vector of the Fourier transforms
of the c Majorana fermions ordered by the odd sublattices fol-
lowed by the even sublattices (See Supplemental Material [18]
for definition of lattice vectors, unit cell, and sublattice con-
ventions). In the zero-flux sector, we can choose the gauge
where u

ij

= 1 when i is an even sublattice and j is an odd
sublattice. Consequently, the D0-matrices for the hyperhon-
eycomb and H–1 lattices are

D0
0,k =


J
z

A
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B
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775 ,

(4)

where A
k

= J
x

(1 + e�ik1
), B

k

= J
x

(1 + e�ik2
) with k

i

=

~k · ~a
i

, and ~a
i

are the lattice vectors.

Each of the zero-flux sectors of both hyperhoneycomb and
H–1 lattices possesses gapless spinon excitations in the bulk
that form a nodal ring in the 3D Brillouin zone (BZ). The off-
diagonal block form of H�

n

ensures that the zero-modes of
H�

n

are determined by det(D�
n,k

) = 0. For the zero-flux phase
of the hyperhoneycomb and H–1 lattices, these conditions are

H–0 : 4 cos

k1
2

cos

k2
2

= �2e�i(k3� k1
2 � k2

2 ), (5)

H–1 :

����4 cos
k1
2

cos

k2
2

���� = �2e�ik3 . (6)

For values of � < 2, a continuous set of solutions exist for
each of Eq. (5) and Eq. (6), which defines the nodal ring.
We have illustrated the locations of the nodal rings for the
isotropic case � = 1 in Fig. 2a and Fig. 2b.

Topological invariants of the nodal ring: The nodal rings
present in the zero-flux sectors of the hyperhoneycomb and
H–1 models are topologically stable. To see this, we first de-
fine the time-reversal (TR) and particle-hole (PH) symmetry
operators, whose unitary components satisfy the following re-
lations

H
k

= ✏
U

UHT

�k

U�1, UU†
= I, UT

= ⌘
U

U, (7)

where H
k

is the Hamiltonian matrix, T is the matrix transpose,
I is the identity matrix, U = T, P for TR/PH respectively,
✏
U

= ±1 for TR/PH, and ⌘
U

= ±1. The presence of both
TR and PH ensures that S = TP is a chiral (or sublattice)
symmetry of the system, which satisfies {S,H�

n

} = 0 (where
boldface letters denote operators).

In the case of the hyperhoneycomb and H–1 lattices, we
find for the zero-flux sector

T 0
n

= S0
n

= �
z

⌦ I2n+2, P 0
n

= I4n+4, (8)

where � are the Pauli matrices, ⌦ is the tensor product of ma-
trices, and I

m

is the m ⇥m identity matrix. In both systems,
⌘
T

= ⌘
P

= +1, which implies that H0
n,k

belongs to sym-
metry class BDI based on the classification of topologically
stable Fermi surfaces (FS’s)[16, 19]. The topological stability
of a nodal ring in three-dimensional systems of class BDI is
characterized by the following integer-valued topological in-
variant (winding number)

⌫ =

1

4⇡i

I
dkTr[D�1

k @
k

Dk � (D†
)

�1
k @

k

D†
k], (9)

where the integral is taken along a path around the nodal ring.
We can deform the path into two pieces: one passing

through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [18] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable. Accordingly, the surface spectra of these
two systems should possess zero-energy flat bands due to the
bulk-boundary correspondence[16], as long as the bulk nodal
ring has finite projection in the surface BZ.

BDI Class
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Nodal Line in 3D

FIG. 4. Introducing the harmonic honeycomb series. (A) Two kinds of c-axis bonds (black links) in

the harmonic honeycomb family H⇥N⇤-Li2IrO3 are shown, one linking within a honeycomb plane

(for example blue to blue, top) and one that rotates between honeycomb planes (for example red

to blue, bottom). For undistorted octahedra, these links are locally indistinguishable, as can be

observed by the local coordination of any Ir atom (also see Figure 2A). (B) These building blocks

can be used to construct a series of structures. The end members include the theoretical N = 0

‘hyper-honeycomb’ [13–15] and the N = � layered honeycomb [12]. Here N counts the number

of complete honeycomb rows in a section along the c-axis before the orientation of the honeycomb

plane switches.

conditions. The building blocks shown in Figure 4A connect each member of the harmonic

honeycomb series in a manner that is analogous to how corner sharing octahedra connect the

Ruddlesden-Popper (RP) series. Indeed, despite the fact that members of the RP family are

locally identical in structure, they exhibit a rich variety of exotic electronic states; including

superconductivity and ferromagnetism in the ruthenates [16, 17], multiferroic behavior in

the titanates [18], collosal magnetoresistance in the manganites [19] and high temperature

superconductivity in the cuprates [20]. The harmonic honeycomb family is a honeycomb

analogue of the RP series, and its successful synthesis could similarly create a new frontier

in the exploration of strongly spin-orbit coupled Mott insulators.
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they define conserved quantities that take on the values of ±1

on each bond. These u
ij

are not gauge invariant. However,
products of these operators over closed loops, which corre-
spond to fluxes of the Z2 gauge field, are gauge invariant[9].
By choosing a configuration of {u

ij

}, the fluxes are fully de-
termined and the Hamiltonian becomes quadratic in terms of
the c fermions. The ground state can be found by solving the
quadratic Hamiltonians corresponding to all possible flux con-
figurations (or flux sectors) and identifying the flux sector that
yields the lowest energy state.

Unlike the 2D honeycomb lattice, both the hyperhoney-
comb (i.e. H–0) and H–1 lattices possess loops without mir-
ror symmetries. As such, Lieb’s theorem [17] cannot deter-
mine the flux passing through these loops in the ground state.
We performed a brute-force search throughout all flux sec-
tors compatible with an 8-fold enlarged unit cell and the re-
sults suggest that the ground state on the hyperhoneycomb
lattice belongs to the zero-flux sector, which agrees with pre-
vious work[12]. In contrast, on the H–1 lattice, we find
that the ground state flux sector differs for different values
of � = J

z

/J
x

. At the isotropic point � = 1, a particular flux
configuration with ⇡ flux passing through a subset of the loops
appears to be the ground state flux sector (hereafter, we label
it as the “⇡-flux sector”). Upon increasing �, the zero-flux
sector becomes energetically favorable. We will first focus on
the zero-flux sectors on the hyperhoneycomb and H–1 lattices
and defer the more involved analysis of the ⇡-flux sector on
the H–1 lattice for later.

Bulk Majorana spectrum in the zero-flux sector: Due to
the bipartite nature of both the hyperhoneycomb and H–1 lat-
tices, the Hamiltonian in any flux sector takes the off-diagonal
form
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where n refers to the nth-harmonic honeycomb, � labels the
flux sector, and ~c

n,k

is the vector of the Fourier transforms
of the c Majorana fermions ordered by the odd sublattices fol-
lowed by the even sublattices (See Supplemental Material [18]
for definition of lattice vectors, unit cell, and sublattice con-
ventions). In the zero-flux sector, we can choose the gauge
where u

ij

= 1 when i is an even sublattice and j is an odd
sublattice. Consequently, the D0-matrices for the hyperhon-
eycomb and H–1 lattices are
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where A
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= J
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(1 + e�ik1
), B
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= J
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(1 + e�ik2
) with k
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=

~k · ~a
i

, and ~a
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are the lattice vectors.

Each of the zero-flux sectors of both hyperhoneycomb and
H–1 lattices possesses gapless spinon excitations in the bulk
that form a nodal ring in the 3D Brillouin zone (BZ). The off-
diagonal block form of H�

n

ensures that the zero-modes of
H�

n

are determined by det(D�
n,k

) = 0. For the zero-flux phase
of the hyperhoneycomb and H–1 lattices, these conditions are
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For values of � < 2, a continuous set of solutions exist for
each of Eq. (5) and Eq. (6), which defines the nodal ring.
We have illustrated the locations of the nodal rings for the
isotropic case � = 1 in Fig. 2a and Fig. 2b.

Topological invariants of the nodal ring: The nodal rings
present in the zero-flux sectors of the hyperhoneycomb and
H–1 models are topologically stable. To see this, we first de-
fine the time-reversal (TR) and particle-hole (PH) symmetry
operators, whose unitary components satisfy the following re-
lations

H
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= ✏
U
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U�1, UU†
= I, UT
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U

U, (7)

where H
k

is the Hamiltonian matrix, T is the matrix transpose,
I is the identity matrix, U = T, P for TR/PH respectively,
✏
U

= ±1 for TR/PH, and ⌘
U

= ±1. The presence of both
TR and PH ensures that S = TP is a chiral (or sublattice)
symmetry of the system, which satisfies {S,H�
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} = 0 (where
boldface letters denote operators).

In the case of the hyperhoneycomb and H–1 lattices, we
find for the zero-flux sector

T 0
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= S0
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⌦ I2n+2, P 0
n

= I4n+4, (8)

where � are the Pauli matrices, ⌦ is the tensor product of ma-
trices, and I

m

is the m ⇥m identity matrix. In both systems,
⌘
T

= ⌘
P

= +1, which implies that H0
n,k

belongs to sym-
metry class BDI based on the classification of topologically
stable Fermi surfaces (FS’s)[16, 19]. The topological stability
of a nodal ring in three-dimensional systems of class BDI is
characterized by the following integer-valued topological in-
variant (winding number)
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where the integral is taken along a path around the nodal ring.
We can deform the path into two pieces: one passing

through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [18] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable. Accordingly, the surface spectra of these
two systems should possess zero-energy flat bands due to the
bulk-boundary correspondence[16], as long as the bulk nodal
ring has finite projection in the surface BZ.
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FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
nodal rings of the indicated lattice, flux sector, and � = J

z

/J

x

. The red lines are the intersections of the yellow and turquoise surfaces, which
are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
various lattices and flux sectors, while the insets within indicate the location of the momentum cuts and projection of the nodal ring on the
surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.

Surface spectra: The surface spectra of the hyperhoney-
comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [21] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,
and chiral symmetry operators are now given by

T⇡

n

= S⇡

n

= �
z

⌦ I4n+4, P⇡

n

= I8n+8 (10)

with n = 1. Since ⌘
T

= ⌘
P

= +1, H⇡

k

still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.

⌫ = 1

⌫ = 0

2

they define conserved quantities that take on the values of ±1

on each bond. These u
ij

are not gauge invariant. However,
products of these operators over closed loops, which corre-
spond to fluxes of the Z2 gauge field, are gauge invariant[9].
By choosing a configuration of {u

ij

}, the fluxes are fully de-
termined and the Hamiltonian becomes quadratic in terms of
the c fermions. The ground state can be found by solving the
quadratic Hamiltonians corresponding to all possible flux con-
figurations (or flux sectors) and identifying the flux sector that
yields the lowest energy state.

Unlike the 2D honeycomb lattice, both the hyperhoney-
comb (i.e. H–0) and H–1 lattices possess loops without mir-
ror symmetries. As such, Lieb’s theorem [17] cannot deter-
mine the flux passing through these loops in the ground state.
We performed a brute-force search throughout all flux sec-
tors compatible with an 8-fold enlarged unit cell and the re-
sults suggest that the ground state on the hyperhoneycomb
lattice belongs to the zero-flux sector, which agrees with pre-
vious work[12]. In contrast, on the H–1 lattice, we find
that the ground state flux sector differs for different values
of � = J

z

/J
x

. At the isotropic point � = 1, a particular flux
configuration with ⇡ flux passing through a subset of the loops
appears to be the ground state flux sector (hereafter, we label
it as the “⇡-flux sector”). Upon increasing �, the zero-flux
sector becomes energetically favorable. We will first focus on
the zero-flux sectors on the hyperhoneycomb and H–1 lattices
and defer the more involved analysis of the ⇡-flux sector on
the H–1 lattice for later.

Bulk Majorana spectrum in the zero-flux sector: Due to
the bipartite nature of both the hyperhoneycomb and H–1 lat-
tices, the Hamiltonian in any flux sector takes the off-diagonal
form

H�
n

=

X

k

~c T

n,�k

H�
n,k

~c
n,k

(2)

H�
n,k

=

"
0 �iD�

n,k

i
⇣
D�

n,k

⌘†
0

#
, (3)

where n refers to the nth-harmonic honeycomb, � labels the
flux sector, and ~c

n,k

is the vector of the Fourier transforms
of the c Majorana fermions ordered by the odd sublattices fol-
lowed by the even sublattices (See Supplemental Material [18]
for definition of lattice vectors, unit cell, and sublattice con-
ventions). In the zero-flux sector, we can choose the gauge
where u

ij

= 1 when i is an even sublattice and j is an odd
sublattice. Consequently, the D0-matrices for the hyperhon-
eycomb and H–1 lattices are

D0
0,k =


J
z

A
k

eik3

B
k

J
z

�
, D0

1,k =

2

664

J
z

0 0 A
k

eik3

A⇤
k

J
z

0 0

0 B
k

J
z

0

0 0 B⇤
k

J
z

3

775 ,

(4)

where A
k

= J
x

(1 + e�ik1
), B

k

= J
x

(1 + e�ik2
) with k

i

=

~k · ~a
i

, and ~a
i

are the lattice vectors.

Each of the zero-flux sectors of both hyperhoneycomb and
H–1 lattices possesses gapless spinon excitations in the bulk
that form a nodal ring in the 3D Brillouin zone (BZ). The off-
diagonal block form of H�

n

ensures that the zero-modes of
H�

n

are determined by det(D�
n,k

) = 0. For the zero-flux phase
of the hyperhoneycomb and H–1 lattices, these conditions are

H–0 : 4 cos

k1
2

cos

k2
2

= �2e�i(k3� k1
2 � k2

2 ), (5)

H–1 :

����4 cos
k1
2

cos

k2
2

���� = �2e�ik3 . (6)

For values of � < 2, a continuous set of solutions exist for
each of Eq. (5) and Eq. (6), which defines the nodal ring.
We have illustrated the locations of the nodal rings for the
isotropic case � = 1 in Fig. 2a and Fig. 2b.

Topological invariants of the nodal ring: The nodal rings
present in the zero-flux sectors of the hyperhoneycomb and
H–1 models are topologically stable. To see this, we first de-
fine the time-reversal (TR) and particle-hole (PH) symmetry
operators, whose unitary components satisfy the following re-
lations

H
k

= ✏
U

UHT

�k

U�1, UU†
= I, UT

= ⌘
U

U, (7)

where H
k

is the Hamiltonian matrix, T is the matrix transpose,
I is the identity matrix, U = T, P for TR/PH respectively,
✏
U

= ±1 for TR/PH, and ⌘
U

= ±1. The presence of both
TR and PH ensures that S = TP is a chiral (or sublattice)
symmetry of the system, which satisfies {S,H�

n

} = 0 (where
boldface letters denote operators).

In the case of the hyperhoneycomb and H–1 lattices, we
find for the zero-flux sector

T 0
n

= S0
n

= �
z

⌦ I2n+2, P 0
n

= I4n+4, (8)

where � are the Pauli matrices, ⌦ is the tensor product of ma-
trices, and I

m

is the m ⇥m identity matrix. In both systems,
⌘
T

= ⌘
P

= +1, which implies that H0
n,k

belongs to sym-
metry class BDI based on the classification of topologically
stable Fermi surfaces (FS’s)[16, 19]. The topological stability
of a nodal ring in three-dimensional systems of class BDI is
characterized by the following integer-valued topological in-
variant (winding number)

⌫ =

1

4⇡i

I
dkTr[D�1

k @
k

Dk � (D†
)

�1
k @

k

D†
k], (9)

where the integral is taken along a path around the nodal ring.
We can deform the path into two pieces: one passing

through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [18] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable. Accordingly, the surface spectra of these
two systems should possess zero-energy flat bands due to the
bulk-boundary correspondence[16], as long as the bulk nodal
ring has finite projection in the surface BZ.

Topological Invariant

R. Schaffer, E. Lee, Y.-M. Lu, Y. B. Kim, PRL 2015

Topological  
Spinon “Semi-metal”



3

k1

k2

k3

0

�⇡

⇡

0

�⇡

⇡

0

�⇡

⇡

(a) H–0: 0-flux, � = 1

k1

k2

k3

0

�⇡

⇡

0

�⇡

⇡

0

�⇡

⇡

(b) H–1: 0-flux, � = 1

k1

k2

k3

0

�⇡

⇡

0

�⇡

⇡

0

�⇡

⇡

(c) H–1: ⇡-flux, � = {1, 71/4}

0

1

�1

E (J
x

)

k2

k3

(d) (100) surface

k1

k2

(e) (001) surface

0

1

�1

E (J
x

)

k1

k2

(f) (001) surface

0

1

�1

k1

k2

(g) (001) surface; � = 1

k1

k2

(h) (001) surface,
� = 71/4

FIG. 2. (Color online) Position of nodal rings, surface spectra, and winding numbers. In Figs. 2a-2c, the red lines show the location of the
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are the LHS = 1 and RHS = 1 of Eq. 5, Eq. 6, and Eq. 11. In Fig. 2c, the first Brillouin zone spans the region �⇡/2 < k1  ⇡/2
due to doubling of the unit cell in the ⇡-flux sector. Figs. 2d-2h show the surface spectra along one-dimensional momentum cuts on the
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surfaces indicated. The colors in the insets correspond to the winding numbers, where yellow, turquoise, and red are ⌫ = 0, ±1, and ±2
respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.
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in Fig. 2d and 2e (the surface (010) is related to the (100) sur-
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at zero energy are expected in both surface spectra. Indeed,
we see ⌫ = 1 within the area enclosed by the projection of
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paths that cut through the nodal ring projections, we see the
presence of flat bands where the winding number is ±1. In
contrast, the nodal ring in the H–1 lattice only has finite pro-
jection along the k3 direction. Therefore, only the (001) sur-
face spectrum possesses zero energy flat bands, which can be
seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
performed analogously in the ⇡-flux sector on the H–1 lattice;
here we summarize the main results. The description of the ⇡-
flux sector requires doubling of the unit cell in the a1 direction
(See Supplemental Material [18] for definition of the enlarged
unit cell and D⇡

1,k). Due to the enlarged unit cell, the TR, PH,

and chiral symmetry operators are now given by
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still belongs to
class BDI and its nodal rings are associated with Z-valued
topological invariants.
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bulk-boundary correspondence.

We can deform the path into two pieces: one passing
through the inside of the nodal ring and one outside. Inte-
grating Eq. 9 in the k3 direction along the lines k1 = k2 = 0

(inside the nodal ring) and k1 = k2 = ⇡ (outside the nodal
ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
topologically stable.
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comb and H–1 lattices is expected to possess zero-energy flat
bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
be the same as the topological index ⌫ of the ring.

For the hyperhoneycomb lattice, we examine the spectra as-
sociated with the (100) and (001) surfaces in Fig. 2d and 2e
(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring

has finite projection along k1 and k3, flat bands at zero energy
are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.

Analysis of the ⇡-flux sector: The above analysis can be
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here we summarize the main results. The description of the ⇡-
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respectively. When ⌫ 6= 0, as shown in Figs. 2d-2h, we find the presence of zero-energy surface flat bands with |⌫|-fold degeneracy, due to the
bulk-boundary correspondence.

We can deform the path into two pieces: one passing
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ring), we find a nontrivial winding number ⌫ = 1 inside the
nodal ring but a trivial one (⌫ = 0) outside (See Supplemen-
tal Material [21] for details). As a result, the nodal ring is
characterized by a topological index ⌫ = ±1 and is hence
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bands due to the bulk-boundary correspondence[17], as long
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ring on a surface, the change in the number of flat bands must
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(the surface (010) is related to the (100) surface by a glide
plane symmetry, hence it is not shown). Since the nodal ring
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are expected in both surface spectra. Indeed, we see ⌫ = 1

within the area enclosed by the projection of the nodal ring.
Plotting the surface spectra along momentum paths that cut
through the nodal ring projections, we see the presence of flat
bands where the winding number is ±1. In contrast, the nodal
ring in the H–1 lattice only has finite projection along the k3
direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.
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characterized by a topological index ⌫ = ±1 and is hence
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bands due to the bulk-boundary correspondence[17], as long
as the bulk nodal ring has finite projection in the surface BZ.
At the momenta corresponding to the projection of the nodal
ring on a surface, the change in the number of flat bands must
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plane symmetry, hence it is not shown). Since the nodal ring
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Plotting the surface spectra along momentum paths that cut
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bands where the winding number is ±1. In contrast, the nodal
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direction. Therefore, only the (001) surface spectrum pos-
sesses zero energy flat bands, which can be seen in Fig. 2f.
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.
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compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
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ence of �.
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.
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bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
the â direction. The size of the net moment is small, especially
compared to the FMa phase, and decreases as we approach the
SPa+ phase or the AF Kitaev point. We illustrate this decrease
in net moment by the lightening of the color contours.

B. Existing magnetic orders

AFc: This collinear phase is the exact ground state in the
AF-Heisenberg region when J > �K and J > �: the LTA
succeeds in finding this exact ground state for both lattices.
This phase is the HK-AF state with moments aligned antifer-
romagnetically and locked in the ĉ direction due to the pres-
ence of �.

FMa: This coplanar state with finite net moment encom-
passes a large fraction of both phase diagrams. Only in the hy-
perhoneycomb does the LTA succeed in identifying this phase
as the exact ground state. In both lattices, the projection of
the spins along the â direction is ferromagnetic while the pro-
jection along the ĉ direction vanishes. The projection along
the ˆb direction behaves differently for the hyperhoneycomb
and the H–1 models. In the hyperhoneycomb lattice, the ˆb
component orders in the skew-zigzag order, while in the H–1
lattice, the ˆb component is ferromagnetic within each honey-
comb strip. This state is connected to the HK-FM phase, and
in the case of the hyperhoneycomb lattice, it is also connected
to the J > �K/2 segment of the HK-SZ phase, where ObD
studies have shown that the HK-SZ phase orders in the ˆb di-
rection, much like the FMa phase. The Ca

2 rotation symmetry
is preserved in this phase.

Since the ˆb component of the phase in both lattices have
a vanishing net moment, only the â component contributes to
the total moment. This total moment becomes saturated (spins
point entirely in the â direction) when approaching the HK-
FM phase and decreases smoothly as we approach the SPa�

boundary. In the hyperhoneycomb case, the total moment fur-
ther decreases and vanishes smoothly as we approach the HK-
SZ phase. The magnitude of the moment along â is depicted
by the color contours in Fig. 2 where the largest projection is
colored darkest.

SSx/y: Wedged within the HK-SS, AFc, and SPb+ phases
are two skew-stripy phases, the first of which to be discussed
is the non-coplanar SSx/y phase. This phase has the largest
projection along the x(y) direction and this component orders
in a skew-stripy fashion (these two orientations are degener-
ate). In the hyperhoneycomb lattice, the other two Cartesian
components of the spins are small but finite and ensure that
the spins along each zigzag chain are collinear. In the H–1
lattice, the y(x) component also orders in a skew-stripy fash-
ion. This phase does not have a net moment and breaks all C2

symmetries.
SSb: This other skew-stripy phase is coplanar and lies far-

ther away from the FM Kitaev point relative to the SSx/y

phase. This phase borders the AFc phase and can be identified
via the LTA in the hyperhoneycomb lattice. In both lattices,
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.

8

bonds are ferromagnetically correlated. As a result, despite
being in the AF-Heisenberg regime, there is a net moment in
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FIG. 5. (Color online) Classical phase diagrams for the J–K–�
pseudospin model with �  0. The details of this phase diagram
can be understood via a classical mapping that relates (J,K,�) !
(�J,�K,��); see Sec. V C for details. The color contours are
guides for the eye: in the case of spiral (SP) states, they represent the
length of the Q-vector, whereas in the case of non-spiral states, they
represent properties relevant to that particular phase; see Sec. V for
details.
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)

68,
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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blue symbols) with a maximum at the resonance energy
of 11.215 keV in agreement with previous resonant stud-
ies on other iridates,8,21 and coincides with the edge of
the fluorescence signal from the sample (black, dotted
line).

A. Magnetic Basis Vectors

The observation of incommensurate magnetic Bragg
peaks indicates a magnetic structure with rotating mo-
ments or a spin-density wave, both with a wavelength
that is incommensurate with the underlying crystal lat-
tice periodicity. In order to distinguish between those
two scenarios, and to determine fully the orientations of
the magnetic moments at all magnetic sites in the unit
cell, we consider below symmetry-allowed basis vectors
for magnetic structures compatible with the observed
propagation vector q. This provides a natural framework
to directly link di↵raction data with a magnetic structure
model and allows one to develop a systematic strategy in
experiments to determine the magnetic structure com-
pletely.

The magnetic ions, Ir4+, occupy a single crystallo-
graphic site with ions at (1/8, 1/8, z) [z = 0.70845(7) '
5/8+1/12] and symmetry equivalent positions, giving
four Ir ions in the primitive unit cell (labelled 1-4 in Fig.
6 and with positions listed explicitly in Table IV in Ap-
pendix B). Taking into account that at each site the
magnetic moment could have components along the x, y
and z-axes (along the orthorhombic a, b, c-axes), gives a
12-component representation of the magnetic structure.
Its irreducible representations and associated magnetic
basis vectors (obtained using the BasIrreps tool, part of
the FullProf suite22) are listed in Table II.

TABLE II: Irreducible representations and basis vectors for a
magnetic structure with propagation vector q=(q, 0, 0).

Irreducible Basis Vectors

Representation

�
1

F

x

,G
y

,A
z
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C

x

,A
y

,G
z
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3

G

x
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z

�
4

A

x

,C
y

,F
z

The basis vectors contain symmetry-imposed relations
between the Fourier components of the magnetic struc-
ture between the four sites in the primitive cell. The
types of basis vectors that can occur are:

F =

2

6664

1

1

�

�

3

7775
,C =

2

6664

1

1

��

��

3

7775
,A =

2

6664

1

�1

��

�

3

7775
,G =

2

6664

1

�1

�

��

3

7775
,

(1)
where for each vector the four values are relative phase
factors between the Fourier components at the four sites.

� = e

�iq·(r3�r1) = e

�i⇡q/2 is a displacement phase fac-
tor that takes into account the fact that sites 3 and 4
are displaced relative to sites 1 and 2 by a/4 in the di-
rection of the propagation vector q. In an F basis vec-
tor the Fourier components at the 4 sites are related by
Mq,1 = Mq,2 = �

�1
Mq,3 = �

�1
Mq,4, i.e. there are no

additional phase factors between the four sites apart from
the natural displacement phase factor, and in the limit
q ! 0 (� ! 1) one recovers ferromagnetic order. For
the basis vectors C, A and G two out of the four sites
have a change in sign in addition to the normal displace-
ment phase factor, and in the limit q ! 0 one finds an
antiferromagnetic alignment between the four sites. To
determine the full magnetic structure, we first identify
which basis vectors are present, determine their polar-
ization (i.e. along x, y or z) and then find the relative
phase between them, as follows.

B. Selection Rules for Magnetic Scattering

Each magnetic basis vector contains a strict, symmetry
imposed phase relation between moments on all Ir sites
in the primitive unit cell. As such, one can derive selec-
tion rules for non-zero magnetic di↵raction intensity, i.e.,
each basis vector will only contribute to magnetic satel-
lite reflections of certain reciprocal lattice points and will
have zero structure factor for others. It follows that sim-
ply the presence or absence of magnetic Bragg peaks at
certain positions can already identify which basis vectors
are present.
Explicitly, the structure factor for a magnetic super-

lattice reflection at Q = (h, k, l)± q is

F(Q) = F((h, k, l)±q) = f

F

X

n

M±q,ne
iQ·r

n , (2)

where the pre-factor f
F

= 1+e

i⇡(h+k)+e

i⇡(k+l)+e

i⇡(l+h)

is due to the F -centering of the orthorhombic structural
unit cell. The sum extends over all sites in the primitive
cell (n=1�4) and M±q,n are the Fourier components of
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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where ⇥ is the time-reversal operation) are indicated by the dotted
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which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
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formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).
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jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)

68,

c

a

C
a
2

(a) H–0: SP
a

+ (b) H–1: SP
a

+

c

a

C
a
2

(c) H–0: SP
a

� (d) H–1: SP
a

�

FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,

Q =

9

the projection of the spins along the ˆb direction orders in a
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Recently, realizations of Kitaev physics have been sought in the A2IrO3 family of honeycomb iridates, origi-
nating from oxygen-mediated exchange through edge-shared octahedra. However, for the je⇥ = 1/2 Mott insu-
lator in these materials exchange from direct d-orbital overlap is relevant, and it was proposed that a Heisenberg
term should be added to the Kitaev model. Here we provide the generic nearest-neighbour spin Hamiltonian
when both oxygen-mediated and direct overlap are present, containing a bond-dependent o⇥-diagonal exchange
in addition to Heisenberg and Kitaev terms. We analyze this complete model using a combination of classical
techniques and exact diagonalization. Near the Kitaev limit, we find new magnetic phases, 120⌅ and incommen-
surate spiral order, as well as extended regions of zigzag and stripy order. Possible applications to Na2IrO3 and
Li2IrO3 are discussed.

The honeycomb family of iridium oxides[1–11] has at-
tracted a considerable amount of attention [12–20] due to
the possibility they lie near a realization of Kitaev’s exactly
solvable spin-1/2 honeycomb model[21]. This model hosts
a number of remarkable features: a Z2 spin liquid with gap-
less Majorana fermions and (non-Abelian) anyonic excita-
tions under an applied magnetic field. No symmetry prin-
ciple excludes terms besides the Kitaev, so additional inter-
actions are generically expected. From microscopic calcu-
lations of exchange mediated through the edge-shared oxy-
gen octahedra, it has been proposed that a pure Kitaev model
of je⇥ = 1/2 spins was the appropriate description[22]. It
was further suggested that direct overlap of the d-orbitals
generalizes this to a Heisenberg-Kitaev (HK) model[13], lin-
early interpolating between an isotropic Heisenberg model
and Kitaev’s bond-dependent exchange Hamiltonian. Exten-
sive study of the HK model[23–28] has shown a variety of fas-
cinating phenomena, including an extended spin liquid phase
and quantum phase transitions into several well-understood
magnetic ground states. While present, the zigzag phase seen
in Na2IrO3 [2, 4, 6] is di⇤cult to stabilize within the HK
model; one must resort to additional t2g-eg exchange paths[18]
or further neighbour hoppings[14]. In light of this puzzle one
may question whether the HK model provides an adequate de-
scription of the honeycomb iridates even at the nearest neigh-
bour level.

In this Letter, we show that when applied to the honey-
comb iridates the HK model is incomplete, explicitly deriving
the je⇥ = 1/2 spin model from a multiorbital t2g Hubbard-
Kanamori Hamiltonian. Considering the most idealized crys-
tal structure, an additional spin-spin interaction beyond the
HK model must be included: bond-dependent symmetric o⇥-
diagonal exchange. The complete spin Hamiltonian has the
form

H =
⇤

⌃i j⌥⇧�⇥(⇤)

⌅
J�S i · �S j + KS ⇤i S ⇤j + �

�
S �i S ⇥j + S ⇥i S �j

⇥⇧
, (1)

where J is Heisenberg exchange, K is the Kitaev exchange,
and � denotes the symmetric o⇥-diagonal exchange. On each
bond we distinguish one spin direction ⇤, labeling the bond

FIG. 1: Crystal structure of the honeycomb iridates A2IrO3
with Ir4+ in black, O2� in white, and A = Na+,Li+ in gray.
For the Kitaev and bond-dependent exchanges we have
denoted the yz(x) bonds blue, the zx(y) bonds green and the
xy(z) bonds red.

�⇥(⇤) where � and ⇥ are the two remaining directions. Ex-
amining the phase diagram using a combination of classical
arguments and exact diagonalization, we find that with the in-
clusion of � new magnetic phases are stabilized near the Ki-
taev limits: an incommensurate spiral (IS) and 120⌅ order, in
addition to extended regions of zigzag and stripy order.

Microscopics.– We first construct a minimal model of a
honeycomb lattice of Ir4+ ions surrounded by a network of
edge-sharing oxygen octahedra. The Ir4+ 5d levels are split
into an eg doublet and t2g triplet by large crystal field e⇥ects,
leaving a single hole in the t2g states. Within the t2g mani-
fold, the orbital angular momentum behaves as an le⇥ = 1
triplet, with large spin-orbit coupling splitting this into an ac-
tive je⇥ = 1/2 doublet and filled je⇥ = 3/2 states. Because of
significant on-site interactions, localized je⇥ = 1/2 spins pro-
vide an e⇥ective model for the low-energy physics. To per-
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)

68,

c

a

C
a
2

(a) H–0: SP
a

+ (b) H–1: SP
a

+

c

a

C
a
2

(c) H–0: SP
a

� (d) H–1: SP
a

�

FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,

Counter-rotating 
Incommensurate  

Non-Coplanar  
Spiral Order

Ab Initio  
(OpenMx, PBE-GGA)

Predominance of the Kitaev interaction in a three-dimensional honeycomb iridate:

from ab-initio to spin model

Heung-Sik Kim,1 Eric Kin-Ho Lee,1 and Yong Baek Kim1, 2

1Department of Physics and Center for Quantum Materials ,
University of Toronto, 60 St. George St., Toronto, Ontario, M5S 1A7, Canada

2Canadian Institute for Advanced Research / Quantum Materials Program, Toronto, Ontario MSG 1Z8, Canada

The recently discovered three-dimensional hyperhoneycomb iridate, �-Li2IrO3, has raised hopes for the real-
ization of dominant Kitaev interaction between spin-orbit entangled local moments due to its near-ideal lattice
structure. If true, this material may lie close to the sought-after quantum spin liquid phase in three dimensions.
Utilizing ab-initio electronic structure calculations, we first show that the spin-orbit entangled basis, jeff = 1/2,
correctly captures the low energy electronic structure. The effective spin model derived in the strong coupling
limit supplemented by the ab-initio results is shown to be dominated by the Kitaev interaction. We demonstrated
that the possible range of parameters is consistent with a non-coplanar spiral magnetic order found in a recent
experiment. All of these analyses suggest that �-Li2IrO3 may be the closest among known materials to the
Kitaev spin liquid regime.

Introduction – Kitaev’s exact solution of a quantum spin-
liquid on a spin-1/2 honeycomb model has spurred consider-
able interest in the search for a material realization[1, 2]. Of
particular focus is the family of quasi-two-dimensional (2D)
honeycomb iridate materials ↵-A2IrO3 (A = Na, Li, here-
after ↵AIO), where iridium (Ir) ions form decoupled layers of
honeycomb lattices[3, 4] and have been argued to host spin-
orbital entangled jeff = 1/2 degrees of freedom[5–7]. Due
to the interplay of strong atomic spin-orbit coupling (SOC)
and correlation effects, these jeff = 1/2 moments in the ideal
↵AIO structure interact in the highly anisotropic manner de-
scribed by the Kitaev model[8]. In addition to these Kitaev-
type exchanges, the symmetries of the ideal structure also per-
mit additional exchanges that generate a plethora of interest-
ing phases of matter[9]. In reality, however, these materials
possess sizeable monoclinic distortions that deform the octa-
hedral oxygen cages surrounding Ir ions[4, 10]. These distor-
tions lower the symmetry of the system and therefore com-
plicate the description of these materials. Thus far, a consen-
sus on the minimal model required to describe this family of
2D honeycomb iridates has yet been reached; a distortion-free
analog of these honeycomb iridates may offer a more direct
path towards the realization of Kitaev physics.

The timely discovery and synthesis[12, 13] of the hyper-
honeycomb �-Li2IrO3 (hereafter �LIO) may present such an
exciting opportunity. Much like its 2D counterpart, the Ki-
taev model on the ideal, 3D hyperhoneycomb lattice supports
an exact spin liquid ground state[14–17]. In addition, the
distortion-free, classical pseudospin-1/2 model on the hyper-
honeycomb lattice also supports a myriad of complex mag-
netic phases[11]. Moreover, interesting topological phases
have been predicted on this lattice[18]. These previous re-
sults illustrate the possibilities that may be realizable in �LIO;
however, they rely on the use of the jeff = 1/2 degrees of
freedom in the low-energy description of �LIO, which has
not been justified microscopically. Furthermore, whether the
near-ideal structure of �LIO can give rise to a simple mini-
mal pseudospin model dominated by the Kitaev exchange has
so far not been validated. Also, with the recent experimental

✓ =
7⇡

8

6⇡

8

5⇡

8 FM-SZFM

FMc

SPa-

SPb-

SSx/y

AFa

� = 3⇡/2

� = 7⇡/4� = 5⇡/4

1.5 3.0eVUe↵ (in eV)

�Ue↵ = 0.2 eV
±0.1 eV

�t2g > JH > |tmax|

FIG. 1. (Color online) Phase diagram of the J-K-� model repro-
duced from Ref. [11], overlaid with density distributions of exchange
interaction parameters estimated from ab-initio results for �LIO; see
main text for details. Six shaded areas with different colors represent
relevant Ue↵ values ranging from 1.5 to 3.0 eV in increments of 0.3
eV. Vertical and horizontal markers on the shaded areas depict the
variation of Ue↵ and JH, respectively, as shown in the inset. Note
that, when Ue↵ � 2.4 eV, corresponding phases lie within the green
SP

a

- spiral phase area. SP
a

- phase is consistent with the magnetic
order observed in the experimental work of Ref. [12]. For detailed
discussion of the other phases, see Ref. [11].

observation of a magnetic spiral order in �LIO, any minimal
model and its accompanying parameters must also be capable
of predicting the observed order: this provides a stringent test
of feasibility for any model describing �LIO.

In this letter, we tackle these issues by combining results
of our ab-initio electronic structure calculations and a strong-
coupling theory to arrive at a jeff = 1/2 model to describe
�LIO. From our ab-initio band structure results, we find that
the low-energy states can be described in terms of localized
jeff = 1/2 states because of the large atomic SOC present in
Ir. In fact, the magnitude of SOC in the paramagnetic state is
enhanced by the electron interactions in Ir d orbitals, which is
consistent with recent observations in several 4d and 5d transi-
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What did we learn ?

  This is a benchmark test for Kitaev interaction

 The Kitaev interaction may be dominant in the 3D materials, 
irrespective of details: Highly Unusual Magnetic Order

High pressure (2.5GPa) on β (H. Takagi): Gapless Spin Liquid ?

NMR and specific heat measurements (2015, unpublished)



Pyrochlore Iridates: 
A2Ir2O7



Pyrochlore Iridates R2Ir2O7

R=Y, Ln and Ir reside on the inter-penetrating two 
pyrochlore lattices (cubic, FCC Bravais lattice)

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada
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R = Y, Ho, Dy, Tb, Gd, Eu, Sm, Nd, Pr

K. Matsuhira et al JPSJ 76, 043706 (2007)
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 81 and 82. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 79.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t2g spinful manifold into a higher energy Je� = 1/2

doublet and a lower Je� = 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

Je� = 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the Je� = 3/2 levels are split and mixed

with the Je� = 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a Je� = 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.47 and Yang et al.,52 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found47 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those
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Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 81 and 82. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 79.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t2g spinful manifold into a higher energy Je� = 1/2

doublet and a lower Je� = 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

Je� = 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the Je� = 3/2 levels are split and mixed

with the Je� = 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a Je� = 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.47 and Yang et al.,52 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found47 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

All-in/All-out magnetic order

only when every WP is pair annihilated, by colliding with
another WP with opposite chiral charge at U ¼ Uc2.
To consistently describe the evolution of the ground state

of the 3D bulk, as well as thin films, we numerically study a
lattice Hamiltonian proposed in Ref. [19], i.e., H ¼ H0þ
ðU=2Þ

P
iðni − 1Þ2, where H0¼

P
hi;jic

†
i ðt1þ it2~dij · ~σÞcjþP

hhi;jiic
†
i ðt01þ i½t02 ~Rijþ t03 ~Dij& · ~σÞcj. Here t1;2 (t01;2;3) indi-

cates the hopping amplitude between nearest-neighbor
(next–nearest neighbor) sites. H0 is a simple but realistic
Hamiltonian capturing various hopping processes between
the doublets, with the total angular momentum Jeff ¼ 1=2
represented by the Pauli matrices σ1;2;3. The real vectors
~dij, ~Rij, and ~Dij describe ~σ dependent hopping terms.
Recent theoretical studies of H [19–21] have shown that
when the nonmagnetic ground state is a semimetal with
quadratic band crossing at the Fermi level (quadratic SM)
[19,20,26,27], the Coulomb interaction U can give rise to
the AIAO AFM, consistent with the first-principle calcu-
lations and experiments. Considering this, we choose the
parameters of H in a way that the quadratic SM becomes
the nonmagnetic ground state, and we use the AIAO AFM
as a mean-field ground state. In the AIAO state, since the
magnitude of the local spin moment j ~mj≡m in each site is
proportional to U, we can use m as a control parameter
governing the phase diagram, including the Weyl SM
(0 < m < mc1) and the gapped insulator (m > mc1). The
Weyl SM has four pairs of WPs, and each pair of WPs with
opposite chiral charges is aligned along the [111] or its
symmetry-equivalent directions, as shown in Fig. 1(d).
Moreover, the distance between each pair increases as m
increases, and finally a pair annihilation occurs atm ¼ mc1.
It is worth noting that a recent theoretical study on a 2D
bilayer of pyrochlore iridates has shown that the AIAO state

can exist as the ground state even in a strictly 2D limit [28].
Therefore it is reasonable to assume the AIAO magnetic
state for thin films, and to describe the dimensional
crossover between 2D and 3D limits for a fixed spin
configuration.
Hall conductance of Weyl SM and cubic symmetry.—In

Weyl SMs, each WP behaves like a fictitious magnetic
monopole producing Berry curvature [15]. Because the
anomalous Hall conductivity (σxy) is proportional to
the integral of the Berry curvature in the momentum space,
theWeyl SM can show an intrinsic AHE. For example, for a
Weyl SM with only a pair of WPs at 'k0 ¼ ð0; 0;'k0Þ,
σxy ¼ ðe2=hÞð2k0=2πÞ, where 2k0 is the distance between
two WPs [15,29,30]. To understand the relation between
the AHE and the distribution of WPs, it is convenient to
introduce a Chern vector ~C ¼ ðCx; Cy; CzÞ, which is
defined as σij ¼ ðe2=2πhÞϵijkCk, where ϵijk is the fully
antisymmetric tensor with ϵ123 ¼ 1 [29,31]. Therefore, for
a pair of WPs located at 'k0 ¼ ð0; 0;'k0Þ, the corre-
sponding Chern vector is ~C ¼ ð0; 0; 2k0Þ. In the case of the
Weyl SM in pyrochlore iridates, there are four pairs of
WPs, due to the cubic symmetry. Since a Chern vector ~C
can be assigned to each pair of WPs, there are in total four
Chern vectors ~C1;2;3;4 with ' 1

2
~C1;2;3;4 corresponding to the

location of the WPs. However, since all WPs are related by
the cubic symmetry,

P
4
i¼1

~Ci ¼ 0. Therefore the total Hall
current should be zero in the 3D bulk. However, it should
be stressed that although the net Chern vector is zero, the
Weyl SM is still topologically nontrivial because there exist
finite Chern vectors that are antiferromagnetically aligned.
Once the cubic symmetry is broken, the incomplete
cancellation of Chern vectors can generate nontrivial
responses, which is the fundamental origin of emergent
topological phenomena in thin films.
Topological properties of [111] thin films.—Viewed

along the [111] direction (“z direction” hereafter), the
pyrochlore lattice is made of vertically stacked bilayers,
composed of neighboring kagome and triangular layers
[Fig. 2(a)]. Because of such a peculiar lattice structure, the
[111] plane provides a natural direction for film growth. In
the following, we examine how the topological properties of
thin films evolve as the number of bilayers (Nb) increases, by
computing the Hall conductanceGxy numerically. Since the
finite thickness of the film induces a small gap at WPs, bulk
states in general do not touch the Fermi level for anym > 0;
hence, Gxy is expected to be quantized. However, the
nontrivial topological property of the bulk states supports
surface states (SSs) in the gap, which disturb the quantiza-
tion ofGxy in films. To understand the interplay between the
bulk and surface states, we also compute the maximum
Hall conductance Gmax

xy by imposing the half-filling con-
dition at each momentum k locally and adding the Berry
curvature of locally half-filled bands over the entire
Brillouin zone (BZ). Because the Fermi level can be in
the gap locally in eachk in this case,Gmax

xy can be quantized.

(a)

(b)

(c)

(d)

FIG. 1 (color online). (a) Structure of the pyrochlore lattice.
(b) Local spin structure of the all-in–all-out (AIAO) antiferro-
magnet (AFM). (c) Schematic 3D bulk phase diagram as a
function of local Coulomb interaction U. (d) Distribution of eight
Weyl points for the Weyl SM phase. All eight WPs are aligned
along the [111] or its symmetry-equivalent directions. Here a red
(blue) dot indicates a WP with the chiral charge þ1 (−1).
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Fig. 1. Schematic band diagrams of 5d Srn+1IrnO3n+1 compounds, which are well described by the 

effective total angular moment Jeff states due to strong spin-orbit coupling: (a) Mott insulator 

Sr2IrO4, (b) barely insulator Sr3Ir2O7, and (c) correlated metal SrIrO3. EF represents the Fermi 

level and the arrow indicates the direction for the bandwidth W increase. 
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effective total angular moment Jeff states due to strong spin-orbit coupling: (a) Mott insulator 

Sr2IrO4, (b) barely insulator Sr3Ir2O7, and (c) correlated metal SrIrO3. EF represents the Fermi 

level and the arrow indicates the direction for the bandwidth W increase. 
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FIG. 4. Schematic mean-field phase diagram of the Hubbard model on the pyrochlore lattice48,92 (the
kinetic Hamiltonian, Eq. (3), has been supplemented by small next nearest neighbor hopping). The
shaded regions harbor antiferromagnetic (AF) order, which can be of the AIAO type (blue) or a related
type (orange). M = Metal, I/M-AF= Insulating/Metallic AF. The evolution of the electronic spectrum
along the vertical dashed line is shown in Figure 5(b).

the AIAO phase is entered. Other types of magnetic order, e.g. ferromagnetism, can also induce

Weyl points, or relatives of them.57,95

Many signatures of the WSM have been suggested. We have already mentioned the surface

Fermi arcs. Without disorder, the low frequency optical conductivity scales as �(⇥) � ⇥. Though

a pair of opposite Weyl points mediates an intrinsic Hall conductivity,96 this sums to zero given

the cubic symmetry of the AIAO state, which dictates at least 8 nodes. However, it was suggested

that a zero field Hall conductivity could be induced by appropriate strain.96 Interesting transport

phenomena are predicted, related to the Adler-Bell-Jackiw anomaly of Weyl fermions, in parallel

electric and magnetic fields.97 In general, taking into account the interplay of various types of

disorder, scattering, and interactions in the WSM makes modeling transport challenging.

A nice point of consistency of the proposed AIAO magnetic order is that it is characterized

on Landau symmetry grounds by a simple Ising order parameter, for which a continuous thermal

transition is allowed. As remarked earlier, the thermal MITs indeed appear continuous in the ex-

periments. Adding finite temperature to the simple mean-field Hubbard model calculation further

corroborates the expectation from Landau reasoning, showing that the magnetic transition is con-

tinuous, and its critical temperature grows with U , following the behavior of the charge excitation

gap.92 It may be interesting to study the corresponding thermal and quantum phase transitions in

the future, for which the mean-field analysis may be inadequate.

12

iridates with metallic paramagnetic states, the 2-4-2 scenario may be more plausible.

A convenient tight-binding model which covers both limits was introduced in Ref. 48 and 92.

It considers the minimal number of degrees of freedom, i.e. a single Kramers doublet per site,

which leads to a total of 8 bands. One can show that the most general nearest-neighbor (NN) TRS

Hamiltonian has the form93

H0 =
�

�i,j⇥

c†i (t1 + it2dij · �)cj , (3)

where the hopping parameters t1 and t2 are real, and � is a vector of Pauli matrices acting on

the pseudospin degree of freedom. The t2 term generates non-trivial Berry phases for the hopping

electrons, and will play a key role in realizing topological phases. The real vector dij is aligned

along the opposite bond of the tetrahedron containing i, j. Diagonalization of H0 reveals a semi-

metallic state with the 2-4-2 ordering when �2 ⇤ t2/t1 ⇤ 0, and a TI otherwise.92,93 Notably,

the semi-metallic state so obtained is not a compensated system with electron-hole pockets but a

zero gap semiconductor. More recently it was argued that such a state forms a stable non-Fermi

liquid phase with a quadratic band touching at the � point, christened a “Luttinger-Abrikosov-

Beneslavskii” (LAB) phase for historical reasons.57

3. Magnetism and Weyl fermions

As discussed in Sec. IIA 1, the experimental results strongly suggest antiferromagnetic order in

the low-temperature insulating state of the iridates. This is also indicated from theory. LDA+U

calculations by Wan et al. found an antiferromagnetic (AF) ground state with each spin ori-

ented along its local trigonal axis and all spins on a given tetrahedron pointing in or out of that

tetrahedron.47 Such an “all-in/all-out” (AIAO) state, illustrated in Figure 4, maintains the unit

cell and cubic symmetry of the lattice, and is consistent with the lack of any indication of structural

transitions in experiment. The same AIAO state was obtained in a phenomenological Hubbard

model, by theoretical methods of varying sophistication (Refs. 48, 51, 92, and 94).

In the magnetically ordered state, the broken TRS but preserved inversion symmetry admits the

possibility of both WSM and axion insulator phases. Wan et al. indeed found a WSM phase for a

range of U in their LDA+U calculations, and suggested but did not find an axion insulator state.47

In fact, introduction of arbitrarily weak AIAO magnetic order converts the quadratic band touching

LAB phase to a Weyl semi-metal,48,92 which is illustrated in the middle panel of Figure 5(b). As

remarked earlier, this phase is stable and indeed the Weyl points must migrate from the � point

toward the zone boundary to pairwise annihilate before a true insulator is found at larger U . Such

behavior was found by adding a Hubbard repulsion U to the tight-binding model of Eq. (3), within

a Hartree-Fock approximation48,92 (small second neighbor hopping is needed to obtain the generic

linear dispersion relation in the WSM phase with AIAO order). This is illustrated in Figure 4.

The quantitative width of the WSM in phase space varies between di⇥erent calculations, and can

be very narrow, owing to rather flat bands and the relatively fast growth of the local moment as

Figure 2. Phases of the theoretical model in Eq. (1). (a) Mean-field phase diagrams for the 3D bulk system and [111] thin
films with twenty bilayers. The diagrams include the semimetal (SM; white), antiferromagnetic insulator (AFI; gray), Weyl
semimetal (WSM; blue), and a variety of magnetic metal (MM; pink, cyan, green) phases. For the classification of the MM
phases, see the main text. (b) AIAO magnetic ordering pattern in the AFI and MM phases. In the tetrahedron, the bottom three
and top single sites belong to the kagome and triangular layers as labeled by K and T. The magnetic moments {hJii} (red
arrows) point along the local axes (blue lines) with slight canting of the moments at the kagome sites.

Results
A. Theoretical Model
We consider a generic model for the thin films of the pyrochlore iridates grown along the [111] direction, which has the
structure of alternating kagome and triangular layers of Ir4+ ions. Such structures can be regarded as the stackings of the
kagome-triangular-bilayers [Fig. 1 (a) and (b)]. Only the lattice sites in a unit cell are shown in Fig. 1 (b) for simplicity while
the kagome and triangular layers are schematically represented by light blue and green sheets, respectively. In the thin film
structures, there are three distinct choices for the top and bottom boundary surfaces: (i) kagome and kagome (KK) layers,
(ii) triangular and triangular (TT) layers, and (iii) kagome and triangular (KT) layers. Regardless of the boundary choice, the
[111] film geometry has the C3 rotation symmetry along the [111] axis. For the KK and TT boundary conditions, the system
additionally has the inversion symmetry.

To investigate electronic and magnetic structures allowed in the [111] pyrochlore films, we employ the following tight
binding model (introduced in Ref. 35) based on the jeff = 1/2 Kramers doublet40, 41 of the Ir4+ itinerant electrons.

H = Â
(i, j)2NN

c†
i (t1I2 + it2di j ·s)c j + Â

(i, j)2NNN
c†

i (t
0
1I2 + i[t 02Ri j + t 03Di j] ·s)c j +

U
2 Â

i
ni(ni �1), (1)

where c†
i = (c†

i",c
†
i#) and c j = (c j",c j#)

T are creation and annihilation operators for the jeff = 1/2 states with the pseudospin
", #. Here the jeff = 1/2 band is half-filled. The first two terms in the model Hamiltonian describe the symmetry-allowed
electron hopping processes for the nearest-neighbours (NN) and next nearest-neighbours (NNN) with the spin-independent (t1,
t 01), and spin-dependent hopping processes (t2, t 02, t 03). The two-by-two matrices, I2 and s = (s x,s y,s z) are the identity and
Pauli matrices. Readers interested in more details of the tight binding model including the 3D pseudo-vectors, di j, Ri j, and Di j,
are referred to Ref. 35. The last term, expressed in terms of the electron density ni = c†

i I2ci, represents the Hubbard on-site
repulsion (U) to incorporate electron correlation. We choose the parameter regime: toxy = 1, ts = �0.8, tp = �2ts/3, and
t 0s/ts = t 0p/tp = 0.08 in the Slater-Koster parametrization for the hopping amplitudes of Ref. 35. In the 3D bulk system with
the same parameters, a mean-field theory leads to the SM with the QBT, WSM, and AFI with the AIAO order upon controlling
U [see the 3D bulk phase diagram in Fig. 2 (a)].

In this parameter regime, we construct a self-consistent mean-field theory for the [111] pyrochlore thin film with 20
bilayers for the three different boundary conditions: KK, TT, and KT. In this mean-field theory, the Hubbard interaction term is
decoupled via 1

2 Âi ni(ni �1)!� 4
3 hJii ·Ji +

2
3 hJii2 with Ji =

1
2 c†

i sci, and we allow layer-dependent configurations hJii of the

3/11

Jeff = 1/2 basis

W. Witczak-Krempa,  
G. Chen 
Y. B. Kim,  
L. Balents  
(2014)  
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FIG. 4. Schematic mean-field phase diagram of the Hubbard model on the pyrochlore lattice48,92 (the
kinetic Hamiltonian, Eq. (3), has been supplemented by small next nearest neighbor hopping). The
shaded regions harbor antiferromagnetic (AF) order, which can be of the AIAO type (blue) or a related
type (orange). M = Metal, I/M-AF= Insulating/Metallic AF. The evolution of the electronic spectrum
along the vertical dashed line is shown in Figure 5(b).

the AIAO phase is entered. Other types of magnetic order, e.g. ferromagnetism, can also induce

Weyl points, or relatives of them.57,95

Many signatures of the WSM have been suggested. We have already mentioned the surface

Fermi arcs. Without disorder, the low frequency optical conductivity scales as �(⇥) � ⇥. Though

a pair of opposite Weyl points mediates an intrinsic Hall conductivity,96 this sums to zero given

the cubic symmetry of the AIAO state, which dictates at least 8 nodes. However, it was suggested

that a zero field Hall conductivity could be induced by appropriate strain.96 Interesting transport

phenomena are predicted, related to the Adler-Bell-Jackiw anomaly of Weyl fermions, in parallel

electric and magnetic fields.97 In general, taking into account the interplay of various types of

disorder, scattering, and interactions in the WSM makes modeling transport challenging.

A nice point of consistency of the proposed AIAO magnetic order is that it is characterized

on Landau symmetry grounds by a simple Ising order parameter, for which a continuous thermal

transition is allowed. As remarked earlier, the thermal MITs indeed appear continuous in the ex-

periments. Adding finite temperature to the simple mean-field Hubbard model calculation further

corroborates the expectation from Landau reasoning, showing that the magnetic transition is con-

tinuous, and its critical temperature grows with U , following the behavior of the charge excitation

gap.92 It may be interesting to study the corresponding thermal and quantum phase transitions in

the future, for which the mean-field analysis may be inadequate.
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Effect of Interaction: Hartree-Fock
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FIG. 5. a) Cartoon of two opposite-chirality Weyl points in the three dimensional Brillouin zone (BZ),
and the associated Fermi arc surface states. The green sheets correspond to the top and bottom surface-
BZs. b) Spectra for the quadratic band touching SM (due to inversion and TRS, all bands are two-fold
degenerate), WSM, and insulating AF (I-AF), obtained using the Hamiltonian Eq. (3) supplemented
with small second nearest hopping.48,92 The red circle shows one Weyl point at the Fermi level (horizontal
dashed line).

4. The role of many-body e�ects

In the preceding, we considered correlations only at the mean field level. This is expected on

general grounds to be qualitatively correct for describing many phenomena within the phases so

obtained. For example, in fully gapped states such as the TI or gapped AIAO phase, the gap cannot

be broken by any small perturbation. The WSM is also stable to interactions, which are irrelevant

(marginally for long-range Coulomb) in the renormalization group sense, though they may have

important transport consequences. A cellular dynamical mean field theory98,99 (CDMFT) study

bears out the robustness of the mean field treatment, though it shows that correlations may yet

induce new phases: an axion insulator state appears in the CDMFT analysis51,94 of Eq. (3) (plus

Hubbard U) though it does not arise at the Hartree-Fock level. For these calculations, a convenient

formulation of the Z2 topological invariant in terms of the interacting electron Green’s function64

was employed.

Other qualitative e�ects of correlations exist. Most obviously, it is likely that at least some of

the quantum phase transitions indicated in Figure 4 are not fully captured by mean-field theory.

Excitations and collective modes, which may be measured in the future by resonant inelastic x-ray

3

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.
The magnetic transitions from the TIs (metal) are 1st (2nd)
order.

B. Magnetic and topological phases at U > 0

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⇥, t�) space defined by t� = �2t⇥/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⇥
and t� to have opposite signs, with the ⇥-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

The resulting ground-state phase diagram appears in
Fig. 2. First, we note that the TI is more resilient to the
magnetic instability than the metal, as expected due to
the presence of the bulk gap in the former. Second, the
magnetic phase transition resulting from increasing U in
the metal (TI) is second (first) order. Also, the magnetic
order emerging from the TIs di�ers from the one found
upon increasing U in the metal. In the latter case, we
find an all-in/out configuration while in the former the
ground state is 3-fold degenerate (modulo the trivial de-
generacy j ⇧ �j): all 3 states result from the all-in/out
state by performing �/2-rotations on the moments in the
unit cell. These rotations occur within either one of the
planes bisecting the 3 triangles meeting at each corner of
the tetrahedron. The order emergent in both TI states
is the same. In section IV, we discuss how the di�er-
ent magnetic orders and the position of the transitions
are actually connected to the corresponding ordering in
the spin model obtained at large U : as t⇥ is tuned, the
induced Dzyaloshinski-Morya interaction alternates be-
tween the only two symmetry allowed possibilities on the
pyrochlore lattice, leading to di�erent ordering.

FIG. 3. Evolution of the spectrum as a function of U . At in-
termediate U , in a), we can see a Weyl point along the ��L
line, while in b), the spectrum naively seems insulating be-
cause the Weyl points lie away from high symmetry k-points.
The dashed line is the Fermi level.

C. Topological Semi-metal

By examining the spectra of the ordered phases, we
discover that the so-called topological semi-metal (TSM)
is realized23 in the range t⇥ ⌅ �1.67 and for a finite
window of U . This semi-metallic phase has a Fermi “sur-
face” composed of points, each with a linearly disper-
sive spectrum of Weyl or two-component fermions, and
may be considered as a 3D version of the Dirac points
of graphene. The Hamiltonian near one such Weyl point
takes the form

H = v0 · q +
3�

i=1

vi · q⇥i , (4)

where q = k � k0 is the deviation from the Weyl point
at k0. The Pauli matrices ⇥i represent the two bands
involved in the touching, not (pseudo)spin. One can as-
sign a chiral “charge” to these fermions, via the triple
product of the 3 velocities: c = sgn(v1 · v2 ⇤ v3). The
massless nature of the two-component Weyl fermions is
robust against local perturbations, which is not the case
in 2D. As explained in Ref.11, the only way to introduce
a gap is to make two Weyl fermions with opposite chiral-
ity meet at some point in the BZ. For this reason they
are topological objects (see also the discussion below re-
garding the surface states). Further details relating to
the TSM can be found in Refs. 11, 12, 19, 24, and 25.

The TSM appears in for both AF orders. In both cases
we find a total of 8 Weyl points coming necessarily in
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FIG. 5. a) Cartoon of two opposite-chirality Weyl points in the three dimensional Brillouin zone (BZ),
and the associated Fermi arc surface states. The green sheets correspond to the top and bottom surface-
BZs. b) Spectra for the quadratic band touching SM (due to inversion and TRS, all bands are two-fold
degenerate), WSM, and insulating AF (I-AF), obtained using the Hamiltonian Eq. (3) supplemented
with small second nearest hopping.48,92 The red circle shows one Weyl point at the Fermi level (horizontal
dashed line).

4. The role of many-body e�ects

In the preceding, we considered correlations only at the mean field level. This is expected on

general grounds to be qualitatively correct for describing many phenomena within the phases so

obtained. For example, in fully gapped states such as the TI or gapped AIAO phase, the gap cannot

be broken by any small perturbation. The WSM is also stable to interactions, which are irrelevant

(marginally for long-range Coulomb) in the renormalization group sense, though they may have

important transport consequences. A cellular dynamical mean field theory98,99 (CDMFT) study

bears out the robustness of the mean field treatment, though it shows that correlations may yet

induce new phases: an axion insulator state appears in the CDMFT analysis51,94 of Eq. (3) (plus

Hubbard U) though it does not arise at the Hartree-Fock level. For these calculations, a convenient

formulation of the Z2 topological invariant in terms of the interacting electron Green’s function64

was employed.

Other qualitative e�ects of correlations exist. Most obviously, it is likely that at least some of

the quantum phase transitions indicated in Figure 4 are not fully captured by mean-field theory.

Excitations and collective modes, which may be measured in the future by resonant inelastic x-ray
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FIG. 15: spectrum for C1 = 1, C2 = 2, D1 = ±1, D2 = ±1, D3 = �2 and the rest of the parameters being zero. This is almost
same as above, only C2 s positive. These possible Weyl points/nodes seem to be stable as long as D3 < 0. Also there seems to
be pockets as well.
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FIG. 5: Brillouin zone of the FCC lattice with locations of
Dirac points (shown by + signs denoting their ”positive” chi-
ral charges) as found by our LSDA+U+SO calculation with
U=1.5 eV for Y2Ir2O7.

extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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with 6 Dirac nodes about every L point. Indeed, in the
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bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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FIG. 5: Brillouin zone of the FCC lattice with locations of
Dirac points (shown by + signs denoting their ”positive” chi-
ral charges) as found by our LSDA+U+SO calculation with
U=1.5 eV for Y2Ir2O7.

extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1
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, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =
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i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2
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Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
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v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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FIG. 5: Brillouin zone of the FCC lattice with locations of
Dirac points (shown by + signs denoting their ”positive” chi-
ral charges) as found by our LSDA+U+SO calculation with
U=1.5 eV for Y2Ir2O7.

extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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FIG. 5: Brillouin zone of the FCC lattice with locations of
Dirac points (shown by + signs denoting their ”positive” chi-
ral charges) as found by our LSDA+U+SO calculation with
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extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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FIG. 5: Brillouin zone of the FCC lattice with locations of
Dirac points (shown by + signs denoting their ”positive” chi-
ral charges) as found by our LSDA+U+SO calculation with
U=1.5 eV for Y2Ir2O7.

extension of the Mott insulator. However, a closer look at
the parities reveals that a phase transition has occurred.
A pair of levels with opposite parity are exchanged at
the L points. Near this crossing point it can readily be
argued that only one of the two adjacent phases can be
insulating[30]. Since the large U phase is found to be
smoothly connected to a gapped Mott phase, it is reason-
able to assume the smaller U phase is the non–insulating
one. This is also borne out by the LSDA+U+SO band
structure. A detailed analysis perturbing about this tran-
sition point (the k.p expansion see [30]) allows us to show
that a Dirac semi-metal is expected for intermediate U ,
with 6 Dirac nodes about every L point. Indeed, in the
LSDA+U+SO band structure, we find a 3 dimensional
Dirac crossing located within the �XL plane of the Bril-
louin zone. This is illustrated in Fig.5 and corresponds
to the k–vector (0.52, 0.52, 0.3)2�/a. There also are two
additional Dirac points in the proximity of the point L
related by symmetry. When U increases, these points
move toward each other and annihilate all together at
the L point close to U = 1.8 eV. This is how the Mott
phase is born from the Dirac phase. Since we expect that
for Ir 5d states the actual value of the Coulomb repulsion
should be somewhere within the range 1eV < U < 2eV
we thus conclude that the ground state of the Y2Ir2O7 is
most likely the semi-metallic state with the Fermi surface
characterized by a set of Dirac points but in proximity
to a Mott insulating state. Both phases can be switched
to a normal metal if Ir moments are collinearly ordered
by a magnetic field.

Topological Dirac semi-metal

The e⌅ective Hamiltonian in the vicinity of a Dirac
momentum k = k0 + q is:

HD =
3⇥

i=1

vi · q⇥i (1)

, where energy is measured from the chemical poten-
tial, and ⇥i are the three Pauli matrices. The three ve-
locity vectors vi are generically non-vanishing and lin-
early independent. The energy dispersion is ⇥E =

±
⇤�3

i=1(vi · q)2. Note, by inversion symmetry, there

must exist Dirac points at both k0 and �k0, whose ve-
locity vectors are reversed. One can assign a chirality
(or chiral charge) c = ±1 to the fermions defined as
c = sign(v1 · v2 ⇤ v3), so Dirac points related by in-
version have opposite chirality. Note, since the 2 ⇤ 2
Pauli matrices appear, our Dirac particles are two com-
ponent fermions. In contrast to regular four component
Dirac fermions, it is not possible to introduce a mass gap.
The only way to eliminate them is if they meet with an-
other 2 component Dirac dispersion in the Brillouin Zone,
but with opposite chiral charge. Thus they are topo-
logical objects. We note that near each L point there
are three Dirac points related by the three fold rotation,
which have the same chiral charge. Fig.5 denotes those
points as ”+” dots. Another three Dirac points with op-
posite chirality, related by inversion. Thus, there are 24
Dirac points in the whole Brillouin zone. Since they are
all related by symmetry, they are at the same energy.
The chemical potential is fixed to be at the Dirac point
energy as verified in the microscopic calculation. The
Fermi velocities at the Dirac point are found to be typ-
ically an order of magnitude smaller than in graphene.
We briefly note that this Dirac semimetal is a critical
state with power law forms for various properties, which
will be described in more detail elsewhere. For example,
the density of states N(E) ⇧ E2. The small density of
states makes it an electrical insulator at zero tempera-
ture. For a single node with isotropic velocity v, the a.c.
conductivity in the free particle limit of the clean system

is ⇥(⇤) = e2

12h
|�|
v tanh |⇤|/4kBT .

Surface States: We now discuss surface states that
are associated with the presence of the two component
Dirac fermions. We first note that they behave like
’magnetic’ monopoles of the Berry flux whose charge
is given by the chirality.The Berry connection, a vec-
tor potential in momentum space, is defined by A(k) =�N

n=1 i�unk|↵k|unk where N is the number of occupied
bands. As usual, an analog of the magnetic field, the
Berry flux, is defined as F = ↵k ⇤ A. Now consider
energy eigenstates at the Fermi energy (taken to be at
E = 0). In the bulk, this corresponds to the set of Dirac
points, hence the bulk Fermi surface is a collection of
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[24] In this paper, we perform the � = 4� d expansion using
the 4⇥4 gamma matrices. Alternatively, one could use 8⇥
8 matrices in d = 4 with a half of the number of fermion
flavors and calculate logarithmic divergences directly.
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SUPPLEMENTARY MATERIAL

Representations of the Hamiltonian

In this section, we provide more information about
the di⇥erent representations used in the main text. The
Hamiltonian reads

H0(k) = �1k
2 + �2(⇢k · ⇢J)2 + �3(k

2
xJ

2
x + k2yJ

2
y + k2zJ

2
z )

=
k2

2M̃0

+
( 54k

2 � ⇢k · ⇢J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc

=
da(k)

2m
�a +

k2

2M0
+

d4(k)�4 + d5(k)�5

2Mc
. (9)

The first line uses the conventional Luttinger parameters
(�1,2,3) in the j = 3/2 matrix representation, and the
second line is the form used in the main text. For the
purpose of computations, it is convenient to introduce
the Cli⇥ord gamma matrices (�a) in the third line as in
the paper by Murakami et al. [23].

⇤a(k) =
da(k)

2m
,

d1(k) = �
�
3kykz , d2(k) = �

�
3kxkz , d3(k) = �

�
3kxky,

d4(k) =
�

�
3

2
(k2x � k2y) , d5(k) =

�1

2
(2k2z � k2x � k2y). (10)

It is straightforward to relate the masses used in the main
text and the Luttinger �i parameters. This can be done
by expressing the spin operators in terms of gamma ma-
trices, using the equalities

Jx =

�
3

2
�15 � 1

2
(�23 � �14) ,

Jy = �
�
3

2
�25 +

1

2
(�13 + �24) ,

Jz = ��34 � 1

2
�12 , (11)

where �ab =
1
2i [�a,�b] is used.

Weyl semimetal

Here we consider how the Weyl semimetal appears,
taking for simplicity the case ⇥ = 0, ⌅1 < ⌅ < ⌅2. It is
straightforward to generalize this to the cases with ⇥ ⌥= 0.
For convenience, we set m = 1/2. For ⇢k = (0, 0, kz), the
Hamiltonian in the presence of the Zeeman field, h (along
the same axis), becomes

H(kz ẑ) = k2z(
5

4
� J2

z ) � H(cos(⌅)Jz + sin(⌅)J3
z ).

Clearly, the energy eigenstates can be labeled by both
kz and Jz = ±1/2,±3/2. One can readily see that level
crossings occur between the two bands with Jz = 1/2 and
Jz = �3/2. In the vicinity of these crossing points, the
other states with Jz = �1/2,+3/2 can be discarded, and
the Hamiltonian projected onto the two level subspace
of low energy states. We introduce Pauli matrices in
this subspace, so that ⇧z = | 12 ⌦ 

1
2 | � | � 3

2 ⌦ �
3
2 |, ⇧

+ =
(⇧x + i⇧y)/2 = | 12 ⌦ �

3
2 | = (⇧�)†, and ⇧0 = | 12 ⌦ 

1
2 | + | �

3
2 ⌦ �

3
2 |, which is the identity matrix in the 2⇤2 subspace.

We define two energy parameters, ⇤�3/2 = H( 32 cos(⌅) +
27
8 sin(⌅)) and ⇤1/2 = �H( 12 cos(⌅) +

1
8 sin(⌅)). Then the

reduced Hamiltonian becomes

H2 = ⇤+⇧
0 + (⇤� + d5(k))⇧

z + d4(k)⇧
x � d3(k)⇧

y,

⇤± = (⇤�3/2 ± ⇤1/2)/2. (12)

There are level crossing points at kx = ky = 0 and kz =
±K, with K =

�
⇤�. We expand around these points,

letting kx = px, ky = py and kz = ±K + pz, which gives
H2(±Kẑ + ⇢p) = ⇤+⇧0 +H±

2 (⇢p), with, to leading order in
⇢p,

H±
2 = ⇧v pz⇧

z + d4(p)⇧
x + d3(p)⇧

y ,

with v = 2
�
⇤�. The energy spectrum is

E(p) = ±
�

v2p2z +
3

4
(p2x + p2y)

2.

We see that the electrons disperse linearly along the
field and quadratically orthogonal to it, near the touch-
ing point. This can be understood as a consequence
of 4-fold rotational symmetry around the z axis. Since
|Jz⌦ ⌃ ei�Jz/2|Jz⌦ under such a rotation, the operators
⇧± carry a net angular momentum of ±2, and therefore
must couple to the “d-wave” combinations of px and py,
which are precisely given by d3(p) and d4(p).

Though the quadratic dispersion normal to the field
is due to symmetry, the touching itself has a topological
character. To see it, it is convenient to define the reduced
Hamiltonian in the form

H±
2 = ⇢b±(⇢p) · ⇢⇧ , (13)
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We see that the electrons disperse linearly along the
field and quadratically orthogonal to it, near the touch-
ing point. This can be understood as a consequence
of 4-fold rotational symmetry around the z axis. Since
|Jz⌦ ⌃ ei�Jz/2|Jz⌦ under such a rotation, the operators
⇧± carry a net angular momentum of ±2, and therefore
must couple to the “d-wave” combinations of px and py,
which are precisely given by d3(p) and d4(p).

Though the quadratic dispersion normal to the field
is due to symmetry, the touching itself has a topological
character. To see it, it is convenient to define the reduced
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doubly-degenerate bands
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Weyl Points from Luttinger Parameters

June 29, 2012

Here we use a fairly simple k · p Hamiltonian to capture many interesting
phases and properties of the pyrochlores, most notably being all-in/all-out mag-
netic order. The semi-metal, Weyl, and insulating phases are also described, and
the e�ect of magnetic field and potentially strain can also be captured.

We begin by considering four-band k ·p Hamiltonians and examine the e�ect
of a time-reversal breaking ‘monopole’ term which is the nontrivial one dimen-
sional representation of the octahedral (O) group. This is A2 in Fig. 1. For
completeness, we also examine the e�ect of other terms quadratic in k, one of
which is also odd under time-reversal symmetry.

1 All-in/all-out order

The monopole term may serve as an order parameter for the all-in, all-out spin
configuration, in which all the spins of a pyrochlore tetrahedron point in or
all out. Both the spin configuration and monopole term transform the same
under physical transformations, most notable being time reversal; moreover,
both are even under inversion, odd under certain C2 rotations. (Note: not C2

4 ,
but two-fold rotation about (�1, 1, 0) for example).

2 Representing Hermitian operators in terms of
spin operators

Consider the generators of the spin-3/2 representation:
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FIG. 15: spectrum for C1 = 1, C2 = 2, D1 = ±1, D2 = ±1, D3 = �2 and the rest of the parameters being zero. This is almost
same as above, only C2 s positive. These possible Weyl points/nodes seem to be stable as long as D3 < 0. Also there seems to
be pockets as well.
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FIG. 16: spectrum for C1 = 1, C3 = ±5, D2 = ±1 and the rest of the parameters being zero. It is not clear if this represents 4
Weyl points or extended Weyl nodes. These gapless structures are stable to change in C3. However, their position shifts such
that it incorporates pockets also in some parameter regime.
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FIG. 17: spectrum for C1 = 1, C3 = ±5, D1 = ±1, D2 = ±1 and the rest of the parameters being zero. On including D1 the
gapless structures near along ��K is lifted to give two Weyl points/nodes along ��L. One can alternatively also tune C2 to
get the same picture. It is curious that changing C2 and D1 gives the same result since the former term does not break time
reversal symmetry while the later does.
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From the first equation above we find the fixed point
coupling and hence dynamical exponent,

u⇥ =
15

30Nf + 8
 , z = 2� 4

15Nf + 4
 , (5)

and since u⇥ > 0, the second line in Eq. (4) implies both
m/M0 and m/Mc are irrelevant. This establishes the
existence and nature of the stable, isotropic fixed point
describing the LAB phase. As a check, we have carried
out a large Nf expansion, which gives the same bosonic
anomalous dimension as in the  expansion at the one-
loop level, supporting the stability of the LAB phase.

The presence of the stable interacting fixed point can
be understood physically as a balance of partial dynam-
ical screening of the Coulomb interactions by electron-
hole pairs and mass enhancement of the same quasipar-
ticles by pairs. This situation is in sharp contrast to the
case of a vanishing indirect band gap, for which to lead-
ing order in the long-range Coulomb interaction electrons
and holes are separately conserved, so there is no screen-
ing by virtual electron-hole pairs, and exciton formation
destabilizes the putative gapless state[25].

Using the RG, we can evaluate the anomalous di-
mension of any physical operator. By charge conser-
vation, [⌥†⌥] = d. Due to the isotropy of the fixed
point, there are only two non-trivial values for the
other charge-conserving fermion bilinears. We obtain ,
[⌥†�a⌥] = d+⇤1 , [⌥†�ab⌥] = d+⇤12, , where �a are the
(time-reversal invariant) Dirac gamma matrices, �ab =
� i

2 [�a,�b] are time-reversal odd, and a, b = 1, 2, · · · , 5.
Using the standard operator insertion technique, we find
⇤1 = � 6

15Nf+4 and ⇤12 = � 3
15Nf+4 . These operators

describe many physical observables, e.g. the “angular
momentum” operator Jz ⇧ ⌥†(��34� 1

2�12)⌥. The nega-
tive anomalous dimension of these operators suggests the
a schematic picture of power-law excitons due to electron-
hole attraction. For pairing channels, we find positive
anomalous dimensions, consistent with this view. The
local pairing channel has ⇤pairing = u�

5 = 3
30Nf+8⇥.

Using these results, we obtain thermodynamic re-
sponses such as the specific heat, cv ⇧ T d/z ⌃ T 1.7

and the spin susceptibility ⌃(T ) ⇧ a+ b T (d�z+2�12)/z ⌃
a + b T 0.5, with some constants a, b. Interestingly,
the non-linear susceptibility ⌃3 = ✏3M/✏H3

��
H=0

⇧
T�(3z�4�12�d)/z ⌃ T�1.7 diverges, as in spin glasses but
with completely di⇤erent physics. Comparing the scaling
of current and electric field gives the usual result [⇧ij ] =
d� 2. Consequently, the temperature and frequence de-
pendence of the conductivity is ⇧(�, T ) ⇧ T 1/zF(�/T ),
and a clean, undoped LAB is therefore a power-law insu-
lator.

We now turn to the e⇤ect of applied strain and Zee-
man field upon the LAB. These perturbations break
cubic/time-reversal symmetries, and thus destabilize the
LAB. Due to the isotropic nature of the LAB fixed point,

the response to the Zeeman field alone is to leading or-
der independent of its direction (the cubic mass 1/Mc

can be “dangerously irrelevant”, however – see below),
so we take it to lie along the (001) direction. We con-
sider for simplicity tetragonal strain which preserves C4

rotation about this axis (in the absence of Zeeman field,
the direction of strain is again unimportant). This leads
to the perturbations

H⇤ = ��(J2
z � 5

4
)�H(cos(⌅)Jz + sin(⌅)J3

z ), (6)

where � parametrizes the strain, h is the Zeeman field,
and ⌅ controls the strength of the cubic Zeeman term
allowed by the cubic symmetry [26, 27]. Using the RG
results, the dimensions of these perturbations are [�] =
z�⇤1 ⌃ 2.1 and [H] = z�⇤12 ⌃ 1.9; i.e. strain is slightly
enhanced while Zeeman field is slightly suppressed by
interactions. However, both dimensions are positive and
close to 2, so that they are strongly relevant. They flow
to strong coupling under the RG, and the fate of the
system must be re-analyzed in the limit.

To do so, we assume, and check self-consistently, that
interactions have weak e⇤ects at strong coupling, and
simply solve the quadratic Hamiltonian (with m/M0 =
m/Mc = 0) in the presence of the renormalized H⇤.
The result depends upon the dimensionless quantities
⌅ and the renormalized coupling ratio ⇥ = (�/H)R ⇧
�/H(z��1)/(z��12). For H = 0 (⇥ = ⌥), we have time-
reversal invariance, and we recover the known result that
strain � > 0 induces a gapped, 3d TI phase, as observed
in HgTe [19]. The situation in applied Zeeman field is

more interesting. Notice that for �k = kẑ, Jz is a good
quantum number, and there is no level repulsion between
bands of di⇤erent Jz. This allows (non-degenerate) bands
to cross along this axis, which indeed occurs when |⇥| is
not too large. Further analysis in the Supplementary Ma-
terial shows that these crossings correspond to a pair of
double Weyl points, with linear dispersion along the z axis
and quadratic dispersion normal to it. These points are
strength ±2 monopoles in momentum space. Away from
the kz axis, electron and hole pockets may accidentally
cross the Fermi energy. If this does not occur, one has
a pristine double Weyl semimetal, which occurs for the

angular range ⌅1 ⌅ ⌅ ⌅ ⌅2, where ⌅1 = � tan�1( 8+4
⌅
3

7
⌅
3+26

)

and ⌅2 = tan�1( 8�4
⌅
3

7
⌅
3�26

) for � = 0, as shown in horizontal

axis of Fig. 1. When 0 < |⇥| < ⌥, we observe insulating,
double Weyl semimetal, and Weyl metal (with coexisting
electron-hole pockets) phases, as shown in Figure 1. Note
that in all these phases, the Coulomb interactions become
either unimportant (in the insulator), screened (in the
metal), or marginally irrelevant (in the Weyl semimetal),
justifying our treatment of the phase diagram to a first
approximation.

More subtle e⇤ects may make small modifications to
this picture. Coulomb interactions can destabilize some

E. G. Moon, C. Xu, Y. B. Kim, L. Balents, arXiv:1212.1168
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FIG. 1. Phase diagram of the perturbed LAB in the space
of renormalized strain to Zeeman field ratio, � � (�/H)R,
versus cubic Zeeman angle, ⇥. Here“Weyl” denotes the (dou-
ble) Weyl semimetal, “Ins.” insulator, and “Metal” a metallic
phase which has Weyl points shifted from the Fermi energy
in the region below the dashed line. For H = 0, the insulator
is a topological insulator.

j = 3/2 matrices) transforming as the T2 representation
of the cubic group. In our minimal model, we assume
only these states close to � are important. Then k · p
theory and cubic symmetry determines the band struc-
ture in its vicinity to be precisely described by the Lut-
tinger Hamiltonian with three e⌅ective mass parameters
[16, 23],

H0(k) =
k2

2M̃0

+
5
4k

2 � (!k · !J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc
.

This describes doubly degenerate bands with energy

E±(k) =
k2

2M0
±

�⇤
k2

2m

⌅2

+
m+ 2Mc

4mM2
c

pc(k), (1)

where pc(k) =
⌥

i k
4
i �

⌥
i ⇤=j k

2
i k

2
j and M0 =

(4McM̃0)/(4Mc�5M̃0). Henceforth we assume M0 > m,
which describes conduction and valence bands touching
quadratically at E = k = 0, where the chemical potential
for the undoped material crosses.

The LAB is obtained by adding to this the long-range
Coulomb interaction. We implement the latter by a
scalar potential �, which in the Euclidean path integral
formalism gives the action

SL =

�
d⌅ddx

↵
⇧†

 
�⇤ � ie�+ Ĥ0

⌦
⇧ +

c0
2
(�i�)

2
�
,(2)

with Ĥ0 = H0(�i!�) and c0 = 1/4⇤. Here ⇧ is a four-
component spinor, but subsequently we will artificially
add an additional U(Nf ) flavor index, which allows a
check on our calculations by large Nf methods; the phys-
ical case is Nf = 1. Eq. (2) contains in addition to the

three mass parameters, the Coulomb coupling constant
e. For e = 0, scale invariance is manifest, with the scaling
dimensions [x�1] = 1 , [⌅�1] = z , [⇧] = d

2 , [
1
m ] = z � 2,

[�] = (d+ z� 2)/2. Here we introduce the dynamic crit-
ical exponent (z), which is naturally z = 2 with e = 0,
but will become non-trivial with interactions.

Directly in the physical case d = 3, the dimension of
the coupling constant is [e2] = 1, so Coulomb interactions
are strongly relevant. Therefore we employ the ⌥ = 4� d
expansion to control the RG analysis. As familiar from
quantum electrodynamics, three one loop Feynmann di-
agrams contribute to leading order in ⌥: the fermion self-
energy, boson self-energy, and vertex correction. Here we
show that the relevance of Coulomb interactions signals,
rather than a flow to strong coupling and a symmetry
breaking instability, the formation of a new stable inter-
acting fixed point, which describes the critical non-Fermi
liquid LAB state (Abrikosov’s analysis tacitly assumes
this stability).

The RG is carried out perturbatively in e, but non-
perturbatively in the mass parameters. Thus a full treat-
ment gives non-trivial and complete beta functions for
the two dimensionless mass ratios m/M0, m/Mc; these
are given in the Supplementary Material. The analysis of
the full RG shows, however, that there is a single stable
isotropic fixed point corresponding to m/M0 = m/Mc =
0, so for simplicity we quote in the main text only the
results in the vicinity of this point.

In this limit, the leading contribution to the bosonic
self energy becomes

1

Nf
⇤⌅(q, 0) = �(2m)e2

⇧�
ddk

(2⇤)d
1

k4

⌃
⇤ q2, (3)

where we took the ⌃ ⇧ 0 limit because frequency de-
pendence is subdominant. The divergence should be ab-
sorbed by rescaling the bosonic field, � ⇧ e��bd⌥� upon
reduction of the hard momentum cuto⌅ ⇥ ⇧ e�d⌥⇥,
which defines the RG parameter . This gives the bosonic
anomalous dimension ⇥b = 2Nfu [24], where the dimen-

sionless coupling constant is u = me2

8⇥2c0�4�d , which has
the physical meaning in d = 3 of the ratio of the real
space cuto⌅ to the e⌅ective Bohr radius. The frequency
dependence of the one loop fermionic self-energy and the
vertex correction both vanish, the result of a Ward iden-
tity. For k ⌃= 0, the fermion self-energy gives mass cor-
rections, e.g. �(1/m) = 8u/(15m) ⇤ d to leading order.
Detailed analysis is given in the Supplementary Material.

Given these calculations, we choose z = 2 � 8u/15 to
keep the mass m fixed, which gives the RG equations, to
lowest order in m/Mc,m/M0:

d

d
u = ⌥u� 30Nf + 8

15
u2, (4)

d

d

�
m
Mc

⇥
= �0.152u

�
m
Mc

⇥
,
d

d

�
m
M0

⇥
= � 8

15u
�

m
M0

⇥
.
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From the first equation above we find the fixed point
coupling and hence dynamical exponent,

u⇥ =
15

30Nf + 8
 , z = 2� 4

15Nf + 4
 , (5)

and since u⇥ > 0, the second line in Eq. (4) implies both
m/M0 and m/Mc are irrelevant. This establishes the
existence and nature of the stable, isotropic fixed point
describing the LAB phase. As a check, we have carried
out a large Nf expansion, which gives the same bosonic
anomalous dimension as in the  expansion at the one-
loop level, supporting the stability of the LAB phase.

The presence of the stable interacting fixed point can
be understood physically as a balance of partial dynam-
ical screening of the Coulomb interactions by electron-
hole pairs and mass enhancement of the same quasipar-
ticles by pairs. This situation is in sharp contrast to the
case of a vanishing indirect band gap, for which to lead-
ing order in the long-range Coulomb interaction electrons
and holes are separately conserved, so there is no screen-
ing by virtual electron-hole pairs, and exciton formation
destabilizes the putative gapless state[25].

Using the RG, we can evaluate the anomalous di-
mension of any physical operator. By charge conser-
vation, [⌥†⌥] = d. Due to the isotropy of the fixed
point, there are only two non-trivial values for the
other charge-conserving fermion bilinears. We obtain ,
[⌥†�a⌥] = d+⇤1 , [⌥†�ab⌥] = d+⇤12, , where �a are the
(time-reversal invariant) Dirac gamma matrices, �ab =
� i

2 [�a,�b] are time-reversal odd, and a, b = 1, 2, · · · , 5.
Using the standard operator insertion technique, we find
⇤1 = � 6

15Nf+4 and ⇤12 = � 3
15Nf+4 . These operators

describe many physical observables, e.g. the “angular
momentum” operator Jz ⇧ ⌥†(��34� 1

2�12)⌥. The nega-
tive anomalous dimension of these operators suggests the
a schematic picture of power-law excitons due to electron-
hole attraction. For pairing channels, we find positive
anomalous dimensions, consistent with this view. The
local pairing channel has ⇤pairing = u�

5 = 3
30Nf+8⇥.

Using these results, we obtain thermodynamic re-
sponses such as the specific heat, cv ⇧ T d/z ⌃ T 1.7

and the spin susceptibility ⌃(T ) ⇧ a+ b T (d�z+2�12)/z ⌃
a + b T 0.5, with some constants a, b. Interestingly,
the non-linear susceptibility ⌃3 = ✏3M/✏H3

��
H=0

⇧
T�(3z�4�12�d)/z ⌃ T�1.7 diverges, as in spin glasses but
with completely di⇤erent physics. Comparing the scaling
of current and electric field gives the usual result [⇧ij ] =
d� 2. Consequently, the temperature and frequence de-
pendence of the conductivity is ⇧(�, T ) ⇧ T 1/zF(�/T ),
and a clean, undoped LAB is therefore a power-law insu-
lator.

We now turn to the e⇤ect of applied strain and Zee-
man field upon the LAB. These perturbations break
cubic/time-reversal symmetries, and thus destabilize the
LAB. Due to the isotropic nature of the LAB fixed point,

the response to the Zeeman field alone is to leading or-
der independent of its direction (the cubic mass 1/Mc

can be “dangerously irrelevant”, however – see below),
so we take it to lie along the (001) direction. We con-
sider for simplicity tetragonal strain which preserves C4

rotation about this axis (in the absence of Zeeman field,
the direction of strain is again unimportant). This leads
to the perturbations

H⇤ = ��(J2
z � 5

4
)�H(cos(⌅)Jz + sin(⌅)J3

z ), (6)

where � parametrizes the strain, h is the Zeeman field,
and ⌅ controls the strength of the cubic Zeeman term
allowed by the cubic symmetry [26, 27]. Using the RG
results, the dimensions of these perturbations are [�] =
z�⇤1 ⌃ 2.1 and [H] = z�⇤12 ⌃ 1.9; i.e. strain is slightly
enhanced while Zeeman field is slightly suppressed by
interactions. However, both dimensions are positive and
close to 2, so that they are strongly relevant. They flow
to strong coupling under the RG, and the fate of the
system must be re-analyzed in the limit.

To do so, we assume, and check self-consistently, that
interactions have weak e⇤ects at strong coupling, and
simply solve the quadratic Hamiltonian (with m/M0 =
m/Mc = 0) in the presence of the renormalized H⇤.
The result depends upon the dimensionless quantities
⌅ and the renormalized coupling ratio ⇥ = (�/H)R ⇧
�/H(z��1)/(z��12). For H = 0 (⇥ = ⌥), we have time-
reversal invariance, and we recover the known result that
strain � > 0 induces a gapped, 3d TI phase, as observed
in HgTe [19]. The situation in applied Zeeman field is

more interesting. Notice that for �k = kẑ, Jz is a good
quantum number, and there is no level repulsion between
bands of di⇤erent Jz. This allows (non-degenerate) bands
to cross along this axis, which indeed occurs when |⇥| is
not too large. Further analysis in the Supplementary Ma-
terial shows that these crossings correspond to a pair of
double Weyl points, with linear dispersion along the z axis
and quadratic dispersion normal to it. These points are
strength ±2 monopoles in momentum space. Away from
the kz axis, electron and hole pockets may accidentally
cross the Fermi energy. If this does not occur, one has
a pristine double Weyl semimetal, which occurs for the

angular range ⌅1 ⌅ ⌅ ⌅ ⌅2, where ⌅1 = � tan�1( 8+4
⌅
3

7
⌅
3+26

)

and ⌅2 = tan�1( 8�4
⌅
3

7
⌅
3�26

) for � = 0, as shown in horizontal

axis of Fig. 1. When 0 < |⇥| < ⌥, we observe insulating,
double Weyl semimetal, and Weyl metal (with coexisting
electron-hole pockets) phases, as shown in Figure 1. Note
that in all these phases, the Coulomb interactions become
either unimportant (in the insulator), screened (in the
metal), or marginally irrelevant (in the Weyl semimetal),
justifying our treatment of the phase diagram to a first
approximation.

More subtle e⇤ects may make small modifications to
this picture. Coulomb interactions can destabilize some
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FIG. 1. Phase diagram of the perturbed LAB in the space
of renormalized strain to Zeeman field ratio, � � (�/H)R,
versus cubic Zeeman angle, ⇥. Here“Weyl” denotes the (dou-
ble) Weyl semimetal, “Ins.” insulator, and “Metal” a metallic
phase which has Weyl points shifted from the Fermi energy
in the region below the dashed line. For H = 0, the insulator
is a topological insulator.

j = 3/2 matrices) transforming as the T2 representation
of the cubic group. In our minimal model, we assume
only these states close to � are important. Then k · p
theory and cubic symmetry determines the band struc-
ture in its vicinity to be precisely described by the Lut-
tinger Hamiltonian with three e⌅ective mass parameters
[16, 23],

H0(k) =
k2

2M̃0

+
5
4k

2 � (!k · !J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc
.

This describes doubly degenerate bands with energy

E±(k) =
k2

2M0
±

�⇤
k2

2m

⌅2

+
m+ 2Mc

4mM2
c

pc(k), (1)

where pc(k) =
⌥

i k
4
i �

⌥
i ⇤=j k

2
i k

2
j and M0 =

(4McM̃0)/(4Mc�5M̃0). Henceforth we assume M0 > m,
which describes conduction and valence bands touching
quadratically at E = k = 0, where the chemical potential
for the undoped material crosses.

The LAB is obtained by adding to this the long-range
Coulomb interaction. We implement the latter by a
scalar potential �, which in the Euclidean path integral
formalism gives the action

SL =

�
d⌅ddx

↵
⇧†

 
�⇤ � ie�+ Ĥ0

⌦
⇧ +

c0
2
(�i�)

2
�
,(2)

with Ĥ0 = H0(�i!�) and c0 = 1/4⇤. Here ⇧ is a four-
component spinor, but subsequently we will artificially
add an additional U(Nf ) flavor index, which allows a
check on our calculations by large Nf methods; the phys-
ical case is Nf = 1. Eq. (2) contains in addition to the

three mass parameters, the Coulomb coupling constant
e. For e = 0, scale invariance is manifest, with the scaling
dimensions [x�1] = 1 , [⌅�1] = z , [⇧] = d

2 , [
1
m ] = z � 2,

[�] = (d+ z� 2)/2. Here we introduce the dynamic crit-
ical exponent (z), which is naturally z = 2 with e = 0,
but will become non-trivial with interactions.

Directly in the physical case d = 3, the dimension of
the coupling constant is [e2] = 1, so Coulomb interactions
are strongly relevant. Therefore we employ the ⌥ = 4� d
expansion to control the RG analysis. As familiar from
quantum electrodynamics, three one loop Feynmann di-
agrams contribute to leading order in ⌥: the fermion self-
energy, boson self-energy, and vertex correction. Here we
show that the relevance of Coulomb interactions signals,
rather than a flow to strong coupling and a symmetry
breaking instability, the formation of a new stable inter-
acting fixed point, which describes the critical non-Fermi
liquid LAB state (Abrikosov’s analysis tacitly assumes
this stability).

The RG is carried out perturbatively in e, but non-
perturbatively in the mass parameters. Thus a full treat-
ment gives non-trivial and complete beta functions for
the two dimensionless mass ratios m/M0, m/Mc; these
are given in the Supplementary Material. The analysis of
the full RG shows, however, that there is a single stable
isotropic fixed point corresponding to m/M0 = m/Mc =
0, so for simplicity we quote in the main text only the
results in the vicinity of this point.

In this limit, the leading contribution to the bosonic
self energy becomes

1

Nf
⇤⌅(q, 0) = �(2m)e2

⇧�
ddk

(2⇤)d
1

k4

⌃
⇤ q2, (3)

where we took the ⌃ ⇧ 0 limit because frequency de-
pendence is subdominant. The divergence should be ab-
sorbed by rescaling the bosonic field, � ⇧ e��bd⌥� upon
reduction of the hard momentum cuto⌅ ⇥ ⇧ e�d⌥⇥,
which defines the RG parameter . This gives the bosonic
anomalous dimension ⇥b = 2Nfu [24], where the dimen-

sionless coupling constant is u = me2

8⇥2c0�4�d , which has
the physical meaning in d = 3 of the ratio of the real
space cuto⌅ to the e⌅ective Bohr radius. The frequency
dependence of the one loop fermionic self-energy and the
vertex correction both vanish, the result of a Ward iden-
tity. For k ⌃= 0, the fermion self-energy gives mass cor-
rections, e.g. �(1/m) = 8u/(15m) ⇤ d to leading order.
Detailed analysis is given in the Supplementary Material.

Given these calculations, we choose z = 2 � 8u/15 to
keep the mass m fixed, which gives the RG equations, to
lowest order in m/Mc,m/M0:

d

d
u = ⌥u� 30Nf + 8

15
u2, (4)

d

d
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m
Mc

⇥
= �0.152u
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⇥
,
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SUPPLEMENTARY MATERIAL

Representations of the Hamiltonian

In this section, we provide more information about
the di⇥erent representations used in the main text. The
Hamiltonian reads

H0(k) = �1k
2 + �2(⇢k · ⇢J)2 + �3(k

2
xJ

2
x + k2yJ

2
y + k2zJ

2
z )

=
k2

2M̃0

+
( 54k

2 � ⇢k · ⇢J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc

=
da(k)

2m
�a +

k2

2M0
+

d4(k)�4 + d5(k)�5

2Mc
. (9)

The first line uses the conventional Luttinger parameters
(�1,2,3) in the j = 3/2 matrix representation, and the
second line is the form used in the main text. For the
purpose of computations, it is convenient to introduce
the Cli⇥ord gamma matrices (�a) in the third line as in
the paper by Murakami et al. [23].

⇤a(k) =
da(k)

2m
,

d1(k) = �
�
3kykz , d2(k) = �

�
3kxkz , d3(k) = �

�
3kxky,

d4(k) =
�

�
3

2
(k2x � k2y) , d5(k) =

�1

2
(2k2z � k2x � k2y). (10)

It is straightforward to relate the masses used in the main
text and the Luttinger �i parameters. This can be done
by expressing the spin operators in terms of gamma ma-
trices, using the equalities

Jx =

�
3

2
�15 � 1

2
(�23 � �14) ,

Jy = �
�
3

2
�25 +

1

2
(�13 + �24) ,

Jz = ��34 � 1

2
�12 , (11)

where �ab =
1
2i [�a,�b] is used.

Weyl semimetal

Here we consider how the Weyl semimetal appears,
taking for simplicity the case ⇥ = 0, ⌅1 < ⌅ < ⌅2. It is
straightforward to generalize this to the cases with ⇥ ⌥= 0.
For convenience, we set m = 1/2. For ⇢k = (0, 0, kz), the
Hamiltonian in the presence of the Zeeman field, h (along
the same axis), becomes

H(kz ẑ) = k2z(
5

4
� J2

z ) � H(cos(⌅)Jz + sin(⌅)J3
z ).

Clearly, the energy eigenstates can be labeled by both
kz and Jz = ±1/2,±3/2. One can readily see that level
crossings occur between the two bands with Jz = 1/2 and
Jz = �3/2. In the vicinity of these crossing points, the
other states with Jz = �1/2,+3/2 can be discarded, and
the Hamiltonian projected onto the two level subspace
of low energy states. We introduce Pauli matrices in
this subspace, so that ⇧z = | 12 ⌦ 

1
2 | � | � 3

2 ⌦ �
3
2 |, ⇧

+ =
(⇧x + i⇧y)/2 = | 12 ⌦ �

3
2 | = (⇧�)†, and ⇧0 = | 12 ⌦ 

1
2 | + | �

3
2 ⌦ �

3
2 |, which is the identity matrix in the 2⇤2 subspace.

We define two energy parameters, ⇤�3/2 = H( 32 cos(⌅) +
27
8 sin(⌅)) and ⇤1/2 = �H( 12 cos(⌅) +

1
8 sin(⌅)). Then the

reduced Hamiltonian becomes

H2 = ⇤+⇧
0 + (⇤� + d5(k))⇧

z + d4(k)⇧
x � d3(k)⇧

y,

⇤± = (⇤�3/2 ± ⇤1/2)/2. (12)

There are level crossing points at kx = ky = 0 and kz =
±K, with K =

�
⇤�. We expand around these points,

letting kx = px, ky = py and kz = ±K + pz, which gives
H2(±Kẑ + ⇢p) = ⇤+⇧0 +H±

2 (⇢p), with, to leading order in
⇢p,

H±
2 = ⇧v pz⇧

z + d4(p)⇧
x + d3(p)⇧

y ,

with v = 2
�
⇤�. The energy spectrum is

E(p) = ±
�

v2p2z +
3

4
(p2x + p2y)

2.

We see that the electrons disperse linearly along the
field and quadratically orthogonal to it, near the touch-
ing point. This can be understood as a consequence
of 4-fold rotational symmetry around the z axis. Since
|Jz⌦ ⌃ ei�Jz/2|Jz⌦ under such a rotation, the operators
⇧± carry a net angular momentum of ±2, and therefore
must couple to the “d-wave” combinations of px and py,
which are precisely given by d3(p) and d4(p).

Though the quadratic dispersion normal to the field
is due to symmetry, the touching itself has a topological
character. To see it, it is convenient to define the reduced
Hamiltonian in the form

H±
2 = ⇢b±(⇢p) · ⇢⇧ , (13)
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From the first equation above we find the fixed point
coupling and hence dynamical exponent,

u⇥ =
15

30Nf + 8
 , z = 2� 4

15Nf + 4
 , (5)

and since u⇥ > 0, the second line in Eq. (4) implies both
m/M0 and m/Mc are irrelevant. This establishes the
existence and nature of the stable, isotropic fixed point
describing the LAB phase. As a check, we have carried
out a large Nf expansion, which gives the same bosonic
anomalous dimension as in the  expansion at the one-
loop level, supporting the stability of the LAB phase.

The presence of the stable interacting fixed point can
be understood physically as a balance of partial dynam-
ical screening of the Coulomb interactions by electron-
hole pairs and mass enhancement of the same quasipar-
ticles by pairs. This situation is in sharp contrast to the
case of a vanishing indirect band gap, for which to lead-
ing order in the long-range Coulomb interaction electrons
and holes are separately conserved, so there is no screen-
ing by virtual electron-hole pairs, and exciton formation
destabilizes the putative gapless state[25].

Using the RG, we can evaluate the anomalous di-
mension of any physical operator. By charge conser-
vation, [⌥†⌥] = d. Due to the isotropy of the fixed
point, there are only two non-trivial values for the
other charge-conserving fermion bilinears. We obtain ,
[⌥†�a⌥] = d+⇤1 , [⌥†�ab⌥] = d+⇤12, , where �a are the
(time-reversal invariant) Dirac gamma matrices, �ab =
� i

2 [�a,�b] are time-reversal odd, and a, b = 1, 2, · · · , 5.
Using the standard operator insertion technique, we find
⇤1 = � 6

15Nf+4 and ⇤12 = � 3
15Nf+4 . These operators

describe many physical observables, e.g. the “angular
momentum” operator Jz ⇧ ⌥†(��34� 1

2�12)⌥. The nega-
tive anomalous dimension of these operators suggests the
a schematic picture of power-law excitons due to electron-
hole attraction. For pairing channels, we find positive
anomalous dimensions, consistent with this view. The
local pairing channel has ⇤pairing = u�

5 = 3
30Nf+8⇥.

Using these results, we obtain thermodynamic re-
sponses such as the specific heat, cv ⇧ T d/z ⌃ T 1.7

and the spin susceptibility ⌃(T ) ⇧ a+ b T (d�z+2�12)/z ⌃
a + b T 0.5, with some constants a, b. Interestingly,
the non-linear susceptibility ⌃3 = ✏3M/✏H3

��
H=0

⇧
T�(3z�4�12�d)/z ⌃ T�1.7 diverges, as in spin glasses but
with completely di⇤erent physics. Comparing the scaling
of current and electric field gives the usual result [⇧ij ] =
d� 2. Consequently, the temperature and frequence de-
pendence of the conductivity is ⇧(�, T ) ⇧ T 1/zF(�/T ),
and a clean, undoped LAB is therefore a power-law insu-
lator.

We now turn to the e⇤ect of applied strain and Zee-
man field upon the LAB. These perturbations break
cubic/time-reversal symmetries, and thus destabilize the
LAB. Due to the isotropic nature of the LAB fixed point,

the response to the Zeeman field alone is to leading or-
der independent of its direction (the cubic mass 1/Mc

can be “dangerously irrelevant”, however – see below),
so we take it to lie along the (001) direction. We con-
sider for simplicity tetragonal strain which preserves C4

rotation about this axis (in the absence of Zeeman field,
the direction of strain is again unimportant). This leads
to the perturbations

H⇤ = ��(J2
z � 5

4
)�H(cos(⌅)Jz + sin(⌅)J3

z ), (6)

where � parametrizes the strain, h is the Zeeman field,
and ⌅ controls the strength of the cubic Zeeman term
allowed by the cubic symmetry [26, 27]. Using the RG
results, the dimensions of these perturbations are [�] =
z�⇤1 ⌃ 2.1 and [H] = z�⇤12 ⌃ 1.9; i.e. strain is slightly
enhanced while Zeeman field is slightly suppressed by
interactions. However, both dimensions are positive and
close to 2, so that they are strongly relevant. They flow
to strong coupling under the RG, and the fate of the
system must be re-analyzed in the limit.

To do so, we assume, and check self-consistently, that
interactions have weak e⇤ects at strong coupling, and
simply solve the quadratic Hamiltonian (with m/M0 =
m/Mc = 0) in the presence of the renormalized H⇤.
The result depends upon the dimensionless quantities
⌅ and the renormalized coupling ratio ⇥ = (�/H)R ⇧
�/H(z��1)/(z��12). For H = 0 (⇥ = ⌥), we have time-
reversal invariance, and we recover the known result that
strain � > 0 induces a gapped, 3d TI phase, as observed
in HgTe [19]. The situation in applied Zeeman field is

more interesting. Notice that for �k = kẑ, Jz is a good
quantum number, and there is no level repulsion between
bands of di⇤erent Jz. This allows (non-degenerate) bands
to cross along this axis, which indeed occurs when |⇥| is
not too large. Further analysis in the Supplementary Ma-
terial shows that these crossings correspond to a pair of
double Weyl points, with linear dispersion along the z axis
and quadratic dispersion normal to it. These points are
strength ±2 monopoles in momentum space. Away from
the kz axis, electron and hole pockets may accidentally
cross the Fermi energy. If this does not occur, one has
a pristine double Weyl semimetal, which occurs for the

angular range ⌅1 ⌅ ⌅ ⌅ ⌅2, where ⌅1 = � tan�1( 8+4
⌅
3

7
⌅
3+26

)

and ⌅2 = tan�1( 8�4
⌅
3

7
⌅
3�26

) for � = 0, as shown in horizontal

axis of Fig. 1. When 0 < |⇥| < ⌥, we observe insulating,
double Weyl semimetal, and Weyl metal (with coexisting
electron-hole pockets) phases, as shown in Figure 1. Note
that in all these phases, the Coulomb interactions become
either unimportant (in the insulator), screened (in the
metal), or marginally irrelevant (in the Weyl semimetal),
justifying our treatment of the phase diagram to a first
approximation.

More subtle e⇤ects may make small modifications to
this picture. Coulomb interactions can destabilize some
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FIG. 1. Phase diagram of the perturbed LAB in the space
of renormalized strain to Zeeman field ratio, � � (�/H)R,
versus cubic Zeeman angle, ⇥. Here“Weyl” denotes the (dou-
ble) Weyl semimetal, “Ins.” insulator, and “Metal” a metallic
phase which has Weyl points shifted from the Fermi energy
in the region below the dashed line. For H = 0, the insulator
is a topological insulator.

j = 3/2 matrices) transforming as the T2 representation
of the cubic group. In our minimal model, we assume
only these states close to � are important. Then k · p
theory and cubic symmetry determines the band struc-
ture in its vicinity to be precisely described by the Lut-
tinger Hamiltonian with three e⌅ective mass parameters
[16, 23],

H0(k) =
k2

2M̃0

+
5
4k

2 � (!k · !J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc
.

This describes doubly degenerate bands with energy

E±(k) =
k2

2M0
±

�⇤
k2

2m

⌅2

+
m+ 2Mc

4mM2
c

pc(k), (1)

where pc(k) =
⌥

i k
4
i �

⌥
i ⇤=j k

2
i k

2
j and M0 =

(4McM̃0)/(4Mc�5M̃0). Henceforth we assume M0 > m,
which describes conduction and valence bands touching
quadratically at E = k = 0, where the chemical potential
for the undoped material crosses.

The LAB is obtained by adding to this the long-range
Coulomb interaction. We implement the latter by a
scalar potential �, which in the Euclidean path integral
formalism gives the action

SL =

�
d⌅ddx

↵
⇧†

 
�⇤ � ie�+ Ĥ0

⌦
⇧ +

c0
2
(�i�)

2
�
,(2)

with Ĥ0 = H0(�i!�) and c0 = 1/4⇤. Here ⇧ is a four-
component spinor, but subsequently we will artificially
add an additional U(Nf ) flavor index, which allows a
check on our calculations by large Nf methods; the phys-
ical case is Nf = 1. Eq. (2) contains in addition to the

three mass parameters, the Coulomb coupling constant
e. For e = 0, scale invariance is manifest, with the scaling
dimensions [x�1] = 1 , [⌅�1] = z , [⇧] = d

2 , [
1
m ] = z � 2,

[�] = (d+ z� 2)/2. Here we introduce the dynamic crit-
ical exponent (z), which is naturally z = 2 with e = 0,
but will become non-trivial with interactions.

Directly in the physical case d = 3, the dimension of
the coupling constant is [e2] = 1, so Coulomb interactions
are strongly relevant. Therefore we employ the ⌥ = 4� d
expansion to control the RG analysis. As familiar from
quantum electrodynamics, three one loop Feynmann di-
agrams contribute to leading order in ⌥: the fermion self-
energy, boson self-energy, and vertex correction. Here we
show that the relevance of Coulomb interactions signals,
rather than a flow to strong coupling and a symmetry
breaking instability, the formation of a new stable inter-
acting fixed point, which describes the critical non-Fermi
liquid LAB state (Abrikosov’s analysis tacitly assumes
this stability).

The RG is carried out perturbatively in e, but non-
perturbatively in the mass parameters. Thus a full treat-
ment gives non-trivial and complete beta functions for
the two dimensionless mass ratios m/M0, m/Mc; these
are given in the Supplementary Material. The analysis of
the full RG shows, however, that there is a single stable
isotropic fixed point corresponding to m/M0 = m/Mc =
0, so for simplicity we quote in the main text only the
results in the vicinity of this point.

In this limit, the leading contribution to the bosonic
self energy becomes

1

Nf
⇤⌅(q, 0) = �(2m)e2

⇧�
ddk

(2⇤)d
1

k4

⌃
⇤ q2, (3)

where we took the ⌃ ⇧ 0 limit because frequency de-
pendence is subdominant. The divergence should be ab-
sorbed by rescaling the bosonic field, � ⇧ e��bd⌥� upon
reduction of the hard momentum cuto⌅ ⇥ ⇧ e�d⌥⇥,
which defines the RG parameter . This gives the bosonic
anomalous dimension ⇥b = 2Nfu [24], where the dimen-

sionless coupling constant is u = me2

8⇥2c0�4�d , which has
the physical meaning in d = 3 of the ratio of the real
space cuto⌅ to the e⌅ective Bohr radius. The frequency
dependence of the one loop fermionic self-energy and the
vertex correction both vanish, the result of a Ward iden-
tity. For k ⌃= 0, the fermion self-energy gives mass cor-
rections, e.g. �(1/m) = 8u/(15m) ⇤ d to leading order.
Detailed analysis is given in the Supplementary Material.

Given these calculations, we choose z = 2 � 8u/15 to
keep the mass m fixed, which gives the RG equations, to
lowest order in m/Mc,m/M0:

d

d
u = ⌥u� 30Nf + 8

15
u2, (4)

d

d

�
m
Mc

⇥
= �0.152u

�
m
Mc

⇥
,
d

d

�
m
M0

⇥
= � 8

15u
�

m
M0

⇥
.
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SUPPLEMENTARY MATERIAL

Representations of the Hamiltonian

In this section, we provide more information about
the di⇥erent representations used in the main text. The
Hamiltonian reads

H0(k) = �1k
2 + �2(⇢k · ⇢J)2 + �3(k

2
xJ

2
x + k2yJ

2
y + k2zJ

2
z )

=
k2

2M̃0

+
( 54k

2 � ⇢k · ⇢J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc

=
da(k)

2m
�a +

k2

2M0
+

d4(k)�4 + d5(k)�5

2Mc
. (9)

The first line uses the conventional Luttinger parameters
(�1,2,3) in the j = 3/2 matrix representation, and the
second line is the form used in the main text. For the
purpose of computations, it is convenient to introduce
the Cli⇥ord gamma matrices (�a) in the third line as in
the paper by Murakami et al. [23].

⇤a(k) =
da(k)

2m
,

d1(k) = �
�
3kykz , d2(k) = �

�
3kxkz , d3(k) = �

�
3kxky,

d4(k) =
�

�
3

2
(k2x � k2y) , d5(k) =

�1

2
(2k2z � k2x � k2y). (10)

It is straightforward to relate the masses used in the main
text and the Luttinger �i parameters. This can be done
by expressing the spin operators in terms of gamma ma-
trices, using the equalities

Jx =

�
3

2
�15 � 1

2
(�23 � �14) ,

Jy = �
�
3

2
�25 +

1

2
(�13 + �24) ,

Jz = ��34 � 1

2
�12 , (11)

where �ab =
1
2i [�a,�b] is used.

Weyl semimetal

Here we consider how the Weyl semimetal appears,
taking for simplicity the case ⇥ = 0, ⌅1 < ⌅ < ⌅2. It is
straightforward to generalize this to the cases with ⇥ ⌥= 0.
For convenience, we set m = 1/2. For ⇢k = (0, 0, kz), the
Hamiltonian in the presence of the Zeeman field, h (along
the same axis), becomes

H(kz ẑ) = k2z(
5

4
� J2

z ) � H(cos(⌅)Jz + sin(⌅)J3
z ).

Clearly, the energy eigenstates can be labeled by both
kz and Jz = ±1/2,±3/2. One can readily see that level
crossings occur between the two bands with Jz = 1/2 and
Jz = �3/2. In the vicinity of these crossing points, the
other states with Jz = �1/2,+3/2 can be discarded, and
the Hamiltonian projected onto the two level subspace
of low energy states. We introduce Pauli matrices in
this subspace, so that ⇧z = | 12 ⌦ 

1
2 | � | � 3

2 ⌦ �
3
2 |, ⇧

+ =
(⇧x + i⇧y)/2 = | 12 ⌦ �

3
2 | = (⇧�)†, and ⇧0 = | 12 ⌦ 

1
2 | + | �

3
2 ⌦ �

3
2 |, which is the identity matrix in the 2⇤2 subspace.

We define two energy parameters, ⇤�3/2 = H( 32 cos(⌅) +
27
8 sin(⌅)) and ⇤1/2 = �H( 12 cos(⌅) +

1
8 sin(⌅)). Then the

reduced Hamiltonian becomes

H2 = ⇤+⇧
0 + (⇤� + d5(k))⇧

z + d4(k)⇧
x � d3(k)⇧

y,

⇤± = (⇤�3/2 ± ⇤1/2)/2. (12)

There are level crossing points at kx = ky = 0 and kz =
±K, with K =

�
⇤�. We expand around these points,

letting kx = px, ky = py and kz = ±K + pz, which gives
H2(±Kẑ + ⇢p) = ⇤+⇧0 +H±

2 (⇢p), with, to leading order in
⇢p,

H±
2 = ⇧v pz⇧

z + d4(p)⇧
x + d3(p)⇧

y ,

with v = 2
�
⇤�. The energy spectrum is

E(p) = ±
�

v2p2z +
3

4
(p2x + p2y)

2.

We see that the electrons disperse linearly along the
field and quadratically orthogonal to it, near the touch-
ing point. This can be understood as a consequence
of 4-fold rotational symmetry around the z axis. Since
|Jz⌦ ⌃ ei�Jz/2|Jz⌦ under such a rotation, the operators
⇧± carry a net angular momentum of ±2, and therefore
must couple to the “d-wave” combinations of px and py,
which are precisely given by d3(p) and d4(p).

Though the quadratic dispersion normal to the field
is due to symmetry, the touching itself has a topological
character. To see it, it is convenient to define the reduced
Hamiltonian in the form

H±
2 = ⇢b±(⇢p) · ⇢⇧ , (13)

6

with

#b±(#p) =

⇧

⌥
�

⇤
3
2 (p2x � p2y)�
3pxpy
⇧vpz

⌃

� . (14)

From this, one can define the U(1) Berry flux, which is
analogous to a magnetic field in momentum space,

Bµ
± =

1

8⇧
⇤µ⇤�b̂± · �⇤ b̂± ⇤ �⇤ b̂±, (15)

where b̂± = #b±/|#b±|, and the derivatives are with respect
to #p. By construction, the magnetic field is divergence-
less, �µBµ

± = 0, away from points of singularity where
#b± vanishes. However, the band touching point is such
a singularity, and it is in fact a source of Berry flux. To
see this, one may compute the integral of the flux of Bµ

through a sphere around one of the touching points. It
is straightforward to compute this integral, and by doing
so one finds

�µBµ(#p) = ±2⇥(#p). (16)

Thus each band touching is a source of two quanta of
Berry flux, and can be therefore considered a double Weyl
point. The net Berry flux of both double Weyl points
added together vanishes, which is required as the Bril-
louin zone is a closed manifold without any boundary
through which a net flux may escape.

The Berry flux of each double Weyl point is directly
related to the Hall conductivity. Indeed, one can show
quite generally that the Hall conductivity is proportional
to separation of the points,[28]

⌃xy = = 2⇤ e2

h
⇤ 2K

2⇧
,

where the first factor of 2 is due to the doubled nature
of the Weyl points. This is valid at zero temperature
when the Fermi level is at the energy of the double Weyl
points. Neglecting the small corrections to the exponent
due to Coulomb interactions, we have K ⌥
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mH, which

explains the estimate in Eq. (7) of the main text.

RG equations

Here we describe the renormalization of the fermionic
propagator, which was not presented in the main text.
We start with the Hamiltonian
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a +
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where we defined �0 as the 4⇤ 4 unit matrix to empha-
size the matrix structure. The corresponding e⇧ective

Lagrange density is
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0 +H0(k)� ⇤f (k, i�n))⌥.
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are used. Note that the bosonic propagator does not
have frequency dependence since it represents the instan-
taneous Coulomb interaction. By integrating out high
momentum degrees of freedom, we investigate the renor-
malization of fermion parameters.

Frequency and momentum dependences of the self en-
ergy determine anomalous dimensions of the fermion
field and mass terms, respectively. At one-loop level,
the fermion self energy does not have frequency depen-
dence due to the instantaneous Coulomb interaction, so
no anomalous dimension of the fermion field appears.
Moreover, the frequency-independence makes one mass
coupling (1/M0) unchanged at one loop level and it is be-
cause frequency and this mass term have the same unity
matrix structure. Note that both corrections naturally
appear in higher-loop contributions.

On the other hand, non-trivial renormalizations of
isotropic mass (m) and anisotropic mass (Mc) appear
even at one-loop level. For example, the renormalization
of isotropic mass term can be read o⇧ by calculating the
third component (�3) of the self energy,
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In the last line, the momentum integration is done for
µ < q < ⇥. The correction to the isotropic mass term,
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) log(�µ ) can be regularized in the stan-
dard way. Along the same line, one can determine the
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lating the fourth component (�4) of the self-energy.
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Berry flux, and can be therefore considered a double Weyl
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added together vanishes, which is required as the Bril-
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through which a net flux may escape.
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related to the Hall conductivity. Indeed, one can show
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when the Fermi level is at the energy of the double Weyl
points. Neglecting the small corrections to the exponent
due to Coulomb interactions, we have K ⌥

�
mH, which

explains the estimate in Eq. (7) of the main text.

RG equations

Here we describe the renormalization of the fermionic
propagator, which was not presented in the main text.
We start with the Hamiltonian

H0(k) =
k2

2M0
�0 + ⇤a(k)�

a +
d4(k)�4 + d5(k)�5

2Mc
,

where we defined �0 as the 4⇤ 4 unit matrix to empha-
size the matrix structure. The corresponding e⇧ective

Lagrange density is

Le⇤ = ⌥†(�i�n�
0 +H0(k)� ⇤f (k, i�n))⌥.

Here we have included the one-loop self energy needed
for the  expansion. It is given by

⇤⌅(k, i�n) = (17)

�g2
⌦

q
T
 

⇥n

Gf (k + q, i�n + i⌅n)G⇧(q, i⌅n) ,

where G�1
f (k, i�) = �i��0 + H0(k), G�1

⇧ (q, i⌅) = c0q2

are used. Note that the bosonic propagator does not
have frequency dependence since it represents the instan-
taneous Coulomb interaction. By integrating out high
momentum degrees of freedom, we investigate the renor-
malization of fermion parameters.

Frequency and momentum dependences of the self en-
ergy determine anomalous dimensions of the fermion
field and mass terms, respectively. At one-loop level,
the fermion self energy does not have frequency depen-
dence due to the instantaneous Coulomb interaction, so
no anomalous dimension of the fermion field appears.
Moreover, the frequency-independence makes one mass
coupling (1/M0) unchanged at one loop level and it is be-
cause frequency and this mass term have the same unity
matrix structure. Note that both corrections naturally
appear in higher-loop contributions.

On the other hand, non-trivial renormalizations of
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even at one-loop level. For example, the renormalization
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where the first factor of 2 is due to the doubled nature
of the Weyl points. This is valid at zero temperature
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are used. Note that the bosonic propagator does not
have frequency dependence since it represents the instan-
taneous Coulomb interaction. By integrating out high
momentum degrees of freedom, we investigate the renor-
malization of fermion parameters.

Frequency and momentum dependences of the self en-
ergy determine anomalous dimensions of the fermion
field and mass terms, respectively. At one-loop level,
the fermion self energy does not have frequency depen-
dence due to the instantaneous Coulomb interaction, so
no anomalous dimension of the fermion field appears.
Moreover, the frequency-independence makes one mass
coupling (1/M0) unchanged at one loop level and it is be-
cause frequency and this mass term have the same unity
matrix structure. Note that both corrections naturally
appear in higher-loop contributions.
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SUPPLEMENTARY MATERIAL

Representations of the Hamiltonian

In this section, we provide more information about
the di⇥erent representations used in the main text. The
Hamiltonian reads

H0(k) = �1k
2 + �2(⇢k · ⇢J)2 + �3(k

2
xJ

2
x + k2yJ

2
y + k2zJ

2
z )

=
k2

2M̃0

+
( 54k

2 � ⇢k · ⇢J)2

2m
�

(k2xJ
2
x + k2yJ

2
y + k2zJ

2
z )

2Mc

=
da(k)

2m
�a +

k2

2M0
+

d4(k)�4 + d5(k)�5

2Mc
. (9)

The first line uses the conventional Luttinger parameters
(�1,2,3) in the j = 3/2 matrix representation, and the
second line is the form used in the main text. For the
purpose of computations, it is convenient to introduce
the Cli⇥ord gamma matrices (�a) in the third line as in
the paper by Murakami et al. [23].

⇤a(k) =
da(k)

2m
,

d1(k) = �
�
3kykz , d2(k) = �

�
3kxkz , d3(k) = �

�
3kxky,

d4(k) =
�

�
3

2
(k2x � k2y) , d5(k) =

�1

2
(2k2z � k2x � k2y). (10)

It is straightforward to relate the masses used in the main
text and the Luttinger �i parameters. This can be done
by expressing the spin operators in terms of gamma ma-
trices, using the equalities

Jx =

�
3

2
�15 � 1

2
(�23 � �14) ,

Jy = �
�
3

2
�25 +

1

2
(�13 + �24) ,

Jz = ��34 � 1

2
�12 , (11)

where �ab =
1
2i [�a,�b] is used.

Weyl semimetal

Here we consider how the Weyl semimetal appears,
taking for simplicity the case ⇥ = 0, ⌅1 < ⌅ < ⌅2. It is
straightforward to generalize this to the cases with ⇥ ⌥= 0.
For convenience, we set m = 1/2. For ⇢k = (0, 0, kz), the
Hamiltonian in the presence of the Zeeman field, h (along
the same axis), becomes

H(kz ẑ) = k2z(
5

4
� J2

z ) � H(cos(⌅)Jz + sin(⌅)J3
z ).

Clearly, the energy eigenstates can be labeled by both
kz and Jz = ±1/2,±3/2. One can readily see that level
crossings occur between the two bands with Jz = 1/2 and
Jz = �3/2. In the vicinity of these crossing points, the
other states with Jz = �1/2,+3/2 can be discarded, and
the Hamiltonian projected onto the two level subspace
of low energy states. We introduce Pauli matrices in
this subspace, so that ⇧z = | 12 ⌦ 

1
2 | � | � 3

2 ⌦ �
3
2 |, ⇧

+ =
(⇧x + i⇧y)/2 = | 12 ⌦ �

3
2 | = (⇧�)†, and ⇧0 = | 12 ⌦ 

1
2 | + | �

3
2 ⌦ �

3
2 |, which is the identity matrix in the 2⇤2 subspace.

We define two energy parameters, ⇤�3/2 = H( 32 cos(⌅) +
27
8 sin(⌅)) and ⇤1/2 = �H( 12 cos(⌅) +

1
8 sin(⌅)). Then the

reduced Hamiltonian becomes

H2 = ⇤+⇧
0 + (⇤� + d5(k))⇧

z + d4(k)⇧
x � d3(k)⇧

y,

⇤± = (⇤�3/2 ± ⇤1/2)/2. (12)

There are level crossing points at kx = ky = 0 and kz =
±K, with K =

�
⇤�. We expand around these points,

letting kx = px, ky = py and kz = ±K + pz, which gives
H2(±Kẑ + ⇢p) = ⇤+⇧0 +H±

2 (⇢p), with, to leading order in
⇢p,

H±
2 = ⇧v pz⇧

z + d4(p)⇧
x + d3(p)⇧

y ,

with v = 2
�
⇤�. The energy spectrum is

E(p) = ±
�

v2p2z +
3

4
(p2x + p2y)

2.

We see that the electrons disperse linearly along the
field and quadratically orthogonal to it, near the touch-
ing point. This can be understood as a consequence
of 4-fold rotational symmetry around the z axis. Since
|Jz⌦ ⌃ ei�Jz/2|Jz⌦ under such a rotation, the operators
⇧± carry a net angular momentum of ±2, and therefore
must couple to the “d-wave” combinations of px and py,
which are precisely given by d3(p) and d4(p).

Though the quadratic dispersion normal to the field
is due to symmetry, the touching itself has a topological
character. To see it, it is convenient to define the reduced
Hamiltonian in the form

H±
2 = ⇢b±(⇢p) · ⇢⇧ , (13)
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ARPES experiment on Pr2Ir2O7

T. Kondo, S. Shin, S. Nakatsuji et al (2015)

the ARPES intensities at EF becomes strongest at the zone centre,
and the band touching at EF is confirmed in the dispersion maps
along kx and ky (Fig. 3d) and the corresponding symmetrized
EDCs (Fig. 4f, also see the raw EDCs in Supplementary Fig. 7). In
contrast, these features are missing in the kx–ky sheet across L
point (hn¼ 39 eV) (see Fig. 4c), where a rather flat, gapped
dispersion is observed (Fig. 4e,g).

Second, we demonstrate that our conclusion is insensitive to
the different analytic schemes. This is significant especially
because the symmetrization technique is relevant for the particle–

hole symmetric state, which is unknown in Pr2Ir2O7. Accord-
ingly, we have tested another widely used measure of dividing the
ARPES spectra by the Fermi-Dirac function (FD). Figure 5c plots
the EDCs along a momentum cut crossing G (light-blue arrow in
the inset of Fig. 5d) measured at various temperatures. Instead of
symmetrization, the curves are divided by the energy-resolution
convoluted Fermi function at the measurement temperatures to
remove the effect of the Fermi cutoff. It is clearly seen that the
quadratic dispersion touches EF, in agreement with the earlier
analysis. In Fig. 5e, we compare the dispersions determined by the
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ARPES data were measured. The momentum cuts at hn¼ 10 and 18 eV crosses the G and L points in the 1st Brillouin zone. (b) Energy dispersions along the
kx direction measured at hn¼ 7, 8, 9 and 10 eV. The corresponding momentum cuts are indicated in a by dashed coloured lines. The band dispersion
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the ARPES intensities at EF becomes strongest at the zone centre,
and the band touching at EF is confirmed in the dispersion maps
along kx and ky (Fig. 3d) and the corresponding symmetrized
EDCs (Fig. 4f, also see the raw EDCs in Supplementary Fig. 7). In
contrast, these features are missing in the kx–ky sheet across L
point (hn¼ 39 eV) (see Fig. 4c), where a rather flat, gapped
dispersion is observed (Fig. 4e,g).

Second, we demonstrate that our conclusion is insensitive to
the different analytic schemes. This is significant especially
because the symmetrization technique is relevant for the particle–

hole symmetric state, which is unknown in Pr2Ir2O7. Accord-
ingly, we have tested another widely used measure of dividing the
ARPES spectra by the Fermi-Dirac function (FD). Figure 5c plots
the EDCs along a momentum cut crossing G (light-blue arrow in
the inset of Fig. 5d) measured at various temperatures. Instead of
symmetrization, the curves are divided by the energy-resolution
convoluted Fermi function at the measurement temperatures to
remove the effect of the Fermi cutoff. It is clearly seen that the
quadratic dispersion touches EF, in agreement with the earlier
analysis. In Fig. 5e, we compare the dispersions determined by the
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the ARPES intensities at EF becomes strongest at the zone centre,
and the band touching at EF is confirmed in the dispersion maps
along kx and ky (Fig. 3d) and the corresponding symmetrized
EDCs (Fig. 4f, also see the raw EDCs in Supplementary Fig. 7). In
contrast, these features are missing in the kx–ky sheet across L
point (hn¼ 39 eV) (see Fig. 4c), where a rather flat, gapped
dispersion is observed (Fig. 4e,g).

Second, we demonstrate that our conclusion is insensitive to
the different analytic schemes. This is significant especially
because the symmetrization technique is relevant for the particle–

hole symmetric state, which is unknown in Pr2Ir2O7. Accord-
ingly, we have tested another widely used measure of dividing the
ARPES spectra by the Fermi-Dirac function (FD). Figure 5c plots
the EDCs along a momentum cut crossing G (light-blue arrow in
the inset of Fig. 5d) measured at various temperatures. Instead of
symmetrization, the curves are divided by the energy-resolution
convoluted Fermi function at the measurement temperatures to
remove the effect of the Fermi cutoff. It is clearly seen that the
quadratic dispersion touches EF, in agreement with the earlier
analysis. In Fig. 5e, we compare the dispersions determined by the
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